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ABSTRACT

ON THE RADIAL MONOTONICITY OF THE ENSEMBLE
AVERAGE PROPAGATOR

The ensemble average propagator (EAP) is the diffusion propagator averaged
over a volume of porous medium. This mathematical tool contains substantial amount
of information concerning the geometry of the underlying structure. It is possible
to measure the EAP via diffusion NMR methods which makes it relevant for many
characterization studies. However, the mathematical properties of the EAP have not
been fully studied and well-understood. In this thesis, we study the loss of radial

monotonicity of the average propagator.



OZET

GURUP ORTALAMA YAYICISININ RADYAL
TEKDUZELIGI UZERINE

Gurup ortalama yayicisi difiizyon yayicisinin porlu ortamin hacmi tizerinden orta-
lamasi alinarak elde edilir. Bu matematiksel ara¢ ortamin geometrisi hakkinda énemli
derecede bilgi igerir. Ortalama yayicinin niikleer manyetik rezonans teknikleriyle ol¢u-
lebilir olmas1 onu bir ¢ok karakterlendirme caligmalasina iligkili kilmaktadir. Buna
ragmen matematiksel ozellikleri tamamen caligmis ve anlagilmig degildir. Bu tezde

ortalama yayicinin radyal tekdiizeliginin kaybini ¢aligtim.
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1. INTRODUCTION

Diffusion is one of the earliest observed phenomenon in the history of physics.
In ‘Nature of Things’ (60 BC), Lucretius states that the irregular motion of the dusty
particles, revealing themselves under sunlight, is resulted from the random swerving of
atoms. However, Robert Brown is the most famous scientist who is credited for the
discovery of this phenomena. In 1827, while studying pollen grains under a microscope,
he observed irregular motions of the particles in the water which has been referred as
“Brownian Motion” afterwards. Albert Einstein, in 1905, put forward a solution to the
problem while he was studying on the existence of atoms. His formulation successfully
explains the Brownian motion which was later experimentally verified by Jean Baptiste

Perrin in 1908.

Diffusion equation is probably one of the most studied equations in physics and
material science due to both the phenomena itself and its direct relation to heat equa-
tion and Schrodinger equation. However, its mathematical properties are continuing

to be discovered.

In the problem of determining the geometry of the boundaries and characteriza-
tion of the porous media, diffusion propagator can be used as a probe [1,2]. Although
diffusion propagator is very difficult to measure experimentally, its integration over a
volume which is generally referred as “ensemble average propagator (EAP)” can be
measured via NMR methods [3]. However, the mathematical properties of the EAP
are not fully elucidated. Radial monotonicity would be one of the potentially useful
property which has no rigorous proof yet. In this thesis, we studied the radial behavior

of the EAP and look for the loss of radial monotonicity.

Before we start to our formulations regarding the radial behavior of the EAP,
its plausible to give the derivation of the diffusion equation starting from 1D random
walker problem. Historically, the problem clarified by famous scientists i.e. Lord

Rayleigh, Karl Pearson [4-8]. We follow the methods given by Smoluchowski [9]



and R. von Mises [10] for the problem in the presence of reflecting and absorbing
walls. In generalization process of random walk problem we used the Markoff method
[8,11,12]. While transforming the the problem to diffusion equation we adopt the
Chandrasekhar’s [13] interpretation of the solution first given by Lord Rayleigh [14]
then later by Smoluchowski [9].

1.1. Random Walk 1-D

Consider discrete movement of a particle along a straight line. At each step, the
particle suffers an equal distance either backwards or forwards with an equal probability
of 1/2. Let the particle begin its movement from the origin, then the probability for

arriving to point m after N steps is given by

G(m,N) = (# of distinct sequences of steps)(l/Q)N:C(]y\,+m)/2(1/2)]v (1.1)

n!

where Cl’g = m

For our interest, look at the case when N — oo and m << N where

log G(m, N) ~ <N+ %) log N — %(N+m+ 1) log [g <1+ %)] 1)

1 N 1
—é(N—m%—l)log [5(1—%>] —§log27r—Nlog2

which is approximated by Stirling’s formula as

1 1
loga! = (a + i)loga —a+ §log 21 + O(n™ 1)) (a — o)

Since m << N, we have the series expansion

2
my_,m_m 3 /N3
log(l:I:N>—j:N 2N2+(9(m/]\7)



Then, Eq.(1.2) becomes

1 1 m?
log G(m, N) ~ —§logN—|—10g2— §log27r— N

Thus for large N, the asymptotic formula for the probability is given as

2 \'* _ .,
G(m, N) = (m) e_m /2N

Let us introduce the net displacement x as a variable of G(z, V).

x=ml [: length of a step

(1.4)

Since m can only be even or odd depending on whether NV is odd or even, the

probability G(x, N)Az that the particle is happen to be in the interval (z,z + Az)

after N displacement is given by

which gives

1 —x2/2N12
G(z,N) = —(277]\712)1/26 /

(1.5)

If the particle suffers n displacement per unit time, then the probability G (z,t)Az

that the particle arrives to the interval (z,z + Ax) after a time ¢ is given by

1

—$2/4DtA
2 DI g

G(z,t)Ax =

(1.6)



where D = %nl2.
1.2. 1-D Random Walk in the Presence of a Wall

It is convenient to examine 1-D random walk problem further in the cases of
perfectly reflecting and absorbing barriers to understand the mathematical formulation

of the diffusion process.
1.2.1. Reflecting Wall at m = m;

In the presence of a perfectly reflecting wall at m = m;(m; > 0), every particle
reaching m; has a probability unity to step back. Thus, every distinct sequence of
steps that touching m; n times, should be counted 2" times. Reversing the sequences
of steps preceding the the step that reaches to m; gives another unique sequence that
leads to 2m; — m which is symmetric to m with respect to wall. If all the alternative
unique sequences are counted for all reflections of reflected sequences as an addition
to the counting of no-wall-case, we have the probability G(m, N;m,) that a particle

arrive to m after NV steps in the presence of a reflecting wall at m = m; given as

G(m,N;my) = G(m,N) + G(2my —m, N) (1.7)

For large N, Eq.(1.7) becomes

2

1/2
_N) [e—m2/2N+e—(2m1—m)2/2N] (1.8)
™

G(m, N;my) = (

Then, we have the probability G(z,t;x;) that particle end up between z and

x + Az after time t given as

1 2 2
Gz, t;x) = —2(7TDt)1/2 [e=@ /4Dt | o= (2m1—2)7/4Dt) (1.9)



which satisfies

8_G
Ox

r=x1

=0 (1.10)

1.2.2. Absorbing Wall at m = m;

Suppose that m; > 0, we look for the probability that particle reaches m after N
steps. The presence of a perfectly absorbing wall at m = m; means that the particle
reaching to m; has a zero probability to suffer further steps. With the same analogy

we use in the case of reflecting wall, we count all the sequences which supposed to lead

to image of m and exclude from the counting of the case of no walls. Finally, we have
G(m,N;my) =G(m,N)— G(2m; —m, N) (1.11)
for the large N, it becomes

9 \ /2
G(m, N;my) = (W) [e7™ /2N _ o= (2m—m)*/2N] (1.12)

Then, we have

1
Gla,tiar) = gepple™ /10! — ey (1.13)

Note that equ.(1.13) satisfies

G(z,t;21) =0 (1.14)



Another aspect of the problem reveals itself in calculating the probability H (m, N)
that the particle arrives at my after N steps without ever touching m = m; in an earlier
step. After modifying the probability of the no-wall-case as we excluded the sequences

that are prohibited in the case of the absorbing barrier, we have

m 2 1/2 2
H(my,N) = Wl (W—N> e~mi/2N (1.15)

which leads to the probability J(z,t)Ax that a particle arrives to z; in the time interval
(t,t + At) for the first time which is given by

_rn 1 22 /AD

Note that equ.(1.16) satisfies:

sant) = -0(57)

o (1.17)

r=x1

Equ.(1.17) has crucial physical interpretations which we will refer in the section 1.4.
Furthermore, note that Eq.(1.16) can be interpreted as the fraction of large number
of particle initially concentrated at x = 0 which are sedimented on the absorbing wall

per unit time at time t.
1.3. Generalization of the Problem: Markoff’s Method

After N displacements, the position of the particle is defined by

N
R=Y"7 (1.18)
=1



where ¢’s are the different displacements. The probability that ¢th displacement lies

between 7; and r; 4 dr; is given by

Pi(@i, i, z;)dw;dy;dz; = pdr;  (1=1,...,N)

Define a n-dimensional vector
¢ = (¢}, 0% s d?)  (j=1,..,N)
whose components are function of qé’s
gzﬁf = ¢§“(qjl, nq;) (k=1,.m;5=1,..,N)
where s’s are the coordinates. The probability that ¢; lies between
4,q; +dq;; ¢, ¢+ dqg; s g, s+ dg;, (j=1,..,N)
defined as

pi(a), - @)dg; ..dq; = p;(G;)dd;

Let us define the sum

N
(@', 0% .., 0" =0 =) ¢

j=1

(1.19)

(1.20)

(1.21)

(1.22)

(1.23)



The probability that (I;O - (1/2)dq;0 <P < (I;O + (1/2)d(1;0 , where (I;O is preas-

signed, is given by

G (Do)dd}...dDR = G(Do)ddy = /.../H[pi(q;)dqi] (1.24)

Let us introduce A(qi, .., gn) for this integral to be extended over whole configu-

ration space.

1, if By— (1/2)dPy < B < Py + (1/2)dD,

0, otherwise

Consequently, we have:

N

G(@)id = [ .. [ A, ) [[in(@i) (1.25)

J=1

The explicit expression for Ag can be given in Markoft’s Method as a product of

a Dirichlet integral. The integral is defined as

1 [T si }
5, = —/ SMOPE ipwdpy, (k= 1,...,n)) (1.26)
T J -0 Pk

which has the property

1, if o < Ve < Qg
O =

0, otherwise



Then, using following substitutions

N
1
o = 5dcp’g; =) ¢ —of (k=1,.,n)

Jj=1

we have

0, otherwise
Hence we have the explicit form for A is given by

N
k=1

The probability in Eq.(1.25) becomes

n

1L, if ®f — (1/2)df < 37, BF < O + (1/2)dPf

Gr(@idy = [ [ [ ] [Jﬂpz dqz] [gsm((l/iid@gpk)

*exp<{zz¢ P — Z@okadm dpy,

k=1 j=1

_ 4% / / P Fy(7)dp
2nn

where

N
Fo) =11 [ o [ i)
j=1

which becomes, for our interest, when all p;’s are identical

Fo) = | [P oniaa N

(1.27)

(1.28)

(1.29)

(1.30)

(1.31)
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Note that Fy(p) is the n-dimensional Fourier transform of G(®y).
1.3.1. Solution for Spherical Distribution of Displacement

G N(f{)dﬁ is the probability for the position of a particle to lie between R and
R+ dR after N displacements

. 1 [t
Gn(B) = = / PR E(7)dp (1.32)

3
813 J_

where

N e
Ao =T1 [ nitperiar (133

For the spherical distribution of displacement we have

pi(75) =p(75%), (G =1,..,N) (1.34)

Thus,Eq.(1.33) takes the form

Fa = | [ et

_ / // A e0s0,20, (12 4oy — cos B)dr (1.35)

_ _471' /O SITPJ]TT)T p(r2)dr}
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For large N we have

lim Fy(p) = lim PW /OO Sin(’ﬂr)TQp(TQ)dT}N
N—oo N—o0 0 |ﬁ|T
+oo 1 N
= lim [47T/ (1= =[pl*r* + ...)T2P(T2)d7‘] (1.36)
N—o00 0 6

_ o NI a0/6

where (r?) 4, is mean square displacement.By substituting (1.36) into (1.32),we have

— 1 JrOO -4
G(R) = ¢ 5 / ¢ iPR=NIFP ) a5 g7
e (1.37)
— 1 o 3IBI?/2N () au

(27N (12) 4,/ 3)3/?

1.4. Diffusion Equation

Continuing from Eq.(1.37), the probability G(R)dR that particle arrives to a vol-
ume element characterized by R and B+dR after time t passes, where the distribution

of displacement is spherical,is defined as

B\ 11 1 —|R|2/4Dt 113
where
D = n{r*)4,/6 (1.39)

Instead of using the large N limit to find an asymptotic solution, we can reach the
same if we derive the corresponding differential equation. Results that are indicated in
the problematization of 1D random walk, namely the vanishing values of G(z, t; 21)|z=s,
and (0G(z,t;x1)/0%)|s=z, on absorbing and reflecting wall respectively, suggest such

a differential equation.



12

Defining At such that the particle is able to suffer large number of steps at
the same time (|AZ§|2> Ap in B stays small,we have the probability that the particle’s

displacement is AR in time interval At

5. 1 —|AR]2/4DA

Note that Eq.(1.40) is independent of R. Thus we can express the probability
distribution G(R,t + At) at time ¢ + At from distribution G(R,t) at time ¢

+oo
G(R,t + At) = G(R — AR, t)S(AR; At)d(AR) (1.41)

—00

Taylor expansion of GG (ﬁ, t + At) for small AR is given by

. 1 +o0 +o0 +o0 —\Aﬁ|2/4DAt .
G(R’t+At)_—(47rDAt)3/2/_oo /_OO /_Oo e {G(R,t)

oW oW ow 1 L OMW
SAX T - AYSS - AZS +§{+(AX)

i 0*W oW
2 ? g 1.42
o7 (AP oo + 2AXAY s (1.42)

LonvazdW il } 4 ...}d(AX)d(AY)d(AZ)

+(AY)

ovoz TN oe%

= *G  9*G  0°G 5
=G(R,1) +DAt(aX2 + 772 + 822) + O([At]7)

Consequently we have

oG ) 0*G  9*G  0°G
WAltJr(D([Alt] ) = DAt(aX2 + EYE + 972

) + O([At]?) (1.43)
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Then, for the limit At — 0 we have

(1.44)

a_G_D 620+62G+62G
ot 0X2 QY2 972

which is the required differential equation of diffusion equation.Note that the probabil-
ities we have concerned is about a particle arriving a volume element after some time
passes. However, they can be interpreted as fraction of a large number of particles,
that are initially concentrated at the origin, finding themselves in that volume element.
In this interpretation G (ﬁ, t) would be the concentration of diffusing particles at R at
time t. Thus, the amount of particle crossing an area Ao in the time interval At is

given by
—D(k-VG)AcAt (kL Ao) (1.45)

which indicates that the absorption rate of the particles per unit time per unit area in

the presence of a perfectly absorbing barrier is expressed by

—D(l: - V)60 (1.46)

Note that Eq.(1.46) is in perfect agreement with Eq.(1.17).
1.5. Diffusion Propagator

The propagator G(r7, 73, t) represents the probability that a particle starting from
the position 77 travels to r3 in time t. G(r,r3,t) satisfies diffusion equation with

following initial condition

0G (11, 73,t)

By = DVG(ri,7r3,t), lim G(r, 73, t) = 6(r5 —71) (1.47)

t—0
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and the boundary condition which is given as
psG(r1,73,t) + Dn - VG(r1,73,t) = 0, HeEY (1.48)

where p; is the surface relaxivity. Eq.(1.48) is the generalized robin boundary condition
which indicates that G(r7,73,t) fully describes the diffusional motion for complex en-
vironments too. As Eq.(1.38) suggests, for a free diffusion in an isotropic environment,

the propagator is given by

- - 1 —|r3—r7 |2
67 350) = g (1.49)

In the presence of perfect reflecting wall at z = 0, we have the following system

of equation with a Neumann boundary condition

0G(r1,73,1)

g = DVG(ri,r3,t), %1—138 G(ri,75,t) = 0(r5 —71)

Dn -VG(ri,r3,t) =0, 1 E X (1.50)

Near the wall,the propagator is given by a free Gaussian and its image:

G(T]’)T_é’t) — _(47TDt)3/2 —|$2—$1‘2/4Dt6—|y2—y1‘2/4Dt[6—|z2—zl|2/4Dt 4 e—|22+z1|2/4Dt] (151)

For perfect absorbing wall at z = 0 we have the Dirichlet boundary condition:

psG(11,75,1) = 0, rE X (1.52)
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Thus,the solution is given by

G(ri,75;t) = —\902—931|2/4Dt6—\y2—y1|2/4Dt[€—|22—21\2/4Dt _ e—\22+21|2/4Dt] (1.53)

(47D1)3/?

Although G(r7,7r3;t) is extremely powerful mathematical tool, it is very difficult
to measure experimentally. However, the “ensemble average propagator (EAP)” which
represent the overall probability that the particles suffer net displacement 7" in time t

which is given by
P = [ G+ (154)
VP

can be measured for instance via NMR methods. In the above expression, G(r7, 71 +7; )
is a smooth function of r through the fluid and has a zero value within the solid

construction of porous medium.

Implementation of the mathematical properties of EAP can enhance the numer-
ical estimation EAP [15,16]. An apparent property of EAP is that it has a positive
value everywhere because it represents a probability for any finite volume.Although
there are some exceptional conditions [17-19], another useful property of EAP is its

antipodal symmetry

Bi(r) = Bi(=T) (1.55)
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which is a consequence of the reciprocity of the diffusion propagator which can

be proven by using Green’s theorem [20].

to
D/ dt/ dAV[G(F, 755ty — )V2G(F, 715t — 1) — G(F, 715t — 1) V2G(F, 755 tg — t)]
t1 Vp

to Doy R B
=/ dV/ dt{G(Fr};tQ—t)aG(”gt W) _ et — ) S22 )
Vo Jh t ot

:/ AV[G(F 11t — t1)G(7, 735ty — £)]1 =72
VP

= G(r3,m;ta —t1) — G(ri,r55ta — t1) =0

(1.56)

Another potential property of the EAP is its radial monotonicity. However,no
rigorous proof for this property has been suggested to our knowledge. In the following

sections i try to give the detailed examination of radial behavior of the EAP.
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2. RADIAL BEHAVIOR OF EAP FOR SHORT
DIFFUSION TIMES

Reminding that G(r1,r3,t) is the conditional probability density that a walker

released at r1 at t = 0 arrives to r3 at t = ¢ which satisfies the system of equation

0G(r1,73,1)

= = DVG(ri,r3,1),  MmG(r,r3,1) = 6(r% — )

psG(r1,75,1) + Dn - VG(r1,73,t) = 0, rEX
The average propagator is defined as

P,(r) = /dﬁG(ﬁ, 75, 1)
The examination of the radial behavior of the EAP is examined for the isotropic
and anisotropic cases separately in the following sections
2.1. Isotropic Environment

For isotropic case, the EAP can be considered as averaged over solid angle

am—ﬁ/m/mqm@w (2.1)
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Here, we look for whether the EAP shows radial monotonic decreasing or not.

With the small 7 expansion, dP,(7)/0r is given by

a.F)t 'F‘) / / A aG T_Lr_éa )
or 47T

/d’l“lar/dQ 7’1,’/“2, ’1"2:7“_1

+ F VG(T‘_i, T_é, t)|,r2:,:i
L ] (2.2)
o7 7 VIVG (i, 72, ) l=ri + ]

.V
0 0G(r1, 135
_/ (7"1, ﬁ) + TiM‘TEZﬁ"’
)
" s 87’21 87"2]

—G(r1, 7‘3)|r§:ﬁ]

rz

Let us label the terms in the integral as follows:

1

2.

T1 47T d?“lar/dQG ) ( 3)
1 0G(r71,73)

2.4

T2 47‘( d?"l \/dQTi 8 |r2 a1 ( )
1 0 ~ 1 o 0

Ty = — 1= Q-r; 1,72) = :

3= dri o /d Tirj— G O, —G(r1,73)] (2.5)

In the following sections, we study the cases of no collision and 1-collision for

both when 7" goes to 0 and to arbitrary point 7, within the pore.



2.1.1. No Collision, » — 0

Since there is no boundary for this case, 0FP;(r)/0r is given by

OP(™) 1 [ 9 [ [T -
o _E/drla/o d¢/0 df sin 0G (11, 73;t)

OG(ri,r1)
or

Since =0, 711 is given by

1 I, Ao
T1 :E/drla/dQG(rl,ﬁ):O

T, is given by

1 . a 2 4 . — =
T, = 47T/d7~1§/0 dgzﬁ/() dOsin 0r;. V.., . G(11,73)|m=r
where

7 = r(sin 6 cos ¢, sin 0 sin ¢, cos 0)

Let Z to be paralel to V,,,G(77,73)|3=, then we can write

1 ., 0 T .
T = E/drla/dgzﬁ/o df sin Or

(Sin 0 cos (ba sin f sin <Z>, cos 6) ) (07 07 ’VT%G(T_ia fé) ‘TE:Fl |>

a/ dfsinfcosf =0
0

19

(2.7)

(2.9)



20

For the T35 we have

o 0
/drlar /dQ nr]arm Fr; —G(r1,73)|m=r a O(r) (2.10)

Since we are interested in the limiting value r — 0

lim T3 = 0 (2.11)

r—0

When r — 0, if there is no collision with the wall, by summing up the results in

Eq.(2.7), Eq.(2.9), Eq.(2.11), OP,(¥)/0r gives zero

lim —aPt(F)

2.1.2. 1 Collision, r — 0

For the case of 1 collision, imagine the sphere defined by the 7. The angular
integration is restricted by the part of the sphere that does not intersect with the wall

2510
B 471/dr187"/0 dgb/ df sin 0G (11, 73; 1) (2.13)

where « is the angle 7 makes with the normal of the wall as in Figure 2.1.

For T7, we have

1 - 6 27 s . oL
TI:E d“E/O dqﬁ/a df sin G (11,77) (2.14)
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pore

Figure 2.1. Angular average in Eq.(2.13) for a point near the wall.

The problem is assumed to be symmetric with respect to rotation about Z so

*"d¢ = 2. The db integral is given by
0

h

r

/ dfsinf =1+

where h is the distance between r; and the wall. Then Eq.(2.14) becomes

IR L B h
T1 = é/d 7’5/0 dhEG(Tbrl) <1+ ;)

1 " L o [—h
= §/d27’5/0 th(Tl,Tl)(TT)

(2.15)

Let us expand G(71,71) for small h

G ) = G(h) = G(0) + h-2-G(h)

+ ...
821

h=0

where we choose z; such that it is perpendicular to the wall. For the integration over

the drj in the boundary layer can be given as [d*ry = [ d*rydh. Finally, T} is given
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o afam o)
L / dr, / dh(G(O))< ) / r / dhh—

1
— —/d rsG(r1,71)|mes + Fr/dQTSa%G(h)

W () e

h=0

when r — 0, the second term is vanished

—1
lim 7} = —/dQTSG(ﬁ,r_i)|ﬁeg (2.17)
r—0 4

T, is given by

1 2w ™
= —/dﬂg/ dgb/ df sin Ogr(sin 6 cos ¢ sin b, cos ¢,
m ar Jo o (2.18)

sin @ sin ¢ sin @, sin ¢, cos 6 cos §,)

where

Vi G(171,73) = = g(sin b, cos ¢, sin b, sin ¢y, cos 6,)

7 = r(sin 0 cos ¢, sin  sin ¢, cos )

Here, g expands around h = 0 as
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Note that 6, should be 0 where we choose 2 to be parallel to normal of the wall,

thus, we have

2 s
Ty = —”/d%s/dhﬁ/ §sin 0 cos Org
Am or J,

where [ df sin 6 cos ) = %(E —1).

r2

Accordingly, Ts is given by

T, = i/d%s /0 dh (g(()) + ¢ (0)h + %g”(O)hQ + ) %7‘ (i—z —1
= i/d%s {_MTQ(O) + O(ﬁ)}

for the limit » — 0,we have

r—0

T3 is given as

1 .0 A1 g 0 I
Ty = E/drl_ dQ—r; -%FG(717T2)|TEZTEQO(T)

Thus, for the limit r — 0, T3 vanishes

r—0

(2.19)

(2.20)

(2.21)

(2.23)
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Finally, for the 1-collision case, we have the sum of three terms in Eq.(2.17),

Eq.(2.21) and Eq.(2.23) which is given as

lim OR(T)

r—0 r

1
- liL%(Tl + Ty +T3) = - /d2rsG(ﬁ,ﬁ)|ﬁeg (2.24)

2.1.3. No collision, r — r,

Since the only difference is the limiting condition, for this section we have the

same form for OP;(7)/0r as in the Eq.(2.6)

21
3Pt /dh@ / d¢/ df sin 0G(r1,73;t)
r

T} gives the same result as in 7 — 0 case

1

T1 47T d?“l or /dQG ) =0 (225)

since
0G(r1,71)
or
T5 also has the same result as in » — 0 case

1

21
T, = o drl / d¢/ dOsin0r;. V., G(11,73)|m=r (2.26)
T

where

r(sin 6 cos ¢, sin # sin ¢, cos )

=y
Il



25

Let Z to be paralel to V,,,G(71,73)|z=, then we can write

1 L0 T .
T, = e drlg/dgb/o df sin Or
(sin @ cos ¢, sin @ sin ¢, cos @) - (0,0, |V,,.G(r1,73)|m=r|) (2.27)

a/ dfsinfcosf =0
0

T35 is given by

1 0
= g 2.2
T3 St dTl aTI ( 8)

where

I:/eri 0 9 G(71,73) =

re—
]07“% 6r2j

o 0
Ora; Oraj

Choose the reference frame such that (71, 73)|m=r is diagonalized. Define

7,79, Moy, My,, M., as

7 = r(sin 0 cos ¢, sin @ sin ¢, cos )

T_Q' = ('I?a Yo, 22)

g 0 0*G
- —G(r1, 73 =71 — A _9 |Ta=T1
Oray Orag (71, 7)l O3 |
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o 0 0*G

M, = ——G(ri,r =T — .9 |Yy2=Y1

vy Oray Oray (r1,72) | By2 |ya=y
o 0 0*G

Mzz = _’7 3 ro=r1 — A _9 |22=21
87‘22 87“22G<r1 7’2)‘ 8,2% ‘

27 T
= / do / df sin [ M,,,r* sin? § cos® ¢ + M,,r* sin* @ sin® ¢ + M, cos® 0]
0 0 , (2.29)
T

= An(Myy + My, + M.,) 3

By substituting Eq.(2.29) in to Eq.(2.28), and using the diffusion equation,T5 is

finally given as

1 0 4r?
3 7r/ rl@r 3 ( M )

8
r —

= g/drlTrace(M)|r:R
-

P (2.30)
=3 /dT_iTTO,Ce(aT%aT%G(T_i,’I"—é)’@:ﬁ)
r 0 o
= 3_D§ / d?"lG(’l"l,T'l)
For the limit r — r, we can write
. rq O v
TILI% T5 = D5 /drlG(ﬁ,rl) (2.31)

Hence, for the no collision case, when 7 — 7, the OP,(r)/0r is resulted as

. OPF(r , re O IR
}Eﬁ 5£_> = TIL%(Tl + T+ T5) = D% /drlG(rl,'r’l) (2.32)
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2.1.4. 1 Collision, r — 7,

We try to find the limiting value for

27
aPt /d?”la / d¢/ dGSIDQG 7"1,7”27 )
T

the calculation of 7} is the same in Eq.(2.16)

1 o —1 0
1= 5 [ EnG s + 5 [ drg -6 (2.33)

h=0

However, due to non-vanishing limit value for r, we still have the second term

where the following substitution is possible

0 —psG(11,71) |7 ex
—_— h N =
621G( Jln=o D

where we used the boundary condition(1.48). Thus, when r — r,, T} is given by

PsTa
6D

lim T} = —/d rsG(r1, 1) |mes + dQTSG(T_i,T_i)|T‘iEE (2.34)

T—Tq

T is given by the Eq.(2.20)

Then, for the limit r — r,, it becomes

lim Tp = —%“ / dr,g(0) (2.35)

T—Tq
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By definition

9(0) = [VGlriex

which gives if we use the boundary condition(1.48)

- SG rﬂaf‘ ri
g(O) _ |VG|T_iez _ P ( 1D l)’ ex

Hence, Eq.(2.35) could be written as

. s,ra, — —
Tlgg T, = %_D d’r G171, 77) | es (2.36)

For the third term, we have

1 0
Ty = — 1—1T 2.
57 8r drl@r “ (2.37)

where

Choose the reference frame such that

7,72, Myz, My, M. as

8 a — — . . .
Bra ar_QjGO"l’ 75)|3=r is diagonalized. Define

7 = r(sin 0 cos ¢, sin 6 sin ¢, cos )

Ty = (%;yz,Zz)



9 9 G

Mm:r = G _;, D = = S5 |za=11
Oag s (r1,73)] 022 |
o J . . G

Myy @Tgy 6T2yG(T1’ TQ)|T5:F1 - a_y% y2=y1
9 0 892G
M — — — et
zz 87”23 87“23G(T1’ 7”2)| 2

27 s
— / dgb/ df sin O[M,,r? sin? 6 cos® ¢ + M, yr2 sin? fsin® ¢ + M., cos® 0]
0 «

2 h h3 2 9p3 (2.38)
2 _ 2
- 2 T -——M
r (3 . T3 V(M + My,) + 77 (3 23 .2
Then,we have
1 2 4r h3 2h3
15 = g d-rg dh[g(Mm—i_Myy—i_MZZ)+(h+ﬁ(Mm+Myy>_ﬁMzz]

(2.39)

Define Y;’s as:

Yy = Myy + My, + M.,

Yy = (Maz + Myy)

29



30

Y; expands around h = 0 as:

Accordingly, we get

:g:é/fulﬂmﬁgmmumnmwxg+m+gﬂuam+mym+m)

2h? ,
— W(Y}’(O) + hY5(0) + ...
(2.40)
For the limit » — r,,we have
: 1 2 |4 2 3y, Ta ra 2
lgn T3 = é d Ts g’l“aYi(O) + O(Ta) + 5}/2(0) + EYQ(O) + O(’I“a)
2 (2.41)
-0+ 0] a 02
For the 1-collision case, when r — r,, OP,(7)/0r is given by
P,
1m3*m:mmn+g+m
e o o (2.42)
= [ ot laes + 27 [ G Alnes

2.2. Anisotropic Environment

We gave the calculations for the isotropic EAP which are resulted from spherical
pores or random media which are the common case of interest. However, the envi-
ronment revealing certain orientation leads to anisotropic EAP. We include the higher

term in the spherical harmonic expansion of P;(7) to account the anisotropy of the
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environment.
0o l
T ‘9 ¢ Z Z alm ylm ) (243)
=0 m=—1
where
- / P(r.0, )5 (0, &) sin 0d0do (2.44)
S’V‘

whose radial differance gives the required coefficients in

[e.9]

i l
I _ 5y Ym0y, 6.0 (2.45)

=0 m=—1

For this case too, we assume that the problem is symmetric around wall normal.
Hence, other than )9 gives 0 due to ¢ integral f027r d¢ exp(igm) = 0 . Another

cancellation comes from the reciprocity of G(71,73):

which implies
Pt(F) = F t(_F)

so, only the spherical harmonics with the even [ remains in the coefficients

a@lo /d?“l—/deylo 7"1,7“2, ) (246)



expanding for small r

86110 /drl_/del Tl,Tl)—FTZM’rQ =r

or
.\ 1M o 0
! ]87’2187'2]

G(ﬁ» T_é) |F2=F1 + ]

Let us label the terms as

T, = / dﬁg / AQVCG (A, 7
or

B L0 ~vy. OG(r1,73)
T2 —/drlg/del T1T|T2:ﬁ

1
/dr1 /dez 27",7"]6 = 07‘2 —G(r1,73)|m=r
i 0725

The coefficients of the spherical harmonics )} is given by

20 +1 — '
=1/ + (L=m) " (cos 0)
(I 4+ m)!

32

(2.47)

(2.48)

(2.49)

(2.50)
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1 d
21! d(cos 6)!

20+1 1 d
0 _ = 29 1 l
i 4 24! d(cos H)Z(COS 6-1)

PP (cosh) = (cos®H — 1)

PI11 d &
0 __ o 2 \l=p(_1\p
Vi 4 24! d(cos 6)! Zo (I —p)'p! (cos”6)~"(=1)

=11/2|
[21+1 17 Il (21 — 2p)! o

o__ /= - - 9)2—2—1(_1)P 951

’ dm 21 ;0 ) 2 —2p— 11 Y (=1) (2.51)

In the following sections, we study the cases of no collision and 1-collision for

both when 7" goes to 0 and to arbitrary point r, within the pore.
2.2.1. No collision,r — 0

For this case, after calculating the terms of a;o(r), we will give the result for radial

change of the EAP.
T} is given by

.0 A -
T1 I/drla/deloG(Tl,Tl)

OG(r1,11)
or

where = 0, so we have

T, =0 (2.52)
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T, is given by

a 2 ™ -
TQZ/dﬁ_/ d¢/ df sin OV 1, G (17, 75) =
87" 0 0
where

7 = r(sin 6 cos ¢, sin 0 sin ¢, cos 0)

Choose 2 to be paralel to V,,,G(17,73)|3-, then we get

2 7r s
T2:/dﬁ§/ d¢/ df sin 0)°r|VG| cos a/ dfsinfcosfcos" 6  (2.53)
" Jo 0

0

where

—cos™20 0, it n is even
T = (2.54)

n+2 n%z’ if n is odd

/ dfsin 6 cos @ cos™ 0 =
0

Since we interested only in )} with even ,

Ty =0 (2.55)

T35 is given by

o 1
T — / ari / 103 i L 0 Gt ) @ O()

2 Jargi 87"2]'



For the limit r — 0, we have

r—0

35

(2.56)

Finally, for the no collision case with the limit » — 0, the radial change of the

EAP is given by

lim OR(T)

r—0 87‘ =0

2.2.2. 1 Collision, r — 0

For this case T} is given by

2T T
T = /dﬁg/ d¢/ df sin 0Y°G(r7,77)
ar J, o

L L0

:27r/dr1G(r1,r1)§I
where

- p:Ll/2J T

I:/ —d(cos0)Y) = Cy Z A(l,p)/ —d(cosf) cos' ™" 0

@ p=0 o

where
Co = (47)2

V21 U (20— 2p)!

201 (I—=p)!p! (1 —2p)!

A(l,p) = (1)

(2.57)

(2.58)
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After doing the df integral, T takes the form

p=|1/2] 1—2p+2 1—2p+1
1) ===+ (h/r) =P
T1:27T/d7°1 (r1,71) CoZAlp( ) l—2p(—l—/1)
p=[1/2]
= —QW/dT_iG(r_i,ﬁ)C’o Z A(l, p)h! =222
p=0
Let us expand G(ri,r7) for small h
oo 9,
G(r1,71) = G(h) = G(0) + h=—G(h) + ...
(921 h=0

where we choose z; such that it is perpendicular to the wall. For the integration over
the dri in the boundary layer can be given as [ d*ry = [ d*rydh. Finally, T} is given
by

p=[1/2]
T :_27rco/drs/ dhG(0) > AL p)h! == L O(r)

p=0

Then, for the limit r — 0 we have

20+1 1

o (2.59)

T, zzyr/dzrsG(ﬁ,ﬁ)\ﬁez
e,

L @—2p) 1
—1)pt!
8 Z T (a2 Y

T, is given by

2w
T, = /drl—/ dqﬁ/ d0sin 007V, G(7,7) | rg—r
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where

Vi G(771,73) = = g(sin b, cos ¢, sin b, sin ¢y, cos 6,)

7 = r(sin 0 cos ¢, sin 6 sin ¢, cos )

Here, g expands around h = 0 as

where ¢'(h) = 2g(h)

Note that 6, should be 0 where we choose 2 to be parallel to normal of the wall,

thus, we have

0 1 20+ 1
T, = 27r/dr_i—r(g(0) +d(0)h+ =¢"(0)R* + ..) i
or 2 4

UL (2.60)

! (21 = 2p)! /7r : -2
271 —1)? | dfsinfcosb )
U1 p;o (l _ p)!p! (2l _ 2p _ l)!< ) 3 S11 ¢ COos U COS

where

COSl—2p+2 (_1)!—2p+3 + (h/?“)l_2p+2

l—2p+2|

—/ df sin 0 cos O cost P 9 = — T=
o l—2p+2



38

Thus, we have

=11/2]
[20+1 1 P Ino@2=-2) 1
_ 2 _1\+1 —1)°
15 7°27T/d rs9(0) 47 24! {( D Z ({—p)p! (I —2p)! [ — 2p+2( )

p=0

p%% . _l! (2;__ 2p)! _ l—2p +_1 (_1)p] L o)
pard p)p! (1 —=2p)! (I—2p+2)(l —2p+3)
(2.61)

For the limit » — 0, 15 is given by

12% T, =0 (2.62)
T5 is given by
Ty = /dﬁ%/o%dqb/: d@sin@)&?%mm%%@(ﬂ,T_é)|r§ﬁ a O(r)
For the limit » — 0, T3 is given by

li_r}r(l) T5=0 (2.63)

Finally, for the 1 collision case with the limit » — 0, the radial change of the
EAP is given by

lim —aPt(F) =—
r—0 87’

/dQTSG(ﬁ,ﬁ)\ﬁez Z Pi(cos8)C (2.64)

1=0,2,...
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where

p=|1/2]

20+ 1) (21 — 2p)! (—1)
Ci = 2l+1 Z (I—2p)(l —p)p'l —2p+2 (265)

2.2.3. No collision, r — r,
T} is given by

L0 A I
le/dTlg/deloG(Tl,’f‘l)

OG(r1,11)
or

where = 0, so we have

T =0 (2.66)

T, is given by
a 2 ™ —
07’ 0 0
where

7 = r(sin 0 cos ¢, sin @ sin ¢, cos )

Choose 2 to be parallel to V,,,G(7,73)|m—r, then we get

2m ™ T
ng/dﬁg/ dgb/ df sin 0)°r| VG| cos 0 a/ dfsinfcosfcos™ 0 (2.67)
™ Jo 0

0
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where

— cos" 2 0, if n is even

T 2.68
L (2.65)

/ dfsin 6 cos 0 cos™ 0 =
0 if n is odd

2
n+2’

Since we interested only in )} with even [,

Ty =0 (2.69)

Ty is given by

0
Ty = dri—1,
3 / Tl@r 0

where

o 0

9 Y atr ) s
Ty ar% 87’2]' (Tlﬁ r2)|7“2—1"1

IO = /dﬂygn

Choose the reference frame such that -2~ =2-G(r7, 75)|,3—, is diagonalized. Define

Orag; Oraj
7,72, Myz, My, M. as

7 = r(sin 0 cos ¢, sin @ sin ¢, cos )

—

ro = ($2,y2,2’2)
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g 0 9*G

Mx:r = G _"7 2 =ri — o 9 |lT2=z1
87’290 87’290 (Tl T2)| 8x% |
o 0 0’°G

M,, = —G(r1,73) = = = lya=n

vy Ora, 5T2yG(T1’T2)| 3 0y2 y2=y
g 0 G

Mzz - G _)7 3 ro=71 0.2 lz2=21
Org, Ora, (i, 73) 023 |

Then we have

27 T
Ty = / d¢/ df sin 0Y°[M,,7* sin® § cos® ¢ + Myyr2 sin? #sin? ¢ + M., cos? )]
0 0

= M,.r*nJ + Myyr27rj+ oM, .r*n T’

(2.70)
where
p=[1/2] .
J = Z D(l,p)/ df sin® 6 cos' =P 0 (2.71)
p=0 0
/2 — cogl=t+1 g cosl=2Pt3 ¢
= D(l o o
Z (’>[l—2p—|—1 o l—2p+3’0
p=0
=|1/2 . .
B pLZ/J Dll.p) x 172;1 - l7231+3’ if | —2p is even
p=0 0, if [ —2pis odd
p=l1/2] . p=L1/2] sl -2t
72" 00 [(wswoestoesro =S pap|- 2]
p=0 p=0
(2.72)

p=[1/2]

2
= Y Dlpxq
p=0 0, if [ —2p is odd

if [ — 2p is even
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Here, coefficient D(l,p) is given by

a1 (20—2p)!
D(l,p) = \/:21“ (Il —p)p! (I —2p)!

finally, T3 is given by

L0 L0 5 [20+1 1
T3 = /dTlEI: /drlEZW(Mm + Myy)r pp W (273)
. ”:LZ”“ ) S S S A
s (l—p)pt ({=2p! 1 —2p+1 [1—2p+3

=11/2]
d 20+11° @2l —-2p) 1
i L an M2y | 2 1y
+/ Mgy et 47 24! ; (I —p)p! (I —2p)! l—2p—|—3( )

For the limit r — r,,we have

. . NV2AF1
Tlgg Ts = / dri (M, + Myy)\/%rT (2.74)
pzif“ Glogpi-ip 11
e (=2p)!l—p)pl—2p+1 [—2p+3
=1/2
. /dr*(M )ﬁzm/m | pZ“:J 20— 2p)1(~1) 1
e 2 (=2 —p)pl —2p+3

Finally, for the no collision case with the limit » — r,, the radial change of the

EAP is given by

. 8Pt(77') o re 2l +1
rlgi B = /drl(Mm + M,,) zl:ﬂ(cos 9)5 5 (2.75)
”%ZJ GloopM-ly 11
2o =2 -plpl' I—2p+1 1-2p+3
p=|1/2]

) 2+ 1" @1y 1
+ /drl(Mzz) ;PI(COS H)TG 91 p;o (l — Qp)!(l — p)!p! [ —2p+3
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By using NumPy which is package for scientific computing with Python, we calculated

the sums appear in the above expression.

p=|1/2]

Z((2l—2p)!(—1)p( 1 L

=2l —p)pl i —2p+1 1—2p+3

20+1
E Pi(cos ) 5
!

= %Po(cos ) — gpg(cos 0)

p=|1/2]

(20 —2p)!(=1) 11 2
2 (l—=2p)(l—p)lp!l—2p+3 5 Polcos 0) + Py (cos )

20+1
ZP[(COS 0) S
I

Because there is no interaction with the walls we can assume that M,, = M,, =

M., . ,which leads

. apt(ﬁ . Ta —
rll)r{}a 5 = g/drlTTace(M)
T(I — a 8 — —
= g dT’lTTGCG(aTQi 872]-G<T1’ 7’2)|fé:ﬁ) (276)

rq O R,
= S_DE/dHG(Tl’Tl)

where we used the relation Py(cos#) = 1 and the diffusion equation in the last step.
Note that the results for both isotropic and anisotropic environment is the same for
the particles does not interact with the walls.

2.2.4. 1 Collision, r — r,

For this case T} is given by

21 s
T, = /dﬁ%/ dgb/ df sin 0Y°G(r7,77) (2.77)
0 «
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0
=21 [ diiG(ri, 7)) =T
7T/ TlG(TI,Tl)ar
where
r p=1/2]
I:/ —d(cos 0)Y) = Cy Z A(l,p / —d(cosf) cos'™" 0 (2.78)
where

Co = (47)2

V2IFT 0 (20—2p)!

AP = == = Y

After doing the df integral, T takes the form

=[1/2] _ _
8 ( 1)1 2p+2+(h/r>l 2p+1
T1:27T/dT1 C()ZAlp l—2p—|—1
p=[1/2]
= —27r/dﬁG(ﬁ,ﬂ)C’o Z A(l, p)h! =2 pl=2pt2
p=0

Let us expand G(71,77) for small h

G ) = G(h) = G0) + h2-G(hy | + ...

821 h=0

where we choose z; such that it is perpendicular to the wall. For the integration over

the drj in the boundary layer can be given as [d*ry = [ d*rydh. Finally, T} is given
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by
. 9 p=L1/2]
T, = —27Cy / d’r, / dh(G(0) +h£ (Mlh=0) Y A(l,p)h' = =27+2 4 O(r?)

=[1/2]
2141 1 °F @2 -2p) 1
_ 2 S ATSAYIN ~ar - -1 p+1
Ty 27T/d rsG(r1,71) |res Ar 9l ; (= p)p! (1 —2p)! l—2p+2< )

11/2]
2z+1 175 no@r=2p) 1

2 2y -

—|—7T7’/d7”5 G (h)|n=0 o]l Z (I —p)p! ( l—2p)!l—2p+3( )

From boundary condition (1.48), we have:

(2.79)

0 ~ =psG(r1,71)|res
6_21G(h>|h:0 = o)

For the limit r — r,, we have

. I, [2l+1 1
rli)nrla Tl :27T/d2’r‘8G(7“1,7‘1)|ﬁez ?21—“ (280)

. %2 o2 1
(l—p)p! (I—=2p) 1 —2p+2

s I [2l+1 1
27Tg dQTSG(ﬁﬂ"l)’ﬁeE ?W

=l

L @2 1
_1p+1
% Z T (= = 2p 53V

(_ )P+1

T, is given by

2
T2 /d?”l_/ d¢/ desnley[ﬁ VTQ G( )|7"2 =ri
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where

Vi G(771,73) = = g(sin b, cos ¢, sin b, sin ¢y, cos 6,)

—

7 = r(sin 0 cos ¢, sin 6 sin ¢, cos )

Here, g expands around h = 0 as

where ¢'(h) = 2g(h)

Note that 6, should be 0 where we choose 2 to be parallel to normal of the wall,

thus, we have

0 1 20+ 1
T, = 27r/dr_i—r(g(0) +d(0)h+ =¢"(0)R* + ..) i
or 2 4

=l (2.81)

! (21 = 2p)! /7r : -2
9l —1)P D
o]l p;o —p)p! (2l—2p—l)!< ) ) df sin 0 cos 0 cos 0

where

" 1=2p+2 —1)i—2p+3 1—2p+2
—/ df sin 0 cos O cost P 9 = — cos I = (=1) + (h/r)
a l=2p+2 I —2p+2
1
B(l,p) /dQTs/ dh(g O+ 5" (0)R" + ) (2.82)
0

1—2p+2
l—2p—|—2 l—2p+2<7’) )

><(




where

/2]
A+1 17" /! (20 — 2p)!

B(l,p) = 2my | == — —1)F

WD) =2 2 g

T(_1)l—2p+1

[ —2p+2

r(l —2p+2)
(l—2p+3)(l—2p+2)

n:Bmm/fn[ 9(0) -

By definition
9(0) = [VGlriex
which gives if we use the boundary condition(1.48)

- sG _»7 7 1
g(O) _ ‘VG‘HGE _ Y (Tl T1)| ex

After neglecting terms with O(r?),we have:

) 20T 9 oL 20+1 1
Jim T :T/d G, ) res2m\[ = — o

(20 —2p)! (=1)

2,
X
;; ({—p)p! (I —=2p)! 1 —2p+3

T3 is given by

0
T3 = | dri=—1,
3 / rlar

where

27 T 1
Ia:/ dgb/ d@sin@)ig?’» 0 9 G(r1,75) =
0 «

/r‘ + — —
i
J 87”21‘ 87"2]‘
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9(0)] +O(r?)

(2.83)
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Choose the referance frame shuch that L%G (71,732)|m=r; is diagonalized. De-

Ora;
fine 7,73, Myy, My,, M. as

7 = r(sin 6 cos ¢, sin 0 sin ¢, cos 0)

Ty = (I27y2,2‘2)

9 0 0*G
M,, = SR A
T Orgy Orgy G0, 72)lri=ri 03 2=z

g 0 0?°G
:__G — — T_’:T’_i:_ 0=y1
W Gy gy O V12 o3

o 0 L 92G

Mzz - —G(rl,rg)\@:ﬁ

Ors, Ory, 023 2=

Then we have

2T T
I, = / dqb/ df sin 0Y°[M,,r* sin 0 cos® ¢ + Myyr2 sin @ sin® ¢ + M. cos? 0]
0 a

= xxTQWj + MnyZﬂ'j + 2Mzzr27rj’

(2.84)
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where
p=[1/2] ™
J = Z D(l,p)/ df sin® 0 cos' %" ¢ (2.85)
p=0 @
p=l1/2] — enal—2p+1 1-2p+3
=Y )| T e S g
= l—2p+1 l—2p+3
_p:LZWJ D(l )(_1)[—2p+2 + (h/r)l—2p+1 N (_1>l—2p+4 + (h/r)l—2p+3
T = P [ —2p+1 I—2p+3
/ p=1/2] o de oo Boog® g p=[1/2] o cosl—2+3 _
J = Z <7p)/a S v cos U Cos - Z (7p)|:_m|a:|
=0 =0 (2.86)
= p:ié% (1, p) TN ()
= [—2p+3
Here, coefficient D(l,p) is given by
Pi+11 1 (20— 2p)
D(l,p) = —
2 A 21 (1 —p)p! (1 — 2p)!
consequently, ‘%ﬁ* is given by
=[1/2] _ _
0T, 3 2r(—1)1-242 2 (—1)l-2+
— =7aK D(l
ar 1 ; (’p>[ I—2p+1 | 1-2p13
o o 1—2p+1 - 1—2p+3
_(=2p-1)h N (l—2p+1)h (2.87)
(Il —=2p+ 1)rt=2r=2 "~ ([ = 2p + 3)ri=2p+2
p=[1/2] _ _
2T(—1)l 2p+4 (l - 2p+ 1)hl 2p+3
K D(l
+ T Z (7p)[ I —2p+3 +(l—2p+3)7”l_2p+2

p=0

where

K, = Mxx + Myy7 Ky = Mzz



whose expansion for small A is given by

Ky = Ki(h) = K1(0) + K(0) + ..., Ky = Ky(h) = K5(0) + K5(0) +

Finally, T3 is given by

T3 = /dr / dhm(K1(0) + K7(0) + ...)
=1/2] 1—2p+2 l—2p+4
2 —1 P 2 1 P
% Z r(—1) 4 r(—1)
—op+1 [ —2p+3

(l —2p — )AL (1= 2p + 1)RI72PF3
(I =2p+ D)rt=2r=2 (I —2p + 3)ri-2p+2

/ / dh (K (0) + Ky(0) + )

w 2r(—1)=% (1 — 2p 4 1)+
x Z +
[—2p+3  (I—2p+3)ri 2wt

]aO(TQ)

20

(2.88)

Finally, for the 1-collision case with the limit » — r,, the radial change of the EAP is

given by

P 20+ 1
OF: F) /d2 (r1,71 Tlegzpl (cosO)——— +

r—)ra 2l+1
§ pifﬂ (21 — 2p) (—1)ptt
(l=2p)(l—p)pll—2p+2
3psta 20 + 1
2 - — st a
—|—/d rsG(rl,rl)\ﬁeng:Pl(cose) 5D o
p=[1/2]

1 20— 2 —1)P
e (-]

Mp! (1 —=2p)! 1 —2p+3

(2.89)
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After numerical calculation by using NumPy, for the sum in the second term, we

have:
=11/2]
2+17 1 (20—2p) (=1 1 2
;PZ(COS )= ; (= pp (=) i—2p+3 3 oleost)+ gPalcost)
where

Po(cosf) =1, Py(cosh) = %(3 cos® 0 — 1)

Accordingly, we have

. OP(7 L. 3ps R cos? 0
Tll)rga # = /dQT’SG(Tl, )| ex [ — ZOZQ Py(cos0)C; + PT (2.90)

where

=11/2|
2 +1)" (21 — 2p)! (=1

_ 2.91

G =g 2 (= 2p)(l—p)lpll —2p + 2 (29)

Note that as expected for [ = 0 Eq.(2.90) gives the result for isotropic case(2.42):

_1 — — psra, — —
T/dQTSG(rl,rl)meg—l— 5D d*r.G(r1,77)| s ex

2.3. Analysis for Monotonicity

In previous two sections, we gave the mathematical expression of the radial change
of the EAP for both isotropic and anisotropic environments. Final results for either
environment will be given by weighted sum of the expressions given in the no-collision
and one-collision cases. In this section we look for whether the EAP reveals monotonic

radial decay.
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2.3.1. No Collision with Walls

As provided in the section 2.1.3. for isotropic environment and the section 2.2.3.
for the anisotropic environment,when there is no wall, the radial change of the EAP at
an arbitrary distance r, is proportional to time derivative of the total return to origin

probability which is given by the Eq.(2.32) and Eq.(2.76)

OP(r) r, O L

In the section 1.5, we define the diffusion propagator as the solution of the system

of equations:

O0G(r1, 15, t
% = DVG(ri,r3,t),  lmG(ri,m,t) = 0(r; — 1)

psG(r1,735,t) + Dn - VG(r1,75,t) = 0, rEN

Note that the propagator can be given as eigen function expansion:
G(ri,73;t) = ie”tun(ﬂ)un(r})* (2.92)
n=0
where wu,(7) satisfies the equation
DAu,(7) = —Au, (1) (2.93)
and the boundary condition

pstn(T) + Div - Vu,(f) =0 7€ X (2.94)
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If we plug Eq.(2.92) in to Eq.(2.76), we have

OP(F)  ra
or 3D

D e (17 g (73) (2.95)
Vp n=0
where the long time behavior of the diffusion propagator requires all A\, to be non-

negative. Hence, the radial derivative of the EAP is negative everywhere except origin.
2.3.2. Effect of the Walls

When there are walls, the average fraction of particles interacts with the walls is
Sv/Dt /Vp. In the sections 2.1.4. and 2.2.4., we provided the the solutions for the radial
change of the EAP for the particles that suffers only one collision with a wall. Here,
we analyze whether these solutions reveal monotonic behavior or not. Furthermore,
note that final results for the EAP’s are given by weighted sum of Eq.(2.76) and the

results that are revisited in this section.

2.3.2.1. Isotropic EAP. For the isotropic case, the contribution to radial change of the

EAP from the particles which suffers one collision with a wall is given by the Eq.(2.42)

_1 sTa - -
(T +55) [ Enctimles

which suggests that boundaries with small surface relaxivity result in monotonically

decaying EAP.

2.3.2.2. Anisotropic EAP. As we shown in section 2.2.4., particles that undergoes one

collision with a wall contributes the radial change of the anisotropic EAP ia given by

the Eq.(2.90)

3psr, cos> 0
(— Z ’Pl(COSQ)Cl—F%) /dszG(ﬁ’fmﬁez
1=0,2,...
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where

@) - 2p)! (—1)
C) = > (

2l+1 I=2p)!(l —p)p'l—2p+2

The result we gave above could seem inconclusive because Cj is an alternating
convergent series. However, we can approximate the summation very precisely for its
extrema and infer the behavior in general. Results for § = 0 and 6 = 7/2 are given

respectively by

1 3psr, oL
~ (- g+ ) [ Gl (2.96)

1 R
~ —E/dgrsG(Tl,ﬁ”ﬁeZ (2.97)

Consequently, it is clear that the anisotropic EAP also reveals monotonic decay

for small surface relaxivity.
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3. RADIAL BEHAVIOR OF EAP FOR LONG DIFFUSION
TIMES

We defined the average propagator as
R = [ G+
VP

where P, vanishes within the solid construction of porous medium. If we introduce

ps(7) which represents the steady state density of particles, P,(7) takes the form
R = [ (G + R (3.1)
vp

where pg(77) is constant through the fluid filled medium and vanishes within the walls

of the porous medium.

For the long diffusion times, the diffusion propagator becomes the indicator func-

tion, i.e.

lim G(71,73,t) = ps(73) (3.2)

t—o00

for closed systems. By substituting Eq.(3.2) in to Eq.(3.2), we have

Py(r) = / ps(11)ps (17 + P)d’ry (3.3)
Ve
which is the autocorrelation of the pore indicator function. Hence, radial monotonicity

is not a required property for the EAP in closed pores at long diffusion times.

The non-monotonicty of the EAP is illustrated in Figure 3.1 where we consider
three different pores. On the top row, the white areas represents the fluid molecules

and black ones is the pore structure. In the third geometry two media filled with fluid
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separated by thin reflecting membrane.
On the middle row, the autocorrelation of the indicator functions are shown

respectively. The EAP values along the center horizontal line are shown on the bottom

row, which clearly indicate that monotonicy is not a general property of the EAP.

HEEE _ 1 1 |

Figure 3.1. Considered pore shapes are illustrated on the top row, wherein white
areas represent the fluid-filled pores. The corresponding long time EAPs are depicted
in the second row after halving their size to be consistent with the upper figures. The

EAP values along the center horizontal line are plotted on the bottom row.

By introducing a simple ansatz, Mitra et al. [1] showed that the diffusion prop-
agator can be used as a probe to get structural data for connected systems. They
suggested a modified Gaussian propagator which includes the pore-space correlation
function. In this study, it is shown that the ansatz works well for probing the connec-
tivity of periodic pore systems. Although our study did not include the monotonicty
analysis for connected spaces in long time regime, the calculation we provided for the
short time regime might be applicable to such [1] simple ansatz to study radial behavior

of connected pore systems for future studies.
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4. CONCLUSION

The diffusion propagator is studied extensively in characterization studies. Unlike
the diffusion propagator, the EAP can be measured via NMR methods ,which also
contains great deal of information. Implementing the mathematical properties of the
EAP improves the numerical estimation process of the EAP. We mainly focused on the

radial behavior of the EAP.

For short diffusion times, our calculations show that radial change of the return to
origin probability density immediately gives negative results by introducing the walls

for both cases of isotropy and anisotropy.

In short time regime, we show that the particles that does not interact with the
walls result in monotonically decaying EAP. However, the final results for the EAP are
the weighted sum of the average propagators for no-collision case and 1-collision case.
In section 2.3.2., we gave the contribution from the particles that collide only one times
with the walls. It is clear that the boundaries introduce a possible non-monotonicity
to radial change of the EAP. Nevertheless, the NMR measurements could provide
much smoother version of the EAP we gave due to experimental dynamic of acquiring

magnetization data.

Another mathematical property reveals itself is that for both isotropic and aniso-
tropic environments whose boundaries’ surface relaxivity is small enough, the EAP is
always radially decaying function. This suggests that radial change of the EAP can
be used as a physical constraint to enhance analysis of characterization of the pore

structure.

For long diffusion times, the EAP becomes autocorrelation for pore indicator
which states that radial monotonicity is not a general property for closed pores. Re-
garding connected system of pores, there is a study suggesting that diffusion propagator

can probe certain properties of the structure with a simple ansatz introduced for long
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time regime. For future studies, our calculations for short time regime seems appli-
cable and modifiable for such ansatz to examine the radial behavior of the EAP for

connected pores.
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