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ABSTRACT 

The present study is concerned with the analysis of three-dimensional, 

compressible flows in axial-, radial-, or mixed-flow turbomachJnery under 

the limitations of steady and potential flow conditions. The basic app­

roach is to isolate a single blade row (which may be stationary or rotating 

at a constant speed) and consider the flow 'i~- ~~e"'~;f -the ·b'lade passages as 
, . 

representative ofthe-total-flow through the entire.·rowof blades. It is 

assumed that the fl uid is inviscid and ent~ts" U!1ts '1,c1i'a~acteristicll passage 
... ~.... _.. ., •.. .,.- .\"",1\ • 

with uniform entropy, uniform total enthalpy and zero vorticity. Under 

these conditions, Kelvin's circulation theorem ensures irrotationality of 

the absolute flow throughout. The analysis is restricted to subsonic 

flows which may have local suporsonic spots. The fluid is either incomp­

ressible or assumed to be accurately represented by the perfect gas law. 

The analysis begins with the development of the classical velocity 

potential formulation of the problem stated above. An equivalent varia­

tional formulation is then described. This formulation incorporates a 

quasilinearization concept which leads to iterative solution. Density 

distribution is assumed to be given by a previous solution and therefore 

has no variation. The probl em of three dimensi ona 1, compressi bl e, potentiai 

flow in turbomachinery is thus reduced to the determination of the absolute 

velocity potential 

196231 

distribution which minimizes an equivalent functional in 

A.4ft~~t'. '. 
'0r;1fl­
~~ 
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the solution domain with appropriate boundary conditions. 

A computer code has been developed to solve this problem based on 

the finite element analysis presented in this thesis. The solution 

domain is discretized by using hexahedral superelements each composed 

of six ten-node tetrahedral elements enabling quadratic interpolation 

of velocity potential. The code offers the flexibility of using a com­

.bination of subparametric and isoparametric elements. which provides high 

accuracy at reasonable cost in the treatment of turbomachinery flows that 

exhibit complicated design features. 

Applications of the code to the Gostelow cascade, an experimental 

turbine stator, the first stage stator and rotor of an electric utility 
. . ... - .. ~ 

axial-flow turbine and finally to a mixed-flow turbine rotor are presented. 

The validity of the code is established by comparing the results with the 

exact solution, experimental data and calculations by other numerical 

methods. 
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U Z E T 

Bu callsmada turbomakinalardaki UC-boyutlu slklstlrllabilir aklsla­

rln daimi ve potansiyel aklS sartlarl altlndaki analizi konu edilmi~tir. 

Temel yaklaSlm olarak izole edilmis bir pala slraslndaki toplam aklS ka­

rakteristik bir pala kanallndaki aklS ile temsil edilmistir. Aklskanln 

viskozitesiz oldugu ve karakteristik kanala Uniform entropi, Uniform 

toplam entalpive slflr ceviriyle girdigi kabul edilmistir. Bu sartlar 

altlnda Kelvin sirkUlasyon teoremi mutlak aklSln dongUsUz olmaslnl temin 

eder. Sunulan analiz yerel ses hlZl UstU noktalarl olabilen ses hlZl 

altl aklslar icin gecerlidir. Aklskan slklstlrllamaz veya mUkemmel gaz 

olarak kabul edilmistir. 

Yukardaki problemin klasik hlZ potansiyeli formUlasyonu gelistiril­

mis ve esdeger varyasyonel formUlasyon elde edilmistir. Bu formtilasyon 

ardlSlk yaklaSlm islemi gerektiren bir yaklaSlk-dogrusallastlrma yontemi 

icermektedir. Yogunluk daglllml bir onceki cozUmden elde edildigi icin 

varyasyona sahip degildir. 

Bu problemin cozUlmesi icin bu tezde sunulan sonlu elemanlar anali­

zine dayanan bir bilgisayar programl gelistirilmistir. CozUm bolgesi her 

biri altl adet on dUgUmlti tetrah-edral elemanlardan olusan heksahedral 

sUperelemanlara bolUnmUstUr. 
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Gelistirilen programln Gostelow kaskatlna, bir deneysel tUrbin stato­

runa, bir elektrik santral1 eksenel tUrbininin birinci kademe stator ve 

rotoruna ve son olarak karl$lk-akl$ll bir tUrbin rotoruna uygulamalarl 

sunulmustur. Programln gecerliligi sonuclarln kesin cozUm, deneysel ve­

riler ve baska saYlsal yontemlerin hesaplarlyla klyaslanmasl ile goste­

rilmistir. 
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I, INTRODUCTION 

Ten years after the outset of the so-called "energy crisis" in 

1973, problems associated with the efficiency and reliability of turbo­

machinery are becoming more generally recognized as crucial restraints 

on the power plant and propulsion system designs. 

Increasing cost of energy generation has imposed new demands 

on turbomachinery design for the following main reasons. 

i. Stringent economic constraints necessitate efficient and 

durable turbomachinery. 

ii. To meet the increasing power demand and yet limit the 

capital cost to a reasonable level, turbines need to be 

designed to operate at high inlet temperatures (in excess 

of 20000 C) and at high ~1ach numbers. 

iii. The technological shift from the petroleum to the more 

abundant fossil fuels escorts problems of erosion, deposi­

tion and corrosion due to particle laden gas. The turbo­

machinery of the future must be designed to avert these 

problems. 
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Rapid technological advances made during the past decade have 

brought into sharper focus the need for a comprehensive and competent 

treatment of the aerodynamic aspects of turbomachinery design. Although 

the present theoretical and numerical means fall short of enabling com­

putation of complex viscous three-dimensional effects with certainty, 

significant advances have been realized in inviscid flow calculation 

techniques. 

The majority of the current inviscid flow numerical analyses 

are two-dimensional and applied on one of the two mutually orthogonal 

relative streamsurfaces of Wu [17]. Computations on the "b1ade-to-

blade relative streamsurface (51)" and the "hub-to-shroud (meridional) 

relative streamsurface (52)11 are effected with streamline curvature, 

finite difference or finite element formulations. The former two tech­

niques have a long time of experience behind them and the commonly cited 

advantages and disadvantages of these techniques are now clearly known. 

The application of the finite element approach to turbine flow calcula­

tions is very recent and the comparative merits of this technique are 

yet to be demonstrated. 

The demand for improved turbomachinery design has recently 

brought the three-dimensional flow problem into the agenda. Instead of 

attacking the full three-dimensional problem, initial attempts have 

usually comprised an artificial superposition of the two-dimensional 

solutions obtained on the 51 and 52 surfaces without iteration. Never­

theless, attention seems to be finally focusing on the full three­

dimensional. flow. The classical streamline curvature and the finite 

difference methods that have proven to be so powerful on Wu's relative 



streamsurfaces are now being implemented to this case. In this regard 

there is substantial interest for developing three-dimensional finite 

element solutions. 

3 

Considering the demand for three-dimensional turbomachinery flow 

models together with the deservedly increasing popularity of the finite 

element methods in many areas of engineering, the present thesis has been 

conc~rned with calculation of three-dimensional compressible potential 

flows in axial-, radial-, and mixed-flow turbomachinery. The basic 

approach involves a finit~element formulation governing the velocity 

potential of the absolute flow. The intent has been to develop, on the 

basis of this formulation, a computer code primarily for use in comp­

~essors, turbines and fans. 

The work consists of five chapters. The vast effort which has 

been expended in development of turbomachinery flow models has warranted 

the presentation of a literature survey as Chapter 2, following the 

present chapter. The intent here has been to emphasize the present 

state of the art in turbomachinery calculations. The fundamental aspects 

of the three-dimensional potential flow theory in turbomachinery are 

described in Chapter 3 which also treats in sequence the variational 

formulation used, discretization of the flow geometry, development of 

the element and the system equations and finally description of the com­

puter code evolved. Chapter 4 is concerned with the results of the test 

cases considered for verifying and demonstrating the applicability of 

the code in a variety of turbomachinery flows. Chapter 5 presents the 

ens~ing conclusions and seeks to highlight the directions in which further 

research may be potentially most fruitful. 



II. BACKGROUND 

It is true that scientific research is usually tied closely 

with technological progress. The former being a prerequisite for 

the latter is in turn stimulated by technological advances to gener­

ate new ideas for research which leads to further advances in tech­

nology. This cyclic cause-and-effect relationship is a major driving 

force in science and technology. 

The intention of .the present chapter is to describe the pre­

sent state of the art in turbomachinery flow calculations. To show 

how the need for such calculations has gradually. developed~ the reader 

is first taken on a hurried tour starting from the early attempts that 

resulted in nothing but rotating toys~ past the mostly trial-and-error 

efforts of the late 19th century engineers who endeavored to render 

4 

turbines competitive with piston engines~ to our own century of dazzling 

technological advances which have helped to establish turbomachinery as 

the prime mover of electric utility and aircraft industries. Research 

on flow calculations stimulated by these advances in turbomachine tech­

nology is . then narrated in chronological order. The accelerating pace 

of research in this area is laid out in some detail through efforts 

which .have resulted in the development of the conformal mapping~ singul-

. arity~ streamline curvature~ finite difference and finite element methods 
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The essential features of these methods are briefly explained. Through­

out~ the reader is informed as to how the sophistication of solution 

methods has proliferated from the simple one-dimensional theory of Euler / 

towards complex three-dimensional analyses. It is clear that turbomachine 

technology and research in aerodynamics have proceeded hand in hand ins­

piring and shaping the development of one another. Finally~ it is emphas­

ized.that~ although the two-dimensional and quasi-three-dimensional methods 

of solution have provided a major contribution to the development of modern 

turbomachinery~ the current needs dictate analysis of the complete three­

dimensional flow. 

History of turbomachinery can be traced back to Hero1s rotating 

sphere and gas turbine (Alexandria 120 B.C.) neither of which produced 

any power, but were only used as toys. Although during the succeeding 

centuries, water wheels of the impulse and gravity-fed types were built 

for use in grinding mills, water supply or mining, the movement toward 

modern turbomachinery really started in eighteenth century. Swiss mathe­

matician Leonhard Euler published his application of Newton1s law to 

turbomachinery, now universally known as Eu1er 1s equation, in 1754, and 

thereby immediately permitted more scientific approach to design than 

the previous cut-and-try methods. 

The first steam turbine to have a major impact on the engineering 

world was that of Charles Parsons, who made a multistage axial-flow reac­

tion turbi,ne giving 10 hp at 18,000 rpm in 1884. In France, Auguste 

Rateau experimented with a de Laval turbine in 1894, and developed the 

pressure-staged impulse turbine by 1900. Charles G. Curtis patented in 

1896 the velocity-staged turbine, similar to a two-stage de Laval turbine. 
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Developments such as the regenerative feed beating (1920) and the reheat 

cycle (1925) led to more efficient and powerful (up to 500 MW) steam 

turbines (1958). 

Development of the gas turbine lagged considerably behind that of 

the steam turbine, because the former was hampered by the unavailability 

of an efficient enough compressor. For many decades, the losses during 

compression, in particular, were just too high for positive work to be 

given at the temperatures turbines of the day could withstand. Thus, the 

difficulty of making efficient compressors led to the failure of early 

gas turbine schemes. The first gas turbine activity to result in a workin! 

engine was started by Charles Lema1e, who was granted a patent for a cons­

tant pressure (Brayton or Joule) cycle in 1901. This engine had an effi­

ciency of barely 3.5 percent. The blades were probably stalled for the 

compressor was built before the first airplane had flown and at a time 

when aerodynamics was at its infancy. 

It was not until the 1920 l s that compressors of high enough effi­

ciency to be useful in a gas turbine began to be developed. The improve­

ment in efficiency is attributable to the use of growing knowledge of 

aerodynamics of airfoils and airplanes. 

Initially, turbines were designed on the assumption of one-dimen­

sional flow through the blade passages. Euler1s equation was used to 

relate the inlet and outlet velocities to the output power. Steam tur­

bines designed by thes~ methods were reasonably successful, because in a 

flow with decreasing pressure, there is no tendency for the boundary 

. layer to separate. In the compressor, on the other hand, the positive 

pressure gradients in the passages between the blades tend to cause 
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separation. The development of two-dimensional potential flow theories 

in conjunction with boundary layer calculation techniques enabled pre­

diction of the pressure'distribution a~d the onset of separation, and 

thus allowed compressor blades to be designed for higher efficiency. 

In 1930's a number of workers began to apply aerodynamic theory 

to the three-dimensional flow. It was assumed that between the blade 

rows the radial velocities and accelerations would quickly vanish and 

a condition of "radial equilibrium" would be established. The axial 

velocity would then be invariant with radius and the tangential velocity 

would vary inversely with it. Blades designed to suit these conditions 

were termed "free-vortex" blades. The radial equilibrium theory was 

first used by Whittle'in 1930. Whittle designed a turbojet which had 

"free-vortex" blades and demonstrated that. radial equilibrium outside 

the blade row would increase the efficiency. 

The modern successful gas turbine engine resembles those cons­

tructe d by Aure 1 Stodola (1936) and Ado If Meyer (1939). Adolf r~eyer' s 

gas turbine was also fitted in a locomotive (1942). Hence,once the 

scientific breakthrough (with a thermal efficiency of 3.5 percent) was 

achieved in 1901, it was followed by the economic breakthrough in 1936. 

,The computational difficultie? of the full three-dimensional 

flow through a turbomachine blade row caused investigators to seek a 

simpler but less general description of the flow. Lorenz [lJ first 

introduced the idea of an infinite number of blades of infinitesimal 

thickness in order to follow the flow on a given surface (1905). Later 

Bauersfeld [2] (1905), von I~ises [3] (1909), Stodola [4] (1927) and 

Dreyfus [5] (1946) further clarified and strengthened the theory. 
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Reissner [6] (1948) gave a blade-design method 'in which the extension 

from an infinite number of blades to a finite number of blades is 

accomplished by the use of a power series in the circumferential direc­

tion, and the terms in the series are determined by a comparison of the 

equations for an infinite number of blades and a finite number of blades. 

Howell [7] (1948) gave a solution, based upon a conformal trans­

formation, and by use of suitable intermediate stages transformed the 

cascade of arbitrarily specified airfoil profiles into a circle, the 

flow around which could be determined. This method was programmed by 

Pollard and Wordsworth [8] (1962). Garrick [9] (1944) also gave a solu­

tion to the problem based upon the Theodersen conformal transformations, 

. and this method of solution was developed by Hall [10] (1963). 

Schlichting [11] (1955), whose method was later modified by 

Mellor [12] (1956), distributed sources, sinks and vortices on the chord 

line in order to represent a given airfoil dascade profile. This limited 

the application of the theory to profiles of low camber. A more sophis­

ticated approach is that due to Martensen [13] (1959) who distributed 

vorticity around the profile. During the years 1940-1944 (t'lerchant and 

Collar [14] produced an analysis giving a transformation linking the 

known potential flow around a series of ovals to that around a cascade 

of inclined flat plates. Gostelow [15] (1963) extended Merchant and 

Collar's theory to a cascade of airfoil profiles, in an analogous manner 

to the theory of isolated Joukowsky transform airfoils. Gostelow's 

procedure can be outlined as follows. The normal flow past a series 

of raminae lying along the imaginary axis is known and the laminae can 

be transformed into a series of ovals, flow around which was given by 
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Lamb [16J (1932). A particular case of the general flow about the ovals 

is that for which the flow at infinity is inclined to the axis but for 

which there is no circulation. In this case the ovals can immediately 

be transformed into a cascade of flat plates parallel to the direction 

of flow at infinity. Application of this transformation to ovals which 

are offset from the origin produces a cascade of airfoil shapes for which 

the aerodynamic characteristi,cs are readily obtained. 

The aforementioned works dealing with the flow through a cascade 

of airfoils do not represent the actual flow through a turbomachine. The 

current turbomachinery analysis has its fundamental roots in the classical 

work of WU [17J (1952). Wu was among the first to recognize clearly the 

requirements, approximations and assumptions inherent in any attempt to 

solve the full three-dimensional flow by two-dimensional approaches. In 

his ~tudy, Wu succeeded in taking the three-dimensional inviscid flow on 

mutually orthogonal surfaces. Thus, the three-dimensional problem was 

broken down into managable two-dimensional flow problems. Wu proposed 

a finite-difference method of solution for computations on the Sl (blade­

to blade) and S2 (hub-to-shroud, i.e. meridional) computational surfaces. 

Since Wu, a diversity of solution methods have emerged ,through 

efforts aiming at solving Wu's equations on the Sl surface, or the S2 

surface or on both by iteration. 

The various finite difference procedures begin by breaking the 

flow field into a grid or network system with a set of node points. At 

each node point, finite difference expressions are written to approximate 

the differential operators from the governing equations prior to solution 

by a difference technique. Linearization is accomplished with a variety 
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of techniques ranging from lagging the evaluation of certain terms from 

one iteration to the next, to the utilization of various mathematical 

linearization operations. The procedures require a damping factor in 

order to stabilize the calculations and assure convergence. 

Using finite difference methods Marsh [18] (1966) developed a 

computer program for the through flow problem on the midchannel S2 sur­

fac~, Katsanis [19] (1969) developed a program for transonic flow on 

the blade-to-blade (Sl) streamsurfaces, Bosman and El-Shaarawi [20] 

(1976) calculated the flow on the blade-to-blade (Sl) and hub-to-shroud 

(S2) surfaces, Farrel and Adamczyk [21] (1981) solved the blade-to-blade 

flow on the Sl. surface. 

Smith [22] (1966) presented the fundamentals of the streamline 

curvature methods. Streamline curvature methods gained early popularity 

due to their intrinsic ability to handle odd geometric boundary shapes 

with ease, and the convenience of quasi-orthogonals to rigorously estab­

lish a general "grid network". Quasi-orthogonals are lines arbitrarily 

placed across the flow field, roughly perpendicular to the streamlines. 

The momentum equation is written and solved along the quasi-orthogonal. 

An important part of the streamline curvature approach is the utilization 

of some curve fitting technique. The curve fit procedure ties together 

the flow field between upstream an downstream locations thus preserving 

the "ellipticity" of the flow field. The approach involves first deriv­

atives .along the quasi-orthogonals while first and second order deriv­

atives are used along the streamline. The quality of the curve fit is 

extremely important to this method. Accuracy, stability and speed are 

directly connected to the quality of the curve fit. Linearization is 



not required but damping is necessary to as~sure stable convergence. 

Katsanis [19] extrapolated a reduced flow subsonic solution, 

obtained by a finite difference method, to transonic flow by making 

11 

use of the streamline curvature techniques (1969). Streamline curva­

ture methods were used by Senoo and Nakase [23] (1972) to solve the 

flov/s on the Sl and S2 surfaces, by Katsanis and Mc Nally [24] to calcu­

.late the flow on the hub-to-shroud (S2) mid-channel surface (1973), by 

Novak [25] to calculate the mean stream sheet (S2) flow (1975). Later 

in 1977 Novak and Hearsey [26] used Novak1s method to solve the flow on 

blade-to-b1ade (Sl) streamsurfaces. In 1981 Kundig [27] presented a 

streamline curvature solution on the mean blade-to-blade (Sl) stream­

surface. 

Application of the finite element method to fluid flow problems 

is very recent. Since 1974 several papers have been published in·the 

open literature dealing with the application of the finite element 

methods to either the blade-to-blade (Sl) or the hub-to-shroud (S2) flow 

solutions. The finite element techniques usually utilize variational 

principle formulations or a weighted residual Ga1erkin procedure. The 

flow field is broken into a system of node points defining a series of 

finite elements. On each element the field variable (either the stream 

function of the velocity potential) is assjgned a certain variation 

determined by the adjacent nodal values, the form of which gives the 

interpolation functions. Using the interpolation function representation 

of the field variable in the variational principle formulation or alter-

·nate1y in the Galerkin procedure such that the weight functions are 

equal to the interpolation functions, algebraic equations are obtained 
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for the elements. The so-called global system equations are obtained by 

assembling all the equations for all elements. The resulting system of 

nonlinear equations is solved by conventional techniques. 

Adler and Krimerman [28] (1974) were the first to apply the 

finite element method to thro~gh flow (S2 surface) problems. In 1976 

Hirsch and Warzee [29] presented through flow (S2 surface) calculations 

in turbomachinery and discussed the applicability of their method and 

its superiorities over the previous solution techniques. Not surprisingly, 

this paper has received the attention of many investigators and attracted 

numerous foll~w-on discussions. Various other finite element solutions 

on the blade-to-blade (Sl) surfaces were reported by Adler and Krimerman 

[30] (1977),Habashi et.a1. [31] (1979) and Deconinck and Hirsch [32] (19Bl) 

In 1980 Haas and Keck [33] demonstrated the applicability of such programs 

on microcomputers. Baskharone and Hamed [34] (1981) and Akay and Ecer 

[35,36,37,38] (1981-1982) attacked the problem' of transonic cascade 

flows. With the exception of Hirsch and Warzee and Habashi et.al. all 

the references cited above made use of linear elements. 

Strictly speaking, flow solutions on Sl and S2 surfaces are 

dependent on each other and iteration is required between the two. 

Frequently, however, calculations are made without recognizing the connec­

tion. Methods of combining the Sl and S2 solutions yield the so-called 

IIquasi-three-dimensionalll solutions which exhibit notable improvement 

over the lIisolated" analyses, and yet fail to give some essential features 

of the full three-dimensional flows. As examples to quasi-three-dimen­

sional investigations one may cite Senoo and Nakase [23] (1972), Novak 

and Hearsey [26] (1977), Adler and Krimerman [39] (1978), and Hirsch and 

Warzee [40] (1979). 
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The difficulty experienced in the two-djmensiona1 solutions,and 

even in the quasi-three-dimensional solutions for that matter, is the 

impossibility of extracting from these some essential features of the 

full three-dimensional flow that may be extended to apply to technolo­

gical problems. On the other hand, a complete three-dimensional analysis 

will offer the possibility of investigating in detail very particular 

problems that may arise. There are a few complete three-dimensional 

solution programs that have been published in the open literature~ 

Laskaris [41J published in 1978 his work on the finite element analysis 

of three-dimensional potential flow in turbomachines. Laskaris used 

second-order isoparametric Lagrangian elements in discretizing the 

solution domain. Laskaris' pioneering work lacks corroborating experi­

mental evidence and comparison with other solution methods. Following 

the paper of Laskaris, Whirlow, et.al. [42J used four noded linear tetra­

hedral elements to calculate the incompressible flow in a'centrifuga1 

fan (1980). Their results compared well with experimental data. Finally, 

Sarathy [43] (1981) solved the three-dimensional flow field in turbomac­

hinery by using a time-marching finite difference solution technique 

based on the Denton [44J flow solver. Sarathy also presented a compar­

ison between his calculations and experimental results. 

The theory of the two-dimensional flow about airfoil blades has 

been fundamental to the development of turbomachinery, because it can be 

used ~ith fair approximation to represent the actual flow. However, the 

turbomachine technology has now reached a level of sOPQistication which 

requires more detail and more accuracy. The aftereffects of the recent 

energy crisis, the increa~ing standards and requirements of the aircraft 
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i;ndustry together with the new areas of appl ication such as the automotive 

gas turbines all indicate the need for more accurate representation of the 

flow in turbomachinery. With the advent of remarkably fast and versatile 

computers, complex computational procedures can now be tailored into handy 

and effective design tools. 

In fact, the actual three-dimensional flow in a turbomachine is 

neither inviscid nor steady, it is rotational and irreversible. Owing to 

the relative motion between successive rows of blades, the flow is far 

from steady. Owing to the presence of many fixed and moving boundaries 

there are substantial boundary layer and other secondary flow effects. 

The logical approach to this problem is to introduce one step of compli­

cation at a time. The present intent is to deal with the steady, com­

pressible, three-dimensional, potential flow. 
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I I I. ANALYSIS 

The present study is concerned with the analysis of three-dimen­

sional, c01lpressible flows in axial-, radial-, or mixed-flow turbomachi­

nery under the limitations of steady and potential flow conditions. The 

basic approach is to isolate a single blade row (which may be stationary 

or rotating at a contant speed) and consider the flow in one of the blade 

passages as representative of the total flow through the entire row of 

blades. It is assumed that the fluid is inviscid and enters this 

"characteristic"· passage with uniform entropy, uniform total enthalpy 

and zero vorticity. Under these conditions, Kelvin's circulation theorem 

ensures irrotationality of the absolute flow throughout. The analysis 

is restricted to subsonic flows which may have local supersonic spots. 

The fluid is either incompressible or assumed to be accurately represented 

by the perfect gas law. 

This chapter begins with a presentation of the classical velocity 

potential formulation of the problem stated above. An equivalent varia­

tional formulation is then described. This formulation incorporates a 

quasi~linearization concept which leads to iterative solution. Density 

distribution is assumed to be given by a previous solution and therefore 

has no variation. The problem of three-dimensional, compressible, poten­

tial flow in turbomachinery is thus reduced to the determination of the 
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absolute velocity potential distribution which minimizes an equivalent 

functional in the solution domain with appropriate boundary conditions. 

A finite element method is developed to solve this problem. The 

remainder of the chapter treats the basic features of the finite element 

method and the computer code developed. Details are given in the Appendices. 

3.1 THEORY OF THREE-OIt1ENSIONAL FLOW IN TURBOf.1ACHINERY 

The fundamental equations governing the three-dimensional flow 

of an inviscid, compressible fluid through a turbomachine will be developed 

with respect to the moving coordinate system shown in Figure 1. The system 

defined by the coordinates (rze) is rotating at constant angular speed, w, 

about the z-axis of the fixed cartesian system (xyz). Here, z represents 

the axial coordinate along the centerline of the machine, r the radial 

coordinate and e the tangential coordinate measured relative to the blade 

leading edge. 

The equation of continuity is given by [45] 

(1 ) 

For flow through a blade passage rotating at constant angular 

velocity about the z-axis, Eu1er ' s equation of motion may be written 

as follows (e.g. see Wu [17]). 

ow -r -+ -r 
w2 r + 2w x \~ = 

Ot 

1 

p 
(2 ) 

where W, P and p denote the relative velocity vector, pressure and density 

res~ective1y. It should be noted that the substantial derivative and the 
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FIGURE 1 - Moving Coordinate System 
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gradient operator are defined here with respect to the rotating coordinate 

system. 

Using Gibb's relationship 

dP T ds = dh - -­
p 

( 3) 

where T, sand h denote the temperature, entropy and enthalpy, respect­

ively, and noting 

+ + 

~ = ~+ W-·VW (4) 
Dt at 

Eq. (2) becomes, 

+ aw ;t;;+, 2+ + + + + -- + W·vw - 00 r + 200 x W = -Vh + T Vs (5 ) 
at 

The convective acceleration term is given by the vector identity 

+++ + ;t; + 1 + 2 
W·VlrJ :: -W x v x W + - V(l~ ) 

2 

Substitution of the above into Eq. (5) yields 

,,+W =* + 
_0 __ W x (v x W + 2~) = -~I + T Vs 

at 

where the rothalpy, I, is defined as 

where 

I :: h + __ 1 __ W2 - __ 1 __ (wr)2 = H - w(r Va) 
2 2 

H = stagnation enthalpy = h + __ 1 __ V2 
2 

(6 ) 

(7) 

(8) 

(9) 

The relative velocity, W, is related to the absolute velocity by 
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+ ~ + + w = v - w x r (10) 

Hence, 

+ + + ~ + + + 
V x W = V x V - V x(w x r) (11 ) 

But 

Therefore, an alternative form of Eq. (7) which involves the vorticity 

of the absolute motion is 

~ 

~ - W x V x V =-VI + T vs 
at 

For stationary blades Eq. (12) reduces to 

~ av ~ + ~ + + 
-- - v X V x V = -VH + T vs 

at 

(12 ) 

(13 ) 

If the f1 uid enters the stator of a turbomachine with uniform 

Hand s and zero vorticity and if the flow is assumed to be steady and 

adiabatic, then Ke1vin ' s circulation theorem ensures that the flow will 

remain irrotationa1 in passing through the stator. 

Under the above conditions, the flow entering the rotor has 

uniform Hand s. If, in addition, the absolute tangential velocity of 

the rotor inlet flow varies inversely with radius, as in the potential 

vortex, then from Eq. (8) the rotha1py, I, is also uniform and Eq. (12) 

leads' to the conclusion that the absolute flow through the rotor will 

also remain irrotationa1. It should be noted that if the blade rO\'1s are 

not placed too close together and no trailing vortices are shed from the 
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preceeding row, the relative flow through the rotor can be taken as 

steady. 

Under the foregoing limitations; it is concluded that the abso­

lute flow through the stationary and rotating rows of a turbomachine 

can be treated as potential flow in which the rotha1py remains constant 

throughout. Hence, the equation of motion reduces to 

and 

-+ -+ 
II x V = 0 

I = h + __ 1 __ V2 - wr Ve = constant 
2 

(14 ) 

(15 ) 

Since the absolute flow is irrotationa1, an absolute velocity 

potential, ~, may be defined as 

v = v~· (.16 ) 

or in terms of the velocity components as 

~=V =w· .. 
ar r r 

---= (17) 
r ae 

a~ --= 
az 

Substituting Eq. (16) into Eq. (1) for steady flow \'ie obtain 

(18 ) 
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On the other hand, from Eq. (15) 

h 

h. ln 
+_1_ [V~ '- V2 + 2w(r V - A )] 

2h. ln a in 
In 
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(19 ) 

where the symbol (in) refers to some reference point on the inlet plane 

and 

Ain = (r Va)in = prerotation (or inlet swirl) 

For isentropic flow of a perfect gas 

where y = Cp/Cv = specific heat ratio 

and 

h = C T = --X-- RT 
P Y - 1 

where R is the gas constant. 

(20) 

(21 ) 

(22) 

(23) 

Eq. (23) allows Eq. (19) to be written in terms of the tempera-

ture. 

T 

T. ln 
1 + I-:-l [V~ - V2 + 2w{r Va - Ain)] 

2RT. ln 
ln 

(24 ) 

The problem of steady, three-dimensional, potential flow of a 

perfect gas through the stationary and rotating rows of a turbomachine 

is governed by Eqs. (18), (21) and (24) subject to various boundary 

conditions. These equations may be nondimensionalized by introducing 

the' nondimensional quantities 
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VI V --
V. 1n 

TI T ,'=-
T. 1n 

Wi wL 
=-

V. 1n 

<1>1 
<1> --

(25) 

LV. 1n 

pi =...2....-
p. 

1n 

rl r -- , Zl z =-
L L 

where L is a referenc~ length. 

Substituting Eq. (25) into Eqs. (18), (21) and (24), and dropping 

out the primes for simplicity, we obtain the nondimensional equations 

~·(pV~) =w~ 
ae 

p = Tl/(Y-l) 

2 
(Y - 1) f~·n 

T = 1 + 2 1 [1 - V2 + 2w{r Ve - Ain)] 

V. 
where f.1. = reference f~ach number = 1 n 

1 n (YRT. ) 1/2 
1n 

(26) 

(27) 

(28) 

The analysis will be presented, henceforth, in the nondimensiona 

format unless otherwise stated. 
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The three-dimensional solution domain corresponding to a charac­

teristic blade passage and the flow boundaries are illustrated in Figure 2. 

At the inlet surface Ain and the radial variation of Vr are given. 

To avoid arbitrariness, ~ is specified at some point at the inlet surface 

as ~* and its distribution at the inlet surface is then calculated from 

(29) 

Along the side surfaces land 2 (both upstream and downstream), 

the flow conditions are periodic. That is, Vl = V2 at the same rand z. 

Hence, 

(~) 
or 1 

= (~) 
or 2 

(30 ) 

= (~) oz 2 

The first and the last conditions in the above require that 

~ = ~ + C 1 2 
(31 ) 

where the constant C is to be evaluated in the upstream and the down­

stream regions, separately. In the upstream region C is determined 

directly from Eq. (29) as 

C = Ao 68 upstream ln p 

where 68 denotes the blade pitch. p 

(32 ) 
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Surface,(1) 
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FIGURE 2 - Characteristic Blade Passage 
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By a similar argument, C in the downstream region is related to 

the outlet tangential velocity as follows 

(33) 

where the symbol (ex) refers to the exit surface. 

It is convenient to express the second condition in Eq. (30) as 

-+ 
where n denotes the unit vector normal to the boundary surface. 

At the exit surface, the distribution of the'axial velocity 

component is to be specified, 

(34) 

(35) 

Along the solid surfaces (blade, hub and shroud surfaces) the 

relative normal velocity must vanish, i.e. 

aqJ -+ -+ -- = wr(n-e ) an e (36) 

where n, here denotes the unit normal to the solid surface and ee the 

unit vector in the tangential direction. 

An iterative solution procedure is ado~ted to solve the governing 

system of nonli~ear equations. This proceduri involves a quasilineariza-

tion concept and may be outlined as follows. A flow solution is calcu­

lated,from Eq. (26) with the given boundary conditions by assuming p = 
constant initially. Estimates of the temperature and the density distri­

butions are then obtained from Eqs. (28) and (27), in sequence. This 

procedure is repeated until convergence, with .density assumed to be given 
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at each time from the previous solution. 

A major difficulty encountered in this potential flow problem is 

that the exit angle imparted to the gas stream by the blade row is usually 

not known in advance and (r V) in Eq. (33) cannot be specified. The e ex 
question arises then as to what the exit angle would be in the real situa-

tion. This difficulty could be overcome by imposing the Kutta condition 

that stipulates the equality of the pressures on both surfaces of the 

blade at the trailing·edge. The Kutta condition cannot be imposed ex­

plicitly. Instead, amongst several solutions obtained for a reasonable 

range of (r Ve)ex the one that satisfies the Kutta condition is identified 

as the true solution and the corresponding exit· condition gives the actual 

flow deflection' within limitations of the present analysis (inviscid flow). 

3.2 VARIATIONAL FOR~·1ULATION 

Variational analysis is used to determine an extremum problem 

which is equivalent to the differential formulation developed above. 

The nondimensional functional, K, associated with the nondimen­

sional differential equation (26) must satisfy 

oK = <o~,L¢ - ~> = 0 
ae 

where L is a differential operator defined as 

( 37) 

L = _1 __ d_(pr _d_) + _1 _ _ d_ (p _d_) + _d_(p _d_) (38) 
r dr dr r2 de de dZ dZ 

and 0 denotes the first variation. 

Eq. (37) maybe rewritten more explicitly as 
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I o~(L~}dV - I o~(w ~)dV = 0 
V v ae 

(39) . 

where V denotes the solution domain. 

It is noted that 

0[1 ~ ..1.L dV] = I Mw -2L dV +1 ~WO{!e.. )dV 
V ae V ae V ae 

(40) 

By virtue of the solution procedure described earlier, the density 

is assumed to be given by the previous solution and therefore has no 

variation. Hence, the second term on the right-hand side of Eq. (40) 

vanishes and Eq. (39) becomes 

oK: I o~{L~}dV - 0[1 ~w -2L qV] = 0 (41 ) 
V V ae 

·Using Eq. (38) the first integral in Eq. (41) may be integrated 

by parts to yield 

(42) 

where 

a~ IS = I p -- M dS 
S an 

(43) 

S : boundary of the solution domain 

and 

I = I p[~ o(~) + __ 1 __ ~ o(~) + ~ o(~)]dV (44) 
V V ar ar r2 ae ae ' az az 

Since the density is treated as having no variation, it is 

possible_to express Eqs. (43) and (44) as v~riations of surface and 

volume integrals, respectively. 



The volume integral in Eq. (44) may be rearranged to give 

On th,e other hand, the surface integral in Eq. (43) may be 

decomposed into two parts: 

28 

(46) 

where Sd and Sn denote those portions of the boundary surface which are 

characterized by, respectively, Dirichlet and Neumann type boundary 

conditions~ 

Since ~ is specified on Sd' 6~ = 0 on Sd and the Dirichlet 

boundary integral vanishes. 

IS = f p ~ dS = 0 
d Sd an 

(47) 

Expressing the i~eumann boundary integral in a manner similar 

to Eq. (40), 

and noting that 6(a~/an) = 0 on Sn (a~/an specified), we obtain 

= 6[f ~ ~ dS] 
S an 
n 

Substitution of Eqs. (42), (45), (46),(47) and (49) into 

Eq. (41) gives 

(49) 



29 

oK = o{f p~ ~ dS - -1- J p[(~)2 + __ 1 __ (~)2 + (~)2]dV 
Sn an 2 V ar r2 ae az 

- J piPw ~ dV = 0 (50) 
V ae 

Hence, the problem of steady, three-dimensional, compressible, 

potential flow in turbomachinery is reduced to the determination of the 

velocity potential distribution which minimizes the functional 

(51 ) 

where 

KV = _1 __ f p[(~)2 + -1-(~)2 + (~)2JdV + f p~~ dV (52) 
2 V ar r2 ae az V ae 

and 

a~ 
KS = J p~ ---- dS 

n S an 
n 

(53 ) 

in the solution domain by using the Dirichlet boundary conditions given 

by Eqs. (29, 31-33) and the Neumann boundary conditions given by Eqs. 

(34-36) \,/ith the density calculated at each step of iteration from 

Eqs. (27,28). 

3.3 FINITE ELEMENT ANALYSIS 

Due to the complexity of the flow geometry and the difficulty in 

imposing the boundary conditions, a finite element method will be developed 

to solve the extremum problem described above. 
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3.3.1 General Development 

In this method the solution domain is divided into numerous sub­

domains known as finite elements. The total functional, K, may then be 

written in terms of the element functiona1s (KV)e and (KS)e as 
n n 

(KS )e 
n n 

(54) 

In the above equation the subscript e denotes the elements 

under consideration, E is the total number of elements used in rep­

resenting the total domain, the subscript en refers to those elements 

which have surfaces on the Neumann boundaries and En is the total number 

of such elements. 

The field variable (velocity potential), ~, is approximated 

within each element in terms of its values at several points (called 

nodes) in that element as 

m 
~e = .2 

J =1 

N.q. 
J J 

(55) 

where Nj are the interpolation functions, qj the element coordinates 

(the nodal values of the field variable) and m is the number of nodes. 

In general, the nodes of the solution domain is the ensemble 

of the element nodes. If each element has m nodes resulting in M 

nodes in the global domain, then the element nodes can be mapped into 

the g.l oba 1 nodes by means of an (mxr~) transformation matrix. Thus, the 

element nodal values of the velocity potential (element coordinates) may 

be related to the global nodal values (global coordinates) according to 

the transformation law 
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{q}e 
(mxl) 

= [T]e {Q} 

(mxM) (Mxl) 
(56) 

where {q}e is the element coordinate vector, {Q} the global coordinate 

vector and [T]e the element transformation matrix. 

The solution to the problem at hand is that set of nodal values 

of the velocity potential, Qj , which minimizes the functional K. ~lini­

mizationof K requires setting 

-1lL = a 
aQ. 

J 

for j = 1, ... ,M (57) 

The above requirement may be expressed in terms of the sum of 

the element contributions as 

where [T]T denotes the transpose of the transformation matrix of e 

(58) 

element e and serves to map the element contribution into the global 

domain. 

The two summation terms in the above equation will be treated 

separately. Using Eqs. (52) and (55) the volume integral contribution 

of element e may be written as 

- [k]e 
(mxm) 

{q}e + {r}e 
(mxl) (mx1 ) 

(59) 

where [k]e' known as the element property matrix, and {r}e are defined 

by, 
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aN i aN . 1 aN . aN . aN . aN . 
(kij)e = J p[- _J_ +-.- __ , _J_ + __ , -J-]dV (60) 

Ve ar ar r2 ae ~ ae az az 

and 

(61 ) 

Similarly, from Eqs. (53) and (55) the surface integral contribu­

tion of a Neumann boundary element en is 

(62) 

where 

(63 ) 

In Eq. (63), (a~/an)(S) represents the boundary condition 
n en 

(Eqs. (34-36)) specified on the Neumann boundary surface S of the . n 
e1 ement en' 

Substitution of Eqs. (59) and (62) into Eq. (58) gives 

Using Eq. (56) in the above equation and defining a system 

property matrix [K] and a system right-hand side vector {R} as 

E 
[T]! [k]e [T]e [K] = L 

e=' 
and 

En 
[T]T 

E 
[T] T {r} {R} = L {r} - L .' en en e e en=, e-' 

(65) 

(66) 
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we obtain the global system equation. 

[K]{Q} = {R} (67) 

Hence, at an internal node the algebraic sum of the volume 

integral contributions from all the elements having this node in common 

is set equal to zero. However, at a Neumann boundary node this sum is 

set equal to the algebraic sum of the surface integral contributions 
. 

from all the Neumann boundary elements having this'node in common. 

Repeating the same for all the node? yields M algebraic equations for M 

unknowns. 

The Dirichlet boundary conditions impose additional constraints 

to the above formulation. To introduce these constraints, let us parti-

tion the matrix equation (67) as follows 

::: ] 1:: 1 = [:: 1 (68) 

where d represents the Dirichlet boundary nodes where the velocity 

potential is prescribed and g represents the remaining nodes, including 

the periodic Dirichlet nodes. 

Since Qd are known, we obtain the fo~lowing 

(69) 

The above equation set needs to be further modified to incorporat 

the Dirichlet type periodic boundary conditions given by Eq. (31). For 

this purpose Eq. (69) may be rewritten in the compact form 
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[Kgg]{Qg} = R* 
9 (70) 

and repartitioned as 

Kaa Ka1 Ka2 Qa R* ·a 

K1a Kll K12 Q1 = R* 
1 (71 ) 

·0 

K2a K21 1<22 Q2 R* 
2 

where subscripts 1 and 2 represent the periodic nodes on side surfaces 

1 and 2 respectively and subscript a the remaining nodes. 

From Eq. (31) we have 

Hence, Eq. (71) becomes 

(Ka1 +Ka2 ) -I 

(Kll +K21 )+( K12+K22 )J Q1 

R*+K C a a2 

(72 ) 

= (73) 

Finally, we close up the formulation by showing that the net 

effect of the Neumann type periodic boundary conditions on the above 

equations is zero. In 1 ight of Eqs. (34) and (63) it is noted that the 

surface integral contributions from the Neumann type periodic boundary 

elements to Ri and R~ are equal and opposite in sign. Since Ri and R~ 

are added in Eq. (73), these will cancel and the net contribution of 

the periodic surface integrals will vanish. A similar argument conducted 

in the global domain with the help of Eqs. (34) and (49) leads to the 

same conclusion. Hence, the Neumann type periodic boundary integrals 

need not be calculated. 



The solution to the above set of linear algebraic equations 

(Eq. (73)) minimizes the discretized form of the functional, K, given 

by Eq. (54), and therefore, it represents an approximate solution to 

the potential flow problem under consideration for a given density 
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distribution. Iteration by the use of Eqs. (27) and (28) leads to the 

final compressible flow solution. 

3.3.2 Determination of Element Contribution for 

Tetrahedral Elements 

The solution domain is discretized by using ten-node tetrahedral 

elements (Figure 3) which allows quadratic interpolation of the velocity 

potential in Eq. (55). 

1~----

2 
z~ 

\ 

\ 

FIGURE 3 - Ten-node Tetrahedral Element 

\ 

\ 
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The element geometry is related to the nodal values of the 
\) 

coordinates r, Sand z by using either linear or quadratic interpolation 

functions. If the same quadratic interpolation functions that approxi­

mate the velocity potential in an element are used to interpolate the 

coordinates in terms of their nodal values as 

10 
r = .L 

J=l 

10 

N.r. 
J J 

S -= 2 N.s· 
j=l _ J J 

10 
z = .2 

J =1 

N.z. 
J J 

(74 ) 

where r j , Sj and Zj denote the coordinates of the jlth node in the element, 

then curved sided elements may be implemented so as to enable better approx­

imation of the blade profile. This formulation which uses the same order 

of interpolation for the element geometry as for the velocity potential 

is referred to as an lIisoparametric ll formulation. 

An alternative simplified formulation may be obtained in terms 

of linear tetrahedral elements in which coordinates are related to the 

four corner nodes (nodes 1-4 in Figure 3) through the relationships 

10 
r = 2 

j=l 

10 
S = I 

j =1 

10 
Z = 2 

j=l 

t·r. 
J J 

t.S. 
J J 

t·Z. 
J J 

(75) 
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where ~. denote a set of linear interpolation-functions. The simplified 
J 

formulation in which a lower order of interpolation is used for the 

element geometry is said to be a "subparametric" formulation. 

Use of a normalized local coordi~ate system will facilitate the 

construction of interpolation functions in developing the finite element 

formulations. The natural coordinates, L. (i = 1,2,3,4), of a point 
1 

within a tetrahedral element may be defined as. the ratios of the volumes 

subtended by lines connecting this point and the vertices to the total 

volume. With reference to Figure 4 the natural coordinates are given by 

volume 
Li = volume 

J 

FIG0RE 4 - Local Coordinates 

(76) 



38 

In view of Eq. (76), L. varies from a 'at surface jkt to 1 at 
1 

vertex i and we have 

Thus the natural coordinates are not independent. This difficulty 

may be resolved by considering Ll , L2 and L3 as an independent system and 

L4 ~s a dependent coordinate given by Eq. (77). Derivatives in this system 

of natural coordinates may be transformed into the cylindrical coordinate 

system as follows 

= dr de--E.. 
aL2 aL2 aL2 

ar ae L 
aL 3 aL3 aL3 

_a_ 
ae 

_d_ 

az 

(78) 

The ,transformation matrix in the above equation is known as the 

Jacobian matrix, J. The volume elements in the two coordinate systems 

are related through the determinant of the Jacobian matrix as 

dr de dz = det J dLl dL2 dL3 (79) 

Assuming that the Jacobian matrix possesses an inverse, J-
1

, that 

is, the transfor~ation is one-to-one, we may write 

a a 
ar- all 

a -1 a (80) ae = J ~ 
a a 

az aL3 



The quadratic interpolation functions N. used in approximating 
J 
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the velocity potential in Eq. (55) are given in terms of the local coor-

dinates as 

N. = L. ( 2L. - 1) 
J J J 

N5 = 4L1L2 

N6 = 4L2L3 

N7 = 4L1L3 

N8 = 4L1L4 

N9 = 4L2L4 

Nl ()= 4Ll4 

j = 1,2,3,4 

(81) 

where the side nodes (5-10) are located midway between the corner nodes 

(1-4). Note that we have N. = 1 at node j and 0 at all other nodes. . J 

When combined with Eq. (76) which defines the transformation 

between the cylindrical coordinates and the local coordinates, Eq. (81) 

allows the volume and surface integrals existing in the element equations 

(Eqs. (60), (61) and (63)) to be easily evaluated with respect to the 

1 oca 1 coordinates. The detail s of the coordinate transformation for 

the cases of subparametric and isoparametric tetrahedral elements and 

the development leading to the corresponding element equations are pre­

sented in Appendices A and B, respectively. 



3.3.3 Automatic Discretization of Solution Domain 

and Computer Code 

40 

The discretization of the solution domain directly into t~trahedra1 

elements presents difficulties of visualization and could lead to errors 

in mesh construction. These difficulties may be avoided by performing 

the discretization in two stages. First, the domain is subdivided into 

eight-cornered hexahedral elements. Figure 5 i11ustrat~s the use of these 

Isupere1ements" as the building bricks of the finite element mesh. Each 

hexahedral supere1ement is then subdivided into six basic tetrahedral 

elements as shown in Figure 6. 

A general finite element computer code, TURBO, has been developed 

to solve three-dimensional, compressible, potential flows in axial-, 

radial- or mixed-flow turbomachines. The code handles subsonic flows 

with local supersonic spots. It has 'an automatic mesh generation capabi­

lity. The solution domain is automatically subdivided into hexahedral 

superelements each consisting of six internal .tetrahedra. 

The code user has the option of choosing between subparametric 

(linear) and isoparametric (quadratic) tetrahedral elements. This flexi­

bility enables high accuracy in the treatment of turbomachinery flows 

that exhibit complicated design features, such as highly twisted, curved 

and staggered blades, by the use of, curved-sided elements that best fit 

the shape of the physical boundaries. Although it is true that isopara­

metric elements can better approximate the physical boundaries and the 

dynamic characteristics of the flow (i.e. the orientation and curvature 

of streamlines) subparametric elements are more economical with respect 

to computation time. For example, on the UNIVAC 1106 computer the 
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\ 

FIGURE 5 - Domain Discretization 
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FIGURE 6 - Hexahedral Superelement 



calculation of the system property matrix corresponding to 700 tetra­

hedra requires about 30 seconds with subparametric elements and about 

6 minutes with isoparametric elements. It might be pointed out that 

the code is structured to accept any combination of these elements. 

An optimum tradeoff between accuracy and computation time may be 

obtained by using isoparametric elements at the blade boundaries and 

~ubparametric elements in the internal domain. 

The user's manual for the code TURBO is given in Appendix D. 

Appendix E contains the code listing. 

43 
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IV. APPLICATIONS 

This chapter contains the applications considered for the verifi­

cation of the finite element code developed. 

The two dimensional verification of the code is established by 

application to the Gostelow cascade. The results are compared with the 

exact solution. 

An experimental turbine stator and the first stage stator and 

rotor of a large eLectric utiLity gas turbine are the bases of comparison 

between the three~dimensional solution of the present code and the two­

dimensional midstream surface soLution of another code available in the 

public domain. This study provides a test against a code widely used in 

turbomachine caLcuLations. Surface veLocities measured in the experi­

mental turbine provide empirical evidence for the validity of the calcu­

lated Y'esuZts. 

A mixed-fLow turbine rotor is considered to demonstrate the full 

three-dimensional capability of the code. ResuLts are assessed upon 

comparison with another three-dimensionaL soLution previously published. 



4.1 APPLICATIONS TO TWO-DIMENSIONAL INCOMPRESSIBLE CASCADE 

FLOW AND COMPARISON~JITH EXACT SOLUTION 

45 :, 

The two-dimensional cascade shown in Figure 7 has been used to 

prov~de a partial validation of the computer code. The airfoil shape 

and the solution to the incompressible flow in this cascade have been 

obtained by Gostelow [15] through the application of Merchant and Collar 

transformation [14] to a set of ovals. The cascade parameters and the 

blade coordinates'are presented in Table 1 and AppendixC, respectively. 

The notation used in Table 1 is defined in Figure 8. 

A total of seven runs was made using the Gostelow cascade. The 

key input parameters to these runs are given in Table 2. 

Since the cascade is two dimensional, the solution domain is 

represented by a single layer of hexahedral superelements. Figure 7 

shows the top view of the finite element mesh structure employed in the 

first four runs. A total of 105 hexahedral and 630 tetrahedral elements 

is used in these runs giving rise to a total .of 837 nodes, 66 of which 

fallon the blade surfaces. This represents the finest mesh possible 

on the UNIVAC 1106 of the Bogazici University Computer Center. Runs 

No. 1-3 are the primary test cases which provide comparison of the 

results from the present code with the exact solution for three different 

inlet flow angles. In all the runs except Run No.4 the blade surfaces 

are approximated by isoparametric elements while the internal domain is 

described in terms of subparametric elements. Run No.4 employs subpara­

metric elements throughout and aims to reveal the resulting effect on 

accuracy. Run No. 5 i nvo 1 ves the same grid confi guration as in the 
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FIGURE 7 - Top View of the Finite Element Mesh Structure Employed 
for the Gostelow Cascade 
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Lift Force 
perpendiCUlar! F.L 
to Chord 

Stagger ___ ~_Ch_ord, C' 

~--~~- ~ 

~==-----~I 

5 

I 

~ex 
Vex 

o(in 

Camber Line r--- Axial Chord, C ~ 
FIGURE 8 - Cascade Nomenclature 

TABLE 1 - Gostelow Cascade Parameters 

Axial Chord . Space to Inlet Blade Outlet Blade Stagger 
to Chord Chord Angle Angle Angle 

Ra t i 0 (C/ C I ) Ra t i 0 ( S / C I ) CL'in (deg.) CL~x (deg.) S 

0.79335 0.9901573 52.9 -20.8 -37.5 
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Blade 
Profile 

See 
Appendix 

C 



TABLE 2 - Key Parameters Used in the Gostelow Cascade Validation Runs 

Run Inlet Inlet Flow No. of Subdivision No. of Type of 
No. Mach No. Angle (ll(deg.) Hexahedra of Hexahedra Tetrahedra Tetrahedra 

1 Incomp. 47.5 105 R 630 I + S 

2 Incomp. 53.5 105 R 630 I + S 

3 Incomp. 59.0 105 R 630 I + S 

4 Incomp. 53.5 105 R 630 S 

5 Incomp. 53.5 105 X 630 I + S 

6 Incomp. 53.5 15 R 90 I + S 

7 Incomp. 53.5 50 R 150 I + S 
- ----- '-------- ~ - - --

I Isoparametric 

S Subparametric 

R Regular subdivision - Top view 

X :. Irregular subdivision - Top view 

No. of 
Nodes 

837 

837 

837 

837 

837 

231 

693 
---

.j::. 

co 



49 

preceding four cases. The only difference is in the subdivision pattern 

of the superelements. Each hexahedral superelement is subdivided along 

its longer diagonal thus producing tetrahedral elements with high aspect 

ratio. This run is intended to establish the effect of element aspect 

ratio. Runs No. 6 and 7 have coarser meshes (See Figure 9) and thus 

reflect the effect of grid re'solution. 

The key output parameters for these computer runs are given in 

Table 3. Also shown in the table are the numbers of the figures in which 

the calculated blade surface pressure distributions are compared with the 

corresponding exact solution. The lift coefficient, CL, is defined as 

foll ows, 

(82 ) 

c· 

where FL denotes the lift force perpendicular to the blade chord and C' 

denotes the blade chord (See Figure 8). 

C
L 

is calculated by integrating the pressure distribution over 

the blade surface and using the above definition. 

The surface pressure distributions are expressed in terms of the 

pressure coefficient, CP' defined as follows, 

p - P. 
In 

Cp = 
1 2 

-2- pV. ln 

(83) 

Using the nondimensional quantities introduced in Chapter III, 

the above definition may be rewritten as 

(84) 



FIGURE 9 - Top View of the Coarse Meshes Employed in Cases 
6 and 7 for the Gostelow Cascade 
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TABLE 3 - Key Results of the Gostelow Cascade Validation Runs 

Run Figure Flow Exit Flow Deflection Lift Coefficient, CL Computer 
No. No. Angle (lex (deg.) o = (l. + (l % Error Execution ,n ex Present Exact Time (min) 

Code Solution 

1 10 -29.5 18.0 0.59 0.616 4.22 35 

2 11 -30.0 23.5 0.71 0.7448 4.67 35 
i 

3 12 -30.4 28.6 0.72 0.84 14.29 35 

4 13 -30.0 23.5 0.666 0.7448 10.58 31 

5 14 -30.0 23.5 0.652 0.7448 12.19 35 

6 15 -30.0 23.5 0.654 0.7448 12.19 3 

7 15 -30.0 23.5 0.706 0.7448 5.2 12 
- -~- ~ ~ ~-~ - --- - - - - ---- ------ -- ~ - --- - --

CJ1 
--' 



where again, for simplicity, no symbolic distinction is drawn between 

dimensional and nondimensional quantities. 
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Now let us turn our attention to the comparison of calculated 

surface pressure distributions and exact solution for the aforementioned 

computer runs. Figure 10 shows that good agreement exists for the inlet 

angle of 47.50
. As indicated by Figures 11 and 12, the agreement is also 

good for the inlet angles of 53.5° and 590 on the pre~sure side. However, 

as the inlet angle increases, the calculated pressure distribution on the 

suction surface ten9s to deviate from the exact solution. This is not 

surprising in light of the fact that the corresponding increase in flow 

deflection makes it difficult to calculate the accelerating flow near the 

1 eading edge of the suction surface. If it \'/ere possible to improve the 

grid further, the suction surface calculation would more accurately match 

the exact solution. 

Figure 13 gives an interesting comparison between Runs No.2 and 

4 which approximate the blade surface with isoparametric and subparametric 

elements, respectively. Results indicate that the use of subparametric 

elements deteriorates the solution near the leading edge considerably. 

Evidently,this is a critical region which requires high grid resolution 

due to rapidly changing flow and forbids use of subparametric elements 

due to large surface curvature. 

Figure 14 shows the adverse effect of changing the internal 

division pattern of the hexahedralsuperelements. The resulting increase 

in the aspect ratios of the tetrahedral elements causes a reduction in 

the, accuracy of calculations. As before, the region most affected is 

the blade leading edge. 
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The remaining two cases involve coarser mesh configurations which 

highlight the effect of grid resolution. As indicated in Figure 15, the 

effect of reducing resolution is to degrade the predictions. at the leading 

edge. The accuracy at the trailing edge is surprisingly good even for the 

coarsest mesh. It is interesting to note that. beb/een Runs No. 2 and 7 

there corresponds only a 0.5 % improvement in lift coefficient prediction 

to a threefold increase in execution time (See Table 4). 

The results with the Goste1ow cascade suggest that to obtain good 

numerical results four items become critical: 

1. Sufficiently fine mesh configuration within the core 

memory 1 imitations of the existing. computer, 

2. Finer resolution of the grid near the blade leading edge, . 

3. Isoparametric elements at the blade surface, and 

4. Domain subdivision into elements with aspect ratio as 

near unity as possible. 

4.2 APPLICATIONS TO AXIAL-FLOW TURBINES AND COMPARISON WITH 

EXPERIMENTS AND TWO-DIMENSIONAL ISTREA~1SURFACE" 

CALCULATIONS 

The calculations with the Goste1ow cascade have verified the 

applicability of the code to two-dimensional incompressible flows. We 

now proceed to show its validity in two-dimensional compressible flow 

calculations. 
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For this purpose we consider three run~ concerning an experimental 

turbine stator [45] used at the NASA Lewis Research Center and the first 

stage stator and rotor [46] of a large electric utility turbine .. The 

validity of the code is tested by using the surface velocities measured 

at the midstreamsurface of the experimental turbine [45] and the two­

dimensional midstreamsurface calculations of Katsanis' code [19]. Expe­

rimental verification is not possible for the latter two cases (the first 

stage rows of the electric utility turbine) as no data are available at 

present. However, comparison with the TSONIC code widely used in turbo­

machine calculations lends confidence in the compressible flow capability 

of the present code. The TSONIC code obtains transonic flow solution in 

two stages: (1) the weight flow is reduced sufficiently so the flow is 

completely subsonic throughout the passage and a solution is obtained to 

the streamfunction equation based on this reduced weight flow, and 

(2) the transonic velocity distribution is determined based on the actual 

weight flow by means of a velocity gradient solution. 

Figures 16-18 show the mesh configurations used in the three runs. 

These configurations composed of two layers of 4 x 15 hexahedral super­

elements are the finest that could be achieved on the existing computer. 

Since the results are to be compared with data on the midstreamsurface, 

it is not necessary to treat the entire span of the blade-to~blade channel. 

The solution region considered in each case is indicated in the correspond­

ing figure. It is worth mentioning thatsubparametric elements are used 

everywhere except at blade surfaces which are approximated by isoparametric 

elements. It is also important to note that from the two alternative sub­

division patterns of hexahedral superelements -the one which produces the 
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optimum aspect ratio is chosen. Some important geometric parameters and 

the blade coordinates are given in Table 4 and Appendix C, respectively. 

Table 5 summarizes the key input parameters to these runs. 

The key output parameters obtained from these computer runs are 

given in Table 6. This table also shows the numbers of the figures that 

compare the blade surface velocity distributions calculated by the present 

cod~ with the experimental data and/or the results from the TSONIC code. 

It might be mentioned that all of the three runs have converged after four 

density iterations, the maximum relative change in velocity potential in 

the final iteration being less than 2 %. 

Figure 19 shows that the present results for Run No.1 agree very 

well with the experiments and the TSONIC predictions obtained on a 20><63 

finite difference grid. The truly excellent agreement with the measured 

velocities near the leading and the trailing edges is especially note­

worthy in view of the usual difficulty for potential flow methods to treat 

these regions. in fact, the trailing edge calculation of the TSONIC code 

is way off. The pressure and suction surface velocities calculated by 

the present code merge smoothly at the trailing edge showing that the 

Kutta condition is fulfilled. 

Figure 20 shows the constant Mach number contours corresponding 

to Run No.1. The Mach level is low at the inlet but increases in the 

blade passage going up to 0.9 on the suction side of the blade trailing 

edge .. There is a considerable decrease in the Mach level right after 

the trailing edge probably due to the absence of any viscous blockage 

effects in the analysis. 



TABLE 4 - Geometri c Parameters at Midstreamsurface for Two-[}imensi ona 1 Compress i b'l e 

Flow Runs 

Run Description No. of Chord Axial Chord Blade Inlet Blade Exit 
No. Blades C',(ft) C', (ft) Angle Angle Stagger 

. <Xi n (deg.) <Xex (deg.) 

1 Experimenta 1 50 0.0576 0.043 0 59 Clock-
Stator wise 

2 Turbine 48 0.579 0.417 0 -60 Counter-
Stator clock-

wise 

3 Turbine 95 0.323 0.297 32 49 Clock-
Rotor wise 

Blade 
Prof; 1 e 

See 

Appen-

dix C 

C"I 
(J1 



Run 

TABL~ 5 - Key Input Parameters to Two-Dimensional 
Compressible Flow Runs 

Rotational No. of No. of 

66 

Subdivision 
No. Speed,(rpm) M. ln ain(deg.) Hexahedra Tetrahedra of Hexahedra 

1 

2 

3 

Run 
No. 

1 

2 

3 

0.0 0.21 0.0 120 720 C 

0.0 0.21 0.0 120 720 CC 

3600.0 0.90 66.7 120 720 C 

C: Subdivision for clockwise stagger - Top view ~ 
CC: Subdivision for counterclockwise stagger - Top view & 

TABLE 6 - Key Output Parameters from Two-Dimensional 

Compressible Flow Runs· 

Figure f4 aex( deg. ) 0 = a. + a Computer Exe-
ex ln ex cution Time No. 

(min) 

19 0.64 -67.0 -67.7 155 

21 0.67 -66.7 -66.7 155 

22 0.24 15.5 82.2 155 

No. of 
Nodes 

1395 

1395 

1395 
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FIGURE 20 - Constant Mach Number Contours on the Midspan Blade-to­
Blade Surface of Revolution of the Experimental Turbine 

Stator 
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Comparisons of the blade surface velocity distributions calculated 

by the present code and the TSONIC code for the first stage stator and 

rotor rows of the electric utility turbine are shown in Figures 21 and 22. 

The TSONIC calculations are based on a 20x43 finite difference grid. The 

agreement between the two methods is generally satisfactory. Results 

suggest that the maximum discrepancy occurs around the leading and trailing 

edge~. At the trailing edges the TSONIC predictions are clearly in error 

on account of not meeting the Kutta condition. In the case of the rotor, 

the present code predicts the location of stagnation as somewhat detached 

from the leading edge. The validity of this prediction has been tested 

by applying Katsanis' MAGNFY code [47J. This code allows the coarse-mesh· 

solution from the TSONIC code to be magnified by a chosen magnification 

factor in a small rectangular region. The MAGNFY code .used by Gunes and 

MengUtUrk [48~ to obtain a detailed fine-mesh solution around the leading 

edge confirms the location of rotor blade stagnation indicated by the 

present code. 

The midstreamsurface Mach contours for Runs No. 2 and 3 are plotted 

in Figures 23 and 24, respectively. It is important to note that the Mach 

levels calculated at the stator outlet do not match the rotor inlet condi­

tions. It is believed that this particular behaviour can be attributed 

to the absence of viscous blockage effects in the analysis. In reality, 

the boundary layer build-up on the blades, the casing and the hub and the 

wake flow formation greatly reduce the effective flow area behind the 

blades resulting in increased outlet velocities. Thus, the inviscid flow 

solution fails to predict accurate Mach numbers at the outlet. 
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FIGURE 23 - Mach Number Contours on the Midspan Blade-to-Blade 
Surface of Revolution for the Stator Row of the 

Electric Utility Turbine 
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FIGURE 24 - Mach Number Contours on the Midspan Blade-to-Blade 
Surface of Revolution for the Rotor Row of the 

Electric Utility Turbine 
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4.3 APPLICATION TO A MIXED-FLOW TURBINE AND, COMPARISON 

WITH THREE-DIMENSIONAL CALCULATIONS 
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The final test of the code is the demonstration of its ability to 

predict the three-dimensional flow. This is achieved by applying the code 

to the mixed-flow turbine rotor considered by Laskaris [41J and comparing 

the results obtained by both methods. Since Laskaris disclosed no geomet­

ric'data on this turbine rotor, the coordinates of the blade profile and 

the hub-to-shroud walls had to be measured from the figures supplied in 

his paper. These measurements which inevitably involve some degree of un­

certainty (± 0.25 cm) are given in Appendix C. The geometry constructed 

based on the measured coordinates is reproduced in Figures 25 and 26 which 

show, respectively, the blade-to-blade and the hub-to-shroud sections of 

the blade passage. Also shown in these figures is the mesh configuration 

used in the present calculations. This configuration consists of two layers· 

of 4x15 hexahedral superelements which represents, as before, the best pos­

sible mesh on the existing computer. To cover the entire passage each hexa­

hedral block is extended half the blade span making element aspect ratios 

too high. Had the machine core storage limitations permitted, it would 

have been appropriate to increase the number of layers used. The present 

mesh configuration involves 5x9x31 nodal points in the r, e and z direc­

tions, respectively. , This compares favorably well with the 5x9x29 noded 

mesh configuration used by Laskaris. It should be pointed out that Las­

karis', analysis is based on Galerkin's method applied over 27 node second­

order Lagrangian elements whereas the present method relies upon variational 

formulation over 27-node hexahedral superelements each made up of six basic 

tetrahedral elements. 
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The key input parameters used in the computer run were estimated 

from the data given by Laskaris. These are shown in Table 7 together with 

some important output parameters. The total execution time of 164 minutes 

is to be compared with the 160 minutes required by the Laskaris code on 

the GE 605 computer. 

TABLE 7 - Key Input-Output Parameters for Mixed-Flow Rotor 

Key Input Parameters: 

t~id-span No. of No. of No. of 

(Vr)in (Ve) . 1n (Vz)in w(rpm) Hexahedra Tetrahedra Nodes 

70 (m/s) 283 (m/s) 273 (m/s) 3600 120 720 1395 

Key Output Parameters: 

. Mid.:.span No. Qf Computer Execution 

. (V r) ex (Ve)ex (Vz)ex 
Iterations Time 

140 (m/s) 140 (m/s) 170 (m/s) 4 164 min 

Comparisons of blade surface pressure distributions are presented 

in Figures 27-29 at three different sections: hub, mid-span and shroud. 

In these figures pressures are nondimensional with respect to the rotor. 

inlet pressure (l.04xl0 6 N/m2~ Laskaris' results originally given as nor­

malized with respect to a reference pressure of 1.Oxl06 N/m2 are reproduced 

here in the new format. It is noted that the present results are qual ita-

tiyely in agreement with Laskaris' calculations. Essentially similar 

trends are indicated by both methods. For e~ample, it is observed that 
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surface pressure gradients tend to increase tow~rd the shroud. This is 

true for both the positive and the negative pressure gradients. Since 

the former indicates possibility of flow separation, it may be concluded 

that the separation tendency increases with radius in this turbine. At 

the shroud section Laskaris predicts a critical zone with adverse pres­

sure gradient on the pressure surface near the blade nose whereas our 

calculations indicate an additional one on the suction surface halfway 

between the leading and trailing edges. Interestingly, the two solution 

methods display satisfactory agreement around the blade nose in spite of 

the fact that this is often the most problematic area in numerical calcu-

1 afions. The differences increase after approximately 20 % axial chord 

from the leading edge. The maximum deviations occur on the suction 

surface at about 60 % axial chord at the hub section, 50 % at the mid-span 

and 40 % at the shroud. The agreement on the pressure surface is rela­

tively satisfactory except toward the trailing edge where the Kutta con­

dition appears to indicate somewhat different exit conditions. As an 

overall observation our calculations'seem to be consistently overpredict­

ing the variations in pressure. This consistent pattern leads us to 

suspect that the profiles considered by the two codes are slightly dif­

ferent as a result of the errors that may be involved in reproducing 

Laskaris' blade profile. For example, it may be argued that the over­

acceleration occuring over the suction surface may be reduced by shaving. 

off this surface slightly. To support this idea and also to demonstrate 

the ability of the code as a design tool, calculations have been repeated 

using the modified profile shown in Figure 30. The maximum change made 

in the blade profile is-0.004 radians (corr~sponding to -0.23 cm at the 
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shroud) which is within the estimated error"band of±O.25 cm. Results, 

also included in Figures 27-29, exhibit considerable improvement. 

Figures 31, 32 and 33 show the relative velocity vector5 calcu­

lated by the present code, respectively, on the surface midway between 

two successive blades extending from hub to shroud, on the midspan blade­

to-blade surface of revolution and on the passage cross-sectional plane 

at the blade trailing edge. These figures illustrate some of the three­

dimensional aspects of the flow. 

The b1ade-to-b1ade Mach number contours are shown in Figures 34 

and 35 for the hub and shroud sections, respectively. Figure 36 shows 

the Mach number contours calculated on the surface midway between blades. 

The contours calculated by Laskaris are also plotted at the bottom of 

each figure, for comparison. It is seen that results are in good agree­

ment in both pattern and magnitude. 

Finally, Figure 37 depicts the Mach number contours on the passage 

cross-sectional plane at the trailing edge for which no data is available 

for comparison. 
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FIGURE 34 - Comparison of Blade-to-Blade Mach Number Contours 
Calculated by the Present Code and Laskaris' Code 

at the Hub Section of the Mixed-Flow Turbine 
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FIGURE 35 - Comparison of Blade-to-Blade Mach Number Contours 
Calculated by the Present Code and Laskaris' Code 

at the Shroud Section of the Mixed-Flow Turbine 
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FIGURE 36 - Comparison of Mach Number Contours on the Surface 
Midway Between Blades by the Present Code and 

Laskaris' Code for the Mixed-Flow Turbine 
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FIGURE 37 _ Mach Number contours on the Passage Cross-Sectional 
Plane at the Trailing Edge of the Mixed-Flow Turbine 

Calculated by the Present Code 
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V, CONCLUSIONS AND RECOMMENDATIONS 

1. Based on the finite element analysis presented in this thesis, a 

computer code has been developed for calculating three-dimensional, 

compressible, potential flows in axial-, radial- or mixed-flow 

turbomachinery. 

2. Applications of the code to the Gostelow cascade, an experimental 

turbine stator, the first stage stator and rotor of an electric 

utility turbine and finally to a mixed-flow turbine rotor are 

presented. The validity of the code is established by comparing 

the results with the exact solution, experimental data and calcu­

lations by other numerical methods. 

3. The present code handles subsonic flows with local supersonic 

spots. The analysis may be extended to include shock fitting 

and shock capturing techniques so as to enable the analysis of 

transonic flows. 

4. The analysis should be extended to the solution of rotational 

fl ows. 

5. Viscous effects are not included in the present code. It is 

poss i b 1 e to account for these effects by s uperpos ing 



secondary flows and loss models onto the solution obtained by 

the code. 

92 

6. In parallel with rapid advances in the computer technology, the 

code developed in this study will be a powerful and economical 

design and evaluation tool not totally substituting the need for 

experimentation but providing insight and direction towards better 

ideas in turbomachinery design. 
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APPENDIX A 
SUBPARAMETRIC TETRAHEDRAL ELEMENT FORMULATION 

The natural coordinates of a linear tetrahedron are the linear 

interpolation functions used in Eq. (75) of Chapter III. i.e. 5/.. = L., . J J 

j = 1,2,3,4. Hence, 

10 
r = J Lj r. 

J=l J 

10 
8= L L.8. 

j=l J J 

10 
Z: L L.z. 

j=l J J 

Here it will be convenient to 

into Eq. (Al) above yielding 

r r 1 r2 r 3. 

8 81 82 83 

z z 
1 Z2 Z3 

1 1 1 1 
~ 

(Al ) 

incorporate Eq. (77) of Chapter III 

rl+ L1 

81+ L2 
(A2) 

Z L 1+ 3 

1 LI+ 



where 

Denoting the coefficient matrix by_C we obtain 

Ll r 

L2 e 
-1 

= C 

L'j 
Z 

L4 1 

The inverse coefficient matrix may be written 

-1 1 C = 
det C 

a
l 

a2 

a
3 

a
4 

1 

1 

e" 
3 

1 

1 

b c
l 

d
1 1 

b2 c2 d2 

b c
3 

d 
3 3 

b c d 
4 4 4 

1 

1 
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(A3) 

as 

(A4 ) 

"(A5 ) 
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The remaining coefficients can be obtained by permutation of 

indices. 

It foll ows from Eqs. (A3) and (A4) that 

a.r + b.e + c.z + d. 
L

j 
= ~J __ ~J~_~J~_..!:!..J 

det C 
j = 1,2,3,4 

Note that for a given element aj , bj , cj , dj and det Care 

constants that depend on the coordinates of the corner -nodes. 

(A6) 

It can be shown that det C = det J, and therefore, from Eq. (79) 

of Chapter III we have 

dr de dz = det C dL1 dL2 dL3 (A7) 

Using Eq. (A6) derivatives of the quadratic functions, Nj , with 

respect to the cy1 indrica1 coordinates r, e and z \'1ithin an element may 

be related to the derivatives with respect to the natural coordinates as 

aN. 4 aN. a. 
J L _J 1 

= 
ar i=1 aL. det C 1 
aN. 4 aN. b. J 

L _J 1 (AS) = 
ae i=1 aL. det C 1 

aN. 4 aN. c. 
J L _J 1 

= 
az 1=1 aL. det C 1 

Hence the element property matrix, (kij)e' and the element right­

hand side vector, (r.) , given by Eqs. (60) and (61) in Chapter III, 
1 e 

respectively, may be written in terms of the local coordinates as 



97 

(A9) 

and 

(A10) 

Here the density, p, is assumed to be given by the same quadratic 

interpolation rule 

(All ) 

where Pt are the known values of the density at the element nodes. 

To evaluate Eq. (A9) and Eq. (A10) we resort to numerical integ­

ration formulae derived by Hammer et al [49]. For an integration of 

order 3 (cubic) and an error of R = O(h4) we have 

[f(a)Wa + f(b)Wb + f(c)Wc + f(d)Wd + f(e)WeJ (A12) 
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where a, b, c, d, e are locations in the element and Ware the weighting 

factors given below 

Loc L1 L2 L3 L4 W 

a 1/4 1/4 1/4 1/4 -4/5 

b 1/2 1/6 1/6 1/6 9/20 

c 1/6 1/2 1/6 1/6 9/20 (A13) 

d 1/6 1/6 1/2 1/6 9/20 
• 

e 1/6 1/6 1/6 1/2 9/20 

If it is assumed that p = p (density at the centroid of the ele­

ment and r = r (radial coordinate of the centroid of the element) then 

Eq. (A9) may be integrated analytically by using 

The element matrix, (kij)e' for this case is given in Table A-1. 
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TABLE A-1. The Element Property Matrix 

k .. = k .. 
1J J1 

for all i,j 

i = 1,2,3,4 
-

k.. = P (a ~r + b~ /r + c~r) 
11 10 det C 1 1 1 

·i=1,2,3 j = 2,3,4 

-
k .. =- P (a.a.r + b.b./r + c.c.r) 

1J 30 det C 1 J 1 J 1 J 

i = 5 k = 1 R, = 2 
i = 6 k = 2 R, = 3 
i = 7 k = 1 R, = 3 
i = 8 k = 1 R, = 4 
i = 9 k = 2 R, = 4 
i = 10 k = 3 R, = 4 

k .. = 4~~ [(aZ
k + b2k/~2+ck) + (a~ + b:/~2 + c~) 

11 15 det C x. Tv Tv 

+ (akaR, + bkbR,/~2 + ckcR,)] 

i = 1 j = 5 k = 2 i = 3 j = 6 k = 2 
j = 7 k = 3 j = 7 k = 1 
j = 8 k = 4 j = 10 k = 4 

i = 2 j = 5 k = 1 i = 4 j = 8 k = 1 
j = 6 k = 3 j = 9 k = 1 
j = 9 k = 4 j = 10 k = 3 

--
k .. pr -z + cick) (a~ + b~/rz + c~)] = [3(a.ak + b.bk/r -
lJ 30 det C 1 1 1 1 1 
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(Table A-l. Continued) 

i = 5 
i = 6 
i = 7 

i = 1 

i = 2 

i = 5 

i = 6 

j = 10 k = 1 R, = 2 m = 3 n = 4 
j = 8 k = 2 R, = 3 m = 1 n = 4 
j = 9 k = 1 R, = 3 m = 2 n = 4 

k .. = 2pr [(aR,a- + aka + aoa ) + {bob + bkb + bob )/r2 

lJ 15 det C m n ~ n . ~ m n ~ n 

j = 
j = 
j = 
j = 
j = 
j .= 

k .. 
1.J 

j 
j 
j 
j 
j 
j 

= 
= 
= 
= 
= 
= 

6 
9 
10 
7 
8 
10 

6 
7 
8 
7 
9 
10 

k = 3 
k = 2 
k = 3 
k =1 
k = 4 
k = 4 

k = 2 
k = 1 
k = 1 
k = 3 
k = 2 
k = 3 

+ (cR, cm + 

R, = 2 i = 
R, = 2 
R, = 4 
R, = 3 i = 
R, = 1 
R, = 3 

R, = 1 m = 3 
R, = 2 m = 3 
R, = 2 m = 4 
R, = 1 m = 2 
R, = 3 m = 4 
R, =2 m = 4 

ckcn + cR, cn)] 

3 j = 5 k = 1 R, = 2 
j = 8 k = 1 R, = 4 
j = 9 k = 2 R, = 4 

4 j = 5 k = 1 R, = 2 
j = 6 k = 2 R, = 3 
j = 7 k = 1 R, = 3 

i = 7 j = 8 k = 1 R, = 3 
J = 10 k = 3 R, = 1 

i = 8 j = 9 k = 4 R, = 1 
i = 9 j = 10 k = 4 R, = 2 

m = 4 
m = 4 
m = 2 
m = J 

k .. = 2pr [(a2
k + b2

k
/r2 + C2

k) + {aka + aka + {bkb + bkb )/r2 
1 J 15 det C R, m R, m 
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The surface integral contribution, (r.) - , of a Neumann boundary· 
1 en 

element, en' given by Eq. (63) of Chapter III is evaluated as follows 

(A15) 

where (a~/an)(Sn)e is given by Eqs. (35) and (36) of Chapter III for 
n 

the exit surface and along the blade surfaces, respectively, as 

. (~) - V (r) an ex - z ex (A16} 

and 

(Al7) 

Note that the surface integral contributions of the periodic 

elements cancel each other as discussed in Chapter III. 

Since the natural coordinate Li vanishes on the surface jk~ 

(refer to Figure 4 of Chapter III) of an element, the surface integral 

may be transformed into the local coordinate system by the Jacobian 

matrix for the surface transformation, JI. 

If the exit plane is taken to be normal to z, assuming Ll and L2 

to be the independent local coordinates (L3 = 1 - Ll - L2 and L4 = 0) 

and that nodes (1-3) are on the exit surface we may write 

dr de = det JI dL l dL2 (A19) 

where, for subparametric elements, 

(A20) 

1 1 
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Hence, 

(A2l) 

It foll ows that 

(A22 ) 

For the blade surfaces we write, by using Eq. (A17), that 

(A23) 

The term (n·~e)dS is the projection of the element blade surface 

in the rz plane, which allows us to write 

where JI here is the Jacobian matrix which relates the cylindrical 

coordinates rand z to the local coordinates Ll and L2 and its deter­

minal:lt is given by , 

r 1 r2 r3 

det JI = det Zl Z2 Z3 

1 1 

(A2S) 



APPENDIX B 
ISOPARAMETRIC TETRAHEDRAL ELEMENT FORMULATION 

In the treatment of flows that exhibit complicated design 

features such as highly twisted, curved and staggered blades, the 

subparametric formulation founded upon linear tetrahedral elements 

may be insufficient to yield the desired accuracy. It is desirable 

to have the capability of specifying elements with surfaces curved to 

best fit the shape of the physical boundaries and to best approximate 

the dynamic characteristics of the flow (i.e. the orientation and cur­

vature of streamlines). An alternative .isoparametric formulation that 

uses curved sided elements will definitely enhance the power and flex-

ibility of the solution method. 
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The coordinates r, 8, z in an isoparametric element are related 

to the nodal coordinates through the quadratic interpolation functions, 

Nj , as foll ows. 

10 
r = L N.r. 

j=l J J 

10 
8 - L N.8. - J J j=l 

(Bl ) 

10 
Z = L N.z. 

j=l J J 
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From Eq. (78) of Chapter III and Eq. (B1)~ the Jacobian matrix 

is obtained as . 

where 

10 aN. 
J
il

.. I _J r. 
j=l aL. J 

1 

10 aN. 
J· 2 = I _J e. 

1 j:l aL. J 
1 

10 aN. 
J.

3 
= I _J z. 

1 j=l aL. J 
1 

i = 1,2,3 

Hence, the inverse Jacobian matrix may be written as 

where 

1 
= H21 

det J 

H11 = (J22J33 - J23J32 ) 

H21 =-(J21 J33 - J23J 31 ) 

H31 = (J 21 J32 - J22J31 ) 

H12 =-(J12J33 - J13J32 ) 

H22 = (J11 J33 - J13J31 ) 

H32 :-(J11 J32 - J12J31 ) 

H13 = (J12J23 - J13J22 ) 

H23 =-(J11 J23 - J13J21 ) 

H33 = ·(J11 J22 - J12J21 ) 

(B2) 

(83) 

(84) 

(85) 
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and 

(B6 ) 

Using Eqs. (60), (61), (79), (80) of Chapter III, Eq. (All), 

Eq. (Bl) and Eqs. (B4-B6) we write 

1 l-L3 l-L 2 -L 3 10 
( k 1" J" ) e = f f f (I N P n )[ (A" " ) 1 + r2 (A " " ) 2 + (A"") 3] o 0 a 9.= 1 R, N 1 J .1 J 1 J 

(B7) 

and 

(B8) 

where 

The surface integral contribution, (ri)e
n

, of a Neumann boundary 

element, en' given by Eq. (63) of Chapter III is obtained from expressions 

similar to Eqs. (A22) and (A24). 

On the exit plane we have, 

(BlO) 
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where 

det JI = det (B11 ) 

10 aN . 
.L aL

J 
8j 

J=l 2 

For the blade surfaces we write, 

(B12 ) 

where 

10 aN. 
L aL

J z. 
j=l 1 J 

det J I = det ( B13) 

10 aNj .l. aL rj 
J=l 2 

10 aN. 
L aL J z . 

j=l 2 J 
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APPENDIX C 
BLADE PROFILE AND CHANNEL COORDINATES USED IN TEST RUNS 

TABLE C-l. Gostelow Cascade Blade Geometry 

z/C· Y/C· 

Surface 1 Surface 2 

0.0 0.0 0.0 

0.025 0.1025 -0.0025 

0.050 0.14 0.012 

0.075 0.17 0.03 

0.10 0.20 0.05 

o. 15 0.255 0.115 

0.20 0.295 0.1525 

0.25 0.332 0.202 

0.30 0.3675 0.25 

0.35 0.40 0.30 

0.40 0.43 0.345 

0.45 0.4575 0.3875 

0.50 0.485 0.43 

0.55 0.51 0.465 

0.60 0.532 0.50 

0.65 0.5525 0.535 

0.70 0.525 0.564 

0.7467 0.591 0.586 

0.7934 0.6088 0.6088 



TABLE C-2. Experimental Turbine StatQr Blade Geometry 

z(ft) 
8 (rad) 

Surface 1 

0.0 0.0 
0.0025 0.01257 
0.005 0.01676 
0.0075 0.01805 
0.010 0.01882 
0.0125 0.01882 
0.015 0.01805 
0.0175 0.01547 
0.0200 0.01096 
0.0225 0.00516 

0.025 -0.00258 
0.0275 -0.01289 
0.030 -0.02449 

0.0325 -0.03996 

0.035 -0.05543 

0.0375 -0.0709 

0.04 -0.08637 
0.0415 -0.09797 

0.043 -0.116 

Channel Geometry: 
Hub Radius = 0.2794 (ft) 
Tip Radius = 0.381 (ft) 

Surface 2 

0.0 
-0.0116 
-0.01289 
-0.0145 
-0.01676 
-0.02011 
-0.02449 
-0.02965 
-0.03545 
-0.04189 
-0.04898 
-0.05814 
-0.06703 
-0.07734 
-0.08766 
-0.09797 
-0.1083 
-0.1134 
-0.116 

Solution domain boundaries used in the present analysis: 

Lower Bounda ry Rad ius = 0.3202 (ft) 
Upper Boundary Rad ius = 0.3402 (ft) 
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TABLE C~3. Electric Utility Turbine First Stage Stator. 
Geometry " 

z (in) 
e (rad) 

Surface 1 

0.0 0.0 
0.32815 0.00762 

0.6563' 0.01113 

0.97815 0.0165 
L3 0.02093 
1.65 0.0292 

2.0 0.03595 
2.25 0.04316 
2.5 0.04925 

2.75 0.0584 

3.0 0.06648 

3.25 0.07029 

3.5 0.08729 

3.75 0.1022 

4.0 0.1108 . 
4.25 0.1289 

4.5 0.1391 

4.75 0.1503 

5.0 0.1477 

Channel Geometry: 

Hub Radius = 30.03 (in) 
Tip Radius = 35.19 (in) 

Surface 2 

0.0 
-0.00762 
-0.0'0936 
-0.00904 . 
-0.00739 
-0.00508 
0.0 
0.00508 

0.01034 
0.01778 
0.02708 
0.04138 
0.05318 
0.07122 
0.08495 

0.1079 
0.1243 
0.1479 
0.1477 

Solution domain boundaries used in the present analysis: 

Lower Boundary Radius = 32.11 (in) 
Upper Boundary Radius = 33.11 (in) 
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z (in) 

0.00 
0.25 

0.50 
0.75 

1. 00 

1.25 
1.50 
1. 75 
2.00 

2.15 
2.30 

2.45 
2.60 

2.75 
2.90 

3.05 
3.20 

3.38 
3.56 

TABLE C-4. Electric Utility Turbine First Stage Rotor 
Bl ade and Channel, Geometry 

Blade Geometry Channel Geometry 

8 (rad) Radius (in) 

Actual Solution 
Surface 1 Surface 2 

Hub Tip Lower Upper 

0.0 0.0 30.03 35.19 32.11 33.11 
0.01118 -0.002033 30.00 35.19 32.085 33.11 
0.01831 0.0 29.98 35.19 32.06 33.11 
0.0224 0.00102 29.95 35.19 .. 32.035 33.11 
0.02395 0.000917 29.92 35.19 32.01 33.11 
0.02448 -0.000204 29.90 35.19 31.98 33.11 
0.02246 -0.000204 29.87 35.19 31.95 33 .. 11 

0.01972 -0.005874 29.84 35.19 31.92 33.11 

0.01531 -0.009186 29.81 35.19 31.90 33.11 

0.01229 -0.01126 29.80 35.19 31.885 33.11 

0.008188 -0.01433 29.78 35.19 31.87 33.11 

0.003554 -0.01741 29.77 35.19 31.855 33.11 

-0.001025 -0.0205 29.75 35.19 31.84 33.11 

-0.007175 -0.0244 29.73 35.19 31.82 33.11 

-0.01333 -0.02871 29.71 35.19 31.80 33.11 

-0.02052 -0.0328 29.69 35.19 31.78 33. 11 

-0.02669 -0.03798 29.67 35.19 31.76 33. 11 

-0.03493 -0.04417 29.65 35.19 31.75 33.11 

-0.0473 -0.0473 29.63 35.19 31. 73 33. 11 
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TABLE C-5. Laskaris' Turbine Rotor Blade and Channel 
Geometry ~ 

Bl ade Geometry Channel Geometry 

z (cm) e (rad) Radius (cm) 

Surface 1 Surface 2 Hub Tip 

0.0 0.0 0.0 45.0 55.0 
0.25 0.01303 -0.0078 45.105 55.23 
0.50 0.0166 -0.0082 45.21 55.46 
1.00 0.0218 -0.0085 45.27 55.58 
1.50 0.02511 -0.00734 45.33 55.75 
2.5 0.0305 -0.003 45.59 56.42 
3.0 0.031 -0.003 45.74 56.67 
3.5 0.0302 -0.004 45.88- 56.92 

4.0 0.028 -0.0075 46.09 57.34 
4.5 0.02424 -0.01258 46.29 57.75 

5.0 0.016 -0.018 46.46 58.12 

5.5 0.00547 -0.0242 46.63 58.50 

6.0 -0.005 -0.0328 46.84 58.13 

6.5 -0.01686 -0.041 47.04 59.33 

7.0 -0.03 -0.05 47.27 59.67 

7.5 ~0.0433 -0.0586 47.5 60.00 

8.0 -0.058 -0.064 47.73 60.44 

8.5 -0.07058 -0.07058 47.96 60.88 
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APPENDIX D 
COMPUTER CODE USER'S MANUAL 
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A computer code TURBO has been developed to calculate the three­

dimensional, compressible, potential flow in turbomachines of the axial-, 

radial- or mixed-flow type. 

TURBO consists of a main program and twenty-two subroutines. 

An organization chart showing the relationship between these subroutines 

and the main program is given in Figure 0.1. Short descriptions of the 

subroutines are presented in Table 0-1. 

In the present version of the code there are four main option 

categories to identify the case under consideration: 

1. Compressible or incompressible flow 

2. Two-dimensional cascade or three-dimensional turbomachine 

3. Subparametric and/or isoparametric element use in domain 

discretization 

4. An output option enabling .calculation of velocity, density 

and Mach number distributions from the velocity potentials 

either calculated in the present run or calculated and 

stored in an earlier run. 



FIGURE 0.1 - Subroutine Relationship Chart 

....J 

....J 

w 
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The solution to the incompressible flow problem is obtained in 

a single run, whereas the compressible flow problem requires several 

runs each corresponding to a solution update. The first run for the 

latter problem obtains an incompressible flow solution as the initial 

guess and therefore has the same input as the former problem. The 

geometry is specified only in the first run that we shall refer to as 

the incompressible flow run. The remaining runs that we shall call 

the iteration runs are used to successively improve the solution based 

on the results and the geometric data transferred from the preceeding 

iteration run or the incompressible flow run, as the case may be. 



Subroutine 
Name 

MAIN 

INPUT 

RDISK 

WDISK 

SYSHAT 

GENER 

susr~AT 

SUSMA2 

SUS~1A3 

DERSH 
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TABLE D-l. Subroutine Descriptions 

Called 
From 

r~AIN 

INPUT 

INPUT 

MAIN 

SYStttAT 

SYS~1AT 

SYSMAT 

SYS~1AT 

SUSMA3 

Des c rip t ion 

Controls the sequence of calculation routines 

Reads, prints and stores all Input Data 
r 

Reads data from disk file No. 7 

Writes data on disk file No. 8 

Constructs the coordinates and nodal numbers 
for elements and writes element equations 
and transformation matrix on disk file No. 9 

Calculates the coordinates of the nodes on 
a specified hexahedral prism row 

Calculates the subparametric' tetrahedral 
element equations and assembles the hexahedral 
superelement (subsystem) equations by using 
analytical integration results 

Calculates the subparametric tetrahedral 
element equations and assembles the hexahedral 
superelement (subsystem) equations by using 
numerical integration 

Calculates the isoparametric tetrahedral 
element equations and assembles the hexahedral 
superelement (subsystem) equations by using 
numerical integration 

Calculates the derivatives of the shape func­
tions with respect to the local coordinates 
for an isoparametric tetrahedral element 



Table D.l continued .. 

Subroutine Called 
Name From 

JACOB SUSMA3 

SUSMAT 
DENSTY SUSMA2 

SUSMA3 

SUSMAT 
'ROTATE SUS~1A2 

SUSMA3 

BNDRY SYSt~T 

FRONT ~1AIN' 

BACSUB FRONT 

OUTPUT MAIN 

VELOCY r,1AIN 
INPUT 

PROP VELOCY 
SURVEL 

SURVEL ~1AIN 
INPUT 

VEL DENSTY 
PROP 

ISOVEL DENSTY 
PROP 

PRINTV VELOCY 

Des c rip t ion 

Calculates the inverse of the coordinate 
transformation matrix and its determinant 
(Jacobian of transformation) 

Calculates densities at the nodes of a 
hexahedral superelement 
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Calculates the right-hand side vector for a tetra­
hedral element which has a side on one of the 
surfaces of a rotating blade 

Constructs the right-hand side vector of the 
global system equations resulting from Neumann 
type boundary conditions at the exit plane 

Solves the global system equations using a 
Gaussian (Frontal) elimination backsubstitution 
method. Uses disk file No. 10 to write the 
eliminated equations on disk. 

Reads information from disk file No. 10 and 
obtains the resulting global velocity potential 
vector by backsubstitution 

Prints the nodal values of the velocity poten-
tial. in each iteration 

Calculates the velocities on a specified cross-
sectional plane 

Calculates the velocities at a specified loca-
tion within a hexahedral superelement 

Calculates and prints the blade surface velo-
cities 

Calculates the velocities at a specified loca-
tion within a subparametrfc tetrahedral element 

Calculates the velocities at a specified loca-
tion within an isoparametric tetrahedral element 

Calculates and prints r'lach No. and density at 
a given location with known velocities 



PROGRAM TURBO INPUT DATA 

All formats free 

Card.(l). HEADR 

HEADR: Heading 

Card. (2). ICOMP,IDm 

ICor~P: Compressibil ity flag 

= 0: for an incompressible flow run 

> 0: for an iteration run 

101M : Dimension flag 

= 2: two-dimensional cascade 

= 3: three-dimensional turbomachine 

Card.(3). INTG,IVEL 

INTG : El ement type and integration fl ag 

= 1: subparametric elements are used and integrations are 

performed analytically 

= 2: subparametric elements are used and integrati ons are 

performed numerically 

= 3: isoparametric elements are used and integrations are 

performed numerically 

= 4: subparametric elements are used internally and iso-
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parametric elements are used on the boundaries and the 

integrations are performed numerically 

IVEL : Velocity flag 

= 0: no velocity calculation 

= 1: velocity calculation based-on the present solution 

= 2: velocity calculation based on a solution stored in disk 
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If ICOMP : 0 (incompressible flow run) then 

Card.(4). NDT,NDR (NDT*NDR 2 8 on the existing computer) 

NDT Number of hexahedra in the tangential direction 

NDR Number of hexahedra in the radial direction 

Note: Due to the present core storage limitations, the number of hexa­

hedral blocks in the z-direction is fixed as follows; 3 blocks 

upstream of the blade row, 9 blocks in the blade row, 3 blocks 

downstream of the blade row 

Card.(S). VIN 

VIN : Inlet velocity at channel midspan 

If IDIM = 2 (2-D Cascade) then 

Card.(6). BETAI,BETAO,OMEGA,SC,CHORD 

BETAI 

BETAO 

OMEGA 

SC 

CHORD 

Inlet absolute flow angle, ain(deg), at channel 

midspan 

Outlet absolute flow angle, aex(deg), at channel 

midspan 

Dummy parameter, leave it blank 

Space-to-chord ratio, siC' 

Blade chord, C' 

Card. (7). ((YBL(I,J),(J:l,NX1+l,NX2), 1:1,2) 

YBL(I,J): y-coordinates of the corner nodes of the elements 

on the blade surface, 

J= no. of hexahedral blocks to the left of the 

node+l, 



1= blade surface index (l~upper, 2=lower) 

Note: NXl = No. of hexahedral blocks upstream of the blade row 

NX2 = No. of hexahedral blocks up to the blade trailing edge 

Presently NXl and NX2 are fixed at 3 and 12 

If INTG > 2 (i soparametri c) then 

Card Set.(8). ((YBLI(I,J),(J=1,NX2-NXl ),1=1,2) 
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YBLI(I,J): y-coordinates of the mid-side nodes of the element 

on the blade surface, 

J= No. of hexahedral blocks to the left of the 

node-NXl 

1= surface index as before 

Card Set.(9). (ZBL(I),I=1,NX3+1) 

ZBL(i) z-coordinate of the left face of the ith hexahedral 

block 

Note: NX3 denotes the total number of hexahedral blocks which is inter-

nally fixed at 15 

If 101M = 3 (3-~ Turbomachine) then 

Card. (6). BETAI,BETAO,m,1EGA,NBL,CHORD 

BETAI 

BETAO 

OMEGA 

NBL 

CHORD 

Inlet absolute flow angle, a. (deg), at channel ln 
midspan 

Outlet absolute flow angle, aex(deg) at channel, 

midspan 

Rotational speed (rpm) 

Number of blades 

Axial blade chord, C 
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Card Set.{l). ({THBLH{I,J),J=NX1+l,NX2),I=1,2) 

THBLH{I,J): Tangential coordinates of the corner nodes of the 

elements on the blade surface at the hub, 

J= no. of hexahedral blocks to the left of the 

node+l, 

1= blade surface index (l=upper, 2=lower) 

Gard Set.(8). ((THBLT(I,J),J=NXi+l,NX2,I=1,2) 

THBLT(I,J): Tangential coordinates of the corner nodes of the 

element on the blade surface at the casing, 

I and J defined as in Card Set.(l). 

If INTG > 2 (isoparametric) then 

Card Set.(9). ((THETAH(I,J),J=1,NX2-NX1),I=1,2) 

THETAH(I,J): Tangential coordinates of the mid-side nodes of 

the element on the blade surface at the hub, 

J= No. of hexahedral blocks to theleft of the 

node-NXl 

1= surface inpex as before 

Card Set.(lO). ((THETAT(I,J),J=1,NX2-NX1),I=1,2) 

THETAT{I,J): Tangential coordinates of the mid-side nodes of 

the element on the blade surface at the tip, 

I and J defined as in Card Set.(9). 

Card Set.{ll). (ZBLH(I),RH(I),ZBLT(I),RT(I),I=1,NX3+1) 

ZBLH(I) Axial coordinate of the left face of the ith 

hexahedral block at the_hub 



RH(I) Radial coordinate of the left face of the ith 

hexahedral block at the hub 

ZBLT(I) Axial coordinate of the left face of the ith 

hexahedral block at the casing 

RT(I) Radial coordinate of the left face of the ith 

hexahedral block at the casing 

Ca~d.(12). REFL 

REFL Reference length 

If IVEL > 0 then 

Card.(12) or (10). NVELP 
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NVELP Number of cross-sectional planes on which velocities, 

densities and Mach numbers are to be calculated 

Card Set.(13) or (ll).(XVP(I),I=l,NVELP) 

XVP(I) : Axial coordinates of the ith cross-sectional plane 

Card.(14) or (12). NVR,NVT 

NVR Number of equally spaced intervals in the radial 

direction 

NVT Number of equally spaced intervals in the radial 

direction 

Note: . There are (NVR+l)x(NVT+l) points equally spaced on each cross­

sectional plane 

If ICOMP > 0 (compressible flow iteration run) then 

Card.(4). MIN,GAMA 

. MIN Inlet Mach number at channel midspan, Min 
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GAMA : Specific heat ratio, 

Card.(S). ITER,CREL 

ITER Iteration namber (1 for first iteration) . 

CREL Relative error tolerance (percent) 

Note: Card sequence 12-14 follows the above if IVEL>O 

In all options, unless IVEl:2, the card deck ends with the following card 

Last Card. IDEBUG 

IDEBUG Program debugging flag 

~ 0 . no debug 

> 0 global code numbers and coordinates of hexahedra, 

\'/hich define the finite element mesh topology generated 

are, printed 

= 1000 complete debug of the frontal solution. The. computer 

output is very long and detailed. Therefore, this 

option should be use only when necessary. 



APPENDIX E 
COMPUTER CODE LISTINGS 
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C 
C 
C 
c: 
C 
C 
C 
C 
C 
C 
C 
C 

c 
C 
C 

C. 
C 
C 
C 

C 
C 
C 
C 
C 

C 
C. 
C 
C 

F. 
C 

~ 
C 
C 
C 

r p 0 (j n fI ~I T <J I< :; () 

rTtlITE EU,MEIIT CO'~PlIT[1< Pr'Oi>l(fI'l r0f1 rflLC111 fiT 1';<; 
3':0 P0T[, :TIfll FL()\~ :11 rJPIIO'lf1CIII'lFHy 

Cflll Tflf'IIT 

~;d"H(\IITIfir. SY~;'~AT IS u~;F:l! TO CO"~T":tCT T,W r,Y",TL" .. /lTflI y 

"ALL r,Y~;~If1T 

SIII~HOIITltl[' rHO;,T Ie; lJ:'CI I 1~' 
SO, VE THE ',OVr.l<llrtlr, E(.U/lTlnIIS 

CflLl I ROln 

rIOr)AL Vfll!I,'S or Till:: PlJTL:ITrfll AflL ,'H!',TC: ,.y 
SlJHROI IT It Ie OUTI'U T 

C /Ill "UTf'UT 
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C 
C 
C 
C 

C 
C 
C 

E 

c 
c 
c 

E 
c 
C 
C 
C 
C 

5uAROliTIrlE IllpUT 

PARAr"FTER ~IXI=3. r IX2=12. NX3=1~ 
PARAMeTER ~IPO=45 • NE2=8 • IICP=I~x3+ I , tlET=: JE?*r-rX3 
PARAMFTER ~l= I IPO* (2*NX3+ I) 
REAL ~10 .LM~I3D,'\' lAMBDI .LAf.18D;,: ".1ACHO 
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COMMO'I/IflPlIl/ l AMODI .lAMBD2' OMEGA. NOl, CIIOr.n. PI TCII . 
COMMOtl/( HlPlJ2/THUhH (2

E
' NCR! • ZULli (NCR) • TlIRl TC 2. NCR) • ZOl T I tICR) , 

I NGB, NE2.9) ,NG 2(N 2.9 .RIt(IICR) 'RTllleR) 
COMMOn /PRIt/T, IDEUUG. IVll' ICOMP. rIP. I'~ESII 
COMMO~I/BNDR/DF I Ox. uET Al N. nETOI IT 
COMMON/OIPRSS,POT (u) • MO. GAMA. lAMBDA 
COMMOI~ITER/ITER.CREL . 
COMMO~r/FRON1/1 lOP (NET. 27) • NOPP IN) • t-IDF (~I) • IICOl) (,J) • RC (N r. R (N) 
COMMO'I/VElO/XvP (100) 'NVElP' rlw ,NvT 
COMMOtl/PERE/tJr.0DT «() , 1 0 ) , JlPEH ( q) , LE, RC 
COMMOn/PARAMltiDT, N()R' NE1, lIP 1. ~IP2, tlPOIl1 
COMMOnl ISBLIT"ETfIIl (2C' Nx2-IIXll • THETAT( 2, NX2-IJX, ) 
COMMOtl/TWDH1!yBl(2, N ro, roll (2. NCR) , xnL( tieR) 
COMMO,I/DIM/IDyM,INTG ., 
COMMOr~DISK/Un'B[TAI'nETAo,sc.REFl 
COMMOII/MIXED/vR Ifl 
DIMENSR10tl V(lnO) rvr<IOo) 
I tJTEGt HEADn 180 I 

REAn CASF. InENTIFICATIOIJ IIlt.DlfIG 

I VEL > 1 OR ICOMI· > U 

REAn PIPUT DATA FnoM 01:"1\ FILE r lO. 7 

IF (IVrL.GT .1.,lR • ICOMPE.GT. 0) cr.ll Rr)1SI( 
IF(IC6MP.EO.O.AND.IV L.LT,2) TIIEIJ 
wRITE (6, 340) 
HEAD[c;'ll tIDT,Nlm 
IF(IDIM.EO.2) NDr.=l 



C 
C 
C 
C 
C 

'C 
C 
C 
C 
C 

C 
C 

C 
C 
C 
C 
C 
C 

C 
C 

wRITE (6'570) riOT ,I'Jl)R 
WRITE(6'l70) 
READ(c;'l LID 
~IRITE (6'350) 1,0 
IF!I0IM.EO.2) TIlEI~ 

2 - f'\ CASC(lOE IIIPUT Or,TA 

\'IRITE (6, 180) 
REAO(S'l) BETAI.OETAO'OMlGA,SC,CHORD 
WR ITE'( 6, 36(1 J IIET AI. BETAO. OM[GA , SC • CIIO~O 
WRITE(6·t90 ) 
REAOT'), 1 (Ylll( 1 ,J) 'J=NXl +1,r:X2+11. 1=1.;» 
WRITE(6,370) 
~IRIIE (6.420) (J, (YUl (I. J) .1=1.2) • J=IIX 1 + 1, tlX2+ 1 ) 
IF t1TG.GT.2) THEtJ 
vlRITE(6,200) 
REAIDCS6'11 «YI1lICI,J) ,J=1. II X2-IIX1) .1=1.2) 
I'iR TE'( ,380) 
\,/RITE(6,420) (J,(YtlLlCI'';)'1=1'2)'J=1.NX2-~JX1) 
END IF 
wRITE(6'210) 
READT." 1) (Xn, C 1),1=1 ,IICH) 
fIRITE'(6.390) (Xnl(ll.I=l'IICH) 
END IF 
IF( IOIM.EO. 3) THEI~ 

3 - 0 TURnO·,AClIliIE IIJPUT DATA 

~JRITE(6'220) 
READlr,,1) BET/lI,BETAO.OMLGA,lmL,CHOl-m 
vlRlTE (6'40~) nETA1, SETAO. OMEGI\. NBl. ClloRD 
vlRI EC6, 3 , , HEA6~r;, 1 T (Ti IBLIt II , J) , J=t1X 1 +] , NX2+ 1) • 1=1 ,2) 
wRIT (6,410) , 
I"jRIT (6'428' (J,(TIiULIl(I.J),I=1.2).J=nXl+1.IIX;-+1) 
wRITE (6'24 , 
HEADCc;'1) C CTlrf3L TI 1 .J) ,J=IIX1+1.NX2+1) , I=t .2) 
tlRITE'C6'430) 
vlRITEc6.420) (J,(TIIBLTCI.J),1=1'2),J=t,X1+1.!JX?+1) 
IFCINTG.GT.2) TH[II 
WRITE(6,250) 
READCr,'ll C (TIIETAH( 1 ,J) '.;=1,rIX2-IlXt). 1=1.2) 
iIRITE(6"140) 
iIRITE(6,420) (J, (TrlETAII( I ,J), 1=1.2) .J=] ,tIX;>-Nxl) 
v,R!TE C6,260) 
HE DTr,'ll «TIIETI\T(I'J)'.;=1r1IX2-IIXll,1=1,2) 
I'IRITE(6,450) 
\'jRITE (6'420) (J, (THETAT( 1 ,J). 1=1,2) ,J=l ,fIX2-NX1) 
ENO IF 
~RITE(6'270) , 
REflDC,'ll' CZRI HC!) ,RIl( 1), Z[\LT (I) ,RT (I)' I=l.iJCr) 
I"IRITE'( 6 ,460} 
vIRITEc6,470) (I,ZIlLH(T).I:If(I),lBLT(I).RT(I).I=1.tJCH) 
UID IF 
IF< ID1M.EO. 3) TlIDI 
wRITE(6'33(1l 
t{EAD (C;, 11 REr, 

~k~[=r.HOr.D 
EtJD Ir 
lNI') Ir 

COI-IPpESSII'L[ FLO,I "!IID 
REAO ItJlET 'I"CII IJO. ~YLL.rFIC HE"'1 Rr,TIv 
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C 
C 
C 

~ 
C 

C 

READ AXIAL CnORDIilATES of TlI[ Vt:LOClTY pLAIJEC; 

~~!6r~~if9R~c,P 
wRlTE(6,490 I rjVELP 

~~!6H~iYOnvr,( IV I, IV:l '1IVELP I 
ijR!TE(6,5001 
viR TE(6,5101 (IV,XVPCrvl tIV:l,tlVELJ"l1 
WRITEC6,3101 . 
REI\D(C;' 11 tlyr..NVT 
viRITEC6'520 rNRrllVT 
ltln IF 

WHITE I~JPUT Dl\rl\ 011 DISK I IL[ 110. U 

IFCIVrL.LT.21 CALL WDISK 
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C 
C 

IF(IVrL .EQ.2) THW 
CALL vELOCY 
CALL c;UHVEL 
STOp· 
END II=" 
viRITE(6,580) 
viR I TE ( 6 , 590 ) ( I , (NGO 1 ( I ' J) , J= 1 , 91 , Y = 1 , NE 1 ) 
IIRITE(6'600) 
vIR I TE (6,590) ( I , (11GB2 ( I '..J) , J= 1 ,91 , 1=1 , NE t I 

1 FORMAT() 

129 

2 FORMAT(dOA1) . 
10 FORMAT(1111,111'10X,,3-D rLO\'/ I'HOGRA~I TURBO LXrCUTlOtJr,ll, 

20
1l,5RxA"EtlTEP. c"SE IDEtE~nFICATIotl IIEADItIG',SX,'rOR~'AT an"l' ,III 

FO M y(10X',T11RI30 EX CUTIOIJ FOH CASE,'/'3X,UOfllr//, 
1/,5X" ALL FoRMATS FREE "II' 
2/,SX"ICOMI" : COMPRESSlnILITY INnICATlnN flnG"I, 
3/,5X" =n: INCOMPHESSIULE FLOW., 
4/'SX" ·>n: COMPRESSlnL~ FLOW"I, 
5/,5X',IDIM : CASCAf)E LJII-II::I·IC;IOII FLAG"I' 
6/,5X" =~: 2-U CASCADE.,' 
7/. 5X, , =~: 3-U TlJHBUMACHItJE, 'I, 
8/,5X.,ENTER TCOMP.IDIM •• 1) 

30 FORMAT(II.I0X,'ICOMP= •• I2,2X,.IDIM=.,Y2'/) 
40 FORMAT(10X"II~OMPHESSIBLE FLOW IN A 2-D CflSCflDE •• /1 

6
50 FORMATJI0X.,IlIcor'lPRESISIBLE FLOW IN A 3-D TURROMACHHlt"I) 

o F8RMAT 10X •• CnMPRE5S ALE FLO~ IN A 2-n CflSCADr •• I) 
70 F RMAT 10X'.CoMP~E~SInLE FLOW IN A 3-n nJRROMACHIN[.il) 
80 FORMAT 1.5X,,yNTG : II.TEGHATION CO~·ITROL FLflG"I. 

1I.5x.. =,: AI~ALYTICAL IUTEGHATIOII (SURPARAMETRICI', 
21 , 55 XX' , =~: rlUMEERRICAAL IllfEGRATTIgtl «SUBPARAMETRI C),,' 
3/r '. =~. IUM IC L III EGHA I ~I IC;OPARAMETR C),, 
4/,5X,. =4: IIUME

o
RICAL IIJTEGRATI or'l U10lJNDARIES lSOI"AHAMFTRyCI •• 

5//r5X.,IVEL : VEL CITy CALCULATIOII FLAG"I. 
611'5X,' -0: VELOCITIES WILL NOT nE cALCUlATrf)., 
7/,5X., =,: VELOCITIE.S '(IILL BE CALCULATEO 'OASED Otl THE, I 

81 FORt-IAT( lOX" VELOCITy I"OTrtlTIALS COMrlJTED IN nlE rRESE~IT" 
l' EXrCUTIOrl •• 
11 ,6X" =2·pCALCULIATE VELOCITIES 8f1SEn orl THE VELOcITY., 
2/,7X., • OTEIIT fiLS STOHFD HI DISK rILE ,,0. 7, ,I. 
2/,5X',ENTER ,NIG,IVEL"/) 

90 FORt-IAr(II.10X,' rITG=',I2.2X,.IVEL="I?,/1 
100 FORMAT(II,10X. ,D[tJSITy Ar.n HAOIUS WILL BE flVFpAGEn IN THE" 

I,ELEMFNT,.II"OX"ELEMENT MATRICES WILL n~ CAl CULATED BASE"., 
2, AIIALYTICAL INTEGRAnOI. Ht:~lJLTS,,/l 

110 FORMA'r(II.I0X"SUBPARAMETRIC ELPIENTS WILL ljE lISEn"l. 
118X" A(tID ELE'IENT MARTRICL~ WIL BE CALCULATED rIU~IFp.ICAI Y,'/l 

120 F RMAT 11,10X"ISOPA AMETlcIC ELEMENTS WILL UE USEO,.I, 
110X" Itl THE rNTIHE SOLUTIOn OOMAI~Ir'/) 

130 FORt1AT(II.I0x,.I~OPARAMEmIC ELU-1E~ITS WILL UF USEO"I, 
11 OX.. OtlL Y AT THE uLAnE t..OUIIUAR IES, , I I 

140 FORMAT II I .10X • VELoCInE:., WILL NOT UE CALCIJLATED, rI) 
150 FORMAT(II.I0X:,VELOCITIES WILL ~E CALCULflTF~ nASEn OU,'I' 

118)(" VELOCITy Pon:NTIAL~; COMrUTf;D Itl THE pnFC',ENT EXEr.UTlO~·I,'1 I 
160 F RMAT(II,10X,.VELUC

T
ITIEs WILL ~~ CALCULATED nASEn OU"II, 

118X" VELOCITy POTENNIALS STORED IN DIS)K FILE NO. 7,'1 
170 F RMAT(II.I0X"UO= I LET vELOCITY (Frs "I, 

1I.5X, ,EtlTER IJo' 'II 
180 FORMAT (11,1 ox, , 2-LJ CASCAuE I1lfJUT 01\ TA, , I I' 

1I.5x, ,BETAI • lllLETTAUSOLUTE FLOW
O 

M-IGLE (ObGREES),' 
2/,5X"BETAO : OUTLE ABSoLUTE FL W flNGLE ('FGREES)" 
3/.5X, ,OMEGA : ~tIGULAR VlLOCITY (ROTIITlOtjI\L SpEEf'lI, IRf1 M I,. 
4/,5x, ,Sc • SPAcE TO CIIOHD RATIO,. 
51' 5X. , CIIORO : AX I AL CliO 1m. LEIIGTII . (FTI , 'I' 
b!'SX, EtITEP ~rTAI,BETAO,OMEGA,SC'CI~RD"/) . 

190 FORMAf(I/,5X.,YUL(!.J) : CASCADE Y-COORDINATE~ (FTl , .1, 
1 5X" rtJTER ( (YUL< I' J) , J=tlX 1 + l' NX2) • J = 1 , 2) , rI) 

200 FOPMAT (II .5Xt • ISOPARA
o

'-1[TI,IC ~LEMENTS '.~ILl RE IJSEn, rI, 
15X',YnLI(I'JI : V-CO RDI'ATC ... OF THE \lID SlOE NonES,'l' 
2~X', ON THE BLADE"I, 
3~X' 'EflTER «yBLI (I ,J) ,J:l 'IIX2-NX1) ,1=1. 2 I, rI) 

210 FORMl'IT 11,5X,.XI3L<I) : X-COORDHIATES OF THL ItlPIlT OflTA,·I. 
l~X' ,E"TEP. (x0l( I)' I=I'IIX3+1I, rll 

220 FORMAT(II,10x,,3-D TLJRnOr·1ACIiItIE ItlfJUT DATA"II' 
lI,5X"BCTflI • IIILET flBSOLUTL FLOW ANGLE (n[GrlE[SI,' .. 
2/,5x, ,BETAO ; OUTLET ABsoLUTE FLOW I\tlGLE (UEr,REESI" 
3/,5x, ,OMEGfI : AIIGULAn. VLL~CITY (HOTflTlOrIAL Sr'Errll, (R p o..1)" 
4/,5X"NHL • NO. of ULhOE~" 
5/,5X"CIIORO : AXIAL C1I81:D l.EIIGTII (FT!"I' 
6/' 5X, , EIITEf? (lETA I' BETA , O~IL()/\.r HlL, CHoRD, , II 



410 
41~ 
41~ 
41:, 
411., 
41!J 
41(, 
417 
41C 
419 
420 
4~l 
4~ . 
42~ 
424 
42!J 
42& 
427 
4,C 
4<::9 
4~0 
43' 
43~ 
433 
4..)4 
4.;i!J 
4.;iG 
437. 
4.)u 
439 
4'+0 
44~ 
44 ... 
443 
444-
4'+~ 

'44(' 
447 
44G 
449 
4~0 
4j1 
4~~ 
4~:' 
4:"'4-
4:l!j 
4~& 
4~7 
4~o 
451) 
400 
4u1 
402 
4o~ 
404-
40~ 
40u 
4u7 
4b£) 

tt~6 
47~ 
47~ 
47:5 
474 
47!J 
47(' 
417 
47" 
479 
4bO 
4U' 
4t.1~ 
4b3 
404 
4b~ 
4bL 
4b7 
4t.1u 
4bC) 
4'JQ 
4':11 
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230 FORt·IAT(II,5X" TtIOUI(I ,J) :13LAn[ .TAtIGrllTIAL COoRDIrlATES', 
1/,5X'1 AT TilE IIUB, rI, 
2/, 5X, I EflTER «( THULII II , J) , J=:JXl + l' IIX2) , 1=1'2, , I) 

240 FORMAT(II,5X"THULTII,J) :RLAnE TANGnITIAL"COOROHIATEc;" 
1/,5X" AT TIlE TIP, ,I, 
2/,5X"EflTER «(TlIOLH I,J),J=IIX1+l,tJX2),I=1,2,'/) 

250 FORMAT.VI,5X"ISOPARAMETlnC ElEMEIJTS wILL A( uSED"I"; 
1 5 X"T1ETAH(I,J) : BLADE TAIIG[NTIAL COORDINAT,S " . 
2/5X, , OF THL I-IID-SIDE NOnES AT TilE HtlU,; I' 
3/5X" F~ITER « THETAH (I ,J) , J= , r IX2-IIXll ,1=1,2) , ,1) 

260 FORMAT(II,5X" TtICTATF(I,J) : ULADE TANGENTIAL COORDlIIATEs " 
2/5X" 0 THE MIl>-SlDE tlonES AT TilE TIP"I' 
3/5X, , FtlTER « THETAT (I ,J), J=1 ,tIX2-UXll ,1=1' 2) , rI) 

270 FORMAT(II,5X"ZULlI(I) : AxIALCOOHOI!IATES OF THE IIJPUT OATfI,' 
1/,5X" AT THE. HUB" 
2/,5X',RII(I) : RAOIAL COORUIIIATCS OF TIlE IIJPIIT nATA" 
3;,5X, , AT THE HUB" 
4/,5X"ZBLT<I) : AXIAL COOROHIIITES OF THE HII'IIT OIlTA,'; 
5/,5X', AT THL TIP" 
6/,5X"RHI) : P.AUIAL CuORLJltlATES OF THE IIIPIiT O"TII" 
7/,5x" AT THE TIP" 

28 
8I1R'5XA' '(EtITER (ZULH( IS) 'HOH( I) ,lIlLT< U ,RT( I) , 1=1 ,NX3~11 ; , I) o FO M T 11,5X, ,~LOW I C tlpR[!;'SIUL[, ,1, . 
15X,Pr.,O : INLET MACH t!Ul·lbER" 
2/5X"r,A

N
MA : SPECIFIc HeAT RATIO', 

2/5X"F.: TER nn,GAMA,'/) 
290 FORMAt(/!, lOX, 'VELOCITIE~ WILL HE CALCULIITFU "II VAHIOIIS" 

1 , CROSS-SECT TONAL PLAIlES,'I, 
2/, 5X' ,IIVCLP : NUIIUER OF CROSS-SECT! mrAL PLAIIE<;" 
3/' 5X, , EIITER rtvELP,") 

300 FoRMAT(II,5X"XVP(I) : AXIAL-CORDlflAT(S of THr " . 
1/,5X" CROSS-sECTIONAL PLIINEc;" 
2/, 5X, , EIITEr. (Xvp (l ) , 1=1 dWELl') , , I) 

310 FORt-1Ar(II,5X"THEHE WILL oE IIVR*tIVT POItJTS [OIiALLY SPACED" 
1/' 5X, ,011 EACII CROSS-SECTlOlJAL PLANE" 
21 ,5x, ,NVR : NU~1BER OF POi'ITS III TIlE RAnIAL nIRF.CnOt lf , 
31 ,5X, ,tIVT : NUMBER OF PO IlTs III TilE TAIIGF.IITIAL nIRErTIOtJ" 

3204fo~~A;.~~J~~x,I,IV~bU~~ESSfGLE FLOW ITERflTION " 
2/,5X, ,ITER : ITERAIIOIJ IIUM[JEP " 
31 ,5X, ,CREL : RELAT VE EkROH TOLEHAlICF." 
4/,5X, ,EIITEr ITFR,CRF.L' ,I) 

330 FORMAr CII,5X, ,RE L : REFEHUICE LEGTlI (FT) " . 
1/' 5X, , EUTER REFL, ,;) 

340 FORMAT(//r5X, ,SOLUTIOII Dm~Alll WILL BE CRoSS-S,CnotIALI.Y,' 
1 , DIsCRETIZEn lIlTO tIUT>t-IJOH IIEXAIlEUR/\,' 
2/, 5X, ., tlDT : NUI·mER OF IIEXAH[DRA III THE TAl IG,Nn ilL 0 I RoEC TT ON, , 
3/,5X, ,!-loP' : NUI.1BLR

E
OF IIEX:,lIroRA III THE RAU!I DJnCCTr N" 

4/,5X"FOH 2-D CASCAD 5 NUR=l" 
5/,5X, , EtiTER ~JnT"IDR,'1l 

358 FORMAT(II,5X"INLET VF.LOCITY uO=,'FlO.4" (FPc,)"/) 
36 FORMAT(II,5X"RETAI,'5X"AETAO"5X"O~EGA',5X,, <;C" 

1 5X"CHORD"I,lX,~(F9.2)'/) .. 
370 FORMAi(II,5X" J "SX" YOL(l,J) ',~X" yBL(2,J) ,,1, 

1 5X,3p-,),2(<;X'10(,-rl ),/) 
380 FORMAT(II,5X" J "5X,, YBLl(1,J)',~X,' yBLI("j)"I, 

1 5 X, 3 ( , -, J ,2 ( "X, 1 0 ( , -, ) ) , I ) 
390 FORMAT(II,5X"X13L ARRAY"I,(n(E11.4») 
400 FORMAT(II,5X"AETAI,'5X"AETA0"5X,,O~EGII',~X,'NRL" 

1 5 X"rHORD"I,lXr3lF9.2),SX,I3,1X"9.?rI) '. 
410 f ORt-IAT (I I' 5X" J "5X,, T! IRLII ( 1 , J) , , 5X "THRLII (;" j) " I, 

1 ·5X,3p-,) ,2(,-X,lCd ,-rl) ,I) 
420 FORMAT«5X,I3:2(5x,ElO.4») . 
430 FORMAT(II'SX" J "5X"TlluLT<I,J)',~X"TllflLT("J),,I' 

1 5X, 3 ( , -, ) ,2 ("X , 1 0 ( , -, ) ) , I ) .. 
440 FORM!\r(II,5X" J "5X,,TIIETi\11I1,j), ,5X, qHFTllld2,j), '1' 

15X,3('-,),2(c;X,10(,-rl),1 .• 
450 FORMAT (II ,5X" J "SX" TIICHIT (1 ,J), ,5X, 'THFTAT (2' jl ,,/' 

1 5X, 3 (' -, ) ,2 (I,X, 10 ( , -,) , I) 
460 FORMAT (I;, 5X" I "5X,, t::BLII ( I I , , 5X, , RH ( I ) ,," 

1~X', 70LT(I) "5X,, RT(I) ,,1'5X'3(,-,),4(5X'IO('-'»'II) 
478 fORMI\T«5X,I3 4(5X,E10 4») 
48 FORtlAT(II,5X, :INLET MAtH IIUtlUrH ~'O =, ,FlO,4,2x, 

1 ,GAMA="F10.4,/) 
'~90 FORMAT(II,5X, ,VELOCITIES ~JILL BE CIlLCIlLATEn On' rI4,2X, 

1 ,CROC;S-SECTIoNAL PLANES"/) 
500 FonMAT(/r5X" 1 ,,5X

4
', >'VP(1l ,'/r~)X,3(,-,),5X'10(;-')'/) 

510 FORMAr(5XI!3,~X'L10. ) .( 
520 FOR~'AT(/r10X, tiO. OF poIllTS I!: TilE HllnIAL nlRrCTlON "YIR)=" 

~ I4,1,10X"IJO: or floI'ITS III TilE TAtIGEtlTIIIL ulrECTION ( VT)=" 

530 Fb~M~+(II',CO"PH[S~IBLL I LO.I ITEHATlO!) tIO."lIP/,IOX·; 



1 ,RELj\TIVE EI!nOR TOLERANc.e (p[RCetJT) =, ,FlO.4,1l 
540 FORMAT(//,lOX, "~EFERENCE LEdGTII =, ,FIO.4,11 
550 FORt>IAT (/ /, 5X, , LAIIBDl' , 5X, , OUTLET DEIJS t TY , '5X, , CO","P. , , 

1 , OUTtET VeL "5X"LAMBu2"/) 568 FORMAT 4X'F6,~'BX'Fll.4'11X'Fli.4'4X'F6.3'/) . 
57 FORMAT 4X, ,tJDT=" 13,2X, 'IIOR=" s,1l 
580 FORMAT (/ /, 5X, ,EUIT NO.,. !,X' ,IJr,lH Ar.RAY" /) 
590 F8RMAT(7X'I4,~X'~14) 
600 F RMAT(//,5X,.ELMT NO."~X',NGU2 AnHj\y,,/) 

RETURII 
END . 
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c 
c 
c c 

THIS SUBROUTrNE H[ADS AI,£) ~T()HE!.i ALL IfJpllT rJ\TA· 
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C 
C 
C 
C 
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SURROuTItJE WOr SK 

THIS SUBROUTT~IE READS AI.n JT()RES ALL INPUT n'oTA 

PARAMrTEn IIX1-3 ,IJXz=1;>, tIX3=1~ 
PARM1FTEP. t1PO=45 ,NE2=8 , IICn=I'Jx3+1 , rlrT=iJF:'*~IY' 
PARM~[TEn 11= jjPO*(2*NX3+11 ' -
REAL ,~O, LA'1RDJ\' LAMUD1 ,LAr'1I1D~, nACllO 
COMMOr 1/I1IP1I1/1 AMBD1 ,LAMBL2' OMrGA, NnL, CHOr.D, IJI TCH 
COMMOI!/IrIPI.I2/THBLH( 2

E
' tICR) ,lULII( NCR 1, TilAL T (?, ~liR I, 7UL T (~ICR I , 

1 NGA, (1IE2,9) ,NG02(N 2,9) ,RII(~ICR) 'RT('ICRI 
COMMOrr /PRHlT I IDEUUG, IVEL' ICOMP, riP, 1'4[511 
COM~,lO, I/OtJDR/DF lOX, BET AN, OETOIIT 
COMMO'I/CMPRSS/POT (II) ''''10' (JflMI\, LAMBDA 
C8MMO'~ITEn/ITER~CREL 
C '1MOq/FnOtI1/rt0P (NET, 27) ,i 101'1' (lJ) , ~1I)F (N I rr ICOLl (, ~ I , nc (tJ I ,R (I J) 
COMMO, jlVELO/XI/P (100) 'NVELP' 1 Ivr~, NvT 
COMMOIi/Pr.RE/tJiODT< b , 101 'r lrEH (n) ,LE, HC 
CO'-lMOtJ/PARAM/'IDf "'JUR 'NEb IIPl' 11£>2, r~POI'J 
COMMOr:/ISBLlTi,E AH(2rtIX2-tIX ) ,TlIETflT(;>rt,IX2-I.X11 
COMI-10IJ/DIM/ IDIM, ItlTG 
C8MM8'~DISKhJn'BETAI'nEThO'SC'REFL 
C MM tIITWDIM/ yBL(2,NCRT'YOLI (:"NCnl ,XflL(IICrn 

v,R I TE (B) NOT,: lOR 
\";RTTE(B) Ur) 
IF(IOyM.EQ.21 THEN 
fiR ITE (8 I BET J\ r rE~lT AO' SC, LIIOldJ 
\"IR IE(8) «YIlI (I,.Jl,.1=JJX1+1,IJX2+1IrI=1,21 
IF( NTG.GT.2) TII[II . 
v.RITE (B) (YO, I (I, .1) '.1=1, I/X2-IIX1 I, T=1, 2 I 
[tID IF 
i.RITE(B) (XuuII,I=1'IICRI 
lNO IF 
IF(IDIM.EQ.3) THCfi 
~,R TTE (81 BE HIT ,BET/IO' or~EGfI' J JUt, CIIORD 
viRITE (B) !TTIJ"LII( I ,.1 1) ,.1=r ,>:1+1, I'lX2+ 1) , y=1, 21 
t.RITE(8) «TllnLT<l,.1 ,.1=J.X1+1,tJX2+1>,y=1,21 
IF( IIITG GT .2) THErl 
v.RTTE(Bt ((TllrTAH(I,~),.1=1"JX2-NX11'I=1'21) 
viR I TE (B 1 «( Til. T A TI I 'u 1 ,.1= l' iJX?-NX 1) , 1=1 , 2 
UID Ir- , 
.. ,RTTE(8) (ZBL,,(II ,HH(I) ''':OLT(II ,rH(II ,Y=l.,NC P I 
DID I r-
IF( 10TM.CO. 31 TII[il 
\'/RI TE (8) RErl 
ELSE 
REFL=cHORD 
END IF 
f<ETUR,1 
[tID 



c 
c 
c 

c 
c 

c 
c c 
c 
c 
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C 

~ 
C 
C 
C 

t 
C 
C 
C 

c 
c 
C 
C 

I IG (K+q) =flG (K) +NP1 
fIG (K+, a) =NGC K,9 I +IJP 1 
LLSE 
I,GCK) =flGn1 e J,!-:') +2. e 1-11 *1 IP1 
NGC K+q) =tlG eK) +t1P1 
I~G( K+,8 )=tIG (v.+ 9 I +fIP1 
UID If" 
END IF 
[tID IF 

Z(K)=\.1DLCldIGn2 (J,KI) 
LeK+1~I=fmLC2,tIG[l2eJ'K) I 
Z(K+91=czeKI+7(K+18»/2. 
y(K)=TBU1,f1GI\2eJ,K) ) 
Y!K+1 n l=TBL(2. NGU2(J'K» 
Y K+9)=(Y(K)+yCK+18»/2. 
X (K )=7£3Le 1 dlGn1 (J,K» 
X(K+1~)=ZBL(2.NG[32eJ'K» 
x(K+91=CX(K)+xCK+1U»/2. 

30 CONTInUE 
IF( HlTG.GT .2. AND. I .GT) .fIX1. AiIO. I .LE.flX:» THFli 
fU=<RnLCl, 1l+~BL(2, 1 1/2. 
H2= (RIlL (1,2*' 'nR+1) +RBL (2, 2*ilLJI'+ 1) ) 12. 
OR=r2_R1 
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IFCJ'l E.nDR) TIIEII 
IF

1
CIM(ESlIl.EO.1) IT/Ilil 

AZ = 711uJ-Rl) DR 
AZ2=(z C11)-R1)/DR 

~H5f~tAH~~H ~?~-iJX1» *f,Z1+TlIETAII( 1, e I-I'IXI) ). e 1.-All) 
Y C ll):THETATC l' <I-UX1

1
» *r.z2+THETfllI(1, (l-flX1) >.. C 1.-AZ2) 

Y (2) =TIIETATC l' (I-I'IX » *AZ3+TIfETflHCl. fI-tlXll h (1.-AZ3) 
lLSE 
AZ1:(7!lC,)-Rl)/OR ' 
AZ2:(7 17)-Rl)/DR 
AZ3:ez(lA)-R1)/DR 
Y (16): TIIETAT ( 1 ' (I -IIX! ) ) *AZ1+TIIETfliI e 1, e r -nX 1 ) ) * e 1. -AZ11 
Y ( 17) = Tt IETfI T ( 1 ' (I -llx1 ) ) */172+ TIIETAH e 1 • e I -I IX 1 ) ) * e 1 • -flZ2) 
Y (8) =TIIETAT( l' e I-IIX1» */IZ3+TlIETAHe 1. e I-tlXl» * (1.-AZ31 
END IF 

~~~J!~T. WDT-, hllOR) TIIE,. 
IFeH1r~II.~O.11 TIIEII 

~~~~f~~19~:~I!~BH 
I\Z3= (7 (18) -ru ) IOH 
Y ! 16): THETATC:>' CI-IJX1

1
) ) *',Zl+TIIETAIi( 2, e I -nX1 ) ) * (1. -AZI ) 

Y 17) =TIIETI\TC:>' e I-IIX » *AZ2+TIIETAII(2, e 1-f1Xll) * e 1.-A22) 
Y OB) :TIIETATC:>' (I-IIX1» *Az3+TlIETAlle2, e l-nXl» * e 1.-AZ31 

~~i~(7(10)-Rl)/OR 
~~~~~~~i~~:~iJ~gH 
YT 10) =TIICTI\ TC?' (I -i1X1 ) ) *t.z1 ... TlIETAH e 2, ( J -r IX 1) ) * e 1. -AZ 1 ) 
Y (11) -THETA TC?' II -flxl ) ) *r,z2+ T' lET AH C 2. (I -f1X1 ) ) .. e 1. -AZ2 ) 
Y (12) =TIIETA TC?' (I -ilXl ) ) *I\Z3+ TIIETAH e 2, tI -tlX 1 ) ) ,.. e 1 • -A7 3) 
£tiD If" 
t::.I'ID Ir 
END IF 

GLoBAL CODF NUMUERS AIID COORDIII/\ Trs OF TIfE flODES 

ARr pr.I1IT[11 FOR [A elf r'Rb/4 

l'IP:t/P ... 1 
IF(IDrBUG.GT.n) TIfEN 
ViRITEi6,100) I'P 
()O A1 L=1,27 
~IR I TE e 6,110) I , NG e L) , Z e L) , Y e L ) , x e L ) 

81 coNTI tJUE 
[tID Ir 
DO AO L=1,?7 

80 :IOP(llp,u=tIGel 

SUI\SYSTEM ",ATf!IX IS C(;t/STf{IICT[O 
HI sunROUTrtJE SUSf.1f1T , 
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IF (IEXIT .EO.O .AND.l.EQ.NX31 CALL ~fmnY 

ViR HE (91 EU~f> 
10 CONTI I IUE 

2 FORMAT(~X, ,Pr.TSM flO." IX, 13,5X, ,cOm .. IIUMnF.n:.." ,?X,R( 13, 1 Xl) 

3 FOR~'AT 14 II~X, nIOD[, ,12 I lX, ,R=, ,FS.2" T=, ,r~. 2' • Z=, • F5. ~ I) 
HETURtl 

100 FORMATII,SX'IIIEXAilEDRAL I'HISM NO.I,IIl,/I, 
1 SX" I "2X,,NG(Il,'5X,. H "SX" Til .,~)X" 7 "/) 

11 0 FORMAT I I~X. 13, ,X, 14, 2X, 3F 1 0 .I~ I 

E.fln 
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E 
C 
C 
C 
C 

E 
§ 
C 
C 
C 
C 
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138 

TIlTS SURROIITIIIE COtISTJ(UCTS 
Tllr RECTruJ~ULAR-pRISM ELEMENT ( SUnSY~T~.M 
MATRICES " - ~ r. 

5lJnSYTE"1S I\RE COMPOSEU OF 
6 TEmAIIEOr.AL ELEMF.:ln~ 
Tllr CODE 'It IMl3[RS FO£{ TilE TETRAHEDRAL ELn.-IUITS 
AHF' DETFRtlTNEp APRIORI A,lU - . 
M~F GIvErl {IS . I XED OAT A TO THE PHOr,RM, (iJCnDTl 
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E:JID 1 F 
00 50 1=1,10 
DO 50 J=1,10 

50 ELMT(y'J)=COCrF*CLMT(I,J) 
uO 6 y=1,10 -

6 ~~lb~f8A~EQ.0 0) GO TO l~O 
IF

F
« IRM:GST .NXl. ~ND.IH.LF..N>'2) TIIEN 

liE H. EO • 1) TIfEfj 
g~~ 
14=4 
16=6 
ELSE 
11=2 
12=1 
14=6 
16=4 
END IF 
IF(.JE.LE.Nf"lR) TlIlf~ 
I F (LE.EO.I1.0p.Lr..EQoIo) CALL HOTI\TE(nTl 
[Nn IF 
IF (JE. GT • (t lOT _1 hIIUR) TIiLlI 
IF(LE.EQ.I2.0n.LC.CQ·I4) CALL ROTI\TL(pT) 
UID Ir 
[tIn Ir-

100 CONTI qUE 
IF( IR.LEfNX1.0R. IH.GT .ljX~) THrtl 
LI\MBDI\=LI\MnDl 
1 F « m. GT • tlX2) LAIIBOA=) LAMlj02 
IF JE.GT.IIIDT_l)*I-mR THUI 
DO 8 Y=},10 
00 !3 ,,= ,9 
IF (NCoDT( LE , I ) • EO. i IPER (.J» Tt 1["11 
~O 9 11=1,10 . 
RT ( II ) =RT( II ) +LMlHDA*ELMl ( I I , ! ) 

':l CONTItlUE 
UID IF 

8 CONTIqUE 

H1BI~ 
IF (IR. Ea. tlX1+ l' AIIU. JE. GT • (flUT -11 • firm ) THr:N 
00 80 1=1,10 
11=NCoDT(LE'Il 
; a=~IPrR (1) 
1-l2=NPER(21 
rI3=~IPER(31 
r 17=tIPf.R (71 
118=NPFR (8 ) 
I 19=r IPrR (<) ) 
IF (Il.EO.tH.OII' 11.CO. fl2. UI~. a. EO. tl3) THE'! 
DO 90 11=1,10 

90 RT ( I I) =RT (II) +LMHlUl *FLMl ( 1I, I ) 
[tID IF 

80 CONTI qUE 
UID Ir 
IF( m.EO.tlX2 .. ,tID • .JC.GT. (r,oT-l) *1·mH) TIIErl 
DO 81 1=1,10 
11=NCoDT(LE,Il 
IF (Il.EQ. N7 .Op. 11. EO.IIU .ur~ .11. EO.1I9) THEn 
[JO 91 1I=1, 10 

91 HT(II)=RT(II)+LAtlUL)2*ELM.T(ll'I) 
Urn IF 

81 CONTIrrUC 
Etln IF 
[JO 2 =1,10 
I P=~IC6DT (LE , I 1 
HP(IP)=RP(IPI.RT(I) 
DO 2 _pl.10 

JP=r·ICoDT (LE , J I 
2 ~LMP(IP,JP)=EI MP(IP,.JP)+LLMT(I·J) 

DO 7 y=1,27 

7 ~n~Y ~~ hpJ +P.I' (I) 
HETURrl 
DID 
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C 
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C 

E 
c 
C 
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C 
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C 
C 
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SURROI/T I tiE SU<;MA2 ( I R , JE) 

A(y),(l!!),,-!I),O(II, 1=1,4 AHE 
THE COEFFIcIEIlTS OF Tile ,j/\TUHAL CoOROy~IATEr; 
OF 'TIlE TETri/lllEDHAL ELL 'IEi ITS At JD 
ARE USED T(l COtJSTRIlCT 
Tllr ELE~[t/T MATHICES 

OET=OETERI1rNAllT of THL J(,COBli\f1 OF TRA~lsrOnMflTTorl 

'0 2 I E-1,6 
~F ( IC6 r1P. EO.1) COl:.FF=O[tls rY (Lr, NI', If!, JE I 
IFIICoMP.EO,o) THEil 
COEFF=1.0 
DO 22 1=1,10 
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C 
C 
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E 
C 
C 

E 
C 
C 
C 
C' 
C 

C 
C 

E 
C 
C 
C 
C 
C 
C 

~ 
C 
C 

ortOISITIES fiT TilE ~IOOL~ .\fIr CALCUUTFr) T .• 
511 ROUT! fir O[rJ~ TY 

CALL ,Acon 

gg ~~ J~i:18 
ELl.4Tt T'J'=O.o 
UO 21 LC=1,5 
IFIIOyM.EO.2) RflOILC)=1'L 
FELM=n.O 
uO 23 K=t,3 
AMAr'lTI:AAX K'I:C ,*C,IR I I 'I:C )+OX IK'I:C) *CIIT (I 'LC, +Cx (I(. LC) *nlZ I I. LC) 
AM TJ: XIK, c,*CrrHIJ

T
' C)+OXIK, C)*CIITIJ'LC)+CX(K.LC,.cNZIJ.LC) 

IF IK.FQ.2) ArlAT I=AMflJIIR/,O IloC ,**2 
FELM:rELM+flMIITI*IIMAT 

23 CO~ITI"UE 
E.L fAT( y' J) =FEL~I*O[!I(LC) .R:.n ILC) *VI (LC) /(,. /f)FT J (I C '''FL'·'T (I. J, 

21 CotlTItlUE 
uo 40 1=1,10 . 
uO 40 J=',I 

40 t.LI.4T( y 'JT=[L"rIJrI) 
uO 6 1=1,10 
KT(1)-0.o 

6 COtlTlijUc 
IFIOfirGA.IIF.O.) THlN 

O"EGA .11[, 0.0 (RQTi.Tli.v BLADE Ilf)W) 

VARIATIOII OF OENoSITY CO,.Tr.lUUTr.:.. TO Till" 
HyGIIT HAlin SIDE F EACH lLEM[tlT 

An8ITIOtllli COIITRlnuTlOI~!; TO Tllr: KIGIIT HA~lr ~ynF:"; "F 
Til SE EL[I,ENTS wlllCII IIlIilE SI(lCC; 011 Till" 
Ell flUE AOl.bDAIHES AHE CflLC"LflTEc; p·1 
SIISnOUTIllr HOT A TE 
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C 
C 
C 
C 
C 
C 
C 
C 
C 

~ 
c 
C 

"sUBRoijrItIE SU~MA3 (I-R .~:­

THIS SUAROIITItlE CONSTRUCTS 
THE RECTANGULAR';'PRrSH ELEHENT(SUnSYSTEM , 
MATRICES 
SUeSYTEMS ARE COMPOSEu OF . 
9 TE~RAHEDRAL ~~EMENT~ 
A~~ D~9.~RfN~~~ ~pk~§RI'I~u6ETR"'iEDRAL ELEMENTS 
ARE GIVEN AS FIXED oATA TO THE PROGRAM (I-ICODT) 
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DET=DETERItTNAlIT OF THL "'ACoUIAtI OF TRANSFOp.MATIOt~ 

TuE DERIVATfVES OF TIlE !,lHAPE FUUCTJOrlS t/(I)rI=1,10 
W Tt-! RESPF"C TO TilE LOCI\L COORDINATES AilE 
dLCULATEn III SUBROUTINE DERSH 

CALL nERSH 

00 2 l.E=1,6 
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24(. 
2'+7 
240 
249 
2:)(j 
2~1 
2~2 
2:;>:' 
2~'+ 
25~ 
2!:)G 
2~7 
2::>r. 
25.9 
200 
2b1 
2o~ 
20':" 

~~~ 
2b(' 
2u7 
2bG 
2u9 
270 
271 
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7 
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14 
1~ 
1L 
17 
1il 
1<) 
,0 
'A ~~ 
c!:. 
.:4 
2~ 
':u .q 
':u 
c!9 
':'0 
jl: 
.;,~ 

".:. ~4 
;s~ 

3'1 
..)u 
.)9 
4" 
'+1 
'+c:! 
'+3 
44 
4~ 
,+., 
'+7 
4':; 
49 
="v 
g~ 
;).J 
:>4 
5~j 
;)S/ 
!), 
20 J<) 
uG 
o~ 
o~ 
0;;' 
04 
u!J 
0., 
0" 
o~ 
Y6 
7;' 
7~ 
7· 
7" 
7!! 
7~ 
7" 
7~ 
7') 
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C 
C 
C 
C 
C 
C 
C 
C 

E 
C 
C 
C 
C 
C 
C 

12 

1 

FUNCT rOil '"lEIJr. TV ILL ,Np, I>;, JX) 
HEAL ,.AC"T, ''0 ,LArH.lU ,LAMBL1' LiI"130A , LiI"In02 

TltyS FUtlCTTON CALCIILATES TilE ()OISlTIEc; 
AT RTHE '-/OOrS AIJU NTIIE eE'ITHOID OF THE • 
TET N~nRN ELEME TS 
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14 
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17 
1" 
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E 
C 

C 
C 
C 
C 
C 
C 
C 
C 

C 
C 
C 

c. 
C 
C 

FROtlT ~L [LIMIt/ATIOtl ~: IIIHOUTltlr U~; HIt, rULL PIVnT IflG 

COMMO"/FRON11I 10PItJE.NOIIl. 1I0I'P(NH) .\IDFIWI) .NCOf'INP) .IIC Itlp) .R! ItJI'I 
CO"lMO rl / Fp.ON21 "A ((ICII.NCIII. EO 1t1'IAX.N\I/lY I 
COMM°tl/PRINVyDEIIUu. IV[L. ICOM!'. HIPI'. y\lESl1 . 
i.lIMEtlsIOIl LD[<;TIrICIII'KUE~T(lIcrll.IlKHIC'II'LHr.iJ(IIMA),) .KllrD(lIM"x), 

lKPIV (nM/lx I .Ll't V IIIM/IXI • .JMVD(il~I/lX 1.00 HI"lAX) .PyKOL (t1\1/1x) 
COMMOI IIp/lR/lMII,DT. nDR. t/El'!JP 1"11'2, tlPOY II 

IIELL=n 

kEWItIf) 9 

PRFTp.otIT 

IFIIOFOUG.E8"OOO) W4RITEI~'400) 
IF1tlTpA.[0. Ir,O TO 1 

. FINO I liST /lpPEARAnC[ OF C/lCIJ 'IOOe 

IlLIIST=O 
jIET1=t!EhN2C 3 .. 
liO 12 I=l.NPOt" 
i.l0 8 11=1. NET! 
U04,=1.tl!U1 
IFltIOplrl.LI.llr.IIGO TO 4 
;IL"ST =rl 
IFlr~dsT .tIE.II, /lSHIGO TO ~ 
i',ERRO.,=l 

WRITr 16.4161 NEp.HOR·t! 
C TOr 

3 EONTl,1UE 
IILAST=N 
L1=L 

4 CONTl,1UE 
8 CONTIr,U[ 

IF InEnUG.EO 10001 WRlTU6,4041 I.lIlhST 
!jOP INl AST.LII ;-NOP ItlLflS T, L1) 
rlLAST-O 

12 COHTI;jU[ 
IF InEnllG.EQ.I000) 
IFlIr,ElluG.EO.lOOQI 

"SSE'II'.LY 
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c 

E c 
'IODIry EOlJ/lTlOllS l'IITIi APPLH.:n nO'lfin/l11y cn"nlTTnrl~ 

IF (l!hnUG .EO.100.;) iii' ITE «(" 'I'IA) LC, ~:p 
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