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ABSTRACT

DIFFERENT VERSIONS OF THE MODULARITY
THEOREM

One of the most interesting results in number theory is the proof of the Modu-
larity Theorem. The Modularity Theorem has many different versions. The geometric
version states that there is a surjective morphism between elliptic curves and modular
curves over the field of rational numbers. The arithmetic version states that there is a
relation between elliptic curves over the field of rational numbers and modular forms.
In this thesis, we will give an outline of a proof of the fact that the geometric version

of the Modularity Theorem implies the arithmetic version.



OZET

MODULERLIK TEOREMININ FARKLI VERSIYONLARI

Sayilar teorisindeki en ilgi cekici sonuclardan biri Modiilerlik Teoreminin is-
patidir. Modiilerlik Teoreminin pek ¢ok farkli versiyonu vardir. Bu versiyonlardan
biri olan geometrik versiyon, rasyonel sayilar tizerine tanimh eliptik egrilerle modiiler
egriler arasinda orten bir morfizma oldugunu séyler. Aritmetik versiyon ise rasyonel
sayilar tizerine taniml eliptik egrilerle modiiler formlar arasinda bir iligski oldugunu
soyler. Bu tezde Modiilerlik Teoreminin geometrik versiyonunun aritmetik versiyonunu

gerektirdigi gerceginin ispati ana hatlariyla verilmektedir.
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1. INTRODUCTION

In this work, we will explain different versions of the Modularity Theorem and the
implication from the geometric version of the Modularity Theorem to the arithmetic
version. Then we will briefly explain what happens if the elliptic curve in the theorem

is defined over a number field instead of the field of rational numbers.

The Modularity Theorem is used to prove Fermat’s Last Theorem which says that
there are no integer solutions of 2" +y™ = 2" for any n > 3 such that xyz # 0. Fermat’s
Last Theorem is proved by Wiles and Taylor in 1995. The Modularity Theorem has
many different versions. Some of them are more analytic and related with Riemann
surfaces. Some of them are more algebraic whose statements contain elliptic curves,

L-Functions, Galois representations, etc.

In the first part, we will describe modular forms and modular curves which are
main objects of the geometric version of the Modularity Theorem. In the second
part, we will define elliptic curves both as complex curves and algebraic curves and
study some special properties of them. After that point, we describe abelian varieties
associated to an eigenform and Hecke operators. Before stating the versions of the
Modularity Theorem, we will prove Igusa’s Theorem and Eichler-Shimura relation for
a congruence subgroup ['o(/N). After all definitions and constructions, we will state the
Modularity Theorem and we will show that the geometric version implies the arithmetic
version. In the final part, we will state the Modularity Theorem over real quadratic

fields and we will give some definitions to understand the statement in this case.



2. PRELIMINARIES

2.1. Modular Group and Modular Forms

Let ‘H be the upper half plane such that # = {7 € C|Im(7) > 0}. The modular

group is the set of 2 x 2 matrices over Z whose determinants are 1,

a b
SLy(Z) = ca,b,e,d € Z,ad —bec =1
c d

Remark 2.1. The modular group is generated by two elements which are

1 1 0 -1
and
01 1 0

Also we can see that an element of SLo(Z) is an automorphism of Riemann sphere

. a b .
C = CU {oo} such that for any € SLy(Z) and T € C,
c d

a b ar +b

c d (T):CT-Fd.

If ¢ # 0, then oo is mapped to a/c and —d/c is mapped to oco. If ¢ = 0, then oo is

mapped to oo.

When we consider an element v of SLy(Z), for 7 € H, we can easily observe that

Im(7) a b
= — where v =
leT + d|? c

Im(v(7))

This implies that y(7) € H. So the image of any element of H under action of elements

of SLy(Z) is again in H. Also note that for any 7 € H,



(i) I(7) = 7 where [ is the 2 by 2 identity matrix in SLs(Z),
(i) (7)(7) =~(7'(7)) for all 7,7" € SLy(Z).

So we can say that SLy(Z) acts on H.

Definition 2.2. Let k € Z. A meromorphic function f : H — C is a weakly modular
form of weight k if

FO) = (er + A f(r) fory=| Z € SLy(Z) and 7 € H.

Definition 2.3. Let k € Z. A function f : H — C is a modular form of weight k if

(1) fis holomorphic on H,
(11) fis weakly modular of weight k,

(111) fis holomorphic at co.

The set of modular forms of weight k is denoted by My(SLa(Z)).

In the definition of modular forms of weight k, we say that f is holomorphic at co.

Now, we will explain this. Let f be a weakly modular form of weight k. We know that

11
one of the generators of SLy(Z) is v =: which corresponds to translation:
01
vyiT—= T+ 1

Note that f(7 + 1) = f(y(7)) = (07 + 1)*f(7) = f(7). So f is a Z-periodic function.
Let D = {q € C: |¢q| < 1} be the unit open disk and D" = D \ {0} be the punctured
unit disk. Define the map exp : 7 — 2™ which is from H to D’. Then there exists
a corresponding function g : D' — C to f such that g o exp = f. It means that
g(e*™™) = f(log(e*™7)/(2mi)). Note that g is well-defined even if the logarithm is
determined up to 27iZ. If f is holomorphic on H, then g is also holomorphic on D’

since the function exp is holomorphic on H. So g has a Laurent expansion such as



9(q) = 3 ,cz ang" where ¢ = €™ € D'. Note that if Im(7) — oo, then ¢ — 0. Thus
f is holomorphic at oo if g can be extended holomorphically to ¢ = 0. It means that

all Laurent coefficients of g is zero for n < 0. Thus the Fourier expansion of f becomes

f(r) = 2o an(f)g™
Below, we will give the Eisenstein series of weight k for £ > 2 as a nontrivial
example of a modular form of weight k.

Example 2.4. Let k > 2 be an even integer. For any T € H, define Fisenstein series

of weight k as follows

1
Gi(1) = Z i dk.
(e, d)#£(0,0),(exd)ez? €T

Definition 2.5. Let f be a modular form of weight k. Assume that Fourier expansion

of f has leading coefficient ag = 0, that is
f(T) — Zanqn’ q= 627ri’r'

Then fis called a cusp form of weight k. The set of cusp forms is denoted by S.(SLo(Z)).

As an example of cusp forms, we will define the discriminant function.

Example 2.6. Let go(7) = 60G4(7) and g3(7) = 140Gs(7). For any T € H, define the

discriminant function as
A:H—C, A(T) = (g2(7))? — 27(gs(7))>.
Note that A € S15(SLa(Z)) since A is weakly modular of weight 12 and holomorphic

on H. Also in the Fourier expansion of A, ag = 0 and a; = (27)'2. For more details,

see Section 1.1 in [1].



Definition 2.7. Let go(7) = 60G4(7) and g3(7) = 140Ge(7). For any T € H, we will

define j function as follows

j:H—=C, j(r)=1728 (gz((?;g

Note that j is holomorphic on H. Since (g2)® and A have the same weight which is 12,
j is SLo(Z)-invariant.

2.2. Congruence Subgroups

Definition 2.8. Let N € Z. The principal congruence subgroup of level N is

=
=
I
m
nn
~
2
B
I

; (mod N)
c d c d 0 1

Note that I'(1) = SLy(Z).

Definition 2.9. Let T be a subgroup of SLy(Z). IfT(N) C T for some N € Z*, then

we call T a congruence subgroup of level N.

Now, we define some important congruence subgroups which are

Q
S
*

rv =4 | ] e s = |7 7| (mod N)

*

o
IS
o
IS8
)

e
3
I
M
n
h
=
N
—
Q
j=p
Il

(mod N)

O
SH
o
SR
e}
—_



Note that I'(N) C I'1(N) C I'go(N) C SLy(Z). Also these subsets are normal

subgroups of each other.
Definition 2.10. For any congruence subgroup I which acts on the upper half plane
H, we can define a modular curve as the quotient space I' \ ‘H of orbits under T
Y([') =A{T'r|T € H}.
When we can compactify Y (') , we get
X)) =T\ H"
as a compact modular curve where H* = H U Q U {oo}. For simplicity, we denote

X(D(N)) = X(N), X(Ty(N)) = X3(N), and X(To(N)) = Xo(N).

Remark 2.11. The points in I' \ Q U {oo} are called cusps of X(I') which are I'-
equivalent to co. To compactify Y (I'), we add cusps to Y (I').

For proof of Remark 2.11 and details about compactified modular curve, see

Section 2.4 in [1].

In what follows, we will consider the compact modular curve X (I') and we call it

a modular curve.

Remark 2.12. The modular curve X (I') is Hausdorff, connected, and compact. Also

we can think a modular curve as a compact Riemann surface.

For proof and details of Remark 2.12, see Chapter 2 in [1].



2.3. Modular Forms with respect to I

Definition 2.13. Let k € Z and f : H — C be a meromorphic function. Define the

weight k operator ] on f as follows

) = (er + ) *F (1) fory = Z € SIy(Z) and 7 € H.

Definition 2.14. Let k € Z and f : H — C be a function. Let I" be a congruence
subgroup of SLo(Z). Then fis called weight-k invariant under T" if

fle=f for all v €T. (2.1)

Also if the function f is meromorphic and satisfies (2.1), then f is called a weakly
modular form of weight k with respect to T'.

Definition 2.15. Let k € Z and T be a congruence subgroup of SLs(Z). A function
f:H — Cis a modular form of weight k with respect to I' if

(i) fis holomorphic on H,
(1) fis weakly modular of weight k with respect to T,
(111) fla)k is holomorphic at oo for all o € SLy(Z).

Then the set of modular forms of weight k with respect to I' is denoted by My ().

In the definition of modular forms of weight k with respect to I', we say that
flax is holomorphic at oo for all & € SLy(Z). Now, we will explain this in the same
way as modular forms. Let f be a weakly modular form of weight k with respect to
I'. Since any congruence subgroup I' contains I'(IV) for some N € Z*, T' contains a

translation matrix in the form

1 N
N =: for some N € Z™.



Let h be the minimal number such that v, € T' and h|N. Note that f(vy,(7)) =
f(r+h) = f(r). So f is a hZ-periodic function. Define the map exp : 7/h — e i
which is from H to D’. Then there exists a corresponding function g : D’ — C to f
such that goexp = f. As before, if f is a holomorphic on H, then g is also holomorphic
on D'. So g has a Laurent expansion such as g(qn) = >, ez @nqy Where g, = it eD.
Thus f is holomorphic at oo if g can be extended holomorphically to ¢ = 0. Therefore

the Fourier expansion of f becomes f(7) = >~ a,(f)q}.

Definition 2.16. Let k € Z and T be a congruence subgroup of SLy(Z). Let f be a
modular form of weight k with respect to I'. If for all a € SLy(Z), ag = 0 in the Fourier
expansion of flaly , fis called a cusp form of weight k with respect to I'. Then the set
of cusp forms of weight k with respect to I' is denoted by Si(I).

2.4. Modular Curves as Algebraic Curves

Let k be any field of characteristic 0 and k be a fixed algebraic closure of k. Let
I be the ideal generated by finitely many polynomials in k[zy, ..., 2,]. Then C is the

zero set of all polynomials in the ideal I.

Definition 2.17. Let k(C) be the function field of C over k. If k(C) is a finite extension
of k(t) with transcendental element t over k, then C is an affine algebraic curve over

k.

Let 7 be the reduction of any nonzero vector v € Z? modulo N. Define

i) = 2o (w5 ) torv = ()

where @, is the Weierstrass p-function. In the next section, we will define explicitly
the Weierstrass p-function. Note that f¥ is weigth 0 invariant under T'(N) and fi” €
C(X(N)). For simplicity, we define

) =07, d#£0 (modN) and  fo(r) = fi(7). (2.2)



Note that f¢ and f, are weight 0 invariant under T'y(N) and To(NN), respectively and

fd e C(X1(N)) and fy € C(Xo(N)). For convenience, we introduce some notation:

fro = fEOO) for=fi= 109 () = j(NT).

Remark 2.18. The function field of Xo(N), X1(N), and X(N) are respectively as

follows:

o C(Xo(N)) = C(3, fo) = C(5,4n),
 C(Xi(N)) = C({fs| £d € (Z/NZ - 0)/£}) = C(j, fr),
o C(X(N)) =C(.{fa"| £7 € (Z/NZ)* - (0,0))/%£}) = C(j, fr0, fo).

For proof and details of Remark 2.18, see Section 7.5 in [1].

Definition 2.19. The planar models of Xo(N) and X1(N) are

3 Xl(N)Zégmr ={(Jj,x) € @2|¢1(j, x) = 0} where ¢ is the polynomial over Qlj, ]
that we get when we clear the denominator of p1 € Q(j)[x] which is the minimal
polynomial of fi over Q(j),

) XO(N)Zézmr ={(j,x) € @2|2/10(j, x) = 0} where ¢y is the polynomial over Qlj, z]
that we get when we clear the denominator of py € Q(j)[x] which is the minimal

polynomial of fo over Q(j).
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3. ELLIPTIC CURVES AND ABELIAN VARIETIES

3.1. Elliptic Curves as Complex Tori

Definition 3.1. Let wy,wy € C. A lattice in C is a set A = wiZ + woZ where {wy,wq}

is a basis for C over R. A complex torus is the quotient of C by the lattice as

C/A={z+A:z€eC}.

Let C = CU {00} be the compactification of C. For any lattice A, a meromorphic
function f: C/A — C gives us a A-periodic meromorphic function f : C — C. One of

examples of these functions is the Weierstrass p-function which is defined as

1 1 1

2
W
0#weA

with the derivative of p

1
/
—_9 E .
& (Z) (Z . (U)3
Theorem 3.2. Let p be the Weierstrass function corresponding to the lattice A.

(i) The functions p and ¢’ satisfy the following differential equation

where go(A) = 60G4(A) and g3(A) = 140G¢(A).



11

(it) Let A = wi1Z + woZ and w3 = wy + wy. Then the above cubic equation > =
43 — go(N)z — g3(A) becomes

y2 =4(x1 — e1)(Ty — €9) (T2 — €2), e = p(wi/2),1=1,2,3.

Right side of the equation has three distinct roots. Therefore the equation is

nonsingular.

For proof of Theorem 3.2, see Proposition 1.4.1 in [1].

For any field k with characteristic 0, the solution set of the nonsingular polynomial

equation y? = 423 + ax + b where a,b € k is called an elliptic curve.

Theorem 3.3. For a given elliptic curve with y* = 42> — asx — ag, a3 — 27a3 # 0,

there exists a lattice such that az = g2(A) and az = g3(A).

For proof of Theorem 3.3, see Proposition 1.4.3 in [1].

By Theorem 3.2 and Theorem 3.3, for any lattice A, the Weierstrass gp-function
and its derivative give us a one-to-one correspondence between complex torus C/A and

elliptic curve FE with y? = 42% — go(A) — g3(A).

Remark 3.4. After Theorem 3.2 and Theorem 3.3, we will refer the complex torus as
the complex elliptic curve. Also we will refer the algebraic elliptic curve as E, which is
the solution set of the polynomial equation y? = 4z — go(7) — g3(T) where T = wy/wy

with A = w1 Z + weZ.

3.2. Moduli Spaces

Definition 3.5. An enhanced complex analytic elliptic curve for T'o(N) is an ordered
pair (E,C) where E is a complex elliptic curve and C'is a cyclic subgroup of E of order

N. Two such pairs (E,C) and (E',C") are equivalent, denoted by (E,C) ~ (E',C"),
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if there exists an isomorphism E-E over C such that it takes C to C'. The set of

equivalence classes is the complex analytic moduli space for T'o(N) and denoted by

So(N) = {enhanced complex analytic elliptic curves for I'o(N)}/ ~
={[C/A.,(1/N+A;)|: T € H}.

Definition 3.6. An enhanced complex algebraic elliptic curve for I'o(N) is an ordered
pair (E,C) where E is an algebraic elliptic curve over C and C a is cyclic subgroup of
E of order N. Two such pairs (E,C') and (E',C") are equivalent, denoted by (E,C) ~
(E',C"), if there exists an isomorphism E-=E' over C such that it takes C to C'. The

set of equivalence classes is the complex algebraic moduli space for T'o(N) and denoted

by

So(N)aig,c = {enhanced complex algebraic elliptic curves for To(N)}/ ~

= {[Ex, ((p-(1/N), 97 (1/N)))] - 7 € H}.

Remark 3.7. There is a bijective correspondence between So(N) and So(N)aygc such

that

[C/A-, (1/N + An)] = [Er, {(p-(1/N), o7 (1/N)))].

For proof and details of Remark 3.7, see Section 7.9 in [1].

Definition 3.8. An enhanced algebraic elliptic curve for I'o(N) is an ordered pair
(E,C) where E is an algebraic elliptic curve over Q and C is a cyclic subgroup of E
of order N. Two such pairs (E,C) and (E',C") are equivalent, denoted by (E,C) ~
(E',C"), if there exists an isomorphism E-E' over Q such that it takes C to C'. The

set of equivalence classes is the algebraic moduli space for U'o(N) and denoted by

So(N)aig = {enhanced complex algebraic elliptic curves for To(N)}/ ~

= {[E", ((p-(1/N), 97(1/N)))] : 7 € H}.



13

Remark 3.9. The element [E,C] of So(N)agc becomes the element of So(N)ayg if and
only if j(E) € Q.

For proof of Remark 3.9, see Section 7.9 [1].

3.3. Elliptic Curves as Algebraic Curves

Definition 3.10. Let k be an arbitrary field. A Weierstrass equation E(x,y) over k

s a cubic equation of the form

y2 +a1xy + azy = 23+ ayr® + agx + ag

where ay, as, as, ay, ag € k.

For simplicity, we can define the relations:

2 2 2
bs = ajas — arazas + agas + 4asas — ay,
cy = b3 — 24by,

ce = —biy + 36byby — 216bg.
The discriminant of the equation is
A = —b2bg — 8b3 — 27b2 + 9bybybs.

When the discriminant A of a Weierstrass equation is nonzero, the equation is called

nonsingular. If A # 0, we can define the j-invariant as j = ¢ /A.

Remark 3.11. If char(k) # 2, then we can simplify the Weierstrass equation by
replacing y by y — (ayx + a3) /2 and we get

E(z,y) : vt = a3 + (b2x2 + 2byx + bg) /4
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where by, by, bg € k and by = a? + 4ay, by = ajaz + 2a4, bg = a3 + 4ag.

Remark 3.12. If char(k) is not equal to 2 or 3, then we can simplify the Weierstrass
equation by replacing x by (x — 3by)/36 and y by y/216 and we get

E(z,y) : y* = 2® — 27cyw — Hdcg

where ¢y, cq € k.

The general admissible change of variables over an arbitray field k is
r=u’r'+r, y=uy +su®r +1t, u,r, s, t € kyu #£0.
These changes transform Weierstrass equations to Weierstrass equations while changing

the discriminant A to A/u'? and preserving the j-invariant. The admissible change of

variables is special case of an isomorphism between algebraic curves.

Definition 3.13. Let k be an algebraic closure of the field k. Let E(x,y) be a Weier-

strass equation over k. The set

E={(z,y) € K satisfying E(x,y)} U {oo}

is called an elliptic curve over k if the equation E(x,y) is nonsingular.

Now, we will consider the relation between the cubic equation y? = 42 — gox — g3

mentioned in Theorem 3.3 and a Weierstrass equation. When we apply the admissible

change of variables (z,y) = (u?a’,u®y’) to the cubic equation where u = (g3/g2)"/?, we
get the cubic equation
3 3
y2 :41‘3_9_2([;_9_2. (31)

9% 9
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By the definition of A in (2.7), we have g = (g5—A)/27. Then g5 /g2 = 27g3(g3—A) =
275/(j — 1728) where j = j(7). Thus the cubic equation (3.1) becomes

27 1

2:43_ o .
e N | DT IR L D

(3.2)

After that when we replace y with 2y and apply the suitable admissible change of

variables, we get

36 27
x —
j—1728°  j— 1728

v 4oy =2’ —

which corresponds to a Weierstrass equation for any field of arbitrary characteristic.

For more details about this correspondence, see Section 8.1 in [1].

Remark 3.14. Let E be an elliptic curve over k given by a Weierstrass equation.
Then we can think the points of E over k with the point oo as an abelian group by the

composition law & where the point co s the identity element O of group operation.

Definition 3.15 (Composition Law). Let P,O € E. Let L be a line passing through P
and Q.(If P = @, then L is the tangent line to E at P.) Let R be another intersection
point E and L, which is different from P and Q. Let L' be the line passing through R
and the point oo. The third intersection point E and L' is P & Q).

P+P

QeQ=0

Figure 3.1. Composition Law
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Definition 3.16. For any integer N, we can define a subgroup E[N] of an abelian group
E as follows

E[N]={P € E:|[N|P=0g}
where [N] is the multiplication-by-N isogeny. In the next section, we will define the

multiplication-by-N isogeny. The subgroup E[N] is called N-torsion points of E.

Definition 3.17. Let C be a nonsingular algebraic curve over k. The divisor group of

C'is a free abelian group such that

Div(C) = {Z np(P):np € Z,np =0 for all but finitely many P € C} .

peC

The degree-0 divisor group Div°(C) is a subgroup of Div(C) defined as

Div’(C) = {Z np(P) € Div(C): Y np = o} :

pPeC PeC

To define a divisor of F' € k(C), we will define the valuation which is similar to

the p-adic valuation. In Definition 3.36, we will define explicitly the p-adic valuation.
Definition 3.18. Let k[C] be the coordinate ring of C over k. The valuation vp at

P € C is defined as

vp KO NU (oo}, wp(f)={ 0 1I=0 (3.3)

e if f=1tu

where t is a generator of the maximal ideal of k[C]p.

Then we can extend the valuation to the function field k(C) of C over k such that

Up : l_c(C’) — Z U {400}, vp(F) =vp(f) —vp(9)



17

where F = f/g € k(C).

Definition 3.19. Let F be a nonzero element of function field k(C) of C. The divisor
of Fis

div(F) =Y vp(F)(P).

pPcC

A divisor of the form div(F) is called principal and the set of principal divisors is
denoted by Div*(C).

Since F' is a rational function on C, F' is meromorphic. It implies that the sum
of vp(F) for all p € C' is zero. So principal divisors are in Div°(C). By the properties

of the valuation, we can define the homomorphism as follows
div : k(C)* — Div°(C), F — div(F).

Thus Div*(C) is a subgroup of Div®(C).

Definition 3.20. The Picard group of C is the divisor class group as

Pic’(C) = Din®(C)/Div*(C).

3.4. Isogenies

Definition 3.21. Let E and E' be elliptic curves. Define the isogeny ¢ from E to E’

as a morphism such that
¢:E— E, ¢(Op) = O

where O and Og are identity elements of E and E' as abelian groups, respectively.

We call that E and E' isogenous if there exists a non-constant isogeny ¢ from E to E'.
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Remark 3.22. Any isogeny ¢ : E — E' satisfies either ¢(F) = {O} or ¢(E) = E'. If
it satisfies p(E) # {O}, it has a finite kernel.

Example 3.23. Let E be an elliptic curve and C be a cyclic subgroup of order p. Then

E/C is also abelian group. Define a morphism over abelian groups as

¢:E— E/C.

Note that the morphism ¢ maps the identity element Og of E to the identity element
Op + C of E/C. Thus we can say that ¢ is a quotient isogeny.

Definition 3.24. For any n € Z, we can define the multiplication-by-n isogeny of an

elliptic curve E as

n]: E— E, mP=P+P+ ..+ P.

n times

Theorem 3.25. Let ¢ : E — E’ be a nonconstant isogeny of degree m. Then there

exists a unique 150geny
:E — FE

satisfying ¢ o =1 o ¢ = [m].

For proof of Theorem 3.25, see Theorem 6.1 in [2].

Definition 3.26. Let ¢ : E — E’ be a nonconstant isogeny. An isogeny
Vv : B — E

is called a dual isogeny of ¢ if the equality 1 o ¢ = [deg(¢)] = [deg())] holds.

Now, we will define the Frobenius map and give some properties to explain the

Eichler-Shimura relation.
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Definition 3.27. The Frobenius map on P™(F,) is
o, : P*(F,) — P"(F,)

such that o,([xo = x1 ¢ .ot xy]) = [xf 2}« ... 2 2P]. The inverse of o, is
0'p_1 : P"(F,) — P"(F,)

such that o, ([xo : 21 ot @n]) = (Yot Y1 < e © U

where [xo = x1: i xp] = [yh cy s yE]

Let x; = z; € Fp. Then there exist y;,v; € Fp such that y¥ = z; and v¥ = z; where
o, (z:) = yi and 0, (2) = v;. Since x; = 2z, yj = x; = z = vl. It implies that

p _
;=

0;1 1s well defined.

0=y’ —v (y; — v;)P in Fp whose characteristic is p. Then it gives us y; = v;. Thus

Let ¥(z0, 21, o, Tp) = Y, ;7" € Fplro, 21, ..., 7,] where ¥ = 202} ..x%. Then
1°? is obtained by applying the Frobenius map on the coefficients of ). So we get the
polynomial 7 (zg, 21, ..., x,) = Y, a; ', Consider for any P = [xg : 1 : ... 1 @] €

P (Fy),

vor(Por) = g (el st s at)) = S ala = 3 aba = (Y ')
i i i (3.4)

= ([ s T1 1 ...t xy])7P = p(P)°P

since the characteristic of Fp is p.

Remark 3.28. Let C be a projective curve defined over F,, by polynomials ;. Define
a projective curve C? over Fp by polynomials ¥;". If P € C, then 1;(P) =0 for all i.
Also 1;(P)7» = " (P°?) by (3.4). It means that P’ € C°». So we can restrict o, to
a morphism from C to C with o,(P) = P
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Definition 3.29. Let C be a projective curve over Fp. The Frobenius map on C'is
op: C— C

such that o,(P) = P for any P € C. Also the inverse of o, is
O'p_l 07 = C

such that o, ' (P') = P where P' = P,

Theorem 3.30. Let C be a nonsingular projective algebraic curve over a field k and

k(C) be the function field of C over k. The map
C— k(C)

gives us the bijection between the set of isomorphism classes over k of nonsingular
projective algebraic curves over k and the set of conjugacy classes over k of function

fields over k.

In Theorem 3.30, the conjugation means that if there exists an isomorphism
between function fields K and K’ which fixes k pointwise, then two function fields K

and K’ over k are conjugate over k.

Theorem 3.31. Let C' and C' be nonsingular projective algebraic curves over a field

k. Then the map
h+— h*

gives us the bijection between the set of monconstant morphism over k from C to C'

and the set of k-injections of k(C") to k(C).

For proofs of Theorem 3.30 and Theorem 3.31, see Section 7.2 in [1].
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Let h : C' — C" be a surjective morphism over Fp of nonsingular projective curves
over Fp. Then by Theorem 3.31, we have a corresponding Fp—injection h* - E,(C” ) —

F,(C). Note that for the field extension F,(C)/F,(C"), we have an inclusion such that
R (Fp(C")) € Fp(C")sep € Fy(C).

In this inclusion, F,(C")s,/h* (F,(C”)) is the maximal separable subextension of

F,(C)/h*(F,(C")). So we can factorize h* such as

_ Piep hi

F,(C") Fp(C)sep — F,(C).

Then again by Theorem 3.31, we have a corresponding factorization of h as

hz‘ns hse
C Clep Nyl

where the first map iy, is o5 with p® = [F,(C) : F,(C")sep). Thus the general factor-

ization of isogeny h is h = hy, 0 05, Also this factorization preserves the degrees of

maps such as

deg(h) = deg(hsep)deg(hins)

where deg(h) = [ED(O) : h*<IFp(O/))]7 deg(hsep) = []Fp(c/)sez) : Fp(C”)], and
deg(hins) = [Fp(c) :Fp(cl)sep]-

Theorem 3.32. Let ¢ be an isogeny of elliptic curves from E to E'. Then

deg(¢sep) = |k‘67"(¢) |

For proof of Theorem 3.32, see Section 8.2 in [1].
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Definition 3.33. Let h : C — C' be a nonconstant morphism of projective algebraic

curves. The induced forward map of h over Picard groups of algebraic curves is defined

by

h, : Pic®(C) — Pic®(C"), [Z np(P)

— [Z np(h(P))

Definition 3.34. Let C be a projective curve over Fp and (P) be the divisor of C.
Define the forward map of Pic®(C) induced by the Frobenius map o, as

Tpx : (P) = (0p(P)).

The reverse map of Pic®(C) induced by o, is

Theorem 3.35. Let h : C' — C" be a map over IF,, between projective curves over F,,.
Let 0, ¢ and o, ¢ be the Frobenius maps of C and C'. Then the induced forward map
hs commutes with the forward induced map of o, ¢ as

ha 0 (9p,0)x = (0p,cr)s © T

Also the induced forward map h, commutes with the reverse map of o,c as

hi o (opc)" = (opcr)" © ha.

For proof of Theorem 3.35, see page 321 in [1].
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3.5. The Reduction of Elliptic Curves

Let E be an elliptic curve given by a Weierstrass equation over Q. If we apply the
admissible change of variables over @ such that (z,y) = (u?2’,u3y’), then we get an-
other Weierstrass equation corresponding to another elliptic curve E’ with coefficients
al = a;/u’. With a suitable choice of u, the coefficients of Weierstrass equation of E’
can be made integral. We can say that £ and E’ are equivalent if there is an admissi-
ble change of variables over Q such that we get the coefficients of Weierstrass equation
of E' applying the change of variables to the coefficients of Weierstrass equation of
E. After that point, we can think that F is an elliptic curve given by a Weierstrass

equation over Z. In this case F is called integral.

Definition 3.36. Let p be a prime and r a rational number. Then v,(r) is the power
of p which appears in r. It means that v,(p°m/n) = e € Z with pt mn. Then v,(r) is

called the p-adic valuation.

Proposition 3.37. For all r,r" € Q,
(i) vp(0) = +o0,

(11) vp(rr') = vp(r) + v, (r') for all r,r' € Q,
(111) vp(r+1") > min{v,(r), v,(r") } with equality if vy(r) # v,(r').

For any prime p, let v,(E) be the smallest power of p in the discriminant A(E)

of any Weierstrass equation which is equivalent to E. It means that
vp(E) = min{v,(A(E")) : E' is integral and is equivalent to E}.
Definition 3.38. The global minimal discriminant of E is

Amzn(E) - H pyp(E) .
p

The global minimal Weierstrass equation of E' is an integral model such that E' is

isomorphic over Q to E and the discriminant A(E") of E' is equal to Ay (E).
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Remark 3.39. In general, the global minimal Weierstrass equation of an elliptic curve

E exists if FE is defined over a field with ideal class number one.

To define the reduction of elliptic curves modulo p, we define tilde notation as

follows
T Z—F,, n=n+ pZ. (3.5)

This map reduces the global minimal Weierstrass equation of E to a Weierstrass equa-
tion of E over F,. If p 1 Anin(E), then E defines an elliptic curve over F,. Now,

consider all cases of the reduction of £ modulo p.

Definition 3.40. Let E be an elliptic curve as defined above. The reduction of E

modulo p is

(i) good (nonsingular) if E is an elliptic curve over F,,
e ordinary if E[p] =~ 7/pZ,
e supersingular if E[p] = {0},
(i) bad (singular) if E is not an elliptic curve in which case it has only one singular
point,
o nmultiplicative if E has a node,

e additive sz has a cusp.

Remark 3.41. Let E be an elliptic curve over a field k and N be a positive integer. In
general, if char(k){ N, then E[N] = (Z/NZ)?.

Definition 3.42. The algebraic conductor of F is N = Hp p!» where

;

0 , if E has good reduction at p,
. 1 , if E has multiplicative reduction at p,
fo = 2 . if F has additive reduction at p # 2,3,
\ 240, ,if E has additive reduction at p = 2,3

with 63 < 6 and 05 < 3. For more explicit calculation of §,, see page 287 in [3].
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Definition 3.43. Let E be an elliptic curve over Q and p a prime. Let E be the
reduction of E modulo p. Then define

ay(E) =p+1—|E(F,)
where E(F,) are F,-points of E.

Theorem 3.44. Let p be a prime and E be an elliptic curve over Q such that E has

a good reduction at p. Let oy, and o, be the forward and reverse maps of Pic®(E)

induced by o,. Then we have the equality
ap(E)] = 0px + 0,

as endomorphisms of Pic®(E) where the left side is just multiplication by a,(E).

For proof of Theorem 3.44, see page 325 in [1].

Definition 3.45. Let p be a mazimal ideal of Z.. Then define the localization of 7. at

p as
Zgy={a/b:a,beZ,b¢p}.
Note that Z(p) is a subring of Q and the unique maximal ideal of Z(p) is pz(p). So
Z)/PZ) is a field. Then we can define a natural isomorphism of fields as follows
L)p—ZL) /9Ly,  a+ P o+ pLy.
Also we can think Z(p) / pz(p) as I, since we can write a natural surjection map as

Bk Z(p) — Fp, a=aoa+ pZ(p) (3.6)
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with the kernel pZ,). We know that Z/p is an algebraic closure of Z/pZ. Since Z/p is
isomorphic to Zy)/pZ ), we can think that Z,)/pZ ) is an algebraic closure of Z/pZ.
Also pZy)NZ = pZ. Thus the reduction map Z — F, in (3.5) extends to the reduction
map (3.6).

Now, we can define the reduction of elliptic curves over Q. Let E be an elliptic
curve given by a Weierstrass equation over Q. When we apply the admissible change

22 uy'), we get another Weierstrass equation corresponding

of variables (z,y) = (u
to another elliptic curve E' with coefficients a; = a;/u’. With a suitable choice of
u € Z7, the coefficients of Weierstrass equation of E’ are in Z(p). So we can define
that a Weierstrass equation of F is p-integral which means that the coefficients of a

Weierstrass equation of E lie in Z(p).

Theorem 3.46. Let E be an elliptic curve with p-integral Weierstrass equation over

Q. When we reduce it to a Weierstrass equation over F, by the map (3.6), we get

e E as an elliptic curve over F,, if and only zfﬁ # 0 in which case the curve E is
ordinary if E[p| & Z/pZ or the curve is supersingular if Elp] = {0},

o E as a singular curve over Fp with a node if and only if A =0 and ¢y # 0 in
which case the curve E without the singular point forms a multiplicative group
which is isomorphic to Fp*,

o E as a singular curve over Rj with a cusp if and only if A=0and =0 in
which case the curve E without the singular point forms an additive group which

is tsomorphic to IF,.

For proof of Theorem 3.46, see Section 8.4 in [1].

Definition 3.47. A p-integral Weierstrass equation over Q with good reduction or

multiplicative reduction is called p-minimal.

Remark 3.48. Let E be an elliptic curve over Q. Then the reduction type of it at p
is well-defined as the ordinary, super singular, or multiplicative reduction type for any
p-minimal Weierstrass equation for E. Moreover, if the reduction of it is good, then we

get a well-defined elliptic curve E over Fp up to isomorphism over Fp.
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Theorem 3.49. Let E be an elliptic curve over Q and p be a mazimal ideal of Z. E
has good reduction at p if and only if j(E) € Z).

For proof of Theorem 3.49, see page 333 in [1].

Theorem 3.50. Let E be an elliptic curve over Q with good reduction at p.
(i) The reduction map between the groups of N-torsion points of E and E
E[N] — E[N]

18 surjective for any N.
(i1) Let C be a cyclic subgroup of E of order p. Then the isogenous image E/C as in
(3.23) has also good reduction at p. Moreover, if E has ordinary reduction at p,

so does E/C. Also if E has supersingular reduction at p, so does E/C.

For proof of Theorem 3.50, see page 335 in [1].

Theorem 3.51. Let C be a projective algebraic curve over Q with good reduction at

p. Then the reduction map on curve C can be extended on degree-0 divisor groups of

C and C such that
Di’(C) = Din®(C), > np(P)— Y _np(P).

In this map, principal divisors map to principal divisors. So by this map, we can induce

a surjection map between Picard group of C' and C as
Pic®(C) — Picd(C), [Z nP(P)} o [Z np<15)] .

Let C" be a projective algebraic curve over Q with good reduction at p. Assume that C’
has positive genus. Let h: C — C" be a morphism over Q and h, : Pic®(C) — Pic®(C")
and h, : Pz’co(é) — Pz’co(é’) be induced forward maps of h and h. Then we have a
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commutative diagram as

*

Pi°(C) Pic(C")
s
Pic(C) Pic®(C").

For proof of Theorem 3.51, see page 344 in [1].

Theorem 3.52. Let ¢ : E — E' be an isogeny over Q of elliptic curves over Q. Then

there exits a reduction map

o FE— E
with the properties:
(i) ¢ is an isogeny,
(i) If ¢ : E' — E" is an isogeny, then qm =10 g,
(iii) deg()=deg(®),
(iv) The below diagram commutes:
E £
(G
E — F
(G

For proof of Theorem 3.52, see page 345 in [1].
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3.6. Abelian Varieties and Jacobians

Definition 3.53. Let X be a compact Riemann surface. The Jacobian of X is the

quotient group
Jac(X) = O,y (X)"/H\(X, Z)

where Hy(X,7Z) is the first homology group of X which is a free abelian group containing
integer sums of integrations of loops on X and 2}, ,(X)" is the dual space of the degree

1 holomorphic differentials on X. For more details, see Section 6.1 [1].

From now on, we denote Jac(Xo(N)) as Jo(N).

Definition 3.54. Let X be a compact Riemann surface. The divisor group of X is free

abelian group such that

Div(X) = {Z Ngx : Ny € Z,n, =0 for all but finitely many x € X} :

zeX

The degree-0 divisor group Div®(X) is a subgroup of Div(X) such that

Din’(X) = {Z n.x € Div(X) : an = O}-

rzeX zeX

Let f be a meromorphic function as f : X — C. Define a divisor of f as
div(f) = > ,cx Ve(f)z where v,(f) is the order of vanishing of f at z. Let C(X) be
the function field of a compact Riemann surface X. Define the principal divisors which

is a subgroup of the degree-0 divisor group as

Div'(C) = {div(f) € Div®(X) : for some f € C(X)}.
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Definition 3.55. The Picard group of X is the quotient group of degree-zero divisors
modulo principal divisors on X as Pic®(X) = Div®(X)/Div*(X).

Then we can embed X to Pic’(X) by the map
X — Pid®(X), T — [x — o]

where x is a base point in X. So we can define the well-defined map from the degree-0

divisor group to the Jacobian of X as

(3.7)

Div’(X) — Jac(X), anx — an/

X
rzeX zeX Zo

Theorem 3.56 (Abel’s Theorem). The map given in (3.7) can be extended to the

below isomorphism as

Pic’(X) — Jac(X), [Z n:px] — an /z

For more details about Theorem 3.56, see pages 197-198 in [3].
3.7. Hecke Operators

Definition 3.57. Let I'y and T’y be two congruence subgroups of SLo(Z). For any
a € GLF(Q), define a double coset in GL3(Q) as

['aly = {nayy v €1,y € T}
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Now, we will define Hecke operators. For the first type Hecke operator, we take

I'y =Ty =T'1(N) and an arbitrary « € T'o(V). Consider for any f € My (T'1(V)),

fIT1als], = fla, € Mi(T'1(N))

a b
So I'g(N) acts on M (I';(N)) by the action of o = which is determined by d

c d
modulo N and denoted by (d). Now, we will define (d).

Definition 3.58. A diamond operator (d) is defined as
(d) : My(T1(N)) = My(T'1(N)).

such that

(d)f = flaJg for any a = o« b € I'o(NV) where § = d (mod N).

C

To define the second type of Hecke operator, take again I'y = I'y = I';(IN) but

10 o
o= where p is prime.

0 p
Definition 3.59. The operator T, is defined as

T, : Mi(I'y(N)) = Mi(T1(N))

such that

10
T,f = fI . Lol
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where the double coset is

1 x
Fial'y =T (N)al'y(N) =<y € My(Z) : vy = (mod N), dety = p
0 p

In the next chapter, we will consider the reduction of Hecke operator 7, acting

on Div(Sp(N)). So we will define T}, for moduli spaces of elliptic curves.

Definition 3.60. The Hecke operator T, acts on the moduli spaces of elliptic curves

as

T, : Div(So(N)) — Div(So(V)), T,[E,Cy] = Z[E/C, (Cy® C)/C] (3.8)

where the sum is taken over all order p subgroups C of elliptic curve E such that

CNCy={0g}.

Definition 3.61. Let f,g € Sp(I'o(N)). The Petersson inner product of f and g is

o) = g [ 1ty

where D is the fundamental domain for Io(N), Vrgny = [SLa(Z) : To(N)], and 7 =
x4y € H.

For the definition and more details about fundamental domain, see Section 5.8

in [4].

Definition 3.62. For any divisor d of N, define the map

ia: (Sk(To(Nd™)))* = Su(To(N),  (f.9) = [+ gloalw
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where ag = . The subspace of oldforms at level N is

Se(Co(N)™ = Y ip((Se(To(Np™)))?).

p|N,prime

The orthogonal complement of Si(Lo(N))?® with respect to the Peterson inner product
is the subspace of newforms Si(T'o(IN))™* at level N.

Definition 3.63. Let f € M(I'o(N)) be a nonzero modular form. If fis an eigenvector
of the Hecke operator T, for all n € Z*, then f is called an eigenform. The eigenform
[ =>an(f)q" is called a normalized eigenform if ai(f) = 1. The element f of

Se(Lo(N))™ s called a newform which is a normalized eigenform.

Definition 3.64. Let f be a newform in Sy(Tg(My)). Then the abelian variety associ-
ated to fis

A = Jo(My) /1 Jo(My)
where Iy is the kernel of the eigenvalue map
Ap: Tz — C, Tf=X(T)f for T € Ty,

as Iy = ker(A\p) ={T € Tz : Tf = 0} where Ty = Z[{T,,(n) :n € Z*}].

Definition 3.65. Let f € S3(T'o(N)) be a normalized eigenform and for alln € Z7,
an(f) be a Fourier coefficients of f. Then the field Ky = Q({a,(f)}) is called the
number field of f.

Remark 3.66. Note that a,(f) is an algebraic integer since it satisfies the character-

istic polynomial of T,,. So Ky is a number field.

For more details about Ky, see Section 6.5 in [1].
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Theorem 3.67. There exists an isogeny between the Jacobian associated to o(N) and

the sum of abelian varieties such that
Jo(N) — P 4} (3.9)
fin

where the sum is taken over the set of equivalence classes of newforms f € So(L'o(My))

and divisors n of N/Mjp.

For proof of Theorem 3.67, see Theorem 6.6.6 in [1].

Note that the isogeny between abelian varieties is a surjective homomorphism
between same dimensional abelian varieties. The definition of dual isogeny between
abelian varieties is the same as the definition of an isogeny between elliptic curves
where the degree is the extension degree of the function fields of abelian varieties. For

more details, see [5].

So there exists a dual isogeny of (3.9) as
P A — Jo(N). (3.10)
fin

Then for any prime p{ N, we have a commutative diagram

Hf,n ap(f)

Dy 4 Dy 4

hS]

Jo(N)

o) (3.11)

where the maps on the left and right side are dual isogenies in (3.10).
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4. MODULARITY THEOREM

4.1. Igusa’s Theorem

Definition 4.1. The restriction of moduli space So(N)qu, over Q is

—_~—

So(N)ya = {[E, C] € So(N)ayg : E has good reduction at p,j(E) ¢ {0,1728}}
where p is a mazimal ideal of Q lying over prime p with p f N and m € Fp S a
reduction atp of j(E). Note tha,tj/(\E/) € T, is well defined since E has a good reduction
at p and j(E) € Zgy).

The moduli space over Fp 15 denoted by §O(N) whose elements are equivalence classes

[E,C] where E is an elliptic curve over F, and C is a subgroup of E or order N. To

avoid j(E) = 0,1728, we define
So(NY = {B,C] € Sy(N) : () ¢ {0, 1728} }.
Now, we can define the reduction map on moduli spaces. Let [E,C] € So(N)i,

be an equivalence class where C is a cyclic subgroup of E of order N and j = j(E).

The reduction map between moduli spaces is

So(N)! g — So(NY, [E;,C) — [E;,C).

Let von € Fp(j)[x] be the minimal polynomial of the sum of the x-coordinates of
nonzero points of C. Denote x(é’) for the sum of the x-coordinates of nonzero points

of C'. Define the function field as follows

Ko(N) =F,(j)[2]/ (¢on(2)).
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Theorem 4.2 (Igusa’s Theorem). Let N be a positive integer and p be a prime such
that p t N. Then the modular curve Xo(N) as an algebraic curve has good reduction
at p. There is an isomorphism of function fields between FP(XO(N)) and Ko(N). Also

the below diagram commutes:

So(N )y 2 Xo(N)
So(N)Y ——— Xy(N)
Yo (4.1)

The top row is the map from [E;,C] to (j,x(C)) where x(C) is the sum of -
coordinates of the points of C. The bottom row is a map in characteristic p which s
similar to @o. The vertical maps are reduction maps of moduli spaces and modular

Curves.

Proof. Note that Xo(N)P“™" is the set of elements (j, z) € Fp2 such that vo(j, z) = 0

alg

where 1 is the minimal polynomial of reduction of f in (2.2). So the function field

of X’O(N)ﬁgnar is Fp(j)[x]/<1zo(x)> For any given j, we want to show that 1o(z) and

Yo n(z) are the same polynomial. Note that

i
2
I
2
!

Pl = X Ji) = 3 5 = - T () SR (4

95(7) =

i
—_
i
—_
i
—_
Q
w
—~
\]
~

When we consider Sy(N) i, the last summation is equal to the sum of z-coordinates
of nonzero points of C where C is a cyclic group of L}y of order N. If we consider
§0(N)alg, the last summation is #(C). So the polynomials 1(z) and o n(x) are
the same. Thus F,(Xo(N)) and Ko(N) are isomomorphic. Let [Ej(r), C] € So(N)yas
then ¢o([Ej), C]) = (j(7),2(C)). If we apply the reduction to (j(7),z(C)), we get
(}(7),;(\6—’/)) When we first reduce [Ej(-,C] to [E’j(T), C] and then apply @, we get
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~ ~ ~ ~ —_— ~

0o([Ej(r), Cl) = (1 (Ej(r),x(C)). Note that (C) and z(C) are the same since we can
apply the reduction by pointwise on C. Since the j-invariant is a rational function of
coefficients of Weierstrass equation of E, the reduction of j-invariant is the same as

j-invariant of the reduced curve E. Hence the above diagram (4.1) commutes. ]

Remark 4.3. After Theorem 4.2, we have a commutative diagram between degree zero

divisors and Picard groups as in Theorem 4.2 such as

Div°(So(N),q) Pic®(Xo(N))

Div®(So(N)) Pic®(Xo(N)).

In this diagram, the maps on the left side and on the bottom of the diagram are sur-

jective.

4.2. The Eichler - Shimura Relation

We defined the Hecke operator T), on So(N) in (3.8) as

T,[E,Cy] = Y[E/C.(Cx & C)/C] (4.3)
C

where C'is the order p subgroup of E such that C'N Cy = {O} since p{ N.

Let E be an elliptic curve over Q with ordinary reduction at p and Cy be a cyclic

subgroup of E with order N.

Let Cy be the kernel of the reduction map ~: E[p] — E[p]. Note that Cj is a
subgroup of E of order p since the reduction map is surjective and the reduction is

ordinary.
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Lemma 4.4.

__ Eon,C if C=C
[E]C,(Cy & C)/C] = [,v vl ’
B O] if C4G

for all p order subgroups C' of E.

Proof. Case 1: Assume that C' = Cy. Let E' = E/C and C' = (Cy & C)/C. Define
the quotient isogeny ¢ : E — E’ such that ¢(Cy) = C’" and the dual isogeny of it

Y : E' — E. Then it gives us a commutative diagram by Theorem 3.52:

By Theorem 3.50, E’ has ordinary reduction at p since E has ordinary reduction at
p. So |/E7[p]| = p. Also ¥)(E'[p]) is a subgroup of E[p] of order p since |kery| = deg(v)) =
deg(¢) = p. Since ¢(¢¥(E'[p])) = [p](E'[p]) = {0}, E'[p] is a subgroup of C' = ker(¢).
Since C and ¥(FE'[p]) are subgroup of E with order p, ¢(E'[p]) = C = Cy which is the
kernel of the reduction map on the right vertical arrow. Since the reduction map on
the left vertical arrow is surjective, the map on the bottom arrow is zero map. Thus

E'[p] C ker(¢). Also we know that ker(¢) C ker([plz) = E'[p] since plz =Yoo
Thus E'[p] = ker(4)) and ker(¥) is a group of order p.

By Theorem 3.52, the reduction at p preserves the degree of isogeny. Therefore

deg([plz) = p?, deg(¥)) = p, and deg(¢) = p. Since separable degree of a map is the or-
der of kernel of the map and total degree is the product of the separable and inseparable

degrees, deg,ep([Plz) = ker([pl)| = [E'[p)| = [ker($)| = p and so degins([pl) = p.
Also degyep(1h) = |ker(¥)| = p and degins(1)) = 1. Since we have [p]z = 1 0 ¢ and the

E
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separable and inseparable degrees are multiplicative, degsep(qg) =1 and degins(¢) = p.

By the general factorization of isogeny defined in Section 3.4, we know that
b= gzﬁsep o 05 with deg(gbsep) = degsep(gzﬁ) = 1 and degins(¢) = p°. Since degins(¢) = p,
b = gbsep o 0,. Since deg(gbsep) =1, gbsep is an isomorphism from E°» onto E'. Under

this isomorphism, CN goes to C". Hence on the enhanced elliptic curves we have the

P

equivalence [E/C, (Cy @ C)/C] = [E/,C"] = [Eo», C%].

Case 2: Assume that C' # Cy. Let E' = E/C and C" = (Cy & C)/C = ¢(Cy)
where ¢ is the quotient isogeny such that ¢ : E — E’ and v is the dual isogeny of
¢. Let C' = ker(y) and C), be the kernel of the reduction map E'[p] — E'[p]. Note

that C} is a subgroup of E’[p] of order p since the reduction map is surjective and

[ pll = p

By Theorem 3.52, we have a commutative diagram:

Since Cy # C = ker(¢) and Cj is a subgroup of E[p] of order p, ¢(Cp) is a
subgroup of E'[p] of order p. Note that 1(¢(Cp)) = [p](Cy) = {0} since Cj is a subgroup
of E[p]. It implies that ¢(Cy) C ker(y) = C'. Since |C'| = |ker(y)| = |ker(¢)| = p
and |¢(Cy)| = p, ¢(Cy) = C'. Also ¢(Cy) C Cj since the above diagram commutes.
Thus ¢(Cy) = C" = C}, since C{ has an order p.

Then we can apply Case 1 to E', ', and 1 instead of E, C, and ¢. So we get ¢ =
i o0, where i : E”" — E with i(CA’T’Up) Cx. When we apply o, to the coefficients

. vy, —1 , Ha—1 . .
of i, we get i ~ : £/ — E  is an isomorphism with i7" (C” )= Cx”"  since inverse
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of the Frobenius map o, is bijective and preserves the homomorphism property. Thus
1

!

—~ op

it gives us an equivalence relation such that [E\/E' (Cy®C)/C] =[E>",Cy

Since E has (p 4+ 1) many subgroups C of order p and one of these subgroups is

Cp, we can write

> _[EJC.(Cy & C)/C] = (o, + po, [, Ci]. (4.4)
C

Theorem 4.5 (Eichler-Shimura Relation). Let p be a prime with pt N. The below

diagram commutes:

Pic®(Xy(N)) Pic®(Xy(N))

p

Pic®(Xo(N)) Pic®(Xo(N)).

*

Opx T o

Proof. We get the following commutative diagram by the Equations (4.3) and (4.4)

So(N)ga Div(So(N)gq)

p

Div(Sy(NY).

When we extend the Hecke operator T}, to divisor groups of Sy(N);, and go(N )
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and then restrict to degree-0 divisors, we get the commutative diagram:

Dir®(So(N)}) Dir®(So(N)})
p
Div®(So(N)) — Div®(Sy(N)').
Op + po, (4.5)
We get the commutative diagram below by Exercise 8.7.2 in [1]:
Div®(Sy(N)) - Div®(Sy(N)')
Op + po,
Pic®(Xo(N)) > Pic®(Xo(N)).
Opx T 0 (4.6)

When we construct the following cube-shaped diagram by the above commutative

diagrams, all square diagrams except possibly the back diagram commute.

Pic®(Xo(N)) L » Pic®(Xo(N))

Div®(So(N)’,) > Din®(So(N)ya)

*
ap,*—f—crp

Pic®(Xo(N)) y Pic®(Xo(N))

Div®(Sy(N)) i s Div®(Sy(N)')
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In the above diagram we observe that:

e The bottom square contains maps between moduli spaces and modular curves in
characteristic p and it is a commutative diagram, by Diagram (4.6).

e The front square contains reduction map of 7, on the zero divisor groups of
moduli space and it is a commutative diagram, by Diagram (4.5).

e The side squares contains the reductions of maps between zero divisors of moduli
space and Picard group of modular curve and they are commutative diagrams by
Remark 4.3.

e The top square relates T, between moduli spaces and modular curves in character-
istic 0 and it is a commutative diagram. For more details about these diagrams,

see Section 7.9 of [1].
We want to show that the back square diagram is also commutative. Consider the

maps from the front left corner Div®(Sp(N);,) to Pic®(Xo(N)). First, we will consider

the sequence:

Div®(So(N))

Div°(So(N),q)

By Remark 4.3, we know that the first two maps surject. Since the left side
square in the cube-shaped diagram is commutative, we can say that the sequence

(4.7) becomes:

DivO(SO(N)’gd) Pic®(Xy(N))

(4.8)
Moreover the first two maps in the sequence (4.8) surject. Since the bottom, front,

left side, and top square diagrams in the cubed-shaped diagram are commutative, the
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sequence (4.8) becomes:

P

Div®(Sy(N),y) Pic®(Xy(N)) Pic®(Xy(N)) Pic®(Xo(N)).

(4.9)

Let 7, is the reduction map of Tp on Pic®(Xo(N)). Then there is a commutative

diagram

Pic®(Xo(N)) Pic®(Xo(N))
Pic®(Xo(N)) = Pic®(Xo(N)).

According to this commutative diagram, the sequence (4.9) becomes

T

p

Div®(Sy(N),y) Div®(Sy(NY') Pic®(Xo(N)) Pic®(Xo(N)).

(4.10)
Since (4.7) and (4.10) are equal and the first two maps of these sequences are surjective,
opx+0, and fp are equal. Thus the back square diagram in the cubed-shaped diagram

1s commutative. OJ

4.3. Modularity Theorem for Q

In this section, we try to give a proof of the fact that the version X¢ of the
Modularity Theorem implies the version a, of the Modularity Theorem. First, we will

state the theorems.

Theorem 4.6 (Modularity Theorem, Version X(). Let E be an elliptic curve

over Q. Then for some N there exists a surjective morphism of curves over Q from the
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modular curve Xo(N)ag as algebraic curve over Q to the elliptic curve E,

Xo(N)ayg — E.

Theorem 4.7 (Modularity Theorem, Version a,). Let E be an elliptic curve over

Q with conductor Ng. Then there exists a newform f € So(T'o(Ng)) such that

a,(f) = a,(E) for all primes p.

Theorem 4.8. Let E be an elliptic curve over Q with conductor Ng. Let N be a

positive integer and

a:Xo(N) = E (4.11)

be a nonzero morphism over Q of curves over Q. Then there exists a newform f €

So(To(My)) with M¢|N such that

a,(f) = a,(E) for all primes pt NgN.

Proof. In order to use the commutative diagram (3.11) between B, A} and Jo(N),

we will work over C. Consider the given map in (4.11)

ac - Xo(N)(C — E(C

between complex algebraic curves. The map over C surjects since the map over Q in

(4.11) surjects.
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Claim. The diagram

[0 (an(f) — ap(E))

D, Arc Dy Afc
¢ ¢/
) Tp - a’p(E) .0 a(cv* . 0
Pic”(Xo(N)c) Pic®(Xo(N)c) Pic’(E¢)

(4.12)

satisfies the properties below for all pf NgN where ac . is induced forward map of ac:

(1) if a,(f) # ap(E), then the map on the top row of diagram surjects,
(ii) the square commutes,

(i11) the composition of the maps on the bottom row of diagram is the zero map.

Proof of the Claim. To prove property (i), assume that a,(f) # a,(E). Let ¢ be the
difference between a,(f) and a,(E). We know that a,(E) is an integer and a,(f) is an
algebraic integer since it satisfies the characteristic polynomial of 7},. For more details,
see Section 6.5 in [1]. Since § € Q, § satisfies a monic polynomial with coefficients in
Z. Also § = |a,(f) —a,(E)| is an algebraic integer. It means that J satisfies a minimal

polynomial with integer coefficients such that for some e € Z*

4+t + .. +a_10+a. =0, A1, ...y Qe_1, Qe € Z with a. # 0.

Then we can get (6t +a10° %+ ... + ac_1) = —a,. Since the multiplication by (—a)
map is a nonzero isogeny, it surjects. Then the map ¢ surjects also. Thus the map
[1;.,.(ap(f) — ay(E)) is also surjective.

We have a commutative diagram (3.11) between P, A} and Jo(N). Also we know
that Jy(N) is isomorphic to Pic?(X,(N)) by Theorem 3.56. Thus the square commutes.
Now, we will prove property (iii). It is enough to show that the map on the bottom

row is zero over QQ since we can extend this map over C as a zero map. Consider the
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diagram
T, — ap(E) Ay
Pic®(Xy(N)) Pic®(Xy(N)) Pic®(E)
(G (4
) Opx T ‘7; - ap<E) )s Qs -
Pic®(Xo(N)) Pic®(Xy(N)) Pic®(E)
1 1
) Qy Opx+ 0, — a(E) ~
Pic®(Xo(N)) Pid®(R) Pic®(E)

(4.13)

Note that when we define the composition of maps T}, — a,(E) and ac in (4.12) over
Q, we get the composite map which is the same as the composite map on the top row
of the diagram (4.13). So we need to show that the top row of the diagram (4.13) is
not a surjective map which means that it is a zero map.

By Eichler-Shimura relation, the left top square commutes. Also the right top square
commutes by Theorem 3.51. The bottom rectangle commutes since by Theorem 3.35,
0p« and o, commute with the forward induced map a, of a and also G, commutes with
the multiplication map by a,(£). We know that ;. + 0, — a,(E) is the zero map over
P@'CO(E) by Theorem 3.44. So the composite map on the bottom row is zero. Since the
bottom rectangle commutes, the composite map on the middle row is also zero. Since
the two top squares commute and the map v is the reduction map which surjects by
Theorem 3.51, the composition of the composite map on the top row and the map 1/

gives us a zero map. But we know that the map 1’ surjects by Theorem 3.51. Thus

the composite map on the top row does not surject.

Assume for a contradiction that all newforms f € Sy(I'o(My)) satisty a,(f) #
a,(E) for some prime p { NgN. Then by (i) in the claim, the map on the top row
surjects. Since the map ¢ is a nonzero isogeny as in (3.10), the isogenous image
of @, A} under ¢ lies in Pic®(Xo(N)c). Then by (i) in the claim, the diagram
commutes. So the isogenous image of @, A’ under ¢’ lies in Pic’(Xo(N)c) in the

middle of bottom row. Also by (iii) in the claim, the isogenous image of P, A’ ¢ under
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¢ lies in ker(ac«). Note that two isogenous image of €, A’ ¢ are the same since the
top row surjects and ¢ and ¢ is actually the same isogeny. So the map T, — a,(FE)
surjects. Thus by (74i) in the claim, all of Pic®(Xo(N)c) lies in ker(ac.). But we know
that ac . surjects. Therefore there exists a newform f such that a,(f) = a,(E) for all

prime p{ NgN. ]

To show the fact that the version Xg of the Modularity Theorem implies the
version a, after Theorem 4.8, we need to show that the level of newform f constructed
in Theorem 4.8 is Ng and the equality a,(f) = a,(£) holds for all prime p. Let o
be an automorphism of Q. For all prime p with p t N, a,(f) = a,(E). Since a,(FE)
is an integer, a,(f) is also integer. Therefore (a,(f))” = a,(f?) = a,(f). For more
details about this equality, see Section 6.5 in [1]. By Strong Multiplicity One Theorem,
f? = f and so for all prime p, the Fourier coeflicients a,(f) of f are integers. So the
number field of f is K; = Q. Since [K; : Q] = 1, we can think A’ as an elliptic
curve over Q. For more details about this result, see Section 7.7 in [1]. Then we can
get a nonzero map 3 : Xo(N) — Pic”(Xo(N)) — A’ over Q. By Theorem 4.8, there
exists a newform g € Sy(I'o(M,)) with My[N such that a,(g) = a,(A%) for all primes
p 1t NA}N. We can write the map [ over C as in the proof of Theorem 4.8, we get
Bc : Xo(N)c — A% . Then the diagram

I1,..(an(9) — ap(A}))
@g,n A;,(C e @g,n Alg,(C

T, — (A ,
Picdd(Xo(N)e) e Picd®(Xo(N)e) e, Picd(A) )

(4.14)
satisfies the below properties for all p{ NgN:

(i) if a,(g) # ap(A’;c), then the map on the top row of diagram surjects,
(i) the square commutes,

(iii) the composition of the maps on the bottom row of diagram is zero map.
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By similar reasoning as in the proof of Theorem 4.8, the top row of diagram (4.14)
does not surject. So there is a newform in g € S2(I'g(M,)) with My|N such as a,(g) =
ap(A%}). Note that the sum in P, , Af ¢ is taken over a newform g € Sy(I'o(M,)) for
all My|N. Note that the level of f is also divisor of N and so we can consider g = f
for the map on the top row of the diagram (4.14), we get the map

(f) = ap(AY)
YAl o R Al e

(4.15)

Since a,(f) and a,(A%) are integers, the map 1 is just a multiplication by a,(f)—a,(A%)
map. Since a,(f) = a,(A’) € Z [6], the map (4.15) does not surject. Thus there exists
a newform f € So(I'o(My)) with M¢|N such as a,(f) = a,(A}). Carayol showed in
his work [7] that a,(f) = a,(A}) for all p and the level M; of f is the conductor Ny
of A%. Also this work [7] gives us that there exists an isogeny over Q from A, to £
with a,(A}) = a,(E) for all p and the conductor Ng of E is equal to the conductor Ng
of A}, Hence there exists a newform f € S3(I'o(Ng)) such that a,(f) = a,(E) for all

prime p.

4.4. Modularity Theorem for Real Quadratic Fields

After the Modularity Theorem, the natural question is what happens if the el-
liptic curve in the Modularity Theorem is defined over a number field instead of Q.
There exists a conjecture for elliptic curves over totally real fields. Before we state the

conjecture, we define a totally real field.

Definition 4.9. Let k be a number field. If all embeddings of k in C are real, k is
called totally real field.

Conjecture 4.10. Let E be an elliptic curve over totally real field k. Then FE is
modular, i.e there exists a Hilbert eigenform § of parallel weight 2 over k such that

L(E,s) = L({,s).
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After this conjecture, Le Hung [8] and Freitas-Le Hung-Siksek [9] showed Theo-
rem 4.14 which is a more general case of the Modularity Theorem for elliptic curves
over real quadratic number fields. In this thesis, we cannot prove this theorem, but we

will try to explain some notions to understand the statement of the theorem.

Let k be a real quadratic field Q(v/d) for any squarefree integer d > 1 and Oy be
the ring of integer of k. Now, we will consider SLy(k) and its action on H? = H x H.

The action is defined as

a b _(azn+Db dzn +V
cy +d dz +d2

a
for any € SLy(k) and z = (21, 29) € H? where 2’ denotes a Galois conjugate

c d
of x for any z € k.

Definition 4.11. Let f : H?> — C be a holomorphic function. If
a b
f(v2) = (cz1 + d)* (20 + d) 2 f(2) for all v = erl,
d

then fis called a holomorphic Hilbert modular form of weight (ky, ko) for I'. If ki =
ko =k, then fis called a Hilbert modular form of parallel weight k.

Definition 4.12. A holomorphic Hilbert modular form f for I is called a cusp form if
f vanishes at all points which are I'-equivalent to co. Also these points are called cusps

of I.

Definition 4.13. Let f be a Hilbert modular cusp form. If f is a common eigenvector

of Hecke Algebra, then f is called an eigenform.

In this definition, Hecke algebra is a commutative algebra and self adjoint with
respect to the Petersson inner product on the space of all cusp forms. For more detail,

see [10].
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Theorem 4.14. Let k be a real quadratic number field and E be an elliptic curve over
k. Then E is modular if there exists a Hilbert eigenform § of parallel weight 2 over k
such that the Galois representations associated to an elliptic curve F is equivalent to

the Galois representations associated to a Hilbert eigenform f.

Theorem 4.14 explains the notion of modularity in terms of Galois representa-
tions. Also there is a version of the Modularity Theorem for elliptic curves over QQ
which is stated in terms of the Galois representations. In this thesis, we will not give
more details about else versions but interested reader may for more details see Chapter

9 [1].
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5. CONCLUSION

In this thesis, we studied the Modularity Theorem for the field of rational numbers
Q@ and mainly focused on the geometric and the arithmetic versions of the Modularity
Theorem. To state the Modularity Theorem, we defined modular forms and modular
curves which are main objects of the geometric version of the Modularity Theorem.
Then we defined elliptic curves and studied some special properties of them. Also we
described abelian varieties associated to an eigenform and Hecke operators to under-
stand Eichler-Shimura relation. Before stating the versions of the Modularity Theorem,
we proved Igusa’s Theorem and Eichler-Shimura relation for a congruence subgroup
Fo(N). After all definitions and constructions, we stated the versions and showed that
the geometric version implies the arithmetic version. After that point, the natural
question is ”What happens if the elliptic curve in the Modularity Theorem is defined
over a number fields instead of the field of rational numbers?”. This is an open question

for number fields but it is proved by Freitas-Le Hung-Siksek for real quadratic number

fields in [9].
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