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I am thankful to Boğaziçi Zeybek Team for that I always feel their supportive

presence during my undergraduate and master of science programs.

I am eternally grateful to my family for their invaluable and inexpressible support

without which I cannot complete the master thesis.
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ABSTRACT

VISION CORRECTION FOR THE VISUALLY IMPAIRED

VIA DIGITAL IMAGE PROCESSING

In this study, an adjustment based on the mathematical modeling on digital

screens for people with refractive visual impairments is proposed. According to the

laws of refraction and diffraction, the human eye can be considered as a linear and

space-invariant system. In such a case, if the impulse response of the eye (point spread

function) is known, the convolution law can determine how the light entering the eye

(input) is shaped according to the response of the eye. When the studies using point

spread function for this purpose are examined, it is seen that the point spread function

of the eye is found only on the basis of the crystalline lens. In this study, the incoming

distance of light, the cornea structure, accommodation, age of the person and gradient-

index structure of the crystalline lens are included in the human eye model. The idea in

this study is that, based on the inverse convolution (deconvolution) method, if the light

entering the eye is shaped according to the inverse of the impulse response of the eye,

theoretically, the patient clearly sees the object whose light comes into the eye. The

biggest problem with this approach, which can easily be adapted to personal computers,

portable devices and smart glasses that are expected to be developed in the future, is

that the deconvolved digital image has a much higher dynamic range than the dynamic

range of the standard screens, hence, the disappearance of the necessary contrast. In

order to solve this problem, methods that are different from studies in the literature are

proposed. In the simulations, it is seen that the newly presented methods give better

visual results than the existing ones. Although the existing methods are improved

with this study, it is suggested as the future work that dynamic range compression

and contrast enhancement methods should be further investigated and more complex

methods should be proposed.
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ÖZET

GÖRME KUSURU OLANLAR İÇİN SAYISAL İMGE

İŞLEME ARACILIĞIYLA GÖRÜNTÜ DÜZELTME

Bu çalışmada; kırılmaya bağlı görme kusurları olan kişiler için, sayısal ekranlarda

matematiksel modellemeye dayalı uyarlama önerilmiştir. Kırılma ve kırınım yasalarına

göre, insan gözü, doğrusal ve uzayda değişmez bir sistem olarak ele alınabilir. Böyle

bir durumda, gözün dürtü yanıtı (nokta yayılım fonksiyonu) bilinirse, göze giren ışığın

(girdinin) gözün yanıtına göre nasıl biçimleneceği evrişim yasasıyla bulunabilir. Bu

amaç için nokta yayılım fonksiyonu kullanan çalışmalar incelendiğinde, gözün nokta

yayılım fonksiyonunun yalnızca göz merceği esas alınarak yapıldığı görülmüştür. Bu

çalışmadaysa ışığın geliş mesafesi, gözün boynuzsu tabakası, göz uyumu, kişinin yaşı

ve göz merceğinin değişken indeksli yapısı da modellemelere dahil edilmiştir. Bu

çalışmadaki fikir, ters evrişim yöntemine dayanarak, göze girecek ışığın gözün dürtü

tepkisinin tersine göre biçimleneceği durumda, matematiksel olarak hastanın, gözüne

ışığı gelen cismi net göreceğidir. Kişisel bilgisayarlar, taşınabilir aygıtlar ve ileride

geliştirilmesi beklenen akıllı gözlüklere kolaylıkla uyarlanabilecek bu yaklaşımdaki en

büyük sorun, ters evrişim uygulanan sayısal imgenin, standart ekranların dinamik

aralığından çok daha yüksek bir dinamik aralığa sahip olması ve sonucunda asıl görüntü-

de elde edilen karşıtlığın yok olmasıdır. Bunun çözümü için, alanyazında önerilen

yöntemlerden farklı olan yöntemler öne sürülmüştür. Yapılan benzetimlerde, yeni

sunulan yöntemlerin, var olanlardan görsel olarak daha iyi sonuç verdiği görülmüştür.

Bu çalışmayla var olan yöntemler her ne kadar geliştirilmiş olsa da ileride yapılması

gereken iş olarak da dinamik aralık sıkıştırma ve karşıtlık geliştirme yöntemlerinin daha

çok incelenmesi ve daha karmaşık yöntemlerin ileri sürülmesi önerilmiştir.
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1. INTRODUCTION

Human visual system is the strongest and most important connection with outside

world. Due to the importance and the fact that vision is the our primary source for

information, its sensory organ, eye, is the most complicated one among other sensor

organs. This vitality requires special care for eye, and a problem occurring in the eye

causes negative impact on our daily lives.

Generally, visual deficiencies happen in the form of blurred vision, decrease in

incoming light, color blindness, field of vision alteration and loss of vision. Among

them, the blurred vision is the most common. It is encountered so common that the

people tried, and achieved, to correct the vision for centuries [1]. Correction of blur

requires re-direction of the light, which is known thanks to the knowledge of refraction

of light. For this purpose, light-refracting lenses are traditionally used. As the time

passes, the techniques for production of lenses become more developed, too. In time, it

is understood that the causes and types of blurred vision may be different, and lenses

are started to be made according to those differences. As the technology advanced, the

treatment for visual impairments diversified. Together with eye glasses, contact lenses

are started to be used. Moreover, for some certain type of visual deficiencies, medical

operations become a device-free solution for patients.

Although the techniques to correct blurred vision advances together with tech-

nology, it is understood that some visual impairments do not positively react to the

treatment. For instance, the lenses can be manufactured for low-degree impairments

like nearsightedness, farsightedness, astigmatism and presbyopia. But the current tech-

nology does not allow to produce lenses for higher-ordered deficiencies such as trefoil

and secondary coma. Although they can be treated by medical surgeries, it is com-

mon that the operations either cannot fully eliminate the impairment or introduce new

ones. Also, some impairments, such as keratoconus, occur in cornea instead of crys-

talline lens and their degree, by nature, can be very high to produce a lens. Therefore,

where medical methods are insufficient, technology can offer solution.
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Digital image processing is a widely used area from security to aviation, from

film industry to medicine. As a solution for the medical problem of vision correction,

digital image processing was first proposed by Peli and Lim [2]. They suggested that by

measuring and obtaining the contrast loss or degradation of people suffering a refractive

error, the images can be pre-compensated according to that loss. This measurement

was done by a sine wave grating pattern. For each frequency and contrast degree,

there is a point where the pattern cannot be distinguished. By plotting the contrast

and frequency data, a function is obtained. This sensitivity function, then, can be used

to enhance images on television or on newspapers for people with visual deficiencies.

After that first study, the refractive error correction field via digital image pro-

cessing started to draw attention. The following studies began to look new methods

to enhance the visual detail since what the refractive error in eye does is actually de-

crease the received detail. When the study [2] was published, the method to determine

the visual acuity loss was the sine wave grating. But this method does not specify

the visual impairment type since two people may have the same sensitivity but with

different types of impairments, hence it is not deficiency-specific method. Following

the development of Hartmann-Shack wavefront sensor, however, the vision deficiencies

started to be correctly and specifically found. After that, the image processing became

more responsive to compensate visual impairments on images. The first work was [3]

and then the study became the main approach to the problem.

For the refractive error compensation on digital screens, the same approach in

[3] is used. Basically, the transfer function of eye is found via a device giving the

necessary data to calculate it, and its inverse is applied to the images or digital screens.

Theoretically and mathematically, the person with visual deficiency should be able

to get a clear image which is normally seen by a healthy eye. However, in reality

and practically, there are some limitations for a clear vision. The main problem is

the dynamic range of a standard digital screens and commercial printers. Being this

dynamic range very small compared to the dynamic range of images that the method

produces causes the contrast loss in the image.
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In this thesis, new solutions that have not been suggested before for this problem

are proposed. Moreover, an update to the modeling of human eye that the other

calculations do not take into account for this task is presented. The thesis is organized

as following: Chapter 2 gives the theory that is necessary to understand and develop

the method. Chapter 3 includes the anatomy of human vision system as well as the

“seeing”and the necessary information for eye modeling. Chapter 4 widely summarizes

the methods that have been proposed and tried for solving the problem in literature.

Chapter 5 explains the method that is followed in this work as well as the new solutions

and the new modeling of human eye for the problem. In Chapter 6, the results obtained

in this work are evaluated and interpreted. Chapter 7 concludes the thesis and draws

a frame for future work.
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2. WAVE THEORY FOR IMAGE FORMATION SYSTEMS

Light is a type of electromagnetic radiation which is the fundamental component

to carry, transmit and receive the visual information. Many daily and optical phenom-

ena are the consequences of light and its nature. Different colors that we encounter in

every day are the consequences of light with different frequencies. The different colors

of sky during a day are observed thanks to scattering property of the light. We see

ourselves in a mirror or on the surface of a reflective material due to reflection of light.

Rainbows cannot be seen without the dispersion property of light. The eye glasses or

lenses that we use to clarify our distorted vision rely on refraction of the light, and

the vision in our eyes cannot be formed without diffraction property of the light. All

those phenomena are explained by wave nature of the light which has a wave-matter

dual nature.

For explaining the propagation behaviors of the light, ray optics, which is also

referred as geometric optics, is used. In this approach, the light rays are assumed to

move in a straight line while passing through an optically uniform medium and they

do not change direction unless either they enter a different (non)uniform medium or a

nonuniformity in the optical properties of the medium occurs in space or time. Also,

this approach assumes that those light rays are perpendicular to the wavefront of the

light wave.

To be able to understand the image formation and its dynamics in human eye,

phenomena that play role in image formation such as reflection, refraction, dispersion

and diffraction should be analyzed and modeled.

2.1. Huygens and Fermat’s Principles

In order to explain the aforementioned phenomena, two important principles,

namely, Huygens Principle and Fermat’s Principle, are used.
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Figure 2.1. Huygens Principle. A plane wave (left) and a spherical wave (right)

source are shown. Note that the wavelets (light gray waves) do not spread behind the

waves that their sources are on to.

In 1678, the Dutch physicist Christian Huygens wrote a treatise. In that treatise,

he stated that every point on a wavefront behaves as a point source emitting spherical

wavelets in the same frequency with the wavefront, and sum of these secondary wavelets

form the next wavefront with the same frequency in an optically uniform medium. He

assumed that those wavelets always move forward; in other words, they do not spread

behind the wave on which their point sources sit; but he did not provide a mathematical

basis for this statement. A pictorial representation of Huygens Principle is shown in

Figure 2.1. Note that on a wavefront, there are infinitely many point sources that emits

spherical waves, but only some of them are shown in figure for visualization purposes.

Another simple yet important principle is the Fermat’s Principle. Also known

as the principle of least time, it states that a light ray traveling between two points
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chooses the path that it goes fastest.

Although this principle is stated by Euclid, Ptolemy and Ibn al-Haytham long

before Pierre de Fermat [4], Fermat explained the generalized principle in modern

form. Moreover, it can be derived from other principles such as Huygens Principle.

Suppose that a light ray on a wavefront goes from one point to another via all possible

routes without the limitations of geometric optics. Since the path lengths exceed one

wavelength, the arriving rays have a wide range of different phases. This high variety

in phases tends to cause the interference to be destructive. However, if the shortest

path is followed, then all the rays traveling on this route and near to this route have

no or very little phase difference, enabling the interference to be constructive. Hence,

the light is seen to travel this fastest path.

These two important principles are the keys to explain the image formation phe-

nomena such as reflection, refraction and diffraction. By using these, image formation

and its dynamics can be modeled properly.

2.2. Reflection

Reflection is one of the basic yet most important features of the light. It is the

fundamental property of light for vision acquisition. When the light encounters with an

object that is not a light source itself, it reflects back from the object and the reflected

light rays come to our eyes. The same principle is valid for mirrors. In mirror, we

see the objects, the reflected light of which also reflects from the mirror. That means

we see objects via the light that is reflected from the objects. Without reflection, we

would not be able to see the objects that do not emit light by itself.

When light rays traveling in a medium encounter the boundary of another medium,

part of the parallel incident light rays is reflected. If the boundary, or the reflective

surface, is a smooth surface; i.e. the variations on the surface are very small, then

all the reflected light rays are parallel to each other. This type of reflection is called

specular reflection. When the variations on the surface is not small, then the reflected
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Figure 2.2. Derivation of law of reflection.

light rays are not parallel to each other. This reflection type is called diffuse reflection.

After here in this work, only the specular reflection is considered and meant when the

term “reflection”is used for its simplicity and generality.

Fermat’s Principle can be applied to reflection to find a general rule. Suppose

that a light ray travels from point A to point B in an optically uniform medium as in

Figure 2.2. The shortest path between those two points are the direct path indicated

with the dashed line connecting A and B. But suppose that the light ray makes single

reflection and by that reflection does it arrive to point B. Suppose that the incident

light I1 makes an angle θi with the surface normal N and the reflected light I2 makes

θrl angle. The total length of path taken by rays I1 and I2, L, is

L =
√
h21 + s21 +

√
h22 + s22
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Let s = s1 + s2. Then

L =
√
h21 + s21 +

√
h22 + (s− s1)2

Since the medium is optically uniform, the light ray does not change its speed.

Therefore, the fastest path is the shortest path. To find an expression for the shortest

path, if we take the derivative of L with respect to s1 and make it equal to 0,

dL

ds1
=

2s1

2
√
h21 + s21

+
−2(s− s1)

2
√
h22 + (s− s1)2

=
s1√
h21 + s21

+
−(s− s1)√
h22 + (s− s1)2

=
s1√
h21 + s21

+
−s2√
h22 + s22

= 0 (2.1)

From Eq. (2.1), it can be written that

s1√
h21 + s21

=
s2√
h22 + s22

(2.2)

When looked at the Figure 2.2, it is seen that the left hand side of Eq. (2.2) is

sin θi. Similarly, the right hand side of Eq. (2.2) is sin θrl. There are two cases in which

sine values of two angles are equal. First one is θi = π− θrl. But if one of the angles is

bigger than π/2, then it means that one of the light rays has changed medium, which

is not the case. Then, the second option becomes the solution, which is

θi = θrl (2.3)

The Eq. (2.3) is known as the law of reflection, which simply states that any

incident ray coming to a surface with an angle with respect to the surface normal is

reflected with the same angle to the surface normal.
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2.3. Refraction

Refraction can be described as bowing of waves (light, in this case) when they

are passing from one medium to another in which their speed is different. When light

encounters with a medium which is not opaque and has different density than the

medium it leaves, it tries to continue its way. If the light does not enter the new

medium with a 90◦ angle between itself and the surface, then some portion of the

wavefront experiences new medium before other parts. That portion changes speed

and this change in speed causes the wavefront to alter direction. The effect can be

visualized as in Figure 2.3.

Figure 2.3. Refraction of waves.

Refraction occurs when the light enter a new medium in which its speed is dif-

ferent. Actually, light speed is not different, it always has the same constant value,

denoted by c, which is exactly equal to 2.99 792 458 × 108 m/s. However, if the light

enters a denser medium, the probability and the number of encounters with light and
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Figure 2.4. Derivation of law of refraction.

matter increase. When the light interacts with matter, it is completely absorbed by

the electron which is then in an excited state. To be able to stable again, the electron

releases a photon whose energy is equal to the one that it absorbed before. When the

photon is released, it moves with the speed c just to interact with another electron.

Due to these encounters, the average speed of the light has a lower value than c. Hence,

when it is said that light has a lower speed, it means the average phase speed, not the

actual speed of light [5].

Fermat’s Principle, again, can be applied to refraction to find an expression about

it. Suppose that the incident monochromatic light ray I1 in a medium in which its speed

is v1 interacts with a boundary of a medium in which light speed is v2, and passes to

that medium as the light ray I2 as in Figure 2.4. The incident ray I1 makes θi angle

with the surface normal and the refracted ray I2 makes the angle θrr. According to the

Fermat’s Principle, the light should go from A to B in the shortest time. The total
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travel time, tt, is

tt =

√
h21 + s21
v1

+

√
h22 + s22
v2

(2.4)

Let h = h1 + h2. Then

tt =

√
h21 + s21
v1

+

√
(h− h1)2 + s22

v2

The least time for light to travel from A to B can be found by taking derivative

of tt with respect to h1 and making it equal to 0. In that case,

dtt
dh1

=
2h1

2v1
√
h21 + s21

+
−2(h− h1)

2v2
√

(h− h1)2 + s22

=
h1

v1
√
h21 + s21

+
−(h− h1)

v2
√

(h− h1)2 + s22

=
1

v1

h1√
h21 + s21

+
1

v2

−h2√
h22 + s22

= 0 (2.5)

From Eq. (2.5), it can be written that

1

v1

h1√
h21 + s21

=
1

v2

h2√
h22 + s22

(2.6)

From Figure 2.4, it can be seen that the fraction term with square root on the

left hand side of Eq. (2.6) is sin θi, and the fractional term with square root on the right

hand side is sin θrr. Hence, Eq. (2.6) becomes

sin θi
v1

=
sin θrr
v2

(2.7)

The Eq. (2.7) is knows as the law of refraction. It’s also known as the Snell’s Law,

named after the astronomer Willebrord Snellius, although the relationship was known
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by Ibn Sahl long before Snellius [6].

The Eq. (2.7) creates some useful results. First of all, the process is reversible;

that is, the light would follow the same path if the light rays go from B to A instead

of A to B. Second, this equation reveals the density relationship between materials.

Without loss of generality, assume that the light moves in the first medium (on average)

faster than it moves in the second medium. According to the law of refraction, the

incident angle θi is bigger than the refraction angle θrr in this case. So, when light

passes to a “denser”medium (the intended meaning is explained in Section 2.3.1), it

bends towards the surface normal; the denser the matter is, the more the light bends.

As another result, assume that the incident ray comes perpendicular to the

medium surface. This means that θi is 0, which makes sin θi equal to 0. To sat-

isfy the Eq. (2.7), the other side should be 0. Assuming that the new material is a

transparent material, meaning that it allows the light to pass through itself, the light

has a nonzero velocity inside of it. In this case, sin θrr must be 0, meaning that θrr is

0. As a result, it follows that a light ray perpendicular to the surface of the boundary

continues its way without being refracted, although the speeds are different in each

medium.

Assume that a light ray goes from B to A (from denser material to a less dense

one) in Figure 2.4. If Eq. (2.7) is reordered to give an expression of θi,
1

sin θi =
v1
v2

sin θrr (2.8)

Since v1 > v2 and both speeds are positive, the expression v1/v2 is bigger than 1. In

this case, an angle θrr can be found such that 0 < θrr < π/2 making the right hand side

of Eq. (2.8) equal to 1; i.e., sin θrr = v2/v1. Thus, θi becomes π/2, meaning that the

refracted ray travels on the boundary between the two media. The angle θrr satisfying

this condition is called critical angle. When the light ray makes the critical angle with

1Since the process is reversible, θi and θrr are used as in Figure 2.4, although by θi the incident
ray angle is meant and θrr stands for refraction angle.
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the normal moving from a dense medium to a less dense medium, it moves on the

surface of the dense medium. If the angle continues to grow, the right hand side of

Eq. (2.8) gets bigger than 1, which is impossible as the left hand side of the equation

is a sine function. Therefore, the law of refraction is no longer valid in this case, and

the light makes total internal reflection, obeying the law of reflection in Eq. (2.3).

2.3.1. Index of Refraction

As mentioned before, the (average) speed of light decreases when it enters a denser

medium. That means light moves at the maximum speed c when there is no matter,

in other words, in vacuum. Let a number n be defined as the ratio of its maximum

speed and its speed in a medium, v;

n =
c

v
(2.9)

n is called index of refraction. As can be seen from Eq. (2.9), its minimum value

is 1, which is the index of refraction of vacuum, since the speed of light is the highest

speed possible in current understanding of physics. For different matters, n is different

since it depends on the molecular structure, temperature, density of the material, and

so on. For vacuum, n is 1; for air at 1 atm pressure and 0� , it’s 1.000 293; for water

at 20� it’s 1.333; for diamond, n is equal to 2.419 [7].

If Eq. (2.9) is put into Eq. (2.7), another form of law of refraction can be obtained

as follows:

n1 sin θi = n2 sin θrr (2.10)

In this equation, it can be concluded that the bigger the index of refraction of a

material, the smaller the angle of refraction. By the description “denser” material in

this chapter, it is meant that the material has bigger index of refraction. For instance,
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density of diamond is 3.51 g/cm3 and density of lanthanum fluoride is 5.936 g/cm3.

However, the index of refraction of diamond is 2.4166, and for lanthanum fluoride, it

is 1.6040 [8]. That means the molecular density does not imply proportional index of

refraction, and diamond is “denser” than lanthanum fluoride in this work.

For Figure 2.4, if the Eq. (2.9) is inserted into with Eq. (2.4), the result is

tt =
n1

√
h21 + s21
c

+
n2

√
h22 + s22
c

=
1

c

(
n1

√
h21 + s21 + n2

√
h22 + s22

)
=

1

c

(
n1AP + n2PB

)
(2.11)

The term inside the parentheses in Eq. (2.11) is called optical path length (OPL),

which is the traveled distance times the refractive index of the medium that the path

takes place. In its modern form, the Fermat’s Principle also dictates that a light ray

must go from a path whose length is stationary with respect to the variations of the

path.

2.3.2. Dispersion

When a photon encounters a boundary of a different medium, it does not gain

or lose energy since there is not a mechanism to do that. Photon may be absorbed by

an electron, but is released again by the same electron with the same energy. Hence,

the energy of a photon does not change after experiencing a new medium. According

to the Planck-Einstein Relation, energy of a photon, E, is

E = hf

where f is the frequency of the photon, and h is the Planck constant which is equal to

6.62 607 015 × 10−34 J.s [9]. Energy and h are constant here, so is the frequency f on

the boundary of the new medium.
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Speed of a traveling wave, v, can be found by

v = λf (2.12)

where λ is the wavelength of the wave. If Eq. (2.9) is put into Eq. (2.12) and the

obtained expression is rearranged, the result is

c

f
= nλ (2.13)

Eq. (2.13) tells that for the same frequency (the same light ray), the wavelength

and the index of refraction are inversely proportional. The fact that refractive index

depends on the wavelength of the incident ray is called dispersion. All the index of

refraction values given in Section 2.3.1 and other sources in literature are conventionally

obtained for the yellow doublet D-line of sodium, which nearly corresponds to 589.29

nm wavelength [7], to prevent confusion.

n value is strongly dependent on the frequency of the incident light ray. In fact, its

effect is more dominant than, for instance, that of molecular structure or temperature

of material. For gases, the index of refraction, n, can be calculated from

n2 = 1 +
Nq2e
meε0

1

(−ω2 + jγω + ω2
0)

(2.14)

and for dense materials

3

(
n2 − 1

n2 + 2

)
=
Nq2e
meε0

∑
k

fk
−ω2 + jγkω + ω2

0k

(2.15)

where all ω’s are the angular frequency of the incoming light. These equations are given

to show the incident light ray frequency dependence of the refractive index. For further

detail, please check [10]. An example for the effect of the wavelength on refractive index

is shown in Figure 2.5.
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Figure 2.5. Wavelength–Refractive index relationship for silicon. Obtained from [11].

Recall that the refraction in Section 2.3 is explained with monochromatic light.

Polychromatic light would create different light rays with different refraction angle due

to dispersion. An example of dispersion phenomenon is rainbow. The sun light is a

polychromatic light source, meaning that it contains many different wavelength values

in visible range which is 390 nm to 780 nm. From Eq. (2.13), it is obvious that light

rays with different wavelength values have different indices of refraction, and as a result

of Eq. (2.10) they refract with different refraction angles. In this case, different colors

are exposed to angular separation leading them to different directions when they pass

through water droplets in air during rainy weather. The highest frequency (the shortest

wavelength) experiences the biggest refractive index. Thus, it bends more towards to

surface normal of the boundary. The longest wavelength in visual spectrum belongs to

red, followed by orange, yellow, green, blue and violet, the shortest wavelength. This

ordering is also the same seen in a rainbow.
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2.3.3. Refraction on Spherical Surfaces

A flat transparent medium boundary always bends the planar wave of light with

the same angle because the coming angle is the same for every point on the wavefront.

However, if the medium boundary is a curved one, then the surface normal would be

different for all points on planar wave since the surface normal for a curved plane is

the line passing from the center of curvature and the contact point. In this case, the

refracted wavefront will no longer be planar but curved. Depending on the surface’s

having convex or concave geometry, the planar wavefront either converges to a point

or diverges from a point, respectively.

Figure 2.6. The geometry for refraction on spherical surfaces.

Assume that a light ray leaves from a point O inside a medium whose refractive

index is n1, touches an on–boundary point P , and is refracted by a medium with index

of refraction n2 such that the light ray forms an image on point O′, as in Figure 2.6.
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Here, it is assumed that n2 > n1. From the figure and the geometry, it is obvious that

θi = α + β and θrr = β − γ

Note that β is the common variable for both angles. For Figure 2.6, the optical path

length is

OPL = n1OP + n2PO′ (2.16)

where

OP =
√
r2 + (p+ r)2 − 2r(p+ r) cos β

PO′ =
√
r2 + (q − r)2 + 2r(q − r) cos β

If the Fermat’s Principle in its modern form is applied to Eq. (2.16) with the consider-

ation that the optical path length varies with β,

d

dβ
OPL = 0 =

n1r(p+ r) sin β

2OP
+
−n2r(q − r) sin β

2PO′

which, after some simplifications, results to

n1

OP
+

n2

PO′
=

1

r

(
n2q

PO′
− n1p

OP

)
(2.17)

Although Eq. (2.17) is exact, the equation is not simple to apply since it depends

on the location of the contact point P . For simplification, assume that the distance

between contact point P and the optical axis
←−→
OO′ is not a comparable length with

object-to-boundary distance p, boundary-to-image distance q or radius of curvature r.

Hence, the angles θi and θrr are small, as well as α, β and γ. Since CP is close to
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←−→
OO′, so is the incident light ray. In this case, the incident ray is “close to the axis”.

Such rays are called paraxial rays; para- means “beside, close, side-by-side” in Latin,

and axial means “about the axis”. For paraxial ray approximation, β → 0, resulting

in OP → p and PO′ → q. These approximations lead to the final result

n1

p
+
n2

q
=
n2 − n1

r
(2.18)

Eq. (2.18) indicates that for a fixed object distance p, the paraxial rays are focused

on the same point regardless of the incident angle. In this equation, all terms are

positive. However, it does not have to be the case always. Eq. (2.18) is obtained with

the assumption that n2 > n1. In this case, the sign convention for Figure 2.6 is as

follows:

� r is positive if the center of curvature and the light source are at the opposite

side of the refracting surface.

� q is positive if the light source and its image are at the opposite side of the

refracting surface.

� p is positive if the incident light rays and the light source are at the same side of

the refracting surface.

Note that although this equation is obtained with the assumption that n2 > n1,

the Eq. (2.18) is valid regardless of which index of refraction is bigger. For n1 > n2,

the sign convention is the opposite of the signs explained above.

2.3.4. Thick and Thin Lenses

Assume that two spherical surfaces with radii r1 and r2 are merged together to

create a lens with thickness d. The lens has a refractive index nl and the medium in

which the lens is put has nm with a relationship nl > nm. Assume that an object O

is put on the optical axis of the lens p1 units away in front of the lens. The setup is
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Figure 2.7. Derivation of lens equation.

pictured in Figure 2.7.

If Eq. (2.18) is written for the first contact of light and lens on the surface with

radius of curvature r1,

nm
p1

+
nl
q1

=
nl − nm
r1

(2.19)

Assume that the object O is at such a position that the refracted light rays do

not converge. In this case, extensions of the refracted light rays intersect to form a

virtual image O′ at q1 units away from the lens surface. Since the image is not real, by

the sign convention, q1 is negative in Eq. (2.19); that is, |q1| = −q1. p1 is positive since

the incident light rays and the object are at the same side of the refracting surface.

Center of the curvature C1 is at the opposite side with the object, thus, r1 is positive.

The second surface “sees” the light rays as if they are coming from O′ and from

a medium whose index of refraction is nl. The object distance is |p2| = |q1|+ d. Since
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the incident light rays and the source are at the same side with respect to the surface,

p2 is positive, hence, p2 = d− q1. If Eq. (2.18) is written for the second surface,

nl
d− q1

+
nm
q2

=
nm − nl
r2

(2.20)

In Eq. (2.20), q2 is positive, and r2 is negative since the center of curvature C2

and the light source are at the same side. If Eq. (2.19) and Eq. (2.20) are summed and

the obtained expression is rearranged,

1

p1
+

1

q2
=

(
nl
nm
− 1

)(
1

r1
− 1

r2

)
− nld

nmq1 (d− q1)
(2.21)

Eq. (2.21) is not convenient to use since it includes a term which requires the

knowledge of the position of first image created by the first surface of the lens. Instead,

[12] derived a more useful equation via small angle approximation (sin θ ≈ tan θ ≈ θ

for θ < π/18 radians) and lots of algebraic manipulation for thick lenses, which is

1

p1
+

1

q2
=

(
nl
nm
− 1

)[
1

r1
− 1

r2
+

(nl − nm)d

nlr1r2

]
(2.22)

Eq. (2.22) presents some interesting features. Firstly, the equation does not in-

clude a term containing the first image and second object locations. Hence, it is safe

to drop the subscripts from p1 and q2. Second, the right hand side of the equation

depends on the lens parameters and the medium, which do not have any relationship

with the light source parameters or position. This makes that side a constant value.

By calling this constant value as 1/f , the Eq. (2.22) can be written as

1

p
+

1

q
=

1

f
=

(
nl
nm
− 1

)[
1

r1
− 1

r2
+

(nl − nm)d

nlr1r2

]
(2.23)
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Eq. (2.23) is known as the thick lens equation. The distance f is called the focal

length of the lens because when the object is at infinity; in other words, p = ∞, all

the incident rays are focused on the point that f units away from the second surface

of the lens. The value 1/f is called the optical power of the lens. It is so common in

equations and expressions in optics that although the SI unit for 1/f is m−1, it has

another name in optics, diopters, shown by D. The lenses with positive optical power

are called convex or positive lenses, and the ones with negative optical power are called

concave or negative lenses.

For a lens whose thickness can be neglected, d → 0, which makes the rightmost

term 0 in Eq. (2.23), which results in

1

p
+

1

q
=

1

f
=

(
nl
nm
− 1

)[
1

r1
− 1

r2

]
(2.24)

Eq. (2.24) is called the lens law, thin lens equation or lens maker’s equation since

it is used in lens making process to determine r1 and r2 when the focal point f and

the index of refraction of the lens nl are known. Although Eq. (2.23) and Eq. (2.24) are

obtained with the geometry in Figure 2.7 under the condition nl > nm, these equations

are valid in all cases with the proper application of sign convention.

Suppose that two thin lenses with focal distances f1 and f2 are in contact and an

image is to be created by those lenses. If the thin lens maker’s equation is written for

separate lenses,

1

p1
+

1

q1
=

1

f1
and

1

p2
+

1

q2
=

1

f2

According to Figure 2.7, the image created by the first lens falls behind the lens

and that image serves as the object for the second lens. However, since the lenses are

considered thin, the image created by the first lens, which is the object for the second
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lens, falls behind the second lens. Hence, by the sign convention, p1 and q1 are positive,

as well as q2, but p2 should be negative and equal to −q1. In this case,

1

p1
+

1

q1
=

1

f1
and

1

−q1
+

1

q2
=

1

f2

If those two equations are added and the subscripts of p1 and q2 are dropped as in

Eq. (2.22), the result is

1

p
+

1

q
=

1

f
=

1

f1
+

1

f2
(2.25)

Eq. (2.25) tells that when the lenses are cascaded, the optical power of resultant

system is the summation of the optical power of all lenses in contact.

2.4. Diffraction

In the 17th century, Francesco Maria Grimaldi published a work stating that in

the experiment he conducted, he concluded that the passage of the light cannot be

explained by rectilinear propagation of light. He called this deviation as diffraction [7],

from the Latin word diffringere meaning “to break into pieces”. In a similar wording,

Arnold Sommerfeld explained diffraction as “any deviation of light rays from rectilinear

paths which cannot be interpreted as reflection or refraction” [13].

Diffraction is a general characteristic of waves, either sound, matter or electro-

magnetic, happening when a part of the wavefront is prevented by an either transparent

or opaque obstacle causing it to change amplitude or phase [7]. When there is no block

for wavefront to move forward or change in the optical characteristics of medium, the

Huygens’ Principle holds and the superposition of the secondary wavelets creates the

next wavefront generally in the same shape with the previous wavefront. However,
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Figure 2.8. Huygens–Fresnel Principle.

when some portion of the wave meets an obstacle, some part of the wavefront is lost

to create the next wavefront in the same shape. Hence, the shape of next wavefront

is not a perfect copy of the previous one. The effect is shown in Figure 2.8 for planar

waves. Since the wavefront meets an opaque screen with a small aperture, not all the

wavefront is able to pass it, and beyond the screen it starts to be curved.

2.4.1. Huygens–Fresnel Principle

Note that Huygens’ Principle in Section 2.1 does not specify the wave type or the

wavelength. Suppose that in a sunny day you tell something to a friend, between you

and who is a tree and the sun is behind of you. When you say something loud enough,

your friend can hear you, meaning that the sound waves can make it behind the tree.

However, there is also a shadow of the tree on the ground, meaning that the light waves

could not reach behind the tree. Since both sound and light are waves, although with

different frequencies, they should obey the Huygens’ Principle, but according to that
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the shadow should not exist; light should be able to fall behind the tree. This was the

inadequacy of Huygens’ Principle.

Huygens’ Principle also cannot explain the diffraction phenomenon. When waves

pass from a slit as in Figure 2.8, it could predict that the waves drawn by blue is

formed, but with this formation the pattern on a viewing screen behind the aperture

cannot be formed, which are called diffraction pattern. Moreover, as mentioned before,

Huygens stated that the secondary spherical wavelets propagate in the direction of the

primary wave but he did not give a mathematical explanation for why those “spherical”

wavelets do not propagate behind the wavefront.

To mathematically correct these unexplained behaviors of the waves, Augustine-

Jean Fresnel corrected the Huygens’ Principle with the addition of interference. He

corrected that as “every point on an unobstructed wavefront behaves as a point source

of spherical wavelets at the same frequency, and the amplitude of the optical field

beyond the wavefront is the superposition of all of those wavelets” [7]. By the superpo-

sition principle, he could explain the patterns qualitatively. In the Figure 2.8, the green

parts of the secondary wavelets are in phase although they start their propagation at

different times. Hence, those waves add up to produce a wavefront whose normal is

shown with a green arrow. The same is valid for the waves shown in red. Although

there are other in-phase wavelets and other point sources, only some portion of them

are shown for illustrative purposes.

The second contribution of Fresnel is the explanation of why the spherical wavelets

do not go beyond the primary wave that Huygens did not explain mathematically. The

wave expression in space–time is

u(ro, t) =
Ao
ro
ej(kro−ωt) (2.26)

where Ao is the wave amplitude, ro is the traveled distance by the wave as in Figure

2.9, ω is the angular wave frequency and k = 2π/λ is the wave number with λ being
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Figure 2.9. The geometry for Fresnel’s derivation.

the wavelength. The complex amplitude of this wave in space is

U(ro) =
Ao
ro
ejkro (2.27)

This expression is easy to interpret: The amplitude of the wave decreases proportionally

as the traveled distance ro increases, and the phase of the wave is kro.

From his experiments, Fresnel assumed that the secondary wavelets should have

π/2 out of phase with respect to primary waves, and since they propagate with the same

frequency, hence, the same wavelength in an optically uniform medium, their amplitude

ratio should be 1 : λ. Therefore, he added e−jπ/2/λ = −j/λ = 1/jλ term. Moreover,

he assumed that an obliquity factor K(θ) should be added to explain that waves do not

spread backwards. Together with the superposition principle, he expressed the wave

contribution on point S, which is rs units away from the differential surface element
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dSw on the primary wave, with the time dependence omitted, as

dUS =
Ao
ro
ejkro

1

jλ

ejkrs

rs
K(θ)dSw

The equation above can be explained as follows: The first two terms are the

complex (primary) wave amplitude equation in space originated from ro units away.

The 1/jλ term is the assumed constant phase difference and 1 : λ amplitude ratio

between the secondary waves and the primary wave. ejkrs/rs is the equation of a wave

originated on a point on the primary wave. K(θ) is the obliquity factor preventing

the secondary waves from propagating the back of the primary wave. Finally, this

contribution comes from a differential surface area dSw on the primary wave; as the

area increases, the contribution increases.

As a result, all the contribution on the point S from the primary wave is [14]

US =
Ao
jλ

�
Sw

ejk(ro+rs)

rors
K(θ)dSw (2.28)

where Sw is the surface area of the primary wave, θ is the angle between the point S

and the surface normal of the primary wave as shown in Figure 2.9.

Although Fresnel assumed all of π/2 phase difference, 1 : λ amplitude ratio, and

the obliquity factor K(θ), Gustav Kirchhoff showed via his integral theorem, Helmholtz

wave equation and Green’s theorem [13] that the term 1/jλ indeed comes from the

nature of waves. Moreover, he showed that the obliquity factor is equal to

K(θ) =
1 + cos θ

2

Note that it is 1 when θ = 0 and 0 for θ = π. Eq. (2.28) is known as the Fresnel–

Kirchhoff diffraction formula, and is the exact mathematical expression for the Huygens–

Fresnel Principle [7].
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To correct the Huygens’s Principle, Fresnel used the concept interference. Al-

though they have different names, diffraction and interference work in a quite similar

way. In fact, the distinction between interference and diffraction is not physically

clear. However, generally, the term interference is used when the number of waves

in superposition is small, and the diffraction is used when there are large number of

waves [7].

2.4.2. Diffraction on an Aperture

As mentioned before, diffraction occurs when some portion of the wavefront is

blocked by an obstacle, either opaque or transparent, changing the amplitude and/or

the phase of the wave. Assume that a light source sits on point Po which is ro units

in front of an opaque surface. Behind the obstacle is the point Ps(ys, zs) sitting rs

units away from the obstacle, which is illuminated by the light coming from the small

aperture. The described geometry is shown in Figure 2.10. Note that the aperture is

drawn as a rectangular for ease of illustration. However, this does not have to be case.

If the disturbance on point Ps due to a differential area dS located at Pa(ya, za)

on the aperture is written by using Eq. (2.28), the result is

dUPs =
1

jλ

Aoe
jk(roa+ras)

roaras
K(θ)dSA (2.29)

where SA is the aperture area. roa and ras can be written as

roa =
√
r2o + y2a + z2a

ras =
√
r2s + (ya − ys)2 + (za − zs)2
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Figure 2.10. Diffraction effect on a point behind the aperture on an opaque screen.

If the expressions are rewritten by factoring out ro and rs from the square roots,

roa = ro

√
1 +

y2a
r2o

+
z2a
r2o

ras = rs

√
1 +

(ya − ys)2

r2s
+

(za − zs)2

r2s

(2.30)

For the Eqs. (2.30) inserted in Eq. (2.29), there are two approximations. One is

done by Augustine–Jean Fresnel and the other is made by Joseph Ritter von Fraun-

hofer.

2.4.3. Fresnel Approximation

For Figure 2.10, Fresnel assumed that the aperture sizes are very small compared

to the distances ro and rs. This assumption also makes the deviation of the light from
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the aperture very small. Hence, for the amplitude terms, roa and ras are nearly equal

to ro and rs, respectively. But for the phase term, the same approximation cannot

be done since k = 2π/λ is a huge number for visible light. Consider the binomial

expansion of the square root

√
1 + x = 1 +

1

2
x− 1

8
x2 +

1

16
x3 − 5

128
x4 + · · ·

which converges for |x| < 1. If Eq. (2.30) are expanded using the binomial expansion

of square root up to the second term,

roa ≈ ro

[
1 +

y2a + z2a
2r2o

]
ras ≈ rs

[
1 +

(ya − ys)2

2r2s
+

(za − zs)2

2r2s

] (2.31)

So, the total disturbance on point Ps is

UPs =
Ao

jλrors

�
SA

ejk(roa+ras)K(θ)dSA (2.32)

where the terms roa and ras are as in Eqs. (2.31).

Eq. (2.32) is interesting to analyze. If roa and ras are written into the equation,

the phase term becomes

exp

{
jk

(
ro + rs +

y2s + z2s
2rs

)}
· exp

{
jk

(ro + rs)(y
2
a + z2a)

2rors

}
· exp

{
−jk
rs

(yays + zazs)

}

The first term is independent of the integration variables that are ya and za, since SA

depends on the coordinates ya and za. Hence, the first term can be taken out of the
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integral. If the Eq. (2.32) is rearranged,

UPs =
K(θ)

jλ
exp

{
jk

(
y2s + z2s

2rs

)}
×
�
SA

[
Aoe

jk(ro+rs)

rors
exp

{
jk

(ro + rs)(y
2
a + z2a)

2rors

}]
× exp

{
−j2π
λrs

(yays + zazs)

}
dSA

(2.33)

whereK(θ) is taken out of the integral as it does not depend on the integration variables

since rs is so large compared to the aperture sizes that they are neglected in the calcula-

tion of cos θ. A close look at the Eq. (2.33) reveals that the term in square brackets are

the disturbance just in front of the aperture and a quadratic phase term. Other than

the multiplicative phase and amplitude terms, the complete equation in Eq. (2.33) is

the Fourier transform of the wave coming from the aperture and a quadratic phase [14].

It can be thought as that because when the limits of the integral go from −∞ to∞ as

the Fourier transform requires, the wave amplitude would become 0 where the aperture

coordinates exceed the opening size.

If the center illumination is examined; in other words, if ys = 0 and zs = 0

and the aperture is assumed a rectangle, then the phase terms outside of the square

brackets are 1, meaning that there is no phase change by those terms. If the Eq. (2.33)

is rearranged in this case,

UPs =
Aoe

jk(ro+rs)

j
K(θ)

�
SA

1

rorsλ
exp

{
j

2π

λ

(
(ro + rs)(y

2
a + z2a)

2rors

)}
dyadza

For the phase term inside the integral,

exp

{
j

2π

λ

(
(ro + rs)(y

2
a + z2a)

2rors

)}
= exp

{
j
π(ro + rs)y

2
a

λrors

}
· exp

{
j
π(ro + rs)z

2
a

λrors

}
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If the change of variables is applied,

m = ya

√
2(ro + rs)

λrors
and n = za

√
2(ro + rs)

λrors

then the resulting integral is

UPs =
K(θ)

j

Aoe
jk(ro+rs)

2(ro + rs)

�
m

ejπm
′2/2dm′

�
n

ejπn
′2/2dn′ (2.34)

The term in front of the integral is the half of the unobstructed wave with a π/2

phase delay.2 The integrals can be calculated using Fresnel integrals, which are

C(x) =

x�

0

cos(πu2)du and S(x) =

x�

0

sin(πu2)du

The functions cos(πx2) and sin(πx2), together with C(x) and S(x) are plotted in

Figure 2.11. The graph 2.11(b), the Fresnel integrals, shows the radiance distribution

pattern on a screen with light coming from a rectangular aperture illuminated by a

point source. That is, if a photodiode is placed on the screen on which the pattern is

expected to occur, the detected distribution has a shape related to those functions [7].

The Fresnel approximation is also called near-field approximation. Because in

the calculation, although the distances ro and rs are considered big and thus eliminate

some of the terms, they are assumed not big enough to neglect, for instance, quadratic

terms in Eqs.(2.30) and (2.31), so the source and the screen are still close to aperture.

21/j = e−jπ/2. Moreover, the term K(θ) is accepted as 1 since for ys = 0 and zs = 0, and with
the assumption that rs is much bigger than ya and za, cos θ is nearly 1 making K(θ) equal to 1.
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(a)

(b)

Figure 2.11. The Fresnel integrals. (a) is cos(πx2) and sin(πx2), (b) shows the Fresnel

integrals C(x) and S(x).
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2.4.4. Fraunhofer Approximation

Consider the Eq. (2.30) for Figure 2.10,

roa = ro

√
1 +

y2a
r2o

+
z2a
r2o

ras = rs

√
1 +

(ya − ys)2

r2s
+

(za − zs)2

r2s

For the amplitude-related terms in Fresnel approximation, those quantities are taken

equal to ro and rs, respectively. In Fraunhofer, or far-field, approximation, ro and

rs are considered bigger than those in the Fresnel approximation. In this case, for

amplitudes, roa = ro and ras = rs. For phase terms, if the binomial expansion of

square root is used for roa, the result is as in Eq. (2.31). ro is accepted so larger than

the aperture sizes ya and za that the fractional terms are considered insignificant even

after the multiplication with k = 2π/λ, which is a very big number for light waves.

Hence, in the phase terms also, roa = ro. For ras, if the binomial expansion is applied,

ras = rs

√
1 +

(ya − ys)2

r2s
+

(za − zs)2

r2s

≈ rs

[
1 +

(ya − ys)2

2r2s
+

(za − zs)2

2r − s2

]
= rs

[
1 +

y2a + z2a
2r2s

+
y2s + z2s

2r2s
− 2(yays + zaza)

2r2s

]
≈ rs +

y2s + z2s
2rs

− yays + zazs
rs

in which at the last step, rs is considered so bigger than the aperture coordinates

that the terms containing only the aperture coordinates can be ignored even if they

are contributing the phase. It is because the term is so small that it actually makes

the exponent 0, making the phase contribution is equal to 1. Moreover, the obliquity

factor K(θ) can be taken as 1. Since the point Ps very far from the aperture, θ can be

kept small, although ys and zs are bigger than the aperture, making cos θ nearly 1, as

well as K(θ). If the values for roa, ras and K(θ) are put into Eq. (2.29) and obtained
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expression is integrated over the aperture, the result is

UPs =
exp

{
jk
(
y2s+z

2
s

2rs

)}
jλ

�

SA

Aoe
jk(ro+rs)

rors
exp

{
−j2π
λrs

(yays + zazs)

}
dSA (2.35)

The Eq. (2.35) is called the Fraunhofer diffraction formula. It says that apart

from the quadratic phase term depending on the screen (observer) coordinates, the

Fraunhofer diffraction is the Fourier transform of the incident wave coming from the

aperture evaluated at frequencies fya = ys/λrs and fza = zs/λrs. Eq. (2.33) and

Eq. (2.35) look similar, but are not completely the same. The first difference is the

obliquity factor seen in the Fresnel diffraction. It can be ignored in Fraunhofer version

because of the assumption that the aperture is very far from both the source and the

observation point. The second difference is the quadratic phase in the integral. In the

Fresnel formula, a quadratic phase term written in the aperture coordinates does not

disappear since the distances are not big enough to let the aperture sizes be eliminated.

This term also emphasizes the biggest and the most important difference between

Fresnel and Fraunhofer approximations: The linearity in the aperture coordinates in

amplitude and phase terms is the necessity for the Fraunhofer diffraction, whereas for

Fresnel approximation such a condition is not sought [7, 14].

An important assumption in Fraunhofer diffraction is the distance between the

source and the aperture going to infinity [13]. This assumption ensures that the arriving

incident waves are planar waves and the illumination at every point on the aperture is

equal due to the absence of the obliquity factor.

Suppose the setting in Figure 2.10 with rectangular aperture whose width is wy

and height is hz. In that case, the Eq. (2.35) becomes

UPs = εA

wy/2�

−wy/2

hz/2�

−hz/2

exp

{
−j2π
λrs

(yays + zazs)

}
dyadza (2.36)
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where

εA =
Ao exp

{
jk
(
ro + rs + y2s+z

2
s

2rs

)}
jλrors

(2.37)

This variable εA can be thought as the source strength per unit area, which can also

be understood by looking at the units. The Eq. (2.36) can also be written as

UPs = εA

∞�

−∞

rect

(
ya
wy

)
rect

(
za
hz

)
exp

{
−j2π
λrs

(yays + zazs)

}
dyadza (2.38)

where rect(x) is defined as

rect(x) =


1 , |x| < 1/2

0.5 , |x| = 1/2

0 , otherwise

By using a very well known fact that Fourier transform of the rectangular function

rect(x/a) is a sinc(af) = a sin(πaf)/πaf , Eq. (2.38) results to

UPs = εA(wyhz) sinc

(
wyys
λrs

)
sinc

(
hzzs
λrs

)
(2.39)

As told before, εA is the source strength per unit area, and (wyhz) is the aperture

area, which gives a consistent outcome. The resulting field distribution is given in

Figure 2.12. Here, the aperture is wider than it is tall. This results to more frequent

peaks on horizontal axis than the vertical axis.

As another, and more related-with-this-work, setup, consider a circular aperture

as in Figure 2.13. In this case, the coordinates in Eq. (2.35) should be modified for

spherical coordinates as follows:
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Figure 2.12. Fraunhofer diffraction of an electric field from a rectangular aperture.

Figure 2.13. The geometry for Fraunhofer diffraction on a circular aperture.
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ya = ρa sinα za = ρa cosα dSA = ρadρadα

ys = ρs sin β zs = ρs cos β
(2.40)

If Eqs. (2.40) are put into Eq. (2.35), the result is

UPs = εA

�
exp

{
−j2π
λrs

(ρaρs sinα sin β + ρaρs cosα cos β)

}
ρadρadα

= εA

� ra

0

� 2π

0

ρa exp

{
−j2π
λrs

ρaρs cos(α− β)

}
dαdρa

= εA

� ra

0

ρa

[� 2π

0

exp

{
−j2π
λrs

ρaρs cosα

}
dα

]
dρa (2.41)

The first step in Eq. (2.41) is reached via putting the expressions in Eq. (2.40) into

Eq. (2.35). The second step is obtained by the trigonometric identity

cos(α− β) = cosα cos β + sinα sin β

The last step uses the linearity of integral operation to separate ρa from the integral

depending on α, and the axial symmetry in the screen geometry to eliminate the β

dependence of the integral. In every steps, εA is defined as in Eq. (2.37).

Consider the term in the square brackets in Eq. (2.41). If the expression is

rearranged,

� 2π

0

cos

(
2πρaρs cosα

λrs

)
dα− j

� 2π

0

sin

(
2πρaρs cosα

λrs

)
dα

=

� 2π

0

cos(x cosα)dα− j
� 2π

0

sin(x cosα)dα

=

� 2π

0

cos(x cosα)dα

where x = 2πρaρs/λrs. If cos(x cosα) and sin(x cosα) are plotted, it can be understood

that the integral with sin term actually equals to 0, leaving only the integral on the

left. This integral cannot be reduced more, and is a specific function named after the

German astronomer Friedrich Wilhelm Bessel.
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Denoted by Jm(x), the Bessel function of the first kind of order m is defined as

Jm(x) =
j−m

2π

� 2π

0

ej(mα+x cosα)dα

The graph of the Bessel functions of the first kind of order m = 0, 1, ..., 4 are shown in

Figure 2.14.

Figure 2.14. The Bessel functions of the first kind of order m = 0, 1, ..., 4.

The Bessel functions have many representations, properties and applications,

most of which are out of scope of this work. But an interesting and useful property is

the recurrence relations, which states that

(
1

x

d

dx

)n
[xmJm(x)] = xm−nJm−n(x)(

1

x

d

dx

)n [
Jm(x)

xm

]
= (−1)n

Jm+n(x)

xm+n
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Going back to Eq. (2.41), observe that, except the normalization constant, the

term in square brackets is exactly equal to J0(x). In this case, Eq (2.41) becomes

UPs = 2πεA

� ra

0

ρaJ0

(
2πρaρs
λrs

)
dρa (2.42)

If the variables are changed in this integral as

x =
2πρaρs
λrs

, dx = dρa
2πρs
λrs

the integral becomes

UPs = 2πεA

(
λrs

2πρs

)2 � 2πraρs/λrs

0

xJ0(x)dx (2.43)

As the last step, by using the first recurrence relation with n = 1 and m = 1, the

Fraunhofer diffraction from a circular aperture becomes

UPs = εA

(
λrsra
ρs

)
J1

(
2πraρs
λrs

)
(2.44)

Figure 2.15. Fraunhofer diffraction of an electric field from a circular aperture.

The resulting pattern is shown in Figure 2.15. This pattern is called Airy pattern,

named after George Biddell Airy. The disk at the middle is defined as the best-focused

location of a light that a perfect lens can make with a circular aperture which is

diffraction limited.
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Fraunhofer, or far-field, approximation for optical frequencies is not actually very

practical one. For instance, the patterns in Figure 2.12 and Figure 2.15 are obtained

with 4 mm-wide and 2 mm-tall aperture and a circular aperture with 2 mm radius,

respectively, using 589.29 nm wavelength. But the simulated observations are done

on 1.5 m × 1.5 m plane placed 1000 m away from the apertures. However, Fraunhofer

diffraction can be observed much closer than these distances under the right circum-

stances. It can be shown that converging spherical waves from the aperture to the

observation plane create Fraunhofer diffraction pattern although in the calculation the

given distance requires Fresnel approximation [14]. Together with the plane wave re-

quirement entering the aperture, a system with one converging lens in front of the

aperture and one just behind obeys the Fraunhofer diffraction [7]. The first lens en-

sures that the entering waves are planar, and the second one provides the converging

spherical waves to the observer.

2.5. Light Passing Through an Aperture with Lens

Consider the Fresnel integral in Eq. (2.33) with rearranged terms

UPs =
K(θ)

jλrs
exp

{
jk

(
y2s + z2s

2rs

)}
×

�
SA

[
UA exp

{
jk

(
y2a + z2a

2

)(
ro + rs
rors

)}]
exp

{
−j2π
λrs

(yays + zazs)

}
dSA

(2.45)

where

UA =
Aoe

jk(ro+rs)

ro

For this equation, assume that an aperture is illuminated by a plane wave. For incident

planar wave, the disturbance seems to come from the infinity; in other words, ro →∞.

In that case, UA becomes a planar wave with constant amplitude, and for the limiting

case the phase term inside the square brackets becomes

exp

{
jk

(
y2a + z2a

2rs

)}
(2.46)
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Suppose that there is a converging lens in front of the aperture. In that case, the

illumination on the aperture is not constant but a function of the aperture coordinates

in phase and the amplitude; that is,

UA(ya, za) = UA0(ya, za)e
jφ(ya,za) (2.47)

Although the amplitude UA0(ya, za) is also important, the bigger care for the phase

term φ(ya, za) must be given.

(a)

(b)

Figure 2.16. The lens thickness geometry. (a) is the lens, (b) is the assumed lens

components.
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A lens which has one surface with radius of curvature r1 and another surface

having r2 is put in front of the aperture. The thickest part of the lens has d0 thickness.

The lens having a refractive index nl is inside a medium with nm index of refraction.

The lens is in such a shape that it can be thought as it is the combination of two curved

lens and one rectangular material. The explained geometry is shown in Figure 2.16.

Assume that the lens is clean and lets the light pass through without loss in

amplitude. So, the lens only changes the phase of the incident light, meaning that

UA0(ya, za) is constant. The phase change, however, depends on the optical path that

light travels.

The optical path length (OPL) traveled by the incident light coming from the

left (first touching the surface with radius of curvature r1) is

OPL(ya, za) = nld(ya, za) + nm(d0 − d(ya, za))

where the first term on the right hand side is the optical path length traveled in the

lens and the second part is the optical path length traveled in the medium. If this

expression is rearranged,

OPL(ya, za) = nmd0 + (nl − nm)d(ya, za) (2.48)

where d(ya, za) is the thickness function of the lens. This function can be found by di-

viding the lens into three components as in Figure 2.16(b). The first part (the leftmost

part in Figure 2.16(b)) has the thickness equal to

d1 −
(
r1 −

√
r21 − (y2a + z2a)

)
= d1 − r1

(
1−

√
1− y2a + z2a

r21

)
(2.49)
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The second part, obviously, has a thickness d2. The thickness of the last portion of the

lens is

d3 −
(
−r2 −

√
r22 − (y2a + z2a)

)
= d3 + r2

(
1−

√
1− y2a + z2a

r22

)
(2.50)

where the r2 comes out from the square root as −r2 and the first r2 has a negative sign

in front of it due to the sign convention. So, the total thickness of the lens is

d(ya, za) = d1 − r1

(
1−

√
1− y2a + z2a

r21

)
+ d2 + d3 + r2

(
1−

√
1− y2a + z2a

r22

)

= d0 − r1

(
1−

√
1− y2a + z2a

r21

)
+ r2

(
1−

√
1− y2a + z2a

r22

)
(2.51)

where d0 = d1 + d2 + d3 as in the Figure 2.16(a).

For a small aperture with the center of the lens placed at the center of it, the

incoming light rays can be considered as paraxial rays. With the use of paraxial ray

approximation, the square root terms can be expanded using first two terms of its

binomial expansions. Hence, Eq. (2.51) becomes

d(ya, za) = d0 − r1
[
1−

(
1− y2a + z2a

2r21

)]
+ r2

[
1−

(
1− y2a + z2a

2r22

)]
= d0 −

y2a + z2a
2r1

+
y2a + z2a

2r2

= d0 −
y2a + z2a

2

[
1

r1
− 1

r2

]
(2.52)

If Eq. (2.52) is put into Eq. (2.48),

OPL(ya, za) = nmd0 + (nl − nm)

(
d0 −

y2a + z2a
2

[
1

r1
− 1

r2

])
= nld0 − (nl − nm)

y2a + z2a
2

[
1

r1
− 1

r2

]
= nld0 − nm

y2a + z2a
2

{(
nl
nm
− 1

)[
1

r1
− 1

r2

]}
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The term in the curly brackets is exactly the same with Eq. (2.24). Hence, this

term can be changed with 1/f , making the OPL equal to

OPL(ya, za) = nld0 − nm
y2a + z2a

2f

Optical path length, thereby the index of refraction, should be taken into account

in light propagation. This is also valid for Fresnel and Fraunhofer diffraction. However,

in these calculations, the medium is taken as vacuum; in other words, the refractive

index of the medium is considered as 1. If a different number is used, for instance nm,

then every roa and ras term has to have a multiplicative constant nm inside of them,

which affects both the amplitude and the phase of the propagated light. Keeping this

in mind, if it is assumed that nm = 1, then

OPL(ya, za) = nld0 −
y2a + z2a

2f
(2.53)

The complete phase term for Eq. (2.47) is then

φ(ya, za) = kOPL(ya, za)

making the Eq.(2.47) as

UA(ya, za) = UA0(ya, za)e
jφ(ya,za)

= UA0(ya, za)e
jkOPL(ya,za)

= UA0(ya, za)e
jknld0 exp

{
−jky

2
a + z2a
2f

}
(2.54)

where k = 2π/λ. Finally, in Eq. (2.45), the rs the distance where the complex electric

field is calculated. When a converging lens is used, however, the light falls onto the

focal point, In this case, all the rs terms are equal to f , the focal point. Approximating
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the obliquity factor to 1 and inserting Eq. (2.54) and Eq. (2.46), the Eq. (2.45) becomes

UPs =
1

jλf
exp

{
jk

(
y2s + z2s

2f

)}
×
�
SA

[
UA0(ya, za)e

jknld0 exp

{
−jky

2
a + z2a
2f

}
exp

{
jk

(
y2a + z2a

2f

)}]
× exp

{
−j2π
λf

(yays + zazs)

}
dSA

The quadratic phases inside the square brackets exactly cancel each other, leaving

UPs = ejknld0
exp

{
jk
(
y2s+z

2
s

2f

)}
jλf

�
SA

UA0(ya, za) exp

{
−j2π
λf

(yays + zazs)

}
dSA (2.55)

If Eq. (2.35) and Eq. (2.55) are compared, it is easily seen that the two expressions

are the same except a constant phase delay and the notation difference. Although

the calculations are made from the Fresnel approximation, the resulting electric field

exhibits a Fraunhofer diffraction pattern. This result proves the claim at the end of

Section 2.4.4.

2.6. Image Formation Passing Through an Aperture with a Lens

The basic property of a lens is the ability of image formation. When an object

is illuminated, the lens creates a vision, real or virtual, resembling the object under

appropriate circumstances. This illumination is called an image of the object and is

created by the lens.

Suppose that an object sitting at a distance ro from aperture spreads monochro-

matic plane waves and those waves create an image at rs distance away from the

aperture. Let the plane wave emitted by the object be Uo(yo, zo) and the image be

denoted as Ui(ys, zs). By the linearity of the wave propagation [14], the image can be
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expressed by the superposition integral as

Ui(ys, zs) =

∞�

−∞

asf(ys, zs; yo, zo)Uo(yo, zo)dyodzo (2.56)

where asf(ys, zs; yo, zo) is the impulse response of the system at (ys, zs) for a wave

sitting on (yo, zo). If the imaging system is perfect, then

asf(ys, zs; yo, zo) = κδ(ys ±Myo, zs ±Mzo)

where κ is a constant, and δ(·) is Dirac delta function in which M is the system

magnification which makes the sign positive if the image inversion does not occur and

negative if the image is inverted.

Figure 2.17. The geometry for image formation via an aperture with a lens.

For the general case, the impulse response should be found. Suppose that an

object lies on yozo plane at a distance ro from the aperture. The aperture, having a
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positive lens with refractive index nl, focal distance f and central thickness d0, sits on

yaza plane. The yszs plane is the observing screen which takes place at rs units away

from the aperture. The explained geometry is shown in Figure 2.17.

To find the impulse response, all the system components should be examined

under the unit amplitude wave. For the spherical wave before the lens, Ubl(ya, za), the

paraxial approximation gives [14]

Ubl(ya, za) =
1

jλro
exp

{
jk

(ya − yo)2 + (za − zo)2

2ro

}
(2.57)

After passing through the lens, the wave becomes, as in Eq. (2.54)

Ual(ya, za) = ejknld0Ubl(ya, za)P(ya, za) exp

{
−jk (y2a + z2a)

2f

}
(2.58)

where

P(ya, za) =

1 , (ya, za) ∈ Aperture

0 , otherwise

is the pupil window function. At the end, due to the limited aperture and the observ-

ing distance, the wave exhibits Fresnel diffraction. Remembering that the all terms

containing ro in Eq. (2.33) comes from the incident wave, the result after Eqs. (2.57)

and (2.58) are put into the Fresnel diffraction is

asf(ys, zs; yo, zo) =
−K(θ)ejk(rs+nld0)

λ2rors
exp

{
jk

(y2s + z2s)

2rs

}
exp

{
jk

(y2o + z2o)

2ro

}
×

∞�

−∞

P(ya, za) exp

{
jk

[
1

ro
+

1

rs
− 1

f

]
(y2a + z2a)

2

}

× exp

{
−jk

[
ya

(
yo
ro

+
ys
rs

)
+ za

(
zo
ro

+
zs
rs

)]}
dyadza

(2.59)

For an easy-to-use expression, some simplifications should be made over Eq. (2.59).
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Consider the Eq. (2.24), the lens law. It says that when light passes through a

lens, the object location and image location have a relationship. If the object position

is ro and the image location is rs, the relation is

1

ro
+

1

rs
=

1

f
=⇒ 1

ro
+

1

rs
− 1

f
= 0

which is the case in Eq. (2.59). Hence, if the lens law is satisfied, which should be the

case for image formation, the first phase term in the integral vanishes.

Consider the Eq. (2.26). Until this point, the expressions are evaluated by drop-

ping the time dependence and considering the complex amplitude of this expression.

However, the complex amplitude of a field is not a measurable quantity. Due to that,

the irradiance is of more of concern for observations and calculations. Irradiance is the

flux or the radiant energy per unit area. It is the time average of square of the real

part of the electric field; in other words,

I(ro) =
〈
(<{u(ro, t)})2

〉
T

=
1

2
U(ro)U

∗(ro)

where U∗(ro) is the complex conjugate of U(ro). By the complex conjugation, the

imaginary parts and the phase terms vanish. In Eq. (2.59), the phase term containing

only ys, zs and rs terms can be neglected if the only concerning and measurable result

is the irradiance as this terms will be disappear after the calculation of irradiance.

In this specific case where the lens is a converging lens, for the image to be

acceptable as an image, the blur should be very minimum or does not exist at all. That

means an object point (yo, zo) should be spread very little around the corresponding

image point (ys, zs). In this case, the phase factor k(y2o +z2o)/2ro should change so little

that the each point can be considered as falling onto the corresponding image point

exactly. This situation must satisfy (yo, zo) = (ys/M, zs/M) where M is the system

magnification expressed as M = −rs/ro in which the minus sign comes due to the

image inversion. After this conversion is applied to the phase factor depending only on
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yo, zo and ro, the new phase term can be neglected via the reasoning used to eliminate

the phase term containing only ys, zs and rs [14].

Again with an obliquity factor reasonably set to 1 and taking the pure phase term

out of the integral which will be added at the end, Eq. (2.59) becomes

asf(ys, zs; yo, zo) ≈
1

λ2rors

∞�

−∞

P(ya, za)

× exp

{
−jk [ya (ys −Myo) + za (zs −Mzo)]

rs

}
dyadza

(2.60)

which is, apart from the extra multiplier 1/λro, the Fraunhofer diffraction pattern

centered on the image coordinates (ys, zs) = (Myo,Mzo).

The coordinates can be normalized for a simpler expression. If the variables are

changed as

ỹa =
ya
λrs

, z̃a =
za
λrs

, ỹo = Myo, z̃o = Mzo

the result becomes

asf(ys, zs; ỹo, z̃o) = −M
∞�

−∞

P(λrsỹa, λrsz̃a)

× exp {−j2π [ỹa (ys − ỹo) + z̃a (zs − z̃o)]} dỹadz̃a

(2.61)

Eq. (2.61) does depend only on the difference of the coordinates. Hence

asf(ys, zs; ỹo, z̃o) = asf(ys − ỹo, zs − z̃o)

As the last modification, consider the object and the image. If the imaging

system is perfect, then the image should be magnified version of the object on the
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corresponding image coordinates; in other words [14],

Ui(ys, zs) =
1

M
Uo

( ys
M
,
zs
M

)
=

1

M
Uo(yo, zo) =

1

M
Uo

(
ỹo
M
,
z̃o
M

)

Together with this result and Eq. (2.61), Eq. (2.56) becomes

Ui(ys, zs) =
−ejk(rs+nld0)

M2

∞�

−∞

asf(ys − ỹo, zs − z̃o)
[

1

M
Uo

(
ỹo
M
,
z̃o
M

)]
dỹodz̃o

=

(
−ejk(rs+nld0)

M2

)
asf(ys, zs) ∗

[
1

M
Uo

( ys
M
,
zs
M

)] (2.62)

where ∗ is the convolution operation and

asf(ys, zs) = −M
∞�

−∞

P(λrsỹa, λrsz̃a) exp {−j2π (ỹays + z̃azs)} dỹadz̃a (2.63)

is the amplitude spread function [7] (asf) affected from diffraction. This very important

result says the effect of the diffraction is the convolution of the ideal image with Fraun-

hofer diffraction pattern of the pupil window function or with the Fourier transform of

the pupil window function.

2.6.1. Coherent and Incoherent Illumination

Until now, it is assumed that the object is illuminated via monochromatic light

source. However, in reality it is nearly impossible to obtain a monochromatic light

source. Even the lasers emit light in narrowband around a center frequency. Hence

the discussion should be extended to the polychromatic light. For this, the concepts

coherent and incoherent should be introduced.

Consider the illumination where the complex space amplitudes at all object points

vary in harmony. In this case, although the actual phases are different, they change
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with time in a correlated way; in other words, the phase difference between the object

points remains constant. Having also the same wave shape and the frequency, this

illumination is said spatially coherent, or shortly coherent. Such illumination occurs

when the light seems to coming from a single point. This can be, for instance, a laser

beam or a powerful bulb light whose light rays are first passed from a pinhole. Another

type of illumination is the one that the complex amplitudes and phases of the waves

change independent from each other. Such illumination is called spatially incoherent,

or simply incoherent. When the illumination is incoherent, the light waves have neither

the same frequency nor the phase and amplitude. The example for this illumination

can be the sun light.

When the illumination is coherent, the amplitudes vary in unison. Hence, the re-

sulting wave amplitude should be obtained by the addition of the complex amplitudes.

The field is linear in complex amplitudes [14]. Hence, under the coherent illumination,

Ui(ys, zs) =

∞�

−∞

asf(ys − ỹo, zs − z̃o)Uo(ỹo, z̃o)dỹodz̃o (2.64)

in which the constant amplitude and phase terms are not written. Under the incoher-

ent illumination, since the incident light rays do not have a common component, their

addition should be done in terms of power intensity [14]. Thus,

Ii(ys, zs) =

∞�

−∞

|asf(ys − ỹo, zs − z̃o)|2 Io(ỹo, z̃o)dỹodz̃o (2.65)

where Ii(ys, zs) is the image intensity, Io(yo, zo) is the object intensity, and |asf(·)|2 is

the point spread function (psf). Again, the constant term in front of the integral is

omitted.
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2.6.2. Optical Transfer Function and Modulation Transfer Function

The presence of convolution operation brings more convenient ways to calculate

the resulting image of an object. Convolution theorem says that the convolution of

two functions results in a function whose (inverse) Fourier transform is equal to the

multiplication of (inverse) Fourier transforms of two convolved functions. Consider the

Eq. (2.65),

Ii(ys, zs) =

∞�

−∞

psf(ys − ỹo, zs − z̃o)Io(ỹo, z̃o)dỹodz̃o = psf(ys, zs) ∗ Io(ys, zs)

If the convolution theorem is applied,

Ii(ys, zs) = F−1 {F {psf(ys, zs)}F {Io(ys, zs)}} = F−1 {PSF(Ys, Zs)F {Io(ys, zs)}}

where (Ys, Zs) is the spatial frequency coordinates, F {·} is the Fourier transform oper-

ator, F−1 {·} is the inverse Fourier transform, and PSF(Ys, Zs) is the Fourier transform

of the point spread function;

PSF(Ys, Zs) =

∞�

−∞

psf(ys, zs) exp {−j2π(ysYs + zsZs)} dysdzs

If the PSF(Ys, Zs) is normalized by the value at the frequency (0, 0),

OTF(Ys, Zs) =

∞�

−∞

psf(ys, zs) exp {−j2π(ysYs + zsZs)} dysdzs

∞�

−∞

psf(ys, zs)dysdzs

the result is known as the optical transfer function (otf), and the modulus of is,

|OTF(Ys, Zs)| is called the modulation transfer function (mtf).
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3. HUMAN VISION SYSTEM

Our visual system is the primary information source of the outside world for

us. The importance of this system can be understood from the fact that the sensor

organ of visual system is the most advanced one and is the only sensory organ directly

connected to the brain. Among our five sensory systems; namely visual, auditory,

olfactory, tactual and gustatory systems, the visual system is the most complex one in

terms of the way of processing the sensor organ signals of brain and sensory organs of

the systems.

In the simplest meaning, eye, the visual system sensory organ, is a light-sensitive

structure providing the vision, receiving and processing visual details, and performing

some other biological tasks that are not related with the vision, such as adjustment

of circadian rhythms [15, 16], among the livings. Since the need for eye and its ca-

pabilities are different for every species, its structure, mission and working way vary

from species to species. Scientists classify eyes into two different categories, simple eye

and compound eye [17]. Simple eyes have one chamber for light to pass and reach the

sensor cells, whereas compound eyes can be thought as comprised of “many simple

eyes”. Each category consists of five types of eye, making totally 10 different eye types

among living beings. Human eye is in the type that can perform corneal refraction in

simple eye category [17].

This sensory organ is actually very powerful. Its dynamic range to notice different

brightness values is reported as 10 000 000:1 [18].3 A perfect eye can distinguish 0.35

mm-wide white and black lines from 1 m distance [19] and even can detect a single

photon under right circumstances [20]. To be able to understand the power of eye and

where this power comes from, its anatomy should be examined and understood.

3The actual range is bigger because in the correspondent study, the intensities higher than the
full moon are not considered.
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3.1. Human Eye Anatomy

As it can be seen from Figure 3.1, human eye consists of many layers, muscles,

fibers, veins and neural cells, all of which have many different structure, working prin-

ciple and responsibilities so much detailed and complicated that covering all requires a

separate study. Since the main concept of this study is vision, only the parts that are

related with vision formation are introduced here.

The eye ball is nearly a sphere. It sits within a pliable but strong shell called

sclera. Sclera is white and opaque (it’s shown as a grayish shell around the eye in

Figure 3.1) except in front of the eye. That part is transparent and called cornea. It is

the first part interacting with the incoming light, and the strongest convex component

of the eye [7]. It is equipped with high number of nerve cells perceiving touch and pain

signals. Hence, any disturbance, even the smallest one, caused by external agents such

as dust triggers the reflexes of blinking and producing more tears [22]. Cornea has a

thickness about 0.449 mm, but this varies due to the fact that it has different inner and

outer curvatures: The front radius of cornea is about 7.259 mm and the back radius is

about 5.585 mm [23].

At the back of the cornea lies the anterior chamber. This chamber is filled with

water-like liquid called aqueous humor, and has a depth around 2.794 mm [23]. This

liquid has two important responsibilities: to nourish the anterior part of the eye and to

redirect the light coming from the cornea a little bit more [7]. Deeply buried into the

aqueous humor is the iris. The word comes from the Latin word for “rainbow”and the

messenger of Gods Iris in Greek mythology. This part of eye carries pigments, giving

the colors of our eyes. Iris is the aperture controller of the eye to limit the amount

of entering light via pupil. By the radial and circular muscles, respectively, iris can

expand the pupil up to 8 mm diameter and can close it until the diameter of pupil

becomes 2 mm [7,22].

Crystalline lens, suspended by zonular fibers, is placed just behind of the pupil.

Its diameter is around 9 mm and its thickness is about 4–5 mm. Its front part (the
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Figure 3.1. Human eye anatomy. Adopted from [21].
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part at the exit of the pupil) is flatter than the its back part. Lens has a multi-layered

structure and elastic shell. The crystalline lens has some distinctive features: Its growth

in size is continuous. The lens remains flexible for 40–50 years, after which it causes

inevitable sight problems. Its structure gives it the ability to bend the light inside of it;

i.e., the crystalline lens has gradient-index system. Moreover, by ciliary muscles, it can

change its shape, hence the focal length of it, making easier the accommodation [7].

Behind the lens is another chamber called posterior chamber, filled with vitreous

humor. This gel-like matter contains proteins and cellular remains, and supports the

eye ball to cover its shape. The walls of posterior chamber has two more layers other

than sclera. The first layer inside of sclera is choroid. It is rich of blood vessels and a

pigment called melanin which helps eye with absorbing the light that cannot be focused

properly and scatters inside of the eye, being able to create irrelevant and non-sharp

images [7]. The second layer which is responsible for absorbing light and converting it

into the electrochemical signals to create image is retina.

Retina, which itself has three different cell layers, has a thickness about 0.1–0.5

mm [7]. The first layer consists of ganglion cells which directs the electrical signals

to the brain by optic nerves. The second layer is filled with bipolar cells, which sets

connection between ganglion cells and light sensitive cells, amacrine cells connecting

bipolar cells to ganglion cells, and horizontal cells which enables transmission between

bipolar cells and the sensor cells. The last layer contains rod cells and cone cells, the

structure which are responsible to sense the incoming light.

Around the center of the retina lies a yellow-colored region with 2.5–3 mm di-

ameter, macula. Here, the densities of the sensor cells rods and cones are twice of the

densities at the other regions of retina. At the center of the macula, a region called

fovea centralis (or fovea, in short) lies. This region has 0.3 mm diameter, does not

contain any rod cell and is the region where the formed image is the sharpest. In fovea,

the cones are thinner than the cones placed in other parts and the most densely packed

compared to other regions of retina. Fovea is so important that each cone in fovea is

connected to one nerve cell, a feature that is not seen anywhere in retina, and without
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fovea, the eye loses its visual capability around 90–95% [7]. Due to this importance,

eye ball tries to fall the incoming light onto the fovea by eye movements to create the

sharpest image possible.

Rods and cones are different in many aspects such as mission, structure, size,

shape, sensitivity, number in different regions, number of connected cells and so on.

These differences can be listed shortly as below:

� There are about 125 million rod and cone cells totally in each eye which are

unequally distributed over the retina. Rods outnumber the cones; there are only

6–7 million of cone cells in retina [7].

� Rods are 2 µm in diameter; whereas cones are 1.5–3 µm wide in fovea and 6 µm

wide outside of the fovea [7].

� Rods are longer and more slender compared to cones that are shorter, wider and

tapered.

� Rods are very sensitive, hence they are responsive to dim light and creates the

same response in bright light after some threshold value for brightness. Cones

give reactions to bright light and responsible for color vision and resolving fine

details [22].

� All rods contain the same and one type of pigment responsive to the light. Cones,

however, are divided into three types according to the pigment they carry differ-

entiated by the wavelength they respond.

On the retina, one region is receptor cell free and unresponsive to the light; that

is, this particular region does not contain any rod or cone cell. Consequently, when the

light falls onto this region no chemical reaction is triggered and no image is formed.

This area from which blood veins and optic nerves leave the eye ball is called blind

spot.
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3.2. Image Formation in Human Eye

As mentioned before, eye can be considered as a system with two positive lenses.

The first lens of this system interacting with light is cornea. Although it is a part of

the nearly-spherical structure sclera, it is a little bit flattened to prevent the possible

spherical aberrations [7]. Cornea has an index of refraction about 1.376. Consequently,

the most of the optical power of eye comes from the air-cornea interface. Since the

difference between indexes of refraction of two successive media in human vision system

is the biggest on this interface, most of the bending of light occurs here. The reason

that we cannot see sharply under water also comes from the difference between two

media’s indexes of refraction. Since it is 1.333 for water, the difference between indexes

of refraction of water and cornea is smaller than that of between air and cornea. Hence,

the light cannot be bent adequately [7].

Optical power of cornea on air-cornea interface is about +51–+52 D. However,

the back face of the cornea forms a concave lens and the next refractive part after

cornea has a lower index of refraction. Hence the optical power at the back of cornea

is negative, specifically around -7 D [23]. So totally, the cornea has a optical power

around +44–+45 D.

The incoming light is bent in cornea and then passes through aqueous humor.

The index of refraction of this liquid is around 1.336 [7]. Its index is close to that of

water’s, but not the same because it also carries some nutritious matter for front part

of eye. Aqueous humor directs the light towards pupil that can change size, and after

pupil, the light interacts with crystalline lens.

Crystalline lens comes just after the iris. Incoming light enters through the lens

and is bent to be further focused. It has some distinctive features for it to focus the

light properly. First, the lens has a layered structure and can be likened as “an onion

formed of around 22 000 very fine layers” [7]. Due to this layered structure, the light

seems to be bent discretely and step by step instead of being bowed just once and

necessary enough. Also, as mentioned before, the lens has gradient-indexed (GRIN)
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system. Index of refraction is different for different points on the crystalline lens: On

center, it is around 1.406, it decreases polynomially towards the end, and at the very

edges it becomes 1.386 [7]. This feature of lens allows light to follow an arc-shaped

path inside the lens and to occur a part of focusing the light in the lens.

Optical power of the lens is about +19 D when it is surrounded by air [7]. This

optical power is distributed for front part and back part of the lens because, as men-

tioned before, the front part and back part have different radii of curvature. For front

part of the lens, the optical power is about +8.1 D, and for the backside of the lens,

it is about +10.9 D [23]. However, since it is enclosed by aqueous humor and vitreous

humor, the focal length, hence the optical power, is different [7].

Another property of crystalline lens is accommodation. It is basically the fine

focusing duty of the lens. Lens is suspended behind the iris in an aligned position with

pupil. This suspension is done via zonular fibers attached to the ciliary muscles. When

these muscles are completely relaxed, the fibers are in stretched phase to hold the lens

relatively flat shape. In this case, the light coming from an object at infinity is focused

on the retina, which is accepted as 5–6 m and more for all practical purposes [7]. For

an unaccommodated eye, the object position whose light can be focused on retina is

called far point. As the object gets closer than the far point, ciliary muscles start to

contract, zonular fibers lose their tension. In this case, the crystalline lens starts to

expand towards the posterior chamber via its elastic forces and its surface becomes

rounder. By doing so, lens decreases its focal point to make the light fall onto retina.

The closer the object comes, the more the crystalline lens accommodates. After a

point, called near point, the lens cannot change shape to focus light onto retina. The

near point and age are proportional: For normal eye, near point lies on 7 cm distance

for a teenager, about 12 cm for a young adult, 28–40 cm for a middle-aged person, and

around 1 m for a 60-year-old [7].

Crystalline lens also affects our vision by its blocking nature. Human vision

systems is sensitive to light whose wavelength lies on the range from 390 nm to 780

nm. This range is called visual spectrum. Below of this range is called ultraviolet and
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the spectrum above the largest wavelength of the visual spectrum is called infrared.

Although, generally, the visual spectrum is defined as the range from 390 nm to 780 nm,

some studies extend this range from 310 nm to 1050 nm. For the ultraviolet spectrum,

our visual range is limited by crystalline lens since it absorbs the ultraviolet light.

Some patients whose crystalline lens had been surgically removed reported that they

can “see” X-rays or ultraviolet light, indicating that the removal operation increased

their ultraviolet light sensitivity [7].

After leaving the crystalline lens, the light interacts with vitreous humor. This

gelatinous matter consists of collagen and hyaluronic acid, both of which have protein-

based origins. Supporting the eye ball, this liquid has an index of refraction about

1.337, close to that of aqueous humor’s [7].

At the last stage of the optical par of vision, the light falls onto retina. The retina,

as mentioned before, consists of three different cell layers; ganglion cells, bipolar cells

and sensor cells, in the order that light interacts with. Ganglion cells are responsible

for the signals produced by sensor cells to be transmitted to brain. Bipolar cells carry

information between sensor cells and ganglion cells. Sensory cells detect the light and

turn this information into the electrochemical signals according to the features of the

light.

In human vision system, there are two types of sensor cells, rod cells and cone

cells. Rods are responsible for vision in dim light. Cone cells are active in bright

light conditions. Cone cells have the duty to distinguish color and fine details. Rods,

however, do not have those abilities. This is why our night vision is not both sharp

and colorful under dim light conditions.

Rod cells contain one type of pigment whose peak excitement occurs with 498

nm light. While rod cells are of one type, cone cells are divided into three different

types according to the pigments they carry and the wavelengths they respond to and

absorb most: “red”, “green”, and “blue” cone cells. This naming is, however, is not

truly descriptive for the cells due to the following reasons [22]:
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� When a color name is pronounced for an object, it is the color of the light that

it reflects. However, in case of the receptor cells, the mentioned colors are the

colors of absorbed light by the receptor cells.

� The wavelengths at which the peak sensitivities of the cone cells occur are about

420–430 nm, 530–535 nm, and 560–565 nm. Those wavelengths actually corre-

spond to violet, blue-green and yellow-green colors, respectively.

� If each type of cone cell could be excited separately, the perceived colors would

be violet, green and yellowish-green.

The sensitivity graphic obtained from the study [24] is shown in Figure 3.2. Note

that the peak sensitivity of rods correspond to green light. Overall, the green light is

the most stimulant light for human vision system. This fact causes humans to perceive

the objects “greener” than the actual color of the light that the objects reflect, and

enables human visual system to become more sensitive to green light and distinguish

the luminance change better at green color. This is the reason for that the night vision

cameras give output as green images, and for that the most widespread color filter

array, Bayer color filter array, to filter the light according to their wavelengths for pixel

sensors uses the ratio 1:2:1 for colors red, green and blue, respectively.

The area on retina which the light falls onto is called receptive field. Since the

light only stimulates the cells on the receptive field, only the ganglion cells on this area

are active. However, this activity is not activation of all cells lying on the receptive

field. When a small circular area on the center of this field is excited by light, the

center ganglion cells produce electrical signals. When the light on the center is gone,

however, the cells on area around the center produce electrical signals while the cells

on the center do not. Those cells are named on-center and off-center cells by the

discoverer of those cells, Stephen Kuffler [22].

Although there are three and only three types of cone cells in human retina, eye

does not work completely restricted to those three colors. Ewald Hering theorized

that the human vision system relies on three opponent processes; one for red-green

sensation, one for yellow-blue sensation and one for black-white sensation [22]. This



63

Figure 3.2. Human photoreceptor cell absorbency according to the wavelengths [24].

theory also brings explanation for some perceived colors like brown which cannot be

produced by mixing red, green and blue lights on a surface. He suggested that the color

perception depends not only the incoming light from an object but also brightness of

incoming light from the surrounding of object. This explains, for example, that the

color brown is not a result of linear addition of red, green and blue lights but actually

the yellow light whose perceived brightness is less that its surroundings.

This theory was somehow supported by Gunnar Svaetichin’s findings in 1956 [22].

He found that the horizontal cells in human retina are three types, and work in a sim-

ilar on-center and off-center manner of ganglion cells: One type, that he called L type,

is stimulated by light regardless of its wavelength. The r-g type cells are excited for

red-green light with maximum hyperpolarization by green light and maximum depo-

larization by red light. The last type, called y-b type, are activated with yellow-blue

light with maximum hyperpolarization by blue and maximum depolarization by yellow

light [22]. These findings supported the idea of Hering, and led the creation of L∗a∗b∗
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color space representation.

After the light falls onto retina and resulting electrical signals are produced, the

ganglion cells transmit the those signals to brain and the brain processes them to obtain

what we see. Since both the brain part of the vision is not completely understood and

is not relevant with this work, it will not be explained here.
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4. RELATED WORK

Together with the understanding and mathematical modeling of human eye, peo-

ple have tried to develop computational and model-based solutions for problems related

with the human vision. Being a developing and solution-offering area, image processing

and its means have been used to correct or recover visual acuity. In general, those image

processing methods to compensate vision deficiency for visually handicapped people

can be divided into two categories: detail enhancement methods and deconvolutional

methods.

4.1. Detail Enhancement Methods

Detail enhancement methods refer to the techniques that enhance the image

features desirable for visual acuity patients or that help such people to realize and

distinguish what they see. Those methods do not try to fully correct the corrupted

vision; instead, they try to increase the recognition rate of some features or objects in

the image such as faces, texts, main object edges and so on. This is generally done by

enhancing the high frequency content of image because of that visual acuity depends

on the eye’s ability to resolve object boundaries, or remapping the image to carry the

information-rich areas to more clear line of sight of the person. Hence, this category of

methods better serves people with impairments such as low light entry like cataract,

reduced information region disorders like scotoma, macular degeneration and visual

acuity decrease like mild myopia, astigmatism and so on.

4.1.1. Adaptive Filtering

In the signal processing area, the first work studying vision correction via image

processing was proposed by Peli and Peli [25]. They locally separated image into two

components; low-frequency image and high-frequency image. Since the work [25] dealt

with the low vision impairments like cataract, they enhanced high-frequency content

according to the low-frequency part of the local image, and then combined the processed
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images into one image.

To perform the image enhancement, they applied a method called spatial adaptive

filtering [2]. To apply that, first, authors of [25] extract the low frequency content of

the local image, IL(x, y), by averaging it with a (2N1 + 1)× (2N2 + 1) mask; in other

words,

IL(x, y) =
1

WD

x+N1∑
k=x−N1

y+N2∑
l=y−N2

I(k, l)WN (4.1)

where I(x, y) is the original image. WD and WN depend on the applied averaging type.

If the average is simple mean [2], then

WD = (2N1 + 1)(2N2 + 1) and WN = 1

If weighted averaging is applied, then

WD =

N1∑
k=−N1

N2∑
l=−N2

G(k, l) and WN = G(k − x, l − y)

where G(k, l) is a Gaussian window with controllable variance [25]. After obtaining the

low frequency content, the high frequency part, IH(x, y), is obtained by subtracting

the low frequency image from the original image; in other words,

IH(x, y) = I(x, y)− IL(x, y) (4.2)

Being separated, IL(x, y) and IH(x, y) are processed in different ways for different

purposes. Highpass content is handled in a way that both it is amplified to stress details

and it is prevented from being clipped due to the amplification. It is done by amplifying

the high frequency content with a scalar-valued lowpass-dependent function. That is,

I ′H(x, y) = IH(x, y)H(IL) (4.3)
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where I ′H(x, y) is the high frequency content of the enhanced image and H(IL) > 1 is

the scalar amplifier function of local luminance mean IL(x, y).

Together with highpass content, low frequency image is also modified for enhance-

ment. It is processed in a nonlinear way that the local mean of the lowpass image is

shifted towards the midrange of the dynamic range of the gray image which is [0 255].

This is achieved by

I ′L(x, y) = [IL(x, y)− 128]L(IL) + 128 (4.4)

where 128 is the midrange of the standard display range, and L(IL) is scalar-valued

function of IL(x, y) within the range [0 1]. As the last step, two resultant components

I ′L(x, y) and I ′H(x, y) are summed to obtain the enhanced image. An example of the

result of this method is given in Figure 4.1. Note that although some areas like the

hair of the child becomes indistinguishable from the background, some features can be

seen in more details, the bird figure on the coat, for instance.

(a) (b)

Figure 4.1. Example of adaptive filtering. (a) is the original image, (b) is the

adaptive filtered image with weighted averaged by 5× 5 Gaussian with σ = 2,

lowpass gain 0.9 and highpass gain 7.
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To evaluate the effects of spatially adaptive filter on reading, people employed it to

several image types. Authors in [26] applied the method to text images. However, they

found that the increase rate in reading speed is not substantial in a sample containing

people with visual acuity between 20/200 and 20/800, and central field loss (central

scotoma). Moreover, since the text images are white letters on a black background,

they came to conclusion that the increase rate may be due to the increased luminance

in the images instead of contrast increase in the text. In another study looking at the

still and motion images, authors found that the visually impaired people prefer the

moderately enhanced images helping them to see more clear object boundaries [27].

4.1.2. Wideband Enhancement

Alternative to the narrowband enhancement in [25], [28] offered a wideband en-

hancement for the people with vision defect. In this article, authors search for a specific

feature, edges in this case, in different scales by bandpass filtering the image in fre-

quency domain [29]. The filters in different scales, having one octave bandwidth and

separated by one octave in frequency domain, are applied to four different channels;

red color channel, green color channel, blue color channel and luminance channel. The

bandpass filters, Ci(u, v), are given by

Ci(u, v) =

0.5 [1 + cos(π log2 rf − πi)] , 2i−1 ≤ rf ≤ 2i+1

0 , elsewhere

(4.5)

where i is the scale number (order of the filter), u and v are spatial frequency Cartesian

coordinates, and rf is the radial frequency coordinate with rf =
√
u2 + v2. Images from

this filtering are converted into spatial domain from the frequency domain without

resizing. Then, obtained different-scale images, Ii(x, y), are compared with a threshold.

Thresholding can be either hard-thresholding to binarize the image or soft-thresholding

according to the human visual model and the patient’s vision acuity. That is, for hard-
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thresholding,

TIi(x, y) =

+1 , if Ii(x, y) ≥ 0

−1 , if Ii(x, y) < 0

(4.6)

and for soft-thresholding,

TIi(x, y) =


+1 , if Ii(x, y) ≥ +|thi|

0 , if − |thi| < Ii(x, y) < +|thi|

−1 , if Ii(x, y) ≤ −|thi|

(4.7)

where TIi(x, y) is the thresholded image in scale i, thi is the threshold value in scale i

which can be derived according to [30].

After thresholding, the scales are compared with each other in a XOR-like pro-

cess, namely phase congruency test. If a feature in one scale coincides with the same

feature in a different scale, then that feature is kept for enhancing the original image.

Mathematically speaking,

FI(x, y) =


+1 , T Ii(x, y) = 1, ∀i

0 , otherwise

−1 , T Ii(x, y) = −1, ∀i

(4.8)

where FI(x, y) is the feature image. Obtained the features in whole image, the algo-

rithm then adds those features to or subtracts those features from the corresponding

pixels to enhance the edges, an operation done according to the edges being ”dark”

edges or ”bright” edges. The enhancement level can be controlled by the patient.

Flowchart of the algorithm is shown in Figure 4.2.

In [28], it is found that the wideband enhancement method is preferred by the

subjects over narrowband enhancement. However, it is reported that if the level of
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Figure 4.2. Flowchart of the wideband enhancement. Adopted from [28].

enhancement is too high, then patients do not prefer wideband enhancement. Because

the method enhances edges and boundaries together with the noise associated with the

still or motion picture, no matter whether it is hard-thresholded or soft-thresholded.

4.1.3. Histogram Hyperbolization

The work [31] studied different approaches and methods to enhance images for

visually impaired people. As the first approach, contrast manipulating methods were

reviewed. Those methods are popular and well-known methods in image processing;

namely gamma changing, gray level redistribution, thresholding, histogram equaliza-

tion and histogram hyperbolization. Among them, the histogram hyperbolization is

reported as the best method to enhance image for vision degradation patients [31].

Proposed by Frei, histogram hyperbolization benefits from the fact that pleas-

ing pictures with well-adjusted contrast generally have histograms shaped similar to



71

(a) (b)

Figure 4.3. Example of histogram hyperbolization. (a) is the original image, (b) is

the histogram hyperbolized image with c = 0.5.

Rayleigh, exponential or hyperbolic functions [32]. Hence, histogram hyperbolization

tries to make the shape of the histogram of the picture like a hyperbolic function. It

is done for an image I(x, y) by the transformation J(I) as

J(I) = c

[
exp

(
ln(1 + 1/c)

� I

0

p(I)dI

)
− 1

]
(4.9)

where p(I) is the empirical probability density function of pixel brightness values and

c is an experimentally-determined constant. For discrete-natured digital images, the

integration becomes summation, hence, the histogram of the resulting image does not

have a perfect hyperbolic shape [32]. However, the image does still have better contrast

than the original image. Figure 4.3 shows an example result of histogram hyperboliza-

tion.

4.1.4. Unsharp Masking and Extremum Sharpening

Another approach that [31] investigated is spatial filtering. Together with the

aforementioned spatial adaptive filtering [2], unsharp masking and extremum sharpen-
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ing were also examined to help the visually impaired.

Unsharp masking is a relatively simple but effective way to make the images

sharper. In this method, the image is firstly lowpass filtered. This filter can be av-

eraging filter, weighted average filter, Gaussian filter and so on. Then, the obtained

lowpass image is subtracted from the original image, giving the highpass component.

As the last step, the highpass content is added to the original image, and this addition

can be done several times. As a result, the image becomes sharper than the original

image.

Extremum sharpening is another simple approach for image enhancement [33].

To enhance the image, a pixel is compared to the minimum and the maximum of its

neighboring pixels in a window. If it is out of the range of those extremum values; i.e.

smaller than the smallest or larger than the largest, then its original value is conserved.

If it is in the range, then the pixel value becomes the closest one of those extremum

points.

The outputs of unsharp masking and extremum sharpening are given in Figure

4.4. Note that these methods do not increase contrast, luminance or visibility of the

objects in the image. Instead, they try to sharpen the object boundaries and edges in

the image. Although such techniques give good enhancement results for normal vision

people, contrast enhancement may not be the ideal solution for the visually impaired.

According to study [34], contrast enhancement in images has some limitations and

challenges. The first limitation comes from the high frequency nature of the noise in

images. Most of the visual defects like opacities (for example, cataract), visual field

loss (for example, scotoma) and visual disorders (for example, astigmatism) bring the

reduction of high frequency sensitivity. To compensate this vision loss in images, they

have to be highpass filtered, enhancing the details. However, the inevitable noise in

pictures is also enhanced compared to lower frequencies after the filter is applied. This

noise amplification can cause disruption to user more than the enjoy that stressed

details give to the visually impaired. On the other hand, lowpass filtering the image

to get rid of the noise can sweep the highpass content that needs to be embellished off
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(a) (b) (c)

Figure 4.4. Examples of unsharp masking and extremum sharpening. (a) is the

original image, (b) is the unsharp masked image, (c) is the extremum sharpened

image with window size 5× 5.

the image. The second limitation is the range of standard digital displays. If an image

occupies most of the dynamic range and is exposed to high-frequency amplification to

some degree, then the amplified values may exceed the available dynamic range of the

screens. In this case, the enhanced pixel values will be clipped. If the pixel values are

to be rescaled to [0 255] after enhancement, the contrast difference between pixels may

decrease, reducing the effect of the enhancement.

4.1.5. Compression-based Enhancement

Together with image and video compression methods such as JPEG, JPEG2000,

MPEG and so on, spatial frequency filtering started to be applied in cooperation with

those standards. Since they are similar in terms of the methodology, only JPEG

standard will be explained briefly before the explanation of enhancement using those

standards .

JPEG (Joint Photographic Experts Group) picture standard was developed and

proposed in 1991 as a picture compression standard for digital devices [35]. Basically,

this method reduces or destroys the contribution of the high frequency components in

an image to compress the image data.
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In the beginning,4 encoding part divides the picture into 8 × 8 image blocks.

Then, each channel of each block is shifted towards the dynamic range from [0 255] to

[−128 127] by subtracting 128 from each pixel value, and goes through discrete cosine

transform (DCT);

I(u, v) =
1

4
C(u)C(v)

7∑
x=0

7∑
y=0

I(x, y) cos

(
(2x+ 1)uπ

16

)
cos

(
(2y + 1)vπ

16

)
(4.10)

for

C(u) =

1/
√

2 , u = 0

1 , otherwise

and C(v) =

1/
√

2 , v = 0

1 , otherwise

(4.11)

where I(u, v) is the pixel value of image I at DCT domain coordinates (u, v), I(x, y) is

the pixel value of image I at spatial domain coordinates (x, y), C(u) and C(v) are the

normalization constants given in Eqs. (4.11). After obtained, the frequency components

are quantized according to a quantization table dependent on the quality factor of

compression. Obtained DCT image block is element-wise divided by the quantization

matrix and the results are rounded to the nearest integer. This part is where the loss

in image information and quality occur. The rounding to the nearest integer operation

is irreversible, and thanks to the reduction of information in this part, the image is

compressed. An example of 8×8 quantization matrix Q with quality factor 50 specified

by JPEG community is given in Eq. (4.12).

As the last step, each 8× 8 DCT block is ordered and grouped in a manner that

the similar frequencies lie on the same group. This ordering is called zigzag ordering

and it has the same pattern as the DCT basis function ordering from low frequency to

high frequency in each axis. DCT basis functions and JPEG zigzag ordering are given

in Figure 4.5. After this ordering, a lossless compression method like Huffman coding

4The conversion from RGB to YCbCr and chroma subsampling of CbCr are omitted here.



75

(a) (b)

Figure 4.5. JPEG DCT basis functions and JPEG zigzag ordering. (a) is the JPEG

DCT basis functions, adopted from [36]. (b) is the JPEG zigzag ordering, adopted

from [37].

is applied to the image and it can be either stored or transferred as this.

Q =



16 11 10 16 24 40 51 61

12 12 14 19 26 58 60 55

14 13 16 24 40 57 69 56

14 17 22 29 51 87 80 62

18 22 37 56 68 109 103 77

24 35 55 64 81 104 113 92

49 64 78 87 103 121 120 101

72 92 95 98 112 100 103 99



(4.12)

Decoding part of JPEG is the reverse-ordered version of encoding. First, entropy

decoding is applied and the image blocks are reordered as the normal image is supposed

to be. Second, dequantization is applied where each element of the dequantizing matrix,

which is same as the quantization matrix, is multiplied element-by-element with the
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Figure 4.6. The block diagram of JPEG encoding and decoding. Adopted from [35].

blocks. Then, 8×8 inverse discrete cosine transform, IDCT, is applied as in Eq. (4.13),

I(x, y) =
1

4

7∑
u=0

7∑
v=0

C(u)C(v)I(u, v) cos

(
(2x+ 1)uπ

16

)
cos

(
(2y + 1)vπ

16

)
(4.13)

where C(u) and C(v) are defined in Eq. (4.11). After inversion, the values are rounded

to the nearest integers. As the last step, the image range is shifted from [−128 127] to

[0 255] by adding 128 to all pixels. The block diagram of JPEG compression is shown

in Fig 4.6.

The difference in video encoding, such as in Moving Picture Experts Group

(MPEG) standard, is inter-frame coding additional to intra-frame coding which is

the same as JPEG encoding. In inter-frame coding, the difference between two blocks

placed in same positions in consecutive images is encoded and decoded. Also, each

block has its own encoded position vector and movement vector indicating the current

position in the reference image and the next position in the consecutive frame. The

next frame is reconstructed from movement vector for each block and the difference
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between the image blocks.

The JPEG standard is a little bit manipulated to enhance the high frequency

content of the images in real time for the visually impaired people in studies [38, 39].

Authors take advantage of the quantization table and its zigzag ordering from the lowest

frequency to the highest. They modify the dequantization table in decoding part to

boost the high frequencies in the image. To do that, they multiply the dequantization

matrix with a filtering matrix.

To apply the enhancement technique in [38,39], suppose that D is an 8× 8 DCT

coefficient matrix of an image block. In this block, each column represents vertical spa-

tial frequency and each row represents the horizontal spatial frequency. Each entity,

dmn, of matrix D shows the magnitude of the block with m cycles/block in horizontal

direction and n cycles/block in vertical direction. For instance d32 component involves 3

cycles/block horizontal spatial frequency and 2 cycles/block vertical spatial frequency,

and d00 is the DC component of the image. Suppose that Bc indicates the average band

amplitude with total c cycles/block frequency in matrix D. For example, B1 band is

shown with cerulean, B5 band with red and B11 band with green in Eq. (4.14).

D =



d00 d01 d02 d03 d04 d05 d06 d07

d10 d11 d12 d13 d14 d15 d16 d17

d20 d21 d22 d23 d24 d25 d26 d27

d30 d31 d32 d33 d34 d35 d36 d37

d40 d41 d42 d43 d44 d45 d46 d47

d50 d51 d52 d53 d54 d55 d56 d57

d60 d61 d62 d63 d64 d65 d66 d67

d70 d71 d72 d73 d74 d75 d76 d77



(4.14)
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A contrast measure for each band in band-limited DCT domain can be defined as

Cc =
Bc

Bc−1
for 1 ≤ c ≤ 14, n ∈ Z (4.15)

where aforementioned Bc is mathematically expressed as

Bc =

∑
m+n=c|dmn|∑
m+n=c 1

(4.16)

Suppose that the contrast in band c, except the DC component c = 0, is to be enhanced

by a factor, say, α. The new contrast, Ĉc, is then

B̂c

B̂c−1
= Ĉc = αCc =

αBc

Bc−1
(4.17)

If we reorder and expand the Eq. (4.17), then we have

B̂c =
αBc

Bc−1
B̂c−1

=
αBc

Bc−1

αBc−1

Bc−2
B̂c−2 = α2 Bc

Bc−2
B̂c−2

= α2 Bc

Bc−2

αBc−2

Bc−3
B̂c−3 = α3 Bc

Bc−3
B̂c−3

= . . .

= αc
Bc

B0

B̂0 = αcBc (4.18)

where B0 = B̂0 since DC component is not to be enhanced. If Eqs. (4.16) and (4.17)

are combined, then the enhancement can be found as

d̂mn = αm+ndmn (4.19)

where d̂mn is the new DCT coefficient for horizontal frequency m cycles/block and

vertical frequency n cycles/block. This enhancement can be done via the quantization
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matrix, Q. If Q is modified to Q̂ such that

Q̂ = Q ◦ F

where [F]mn = αm+n, 0 ≤ m,n ≤ 7, and ◦ is the element-wise (Hadamard) product,

the enhancement can be realized. The frequency improvement can also be done direc-

tionally. For instance, if only the vertical frequencies are to be bolstered, F can be

modified as

[F]mn =

α
m+n ,m ≤ n

1 ,m > n

For video enhancement, the process is similar with the image enhancement. Au-

thors of [40,41] multiply the quantization matrix for both intra- and inter-frame coding

with a filtering matrix, F;

F =



1 1 1 α α α 1 1

1 1 α α αβ α 1 1

1 α α α αβ α 1 1

α α α αβ α 1 1 1

α α α α 1 1 1 1

α α α 1 1 1 1 1

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1



(4.20)

Here, the matrix has non-identity elements for only the frequencies that are found to

be useful to enhance in their experiments [40]. By eliminating low frequency bands

B1, B2 and B3, low and high ends of B6, and two ends of B7, the blocking effect from

the enhancement is canceled. Also, by the asymmetry that is applied to enhance the

vertical edges a little bit more by variable β, flickering effect stemming from interlaced

images on television is reduced [40].
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4.1.6. Object or Edge Stressing

Detail enhancement for vision degradation patients does not necessarily have to

be done via either contrast enhancement or spatial filtering. Some studies also worked

on the enhancement of the foreground or salient objects in images with a motivation

that most of time the important content of image is not hidden in the background.

Another motivation is that since the patients mostly lose their visual sensitivity for

object boundaries or edges, they can be stressed by some different techniques.

Atabany and Degenaar added edges detected from a simplified image [42]. To

obtain clear and connected edges, they first simplify the image via anisotropic diffusion

filter. Proposed firstly by Perona and Malik [43], anisotropic filtering reduces the

variations on a region while enhancing the boundaries of those regions. Authors of [43]

look at the heat diffusion equation to use in image processing;

∂I(x, y)

∂t
= div(γ∇I(x, y)) (4.21)

where I(x, y) is the image pixel value at (x, y) coordinates, t is time, div(·) is diver-

gence operator, ∇ is the gradient operator and γ is the positive diffusion (conduction)

constant. In order edges to be enhanced, the conduction coefficient must be 1 within

regions and 0 on the boundaries on the regions, which means that the diffusion coeffi-

cient should not be a constant. They claim that there is no reason for γ to be constant,

and change it to γ(x, y; t), a position- and time-dependent variable. So, the Eq. (4.21)

becomes

∂I(x, y; t)

∂t
= div(γ(x, y; t)∇I(x, y; t))

= ∇γ(x, y; t) · ∇I(x, y; t) + γ(x, y; t)∆I(x, y; t) (4.22)

where ∆ is the Laplacian operator. To solve this equation, they let γ(x, y; t) to be a

function of the gradient of the image brightness; in other words, γ = g(∇I), where

the spatial coordinates x, y and time indicator t are omitted for simpler and cleaner
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notation. Assume that, without loss of generality, the smooth edge is aligned with y

axis, hence the edges are one dimensional. Then ∇I = Ix and γ = g(Ix), where Ix is

the change in edge slope. In this case, Eq. (4.22) becomes

∂I

∂t
= div(g(Ix) · Ix)

= g′(Ix) · Ixx · Ix + Ixx · g(Ix)

= φ′(Ix) · Ixx (4.23)

where φ(Ix) = g(Ix)·Ix is introduced for notational simplicity. Looking at the variation

of the slope of edge in time, if γ > 0, then the differentiation in ∂Ix/∂t may change

order, and becomes

∂Ix
∂t

=
∂

∂x

(
∂I

∂t

)
= φ′′(Ix) · I2xx + φ′(Ix) · Ixxx (4.24)

Suppose that the edge is oriented such that Ix > 0. So, Ixx = 0 where the slope

of edge is maximum, and Ixxx � 0. So, signs of ∂Ix/∂t and φ′(Ix) are opposite; if

φ′(Ix) < 0, the slope of edge increases with time, enhancing the edge.

The discretization of Eq. (4.22) can be done as [43]

I(t+1)(x, y) = I(t)(x, y) + ς [γU 5U I + γD 5D I + γL5L I + γR 5R I](t) (x, y) (4.25)

where (x, y) is the pixel coordinate, (t) is the time (iteration number), ς is a stabilizer

constant with 0 ≤ ς ≤ 1/4, 5(·)Is are defined as directional differences; in other words,

5UI
(t)(x, y) = I(t)(x− 1, y)− I(t)(x, y)

5DI
(t)(x, y) = I(t)(x+ 1, y)− I(t)(x, y)

5LI
(t)(x, y) = I(t)(x, y − 1)− I(t)(x, y)

5RI
(t)(x, y) = I(t)(x, y + 1)− I(t)(x, y)
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γU , γD, γL and γR are the diffusion coefficients for directions up, down, left and right,

respectively, defined as a function of the absolute value of directional differences; that

is,

γ
(t)
U (x, y) = g

(
|5UI

(t)(x, y)|
)

γ
(t)
D (x, y) = g

(
|5DI

(t)(x, y)|
)

γ
(t)
L (x, y) = g

(
|5LI

(t)(x, y)|
)

γ
(t)
R (x, y) = g

(
|5RI

(t)(x, y)|
)

Perona and Malik proposed two possible choices for function g(·): To prefer high

contrast edges over low contrast ones;

g (∇I) = e−(|∇I|/κ)
2

(4.26)

and for privileging the wide regions over the smaller ones, the used formula is

g (∇I) =
1

1 +

(
|∇I|
κ

)2 (4.27)

where κ is either determined experimentally or found from noise estimation [44].

Atabany and Degenaar applied anisotropic diffusion operations with little modi-

fications [42]: They choose

g (∇I) =
1

1 +
√∑

d (∇dI)2
(4.28)

where d denotes the eight directions; up, down, left, right, up-right, up-left, down-right

and down-left, and modify Eq. (4.25) for those eight directions.
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(a) (b)

Figure 4.7. Example of edge enhancement using scene simplification. (a) is the

original image, (b) is the resultant image with ς = 1/7, κ = 30, γ is as in Eq. (4.27),

and iteration number is 2.

To detect edges over the simplified image with anisotropic filter, they use Sobel

edge detectors. The detector filters are shown in Eq. (4.29),

Sh =


1 2 1

0 0 0

−1 −2 −1

 Sv =


1 0 −1

2 0 −2

1 0 −1



Smd =


0 −1 −1

1 0 −1

1 1 0

 Sad =


1 1 0

1 0 −1

0 −1 −1


(4.29)

where Sh is used for horizontally aligned edges, Sv is for vertical ones, Smd is for edges

along with main diagonal (i.e. through upleft-downright), and Sad is for antidiagonal

edges.

After the edges are obtained, they are added to the original image to stress the

object boundaries or edges. An example of this enhancement is shown in Figure 4.7.
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Similar to the study [42], [45] also detects edges with gradient operators and

adds them to the original image to emphasize the edges. Their differences are that the

work [42] simplifies the image with diffusion filtering while study [45] does not do that,

and they use different edge detector operators. Atabany and Degenaar use Sobel edge

detectors given in Eq. (4.29), while Wolffshon et al. use Sobel and Prewitt operators

together, in which the latter is defined as

Ph =


1 1 1

0 0 0

−1 −1 −1

 Pv =


1 0 −1

1 0 −1

1 0 −1

 (4.30)

where Ph is for horizontal edges and Pv is for vertical edges. The reason that they

use both edge detectors is to preserve every edge detail; Sobel operator extract square

contours while Prewitt operator sketches curved lines [45]. The last difference between

the studies is that [42] applies the filter to gray-scale image that is either the original

image or converted from RGB image. On the other hand, [45] applies the edge detectors

to each color channels separately.

To increase the details and contrast difference that low vision people receive,

[46] applies a similar approach with [42]. Referred as tinted reduced outlined nature

(TRON) algorithm, this work first simplifies the image via anisotropic diffusion filter

described in Eqs. (4.25) and (4.28). Then, edge detection is done with edge detector

in [47], the modified version of Canny’s [44]: Instead of [−1 1] masks, they use [−1 0 1]

masks to compute first derivatives in four main directions; horizontal, vertical and two

diagonals. Named as Dh, Dv, Dd1 and Dd2 , those four directional differences are used

to calculate the X and Y gradients, as

X = Dh +
Dd1 + Dd2

2
and Y = Dv +

Dd1 −Dd2

2
(4.31)

After the calculation of gradients X and Y, the last stage of TRON algorithm

is to multiply the image by a weighting matrix W. It is obtained from the gradient
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(a) (b)

Figure 4.8. Example of the TRON algorithm. (a) is the original image, (b) is the

resultant image with edge detectors in Eq. (4.29); ς = 1/7, κ = 30, g (∇I) is as in

Eq. (4.27), iteration number 1 for Eq. (4.25), and threshold K = 0.2.

magnitude matrix, G, calculated as

G =
(
X 2O + Y 2O

) .5O
(4.32)

where 2O is the element-wise square of a matrix and .5O is point-wise square root of a

matrix. Then G is normalized to [0 1] and thresholded with K, values below of which

are raised to K to obtain W. Then the multiplication is done in an element-by-element

manner; that is,

TrI = I ◦W (4.33)

where TrI is the TRON image. The result of the algorithm can be seen in Figure 4.8.

Note that the procedure tries to stress edges by reducing the color information of the

image, thus makes it darker.

In this study [46], another image enhancement technique to be used for helping the

visually impaired people is cartoonization algorithm. The motivation of this algorithm

is that in cartoon images edges and boundaries are well-drawn and not blended. Also,

objects in cartoon images do not have much of the visual details such as texture and

smooth color transition. Therefore, cartoonization reduces the details in applied images
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and tries to keep main object boundaries and edges.

The first step in cartoonization algorithm is to reduce or erase the textures and

details. To do this, first, an RGB (red/green/blue) image is converted to an YCbCr

(luminance/blue-difference/red-difference) image. The conversion from an 8-bit RGB

image to YCbCr image is done according to the formulas

Y = 16 + (65.481×R + 128.553×G+ 24.966×B)

Cb = 128 + (−37.797×R +−74.203×G+ 112×B)

Cr = 128 + (112×R +−93.786×G+−18.214×B)

(4.34)

In this conversion, luminance component (Y) lies in the range [16 235], and chromi-

nance components (Cb and Cr) lie in the range [16 240]. To eliminate texture, only Y

component is filtered with anisotropic diffusion filter. Then the new YCbCr image is

converted back to RGB color space with the formulas

R = 0.00457× (Y − 16) + 0.00000× (Cb− 128) + 0.00626× (Cr − 128)

G = 0.00457× (Y − 16)− 0.00154× (Cb− 128)− 0.00319× (Cr − 128)

B = 0.00457× (Y − 16) + 0.00791× (Cb− 128) + 0.00000× (Cr − 128)

(4.35)

The second step in cartoonization is the calculation and normalization of the

gradient image. Again, the calculation of the gradient image is done as in Eqs. (4.31)

and (4.32). After normalizing the gradient image to [0 1], two threshold values are

determined, τm and τM . The values of gradient image below τm are set to 0, and the

values above τM become 1.

To create a cartoon image effect, the colors in original image are quantized be-

cause, generally, cartoon images do not have a smooth color transition. This quanti-

zation is done in CIELAB color space. To do that, first the RGB image is converted
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into CIEXYZ color space image via the formula [48]


X

Y

Z

 =
1

0.17697


0.49000 0.31000 0.20000

0.17697 0.81240 0.01063

0.00000 0.01000 0.99000



R

G

B

 (4.36)

Then the CIEXYZ (XYZ) image is converted into CIELAB (L∗a∗b∗) color space image

by the formulas [49]

L∗ = 116f

(
Y

Yn

)
− 16

a∗ = 500

[
f

(
X

Xn

)
− f

(
Y

Yn

)]
b∗ = 200

[
f

(
Y

Yn

)
− f

(
Z

Zn

)] (4.37)

where

f(x) =

x
1/3 , x > (24/116)3

(841/108)x+ (16/116) , x ≤ (24/116)3
(4.38)

and Xn, Yn and Zn are the reference white color values in CIEXYZ space. The reference

lightness for white is taken as [Xn Yn Zn] = [100 100 100]. The conversion from RGB

to L∗a∗b∗ cannot be done directly because L∗a∗b∗ color space is defined with respect

to XYZ. The quantization is done on the L∗ channel of the converted image, as

QL∗ = Qn +
∆q

2
tanh (TS ◦ (L∗ −Qn)) (4.39)

Here, QL∗ is the quantized L∗ channel; ∆q = 100/(N − 1) in which N is the number

of bins and 100 is the maximum value that L∗ can take; TS is the sharpness transition

matrix, effectively the gradient image rescaled to the range between two empirically

determined values tsm and tsM , and Qn is the nearest quantized value of the channel;

that is, Qn = ∆q × bL∗/∆qe, where b·e is the nearest integer function.
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As the last step, the image is converted back to the RGB image with the quantized

L∗ channel, and is combined with the negative of the gradient map to emphasize the

edges. Conversion from L∗a∗b∗ to RGB is done indirectly. First, L∗a∗b∗ image is

converted to XYZ image via

X = Xnf
−1
(
L∗ + 16

116
+

a∗

500

)
Y = Ynf

−1
(
L∗ + 16

116

)
Z = Znf

−1
(
L∗ + 16

116
− b∗

200

) (4.40)

where

f−1(x) =


x3 , x > (24/116)

108

841

(
x− 16

116

)
, x ≤ (24/116)

(4.41)

Then, XYZ image is converted back to RGB image via the transformation

(a) (b) (c)

Figure 4.9. Examples of cartoonization algorithm. (a) is the original image, (b) is the

cartoonized image without color quantization, (c) is the cartoonized image to which

color quantization is applied with N = 8, tsm = 3, tsM = 25. In both of the results,

τm = 0.1 and τM = 0.4. The parameters for anisotropic diffusion filter are the same as

the results in Figure 4.8.



89


R

G

B

 =


0.4184657 −0.15866088 −0.0828349

−0.0911690 0.2524314 0.0157075

0.0009209 −0.0025498 0.1785989



X

Y

Z

 (4.42)

In Figure 4.9, the results of the cartoonization algorithm are shown. Note that

the difference between the result with and without color quantization applied: In color

quantized version, the color transition is not smooth but has some value jumps while

this is not the case the result without the quantization.

4.2. Deconvolutional Methods

Deconvolution is a term used for the process to invert the effect of a linear, time- or

space-invariant system on the output to get the original input. In the deconvolutional

approach to vision correction, human eye is modeled as a linear, space-invariant system

with an impulse response. When the light comes into the eye, it is processed with the

impulse response of the eye and perceived as that processed version of the actual input.

If the impulse response is corrupted and steers away from the ideal response, then the

perceived image is corrupted. To recover the actual image, which can also be called

desired image, the output of eye should be convolved with inverse of (i.e. deconvolved

with) the transfer function of eye. Since the output is the retinal image and in this case

deconvolution must be done after rod and cone cells send the image signal but before

it reaches the image processing part of the brain, this is currently not possible. But,

thanks to the commutativity property of convolution process, deconvolution can be

performed in a different stage. For a screen, if image is deconvolved with the impulse

response of the human eye and then displayed to the person, then the perceived image,

in theory, must be very close to the image that a healthy eye perceives. This idea is

the basis for deconvolutional vision correction methods.
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4.2.1. Using Visual Degradation Transfer Function

A deconvolutional approach for vision correction was firstly discussed in [25]. In

this work, the transfer function of the eye is obtained via sine wave grating patterns.

An example of this pattern is shown in Figure 4.10. Normally in this graph, frequency

increases from left to right and contrast decreases in upward direction in logarithmic

fashion. Note that the given figure is not a standard measurement chart. This image is

created without following the necessary standards and is for the explanatory reasons.

Figure 4.10. A representation of sine wave grating pattern.

For each contrast threshold value, the ability of patient to distinguish the grating

pattern is different, which is a situation specifying the characteristics of the visual

system. For every threshold, there is a special frequency value (cycles/mm or cycles/deg

in units) for which the patient cannot separate the gratings. The reciprocal of this value

is the sensitivity for the specific frequency, and when the sensitivity values are plotted

as a function of the spatial frequency, the contrast sensitivity function of the visual

system is obtained. According to the authors of [25], this function can be used as the

modulation transfer function of the system, which can be related with the complete

characteristics of the visual system as explained in Section 2.6.2.
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After obtaining the necessary transfer function, the authors apply the deconvolu-

tion operation to the image. But the result is not satisfactory. The first, and the most

disturbing, reason is the amplified noise. The obtained transfer function has low-pass

nature. Consequently, the inverse of this function exhibits high-pass characteristics.

When it is applied to an image, it enhances details as well as the noise effective in the

high-pass spectrum. Hence, it disturbs the patient more than it presents a solution for

visual degradation. The second reason is the lost contrast. The inverse of the function

has very big and small values exceeding the dynamic range of the standard screens.

Thus, the necessary contrast difference for a proper correction cannot be displayed. As

a result, clipping and the loss of information are inevitable. The last reason for unsatis-

factory results is the way of obtaining the transfer function. It is found by the answers

that are given by the patient to the change in contrast and spatial frequency. But the

examination is neither the patient- nor the impairment-specific. For instance, both an

astigmatic and a myopic patient suffer from blurred vision in a distance. Both patients

may respond to the same contrast threshold value and the spatial frequency, giving the

same contrast sensitivity function, thus, the same transfer function. However, those

impairments have different characteristics and cannot have the same transfer function.

4.2.2. Using Wavefront Aberration Function

The last problem is overcome via the Hartmann-Shack wavefront sensor [50]. The

sensor is composed of an array of small lenses, called “lenslets”. The aperture array

is developed by Johannes Franz Hartmann in 1900 [51], and the array is modified by

Roland Shack as an array of lenslets [52]. Each lenslet has the same focal length and

a priori known focus point which hosts a sensor for light detection. When a distorted

wave meets with the lens array, the lenslets cannot focus the part of the wave to the

assumed focal point. Difference between the normal focal point on which the normal

wave is focused and the actual focal point on which the distorted wave is focused

can be calculated for each lenslet. Since any phase distortion can be approximated

with discrete tilts, all the measured differences are used to approximate the wavefront

aberration function. This approach led to better presentation of point spread function
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(a) (b)

Figure 4.11. Result of edge tapering. (a) is the retina image without edge tapering,

(b) is the with edge tapering.

than the visual degradation function, and was used in various studies [3, 53].

The lost contrast is the biggest problem since the standard dynamic range of 8-bit

digital screen are not even close to be adequate for deconvolution results. As shown in

Figure 5.13 in Section 5.8, the dynamic range of the result may typically lie between

around -6000 and about +7000, changing with different image and transfer function.

After shifting and scaling the resultant dynamic range linearly to the necessary one, the

vast differences between the actual pixel values are also scaled, decreasing the actual

intensity difference, hence the contrast. The main idea in deconvolutional methods

using wavefront aberration function is to increase the lost contrast.

One of the methods proposed to increase the perceived contrast is the edge taper-

ing method [54]. In this method, deconvolved image is edge-tapered with a Gaussian

filter whose size is 20×20 pixels and standard deviation (σ) is 5, after which it is dis-

played on the screen. The outcomes in study [54] seem very promising. However, those

results are obtained with the assumption that the images can be displayed on a high

dynamic range screen instead of a standard one. The results with and without edge

tapering on an 8-bit standard display are shown in Figure 4.11.
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Figure 4.12. Single-sided contrast mapping for β = 9, t = 120, and m = 50.

Another method encountered in the literature to increase the visibility of image is

the single-sided contrast enhancement [55]. This post-processing method relies on the

fact that shifting and scaling the dynamic range of an image do not have an impact on

non-zero frequencies. In single-sided enhancement, deconvolved image is shifted and

scaled to the dynamic range of an ordinary digital screen. Then, the transformation

function in Eq. (4.43) is applied;

SSC(l) =


t ·

1− exp
{
−β
(
l−m
t−m − 1

)}
1 + exp

{
−β
(
l−m
t−m − 1

)} + t , l ≤ t

l , l > t

(4.43)

where SSC(l) is single-sided contrast enhancement, l is the luminance value of a pixel,

β is the steepness parameter for the enhancement curve, t is the threshold value, and

m is the minimum value of the new image. This method is called single-sided because

it transforms the values under the threshold according to the Eq. (4.43), and the values

above it are linearly mapped to [0 255]. The example mapping is in Figure 4.12 for

values β = 9, t = 120, and m = 50.
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5. METHODOLOGY

For vision correction for the people with visual impairment, the followed approach

in this work is the deconvolutional approach that uses the point spread function of hu-

man eye. In this work, the eye data that help calculation of the point spread function

are collected from a device that uses the ray tracing method to determine the aberration

map. From those data, the wavefront aberration function is calculated by employing

the Zernike polynomials in the calculation of wavefront aberration function. As the

author knows, this work is the first which calculates the wavefront aberration function

of human eye cornea as well as the crystalline lens. The wavefront aberration functions

of two refractive components of human eye are included into the point spread function

calculations. The obtained function can be called “raw”because after the main calcu-

lation, the effects that can change the point spread function are taken into account.

Those effects are the changing pupil diameter, different wavelength value that changes

the defocus term in Zernike polynomials, accommodation distance and the person’s

age. After the final point spread function is calculated, the deconvolution operation

is applied to the images via the Wiener filtering. As the last step, the mapping and

contrast enhancement methods are applied to display the deconvolved images whose

dynamic range originally expands out of the standard screen dynamic range with as

much contrast as possible for clear and sharp retina image.

5.1. Zernike Polynomials

Zernike polynomials are a set of continuous polynomials that are orthogonal on

the unit circle. They were first used by Frits Zernike, the winner of the 1953 Nobel Prize

in Physics due to the invention of phase-contrast microscopy [56], in his phase-contrast

method [57], and standardized by OSA in 2002 for reporting optical aberrations in

human eye [58].

Zernike polynomials are one of the many polynomial sets that can be represented

with two real variables, and orthogonal in a continuous manner over the interior of
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the unit circle. Although they are orthogonal when they are continuous and generally

not orthogonal in discrete domain [59], they have several mathematical and practical

advantages over the other polynomial sets to be used in ophthalmology. First of all,

Zernike polynomials form a complete set, meaning that they can represent any circular

surface given enough terms. They have rotational symmetry that provides them with

being able to be written in the form of polynomial product of a radial polynomial,

written with radius ρ, and a periodic azimuthal polynomial, written in θ. Second, nth

degree radial polynomial does not contain any term whose degree is less than m, the

degree of the azimuthal polynomial. Also, if degree of azimuthal polynomial, m, is

even, the radial polynomial is also even, and if m is odd, so is the radial function [59].

Moreover, some of the Zernike polynomials have exactly the same shape with the

low order aberrations, which makes the aberrations easier to be represented. When

expressing the wavefront aberration function, the coefficients of used Zernike polyno-

mials are independent of the number of polynomials used, meaning that any number

of additional Zernike polynomials will not affect the previously computed or used ones.

Lastly, the balanced representation of classical aberrations with Zernike polynomials

shows minimum variance over a circular pupil [60], meaning that the representation of

wavefront aberration with Zernike polynomials over a circular pupil has the minimum

change compared to representations with other basis functions.

Zernike polynomials are generally defined in polar coordinates (ρ, θ) with ρ being

the radial component ranging between 0 and 1, and θ being azimuthal coordinate

with values between 0 and 2π. They can be written as product of polynomials, and a

Zernike polynomial have three components: radial component, azimuthal component

and normalization component. Together with n being the highest radial order and

m being the azimuthal frequency, a Zernike polynomial in double indexing scheme,

Zm
n (ρ, θ), can be written as

Zm
n (ρ, θ) = Nm

n R
m
n (ρ)Mm(θ) (5.1)
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Figure 5.1. Standard reference axis and positive direction for reporting eye

aberrations. Adopted from [58].

In Eq. (5.1), the polynomial Mm(θ) is the azimuthal, or meridional, component

with m being the azimuthal frequency and θ being the azimuthal coordinate. Although

the reference axis is taken as positive y axis and the positive direction is accepted as

clockwise in some studies [60,61], the right handed coordinate system is standardized for

representation of aberrations as shown in Figure 5.1 [58], hence the standard approach

is used here for coordinate θ. The azimuthal component is defined as

Mm(θ) =

cos(mθ) ,m ≥ 0

− sin(mθ) ,m < 0

(5.2)

The radial polynomial Rm
n (ρ) is described as

Rm
n (ρ) =

(n−|m|)/2∑
k=0

(−1)k(n− k)!

k!

[
n+ |m|

2
− k
]
!

[
n− |m|

2
− k
]
!

ρn−2k (5.3)

where n is the highest degree of Zernike polynomial, m is the azimuthal frequency, and

ρ is the radial coordinate. Note that Rm
n (ρ) = R−mn (ρ).
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Although the definition of the radial polynomial Rm
n (ρ) is as in Eq. (5.3), it is

not the best way to calculate it because of the fact that factorial operation spends the

most of the time during computation of the radial polynomial. Moreover, multiplication

and division operations may cause numerical instabilities such as overflow, underflow

or floating point precision during the calculation of higher order polynomials. To

overcome these problems, some alternative methods to direct method (Eq. (5.3)) are

proposed, such as Kintner’s algorithm [62], modified Kintner’s algorithm [63], Prata’s

algorithm [64], Belkasim’s method [65], coefficient method, p-recursive method [66]

and q-recursive method [63]. Among them, q-recursive method is the best algorithm

in terms of computation time [63] and numerical stability robustness [67].

In q-recursive method, the radial polynomial Rm
n (ρ) is calculated as following:

Rm
n (ρ) =


ρn , n = m

nRn
n(ρ)− (n− 1)Rm

m(ρ) , n = m+ 2

H1R
m+4
n (ρ) +

(
H2 +

H3

ρ2

)
Rm+2
n (ρ) , otherwise

(5.4)

where

H1 =
(m+ 4)(m+ 3)

2
− (m+ 4)H2 +

H3(n+m+ 6)(n−m− 4)

8

H2 =
H3(n+m+ 4)(n−m− 2)

4(m+ 3)
+m+ 2

H3 =
−4(m+ 2)(m+ 1)

(n+m+ 2)(n−m)

The method calculates Rm
n (ρ) recursively over m. It is called q-recursive because

authors of [63] use Rq
p(ρ) notation instead of Rm

n (ρ). Also, this algorithm uses the fact

that Rm
n (ρ) = R−mn (ρ) by definition in Eq. (5.3), because, for instance, H2 would be

undefined for azimuthal frequency m = −3 without it.
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The normalization constant is chosen from
� 1

0
ρRm

n (ρ)Rm
n′(ρ)dρ =

Rmn (1)δnn′
2(n+1)

, so

Nm
n =

√
2(n+ 1)

1 + δ(m)
(5.5)

where δ(m) is Kronecker delta function which is 0 other than m = 0. In some studies,

a separate normalization term as in Eq. (5.5) is not used [68]. Instead, its components

are distributed;
√
n+ 1 is embedded into Rm

n (ρ), and
√

2 is written inside of Mm(θ)

with the constraint M0(θ) = 1, yielding the same result.

In double index scheme, radial order n and azimuthal frequency m should satisfy

some conditions, all of which can be interpreted from Eq. (5.3). These conditions are

� n ≥ 0,

� |m| ≤ n,

� n+m ≡ 0 mod 2.

Together with double index scheme, a single index representation is also recom-

mended by OSA to be used only in graphical display of the coefficients of Zernike

polynomials. In this representation,

Zi(ρ, θ) = Zm
n (ρ, θ)

where the conversion between these two schemes can be done by

i =
n(n+ 2) +m

2
; n =

⌈
−3 +

√
9 + 8i

2

⌉
, m = 2i− n(n+ 2) (5.6)

provided that d·e is the ceil (round-up) function [58].

The first 45 Zernike polynomials, obtained by Eq. (5.1) with both double indexed

and single indexed names, are given in Figure 5.2. In the figure, yellow areas show

“higher”points and blue areas indicate “lower”values. Note that radial order increases
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Figure 5.2. First 45 Zernike polynomials. Yellow colored areas indicate bigger/higher

values than the blue ones, smaller/lower values. The double indexed and single

indexed representations are given on top of the each polynomial.
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as moving down in the pyramid, and azimuthal frequency increases from left to right.

Note also that the numbering of single indexed scheme is done first from left-to-right

and then top-to-bottom.

5.2. Wavefront Aberration Function

From the discussions in Chapter 2, it is obvious that a perfect converging lens

focuses a planar wave not extending beyond the limits of the paraxial approximation

onto its focal point F . However, if the lens is not perfect in some ways, for instance it

is dirty, damaged, deformed or not homogeneous, then the refracted wave cannot have

the same phase at every point on itself. In this case, the wavefront is not a perfectly

spherical wave and is said aberrated.

Figure 5.3. Optical path difference.

Consider the Figure 5.3. Here, the point F is the focal point for a normal and

undisturbed spherical wave WN(y, z). WA(y, z) is the aberrated wavefront due to an

imperfect optical device. For this setup, optical path difference (OPD) is defined as
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the difference between aberrated wavefront and the normal wavefront [59]; that is,

OPD(y, z) = ∆W (y, z) = WA(y, z)−WN(y, z) (5.7)

∆W (y, z) is called wavefront aberration function because it shows how much

the resulting wavefront is aberrated from the perfect spherical wave. Conventionally,

the difference is taken as positive if the aberrated wave leads the spherical wave, and

negative for a following distorted wave. In general, the wavefront aberration function

is measured either in micrometers (µm) or in wavelengths.

The wavefront aberration function is used as the optical path difference. Hence,

in the calculations for diffraction, it is used in the phase term as in Section 2.6. Since

the waves considered in this work are the light waves with very small wavelength, the

optical path in micrometer or several wavelength scale makes a very important impact

due to the wave number term k = 2π/λ in the phase. To measure such small length

differences, special methods must be used.

5.3. Ray Tracing

There are several methods to determine the wavefront aberration function such as

automatic retinoscope [69], Tscherning [70], Hartmann-Shack wavefront sensor [50] and

ray tracing [71, 72]. The most common method is to use Hartmann-Shack wavefront

sensor [73], the principals of which are explained in Section 4.2.2, and this work uses

ray tracing method since the available device uses it.

The ray tracing methodology is pictured in Figure 5.4. In this method, a laser

beam is sent to the eye parallel to its line of sight. After refracted onto the retina, the

light is reflected back. The scattered light then passes through the eye lens affected

from the aberrations of it. The reflected light is directed via a beam splitter and a lens

onto, and captured by, a linear array of photodetectors. The “healthy” falling position

on the photodetector and the actual one are compared for the specific position on the
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Figure 5.4. Ray tracing working principle.

pupil the laser beam is sent to. After that, the beam is shifted to another position

until the the whole pupil is scanned according to a scanning geometry.

When the scanning is complete, a set of data showing the deviation from the

“healthy” position of the focal point is processed. This processing includes the calcu-

lation of the necessary surfaces to obtain the actual surface deviating each laser beam

as much as measured deviation. The required surface is tried to be reconstructed from

the Zernike polynomials that the device can utilize. Reconstruction is done by using

the least squares method [73]. As the result, the coefficients of the Zernike polynomials,

ck, that help them to be linearly added to find the necessary surface in the formula

∆W (ρ, θ) =
∑
k

ckZk(ρ, θ)

are obtained.

The ray tracing has several advantages. First of all, the method uses forward pro-

jection. That means the method projects the focal shift onto the retina and measures

it via detector, whereas the backward projection requires a source on the retina and the

focal shift is projected onto a camera, which itself can have aberrations. The second

advantage is that it is a parallel method. That means the measurements are taken
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point by point on the aperture. In series methods, for instance the in the Hartmann-

Shack sensors, the all data are taken in one measurement. That is, the reflected light

is evaluated as a point source back of the eye optics and the aberrations from the

point source are measured in one take. By this way, the cross-over effect, which is the

confusion of which aberration stems from where, is eliminated. The flexibility of the

method allows different scanning geometry other than rectilinear or circular. Finally,

the simplicity of the method makes it very robust to higher order aberrations.

In this work, the ray-tracing method is applied by iTrace System developed by

Tracey� Technologies. The device uses 785 nm infrared light on the order of 100 µm

width [74]. iTrace projects this beam parallel to eye’s line of sight to 64 points in the

concentric rings geometry, and for each point it happens 4 times (totally 256 points),

completed in 250 milliseconds. For an emmetropic eye, those beams are focused on

one point on the retina due to the eye optics. For ametropic eye, they are spread to

different points. These points are then interpolated and a surface is obtained. It is then

tried to be approximated by least squares fit with the first 45 Zernike polynomials, and

wavefront aberration function is obtained in micrometers.

5.4. Point Spread Function

Consider the Eq. (2.58);

Ual(ya, za) = ejknld0Ubl(ya, za)P(ya, za) exp

{
−jk (y2a + z2a)

2f

}

In this equation, Ual(ya, za) and Ubl(ya, za) are the wave-related terms, and the phase

term containing a fraction is related with the focal distance of the lens (see the deriva-

tion in Section 2.5) which is constant for crystalline lens of the eye. Hence the pupil-

and lens-related terms are P(ya, za) and ejknld0 .

In Eq. (2.63), only the pupil window function is put into the integral. If, however,

the lens is not perfect, as said in Section 5.2, then the traveled distance by the wave

inside the lens, hence the phase of each point, is different. In this case, an additional
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Figure 5.5. Refraction in gradient-index (GRIN) lens.

phase term should be included into the Eq. (2.63). The generalized pupil function,

P(ya, za), is described as

P(ya, za) = P(ya, za) exp {jknl(d0 +∆W (ya, za))}

where P(ya, za) is the pupil window function, nl is the refractive index of lens, d0 is the

maximum thickness of the lens and ∆W (ya, za) is the wavefront aberration function.

∆W (ya, za) is multiplied by the lens’ index of refraction because it is the optical path

difference inside a medium whose refractive index is nl.

As mentioned before, the crystalline lens in the eye has gradient-index (GRIN)

nature, whose effect is represented in Figure 5.5. This lens type has varying refractive

index inside of itself to focus the light a point better. Actually, the eye lens has the

same feature; its center refractive index is 1.406 and at the edges, it’s 1.386. GRIN lens

of the eye has a polynomial change in refractive index with changing radial distance
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from the centers, according to the equation [75]

nl(r) = no + ndr
p (5.8)

where nl is the refractive index of lens, no is the index of refraction at the center, nd is

the index difference between periphery and the center of the lens, r is the normalized

radial distance on the lens, and p is the power determining the exponential decay.

The power p is different for equatorial and axial part of the lens. This equation is a

function of the radial distance on the lens, meaning that it also depends on the aperture

coordinates. So, the equation should be modified as

P(ya, za) = P(ya, za) exp {jknl(ya, za)× (d0 +∆W (ya, za))} (5.9)

As the last step, the strongest refractive part of the eye, cornea, should be included

in the equations. Normally, its refractive index is constant, and together with the

crystalline lens, they create a system whose focal point is 17.1 mm away from the exit

of the lens [7]. However, the visual impairments can stem from the imperfect crystalline

lens as well as a deformation in the cornea. Consequently, including the contribution

of cornea, the generalized pupil function for human eye is

P(ya, za) = P(ya, za)× ejknc[dc+∆Wc(ya,za)] × ejknl(ya,za)[d0+∆Wl(ya,za)] (5.10)

where P(ya, za) is the pupil window function, k = 2π/λ is the wave number, nc is

the refractive index of cornea, dc is the cornea thickness, ∆Wc(ya, za) is the wavefront

aberration function coming from the cornea, nl(ya, za) is coordinate dependent refrac-

tive index of crystalline lens, d0 is the maximum lens thickness and ∆Wl(ya, za) is the

wavefront aberration function coming from the crystalline lens. If Eq. (5.10) is inserted
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into Eq. (2.63), the point spread function becomes

psf(ys, zs) =

∣∣∣∣∣∣−M
∞�

−∞

P(λrsỹa, λrsz̃a) exp {−j2π (ỹays + z̃azs)} dỹadz̃a

∣∣∣∣∣∣
2

(5.11)

after which the psf(ys, zs) is normalized such that
�∞
−∞ psf(ys, zs)dysdzs = 1. Note that

the phase term depending on the cornea thickness in Eq. (5.10) is independent from

the pupil coordinates. Hence, it can be taken out of the Fourier transform. In this

case, it can be ignored since absolute value of any complex exponential is equal to 1.

5.5. Mathematical Models of Emmetropic and Ametropic Eye

Emmetropia is the condition in which an object at infinity5 is sharply focused

by an relaxed eye on the retina exactly. It comes from the Greek words en mean-

ing “in”, metron meaning “measure”, and ops for “sight”; hence, literally, it means

“well-adjusted sight”. Emmetropic eye is the eye, cornea and lens of which have no

deformation or problem. Ametropia is, on the other hand, the condition where the

vision is not sharply focused on retina. The Greek prefix a means “to take away”.

Ametropic eyes have imperfections in cornea and/or lens structure.

Since emmetropic eye does not have deficiency either in cornea or crystalline lens,

the waves passing through them will not experience an additional phase difference stem-

ming from wavefront aberration. Hence, in Eq. (5.10), ∆Wc(ya, za) and ∆Wl(ya, za) are

both zero for every (ya, za) pair. The wavefront aberration functions for both cornea

and the crystalline lens appear as Z0
0(ρ, θ) in Figure 5.2, and the Fourier transform of

pupil function becomes Airy pattern as in Figure 2.15. But since the distance from

the pupil to the retina is not as big as the necessary distance to observe the pattern

clearly, the point spread function will appear as a point on the retina. Hence, the

impulse response of eye can be considered as a Dirac delta function in two dimensional

space, and the image will be sharply focused.

5For all practical purposes, 6 m and further away is accepted as infinity in human vision.
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(a) (b)

(c) (d)

Figure 5.6. Mathematical example of an emmetropic eye. (a) is the wavefront

aberration function, (b) is the total point spread function, (c) is the original image,

(d) is the image falling onto the retina. Here, the lens is taken as a GRIN lens with

no is 1.406, nd is -0.02, p for equatorial part is 6.30 and p for axial part of the lens is

4.90 [76].
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(a) (b)

(c) (d)

Figure 5.7. Mathematical example of an ametropic eye. (a) is the wavefront

aberration function of lens only, (b) is the wavefront aberration function of cornea

alone, (c) is the total point spread function, (d) is the image falling onto the retina.

Here, the lens is taken as a GRIN lens with the same parameters as in Figure 5.6.

Cornea has a constant refractive index of 1.376.
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The resulting wavefront aberration function, point spread function, original image

and retina image are shown in Figure 5.6. Note that the retina image is a little blurred.

This stems from the diffraction-limited nature of eye’s imaging system. Moreover, the

brain has its compensation for that much blur. The image is what falls onto the retina,

not what the brain sees. The nervous system processes the image further in the brain to

merge the incoming signals from different rod and cone cells, to correct the upside-down

image and to eliminate the blur that is inevitable for the eye’s imaging system.

For an ametropic eye, the cornea and/or the crystalline lens introduce non-zero

wavefront aberration function which is represented by the linear combination of Zernike

polynomials. In this case, the impulse response of the eye will not be a Dirac delta

function on the retina but a spread point. Hence the image becomes blurred according

to the resulting point spread function. In Figure 5.7, the wavefront aberration functions

for cornea and crystalline lens are shown together with the resulting point spread

function and the fallen image onto retina.

Please note that for both Figure 5.6 and Figure 5.7, the simulations do not

consider the image distance from the eye or the image size covered in the visual area.

The results are obtained via direct convolution of point spread function matrix and

the original image. This is the reason for black areas appeared in Figure 5.7(d) and

border-like part in Figure 5.6(d).

5.6. The Factors That Changes Point Spread Function

As can be seen in Eq. (5.11), the point spread function depends on several factors.

They can be listed as the distance between the pupil and the retina (exit pupil distance),

the wavelength of the light, refractive index of the eye lens and cornea, the effect of

which are obvious since it is mathematically changes the point spread function, and

the pupil diameter. Indirectly, the object distance may also be effective on the point

spread function since the accommodation of the lens changes the focal point of the

crystalline lens and the exit pupil distance.
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5.6.1. Different Pupil Diameter

As mentioned before, the Zernike polynomials are orthogonal over the unit circle;

that is, 0 ≤ ρ ≤ 1. To benefit this feature, the circular aperture radius to be represented

by Zernike polynomials is scaled to [0 1]. Although representation of the system is done

on the same unit circle, the different aperture radius of the same system means different

Zernike polynomial combination. Consider the Figure 5.8 for instance. In Figure 5.8(a),

the phase distortion is given introduced by a system (an eye) having 5.4 mm radius.

When the aperture gets smaller, the phase distortion changes since the path that light

can take differs. In this case, the phase distortion is introduced by the part which the

change in radius does not cover. For Figure 5.8(b), the aperture has 3 mm diameter.

Note that the effect is the same as limiting the wavefront radius from 5.4 mm to 3 mm

(red circle in the first contour map). In both figures, the radius is scaled to a range in

which the maximum value is 1. The coefficients for the first five Zernike polynomials

for Figure 5.8(a) and Figure 5.8(b), respectively, are

[1.7543, 0.4927, −0.0858, 0.2223, 1.0749]

[0.4872, 0.0174, −0.0348, 0.0814, 0.2924]

Since a larger pupil contains every information for a smaller pupil, the Zernike

polynomial coefficients can, and should, be calculated for the small pupil from the larger

one due to the fact that the Zernike polynomials for a large pupil are not orthogonal

for a smaller one with the same coefficients. The first study to scale the pupil for

new set of Zernike polynomials was done by Kenneth Goldberg and Kevin Geary [77].

They thought that the since the orthogonality must hold, the changing part must be

the radial part for the new fit according to the ratio of new and old radii. Later,

Jim Schwiegerling introduced a new method [78] to find the new Zernike polynomial

weights from the old ones and the new found coefficients recursively, which was later

corrected in a minor way and simplified by GuangMing Dai [79]. Apart from those
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(a) (b)

Figure 5.8. Representation difference of the same aperture for different aperture radii.

(a) is the sum of first 45 Zernike polynomials for a system having an aperture with

radius 5.4 mm, (b) is the sum of first 45 Zernike polynomials with different

coefficients for the same system with 3 mm aperture. Note that the red circle in (a) is

the same wavefront as (b). The contour line step is 0.2 µm.

methods, this work uses the matrix-based method developed by Charles Campbell [80].

Wavefront aberration function can be represented as the linear combination of

the Zernike polynomials as

∆W (ρ, θ) =
∑

cmn Z
m
n (ρ, θ)

This equation can be written in terms of matrix product;

∆W (ρ, θ) = Zc (5.12)

where c is the column vector of the polynomial coefficients, and Z is the row vector of

the Zernike polynomials. The ordering in both c and Z is a little bit different, which

can be understood best visually in the Zernike polynomial pyramid.

The ordering is shown in Figure 5.9. It starts from the bottom row of the pyramid

from the leftmost element, then continues to right checking the “higher floors”. If there
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Figure 5.9. Ordering schematic of polynomials and their parameters in calculations of

new coefficients for different pupil size.

is any element on the upper floor, they are put into the vector starting from top to

bottom. Finishing the procedure, it moves to right. This placing procedure continues

until the pyramid is finished. The coefficient vector c is a column vector with this

ordering from top to bottom, and Z is a row vector using the same placing from left to

right. For the Figure 5.9, the Zernike polynomial row vector Z and coefficient column

vector c are

Z =
[
Z−33 Z−22 Z−11 Z−13 Z0

0 Z
0
2 Z

1
1 Z

1
3 Z

2
2 Z

3
3

]
c =

[
c−33 c−22 c−11 c−13 c00 c

0
2 c

1
1 c

1
3 c

2
2 c

3
3

]T

Since the Zernike polynomials are put into o matrix form as Z, the Eq. (5.1)

should be put into the same form. Beginning with the normalization constant Nm
n , its
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matrix form is

N =



N−nmaxnmax 0 0 · · · 0

0 N
−(nmax−1)
nmax−1 0 · · · 0

... · · · . . . · · · ...

0 0 · · · Nnmax−1
nmax−1 0

0 0 · · · 0 Nnmax
nmax


(5.13)

Note that the ordering is done in such a way that the correct normalization constant

is multiplied by the corresponding polynomial. Again, the example N is

N =



N−33 0 0 0 0 0 0 0 0 0

0 N−22 0 0 0 0 0 0 0 0

0 0 N−11 0 0 0 0 0 0 0

0 0 0 N−13 0 0 0 0 0 0

0 0 0 0 N0
0 0 0 0 0 0

0 0 0 0 0 N0
2 0 0 0 0

0 0 0 0 0 0 N1
1 0 0 0

0 0 0 0 0 0 0 N1
3 0 0

0 0 0 0 0 0 0 0 N2
2 0

0 0 0 0 0 0 0 0 0 N3
3



The radial polynomial matrix should be matched with the ordering pattern, and

it should be separated from the radial component. For the separation, Eq. (5.3) is

rearranged with the change of variables n− 2k = p,

Rm
n (ρ) =

n∑
p=|m|;p→p+2

(−1)(
n−p
2 )
[
n+ p

2

]
![

n− p
2

]
!

[
p+ |m|

2

]
!

[
p− |m|

2

]
!

ρp

where p → p + 2 indicates that p increases 2 for the next step. By this arrangement,

the radial component ρ becomes a variable weighted by the first fraction term, and the
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matrix R can be created from those weights. Following the matrix formation pattern

that the formation first considers the meridional index m, the matrix R should be a

block diagonal, (2nmax + 1) × (2nmax + 1) matrix,

R =



[R(−nmax)] 0 0 · · · 0

0 [R(−(nmax − 1))] 0 · · · 0
... · · · . . . · · · ...

0 0 · · · [R(nmax − 1)] 0

0 0 · · · 0 [R(nmax)]


(5.14)

where each [R(m)] is a matrix, each column of which corresponds to the polynomial

order that is available in corresponding meridional index. The block matrix in the

example can be formed as

R =



[R(−3)] 0 0 0 0 0 0

0 [R(−2)] 0 0 0 0 0

0 0 [R(−1)] 0 0 0 0

0 0 0 [R(0)] 0 0 0

0 0 0 0 [R(1)] 0 0

0 0 0 0 0 [R(2)] 0

0 0 0 0 0 0 [R(3)]


where, for instance,

[R(−1)] =

R−11 (p = 1) R−13 (p = 1)

0 R−13 (p = 3)


In the example, the bold number 0 indicates that they are 0 matrices in the proper

sizes. After the separation, the row vector ρ for the radial component ρ becomes

ρ =
[
ρnmax ρnmax−1 ρnmax−2 ρnmax · · · ρnmax−1 ρnmax

]
(5.15)



115

the equivalent of which for the example is

ρ =
[
ρ3 ρ2 ρ1 ρ3 1 ρ2 ρ1 ρ3 ρ2 ρ3

]

As the last part, the azimuthal function Mm(θ) should be put into the matrix

notation. The formation is similar with the radial matrix R,

M =



[M(−nmax)] 0 0 · · · 0

0 [M(−(nmax − 1))] 0 · · · 0
... · · · . . . · · · ...

0 0 · · · [M(nmax − 1)] 0

0 0 · · · 0 [M(nmax)]


(5.16)

The block matrices [M(m)] are formed in similar way with [R(m)]. However, since

for each meridional index, there is only one function according to Eq. (5.2), the block

matrices are diagonal. For the example,

M =



[M(−3)] 0 0 0 0 0 0

0 [M(−2)] 0 0 0 0 0

0 0 [M(−1)] 0 0 0 0

0 0 0 [M(0)] 0 0 0

0 0 0 0 [M(1)] 0 0

0 0 0 0 0 [M(2)] 0

0 0 0 0 0 0 [M(3)]


where

[M(−1)] =

− sin(−θ) 0

0 − sin(−θ)


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As a result, the Zernike polynomial row vector Z can be expressed as

Z = ρRMN (5.17)

and the wavefront becomes

∆W (ρ, θ) = ρRMNc (5.18)

Assume that the same surface is to be expressed in terms of different radius ρ′

and different coefficients c′, so that

∆W (ρ, θ) = ρRMNc = ρ′RMNc′

ρ is the scaled parameter for radial component r in the range [0 1]. The scaling

is done as

ρ =
r

ra

where ra is the aperture radius, and r is the radial component for polar coordinates.

Consider a new radius r′a. In this case,

ρ′ =
r

r′a
=

(
r

ra

)(
ra
r′a

)
= ρ

1

η
⇒ ρ = ηρ′ (5.19)

where

η =
r′a
ra

Let the matrix η be a matrix whose elements are zeros and powers of η. To be able

to obtain a row vector ρ′ with the same size as ρ, η must be a square diagonal matrix
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post-multiplying ρ′, each element of which must be powered with the same exponent

as ρ in row vector ρ. In this case,

η =



ηnmax 0 0 · · · 0

0 ηnmax−1 0 · · · 0
... · · · . . . · · · ...

0 0 · · · ηnmax−1 0

0 0 · · · 0 ηnmax


(5.20)

Following the example,

η =



η3 0 0 0 0 0 0 0 0 0

0 η2 0 0 0 0 0 0 0 0

0 0 η1 0 0 0 0 0 0 0

0 0 0 η3 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 η2 0 0 0 0

0 0 0 0 0 0 η1 0 0 0

0 0 0 0 0 0 0 η3 0 0

0 0 0 0 0 0 0 0 η2 0

0 0 0 0 0 0 0 0 0 η3



Assume that there is a transformation matrix C which converts the coefficient

column vector c to c′; that is,

c′ = Cc (5.21)

If the equality is written in terms of matrices,

∆W (ρ, θ) = ρ′ηRMNc = ρ′RMNCc (5.22)
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The aim is to find the transformation matrix C. Note that the row vector ρ′ and

column vector c are pre- and post-multiplier, respectively, in the Eq. (5.22), hence

they can be eliminated;

ηRMN = RMNC

From the Eqs. (5.13), (5.14), and (5.16), it can be seen that all of R, M and N have

inverses. Thus

C = N−1M−1R−1ηRMN (5.23)

Eq. (5.23) gives the transformation matrix for the new coefficients of the new radius.

It is noted in the study [80] that the meridional component matrix M and its inverse

M−1 can be eliminated since their effect is only the scalar multiplication, and for the

desired ordering of the polynomials, a permutation matrix P should be used, which

results to

C = PTN−1R−1ηRNP (5.24)

5.6.2. Different Wavelength

The wavelength of the incident light directly affects the point spread function. If

Eqs. (5.10) and (5.11) are checked, it can be seen that the wavelength λ plays a role

on the scaling of the coordinate system, and the phase of the pupil function via the

wave number k = 2π/λ.

The mathematical direct effect of the changing wavelength can be seen in Figure

5.10. Note that as the wavelength gets smaller, the point spread function gets wider.

This is consistent with the fact that light with smaller wavelength is refracted more,

hence, spread more.
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(a) (b)

Figure 5.10. Effect of the different wavelength on point spread function. (a) is the

PSF for 785 nm wavelength, (b) is for 400 nm. Here, only the aberrations on the

crystalline lens are considered, the ones coming from cornea are ignored.

The biggest effect of the wavelength, however, comes from the dispersion phe-

nomenon. As explained in Section 2.3.2, for different wavelength the index of refrac-

tion changes to another value. Because different wavelength for light means different

frequency and color according to the formula c = λf , and refractive index strongly

depends on the frequency of the wave, which can be seen from Eqs. (2.14) and (2.15),

the different colored lights are diffracted in separate ways.

Different diffraction pattern means different PSF, phase difference, and conse-

quently, wavefront aberration function. In this case, the wavefront aberration repre-

senting Zernike polynomials must have coefficients other than the original ones which

are obtained at different wavelength. That is; for different wavelength values, the

Zernike polynomial coefficients should change. According to the studies [81, 82], the

most notable and cannot-be-ignored change occurs at the coefficient of defocus term,

Z0
2 . New coefficient can be calculated by the formula [82,83]

c4 = c02 =
0.63346× r2a

4
√

3

(
1

106λ0 − 0.2141
− 1

106λ− 0.2141

)
(5.25)
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where c4 = c02 is the coefficient of defocus term, ra is the pupil radius, λ0 is the

wavelength at which the eye is in focus, and λ is the desired wavelength, all of which

are in meters. The Eq. (5.25) is obtained via polynomial fit of the data taken in diopters

later converted into meters. In this work, since the measurements for crystalline lens

are taken with 785 nm wavelength, λ0 is calculated according to the mentioned value

during new defocus term calculations.

(a) (b) (c)

(d) (e) (f)

Figure 5.11. Wavefront aberration function and the corresponding PSF graphs for

different wavelength values. (a), (b) and (c) are the wavefront aberration functions;

(d), (e) and (f) are the point spread functions. (a) and (d) are for 461 nm

wavelength, (b) and (e) are for 539 nm, and (c) and (f) for 601 nm.

The effect of different wavelength on the PSF is shown in Figure 5.11. Note

the change in the wavefront aberration function with the changing wavelength. As

wavelength gets smaller, the effect of defocus term gets more apparent in the wavefront

aberration function. Consequently, the PSF gets broader since blue-purple colored light

is diffracted more than red light.
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5.6.3. Effect of Age and Accommodation

As mentioned in Section 3.2, the crystalline lens of the eye is capable of accommo-

dating the light. Accommodation property helps eye focus on the objects at different

places and distances. This is done by changing the shape of crystalline lens: When

the eye tries to focus on an object at a far distance, ciliary muscles are tightened

and crystalline lens becomes flatter, longer and narrower. While the object is placed

closer, ciliary muscles start to relax. In this case, the internal forces of the lens make it

rounder, shorter and thicker. By this way, the focal point of the eye system is changed,

hence, it is expected that the impulse response of eye also changes.

One of the first and most extensive studies about the accommodation was done

by Alexander Duane [84]. In his study, he examined over 4200 eyes the age range of

which lies between 8 and 72. Every eye exhibited a maximum accommodation value

in diopters. By collecting al the data, Duane obtained an “age versus diopters” plot

for accommodation. Then for every age, he extracted the maximum, minimum and

average diopter values and drew separate curves for each one. Those graphs are given

in Figure 5.12.

The data are extracted from the average curve by using MATLAB software.

The image of the curves is given to, and via MATLAB, the data points on curve are

marked. Then the coordinates of those points can be accepted as the data. For them

to be useful, the diopter values are converted into the distance values by simply taking

the reciprocal of the diopter value. Then the data become “age versus accommodation

distance” data. Again, via MATLAB, a rational fit is found. The appropriate fit is

chosen as rational fit because among the other fitting methods such as polynomial,

sum of sines, Weibull, Fourier etc. the best fit presenting the ages both in [84] and

ages that are not considered in the study is the rational fit. The found equation is

dacc =
p1a

4 + p2a
3 + p3a

2 + p4a+ p5
a2 + q1a+ q2

(5.26)
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(a) (b)

Figure 5.12. Graphs from the study [84]. (a) is the plot for age (x axis) versus

diopters (y axis) of over 4200 eyes. (b) is the curves for maximum (top one), average

(middle one) and minimum (bottom one) diopter curves for different human age.

where a is the person’s age, and

p1 = 0.000113027949

p2 = −0.010661619305

p3 = 0.380767402644

p4 = −9.350307891314

p5 = 189.669827703177

q1 = −99.655450984002

q2 = 2574.3649186179749

The focused distance and, implicitly, diopter value are important because the

crystalline lens changes shape and dimension according to those values [76,85]. When
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focused to a near target, the eye lens becomes thicker. Ostrin et al. [86] gives the

thickness change as 0.067 mm/D or 0.067 mm·m, a rate which is indirectly confirmed

by the studies [76,85] from their results.

Accommodation also alters the refractive index of the lens [76,85]. Although it is

accepted that accommodation changes the GRIN profile, there is no consistency in the

way that change occurs. [76] claims that the axial change in refractive index becomes

less steep in accommodated state whereas [85] finds that the p value in Eq. (5.8),

consequently steepness, increases with accommodation.

p value also depends on the patient’s age. In [76], the young people’s age average

is 22.82 and the olds’ average is 64.26. The unaccommodated young eye has mean

axial and equatorial p values 4.90 and 6.30, respectively. The same p values for old eye

in the same state are 6.71 and 10.28, respectively. Assuming a linear change with age,

the equations for axial and equatorial values, pa(a) and pe(a) respectively, according

to an age, a, are

pa(a) = 0.04367761a+ 3.90327703 and pe(a) = 0.09604247a+ 4.10831081 (5.27)

5.7. Deconvolution

Deconvolution is most easily done in terms of Fourier transform since convolution

in spatial domain is equivalent to multiplication in frequency domain. Suppose that

the image is I(x, y) and the point spread function is psf(x, y). When the image is

convolved with the point spread function, the resulting image, Ic(x, y), is

Ic(x, y) = F−1 {F {I(x, y)}F {psf(x, y)}}

= F−1 {I(X, Y )PSF(X, Y )}
(5.28)

where PSF(X, Y ) and I(X, Y ) are the Fourier transform of the point spread function

and the image, respectively. The inverse of this operation, deconvolution of the image
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with the point spread function, can be done mathematically by multiplying the image

with the inverse of the point spread function in Fourier domain; that is,

Idc(x, y) = F−1
{
F {I(x, y)}
F {psf(x, y)}

}
= F−1

{
I(X, Y )

PSF(X, Y )

}

Although this approach is correct, it has some problems. If the Fourier transforms

of Figures 5.6(b) and 5.7(c) are checked, it can be seen that the point spread function

behaves as a low-pass filter, having many small and zero values in its Fourier transform

for large frequencies. In this case, mathematical division causes the pixel values to be

extremely big or even indefinite. So, the operation has to be changed to eliminate this

effect as much as possible without affecting the overall result. This can be achieved by

the Wiener filter with a little modification, which is

Idc(x, y) = F−1
{

I(X, Y )

PSF(X, Y )

|PSF(X, Y )|2

|PSF(X, Y )|2 +K

}
(5.29)

where K is a number controlled by three parameters, a, b and α, as following:

K =

0 , R = 0

abe−αR + b , otherwise

where R =
√
X2 + Y 2 is the radial component in frequency domain. In this work, used

values for a, b and α are 9, 0.0001 and 12, respectively, which are found empirically in

study [55].

5.8. Contrast Preservation

The result of deconvolution operation should be the will-be-displayed image. If

that image can be displayed, theoretically, the patient must have a sharp vision. The

simulation of the deconvolved image and the image on retina are given in Figure 5.13.
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(a) (b) (c)

Figure 5.13. Result of deconvolution operation. (a) is the surf plot, (b) is the surf

plot looked from over, (c) is the result of convolution with PSF and deconvolved

image.

Although the outcome is promising, there is a practical limitation. As seen in

Figure 5.13, the dynamic range of the deconvolved image is well beyond the regular

digital screen dynamic range, [0 255]. To be able to display the deconvolved image, its

dynamic range should be compressed to the necessary interval. This causes the contrast

coming from the huge differences in pixel values to disappear. In this case, although

the convolution with PSF gives clear image in terms of boundaries of the objects in

image, there is very little contrast difference between the objects. This effect can be

seen in Figure 5.14.

As a simple image processing task, the resultant image of convolution with PSF

and deconvolved image can be exposed to contrast enhancement methods such as

histogram equalization. However, in practice, this means modifying the image after it

passes through the crystalline lens because the last effective part of eye shaping the

point spread function is the lens, and current project is not interested in entering the

eye to modify the retina image. Thus, all the contrast enhancement must be done after

deconvolution but before displaying the image.

Three methods operating on the image histogram are chosen to enhance the

contrast. The first method that can be tried for enhancement is histogram equalization.

In this method, the overall histogram of the image is spread over the available dynamic
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(a) (b)

Figure 5.14. Result of dynamic range scaling. (a) is the image that can be displayed

on a common 8-bit digital screen, (b) is the simulation result of the retina image.

range, in this case [0 255], as much as possible. It is achieved by first scaling down the

image to the necessary dynamic range and then creating a new image whose histogram

is the cumulative distribution function of pixel values of the old image.

The second method for contrast enhancement is histogram hyperbolization. This

approach is explained in detail in Section 4.1.3. The result of histogram hyperbolization

together with equalization and simulated acquired vision are shown in Figure 5.15.

The visual difference of those methods is that the histogram hyperbolization keeps the

results “darker” because it uses the fact that human eye can detect contrast change

better for low light levels than high intensity values; whereas histogram equalization

tries to use all the available dynamic range for enhancement. This situation can be

changed by playing with the parameter c in histogram hyperbolization.

Alternative to histogram equalization, brightness preserving bi-histogram equal-

ization (BBHE) is proposed [87]. In BBHE, the image is divided into two sub-images

by a threshold. Those images are then separately histogram-equalized. Equalization

is done in a way that the image consisting of values lower than determined threshold

is stretched from the minimum of the range to the threshold value, and the image
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(a) (b) (c)

(d) (e) (f)

Figure 5.15. Results of histogram equalization, histogram hyperbolization and

brightness preserving bi-histogram equalization (BBHE) using edge information. (a)

is the histogram-equalized deconvolved image, (d) is the simulation result of the

retina image for equalization. (b) is the histogram-hyperbolized deconvolved image

with c = 0.8, (e) is the simulation result of the retina image for hyperbolization. (c) is

the BBHE-applied deconvolved image with threshold determined by edge detection,

(f) is the simulation result of the retina image for BBHE.

containing larger-than-threshold values is equalized from next value from threshold to

the maximum of the range. Each equalization creates a mapping in their range, and

the combined map is applied to the original image for total histogram equalization.

In this way, the resulting image preserves its brightness. The threshold value can be

chosen as mean or median value of the image, or can be determined by, for instance,

edge detection [88]. In this work, threshold value is determined by edge detection, and

the results are given in Figure 5.15.
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(a) (b)

Figure 5.16. Result of single-sided contrast enhancement. (a) is the image that can

be displayed on a common 8-bit digital screen with β = 9, t = 120, and m = 50, (b) is

the simulation result of the retina image.

In literature, there is a method for enhancing the contrast of deconvolved images

according to the point spread function, namely, single-sided contrast enhancement,

which is described in Section 4.2.2. This method basically applies an exponential

mapping on the values that are lower than a determined threshold value. Above those

is applied the linear mapping; that is, all the values are mapped to themselves. The

result of single-sided contrast is shown in Figure 5.16.

Single-sided contrast enhancement can be upgraded as double-sided contrast en-

hancement. It can be achieved by, visually, copying the behavior of profile below the

threshold value to the linear part. Mathematically, this can be achieved by the equation

DSC(l) =


fssc(l) , l ≤ t

2fssc(t)− fssc(2t− l) , l > t and (2t− l) > 0

2fssc(t) , l > t and (2t− l) ≤ 0

(5.30)
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where

fssc(l) = t ·
1− exp

{
−β
(
l−m
t−m − 1

)}
1 + exp

{
−β
(
l−m
t−m − 1

)} + t

The profile and result of double-sided contrast enhancement are shown in Figure 5.17.

It is important to compare single-sided and double-sided contrast enhancement

methods. First thing to note is that both techniques in Eqs. (4.43) and (5.30) are

exactly the same in terms of mapping the pixel values that are lower than or equal

to the threshold value. The difference starts for the values greater than the threshold

values. Single-sided contrast method treats the bigger values linearly whereas double-

sided technique takes the symmetry of the profile for l ≤ t around the threshold value

for mapping. This difference creates some advantages and disadvantages for double-

sided contrast enhancement. When the histogram of deconvolved image is examined,

it can be seen that the majority of pixel values are accumulated in the middle of

its dynamic range. This behavior does not change when pixel values are shifted and

scaled to [0 255] range. That means there are significantly more pixels at the middle

that should be clearly separated from each other for them to be visible; in other words,

the contrast difference must be bigger for this interval. Double-sided enhancement

allows it since its mapping is steeper than that of one-sided enhancement having a

rising-slower mapping for those values. However, this property of single-sided allows

it to use the available dynamic range correctly since it gives 255 as output for the

highest intensity value. On the other hand, if t is chosen higher than 128, double-sided

contrast enhancement starts to make pixel values exceed the highest intensity on the

8-bit screens, causing clipping of those values, hence, contrast loss again.

As a similar but different approach, this profile can be achieved by a sigmoid

function;

f(x;α, c) =
1

1 + e−α(x−c)
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(a)

(b) (c)

Figure 5.17. Profile and result of double-sided contrast enhancement. (a) is the

mapping function of the enhancement, (b) is the image that can be displayed on a

common 8-bit digital screen with β = 9, t = 120, and m = 50, (c) is the simulation

result of the retina image.
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Figure 5.18. Sigmoid function from -4 to 6 for α = 3 and c = 1.

where α is the steepness parameter and c is the value where f(c) = 0.5. An example

graph of sigmoid function is shown in Figure 5.18.

Sigmoid function has some desirable properties. First of all, it has less parameters

(α and c) to play with compared to singe-sided or double-sided enhancements (β, t,

and m), which makes it easier to tune the function. Second, its output is always

between 0 and 1 regardless of the chosen values of α and c. That means it is always

bounded to an interval which is used for displayable images when the format of the

image is double instead of uint8. That means this function does not introduce

clipping when applied to an image. Lastly, this function does not need scaling and

shifting of will-be-mapped image compared to single-sided and double-sided contrast

enhancement methods requiring compressed dynamic range to [0 255] to operate. In

that case, the contrast obtained in double format should be conserved better. Hence,

the sigmoid mapping can be used directly on the deconvolved image.

The result of sigmoid mapping is shown in Figure 5.19. In double-sided enhance-

ment, the result is darker (Figure 5.17(c)) compared to sigmoid mapping. This is
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(a) (b)

Figure 5.19. Result of sigmoid mapping. (a) is the image that can be displayed on a

common 8-bit digital screen with α = 0.01 and c = 120, (b) is the simulation result of

the retina image.

because the double-sided contrast method operates after dynamic range scaling and

shifting, and has to have a threshold value chosen not to exceed the available dynamic

range. On the other hand, sigmoid does not have these applications and restrictions.

Moreover, the contrast in sigmoid mapping is better compared to single-sided (Figure

5.16(b)) and double-sided (Figure 5.17(c)) methods: The background is closer to white

as in the original image whereas the letter is darker, again due to the restriction-free

nature of method.

Note also that this method is also superior in terms of contrast of the image

than the direct linear scaling (Figure 5.14(b)), histogram equalization (Figure 5.15(d))

and histogram hyperbolization (Figure 5.15(e)). Moreover, histogram equalization and

hyperbolization methods create undesired artifacts in the image that are not present

in the results obtained with sigmoid mapping.

As a more complicated way to increase the contrast, HDR (high dynamic range)

compression methods can be used. Essentially, those methods try to compress the

dynamic range of an image that does not fit to standard dynamic range without losing
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the actual contrast. For this work, two methods are examined and applied: gradient

domain high dynamic range compression and iCAM06.

Gradient domain high dynamic range compression is proposed by Fattal et al. [89].

This method simply works on the gradient of the image because contrast is defined as

the proportion of the difference between two neighbor pixels and the considered pixel.

Due to the definition, the bigger the difference, the bigger the contrast. And since the

change from one pixel to another can mathematically be defined by gradients, working

on gradient is actually working on the contrast.

Basically, the gradient domain HDR compression method works as following:

First, the luminance component of the image is extracted since color and luminance

are different properties of an image and contrast is defined on the intensity values. This

is done by converting an RGB image to L∗a∗b∗ image as described in Section 4.1.6, and

taking only the L∗ component. Then, to compress the higher intensities more than the

lower pixel values, the logarithm of L∗ component is used. Gradient is taken on the

log scale of luminance component. After the compression is done via multiplication of

a reduction factor, the steps are followed back.

This method is applied to deconvolved images since its dynamic range is also well

beyond the standard dynamic ranges. Since the negative values in the deconvolved

image cause the logarithm operation to give complex values, the image is shifted such

that the minimum intensity value becomes 1. The result is shown in Figure 5.20.

Another applied method is iCAM06 method. The image color appearance model

(iCAM) is first proposed in 2002 by Mark Fairchild and Garrett Johnson [90]. It is

formulated “to simultaneously provide traditional color appearance capabilities, spatial

vision attributes, and color difference metrics, in a model simple enough for practical

applications” [90]. This model is also used for HDR image rendering [91].

The method used in this work is presented in [92], and its flowchart is given

in Figure 5.21. It can be seen that gradient domain HDR compression and iCAM06
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(a) (b)

Figure 5.20. Result of gradient domain HDR compression. (a) is the image that can

be displayed on a common 8-bit digital screen, (b) is the simulation result of the

retina image.

Figure 5.21. iCAM06 method flowchart. Adopted from [92].
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(a) (b)

Figure 5.22. Result of iCAM06-based HDR compression. (a) is the image that can be

displayed on a common 8-bit digital screen, (b) is the simulation result of the retina

image.

methods have different approaches to the compression. The first difference is that

Fattal et al. uses L∗a∗b∗ color space during processing whereas iCAM06 uses XYZ color

space. Moreover, iCAM06 tries to preserve as much detail as possible by obtaining base

layer with bilateral filtering. Also, iCAM06 applies tone compression according to the

response of the eye to the colors. Gradient domain compression only aims to compress

the dynamic range without specific detail or tone processing. The result of iCAM06

method is shown in Figure 5.22.

Gradient domain compression does not increase the contrast. The other methods

create white or lighter colored areas around letter E in the images. However, gradient

domain HDR compression makes those areas also gray, which is close to the color

of the background and vertical artifacts around the letter. This may be stemming

from the application of the method. Normally, HDR images do not contain negative

intensity values. However, deconvolved images have those values. Therefore, when the

method is implemented, negative values are made positive and the the whole image is

processed. after which the pixels on the indexes where the negative values are placed

are multiplied by -1. But this has to be done because when the method is applied after
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shifting the whole image to the positive interval, the result gives gray area where there

has to be a letter on the image, which actually destroys the image content.

iCAM06 method, on the other hand, gives satisfactory result in terms of the

region color around the letter E. However, although it seems that it eliminates the

vertical distortions, it decreases the contrast. It seems direct linear mapping of the

dynamic range with just a little bit more contrast added to it.
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6. COMPARISON OF RESULTS

Comparison of simulated retina images is not an easy and straightforward task

since each method and approach has its own priorities, advantages and disadvantages.

For instance, only scaling the dynamic range without further processing totally elimi-

nates the artifacts resulting from the deconvolution operation but scaling and shifting

the dynamic range collect all the pixel values around the middle point of the available

dynamic range, hence, destroy the contrast. Histogram methods increase the details

that are shown in the displayed and, thus, perceived image but they either stress arti-

facts around the main objects (histogram equalization and histogram hyperbolization)

or make the main object “more clear” but “fainter”(BBHE). Single-sided contrast

enhancement reduces the visibility of artifacts but also it makes the image darker.

Double-sided contrast provides a good result but it is bounded to a limited range

choice for the threshold value. Sigmoid function creates a result whose background

and main object separation is the closest to the original image but it is distorted by

the deconvolution side-effects. High dynamic range compressors do not perform as

good as they are hoped to since the deconvolved image cannot be treated as a high

dynamic range images due to that the pixel values of the image are not representing

the intensities.

To be able to perform an objective assessment among the images, an evaluation

approach based on an contrast measurement method is chosen [93,94]. In this approach,

the original image is undersampled to a smaller image, by simply halving the image size.

Then, each pixel is compared to its 8 neighbor pixels, and their differences are summed

up and averaged. Then, each average obtained from each pixel in the image is summed

up and averaged again. In this case, a number for the small image is obtained, and the

operation continues to the next “level”, another smaller image. After predetermined

level number is reached, the obtained numbers are added and divided to the number

of levels. As a result, the contrast measure number (cmn) is obtained. Mathematically
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speaking;

cmn =
1

nl

∑
∀l

(
1

npl

∑
∀p

(
1

8

∑
∀ps∈8−ngb

|pc − ps|

))

where cmn is contrast measure number, nl is number of levels, l is the current level,

npl number of pixels in the level l, ps is the surrounding pixel of the center pixel pc and

8− ngb denotes the 8-neighborhood pixel.

This method is improved in study [94] such that instead of calculating differences

with 8-neighborhood |pc − ps|, differences of Gaussians (DoG) are calculated for each

central pixel as following:

DoG(x, y) =
Gc(x, y)−Gs(x, y)

Gc(x, y) +Gs(x, y)

for

Gc(x, y) = exp

{
−

[(
x

rc

)2

+

(
y

rc

)2
]}

Gs(x, y) = 0.85

(
rc
rs

)2

exp

{
−

[(
x

rs

)2

+

(
y

rs

)2
]}

where (x, y) is the pixel coordinate, rc is the size for central Gaussian Gc, rs is the size

for surrounding Gaussian Gs, and rc < rs always.

Applying this approach, every image has a single number indicating the contrast

inside of it. The formulation of the method tells that the greater the number, the

more the contrast. However, in the calculation it is seen that the method gives smaller

numbers for images that are normally evaluated as having the best contrast by humans.

Although the contrast perception is subjective, this comment is done since one of the

smallest score for contrast is given to the unprocessed deconvolved image; that is, the

image that gives the most clear result in simulations (Figure 5.13(c)) is given one of

the smallest number. Due to this inconvenience, DoG(x, y) image is not directly used.
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Instead, its standard deviation is used since the contrast can be seen as the separability

from the background or mean value of the image, and standard deviation is the measure

for the average distance between each pixel and the mean value.

Table 6.1. The results for contrast measurement for each method.

cmn (DoG) cmn (varDoG)

Sigmoid 0.736268755689938 0.535002891663704

No Processing 0.738147786032337 0.375999941162451

Double-Sided 0.738273165176045 0.050272999265041

Single-Sided 0.738439659974214 0.049785224346678

Gradient-Domain HDR 0.743531776796119 0.020553913827253

H. Hyperbolization 0.743303433876251 0.016860989153078

H. Equalization 0.743598906777573 0.014887498081050

BBHE 0.744248986651603 0.008059302684952

iCAM06-Based HDR 0.744576348075489 0.007275782177001

Shift and Scale 0.744780087020244 0.005903970614623

The results for both approaches and for each method with 7 levels are given in

Table 6.1. First of all, it should be noted that two measures give nearly the opposite

results; the highest score in sum of DoG (soD) is the lowest score in variance of DoG

(varDoG). The only difference occurs in the ordering of iCAM06-Based HDR and

histogram hyperbolization. Since it is more convenient to think the higher the score

the better the contrast, the analysis is continued on the score of varDoG approach.

Scaling and shifting only method gets the lowest score on the evaluation. The

result is obvious when looking at the figures because it offers the least contrast differ-

ence among the pixel values in the whole results. It is also an expected result since

scaling and shifting is the linear mapping only without considering the actual intensity

differences between the pixel values. Moreover, the mapping is done to a very small

range compared to the existing range, tending to collect most of the pixels around the

middle of the available dynamic range.
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The highest score belongs to sigmoid method despite of the ideal situation (no

processing). Sigmoid gets higher score than no processing method because of the fact

that both of them have nearly white background compared to the letter E together

with that the result of sigmoid has more artifacts that are visible. Hence, the number

of pixels that are deviated from the mean value of the image are higher, effecting the

total standard deviation, thus, the contrast measure number.

The highest three methods are, excluding the no processing approach, sigmoid,

double-sided and single-sided approaches. From these results, it is clear that the two

new proposed methods, namely double-sided and sigmoid, are better than the state-

of-the-art method for enhancing the contrast for visually impaired people, single-sided

enhancement. It can be confirmed also visually by looking at the Figures 5.16, 5.17

and 5.19.

Histogram-based methods are ordered from one after another in Table 6.1. Among

them, BBHE gives the worst contrast measure number. It may be stemming from

the fact that BBHE does not allow to change the brightness after equalization; it

tries to keep the overall brightness of processed image similar to the to-be-processed

image. This feature prevents it from stretching the whole image to the values that

have less occurrence in the original image, which may help the display contrast better.

Ordinary histogram equalization and histogram hyperbolization perform closely to each

other. However, hyperbolization seems to outperform the ordinary equalization. This

is because histogram equalization tries to spread the histogram without changing the

so called “histogram shape”. However, since hyperbolization uses the fact that human

eye can detect differences in low intensity values than high intensity values, it tries to

distribute the histogram accordingly.

Gradient domain HDR compression performs better than histogram methods and

scaling and shifting method but visually it seems to offer less contrast than histogram

methods. The reason can be understood by looking at the Figure 5.20(a). The en-

hanced image by gradient domain compression includes no white or light area around

the letter E opposite to the rest of the result, except the scale and shift only. This
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outcome does not include a light-colored contrast area around the dark-colored let-

ter E, meaning that a looking eye has less chance to distinguish the letter from the

background. Although it is the best fourth method in the Table 6.1, it only seems

so because it only adds some new pixel values that are not present in scale and shift

only result, giving a bigger standard deviation. On the other hand, iCAM06-based

compression seems to give the same outcome with scale and shift only with additional

brightness.

(a) (b) (c) (d) (e)

(f) (g) (h) (i) (j)

(k) (l) (m) (n) (o)

(p) (q) (r) (s) (t)

Figure 6.1. More results of the methods. The first and third rows are the deconvolved

displayed images obtained from the methods. Second and fourth rows are the results

of the first and third rows, respectively. The ordering of methods and the results are

the same as in Table 6.2 from top to bottom.
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More results with a different image are presented in Figure 6.1. The original

image is the same as Figure 4.3. In these results, the highest varDoG score is 4.77597

belonging to the ideal solution, which is the natural result under normal circumstances.

It is followed by sigmoid (varDoG = 0.22615), double-sided (varDoG = 0.03298) and

single-sided (varDoG = 0.03197). Again, the worst approach is shifting and scaling

only, with varDoG = 0.00616. The results of all methods for the new image is given in

Table 6.2.

Table 6.2. The results for contrast measurement for each method for Figure 6.1.

cmn (varDoG)

No Processing 4.775973600061374

Sigmoid 0.226152270699255

Double-Sided 0.032979943304808

Single-Sided 0.031968077758583

H. Hyperbolization 0.018706174278809

iCAM06-Based HDR 0.017714430348030

H. Equalization 0.015892556669131

BBHE 0.008435709075101

Gradient-Domain HDR 0.006177170852822

Shift and Scale 0.006164264654821
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7. CONCLUSION

In this thesis, a signal processing-based approach to vision correction problem for

people with refractive error is proposed. Visual impairments are generally, if they can

be at all, corrected via goggles or contact lenses. If it is not an appropriate solution,

medical surgery is considered. Both medical operations and corrective devices are

costly. Lenses and goggles are not buy-once equipment since the impairments in the

eye can change with time. Moreover, any damage to them may hamper people’s daily

life. Medical surgery, on the other hand, may be expensive as well as may not be an

exact solution. Even if the doctors making operations are well qualified and trained,

generally the surgery introduces another visual impairments to the visual system. The

aim of this work is to offer people a scalable, flexible and easily reachable solution for

vision problem.

In this work, the data for calculating the impulse response of eye are taken from

a device working based on ray tracing principle instead of Hartmann-Shack princi-

ple. Hartmann-Shack wavefront sensor may not correctly represent and model the

eye aberrations when they are large. Since ray tracing method does not have such a

drawback, the data obtained by this method are more reliable, hence, its mathematical

representation is more correct.

Determining the transfer characteristics of eye, point spread function calculations

are mainly focused only on the crystalline lens because it is the main part of eye

focusing the incident light onto the macula. However, the light first encounter with the

cornea when traveling to the retina, and the biggest refraction occurs on the surface

between weather and cornea. Thus, for more accurate and comprehensive modeling,

contributions of cornea are also included to the calculations. iTrace device giving

the lens aberration data can also determine the cornea topography. Since wavefront

aberration functions are actually the distance differences between an aberrated and a

normal wavefront, the cornea topography can be directly included to the wavefront

aberration function calculations stemming from the cornea. Another inclusion of the
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cornea is necessary for the calculation of incident wavelength coming to the crystalline

lens. Due to the formula Eq. (2.13), the wavelength coming to the lens changes because

it first passes through cornea and then aqueous humor, which have different indexes of

refraction.

Together with the cornea contributions, lens model used in point spread function

calculations in signal processing also needs to be updated. Crystalline lens has a

dynamic structure. Its thickness alters with the object (or focused) distance. Also, its

elasticity changes, more specifically decreases, as the eye gets older. When the elasticity

changes, the ability of eye to focus different distances becomes weaker. Moreover, its

refractive index is not same, for instance, at its center and its periphery. This dynamic

structure also changes and affects the point spread function. For accurate modeling,

object distance and effect of age are included to the model. During this work, it is seen

that object distance indirectly affects the point spread function When the distance

changes, the ciliary muscles reshape the lens to form a sharp image on fovea. Being

thicker and/or thinner changes the focal point, hence the exit pupil distance, of the

overall eye system. By this work, it is seen that the change in exit pupil distance

only causes the point spread function becomes either “broader” or “narrower”, in an

unimportant scale, however. The result of focused distance can be seen in Figure 7.1.

The calculation is done from Eq. (5.26) and by applying the fact that lens thickness

change is 0.067 mm/D. Note that although the shapes and even the effects seem the

same, the difference can be understood by looking at the color bar next to the graphs.

Another change in crystalline lens structure and eye model stems from the age of

the eye. GRIN structure enables a lens to focus the light a point more easily since it

additionally refracts light inside of it. Thus, GRIN structure of human lens helps for

better focus. However, with age, the GRIN structure of eye also changes. The more

an eye gets older, the more GRIN lens structure disappears. The effect of age on the

GRIN lens structure is shown in Figure 7.2.

Two new approaches to the contrast enhancement for eye-based image process-

ing are proposed. First one, double-sided contrast enhancement, can be thought as the
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(a) (b)

Figure 7.1. PSF graphs for different focused distances. (a) is point spread function of

eye focused on an object at 6 meters, (b) is for 25 cm object distance. For those,

subject is thought to be 28 years old.

(a) (b)

Figure 7.2. GRIN change with age. (a) is GRIN lens structure calculated for a

7-year-old eye, (b) belongs to 70-year old eye. Note that the older eye has a

“flatter”profile than a GRIN structure.
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upgraded version of the single-sided mapping. Double-sided enhancement simply takes

exponential profile of one-sided method, and shift and rotates it to the correct mapping

region. While doing that, after a certain value it does not allow the exponential behav-

ior to be dominant, and applies all-to-one mapping; that is, after a value in the image,

all the values are map to one value. However, this approach has a limitation. After

a certain threshold value, it exceeds the standard screen dynamic range and causes

clipping in the mapping. This problem is surpassed by the second approach. Sigmoid

function is a bounded function giving a result in the range [0 1] for any real value. This

property of it enables the enhancement to be done directly on the deconvolved image

without former application of shifting and scaling. By employing the sigmoid function,

the values gathered around the middle of deconvolved image’s dynamic range can be

distributed such that they become placed further from each other without clipping or

contrast loss thanks to the steep behavior of the function in its middle region.

To compare the methods that are not tried in literature about the eye-based con-

trast enhancement (except the gradient domain HDR compression method), a contrast

evaluation method based on the looking at the differences of Gaussians in the image

and its subsampled versions is applied. Since it is seen that the employed measure

gives counter-intuitive results as “the smaller the contrast number the better the im-

age”, another method based on the standard deviation of the DoG image is tried. It

is observed that the result of this method is easier to interpret and more accurate in a

sense based on the user interpretation.

As the future work, there are a number of requirements and research areas for

the project to be used in the daily life digital devices. The first area is the inclusion of

cornea. In the literature, it is not encountered to include the cornea properties to the

calculation of overall point spread function. This is interesting, because cornea is the

first part to encounter with light and the strongest refractive component of the eye.

One reason may be the notion that it is necessary to pass through cornea to reach the

crystalline lens to be able to measure the aberrations on the lens, creating the thought

that the measurements already measures the aberrations on the cornea. However, the

iTrace device gives three different measurements: one for only the lens, one for only
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(a) (b) (c)

Figure 7.3. Different point spread functions. (a) is the PSF both cornea and lens

parameters included, (b) is cornea-only PSF, and (c) is the lens-only PSF.

the cornea topography, and one for the sum of them. All of them give different point

spread functions shown in Figure 7.3.

(a) (b)

Figure 7.4. Cornea and lens result versus lens only result. (a) is the resulting image

when PSF is calculated from only the lens parameters, (b) is from PSF both cornea

and lens included. The chosen simulation is the ideal or requiring no processing

situation.

Including the cornea to the calculation of PSF also creates deconvolved images

whose convolution with the original point spread function does not yield a sharp image,

even in the ideal solution case; whereas lens-only PSF gives more clear and sharper

images. The situation is presented in Figure 7.4. Since taking cornea into account
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makes it harder to obtain clear and sharp images, its inclusion should be handled more

carefully.

This situation may be overcome by considering only the higher order aberrations

for both cornea and the lens. Today, low order impairments such as myopia, hyperopia,

astigmatism and presbyopia can be corrected via lenses. If they are excluded from the

calculations, sharper and better images in terms of contrast can be obtained considering

only the higher order aberrations.

In the borders of knowledge of this work’s author, the accommodation of eye is

not included in the eye modeling literature for signal processing purposes until this

thesis. In this work, its inclusion is limited only with the change that it creates in

the lens thickness and focal distance. However, aforementioned studies show that ac-

commodation also changes the profile and refractive index of crystalline lens, although

there is no consistency in the type and amount of change. This area is worth to further

investigation.

In Chapter 6, the results for E letter image and the seeds image are presented.

The two images have a vary basic and big difference: the E letter image is an unnatural

image whereas the seeds image is a natural image. As you can see in Table 6.1 and

Table 6.2, the quality of results for different image types are not the same. Generally,

the unnatural images have a constant background behind them which also dominates

the histogram and mean value of the image, and the necessary or relevant information

takes place in foreground in such images. The enhancement methods applied to the

unnatural images also enhances the background and the accompanying noise. As a

promising research area, the enhancement methods concerning only the foreground

or the area where the useful information takes place should be studied to prevent

unnecessary enhancement of background.

Human eye is a dynamic organ. To focus on and see the objects at different

places, people move their body and heads as well as their eyes. Movement of the eye

changes the focus and creates a new image on the retina. In this case, the object
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that was focused on before is seen different. There may be two reasons for that. The

first reason is that by changing the visual axis that the light ray follows from target to

retina, the focused object changes. In this case, the non-focused area creates a different

response in rod and cone cells. As the second reason, since the visual axis is changed,

the point spread function governing the image of surrounding of the focused object

also changes. That point spread function can be calculated for not-focused objects

and it can be used to reduce the computation burden of surrounding images because

generally unfocused objects do not contain as much detail as the focused objects. For

this purpose, an eye tracking system can be used, which is also helpful to determine

the changes in human pupil diameter that affects the point spread function.

Although humans have two eyes, they use their “dominant eye” when looking at

the distant objects or places. Dominant eye can be determined as follows: A person

creates a hole with his/her hands by stretching his/her arms forward, and looks through

the hole with two eyes open. Suppose that there is an object when looking through

this hole and person can see it with two eyes open. Then (s)he closes one eye and looks

the object through the hole with the open eye, and then changes the eye. With which

eye the person sees the object through the hole is his/her dominant eye. That means,

this person uses that eye when looking at the distant objects and for closer distances

the other eye dominates the vision. This dominant eye concept can, and should, be

investigated because it is nearly impossible the two eyes to have the same point spread

function. The idea that using the dominant eye PSF for distant objects and the other

eye’s PSF for closer targets should be examined.

The biggest area that the research should be made on is the monochromatic and

trichromatic approaches to the images. Until now, all the point spread calculations are

done with only one wavelength value. However, in nature, there is no light containing

only one specific wavelength. Hence, a group of wavelength value should be used during

the calculations of point spread function. In this study, this approach is also applied.

The notion is that since eye’s response is known for each wavelength, the necessary

ones can be calculated and added with some weight according to the eye’s response.

For this approach, weights are calculated from a fitted equation to the curves in Figure
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Table 7.1. The sum of Gaussians fit parameters for each cell type.

Rods Red Cones Green Cones Blue Cones

a1 7.013 0 -5.362 17.48

µ1 446.2 559.4 495.9 427.3

σ1 27.85 0.08667 160 30.52

a2 -1.434 -380.5 84.18 -0.9922

µ2 629.3 533.9 539.1 405

σ2 11.85 63.97 60.26 11.49

a3 91.33 468 -9.146 56.51

µ3 500.5 538 578.6 406.7

σ3 52.54 68.03 30.88 69.38

a4 4.153× 1014 35.26 39.01 -3.292

µ4 -4384 393.5 370.8 380.7

σ4 869.9 48.14 172.5 18.12

3.2 obtained from study [24]. The fits are found by addition of four Gaussian. The

parameters of Eq.(7.1) are given for each cell type in Table 7.1.

w = a1e
−
(
λ−µ1
σ1

)2

+ a2e
−
(
λ−µ2
σ2

)2

+ a3e
−
(
λ−µ3
σ3

)2

+ a4e
−
(
λ−µ4
σ4

)2

(7.1)

The problem with this approach is the small wavelength values. As it is shown in

Figure 5.11, when the wavelength gets smaller, the coefficient of defocus term becomes

bigger, hence, the point spread function spreads more. In this case neither image can be

convolved properly nor the PSF behaves correctly since it exceeds the the dimensions

and is wrapped on itself. This problem can easily be solved by making the sampling

plane bigger. But this time either the sampling rate should be bigger, reducing the

accuracy in calculation and representation of the point spread function, or it should

be kept as is, making the images and PSF bigger and increasing the computation time

exponentially.
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As the last future work, the results of processed deconvolution images should be

shown to and assessed by people suffering from visual impairment, instead of simulating

the results on the computers. Since this project aims to ease the people’s lives, it cannot

be made more useful and perfect without human subject feedback.
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