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ABSTRACT

BLACK HOLES, COSMOLOGY AND BRANS-DICKE
THEORIES IN 4+1 DIMENSIONAL UNIVERSE

We consider the embedding of 3 + 1 dimensional cosmology in 4 + 1 dimensional
Jordan-Brans-Dicke theory. We show that exponentially growing and power law scale
factors are implied. We solve the Brans-Dicke equations and we realize that only a
linear warp factor satisfies these equations. In both exponentially expanding and power
law expanding cases we find out that the scalar field is a function of the warp factor and
the scale factor. Whereas the 4 + 1 dimensional scalar field is approximately constant
for each case, the effective 3 + 1 dimensional scalar field is constant for exponentially
growing scale factor and time dependent for power law scale factor. We calculate the

effective gravitational constant and realize that same results are valid.

We construct a static solution for 4 + 1 dimensional bulk such that the 3 + 1
dimensional world has a linear warp factor and describes the Schwarzschild-dS, black
hole. The 4 4+ 1 dimensional space-time is taken to be flat. For zero mass this four
dimensional universe and Friedmann—Robertson—Walker universe are related with an
explicit coordinate transformation. Also we realize that if there is a contribution from
the mass term, both energy momentum and cosmological constant vanish in the bulk.
We explain the four dimensional cosmological constant originates from the hidden brane
and its effects cause the localized mass densities in our visible brane. Using hierarchy
between the Planck mass and electroweak energy scale, we obtain the size of the extra
dimension as close to Hubble length but smaller than it. We emphasize that for linear
warp factors the effect of bulk on the brane world shows up as the dS, background
which is favored by the Big Bang cosmology.



OZET

KARA DELIKLER, KOZMOLOJI VE 4+1 BOYUTLU
EVRENDE BRANS-DICKE TEORISI

3+1 boyutlu kozmolojinin 4+1 boyutlu Jordan-Brans-Dicke teorisine gomiilmesi
ele almmugtir. Olgek carpanmin exponansiyel olarak ve kuvvet seklinde artabilecegini
gosterdik. Brans-Dicke denklemlerini ¢ozdiik ve sadece lineer egrilik faktortiniin bu
denklemleri sagladigim saptadik. Olgek carpanmin exponansiyel artmasi durumunda
da, kuvvet seklinde artmasi durumunda da skaler alanin egrilik faktortintin ve 6lgek
carpaninin fonksiyonu oldugunu bulduk. Her iki durum i¢in 441 boyutlu skaler alan
yaklagik olarak sabit olmasina kargin, etkin 341 boyutlu skaler alan exponansiyel artan
olcek carpani igin sabit, kuvvet gseklinde artan 6l¢ek carpani i¢in zamana baghdir. Etkin

gravitasyonel sabiti hesapladik ve ayni sonuclarin gecerli oldugunu gordiik.

4+1 boyutlu evren iginde lineer egrilik faktoriine sahip Schwarzschild-dS, kara
delik olarak tanimlanan 3+1 boyutlu evren igin statik (durgun) ¢éziim bulduk. 4+1
boyutlu uzay-zamani diiz olarak aldik. Sifir kiitle i¢cin bu dort boyutlu uzay ve Friedmann-
Robertson-Walker evreni koordinat doniigiimii ile iligkilendirdik. Ayrica eger kiitle
terimi olursa hem enerji momentumun hemde kozmolojik sabitin govde iginde sifir
oldugunu gordiik. Dort boyutlu kozmolojik sabitin gortinmeyen evrenden kaynaklandigini
ve etkilerinin bizim gortiniir evrenimizdeki lokalize olmus kiitle yogunluklarina neden
oldugunu agikladik. Planck kiitlesi ve elektrozayif enerji skalasi arasindaki hiyerarsiyi
kullanarak ek boyutun biiyiikliigiiniin Hubble uzunluguna yakin fakat ondan kiigiik
oldugunu elde ettik. Lineer egrilik faktorii i¢cin govde evren fiizerine etkisinin biiyiik

patlama kozmolojisi tarafindan desteklenen dS, seklinde uzay oldugunu vurguladik.
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1. INTRODUCTION

Unifying all the forces in nature is one of the greatest problem in physics. Espe-
cially, the difficulty is to reconcile quantum theory and general relativity. Since general
relativity is a highly nonlinear theory, gravity can not be quantized. Although string
theory and loop quantum gravity try to unify them, there is no fully satisfactory quan-
tum theory of gravity yet. Here we will not try to review these subjects in detail. A
string is a one dimensional object which lives in space-time. The concept can be gener-
alized to a p-brane which is a p dimensional object which lives in space-time. One can
formulate a theory in which the 3+1 dimensional space-time we observe is a 3-brane
in higher dimensional space-time. In some theories, an observer on the p-brane pre-
dicts the existence of extra dimensions only by gravitational interactions. These extra
dimensions can roll up to small circles and they are visible only at very high energies.
Certainly this theory is a logical possibility which has not been empirically verified

until now.

Originally, the idea of extra dimension has been first introduced by Nordstrom,
Kaluza and Klein in the 1920s in order to unify gravity and electromagnetism. Many
years later, in the 1970s, string theorists revitalized this idea in order to quantize grav-
ity. In the 1980s Arkani-Hamed, Dimopoulos and Dvali proposed (3+1+n)-dimensional
flat space-time, in which the extra n dimensions are compact with radius R. In this
model all standard model particles are confined in the brane, however only gravity
propagates on the extra dimensions. In this model the large volume of the extra di-

mensions can help to solve the hierarchy problem by the relation

M} = M*™R", (1.1)

where the traditional four-dimensional Planck scale, Mp, is an effective energy scale
derived from higher dimensional fundamental Planck scale M and R is the radius of
the compactified extra dimensions. Since gravity can be tested down to sizes of around

a millimeter, R could be as large as a fraction of a millimeter. This requires that there



must be more than one extra dimension.

Meanwhile, Randall and Sundrum proposed non-flat (warped) bulk geometries.
They consider (4+1)-dimensional AdS space-time with warped extra dimension where
all standard model particles are confined on the brane and only gravity can propagate
in the fifth dimension. Their mechanism offers a solution of the hierarchy problem

which is generated by the appropriate inter-brane distance (the radion),

M2 = e M3k, (1.2)

where Mp is the Planck mass we measure on our brane, M is the five dimensional
Planck mass, k is a constant and 7. is the compactification radius. Thus, if M is
around the electroweak scale TeV, we need kr. = 50, in order to get Planck scale on
our brane. In this theory radion needs to be stabilized, therefore this mechanism is not

truly understood yet.

The introduction of extra dimensions change all the existing theories. All stan-
dard cosmology needs modification in the presence of extra dimension. Similarly, the
properties of black holes are also effected by the introduction of higher dimensional
space-time and Brans-Dicke theory as well. In this thesis we try to explain these two

topics from the 4 + 1 dimensional space-time point of view.

The main body of this thesis was published in two articles corresponding to
chapters 6 and 7. The purpose of the remaining parts is to provide an introduction

which has already been carried out in the literature.

In section 2 we briefly review standard cosmology and particularly emphasize
the issues which are related with our work. Starting with the cosmological principle
we consider the Robertson-Walker-Friedmann universe. Then we write the Robertson-
Walker metric in different forms by using coordinate transformations. We particularly
pay attention to de-Sitter universe in section 2.3 to construct the basis for our article

which is directly related to de-Sitter space-time. In section 3, we discuss the extra



dimensions in general and then we especially focus on the large extra dimensional
models of ADD and RS. In chapter 4, we review the Schwarzschild black holes in
34 1 dimensional space-time briefly and then we mention some earlier works on higher
dimensional black holes. Firstly, Chambling et al. studied the collapse to a black hole
in the Randall-Sundrum brane world scenario. Their model originates from the idea
that if matter on a 3-brane collapses under gravity without rotating to form a black
hole, then the metric on the brane world should be close to the Schwarzschild metric
in order to pass observational tests. This suggestion also coincides with our black hole

model.

In chapter 5, we discuss standard general relativity and Jordan-Brans-Dicke gen-
eralization of general relativity obtained by replacing the inverse of the Newton gravi-
tational constant by a scalar field. We explain the general relativity limit of BD theory
in general as well as other models which fail to converge to general relativity at the

corresponding limit.

In chapter 6, we present our work “Brane-world cosmology in Jordan-Brans-Dicke
theory”. We construct five dimensional BD action (6.6) with a scalar potential. We
consider our universe to be 3 + 1 brane embedded in 4 + 1 dimensional space-time
with an unknown warp factor (6.8). We obtain the BD equations in the bulk and
via the jump condition we find out the equation for matter on the brane. The next
step is to solve BD equations in the bulk. In the beginning, BD equations restrict the
Brans-Dicke scalar field ¢ (¢, W) to factorize into a function of time ¢ and a function
of the extra dimension W. Then we consider the scalar factor a(¢) in two different
cases: in the first case the universe is exponentially expanding and in the second one
the universe is power law expanding. The first claim causes 3 + 1 dimensional brane
world to be de-Sitter space -time which is embedded in 4 4+ 1 dimensional bulk with a
linear warp factor f (W). This result yields that the scalar field ¢ (¢, W) is a function
of scale factor and warp factor only. Then we discuss the energy density in the bulk.
If the energy momentum tensor vanishes in the fifth coordinate, the other components
of energy momentum tensor also vanish. This means there is an empty universe in

4 + 1 dimensional space-time, actually our five dimensional space-time also reduces



to Minkowski universe. In this empty bulk, the scalar potential is time independent
and depends only fifth coordinate W and approaches to zero for the limit of infinite
Brans-Dicke parameter w. On the other hand, at this limit, the scalar field on the brane
becomes a constant. For the case of nonvanishing energy momentum tensor in the fifth
dimension, we get a cosmological constant dominated era, ppux = —Ppuk as w — 0.
The scalar potential again becomes time independent and scalar field is constant on
the brane for this limit. Therefore applying this general relativistic limit, we derive an

expression for the gravitational coupling constant.

In the second part of this chapter we investigate the solutions for the power law
expanding scale factor a (t). Solving the BD equation we get the same linear warp
factor and the scalar field to be a function of scale factor and the warp factor. This
power law expanding scale factor provides a radiation dominated universe, ppux =
3ppux and energy density in the fifth coordinate to be zero. As BD parameter w goes
to infinity, scale factor a(t) becomes ag (t/to)"*, scalar potential vanishes and scalar
field approaches but does not become a constant. Moreover for a (t) = aqg (t/ty), BD
equations satisfy an empty bulk with vanishing scalar potential and the scalar field
is same as the radiation dominated bulk. These two results represent decelerating
cosmology for radiation dominated universe and expanding cosmology with constant
velocity for empty universe. In the final part of this chapter we derive the effective
four dimensional gravitational constant by integrating the five dimensional action over
the extra dimension W. For the exponentially increasing scale factor we get time
independent gravitational constant. On the other hand, for the power law scale factor,

the effective gravitational constant becomes time dependent.

In chapter 7 we present our work “Schwarzschild-de Sitter Black Holes in (4 + 1)
dimensional bulk”. We take our universe to be Schwarzschild-de Sitter black hole
embedded in empty 4 + 1 dimensional space-time (7.3) with the linear warp factor.
The case for zero mass represents FRW universe in 3 4+ 1 dimensional space-time. We
establish the coordinate transformation for all the cases £ = —1,0, 1 of the FRW metric.
Our main aim is to investigate this topic with M # 0. The setup is similar to the RS

brane world model but this time empty bulk and curved brane is taken into account.



We suppose that the visible brane is located at w = w; and the hidden brane is at
w = 0. We get the Einstein tensor on the bulk and the induced Einstein tensor on the
visible and hidden branes separately. There is a contribution not only to the Einstein
tensor but also to the four dimensional Planck mass from the warp factor on the brane
at w = w;. To get the mass parameter on the brane we use Higgs action and then
we get the relation m = (1 — ‘Z—;') mg between the fundamental mass mg in higher
dimensional theory and the physical mass m on the visible world. To get observable
TeV mass scale from the Planck mass scale which is of the order of 10'® TeV, a huge fine
tuning 107! is needed. This result causes the place of visible brane w; to be near the
curvature singularity wgy. Then using the observable value of the cosmological constant,
we conclude that location of a brane at any place throughout the extra dimension varies
the mass density only on this brane and cosmological constant remains at the same
value on every brane located in the bulk. Applying this consideration and using the
observational data we get a very large mass density 10%kg/m? for our brane world at
w = w;. This result corresponds to localized stellar energy densities on the visible
brane world. In the final part of this chapter we derive the correction to gravitational
potential. We determine the wave function by using the fluctuations of the metric and
then we get the modified Newton’s potential. However the correction term conflicts

with the experimental measurements.



2. COSMOLOGY

2.1. The Cosmological Principle

Cosmology is based on a cosmological principle or Copernican principle which
simplifies the mathematical calculations. The cosmological principle is based on the
idea that at large scales, the universe is maximally symmetric and presents the same
aspect from every point , except for local irregularities. Its validity on such scales is
manifested by the observations coming from the cosmic microwave background (CMB).
In 1965 Penzias and Wilson noticed a uniform background of ‘cosmic photons’ corre-
sponding to blackbody radiation of 2.7 K [1]. Solar system or other galaxies causes the
deviations from regularity, these local irregularities in the universe are on the order of
< 1075 which is adequate for an approximation of isotropic and homogeneous universe.
Here isotropy states that the space looks same in all directions and homogeneity claims
that space is same throughout the manifold. Therefore if a space is isotropic every-
where then it is homogeneous. On the other hand, a homogeneous space may not be
isotropic at the same space-time. In short, isotropy everywhere implies homogeneity

but homogeneity does not imply isotropy.

Cosmological observations imply that universe is expanding with acceleration.
In 1929 Hubble discovered that the spectra of nearby galaxies shifted towards the
red which is interpreted as Doppler shift from receding galaxies [2]. This experiment

became an end to the theory of a static universe.

To find an explanation for the observed structures, we must look at the very early
universe. The blackbody nature of CMB and expanding universe is related with the
very hot and dense state known as the Big Bang in the very early universe. Big Bang
is the initial singularity where universe was filled with very high energy density. This

motivates investigations of inflationary universe.

All the properties of spatial isotropy, homogeneity, expanding space-time and Big



Bang nature of the universe combined with general relativity can be well described by
the Friedmann-Roberson-Walker line element. We introduce this topic following the
treatment of [3] and [4].

2.2. Friedmann-Robertson-Walker Metrics

Maximally symmetric (isotropic and homogeneous) metric has constant curvature

and obeys the equation

R,uuaﬁ =K (gp,aguﬁ - g,uﬁgz/a) P (21)

where for n dimensional manifold, K is a normalized measure of the Ricci curvature

K = i nﬁi ) and Ricci scalar R is constant in this manifold. The geometries of the
above spaces depend on weather the curvature is 4+, — or 0. For three dimensional

space, contracting (2.1) with g*®

g'uaR;waﬁ - Ruﬁ
= Kg"* (g,uaguﬁ - g,uﬁgua)
= K (39v5 — 0, 9up)

= 2Kg,p. (2:2)

The isotropic spatial part of the line element must be spherically symmetric and can

be expressed as
do® = g, dz'dz” = eV dr® + r? (d6? + sin® 0dg¢?) (2.3)

where r is invariant under rotations, the angular part of the metric (d92 + sin? 9dgb2) is
also invariant under rotations. The radial coordinate r has been chosen so that a circle
with center at the origin has circumference 27r. This metric is isotropic about r = 0.

The non-vanishing component of the Ricci tensor for such a spherically symmetric



metric is

2
RH - ;81)\ (24)

R22 = R33 CSC2 0 = 6_2>\ (7’01)\ — 1) + 1. (25)
We use the condition for a constant curvature (2.2) and solve for A (r) :
1 2
A(r) :—§ln(1—Kr), (2.6)

which yields the metric of the 3—space of constant curvature

dr?

do? = —
4 1 — Kr?

+ r2dQ3, (2.7)
where K can be positive, negative or zero and the spherical part in the parenthesis
in Equation (2.3) is the sphere S? and written as d)3. For K # 0, we define k by

K = |K| k and introduce a rescaled radial coordinate

r* = | K|, (2.8)
then Equation (2.7) becomes
2 1 dr*? 2 7092

The curvature k£ is —1,0 or +1 depending on the Ricci curvature K.

Mathematically, the £ = —1 case corresponds to constant negative curvature on

3-space and this space is called open, where if

r = sinhy, (2.10)

dr = coshxdy = (1 + 7“2)1/2 dy, (2.11)



and the line element becomes

1 .
do? = W [dXQ + sinh? Xng} , (2.12)

which has open topology. Here we dropped the stars on the radial coordinate r.

The k£ = 0 case corresponds to no curvature on 3—space and is called flat. The

line element is

1
do® = 0 [dr? + r2dQ3] (2.13)

which is clearly three dimensional Euclidean space.

Finally the k = +1 case corresponds to positive curvature of space and is called

closed. If

r = siny, (2.14)

dr = cosxy=(1- 7“2)1/2 dy, (2.15)
then the line element becomes

1 .
do? = W (dx2 + sin? XdQ%) , (2.16)

which is the 3 sphere.

Cosmological observations show that the universe is evolving in time. Thus the

space-time metric takes the form of

ds* = —dt* +a®(t)do?,

= —dt* +ad*(t) {

2

e T TQng} : (2.17)
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where 1/ |K]| is absorbed into the function a (t). Here ¢ is time and the scale factor

a (t) describes the expansion of universe in time.

We can transform radial coordinate r to a new radial parameter as

r

in which Equation (2.9) takes the form of

dr? + 72 (d02 + sin? 9d¢2)

ds? = —dt* + a® (t

(2.19)

where the second therm in parenthesis constitutes the homogeneous and isotropic prop-
erties of space. This spatially homogeneous and isotropic universe is evolving in time

and is called the Friedmann-Robertson-Walker (FRW) Universe.
2.3. Metrics of Spaces of Constant Curvature in FRW Form

As we have discussed in the previous section, the 3 + 1 dimensional manifold of

constant curvature are locally characterized by the condition

R
R,uz/aﬂ = E (g,uaguﬁ - guﬁgua) . (2'20)

The space of constant curvature with R = 0 is Minkowski space-time which is the
simplest empty space-time in General and Special Relativity. It is the manifold R*
with a flat Lorentz metric. In terms of the coordinates (z*, ', 2% z*) on R*, the metric

is,

ds* = — (dw4)2 + (d:vl)2 + (dx2)2 + (de)Q. (2.21)
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If one uses spherical polar coordinates (t,r, 6, ¢), the metric takes the form

ds* = —dt* + dr* +r* (d92 + sin? 0d¢2) , (2.22)
with the new coordinates z* = ¢, 2! =rsinfsing, 2?=rsinfcos¢, =z =rcosb.
Here 0 < r < oo, 0< 60 <mand0 < ¢ < 2xw. This metric is singular for » = 0, and

sin @ = 0, but this is a coordinate singularity and it can be eliminated by using suitable

coordinates like (2.21).

An alternative coordinate system is given by choosing the so called advanced and

retarded null coordinates v, w defined by ¢ = 3 (v +w) and r = § (v — w), in which the

metric becomes,
1
ds* = —dvdw + 1 (v —w)* dQ2, (2.23)

where —0o < v < 0o and —oo < w < co. The absence of terms dv? and dw? corresponds

to the fact that the surfaces v =constant, w =constant are null.

Another form of the four dimensional Minkowski metric is written as

1 1 1
ds® = 1 sec? (5 (' + r’)) sec? (5 (t' — r’)) [—dt"? + dr”® + sin® 7'dQ3] (2.24)

with the coordinate transformations ¢ = 1 (tan (1 (' + 1)) + tan (3 (! —r’))) and r =

L (tan (5 (¢ +7")) —tan (5 (¢' — 1)) for =7 < t'4+7' <7, —m<t'—r' <m 1 >0.

The space for R > 0 is called de Sitter space-time, which has the topology of
R' x §3. Tt is visualized as the hyperboloid

—v? +w? + 2 +y? + 22 =P, (2.25)
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embedded in a five dimensional Minkowski space with the metric
—dv® + dw?® + da® + dy® + d2* = ds (2.26)
One can introduce coordinates (t, x, 8, ¢) on the hyperboloid by the relations

v = sinht, w =cosht cosy, x = cosht siny cos#,

y = cosht siny sinf cos¢, 2z = cosht siny sinf sin¢ (2.27)
in these coordinates, the metric has the form
ds® = —dt* + cosh® t (dy* + sin® xdQ?) (2.28)

and for y = arcsinr.

dr?

— 2

ds* = —dt* + cosh® t (1 + T2dQ§> (2.29)

Then for r = 7/ (1 + %), this metric can be written in the closed form of the

Robertson-Walker metric,

ds® = —dt® + cosh®t (2.30)

dr* + 72dQ3
(1+ 12)?

Another important coordinate transformation of (2.26) can be made by the relations

. 1 1
Vo= s1nh7’+§pexpr, w:coshT+§pexpT, T =pexpT cosb,

y = pexpT sinf cos¢p, 2z =pexpT sinf sin g, (2.31)
the metric becomes the well known form of the de Sitter metric

ds* = —dr* + exp(27) (dp” + p*d€23) . (2.32)
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By making the coordinate transformations,

1 1
oy - 02 _ Y
T=1t+ 2111 (1—17), p=r"exp( t)—(l—r’Q)l/Z (2.33)
this metric can be transformed into
ds? = — (1 —r?) dt”? + (1 — )" dr'”? 4+ 12d22. (2.34)

This metric can be obtained from the Schwarzschild-de Sitter metric

2M 12
dsz——<1— T>dt2+(1

12 2 2
T — dr'® + r=dS2;

2M r/2
T k2

by putting M = 0. The inverse coordinate transformation from the de Sitter type

(2.34) to Schwarzschild-de Sitter metric (2.32) can be done by the following relations

= pexp(7)
1
t = 17— 5 In (1 — p*exp (27)). (2.35)

Then Equation (2.34) is transformed directly into closed spacelike sections of FRW

metric (2.28) with the following transformation,

r’" = cosht siny (2.36)
inht ht
/ — In siht + cosht cos f(/Q (2.37)
(1 — cosh?t sin? X)

The space of constant curvature with R < 0 is called anti-de Sitter space-time.

It has the topology S* x R3, and represented as the hyperboloid

—? —wr P+ =1, (2.38)
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in the five dimensional space R’
ds* = —dv? — dw® + da® + dy* + dz*. (2.39)
If we introduce coordinates {t, p, 0, ¢} on the hyperbola via

v = sint coshp, w =cost coshp, x =sinhp cosf

y = sinhp sinf cos¢, 2z =sinhp sinf sin ¢, (2.40)
yielding the metric in the form

ds® = — cosh® pdt® + dp? + sinh? pd<23. (2.41)

2.4. Cosmological Equations, the Friedmann-Lemaitre Equation

The application of Einstein’s equation into FRW line element yields the Friedmann-
Lemaitre equations. Since the space part of the universe is isotropic and homogeneous,
energy and matter is considered as a perfect fluid. Based on this idea, starting with

the Einstein equation
1
R#V — §g“yR + A4g,w = G,uz/ + A4g;w = 87TGNT,LLV7 (242)

the components of the Einstein tensor constructed from the FRW metric (2.17) is

a®>  k

Goo = 3 (; + ?) ; (2.43)
. .2

Gy = 28 T _ & (2.44)
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where the dot denotes a derivative with respect to time and a (¢) is the scale factor.

The energy momentum tensor

T,uz/ - (P + p) U;LUV + PIuv, (245)

where the four velocity is U, = (1,0,0,0) i.e the cosmological fluid is at rest in these

coordinates. Then energy-momentum tensor becomes

(2.46)
9i;P

o O O D

The first Friedmann’s equation is obtained by using 00 component of Einstein equation
(2.43)
d2 k o G N A4

a?  a? 3

Using ¢ component of Einstein equation (2.43) and (2.44) the second Friedmann’s
equation is obtained as
a 4 GN

Ay
= +3p) + — 2.48
" 5 (pH3p)+ (2.48)

By homogeneity and isotropy energy density and pressure can only be functions of

time. With one index raised the energy momentum tensor (2.46) takes the form

T“V = dlag (_pap)pap) ) (249)

and trace of this matrix is

T =T =—p+ 3p. (2.50)
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Since the Einstein tensor satisfies the equation

V.G" =0, (2.51)
the energy momentum tensor also satisfies

Vv, =0, (2.52)

However this is not an energy conservation law, since it is not in the form of 9, 7" = 0.
This nonconservation of energy is due to the fact that matter exchanges energy with
gravitational field but there is no energy momentum tensor for the gravitational field.
On the other hand for the FRW metric, the component of v = 0 of Equation (2.52) is

called the energy conservation law, which is

0 = v, 1"
= Q"+ T T+ T, T

) a

where (% is the rate of expansion and characterized by the Hubble parameter,

a

H=-. 2.54
; (254
The present value of the Hubble parameter is the Hubble constant Hy and the nor-
malized Hubble expansion rate h = H,/100 is used to avoid uncertainties in the de-
termination of Hy. The currently accepted value of Hy is 71+7km/sec. Here the unit

1Mpc= 3,09 x 10 cm. The Hubble length is

dy = Hy'c = 3.00 x h~'Mpc, (2.55)
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often considered as the radius of the universe. The Hubble time
ty = Hy' = 9.78 x 10°h 'yr. (2.56)
is an approximate measure of the age of the universe.

The three equations (2.47), (2.48), and (2.53) are the basic equations governing
the dynamics of a Roberson-Walker- Friedmann-Lemaitre (RWFL) universe. The con-
tinuity equation (2.53) can be derived from the others. On the other hand, provided
that for a # 0, (2.48) can be derived from (2.47) and (2.53).

2.5. Evolution of RWFL Universe

To integrate the Friedmann-Lemaitre equations, pressure is related to the energy

density by an equation of state

p=wp, (2.57)

where w is a constant. The conservation of energy equation (2.53) becomes

p a
- =-3(1 — 2.58
S =3t (2.59)
then energy density is
a; 3(w+1)

where p; and a; are the initial values. The cosmological fluid can be matter dominated
where the medium includes collisionless and nonrelativistic particles (stars, galaxies)
which have zero pressure p = 0. This is only an approximation since in this era the
pressure is present but negligible in comparison with the energy density p. Using equa-

tion of state for zero pressure, w = 0, the energy density is related to the scale factor
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as

oy~ a (2.60)

A universe in which most of the energy density is in the form of radiation is known as

radiation dominated era. Here w = 1/3 and energy density is

pr~a *. (2.61)
Additionally, the cosmological perfect fluid could have an equation of state p = —p,
namely w = —1 where

o ~ a. (2.62)

Since the universe expands the energy density in radiation falls off faster than that
in matter. These two decrease as the universe evolves and expands in time, then if
there is a nonzero vacuum energy, this energy will dominate over the long term. Thus
it will be natural that, at very early times when the universe was much smaller, the
energy density in radiation was dominant, after some time matter became dominant,
and eventually as expansion continues the universe becomes cosmological constant

dominated.

Another useful quantity is the critical density p. obtained by using (2.47), for
A4 - 0, k - O

3H?
C = 9 263
Pe= 3ntim (2.63)
and the density parameter is
o=" _ 8rGy (2.64)
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The Equation (2.47) with A4 = 0 is written as

k
which describes the geometry of the universe such that
p < p. therefore <1 then k<0<« open universe
p=p. therefore =1 then k=0<« flat universe,
p > p. therefore 2 >1 then k> 0<« closed universe
The value of p. today is
_ —29;2 8

and the recent measurements shows that €2 is very close to unity. Including A4, Equa-

tion (2.47) becomes

. k + 87TGN 4 A4
22 " 32 P 3

_87TGN 3k n 87G N n rGn Ay
3H? SrGna® | 3H? U 3H? 871Gy

= B4 245 (2.67)

in terms of density parameter

1= Qp + Qpr + Qq,, (2.68)

where the energy density parameter €25 is the contribution of spatial curvature of
the universe, ), represents the matter (w = 0) or radiation (w = 1/3) part of the
ingredients and €2, is the contribution of the cosmological constant. Since universe
expands, the relative influence of matter, curvature and cosmological constant are

altered, since the corresponding densities evolve at different rates depending on the
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scale factor a (t), such that

QO o a? (2.69)
Qu o< a3t (2.70)
Qp, o a. (2.71)

Observations show that our universe is nearly flat, therefore {2, = 0 and other con-
stituents of universe is {2y = 0.3£0.1 and 24, = 0.7+ 0.1. This cosmological constant
dominant universe is also supported by theoretical results. Namely, the second Fried-
mann equation (2.48) becomes

a 4G N

— -9 2.72
. 5 (P = 20m), (2.72)

where since the matter is pressureless, py; = 0 and since the contribution from the
radiation is very small, pr = 3pr ~ 0. For the accelerating universe @ > 0 must be
satisfied. This condition can be satisfied only if py, is sufficiently large compared to
par- Therefore, both Friedmann-Lemaitre equations and observational results show that
cosmological constant dominates the universe. The concept “cosmological constant”
is a possibility for dark energy which is required if the universe is expanding with

acceleration.
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3. EXTRA DIMENSIONS AND BRANES

3.1. History of Extra Dimensions

The formalism to describe geometry of manifolds with arbitrary dimensions is a
century and a half old, dating back to the 1850’s with the work of Bernhard Riemann.
Since development of modern physics came after Riemann, it is appropriate to start
the history with Riemann. His work in differential geometry provided the mathemat-
ical basis for Einstein’s theories of special and general relativity. In special relativity,
as opposed to Isaac Newton’s (1643-1727) view of the world, time and space are not
absolute concepts. If one observer uses a set of rulers and a watch to describe events in
space and time, then a second observer moving with respect to the first will find that,
using identical rulers and watch, the same events appear to take place at different po-
sitions and times. The transformation between the two observers’ coordinate systems
is called Lorentz transformations after Hendrik A. Lorentz (1853-1928), and mixes up
measurements of displacements and time. The concept of space-time was invented by
Hermann Minkowski in 1909 when he realized that if he formally thought of time as an
imaginary coordinate, so that events are points in a 3+1 dimensional space-time with
coordinates (x1,xz, z3,ict)(where c is the speed of light), then Lorentz transformations
can be thought of as rotations in space-time. Furthermore, Maxwell’s theory of elec-
tromagnetism took a particularly simple form in the language of space-time. Today,
all models of particle physics and gravity can be described in terms of fields living in

space-time.

In 1915 Einstein completed his theory of general relativity, according to which
all bodies should fall the same way in a gravitational field. This was explained by
postulating that all bodies move along trajectories which minimize the distance between
points in space-time. So the motion of an object falling under gravity depends only on
the geometry of space-time, and not on the composition of that object. Energy and
momentum carried by all matter in the universe are related with gravity and determines

the geometry of space-time via Einstein equations.
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Coming back to extra dimensions, in 1914 Gunnar Nordstrom discovered that he
could unite the physics of electromagnetism and gravity by postulating the existence
of a fourth spatial dimension [5]. However, recall that general relativity did not exist
yet, so Nordstrom had not produced the correct theory of gravity, but only an ap-
proximation. Theodor Kaluza discovered in 1921 that by making certain assumptions,
the equations of general relativity with an extra spatial dimension contains Maxwell’s
equations for an electromagnetic field [6]. However, there was no explanation given
for Kaluza’s assumption that none of the fields in the universe should depend on the
extra dimension. In 1926 Oskar Klein provided an explanation for Kaluza’s assump-
tion, namely that, the extra dimension forms a circle much smaller than the distance
scales we commonly observe [7]. Quantum mechanically, the statement is that all en-
ergy eigenstates will have masses which are inversely proportional to the size of the
circle, and there’s no way to produce such states without a lot of energy. The theory

of gravity where extra dimensions form a compact space is called Kaluza-Klein theory.

Kaluza-Klein theory had still certain problems in its interpretation as a theory
which unifies gravity and electromagnetism. Most notably this theory predicted an
infinite tower of charged, massive spin 2 particles with charges e, = nv/2xm, where
my, = |n|m and k is Newton’s gravitational constant. If we identify the fundamental
unit of charge with the charge of electron, then we are forced to make the particles
with masses of the order of Planck mass which is beyond the range of any experimental
observations. Since these extra dimensions are unobservable there is no problem with
this huge value of mass. However these massive Kaluza-Klein modes have the unusual
gyromagnetic ratio ¢ = 1, which gives unacceptable high energy behavior for Compton
scattering [8]. As a result, many physicists left the idea of extra dimensions for the
realm of curiosity. In the 1960’s string theory was invented as a model of strong interac-
tions which bind quarks together. The idea was that the particles which were discovered
in particle accelerators were to be thought of as vibrations of a relativistic string. The
theory had several problems, though: it had a tachyon, which signalled an instability;
it had a massless spin-two field in the spectrum that was not observed in accelera-
tors; and worst of all the theory seemed to suffer from an anomaly which would have

made the entire theory inconsistent. In superstring theory, space-time supersymmetry
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helps in cancelling these inconsistencies. In 1971 Ramond-Neveu-Schwarz formalism
of supersymmetry removed the tachyon. This model possesses manifest world-sheet
supersymmetry but not space-time supersymmetry [9]. However using this formalism,
it is difficult to cancel these inconsistencies. Then, in 1984 Michael Green and John
Schwartz provided manifest space-time supersymmetry [10]. Making the theory super-
symmetric made sense, but only in 10 dimensions. That is acceptable, though, because
Kaluza and Klein already taught us that if all of the extra dimensions are compact
and small enough, then we would not have noticed them. The massless spin-two field
was suggested as a type of field which describe gravity, and so string theory became a
quantum theory of gravity. A decade later, Joe Polchinski and others proposed that
string theory contained in it objects which extended in various numbers of dimensions
[11]. These objects are called p-branes if they extend in p spatial dimensions. It was
found that many such objects have the property that open strings can end on the
p-branes. Studying quantum mechanics of a string stuck to a brane it was found that
the oscillations of the string contain a massless particle that could be interpreted as
the electromagnetic field. This suggests another way in which we might not see the
presence of extra dimensions. For some reason or another, we might just be stuck to
a braneworld that extends in three spatial dimensions. In 1996, Petr Hordva and Ed-
ward Witten studied a (10+1)-dimensional theory of gravity in which one of the spatial
dimensions exists only in an interval bounded by two 9-branes [12]. This theory was
related to one of the five consistent string theories that have been developed. Two years
later, Nima Arkani-Hamed, Savas Dimopoulos and Georgi Dvali (ADD) considered a
brane which extends in three spatial dimensions sitting in a higher-dimensional space-
time [13]. The extra dimensions might have been of much larger spatial extent than
we have studied in particle physics experiments and we would still not have seen them
in any experiment or observation. Since then, particle physics and gravity experiments

have been able to place constraints on the sizes of these dimensions.

In 1999, Lisa Randall and Raman Sundrum pointed out two models in which
the space-time is b-dimensional AdS space-time and two or one 3-branes are located
at orbifold fixed points [15, 16]. In the first model there are two branes, one of the

branes is our ‘visible’ universe and supports the standard model matter fields, the
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other brane will be referred to as the ‘hidden’ brane. Mass scales on the two branes
are related to each other by an exponential factor arising from the particular form
of the background metric. Thus, by an exponential suppression, small scales on one
brane can be generated from large scales on the other. In particular, this mechanism
offers a solution to the hierarchy problem in which all scales are derived from a single
scale. In the second model, they consider infinitely large extra dimensions in a warped
space-time geometry. Braneworld might still be the same as ordinary 341 dimensional

gravity. (Here we introduce this topic following the reference [17] directly.)

3.2. What is a Brane?

After the introduction to extra dimensions and branes, we try to answer the
questions “What is a brane?”, “How can the large extra dimensions exist without
getting into conflict with observations?” and “How the effective four dimensional world

that we observe would be arising from the higher dimensional theory?”.

The word “brane” originates from the word “membrane” which is a surface. In
general we consider a (p+1)-dimensional surface in n-dimensional space. Such objects
are called p-branes. In the models we consider in this thesis, standard model particles
are localized on a 3-brane which corresponds to the space we observe. In theory, brane
could be embedded into more dimensions where only gravity could propagate. A brane
could have more or less spatial dimensions than the usual 2 dimensional membrane,
namely, a p-brane has p spatial dimensions, a 0O-brane may be viewed as a pointlike
particle or a black hole, a 1-brane is a string, a 2-brane is just a usual membrane and a
3-brane which is the most important one has 3 spatial dimensions just like our observed
world. In String theory the term D-brane is used to describe a surface where an open
string can end and then this open string localizes all the fields on the brane. This

brane world theory has originated from the Hordva-Witten theory.
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3.3. Horava-Witten Idea

For brane world cosmology Horava-Witten theory is particularly interesting. In
this scenario, the strong coupling limit of Eg x Eg Heterotic string on R is the same as
the low energy limit of 11-dimensional M theory on R® x S1/Z,. Clearly, the eleventh
dimension is curled up to a circle S', and this circle has a mirror symmetry Z,. The
coset space S'/Z, is called an orbifold. If # denotes the coordinates on S', there are
two fixed points at # = 0 and # = m, at which the coset space becomes singular.
This singularity can be avoided by placing a (9 + 1)-dimensional hypersurface at each
singular point and they correspond to 9-branes. Each 9-brane has a tension. Since the
condition for stability is required, the sum of these two tensions must be zero, then they
are considered as a negative and positive tension brane. Cosmologically, sign of the
tension determines whether gravity on a brane is attractive or repulsive. If six spatial
dimensions can be compactified to end up with two parallel 3-branes, the resulting
space-time becomes 5-dimensional and S* plays the role of the fifth dimension which

might be larger than the six compactified dimensions [12].

This setup is very common in brane cosmology, where one of the two 3-brane is

identified with our universe.
3.4. The Hierarchy Problem

First of all, it is useful to mention the energy scales in short before we define the

hierarchy problem. Energy unit can be converted into mass so that
leV = 1.783 x 10 *kg, (3.1)

where £ = mc? is used, and e = 1.6 x 10719C, ¢ = 2.98 x 10®m/s. We use the convention

¢ = h = 1. Then, energy scale can be converted into the length scale as

leV = (2x 10 "m) " =5 x 10%m ™", (3.2)
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The most common energy scales are

leV = 10"’keV = 10 °MeV = 10"?GeV = 10" *TeV. (3.3)

In standard physics, there are four fundamental forces: strong, electromagnetic, weak,
and gravitational and their relative strengths are ay ~ 1, agy = 1073, ay = 1076
and o, = 107 respectively. For gauge interactions, instead, an important scale is the
‘electroweak scale’ defined as the energy at which the running coupling constants a gy,
and ayy are of the same size, and the electro-magnetic and the weak force are unified
to a SU (2) x U (1) gauge theory. The numerical value of the electroweak unification

scale is 10°GeV.

All of these scales show that the gravity is much weaker than the other funda-
mental forces. In particle physics, hierarchy problem is the large separation between
the electroweak unification scale ~ 103GeV and the gravitational unification scale with

Mp ~ 1019G6V.

To solve this problem, some theories use the idea that 3-spatial dimensions in
which we live could be a 3-spatial dimensional “brane” embedded in a much larger extra
dimensional space. This theory leads to the generation of hierarchy by the geometry

of the additional dimensions.

Although the weak and strong forces extend down to scales of ~ 1071810~ mm,
we have almost no knowledge of gravity at distances less than a millimeter. It is
thus conceivable that gravity may behave quite differently from the 3-dimensional
Newtonian theory at small distances. This leads to the possibility that matter and non-
gravitational forces are confined to our 3-dimensional subspace whereas gravity may
propagate throughout a higher dimensional volume. Gravity would no longer follow
the inverse-square force law at distances smaller than the size of extra dimensions. For
r 2 1 mm gravity must behave as if there were only three spatial dimensions. Thus,
in these models, gravity appears to us very weak at macroscopic scales because its

intensity is spread in the “hidden” extra dimensions.
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3.5. Large Extra Dimensions

In this thesis we study the case of large extra dimension, so we give some brief

introduction on the most important ideas that have been done on this subject.

3.5.1. The Arkani Hamed-Dimapoulos-Dvali Theory

This theory is based on the idea that our four-dimensional universe would be a
three-brane living in a flat (4 + n)-dimensional space-time where n is the number of
compactified extra dimensions with torus topology of common radius R. Here ordinary
matter would be confined to our four-dimensional universe while gravity would live in
the whole extended space-time. One of the advantages of this picture would be to relax
the constraint on the size of extra dimensions so that they can be sufficiently large to
be experimentally observable. In general, if the four—dimensional Planck scale is Mp
and (4 4+ n)—dimensional Planck scale M, two test particles m; and mg, at distances r
apart feel a gravitational potential of

mims 1

Vi) = M2+n plin’ for » <R, (3.4)

and

this yields the simple relation
M3 = M**"R"™, (3.6)
where R is the size of the extra dimension. On sizes much larger than R, (4 + n)-

dimensional gravity behaves effectively as our usual four-dimensional gravity. The

simple but crucial remark of ADD is that a fundamental mass M of the order of the
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electroweak scale can explain the huge four-dimensional Planck mass Mp we observe,
provided that the extra dimensions are very large. This can be satisfied only if ordinary
matter is confined to a three-brane and gravity propagates to the extra dimension.
The behavior of gravity is much weaker and the usual Newton’s law has been verified
experimentally only on scales above about 0.1 mm, this means gravity is tested only
down to sizes of around a millimeter. This leaves a reason for extra dimensions as large
as this millimeter experimental bound. Moreover, the four-dimensional Planck mass
Mp is in this model only a “projection” of the higher dimensional (fundamental) Planck
mass M, which can be lower than Mp, thus offering a new perspective on the hierarchy
problem. The most important result of the ADD proposal is a possible resolution
to the hierarchy problem, that is the large discrepancy between the Planck scale at
101%GeV and the electroweak scale at 10° GeV. The fundamental Planck mass could
be comparable to the electroweak scale as long as the volume of the extra dimensional
space is large enough. To realize this, their proposal requires more than one extra
dimension. More clearly, substituting the values of fundamental Planck mass M ~

103GeV and Mp ~ 10¥GeV in Equation (3.6),

2/n
R~ (%) / % = 10710 em, (3.7)
One extra dimension n = 1, gives unacceptably large value of R = 10"cm which is
grater than the astronomical unit of 1.5 x 103cm. Therefore there can not be one flat
large extra dimension if one would like to lower M to the TeV scale. An interesting case
is n = 2 in which radius of extra dimension is R = 1lmm. This value of extra dimensions
are very close to range of the deviation from Newton’s gravity law. For n > 2, extra
dimensions become smaller and smaller then their gravitational measurements become
impossible. The importance of this theory is that, if the fundamental gravity scale is
indeed in the TeV range, one expects that extra dimensions should observed in collider

experiments at energies approaching this scale [13, 14].
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3.5.2. The Randall-Sundrum Model

Randall and Sundrum (RS) suggested a brane world model with a four dimen-
sional Minkowski space-time which is embedded into five dimensional Anti de-Sitter
(AdS) space-time. The model imposes an S'/Z, line segment to generate boundary
condition. The five dimensional AdS space-time is a maximally symmetric solution to
Einstein equation with negative cosmological constant. In this model fifth dimension is
“highly curved” with a warp factor. The brane itself remains static and flat therefore
it preserves 4D Lorentz invariance. The ansatz for the most general metric satisfying

these properties is given by
ds® = g](\Z)NdachxN = a_A(y)anx“dx” + dy?. (3.8)

The amount of curvature (warping) along the extra dimension depends on the function

e~4®) which is therefore called the warp-factor.

When we consider the distance scales much larger than the brane thickness, we
may view the brane as a delta function source of the gravitational field. If the energy

density per unit three volume is o, the five dimensional gravitational action becomes

S = SgTaVity + Sy:O + Sy:Zﬂ? (39)
Sgravity = /d4$dy V — ( A+ 2M3 ) (310)
Sy:O,yl = /d4$\/§ (O-O,y1 + Lbrane) (311)

for two branes located at y = 0 and y = y;. Here R and A is the five dimensional
Ricci scalar and five dimensional cosmological constant respectively and M is the five
dimensional fundamental Plank mass. This action leads to Einstein equations

V—=9PGun = — [\/—g ISV + V=991 0%0%0, (8 () + 0 (y — yl))] . (3.12)

4M3
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The non-vanishing components of Einstein tensor for the metric (3.8) are

Guw = —guw (3A" —6A7), (3.13)

Gy = g,6A” (3.14)

Using the relations (3.12) and (3.14),

A
2 _
647 = — . (3.15)
A = 2 Tu 5y — ). 1
3 ol W+ g Et =) (3.16)
Integration of (3.15) gives
A
A=yl —gmp =kl (3.17)

for the orbifold symmetry y — —y. Here k is the curvature constant. Computing

second derivative of (3.17)

A" =2k(0(y) =0 (y — 1)), (3.18)

therefore matching (3.16) with (3.18), the brane tensions are found as equal but oppo-

site signs,

%
24M3°

oy = —0,, =24Mk, A= (3.19)
Thus there is a static flat solution only if the above two fine tuning conditions are

satisfied.

Randall and Sundrum produced two important papers [15] and [16] in which two
different brane world scenarios had been worked out. In the first model which is called
as Randall- Sundrum I model (RSI), they consider two branes and in the second one

(Randall-Sundrum IT model, RSII), they investigate an infinitely large extra dimension.
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It is more convenient to study these theories separately.

The RSI Model. In this model matter fields are localized on the negative tension
brane where the induced metric is exponentially small compared to the other brane.
Considering a scalar field, for example the Higgs scalar, on the brane, the action would

be
51 = [ o=l DUHDH —V ()], V() = A (HH—8)" . (320

where vy is the mass parameter. If the size of the extra dimension is r., then the

induced metric at the negative tension brane is

Gy lymr.= €2, (3.21)

Substituting this in the above action (3.20) we get
GHiges — /d4a:e_4k’"c [e_%”nwa“Ha”H - A (HTH — ’U%)Q] : (3.22)
After the renormalization of Higgs field H = e~*"<| the action (3.22) becomes
SHiges — /d4x {nuya“ﬁa”ﬁ —A (f[Tﬁ — e%”vg>2] : (3.23)

this is exactly the action for a normal Higgs scalar, but the mass parameter is warped

with e ¥, then the mass parameter is redefined as
UHiggs = €_kTC’UO. (324)

This result can be generalized for a mass parameter m,,

m= e emy. (3.25)
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This shows that all mass scales are exponentially suppressed on the negative tension
brane, but not on the positive tension brane. Therefore the positive tension brane is
often referred as the Planck brane, since the fundamental mass scale is unsuppressed
and of the order of the Planck scale. On the other hand, the negative tension brane is
referred as the TeV brane, since the relevant mass scale there is TeV. Namely, if e*"

is of order 10, the physical mass scale TeV is produced from the fundamental mass

scale, Planck scale, 101%GeV.

Another important task is to find out the effective scale of gravity on the brane.
To do this, we need to determine the r. dependence of the gravitational action. The

five dimensional Einstein-Hilbert (EH) action is

S — —r / /=g RO

= —M3/d4:cdye4ky|\/—gezk|y|R(4), (3.26)

considering 4D EH action

S = M} / d*z\/—gRW, (3.27)

Planck mass becomes

Y=rec
M2 _ M3 d —2kly| __ M3 —2kr.
P= ye =0 (1— e ?kre). (3.28)

Y=—"Tec

This equation shows that the dependence of the extra dimension becomes smaller for
large values of r.. Namely, the exponential warp factor has very little effect in deter-
mining the Planck scale. Therefore the hierarchy problem is not solved by considering
the effective gravitational action. On the other hand, in the r. — oo limit this equa-
tion does not diverge, thus there is no problem with considering infinitely large extra
dimension. Randall-Sundrum model II investigates this limit, namely one brane with

an infinitely large extra dimension [15].
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The RSII Model. RS model solves the hierarchy problem. To find out how this
model solves the hierarchy problem we need to study the properties of gravity in this
five dimensional background. This involves derivation of bulk gravitational waves, then
this give rise the Kaluza-Klein (KK) modes on the brane. Moreover, obtaining these
modes provide us to get the four dimensional gravity localized on the brane. The name
of this process is the KK reduction on the brane. In order to find the KK expansion,

we rewrite the RS metric (3.8),
ds* = e Wy do"da” + dy?, (3.29)
by introducing e*¥l/k = w, then this metric becomes conformally flat

ds? dz*da” + dw?) . (3.30)

= g (e

For a brane at w = wy, introduce the coordinate z = w—wj, therefore the Z symmetric

metric (on both sides of the brane) is written as

1
ds* = —————— (nudardx” + dz?) . 3.31
EIEETA ) 3
Therefore fluctuations of this metric are
1
ds*? = ——— Nuw + Ay ) detdz” + dz? . 3.32
k2<|Z| +w0)2 [( 1 M ) :| ( )

where h,,, are the deviation of five dimensional brane world. In RS model, there are
no sources of the gravitational field except for the bulk cosmological constant and the

two branes, then h,, become transverse and trace-free in the vacuum, namely

duht =0,  ht=0. (3.33)

Here we consider the small perturbations on the background space-time in conformally

flat form, then we want to find the Einstein equation. In general, as derived in [18],
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for a conformal metric,

ds® = gMNddexN

= Q?gyndedz™, (3.34)
Einstein equation is

éMN = GMN -+ 3[VM IHQVN InQ) — VMVN In Q)
+oun (VeVPInQ + VpInQVZ InQ)). (3.35)

The Einstein tensor for linear perturbations about flat space-time [18],

1
(SGMN = 5(6B<9NhMB + 6B<9MhNB — 6BthMN — 8M6Nhg

—TMN ((?B@Chgc — aBthg)) (336)

and using perturbed metric gyn = nuny + huy, and Christoffel symbol 0T'%y =
%nBC (Oamehen + Onhare — Ochyn) in the second and third part of (3.35), the per-

turbed Einstein tensor becomes

0Gun = %[&BaNhMB + 0Ponhng — 0P0phyn — OMONhE
—mun (020 hpe — 0%05hG)]
+3[%7730 (Onhnp + Onhap — Ohun) Oc InQ
+handp0" I Q -+ PN (Ochf + Ophé — 0"hpe) 0 I Q

+hynOp1In Q0% In Q. (3.37)

Only the underlined terms are nonzero because of the gauge conditions (3.33) or hpsy
has only nonzero components h,,, and moreover the conformal factor €2 is depends only

on the fifth dimension z.
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The stress energy tensor is

TMN = TﬁgBN

— 1 (iinw + how) (3.38)

where tilde is related with the whole metric with conformal factor as seen easily from

the definition of metric (3.34). Then the variation of the stress energy tensor is

0Twun = TEhpy
= KGyhey + 367 (Vi QVP InQ — V), VP In Q) hpy
+63 (VeVPInQ + VpInQVZ In Q) hpy]
= 0+3c?[(OyInQ0° InQ — 040" QU+ 0) hpy
+ (050" Q2+ 0+ 95 In Q9" In Q) han], (3.39)

where since the metric ny, is flat, Einstein tensor and Christoffel symbols give zero

contribution to this equation. Then the final equation for the stress energy tensor is,

6Twn = 362 [hwvp (O InQOP InQ — 0,0 n Q) + hary (900 InQ + 9 n Q9 In Q)]
(3.40)

again the only the underlined terms are nonzero because of the same reason we men-
tion above. Then using the equation of motion 6Gyn = xK20Thn, two terms cancel,

therefore the remaining parts become
aBthMN + 38BhMN80 InQ = O, (341)
if we redefine the perturbed metric as hy;y = 9*3/2;LMN,

—0MOy + gaM In QM InQ + gaMaM In Q| hyy = 0. (3.42)
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Using the fact that, 9"y, = O + 07, where O = **0,0, = =9} + 07 + 02 + 92, and
looking for solution of the form fzw,(x, z) = ;L,“, (x) v (2) with D;L,W (x) = mﬁzw, (z),
where m is the four dimensional Kaluza-Klein mass of the function then since Q = € (2)

only, we have the Schrodinger equation for the wave function 1 (2)

(02 +V (2)) ¥ (2) = m* (2), (3.43)

where

Viz) = <Zazanazan+gafan)

B 1 3(2)
4 (2] +we)® (2] +wo) (3.44)

This potential has the shape of a volcano, since there is a peak in it due to the first
term, but then there is a delta function which is like the crater of volcano. Now all the
equations are simple and in the well known quantum mechanical form. After this stage,
we can describe the effective four dimensional theory of gravity. For the condition of
localization of gravity on the brane, (3.43) must have the normalizable zero-energy
ground state. This zero energy ground state corresponds to m = 0, then the zero mode

wave function becomes

1
_ 03/2 _
P (2) = Q7 = ETHE (3.45)

therefore the massless 4D graviton exists. If this function is normalizable, the condition
for the localization of gravity is satisfied. Then the normalization of the wave function
is

20

J— a1
k2 (2] +wo)

—20

therefore the gravity is localized on the brane. Really we can realize the normalizability
of the wave function from the relation (3.43). Here, as |z| — oo, if V' (z) > 0, the wave

function v (z) is always normalizable, on the contrary as |z| — oo, if V (2) < 0, ¢ ()
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is not normalizable. The most important thing on this integral is that it is converging
even in the limit of zy5 — oco. This means, even if the size of extra dimension becomes
infinitely large, gravity can be localized on the brane. Since the gravitational zero
mode wave function (3.45) is peaked around the positive tension brane which is z = 0,
gravity is localized around the positive tension brane. This is also the case even if we

transform extra dimension z back to the y coordinate system,
ds* = e W (1, + h,) datdz” + dy?. (3.47)

In this theory, gravity localizes on the positive tension brane, therefore the observers
living far away from the positive tension brane, for example on the negative tension
brane, will feel the exponentially suppressed gravitational wave function. On the other
hand particle physics interactions are independent of the position along the extra di-
mension. This solves the hierarch problem in such a way that; since the strength of the
gravity is decreased by the exponential warp factor along the extra dimension, it will
be much weaker than the particle physics interactions, then we feel the fundamental

strength of interactions.

To get the higher dimensional gravity namely, we find the continuum KK modes
of graviton. In RS theory, however there is a volcano potential which is also felt by
these continuum modes, thus their wave function will be strongly suppressed by this
volcano potential at the positive tension brane (the Planck brane). This means in order
to get TeV brane they have to tunnel through the large barrier. For the tunneling rate,
we can use WKB approximation of the wave function (3.43). For the continuum mode

with mass m, tunneling amplitude is,

-2 zfle\/V(z)—mQ
T(m)~e * : (3.48)

where zy and z; are the turning points in this volcano potential for a particle with mass

m. For large z, potential (3.44) becomes ~ 1/z2, then for the continuum zero mode,
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—oodz/z
TO) ~e 8 20, (3.49)

which means there is no gravitational zero mode namely there is no higher dimensional
gravity therefore KK modes recover 4D gravity even in the large extra dimension limit.
Really this not the case in the other higher dimensional theories: when there is a
compact extra dimension, there is usually a graviton zero mode and KK tower. In
these theories, as the size of the extra dimension gets infinitely large, the zero mode
becomes more and more decoupled due to its huge spread in the extra dimension,
on the other hand the KK modes become lighter and lighter, and eventually form a
continuum that reproduces higher dimensional gravity. Here, however since we have a
large potential barrier, their wave function is strongly suppressed at the Planck brane
therefore 4D gravitational interactions is recovered when the size of extra dimension
is very large. Therefore KK modes in the RS model is not turn gravity into a higher

dimensional theory of gravity.

In order to get the correction to Newton’s Law, we consider the gravitational
potential between two pointlike sources of mass M; and M; located at the z = 0 brane
(Planck brane). KK mode contributes a Yukowa-like correction to the four dimensional

gravitational potential between two masses M;, My,

U(r)

G MMy 1 T M, Mae™™"
. + e / m . i (0), (3.50)
0

where the first term comes from the exchange of the zero mode which would cause
4D gravitational interactions, but the second term is due to the exchange of the KK

modes. To get the KK modes, we solve the Equation (3.43) for m # 0,

2, 1 2) = m? (2
(—az+4(|z|+w0)2)¢<> b (), (3.51)
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has the solution of !

W (m) = ap (2] +w0e)"* Ya (m (2] + wo)) + b (2] +we)* Jo (m (2] +wp))  (3.52)
then KK zero modes are
¥ (0) ~ (mawg)*’?, (3.53)

therefore the gravitational potential becomes

U(r) ~ (muwy) (3.54)

T r

GNMlMg 1 T My Mye™™"
e / a M
0

Gy M, My (1 N c> | (3.55)

r 2
where C' is a constant. where C is a calculable constant of order one. This shows that
the full correction due to the KK modes is small for large r. Therefore for very large
radial distance we get 4D gravitational potential irrespectively of the compactification.
Thus in the presence of localized gravity there is no need to compactify the extra
dimension. Also, due to the wave function suppression of the KK modes the production

of the continuum KK modes would be suppressed on the Planck brane [16].

a(a+1)
(Iz]+wo)

Y (2) = am (2 +w0) /2 Yoy 1 (m (2 + w)) + by (2 4+ w0)? Tpy s (m (2 +wo)) .

lin general if the potential is in the form of V (2) =

, Bessel functions give the solution as
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4. BLACK HOLES

4.1. The Schwarzschild Solution

Schwarzschild metric is the stationary spherically symmetric vacuum solutions to
Einstein’s field equations. Since the gravitational field produced by a point particle is
spherically symmetric the Schwarzschild metric will be the simplest model considering
the behavior of gravity. The general form of a spherically symmetric and static line

element is

ds® = —f (r)* dt* + g (r)* dr® + r2d2?, (4.1)

where the metric of the unit two sphere is dQ2? = df? + sin? §d¢>. Here the condition
for a static space-time causes the metric to be time independent and no cross terms of
time coordinate appear in the line element. Since we want to find a time independent
solution, line element must be time reversal invariant namely the condition of invariance
under t — —t makes dtdz’ terms vanish. The condition for the spherically symmetric
space-time requires that the spherical part of the line element is kept in the form of

dQ?. The nonvanishing components of Ricci tensor are

2f/ f/gl f//

R, = — 4.2
Y R I T 42)

2 / !/ 1
Rrr == _g3+fg3 - f27 (43)

rg>  fg*  fg

f/ 1 1 g/
Rw = Ry =——2  _ _— 4+~ 4+ J 4.4
00 b rfg?  rig? + r2 + rg3 (44)
and the curvature scalar is
2 2 4! 44" 2f'd" 2f"

Ro2_ 2 A 4 209 2f (4.5)

r2orig® rfgr o orgd o fgb fgr
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Since this space-time must be a vacuum outside a spherical body, we must consider

Einstein’s equations in vacuum, then

These leave

9
f+g
f

Substituting this equation into (4.4) and equating to zero, we get

2f f'r+ 2 =1,
or equivalently
( 27’)/ =1.
Integrating, we get
fPr=r+c,

choosing the constant ¢ as —2G'M for correct Newtonian limit,

P (1_2GNM)_

r

Therefore the resultant Schwarzschild metric (4.1) becomes

2G N M 2GN M\
d52:—<1—i)dt2+(1— G ) dr® + r*dQ>.

T T

(4.6)

(4.10)

(4.11)

(4.12)
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In section 5.3, we have proven that, in the weak field limit goo = — (1 + 2®), addi-
tionally in Newtonian theory, a point mass M at the origin gives rise to a potential

® = —G'yM/r. Therefore we need only identify that ¢ = —2GyM.

In fact, a time dependent spherically symmetric vacuum solution does not exists.
In the literature, this is known as “Birkhoft’s theorem” which states that a spherically

symmetric vacuum solution in the exterior region is necessarily static.
4.2. Singularities

Singularities are very important in general relativity. Singularity occurs when the
metric coefficients become infinite as we approach some point. However this definition
is not always useful. There are two kinds of singularities which are the coordinate sin-
gularities and physical singularities. Coordinate singularity results from a breakdown
of a specific coordinate system rather than the underlying manifold. If we choose an
appropriate coordinate system, all the metric coefficients would have finite values in
this new coordinate system. Therefore coordinate singularity is a removable singularity
namely it is not a real singularity. To get the sufficient condition for the real singu-
larities, we must construct coordinate-independent scalar quantities such as the Ricci
scalar R = g" R,,, or the square of the Ricci tensor R*”R,,, or the square of Riemann
tensor RFP R, . If one of these scalars becomes infinite at some place, this is enough
to convince us that this place is a real physical singularity which is not removable. This

kind of singularity is called as intrinsic, curvature, essential or real singularity.

For the line element (4.12), the metric coefficients become infinite at » = 0 and
r = 2GyM. However in the case of the condition for physical singularity, if we can
calculate the square of Riemann tensor which is also called as Kretschmann scalar, we

get

48G2, M

g (4.13)

vpA
RMPA Ry, 00 =

which is finite at » = 2G y M. Since square of Riemann tensor is a scalar, its value
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remains the same in all coordinate systems. This scalar quantity convinces us that
r = 0 is a real singularity, since square of the Riemann tensor blows up at this point. On
the other hand r = 2G y M is not an actual singularity where the curvature invariants
do not blow up. If it is possible we transform this metric into a more appropriate

coordinate system then this singularity disappears.

4.3. Schwarzschild Black Holes

As we discussed in the previous part, Schwarzschild metric breaks down at r =
2G' v M which is known as the Schwarzschild radius. Consider the null geodesics, for

constant 6 and ¢, ds* = 0. Then (4.12) becomes

-1
0=— (1 — M) dt* + (1 - 2GNM> dr?, (4.14)
r r
from which we get
dt 2GN M\
—=+(1- . 4.1
dr ( r ) (4.15)

For r — oo, dt/dr becomes +1. That is, the null geodesics make angles of 45° with 7 and
t axis as in flat space-time. We expected this result, since Schwarzschild line element
(4.12) becomes asymptotically flat for large r. On the other hand, as we approach
r = 2GNyM, we get dt/dr — oo and also t — oo, which means we need an infinite
amount of time to reach the Schwarzschild radius or an infalling observer as observed

from a stationary observer never crosses r = 2G y M.

Schwarzschild solution is a vacuum solution exterior to some spherical body of
radius r > 2Gy M, on the other hand for the solution of radius r < 2GyM a different
metric would describe the interior body and would correspond to some distribution
of matter resulting in a nonzero energy momentum tensor. Indeed, the spherically
symmetric static perfect fluid solution is known as the interior Schwarzschild solu-
tion. Therefore, Schwarzschild radius is a boundary that divides the manifold into two

components. This surface of sphere is known as the ”event horizon” from where no
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matter or radiation can escape. Even light from inside the horizon can never reach
the observer, and anything that passes through the horizon from the observer’s side is
never seen again. Such a massive object surrounded by event horizon is defined as the
Schwarzschild black hole. They are ”black” because they neither emit nor reflect light
and they are "hole” because nothing entering can ever escape. Since nothing escapes
from the event horizon, a black hole has highly powerful gravitational field. Moreover
if sufficiently large amount of mass is present within a small enough volume, all paths
through space are warped inwards towards the center of the volume.In fact, black holes
can be of almost any mass. Since gravity increases in strength as volume is decreased,

almost any object sufficiently compressed will become a black hole.

For relatively small gravitating bodies like a planet and the sun, this radius is
inside the surface of the mass distribution. Since the empty space condition 7}, = 0 is
no longer holds inside the surface of these bodies, the Schwarzschild metric is not used to
describe these regions. In this description of such gravitating bodies the Schwarzschild
solution is only acceptable outside the mass distribution and the Schwarzschild radius

is not involved in the description of this region.

Black holes have three independent internal properties: mass, angular momentum
and electric charge. Schwarzschild solution describes the nonrotating and uncharged
black holes. On the other hand black holes would be charged objects, then Reiss-
ner Nordstrém solution represents the electrically charged nonrotating black holes [5].
Additionally, the solution for an uncharged rotating black hole was investigated by
Kerr [19] and then a more advanced description of black hole were discovered by Kerr-

Newmann which explains charged rotating black holes.

4.4. Higher Dimensional Black Holes

Starting on this subject, we want to ask why black holes are so important and
what we want to get with the determination of properties of black holes. In this context,

Steven B. Giddings writes,
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“Black holes are perhaps the most profound and mysterious objects we have
imagined. Being able to create and study them should teach us a lot. In particular, it
can teach us about how quantum mechanics can be reconciled with gravity; it could
allow us to explore extra dimensions of space and time; and it may tell us something

about an ultimate unified theory of physics.”

In this thesis, we will discuss the properties of black holes in higher dimensional
space-time with the same hopes as Giddings. From the point of view of standard
physics in 3+1 dimensions, black holes are well described by the Kerr-Newman family of
solutions. However, the true nature of gravity is not well described at larger and smaller
scales yet. To solve this problem, there are many different considerations. But theories
are all based on the same suggestions: to solve the hierarchy problem, there might be
extra dimensions. As mentioned earlier, hierarchy problem is the difficulty in answering
the problem of hierarchy between the characteristic scale of gravity and electroweak
scale. Clearly, the four dimensional characteristic scale of gravity (Planck scale) Mp =
G]_Vl/ ? ~ 10"GeV is 16 orders of magnitude larger than the electroweak scale, Mgy =
G;f ~ 100GeV. As discussed, this problem could be solved by assuming the existence
of extra dimensions in the universe [13]. In this theory all ordinary matter, is restricted
to live on a (3 4 1)-dimensional hypersurface, a 3-brane. The 3-brane, playing the role
of our (3 + 1) dimensional world, is then embedded in the higher dimensional space-
time, usually called the bulk, in which only gravity can propagate. Unfortunately, this
problem is not totally solved by the scaling of these parameters. This subject became
more serious after the discovery of dark energy. Dark energy implies that the universe
appears to be accelerating rather than decelerating. Thus we must take into account
the Hubble constant which is of the order of ~ 107#2GeV. This brings forth a big
ratio ~ 10% between the Planck scale and the dark energy scale. Then the hierarchy
problem becomes more fatal. We have discussed this subject in detail under the title

of "Hierarchy Problem”.

If Planck scale is lower to electroweak scale, it becomes clear that black holes
might be experimentally accessible in accelerators [20, 45]. After this consideration,

Giddings [20, 23], Kanti [24], Frolov[25] and Maartens [26, 27] studied on higher dimen-
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sional black holes widely. Especially, they focused on the arguments for the production

of black hole in high energy collisions.

Similar to 3 4+ 1 dimensional black holes, the subject of 4 + 1 dimensional black
holes have been studied and argued widely from a different point of view. This theory
starts with the work of Chamblin et al. [46]. They assume that, when matter trapped
on the brane undergoes gravitational collapse, a black hole is formed. They discuss
black holes (collapsed matter) in the Rundall-Sundrum (RS) brane world scenario. The
metric on the brane world should be close to the Schwarzschild metric at astrophysical
scales in order to agree with the observationally tested predictions in general relativity.
They gave a black cigar solution whose restriction to the brane is the Schwarzschild
solution. This black hole has a center on the brane and extends along the extra
dimension. Introducing the coordinate transformation z = le¥/!, they write the RS

metric in conformally flat form

2
ds* = % (d2® + myjda*da’) . (4.16)

If induced metric on the brane at a fixed z is Schwarzschild, RS metric becomes

2

l
ds® = — <d22 — U (r)dt* +

»2

1

2 42402 4.1
U(mdr + rd 2) ( 7)

with the U (r) =1 —2M/r.

This metric describes a ”black cigar” in five dimensional space-time, on the other
hand, from the point of view of an observer on the brane it appears as if it is an
uncharged, non-rotating Schwarzschild black hole. For this metric, Ricci scalar and
square of Ricci tensor are finite. However, square of Riemann tensors diverge at the
AdS horizon z — o0, therefore this metric becomes unstable near AdS horizon. From
this result, it seems likely that, there might be other solutions which give rise to the

Schwarzschild solution on the domain wall.

After the introduction of extra dimensions, all the existing theories in standard
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cosmology need some modifications or extensions in order to accommodate the effects
of extra dimensions. Similarly, the properties of black holes are also bound to change

in the context of a higher- dimensional theory.

4.5. Mini Black Holes

Although mini black holes are not our main topic, since they have a crucial
importance in the higher dimensional theory, we need to discuss mini black holes in

short.

In principle, in collider experiments, one may produce mini black holes and those
black holes evaporate quickly by emitting Hawking radiation which we could detect
using detectors. In fact, this is not an easy procedure because in order to produce
black holes in collider experiments one needs a center of mass energy above the Planck
scale (10'GeV) which is inaccessible at present or near future. After the introduction
of large extra dimension [13, 14], this situation changed. As we expressed above, the
traditional Planck scale Mp is derived from the fundamental higher dimensional one,
M, by the relation Mp = M?*T9R? Here R is the compactification radius of extra
dimensions. According to this relation, for M ~ TeV, compactification radius R will
be in the range from 10™'mm to 10*fm for d = 2 to d = 7. In this model d = 1 is
excluded since size of the extra dimension becomes the size of the solar system. The
upper bound of extra dimension is defined as the smallest length scale down to which
the Newtonian potential, and its 1/r dependence could be measured. During the last
years, experiments require that the extra dimensions have radii not larger than 0.1mm,
which disfavors the case of d = 2. In scales smaller than 0.1mm, gravitational potential
would have a different dependence on r, gravity becomes stronger at this scale. Namely,
due to the large size of extra dimensions, the scale of quantum gravity (Planck scale)
becomes the same order as the electroweak interaction scale (of the order of a few
TeVs). This, in turn, opens up the new possibility of TeV-size black hole production
at high energy collision processes in cosmic ray and at future colliders [20, 45]. These
experiments will be performed at CERN by using the Large Hadron Collider (LHC)

experiment setting.
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In this theory, two elementary partons (quarks) approaching each other with a
very high kinetic energy in the center of mass system close to the new fundamental scale
M ~ 1TeV. At those high energies, these particles can come very close to each other.
If the impact parameter is small enough, which will happen to a certain fraction of the
particles, we have two particles plus their large kinetic energy in a very small region
of space-time. If this region is smaller than the new Schwarzschild radius connected
with the energy of the partons, the system will collapse and form a black hole. This
collision is probably the most inelastic process. Due to the high velocity of the moving

particles, space-time before and after collision is almost flat.

In fact, from General Relativistic arguments, two point like particles in a head
on collision with zero impact parameter will always form a black hole, no matter how
large or small their energy. However, at small energies, this is impossible due to the
uncertainty principles. Then this process needs very high energy to allow the required

close approach. This threshold must be of order M.

After the production, the black holes will undergo an evaporation process. Ac-
cording to Hawking radiation,

M
T =102
M

(K], (4.18)
temperature of the small black holes will be higher than the big black holes. This high
temperature causes a very short lifetime such that this tiny black hole will radiate and
decay close to the collision region. Observation of these black holes can be carried out
by looking at the energy of the system. Once the collision energy crosses the threshold
for black hole production, black holes are formed and there will be a sharp cut off in
the total energy of the other particles formed in the reaction. Thus, black holes will

give a clear signal [28].
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5. GRAVITY

Using a scalar potential field, the first gravity theory was developed by Newton.
After developing special relativity, Einstein considered gravity as a scalar theory. He
assumed that gravity could be described by a 4-scalar. But he reached the result that
this theory does not work. Since this potential becomes constant along the trajectory
of every particle, the gravitational force must necessarily be zero on every particle.
Then, Einstein described gravity in terms of a tensor in his general relativity theory.

In fact, the physics of gravitation is described by general relativity.

5.1. Newtonian Gravity

The first theory of gravity was introduced by Sir Isaac Newton in 1686. His
famous Law of Gravitation states that every pointlike object in the universe attracts
every other object with a force directed along the line of centers for the two objects

that is inversely proportional to the square the separation between the two objects,

mM
r2

The constant of proportionality G is known as the universal gravitational constant.
It is termed as “universal”, because it is thought to be the same at all places and all
times. According to Newton’s second law, if this force acts on a mass m, this particle

will accelerate in this direction namely,

F = ma. (5.2)

In the language of gravitational scalar potential ®, this potential is related with the

mass density p with,

V20 = 47Gp (5.3)



20

and acceleration of a body in a gravitational potential ® is
a=-Vo (5.4)

Newton’s description of gravitational force proved to be satisfactory for almost two
and a half centuries. In pure Newtonian theory light is massless and therefore should
not undergo any gravitational deflection. If mass energy equivalence of special rel-
ativity is used together with Newtonian gravity the predicted deflection of light by
gravity is half the deflection actually observed. The observations was performed after
Einstein calculated this phenomenon (here observations were in totally in accordance
with his results). Then, observations showed that Newton’s gravitational law is not
exactly correct. For example, the advance of the perihelion of Mercury is partly due
to the influence of nearby planets as calculated using Newtonian gravity. However a

discrepancy remained.
5.2. Special Relativistic Gravity

Einstein’s first successful field theory was a special relativistic reformulation of
Maxwell’s electromagnetic theory. Then he tried to reformulate the Newtonian Me-

chanics by defining the force as a four-vector, F'*

d dz*
e et )
dr (mz dr ) ’ (5:5)

where 7 is the proper time and m; is the constant inertial mass. Then the condition

dz* dx¥
My =1 (5.6)

dr dr
must be satisfied. Using the assumption of constant mass, (5.5) and (5.6) imply that

dz¥
dr

nuuFu =0. (57)
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In the special relativistic reformulation (5.3) and (5.4) can simply extended into the

four dimensional case and then ® will be a 4-scalar,

O = 47Gp, (5.8)
and

F' = —m;®™, (5.9)

then (5.7) will be

dz" d®  dP
e Y (5.10)
dr dz#  dr

This means, the potential is constant along the path of every particle, so the gravita-
tional force must be zero on every particle. It seems unacceptable. Here, the problem

is that, Newtonian gravity cannot be incorporated into special relativity in the same

way as Maxwell’s electromagnetism.

After that Einstein developed his theory of general relativity where the metric
tensor playing the role of gravitational potential. This put an end to the search for a

purely scalar special relativistic gravitational theory.
5.3. Gravity in General Relativity

To explain gravity, it is convenient to start with the basics of general relativity;
the Principle of Equivalence. The earliest form of this principle which called the ” Weak
Equivalence Principle (WEP)” | states that the inertial mass and the gravitational mass
of any object are equal. Clearly, it means that all the bodies at the same space-time
point in a given gravitational field will undergo the same acceleration independent of
the composition of the object. The important property of WEP is that, in a small
region of space-time, there is no way to distinguish between uniformly accelerated

frame and a gravitational field for a freely falling particles.
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The basics of general relativity are that free particles move along the geodesics

and curvature of space-time describe gravity. The geodesic equation for a particle is

R i dz? dx°
dr? P7 dr dr

=0 (5.11)

For the Newtonian limits of this equations, three requirements must be satisfied: par-
ticles move slowly with respect to speed of light, the gravitational field is weak and

finally the field is static namely, unchanging with time.

First of all, moving slowly means

da < ﬁ
dr dr’

(5.12)

where 7 is proper time and ¢ = 1,2, 3 which corresponds to the spatial components of

a metric. Therefore the geodesic equation becomes

A2zt

dt\ 2
1

where I'fjy = 5 " (Bogro + Oogor — Orgoo) - For the condition of static field, the relevant

Christoffel symbol becomes

’ 1
o = —59“)‘3/\900- (5.14)

Then the third requirement says that for the weakness of gravity, the metric can be

decomposed into the Minkowski form and a small perturbation,

Guv = My + h;w (515)

where |h,,| < 1. From the definition of an inverse of the metric ¢*’g,, = % and

P =" R

g = — b, (5.16)



23

Putting all together we obtain that, I'f, = —%n“’\a,\hoo.Then the geodesic equation
(5.13) becomes,

2zt 1 dt \ 2
= — " dxhoo (E) , (5.17)

dr? 2

for pw = 0, Johgo = 0 and then % = 0. This means that j—i =constant. For the

spacelike sections, Equation (5.17) is

Pr’ 1 dt\”
= —0hoo | — | , 5.18
drz — 277 (dT) ( )
then
d?zt 1
This equation is the same as Newton’s theory of gravitation which is a = —V®, where

® is the scalar potential. Namely, if we compare these equations, (5.19) satisfies that

hoo = —2, (5.20)

this means

goo = — (1 4+ 29). (5.21)

Therefore, it is proven that, the curved space-time can describe gravity in the New-

tonian limit.
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5.3.1. The Gravitational Field Equations

In general relativity the metric is a dynamical variable describing the gravitational

field. Its dynamics is governed by Einstein equations,
1
RAW - ing/ = G#y = SWGNT#V (522)

which relate the energy-momentum tensor 7}, to the curvature of space-time, the
Einstein tensor G,. Here R, is Ricci tensor and R is the Ricci scalar. The Newton

constant G is related with the Planck mass Mp by
Gy = Mp>. (5.23)

The right hand side of Einstein equation (5.22) describes the energy-momentum while
the left hand side is related with the geometry of space-time. These equations are also
nonlinear, so that two known solutions cannot be superposed to find a third. Therefore
it is very difficult to solve Einstein’s equations in any sort of generality, and it is
necessary to make some simplifying assumptions. The most popular simplification is to
assume that the metric has a significant degree of symmetry. Therefore, in cosmology,
the universe is considered as isotropic and homogenous, and matter can be regarded
as a continuous medium. Then this continuous medium is assumed as a perfect fluid.

In the orthonormal basis, the energy momentum tensor takes the form
Too=p |, Tij = p5ij= (5-24)
where p and P describe the energy density and pressure respectively.
In more general case the Einstein equations are
Ruw = 5Rou + Mgy = G+ Mgy = 87GT,, (5.25)

where A is the cosmological constant. The cosmological constant is important because
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quantum field theory predicts that the vacuum should have some sort of energy and
momentum. In detail, in the vacuum, Einstein tensor G/, = 0 and then the remaining
part of (5.25) gives 87GT},, = Ag,,. Then A can be interpreted as the energy density

of the vacuum [3].
5.3.2. Action Principles

In classical mechanics, if a single particle moves in one dimension with coordinate

q(t), the action S is written as

to
5= [dtLia.q). (5.26)
t1

where L (¢, q) is the Lagrangian. For a point particle
L=K-V. (5.27)

where K is the kinetic energy and V is the potential energy of the system. The
dynamics of the particle is determined by the action principle. The action principle
states that the particle will travel from its position at time t; to its position at time
to, so that it will travel along that path for which the value of the integral (5.26) is
stationary. Here the term “stationary” means that the value of action S along the
given path has the same value for nearby paths so that the first derivative of the action

functional vanishes,
08 = 0. (5.28)

This principle leads to the Fuler-Lagrange equations,

oL d (0L
- (5)-o (529
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For a field theory, a single coordinate ¢ (t) and ¢(t) is replaced by a set of
space-time dependent fields ¢' (z*) and their space-time derivatives d,¢" (z*), then

Lagrangian becomes a functional of these fields,

L= / &L (¢',0,9"), (5.30)

and the action

S = /dtL = /d“:pﬁ (¢",0,0") (5.31)

where L is the Lagrange density. Again using the action principle, the Euler-Lagrange

equations are

oL oL

These are known as the Euler-Lagrange equations for field theory in flat space-time.

In general relativity, Lagrangian density £ is assumed to be a function of the

metric g, and its first and possibly higher derivatives, that is

L=L (g,uz/,a)\guw aaaAg;w, ) (533)

To form the action integral, it is necessary to convert the Lagrangian density into a

scalar density

L =+/=gL, (5.34)

where L is a scalar and it leads to partial differential equations that are second order

in the space-time coordinates then the action becomes

S = / d*z/—gL
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According to principle of action, S must be stationary under the variations of the

v = Guv + 0G,, namely

0S
ogHv

= 0. (5.35)

The Euler-Lagrange equations for the curved space-time is

oL oL
g~ 7 (o) = .

In curved space-time partial derivative becomes covariant derivative. These equations

are significant since they constitute the field equations of the theory [3].
5.3.3. Geodesic Action Principles

Geodesic defines the shortest path between two points in a certain geometry. In
general relativity, geodesic is the path followed by a test particle in free fall. The
geodesic equation can be thought of as the generalization of Newton’s law F = ma, for

the case F = 0, to curved space-time.
The path length ds in general relativity is given by the line element
ds® = g, dz'dz”, (5.37)

where g, is the metric tensor which simply defines the geometry of space-time. If 7 is

the proper time, the action can be written in the form of

dat dzv\ '/

Using calculus of variations, we want to find the path which makes the path length
stationary under a change in path dx (7) satisfying dx (11) = dz (72) = 0 where 73 and

7o are the initial and final values of the parameter 7 along the path respectively. It
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means 05 vanishes for any variations of dz (1),

55 = 0. (5.39)

The infinitesimal variations of the path is

ot —  at 4+ ozt

G = Guv + (Osgu) 027 (5.40)

where in the second line, we use Taylor expansion in curved space-time.

L © v % v w0\ —1/2
55:_/‘1_7(@0 datda s o 4 g, 2020 427 did(&v))( dx dx) |

2 g’w? dr Wodr dr Gy dr dr —g,wﬁ dr
(5.41)
The second and third term can be integrated by parts, for example
dz* d (6z¥) d dat dg,,, dx* d*zt
v = — | gw——02" K 62" + g ——5-0z”. 5.42
Iu dr dr dr (g“ dr ) + dr dr Tt G dr? o ( )
Using the chain rule on the derivative g,,,
dg,w dz°®
= v A4
dr Do G dr (5.43)

and after rearranging some dummy indices, (5.41) then becomes

d*zr 1 dzt dz” dat dav\ P
05 = / <guaﬁ + 5 (auguo + al/.gau - aaguu) ? dr ) (_guuﬁﬁ) o dTa
(5.44)

where the total derivatives vanish at the boundary, hence the first term in (5.42) on
the right hand side gives no contribution to the integral. Since we are searching for
stationary points, we want S to vanish for any variation dz?, which implies,

a1 dzt dx”

19 5 vo vop — Ooluv) —5— = U, A4
no 53 +2(8Hg + 0y Yoy 89”)d7 - 0 (5.45)




29

At the end, contracting the (5.45) by the inverse metric g°*, the geodesic equation
becomes
| dx* dx”

—g° vo vOop — Ocluv) —5— = 4
d72+2g (OuGvo + Ovgop Ggu)dT o 0, (5.46)

where the Christoffel connection is defined as

1 g
Lo = 597 (Ougvo + 0oy = Oogiu) (5.47)
The connection on the curved space-time gives us a way of relating vectors in the

tangent spaces of nearby points.

Mathematically, the geodesic is a curve along which the tangent vector is parallel
transported. The tangent vector to a path x (\) is V = dx/d\. V is kept parallel to
itself and satisfies VV = 0. In other words, not only V' is kept parallel to itself with
constant magnitude along the curve, but locally the curve continues to point in the
same direction all along the path. A geodesic is the natural extension of the definition

of a “straight line” to a curved manifold [3].
5.3.4. Einstein-Hilbert Action

To construct the action for general relativity, we must use the metric g,,. Using
the Ricci scalar for scalar E, Hilbert constructed the simplest possible choice for a

Lagrangian,

Sy = / d*z/—gR, (5.48)

known as the Hilbert action (or sometimes Einstein-Hilbert action). Here Ricci scalar
is constructed from the metric and it has no higher than second order in its derivatives.
Since the only gravitational part is included, this action can give the geometry of space-
time. Nevertheless, it is not a complete description of the whole theory of Einstein’s

general relativity. To get a more general action, we need an additional term for the



60

matter fields. Therefore the action might be

/d4x\/_(16 GNR+EM). (5.49)

Let us look at how this action recovers the Einstein equations (5.22). To verify this
result, we vary the action with respect to inverse metric ¢"”. Using the definition

R = gMVR;Lua

5S=/d4x {5\/_—916 V989" e — Ve g2 +30Sy,  (5.50)

167 GN

where the matter part is Sy, = f d4x\/—g2 in short. To perform this small variation
step by step, we start with the first term on the right hand side.

0v/=g = ———=0g (5.51)

where ¢ is the determinant of metric g,,, g = det g,,,. For any positive definite square

matrix A, the basic rule is
det A = ¢Triin4} (5.52)
thus we have

§(det A) = T As(Tr{ln A})
= det ATr (A7'6A). (5.53)

Applying to our calculation; the matrix A = g,, and det A = g. Therefore 6g =
99""69,,. The desired result follows immediately that

1
oN/—g = 5\/—gg’“’6gw,. (5.54)



Using the definition of the metric g**gy, = 6*,
6gu/\g)\zz + g“)‘ég/\y = 07
(5.54) becomes

1
5V = ~ 5V 090"

61

(5.55)

(5.56)

The second term is already in the form of some expression multiplied by dg**,

thus there is no need for any effort on this term.

For the third term, let us derive the result of dR,,. Ricci tensor is identified as

R, = O\I), — 0,1}, + 3,10, — T}, T%,.,

Ao+ v

then

SR = 6(0\Ip,) — 00, (T3,) + 0T, I9, +

Aot vp

3,007, — 60, I, — 7,015,
Using the definition of covariant derivative,
Va (5Ffw) = 0y (5Ffw) + 8,007, —I5,01%, — TS, I,

Equation (5.58) becomes

SRy, =V, (6T5,) =V, (0T3,) -

(5.57)

(5.58)

(5.59)

(5.60)
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Using the property of metric compatibility for any vector field
9w VoV =V, (9w V") =V, V,, (5.61)
we obtain that,
9" OR = Vi (9"017,) — V., (¢"6T3,) - (5.62)

Performing again the covariant derivative and multiplying with the root of the deter-

minant of the metric

V=99 0B = /=g |0x (9"0TS,) + Thag™6Ts, — 9, (¢"0T3,) — ThsgoT, |
1
= vy [8>\ (gw(srr)/\u) + (§g”Ag,,)\ﬁ) g“”(SFfM L (g‘“’(srﬁu)
1 vo
- <§9 gua,ﬁ) Q”%FX\N]
= V=g|0r (g0T,) + W) s ywsrs g, (gord,)

N
= 0y (V=99"0T},) — 0, (vV—gg"0T3,) , (5.63)

changing dummy indices

V=99" 6 Ry, = 0\ (V=9g9"" 6T}, — V/=9g"T'3,) | (5.64)

then integrating this term over the volume element

1
/d4x\/_g’“’ e

= d* V=9g" 6Ty, — /—gg"éT3,) =0. (5.65
167Gy 167Ga / 205 (V=99 99"3T%,) (5.65)

Using the Stokes’ theorem, this integral of the total divergence with respect to the

volume element vanishes at the boundary then it gives zero contribution to 65 (5.50).
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Finally, the last term in (5.50) which contains the matter fields gives the energy-

momentum tensor, T},

Sy T (5.66)

by definition.

Remembering again the action principle which states that the coordinate of a

system follow an extremum path, i.e. the action is stationary under a small variation,

68

=0 5.67

s =0 (5.67)
and turning back to (5.50), we obtain that
1 68 1

\/——_QW = R/u/ — EQMVR — 87TGNTMV =0. (568)

This result recovers the complete Einstein’s equations (5.22). Additionally, this re-
sult implies that the coupling constant in front of the Hilbert action must be exactly

1/167Gy [3].

5.4. Scalar-Tensor Theory

The scalar tensor theory, for first time was introduced by P. Jordan [47] and
Y. Thiry [48] and then developed by C.Brans and R.H.Dicke [49] some years later.
In this theory the scalar field acts as the source of the local gravitational coupling

with Gy ~ QO_I

and consequently the gravitational constant is not in fact a constant
but is determined by the total matter in the universe. The strength of gravity (as
measured by the local value of Newton’s constant) might be different from place to
place and time to time. Really, the idea of the possibility of whether Gy is truly a

constant or would be a variable was discussed by Dirac [50] in 1938. His work is known

as the Dirac’s numbers in which Dirac had noticed that there were some interesting
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numerical coincidences of physical fundamental constants and then he expressed them

in a dimension free manner. Namely

1040

Q

a = e?/km?

T./T, ~ 10%,

T,/k ~ 10%,
M,/m, =~ 10%, (5.69)
then these identities lead to
1 M,

where e is the electron charge, T;, = R, is the present age of the universe or inverse
Hubble constant in distance scale, T, = R, = €*/m, is the atomic time in distance
scale, k is the gravitational constant, M, mass of the universe and m, is some atomic
mass. This equation raises the possibility of both x would be a constant or vary with
different values of M/R. Namely, x can be determined by the mass distribution in the
universe or k can vary with time since the value of Hubble constant changes with time
[51]. In other words, 1/x might be a field quantity so, Jordan introduced a scalar field
¢ which plays the role of the reciprocal Newtonian gravitational constant x (where

k = 16mGy in short). Beginning with the standard Einstein action (5.49) as,

1 ~
S = /d4x,/—g (16 GNR+ £M) : (5.71)

and replacing Newtonian constant Gy by the inverse of scalar field ¢, 167Gy — ¢,

the action (5.71) becomes

S = /d4x\/—_g (ng + EM) . (5.72)
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This equation is not complete, because there must be some additional action for the

new field ¢,
5 /d4x\/_—g (oR+En+ L) (5.73)
In standard field theory the Lagrangian density for a scalar field £, is given by

Lo =g (5.74)

Since S = [ d*z\/= gE is dimensionless in units where h= ¢ = 1, £ must have length di-
mension —4, since ¢ has length dimension —2, we need the factor ¢ in the denominator

leading to scalar field Lagrangian £ to be

L, =—wp,0.,9" /0, (5.75)

where w is dimensionless coupling constant, for the dimensional consistency. Therefore,

the action becomes

S = /d4$\/ —g (QOR - g%p,ugp,uguy + EM> s (576)

which is known as Jordan-Brans-Dicke (JBD) action. In fact, the more general Ein-
stein equation includes a cosmological constant. Since BD theory is the prototype of
gravitational theories alternative the general relativity, when we consider the general
relativity limit, we may need an additional term which reduces to the cosmological con-
stant. Hence the scalar field potential V (¢) is added to the action (5.76). Therefore

the more general BD action becomes

w ~
S = /d4:cx/—g (wR - ;so,uso,ug‘“’ - Vip)+ CM) : (5.77)

The scalar field potential V' () may reduce to a constant or to a mass term. Generally,

it is included when BD theory is used in theory of the early universe or in quintessential
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scenarios of the present universe. Moreover, in high energy physics, scalar potential

corresponds to small interactions when the quantum corrections are considered.

The matter part of the action (5.77), EM is decoupled from the scalar field ¢.
If not, the geodesic equation will change, and weak equivalence principle will not be
satisfied. Weak equivalence principle states that all bodies at the same space-time point
in a given gravitational field undergo the same acceleration. Coupling this variable
scalar field to matter part of this action would causes the bodies of different mass to

have different gravitational acceleration in identical gravitational fields.

Using the action principle, variations of the action with respect to metric g and

the scalar field ¢ will vanish,

)
S _ 0,
ogH
08
) 5.78
oo (5.78)
which yields BD field equations (Apendix C),
W G A 1 1
QDG;W - 90,/1;1/ + guuDSO + ; (7(%\(106 "2 auSpauSO) + Eg;wv (90) = §Tuua (579)
and wave equation,
d
YR+ 2wy — 88,\@8’\0 — wM =0. (5.80)
© dip
By taking the trace of (5.79) and solving for R,
w A\ 1
eR = 30p + ;3,\30(9 w+2V — §T, (5.81)

where the trace T'=T! of the energy momentum tensor 7,,,. Using (5.80) and elimi-
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nating R from (5.81), we obtain that

1 av

1
Op = LA Ta B 5.82
4 2w+3<2 T30 ) (582)

where w is a dimensionless coupling constant which determines the coupling between
gravity and the BD scalar field. This theory approaches to general relativity as w — oo

[51].
5.4.1. The Limit to General Relativity

BD theory reduces to general relativity in the limit of large w. To explain this
limit in a simple manner, we can consider the free scalar field, namely V (¢) = 0 or we
can choose the scalar potential V' () to consist of a pure mass term, then go% -2V

vanishes. Then (5.82) becomes

Op = : (5.83)

For finite 7', (5.83) yields

Op =0 (é) , (5.84)

for a large w. Therefore we can conclude that

v =(p)+0 <£) . (5.85)

As we have explained in the previous chapter, the average value of ¢ is

B 1
N 167TGN‘

(0) = o (5.86)
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Then substituting this value into (5.85), we obtain the scalar field

1 1
Tl <;> . (5.87)

Using this equation in (5.79), we obtain the corresponding Einstein equation as w —

oo
G = 87GN T, (5.88)

The recent data from the time delay experiments in Solar system shows that the lower
bound on w is w > 3300 [52]. However, the principle of BD theory reducing to general
relativity in the w — oo limit is not always true. A number of exact BD solutions
have been reported not to tend to the corresponding general relativity solutions in this
limit [53, 54]. The anomaly comes from the vanishing trace of the energy-momentum
tensor. If =T/ = 0, Uy is also zero and the order of the ¢ for w — oo limit cannot

be worked out from (5.83). For this case (5.81) becomes

w
R = P@xp@’\p

= woh (Inp)d* (Inyp). (5.89)

For large w,

(Iny), ~ \/g _0 <%> , (5.90)

) : (5.91)

which yields,

p=po+0 (%) : (5.92)

Although this result tends to a constant value for ¢ for large values of w, the term

W (gm/
w2 \ 2

O — @Lga@l,(p) in the field equations (5.79) gives rise to a non trivial con-
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tribution, and thus this equation becomes different from the corresponding general

relativistic limit with the same energy momentum tensor for 7" = 0.

Another explanation of non-convergence of solution with 7" = 0 has been proposed
using the conformal transformation theory [55, 57]. This theory is as follows: for the
BD theory with a free scalar, V' = 0 and vanishing trace of energy momentum tensor
T =0, the BD action (5.77) is invariant under a class of transformations. The change
of the BD parameter w — @ is equivalent to a mapping of BD theory into a same
equivalence class. Increasing value of @ is equivalent to the limit w — oo, thus this
limit can also be regarded as a parameter change that moves the theory within the same
equivalence class. Hence this limit cannot yield general relativity which is outside of
this equivalence class. On the contrary, when 7" # 0, the conformal invariance is
broken and the mapping of w — @ or w — o0, does not move BD theory into the same

equivalence class. Therefore, general relativity can be obtained in this limit [57].

To explain this argument in detail, we consider the purely gravitational sector of

the BD action (5.77). The scale transformation of the metric is

Juv — g,uu = Q2guw (593)

where € (z%) is a non vanishing smooth function called a Weyl or conformal transfor-
mation. It leaves the light cones unchanged, but it affects the lengths of intervals and
the norm of vectors. Under this transformation, the Ricci scalar R and determinant of

metric g, transform as
R=Q? (R + —> . g=02%. (5.94)

Substituting these results in the gravitational part of the action (5.77), we get

1 (2 5 6000  w _,
S B ﬁ d4LL’ 9 (Q QSOR - %5 + Qggpgu uSOauS0> . (595)

Using this transformed equation, if the conformal factor is chosen as 2 = %, the new
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scalar field becomes,

o — P =, (5.96)

which yields

S = /d fC\/_( R—Ewsoug ) (5.97)

w—6a(a—1)

where 0 = 1 20)°

. Thus, the gravitational part of BD action is left unchanged under
the conformal transformation for o # 1/2. This transformation maps BD space-time
into the same equivalence class. Therefore it is not possible to get general relativity from
the BD theory in the limit of w — © = oo with vanishing trace of energy momentum
tensor 7' = 0. However, there is no theoretical results which show that BD theory
always reduces to general relativity for T" # 0. Besides, BD theory solutions have
been obtained which do not converge to general relativity when 7" # 0 [58]. However,
corresponding limit of these solutions are physically irrelevant since when w — o0,
the scalar field ¢ — 0, which means that the effective gravitational constant becomes
infinite then this result is not physically acceptable. Moreover, BD field equations lead
to the conclusion that ¢ — o + O (1/4/w), even in the case of T' # 0, for the Bianchi
I type solution (homogeneous, but anisotropic), namely anisotropic cosmology fails to
converge to the corresponding solution of general relativity theory [59]. Additionally, in
this work, it is shown that, for the non-static spherically symmetric case, convergence

to the general relativity does not work even if 7" # 0.
5.4.2. Brans-Dicke Theory in Higher Dimensions

As we have discussed before, there might exist new spatial dimensions beyond
the four where the standard model particles exist. In these models, only gravity can
propagate into the extra dimensions which we cannot observe. The main aim of this
theory is to incorporate gravity and gauge interactions in a unique scheme in a reliable

manner. Simply, Newton’s gravitational constant is related with the energy scale of
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Planck mass where quantum gravity effects would be important;

hc?
871G N

1/2
Mpc? = { ] / ~ 2.4.10"%GeV. (5.98)
This value of Planck mass is too large to measure experimentally. Therefore, Newton’s
constant again needs some modifications and investigations on it. On the other hand,
gravitational constant is described as a scalar field in BD theory which is alternative
to Einstein general relativity. Similar to application to four dimensional space-time,
BD theory can be generalized to the higher dimensional space-time and then effective
gravity localized on the brane can be investigated. This consideration might be helpful

to find out the mysteries of gravity.

Additionally, observations indicate that the expansion of our universe might be
presently accelerating [60, 63]. The main content of the universe responsible for the
acceleration is usually called as dark energy which constitutes about three fourths of
the whole matter of our universe. To explain the dark energy, there are a number
of quintessence models which involve a minimally coupled scalar field with potential
[64, 66]. However, in these models, the scalar field is added by hand and hence its
origin is not understood. On the other hand, in BD theory, this scalar field plays the
role of Newton’s constant as we have discussed before. However, this scalar field does
not lead to cosmological acceleration. In this model, to get an accelerated universe,
some authors have considered that the coupling constant w must vary with time [67],
or there must be an additional potential is added by hand [68, 69]. But in Kaluza-Klein
theory, the model of accelerating universe is satisfied by the compactification of extra
dimensions [70, 71]. Therefore, higher dimensional space-time can take into account
the cosmological acceleration. Dereli and Obukhov [72] have investigated the exact
static solution to the Einstein-Maxwell-Klein-Gordon theory with a cosmological term
in (d+n) dimensions and have related the solutions with higher dimensional BD black

holes.
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The action of the n-dimensional BD theory is proposed as

S, = / d"z/ g™ [@R(”) _ ggAB (04) (Opp) — V ( 1 / d*z/ gL (5.99)

where R™ is the curvature scalar associated with the n-dimensional space-time metric
gaB, ¢ is a scalar field, w is a coupling constant, and finally, 65\7}) represents the n-
dimensional lagrangian of the matter fields. The indices A, B = 0,1,2,4,...,(4 4+ d)
and p,v = 0,1,2,3 and signature of the metric is (—, +, 4+, +....) .
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6. BRANE WORLD COSMOLOGY AND
JORDAN-BRANS-DICKE THEORY

In spite of the successes of general relativity, which is now called the standard the-
ory of gravitation, there are many other generalizations. As mentioned earler, among
them the scalar-tensor theory has great importance. The scalar-tensor theory was
conceived originally by P. Jordan [47] and Y. Thiry [48]. Jordan embedded a four di-
mensional curved manifold in five dimensional flat space-time. He presented a general

Lagrangian for the scalar field living in four-dimensional curved space-time:

1
LJ =Vv—4g |:S0} (R - WJ@Q“”&;@J@WJ) + Lmatter (SOJ7 \II) 9 (61)
J
where @ () is Jordan’s scalar field, v and w; are constants, and W represents matter
fields. ¢ R is the nonminimal coupling term which marked the birth of scalar-tensor
theory and the term Lyagter (¢, ¥) is for the matter part which depends on the scalar
field.

Jordan’s work was taken over particularly by C.Brans and R.H. Dicke [49]. As we
discussed in section 5.4, they assumed that decoupling of scalar field from the matter

part of the Lagrangian occurs. They defined their scalar field ¢ by

© =@ (6.2)

and then they rewrite the Jordan’s Lagrangian in JBD form as in Equation (5.76)

1
LJBD =V g <§0R - wzgwauﬁﬂausf? + Lmatter (‘II)) ) (63)

where w = w; /7% They demanded that the matter part of the Lagrangian /=g Lmatter
be decoupled from ¢ (z) as their requirement that the weak equivalence principle be

respected, in contrast to Jordan’s model. To remove the singularity from the second
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term on the right hand side we introduce a new field ¢:

¢2
= = 6.4
Y= (6.4)
Then the Brans-Dicke (BD) action will be [73]
2 1
LBD = \/—_g (8—wR — 59””(9“(1531,(? + Lmatter) . (65)

where in order to get cosmic acceleration, either the parameter w should be time
dependent [54], or a potential term for the scalar field could be added [68, 69] to the

Lagrangian.

On the other hand, string theory has led to a new type of object which is called a
brane. This also gives a new perspective to cosmology so that our universe is confined
to a four dimensional space-time subspace or 3-brane. The extra dimension may have
large compact toroidal topology [13] or be unbounded with a warp factor, depending
on the distance from the brane [15, 16]. Several works have studied higher dimensional
BD theory to combine the advantages of higher dimensional cosmology with the BD
theory [74, 78]. Moreover, considering the scalar field in the five dimensional bulk with
Einstein gravity was proposed in the papers [79].

Our starting point is the paper of Bander who studied five dimensional bulk whose
dynamics is governed by a scalar Liouville field coupled to gravity in the usual way [80].
He derived that the effective theory on the brane has a time dependent Planck mass and
a cosmological constant and also found expanding scale factors with no acceleration.
In our work, instead of the five dimensional action in Bander’s work, we investigate
the properties of the five dimensional bulk in Brans-Dicke theory [81]. Moreover, in
both works, the five dimensional metric ansatze are similar. In our work we start
with a general warp factor which becomes linear to satisfy the BD equations. The
layout of this chapter is as follows. In section 6.1 we present the general framework for
our five dimensional theory and compute the five dimensional Brans-Dicke equations.

In section 6.2 we analyze the cosmological solutions. We find false vacuum energy
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(pp = —pp) for exponentially growing scale factors and radiation dominated universe
(ps = 3pp) for power law scale factors in the bulk. In section 6.3 we derive the effective

four dimensional scalar field and obtain its time dependence.
6.1. The Action and Equations of Motion

The action of our five dimensional BD theory is proposed as

2
S = / dx\/—g (g—wR — %8A¢8B¢9AB -V (¢)) + Smatters (6.6)

where w is the dimensionless Brans-Dicke parameter, ¢ is the scalar field and V' (¢) is
the scalar potential. Spatter Tepresents the five dimensional action of the matter. The

variation of the action with respect to g4? gives field equation as

1 1 1
@ (¢2GAB - gb?A;B + gABngQ) — §8A¢03¢ + ‘(J?%B@cgbacqb%— §gABV (qb) =Typ. (67)

We choose a general five dimensional metric ansatz which can be written as [80]:
ds® = b(t)>dW? + f (W)? [=dt* + a (t)? 6;;da’da’] (6.8)

where i, j = 1,2,3 and f (W) is the warp factor which depends on the fifth coordinate,
a (t) is the cosmological scale factor and b () is the time dependent scale factor of the
fifth dimension. More generally, this metric has been studied in [78, 82]. In Mendes’
work [78] the five dimensional brane cosmology with non-minimally coupled scalar field
to gravity is interpreted in Jordan frame without a scalar potential. In our work we

add a scalar potential to the action.

In the orthonormal basis € = fdt, ¢ = fadz® and e® = bdW, the stress-energy

tensor can be considered as [82]

Tg - Té‘ |bu1k +T§‘ |brane7 (69)
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where T |pux is the energy momentum tensor of the bulk matter and

Tg ‘bulk: dlag <_pBapBapBapBa QB) . (610)

The second term T4 |prane corresponds to the matter content in the brane (W = 0),

o (W)

Tfél |brane: dlag <_p7pap7p7 0) . (611)
If we substitute the Einstein tensor components in eq(6.7) we obtain the BD equations.

In the coordinate basis, for component 00;

o Y DR R A T Y

wl\@ a) T ECE T T e T e
a0  bo*y  fP(Owe)  (09)  FPVI(P)  Tw
i S b il i R i SR
For components 7t;
1 i a2 CLZ) b f2 f/2 f// 82 ¢2
%[_<25+§+2%+5>+b_2(3ﬁ+37+ e
flowe™  2¢* bo*  Lade® . f2 Owe)  (9i0)°
SEG) T e et e iy
2V(¢) _ 1T
_|_f T& = EE (613)
For component 55;
1 a2 i 27 0k Lad*  Af*f owd?
Sl Gt )t Nt e
P2 Owe) (@9 SPV(9) _ T (6.14)

42 2 492 2 @2 B ¢
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For component 05;

1 [SZ}f’ 0w | [ O 63W¢2]  10:90w¢ _

Sw T 2 ¢

bf 2 7o b o 0. (6.15)

Assume that the 05 component of the energy-momentum tensor vanishes, which means
that there is no flow of matter along the fifth dimension. Therefore the nonzero elements

of the 5D stress-energy tensor are

J (w)

Too = f*ps+ fQTp (6.16)
2 2 5 20 (W)
Ty = a’f'ppta’f —— (6.17)
Tss = bgp. (6.18)
Finally variation with respect to ¢ gives,
1 IV (¢)
—(¢pR) — ————+Up =0 6.19

which explicitly reads

Ly %0 Af0vo_ 3ade b oo dhe 1oVe) oo

Ao 20 TR F 6 fPad b2 o B o 0o

where the Riccl scalar R is:

B=

P

o f202 fb2

1 /60 20 6a> 6aby 12f?  8f”

( ¢ L ) ;o8 (6.21)
The metric and the BD field are continuous across the brane localized at W = 0.
However their derivatives can be discontinuous at the brane. Since we have Z, orbifold
symmetry, second derivatives of scale factor and BD field will contain Dirac delta func-
tion in the second derivatives of the metric with respect to fifth dimension. Therefore

for a function f, we have [78, 82]

=T 8 (W), (6.22)
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where ﬁ is the non-distributional part of the double derivative of f, and [f'] is the

jump in the first derivative of f across W = 0, it is defined as

1= 107) = (07).

Matching the Dirac delta functions in Equation (6.12),

1 f2 f// ¢// B (S(IU)
B rYg) = P
Lol 9]
<3 T ¢b> —P
and in Equation (6.13)
1 f2 f// ¢// 5(11))
oY) = e
Lol o1y _
(3 T gbb) =P
and finally in Equation (6.20)
f// (b// B
R
2, 18] _
w f K3 ’
using (6.25) and (6.29)we obtain that
[f/]o _ 8w?
fobo (3w + 4) ¢2p
[¢'], I )
Bobo (Bw+ 4) 2"

(6.23)

(6.24)

(6.25)

(6.26)

(6.27)

(6.28)

(6.29)

(6.30)

(6.31)

where the subscript ‘0’ stands for the brane at W = 0. Using eq(6.25) and eq(6.27) we

get the remarkable result that the cosmological constant dominates on the brane i.e.

_ __¢_%<3[f’]o 2[(/5’]0)
p=r= 8w \ fobo +¢0b0 '

(6.32)
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Here choice of the scalar factor a (t) does not make any difference on the equation of

state p = —p.

To evaluate the jump condition we substitute (6.30) and (6.31) in eq(6.15),

(— 3w§—;p+4§p — 8§p+4%p+4gp+ 4p — 2w§p— 4%,0) + 8w§p =0, (6.33)
where the derivation is
00w ¢ o¢ ¢
JEWE - o2 P
Pz <¢_¢>+¢) - |
oo pg o ¢ Pb
= (28 L LT 20 00 L O0 6.34
(56 +55 %555 o5) (6:34)

where we use (6.31) in the second line, then we get the equation for the matter on the

brane
. b b
4p + 3wz—)p + 6w<—bp =0, (6.35)
where if 2% = % or in particular time derivatives of the b and ¢ are zero, we obtain
that p and p = —p are constant on the brane.

6.2. Solutions

Solutions of BD equations restrict the scalar field to be in the form ¢ (¢, W) =
B (t) C (W) . Starting from this, to satisfy all of the BD equations we make two possible
ansatze for a (t). The first one is exponential growth in time and the other is power

law expansion.
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6.2.1. Exponential Expansion, a (t) = age*

If we choose the scale factor a(t) as exponentially growing, we see from (6.12-6.20)

that, for component 00:

—[(3+ 3A% + 6)% 2%%) - f—2(3§—/22 + 20_/2 i 6%%)}

f2 "2 132 f2v<¢) B f_2

M2 C? 4B 2 ¢z @27

(6.36)

For component 1 :

81}[ <3)\2+2/\Z+Z+4)\g+2§+23>+f—2(3§—/22+2c—,2+6f7/%/>}

f2 O 1 B2 f2 174 ¢ f2
42 C2 4B2 2 ¢<2) 528 (6.:37)

For component 55 :

81[ (3A2+6Ag +2g—z +2B> +f—2(6§—l22+4f7/%1>]

f2 O" 1 BZ N f_2 (¢) f2

Twrcr 4B 2 g2 gt

(6.38)

For component 05 :

1r.bf 430/ 2Bf’ 260']_130'

w07 Yo7 el 3 Y (6.39)

Finally, for the ¢ derivative:

1 b b /2 f’2 B B bB

L2 2oy - (12 f2>]_3>‘B_§_E§

2 12 2

)T

These equations consist of sum of several terms and we can solve them by making all

of these terms constant in each equation. Therefore b (t) must be constant, b(t) = by
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and B (t) must be in the exponential form also B (t) = Bye?* and than for warp factor

f (W), we can easily read that

W)= —. 6.41
FW) = 5 (6.41)
For a brane at W = W, we introduce the coordinate W’ such that % =1- % The
metric on both sides of brane can be written
W\’ A
ds® = bgdW? + (1 — W) [—dt® + eMdi?] (6.42)
0

and the brane is at W = 0. Here we dropped the prime for simplicity. This warp factor
is the same as in Bander’s work [80]. The brane we live in is embedded in the five-
dimensional bulk space-time and the four dimensional part in the square parenthesis
is the well known de-Sitter space-time. This metric is similar to a Randall- Sundrum
type of model in some sense. Instead of the exponential warp factor we obtain the

linear warp factor. However for small W it is known that
el — W, (6.43)
and two the models are similar.

To satisfy the BD equations, we have obtained a linear warp factor for the expo-
nentially expanding scale factor. From these results and BD equations, W dependent

part of the scalar field must be equal to some power of the warp factor, namely

ca (i1 o

therefore since B (t) = Bye and the scalar field ¢ = B (t) C' (W), we can express it as

¢ = Bocy [eﬁt ( — %)r (6.45)

where v = fa and the power v and § will be derived below for different conditions.
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Substituting these predicted values for f, B and C' in Brans-Dicke field equations, we

get for (6.36)

1 1 a?

3N2 + 6 a3 — 3+20%+6a)| — ——
8w & (boWo)? ( ) } 4 (bgWy)?

o’ Vo f?
B

for (6.37),
1
— | — (32 +4)afB + 4a%6%) + 3+ 2a% + 6a
052 Oé2ﬁ2 Vb f2
+ - + === 5
S
for (6.38),
1 1 o?
— | — (3A% + 6 af + 4023 + 6+4a)| - —
8w [ ( g 7 (boWo)” ( ) 4 (boWo)*
_05262 Vb _ f2
for (6.36),
11 a28 af 1283
— 4= —2— —— =0
8(4) W() WO + 2 W() ’
and finally for (6.40),
1 4 V
—12)% — —3)af — 23 + — 2=
4w (bWo)? ’ ’ (boWo)* 2

Where on the brane we live

B ¢_2 B (3000)2 e2apt

167G) = M2

(6.46)

(6.47)

(6.48)

(6.49)

(6.50)

(6.51)
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where Bycy is required to be within a few orders of magnitude of Planck mass [15].

In equations (6.12) and (6.13), since W dependent parts have opposite signs of
each other, it looks like that the condition pg = —pp might be satisfied. As we will
show below, this condition can be exactly derived for exponentially expanding scale
factor. Depending upon whether the fifth component of the energy momentum tensor
Tss5 is zero or not, we will obtain pg = pg = 0 or pg = —pp # 0 respectively. We first

discuss the solution where T55 = 0.

Tss = 0. For this case, using a computer program, the solutions of the BD
equations (6.46-6.50) exists only if pg = 0, pp = 0 (empty universe), on the other hand
there are two different results available for the other parameters as shown in following

set of equations,

_ _ _ 1
P —0 p —0 ‘/0_07 5_)\’ a_2(1+w) (652)
B=% FB= _ eV p 20 _ 0 g '
0= T (14w’ (Boco)™™, =0, a=13

where b,W,\ = £1. Here in the first row of the Equation (6.52), the BD equations give
a scalar field which depends not only on time but also on the fifth coordinate. On the
other hand in the second row the scalar field only depends on the fifth coordinate and
there is a scalar potential V) # 0. Therefore the scalar potential does not depend on

time

V(¢) = Voo* =, (6.53)

where Vj is a constant has dimension L=2=%. From these results as w — 00, a, Vo — 0.
Therefore V' (¢) — 0. This means that at the large values of the BD parameter, the

scalar field is constant

(6.54)
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with no scalar potential.

The ¢ = 0 condition has been derived in [83] where it was found that empty
and flat five dimensional universe where (®) RMN po = 0 and A5 = 0 gives rise to a
four dimensional expanding universe with nonzero Riemann tensor and cosmological

constant. This five dimensional space is a well known Minkowski universe
ds® = —da} + daj + dal + dx + da? (6.55)
transformed into

W
ds® = bdW? + (1 — Wo’ [—dt® + e (dr® +1%dQ3)] (6.56)

by the following transformation

)\2 2
v = bo(Wo—|W|)<sinh(>\t)+ 27" e’\t>, (6.57)
)\2 2
Ty = bo(W0—|W|)<cosh()\t)— 27” e’“), (6.58)
x5 = by (Wo—|W|) MeMcosb, (6.59)
zy = by (Wo—|W]|) MeMsinf cos o, (6.60)
x5 = by (Wy—|W]|) AreMsinfsin o, (6.61)

after some calculations we get the factor byWWyA in front of the four dimensional part.
This was already found as unity. Therefore the four dimensional curved space-time can
be embedded in the five dimensional flat space-time by these coordinate transforma-

tions.

Ts5 # 0. From the BD equations (6.46-6.50), we obtain that pp = —pp # 0 and
6=0.As w— oo,

(Boco)Y* a2 (a+ 1)

2—2/a
A ALNCES) o7, (6.62)

PB = —PB —
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(Boco)?* a2

(byW,)* a—1
(Boco)”* 0* (3 + a)
(bOWO)2 2(a—1) ’

e, (6.63)

(6.64)

for all of the results # =0 and V (¢) = VOQSQ_%, therefore the scalar potential becomes

again time independent for the exponentially expanding universe for gg # 0.

In general, this behavior of the energy and momentum namely, p = —p acts as a
cosmological constant. In previous works [84, 85] this energy has been identified as the
false vacuum energy density py. During the false vacuum phase the universe supercools.
It is believed that as the universe expands it cools down and then it experiences a series
of phase transitions. Since the cosmic expansion continues to drive the temperature
downward, the universe enters a period of supercooling. As the universe supercools the
energy density acts as an effective cosmological constant. If we suppose this phase as
the false phase, the probability of a point remaining in the false phase during the bubble
nucleation process is quite small as shown in [86]. Then the universe is dominated by

the true vacuum and exits from the false vacuum.
In the true vacuum we can consider a power-law expansion.
6.2.2. Power-Law Expansion

The scale factors are:

a(t) = ao(t/t)", (6.65)
b(t) = by (t/t) (6.66)

B
These power law solutions restrict us to choose B (t) = By (%) .Then the time com-
ponent of BD equations(6.12) becomes
f2 f/2 0/2 f/ '

i [tlz(:w + 83Xy + 63 + 298) — b_2<3ﬁ t2apt 676)]
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f2 0/2 1

AR C? 42

fPvie) f

the Equation (6.13) is

101
[ —(3>\2+2)\+2)\7+72—7+252—2ﬂ+276+4>\ﬁ>

8wl ¢
f2 f/2 Cl2 f/ C/ 2 0/2 1 f2 V (¢) _ f2
e r2Et5e) | tipe wP T = e 609

then the component of the extra dimension (6.14) becomes

i[_l<6)\2—3)\+52—ﬂ+6)\ﬁ>—|—f2(6f_/2+8£g)]

8wl 2 AN e
f? Cl? 1 f2 Vv ¢ f2
TaR oz 4_t2ﬂ2 + 7—(52 ) = EQB, (6.69)

the Equation (6.15) yields

1 !/ Cr/ !/ Cl /80/
— 3yl —4p= 4281 4oy = | - = .

and finally the last equation of BD field equations (6.20) becomes

Ll 2 2 2" Lo
f2r e 10V (9)
—4=—=+ =) —-—-——==0. 6.71
+b2<fC+O) 5 00 (6:71)
These equations restrict us to choose v = 1, since all the terms must have some

constant multiplied by the ¢? in the denominator. Then again we get same result for
the warp factor, f(W) = <1 - %) and C (W) = ¢ <1 - %}') . On the other hand,
the condition that the potential V' (¢) must purely depends on ¢ yields f = «. Then

these results causes scalar field to be

¢ (t,W) = Boco K%) <1 - |WWO|)]&’ (6.72)
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where By and ¢y are constants. More clearly, the last term t? f2% in the left hand
side of equations( 6.67-6.69) reveals the Equation (6.72), then scalar potential could

be in the form of
V (¢) = Vo@D, (6.73)

where since Bycy has dimension L~3/2, therefore Vj has dimension L=3/*"2. Here to

make BD equations simpler we set botﬂ = 1.
0

Now we want to find a general result so we consider the equation of state as:
PB = VpB. (6.74)

Putting all of these settings in the BD equations we find a nice result: here the in-
teresting thing is that there is no solution other than v = % for pgp # 0 and pg # 0
and solutions are valid only for qg = 0. Different values of the variables in equations
(6.67-6.71) are satisfied only for a single value of v which is 3. Then this ratio between
the pressure and energy density corresponds to the radiation dominated universe; and

w dependence of A\, o, and V}, are:

ps = 3pz, (6.75)
V3w +4+1
ox = ST (6.76)
V3 4
AL = M7 (6.77)
4(w+1)

and finally

3 (Boco) ™ (3w +4) (3w £ V3w + 4+ 5)
t2 32w (w + 1)2 '

Voo = — (6.78)

All of these solutions do not give a specific value for w. From the time-delay

measurements, experimentally w > 500 [87] and more recently w > 3300 [52]. As
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w— 00, a — 0, Ay — }l and V) — 0. This means that at this limit, the scalar field

becomes constant and the scalar potential vanishes.

For the power-law scale factor we obtain one more solution. BD equations give

EV3wHd+1 ohich

the empty universe, namely pg, pg = 0and A =1,V5 =0 and a4 = 5ot T)

are the same as previous value of « (6.76).

The solutions presented here represent decelerating cosmology for the radiation
dominated universe and expanding cosmology with constant velocity for the empty
universe. However astronomical observations show that the universe is not only ex-
panding but also undergoing accelerated expansion [88]. It may be possible to obtain
power law acceleration in BD theory if scale factors for external dimensions are time
dependent. In string theory some cosmologies can achieve accelerating scale factors

89, 91].

The metric which we found in this part may be related with the Kasner space-
time [92]. It has a cosmological singularity at ¢ = 0 where the square of Riemann

tensor diverges. On the brane we live (W = 0)

24\

upo
Ry R =

(6.79)
This is a physical singularity and it cannot be avoided by any coordinate transfor-
mation [93]. However, since the central part of the space-time is avoided in orbifold
construction this has no importance for the brane world scenario [15].

6.3. The Effective Four Dimensional Gravitational Constant

Finally we calculate the four-dimensional effective gravitational constant on the

brane and compare with our previous results eq(6.51). On the left hand side of the
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action in eq (6.6) the first term is:

¢?5) 1
& — = [d M} = / & . .
/ J}\/§ Sw R(5) / ZE\/E (5)R(5) x\/§167TG(5) R(5) (6 80)

We can perform the W integral to obtain the effective gravitational constant.

With the same manner in the [80] work, this equation reduces to

o o W’
/ d5x\/§£}%(5) - / d4xdW\/g(4)£ (1 _ %) b(t) R <g§j> (x)). (6.81)

For the exponentially increasing scale factor we have obtained time dependent

scalar field that is ¢ () = Boco [eﬂt (1 — %)} a. Then eq(6.81) becomes

2

¢(5) boWO B202€2aﬁt
&1 /g-2 Ry = | d'a2 O y A 82
/ ™ 8w Re) / 8w (2a0 + 3) goR <g” (x)) ’ (6.82)

then since a ~ 0, the effective gravitational constant becomes

2

P _ boWo
8w 12w

1

- Bocy)? 6.83
].67TGeff ( OCO) ) ( )

_ 2 _
= Mppp) =

which is independent of time. This is similar with what we have discussed in eq(6.54)

and here B,c, is within a few orders of Planck mass.

For the power law scale factors the scalar field is ¢(5) = Byco (% (1 — %))a

o boWo [t \**T" B22
/d%\/ﬁ%R(m I/dA‘fC T <—> % gIR (gf;l) (:c)), (6.84)

4w t(] 2c0 + 3)

here again for o ~ 0, the four dimensional Brans-Dicke scalar field (or the inverse of
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the effective gravitational constant) is

—1 %4) Wo
2 2
167Gy = Myesp) = Sw 12w (Boco)™ b(t). (6.85)

Hence the four dimensional effective gravitational constant depends on time [80].

In this part we introduced a five dimensional BD action and studied the five
dimensional metric with a warp factor. We showed that the field equations imply
a linear warp factor. For an inflating scale factor we found that the energy density
acts as an effective cosmological constant. For power law expansion of scale factor we
obtained a radiation dominated universe. Additionally we have shown that the five
dimensional scalar field is nearly but cannot be exactly constant. On the other hand
the four dimensional effective scalar field is constant for exponentially growing scale

factor and depends on time for the power law scale factors.
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7. SCHWARZSCHILD-DE SITTER BLACK HOLES IN
4+ 1 DIMENSIONAL BULK

In the universe, there exists four fundamental interactions; weak, strong, electro-
magnetic and gravitational. However, all the interactions in nature are not unified.
Gravity shows some different aspects because of its long range and unquantizable be-
havior and its importance in cosmology. To get a natural explanation for the unification
problem, the possibility that gravity might not be fundamentally four dimensional has
been considered [13, 16]. Basically these scenarios say that our universe may be a brane
embedded in some higher dimensional space. All matter and gauge interactions live on
the brane while gravitational interactions are effective in the whole higher dimensional
space. Besides cosmology, black holes explore the geometry of gravity and its quantum
effects. Therefore gravity and black holes can be related with the brane-world cosmol-
ogy. In many of the brane-world scenarios, the matter fields we observe are trapped on
the brane and when they undergo gravitational collapse a black hole forms [94, 102].
This black hole becomes a higher dimensional object. This higher dimensional object

can recover the usual physical properties of black holes and stars.

Most of the recent brane world scenarios originated from Randall-Sundrum (RS)
models in which the four dimensional Minkowski universe is embedded in five dimen-
sional AdS bulk. This bulk is compatible with a Friedmann—Robertson—Walker (FRW)
brane. The most general vacuum bulk with a FRW brane is Schwarzschild-anti-de Sitter
space-time [103, 105] where a domain wall moving in the 5 dimensional Schwarzschild-

AdS space -time with the metric

ds? = Guvdatdz”

5 dr
= —f(r)dt +f(7’)

2

+ 07 [dx + fr (x) d3] (7.1)

is considered. The FRW brane moves radially along the fifth dimension with r = a (¢),

where a (t) is the FRW scale factor. Then, expansion of the universe is interpreted as
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the motion of the brane through the static bulk. Here the part in the square parenthesis
is the metric of a unit three-dimensional sphere, plane or hyperboloid for £ = 1,0, —1

and fi (x) =siny, fo(x) = x, and f_1 (x) = sinh x respectively. The solution of field

equations RS, = A°g’, with negative cosmological constant A® = —7 is given by
r? u

where [ and p are constants. For g = 0, this reduces to AdSs and p # 0 generates the
electric part of the Weyl Tensor. By this consideration the location of three branes in

the five dimensional bulk can be investigated.

7.1. The Metric

Instead of these theories we have considered a four dimensional curved space-
time with positive cosmological constant embedded in five dimensional flat and empty
Minkowski Universe as shown in [83]. Starting from this point of view, in this part, we
consider a usual four dimensional Schwarzschild metric embedded in five dimensional
Ricci flat universe [106]. Our metric describes a black hole on a domain wall at fixed
w. As such a space we take the five dimensional analogue of Schwarzschild-de Sitter

space-time in the following form

2
1
ds? = (1 — %') [—U (r)dt? + 7 (T)er + r2dQ3 | + dw?, (7.3)

where we choose

B = U(r)( ——) dt, (7.5)
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E' = 7’( — M) de, (7.7)

E? = rsing (1 - M) do, (7.8)
EY = dw, (7.9)

and if the signature of metric nyy is (—,+,+,+,+), the five dimensional metric

becomes
ds* = nunEM @ EN. (7.10)

We get the nonvanishing components of the Riemann tensor,

20 (w
_thwt = Rw’rw’r = RwGw@ - Rwd)wqﬁ = #7 (711)
n(-5)
wo
w\7>T1 [2m 2 1
—Riyrer = Rogpgp = < - w_o 2\ + ) w—g (7.12)
w7271 (m 2 1
—Ripww = —Rigty = Rrorg = Rrgry = ( T wo 2\ T + w—g (7.13)

Then we get the nonvanishing components of the Ricci tensor as

2 2
k wg

3 1 1 26 (w
—Ry = R, = Ry = Rqsqs = —)2 <— — —) + # (7.14)
—_ 1 w J—

R = —200) (7.15)

Wo <1 — L%') '
If we apply our consideration, to get the flat and empty five dimensional bulk (where
w # 0 and w # wy), for M = 0, we set the Riemann tensor (7.12) and (7.13) equal to
zero, then the condition of k = wy must be satisfied. Therefore for M = 0, the bulk
becomes flat and for M # 0 the bulk becomes Ricci flat (7.14). Then it is precisely the

condition that the parameter wy in U (r) (7.4) and in the warp factor in (7.3) are the

same which causes the 4 + 1 dimensional bulk to be Ricci flat.

This metric tells us that for constant w the cosmological constant is Agpserved =
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3/w2. We set up the 3+ 1 branes at w = 0 and w = w; < wp. Then, on the branes this
metric will be in the standard form of the Schwarzschild metric. Here note that in small
scales the cosmological curvature is much smaller than the Schwarzschild curvature. If
we denote the perturbed horizon as r = 2M + ¢ for small ¢,

2M  1r? 2Mwi +8M?3  12M7¢

l—-— =1 7.16
r wi rwg rwg ( )

the black hole horizon is determined to be at r = 2M + 8M? /wi ,where wy > M. On

the other hand from the square of the Riemann tensor for w # 0,
48 M?
1
r6 (1 — M)
wo

one finds curvature singularities at r = 0 and w = F+wy. However one expects that

RMNPRR NpR = (7.17)

masses confined to the brane will generate the localized gravitational fields, so that
these singularities are not physically important. Strictly speaking, the warp factor is
given by 1 — |w| /wy, for —w; < w < wy, and we impose periodicity of period 2w; on

w together with Z5 symmetry w — —w.
7.2. Case for M =0

As we discussed above, our five dimensional metric gives the flat and empty
universe for M = 0. The four dimensional part of this metric can also transform into
the well known form of FRW metric. Namely the four dimensional part in square

parenthesis in (7.3) transforms into
dsi=[-dr’ +g (1)? (dX* + fi (x)? d3)] . (7.18)

by the following transformations. Here 7 and g (7) correspond to cosmic time and scale

factors of FRW universe respectively.
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o kL=-1
r = wy sinh (7) sinh (x) (7.19)
_wp cosh (x) sinh (7) + cosh (7)
b= 2 1 (cosh (x) sinh (7) — cosh (7’)) (7.20)
g (1) = wosinh (7) (7.21)
f=1(x) = sinh (x). (7.22)
e k=0
r = xexp (7/wo) (7.23)
t=71— % [x* exp (27 /wo) — 1] (7.24)
g (1) = exp (7/wo) (7.25)
Jo(x) =x. (7.26)
o k=1

r = wq cosh (7) sin ()
_wp cosh (1) cos (x) + sinh (1)

(
b= 5 <cosh (1) cos (x) — sinh (T)) (
g (1) = wq cosh (1) (7.

(

fi(x) =sin(x) .

EN| =~ f
[\] [\]
Nej co
~ ~— ~ ~

Brane world for FRW universe have been investigated in many papers. In our
work we include the mass term M and try to find out brane world cosmology for this

Schwarzschild-dS black hole (7.3).

7.3. Case For M+ 0

For the case of M # 0, we can make the same transformation, however it will
not make our work easier. If we put M = 0 in this transformation we obtain the same

metric as in (7.18). This means that, our space-time becomes FRW universe far away
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from the black hole. Hence we can use the context of FRW cosmological model.

In this part we suppose that the visible world is located at w = w;. Therefore

the visible metric tensor will be g(ws)

gf},ifd) = ¢ (2*,w = 0). Then the action becomes

= g (", w = wy) and for the hidden brane

S = Shia + Svis

= [ d' (V—=g") (Lya — Viia) + V=90 (Lyis — Vs 7.31
( hid hld) g ( vis VIS) ( )

where Vi;q and Vi are the brane tensions which are the localized energy densities on
the hidden brane and visible brane respectively. Here since we consider the Ricci flat
(R(5) = O) five dimensional bulk, this action does not include any contribution from
the extra dimension. The setup is similar to the scenario of [16]. The Einstein tensor

for this action is

V=9®Gun =~

(Visa/ =g g5 5%,8%,6 (1) + Vasar/ g g(3585,6%.5 (1 — wn)

4M3
(7.32)
At this stage, we look for the five dimensional Einstein tensor of metric (7.3),
G3, = 30" 8% ! (1 - |“’|>” (7.33)
MN M wa(l — M) wo ) :
wo
applying Z, symmetry, this tensor becomes; for the brane at w = 0,
Goyn = —604,6%n l,;é (w) for —wy <w<uy (7.34)
M (wo — [w])
then for the brane at w = w;
1
Gy = =685, 0%nu ————— [0 (w — f 0<w<2 7.35
MN MONTIu (wo — [w)) [0 (w — w1)] or w w1 ( )

where 7, = diag(—1,1,1,1), Capital Latin letters M, N = 0,1,2,3,5 denote full

space-time and lower Greek u,v = 0,1,2,3 run over the brane world. From (7.33), it
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is easily seen that there are no nongravitational fields (Ty,y = 0) and no cosmological
constant in the bulk. For the solution on the brane, we substitute this equation into
(7.32), then we get the tensions on the visible and hidden brane as

—24 M3 24 M3
Vis=——F—" and  Vyg = .

Wo (1 — ‘Z—;') Wo

(7.36)

These results are similar but not the same as RS model in which V,;; and V4;q are same
with opposite sign. We can derive the induced brane gravity [96], which consists of
four dimensional Einstein gravity on the brane. From the dimensionfull constants ks

and k4 the Planck masses M, Mp are defined as
Iig = 87TG(5) = M_3, Iii = 87TG(4) = MEQ. (737)

The induced Einstein tensor on the hidden brane is

M? 6M° g -
TP/d%\/Ewa = —T/d4$/ Ty 9(5)9uu< - M) o (w), (7.38)

—w; Wo

then for the hidden brane world

3 Vhiaw
Giu(hid) = _w_gn;w and M]23 - 12 0, (739)
and for the visible world
3 ViisW? w2
vis 1
wa(vis) =—————Nu and M3 = TO (1 — w_) , (7.40)
wi (1 — Z—é) 0

where Mp and M have dimensions (length) ™ [96] and wq corresponds to the 1/k term
in [16]. The Einstein tensor on the brane is found as exactly what we want to get.

Here we use that, for the four dimensional metric at w =0

1

ds®* = —U (r) dt* + 00

dr® 4+ r2dQ3, (7.41)
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and Einstein tensor is

3

Gilj(hid) = _w_(g)nw/- (742)
Then for the metric at w = w;
w2 1
ds? = (1— =) |=U (r)dt* + ——dr® + r2dQ? 7.43
S ( wo) { (r) +U(7’) re+rodQs | ( )
the Einstein tensor is
3
4
G;w(vis) == (744)

2l
wi (1 — g—;)

These two metrics are the usual well known Schwarzschild space-time on the visible
and hidden brane world. Therefore we get that the cosmological constant of the hidden
world is Aynia)y = 3/ wg. On the other hand for the visible brane we get the positive
cosmological constant Ay = 3 (wo — w1)72 and the five dimensional cosmological
constant Aj is zero everywhere. This may be interpreted as the four dimensional
cosmological constant originating from the localized energy momentum tensor on the
hidden brane affecting the visible brane through the bulk. In (7.36) the minus sign
on the visible brane tension comes from the attractive gravitational force. This minus

sign causes us to measure positive cosmological constant on the visible world.

To find the mass parameter on the 3-brane we find the effective action as in [16].
In our model the standard particles are located on the visible brane w = w; and this
brane is linearly small compared to the hidden brane at w = 0. To discuss the physical

scales, we can consider a scalar field on the visible brane. For example, for the Higgs

field

(vis)

Gtiags _ / A/ =gt g DD — X (HUH —md)] . (7.45)
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. 2
since the metric on visible brane is gfﬁjs) = (1 — %) gg,l,), this action becomes

SHiges — /d%@ (1 - %)4 [( — %) ngif)DuHDuH —A(H'H - m3)2]

(7.46)
This Higgs field cannot canonically be normalized due to warp factor appeared into
the action. To get canonically normalized field we redefine the Higgs field as H =
(1 — %) B H, then we get

9 2

GHiges / d*z\/—g® | gy DyHD, H — A (ﬁ*ﬁ — (1 — ’Z—;‘) mg> . (747)
Therefore the action on the (3 + 1) dimensional visible brane turns back to the same
action in (7.45) except from the vacuum expectation values of mass parameter m. This

mass parameter is affected from the linearly warped bulk metric, then if we define

m= (1= (7.43)

Wo

where my is the mass parameter on the visible brane in the higher dimensional theory
and m is the physical mass on the visible brane with the metric gé‘ 413, the eigenvalue of
mass scale on the visible brane becomes different from the hidden brane by the factor
of warp factor. Since the mass scale on the hidden brane is unsuppressed and the
fundamental mass scale is the Planck scale, this hidden brane can be referred as the
Planck brane. Therefore hidden brane is referred as the TeV brane since this range
of energy scale is more acceptable and observable in our universe. Here if the part in
parenthesis is of order 1071°, near the curvature singularity w; ~ wy where the visible
world is located, we get the TeV mass scale from the Planck mass scale, 10'®TeV. Then

these results can be explained and summarized as the following two main points:

e Using (7.36), relation of the brane tensions become Vi = —10% V4.
e The observed cosmological constant (107°%m~2) comes from the effect of the

hidden brane on our world. Really what we observe as a cosmological constant
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10752m~? is the Ayia). From this consideration we find wy from the equation

ey 3
1072m =2 = —,
Wy

(7.49)

then w; ~ wy = 10?®m is approximately just the Hubble length. Therefore we
are located at the distance of nearly Hubble length from the hidden brane. On
the other hand, the cosmological constant of the visible world which we cannot
observe is 10722m 2. The factor 10** in the two cosmological constants comes from
the location of our world. We are much closer to singularity wy than the hidden
brane. In fact, there is no cosmological constant more than one. To prevent this
complication, we do not use the name A anymore, we call it Goo(w). We can
summarize these results, by the relation
jw )

Aniay = A = Goo(w) ( — w—o) =10""m™?, (7.50)
which is satisfied for all w. Placing our brane at w = w; causes Ggo(w;) to be
10~22m~2. If we had placed our brane at any other w, Gy on the brane would
change as indicated in this equation but A would not change. Goo(wg) becomes
infinite on the singularity at w = wy. However 0 < w < w; < wy and the point

w = wp is outside the branes and the bulk.

One of the main motivations for this work has been the argument that, since there
is nothing except gravity in the fifth dimension, there should also be no cosmological
constant in the fifth dimension. Gravity originates from the hidden brane and then
it is localized and interacts with the matter on the brane we live. We cannot see
the hidden brane. However we can measure its effect as a cosmological constant A.
Additionally the distance from the hidden brane determines the localized mass density
of the universe. Namely Gyo(wy), the mass density in the visible brane depends on A
and varies with the location of the universe in the bulk. This causes the energy density
to be obtained as p ~ 103kg/m3. This value is too large to be interpreted as an average
energy density for our universe. However, interestingly enough this value is comparable

to stellar energy densities. This indicates that a model where the cosmological constant
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is localized and creates localized masses may be viable.

7.4. Corrections to Newton’s Potential

At first, in order to get a realistic theory we need to look for the localization of
gravity on the brane. To do this, taking (1 — |w| /wo) g + huw (x,w), we study the
fluctuations of the metric. Here hy, (z,w) is the perturbed metric and its transverse
traceless components represents the graviton on the brane i.e. the conditions d,h*" = 0
and hf; = 0 must be satisfied [15, 16],[107, 112]. By separation of variables we write
h,, in terms of the four-dimensional mass eigenstates h,, (z,w) = ¢, (t,2") ¥ (m, w),
where m corresponds to four-dimensional mass. This yields the wave function for

gravity as we have discussed in section 3.5.2

2 _ f’l(w)_ f/(w)Q m2f (w) 2 _
8w2/1+< 2f(w) 2f(w)2 +m*f (w) >1D , (7.51)

where the warp factor (1 - %) is denoted as f (w). Performing a coordinate trans-

formation from w to the variable z defined by dz/0w = £f (w) " and defining u (z)

by ¥ = f (w)1/2 u(z), we get the wave function as the solution of

(=02 +V (2) u(z) =m’u(z), (7.52)
where the potential V' (z) is
3 2 3 i
v -3+ 3L (753)

Here we denote the derivative with respect to z by prime and f is the 2z dependent
warp factor as addressed below. Since our brane is located at w = w;, we can write
the warp factor as f(w) =1— ZJT(I) + %, then z dependence of the warp factor will

be

r=(1- Z—) exp (— [#] /o) (7.54)
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the transformed coordinate z is given by

1— w4 |w1 —w|

wo wo

1w
z =sign (w; — w)In ( L ) : (7.55)

where our brane is placed at z = 0. Then we find the potential as

9 3
V(z)=———0(2). 7.56
(2) T () (7.56)
Here the ¢ function in the potential allows a normalizable bound state mode and this
shows that the 5D graviton is localized on the brane. In general for a potential V'(z)
which allows bound states, (7.52) has m = 0 normalizable solutions iff V' (2) > 0, as

z — 00. In this case localization of gravity on the brane occurs. Here m = 0 mode

corresponds to the gravitons on the brane.

The next point is to solve the Schrodinger equation (7.52). First of all, for the
zero mode wave function, we find that wug (z) = (3/2wo)"* exp (—3wp |2| /2). On the
other hand, the massive modes are u,, () = Aexp (— ﬁ — m? |z|) , where A is the
normalization factor. As explained in [110], the massive modes for 0 < m? < 9/4w3 do
not exist there and for m? > 9/ 4w8 this wave function becomes plane wave. Then there
is a mass gap 9/4w? between the zero mode and the continuous modes. Normalizing

the wave function for m? > 9/4w?, we get the normalization factor A,

0
1 = / A?dz, (7.57)
n(i-3)
-1

A2 = [ln (1—%)1 . (7.58)

At the end, the correction to Newton’s Law is obtained as

mr

U = 6™ a0 [ an ™, )

T T
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mnr

o0 —
mims _ mimse
= -Gy - M 3/ dm———— A?
mo

T T

_ g M, (1 B ﬂ) M2 mor 42

r Wo 72
m1Mmsa e~ mor

(1+C

— Gy ), (7.59)

r

where as we have explained above mg = 3/2wy, and then the constant C' becomes

-1
C = 167w (1 - ﬂ) (— In (1 - ﬂ)) ~ 10" m. (7.60)
Wy Wy

Here we used (7.36) and (7.40) and obtained that M~ = 2wy (1 - L”—(l)) M?. This

value of C' is severely in violation of experimental measurements.

In conclusion, in this part, we have presented a new brane world black hole
solution such that the Schwarzschild-dS, space-time is embedded into 4+ 1 dimensional
bulk with the linear warp factor (1 — |w|/wy). Here the visible brane is located at w =
wy < wy. We have presented the coordinate transformation between the Schwarzschild-
dS; and FRW space-time for M = 0. The same transformation can also be used for
M # 0. Although such a transformation will result in a complicated metric, for M = 0
this metric will reduce to FRW. For M # 0, we found that in the bulk not only the
energy momentum tensor but also the cosmological constant is zero. However the
effect of the hidden brane to our world is just the cosmological constant which we now
measure. The localized energy momentum tensor in the bulk also serves to cause a four
dimensional cosmological constant on the brane. It was found that this cosmological
constant depends on the distance scale wy. Finally we have derived the range of fifth
dimension from the hierarchy between the weak and Planck scales. This model is in
violation of observed values concerning corrections to the Newtonian corrections and

the matter-average energy density of the universe.
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8. CONCLUSIONS

Cosmology has been the basis of our thesis. In this context we have studied on
some topics in higher dimensional space-time. Therefore in chapter 2 we have presented
a brief introduction to cosmology in which the homogeneous, isotropic and expanding
behavior of space-time has been represented by the FRW metric. Using this model
of our universe, we derived the cosmological equations and then gave some values of

observed physical quantities.

The other main content of this thesis was the theory of extra dimensional space-
time. Hence in chapter 3, we mentioned the earlier models which have some similarities
with our works. We reviewed the Arkani-Hamed-Dimopoulos-Dvali and the Randall-
Sundrum models with extra spacelike dimensions, recently proposed as a solution to

the hierarchy problem.

We also introduced the Schwarzschild solution in chapter 4. We have formulated
the spherically symmetric static vacuum solution in four dimensional space-time. We
expressed the relation between the Schwarzschild black holes and gravity. We empha-
sized that the true nature of gravity is not well understood at larger and smaller scales,
and the hierarchy problem originates from the characteristic scale of gravity. Then we

emphasized that considering higher dimensional black holes may solve these problems.

In chapter 5, we studied gravity in Newtonian theory, in special relativity and in
general relativity separately. In these theories the Newtonian gravitational constant
is a universal constant. We also discussed derivation of gravitational field equations
from the Einstein-Hilbert action. In addition we mentioned the scalar tensor theory
in which the Newton’s gravitational coupling is related by a scalar field therefore the
gravitational constant is not considered as a constant anymore. We then introduced
the BD theory which is an alternative theory to Einstein’s general relativity. In the

final part of this chapter, we expressed the BD theory in higher dimensional space-time.
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In chapter 6, we have introduced a five dimensional BD action with a scalar po-
tential. We have chosen our metric (6.8) to be a 3+ 1dimensional space-time embedded
in 4 + 1 dimensional bulk with a warp factor f (W). Then we obtained BD equations
in five dimensional space-time. These equations contain Dirac delta functions which
correspond to localized energy densities on the 3 + 1 dimensional space-time. Using
jump condition we have derived the equation for matter on the brane and then we
got a cosmological constant dominated era for a certain condition. We then solve the
BD equations for two different assumptions of scale factor a (¢). In the first case we
assumed that the universe expands exponentially and for the second one it grows by
a power law. For each type of evolution of the universe, we got the same linear warp
factor and scalar field to be a functional of warp factor f (1) and scale factor a (t).
Firstly, we have discussed the case of exponentially growing scale factor in BD equa-
tions. Nevertheless these equations were not enough to determine the matter content
of the universe. Furthermore, BD equations have been considered separately either for
Tss = 0 or Ts5 # 0. For the first case, full BD equations satisfied only if there is an
empty bulk. To that end, we have derived two formulas for the scalar potential; in
the first solution, the scalar field depends on time but scalar potential vanishes. In
the second solution the scalar potential survives but the scalar field becomes time in-
dependent. Then to discuss observed values of the BD parameter w, since recent data
shows w > 3000, we considered the limit of w — oco. At this limit, the scalar potential
vanishes and scalar field becomes a constant which is consistent with general relativity.
In this part, it is important to note that four dimensional curved (de Sitter) space-time
can be embedded into the five dimensional flat space-time. Then we have derived the
explicit coordinate transformations between the five dimensional Minkowski universe
and our resultant metric (6.56). For the case Ts; # 0, we have obtained a cosmolog-
ical constant dominated universe and both scalar field and scalar potential becomes
time independent at the limit of w — oo. We also discuss the power law growth of
the scale factor in BD equations. These equations have been satisfied for two different
equations of state. First of all, we have got a radiation dominated universe in which
the scale factor becomes ~ t'/* at the large BD parameter limit. Moreover, scalar
potential vanishes and scalar field approaches to a constant. On the other hand, in

the other solution BD equations give empty universe and scale factor evolve as ~ t.
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However these two types of expansion of universe are not supported by experimental
data since observations show that the expansion of the universe accelerates. Finally,
we have worked out the effective four dimensional gravitational constant. Then we
conclude that, for exponentially increasing scale factor, the scalar field and therefore
the effective gravitational constant becomes a constant. On the other hand, for the

power law scale factor, effective gravitational constant becomes time dependent.

In chapter 7, we have studied a non-compact Zs-symmetric empty five dimen-
sional bulk and our universe has been considered to be a SdS space-time embedded
into this 4 + 1 dimensional space-time with a linear warp factor. Here the condition
for the empty bulk can be satisfied only if we choose this warp factor to be a linear
function which depends only on the extra coordinate [83]. Then the appropriate metric
(7.3) has been introduced in section 7.1. We tried to discuss the case for M # 0 in the
remaining part of this work. We found the Einstein tensor in 4 4+ 1 dimensional bulk
which contains Dirac delta function and no other terms contribute as we expect. This
Dirac delta function describes matter localized on 3 + 1 dimensional brane world. We
considered two branes, one is located at w = 0 and the other which is our brane at
w = wi. Then we have found that all the physical quantities on the brane at w; are
suppressed with some power of warp factor. To obtain the four dimensional physical
mass we consider the Higgs action in higher dimensional theory on the visible brane.
This physical mass is again suppressed with the warp factor. In order to solve the
hierarchy problem, we assumed that this physical mass is of the order of experimen-
tally observable energy scale TeV and the higher dimensional mass is of the order of
Planck mass scale 10'®TeV. Then this consideration requires a huge fine-tuning condi-
tion which is in the order of 107!, For such a hierarchy, place of visible brane located
at near the physical singularity wy. Formulating the Einstein tensor on each brane, we
then claimed that the hidden brane is a source of measured observable cosmological
constant for the visible brane. More generally, the value of cosmological constant at
w = 0 is also the same on every brane placed throughout the fifth dimension in the
bulk. Hence the location of a brane only causes the mass density to vary on this brane.
We therefore derived the values of wy ~ w; as 10?°m and mass density G (w1) on our

visible brane as 1072?m~2. This value of mass density corresponds to energy density
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p = 103kg/m3. However this value is too large compared to average energy density on
our universe but this range of energy is comparable to localized stellar energy density
on our 3 + 1 dimensional space-time. We then expressed that a common cosmologi-
cal constant survives on every brane placed in the bulk and it creates localized mass

density at corresponding value of w.

Following this work, in order to get the correction to Newton’s potential, we
have studied the evolutions of perturbations on our metric. Then we have obtained
Schrodinger wave equation and potential term which includes Dirac delta function.
This equation for potential shows that gravity is localized on the brane. We then
derived the zero mode wave function and we got the modified gravitational potential.
We saw that this model is in violation with the observed values of corrections to the

Newtonian potential hence experimental confirmation is lacking.

In this thesis we considered two aspects of our 3+ 1 dimensional universe embed-
ded in 4 + 1 dimensional flat space-time. The first model involved 4 4+ 1 dimensional
JBD cosmology. We showed that for exponential expansion of our universe the 4 + 1
dimensional flat space-time naturally arises as a solution of the field equations. The
second model involved embedding the 3 + 1 dimensional Schwarzschild black hole in
4 4+ 1 dimensional space-time such that in the limit m = 0 the 4 + 1 dimensional
space-time becomes flat. The results we have obtained for these two models naturally
suggest further investigation of 4 + 1 dimensional flat models into which 3 + 1 dimen-
sional curved universe is embedded as a brane. Another useful area of research could be
to investigate embedding our curved universe into higher dimensional flat space-times.
Our second model involved a variation of the Randall-Sundrum scenario such that the
4 + 1 dimensional bulk is flat. The main disadvantage of this model is that the visible
brane and hidden brane are apart a distance of the order 10**m. Modification of this
model such that this distance can be reduced to millimeter size is desirable. This also

is a direction for further research.
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APPENDIX A: NOTATIONS AND CONVENTIONS
INVOLVING THE METRIC AND THE CURVATURE

M, N label coordinates of the 4 + 1 dimensional space-time, u, v specifies 3 + 1

dimensional space-time and ¢, j denotes 3 dimensional space only.

The metric signature is —, +, ...+, and the 4 + 1 dimensional metric is

nun = diag(—1, +1, +1,+1, +1). (A1)

The metric of the 4 + 1 dimensional space-time is g,y and the induced metric

on the 3 4 1 space-time is g,,,.

We work in units 7 = ¢ = 1, such that there is only one dimension

-1 1

[energy] = [mass] = [ length]™ " = [time] .
Ordinary derivative of a scalar:
0aS =S4 (A.2)
Covariant derivative:
Vo V=V, (A.3)
D’alambertion operator:
0=V"V,=0"0,=g¢"0,0, (A.4)
Christoffel symbol:
D2, = 207 (G + Gos — Gy (A5)

[ 2 9



Riemann tensor:

Ri/w =0, o, +I, 10, =TT

w puo v Vo pA

S = 9% R

Symmetry properties of the Riemann tensor:

Rﬁ)\m/ = _R)\ﬁ,ul/
Bow = —Rgwy
Rﬁ)\uy = R;u/ﬁ)\

Rgpuw) = Ry + Ry + Rgpux =0

Rigauw) = 0

Ricci tensor:

R, =R,

o2

Symmetry property of the Ricci tensor:

Ry = Ry,

Ricci (curvature) scalar:

R=g"R,, = R!

109

(A.8)
(A.9)
(A.10)

(A.11)

(A.12)

(A.13)

(A.14)

(A.15)
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Bianchi identity:
v[aRﬁ)\],uy =0 <A16)
Einstein tensor:

1
G,LLI/ = R,uy - §Rg;w <A17)

V*G,, =0 (A.18)



111

APPENDIX B: PROOF OF SOME USEFUL IDENTITIES

Covariant derivative of a metric,

Vaguw =0 (B.1)

Inverse of a metric:

9" gux = 05 (B.2)

using this definition

9" aGuin + 3" Gura = 0

g/w 7agm — _gm/g,u)\,a (BS)
For any square matrix A,
det A = Tr{ln4} (B.4)

thus we have

(detA), = e A (Tr{ln A})
= det ATr (A™'A,) (B.5)
Application to the metric g,
g =det g,, (B.6)
Gra _ (Gu) sa

Ja _ (B.7)
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Fiu - 59 A (.gl/cn)\ +Gorsw _gkuaa) (B8)
If the metric is diagonal,
A L
Iy, = 59 I (B.9)

from the diagonality of a metric g"* = (g,,) "

Iy, = gxx)fl Do

(V=9), (B.10)

DO | —
Y

al-

Variation of Christoffel symbol:

1
qu = 590/\ (gua,u + Gopy — g;w,a) . (Bll)

1., 1,
5Ff;z/ = 559 A (gucr,u + gcf,u,ll - g,u,z/,a> + 59 A (591/0,;1, + 690;},,1/ - 5g,u,1/,cr)

o 1 o
— Fﬁygﬁg(sg Ay 59 A (6Gvop + 0Gony — 0G0
1
= §g>\0 (5gua;u + 5gau;u - 5guu;a> (B12)

Covariant derivative of a vector field V" :

VoV =V¥, =V + T4,V (B.13)

o

VoV = Ve +Ta v

- Vi o= (),
— (V) (B.14)

V=9
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For a scalar field S:

]' «
0S = NET (V=95°) ., (B.15)
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APPENDIX C: DERIVATION OF BRANS-DICKE
EQUATIONS

1. Variation of BD action with respect to g"":

2
= / d*z\/ =g (;b—wR — %amaygbg“” -V (¢)> + Smatter, (C.1)

55 = 65, + 6y + 854 + 54, (C.2)
where
s, = [ de (F¢2 ) (©3)
5. = [t <\/_ amaycbg“”) (C.4)
s5s = [ d'as () (C.5)
584 = Smatter (C6)

e Performing the first variation, 4.5 :

551:/d4:c(5 (vV=9) §2R+/d4 ¢_¢—253. (C.7)

For the first part

5v/=g = _T (C.8)

where g is the determinant of metric g,,, g = detg,,. Applying to our
calculation; the matrix A = g, and det A = g. Therefore 69 = gg""69,.-
The desired result follows immediately that

1
0/ —q = 5\/—gg’“’§gw (C.9)
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Using the definition of the metric g**gy, = 6*
56" ga, + 9" 0gn, = 0, (C.10)

(C.9) becomes

5V = ~ 5V 0" (C.11)
For the second part, since R = g"' R,

OR = 0" R, + g""0R, (C.12)

The first term in the form of d¢g"” multiplied by an expression, there is not

need for any effort on this term. For the second term, since

Ry, =0\, — 0,0y, + 3,00, — ), I3, (C.13)

Aot vy

derivation of this expression is

SR = 6(0iIp,) — 00, (T3,) + 003,17, +

o™ vy

3,00y, —or,, 5, —),0I%, (C.14)
Using the definition of covariant derivative,
Va (0T%,) = 0\ (6T%,) + T4, 617, — 5,614, — T3, I, (C.15)

Equation (C.14) becomes

0R., =V (0T7,) — V., (6T3,) (C.16)
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Using the property of metric compatibility for any vector field

guuvpvy = v,o (QWVV) = va'u (Cl?)

we obtain that,

§VOR,, =V, (g"6T,) — V, (6T (C.18)

Performing again the covariant derivative and multiplying with the root of

the determinant of the metric

V39" R =

changing dummy indices

\% _ggMV(SRMV =

¢2 Vv _gglﬂ’5le

vV —g|0\ (g‘“’éF;\ ) )\/@g’“’dfﬁ
-0, (g“”5fj\\ ) ”ﬁg“ﬁéf’\ ]

1

V=il (gar,) + (égﬂgm,ﬂ) 7o,

—09, (g"oT3},) —
/=g [éh (901 ) + (—V_g)’ﬁ g"oT?,

-9, (guV5F§u) _ (v __g;ﬁguﬂﬂ"iu}

O (V=gg"oT},) — 9, (V=gg"oT},) (C.19)

(\/ gg"ory, — \/—gg’”ﬂ’i#) , (C.20)

= $0, (V=99"0T], — v =94"0T3,)
- {(rww V=agT,) ¢

— (V=gg"dL}, — V=gg"ol3,) ¢%,  (C.21)

the term in the first line is a perfect divergence, so it will vanish at the
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boundary. Using the expression for variation of the I'’s

1
5F3u = égw(dgl/ﬂ;u + 09pu — 0Gpu:p) (C.22)

we get

2

— ¢ y
¢*V=g9" ORu = _777(\/ —99" 97ﬁ<5911ﬁ;u + 09y — 0Gpuw:p)
—V=99""9" (09r0sp + 0gour — 0gure))  (C.23)

changing dummy indices,

v ¢2 4
¢ =99" R, = —7’”(\/—99” 9" (09us + 6980 — 6Gyua)
—V _ggﬂvgwf ((59W;ﬁ +09up — 5gﬁu;u))
= _gb?v V _ggwgw (09upp — 0Gpus) (C.24)

Then the expressions (B.1) and (B.2) yields

O*V=99" 6R. = —¢>\—g9"" <9W59“”;5—95V59ﬂ V;g)
= —v=g(¢")” ((g,wég“”);g - (ggyégﬁ”);ﬁ)
_ 2\ .8 v 2.6 v
= V= ()7 9dg™) = ()7 9"

- <(¢2)’ﬁgﬁu5gﬁ”)ﬂ+ (67" ;ﬁggyégﬁ”} (C.25)

performing the same steps in (C.19) for covariant derivative, the first and

the third terms vanish. The remaining parts become

0’/ =99" OR,, = \/—g[(qb?)’ﬁ ;ﬁgwég“”—(df)’ﬁ ;ﬂgﬁuégﬂ”]
= V=969" [9,, 00" — 72”;“] (C.26)
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Combining all of the results in the first and second parts we get for §.5;:

051
ogH

2

1
/dx4\/—_g <¢2 (RMV - _gu”R> N gle(bz -

/dg:4 vV—9 (Cbsz/ + guVD¢2 - ,2V§M)

e Performing the second variation, 455 :

0,55

/ d'xzd (H%@,ﬂﬁ&,@]’“’)
[ e |8 (v=0) 500000 + Va50,00,000"
= [t (—5vTanmss ) 00000
+\/—_g%8u¢8y¢5g“”} )

2
Vi

)

(C.27)

(C.28)

where we use the Equation (C.11) for the first part and there is no need any

calculation for the second term, therefore

0S5
ogrv

1 1
- [ @ {—Zgwamaw ¥ 50,000

e Performing the third variation, 53 :

therefore

(C.29)

(C.30)

(C.31)
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e Performing the fourth variation, 0.9y :

5 matter
Smatter _ _ / d*an/=gT . (C.32)
0w
Using the action principle
08
S 0, (C.33)

we obtain the BD field equations by adding equations (C.27), (C.29), (C.31)
and (C.32),

1
— ("G + 909" — ¢,2V;u> +

1 1 1
30 ~ GO0 — 2 00,0 + §9WV (9) =T

4
(C.34)

. Variation of BD action (C.1) with respect to ¢ :

2 1
5S — / VT[22 R50 — 15(0,0) 0,00 — 50,06 (00) o
5¢:| + aSmatter
_ / d%;\/_ [%Rw— 29, (6¢) B,pg™ —% 1,60, (56) g"
oV (9)
5 5¢] 40

_ / 2 [V R~ 0, (@waym“”) + 50, (V=a0,69") 59

-0, (Y5 s00,00 ) + 30, (v=aduse) b0 - T se] ()

using Stokes theorem, second and fourth term do not give any contribution to

the integral, therefore

05

5 = [ daveal SR =0, (V=a) + 5= (Vi)
OV (9)
5 5¢} —0. (C.36)
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Then

¢ oV (o) _
ER + 0o — 0 0. (C.37)
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