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ABSTRACT

The present study is concerned with the ana]ysié‘of three-dimensional,
éompressib]e flows in axial-, radial-, or mixed-flow turbomachinery under
thé 1imitations of steady and potential flow conditions. The basic app-
roach is to isolate a single blade row (wh1ch may be stat1onary or rotating
at a constant speed) and cons1der the flow ‘in one of the b]ade passages as

» representat1ve of the  total flow through .the entire . row of blades. It is
assumed that the fluid is inviscid and entéﬁztﬁms “cﬁéﬁgcter1st1c" passage
with uniform entropy, uniform total enthalpy aaa“ée;gﬂvort1city. Under
these cond1t1ons, Kelvin's circulation theorem ensures 1rrotat1ona]1ty of
the absolute flow throughout. The analysis is restr1cted to subsonic

 flows which may have local suporsonic spots. The fluid is either incomﬁ—

ressible or assumed to be accurately represehted by the perfect gas law.

The analysis begins with the development of the classical velocity
potential formu]atioﬁ of the problem stated above. An equivalent varia-
tional formulation is thén described. This formulation incorporates a
quasilinearization concept which leads to iterative so]ution. Density
distribution is assumed to be given by a previous solution and therefore
has no variation. The problem of three dimensional, compressible, potential
flow in turbomachinery is thus reduced to the determination of the absolute

velocity potential distribution which minimizes an equivalent functional in
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the solution domain with appropriate boundary conditions.

A computer code has been developed to solve this problem based on
the finite element analysis presented in this thesis. The solution
domain is discretized by using hexahedral superelements each composed
of six ten-node tetrahedral elements enabling quadratic interpolation
of velocity potential. The code offers the flexibility of using a com-
bination of subparametric and isoparametric elements.which provides high
accuracy at reasonable cost in the treatment of turbomachinery flows that

exhibit complicated design features.

Applications of the code to the Gostelow cascade, an experimental
vturbine stgtqr,‘the first stagghstgtpr and_rotgr'of‘an electric utility

' axia]-f]ow turbine and finally to a mixed-flow turbine rotor are presented.
The validity of the code is established by comparing the results with the
‘exact solution, experimentalvdata and calculations by other numerical

methods.
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UOZET

Bu ca]1$madé turbomakinalardaki lic-boyutlu sikistirilabilir akisla-
.r1n daimi ve potansiyel'ak1s sartlam altindaki analizi konu edilmistir.
Temel yaklasim olarak izole edilmis bir pala s1rés1ndaki toplam akis kaf
rakteristik bir pala kanalindaki akis ile temsil edilmistir. Akiskanin
viskozitesiz oldudu ve karakteristik kanala iniform entropi, iniform
tob]am entalpi ve sifir ceviriyle girdigi kabul edilmistir. Bu sartlar
a1t1nda Kelvin sirkiilasyon teoremi mutlak ak1s1h dongisiiz olmasini temin
eder. Sunulan analiz yerel sés hiz1 iisti noktalari olabilen ses hizi
alt1 akislar ic¢in gecerlidir. Akiskan sikistirilamaz veya mikemmel gaz

olarak kabul edilmistir.

Yukardaki problemin kiasik hiz potahsiye]i formiilasyonu gelistiril-
mis ve esdeder varyasyonel formiilasyon elde edilmistir. Bu formiilasyon
~ardisik yaklaswim islemi gerektiren bir yaklasik-dogrusallastirma yontemi
icermektedir. Yogunluk dagilimv bir Onceki ¢oziimden elde edildigi i¢in

varyasyona sahip degildir.

Bu problemin ¢oziilmesi icin bu tezde sunulan sonlu elemanlar anali-
zine dayanan bir bilgisayar program gelistirilmistir. Coziim bolgesi her

.....

siiperelemanlara bolunmistiir.
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Gelistirilen programin Gostelow kaskatina, bir deneysel tiirbin stato-
runa, bir elektrik santrali eksenel tiirbininin birinci kademe stator ve
rotoruné ve son olarak karisik-akisli bir tilirbin rotoruna uygulamalari
sunu]mustu}. Programin gecerlilidi sonug¢larin kesin cﬁzﬁm,.déneyse] ve-
riler ve baska sayisal yontemlerin hesaplariyla kiyaslanmasi ile goste-

rilmistir.
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I. INTRODUCTION"

Ten years after the outset of the so-called "energy crisis" in
1973, problems associated with the efficiency and reliability of turbo-
machinery are becoming more generally recognized as crﬁcia] restraints
on the power plant and propulsion system designs.

Increasing cost of energy generatjonkhas imposed new demands

~ on turbomachinery design for the following main reasons.

i. Stringent economic constraints necessitate efficient and

durable turbomachinery.

ii. To meet the increasing power demand and yet 1imit the
capital cost to a reasonable level, turbines need to be
designed to operate at high inlet temperatures (in excess

of ZOOOOC) and at high Mach numbers.

iii. The technological shift from the petroleum to the more
abundant fossil fuels escorts problems of erosion, deposi-
tion and corrosion due to particle laden gas. The turbo-

machinery of the future must be designed to avert these

problems.



Rapid technological advances made during the past decade have
brought into sharper focus the need for a comprehensive and competent
treatment of the aerodynamic aspects of turbomachinery design. Although
the present theoretical and numerical means fall short of enabling com-
putation of complex viscous three-dimensional effects with certainty,
significant advances have been realized 1n'inviscid flow calculation
teéhniques.

| The majority of thé current inviscid flow numerical analyses
are two-dimensional and applied on one of the two mutually orthogonal
relative streamsurfaces of Wu [17]. Computations on the "blade-to-
blade relative streamsurface (S1)" and the "hub-to-shroud (meridional)
relative streamsurface (S2)" are effected with streamline curvature,
 finite difference or finite é]ement formulations. The former two tech-
niques have a long time of experience behind them and the commonly cited
advantages and disadvantages of these techniques are now clearly known.
The application of the finite element approach to turbine flow calcula-
tions is very recent and tHe comparative merits of this technique are
yet to be demonstrated.

The demand for improved turbomachinery design has recently
brought the three-dimensional flow problem into the agenda. Instead of
attacking the full three-dimensional problem, initial attempts have
usually comprised an artificial superposition of the two-dimensiona]b
solutions obtained on the S1 and S2 surfaces without iteration. Never-
theless, attention seems to be finally focusing on the full three-
dimensional flow. The classical streamline curvature and the finite

difference methods that have proven to be so powerful on Wu's relative



streamsurfaces are now being implemented to this case. In this regard
there is substantial interést for developing three-dimensional finite
element solutions.

Considering the demand for ﬁhree-dimensional turbomachinery flow
models together with the deservedly increasiﬁg popularity of the finite
element methods in many areas of engineefing, the present thesis has been
concerned with calculation of threé—dimensiona] compressib]e potential
flows in axial-, radial-, and mixed-flow turbomachinery. The basic
approach involves a finitgselemeht formulation governing the velocity
potential of the absolute f]ow. The intent has been to develop, on thé
basis of this formulation, a computer code primarily for use in comp-
ressors, turbines and fans.

The work consists of five chapters. The vast effort whfch has
been expended in development of turbomachinery flow models has warranted
the presentation of a Titerature survey as Chapter 2, following the
present chapter, The intent here has been to emphasize fhe present
~state of the art in turbomachinery calculations. The fundamental aspects
of the three-dimensional potential flow theory in turbomachinery are
described in Chapter 3 which a]ﬁo treats in seduence the variational
formulation used, discretization of the flow geometry, development of
the element and the system equations and finally description of the com-
puter code evolved. Chapter 4 is concerned with the results of the test
cases considered for verifying and demonstrating the applicability of
the codé in a variety of turbomachinery flows. Chapter 5 presents the

ensuing conclusions and seeks to highlight the directions in which further

research may be potentially most fruitful.



IT, BACKGROUND

It is true that scientific fesearch is usually tied closely
with technological progress. The former being a prerequisite for
the latter is in turn stimulated by technological advances to gener-
ate new ideas for research which leads to further advances in tech-
- nology. This cyclic cause-and-effect relationship is a major driving
force in science dnd technology;
| The intention of the present chapter is to describe the pre-
sent state of the art in turbomachinery flow calculations. To show
how the need for such calculations has gradually developed, the reader
is first taken on a hurried tour starting from the early attempts that
resulted in nothing but rotating toys, past the mostly trial-and-error
efforts of the late 19th century engineers who endeavored to render
turbines competitive with piston engines, to our own century of dazaling
technological advances which have helped to establish turbomachinery as
the prime mover of electric utility and aircraft industries. Research
on flow caleulations stimulated by these advancés in turbomachine tech-
nology is then narrated in chronological‘order. The accelerating pace
of research in this area is laid out in some detail through efforts
which have resulted in the development of the conformal mapping, singul-

arity, streamline curvature, finite difference dnd finite element methods .



The essential features of these methods are briefly explained. Through-
out, the reader is informed as to how the sophistication of solution
methods has proliferated from the simple one-dimensional theory of Euler -
towards complex three-dimensional analéses. It is clear that turbomachine
technology and research in aerodynamics have proceeded hand in hand ins-
piring and shaping the development of one another. Finally, it is emphas-
tzed that, although the two-dimensional and quasi-three-dimensional methods
of solution have prOvided a major contribution to the develépmént of modern
turbomachinery, the current needs dictate analysis of the complete three-

dimensional flow.

History of turbomachinery can be traced back to Hero's rotating
sphere-and gas turbine (Alexandria 120 B.C.) neither of which produced
any power, but were only used as toys. Although during the succeeding
centuries, water wheels of the impulse and gravity-fed types were bui]f
for use in grinding mills, water supply or mining, the movement toward
modern turbomachinery really started in eighteenth century. Swiss mathé—
matician Leonhard Euler published hié application of Newton's law to
turbomachinery, now universa]]y known as Euler's equation, in 1754, and
thereby immediately permitted more scientific approach to design than
the previous cut-and-try methods.

The first steam turbine to have a major impact on the engineering
world was that of Charles Parsons, who made a mu]tistage'ax1a1—f10w reac-
tion turbine giving 10 hp at 18,000 rpm in 1884. In France, Auguste
‘Rateau experimented with a de Laval turbine in 1894, and developed the
pressure-staged impulse turbine by 1900. Charles G. Curtis patented in

1896 the velocity-staged turbine, similar to a tWo-stage de Laval turbine.



Developments such as the regenerative feed heating (1920) and the reheat
cycle (1925) led to more efficient and powerful (up to 500 MW) steam
turbines (1958).

Development of the gas turbine lagged considerably béhind that of
the steam turbine, because the former was. hampered by the unavailability
of an efficient enough compressor. For many decades, the losses during
compresgion, in particular, were just too high for positive work to be
given at the temperatures turbines of the day could Withstand. Thus, the
difficulty of making efficient compressors led to the failure of early
gas turbine schemes. The first gas turbine activity to resﬁ]t in a workin
engine was started by Charles Lemale, who was granted a patent for a cons-
tant pressure (Brayton or Joule) cycle in 1901. This engine had an effi-
ciency of barely 3.5 percent. The blades were probably stalled for the
compressor was built before the first airplane had flown and at a time
when aerodynamics was at its infancy.

ItAwas not until the 1920's that compressors of high enough effi-
ciency to be useful in a gas turbine began to be developed. The impfove-
ment in efficiency is attributable to the use of growing knowledge of
aerodynamics of airfbi]s and airplanes.

Initially, turbines were designed on the assumption of one-dimen-
sional flow through the blade passages. ‘Eu]er's equation was used to
relate the inlet and outlet velocities to the output power. Steam tur-
bines designed by these mathods were reasonably successful, because in a
f]oﬁ with decreasing pressure, there is no tendency for the boundary
‘layer to separate. In the compressor, on the other hand, the positive

pressure gradients in the passages between the blades tend to cause



separation. The development of two-dimensional potential flow theories
in conjunction with boundary layer calculation techniques enabled pre-
diction of the pressure distribution and the onset of separation, and
thus allowed compressok blades to be designed for higher efficiency.

In 1930's a number of workers began to apply aerodynamic theory
to the three-dimensional flow. It was assumed that between the blade
roWs the radial velocities and acce]erations would quiCk1y vanish and
a condition of "radial equilibrium" would be estab]ished. The axial
velocity would then be invariant with radius and the tangential velocity
would vary inversely with it. Blades designed to suit these conditions
were termed "free—vortex" blades. The radial equilibrium theory was
first used by Whittle in 1930.  Whittle designed a turbojet which had
"free-vortex" blades and demonétrated that. radial equilibrium outside
the blade row would increase the efficiency.

The modern successful gas turbine engine resembles those cons-
tructed by Aurel Stodola (1936) and Adolf Meyer (1939). Adolf Meyer's
gas turbine was also fitted in a locomotive (1942). Hence,once the
scientific breakthrough (with a thermal efficiency of 3.5 percent) was
achieved in 1901, it was followed by the economic breakthrough in 1936.

_The computational difficulties of the full three—dimensidna]
flow through a turbomachine blade row caused investigators to seek a
simpler but less general description of the flow. Lorenz [1] first
introduced the idea of an infinite number of blades of infinitesimal
thickness in order to follow the flow on a given surface (1905). Later
Baueréfe]d [2] (1905), von Mises [3] (1909), Stodola [4] (1927) and
Dreyfus [5] (1946) further clarified and strengthened the theory.



Reissner [6] (1948) gave a blade-design method in which the extension
from an infinite number of blades to a finite humber of blades is .
accomplished by the use of a power series in the circumferential direc-
tion, and the terms in the series are determined by a comparison of the
equations for an infinite number of blades and a finite number of blades.
Howell [7] (1948) gave a solution, based upon a conformal trans-
fdﬁmation, and by use of suitable intermediate stages transformed the
cascade of arbitrarily specified airfoil profiles into a circle, the
flow around which could be determined. This method was programmed by
'Pollard and Wordsworth [8] (1962). Garrick [9] (1944) also gave a solu-
tion to the problem based upon the Theodersen conformal transformations,
“and this method of solution was developed by Hall [10] (1963).
Schlichting [11] (1955), whose method was Tater modified by
Mellor [12] (1956), distributed sources, sinks and vortices on the chord
1ine in order to represent a given airfoil dascade profile. This Timited
the application of the theory to prbfi]eS'of low camber. A more sophis-
ticated approach is that due to Martensen [13] (1959) who distributed
vorticity around the profile. During the years 1940-1944 Merchant and
Collar [14] produced an analysis giving a transformation 1inking the
known potential flow around a series of ovals to that around a cascade
of inclined flat plates. Gostelow [15] (1963) extended Merchant and
Collar's theory to a cascade of airfoil profiles, in an analogous manner
to the theory of isolated Joukowsky transform airfoils. Gostelow's
procedure can be outlined as follows. The normal flow past a series
of laminae lying along the imaginary axis is known and the laminae can

be transformed into a series of ovals, flow around which was given by



Lamb [16] (1932). A particu]ar case of the}genera1 flow about the ovals
is that for which the flow at infinity is inclined to the axis but for
which there is no circulation. In this case the ovals can immediately

be transformed into é cascade of flat plates parallel to the direction

of flow at infinity. Application of this transformation to ovals which
are offset from the origin produces a cascade of airfoil shapes for which
the aerodynamic characteristics are readily obtained.

The aforementioned works dealing with the flow through a cascade
of airfoils do not represent the actual flow through a turbomachine. The
current turbomachinery analysis has its fundamental roots in the classical
work of Wu [17] (1952). Wu was among the first to recognize clearly the
requfrements; approximations and assumptions inherent in any attempt to
solve the full three-dimensioha] flow by two-dimensional approaches. In
his study, Wu succeeded in taking the three-dimensional inviscid flow on
mutually orthogonal surfaces. _Thus, the three-dimensional problem was
broken down into managable two-dimensional flow problems. Wu proposed
a finite-difference method of solution for computations on the S (b]ade-/
to blade) and S2 (hub-to-shroud, i.e. meridional) computational surfaces.

Since Wu, a diversity of solution methods have emerged -through
efforts aiming at solving Wu's equations on the S1 surface, or the S2
surface or on both by iteration.

The various finite difference procedures begin by breaking the
flow fje]d into a grid or network syétem with a set of node points. At
each node point, finite difference expressions are written to approximate
the dffferentia] operators from the governing equations prior to solution

by a difference technique. Linearization is accomplished with a variety
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of techniques ranging from lagging the evaluation of certain terms from
one iteration to the next, to the utilization of various mathematical
linearization operations. The procedures require a damping factor in
order to stabilize the calculations and assure convergence.

Using finite difference methods Marsh [18] (1966) developed a
computer program for the through flow problem on the midchannel S2 sur-
- face, Katsanis [19] (1969) developed a program for trahsonic flow on
the blade-to-blade (S1) streamsurfaces, Bosman and El1-Shaarawi [20]
(1976) calculated the flow on the b]ade?to-b]ade (S1) and hub-to-shroud
(S2) surfaces, Farrel and Adamczyk [21] (1981) sq]ved the blade-to-blade
flow on the S1. surface.

Smith [22] (1966) presénted the fundamentals of the streamline
curvature methods. Stream]ine.curvature methods gained early popularity
due to their intrinsic ability to hand]e odd geometric boundary shapes
with ease, and the convenience of quasi-orthogonals to rigorously estab-
1ish a general "grid network". Quasi-orthogonals are lines arbitrarily
placed across the flow field, roughly perpendicular to the streamlines.
The momentum equation is written énd solved along the quasi-orthogonal.
An important part of the streamline curvature approach is the utilization
" of some curve fitting technique. The curve fit procedure ties together
the flow field between upstream an downstream locations thus preserving
the "é]]ipticity" of the flow field. The approach involves first deriv-
atives along the quasi-orthogonals whf]e first and second order deriv-
atives are used along the streamline. The quality of the curve fit is
extremely important to this method. Accuracy, stability and speed are

directly connected to thé quality of the curve fit. Linearization is
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not requiredbbut damping is necessary to assure stable convergence.
Katsanis [19] extrapolated a reduced flow subsonic solution,
obtained by a finite difference method, to transonic flow by making
use of the streamline curvature techniques (1969). Streamline curva-
ture methods were used by Senoo and Nakase [23] (1972) to solve the
flows on the S1 and S2 surfaces, by Katsanis and Mc Nally [24] to calcu-
late the flow on the hub-to-shroud (S2) mid—channeT surface (1973), by.
Novak [25] to calculate the mean stream sheet (S2) flow (1975). Later
in 1977 Novak and Hearsey [26] used Novak's method to solve the flow on
blade-to-blade (S1) streamsurfaces. In 1981 Kundig [27] presented a
streamline curvature solution on the mean blade-to-blade (S1) stream-
surface. | . |
Application df the finite element method to fluid flow problems
is very recent. Since 1974 several papers have been published in.the
open literature dealing with the application of the finite element
methods to either the blade-to-blade (S1) or the hub-to-shroud (S2) f]ow‘
solutions. The finite element techniques usually utilize variational |
principle formulations or a weighted residual Galerkin procedure. The
flow field is broken into a system of node poinfs defining a series of
fihite elements. On each element the field variable (either the stream
function of the velocity potential) is assigned a certain variation
determined by the adjacent nodal yalues, the form of which gives the
interpolation functions. Using the interpolation function representation
of the field variable in the variational principle formulation or alter-
‘nately in the Galerkin procedure such that the weight functions are

equal to the interpolation functions, algebraic equations are obtained
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for the elements. The so-called global system equations are obtained by
assemb]ing all the equations for all elements. The resulting system of
noniinear equations is solved by conventional techniques.

Adler and Krimerman {28] (1974) were the first to apply the
finite element method to through flow (SZ surface) broblems. In 1976
Hirsch and Warzee [29] presented through flow (S2 surface) calculations
in turbomachinery and discussed the applicability of their method and
its superiorities'over the previous solution techniqués. Not surprisingly,
this paper has received the attention of many investigators and attracted
numerous follow-on discussions. Various other finite element so]utioné
on the blade-to-blade (S1) surfaces were reported by Adler and Krimerman
[30] (1977),Habashi et.al. [31] (1979) and Deconinck and Hirsch [32] (1981)
In 1980 Haas and Keck [33] demonstrated the applicability of such programs
on microcomputers. Baskharone and Hamed [34] (1981) and Akay and Ecer
[35,36,37,38] (1981-1982) attacked the problem of transonic cascade
flows. With the exception of Hirsch and Warzee and Habashi et.al. all
the references cited above made use of linear elements.

Strictly speaking, flow solutions on S1 and S2 surfaces are |
dependenf on each other and iteration is required between the two.
Frequently, however, calculations are made without recognizing the connec-
tion. Methods of combining the S1 and S2 solutions yield the so-called
"quasi-three-dimensional" solutions which exhibit notable improvement
over the "isolated" analyses, and yet fail to give some essentiaf features
of the full three-dimensional flows. As examples to quasi-three-dimen-
sioﬁal investigétions one may cite Senoo and Nakase [23] (1972), Novak

and Hearsey [26] (1977), Adler and Krimerman [39] (1978), and Hirsch and

Warzee [40] (1979).
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The difficulty experienced in the two-dimensional solutions, and
even in the quasi-three-dimensional solutions for that matter, is the
impossibility of extracting from these some essential features of the
full thrée-dimensiona] flow that may be extended to apply to techno]o-
gical problems. On the other hand, a complete three—dimensiona] analysis
will offer the possibility of investigating in detail very particular
problems that may arise. There are a few complete three-dimensional
so]ﬁtion programs that have been published in the open fiterature;
Laskaris [41] published in 1978 his work on the finite element analysis
of three-dimensional potential flow in turbomachines. Laskaris used
second-order isoparametric Lagrangian elements in discretizing the

"solution domain. Laskaris' pioneering work lacks corroborating experi-
mental evidence and comparison with other solution methods. Following

the paper of Laskaris, Whirlow, et.al. [42] used four noded linear tetra-
hedral elements to calculate the incompressible flow in a centrifugal

fan (1980). Their results compared well with éxpérimenta1 data. Finally,
Sarathy [43] (1981) solved the three-dimensional flow field in turbomac-
hinery by using a time-marching finite difference solution technique

based on the Denton [44] flow solver. Sarathy also presented a compar-
ison between his calculations and expefimenta] results.

The theory of the two-dimensional flow about airfoil blades has
been fundamental to the development of turbomachinery, because it can be
used with fair approximation to,représent the actual flow. However, the
turbomachine technology has now reached a level of sophistication which
requifes more detail and more accuracy. The aftereffects of the recent

energy crisis, the increasing standards and requirements of the aircraft
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industry together with the new areas of application such as the automotive
gas turbines all indicate the need for more accurate representation of the
flow in turbomachinery. With the advent of remarkably fast and versatile
computers, complex computational procédures can now be tailored into handy
and effective design tools. | ‘ |

In fact, the actual three-dimensional flow in a turbomachine is
neither inviscid nor steady, it is rotational and irreversible. Owing to
the }elative motion between successive rows of blades, the f]ow'is far
from steady. Owing to the presence of many fixed and moving boundaries
there are substantial boundary layer and other secondary fiow effects.
The logical approach to this problem is to introduce one step of compli-
cation at a time. The present intent is to deal with the steady, com-

pressible, three-dimensional, potential flow.
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ITI. ANALYSIS -

The present study is concerned with the analysis of three-dimen-
sitonal, compressible flows in axial-, radial-, or mized-flow turbomachi-
nery under the limitations of steady and potential flow conditions. The
basic dpproach is to isolate a single blade row (which may be station&ry
or rotating at a contant speed) and consider the flow in one of the blade
‘passdges as répfesehtative'of the total floﬁ through the entire row of
blades. It is assumed that the fluid is inviseid and enters this
"eharacteristic" - passage with uniform entropy, uniform total enthalpy
and zero vorticity. Under these conditions, Kelvin's circulation theorem
ensures irrotationality of the absolute flow throughout. The analysis
is restricted to subsonic flows which may have local supersonic spots.

The fluid is either incompressible or assumed to be accurately represented
by the perfect gas law. |

This chapter begins with a présentation of the classical veloeity
potential formulation of the problem stated above. An equivalent varia-
tional formulation is then deseribed. This formulation incorporates a
quasi-linearization concept which leads to iterative solution. Density
distribution is assumed to be given by a previous solution and therefore
hds no vartation. The problem of three—dim?nsional, compressible, poten-

‘tial flow in turbomachinery is thus reduced to the determination of the
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absolute velocity potential distribution which ﬁinimizes an equivalent
funetional in the solution d;main with appropriate boundary conditions.
A finite element method is developed to solve this problem. The
remainder of the chapter treats the basic features of the finite element

method and the computer code developed. Details are given in the Appendices.

3.1 THEORY OF THREE-DIMENSIONAL FLOW IN TURBOMACHINERY

The fundamental equations governing the three-dimensional flow
of an inviscid, compressible fluid through a turbomachine will be developed
with respect to the moving coordinate system shown in Figure 1. The system
defined by the coordinates (rz8) is rotating at constant angular speed, w,
about the z-axis of the fixed cértesian system (xyz). Here, z represents
the axial coordinate along the centerline of the machine, r the radial
coordinate and 6 the tangential coordinate measured relative to the blade
leading edge.

The equation of continuity ié given by [45]

0, V.e(oW) = 0 M
ot :

Fof flow through a blade passage rotating at constant angular
velocity about the z-axis, Euler's equation of motion may be written

as follows (e.g. see Wu [17]).

> 1 >
ﬂ—-wzﬁzaxw:-——w (2)
Dt P

where'W, P and p denote the relative velocity vector, pressure and density.

respectively. It should bevnoted that the substantial derivative and the



FIGURE 1 - Moving Coordinate System
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gradient operator are defined here with respect to tﬁé rotating coordinate
system.

Using Gibb's relationship

Tds = dh - _dP_ » (3)

p

where T, s and h denote the temperature, entropy and enthalipy, respect-

ively, and noting

> >
i _ o, g )
Eq. (2) becomes,

N |
M T - + 20 x W= -Vh+TVUs (5)
ot

The convective acceleration term is given by the vector identity

>

-Wx?xW+i%§Wﬂ (6)

=
I

W.

Substitution of the above into Eq. (5) yields

= N ;
W T xW+2) = VI 4T Vs | (7)
5t

where the rothalpy, I, is defined as

I2h+-mW2-—(ur)? = H-w(rVy) | (8)
2 2 ,
where
H = stagnation enthalpy = h +-—%— V2 (9)

The relative velocity, W, is related to the absolute velocity by
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W:V-t_ﬁx? i (10)
Hence,

> > > > : i

VxW= VxV-Vxwxr) (11)

But

U x@ x Fe (BN - @UNF ¢ @) - KGD) = 2

Therefore, an alternative form of Eq. (7) which involves the vorticity

of the absolute motion is

> .
-ﬁi’_-Wx'v’xvzﬁuTv*s | (12)
3

For stationary blades Eq. (12) reduces to

A, VxVs=-VH+TTs (13)
ot

If the fluid enters the stator of a turbomachine with uniform
H and s and zero vorticity and if the flow is aséumed to be steady and
adiabatic, then Kelvin's ciréu]ation theorem ensures that the flow will
remain irrotational in passing through the stator. '

Under the above conditions, the flow entering the rotor has
uniform H and s. If, in addition, the absolute tangential velocity of
the rotor inlet flow varies inversely with rédius, as in the potential
vortex, then from Eq. (8) the rothalpy, I, is also uniform and Eq. (12)
leads to the conclusion that the absolute flow through the rotor will

also remain irrotational. It should be noted that if the blade rows are

not placed too close together and no trai]ing vortices are shed from the
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preceeding row, the relative flow through éhe rotor can be taken asv
steady.
A Under the foregoing limitations, it is concluded that the abso--
lute flow through the stationary and rotating rows of a turbomachine

can be treated as potential flow in whicH>the rothalpy remains constant

-

throughout. Hence, the equation of motion reduces to
VvxV=0 (14)

and

I=h+——V2-urV, = constant (15)

2
Since the absolute flow is irrotational, an absolute velocity

potential, ¢, may be defined as
V=vo (16)

or in terms of the velocity components as

oo
=V =W
or r r
/1 ad '
L -V, =z W, +twr _ (17)
r 26 6 o :
o
=V. =W
57 z z

Substituting Eq. (16) into Eq. (1) for steady flow we obtain

. ; o
Ve (oV0) = w"g%’ o (18)
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On 'the other hand, from Eq.. (15)

—h——:'l'*'.l
hin Zhin

[VZ, - V2 + 2u(r Vg - Ayp)] _ (19)

where the symbol (in) refers to some reference point on the inlet plane
and

Aip = (r Ve)in = prerotation (or inlet swirl) (20)

For isentropic flow of a perfect gas

B (T - 2
Pin ~ Tin ' (21)
where Y = Cp/Cv = specificvhegt ratio : (22)
and
h=CT=-—Y_RT (23)
Py -

where R is the gas constant.

Eq. (23) allows Eq. (19) to be written in terms of the tempera-

ture.

oY=V sz eog(rv -a)] (24)
T. 2RT. n 6 mn
in in

The problem of steady, three-dimensional, potential flow of a
perfect gas through the stationary and rotating rows of a turbomachine
is governed by Eqs. (18), (21) and (24) subject to various boundary

conditions. These equations may be nondimensionalized by introducing

the nondimensional quantities
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Vl

]
=
1
-
: ]z

T =
T

(25)

where L is a referencé length.
Substituting Eq. (25) into Eqs. (18), (21) and (24), and dropping

out the primes for simplicity, we obtain the nondimensional equations

Ve (p¥0) =0—2P (26)
96 L
o = T1/(Y-1) (27)
2
(y - 1)M; :
=1+ —-—-é———‘l‘- [ - V2 + 20(r ¥y - Aip)] (28)
Vin
where M, _ = reference Mach number = —————+
in : /2
(YRTin)

The analysis will be presented, henceforth, in the nondimensiona

format unless otherwise stated.
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The three-dimensional solution domain corresponding to a charac-
teristic blade passage and the flow boundaries are illustrated in Figure 2.
At the inlet éurface Xin and the radial variation of Vr are given.
- To avoid arbitrariness,’@ is specified at some point at the inlet surface
as ¢, and its distribution at the inlet surface is then calculated from
r 6

Bin(rs0) = 8 + [ (V)g, drlg + [/ Ay, do]
r, < 0,

(29)

Along the side surfaces 1 and 2 (both upstream and downstream),
the flow conditions are periodic. That is, V] = V2 at the same r and z.

Hence,

3, 3%
( - )y = ( - )o
(lﬁ’_] - (l_af’_)z (30)
r 96 r 9¢0 -~
20, _ (30
( - )]_- ( . )

The first and the last conditions in the above require that

o =0 +C | (31)
1 2

‘where the constant C is to be evaluated in the upstream and the down-
stream regions, separately. In the upstream region C is determined

directiy from Eq. (29) as

= | 32
Cupstream - Ainiéep - (32)

where Aep denotes the blade pitch.
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Exit Surface,(ex)
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Surface, Side Surface,(2)
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FIGURE 2 - Characteristic Blade Passage
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By a similar argument, C in the downstream region is related to

the outlet tangential velocity as follows

= (r Vy),, 6 v o (33)

Cdownstream ex —p

where the symbol (ex) refers to the exit surface.

It is convenient to express the second condition in Eq. (30) as

Ao} ad '
20, % | ;
=5 = (2, (34)

where N denotes the unit vector normal to the boundary surface.
At the exit surface, the distribution of the axial velocity

component is to be specified,
% v
(‘S;—)ex = [V, ()] , (35)

Along the solid surfaces (blade, hub and shroud surfaces) the

relative normal velocity must vanish, i.e.

B ) k (36)

an
where N, here denotes the unit normal to the solid surface and 39 the
unit vector in the tangential direction.

An iterative solution procedure is adopted to solve the governing
system of nonlinear equations. This procedure involves a quasilineariza-
tion concept and may be out]inéd as follows. A flow solution is calcu-
lated .from Eq. (26) with the given boundary conditions by assuming p =
constant initially. Estimates of the temperature and the density distri-
butions are then obtained from Egs. (28) and (27), in sequence. This

procedure is répeated until convergence, with,density assumed to be given
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at each time from the previous solution.
A major difficulty encountered in this potential flow problem is
that the exit angle imparted to the gas stream by the blade row is usually

not known in advance and (r V in Eq. (33) cannot be specified. The

B)ex
- question arises then as to what the exit angle would be in the real situa-
tion. This difficulty could be overcome by imposing the Kutta condition
that stipulates the equality of the pressurés on both‘surfaces of the
B]ade at the trailing-edge. The Kutta condition cannot be imposed ex-
plicitly. Instead, amongst several solutions obtained for a reasonable
range of (r Ve)ex the one that satisfies the Kutta cohdition is identified

as the true solution and the corresponding exit condition gives the actual

flow deflection within limitations of the present analysis (inviscid flow).

3.2 VARIATIONAL FORMULATION

Variational analysis is used to determine an extremum problem
which is equivalent to the differential formulation developed above.
The nondimensional functional, X, associated with the nondimen-

sional differential equation (26) must satisfy
3p ,
8K = <6¢,L¢ - W—> = 0 (37)
v 90

where L is a differential operator defined as

1 3 ]
L = (pr 9 ) + — (p ) +
r or or r2 36 28 oz hY4

and & denotes the first variation.

Eq. (37) may.be rewritten more explicitly as
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S 80(Le)d¥ - 5 8o(w -2 )dv = 0 (39)
¥ ¥ B13)
where ¥ denotes the solution domain.
It is noted that

6L, ow —22— dv] = f 60w 22— d¥ + f 0§22 )av (40)
¥ e ¥ 20 ¥ o

By virtue of the solution procedure descfibedvear1ier, the density
}s assumed to be given by the previous solution and therefore has no
variation. .Hence, the second term on the right-hand side of Eq. (40)
vanishes and Eq. (39) becomes

§K = f §6(L0)d¥ - 8[S ow —22— d¥] = O (41)
¥ TRRY:

-Using Eq. (38) the first integral in Eq. (41) may be integrated

by parts to yield
S 68(ro)d¥ = Ig - IV | (42)
¥

where

Ig = [ p 2 60 dS (43)
S an , ,

S = boundary of the solution domain

and

= g o[-2 s(hy + L B0 g 20, B0 58074y (gq)
¥

¥ r ar 2 38 30 3z Y4

Since the density is treated as having no variation, it is
possible to express Eqs; (43) and (44) as variations of surface and

volume integrals, kespective]y.
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The volume integral in Eq. (44) may be rearranged to give

] .
Iy = 6(— f o[(222 + L (22 )2 4 (28 274y (45)
2 ¥ or rz 39 oz

On the other hand, the surface 1ntegra1'in Eq. (43) may be
decomposed into two parts:
Io = I + 1 : (46)
S Sd Sn
where Sd and Sn denote those portions of the boundary surface which are
characterized by, respectively, Dirichlet and Neumann type boundary
conditions.
. Since ¢ is specified on Sd, 8§ = 0 dn Sd and the Dirichlet

boundary integral vanishes.

90 :
s, = {P— as=0 (47)
d an : :

w
1]

Expressing the Neumann boundary integral in a manner similar

to Eq. (40),

I o= 5 2 4ds = 6[f po ~2-dS] - s pos(—22)ds  (48)
3

S
n sn an n an Sn on

and noting that §(3¢/an) = 0 on S (39/3n specified), we obtain

Ig

- o[ o 22 d5) | (49)
n S

n an

Substitution of Eqs. (42), (45), (46), (47) and (49) into

Eq. (41) gives
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8K = 8{f po -2 dS-]fp[(‘q’q’)2+](M))z’“(aq))z]dV
Sn an 2y ar rzZ 3o Y4
- f odw —2—d¥ =0 (50)
30 ‘

Hence, the prob]gm of steady, three-dimensional, compressible,
potential flow in turbomachinery is réduced to the determination of the

velocity potential distribution which minimizes the functional

K= Ky - K ‘ | (51)
n .

where

Ky = o222y (3242 (30 gy, ! oo ¥ (52)

2 ¥ or 2 39 3z A 26

and

ke = f oo =22 ds (53)

n Sn an

in the solution domain by using the Dirichlet boundary conditions given
by Eqs. (29, 31-33) and the Neumann boundary conditions given by Egs.

(34-36) with the density calculated at each step of iteration from

gs. (27,28).

3.3 FINITE ELEMENT ANALYSIS

Due to the complexity of the flow geometry and the difficulty in
imposing the boundary conditions, a finite element method will be developed

to solve the extremum problem described above.
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3.3.1 General Development

In this method the solution domain is divided ihto numerous sub-
domains known as finite elements. The total functional, x, may then be
written in terms of the element functionals (Kv)e and (Ksn)en as

E En R
e e§1 (Kv)e ) e§=1 ‘Ksn)gn (54)

In the above equation the subscript e denotes the elements
under consideration, E is the total number of elements used in rep-
resenting the total domain, the subscript e, refers to fhose elements
whiéh have surfaces on the Neumann boundaries and En is the total number
of such elements.

The field vériab]e'(ve]ocity potential), ¢, is approximated

within each element in terms of its values at several points (called

nodes) in that element as

) m
9. = § N.a; (55)

where Nj are the interpolation functions, 93 the element coordinates
(the nodal values of the field variable) and m is the number of nodes.

| In general, the nodes of the solution domain is the ensemble
of the element nodes. If each element has m nodes resulting in M
nodes in the global domain, then the element nodes can be mapped into
the global nodes by means of an (mxM) transformation matrix. Thus, the
e]emént nodal values of the velocity pdtentia] (element coordinates) may

be ré]ated to the global nodal values (global coordinates) according to

the transformation law
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fq}, =[], @ - (56)
(mx1) (mxM) -(Mx1)
where {q}e is the element coordinate vector, {Q} the global coordinate
vector and [T]e the element transformation matrix. |
The solution to the problem at hand is that set of nodal values
of the velocity potential, Q., which minimizés the functional x. Mini-

J
mization of X requires setting

2K _ 9 for j = 1,...,M (57)

The above requirement may be expressed in terms of the sum of

~the element contributions as

a(KS )e
(1), —2" =0 (58)
€n=1 a{ql,

n
where [T]Z denotes the transpose of the transformation matrix of
element e and serves to map the element contribution into the global
domain.

The two summation terms in the above equation will be treated
separately. Using Eqs. (52) and (55) the volume integral contribution
of element e may be written as

B(Kv)e

-

= [kI, fadg + {r}, _ (59)
a{q}e (mxm) (mx1)  {(mx1)

where [k]e, known as the element property matrix, and {r}, are defined

b.y’,’
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oN. N, 1 3N, N, oN. ON

(kijle =/ olb—r—Lw— 1 T, 1 " Jyy (60)
J Yo ar  ar r¢ 38 90 3z oz
and
(r.). = [ w0 N. ay (6N

Ve oy g ]
Similarly, from Eqs. (53) and (55) the surface integral contribu-

tion of a Neumann boundary element e is

(&g ) |
Sn "y :
—_— = {r} : (62)
d{q} - &
®n
where

i (00 ‘

(ride = L P Ni(5)s ) oS (63)
n(S))e n‘e

n

In Eq. (63), (aé/an)(sn) represents the boundary condition -
e
n
(Egs. (34-36)) specified on the Neumann boundary surface Sn of the

element en.

Substitution of Egs. (59) and (62) into Eq. (58) gives
5T . - (64
= T -
PRI CRONES N G I LR ORI

Using Eq. (56) in the above equation and defining a system

property matrix [K] and a system right-hand side vector {R} as

E .
SR (71} [K1, (7], (65)
and |
En T E ‘T'\ ]
{R} = ) [T]en {r}en e§1 (1], {r}, (66)

ep=1
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we obtain the global system equation.:
[K1{Q} = {R} (67)

Hence, at an internal node the algebraic sum of the volume
integral contributions from all the elements having this node in commonr§
is set equal to zero. However, at a Nehmann bodndary node this sum is |
set equal to the algebraic sum of the surface integral contributions
‘from all the Neumann boundary elements having this node in common.
Repeating the same for all the nodes yields M algebraic equations for M
unknowns. 7 |

The Dirichlet boundary conditions impose additional constraints
to the above formulation. To introduce these constraints, Tet us parti-.

tion the matrix equation (67) as follows

= (68)

where d represénts the Dirichlet boundary nodes where the velocity
potential is prescribed and g represents the remaining nodes, including

the periodic Dirichlet nodes.

Since Q4 are known, we obtain the following

[Kogl1Qg} = (R} - [Kglogt (69)

The above equation set needs to be further modified to incorporat
the Dirich]ét type periodic boundary conditions given by Eq. (31). For

this purpose Eq. (69) may be rewritten in the compact form
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[kggli0g} = RY ‘ (70)

and repartitioned as

R o
Kaa Ka] Ka2 Qa {Ra
Kla K1 K] 19 b= (RYE (71)
%2 K K 1O R

where subscripts 1 and 2 represent the periodic nodes'on side surfaces
1 and 2 respectively and subscript a the remaining nodes.

From Eq. (31) we have
{Q,} = 10} - (€} (72)

Hence, Eq. (71) becomes

’ = *
Kaa (Ka1+Ka2) | Qa Ra+Ka2 C
= (73)
. * * '
(KjatKog)  (Kyp#Ko (K p+Koo )| | Q (Ry+Ry ) +(Ky p#Kp5)C

Finally, we close up the formulation by showing that the net
effect of the Neumann typé periddic boundary conditions on the above
equations is zero. In light of Egs. (34) and (53) it is noted that the
surface integral contributions from the Neumann type periodic boundafy
elements to R? and R; are equal and opposite in sign. Since R? and RE
are added in Eq. (73); these will cancel and the net contribution of
the periodic surface integrals will vanish. A similar argument conducted
in thé global domain with the help of Eqs. (34) and (49) leads to the
same Conclusion. Hence, the Neumann type periodic boundary integrals

need not be calculated.
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The solution to the above set of linear algebraic equations
(Eq. (73)) minimizes the discretized form of the functional, k, given
by Eq. (54), andvtherefore, it represents an approximate solution to
the potential flow problem under consideration for a given density
distribution. Iteration by the use of Eqs. (27) and (28) leads to the

final compressible flow solution.

3.3:2 Determination of Element Contribution for

Tetrahedral Elements

The solution domain is discretized by using ten-node tetrahedral
elements (Figure 3) which allows quadratic interpolation of the velocity

potential in Eq. (55).
4

FIGURE 3 - Ten-node Tetrahedral Element
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The element geomifry is related to the nodal values of the
coordinates r, 6 and z by using either linear or quadratic interpolation
functions. If the same quadratic interpolation functions that approxi-
mate the velocity potential in an element are used to interpolate the

coordinates in terms of their nodal values as

10
VR
10 _
9= j§1.Njej | (74)
10
Z = j§1 szj

“where rj, ej and Zj denote the coordinates of the j'th node in the element,

~then curved sided elements may be implemented so as to enable better approx-‘
imation of the blade profile. This formulation which uses the same order ‘
of interpolation for the element geometry as for the velocity potential
is referred to as an "isoparametric" formulation.

An alternative simplified formulation may be obtained in terms

of linear tetrahedral elements in which coordinates are related to the

four cofner nodes (nodes 1-4 in Figure 3) through the relationships

10 :
r = j§1 zjrj
10 ]
0 = \]21 Q,J-GJ- _ : (7:))A
10
Z = j§1 Rsz .
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where zj denote a‘set of Tinear interpolation functions. The simplified
formulation in which a lower order of interpolation is used for the
element geometry is said to be a "subparametric" formulation.

Use of a normalized local coordinate system will facilitate the
construction of interpolation functions in developing the finite element
formulations. The natural coordinates, Li (i =1,2,3,4), of a point
within a tetrahedral element may be defined as the rétjos of the volumes
subtended by lines connecting this point and the vertices to the total

volume. With reference to Figure 4 the natural coordinates are given by

L. - volume (pik&) - (76)

i~ volume (ijke)

FIGURE 4 - Local Coordinates
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In view of Eq. (76), Li varies from 0 at surface jk2 to 1 at

vertex i and we have

Ly +Ly #Ly+L, =1 ‘ (77)

Thus the natural coordinates are\not independent. This difficulty
may be resolved by considering L], L2 and L3 as an independent system and
L4 as a dependent coordinate giVen by Eq. (77). DeriVatives in this system
of natural coordinates may be transformed into the cylindrical coordinate

system as follows

[ 5 7 [or 88 527 [_8_]
BL] BL] BL]~ BL] or
2 33— ( a?_r ‘a?_e' a?_z ) aae ( (78)
2 2 2 2
kS ar 98 oz 3
_BLBJ ] By oL, aL3J | 3z )

The transformation matrix in the above equation is known as the
Jacobian matrix, J. The volume elements in the two coordinate systems

are related through the determinant of the Jacobian matrix as

dr dg dz = det J ‘dL] dL, di, (79)

Assuming that the Jacobian matrix possesses an inverse, J'1, that

is, the transformation is one-to-one, we may write

— -~ - -—

0

——

or

0 (80)
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The quadratic interpolation functions Nj used in approximating

the velocity potential in Eq. (55) are given in terms of the local coor-

dinates as
Ny = L2 - ) j=1,2,3.4
N5 = 4L]L2
N6 = 4L2L3
N, = 4LL, . | (81)
N8 = 4L]L4
N9 = 4L2L4
Njg= 4Ll

where the side nodes (5-10) are located midway between the corner nodes
(1-4). the that we have Nj = 1 at node j and 0 at all other nodes.

| When combined wﬁth Eq. (76) which defines the transformation
between the cylindrical coordinates and the local coordinates, Eq. (81)
allows the volume and surface integrals existing in the element equations
(Eqs. (60), (61) and (63))’to be easily evaluated with respect to'the
Tocal coordinates. The details of the coordinate transformation for

the cases of subparametric and.isoparametric tetrahedral elements and
the development leading to the corresponding element equations are pre-

sented in Appendices A and B, respectively.
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3.3.3 Automatic Discretization of Solution Domain

and Computer Code

The discretization of the solution domain directiy into tetrahedral
elements presents difficulties of visualization and could lead to errors
in mesh construction. These difficulties may be avoided by performing
the discretization in two stages. First, the domain is subdivided into
eight-cornered hexahedral e]emehts. Figure 5 i]]ustrafes'the use of these
"sﬁpére]ements" as the’building bricks of the finite element mesh. Each
hexahedral superelement is then subdivided into six basic tetrahedral
elements as shown in Figure 6.

A general %inite element computer code, TURBO, has been developed
to solve three-dimensional, compressible, potential flows in axial-,
radial- or mixed-flow turbomachines. The code handles subsonic flows
with Tocal supersonic spots. It has -an automatic mesh generation capabi-
1ity.. The solution domain is automatically subdivided into hexahedral
superelements each consisting of six internal tetrahedra.

The code usef has theroption of choosing between subparametric
(]inéar) and isoparametric (quadratic) tetrahedral elements. This flexi—
bility enables high accuracy in the treatment of turbomachinery flows -
that exhibit complicated design features, such as highly twisted, curved
and staggered blades, by the use of. curved-sided elements that best fit
the shape of the physical boundaries. Although it is true that isopara-
metric elements can better approximate the physical boundaries and the
dynamic characteristics of the flow (i.e. the orientation and curvature
of streamlines) subparametric elements are more economical with respect

to computation time. For example, on the UNIVAC 1106 computer the
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FIGURE 5 - Doma



FIGURE 6 - Hexahedral Superelement
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calculation of the system property matrix corresponding to 700 tetra-
hedra requires about 30 seconds with subparametric elements and about
6 minutes with isoparametric elements. It might be pointed out that
the code is structured to accept any combination of these e]eﬁents.
An optimum tradeoff between accuracy and computation time may be
obtained by using isoparametric elements at the blade boundaries and

subparametric elements in the internal domain.

The user's manual for the code TURBO is given in Appendix D.

Appendix E contains the code listing.

43
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IV. APPLICATIONS

This chapter contains the applications considefed for the verifi-
catioﬁ of the finite element code developed.

The two dimensional verification of the code is established by
application to the Gostelow cascade. The results are compared with the
exact solution.

An experimental turbine stator and the first stage stator and
rotor of a large electric utility gas turbine are the bases of comparisonv
between the three-dimensional solution of the present code and the two-
dimensional midstream surface solution of another code available in the
public domain., This study provides a test against a code widely used in
turbomachine calculations. Surface velocities measured in the experi-
mental turbine provide empirical evidence for the validity of the calcu-
lated results.

A mized-flow turbine rotor is considered to demonstrate the full
three-dimensional capability of the code. Results are assessed upon

eomparison ﬁith another three-dimensional solution previously published.
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4.1 APPLICATIONS TO TWO-DIMENSIONAL INCOMPRESSIBLE CASCADE
FLOW AND COMPARISON WITH EXACT SOLUTION

The two-dimensional cascade shown in Figure 7 has been used to
provide a partial validation of the computer code. The airfoil shape
and the solution to the incompressible flow 1ﬁhthis cascade have been
obtained by Gostelow [15] through the application of Merchant and Collar
transformation [14] to a set of ovals. The cascade parameters and the

~blade coordinates are presented in Table 1 and Appendix C, respectively.
The notation used in Table 1 is defined in Figure 8.
A total of_seven runs was made using the Gostelow cascade. The
key input parameters to these runs are given in Table 2.
| Since the cascade is two dimensional, the solution domain is
representéd by a single layer of hexahedral superelements. Figure 7
shows the top view of the finite element mesh structure employed in the
first four runs. A total of 105 hexahedral and 630 tetrahedral elements
is used in these runs giving rise to a total .of 837 nodes, 66 of which
fall on the blade surfaces. This represents the finest mesh possible
on the UNIVAC 1106 of the Bogazi¢i University Computer Center. Runs
No. 1-3 are the primary test cases which ﬁrovidé comparisoh of the
results from the present code with the exact solution for three different
inlet flow ang]eé. In all the runs except Run No. 4 the blade surfaces
are approximated by isoparametric elements while the internal domain is
described in terms of Eubparametric elements. Run No. 4 employs subpara-
metric elements throughout and aims to reveal the resulting effect on

accuracy. Run No. 5 involves the same grid qonfiguration as in the
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FIGURE 7 - Top View of the Finite Element Mesh Structure Employed
for the Gostelow Cascade
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Lift Force
Perpendicular ;
to Chord / L

Camber Line .

K ex
l“_— Axial Chord, C —"
FIGURE 8 - Cascade Nomenclature
TABLE 1 - Gostelow Cascade Parameters
Axial Chord . Space to Inlet Blade| Outlet Blade | Stagger| Blade
to Chord Chord Angle Angle Angle | Profile
Ratio (C/C') | Ratio (S/C') o (deg.) o (deg.) £
X
0.79335 0.9901573 52.9 -20.8 -37.5 | See
Appendi x
C




TABLE 2 - Key Parameters Used in the Gostelow Cascade Validation Runs

Run Inlet Inlet Flow No. of Subdivision No. of Type of No. of
No. | Mach No.| Angle a](deg.) Hexahedra of Hexahedra| Tetrahedra| Tetrahedra Nodes
1 Incomp. 47.5 105 R 630 I+3S 837
2 | Incomp. 53.5 105 R 630 I+5S 837
3 Incomp. 59.0 105 R 630 I+5S 1837
4 | Incomp. 53.5 105 R 630 S 837
5 Incomp. 53.5 105 X | 630 I1+S 837
6 | Incomp. 53,5 15 R 90 1+5S 231
7 Incomp. 53.5 50 R 150 I+5S 693

I : Isoparametric

: Subparametric

S
R : Regular subdivision - Top view
X

: Irregular subdivision - Top view

8Y
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preceding four cases. The only difference is in the subdivision pattern
of the superelements. Each hexahedral superelement is subdivided along
its longer diagonal thus producing tetrahedral elements with high aspect
ratio. This run is intended to establish the effect of e]ément aspect
ratio. Runs No. 6 and 7 have coarser meshes. (See Figure 9) and thus
reflect the effect of grid resolution.

. The key output parameters for these computer runs are given in
Table 3. Also shown in the table are the numbers of thé figures 1in which
‘the calculated blade surface pressure distributions are compared with the
corresponding exact solution. The 1ift coefficient, CL’ is defined as

follows,

¢, = —m———— . ‘ ‘ (82)

—
1
'

"2 "in
where FL denotes the 1ift force perpendicular to the blade chord and C'
denotes the blade chord (See Figure 8).
C

L
the blade surface and using the above definition.

is calculated by integrating the pressure distribution over

The surface pressure distributions are expressed in terms of the
pressure coefficient, CP, defined as follows,
P - P,
LU : | (83)
P .
ELISERYE.
.72 PY4n
Using the nondimensional quantities introduced in Chapter III,

the above definition may be rewritten as

C

p = (] - V2) _ ) ’ ] (84)
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/ Case 6
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\VZay

Case 7

FIGURE 9 - Top View of the Coarse Meshes Employed in Cases
: 6 and 7 for the Gostelow Cascade

’



TABLE 3 - Key Results of the Gostelow Cascade Validation Runs

‘Run Figure Flow Exit Flow Deflection Lift Coefficient, CL Computer
~ No. No. | Angle a . (deg.)| ¢ = a.. + % ox % Error | Execution
Present Exact Time (min)
Code So]utjon
1 10 -29.5 18.0 0.59 0.616 4.22 35
2 11 -30.0 23.5 0.71 0.7448 4.67 35
3 12 -30.4 28.6 0.72 0.84 14.29 35
4 13 -30.0 23.5 0.666 0.7448 10.58 31
5 14 -30.0 23.5 0.652 0.7448 12.19 35
6 15 -30.0 23.5 © 0.654 0.7448 12.19 3
7 15 -30.0 23.5 0.706 0.7448 5.2 12

LS



52

where again, for simplicity, no symbolic distinction is drawn between
dimensional and nondimensional quantities.

Now let us turn our attention to tﬁe comparison of calculated
surface pressure distributions and exact solution for the aforementioned
computer runs. Figure 10 shows that good agreement exists for the inlet
angle of 47.5%. As indicated by Figures 11 and 12, the agreement is also
gooq'for the inlet angles of 53.5% and 59° on the preésure;side. However,
as the inlet angle increases, the calculated pressure diétribution on the
suction surface tends to deviate from the exact solution. This js not |
surprising in light of the fact that the corfesponding increase in flow
deflection makes it difficult to calculate the accelerating flow near the
leading edge of the suction surface. If it ﬁere possib]é to improve the
grid further, the suction surface calculation would more accurately match
the exact solution.

Figure 13 gives an interesting comparison between Runs No. 2 and
4 which approximate the blade surface with isoparametric and subparametric
e1emeﬁts, respectively. Results indicate that the use of subparametric
elements deteriorates the solution near the leading edge considerably.
Evidently,this is a critical region which requires high grid resolution
due to rapidly changing flow and forbids use of subparametric elements
due to large surface curvature.

Figure 14 shows the adverse effect of changing the internal
division pattern of the hexahedral superelements. The resulting increase
in the Aspect ratios of the tetrahedral elements causes a reduction in

theAacéuracy of calculations. As before, the region most affected is

the blade leading edge.
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FIGURE 14 - Comparison of Pressure Coefficient Distributions for
Cases 2 and 5 (as, = 53.50)
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The remaining two cases involve coérser mesh configurations which
highlight the effect of grid resolution. As indicated in Figure 15, the
effect of reducing resolution is to degrade the predictions- at the leading
edge, Thg accuracy at the trailing edge is surprisingly good even for the
coarsest mesh. It is interesting to note that between Runs No. 2 and 7
there corresponds only a 0.5 % improvement in 1ift coefficient prediction
to a threefold increase in execution time (See Table 4).

The results with the Gostelow cascade suggest thaf to obtain good

- numerical results four items become critical:

1. Sufficiently fine mesh configuration within the core

memory limitations of'the existing computer,
2.. Finer resolution of the grid near the blade leading edge,
3. 1isoparametric elements at the blade surface, and

4, Domain subdivision into elements with aspect ratio as

near unity as possible.

4.2 APPLICATIONS TO AXIAL-FLOW TURBINES AND COMPARISON WITH
EXPERIMENTS AND TWO-DIMENSIONAL “STREAMSURFACE"

CALCULATIONS

The calculations with the Gostelow cascade have verified the
applicability of the code to two-dimensional incompressible flows. We

now proéeed to show its validity in two-dimensional compressible flow

calculations.
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For this purpose we consider three runs concerning an experimental
turbine stator [45] used at the NASA Lewis Research Center and the first
stage stator and rotor [46] of a large electric utility turbine. The
validity of the code is tested by using the surface velocities measured
at the midstreamsurface of the experimental turbine [45] and the twd-
dimensional midstreamsurface calculations of Katsanis' code [19]. Expe-
rimepta] verification is not possible for the Tatter two cases (the first
stage rows of the electric utility turbine) as no data are available at
present, However, comparison with the TSONIC code widely used in turbo- .
machine calculations lends confidence in the compressible f]ow capability
of the present code. The TSONIC code obtains transonic flow solution in
two stages: (1) the weight flow is reduced sufficiently so the flow is
completely subsonic throughout the passage and a solution is obtained to
the streamfunction equation based on this reduced wéight flow, and
(2) the transonic velocity distribution is determined based on the actual
weight flow by means of a ve]ocity gradient solution.

Figures 16-18 show the mesh configurations used in the three runs.
These configurations composed of two layers of 4 x 15 hexahedral super-
elements are the finest that could be achieved on the existing computer.
Since the results are to be compared with data on the midstreamsurface,
it is not necessary to treat the entire span of the blade-to-blade channel.
The solution region considered in each case is indicated in the correspond-
ing figure. It is worth mentioning that subparametric elements are used
everywhere except at blade surfaces which are approximated by isoparametric
e]emenfs. It is also important to note that from the two alternative sub-

division patterns of hexahedral superelements ‘the one which produces the
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FIGURE 16 - Top View of the Finite Element Mesh Employed for

the Experimental Turbine Stator
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FIGURE 17 - Top View of the Finite Element Mesh Employed for
the First Stage Stator of the Electric Utility
Turbine
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FIGURE 18 - Top View of the Computational Mesh Employed for the
First Stage Rotor of the Electric Utility Turbine -
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optimum aspect ratio is chosen. Some important gebmetric parameters and
the blade coordinates are given in Table 4 and Appendix C, respectively.
Table 5 summarizes the key input parameters to these runs.

The key output parameters obtained from these computer runs are
~given in Table 6. This table also shows the numbers of the figures that
comparé the blade surface ve1ocity distributions calculated by the present
codg with the experimental data’and/or the results from the TSONIC code.
It might be mentioned that all of the three runs have c&nverged after four
density iterations, the maximum re]ati?e change in velocity potential in
the final iteration being less than 2 %. |

Figure 19 shows that the present results for Run No. 1 agree very

well with the experiments and the TSONIC predictions obtained on a- 20x63
finite difference grid. The tfu]y excellent agreement with the measured
velocities near the leading and the trailing edges is especially note-
worthy in view of the usual diffi¢u1ty for potential flow methods to treat
these régions. In fact, the trailing edge calculation of the TSONIC code
is way off. The presshre and suction surface velocities calculated by
the present code merge‘smooth1y at the trailing edge showing that the
Kutta condition is fulfilled.

Figure 20 shows the constant Mach number contours corresponding
to Run No. 1. The Mach level is low at the inlet but increases in the
blade passage going up to 0.9 on the suction s%de of the blade trailing
.edge.‘ There is a considerable decrease in the Mach level right after

the trailing edge probably due to the absence of any viscous blockage

effects in the analysis.



TABLE 4 - Geometric Parameters at Midstreamsurface for Two-Dimensional Compressible

Flow Runs

Run Description No. of Chord Axial Chord | Blade Inlet | Blade Exit Blade .
No. Blades C',(ft) C', (ft) . Angle Angle Stagger |Profile
%3 (deg.) oy (deg.)
1 Experimental Clock- | See
Stator 50 0.9576 0.043 0 59 wise
Appen-
2 Turbine Counter-| dix C
Stator 48 0.579 0.417 0 -60. clock-
wise
3 Turbine Clock-
Rotor 95 0.323 0.297 32 49 wise

69
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- Key Input Parameters to Two-Dimensional

TABLE 5
Compressible Flow Runs
Run| Rotational | o, (deg.) No. of No. of Subdivision | No. of
No.| Speed, (rpm) in in "/ Hexahedra| Tetrahedra| of Hexahedra| Nodes
1 0.0 0.21) 0.0 120 720 c 1395
2 0.0 0.21 0.0 120 720 cC 1395
3 | 3600.0 0.90 66.7 120 720 C 1395
C: Subdivision for clockwise stagger - Top view ! Ef
CC: Subdivision for counterclockwise stagger - Top view
TABLE 6 - Key Output Parameters from Two-Dimensional
CompressibTe Flow Runs -
‘Run Figure M a (deg.) | § =a; *to Computer Exe-
No. No. ex ex m €X 1 cution Time
(min)
19 0.64 -67.0 -67.7 155
21 0.67 -66.7 -66.7 155
22 0.24 15.5 82.2 155
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Comparisons of the blade surface velocity distributions calculated
by the present code and the TSONiC code for the first Stage stator and
‘rotor rows of the electric utility turbine are shown in Figures 21 and 22.
The TSONIC calculations are based on a 20x43 finite difference grid. The
agreement between the two methods is generally satisfactory. Results
suggest that the maximum discrepancy occurs around the leading and trai]iﬁg
edges. At the trailing edges the TSONIC predictions are'qlear1y in error
on account of not meeting the Kutta condition. In the case of the rotor,
the present code predicts the location of stagnation as somewhat detached
from the leading edge. The validity of this prediction has been tested
by applying Katsanis' MAGNFY code [47]. This code allows the coarse-mesh
solution from the TSONIC code to be magnified by a chosen magnification
factor in a small rectangular region. The MAGNFY code used by Gunes and
Mengiitiirk [48) to obtain a detailed fine-mesh solution around the leading
edge confirms the location of fotor blade stagnation indicated by the
present code. |

The midstreamsurface Méch contours for Runs No. 2 and 3 are plotted /
in Figures 23 and 24, respectively. It is important to note that the Mach
levels calculated at the stator outiet do not match the rotor inlet condi-
tions. It is believed that this particular behaviour can be attributed
to the absence of viscous b1ockage effects in the analysis. In reality,
the boundary layer bui]d-up on the blades, the casing and the hub and the
wake flow formation greatly reduce the éffective flow area behind the
blades resulting in increased outlet velocities. Thus, the inviscid flow

solution fails to predict accurate Mach numbers at the outlet.



Non-Dim. Surface Velocity, (V/V,)

(@ p]

T | T I ‘ T | T I !
—-- Calculated by TSONIC Program [46)
— Present Analysis , i

I~

w

N

—_—

1

0 L 1 |
00 02 04 06 08 10
Non-Dim. Axial Coordinate, z/C

FIGURE 21 - Comparison of Blade Surface Velocity Distributions
Calculated by the Present Code and the TSONIC Code
for the Stator Row of the Electric Utility Turbine

70



71

i
l ! l I ] T ! T

. —--Calculated by TSONIC Program k6]

04

0.2

Non-Dim. Surface Velocity, (W/Viy)
o
(@)

0.0 ) I | ! T R
0.0 0.2 04 06 08 10
Non-Dim. Axial Coordinate, z/C
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FIGURE 23 -
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FIGURE 24 - Mach Number Contours on the



74

4.3 APPLICATION TO A MIXED-FLOW TURBINE AND_ COMPARISON
WITH THREE-DIMENSIONAL CALCULATIONS

The final test of the code is the demonstration of its ability to
predict the three-dimensional flow. This is achieved by applying the code
to the mixed-flow turbine rotor considered by Laskaris [41] and comparing
the results obtained by both methods. Since Laskaris disﬁ]osed no geomet-
ric-data on this turbine rotor, the coordinates of the blade profile and
the hub-to-shroud walls had to be measured from thé figures supplied in
'his paper. These measurements which inevitably involve some degree of un-
certainty (+ 0.25 cm)bare given in Appendix C. The geometry constructed
based on the measured coordinates is reproduced in Figures 25 and 26 which
show, respectively, the blade-to-blade and the hub-to-shroud sections of
the blade passage. Also shown in these figures is the mesh configuration
used in the present calculations. This configuration consists of two layers
of 4x15 hexahedral superelements which represents, as before, the best pos-
sib1e'mesh on the existing computer. To cover the entire passage each hexa-
hedral block is extended half the blade span making element aspect ratios /
too high. Had the machine core storage Timitations permitted, it would
have been appropriate to 1n§rease the number of layers used. The present
mesh configuration involves 5x9x31 nodal points in the r, 6 and z direc-
tions, respectively. . This compares favorably well with the 5x9x29 noded
mesh configuration used by Laskaris. It should be pointed out that Las-
karis' analysis is based on Galerkin's method applied over 27 node second-
‘order Lagrangian elements whereas the present method relies upon variational

formulation over 27-node hexahedral superelements each made up of six basic

tetrahedra] e]ements.‘

|
!
|
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The key input parameters used in the computer run wére estimated
from the data given by Laskaris. These are shown in Table 7 togethér with
some important output parameters. The total execution time of 164 minutes
is to be compared with the 160 minutes required by the Laskaris code on

the GE 605 computer,

TABLE 7 - Key Input-Output Parameters for Mixed-Flow Rotor

Key Input Parameters:

Mid-span : No. of No. of No. of
(Vr)in (Ve)in (Vz)in w(rpm)| Hexahedra | Tetrahedra Nodes
70 (m/s) 283 (m/s) 273 (m/s)| 3600 120 720 1395

Key Output Parameters:

.Mid=span No. Qf Computer:- Execution
- Iterations Time
‘(Vr)ex (Ve)ex (Vz)ex
140 (m/s) |140 (m/s) [170 (m/s) 4 164 min

Comparisons of blade.surface pressure distributions are presented
in Figures 27-29 at three different sections: hub, mid-span and shroud.
In these figures pressures are nondimensional with respect to the rotor.
inlet pressure (1.04x10°% N/m?). Léskaris‘ results originally given as nor-

malized with respect to a reference pressure of 1.0x10% N/m? are reproduced

here in the new format. It is noted that the present results are qualita-

tive1y in agreement with Laskaris' calculations. Essentially similar

trends are indicated by both methods. For example, it is observed that
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surface pressure gradients tend to increase toward the shroud. This is
true for both the positive and the negative preséure gradients. Since
the former indicates possibility of flow separation, it may be concluded
that the separation tehdency increases with radius in this turbihe. At
the shroud section Laskaris predicts a critical zone with adverse pres-
sure gradient on the pressure surface near the blade nose whereas our
calculations indicate an additional one on the suction surface halfway
between the leading and trailing edges. Interestingly, the two solution
methods display satisfactory agreement around the blade nose in spite of
the fact that this is often the most problematic area in numerical calcu-
lations. The differences increase after approximately 20 % axial chord
from the leading edge. The maximum deviations occur on the suction
.surface at about 60 % axial chord af the hub section, 50 % at the mid-span
and 40 % at the shroud. The agreement on the pressure surface is rela-
tively satisfactory except toward the trailing edge where the Kutta con-

dition appears to indicate somewhat different exit conditions. As an

overall observation our calculations: seem to be consistently overpredict- -

ing the variations in pressure. This consistent pattern Teads us to
suspect that the profiles considered by the two‘codes are slightly dif-
ferent as a result of the errors that may be involved in reproducing |
Laskaris' blade profile. For example, it may be argued that the over-
acceleration occuring over the suction surface may be reduced by shaving
off this surface slightly. To support this idea and also to demonstrate
the aBi]ity of the code as a design tool, calculations have been repeated
using‘the modi fied profile shown in Figure 30. The maximum change made

in the blade profile is -0.004 radians (corresponding to -0.23 cm at the
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shroud) which is within the estimated error-band of +0.25 cm. Results,
also included in Figures 27-29, exhibit considerable improvement.

Figures 31, 32 and 33 show the relative Qe]ocity vectors calcu-
Tated by the present code, respectively, on the surface midway between
.two successive blades extending from hub to shroud, on the midspan blade-
to-blade surface of revolution and on the passage cross-sectional plane
at Fhe blade trailing edge. These figures illustrate some of the three-
dimensional aspects of the flow. |

The blade-to-blade Mach number contours are shown in Figures 34
" and 35 for the hub and shroud sections, respectively. ‘Figure‘36 shows
the Mach number contours calculated on the surface midway between blades.
The contours calculated by Laskaris are also plotted at the bottom of
each figure, for comparison. It is seen that results are in good agree-
ment in both pattern and magnitude.

Finally, Figure 37 depicts the Mach number contours on the passage
cross-sectional plane at the trailing edge for which no data is available

for comparison.
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FIGURE 32 - Relative Velocity Vectors Calculated by the Present
Code on the Midspan Blade-to-Blade Surface of
Revolution for the Mixed-Flow Turbine
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FIGURE 33 - Relative Velocity Vectors Calculated by the Present
Code on the Passage Cross-Sectional Plane at the
Blade Trailing Edge for the Mixed-Flow Turbine
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n of Blade-to-Blade Mach Number Contours
Calculated by the Present Code and Laskaris' Code
at the Hub Section of the Mixed-Flow Turbine

FIGURE 34 - Compariso
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FIGURE 35 - Comparison of Biade-to—B]ade Mach Number Contours
Calculated by the Present Code and Laskaris' Code
at the Shroud Section of the Mixed-Flow Turbine
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FIGURE 36 - Comparison of Mach Number Contours on the Surface
Midway Between Blades by the Present Code and
Laskaris' Code for the Mixed-Flow Turbine
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FIGURE 37 - Mach Nu
Plane a

mber Contours on the Passage Cross-Sectiona1
t the Trailing Edge of the Mixed-Flow Turbine
calculated by the Present Code
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V. CONCLUSIONS anp RECOMMENDATIONS

.Based on the finite element analysis presented in this thesis, a
computer code has been developed for calculating three-dimensional.
compressible, potential flows in axial-, radial- or mixed-flow

turbomachinery.

Applications of the code to thg Gostelow cascade,‘an_experimenta1
turbine stator, the first stége stator and rotor of an electric
utility turbine and finally to a mixed-flow turbine rotor are
presented. The validity of the code is established by comparing
the results with the exact solution, experimental data and calcu-

lations by other numerical methods.

The present code handles subsonic flows with Tocal supersonic
spots. The analysis may be extended to include shock fitting
and shock capturing techniques so as to enable the analysis of

transonic flows.

The analysis should be extended to the solution of rotational

flows.

Viscous effects are not included in the present code. It is

possible to acéount for these effects by superposing
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secondary flows and loss models onto the solution obtained by

the cdde.

In parallel with rapid advances in the computer technology, the
code developed in this study will be a powerful and economical
design and evaluation tool not totally substituting the need for
experimentation but providing insight and direction towards better

ideas in turbomachinery design.
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APPENDIX A
SUBPARAMETRIC TETRAHEDRAL ELEMENT FORMULATION

The natural coordinates of a linear tetrahedron are the linear
interpolation functions used in Eq. (75) of Chapter III. i.e. lj = Lj,

Jj=1,2,3,4. Hence,

10
10

o = j§1 Li o5 (A1)
10

Z = j§1 Lj zJ

Here it will be convenieht to incorporate Eq. (77) of Chapter III

into Eq. (A1) above yielding

[ r] [ " r, ra r;« Ll-
8 6, 6, 8, 6, L,
< = $ ¢ (A2)
z z1 z, z, z, L3
1 ] 1 1 1 L,
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Denoting the coefficient matrix by _C we obtain‘

r - - -

L1 r
L, , )
< ¢2=¢C ¢ (A3)
L z /
3
L 1
L 4] |

. -

a b c d

1 1 1 1
a b c d
C-1 - 1 2 2 2 2 (A4)
. det C a, b3 c, d3
au bu Cu du_
where
(6, 6, 6,]
a, = det z, z, z,
1 1 1]
[r, r, 1]
b, ==det | z, z, 'z, | » (A5)
11 1)
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The remaining coefficients can be obtained by permutation of
indices.
It follows from Eqs. (A3) and (A4) that
a.r + b.p tc.z +d.
r Je ch dJ

L, = =3 , j=1,2,3,4 (A6)
b det C )

Note that for a given element a5 bj, cj,'dj and det C are
constants that depend on the coordinates of the corner~n6des.‘
It can be shown that det C = det J, and therefore, from Eq. (79)

of Chapter III we have
dr do dz = det C dL] dL2 dL3 (A7)

Using Eq. (A6) derivatives of the quadratic functions, Nj, with
respect to the cylindrical coordinates r, 6 and z within an element may

be related to the derivatives with respect to the natural coordinates as

M L4 e
ar iz1 BLi det
My 4 v, b, - -
—_— ] 1 (A8)
26 i=1 aLi det C
N. oN. .
'a~_|=121__c1
3z iz1 aLi det C

. Hence the element property matrix, (kij)e’ and the element right-
- hand side vector, (ri)e, given by Eqs. (60) and (61) in Chapter III,

respectively, may be written in terms of the local coordinates as
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4 4 3N, 3N, b b

(3 Lyrp)dly dl, dig (A9)

and

]"Lz-L3 g %0 aNl 4
I Wl ( —2 b, p, )( L )dL, dL, dL
0 k=1 2=1 aLk k™S X 1 23

(A10)

Here the density, p, is assumed to be given by fhe same quadratic

interpolation rule
10
= ) N P (A11)
2 1 % :
where p, are the known values of the density at the element nodes.
To evaluate Eq. (A9) and Eq. (AlO) we resort to numerical integ-
ration formulae derived by Hammer et al [49]. For an integration of

order 3 (cubic) and an error of R = O(h*) we have

-L; 1-L,-L,

1 1 1 ,
I 7 ) f(LysL,sL )dL dL, dL,, =
0o 0 0 1°72 1772 773

[f(a)W, + F(b)Wy + F(c)u  + F(d)Hy + f(e)wej (A12)
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‘where a, b, c, d, e are Tocations in the element and W are the weighting

factors given below

Loc L] L2 L3 | L4 w

a 1/4 1/4 1/4 | 1/4 |-4/5
b 1/2 1/6 1/6 1/6 9/20

c 1/6 | 1/2 | 1/6 | 1/6 | 9/20 - (A13)
d |16 | 1/6 |1/2 | 1/6 | 9/20

e 1/6 1/6 1/6 1/2 9/20

If it is assumed that pv='5 (density at the centroid of the ele-
ment and r = ¥ (radial coordinate of the centroid of the element) then

Eq. (A9) may be integrated analytically by using

"La ]‘LZ"LB (TN EY
s 12 Lg LS Lg dL, dL, di, = a:bic.d.
0 _ (atb+c+d+3)!

11
I s (A14)
0 0

The element matrix, (kij)e’ for this case is given in Table A-1.
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A-1. The Element Property Matrix

TABLE
ki.i:kji for aU i,J
i=1,2,3,4
e B (a%F 4 b2/F + 7
T 10 det ¢ ! 1 i)
1=1,2,3 Jj=2,3,4
..=-—i——- .a.r + b.b./r + c.c.r
N30 det c(a‘aJr P57 * €7
i=25 k =1 L =2
iz6 k =2 2 =3
i=7 k=1 2 =3
i=28 k =1 2 =4
i=9 k=2 2 =4
i=10 k=3 g2 =14
5 = L [(a} + bE/r?+c,) + (a] + by/r® + c)
T 15 det C ,
"2
+ (aga, + bbo/r +ckc2)]
izl -j=5 k=2 i=3 j=6 k =2
' J=17 k = 3 J=17 k =1
v j=8 k=24 jJ=10 k=24
i=2 J=5 k=1 i=z=4 j=28 k=1
=6 k =3 J=9 k =1
i=9% k=14 Jj=10 k=3

___or | =2 (a2 4 h2/52 4 o2
k1’j = M—C[B(aiak + bibk/r + cick) (ai + b3/r? + Ci)] |
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(Table A-1. Continued)

i=5 j=10 k=1 £.=2 m= 3 n=4
i=6 j=8 k=2 2£=3 m=1 n=4
i=7 j=9 k=1 £=3 m=2 n=4
2or -5
kis = —9——[(aa +aa +aa n)‘ (bby + b b+ byb )/F
15 det C
* (cz m * “kn * czcn)]
i=1 j=6 k=3 &=2 i=3 j=5 k=1 g=2
j=9 k=2 g=2 J=8 k=1 L =4
3 =10 k=3 2=4 i=9 k=2 &=4
i=2 3=7 k=1 2=3 i=4 j=5 k=1 2=2
j=8 k=4 2-=1 j=6 k=2 £=3
j=10 k=4 2 =3 ij=7 k=1 2£=3
- . _pr =2 2 |
ki g ———9————{(a1.ak + bib /7? + ciep) + (aga, + bbb /72 + cic)]
30 det C |
i=5 j=6 k=2 &=1 m=3 i=7 j=8 k=1 2=3 m=
i=7 k=1 2=2 m=3 J=10k=3 2=1 m=
j=8 k=1 £=2 m=14 i=8 j=9 k=4 2=1 m=
i=6 Jj=7 k=3 £2£=1 m=2 i=9 j=10k=4 2=2 m=
- J=9 k=2 2=3 m=4§4
J=10 k=3 2=2 m=4
- _2r —£E—T(a2 + b2/r? + c2) + (a a, +aa + (b,b. + b,b_)/r?
0 15 get C k k %k k'm k™2 k”m

+ (ckcz + ckcm) + 2(a2am +‘bzbm/f~2 + clcm)]
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The surface integral contribution, (ri)e‘, of -a Neumann boundary
n

element, e, given by Eq. (63) of Chapter III is evaluated as follows

(ride = £ N(5E) ) ¢ | (A15)

n (Sn)e n)en

where (3®/an)(sn) is given by Eqs. (35) and (36) of Chapter III for
e ,

the. exit surface and along the blade surfaces, respectiVe]y, as

30 ’
( n Jex = Vz{Mex (A16)
and
3% . > >
("55_)b1ade = wr(noee) ' (A17)

Note that the surface integral contributions of the periodic
elements cancel each other as discussed in Chapter III.

Since the natural coordinaté Li vanishes on the surface jk2
(refer to Figure 4 of Chapter III) of an element, the surface integral
may be transformed into the local coordinate system by the Jacobian
matrix for the surface transformation, J'.

If the exit plane is taken to be normal td z, assuming L] and L2
to be the indebendent local coordinates (Ly =1 -1L; -Lyand L, =0) 7

and that nodes (1-3) are on the exit surface we may write
dr d6 = det J' dL, sz (A19)
where, for subparametric elements,

det J' = det |0, 6, © o (A20)
) 11 -
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Hence,

dS = r det J' di; di, ' | (A21)

It fo]]ows_that

(). ] 11-L, %O o 3
(r =1 f ( Nopo IN.V_(r) ( L.r.)det d' dL, dL
i‘e “ex 00 o ge PRIV Tz Tex j§1 3 J 1 2
(A22)
For the blade surfaces we write, by using Eq. (A17), that
> > '
[(ri)en]blade = g pNiwr(n-ee)dS (A23)
n‘e
n

The term (K-Eé)ds is the projection of the element blade surface

in the rz plane, which allows US to write

L, 10 3
(3 1 ngz)Niw(jETLer)det J'dy di, (A24)

11-
[(r:). ] = [ J
‘e, blade 0 0

where J' here is the Jacobian matrix which relates the cylindrical:

coordinates r and z fo fhe local coordinates L] and L2 and its deter-

minant is given by

r T

det J' = det z, z z | (A25)

2 3

1 1 1
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APPENDIX B |
ISOPARAMETRIC TETRAHEDRAL ELEMENT FORMULATION

In the treatment of flows that exhibit complicated design
features such as highly tWisted, curved and staggered blades, the
subparametric formulation founded upon linear tetrahedral elements
may be insufficient‘to yield the desired accuracy. It is desirable
to have the capabi]ity of specifying elements with surfaces curved to
besf fit the shape of the physicai boundaries and to best approximate
the dynamic charactefistics of the flow (i.e. the orientation and cur-
vature of streamlines). An alternative isoparametric formulation that
uses curved sided elements will definitely enhance the power and flex-
ibility of the solution method.

The coordinates r, 6, z in an isoparametric element are related
to the nodal coordinates through the quadratic interpolation functions,

N., as follows.

J
10
r = j§1 erj
10
9 = j§1 Njej (B1)
10
Z = Z Nij



From Eq. (78) of Chapter III and Eq.

is obtained as -
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(B1), the Jacobian matrix

R PR
J= g1 dp gy (B2)
Y31 I )
where
~ 0N
Jpw §
il
:'13_|
10 aN,
J.,= 7 —dg, i21,2,3 B3
12 J=1 3[.1. J (B3)
10 N,
Jon = — 7,
13 j§1 aL, J
1
Hence, the inverse Jacobian matrix may be written as
Hyp o Hyp o Hyg
37N e Tl My, Hy (B4)
det J _
Hp  Hyp  Hgg
where
Hyp = (99933 = dp3937) Hyp ==(Jy7d3p = Jy2937)
Hpp ==(Jp1933 = Jp3937) Hy3 = (912003 = J13%22)
Hap = (Jp193p — Jppds) Hyz ==(d91923 = Jq3997) (B5)
Hip ==(J12933 = J1393) Hyg = (1995 = Jypdp7)
Hyp = (J17933 = Jy393)
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and

det J = X ity (86)

Using Eqs. (60), (61), (79), (80) of Chapter III, Eq. (A11),
Eq. (B1) and Eqs. (B4-B6) we write

1 1-Ls 1-L,-L; 10
k 2
( 13) of 6 6 Rg Nopg )L(Aj5)y + r (A1J)2 (A1J) ]
10
2; Nyrp)det J dLy di, dL, (B7)
and |
1 1-L3 1-Lo-L; 10 aNz 10
(ridg= S0 1 wN. [ z pz( 2 Hyp =—=)1( I Nyro)dly di, dig
00 0 Lk 2=1 |
(B8)
‘where
) ! ; aN Z aN .
A..), = ——( ¥ H H , k =1,2,3 (B9)
17k 7 (et g)2 021 KoL aL S, K |

2,

The surface integral contribution, (ri)en, of a Neumann boundary
element, € given by Eq. (63) of Chapter III is obtained from expressions
similar to Eqs. (A22) and (A24).

On the exit plane we have,

11-L, 10 %o
[0ride Jax = 71 (1 Nopg NV (r),, N.r.)det J' dL
VepeX g o gy M ja1 9

dL

192,

(B10)
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where
™10 aN. 10 3N, ]
I o I a0 0
J=1 1 J j:'l 1
det J' = det | (B11)
10 3N, 10 aN.
R Lo 8
| J:] 2 J j:'l 2 |
For the blade surfaces we write,
11-L, %0 %o
[(r:). ] = 5 (Y Np,N.w( Y N.r.)det J' dL, dL
i‘e blade 0 0 Pan A R o1 JJ 1772
(B12)
where
™10 N 10 aN. ]
L oarr T
j=1 1 Y j=r o1 9
det J' = det (B13)
1 10 N, 10 3N.
) 5fi 5 ) ﬁfi Z3
j=1 %2 9 j=1 %2




APPENDIX C
BLADE PROFILE AND CHANNEL COORDINATES USED IN TEST RUNS

TABLE C-1. Gostelow Cascade Blade Geometry

2/C! y/C
Surface 1 Surface 2

0.0 0.0 0.0
0.025 0.1025 -0.0025
0.050 0.14 0.012
0.075 . 0.17 0.03
0.10 0.20 0.05
0.15 0.255 0.115
0.20 0.295 0.1525
0.25 0.332 0.202
0.30 0.3675 0.25
0.35 0.40 0.30
0.40 0.43 0.345
0.45 0.4575 0.3875
0.50 0.485 0.43
0.55 0.51 0.465
0.60 - 0.532 0.50
0.65 0.5525 0.535
0.70 0.525 0.564
0.7467 0.591 0.586
0.7934 0.6088 0.6088
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TABLE C-2. Experimental Turbine Stator Blade Geometry

8 (rad)
z(ft)
Surface 1 Surface 2
0.0 0.0 0.0
0.0025 0.01257 ~ -0.0116
0.005 0.01676 -0.01289
0.0075 0.01805 -0.0145
0.010 0.01882 -0.01676
0.0125 0.01882 -0.02017
0.015 0.01805 -0.02449
0.0175 0.01547 -0.02965
- 0.0200 0.01096 -0.03545
0.0225 0.00516 -0.04189
0.025 -0.00258 -0.04898
0.0275 -0.01289 -0.05814
0.030 ' -0.02449 -0.06703
0.0325 -0.03996 -0.07734
0.035 -0.05543 -0.08766
0.0375 -0.0709 -0.09797
0.04 - -0.08637 -0.1083
0.0415 -0.09797 -0.1134
0.043 © -0.116 -0.116

Channel Geometry:
Hub Radius = 0.2794 (ft)
Tip Radius = 0.381 (ft)
Solution domain boundaries used in the present analysis:

Lower Boundary Radius = 0.3202 (ft)

Upper Boundary Radius = 0.3402 (ft)



TABLE C-3. Electric Utility Turbine First Stage Stator .

Geometry
2 (in) 8 (rad)

: Surface 1 Surface 2
0.0 0.0 0.0
0.32815 0.00762 ~0.00762
0.6563 0.01113 ~ -0.00936
0.97815 0.0165 -0.00904 -
1.3 0.02093 -0.00739
1.65 0.0292 -0.00508 -
2.0 0.03595 0.0
2.25 0.04316 0.00508
2.5 0.04925 0.01034
2.75 0.0584 0.01778
3.0 ©0.06648 0.02708
3.25 0.07029 0.04138
3.5 0.08729 0.05318
3.75 0.1022 0.07122
4.0 0.1108 0.08495
4.25 0.1289 0.1079
4.5 0.1391 0.1243
4.75 0.1503 0.1479
5.0 0.1477 0.1477

Channel Geometry:

Hub Radius
Tip Radius

30.03 (in)
35.19 (in)

Solution domain boundaries used in the present analysis:

32.11 (in)
33.11 (in)

Lower Boundary Radius

Upper Boundary Radius
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TABLE C-4.

Electric Utility Turbine First Stage Rotor

Blade and Channe[ Geometry

110

Blade Geometry Channel Geometry
z (in) 8 (rad) Radius (in)
Actual Solution
Surface 1 Surface 2 ~

Hub Tip Lower | Upper
0.00 0.0 0.0 30.03 }35.19 32.11 | 33.11
0.25 0.01118 -0.002033 30.00 |35.19-] 32.085 33.1
0.50 0.01331 0.0 29.98 135.19 32.06 | 33.11
0.75 0.0224 0.00102 29.95 |35.19.| 32.035| 33.11
1.00 0.02395 0.000917 29.92 [35.19 32.01 | 33.11
1.25 0.02448 -0.000204 29.90 35.19 31.98 | 33.11
1.50 0.02246 -0.000204 29.87 {35.19 31.95 | 33.11
1.75 0.01972 -0.005874 29.84 135.19 31.92 | 33.11
1 2.00 0.01531 -0.009186 29.81 | 35.19 31.90 | 33.11
2.15 0.01229 -0.01126 29.80 }35.19 31.885] 33.11
2.30 0.008188 -0.01433 29.78 |35.19 31.87 | 33.11
2.45 0.003554 -0.01741 29.77 [ 35.19 31.855| 33.11
2.60 -0.001025 -0.0205 29.75 {35.19 { 31.84 | 33.11
2.75 -0.007175 -0.0244 29.73 |35.19 31.82 | 33.17
2.90 -0.01333 -0.02871 29.71 135.19 31.80 | 33.11
3.05 -0.02052 -0.0328 29.69 [35.19 31.78 | 33.11
3.20 -0.02669 -0.03798 29.67 135.19 31.76 | 33.11
3.38 -0.03493 -0.04417 29.65 | 35.19 31.75 | 33.11
3.56 -0.0473 -0.0473 29.63 |35.19 31.73 | 33.11




TABLE C-5. Laskaris' Turbine Rofor Blade and Channel

Geometry

Blade Geometry

Channel Geometry

z (cm) 6 (rad) Radius (cm)
Surface 1 Surface 2 Hub Tip
0.0 0.0 0.0 45.0 55.0
. 0.25 0.01303 -0.0078 45.105 | 55.23
0.50 0.0166 -0.0082 45.21 55.46
1.00 0.0218 -0.0085 45.27 55.58
1.50 0.02511 -0.00734 45.33 55.75
2.5 0.0305 -0.003 45.59 56.42
3.0 0.031 ~0.003 45.74 | 56.67
3.5 0.0302 -0.004 45.88 | 56.92
4.0 0.028 -0.0075 46.09 57.34
4.5 0.02424 -0.01258 46.29 57.75 |
5.0 0.016 -0.018 46.46 58.12
5.5 0.00547 -0.0242 46.63 58.50
6.0 ~0.005 -0.0328 46.84 58.13
6.5 -0.01686 -0.041 47.04 59.33
7.0 -0.03 -0.05 47.27 59.67
7.5 -0.0433 -0.0586 47.5 | 60.00
8.0 -0.058 -0.064 47.73 60.44
8.5 -0.07058 -0.07058 47.96 60.88
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APPENDIX D
COMPUTER CODE USER(S MANUAL

A computer code TURBO has been developed to calculate the three-
dimensional, compressib]e, potential flow in turbomachines of the axial-,
radial- or mixed;f1ow type. |

TURBO consists of a main program and twenty-two subroutines.

An organization chart showing thé relationship between these subroutines
and the main program is given in Figure D.1. Short descriptibns of the
subroutines are presented in Table D-1.

In the present version of the code there are four main option

categories to identify the case under consideration:

1. Compressible or incompressible flow

2. Two-dimensional cascade or three-dimensional turbomachiné

3. Subparametkic and/or isoparametric g]ement use in domain
discretization

4. An output option enab]ing,cq]cu]ation of velocity, density
and Mach number distributions from the velocity potentials
either calculated in the present run or calculated and

stored in an earlier run.



OUTPUT

MAIN
INPUT SYSMAT FRONT
1) ¥
RDISK [WDISK s ,
' GENER BNDRY
SURVEL VELOCY
Iy PRINTV| |SUSMA?2 SUSMAT| |[SUSMAS3
PROP ' o
V!;,L 156\/& ROTATE DENSTY| | DERSH JACOB

FIGURE D.1 - Subroutine Relationship Chart

gLt
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The solution to the incompressible flow problem is obtained in
a single run, whereas the compressible flow problem requires several
runs each corresponding to a solution update. The first run for the
latter problem obtains an incompressible flow solution as the fnitia]
guess and therefore has the same input as the former problem. The
geometry is specified only in the first run that we shall refer to as
the incompressible flow run. The remaining runs that we shall call
>the jteration runs are used to successively improve the solution based
on the results and the geometric data transferred from the preceeding

iteration run or the incompressible flow run, as the case may be.
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TABLE D-1. Subroutine Descriptions
Subroutine Called . .
Description
Name From
MAIN - Controls the sequence of calculation routines
INPUT MAIN Reads, prints and stores all Input Data
RDISK INPUT Reads data from disk file No. 7
WDISK INPUT Writes data on disk file No. 8
Constructs the coordinates and nodal numbers
SYSMAT MAIN for elements and writes element equations
and transformation matrix on disk file No. 9
CaTcu]ates the coordinates of the nodes on
GENER SYSMAT a specified hexahedral prism row
Calculates the subparametric tetrahedral
v element equations and assembles the hexahedral
SUSMAT SYSMAT superelement (subsystem) equations by using
analytical integration results
Calculates the subparametric tetrahedral
element equations and assembles the hexahedral
SUSMAZ SYSMAT superelement (subsystem) equations by using
numerical integration
Calculates the isoparametric tetrahedral
element equations and assembles the hexahedral
SUSMA3 SYSMAT superelement (subsystem) equat1ons by using
numerical integration
Calculates the derivatives of the shape func-
DERSH - SUSMA3 tions with respect to the local coordinates

for an isoparametric tetrahedral element




Table D.1 continued..
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Subroutine| Called D R
Name From escription
Calculates the inverse of the coordinate
JACOB SUSMA3 transformation matrix and its determinant
(Jacobian of transformation)
SUSMAT Calculates densities at the nodes of a
DENSTY gggnﬁg hexahedral supere]ement
- SUSMAT Calculates the right-hand side vector for a tetra-
‘ROTATE SUSMA2 hedral element which has a side on one of the
SUSMA3 surfaces of a rotating blade
Constructs the right-hand side vector of the
BNDRY SYSMAT global system equations resulting from Neumann
type boundary conditions at the exit plane
Solves the global system equétions using a
FRONT | MAIN- Gaussian (Frontal) elimination backsubstitution
method. Uses disk file No. 10 to write the
eliminated equations on disk.
Reads information from disk file No. 10 and
BACSUB FRONT obtains the resulting global velocity potential
vector by backsubstitution
Prints the nodal values of the velocity poten-
ouTPUT MAIN tial in each iteration
VELOCY MAIN Calculates the velocities on a specified cross-
INPUT sectional plane
PROP VELOCY Calculates the velocities at a specified loca-
SURVEL tion within a hexahedral superelement
SURVEL MAIN Calculates and prints the blade surface velo-
INPUT cities ‘
VEL DENSTY Calculates the velocities at a specified loca-
PROP " tion within a subparametric tetrahedral element
ISOVEL DENSTY Calculates the velocities at a specified loca-
_ PROP tion within an isoparametric tetrahedral element
PRINTV VELOCY Calculates and prints Mach No. and density at

a given location with known velocities
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PROGRAM TURBO INPUT DATA
A1l formats free

Card.(1). HEADR
HEADR: Heading
Card. (2). ICOMP,IDIM
ICOMP: Compressibility flag
= 0: for an incompressible flow run
> 0: for an iteration run
IDIM : Dimension flag
= 2: two-dimensional cascade
= 3: three-dimensional turbomachine
| Card. (3). INTG,IVEL
| INTG : Element type and integration flag
= 1: subparametric elements are used and integrations are
péfformed analytically ‘
= 2: subparametric elements are used and integrations are
performed numerically
= 3: isopafametric elements are uéed and infegrations are
performed numerically
= 4: subparametric elements are used internally and iso-
parametric elements are used on the boundaries and the
integrations are performed numerically
IVEL : Velocity flag
= 0: no velocity calculation
= 1: velocity ca1¢u1ation baéed»on the present solution

= 2: velocity calculation based on a solution stored in disk
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If ICOMP = 0 (incompressible flow run) then

Card.(4). NDT,NDR (NDT*NDR_i 8 on the existing computer)
NDT : Number of hexahedra in the tangential direction
NDR : Number of hexahedra in the radial direction |
Note: Due to the present core storage 1imitétions, the number 6f hexa-
hedral'b1ocks in the z-direction‘is fixed as follows; 3 blocks
upstream of the blade row, 9 blocks in the blade row, 3 blocks
downstream of the blade row
Card.(5). VIN

VIN : Inlet vé]ocity at channel midspan
If IDIM = 2 (2-D Cascade) then

Card.(6). BETAI,BETAO,OMEGA,SC,CHORD

BETAI : Inlet absolute flow angle, ain(deg), at channel
midspan

BETAO : Outlet absolute flow angle, aex(deg),'at channel
midspan |

OMEGA  : Dummy parameter, leave it blank

SC : Space-to-chord ratio, s/C'

CHORD : Blade chord, C'

Card. (7). ((YBL(I,d),(J=1,NX1+1,NX2), 1=1,2)

YBL(I,J): y-coordinates of the corner nodes of the elements

on the blade surface,

J= no. of hexahedral b}ocks to the left of the

node+1,
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I= blade surface index (1=upper, 2=Tower)

Note: NX1 = No. of hexahedral blocks upstream of the blade row
NX2

No. of hexahedral blocks up to the blade trailing edge
Presently NX1 and NX2 are fixed at 3 and 12 '

If INTG >2 (isoparametric) then

Card Set.(8). ((YBLI(I,J),(J=1,NX2-NX1),1=1,2)

YBLI(I,Jd): y-coordinates of the mid-side nodes of the element
on the blade surface,
J= No. of hexahedral blocks to the left of the
node-NX1
I= surface index as before

Card Set.(9). (ZBL(I),I=1,NX3+)

ZBL(i) : z-coordinate of the left face of the ith hexahedral
block
Note: NX3 denotes the total number of hexahedral blocks which is inter-

nally fixed at 15
If IDIM = 3 (3-D Turbomachine) then

Card.(6). BETAI,BETAO,OMEGA,NBL,CHORD

BETAI : Inlet absolute flow angle, ain(deg), at channel
midspan

BETAO : Outlet absolute flow angle, o, (deg) at channel -
midspan

OMEGA  : Rotational speed (rpm)

NBL : Number of blades
”CHORD : Axial blade chord, C
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Card Set.(7). ((THBLH(I,J),J=NX1+1,NX2),I1=1,2)

THBLH(I,J): Tangential coordinates of the corner nodes of the
elements on the blade surface at the hub,
J= no. of hexahedral blocks to the left of the
node+t,

I= blade surface index (1=upper, 2=1ower)

Card Set.(8). ((THBLT(I,J),Jd=NX1+1,NX2,I=1,2)

THBLT(I,d): Tangential coordinates of the corner nodes of the
element on the blade surface at the casing,

I and J defined as in Card Set.(7).

If INTG > 2 (isoparametric) then

Card Set.(9). ((THETAH(I,J),J=1,NX2-NX1),I1=1,2)

THETAH(I,J):‘Tangentia1 coordinates of the mid-side nodes of
the element on the blade surface at the hub,
J= No. of hexahedral blocks to theleft of the
node-NX]

I= surface index as before

Card Set.(10). ((THETAT(I,J),J=1,NX2-NX1),1=1,2)

THETAT(I,J): Tangential coordinates of the mid-side nodes of
the element on the blade surface at the tip,

I and J defined as in Card Set.(9).

Card Set.(11). (ZBLH(I) ,RH(I),ZBLT(I),RT(I),I=1,NX3+1)
| ZBLH(I) : Axial coordinate of the left face of the ith

hexahedral block at tﬁe,hub
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RH(I) : Radial coordinate of the left face of the ith
hexahedral block at the hub

ZBLT(I) : Axial coordinate of the left face of the ith
hexahedral block at the casing

RT(I) : Radial coordinate of the left face of the ith

hexahedral block at the casing

Card.(12). REFL

REFL : Reference length
If IVEL > 0 then

Card.(12) or (10). NVELP
NVELP  : Number of cross-sectional planes on which velocities,
densities and Mach.numbers are to be calculated

Card Set.(13) or (11).(XVP(I),I=1,NVELP)

XVP(I) : Axial coordinatés of the ith cross-sectional plane

Card.(14) or (12). NVR,NVT

NVR : Number of equally spaced intervals in the radial
direction |

NVT : Number of equally spaced intervals in the radial
direction |

Note: - There are (NVR+1)x(NVT+1) points equally spaced on each cross-

sectional plane

If ICOMP > 0 (compressible flow iteration run) then

Card.(4). MIN,GAMA

- MIN : Inlet Mach number at channel midspan, Min
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GAMA : Specific heat rétio,

Card. (5). ITER,CREL
ITER : Iteration number (1 for first iteration)
CREL : Relative error tolerance (percent)

Note: Card sequence 12-14 follows the aboVe if IVEL>0
In all options, unless IVEL=2, the card deck ends with the following card

Last Card.flggggg
IDEBUG : Prdgram debugging flag
L0 'ﬁ'nO"aebug -
>0 ‘: gibba1 code numbers and cdérdinates of hexahedra, *
wh%ch define the finite element mesh topology genérated
a}éfprinted | |
= 1000 : complete debug of the fronﬁa] solution. The computer
'odtput is very long and depa%]ed. Therefore, this

~option shou]d be use only when necessary.
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APPENDIX E
COMPUTER CODE LISTINGS



F2ODOIIC U LIE =2 O0-IC LY Lalor

[

AR R e

ODOOOCO OOO00 Dcan OO0 [alnls] OOOOOOOONOOO

[glalalg alg]

PP OoGgGRAY TuR O

FrHITE ELiMENT COMPUTER PrOGRAM FAR ¢ALCUL ATING
32D POTCTIAL-FLOW 11 TurBOIACHT IFRY I

MaRCH 1083 BUGAZICT UHIVERSITY
COMMO/PP INT /1 DELLGL e IVEL, TCOMP ol e TME 1
SUBRAUTINE 1+ PUT READS AND STORES AL T+®©N7 rATA

CALL (HPuiT
SUAROUTINE SYGMAT TS USEL TO COMLTRUCT Tuf SyaTe' AfRpv
CALL ~YSHMAT ‘

SUPROUTILE FRO..T 16 Uorh 1o,
SOVE THE OVLinIhé ELhAT}nus

CALL sRONT
HOMAL VAL IS OF THE PyTLN ARL ORINTE. oY
SUJROUTlnc‘OUTPuT uTLATTAL L ITE
CALL AUTPUT

VELOCTTIES Anp CALCULATE Anl PrItTLY T
SURROYTINE vilOCY '

1IFIVEL.6T.0) CALL VELOCY

SURFCL vFLQCITIE: ARC aLCU) ATED Ay PaIrpee
4BROLT INE “SURVEL !
IELIVeL,GT.0) CALL SUPVEL

PE8RAL ()
LN
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WRITE(6¢570) :DT.HUR
WRITE (6r170)
READ(R'l UO

WRITS(6 0)

M.EQ.2)' THCN
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gg;g%(bi}ag) BE ME GA »SC » CHORD

’ R
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230 FoRMAT(//vSX.,THBLn(I:J) sBLARE TAHGENTIAL CONRDINATEGe
THE 1(UBy o/

[ 4
HYER ((THULH(I.J JEIX1+1 e HX2) o 12 )
2490 FORMArg//rSX',THBLX( +ﬁ%':?%A%El+ANGEITIkL?CoépolnATEC':
%/,SXv.ENTER ((THBLHTIrd)13=Hii{i-NX2)oI:1'2. )
250 FORMAT (/ Xe, ? AMETRIC ELEMENRTS wIkL 8L LSED.:/:
gy eniti TR e AL ot
- g § [
3/gx.. FNTER ((THETAr(I.J),J={,nx2-Nx1).I=1.?)-v/) VB 7/
260 Fgﬁ“"*""sx'-“‘“"Sé‘%n’é OLAP5E TANSENT AL COORDINATES + v
- [ [
SéSX"FNTER (( HETAT(I-J)uJ=1rHX2~NX1)oI=1o2)'“/) TIPers
2701 oRMAT(//.>x.,ZULu(I : AxIAL.%$0¥BéNA6%S OF THE THPUT DATA,
H
2/:5X' JRHICT) ! RADIAL CQQRDINATES OF THE'IuPuT DATAs
3/ . AT THE wUB, »
u;rsx' 'ZBLT(I) ¢ AXIAL COOPDIHAX$§ gi T?E IMpUT DATAr Y
9;'2%' JRT(D) ¢ RADIAL CooRu1nATE$”or:{HE 11IPUT DATA»
’ ' 0
8//¢ PEMTER (ZBLHCI) rRH(T) (1) (1 A Yio/
280 FORBA%(5'TE (g bH( vR (1 .zp éLL '3T ) eT=1,NX341)707)
1 S5Xrrr0 SINLET. MAcH unbgn..
2/5X 01 GAMA : SPECIFIC HEAT RATIOr,
2/5X0 1t eNTER M ?GAMAL2/)
290 FoRMAT(//-10x,vchocITIEs WILL BE CALCULATFL all VARIOUS,»
é v _CRQSS FCT]ONAL PLAHES,'/I
3"5X"“ﬁ$ka ﬁ SEQ“EB)OF CRO5S5-SECTIONAL PLAIIESY,
[4
300 F02§A+ //.sx.vapii) ! AXIAL=CORDIMNATES OF THF .+
g cRoss-qECTIONA5 PLAMES s »
?HTEP (XVP(I e IZ1iIVELD) o
310 FoRMA /715Xy ,JHERE WILL BE HVR*HVT POINTS EQUALLY SPACED,,
/15X, On EACIt CROSG=SECTIONAL PLANE,
5% s NVR s NUMBER OF POIHTS ¥n TH RADIAL nIRECTIOM?,
El'sx' N¥TE : ngBER OFI?O HTS It THE TANGEIITTAL NIRECTION,,

e

320 503§AT§) B, ! gégﬁﬁggﬁxhbﬁngkow ITERATION o+
3/v5Xr: EL : &ELAT{VE EKROR TOLERANCE
4/¢5%e ENTEP IIFR:C?FL'; /)

330 FORMAT //.sx,,RL L REFERLHCL LEGTH (FT) o,
lé 19X ?NTE RSFL; v/)

oo PR T8 SR IO0 st o choss-srrronau

*l‘] Hi [

é/igx.?r F”runugk oB HEXAHEDRA TH THE TAUGFMTIAL DIRECTTONr'
3/..x',NDR : NUMBER_OF (IEXAHIFDRA Il THE RADTi DIRECTTON»,
705X ,EOR _2-D CA4CADES Nun =10,
5705X¢1 ,ENTER tInToHDRe 2 /)

32 FORMAT(//¢5X s, INLET VELOCITY UO=:1tF10.U4r, (FPc)ys/) .
FORMAT(//OSX',BETA}"SX'pBETAOvvﬁxvaHEGA0'JX.v GC 9y
1 5XercHORDe e/, 1Xr5(F942)¢/) , .

370 FORMAT(//¢5Xy, J 115Key YBL(1sd) ¢e5Xer YBL(2,J) +0/7
1 5X13("v)0§(qX'10(l'0))v/) : )

380 FORMAT(// 5%, J 1¢5Xey YB%I(ltJ)"on' YBLI(or W) 0o/
1 SX'R(O-vSoi(qX'lo(v'v))'l

80 FORMAT(//7+5X¢ JXBL  ARRAY, /e (a(E11,4)))

400 FO§MAT&6665X;.?§T§{&65§;v?%TAg'iixéé)MEGA'vJY.vNRL"

e K ’
anngRﬁag(/ioéi':'J'ovavtThﬁLﬁ{xzd)'rSXorTHRLH("'J)vv/'
uzolrgﬁMR‘?T%§'%%qézég(ézé)&3§;

L4 . N
450 FoRMAT(//;sxi:XJ“.ESX.;§H9%T(1.u)v.sx..rnnLT(a'd>../.
(] - .
440 Fgngé(/};éiz?xbigiéx:;{ﬁSTAH(ltd’vrSX'!THFTAH(2oJ)vv/'
? - [ vt .
qsolpgiM 4(/};ég;?xﬁlézsx:;}ﬂsyhr(l.d)..ax..THFTAT(g.J)../:
1 =) e 2(t, X0 1C(eT0) )
4 RMATL/705%e, I ¢95%Xer_oBLIH(T) 105Xy {
60 FORM:;?Q4QI?' &isizél'élf?; L e, s, 18y
ORM X
443 FORMA¥(/§é§§?:I§§E% MREH IUMBFR MO =, ,Flo.u 2%
. P N
u901r0RﬁAT(}}-sx:fvsLOCITIES WILL BE CALCULATED Orieslue2X,
CROcS=-GECTIANAL PLANES,,/) .
g?g Fggmf\\‘rig)’(‘”’{%' § [:_i%x':; awP ) 2 0 /705X03(r=y),8X0100e=r)e /)
F T 12Ira A ] .
5 R ( Xe MO, OF _POITS L1 THE RANIAL DIRFCTINN (MVR) =
2°ép?u?9716i%9n6: or POI*ITS"{ﬁ THE TAMGENTIAL DIRECTION (NYTT =,
530 FsRMAT(//' » COPRESSIBLL I l_Ou ITERATION NOereItze /e 10X7
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1 +RELATIVE ERROR TULERANLC (PERCENT) :..rto 4,/)
240 EORMAT(///10X, yREFERENCE LEIGTH =1 )F10.4,

550 FORMAT(//.S Xy ,LANBOL1Y 15X r'OUTLET DENSITY-'SX'.COVP '

e onRTEGE, P AR T2 D) wyuxire 30

Do ! L) ’ ']
390 FORMAT ux:'No?zorisvix..nbni,}i JYXIF6.3
588 gogmkr 44.?§.,§Lg1 §0..oux'rucux ARRAY 1 /)
1914

280 F8RH’\¥(//:C)X:?ELHT 0. v, s NGB2 ARRAYD v /)

EESUP”
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SUBROUTINE WDSK

THIS SUBROUTYMNE READS Aln STORES ALL INPUT DaTA

PARAMFTER 11X1= Bnuxg-l? Mx3=1t
PARAMETER NPOZUS o NE2Z8', 1ICRZNX341 » HET=Foasnys
PéﬁCMF ER H_ ”Po*(SSTXEKl)D o
B e 1A
Comr LI Retons B SR coomortrgn
t H(2¢ pLi(N ™ 29 MFR) » 7BLT (MCR)
lco&ag uca.a%TNgb ﬁ%z'3é3“?é353963%‘YEsT ! 78 '
’ Ly . 2]
couno”/an RRVDL1d0 0X 18 ;TA{N,BETO T
COMMOt1/ CMPRSS /POT () 'Mo'oAMA:LAMBDA
C8MM0n/ TSR/IT Ry CREL
Or)/EROML 70\OP (HET #2711 41 101P (1) « MOE (M) o 11COD (11) #BC (MDY (R {11)
COMMOH/VELO/XUP(IOU)'?VEL PV P NVT
co MO/ PERE/ nroorsovl ) IPER () »LESRC

COM MOu/PARAM NORPMNEL vi HP2 7 NPO
COMMOr 7 TR B AR e s b R TR T i)
A -
PN

EQMNOL PR B S 0BT IARCRE 148! 3T ARRER) L xoL cricm)
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nﬁ TFTRAHEDRAL ELEMEMTS

CODE M ES
ARr DETERMTN APRI0R1
AR¢ GIVEN AS FIXE DATA TO THE PROGRA (11CoDT)
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"SUBROUTINE SUGMA3(IRigfETY -

T yS SUBROUTIHNE CONSTRUCTS
ﬂ ?AN6ULAR-PRI M ELEMENT ( ‘SUBSYSTEM )

u SYTEMS ARE CoMPoSED OF

TETRAHEDRAL
ing ES?EE”“NEsgng?ﬁa?”E TETRAHEDRAL ELEMEMTS

E GIVEN AS FIXED DATA TO THE PROGRAM (1ICODT)
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