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ABSTRACT

SCALAR GAUGE THEORY ON A CYLINDER

In this thesis we study the large N, limit of SU(N,) gauge theory coupled to a
scalar field in the fundamental and adjoint representations on a cylinder, following the
ideas of Rajeev. We use a different kind of light-cone coordinate system to eliminate
the non-dynamical degrees of freedom and express the theory in terms of quark and
Wilson loop variables. We can formulate a classical field theory using color invariant

variables, but we don’t provide the solution in this thesis.



OZET

SILINDIR UZERINDE SKALER AYAR TEORISI

Bu tez caligmasinda, Rajeev’in yontemleri kullanilarak silindir tizerinde skaler
alanlarin temel ve adjoint temsillerinin biiytik N, limiti ¢aligilmigtir. Dinamik ol-
mayan serbestlik derecelerini elemek ve teoriyi kuarklar ve Wilson halkasi degiskenleri
cinsinden ifade etmek i¢in farkli bir 1g1k konisi koordinat sisteminden yararlanilmigtir.
Bu tezde cift terimlilerden yararlanarak klasik bir alan teorisi formiile edilmig ancak

¢Ozuimu saglanmamistir.
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1. INTRODUCTION

The Standard Model can describe all known fundamental forces, with the ex-
clusion of gravity. Standard Model is not only renormalizable, but also can explain
a number of results from various areas of physics, such as neutrino scattering experi-
ments, hadronic sum rules, weak decays, current algebras, etc. More significantly, there
is not a single experimental data that violates the Standard Model. This model is based

on a gauge group, namely SU(3) @ SU(2) Q U(1).

There are four fundamental forces in nature:
1. The electromagnetic force, successfully described by QED.
2. The strong force, holds the nucleus together.
3. The weak force, governs the properties of decaying particles, such as the beta decay
of the neutron.
4. The gravitational force, described classically by Einstein’s general theory of relativ-
ity.
Quantum Field Theory can describe fully only the electromagnetic force, for a very

fundamental reason that we can easily see, when we look at their coupling constants:

Qe ~ 1/137.0359895(61)
Qstrong  ~ 0.118
Guea  ~ 1.02x107° /M7
~ 1.16639(2) x 107 'GeV 2
Ghewton  ~ 5.9 x 107 /M

~ 6.67259(85) x 10~ 'mkg 152 (1.1)
where M, is the mass of the proton and the parentheses represent the uncertainties [1].

When we look at this chart and compare the coupling constant of the electromag-

netic force with the others, we see that its difference lies in having the only coupling



constant that works for power expansion. Since perturbation theory, based on power
expansion, is used predominantly in the Quantum Field Theory, it is clear why elec-

tromagnetic force has a well-constructed theory, namely Quantum Electrodynamics.

It is believed that the fundamental fields in nature consist of the spinor fields
and the gauge fields. While the former refers to leptons and quarks the latter refers
to electromagnetic, weak and gluon fields, which are referred to as the mediators.
The standard model is based on non-abelian gauge theories, Yang-Mills theories, for
these force carriers [2]. These bosons couple to fermionic matter particles, namely the
quarks and leptons. Interactions are determined by the algebraic structure of certain
internal symmetry groups. The strong interactions are determined by the group SU(3),
and is described by a gauge theory called Quantum Chromodynamics. The electro-
weak interactions are determined by the group SU(2) x U(1) and is described by
the gauge theory Weinberg-Salam model. We will only concentrate on the Quantum

Chromodynamics (QCD) [3], [4].

The strongly interacting particles are called hadrons, stemming from the Greek
word hadros, for “strong”. There are two kinds of particles that interact strongly,
which are mesons and baryons. Proton and neutron are the examples among baryons,
whereas the most common example to mesons are pions. The hadrons are made up
of more basic particles called quarks. Quark model came as a solution to the many
“resonances” that began to be observed in particle accelerator experiments. Quarks are
fermions with fractional charges. Composite combinations of the “up”, “down”, and
“strange” quarks could explain all the hadrons discovered up to that time, when Gell-
Mann, Ne’eman and Zweig constructed the SU(3) quark theory. These three quarks
form a representation of the Lie group SU(3):

%=1 d (1.2)



Mesons are quark and anti-quark pairs, whereas baryons are made up of three quarks

or three anti-quarks.

Quarks carry an internal symmetry fitting to the group SU(3), called color. The
promotion of this internal global symmetry to a local gauge principle gives us a gluon
field which is self-coupled, unlike the mediator of QED which does not carry electrical
charge, and this is the field responsible for the strong force. In QCD, the color group is
unbroken, unlike electroweak theory, so the gluons remain massless. In a gauge theory,
the gluon and quark fields have some degrees of freedom that are not observable. The
true dynamical degrees of freedom, which make up the hadrons, are determined by the

principle of gauge invariance.

QCD is an asymptotically free field theory [3], [4]. Thus the theory behaves as a
free theory at high energy levels, and the quarks and gluons are free particles (up to
logarithmic corrections). The strong force does not grow strong at short distances, nor
does fall off at large distances, in contrast to electrostatic or gravitational forces. This
property leads to the phenomenon of confinement which explains why the fundamental
particles, quarks and gluons, have never been observed isolated. Quarks and gluons are
confined inside the colorless, gauge invariant bound states of the strong interactions,
namely the mesons, baryons and glueballs that are gauge-invariant bound-states of

gluons (altogether referred to as hadrons).

Due to this high energy level freedom of the theory, perturbation is possible only
at high energies. At ordinary energy scales it is not an appropriate method, since the
coupling constant gets larger as energy gets low. The purpose should be to establish
non-perturbative methods to understand QCD, and to find out the masses of the

hadrons, various resonances, and the cross sections in various processes at low energies

3], [6].

Since QCD does not manifest its ordinary classical limit, it has to be understood
at the quantum level. Thus there should be a quantum description at low energy scales.

At high energy scales the perturbation around A — 0 limit works. QCD is the only



known renormalizable four-dimensional theory with the correct high-energy behavior.
But perturbation around this trivial limit is not applicable at long distances, thus
structure functions of the bound states cannot be understood by perturbing around the
free vacuum. We need another classical limit for QCD since all the observed particles
are hadronic bound states. This limit is believed to be large number of colors N,
where the structure group of the gauge theory is SU(N,). In nature three colors seem
to exist. Fluctuations in gauge-invariant observables alone vanish in the large- N, limit.
This is important since in the limit of vanishing Planck’s constant, the fluctuations in

all observables of a gauge theory vanish.

Quarks transform as N-component vectors under color, the SU(N,) structure
group, while gluons transform in the adjoint representation as N, x N, hermitian ma-
trices. The components of these vectors and the matrix elements are the so-called
“gauge degrees of freedom” (quarks and gluons) that carry the color quantum number,
and are not directly observable. Only color invariant observables, namely the Wilson
loop and meson observables are non-local. This means that we have to pass from local

gauge fields to non-local loop or string-like variables.

The large- N, limit, as an approximation for non-abelian gauge theories, was orig-
inally proposed by 't Hooft in a perturbative context [7]. As an application 't Hooft
studied 1 4+ 1-dimensional QCD and found eigenvalue equation for the meson in the
large N.. Migdal and Witten proposed that this limit should be a kind of classical me-
chanics [8]. Rajeev constructed a theory of mesons in two dimensions in the limit N,
the number of colors in SU(N,) goes to infinity using only color invariant observables
(corresponding to meson operators) [3]. Rajeev’s theory is a classical mechanics on an
infinite dimensional space, called the Grassmannian. The linearization of this theory
leads to the famous 't Hooft equations. 1+ 1 dimensions is a great simplification,
but it is a good tool to shed light on difficult theories. Scalar two dimensional QCD
was studied by Shei and Tsao in [9] following 't Hooft, and later by Tomaras using
Hamitonian methods in [10]. Rajeev’s method applied to this case is studied in [11],
they found a non-local theory on an infinite dimensional disk. Linearization gives again

the results found by Shai and Tsao. Aoki [12], showed that three types of mesons, all



obeying a certain type of 't Hooft equation (see also [6]) are possible.

When we study 1+ 1 dimensional QCD on R x R we do not have any dynamical
gauge degrees of freedom. To see the effect of gauge degrees of freedom, one needs
another toy model, which is not so difficult. This is the gauge theory on a cylinder.
There, the gauge fields have a dynamical global degree of freedom, the so-called Wilson
loop. We study this problem in detail using the methods suggested by Rajeev and
Guruswamy in [13] for scalars. Unfortunately, this theory is too complicated to be
understood at the same level of completeness as in the previous work of Rajeev. We do
not have a closed algebra of observables in the large N, limit. The geometric meaning

of the constraint eludes us. Yet we have a well-defined theory.



2. THE METRIC

We will study non-abelian gauge theory coupled to scalars in the fundamental
and adjoint representations respectively in 1 41 dimensions. To decouple the gauge
vector from the kinetic part of the boson we will use a method suggested by Rajeev in
[13]. This is an essential point, since when we have coupling between two such fields,

the vacuum will change and we should find the correct vacuum to start with.

We will perform our analysis in a co-ordinate system different from the Cartesian
(x,t) co-ordinates used to solve pure Yang-Mills theory in Ref. [13]. We construct a

kind of light-cone formalism such that the new coordinates (u, z) are:

u=t+|z|. (2.1)
Then,
dt = du — sgn(z)dz. (2.2)
The metric is
ds* = dt @ dt — dz @ dr = du ® du — sgn(r)du @ dx — sgn(z)dr @ du. (2.3)
Thus the metric tensor becomes
o — 1 —sgn(x) R 0 —sgn(x) (2.4)
—sgn(x) 0 —sgn(x) -1

The points (u,z) and (u,x + 2L) are the same on the cylinder. These light-cone

coordinates avoid the quadratic energy term appearing in the mass shell condition of



the Cartesian co-ordinates:

po’ —p® =m>. (2.5)

We don’t use the conventional light-cone co-ordinates since our gauge elimination
method would not be applicable. We will use u as our evolution variable. In our special

light-cone co-ordinate system the mass-shell condition is

_2Sgn(‘r>pmpu - px2 = m2 (26)

from which we obtain a unique solution for p,:

pu = —3l +piJsgn(z). 2.7

This is important, since it suggests that in second quantization the positive and nega-

tive energies will be determined by the sign of p,sgn(z).



3. BOSONS IN THE FUNDAMENTAL
REPRESENTATION

3.1. Transformation to New Variables

The action of the complex bosons in 2 dimensions interacting with an SU(N,)

gauge field can be written as

1

1 1
S = / dudzx /—n {E(DW)TD% — §m2¢Tgb + 4—92T7=F“”FW (3.1)

where F,, = 0,A, — 0,A, + [A,, A)]. Here D, = 0, + A,,, where A, is the gauge

potential, D, is the covariant derivative. Thus A, is antihermitian with

A, = Ast (3.2)
Tr(tt") = —5°. (3.3)

The commutation of the generators of the Lie algebra,
[t 1%] = i fobete, (3.4)

fe¢ being structure constants.

If we express this in terms of components in the new system of coordinates, we find

1 1
S:/ dudx {—isgn(x)DuquDx(b—§sgn(x)ngbTDugb]
+/ dudz [—%Dxchchb—%m%w}

1 1.,



where
E =0,A; — 0. A, + [Ay, As. (3.6)

Here we split the E? term, namely:

1 v 1 2 1 2 1 2
@TT’F“ Fl“’ = —2—92TT'E == @T?”E - ETTE s (37)

and insert the definition of F in terms of gauge fields in the second part to get,
1
—?TTE(aqu — 0, Ay + [Au, As)). (3.8)
If we write the action explicitly:

S = —/ dudx %sgn(x)(ﬁudr — ¢ AL) (020 + A0)

— / dudzx %sgn(x)(azqﬁT — ' A,) (0,0 + Auo)

— / dudzx {%(8I¢T—¢TAx)(az¢+Ax¢)}

1
—/ dudzx §m2¢T¢

1 1
- / dudz [ETTE(&LA:C — 0. A, + [Au, A]) + Z—QQTT‘E2] : (3.9)

Now, following [13], we will define a variable h(u,z) to eliminate the Yang-Mills field

without 1tmposing any gauge condition:

oh
— + A,h =0, 3.10
5 T (3.10)

h(u, L) = 1. (3.11)
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The solution is represented as a path ordered exponential:
h(u,z) = Plel s A=) (3.12)
The Wilson loop is then given by
q=h""(u,L) (3.13)

We will define new field variables such that:

¢ = ho,
A, = hAh,
E =hEh™. (3.14)

Our aim is to decouple the leading bosonic action from the gauge theory part and
reduce the gauge theory part to its true dynamical degrees of freedom.
Since we are on a cylinder with (u,z) ~ (u,x+ 2L), the fields are periodic with period

2L. Thus

¢(L) = ¢(—L),
¢'(L) = ¢'(~L),
E(L) = B(~L). (3.15)

E(L) = qBE(-L)qg . (3.16)
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We see that now we are dealing with a complicated boundary condition. We will define

E(—L) = e. When we insert the new definitions of our variables, we find
1 - - . - -
S =~ [ dude Sson(@)(@u(@h ) ~ S0 BAN)(0.(05) + Ahd)

~ [ dude Ssgn(a)(@,(811) = 60 AL)@u(hd) + bk h)

. / dudz E(@x(gﬁh—l)—&h—le)(ax(hcﬁ)+Axh$)]

1 -
— / dudz §m2¢Th‘1h¢

Lo
_ / dude T [hEN (0,4, — {0, Au + A A

1 oy —17 iy —1
+ / dude 5 5T [(hEh hER Y. (3.17)

Now we take a closer look at the term
O Ay + [Au, Asl. (3.18)

We insert identities on both sides in the form of hh~! and use the equation 3.10.

We see that this term is the expansion of
h(DyAy)h L. (3.19)
Thus
DAy — {0, A, + [Au, AL} = hh ™20, Ayhh ™t — h(9, A, )b~ (3.20)
By using the relation below that can also be derived from 3.10,

h™ (0,A.)h = —0,(h~'0,h). (3.21)
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equation 3.20 becomes:
—h0,(h*0,h)h~t — hd,(h *Ayh)h ™t = —hd, (R~ 0,h + AR L. (3.22)
We will introduce a new variable A via
A=A, +h7to.h. (3.23)
If we go back to our term in the action,

1 -
- / dudz Tr [hEh 1(aqu—{awAu+[Au,Ax}})}

1 . -
- = / dudz Tr [—E@x(h”@uh + Au)} . (3.24)
g
We try to express this in terms of total derivatives,

1 . . - L
—a / dudz Tr [—&(Eh 19,h) + (9, E)h 18uh—8x(EAu)+(8xE)Au]

= % / du /_ LL da T |0, (Eh™0,)] - % / dud Tr [ (0,5)[Ay + ™ 9,0]
(3.25)

where the third term vanished, since the fields drop out at the boundaries. The total

derivative can be expanded as,

1 ~ _ ~ B 1 L

= / AT (BN (L)OHE) ~ =L '0,h(~1)] = / dudz Tr((9,E) Ad].
(3.26)

In this expression 0,h(—L) gives zero, since by the boundary conditions in equation

3.11, one has

Ouh(—L,u) = 0. (3.27)
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We insert our boundary conditions; h™*(L) = ¢, or h(L) = ¢~', obtaining

%/duTT[qE(—L)q_lqauq_l] — % /duda: Tr((0.E)A]. (3.28)

So the gauge field part of our equation has become

1 4 1 - 1 .
e /duTT[q Ouqe] e /dudx Tr((0:E)A] + 2 /dudm TrE”. (3.29)

Having derived the gauge field interaction part in terms of the new variables we can

now go back to 3.17:

S =~ [ duds Ssgn(o)@,(3h ) — FhhAN)O,(hD) + A,hd)
~ [ duds Ssgn(@)(@.(5h ) =~ i A)@,(h) + hAMh)
— / dudx [%(ax(&h—l) — O hT AL (0, (hg) + Ahd)]
— / dudz %m%STqS

1 1 ~ 1 -
— g—Q/duT'r’[qlauqe] 7 /dudm Tr((0:E)A] + /dudx TrE?.(3.30)

2¢°

dudz %sgn(m)(é‘u&*h—l +010,h™" = G AT (0he + hde + Ashd)

dudz %sgn(x)(axqﬁhl +¢'a,h ™t — ¢Th 1AL (Duhd + hdyd + hA L he))

=

_ / dudsz [%(améfhl F O — hAL)(Ouhd + hDad + Auhd)]
/ udx %mQQZ;TQE
1

1 . 1 -
- duTr[q " d,qe] — ?/dudx Tr((0.F)A] + /dudaz TrE?. (3.31)

2¢?
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Making some cancelations using 3.10,

S = / dudz %Sgn( )(O 0ud' 00 — PTh 10RO, — gngfluamqg)

dudz %sgn )(0,0Th10,he — ¢ h = O,hh LD, hd — TR L ALD,ho)

/ dudz %sgn )(0:0'0,6 — $'h10,h0,0 — ¢ h ' A hD,P)
- [ duds %sgn (0,61 Aud — $h10,h A — Fh AhAL)
/ dudz [~ w*amgb + &' 0,h T h0,0 — Th LA hd, )]

— / dudzx §m2gbf¢

1 1 ~ 1
7 /duTr[qlt?uqe] 7 /dudx Tr((0.E)A] + /dud:c TrE?. (3.32)

2¢?

We collect the appropriate terms to form A’s as in 3.23 and make some cancelations

using the properties of h. In terms of the new variables the action becomes

5= [ dude [~ 3san(@)[(0.5)(0,9) + (0.5)(0.0))
—|—/ dudx [—%sgn(x)[A(axdsT)é—&TA(@:@H
—/ dudx%(az&)(ax@—/ dudx%m%%
1 1 2
—/ dudm[gQTr(a L E)A — gTTE ]
—9—12/ du Tr(q~ " Ouqe). (3.33)

We see that A does not have a time derivative in the action, so it is just a Lagrange
multiplier imposing a constraint and can be eliminated. Varying the action w.r.t A we

obtain a constraint equation:

—530n(x)5A@.61 — 3'6A(0.)] - %Tr(é‘xEM) —0 (3.34)

g—lzabe(SA“Tr[tbt“] _ —%sgn(x)(a;(ax&) (0B A (3.35)
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Since our scalar fields are in the fundamental representation, and the gauge potentials

in the adjoint representation are represented as

A= A"t",
E = E“, (3.36)
the constraint becomes
~ 0B = ~Ssgn(@){t 3 (0.61): — 6 (2.3} (3.37)
Thus
B=e+ L [y sn) (60,6 - 0,03 (339

Thus the classical action is reduced to:

S = —%/ dudz sgn(z)[(0,0)(0:0) + (0:0")(0u9)]

—/ dudz %(@;(E)(@x@ — %/ dudz m*¢'¢

—|—L dudzx T'r e+g—2/x dy sgn(y){(9,6") — (0,0)9'} 2
2 2/, y sgnly Y Y

1 -
— g—2/du Tr(q 'Ouge). (3.39)

Here, we see that the action has three main parts consisting of bosons, the term with
the new variables and their coupling. The problem has decoupled, into independent
bosons and gauge fields if we assume the coupling term between these two systems. We
can safely assume this due to the theory of ... [|. That is we can quantize the bosonic
system and the gauge part independently, the interaction will not drastically alter the

vacuum structure.
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When we write this action in the form

S = /du T wii? — /du H (3.40)

we read off the Hamiltonian as

i = / dr 5(0.0)(0.) + 5 / dr m*3'3

_ 1 dx Tr e‘i‘g_Z/xd sgn( ){é(@&f)—(a@gﬁ}Q
55 5 5 Y sgnly Y Y )

(3.41)
the rest belonging to the symplectic part.

In the next two sections we will focus on the symplectic geometry of the gauge
and boson fields respectively. We will focus on the normal ordering of the bosonic

theory later.
3.2. Poisson Brackets of the Gauge Theory Sector

Following the suggestion in [15], we will try to bring the variation of the action

to the form

_ A (AB B
_ A (AB B A AB B
= / du (35 2i5); (k) T hty — / du 235Q 55060 0% (k) (3.42)
For simplicity 0 H is given as a quadratic form, but we do not really need its explicit
form here. Here the indices A, B belong to the coordinates (e, q) and run from 1,2.

On top of it the ¢, 7 indices refer to matrix form of the Lie algebra. The equations of

motion gives

) = (D00 Qs s Tot)- (3.43)
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Since
(i) = {205 T} Qg Ty (3.44)

we can read off the Poisson brackets directly from this expression. We will try to

express everything in terms of our new variables &, v and e such that:

8¢ = q~'oq, (3.45)

v=q'q. (3.46)
These are the correct independent variables on a group, the variation of the group

variable being written as d§. To obtain the Poisson brackets we make a variation in

the action:
1 -1
45 = 7 du tro{q= (0uq)e}. (3.47)
This variation can be expanded as
1
0S = —?/du tr{dq *ge + ¢ *dge + g 'gde}. (3.48)
We do an integration by parts:
1
05 = —= /du tr{dq 'ge + 0,(q" " 9qe) — 0uq *dqe — ¢ 1 0qé + ¢ 1gde}.  (3.49)
g

The variation of ¢ at the time boundaries give zero so the total derivative drops out,

giving

1
05=-5 / du tr{—q~'6qq" " de + ¢ 4q " dqe — q'3q¢ + g~ dde}. (3.50)
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We insert the definitions in equations 3.45 and 3.46 to express the action in terms of

our new coordinates as
1 .
08 =—— / du tr]—od&ve + véfe — d€é + vie].
g
Explicitly,

1 .
0S = —; / du [eijvjkdgki - ’Uijejk;(sgki - e,-jcsﬁji + v,-jc?eji]

1 )
= _E / du (0145008 — O15Vijeu08k — €550E; + vijoe;;].

Now by changing the dummy indices, we obtain
1 )
(SS = —E du [(5kj€li — 5li€jk>vij5£kl - eijéfji =+ Uijdeji].
One can easily check that this is of the form

1 ] Aij;kl 5ij;kl 0k
(v é)
—0ij O dek

where
Aij;kl = 5kj€li - 5li€jk
and
5z'j;kz = 5li5jk-

This matrix we found in the above formula is 2 and written in the form

1 A 1

Q=_—
7\ -1 0

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)



If we calculate the inverse we find

We can read off the canonical commutation relations as follows:

{fij, €kz} = 925ij;kl

{&ij, &} =0

{eij7 le} = _ngij;kl

We can write the equations of motion for our coordinate ¢ as follows:

0H

(¢ q)is = {&ij> €t} (G o0m

O0H
+{&j. ekl}gm

Due to 3.60 the first term drops

0H
—1y . — N ol
(C] )zs qs 7 {Szm ekl}dekl’
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(3.58)

(3.59)

(3.60)

(3.61)

(3.62)

(3.63)

and we can pass ¢~' to the other side as ¢, and since the {;;, &} term is missing, we

can introduce a Poisson bracket directly between the variable ¢ and e,

qsi{&j, eri} = {qu, er} = 92(]51'5115]% = 92QSl5jk
Contracting e by an element of the Lie algebra, namely A, gives

{erMin, @si = P Nwdsidie = §qad; = g2 (gN) -

(3.64)

(3.65)
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Thus,

{trXe, ¢} = 9°(qN) 5. (3.66)

Similarly from 3.61,
{Neij eny = —g* (M€ — Ajjejn), (3.67)
{Nieijs Aer} = —g° (=N Awiea + A iker;)- (3.68)

By some index changes we arrive at the result below:

{TrAie, Trage}y = —g*Tr[\i, Xole (3.69)

There is a nice geometric interpretation for this symplectic structure. It is indeed the

canonical form on T*G; the cotangent bundle on G.

3.2.1. Quantized Gauge Theory

Here, we will simply postulate Dirac’s quantization condition, replacing Poisson

brackets by commutators.

[, ]1=ih {} (3.70)

Ordering ambiguities here can be resolved by the Weyl ordering (or any other one.)

Thus

q—4q (3.71)
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and

g (3.72)

The quantization can be stated as follows:

45, 41 =0, (3.73)
[Tré, )] = ig” (M), (3.74)

and
[TT’)\lé, T’I“)\Qé] == —ig2TT[/\1, /\Q]é (375)

3.3. Symplectic Form of the Scalar Field Theory Part

Now that we have constructed the symplectic geometry of the gauge field, we can
focus on the scalar field theory part. Looking back to our action in equation 3.39, we

take the symplectic form of the field theory part as:

1

= / dudz sgn(2)[(0ud1)(0:0) + (061 (0u8)] (3.76)

Varying w.r.t gET, we get

1

= / dudz sgn(z)[(0,507)(0.) + (3:687)(8u3). (3.77)
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Integrating by parts in the first term gives

—% / dudz sgn(x)[0,(66'0:0) — 06! 0,0:6 + (0:60")(0u0)]. (3.78)

The first term drops out since 6! is zero at the boundaries 00 of the time coordinate.
The same can not be applied to the x coordinate due to the boundary conditions stated

in equation 3.16. Thus we obtain:
1 ~y — ~
—5/ dudzx [6¢T( 0 zsgn(x) — sgn(z) 0 2)0u¢)] (3.79)

The term in the parenthesis gives the symplectic form. It’s inverse can be written

formally as:
(W) =2(sgn @, — 0 psgn) oL, (3.80)

This is an unusual operator, and in fact it is hard to compute with. What is the
meaning of this operator? Let us look at the equations of motion for the free theory in
this coordinate system.

We know the right inverse of the 0 operator is %sgn(a: — ), since it gives a § when it

acts on the sgn function. We exploit this fact and write,

«—

(0 ysgn(z) — sgn(:c)gy)auqﬁ = (=82 +m?)g, (3.81)

/dy %sgn(x—y)(gysgn(y)—sgn(y)gy)auqﬁ: /dy %sgn(a:—y)(—aj%—mQ)qﬁ. (3.82)

This becomes:

dy 6(x — y)sgn(y)O0ud(y) — / dy %sgn(ﬂc —y)sgn(y)9y0u¢

l\DI»—t\

dy sgn(z — y)(—=0; +m*)¢. (3.83)
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So the equation of motion is:

1 1
0.0(2) = 5 [ dy sgn(a)sgn(a —y)sgn(w)0,0,0+ 5 [ dy sgnla)son(a—y)(- +m*)o
(3.84)

We should supply the proper boundary conditions.

3.4. Quantization

To second quantize the theory one has to know the annihilation and creation op-
erators. Once we find these operators, we will introduce the normal ordering procedure

to make sure that the products of the fields at the same point are well-defined.

Apart from the coupling with the gauge field, our problem is like the harmonic
oscillator. First we will focus on a finite dimensional problem with constant symplectic

and quadratic form.

We are going to make the quantization as in a real vector space. We can do this
since in our case the symplectic and quadratic form are real operators and the real and
imaginary parts of the complex vectors decouple. We can see this easily by taking our

complex fields as:

¢ =a-+1ib
o' =a—ib (3.85)
Our action has the form
|RAGERET (3.56)

and it can be expanded as

/du [(aﬂ'b)u(aﬂ'b)—(a+z‘b)*@(a+z’b) : (3.87)
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The action is decoupled to an action of two real fields by using the anti-symmetry of

w and the symmetry of @), yileding
/ du [ade — a'Qa + blwh — bTQb] . (3.88)

Since a and b commute, the normal ordering of the fields can now be defined in a simple

way:
c ol = (a+ib) (a4 ib) :=:a'a: + : b : +i[a’d — bla). (3.89)

At the end, we will subtract twice the commutator of the annihilation and creation
operators from the normal ordered product, to get the correct vacuum energy, after we

construct the quantized theory.

To start quantization, the first step is to look at the equations of motion:
i = (w Q" (3.90)

where we have 2 real. For simplicity we work with a finite dimensional system, in our
application the indices (i, j, k, [...) will refer to both a set of continuous indices and a

set of discrete indices.

The next step is to complexify the underlying vector space to get the oscillatory
solutions. Indeed the oscillatory solutions are related to a complex structure. (This is
not the original complex structure in our complex case). This quantization method is

applied following the work of Rajeev and Bowick in [14].

The polar decomposition of tensor w™'Q will reveal a complex J and a positive

K. And the equations of motion become

it = J K. (3.91)
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where

JTJ=1. (3.92)

Here the transpose is not the usual one but instead it is defined with respect to the

metric defined by the quadratic form, @) as

J =QJrQ. (3.93)

And,
K™ =K, (3.94)
K >0. (3.95)

It will be useful to define a new variable as

O =w Q. (3.96)

We can see that this operator is antisymmetric in the metric defined by the quadratic

form such that:

o= -0, (3.97)

since,

w'Q) = Q(wTQ)'Q
= Q" Q
= Q'Q(-w Q= —w Q. (3.98)



If we use equation 3.97, we can solve for K and J in terms of @, giving

O = —o°

= (JK)YJK =K JJK = K?,

where we used the equalities in 3.92 and 3.94.
Thus, from equations 3.99 and 3.100 above, we get

and,

since,

<
=
|

&

One can check that

Thus;

J? =1,

from equation 3.92.
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(3.99)
(3.100)

(3.101)

(3.102)

(3.103)

(3.104)

(3.105)

So, J defines a complex structure. What follows after the construction of the complex

structure is to project the coordinates into +7 eigenspaces to obtain complex coordi-

nates. But it would be instructive to stop at this point and apply this procedure to

the well-known Klein-Gordon field in the usual coordinate system.
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The Hamiltonian of a Klein-Gordon field on R? can be written as follows:

H = / &z [1* + (V¢)? + m?¢?.

By partial integral we get the quadratic form,

H = / &Px [+ ¢(=V? + m?)¢)]

— / Bz [dTQP].

Here we use a two component representation such that

o = ¢

o9

We can read off the quadratic form as
(=V24+m?) 0
Q =

0 1
The symplectic form is;

0 1

(3.106)

(3.107)

(3.108)

(3.109)

(3.110)

(3.111)
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Thus
~ . 0 -1 (=V2+m?) 0
w=w Q =
10 0 1
0 -1
= ) (3.112)
(=V2+m?) 0
One can easily show that the transpose is
0 1
w" = . (3.113)
(=VZ+m?) 0
The product of its transpose with itself would give
—VZ+m? 0
WTw = ( ) . (3.114)
0 (=V?+m?)
This diagonal matrix helps us to have the square root in J easily, such that
~V2 4 m?)s 0 0 ~1
J=(0"0) 0 = ( ) 1
0 (=V?+m?)"2 (=V*+m?) 0
0 —(~=V2+m?)z
= ) ( ) ) (3.115)
(=V?+m?)2 0

3.4.2. Back to Normal Ordering

We will now project our coordinates into £ eigenspaces to obtain complex coor-

dinates. Let us point out that, there is always a basis {e,}, and a dual basis {e** }for
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which
J(e*a) — e>i<cy+n7
J(e*t") = —e*. (3.116)
where o = 1,2, ..., n, since J is a complex structure [16]. We may define the coordinates
through
2! = e (x), (3.117)

where x is a vector in our space. This can easily be verified, by looking at

e (x) = e (zbey), (3.118)

since the dual product gives a delta, e*e;, = 5%.

If we don’t think about a basis, symbolically we can write the projections as

z) = %(1 +iJ)lx® + %(1 —iJ)lx®. (3.119)
We can verify that
[N L
[5(1 + ZJ)} = (1), (3.120)
and
(1+iJ)(1—iJ) =0, (3.121)

Here the first part is the projection into the +: eigenspace and the second is into —1,

and 7 runs from 1, ..., 2n. Let’s make a choice from the linearly independent dual basis
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elements as

- 1
o= S +in(e) ~ 20,

1
[ = 5(1 —iJ)(e") ~ 2%, (3.122)
where a = 1,2, ..n.

So we think of dual basis as if they are the coordinates, this simplifies our writing.
Now we should compute the Poisson brackets of these projected coordinates. We expect
to have nonzero Poisson bracket only for z,Z term. Let us first check that the others

give zero.

Loy Lo
{5(514 +iJy)z", 5(5; + Zsz)xl}

= 1 [{xl, 2} i {2, 2+ iJi {a, z'} — J,iJf{xk, xl}} (3.123)
Since the Poisson brackets give the inverse of the symplectic form, then

= 1 [@™)7 + i ™) + i @) = S @] (3.124)

W +Z’L r'_i j rt 78 7] s )
Wi i JLJEKT — i J KT — LT TR 3.125

o

Here K% = K!/(Q')* and we used the equality of w™'Q to JK.

_ i (™) —igi K™ + 6 K™ + J7 6 K] (3.126)
Ly ik ik g (3.127)
_ i (W) — iK' 4+ iKY 4 JIKY] (3.128)
_ i (W™ + ()] (3.129)
_ (3.130)
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where we used the symmetry property of K.

In the same manner,

1, 1
(300~ )b, S0~ i)'y
= — [z, 29}y —i T ok, 2l — i {at, 2ty — T {2, & 3.131
1 k i ki
Since only the signs of the terms in the middle change and they cancel at the end the

result will be the same.

Now we can compute {2z, z}:

1, 1 ..
{0+, S — i)'}

= 1 [{z', 27} +idi{a", 27} —iJ/{a’, 2"} + J,J {2, 2'}] (3.132)

= 7 (@7 +idp(@ ™Y =il (@) + S (@] (3.133)
= 5 (W) iR T KT T K] (3.134)
= gL B KT = SR (3135
= L@ )7 =ik ik — K] (3.136)
= i[(w1)“-¢K“’-¢KU—J{K”] (3.137)
1 . . 1 . .
- Z[Q(W—l)”—%w]:i[w—l)w—m] (3.138)
= %[JiKSj—iK”] (3.139)
1
= gL K (3.140)
1 o
= (=) [+ L] K. (3.141)

Alternatively we could switch the indices of the symplectic form in equation 3.138, to
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get

O %(—i) (67— iJ9] K. (3.142)

NO| —

Thus

%(—i) (60 +iJ) ) K = = [—(w )" —iKY] = %(—i) (67 —iJ]] K*". (3.143)

N | —

We use the fact that the operator acting on K is the projection operator (1+1i.J). Now

we have
! i - Ti 1 s - TS s'j ! i - Ti sj
(—z)5 (60 +iJY] 5 (65 +iJ5) K*7 = (—z)5 (60 4+ iJY] K. (3.144)
From the equality of 3.143 we thus write
N i .74 1 J . 1] s's
= (—z)§ (60 +iJY] 3 (62, —iJ)] K°°. (3.145)
Now we can rewrite this equation as
1 AV 1 - \J .k . i Jj g7ss’
{5(1 +iJ)a', 5(1 —1J)a"} = (=) Py Pl K° . (3.146)

Indeed the meaning of this equation is clear if we construct a Hermitian product, using

our original real inner product as

(1+00) (@) 5[(1 — i) € )(2)K (ear c5)

NSRS NN

1
(z* + ixa+")§(x5 — i7" K (eq, e5) = H(z, 2), (3.147)

or in a dual manner

/

[% (1—1J) e*i](es)[% (1+1iJ)e](es) K (e*,e*)

_ e*i[% (14 i) en]e|

/

(1 —iJ)ey|K(e™ ™). (3.148)

N —
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In a compact form using x;e* = x* this could be expressed as

*[= (14 i) e]a* [ (1 —iJ) eg| K (e, ). (3.149)

| —

1
2

If we now use our special basis, {e,}, we get

1
= 2" (eq — 1€arn)T (€5 + iegin) K (e, )
1
= Z(%‘ — iTin)(2p +ixpen) K (e, ) = H(2*, x%). (3.150)

So, if we specialize to our choice of coordinates, {2, 2%}, the expression on the right
is indeed a Hermitian inner product. We will denote this Hermitian form as H,g and

it has the symmetry
Héﬁ = Hp,. (3.151)

We will find the creation and annihilation operators in terms of our special choice of

coordinates. By 3.119,

1 1
5(1—1—1}]) e*o‘—l—g(l —iJ) e = e (3.152)

The same is true for the second half, so

1 1
3 (144J)e* > + 3 (1 —iJ)e*tn = erotnm, (3.153)

We can extract the J from the e***™ term to get e** and act to the left to obtain

(J +iJ%) e + % (J —iJ?) e = e*. (3.154)

DO | —

By 3.116 and 3.105,

1
(J—i)e™™ + 3 (J +1i) e = e*tm, (3.155)

N |
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Then

(=) (1 + i) e — % (1—iJ)emo] = emot, (3.156)

1
2

Thus, we have the usual relation, such that

2% 4 2% = 1, (3.157)
(=) (2% — 2%) = 2%t (3.158)

Let us assume that we have made a special choice and found
{72 2PV = (—i)HS. (3.159)

Now we use the Dirac quantization rule and set

[a®,a™’] = H, (3.160)
with
a® = H“ﬁ% (3.161)
atf = B, (3.162)
And we set,
a®|0) = 0. (3.163)

Equation 3.160 creates a Fock space with positive norm elements such that

IA) = Aal®|0), (3.164)
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(AIA) = AjAaH™ > 0. (3.165)

We will demonstrate an alternative way to show that this is well-defined. a® and a'®

are hermitian conjugates under the inner product of f(2%) and g(2%), thus

(Flg) = / M, d0dze o= (s T (2 g(2). (3.166)
A calculation reveals that
(fIH0rg) = (2" flg)- (3.167)
As a result we have
(fla"g) = (" flg). (3.168)
We have a well-defined normal ordering rule
ca%a™ = a'Pa”, (3.169)
and no change for all the other combinations.
In general it will be not practical to switch to this special basis, but £(1—i.J), 5(1+

iJ) terms are respectively projections onto these subspaces and normal ordering brings

a negative commutator at the end, so

5 (i) 5 (1= id)aY] = il — kY]
= %[z’(w‘l)”#K’U]. (3.170)

So we can use this idea to set a normal ordering rule as

[i(w™)7 + KY]. (3.171)
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The discussion on projections imply that there is no reason to look for two different
relations, our projections have all the desired properties. (So the net result will be the
above commutator relations.)

For complex coordinates as in our case, we can thus postulate
CM =t — 2§[¢(w*1)” + K"). (3.172)

It should be noted that in this equation the indices are assigned to a discrete set, and
from now on, we will use continuous indices as well as discrete ones; the continuous
indices will be shown explicitly in parenthesis or as bra-kets and v, 7, k, l will imply only

discrete degrees of freedom.

If we go back to our example of Klein-Gordon field we can state our normal

ordering as

BH)@(y) = D)8 (y) — Slilw ) + KHQT) ) (3173)

|
DN | —
N
8.)
—
S
I o
NS
SN—
|
~.
S,
—~
o R
|
<
N~—

1 (=Y m?) e ly) 0 (3.174)
> 0 (@|(=V2 +m2)3 |y)
_ [ ¢@)ely) d@)n(y) (3.175)
m(x)p(y) o(x)o(y)
1 fal(=VPemh) iy —id(a - y) (3.176)
2 i6(x — ) (@ (= V2 + m?)3 |y)
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Let us now write the normal ordering in terms of our operators as

L oL(@) (y) = o) (y) — [i(w™ (e, ) + Kf(,y)], (3.177)
where
(@ (x,y) = (2](9 sgn — sgn D)~ [y)6]. (3.178)
Here sgn is
(z[sgnly) = sgn(x)d(z — y). (3.179)

The system is diagonal in the color indices, hence we can write it as it is

J
k

Ki(zy) = (ol ([-@'Q12) ly). (3.180)

There is no difference between upper and lower color indices for our purpose here. Thus

1
2

j =Y -1 2 NE j
Kf(e,y) = (o] (= [(Dsgn — sgn @)™ (=02 +m)] ") |y}, (3.181)
Then, transforming our expression,
K7 = K1 (Q 1)k, (3.182)

in the finite dimensional case to the infinite dimensional case only for the continuous

indices, this becomes,

1
2

(— [(3sgn - sgng)_1 (=0 + m2)} 2) (=% +m?)~ol. (3.183)

We keep the color index down (s) in general, since the fields have special color indices

attached to them. It is not so simple to evaluate these expressions. Only as symbols of
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operators we have some chance. We will not attack this question in the present work.

From now on we will denote this expression as the vacuum expectation value V(z,y).

1
2

V(z,y) = (z] (— [(3sgn —sgnd)7L (=0 + mﬂ)] 2) (=P +m?)y)  (3.184)
And we have,

[0](2), & ()] =i w (2, )6 (3.185)

3.5. Gauge Invariance Constraint

When we quantize the theory, we get a normal ordered expression for 3.38, since
we have products of the fields at the same point. Thus a reduction at the quantum

level should read
~ g2 x ~ ~ ~ o~
B=e+ D [ aysgnty) : (50,6) - 0,000} . (3.186)
-L
With this expression our Quantum Hamiltonian can be written as

~ 1 ~ - 1 -
H:§/ dr : (0,0")(0,0) : —1-5/ de : m?¢io -
2

_ b dx Tr é+g_2/xd Sn(){&(aa)—(@(ﬁ)&f}
2 5 . Yy sgniy) Y Y :

(3.187)

If we express our previous boundary condition (3.16), E(+L) = ¢E(—L)q~" we end up

with a constraint,
e L o o 1
e O [y santu)  (6(0,0) - 0,)3') = (3.188)
L

where geg " is taken as Weyl ordered.

This is a too strong condition in Quantum theory. We should impose this on physical



39

states. Its meaning is clear if we define a global color operator as

~

2 rL - - -~
Q=i—qa "+ 5 [ dysnio): 1900,3) = 0,0} (3.189)

which gives zero acting on any color invariant physical state. Shortly we will demon-
strate that Q truly generates color invariance. Before that we should form the simplest
mesonic variable, i.e. a color invariant physical state, in the fundamental representa-

tion. We start with the product of two fields at different points:

¢'(x) (y). (3.190)

This product is not gauge invariant as it stands. We should check and see that the

choice below is gauge invariant
¢! (x) Plels %o y). (3.191)

Here the fields at these points are brought to the same point by a Parallel transport

operator. When we transform the fields according to equation 3.14, we obtain
(¢' (x) P{el~s A= }) PLels A=y (P{e™ P 441 g(y)). (3.192)
The path integrals add up to one due to the boundary conditions of the Wilson loop

in 3.11. We could as well construct a more general state by having several loops such

as
O () PLel ™ A=y g y). (3.193)
Making the transformation and expanding this expression, we obtain

O (@) Plel"n Aty el " Aty (Pl e Aty K pleli Asdsy ple= " Aty ). (3.194)
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So the more general expression for the mesonic variable is as follows

&1 (2)(q")56° (y). (3.195)

We should normal order this at the quantum level. These should be the general
“mesonic” observables. Nevertheless, we will use even a more general expression for

possible observables in our work, as we will see later on.

Now that we have constructed a color invariant physical state we should show

that it commutes with our color operator as that would imply

N

Q

intor ot > — 0. (3.196)

state

since that state is acting on the vacuum state and Q acting on vacuum would already

give zero. So lets take a closer look at the commutation

Q, &} (2)(¢™)!, 6™ (w)). (3.197)

We will calculate it separately for the bosonic part

2 ~

5 [ Xl san) = san) TP ) G0 (3199

Where we used the fact that the normal ordered product in 3.189 is actually the
symplectic form. /\§ is an element of the Lie algebra. Hence we generate an infinitesimal

action.

L L
=+ L [ vy 361 T son — son D) »
B, HEN )" )
R - B (3.199)
+3/_L/_Ldydy A (y'1(0 sgn — sgn 0 )]y) x

61, 6™ (W) () (a™)!, 0l (2)
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Since the inverse of the symplectic form gives the Poisson brackets of the fields,

2 L L - — — ~
= & [ [ vy 56T sgn — sgn Dl w)
—-LJ-L

(Wl(Dsgn —sgnd)~|2) & ("), ™ (w)

s L _ B (3.200)
+i %/L /Ldydy’ A;<y'|(asgn— sgn d)|y) x
(—(w|(D sgn — sgn d)'[y)) 67" & (4)(@* )i (2)
2 L _ s
=i [y XAl - 2" w)
, ot (3.201)
i %[y -8ty - )@ )3l )
—L
The delta functions kill the integrals, and we are left with
92 ~ . .~ 92 ~ .o~
= i BN " (w) =i T B(2)(qF)Ne (w)
— V()N + iV (2, w) 5 N () (3.202)
2 ~ . . ~ 2 ~ Lo~
=+ T NN W) =i T NG () (3:203)

Now we can compute the rest:
[Trxé — Trageq ', : ¢'¢%o 1, (3.204)

where the wide hats represent Weyl quantization. So they are symmetrized and we can

use cyclic property of the trace operator such that

—1 ~
Trigeq = Trqg t)\ge. (3.205)

[TrAé, : ggTquf; ] :ig2z : ggTqR(q)\)qK_R_qu D (3.206)
R
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Since the operator only acts on the variable q. And,

[Trageq ™, : 6'¢"¢ ] =ig* > : dlg™(qg ' A)g" ' :. (3.207)
R
Thus
[Trxe —Trageq ', 6'¢"dl=ig® >+ ¢'q"[g, Ng" "o :. (3.208)
R

When we add this result with 3.202 we get zero as expected.
3.6. Large N Limit

The basic idea of large N, limit is to write everything in terms of color invariant

observables. In the limit of large N., only the color invariant operators survive and

L

the expectation values of color invariant operators split as a product up to order N

corrections, so

1
< AB >=< A >< B >+O(ﬁ)' (3.209)

C

The equation above implies that the set of color invariant operators becomes classical
as N, goes to co. Thus all color invariant operators should be representable as classical

observables in the large N, limit. This is an idea of Migdal [17], see also Witten [15].

We had found the color invariant physical states to be of the form in equation

3.195. A more general expression would be of the form
Lol ()¢ e ¢ .g" L (y) -« . (3.210)
In the large N, limit there should be classical observables defined to be

R S N N
N(z, y| K1,51, ..., K;n) = lim —: gbj(x)[queslqK%SQ...qu]jng](y) oo (3.211)

Ne—00 c
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We note that its complex conjugate is not an independent variable, but satisfies the

relation
. 1 - FC1 S ABo A N t
N*(z, y | K1, St Ki) - = Nhlllooﬁ<‘ O (@)™ e g6 . [ u(y))
- N(y7 $| - ijsn_l’”w_K1)<_1)51+...+Sm7(3'212)
since,

et = —é. (3.213)

When we apply our dynamical boundary conditions, namely

o(L) = ;¢ (L), (3.214)

the NN observable satisfies the relation

Lol () [ e%1 g™ g g (L) : = ¢ @l(a)[g" e 2% " Y gi(—L) 1. (3.215)
In the large N, limit this condition should be postulated as
N(I, L | Kl, Sl, ey Km> = N(%, —L | Kl, Sl, ey Km -+ 1) (3216)

Color invariance implies a constraint on the bilinears of the theory, due to our require-

ment
Q|physical) = 0. (3.217)
Let us now compute the following,

/ dydy : ol(x)(d) () : w(sy)  OlW)(@" )i (2) : . (3.218)



We expand the normal orderings by subtracting the vacuum energies

oty [P - Vo K] )
GL@) @} W) = V(v 23]

Collecting the cross terms, we obtain

_ / dydy V(x,y )iy ) = 3 ) (@3 () -
—/ dydy'V (z,y" )y, y)V (y, 2)62(¢") (¢");
- / dydy' V(y, 2)(@"): S ) @)VP W) wlyy)

- / dydy'w(y', )V (y, 2)V (x,9)8] (¢")i(q")3-

Also adding the product of the vacuum energies,

~ [ vy (@ W ol ) )
- / dydy (Trq")V(y,2)w(y,y) : ol (y)(@)id' () -

- / dydy' (Trq")(Trq¢™ )V (z, v )y, y)V (y, 2).

Now let us look at the other product coming from 3.219:

/ dydy’ 31 (2) () () (v, ) B () (") (2).
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(3.219)

(3.220)

(3.221)

(3.222)

Here we will change the order of ngl(y) and ¢P (z) inserting their commutation relation

which brings the symplectic form as

[ vy’ GG @ elnr)) [F W) — 1070202 (0

(3.223)
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If we expand, it becomes

~i [y’ 3@ Wl DD (3.224)

and as a result

~i [ dydy 3@ P60 - )" (3.225)
Hence,

/ dydy’ 31(2)(q )i (0w (v, v )P ()W) (P
—i ¢} (2)(g™)id? (2)(q")3- (3.226)

Now the first term is
3@ @50 [ dydy F ot )30) (3.227)
The integral is converted to normal ordering as

8 (@) ()" (2) [ [ vty St i)+ [ vy SV et
(3.228)

The vacuum energy term gives tr(Vw), an infinite dimensional trace, and

éj(x)(qK);(qL)%qu(z) is of smaller order in . Thus we drop this term as N, — oo.

The symplectic term in 3.228 gives the following on color invariant states:

1, 4

/dydy’ :cﬁj(y/)W(y,y’)él(y)r+g—12,éi—?(qeq ), =0. (3.229)
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Then equation 3.227 gives

@@ a5 | o= s laca (3.230)
The g% will eat up one of the Nic terms:
¢*N. = §* as N, — oo. (3.231)
So,
~ 50l a a3 @) + 5ol e o) (3.232)

Now let us normal order these terms again to obtain

1 ~ NNE: 1 ~ RN
7 ol(@) (g eq )P (z)  + 7 ol(@) (g Freg )R (2)
1 1 . I—1ni
— V(e V) e, (3.233)
1  L—1vi T
= —= o) ed") (=) - + 7 O (2)(¢" Heq 1) (2)
1 . 1 Ny
—?V(w, 2)Tr(¢%éq") + ?V(x, 2)Tr(g"tteq ™). (3.234)
Let us look closer at the trace in the last term, namely
Tr(¢"*eq" ™) = (¢")aner (a" 7)1 (3.235)

We change the places of the middle terms by the commutation relation, and we have

(™)s (g5, e + en,al) (6" )5 (3.236)
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This becomes
—(q™) e (g™ )+ (@ )iesa (q" ) = —am(q™)i(a" )5+ (¢F) e, (¢F)"(3.237)

The last term brings Tr(¢"éq") and cancels with the other vacuum energy term in the

equation 3.234. We are left with an extra term
—TrqTr(g" ). (3.238)
With this term, equation 3.234 becomes

= @) +§ @) (e iR (e

1 _
—?V(x, 2)TrqTr(g" ). (3.239)
Now we are ready to write the constraint in terms of the large N, variables, thus

/ dy'dy N(z,y'|K)w(y',y)N(y, z|L)

1 / / !
+FT7’QK/ dy'dy V(z,y )w(y', y)N(y, 2| L)

1
s Trat [y N/ K)ol )V (0.2)

C

1 1
+—Trq"—Trq¢" / dy'dy V(z,y )w(y', y)V(y, 2)

N, N,
i NiquL) [ 8@ (@) (2) : +V (. 2)8] (4]
Ll et
AL e
_é_lz’v(ﬂf, 2)TrqTr(g" ). (3.240)
Here,
N(z, 2K, 1,L) = lim Ni L Ol(x) (¢ eqh)idP(2) (3.241)
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And
N(z,z|K+1,1,L —1) = Nlim — ol (2) (" et P (2) - (3.242)
And if we define

1
QK) = lim ~ Trq", (3.243)

then

/ dy'dy N(x,y'|K)w(y',y)N(y, 2|L)
Q) [ ddy Vi)l )N . 1L)
+Q(L) / dy'dy N(z,y'|k)w(y’, y)V (y, 2)

LQUE)Q(D) / dyfdy V (e, (', )V (5, 2)
i Q(L) [Nz, 2|L) + V(z, 2) Q)
+Q(QK + L —1)V(z,2)

1 1
= ?N(a:, 2|K+1,1,L—1)— ?N(x,zﬁ(, 1,L). (3.244)

We see that the constraint is not a classical algebra. There are similar constraints for

other variables as well, but we will not use them in this thesis.

Now we will construct the classical Hamiltonian by dividing our Quantum ex-

pression in equation 3.187 by N,, then

7 1 . IO 2Tt
N [ d o g [dn s wdts

1 g2 x ' _ 5 o . 2
— 2g2NC/ dx Tr [e+ 5/_L dy sgn(y) : {gb(@yqu) — (8y¢)¢T} :
(3.245)

We will try to express it in terms of our classical N variables. The first two terms can
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be expressed easily but the third term should be written explicitly as

H 1 1 1

N2 /il_r)lclv dx [—ajN(J:,y)] + 5/ dx m*N(z, ) — 292Nc/ dz Tre?
1 2 e - - o

N [ e [y sonts) (60,6 - 0,0))

oo [ T [y snte) - (30,8 - @05
/_ Ly sgn(y) < {8(0}0)  (0,0)3'}

(3.246)

Then

H = %/lim dx [—82N(x y)] —l—%/ dx m*N(z, ) —
y—

1 2
QQQNC/ dx Tre

292N / do dy sgn(y) = {9(9,60): = (9,0Y 01} -

TSN, / da:/ dy sgn(y {Qy( y¢T> — y@’q;;} :
/_Ldy sgn(y’) = {07 (06" — (0,01} - .

(3.247)

To regularize this Hamiltonian we add another normal ordering, then

H= %/lel_rg dx [-0;N(z, y)]—l—%/ dx m*N(z, ) —2—;2/ dx Tre?
2g2N [ar % [ aysonts) : (Fe0,00 - @yl

[ [ sty / 4y sgn(y){: &' (1)(0,6),8(4)(0y )
- O W)0,8N; 0y 0YOlW) - = (9,0)'BJ(w)Y (V) (D)
+ : 0,0'0(y)60,0] 1}

(3.248)
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By reorganizing we obtain

1 1 1
H= 5 / lim dz [—0;N(x,y)] + 5/ dx m*N(z, 1) — 2—§2/ dx Tre?

Yy—x

o [ e [ dsont) <m0, W)l 0) - 9@ )5 0)

— 0l (1)9,0, (}(y) 2 Oy 0, (DL (Y9 (W) WP ()

W/M/WWl/@wn{awWWW%MWM%
o)
+aWU<»<Uw»} (3249

Eventually expressing in terms of our classical variables, our large-N. Hamiltonian

becomes

1 1 1
H=- lim [-9N = °N - — Tre?
Q/dx;i%[ 02 (x,y)]+2/dxm (z, ) 2§2/dx re

/ dx / dy sgn(y) lim {0, N(y, y'10,1) — 0y N(y', y[0,1)}

/ dx/ dy sgn(y / dy’ sgn(y" {0y N (v, y)0,N(y,y")
— N 9)0,0y N(y,y') = N(y,y') 0y 0,N (¥, y)
+ 9y Ny, y)0,N(y, y')}. (3.250)
3.7. Poisson Brackets of the Classical Variables
We will check the Poisson brackets of our classical variables. We will first compute
[0l (@) ()i (y) + ) O () (@ )" (w) : . (3.251)
Then, the Poisson bracket will follow as

{N(z,y| K),N(z,w| L)} = —iN[N(z,y| K), N(z, w| L)], (3.252)
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as N, — oo.

We start by subtracting the vacuum energies as

(@)@ )0 (9) = V(e = 9)al(a")1) , (Sl () a6 (w) = V(= = w)i (g™ ]

(3.253)
Explicitly,
610 (") (), 8L, () (g (w)
+ [V = sl )V =0 )
— H @@ W),V — 0]
= Vi@ =8l (a™)} 8L () (a8 (w)] (3:254)

Only the first term brings non-commuting results
01, (2)(a" | 81(), 6" (w)] (@i () + 61(@)(a™); | (1), 01,(2) | (") (w) (3.255)
The commutations give the symplectic forms, then

= &1 (2)(¢") w2, w)5 (¢") i (y) — oL () (™) iw ™ (y, )00, (¢")md™(w)  (3.256)
= 1oL ()@ rw T @, W)@ )i (y) + — ¢ bl (@) (d")iw T (Y, 2)0, ()" (w)
+ V(z=y)8(¢")mw a, w)o] (")) — V(e —w)op (¢ )jw ™ (y, 2)0,(¢"). (3.257)

Here we imposed normal ordering on the products of the fields. Then

= oL@ (@ w) (@) P () - — @) (@) (Y 2) (e (w)
+ V(=g fw (@,w)(q")] = V(e —w)(g")jw (v, 2)(@")). (3.258)

= )@ )Y () s w @ w)—  dl(2) (¢ )" (W) wT (y, 2)
+ (g (z =y @, w) = tr(g" )V (@ — w)wH (y, 2). (3.259)
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The result can be written as

{N(z,y| K),N(z,w| L)} =
+ [w’l(:r; w)N(z,y|L + K) —w !y, z)N(:r;,w|L+K)}

+ Q(¢"H) [ Yo, w)V(z —y) —w (y,2)V(z - w)] ) (3.260)

Now let us look at the more complicated commutation of two different N vari-

ables, namely

[ ' (2)ed(y) : .2 91 (2)a" d(w) . (3.261)

Explicitly,

[(8l)eid () = Viw = )atel ) (1 () ()rdm(w) = V(= — )i (g ) |

(3.262)
This gives four non-commuting terms, namely:
= [Bl(@)eid (y) , 1. (2) (g™ d™(w)]
— [Bl@ed (y) ,V(z —w)op (@ )]
— V(z—y)dle; ol (2)(¢")pe" (w)]
+ [V(z—y)dle; ,V(z —w)d(a" )], (3.263)

Then

= OL(2)(d")[ol(x) 9" (w)]esd (y) + Ol (2) ol (2)[e] . (¢ )] (9)9" (w)
+ l@)efd (y) L ok (") m(w)—d)l(w) V(z,w)dp[e5, (@)1 ()
— V(e —y)5/ol,()le; , (a*)

+ Vi(x— )(WV(Z— w)o™ et (¢"™)™m]. (3.264)
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The commutation of the fields bring w’s:

= GLNG ) (@, w)s7 el d (y) + Ol (), (2) €], (¢")1d (y)o" (w)

+ ol@)esw (y, 2)85,(q")rd" (w) = Ol ()V (= — w)dp e}, (")) (v)

— V(z—9)8/el,(2)e) , (¢")10" (w)

+ V(z—y)aV(z—w)dple;  (a" )] (3.265)

Expanding the commutations according to equation 3.206 we obtain

= cgiz(z)(qK)Z”w_l(%w)e?cgj(y) +ol(x ) “y, Z)(QK)M”(UJ)
+ Gl(2)dl,(2) > (¢M)ile;  abl(a

— OV (z—w)on > (@'e
— V(z—y)8ldl,(2) Y (a™)"el , ab (g )he
+ V(e =)V (z—w)op > (a7l al (g "), (3.266)

= AL ()¢ )pw (@, w)eld (y) + bl (x)ehw ™ (y, 2) (g6 (w)

+ Ol (@)l (2) D (@) dio (¢ TR (y)d" (w)

— @)V (z = w)a Y (q")g* a0 (¢ ()

— V(@ =)l (2) Y (a"7 g ¢ (" 0" (w)

+ V(z—y)dlV(z—w)on > (¢ don (g 1), (3.267)

= oL (@, w)e} F (y) + O (x)ejw (y, 2) (¢ )3 0" (w)

- &*( )Z( Mg qjqﬁf( oL (@) (¢ )" (w)

— w) Y ol @) (@ e ()

- Y)Y oh ()@ d (¢ 0" (w)

+ V<x—y>V<z—w>Z< i’ (g (3.268)
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We insert normal ordering, then

= AL @) )+ @) (5, 2) (a6 w)
+ V(=)o K)%*(x wey + V(e = w)delw™ (v, 2) ("),
+ Y (LY W) V(= — e
(: dl(@)(g" 1>n¢”< )iV (= w)d (")
Viz—w) Y Sl e e )
(2= w) Y V(e =& (@)
— V(e —9))_ oL (2)(d"gds (¢ )" (w) -
(@ —y) > _V(z—w)sn(g"e*d (¢" )3
(x =)V (z —w) Y (a)Fg*q; (") (3.269)

In terms of our classical variables we have

= w (7, w)N(2,yK, 1) + w(y, 2) N (z, w| K, 1)
+ V(z =y (z,w)tr{g"e} + V(z —w)w™ (y, 2)tr{eq"}
+ ¢ (N(z,ylR+ 1)+ V(z — y)tr{q"q})
( (z,w|K — R—1,0,0) + V(z — w)tr{g" 1))
- Zg ch (" )i (y) -

- Zg%— — )tr{g" ")
~ V(e—y Zg ¢>T )(q"ag" )" (w) -
— Y ¢V(e—y)V(z —witr{g"eg" "}

+ ¢V —y)V(z —w) Z tr{q"qq® "1, (3.270)



The result is

= w (@, w)N(z YK, 1) + w0 (y, 2)N(z, w| K1)

+ V(z =y (2, w)Q(K,e) + V(z —w)w ' (y,2)Q(K, e)

+ @Y (N(zylR+1)+V(z—y)QR+1))
(N(z,w|K —R—-1)+V(zr —w)Q(K — R—1))
— V(2 —w)g’N(z,y|K)K
— V(z—y)@*N(z,w|K)K
— V(- w)V(r - y)QK)K.

We will need one more Poisson bracket which is
[tre?, : ¢1(2)gd" d(y) |-

More explicitly,

(e, (1) (")

R
E
<
~—
<
~
8
<
SN~—
&
ST,
—
SN—
<
N———
| IS

This gives four commutations:

= enol(@)en, () (v) + ol (@) e, (") ilend (v)
— eV(z,y)dlen, ()] = V(z,y)dler, (" )ilen

J Ji-m

The same procedure follows as above, thus we have

= dl@) Y @ilen. d @ ()
1 end (y)
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(3.271)

(3.272)

(3.273)

(3.274)

(3.275)



= g9

er ol ()Y (aM)igPahon(a ) (y)
Ol(2) Y (dMigdhor (a N end ()
enV(z,y)0! > (a")igdhon (g )]

V(z, )8! > (¢")igd, o0 (g ) e,

) Y (@idher (@ (y)

(
+ gol@) Y (@Midhen (¢ (y)
— PV(z,y) Y (@ (@]

_ gQV

(
(2,9) > _(q™)d,en (g 1),

Now we convert these products into normal orderings as

g o) Y (@ er (@ (y)
V(@)Y (e (g
g ol@) D> (¢ hen (@ (y)
gV (@)Y (@ en (g
gV ()Y (") er (gt
V() (@ ien (.

In terms of our classical variables, it becomes

PNz, yR+1,1,K — R—1)
()Y Q(R+1,1,K-R—-1)
PN,y R+1,1,K — R—1)
(2,9)) Q(R+1,1,K —R—1)
7V(z,y)) QR+1,1,K-R-1)
(

FV(ry)> QR+1,1L,K—-R-1).

%

gV
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(3.276)

(3.277)

(3.278)

(3.279)
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The result is

2¢°N(z,y|R+1,1,K — R—1). (3.280)

3.8. Summary

In the previous section we computed three Poisson brackets to help us write the

equations of motion of our classical variable, namely

%N(a:,y]K) ={H,N(z,y|K)}. (3.281)

We had computed our Hamiltonian as

1 = 1
H:§/ dz lim [—8§N(x,y)]+§/ dw mEN (@, 2) - 25° /dx e

Yy—x

1 £ . / /
— —/ dx / dy sgn(y) hm {E)yN(y,y 0,1,0) — 0y N(y',y|0,1)}

/ d:z:/ dy sgn(y / dy’ sgn(y"){0y N(y',y)0,N(y,y")
— Ny, 9)0,0y N(y,y') — N(y,y' )9y 9yN(y',y)
+ 9y N, y)9yN(y, y')}- (3.282)

The required Poisson brackets are stated as

[N(z,y|K), N(z,w|L)]
= [w Y&, w)N(z,y|L + K) — v (y, 2)N(z, w|L + K)]

+ QL+ K) [w‘l(x, w)V(z —y) —w (y, 2)V(z — w)} , (3.283)



[N (z,9[0,1), N(z, w|K)]
= w (2, w)N(2,y[K, 1) + wH(y, 2) N (2, w| K, 1)
V(z =y (2, w)Q(K, e) + V(z — w)w™ (y, 2)Q(K, )
+ Y (N(zylR+1)+V(z—y)QR+1))
(N(z,w|K —R—1)+V(z —w)Q(K — R — 1))
— V(2 = w)§’N(z,y|K,0) K
— V(z—9)§@*N(z,w|K,0)K
— V(- w)V(r - y)QK)K,

[tre?, N(x,y|K)] = 2¢°N(z,y|R + 1,1, K — R —1).

The definition of our classical variables were

N(z, y| K1, 51, ... Ky) = lim — : ¢(x)[§" % ¢"2e%..¢" ]/ (y) -

N.—o00 N

Its complex conjugate is written as

N*(l‘ y|K1,Sl,..., )
. T
_ ot AKI Ko 5S>  ~Km1J 1. .
= i (@ e e )

[

= N(y, | — K, Sn-1, o, —K7)(=1)5 5,
The boundary condition gives the relation
N(z, L| Ky,S1,...,K,,) = N(x, =L | Ky,S51, ..., K; + 1).
And

1
Q(K) = lim N Trg".

Ne—o00 c

o8

(3.284)

(3.285)

(3.286)

(3.287)
(3.288)

(3.289)

(3.290)
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4. BOSONS IN THE ADJOINT REPRESENTATION

4.1. Transformation to New Variables

The action for the scalar bosons in 2 dimensions with a gauge interaction can be

written as

1 1 1
S = / dudz /—n [§T7"DM¢D”¢ - 5m2T7~¢>2 + BTrF“”FW]. (4.1)
g

Here the covariant derivative changes to D, = 0, + [A,, .], since ¢ is in adjoint repre-

sentation. Explicitly,

S = / dudz [—sgn(x)TrV ¢V ¢ — %TTVQMV;E(?] - %/ dudz m*Tr ¢

+ / dudx[—%TrE(auAm — 0. A, + [Au, A]) + %Trﬁﬁ], (4.2)
g g

then

5=~ [ duds sgn@)Tr{(0,6 + (A, 01) (026 + [ A, )
— / dudm[%TT(&@ + [Az, 9]) (020 + [As, 9])]
- / duda:%mQTrng

_ / dude| STrE(0,4, — 0,4, + [Au, A]) + %TTEQ]_ (4.3)
g g

This time our new variables are defined according to the adjoint transformation rules:
¢ = hoh™",

A, = hA,h,
E =hEh™. (4.4)
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Thus the boundary condition for the scalar field is like the gauge fields,

When we insert the new variables into the action, we get

S = —/dudm sgn(z)Tr[(0,(hoh™Y) 4+ [RAL ™Y, hoh™1]) x
(0 (hh™") + [Az, hoh™'])]
- / dudw[%ﬂ(ax(héhl) + [Az, hoh™ ) (0:(hdh ™) + [Ar, hoh™])]
- / dudx%mQTr(héh—lhéh—l)
1 » 1 .
- ?/duTr[q Ouqe] — E/dudx Tr[(0.E)A]

1 -
+ 2 dudz TrE?, (4.6)

where we have directly taken the result 3.28.

S=— / dudz sgn(x)Tr[0,hoh ™ + hd,dh™' + hod,h ™' + hA,ph™' — ho A,h™Y)
(Dhoh™ + hdoh™ + hdd.h ™t + Aghoh™ — hoh 1 A,)]
— / dudx[%ﬂ(awhgsh—l + hO,oh™t + hod,h ™ + A hdh™' — hoh™)
(0,hdh ™" + hd,dh ™" + hdd,h ™" + A hdh™" — héh ™)
- / dudx%mQTr(&)Q

1 -1 1 ~ 1 ~ o
e /duTT[q Ouqe] e /dudw Tr((0:E)A] + 2 /dudx TrE=. (4.7)

V. parts simplify, they become
Vo(hoh™) = 0,hdh™ + hd,oh ™' + hod,h ™ + A,hdh™ — hoh ™t A,

= —A,hdh™ + hd,oh ™' + hgd.h ™ + Azhdh™ — hoh ™A,
= hd,oh™L. (4.8)
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Thus

S = —/ dudz sgn(z) Tr[0,hoh ™ hd,dh ™ + hd,oh~ hd,dh ™
+ hd, h*lhaxo}hfl + hA,oh hd,oh ™ — hg Ah ™ hd,oh™']
/ duda[; Tr(h@xgbh ) (hOsdh")
/ dud:clmQTr(qﬁ)

L / duTrlg uge] — — / dudz Tr{(0,F)A] + — / dudz TrE?). (4.9)

2¢°

S = —/ dudx sgn(z) Tr[h_lﬁuhéaxqg + 0y Dy
- q;h_lauhh_lham$ + Au$6xq§ - Q;Auax&]
- / dudx[%Tr(@mgzgax@
- / dudemQTr(gZ;)2

1 - 1 .
- —/duTT “10uqe] — g—/dudx Tr((0.F)A| +2—g2/dudx TrE?.(4.10)
We obtained the decoupled equation for the bosons as

S = —/ dudz sgn(x) Tr(0,00,¢ + [A, $]0,0)
_ / dudx%Tr(8$q5az¢3)
—/ dudx%mZTr(qg)z

1 1 ~ 1
— E/duTr[qlauqe] 7 /dudx Tr((0.F)A] + /duda: TrE?. (4.11)

2¢?

Once more we vary the action w.r.t A since it does not have a time derivative, we have

sgn(z)Tr(5A¢0,d — p5AD, D) — g—iTrazEéA =0. (4.12)
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sgn(x)Tr(6A"T%[6, 0,6)°T") — %Tr(@xE“T“cSA”Tb) = 0. (4.13)
sqn(x)5 A3, 0,01 T[T T"] — g%&ancSAbTr[T“Tb] ~0. (4.14)
By 3.3,
—sgn(z)5 A%, D,]" + g—tazﬁafw = 0. (4.15)
We obtain
Ew) = o [ dysn(0)[6.0,3) + ¢ (4.16)

We insert this result in our action to obtain

S = —/ dudz sgn(zx) TT[@UQNS&CQE] — % /duTr[q_lauqe]
—/ dudx[%Tr(axéamqg)
—/ dudx%mQTr(gz;)2

1 v -
+ 502 /dudx Tr [e — g2/ dy sgn(y)[o, (%gb]] . (4.17)
g ~L

Here the order of the terms has changed to read off the symplectic and Hamiltonian
parts separately. The first line is the symplectic part that we are going to analyze in

the next section. The rest corresponds to the negative of the Hamiltonian. Thus

H:/ dud:c[%Tr(ax(gazQE)‘i‘/ dud:c%szr(&)Z
2

1 v ~
+ 22 dudx Tr {e — ¢ /_L dy sgn(y)[o, 0,0 - (4.18)
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4.2. Symplectic Form
This time our symplectic term in the action of equation 4.17 reads
—/ dudz sgn(z) Tr[0,00,9). (4.19)
A variation w.r.t ¢ would give
- / dudz sgn(@)T7((0,00)(0.8) + (0.06)(08)]. (4.20)
Doing integration by parts in the first term, we obtain
_ / dudz sgn(z)Tr(0,(560,0) — 560,0,6 + (9,50)(9.0)]. (4.21)
The first term drops due to the same reasoning in the section 3.3. We obtain
—/ dudx Tr[(ngNﬁa(gxsgn(x) — sgn(:v)gx)é?qua]. (4.22)

We can see that the symplectic form does not change. And we write the inverse of it

as

it = (sgn 0, — D 45gn) 8. (4.23)

4.3. Quantization

The Poisson bracket of the scalar fields are

{(6°(x), " (1)} = (5900 » — D w5gn) " bap. (4.24)
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If we want to change this into the usual index form we may use,

{6°@) T ST = (sgnd o — 9osgn)™ > 0 THTH (4.25)
= A=y - i L
= (sgnd, — 0 ,sgn) ' [—(0}6F — F(Sjélk)]. (4.26)

The second term drops when N, goes to infinity, since it is of smaller order. Thus

{¢'(x), 6 (y)} = —(sgn 0 » — 0 psgn) 516" (4.27)

The quantization process is done as in section 3.4. Since it was constructed already in

the real space we can completely take the same results. In terms of our operators,
. ¢a¢b = ¢a¢b . [i(w—l)ab + Kab]’ (428)
or in terms of the indices, by dropping the NL corrections we write

L9501 = dyer — [iw ™)y + Kyl (4.29)

4.4. Gauge Invariance Constraint

As we did in the fundamental representation, we introduce the normal ordered

products following the quantization. So equation 4.16 becomes

T

E(x) = —92/ dy sgn(y) : [gz;,@ygz;] : +e. (4.30)

—L

When we impose our boundary conditions we obtain a constraint similar to 3.188

L ~ ~
é— gz/ dy sgn(y) : (¢, 0y¢] : = qeq " (4.31)

L
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Thus the global color operator is defined to be

L ~ ~
O=é—gag ' - ¢ / dy sgn(y) : 16,0, : (4.32)

—L

Now we should construct the physical states that this operator gives zero when

it acts on. Let us check that the product below is gauge invariant:

y+2kq L

Tr { (P{efz })T é(x)P{el

+2ko L

}¢<y>} (1.33)

1_

T { (Pt} (P)) " PLY) oo Ple") (PLe))” Pl }¢<y>}

(4.34)

y L —k1 L -L L k2 y
rr{ Pl 13 (PLey) " P ol (P P ot |
(4.35)
Using the cyclic property of the trace and the transformation properties of the new

fields as in equation 4.4, the above expression simplifies to
T {q™d(2)qo(y) | (4:36)
Explicitly this reads
(¢")a 962(2) (¢")33 92 (v): (437)

Here we changed the sign of the exponential since that would only imply a change in
the number of turns.

So in general we have strings of operators,

N(Il,Kl,xQ, KQ) = lim

Nl Nt Tro(e:) g™ ¢(x2)q" 2. .p(xm)g™™ . (4.38)
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We can check the commutation of this physical state in the adjoint representation

with the corresponding global color operator as in the fundamental representation as

o Kiyai J« Ko\as Ja
Q. (¢™1)a; 953 (%) (¢7°)as Pas (W)]-
To calculate this, we only need

Q. 63 ()].

L I
e — gl — ¢? / dy A G -, 32 ()
—L

Only the symplectic part makes a contribution, then

—g’ /_L dy /_L dy' [\ 8L () w (Y, y) oL (y) &, 02 ().

P / Ly / Ay M) el 1))

P / Ly / Ay NG 0B ): G2 (0)

L L
—i gQ/Ldy/Ldy’ MNw Y, 2)05,00 w(y, y) o ()

L L
—i g° / dy / dy' N (y )w(y', y)w(y, )82, 04"
L L

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)
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L
sig [y o,
L

L
~ig? [y (4.46)
-L

This gives the commutation of ¢ with the element of Lie algebra,

~ ~

(@, 0] ~ [, Al (4.47)
Thus we can state that @) is the generator of color.

The constraint equation can be obtained similarly, but we will not deal with this
problem in this thesis, since the computations hereafter are more complicated in the

adjoint representation.
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5. CONCLUSIONS

In this thesis, we studied the large N.-limit of SU(N.) gauge theory coupled to

a scalar field both in fundamental and adjoint representations.

We used a special coordinate system and a transformation to a new set of fields
proposed by Rajeev and Guruswamy to eliminate the redundant degrees of freedom
in the gauge field sector. This forces us to reexamine normal ordering for a bosonic
field, we can write down the result as an operator kernel but we are unable to actually

compute the result explicitly.

We have derived a classical field theory using color invariant variables only for the
fundamental representation. We saw that the computations of the adjoint representa-
tion was much harder than the fundamental representation. One needs to find a way to

deal with complicated strings of the fields, that come out in the adjoint representation.

In principle we can compute the equations of motion for these classical variables,
however we are not able to solve these equations. In the fundamental representation,
the large-N theory satisfies a set of complicated constraints.The geometric meaning of
these constraints is an open problem. As a conclusion, the theory constructed does
not satisfy a closed algebra, thus one needs to find new approximations and variational

methods.
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