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ABSTRACT

CHAOTICITY ANALYSIS OF THE CURRENT THROUGH

PURE, HYDROGENATED AND HYDROPHOBICALLY

MODIFIED PEG-SI THIN FILMS UNDER VARYING

RELATIVE HUMIDITY

Polyethylene Glycol is known to have an irregular current characteristic un-

der constant voltage and slowly varying relative humidity. In this study the current

through a thin film of Gamma-isocyanatopropyltriethoxysilane added polyethylene gly-

col (PEG-Si), its hydrogenated, and hydrophobically modified forms is measured as a

function of increasing relative humidity at equal time steps and analyzed for chaoticity.

In previous studies it has been suggested that, after reaching a certain relative humid-

ity level, a phase transition occurs from a semi crystalline state to a gel state. We

propose that the irregular behavior of current through PEG-Si thin films as a function

of increasing relative humidity could best be analyzed for chaoticity using both time

series analysis and detrended fluctuation analysis; the relative humidity is kept as a

slowly varying parameter. The presence of more then one regime is suggested by the

calculation of the maximal Lyapunov exponents. Furthermore, the maximal Lyapunov

exponent in each of the regimes was positive, thus confirming the presence of low di-

mensional chaos. The regime change signaled by the changing values of the maximal

Lyapunov exponent occurs around a relative humidity of 70% consistent with the phase

transition from semi crystalline state to gel state. Detrended fluctuation analysis has

also been performed; this also confirms the presence of at least two different regimes,

in agreement with the behavior of the maximal Lyapunov exponent in the time series

analysis. Our study also confirms that the improvement in stability of the current

through PEG-Si can be performed by hydrogenating and hydrophobically modifying

PEG-Si.
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ÖZET

DEGİŞEN BAĞIL NEM ALTINDA SAF, HİDROJENE VE

HİDROFOBİK OLARAK DEĞİŞTİRİLMİŞ PEG-SI İNCE

FİLMLERDEN GEÇEN AKIMIN KAOS ANALİZİ

Polietilen Glikol’ün sabit voltaj ve yavaş değişen bağıl nem altında düzensiz bir

akım karakteristiği olduğu bilinmektedir. Bu çalışmada, ince film halindeki, Gama-

izosyanatopropiltrietoksisilan eklenmiş polietilen glikolden ve onun hidrojene edilmiş

ve hidrofobik olarak modifiye edilmiş formlarından geçen akım, artan bağıl nemin

bir fonksiyonu olarak, eşit zaman aralıklarında kaos için analiz edilmiştir. Geçmiş

çalışmalarda belli bir bağıl nem seviyesine ulaşınca yarı kristal halden jel haline faz

geçişi olduğu önerilmiştir. PEG-Si ince filminden artan bağıl nemin bir fonksiyonu

olarak geçen akımdaki düzensiz davranışın, kaos bağlamında, bağıl nem yavaş değişen

bir parametre halinde tutularak, zaman serisi analizi ve eğilimsizleştirilmiş dalgalanma

analizi kullanılarak analiz edilebileceğini öneriyoruz. Maksimal Lyapunov üstelleri

hesabıyla, birden fazla rejimin varlığı önerilmektedir. Ayrıca, her rejimdeki maksi-

mal Lyapunov üsteli pozitif çıkmakta, bu da düşük boyutlu kaosun varlığını teyit et-

mektedir. Maksimal Lyapunov üstellerinin değerlerinin değişmesinin işaret ettiği rejim

değişikliği %70’lik bağıl nem değeri civarında vuku bulmaktadır ve yarı kristal halden jel

hale geçiş ile uyum içerisindedir. Eğilimsizleştirilmiş dalgalanma analizi yapılmış, za-

man serisi analizindeki maksimal Lyapunov üstellerinin davranışı ile uzlaşma içerisinde,

en az iki farklı rejimin varlığı teyit edilmiştir. Bunlara ilaveten, çalışmamızla, PEG-

Si’den geçen akımın stabilitesindeki iyileşmenin PEG-Si’yi hidrojene ederek ve hidro-

fobik olarak modifiye ederek sağlanabileceği teyit edilmiştir.
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1. INTRODUCTION

Hydrophilic polymers attract attention because of their absorption, desorption

and swelling behavior under exposure to water vapor and certain chemicals. Depend-

ing on environmental conditions (temperature, humidity, the structure of the polymer

etc.) diffusion of the penetrants in the polymer networks shows different dynamical

properties. If water molecules penetrate a polymer sample, the macromolecular chains

rearrange themselves towards new conformations. The nature of the transport process

and the electrical, optical and physical properties of the polymer are determined by

the diffusion rate of the penetrant’s molecules and the relaxation processes [29].

Polyethylene glycol (PEG) is one of the most examined hydrophilic polymers, that

has properties sensitive to the changes in relative humidity and the chemicals used as

substrates. It is known that PEG has a problem of stability; if exposed to water vapor,

it swells and dissolves easily at high humidity levels. The instability of the structure

and the transport properties in the long term constitute a general problem of polymer

films produced by the physisorption of polymer molecules to the substrate material.

In this study, the irregular current characteristic under constant voltage and

slowly varying humidity, through a thin film of Gamma-isocyanatopropyltriethoxy-

silane added Polyethylene glycol (PEG-Si), as a function of increasing relative humidity,

at equal time steps is analyzed for chaoticity. In a previous study [4], it has been

suggested that, after reaching a certain relative humidity level, a phase transition

occurs from a semi crystalline state to a gel state, and the resulting fluctuations in the

elastic force relaxations and in the number of hydrogen bonds cause the irregularities

in the current. We suggest that, the irregular behavior of current through these films

as a function of increasing relative humidity could be analyzed for chaoticity, where

the relative humidity is kept as a slowly varying parameter and the data is split into

approximately 2.5% time bins. The results also indicate that the above mentioned

phase transition is signalled by the sudden change in the maximal Lyapunov exponent

with changing relative humidity.
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In the aforementioned study, in order to alleviate the instability problem in the

current behaviour of PEG-Si, two different modifications have been applied. The first

method was to hydrogenate PEG, and the second method was to hydrophobically mod-

ify it. To some extent, the modifications were able to cure the stability problem. In our

study, in addition to the analysis on PEG-Si, we repeated the analysis on hydrogenated

and hydrophobically modified PEG-Si samples and investigated the possible effects of

the modifications.

The outline of the thesis is as follows. In the first chapter, I briefly introduce

polymers, describe pure, hydrogenated and hydrophobically modified PEG-Si, give

details about the preparation of the samples and the experimental setup and present

the obtained data.

In the second chapter, I briefly introduce chaos, and give a detailed description

of the nonlinear time series analysis, present the application of nonlinear time series

analysis to the current time series of pure, hydrogenated and hydrophobically modified

PEG-Si, and give the results.

In the third chapter I give a description of the detrended fluctuation analysis,

present the application of the detrended fluctuation analysis to the data at hand and

give the results.

In the last chapter I present the results and conclude the thesis.
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2. POLYMERS

The word “polymer” is derived from Greek words πoλυ (poly) meaning many

and µερoς (meros) meaning part. It is a large molecule (macromolecule) composed

of repeating structural units (monomers) connected by chemical bonds. Polymers

containing small number of units are called dimers, trimers, tetramers, etc., and the

term polymer is reserved for molecules composed of many more units in the order of

103. All the monomers in a polymer need not be identical (for example a copolymer

contains more than one type of monomer), and the polymer molecule can be thought

of a big network branched in every direction the 3-dimensional bond structure allows

[29]. Naturally occuring molecules such as shellac and amber have been used since

ancient times but the discovery of the chemical origins had to wait for centuries until

Hermann Studinger’s work in 1922. A variety of naturally occuring biopolymers exist

such as cellulose, natural rubber, nucleic acids and the large family of proteins. After

Leo Baekeland created the first completely synthetic polymer bakelite in 1907, the

door to the synthesis of a virtually infinite family of polymers had opened with PET

(polyethylene terephthalate), PVC (polyvinyl chloride) and nylon as everyday examples

[3]. The terms crystalline and amorphous in the case of polymers do not apply as two

strict structural orientations but rather two extremes of a continuum. Due to the

very large complex network structure of most polymers, they cannot be classified as

crystalline; rather, we can talk about crystalline regions of this large network. 1-

dimensional polymers or polymers with small molecular weight could be conveniently

placed in the conventional definiton of crystallinity.

2.1. Polyethylene Glycol

Polyethylene glycol (PEG), is a polymer (polyether), which has the chemical

structure HO − CH2 − (CH2 − CH2 − O)n − CH2 − OH (Fig. 2.1 ) and molecular

formula C2n+2H4n+6On+2. It is prepared by polymerization of ethylene oxide, can have

a wide range of molecular weights from 300 g/mol to 10,000,000 g/mol and is soluble

in water. It is a very popular molecule and is being used in various fields such as
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Figure 2.1. Chemical structure of polyethylene glycol

medicine, biochemistry, microbiology, etc.

The data we explore in this study were taken by Erdamar et al. in her PhD

studies [4], [24], [29] for the characterization of the conductivity of PEG under varying

relative humidity. We took the data from her work and approached the problem using

different methods. PEG is water soluble; therefore, it swells when exposed to water

vapor and dissolves. This creates a durability problem. A solution to this problem was

mixing it by a suitable crosslinking agent, which was in this case, isocyanatopropyltri-

ethoxysilane. For the technical details of sample preparation refer to [29]. The product

of this crosslinking process is abbreviated as PEG-Si, which is the main substance un-

der investigation in this study. The resulting substance is coated on glass substrates by

either dropping or dip-coating. Afterwards the electrodes were thermally evaporated

on the thin film in a coplanar geometry. The samples prepared are inserted in a closed

chamber, a D.C. electical field of 30V cm−1 is applied and the resulting current is mea-

sured by an electrometer-voltage source (Keithley 6517A). The humidity is changed

by placing salt solutions in the chamber. A continuously changing humidity curve is

obtained (Fig. 3.7). The following current vs. time (Fig. 2.2) and current vs. relative

humidity (Fig. 2.3) characteristics are observed and are shown in the indicated figures

[29].

2.2. Hydrogenated Polyethylene Glycol

After obtaining the current characteristics of PEG, it is observed that the current

has large time dependent fluctuations in the high humidity region. One of the goals

of the original study was to explore the feasibility of building a humidity sensor out

of PEG. To stabilize the current, two solutions were proposed. The first one was to
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Figure 2.2. Current vs. Time of PEG-Si

Figure 2.3. Current vs. Relative Humidity of PEG-Si
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Figure 2.4. Current vs. Time of hydrogenated PEG-Si

hydrogenate PEG by introducing Hydrogen gas to the samples in a vacuum chamber

[29]. The current vs. time (Fig. 2.4) and current vs. relative humidity (Fig. 2.5)

characteristics are shown.

2.3. Hydrophobically Modified Polyethylene Glycol

The second solution to the instability problem of the current was to hydropho-

bically modify the samples by mixing PEG with perfluoroalkyl alcohol (PAF), a hy-

drophobic alcohol. PAF was also crosslinked with isocyanatopropyltriethoxysilane re-

sulting in PAF-Si. The sample under scrutiny is composed of 70% PAF-Si 30% PEG-Si

by mass. The current vs. time (Fig. 2.6) and current vs. relative humidity (Fig. 2.7)

characteristics are shown.

Of the two proposed methods of current stabilization, hydrophobic modification

seems to be the more successful one. At a first glance of the current graphs, it is ob-

served that, the hydrogenated samples possess more fluctuations. In the later chapters

this difference will be inspected more closely.
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Figure 2.5. Current vs. Relative Humidity of hydrogenated PEG-Si

Figure 2.6. Current vs. Time of hydrophobically modified PEG-Si
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Figure 2.7. Current vs. Relative Humidity of hydrophobically modified PEG-Si
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3. NONLINEAR TIME SERIES ANALYSIS

The irregular behaviour of the current through PEG-Si and its derivatives inspired

us to apply a nonlinear time series analysis using current as the 1-dimensional sequence.

In this chapter a brief description of nonlinear time series analysis and its application

to our data will be given.

The word “chaos” is derived from the Ancient Greek word “χαoς” meaning

“space”, later changed to “disorder”. In mathematical sense it has to be corrected

as “unpredictable determinism”. More strictly chaos is aperiodic deterministic behav-

ior with great sensitivity to its initial conditions, popularly known as the “butterfly

effect”; a butterfly flapping its wings in İstanbul, may cause a hurricane in Tokyo.

Chaos manifests itself in nonlinear systems, linear systems cannot exhibit chaos. The

Poincaré-Bendixson theorem asserts that chaos can only arise in a continuous dynam-

ical system (d~x
dt

= ~F (~x(t)) if it has three or more dimensions. However, this restriction

does not apply to discrete systems(~x(t + 1) = ~f(~x(t))), which can exhibit chaotic be-

havior in two or even one dimensional systems. Loosely speaking, if the trajectories in

the phase space of a dynamical system confine to a specific subspace, we speak of an

attractor in that part of the phase space. The attractor is informally described as a

strange attractor if it has non-integer dimension or if the dynamics on it are chaotic.

For a detailed treatment of the subject refer to [30]. To be able to extract information

from a set of data in the form of a scalar time series from a nonlinear dynamical system,

one has to reconstruct the phase space of the system.

To be able to study the effect of relative humidity on the dynamics of electrical

conductivity, we divided our data sets, which have in the order of 105 points into

smaller sets of 104 points. In these smaller sets the relative humidity is slowly varying,

and each set is represented by its average relative humidity value. The procedures of

phase space reconstuction and extraction of Lyapunov exponents are applied to each

set. The standard TISEAN software is used for the analyses [34].
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3.1. Reconstruction of Phase Space

By performing current measurements at equal time intervals we have at hand

a time series of the form I(t) taken from the dynamical system under investigation.

From these scalar measurements we have to go to the multidimensional phase space

of our dynamical system. The embedding theorem states that, a properly constructed

delay embedding space is equivalent to original unobserved phase space [1]. From the

scalar current measurements I(t) we have to form vectors of the form;

~y(t) =
(
I(t), I(t + τ), ..., I(t + (d− 1)τ)

)
(3.1)

in which τ denotes the delay time and d denotes the embedding dimension. The

embedding space and dimension need not be exactly the same as the original space and

dimension in which the dynamics take place (and most of the time it isn’t), however

the invariants of the original space are conserved.

The first problem to be handled is to find a proper time delay. Theoretically,

if we had an infinite time series, then any time delay would suffice. Naturally one

takes it as a multiple of the sampling time (in our case, 1 second). In practice, the

time series under investigation are never infinitely long, therefore finding a proper time

delay emerges as a problem to be handled. If the time delay chosen is too short, the

counstructed vectors will be temporally too close and will not be independent enough.

If it is too long, the vectors will appear to be random due to chaotic nature of the

systems under analysis.

In our study we used the average mutual information function, as the tool to

handle the time delay problem. If ai and bj are two measurements from the systems A

and B, the average mutual information function S(τ) is defined as;

SAB =
∑

ai,bj

PAB(ai, bj) ln
( PAB(ai, bj)

PA(ai)PB(aj)

)
(3.2)
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where the probability of observing a out of the set A is PA(a), the probability of finding

b in a measurement of B is PB(b), and joint probability of the measurement of a and b

is PAB(a, b). The part including the natural logarithm function in the above equation

is called the mutual information, by summation over all possible measurements one

obtains the average mutual information [1].

To apply this definition into the context of our physical system I(t), the set

of measurements I(t) becomes the set A, and the measurements after a time lag τ ,

I(t + τ) becomes the set B. The average mutual information between observations at

t and t + τ , i.e. the average amount of information I(t + τ) we have, when we make

an observation of I(t) is

S(τ) =
∑

t

P (I(t), I(t + τ)) ln
( P (I(t), I(t + τ))

P (I(t))P (I(t + τ))

)
(3.3)

A prescription to find a proper time delay out of the above machinery is to choose

the first minimum of S(τ). This is a rule of thumb rather than a strict rule, most of

the time different delay times which have similar values lead to the same dynamical

invariants. For a typical average mutual information graph for a set of 104 points refer

to Fig. 3.1 from which we chose the time delay as 10s.

After choosing a suitable time delay, the choice of the embedding dimension

of the reconstructed phase space has to be handled. The embedding theorem tells

that if the box counting dimension of the attractor is df , then an integer embedding

dimension dE > 2df will properly unfold the attractor in the reconstructed phase

space. This condition guarantees a proper unfolding, however there are cases where a

smaller dE suffices [1]. Theoretically, any integer dimension greater than the sufficient

dE will also do the job, but in practice both an unnecessarily big dimension costs much

greater computational effort, and noise tends to be homogeneous in all dimensions, so

effectively one will deal with only noise in these higher dimensions. The method of

false nearest neighbors is a useful instrument to give an estimate for the embedding

dimension. The method has the following simple logic behind. Beginning with a
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Figure 3.1. A typical average mutual information vs. delay time graph

reconstructed vector with the proper time delay τ and embedding dimension d

~y(t) =
(
I(t), I(t + τ), ..., I(t + (d− 1)τ)

)
(3.4)

will have a nearest neighbor in the phase space as

~yNN(t) =
(
INN(t), INN(t + τ), ..., INN(t + (d− 1)τ)

)
(3.5)

If the chosen embedding dimension is not large enough, then the attractor will not un-

fold properly and due to projection on a lower dimensional space, false data points will

fall into each others neighborhood. Increasing the embedding dimension will decrease

the number of false neighbors so we have to look for the dimension at which all false

neighbors will vanish for each data point, by switching to the next higher dimension.

One has to check whether two points in dimension d are still close in dimension d + 1.

When d is increased to d+1 the extra components of y(t) and yNN(t) will be I(t+ τd)

and INN(t + τd). In order to decide whether yNN(t) is a true neighbor of y(t), one

compares the distance between these vectors in d dimensions with the distance between

them in d + 1 dimensions. If the intervector distances in dimension d and d + 1 are
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comparable to each other than we have true neighbors. However, if the distance in di-

mension d + 1 is larger than the distance measured in dimension d then yNN(t) is said

to be a false one. To formulate this idea, we first have to write the distance between

the nearest neighbor points in dimension d + 1 as;

R2
d+1(t) =

d+1∑

m=1

(
I(t + (m− 1)τ)− INN(t + (m− 1)τ)

)2
(3.6)

written in terms of the corresponding distance in dimension d as;

R2
d+1(t) = R2

d(t) +
∣∣∣I(t + τd)− INN(t + τd)

∣∣∣
2

(3.7)

The following equation will give an idea about the change in the distance as the di-

mension increases;

[R2
d+1(t)−R2

d(t)

R2
d(t)

] 1
2 =

|I(t + τd)− INN(t + τd)|
Rd(t)

(3.8)

So one looks for a dimension d for which this ratio will be smaller than a threshold

value. For a perfect data this value would be zero, but due to noise and other sources of

errors, a reasonable value bigger than zero is chosen. In Fig. 3.2 a typical false nearest

neighbor calculation from our system is shown. We chose the embedding dimension

as 5 and 6 and did the following calculations accordingly for each dimension with no

significant changes in the results.

As we have constructed the phase space, which is equivalent to the original one

regarding the dynamical invariants, we will continue with one of the most important

dynamical properties, namely, the Lyapunov exponents, and using them arrive to con-

clusions about the effect of the changing relative humidity to the system we study.

3.2. Lyapunov Exponents

A chaotic dynamical system is very sensitive to its initial conditions, i.e., infinites-

imal perturbations of initial conditions will lead to large variations of the orbit in the
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Figure 3.2. A typical percentage of false nearest neighbors vs. embedding dimension

graph

phase space. A Lyapunov exponent is a measure of this sensitivity. It is a quantity

that characterizes the rate of separation of infinitesimally close trajectories in phase

space. Considering two trajectories in phase space with initial separation δr0, this sep-

aration will diverge as δr(t) = exp(λt)δr0 with λ being the Lyapunov exponent. The

rate of separation can be different for different orientations of the initial separation

vector. So there are d Lyapunov exponents where d is the number of dimensions of

the phase space. A chaotic system will have a positive maximal Lyapunov exponent

and the others will be negative, creating the stretching and folding effect leading to

the geometry of the attractor. Thus a positive maximal Lyapunov exponent, defined

as λ = limt→∞ 1
t
ln ‖δr(t)‖

δr0
, is taken as an indication that the system is chaotic. A more

rigorous definition of the Lyapunov spectrum could be given as follows; for a dynam-

ical system with evolution equation f , in a d-dimensional phase space, the spectrum

of Lyapunov exponents {λ1, λ2, ..., λd} in general, depends on the starting point x0.

The Lyapunov exponents describe the behavior of vectors in the tangent space of the

phase space and are defined from the Jacobian matrix J(x0) = df(x)
dx

taken at x0. The

J(t) matrix describes how a small change at the point x0 propagates to the final point

f(x0). The matrix L(x0) is defined as limt→∞(JJT )
1
2t . Λi(x0) will be the eigenvalues
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of L(x0) and the Lyapunov exponents λi will be defined as λi(x0) = log Λi(x0). For an

ergodic dynamical system, the set of Lyapunov exponents will be the same for almost

all starting points.

In our case of finding the maximal Lyapunov exponent of a time series we will

use the following algorithm. We start by a point ~y(t0) in the embedding space with all

its neighbors in the vicinity of ε. We let the time increase, and look at the growth of

the distances between our starting point and these neighbors. If the system at hand

is chaotic, these points will expand in space exponentially with time ∆t. Therefore we

take the logaritm of these distances. We average the results for different t0’s for the

fluctuations to die out.

S(∆t) =
1

N

N∑

t0=1

ln
( 1

|U(~y(t0))|
∑

~y(t)εU(~y(t0))

|~y(t0 + ∆t)− ~y(t + ∆t)|
)

(3.9)

The reference points ~y(t0) are the usual embedding vectors, U(~y(t0)) is the neigborhood

of ~y(t0) with diameter ε. The size of ε should be chosen such that it must be as small

as possible but large enough to contain at least a few neighbors. If the graph of the

stretching factor, S(∆t) versus the iteration, ∆t results in a robust increase, its slope

is assumed to estimate the maximal Lyapunov exponent.

A typical stretching factor versus iteration graph is shown in Fig. 3.3. The

straight line indicates the increase in the curve, which is considered as the maximal

Lyapunov exponent. This computation is done for all the intervals and in this way the

effect of the relative humidity to the maximal Lyapunov exponents is investigated. The

results for the pure PEG-Si case are shown in Fig. 3.4. It is understood that, there is

a change in the pattern of Lyapunov exponents around the relative humidity value of

70%, and this seems to be consistent with the reported phase transition around this

value [29]. In this context we are in the position of proposing a method to track the

phase changes, using the Lyapunov exponents in such a dynamical system.
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Figure 3.3. Logarithm of the Stretching Factor vs. Iteration

Figure 3.4. Maximal Lyapunov Exponent vs. Relative Humidity of PEG-Si
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Figure 3.5. Maximal Lyapunov Exponent vs. Relative Humidity of hydrophobically

modified PEG-Si

The relative humidity dependence of the maximal Lyapunov exponents for the

hydrophobically modified and hydrogenated cases are shown in Fig. 3.5 and Fig. 3.6.

The magnitudes of the maximal Lyapunov exponents for these two cases are smaller,

this decrease is much more significant particularly for the hydrophobically modified

case. The regime change in the maximal Lyapunov exponents is still visible in both

cases. These results imply that, the consequences of the efforts of the alleviation

of the instabilities in the current could be tracked by nonlinear time series analysis.

These efforts, which are more successful for the hydrophobically modified case can

be inspected both directly from the current vs. time curves and from the maximal

Lyapunov exponents.

Before concluding this chapter we have to mention the possibility that, the

chaoticity in the current in our dynamical systems could originate from the relative

humidity itself. The relative humidity changing as a function of time is shown in Fig.

3.7. In order to eliminate this possibility, we tried to model this curve using a stretched
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Figure 3.6. Maximal Lyapunov Exponent vs. Relative Humidity of hydrogenated

PEG-Si

exponential function whose functional form is

RH = a1(1− a2 exp−(
t

τ
)α) (3.10)

The results of the fitting process are shown in Fig. 3.8. The curve and the fit are

in excellent agreement. The fitting process is also performed for the hydrogenated and

hydrophobically modified cases. For a more detailed analysis see [33] .
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Figure 3.7. Relative Humidity vs. Time of PEG-Si.

Figure 3.8. Stretched exponential relaxation function fit of the time dependence of

Relative Humidity, RH = a1(1− a2exp(−(t/τ)α) with a1 = 75.7259± 0.002161,

a2 = 0.699292± 0.0001653, τ = 41041± 15.78 and α = 0.686974± 0.0002406.
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4. DETRENDED FLUCTUATION ANALYSIS

In the previous chapter, we applied nonlinear time series analysis to the current

time series of the pure, hydrogenated and hydrophobically modified cases. We arrived

at the conclusion that for all the cases there is a change of regime for the maximal

Lyapunov exponents at some relative humidity value. A second conclusion was that

the current instabilities for the latter two cases were decreased and could be tracked

by the absolute values of the maximal Lyapunov exponents. To be able to place

our conclusions on a firmer ground, we analysed our data with another method, the

detrended fluctuation analysis.

Detrended fluctuation analysis was introduced by Peng et al. [35], it is superior

to ordinary fluctuation analysis and rescaled range analysis in the sense that, it can

be applied to nonstationary data. Basically, DFA is a method for determining the

statistical self-affinity of a signal, and is useful for analysing time series that appear to

be long-memory processes.

Assuming a time series of the form st, the DFA algorithm would read as follows;

• The time series to be analyzed (with N samples) is first integrated digitally as

St =
∑t

i=1(si − 〈si〉) with 〈si〉 being the the average value.

• The integrated time series is divided into boxes of equal length, n. In each box

of length n, a least squares line is fit to the data (representing the trend in that

box). The y coordinate of the straight line segments is denoted by yn(k).

• The integrated time series y(k) is detrended, by subtracting the local trend yn(k)

in each box.

• The root-mean-square fluctuation of this integrated and detrended time series is

calculated by

F (n) =

√√√√ 1

N

N∑

k=1

[y(k)− yn(k)]2 (4.1)
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• This computation is repeated over all time scales (box sizes) to characterize the

relationship between F (n), the average fluctuation, and the box size, n. Typically,

F (n) will increase with box size. A linear relationship on a log-log plot indicates

the presence of power law (fractal) scaling. In this case, the fluctuations can be

characterized by a scaling exponent, α, the slope of the line relating log F (n) to

log n.

The correlations to which the α values point are listed in Table 4.1. A crossover in

the scaling exponent, α, indicates a transition from one type to a different type of

underlying correlation, due to a transition in the dynamical properties.

Table 4.1. The correlations implied by the corresponding DFA exponents

α < 1
2

anti-correlated

α ' 1
2

uncorrelated, white noise

α > 1
2

correlated

α ' 1 1/f noise

α > 1 non-stationary, random walk like, unbounded

α ' 3
2

Brownian noise

The results of the detrended fluctuation analysis for our data are summarized in

Table 4.2. The existence of more than one regime points to the fact that there is a

crossover in the scaling exponent.

Table 4.2. DFA exponents

pure PEG-Si two regimes 1.01, 1.86

hydrophobically modified PEG-Si one regime 1.93

hydrogenated PEG-Si two regimes 1.35, 1.84

In summary, the results of the former analysis is as follows; two different regions

can be observed in Fig. 4.1 where the slope is discontinuous; this points to changing

dynamics of the correlations parallel to the change in the Lyapunov exponents. The

discontinuity is distinctly different since the slopes are 1.01 and 1.86. For the hydropho-

bically modified sample there is one regime with slope 1.93 (Fig. 4.2) pointing to a
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Figure 4.1. Average fluctuation vs. box size for the PEG-Si sample

Figure 4.2. Average fluctuation vs. box size for the hydrophobically modified PEG-Si

sample



23

Figure 4.3. Average fluctuation vs. box size for the hydrogenated PEG-Si sample

significant advance in stability (it is noteworthy to mention again that the maximal

Lyapunov exponents for the corresponding specimen were smaller in magnitude than

those of the other two samples). In the hydrogenated case there are still two different

slopes with values 1.35 and 1.84 (Fig. 4.3) indicating an improvement in stability.
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5. CONCLUSIONS

The complex structure of polymers (including impurities) implies many degrees of

freedom and a multi-fractal structure. The difficulty of obtaining identical results under

nearly identical conditions for polymers is well known in the literature [18]. Thus, it

becomes necessary to analyze the conductivity of polymers by nonlinear considerations

such as maximal Lyapunov exponents and DFA exponents.

The irregular behavior of current through PEG-Si thin films as a function of

increasing relative humidity was analyzed using nonlinear time series analysis and

detrended fluctuation analysis. Low dimensional chaos with maximal Lyapunov ex-

ponents, with an abrupt change of regime around a relative humidity value of 70%

is observed. Furthermore, the observed chaotic behavior persists for a wide range of

values of the humidity. Hence, the dynamics underlying the current understood in

terms of invariants of nonlinear dynamics in the abrupt change of Lyapunov exponents

is consistent with the phase transition from semicrystalline state to gel state (for use

of Lyapunov exponents as an indicator of phase transitions see [16]). The behavior

of the system with different regions has also been confirmed via detrended fluctuation

analysis. Even though a general relation between Lyapunov exponent and the DFA ex-

ponent has not been reported yet, there are case based studies where analogies between

the above mentioned exponents are shown [19]. The change in the scaling exponent

in case of phase transition is also reported [20]. This further supports the detection

of phase transition in PEG-Si as well as the capability of using nonlinear methods

in analyzing behavior of current through PEG-Si thin films. Based on the studies

about amorphous materials with irregular behavior, the use of nonlinear methods for

analyzing the conductivity mechanisms in such materials seems crucial [6, 7, 21].

The analysis on hydrogenated and hydrophobically modified PEG-Si samples

revealed smaller maximal Lyapunov exponents and little or no changes in the DFA

exponents, pointing to the fact that their instabilities are milder as compared to the

pure PEG-Si samples. In particular, hydrophobically modifying the samples seems to
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be a more effective method in reducing the instability as judged from smaller maximal

Lyapunov exponents and with a single DFA exponent.
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APPENDIX A: Lorenz Equations

The Lorenz system is a popular example of chaotic behavior which deserves to

be mentioned. It is a 3-dimensional structure corresponding to the long-term behavior

of a chaotic flow, governed by the following equations:

ẋ = σ(y − x) (A.1)

ẏ = ρx− y − xz (A.2)

ż = xy − βz (A.3)

where σ is called the Prandtl number and ρ is called the Rayleigh number. All σ, β and

ρ are greater than zero. Usually σ = 10, β = 8/3 and ρ takes different values. With

these values of σ and β, the behavior of the system with changing ρ can be summarized

as follows:

• With ρ < 1, the system has one attracting fixed point, namely (0, 0, 0).

• At ρ = 1, the point (0, 0, 0) becomes a repellor, two new fixed points arise, namely,

(
√

β(ρ− 1),
√

β(ρ− 1), ρ− 1) and (−
√

β(ρ− 1),−
√

β(ρ− 1), ρ− 1).

• For ρ > 24.06 a strange attractor arises.

For σ = 10, β = 8/3 and ρ = 28, the strange attractor (Fig. B.1) and the time series

of the x component (Fig. B.2) are shown below.
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Figure A.1. Lorenz Attractor

Figure A.2. Time evolution of the first component of the Lorenz Attractor
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Boğaziçi University, İstanbul, 2008
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