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ABSTRACT

Risk Sharing Rules and Investment in Groups

In this study, we consider a game among n investors, who individually choose to
borrow a certain amount to invest in a risky project. We assume that the success
probabilities for the risky projects are independent and that the individuals can agree
upon a fully enforceable sharing rule. We define four major rules, namely Full
Liability (FL), Loss Sharing (LS), Profit Sharing (PS) and Equal Sharing (ES), which
differ in terms of the sharing of profits and losses across all investors. We compute the
equilibrium investment levels and expected social welfare levels and investigate
coalition formation structure under these rules. Our theoretical findings show that the
game has a unique dominant strategy Nash equilibrium under each rule. Regarding
the total equilibrium investment levels, although the ordering of the rules depends on
the parameter values, we show a clear supremacy of ES and LS rules over FL and PS
rules. Furthermore, through employing numerical analyses, we demonstrate the
dominant structure of ES rule over other sharing rules in terms of individual,
utilitarian and egalitarian social welfare levels. Lastly, we find that, with certain
constraints on model parameters, two agents with identical risk aversion levels are

able to form stable coalitions under each rule.
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OZET

Risk Paylagim Kurallar1 ve Grup Yatirimi

Bu calismada, n tane yatinmcinin, riskli bir projeye, bireysel olarak bor¢lanarak
yaptiklar1 yatinmi yansitan bir oyun inceledik. Riskli projelerin basarili olma
olasiliginin her oyuncu icin birbirinden farkli oldugunu ve yatirimcilarin
uygulanabilir paylasim kurallar1 iizerinde anlasabileceklerini varsaydik. Yatirnmcilar
arasinda yatirim sonundaki kar ve kayiplarin paylagimini belirleyen, Tam sorumluluk
kurali, Esit Paylasim kurali, Kayip Paylasim kurali ve Kar Paylagim kurali olmak
tizere dort kural tanimladik. Bu kurallar altinda, toplam bor¢lanma miktarini ve
beklenen refah diizeyini hesapladik. Yatirim oyununun, her bir kural altinda tek bir
Nash dengesi oldugunu gosterdik. Toplam yatirim miktarinin farkli parametre
degerleri icin degisebilecegi sonucuna vardik. Buna ragmen, toplam yatirim
miktarinin, Esit Paylasim ve Kayip Paylagim kurallar1 altinda, Tam sorumluluk ve
Kar Paylagim kurallarina gore daha fazla oldugunu goézlemledik. Sayisal analiz
yontemleri kullanarak, beklenen refah diizeyinin Esit Paylagim kurali altinda, diger
kurallara gore daha fazla oldugu sonucuna vardik. Son olarak, belirli parametre
degerleri icin, riskten kaginma parametreleri ayn1 olan iki yatirimcinin sabit

koalisyonlar kurduklarin1 gosterdik.



ACKNOWLEDGMENTS

I am highly indebted to my supervisor Assist. Prof. Mehmet Yigit Giirdal, since this
thesis would not have been possible without his inspiration and mentorship. Words
alone can’t express my gratitude for his guidance, encouragement and support. |
would like to thank him also, for his humane approach throughout my studies. My
gratitude also goes to Assist. Prof. Sinan Ertemel and Assoc. Prof. Levent Yildiran
for taking their valuable time to read this thesis and for offering suggestions.

I am also grateful to my beloved family for supporting me throughout my
studies. Particularly, my father’s endless love, guidance give me the strength to
struggle against difficulties. Sentences are not sufficient to pay tribute to him. He has
been a perfect role model in my life with his unique, wonderful personality. I'm
forever indebted to him.

I would also wish to thank to my colleagues and dear friends Mehmet Nazim
Tamkog and Ibrahim Emirahmetoglu for their kindness, sincerity and assistance

during my studies.

vi



TABLE OF CONTENTS

CHAPTER 1: INTRODUCTION ... e 1
CHAPTER 2: MODEL . ... e e 6
CHAPTER 3: EQUILIBRIUM INVESTMENT LEVEL ......................... 9
CHAPTER 4: COMPARISON OF EQUILIBRIUM TOTAL INVESTMENT ..... 12
4.1 Two-Agent case analysis ..........ouiiiiiiiiiiiiiiiiiiiieennn. 12
4.2 N-Agent case analysSis .. ........eeeeeeeeenenniiiiiiiiiiiiiieeeeeen.. 14
CHAPTER 5: EQUILIBRIUM WELFARE ........ ... ... i 17
5.1 Egalitarian social welfare levels .......... ... ... L. 19
5.2 Utilitarian social welfare levels .......... ... ... ... o i, 22
CHAPTER 6: COALITION FORMATION . ...t 25
6.1 CharacCterization ... ..........oouuuuteemn e, 26
CHAPTER 7: CONCLUSION . ... e 35
APPENDDIX .. 36
REFERENCES . . e 63

Vil



Table 1.
Table 2.
Table 3.
Table 4.
Table 5.
Table 6.
Table 7.
Table 8.

TABLES

Coalition Structures and Investment Levels ............................ 14
Coalition Structures and Investment Levels ............................ 16
Pairwise Individual Welfare Comparison .......................coun.. 18
Pairwise Egalitarian Welfare Comparison ......................cco..n. 20
Pairwise Utilitarian Welfare Comparison . ...................ooiiua.. 23
Coalition Structures and Related Expected Payoffs under ES ............ 27
Coalition Structures and Related Expected Payoffs under LS ............ 29
Coalition Structures and Related Expected Payoffs under PS ............ 32

viil



CHAPTER 1
INTRODUCTION

Group liability notion is the main factor in microfinance. It is mainly responsible for
access of credit to the poor households without any collateral in many developing
countries. The principal group lending feature is to solve adverse selection,
information asymmetries and moral hazard problems in credit markets. Microfinance
institution (MFI) or non-profit, non-governmental organizations (NGO) offer group
loans to shift the responsibility to clients who have an incentive to screen and
pressurise each other to make sure proper investments levels and enough exerted
effort (Gine and Karlan, 2014). Moreover, it is widely accepted that lenders may
recover loans and improve repayment rates through group lending structure (Besley
and Coate, 1995), since microcredit contracts require group members to take charge
of loan repayment. That is, if some of the group members suffer a failure to repay the
individual loan amounts, the remaining group members are expected to reimburse
those members suffering negative shocks through informal transfers (Fischer, 2013).
Otherwise, in case of default, group members as a whole are not allowed for future
borrowing. In this sense, joint liability serves as a substitute for collateral. On the
other hand, an extensive debate exists about the disadvantages of group liability. First,
group lending structure will instigate some group members to free ride. Second,
social sanction and peer pressure may discourage borrowers from borrowing and
induce a cost in group formation which will in turn affect profitability of lender
institution. For instance, by conducting a field experiment, Gine and Karlan (2007)
find that lending at individual level rather than group does not affect the repayment

rates, but leads to higher lending amounts by attracting new clients. Therefore, due to



the pitfalls of group liability lending, the discussion of the lending structure turns into
an argument of individual liability lending.

On the other hand, in the axiomatic literature, there exist a large variety of
solution concepts of the bankruptcy problem. These concepts describe a claims vector
of the liquidation value of a bankrupt rm among its creditors as solution under
bankruptcy rules such as Proportionality, Equal awards, Equal losses and some other
rules that belong to the TAL-family (Kibris and Kibris, 2013)!. For instance, Kibris
and Kibris (2013), analyse bankruptcy rules such as, Proportionality, Equal Awards,
Equal Losses, Constrained Equal Awards and Constrained Equal Losses rules, in
terms of total investment behaviour and social welfare levels, they induce in
equilibrium. They also identify why proportionality has been preferred over other
rules.

Additionally, Huddart and Liang (2003) consider how variation across
partners’ preferences, represented by constant absolute risk aversion utility function,
affects the partnership structure. They examine sharing rules that specify how the
members divide the output which is produced by the efforts of partners, under three
information structure.

Originated from group versus individual lending structure of microfinance
institutions and allocation questions in partnerships and bankruptcy literature, we
consider a game among n investor. Investors individually choose to borrow an amount
s to invest in a risky project under a formal ex ante agreement with full contractual

enforcement mechanism. Each contract establishes a unique rule, namely Full

"Following O’Neill (1982), many studies analyse bankruptcy and taxation problems. For an exten-
sive survey of the axiomatic literature, we refer the reader to Dagan et al.(1997), Schummer and Thom-
son (1997), Herrero and Villar (2002), Aumann and Maschler (1985), Moulin (1987), Young (1988),
Chun (1988), Chambers and Thomson (2002) and Ju et al.(2007).



Liability rule (FL), Loss Sharing (LS), Profit Sharing (PS) and Equal Sharing (ES)
rules. Each rule induces a different game among the investors, with CARA
preferences, by regulating the division of profits and losses, after the realization of
risky investments. Similar to Kibris and Kibris’ (2013) analysis, we compare
individual borrowing behaviour (and hence investment behaviour) of the group
members and compare total equilibrium investment. Moreover, we explore
equilibrium social welfare levels and try to clarify coalition formation of the group
members who seek to maximize their own expected utility, induced by the specified
rules.

In a recent study, Fischer (2013) compared different contract types, namely
individual liability, joint liability and equity-like contracts that borrowers are required
to adhere to. While under individual liability contracts the transfers are not
mandatory, borrowers have to reimburse their partners through informal transfers
under joint liability contracts. In addition, under equity-like contracts, borrowers
share the resulting profits and losses equally with full commitment. In particular, by
conducting a field experiment, Fischer finds a rising tendency in borrowers risk taking
behaviour and therefore higher expected returns under equity-like contracts compared
to the other contract types. Therefore, the author emphasize that equity-like contracts
should be analysed further as competent contract structure in microfinance lending.

This thesis aims to shed a light on the variation of investor’s investment
decisions and expected welfare levels under certain formal contract structures.
Moreover, we question whether mandatory group formation structure can turn into a
self enforcing coalition under the formal contracts that regulate the allocation of the
investment returns. As representation of the individual lending structure, we define

Full Liability rule (FL) under which group members are individually responsible for



the results of the risky project. In order to reflect group lending structure we define
Loss Sharing (LS), Profit Sharing (PS) and Equal Sharing (ES) rules. Under Loss
Sharing rule each group member is responsible for only the failure results of other
member as well as his loss. Besides, if his investment is successful, he hold his own
profit. Under Profit Sharing rule, they equally share only the total profit with each
other and bear the loss individually. Finally, under Equal Sharing rule, all agents
share the resulting profits and losses equally.

Much of the microfinance literature focuses on the significance of free-riding,
moral hazard and repayment issues in relevance to group size, social ties and so forth.
However, we abstract our model from these aspects of microfinance lending for
reasons of simplicity. Moreover, we assume that there is no group formation cost and
effort is costless. Besides, borrowers make an incentive compatiable, implementable
contract under full commitment. So that, we merely try to capture the influence of
binding formal contracts on investment behaviour, expected welfare levels and
coalition formation structure.

Our theoretical findings show that each specific rule induces a unique
dominant strategy Nash equilibrium. Despite the fact that the ordering of the rules
varies in model parameter space, we demonstrate the supremacy of ES rule and LS
rule over PS rule and FL rule, regarding the total investment level. We perform
numerical analysis to investigate the expected individual, egalitarian and utilitarian
welfares, generated by each sharing rule in equilibrium. The results of the numerical
analysis show that ES rule significantly dominates other rules through attaining higher
welfare levels for a larger set of parameter combinations. Furthermore, for two-agent
coalitions, we infer that identical agents form stable coalitions for certain set of

parameters. So that, both agents achieve higher welfare levels in such coalitions than
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any other coalition structure, including single groups. Lastly, we discuss agents with
different risk aversion levels can form coalitions in a sense both of them are better off

compared to the individual case, through regulating investment amounts of agents.



CHAPTER 2
MODEL

The modelling framework is based on Kibris and Kibris (2013). Let N={1,....,n} be
the set of agents and index i represent the i’th agent where ¢+ € N. Each agent’s
preferences represented by the following Constant Absolute Risk Aversion (CARA)
utility function U; : R — R on money, where U;(x) = —e~%*. We assume each agent
1 € N isrisk averse; i.e, a; > 0 and a; < as < .. < a,, and they are identical in other
dimensions.

For each member of our rule family R , we consider the investment game as
follows: Each agent ¢ € N initially decides to borrow s; € R units of wealth by
following a strategy s; from a strategy set .S; = R-, to invest on a risky project at an
interest rate normalized to 0. After consummation of investments, subject to
idiosyncratic shocks, each agent will get a positive return with a success probability
p € (0, 1) and this value brings a return r € (0, 1] with a yield (1 4 r)s;. In case of
success, he is left with a net return (1 + r)s;-s,=rs; after the repayment of initially
borrowed amount of s;. If the investment fails, on the other hand, with failure
probability (1-p), agents receives a payoff 0 and in this case he left with —s;. We
assume there is enough collateral for repayment of the initially borrowed amount. We
also assume that failure and success probabilities are independent for each agent in
the group, but same in magnitude for each them. After, they sign a formal agreement
with a specific rule among our family of rules R that initially determine the amount of
share for every contingency, before the resolution of uncertainty.

We define Loss Sharing Rule (LS), Equal Sharing Rule (ES), Profit Sharing
Rule (PS), and Full Liability Rule (FL) to regulate the division of the profits and

losses after the realization of each investment. We additionally compare total



equilibrium investment and equilibrium social welfare levels and explore coalition
formation which depends on individual welfare levels of the group members, induced
by the specified rules.

When agents form groups, their binding contract specifies how each realization
of the net return will be shared between them. Let GG be the set of group members
with positive net return s; and i € N\G be the remaining group members who incur
losses. Under Loss Sharing Rule each agent is responsible only for the total failure
results; that is, merely total negative net return will be distributed equally among the

group members. More formally, for each 7 € N, Loss Sharing Rule is defined as;

rs; — SENEY fi e G,

Zyeme ifi € N\G,

Under Equal Sharing Rule, each agent will share the resulting gains and losses

equally. More formally, for each : € N, Equal Sharing Rule is defined as;

ZjeG rsj — ZkEN\G Sk

n

Under Profit Sharing Rule, the total positive net return will be allocated equally
among group members and the loss is incurred individually. More formally, for each

1 € N, Profit Sharing Rule is defined as;

—Zjefrsj, ifi € G,

s, 2T e N\,

Under the Full Liability Rule, every agent makes the investment decision and

responsible for the results of the risky project individually. That is; every agent left



with his own Profit or loss. More formally, for each ¢ € N, Full Liability Rule is

defined as;

rs;, ifié€e @G,

—s;, ifi e N\G,
Note that, every agent is an expected utility maximizer under the initially
agreed fully enforceable contract. The following expected utilities illustrate two-agent
cases, where agent i’s expected payoff from strategy profile s=(s;,s_;) is;

1) Under equal sharing rule;

. ’V‘SZ‘+’I‘S

UZ-ES(S) =—pp- e*%( 3 ) —p(1—p)- 6*04'(“1';871‘)

2) Under full liability;
UiFL(S) =—p- efairsi _ (1 _p) . eaisi

3) Under loss sharing rule;

UZ'LS(S) — _p2 LeTairsi _ (1 _p)p . eai%

—pl1 )l (g ()

4) Under Profit Sharing rule;

) rsi+rs_i

Ui™(s) = —pp- 6_%( ) p(l—p)- eai(2)

_ (1 _ p)p . e““(%—“) - (1 o p)Q . S



CHAPTER 3
EQUILIBRIUM INVESTMENT LEVEL

In this section, we analyse the Nash Equilibria of each simultaneous game under Loss
Sharing rule, Equal Sharing rule, Profit Sharing rule and Full Liability rule. We will
employ the culminating Nash Equilibria induced under each regulation, to compare
the total investment level, the equilibrium social welfare levels and to analyse the
coalition formation structure.

Proposition 3.1. (Equilibrium under Full Liability Rule) The investment game under
the Full Liability rule (FL) has the dominant strategy equilibrium s* = (s1*...5,,*),

where Vi € N:

, ((13)) oy e > (1-p),

0, otherwise,

Proof: See Appendix.

The preceding proposition shows that there exist a unique dominant Nash
Equilibrium under the Full Liability rule. By the resulting unique strictly dominant
strategy equilibrium, each agent in the group will choose a positive amount level to
invest if and only if rp > (1 — p). That is; taking an investment decision is optimal if
expected positive return suppresses expected loss. Moreover, s;* is strictly increasing
in the net return rate r and strictly decreasing in agent’s own risk aversion level a;.
Note that, also, the positive investment level s;*, each member choose at the unique
Nash Equilibrium, is independent from the group size and the other’s risk aversion

levels, which is inherent and consistent with the full liability notion.



The following proposition shows that under Equal Sharing rule, the game has a
unique Nash equilibrium.

Proposition 3.2. (Equilibrium under Equal Sharing rule) The investment game under

*

Equal Sharing Rule (EL) has the dominant strategy equilibrium s* = (s1*...s,),

where Vi € N:

* In <(17Z)P)> ' ai({b+r)’ ifrp > (1 _p)a

0, otherwise,

Proof: See Appendix.

The above proposition shows that under Equal Sharing rule, the game has a
unique Nash equilibrium.Under inequality rp > (1 — p), each group member choose
a positive investment level. Similar to the Nash Equilibrium induced by the Full
Liability rule, this condition is a comparison of the expected positive return with
expected loss. s;* is strictly increasing in net return rate r, strictly decreasing in
agent’s own risk aversion level a;. In addition, under Equal Sharing rule,individual
investment level depend on the size of the borrowing group. As groups getting larger,
the positive individual investment level growing at a constant rate In (ﬁ) . ﬁ
Proposition 3.3. (Equilibrium under Loss Sharing rule) The investment game under

*

the Loss Sharing rule (LS) has the dominant strategy equilibrium s* = (s1*...s,%),

where Vi € N:

. In ((?ﬁ)) . ai(%l-i-?”)’ if nrp > (1 —p),

0, otherwise,

Proof: See Appendix.

10



By the above proposition, the investment game has a unique Nash equilibrium
under Loss Sharing rule. Note that, if nrp > (1 — p); i.e, total expected positive
return outweigh the expected loss, the dominant strategy for all group members to
choose a positive investment level s; at the Nash equilibrium. Also, s;* is strictly
decreasing in agent’s individual risk aversion level a; and is strictly increasing as
group size getting larger.

Finally, the following proposition shows that under Profit Sharing rule, the
investment game has a unique Nash equilibrium.

Proposition 3.4. (Equilibrium under Profit Sharing rule) The investment game under

*

the Profit Sharing rule (PS) has the dominant strategy equilibrium s* = (s;*...s,*),

where Vi € N:

. (n(lmim) oy e >n(l-p),

0, otherwise,

Proof: See Appendix.

Note that, if rp > n(1 — p) the dominant strategy for all group members is to
choose a positive investment level s} at the Nash equilibrium. In other words, if
expected positive return offset the total expected loss, group members invest in
positive amounts. Also, s;* is strictly decreasing in agent’s individual risk aversion
level a; and the group size. Moreover, the individual level of investment s; is strictly

increasing in rate of return r at the equilibrium.
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CHAPTER 4
COMPARISON OF EQUILIBRIUM TOTAL INVESTMENT

In this section, we’ll compare Loss Sharing rule, Equal Sharing rule, Profit Sharing
rule and Full Liability rule in terms of the total investment level they induce in

equilibrium. The total investment levels under Full Liability, Equal Sharing, Loss

(1-p) (1+r)’

n 1 n n 1 nr 1
2im1 g in ((1 p>>'m’ Zz‘:l a_iln(af;)) Ty and 20, o ( I p>) =+

respectively. Obviously, > 7" | - - is the common multlpher of each total investment

Sharing and Profit Sharing rules are; » ", - (l) p—

level, induced in equilibrium. Moreover, equilibrium individual investment level does
not depend on other group member’s investment levels and risk aversion levels.
Therefore, we focus on comparison of total investment level for appropriate
parameter values of p, r and n. Moreover, we mainly investigate the ordering of the
four rules where each group member choose to borrow in positive amounts and we
only exemplify other cases.

4.1 Two-Agent case analysis

Firstly, note that, for a given return rate, we observe positive investment levels only
for sufficiently high values of success probability for each rule. So that, we solely
focus on (p,r) values that satisfy the condition pr > 2(1 — p). However, for high
values of success probabilities, looking at the individual investment levels, a regular
ordering is not observed among the specified rules. Indeed, the ordering differs
according to the net return rate r and Proposition 4.1. establishes the relationship
between the interest rate r and the sorting of the rules with reference to the total
investment levels for two agent case.

Proposition 4.1. (n=2) For a given sufficiently high value of p, 3r" and r” such that;

Vr < r/, the total investment levels for sharing rule is ordered as follows;

12



Tlig >TIgg >TIp, >TIpg
and V7' < r < r”, the total investment levels ordered as;

Tlgsg >TIlpg >TIpp >T1pg
and Vr” < r, the total investment levels ordered as;

TIE5>T]L5>T]p5'>T]FL

Proof: See Appendix.

Observe that, LS and ES rules induce higher total investment level than FL and
PS rules in each case. Overall, the superiority of ES rule to other rules is apparent, if,
for a given p, net return rate r takes sufficiently high values. Otherwise, LS rule
generates higher aggregate investment level. On the other hand, when the likelihood
of success of the investment project is substantially improved and net return rate r
increase, PS rule takes precedence over FL rule. Otherwise, FL rule guarantees higher
total investment. As a numerical example, Table 1 depicts total investment levels
induced by each sharing rule for different combination parameter values of r and p for
two investor case, where a1, as € {0.05,0.1,..,0.9,0.95}. Note that, multiplying each
one of the risk aversion coefficient by the same constant wouldn’t change the relative
ranking of the rules. Accordingly, Table 1 illustrates the arrangement of the sharing

rules with respect to the indicated parameter values.
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Table 1. Coalition Structures and Investment Levels
ai, as p,T \ ES \ LS \ FL \ PS \

a; =0.1,a,=0.9 | p=09,r=1.5 | 23.13 | 18.31 | 11.56 | 12.12
a1 =03,a2=0.7| p=09,r=1 | 1046 | 9.17 | 5.23 | 4.77
a; =04,a,=0.6 | p=09,r=0.5| 835 | 9.15 | 4.17 | 2.70
ap =0.1,a0 =09 | p=0.8,r=1.5 | 15.92 | 13.80 | 7.96 | 6.97
ap =0.3,a0=0.7| p=08,r=1 | 6.60 | 6.60 | 3.30 | 2.20
ap =04,a0=0.6 | p=0.8,r=0.5 | 3.85 | 577 | 1.92 0

a; =0.1,a9 =09 | p=0.6,r=1.5 | 7.20 | 835 | 3.60 | 0.74
a1 =0.3,a2 =0.7 | p=0.6, =1 1.93 | 348 | 0.96 0

a1 =0.4,a, =0.6 | p=0.6,1=0.5 0 1.68 0
a; =0.1,a2 =0.9 | p=0.4,1=1.5 0 3.85 0
a; =0.3,a2 =0.7| p=04,r=1 0 0.91 0
ap =0.4,a9 = 0.6 | p=0.4, r=0.5 0 0 0

] Neol) Rew) Nen}

Notice that, when p = 0.9, r = 1.5, PS rule induces higher levels of aggregate
investment compared to the FL rule, for indicated risk aversion levels. In other cases,
we observe a reverse relation. When p = 0.9, r = 0.5 and for low values of success
probability, LS rule come to the fore in comparison with ES rule. Moreover, in
general for low values of p, agents’ investment choices are 0, even for the high net
return rates. In brief, upon comparing sharing rules for sufficiently high values of p,
one can directly make an inference concerning the overall dominance of ES rule over
other set of rules.

4.2 N-Agent case analysis

Note that, we only consider (p,r) values that satisfy the condition pr > n(1 — p), for a
given n. In fact, sufficiently high values of success probability is still required for
group members to choose positive investment levels as the size of the group getting
larger. Under PS rule, the domain of the combination of p and r values, inducing

positive investment levels, becomes smaller with an increase in group size. In

14



contrast, under LS rule, this domain is expanding as the size of the group getting
larger. Even for the smaller success probabilities and lower net return rate, they tend
to invest in positive amounts. For ES and FL rules, this domain of p and r values isn’t
affected by a change in group size. The following proposition states that, one can not
observe a clear ordering of the four rules regarding total investment level they induce
at equilibrium. We compare total investment levels in terms of net return rate r and
group size n, by choosing sufficiently high values of p.

Proposition 4.2. (n agent case) Let p takes sufficiently high values. Then for a given
r € (0,1) and for all n > 1, ES and LS rules induces higher investment levels than PS
and FL rules. Moreover, for a given r € (0, 1),

1) dn* € Ry suchthat Vn > n*, T Iy, > T1pg,and forall 1 < n < n*

TIps > TIpr, where n € Zy.

i) In** € Ryg such that Vn > n**, TIgg > T1g,and forall 1 < n < n**

TIrs > TIgs, where n € Z-,.

Proof: See appendix.

Proposition 6 states that the parameter values the return rate r and group size n
place bounds on the arrangement of our family of rules relating to total investment
levels, for given sufficiently high values of p. Analogical to the two agent case, the
cumulative investment levels under ES rule and LS rule exceed that of under PS and
FL rules. Moreover, for the relevant return rates, group size mainly determines the
ordering between PS rule and FL rule and that of ES rule and LS rule as stated in case
1) and ii), respectively. Table 2 is a numerical illustration of the proposition 6 for
different combination parameter values of n, r and p where
ay,as € {0.05,0.1,..,0.9,0.95}. Again notice that, rescaling risk aversion

coefficients by the same constant wouldn’t affect the relative ordering of the rules.
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Table 2. Coalition Structures and Investment Levels

ai, as n,p,r \ ES \ LS \ FL \ PS ‘
a1 =0.3,a, = 0.8 | n=1,p=0.9,r=0.5 | 4.59 | 4.59 | 4.59 | 4.59
a1 =0.2,a, =04 | n=2,p=09,r=1.5 | 15.61 | 12.35 | 7.80 | 8.18
a1 =0.2,a, =04 | n=4,p=09,r=1.5 | 31.23 | 17.09 | 7.80 | 6.63
a1 =0.2,a, = 0.4 | n=2,p=0.9,r=0.5 | 15.04 | 16.47 | 7.52 | 4.86
a; =0.2,a, = 0.4 | n=4,p=0.9,r=0.5 | 30.08 | 28.90 | 7.52 | 0.78
a1 =0.3,a0 = 0.8 | n=3,p=0.85,r=1.5 | 11.77 | 8.09 | 3.92 | 3.18
a1 =0.3,a, = 0.8 | n=7, p=0.85,r=1.5 | 27.46 | 11.39 | 3.92 | 0.73
a1 =0.3,a, = 0.8 | n=3,p=0.85,r=0.5 | 9.54 | 11.77 | 3.18| 0
a1 = 0.3,a, = 0.8 | n=7, p=0.85,r=0.5 | 22.27 | 21.29 | 3.18 | 0
a1 =0.4,a, =0.8 | n=2,p=0.7,r=1.5 | 3.75 | 3.64 | 1.87 | 1.19
a; =0.4,a, =0.8 | n=4,p=0.7,r=1.5 | 751 | 565 [ 187 0
a; =0.4,a, =0.8 | n=2,p=0.7,r=0.5 | 0.77 | 3.17 | 038 | O
a1 =0.4,ao =08 | n=4,p=0.7,r=0.5 | 1.54 | 7.70 [ 038 | 0

In our example, when n = 1, obviously all rules agree with the FL Rule.
Consequently, aggregate investment level depends on merely to the parameter values
of p and r. Moreover, when p = 0.9, r = 1.5, for the two investor case PS rule
generates higher level of total investment than FL rule. While, as the group size rise
up to four, FL surpasses PS rule for the same parameter values of r and p. On the
other hand, forp = 0.9, = 0.5,n = 2 and p = 0.85, r = 0.5, n = 3, agents choose
to invest in greater amounts under LS rule in contrast to ES rule. However, as group
size increases to n = 4 and n = 7, respectively, ES rule outweighs LS rule in
accordance with aggregate investment level for the relevant p and r values. Besides,

it’s apparent that ES rule possesses preeminence among other rules.

16



CHAPTER 5
EQUILIBRIUM WELFARE

In this section we compare LS, ES, PS and FL rules by focusing on equilibrium
individual, egalitarian and utilitarian social welfare levels. Particularly, we elaborate
two-agent case for each sharing rule and perform numerical analyses to provide a
pairwise comparison of each rule for different parameter values under different
welfare levels. Note that, we particularly focus on appropriate values of success
probability where in overall, investors choose to borrow in positive amounts for each
rule. So that, to make the comparison more interesting we exclude low values of p,
where the unique dominant Nash equilibrium strategies are (s, s2) = (0, 0).

Here we use numerical analysis to examine the pairwise relationship of the
rules at equilibrium for two agent case with respect to four parameters of interest. We
take two rules and compare them according to the individual welfare levels they
induce at equilibrium. Then, we report overall percentage of the parameter
combinations where the corresponding rules generates strictly higher individual
welfare levels compared to the other rule. Particularly, we restrict our attention to a
set of variables, where p € {0.4,0.41,..,0.98,0.99}, » € {0.01,0.03, ..,1.47,1.49}
and ay, as € {0.05,0.1,..,0.9,0.95} and we obtain 1624500 parameter combinations.
Note that, the set of risk aversion levels can be scaled up. Indeed, the ordering of the
four rules is invariant under such rescaling of risk aversion parameters due to the
analytical structure of the objective utility function.

Observation 1. In Table 3, we employ a pairwise comparison of individual welfare
levels for the specified rules where group size n = 2. In each row, we show the
percentage of the size of the parameter combinations where the corresponding rules

induces higher welfare levels for both agents.
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Table 3. Pairwise Individual Welfare Comparison

Rules of Interest‘ ES ‘ LS ‘ PS ‘ FL ‘

ES-LS 0.46 | 0.09

ES-PS 0.55 0.01
ES-FL 0.55 0
LS-PS 0.18 | 0.09
LS-FL 0.22 0.25
PS-FL 0.09 | 0.34

Note that, under the observation 1, we solely focus on size of the parameter space
where both agent’s individual welfare levels are higher for the related sharing rules.
So that, we ignore other cases where at most one investor is better off and the other is
worse off. Table 3 is a clear demonstration of the dominance of the ES rule over other
rules in terms of individual welfare levels. Namely, both agent’s expected individual
welfares are strictly higher under ES rule compared to LS, PS and FL rules for a
significantly larger set of parameters. Clearly, ES generates higher welfare levels than
PS and FL rules, for more than half of combination of the values (55%). While this
percentage is 46% compared to the LS rule. Indeed, FL rule isn’t preferable, since it
induces strictly higher welfare level for none of the parameter values. In fact, we state
and prove the supremacy of ES rule over FL rule, for a given parameter combination
in Lemma 5.0.1. On the other hand, we can explicitly observe the precedence of LS
rule over PS rule. Although, for 18 percent of parameter space, LS rule generates
higher welfare levels, this portion is considerably small for PS rule which is 0.09
percent. Additionally, the percentage share of the set of the parameter combination

slightly higher under FL rule (25%), compared to the LS rule (22%). Evidently, FL
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rule generates higher individual welfare levels compared to PS rule for larger set of
parameters (34%).

Lemma 5.0.1. For a given combination of (p, r) where pr > (1 — p), ES rule generates
higher individual welfare levels for both agents in any coalition compared to FL rule.
Proof: See Appendix.

We now discuss the relevance of individual welfare levels with respect to risk
aversion levels. Actually, we’ll use these inferences of relations as bases, when we
investigate the egalitarian and utilitarian welfare levels for identical agents. The
following lemma states a general comparison of the individual utility levels for the
specified risk aversion levels.

Lemma 5.0.2. (Individual Welfare Comparison where n=2) Assume a; > as and
(s1%,52") > (0, 0) be the Nash equilibrium investment levels. Then,

() UL E (517, 89%) = UnFF (1%, 89%).

(ii) UlES(sl*, $9*) < U2E5<81*, s9™), where equality satisfied only when a; = as.
(i) U7 (s1%, 89%) < U™ (s1%, s2*), where equality satisfied only when a; = as.
(iv) Ulps(sl*, S9*) > UQPS(sl*, s9*), where equality satisfied only when a; = ax.
Proof: See Appendix.

5.1 Egalitarian Social Welfare Levels

There are various theoretical measures of a society’s collective utility i.e. its social
welfare. Various social welfare functions have been suggested, that are functions of a
society’s individual level utilities, one of which is egalitarian measure of society’s
welfare. The egalitarian social welfare level, induced by a specific rule R at the Nash

equilibrium, equals the utility of the individual who is worst off. More formally;
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UEGLR<p7 r,ay, aQ) = min{Uﬁ(‘Sl*? 52*)7 U2R<Sl*7 82*)}

Similar to the individual welfare case, the ordering of the specified rules regarding
the egalitarian social welfare levels contingent upon the parameter values of success
probability, net return rate and risk aversion levels. So that, we investigated the
relation of the ordering of the rules via carrying out a numerical analyses subject to
predefined parameter values of p, r, a; and ao, for the two investor case.

Observation 2. In Table 4, we employ a pairwise comparison of egalitarian welfare
levels for the specified rules where group size n = 2. In each row, we show the
percentage of the size of the parameter combinations where the corresponding rules

induces higher welfare levels.

Table 4. Pairwise Egalitarian Welfare Comparison

Rules of Interest‘ ES ‘ LS ‘ PS ‘ FL ‘

ES-LS 0.83 | 0.17

ES-PS 0.77 0.23
ES-FL 0.55 0.45
LS-PS 0.49 | 0.51
LS-FL 0.22 0.78
PS-FL 0.09 | 0.91

In a similar manner as previous numerical and theoretical comparisons, we see a clear
supremacy of ES over other sharing rules concerning egalitarian social welfare levels.
Explicitly, the size of the parameter space is nearly four times larger under ES rule

(83%) than LS rule (17%). Additionally, while the corresponding percentage of the
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range of parameters that ES rule generates higher welfare levels is 54% more than
that of generated under PS rule; this difference is only 10% for the FL rule. Moreover,
the percentage share is nearly the same for PS rule (51%) and LS rule (49%).
Obviously, FL rule clearly induces higher egalitarian welfare levels for a larger set of
values (78%) compared LS rule (22%). Besides these, the parameter space, where FL
rule induces higher egalitarian social welfare level, is substantially larger (91%) than
that of induced under PS rule (9%).

We next provide an analysis for the two investor case where agents are
identical in terms of risk aversion. Obviously, at the symmetric case, both agents
achieve the same individual welfare levels under each rule. Since agent’s individual
welfare under FL rule is independent of a;; egalitarian welfare level inherently does
not depend on risk aversion levels, which is only depend on success probability p and
net return rate r. For ES, LS and PS rules, when agents are identical in terms of risk
aversion level, they attain the same and maximum egalitarian welfare levels (see
Figure 1). This fact is generalized in the following proposition.

Proposition 5.1.1. (Egalitarian Welfare Comparison where n=2) Assume

(s1%,52") > (0,0) be the Nash equilibrium investment levels. Then, egalitarian
welfare level, induced by specific rule R, where agents choose to follow positive
dominant Nash equilibrium strategy, is maximized when a; = a,.

i

Proof: By definition of Uggr™ (p, 7, ay, as) = min{UL(s1*, s2%), Uf(s1%, 827}, it’s

clear that the proof is a direct implication of Lemma 5.0.2.

21



-0.5 + /

08/

-0y —

Fig. 1: Egalitarian welfare levels under FL (blue), PS (green), LS (brown) and ES (red)
for the parameter values are p=0.9, r=0.9 and a; = 2.

5.2 Utilitarian Social Welfare Levels

In this part, we consider utilitarian welfare levels which sums the utility of each
individual in order to obtain group’s overall welfare. More formally, the total utility
of a group, formed by two agents, choose to follow the equilibrium investment level

strategy is defined as follows;

UUTLR(pa T, a1, a2) = UlR(Sl*; s9") + U2R(51*7 $2")

Similar to the previous cases, we identify the ordering of the specified rules by
using a numerical method, for the determinated 1624500 combination of parameter
space of success probability p, net return rate r and risk aversion levels of the agents.
We simply focus on two agent case to examine the comparison of our family of rules.
Observation 3. In Table 5, we employ a pairwise comparison of utilitarian welfare

levels for the specified rules where group size n = 2. In each row, we show the
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percentage of the size of the parameter values from the set of all possible

combinations of values where the corresponding rules induces higher welfare levels.

Table 5. Pairwise Utilitarian Welfare Comparison

Rules ofInterest‘ ES \ LS \ PS \ FL ‘

ES-LS 0.80 | 0.20

ES-PS 0.77 0.23
ES-FL 0.61 0.39
LS-PS 0.49 | 0.51
LS-FL 0.34 0.66
PS-FL 0.35 | 0.65

Table 5 clearly depicts that ES still retains the priority among other set of rules,
associated with the utilitarian welfare level it induces at equilibrium. ES rule
explicitly dominates LS rule through achieving a larger set of parameter space where
utilitarian welfare level is higher (80%) than LS rule(20%). Moreover, the parameter
set in which ES rule induces higher welfare levels, account for 77% of our parameter
space; while this ration is only 23% for PS rule. Although, we can see a contraction
of the range of the parameter values as to LS rule and PS rule case. Namely, ES rule
still generates higher welfare levels (61%) than FL rule (39%). Besides these, PS rule
and FL rule surpasses LS rule, through constituting a larger share of our set of
variables which are 51% and 66%, respectively. Also, FL rule outweighs PS rule, by
inducing higher welfare levels for a wider set of parameter values.

We end up this section with presenting a discussion similar to the previous
cases where agents have identical risk aversion levels. It’s apparent that utilitarian
welfare level does not depend on risk aversion levels, which is constant under Full

Liability Rule. As can be seen from Figure 2, the relation between ES, LS, FL shows
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Fig. 2: Utilitarian welfare levels under ES (blue), LS (green), FL (brown) and PS (red)
for the parameter values are p=0.9, r=0.9 and a; = 2

similar patterns like egalitarian case with the exception of PS rule. Indeed, utilitarian
welfare levels reach the maximum amount at the symmetric case, i.e, when

a1 = as = 2. As opposed to this fact, the welfare level under Profit Sharing rule is
minimized when agents are identical in terms of risk aversion. This fact is stated in
Proposition 5.2.1..

Proposition 5.2.1. (Utilitarian Welfare Comparison where n=2) Assume

(s1%,s2%) > (0,0) be the Nash equilibrium investment levels. Then, utilitarian welfare
level, induced by Equal Sharing, Loss Sharing and Full Liability rules is maximized
and induced by Profit Sharing rule is minimized when a; = a,.

Proof: By definition of Uy ™ (p, 7, a1, as) = U (s1*, 59*) + ULi(s1*, s5%), it’s clear

that the proof is direct implication of Lemma 5.0.2.
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CHAPTER 6
COALITION FORMATION

In this section, we investigate a group formation model, in which agents belonging in
same population with independent outcomes, drawn from some joint distribution.
Agents form groups to maximize their ex ante utility under a prespecified rule. Within
this population, agents are ranked by their risk aversion level in the Arrow-Pratt
sense. That is, for any two agent, one is more risk averse than the other according to
their risk aversion. We also allow group members be homogeneous with the same risk
preferences and be heterogeneous with distinct risk preferences. Moreover, we
assume there is equal mass of borrowers of every type. We identify equilibrium
allocations of agents to specify the composition and size of these groups by
comparing each agent’s utility level. More specifically, we shall focus attention on
core partition P (i.e., group assignments of individuals with possibly some single
groups). These partitions are stable in a sense that there is no any other group
formation possibility for matched or unmatched rational individuals such that any
individual can improve his payoff by getting involve in another risk-sharing group or
by becoming unmatched. More formally;
Definition: A coalition structure IT = { Py, P, .., Ps} (S < |N|is a positive integer) is
a partition of N. That is, Ps; # () for any s € {1,.., S}, Ule P, = Nand P,NP; =)
forany i, € {1,.., S} with i # j. For some coalition structure IT and any player s let
II(s) = {P € Il : s € P} be the set of her partners. Denote the collection of all
coalition structures in N by ¢(N). Similarly define )(7T') for any T C N with T" = ().
Note that, each player’s expected payoff depends only on the members
investment decision of his coalition. That is there is no spillover affect or payoff

externalities that influence the coalition members’ payoffs. Moreover, we also assume
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there is no cost of forming groups and no incentive for players to free-ride which is
mediated through fully enforceable contracts.

6.1 Characterization

For analytical tractability, we focus on the two agent case. Note that individuals who
remain single receive their random income —s; or 7s;. Since everyone is an expected
utility maximizer, income x yields U;(z).

Moreover, recall that if agents {7, j} choose to match and share risk, they can
sign a binding agreement, ex-ante, prior to the realization of their outcomes under
Equal Sharing, Loss Sharing and Profit Sharing Rules that specify how the resulting
returns will be shared. By focusing on individual rationality behaviour, we compare
each group members ex-ante payoffs under the agreed contract upon a specified
sharing rule to their respective ex-ante payoffs when single.

Example 1. (Equal Sharing Rule) Let a; = 0.1, as = 0.2, a3 = 0.3 and a4 = 0.5 be
the risk aversion levels of agents. Table 6 illustrates some coalition structures and
related expected payoffs, by denoting agents with their risk aversion levels where
p=0.8and r = 0.3.

As can be seen from Table 6, in general when two agent form coalition, the
utility of the risk loving agent is higher; although, the more risk averse agent strictly
worse off compared to the single case. But in some cases, like the group formation
structure of {as = 0.2, a3 = 0.3}, both agents are strictly better off, for p = 0.8 and
r = 0.3 values. Although the group structure is changing for the different parameter
values and the risk aversion levels, under ES rule expected utility levels increases, as
the difference between risk aversion levels of the agents in the same group getting
smaller. Moreover, it’s a general fact that the utility levels of the agents with identical

risk aversion are maximized under Equal Sharing rule. Indeed, agents prefer not to
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form groups with those who is different in terms of risk aversion and prefer not to
stay single due to an decrease in expected welfare levels. We state this fact in

Proposition 6.1..

Table 6. Coalition Structures and Related Expected Payoffs under ES

Tps Gl =01]a,=02as=03]as;=0.5
HHa1 }{az}} | -0.9971 | -0.9971
{{ar,a2}} -0.9950 | -0.9973
{{al,al}} -09943
{{az}.{as}} -0.9971 -0.9971
{{as,a4}} -0.9953 -1.001
{{az.a2}} -0.9943
{{a1}.{as}} | -0.9971 -0.9971
{{a1.a3}} -0.9955 -1.0068
{{as.as}} -0.9943
{{az}.{as}} -0.9971 | -0.9971
{{az.a3}} -0.9946 | -0.9950
Has,aa}} 20.9943

Proposition 6.1. (n=2) For p and r values which satisfy the condition pr > 1 — p,
Y(p,r), agents form stable coalitions under Equal Sharing rule whenever a; = a,.
Proof: See Appendix.

We also explore the consequences of external regulation of limiting or
augmenting investment amounts for the two agent group formation case.
Accordingly, we put upper bound for the risk loving agent’s allowed investment level
on (s1*, s9*). In this case, his utility is strictly decreasing if this bound approaches the
risk averse agents individual investment level s,*; in contrast, the risk averse agent

gains from this limitation. On the other hand, if we force the risk averse agent to

27



borrow in large amounts on (s1*, so*) through putting lower bounds, his utility
decreases as this bound getting larger. Although, this regulation causes risk loving
agent’s utility to increase on the defined interval. This fact is stated in Lemma 6.1.1..
Lemma 6.1.1. For a1 < ao;
) If s9* < 57 < s1*, then U ©° (51, s2*) decreases strictly and UQES(S_l, $9™*) increases
strictly as 57 decreases on (s2*, 51%).
i) If 55" < s < 51%, then UlES(sl*,ﬂ) increases strictly and UzEs(sl*,s_g) decreases
strictly as s, increases on (s2*, 51%).
Proof: See Appendix.

In fact, we show that, whenever a; < ay and (s1%, s2*) > (0,0),
UIES(sl*, S9*) > UQES(sl*, $9*) (see Lemma 5.0.1.). Then, by putting an upper
bound for relatively risk loving agent (57 < s;*), while the other agent chooses to
borrow the Nash equilibrium investment level, external enforcement mechanisms can
turn into self enforcing informal arrangements under Equal Sharing rule. Since both
agents are better off in such coalition structure compared to the individual case. For
instance, for p = 0.8 and » = 0.3 values when a; = 0.2, as = 0.5, individual
investment levels are (s1%, so*) = (1.40,0.56) and their respective welfare levels are
(U1F5 (517, 89%), U™ (51%, 59*) = (—0.9953, —1.001). When we limit the relatively
risk loving agents borrowing amount and make them invest (57, s2*) = (1,0.56), in
this case their welfare levels are (UlES(s_l, s9*), UyP (31, 52%) = (—0.9955, —0.9961).
Notice that, although first agent is a bit worse off compared to the initial case, both
agent’s utility levels are strictly higher than individual utility level which is
Ul (s*) = —0.9971, fori = 1, 2.
Example 2. (Loss Sharing Rule) Let a; = 0.1, ay = 0.2, a3 = 0.3 and a4 = 0.5 be the

risk aversion levels of agents. Table 7 illustrates some coalition structures and related
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expected payoffs, by denoting agents with their risk aversion levels where p = 0.9

and r = 0.9.

Table 7. Coalition Structures and Related Expected Payoffs under LS

o e =01 a =02 a=03]a=05
{{a1}.{as}} | -0.6348 | -0.6348
{{ar.a2}} | -0.4476 | -0.6859
{{a1,a1}} -0.4922
{{as}.{as}} -0.6348 -0.6348
{{az,a4}} -0.4411 -0.8840
{{az,a2}} -0.4922
{{a1}.{as}} | -0.6348 -0.6348
{{ar,as}} | -0.4371 -1.2098
{{as.as}} -0.4922
{{as}.{as}} -0.6348 | -0.6348
{{as,a5}} -0.4601 | -0.5655
Has,as}} 20.4922

Table 7 depicts, when two agent with different risk aversion levels form coalitions,
generally, the expected utility of the relatively risk loving agent is higher. While, the
more risk averse agent is strictly worse off compared to the single case. Yet, like the
group formation structure under Equal Sharing Rule, under the two agent coalition
{az = 0.2, a3 = 0.3}, payoffs of both agent are higher for p = 0.9 and r = 0.9 values,
compared to individual payoffs. Similar to the Equal Sharing case, the expected
utility levels of agent depends on the group structure and parameter values. For the
two agent case, under Loss Sharing rule, an increase in the other agent’s risk aversion
level has opposite effects on the utility levels of two agents. For instance, as the

second agent’s risk aversion level increase, relatively risk loving first agent’s
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willingness to match with a safer investor increase. On the other hand, the same
variation in the agent 2’s risk aversion level refrain him to match with a potential risk
seeking partner because of an decrease in his welfare level. Proposition 6.2. states a
general fact for the described values of p and r.

Proposition 6.2. (n=2) For p and r values which satisfy the condition pr > 1 — p,
V(p,r), agents form stable coalitions under Loss Sharing rule whenever a; = as.
Proof: See Appendix.

Moreover, we investigate the implications of external regulation of investment
levels for Loss Sharing rule. Similar to the equal sharing case, we put upper bound on
the investment level for relatively risk loving agent on (s1*, s5*). A decrease of this
upper bound results in a decrease in the individual welfare of the less risk averse
agent. While, this regulation lead to an increase in the more risk averse agent
individual utility level. Furthermore, putting an upper bound on borrowing amounts
for the more risk averse agent causes a loss in both agent’s individual utility levels.
We state and prove this fact in Lemma 6.1.2..

Lemma 6.1.2. For a; < as;

i) If s9* < 57 < 1%, then U &° (51, s2*) decreases strictly and Uy™s (51, s2*) increases
strictly as 57 decreases on (s2*, s1%).

i) If 59 < 59 < 51", then UlLS(sl*, s3) and UQLS(sl*, s3) both decreases strictly as
5o increases on (s2*, 51%).

Proof: See Appendix.

By Lemma 5.0.1, when agents choose to follow interior Nash Equilibrium
strategies, if a; < as, then UlLS(sl*, S9*) > UQLS(sl*, $9*). Then, through putting
upper bound on the relatively risk seeking agent’s borrowing amounts, two agent

form coalitions such that both of them better off with respect to the individual case.
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As an illustration of this fact, for p = r = 0.9 and a; = 0.1, a; = 0.2 parameter
values, individual investment levels are (s1*, s2*) = (19.89,9.94) and the
corresponding utility levels are (U, %% (s,*, 55*), Us™5 (5,*, 55%))

= (—0.4476, —0.6859). If, the less risk averse agent is forced to borrow 57 = 15,
although other agent still choose to follow Nash equilibrium strategy; then individual
utilities are (U,%% (37, 55*), Up™® (57, 82*) = (—0.4736, —0.5670). Clearly, in such
coalition both agent’s are better off compared to the individual utility level which is
U;FE(s*) = —0.6348, fori = 1, 2.

Example 3. (Profit Sharing Rule) Let a; = 0.1, a; = 0.2, a3 = 0.3 and a4 = 0.5 be
the risk aversion levels of agents. Table 8 illustrates some coalition structures and
related expected payoffs, by denoting agents with their risk aversion levels where
p=0.9and r = 0.9.

Unlike previous cases, when two agent with different risk aversion levels form
coalitions which is illustrated in Example 3, the expected utility of the relatively risk
loving agent is lower. Despite, the more risk averse agent strictly better oft compared
to the individual case. When they come together to form groups with agents who have
identical risk aversion levels, we observe a rising tendency in individual expected
utility levels. Moreover, under Profit Sharing rule, as relatively more risk averse
agent’s risk aversion level increases, more risk averse agent’s expected utility level
increase. However, such an increase cause a decline in his partner’s expected utility
level. Proposition 6.3. generalizes this fact for two agent group formations under PS

rule.
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Table 8. Coalition Structures and Related Expected Payoffs under PS

o g =01a;=02|a3=03|a,=05
{{ai},{az}} | -0.6348 | -0.6348
{{ar,a2}} 20.6969 | -0.4039
{{al,al}} -0.5775
{{az}{as}} -0.63438 20.6348
{{az.as}} 20.7241 -0.3416
{{az.a2}} 05775
Hai}{as}} | -0.6348 20.6348
{{a1,a3}} -0.7429 -0.2914
{{as.as}} -0.5775
{Haz}.{as}} -0.6348 | -0.6348
{{as,as}} -0.6542 | -0.4813
{{as.as}} -0.5775

Proposition 6.3. (n=2) For p and r values which satisfy the condition pr > 2(1 — p),
Y(p, ), agents form stable coalitions under Profit Sharing rule whenever a; = as.
Proof: See Appendix.

We explore the consequences of putting an upper bound and lower bound on
relatively less risk averse and more risk averse agent’s borrowing amounts. For the
Profit Sharing rule, limiting the borrowing amount of less risk averse agent result in
an reduction in both agent’s utility level. On the contrary, impelling more risk averse
agent to borrow in higher amounts than the Nash equilibrium amount lead to a loss in
his utility levels. Nevertheless, this enforcement mechanism result in an increase in
utility of the relatively risk loving agent. Lemma 6.1.3. states this fact;

Lemma 6.1.3. For a; < as;
i) If 5,* < 57 < s,*, then U, 79 (57, s9*) and UQPS(Q, so™) decreases strictly, as S7

decreases on (s9*, s1%).
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i) If 55" < s < s1%, then Ulps(sl*,s_Q) increases strictly and ngs(sl*,s_Q) decreases
strictly, as s, increases on (s2*, 51%).
Proof: See Appendix.

We end up this section by an implication of the preceding proposition. In
Lemma 5, we show that at the Nash Equilibrium, if a; < a,, then
UIPS(sl*, $9*) < UQPS(sl*, $9*). Then as an application of Proposition 6.6, if more
risk averse agent borrow in higher amounts than the interior Nash equilibrium
amount, agents in the same coalition with distinct risk aversion levels will be better
off in relevance to individual case. For example, at equilibrium, individual investment
levels are (s1%, s9*) = (9.46, 3.21) and the corresponding utility levels are
(U5 (s1%, 89%), Us"5 (51%, 89%) = (—0.7429, —0.2914), where p = r = 0.9 and
a; = 0.1, az = 0.3. When, more risk averse agent borrow an amount s, = 7.5, while
the other agent invest the optimum amount; individual utilities become
(U175 (s1%, 82), Us" (1%, 59) = (—0.6274, —0.4397). Then, since
U;FE(s*) = —0.6348, for i = 1,2, it’ obvious that both agents are better off in such

coalition structure compared to the individual case.
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CHAPTER 7
CONCLUSION

In this study, we consider an investment game among n investors with CARA
preferences. Accordingly, we define four major sharing rules, namely Full Liability
(FL), Loss Sharing (LS), Profit Sharing (PS) and Equal Sharing (ES), which regulates
the allocation of the resulting profits and losses. We mainly attempt to explore how
these rules affect the individual and aggregate investment behaviour and expected
social welfare levels, as well as coalition formation structure.

Our theoretical findings show that, each rule induces a unique dominant Nash
equilibrium in terms of individual investment levels. Specifically, individual
investment amounts mainly depend on success probability, net return rate, group size
and investors own risk aversion level.

Secondly, when each investor chooses to borrow in positive amounts,
regarding aggregate investment amount, the ranking of the rules related to parameter
values. Nonetheless, in any group formation under ES rule and LS rule, investors risk
taking behaviour increases compared to the PS and FL rules. On the other hand, for
sufficiently high values of r,in any group formation ES rule explicitly dominates other
rules; while for low values of r, the sorting depends on the the group size. It’s worth
emphasizing that our theoretical findings are consistent with Fischer’s (2013)
empirical results.

Furthermore, we employ numerical analysis to study the pairwise comparison
of sharing rules for the two investor case. The superiority of the ES rule over other
rules is the most remarkable point of our numerical comparison. In terms of
individual welfare levels, while the set of parameter combinations account for almost

half of our parameter space, the percentage of parameter combinations is considerably
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small for PS rule. Besides, ES rule dominates other rules regarding egalitarian and
utilitarian social welfare levels. Additionally, we demonstrate for the identical
two-agent coalitions, egalitarian welfare levels are maximized under each rule. On the
other hand, for the same coalition structures, utilitarian welfare levels, induced by ES
and LS rules are maximized and minimized under PS rule.

Lastly, we show that two-agent coalition formation of investors with identical
risk taking behaviour is stable for certain success probability and net return rates.
That is, there is no other coalition structure possibility such that both investor are
better off in the new formation. Besides, we address the question of whether investors
with distinct risk aversion levels unilaterally and voluntarily agree on an arrangement,
so that both of them are better off. Accordingly, we illustrate via numerical examples

that such formations are possible under each rule.

35



APPENDIX
Proof (Proposition 3.1): Agent i’s utility under Full Liability Rule is;

UiFL(Si) — _pe—ai’rsi . (1 _p)eaisi

The unconstrained maximizer of this expression is;

« rp 1
s; = 1In .
(1 —P> a;(1+7)

Then, the best response function(the strictly dominant strategy) defined as follows;

s, ifln <1”_pp> >0
bi(S_i) =
0, otherwise

Notice that, b;(s_i) is independent of other agents investment levels and risk aversion
levels.

Assumption: Fix p for agent i. Let A; = {p;, (1 — p;)}, Vj € N. and the Cartesian
product A = Ay x ...A; 1 X A;11 X ... A, be the set of ordered (n-1)-tuples
(P1s--Pie1, Pit1s - Pn), Where pp € Ay for each k € N/{i}.

Proof: (Proposition 3.2) By Assumption 1, for all p;, € Ay, for each k € N/{i} define;

Qps : {p = ] pxl,V or € A and k € N/{i}} — ES_;(5",)
N/{i}
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where 5", is the net return that corresponds to p, and
z

JEG/) T TReN\G/ (R Ohgerve that, Qg is a well defined bijection.

n

ES_i(5L;) =

Then, agent 1’s utility under Equal Sharing Rule is;

UZES(S*) =p aﬂ’sz/” [Z ptuz ES_Z )))]

t=1

+ (1 — p) . —eaiSi/n [Z (ﬁtUZ(ES_Z(gt_l)))]

t=1

where u;(z) = —e~%? for any ¢ € N. The unconstrained maximizer of this

e ((1 r—pm) | az-<1n+ "

Then, the best response function(the strictly dominant strategy) defined as follows;

) >0

0, otherwise

expression is;

s;*, ifIn (
bi(S_i) =

Again notice that, b;(s_i) is independent of other agents investment levels and risk
aversion levels.

Proof: (Proposition 3.3) By Assumption 1, for all p;, € Ay, for each k € N/{i} define;

Qs {p = ] oel.V o € Arand k € N/{i}} — LS_(5",)
N/{i}
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2ieN\G/{i} —5i

where 5° , is the net return that corresponds to 7, and LS_;(s" ;) = -

Observe that, {275 is a well-defined bijection. Then, agent i’s utility under Loss

Sharing Rule is;

t=1
2n71
a;S; — +
+(1-p —e [Z (ptul(LS—l(S—z)))]
t=1
where u;(x) = —e~ %" for any ¢ € N. The unconstrained maximizer of this

expression is;

Then, the best response function defined as follows;

5%, ifln( nrp ) >0
bi(S_i) — (1-p)

0, otherwise

Proof: (Proposition 3.4) By Assumption 1, for all p;, € Ay, for each k € N/{i} define;

Qps : {py = [] pul,V pr € A and k € N/{i}} — PS_i(s",)
N/{i}

Z,jeG\{i} TS5

n

where 5° , is the net return that corresponds to p, and PS_;(s" ;) =
Observe that, {2pg is a well-defined bijection. Then, agent i’s utility under Profit

Sharing Rule is;
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UiPS(S*) =p- _paiTsi/n [Z (ﬁtuZ(PS_,(gt_l)))]

t=1

+ (1 — p) . —p%isi [Z (ﬁtul(PS_z(gt_Z)))]

t=1

where u;(x) = —e~ %" for any ¢ € N. The unconstrained maximizer of this

expression is;

s — In (n(ﬁ p)) ' ai(ﬁl-i- 1)

Then, the best response function defined as follows;

n(1l—p)

o) s ifln (—p> >0

0, otherwise

Proof: (Proposition 4.1) Proof is by pairwise comparison of each rule, where n=2.
Note that, we focus on sufficiently high values of p which is necessary for positive
investment levels. WL.O.G let Y " , ai = 1 and fix p*. Then,

(DVr > 0, TIgg > T1py. Since;

n n

1 rp* 2 1 rp* 1
—1 . > —1 . S 2>1
S (75) mr e Yam ()

=1

(2) Vr > 0, in order to show T'I g > T'I pg, consider the graph of T g and T pg

defined by;
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and

0 (prin(5575) )

in the domain (p,r) € (0,1) x (0, 1). Observe that T functions are continuous on
R3. Then, it’s suffice to show that 37" | Ld(Y gs(p*,r) — Tps(p*,r)) > 0 where

d:(0,1) x (0,1) — R is a metric in the three-dimensional Euclidean space. Then,

~ 1 " .
Z ;d(TES(p ,7) = Tps(p,r)) >0
i=1 "

o (1—pp> | <1—2H~> - (2(1?*;9*)) ' <§il> -0

@1(”*){ 2 2 }+12 L o
n — n
1 —p* (1+7r) (2+7r) (5+1)

vl

>0 o(r) >0
Since o(r) > 0 on r € (0, 1), above inequality holds. Therefore,
Vr >0, Tlgs > TIpg.
(3) Vr > 0, we can show T'I ;¢ > T'I p;, by a similar discussion to the above case,
where;

d(Yrs(p*,r) — Ypp(p®,r)) >0

o (12?;*) TPER (1—pp> T

o (1—pp) (((1/21> ) <ri1>>ff“2<§v%q> ’

>0 o(r) >0




Again, since o(r) > 0 onr € (0, 1), above inequality holds. Vr > 0, T1;s > TIpy.

@)Vr >0,TI;s > TIpg. Observe that;

7

o (fip;*) P (2<1Tf*p*>) "
1 1

1
> —d(Trs(p™,r) = Tps(p', 7)) > 0
=1

The above inequality holds, since o(r) > 0onr € (0, 1).

(5) To prove the existence r’ € (0,1) where T1pg > T1 s for 1 > r > 1’ and

TIps > T1gs for v’ > r, we need to show that there exist a partition of set (0,1)
which is a division of two connected, non-overlapping and non-empty cells such that
> aiid(T es(p*,r) — Yps(p*,r)) take either positive values for any value in one
cell or take negative values for any value in other cell, for some sufficiently high value

of p* where,

n

- (1—pp) Tl ((12?9;*)) W

:1“(1?;*) ((1—?-@ - <<1/21>+r>) (v
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Observe that, d(Y gs(p*,r) — T prs(p*, 7)) is a continuous mapping on domain

8d(T ( *7T)_T ( *77‘)) —
(0,1) x (0,1). Moreover, “"—£8E=r—2 L5 1) —

% —1In (ﬁ’;*) a +(:)22z((11//22))qu)2 + an% > () and the values
d(Ygs(p*,r) — Yrs(p*,r)) lies within an interval

(=2 % In(2),In(—p*/(p* —1))/3 — (2 In(2))/3) where limit points take negative
and positive values for » € (0, 1) and for a given sufficiently high p* € (0, 1). Then,
since d(Y gs(p*,r) — YT rs(p*,r)) is continuous for relevant parameter values; by
intermediate value theorem d(Y gs(p*,7’) — Trs(p*, ")) = 0, for some ' € (0, 1)
and for some sufficiently high p* € (0, 1), which proves the existence of partition set
of (0,1).

(6) Finally, we claim that, there exists 7’ € (0,1) s.t. T1pg > T1py for1 > r > 1"

and T'Ip;, > T pg for r” > r (6). Similar to the previous discussion, we have to

show the existence of a partition set of (0,1) s.t. Y7 Ld(Yp(p*,7) — Tps(p*, 1))

i=1 a

*

take either positive values in one cell or take negative values in other cell, for some p

where,

1
> —d(Tre(p",r) = Trs(p',7))
i=1

—In (1?’;*) . 1J1rr —In (2(17{*];*)) : (r/2;+1

- (25 (5~ o) 2wy

Again, the distance function d(Y g (p*,r) — Y ps(p*, 7)) is a continuous on domain

9d(Ypr(p*,r)=Tps(P*,r) _ 1 In2
(0,1) x (0,1) and R = T3 /21D) | 2((r/2)F1)2
—In (1’”_73;*> <(1+1T)2 - 2((T/21)+1)2> < 0. The values d(Y pr(p*, 1) — YTps(p*, 1)) lies

within an interval ((2{n(2))/3 — in(p/(1 — p))/6,In(2)) where limit points take

negative and positive values for r € (0, 1) values and for a given sufficiently high
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p* € (0,1). Then, since d(Yr(p*,r) — Tps(p*,r)) is continuous relevant parameter
values, by intermediate value theorem d(Y gy (p*, ") — Tps(p*,r”)) = 0 for some
r" € (0, 1) and for some sufficiently high p* € (0, 1), which proves the existence of
partition set of (0,1).

- (1),(2),(3),(4),(5) and (6) together proves proposition 4.1.

Proof: (Proposition 4.2) W.L.O.G assume ) ., al = 1. Let p takes sufficiently high
values. Fix (p*,r*), where p* is sufficiently high. If n = 1, then it’s clear that

Tlps =TI =TIp;, =T1pg. Forn > 1, the proof is by pairwise comparison of
each rule.

(HOVn > 1, TIgg > TIFr;. Since;

* ok

~ 1 r*p* n "1 *p 1
TIgs = -1 -\ .
: ;“"n(l‘p")“”*) gai“@—p*)uw) o

Sn>1

which holds by assumption.

2)Vn > 1,TIgs > T1pg. Since;

which clearly holds for n > 1, for a given (p*, 7).
(3) For T1gs — T s case, for a given r € (0, 1) we claim that In** € R such that

Vn>n"*Tlgs >TIpsand for 1 <n <n**,TI; g > TIgs where n € Z. Firstly,

Ollgs(p*,r*mn) _ In ( pr ) 1

for arbitrary (p*,r*), is constant. Observe that,

on (1-p) ) 1+4r
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OTILs(p*,r*,m) L ln(dﬂ;)) ~ 0 and

on - n(r+%) n2(r+%)2
PTlLs(p*r*m) _ 2 1 o1 o1 _ 2—(nr+1) (—n7‘)2ln(%)
on? T o2 n2(r+l) o2 - nd(r+5)3 T (nrt1)3 (nr+1)* < 0 where

o = 2In ( (?f;)) and 0, = n*(r + +)* which implies 71, s is strictly increasing
concave function on n € (0, 00). Now let ( = {n|TIgs(p*,r*,n) =TI s(p*,r*,n)}
for a given (p*, r*). Then there are three cases: i) If { = {1}, then take n** = 1.
Notice that, Vn > n**, TIgs > T1g. i) If ( = {1,n} where n < 1, then take

n** = 1. Notice that, Vn > n**, TIgs > TIs. iii) If { = {1,7} where m > 1, then
take n** =n. Then, Vn > n**, Tlps > T s and for Vn € Z-gon 1 < n < n**,
Tlps > Tlgs.

(4) Vn > 1, TILS > T1Ig;. Since;

nr*p* n r*p* 1
Tl;s =1In > In =TI
e (1—p*)<1+nr*> (1—p*)<1+r*> "

< In(n) 1 —|—nnr* > In <1Tip;*> {(1 —ir*) B (1 +nn7“*)]
r*p* 1—n
1 —pp*) ( ))

< In(n)n > In ( i

Notice that above inequality clearly holds for n > 1.

O)Vn>1,TIrs > TIpg. Since;

nr*p* n rp* n
TI = hl > hl — T]
" (1—19*) (1 + nr*) (n(l —p*)) (n+ 1) PS

&t {u —i—lm"*) G ; m] - (1r—p;*) Lr* : no +1m~*>]

* ok

e+ )0+ > (2 ) 1= ma -

which obviously holds for n > 1.
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(6) For Tl ps — T py, case, for a given r € (0, 1), we claim that In* € R such that
Vn>n*Tlp, > TIpgandfor 1 <n < n*, TIpg > TIr where n € Z-. Firstly,

note that for a given (p*,7*), T'I ry, is constant. Observe that
Ottps(p o) _ [P In(atm ) (et mrD] o [in(tye ) +n(F) -1

an n?((r*/n)+1)? n?((r*/n)+1)?

takes positive

and negative values for some finite n’ € (0, c0). Since,
OTlps(p*r*m) _ <_°O_1n((1 P >))

lim,,_,o+ > = = 00,

. oTI * gk —r*—r*In( — .

lim,, Psg; ) —( (TSJﬂil d >) ) < 0 for some finite n’ € (0, c0) and
2 *2 * p*r*

. 8T1 * .k d TI * n<—r —2r*nlIn W (1—p*)

lim,, 4 o0 W = 0. Moreover, =2 Sa(fg 1) - +n)g Ea)) also

takes negative and positive values for some finite n’ € (0, c0). Because,

. 8277 * ok
lim,, o+ % — _T*LQ and
'r* 1n +T*27(7’L’)2
. 9?TIps(p*,r*m) 2n'r < = *)) i ’
lim,, — = — T > () for appropriate values of n’,

for a given sufficiently high (p*, r*). Hence, there exist a maximum 7,,,, where

82T1ps(zén?” Mmaz) (). Then, since forn = 1T 1ps = T Iy, there are three cases: 1)If

Nmaz = 1, then take n* = n,,,,. = 1. Notice that forn > 1, TIr;, > T1pg. ii) If
Nmae < 1, then take n* = 1. Again forn > 1, T'[p; > T pg. iii) If n,,4, > 1, then
there exist n* > 1 such that for 1 < n < n*, TIpg > T1r; and for n > n*,

TIpr > TIps.

(1), (2), (3), (4), (5) and (6) together proves proposition 4.2.

Proof: (Lemma 5.0.1.) For a given (p, r) such that pr # (1 — p), to show agents are
better off in any two agent coalition compared to the full liability case, we must show

that;
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a;mr

UL (54| — (U255 (% 5.7)] = —p2e = (%) (st +n(a%) ()
(1= e (0() (i) (i) (st

(1= pype () (st ) rrnaz) (st )

(1= pyet (n(a) (et )+ (25) ()

ln( T ) ln( 727 )
+ (1 —p)e™ wel17) +pe " e

e

where U;7%(s;*) is i-th agent’s individual utility level and U2""(s;*, s_;*) is i-th
agent’s utility level in 2-agent coalition under ES rule. Then, since 1 +x —y < "7,

vV x,y € R, it’s enough to show that

(1-p) (1+ In(rp) ln(l—p)) +p(1+ rin(1-p) rln(pr))

(r+1) )
o (1) B (-2 )
: 1 % In(1—p)
MRS
a_i) (1+7) a_; a1
In (rp

(
— (1-p)’ (H (”aa_ii) (Tgr)) ) (H%> W) -

Then this inequality reduces to the following inequality, which is strictly bigger than

0, for any a;, a_;;
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a; D 1
pr+p—1)ln ( > >0
a,i;,_l (1—p)) (1+7r)
Q(pr)
©(p,r)

Observe that, the signs of the terms Q(p, ) and ¢(p, r) agree.

Proof: (Lemma 5.0.2.) Assume ay < a;.
(1)

TP

U FL(s1%) = — e (n(aZ) i) _ (1- p)e“i(ln(%)m)

rp

— peir(ln((lfp))ﬁ) — (1 — p)e(ln(ﬁ)ﬁ)

Note that, above expression obviously doesn’t depend on risk aversion levels. Then

UlFL(Sl*) — U2FL(81*>.

(ii) We want to show UlES(sl*, 89%) < UQES(Sl*, s9*), where s;* = In ((17?17)) ﬁ

for i = 1, 2. Then, this is equivalent to show that;

r51*+r52*

UQES<81*, 82*> . UlES(Sl*, 82*) — p2€*0«1(72 ) +p(1 . p)efal(

* *
7S] —S9
)

Then expanding and rearranging the terms of preceding expression results in:
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UQES(81*7 82*) . U1E5<81*, 82*) _
(mpe ™5 o= 0e™T) - (peTH 4 (L))

+ <peia1;52 + (1 —p)ealg2 > . (peialgs1 + (1 —p)eal;1 ) >0

&S o (—pewzgs1 + (p— 1)6(1221 + pe 4 (1-— p)ea1§2 ) >0
P

where 0 = (1)671122”2 +(1—p)e™? > = <p67a12:31 +(1—ple ) Then
observe that, ¢ > 0 since by assumption ay < a;. Hence
Uo7 (1%, S9*) — UlES(sl*, s9™) > 0. Moreover, clearly above equality holds when

ap = Qas.

(iii) We want to show UILS(sl*, $9*) < U2L5<Sl*, $9*), where s;* = In ((1227]’0)) ai(%lﬂ“)

for 7 = 1, 2. Then, this is equivalent to show that;

Uy (1%, 89") — Uy (s1%, 82) = pPe ™™ + p(1 — p)e” ™ (TSI*_SQT>
+p(1 _p)e—m(%) + (1 . p)2e—a1(w)

_ p2€fa2r32* N p<1 . p)e—az (7“52*—%)

*

—s9

—p(1 = p)e ) — (1 el

731*752*

) >0

Then expanding and rearranging the terms of preceding expression results in:
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pp (efalrsl* . efagrsf) +p<1 _p) (e—al (7’5{“—%) B e—ag(rsz*—sl;))

- ) B
+p(1—p) <e“1 T et 3) +(1—p)? (e“(ﬂ*?*) - “2(31*?2*)) >0

Clearly above inequality holds, since as < a;. Additionally, it’s obvious that, equality

holds when a; = as.
(iv) We want to show U7 (s1*, 55*) > Uy"® (1%, 55*), where

s =1In (ﬁ) @ for : = 1, 2. Then, this is equivalent to show that;

<rsl*+r52*

) 4p(1 - pler

2 _—az

U1PS(51*, 52*) - U1PS(51*, 52*) =pe

+p(1— p)e“’z(%_”*) + (1 —p)Pe (20

— p2e—al (%) _ p(l _ p)eial%

o0 =) ) e

Then expanding and rearranging the terms of preceding expression results in:

Pp (6_“2(T31*;T82*) - e_‘ll(ml*;m*)) +(1—p)p (e‘“2 L e_“%)
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Observe that above inequality holds by assumption as < a; and equality holds when
a; = as.

Proof: (Proposition 6.1) Assume N={1,2} and a;, a be the risk aversion levels. Let
(p,r) values satisfy the condition pr > (1 — p). When both agent invest the positive
Nash Equilibrium investment amount s* = (s1*, so*) where p take sufficiently high

values, the utility of agent-1 equal to:

U5 (51", 0%) = — pp - ol () oty (735
(1 p) - ln(an) e (E )
— (1 —p)p . e(_a1'1n< _aL aL))

—(1-p)1- p)e(al'ln(ﬁ)'ﬁ'(ﬁJF%))

TP
(1—10)

i (
i (

where s;* = In <( L for i=1,2.

1—p)) ) az(l—&-r)
Taking the first derivative of U, (31*, S9*) w.rt. a; yields;

8U1E3<51*7 82*)
8a1

(1 _ p)20-46a1(03+02)

as(r+1)

—air(o3z+o2) ( (

= ppe r(os+ 02) —o01) —

(
(1 = p)poyes(72-ov) (= p)poure (70 (i)
as(r+1) as(r+1)

where o; =

ro4 — g4 .
a1 (T+1)’ 09 = a2(r+1), 03 = —a (T—i—l) aIld 04 = ln (

AU P53 (s1*,52%) U PS5 (s1%,82%)
T —2 0) where a; = as.

> Then,

= 0 (and by symmetry
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Moreover, the second derivative of U; *° (s1%, 82%) w.r.t. a; yields;

82U1ES(81*, 82*) _ _pea1(03702)052(1 _p) B ea1(04+03)0.52<1 _p)2
86L12 01 oy
2 a1(oc4—ro3) 4 2 1—
- p26—a1’r'(0'4+0'3)(r (0_4 + 0_3) . 0_2)2 . pr € 05 ( p)
o1
where 71 = ay?(1 4+ 1)%, 03 = 170 0y = . 0y = o, 05 = In (1),

BQU ES *7 * aQU ES *7 *
Observe that, % < 0 (and by symmetry % < 0). Then
U 75 (517, $9*) has a unique maximum at a; = as.

Finally, to prove, agents with identical risk aversion levels a; = as = a; are better off

in the 2-agent coalition compared to the individual case, we must show that;

FLo s WES, . . ailn(ur—pp)) ﬂﬂ'“((f—pp))
Ui (s = (U7 (517, 897)| = (1 = p)e™ =050+ pe 70 il

— pQQ# (hl( (1T—pp) ) (ai(12+r))+ln( (1T—pp) ) (ai(12+r)))

— (1 —p)pe%%<rln<(lr—pp))(%(12+r))_1n((lr—pp))(aqz(12+r)>>

— (1 = pype 3 (%) () (%) (s m)

1 _p)2€%<1“(<1T—pp>)(ai<12+r>)+1“(<1rfp>)(ai<12+r>)) >0

where U;"*(s;*) is i-th agent’s individual utility level and UfES(sl*, $9*) is i-th

agent’s utility level in 2-agent coalition under Equal Sharing rule. Then, since
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l+z—y <e* Y Vxy e R,it’s enough to show that,

In(rp) In(1-p) rin(l—p) rln(pr)
o (e ) o ()

(1—=r)ln(rp) (1 —r)In(1—p)

_p(l_p)<1+ (s R Ty )

(1—=r)ln(rp) (1 —r)n(1—p)

_p(l_p)<1+ (1+r) (147) )
) 2rin(rp)  2rin(1 —p)
R <1_ (1+7) (147) )

9 2In(rp)  2In(1—p)
S (1 - T ¢

Then this inequality reduces to the following inequality which is strictly bigger than

0:

rp 1
(pr+p—1)1n<<1_p)> ) > 0

Proof: (Lemma 6.1.1.)Assume a; < as. then,

. . 8U1ES(§782*) . a1p2,’,,efa1r((ﬁ/2)+01) al(l_p)Qeal((ﬁ/Q)#»o'l)
Claim 1: s = 5 — 5
a1 ((57/2)— —r22—) —a1 ((r37/2) = —2215)
-1 ag(r 1) 1 ag(r D)’ . )
ai1p(p—1)e . _ apr(p—l)e 5 is strictly bigger than O for

sufficiently high values of p, for any r € (0, 1) and for s,* < 37 < s;* values where

— o2 _ pr
O = 0D and o9 = In <1—p>'

Pf: By assumption, s;* = In ( (173)p)> . m > 5. Then,
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< In(pr) +In (

> ln(l — + In ( ) + ln pe—awal + (1 _p)ealol
3

> In ((1 — p)pea”(%_“’l) (1 _ )2 al( 1+01)

)

)

< In <p re~ar(F+e1) | (1— p)prewl(rél *01)>
)

o aUl (8_17 32*) 0

— >
831
; . OUES(s1,50%) _ agp?re—22r(Gi/D+o1) as(1—p)2e®2(GT/2)+01)
Claim 2. 9= = - _ :
ag((37/2)— ——22) —ag((r57/2)— —22_)
-1 a2(r+1) -1 ag(r+1)’ . .
weplr—)e 2 — azprlp—le 3 is strictly smaller than O for

sufficiently high values of p, for any r € (0, 1) and for so* < 57 < s1* values where

and oy = [n-2-

1= az (T+1) 1-p°*

Pf: By assumption, so* = In ( (1’;1”[))) . m < 51. Then,

<hn ((1 B p)peazr(7—ral) + (1 —p)Qeaz(%ﬁn)
OUES (37, 55"
o 9076 s7)

— <
681

. QUES * 2., —a17((s2/2)+01) _2,.a1((s2/2)+07)

Claim 3: — 3(81 s2) _ aip’re — all=p)e
2 2 2
a1((s2/2)~ g %7y) —a1((rs2/2) = o—(2y)

-1 22 a1 (r+1) —1 —= ay(r+1)’ . .

a1p(p—l)e - _ apr{p=le 5 is strictly higher than O for
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sufficiently high values of p, for any € (0, 1) and for s,* < 51 < 51" values where

and oy = lnp%p.

o1 = (+1) 1

P

Pf: By assumption, s;* = In <@> . m > so.Then,

] rp N airsy n a159
n Z4 Z4
(1—p) 2 2

N ln(pr) tln ( *’llrsz) +1In (pe airol _|_ CL10'1)

> In(l —p) +In ( 5 ) +In (pe™ ™" + (1 — ‘“”1)

< In <p27’e wr(F4o1) 4 (1 —p)pre” ar ( )
> In ((1 — p)pe™ 1(F-ron) +(1- 2 a1 Z+01)
3U1 Y15
8
Claim 4- aUQE;;;@) _ a2p2mfa2r2<<s72/2>+ol) B a2(1_p)26a;((2/2)+01)

an((s __rog —ao((rs %2
2((52/2) = o))  appr(p—1)e 2((rs2/2) = -n5y)

2 2

azp(p—1e

is strictly smaller than O for

sufficiently high values of p, for any ~ € (0, 1) and for s,* < s, < s, values where

o = and 0y = In{.

a1 (T+1) p

Pf: By assumption, so* = In ((1 p)> . m < 53. Then,

] rp < a9TS9 4 259
n Zz ZZ
(1-p) 2 2

< In(pr) +In ( 7(12752) +In (pe w@ra 4 ( 020’1)
< ln(l — p) + In ( a2g ) + In <pe asroy + a201>
s2
& In <p27’67a27"(7+‘71) (1—p)pre” as( )
< hl ((1 _p>p€ ( 2 7"0'1) + (1 2 a2 +0'1 )
o 907 s) 5 3UES( *), S 0
682
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Proof: (Proposition 6.2) Let p and r parameter values satisfy the condition
pr+p > 1,N={1,2} and a; = ay = a; be the risk aversion levels. To prove, agents
with identical risk aversion levels are better off in the 2-agent coalition, for i € N we

must show that;

,ln((rpp)) 1<(Wp)
U ()| = UE5 (517, 827)| = (1 = p)e™ w07 4 pe "™ mes
(( =) al,(l“((l;;))_rl"((lp)))
. ( ) (% ) —p(l _p)e Qai(%+'r) ai(%+r)
( =) n( 7225)

—p’e (%+ ) —(1 —p)Qeai “(3+7) 5 ¢

where U;7*(s;*) is i-th agent’s individual utility level and Urs (s1%, 89) is i-th
agent’s utility level in 2-agent coalition under Loss Sharing rule. Then, since

1+2x—y <e" Y, Vxy € R, whenever a; = ay, it’s enough to show that,

(1-p) (1+ In(rp) ln(l—p)) +p(1+ rin(l—p) Tln(pr))

r+1 r+1 r+1 r+1

_p(1—p) <1+ In(2rp) ln(l—p))

20+ 23+
_p(1—p) <1+ (1—-2r)In(2rp) (1—2r)ln(1—p)>

25+ ) 2(3+7)

) rin(l—p) rln(2pr) ) In(2pr) In(1-p)
_ 1 — — (1= 1 B

p(* (3+7) (%w)) ( p)<+<%+r> <%+’”>>

>0
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This inequality reduces to the following inequality which is strictly bigger than 0:

(1 —pr =) =) <ln<1_p> - ln(l—p))

r+1 r+1 (2+47)
N >0 —
~ >0
In (2rp)
+(pr+p—1)——=>0
(pr+p )(%_’_T)
——
>0

Then, ]UiFL(sl*)\ — U5 (517, s9*)| > 0, when a; = ay. Moreover, we must show
that there is no other stable group formation structure, in which agents with different
risk aversion levels are better off. Assume there exist a group formation {{a;,as2}}
where a; < ay such that 1, and 2,,; agent are better of compared to the group

formations {{a;,a;}} and {{az,a2}}, respectively. First, since,

a1 —09%3 ., a1 ——T93 .
OULES (s1,50) _ ane \FUCHD 72) 5u(1 )2 aip(i—pe (Cawtim ).,

3 + % > 0 where
a9 o1 g1
o1 = 2a2*(r + (1/2)), 09 = Smtr 7oy and 03 = In <12%;>, relatively risk loving 1

agent will be strictly better of whenever his partner’s risk aversion level increase.

However, relatively risk averse agent will be worse off in such group formation; since

AU 5 (s1,82) _ p(lfp)e%(%7ag(rf(ll/Q)))gl (1,p)2e“2(%*25@?(1/?)))01 0
OQaz - o2 B o2 <V,
09 = 2a1(r + (1/2)), where 01 = In (ff;). Then this lead to unstable group

formation structure. Secondly, since,

" o3 - ao( — To3 -
aUQL;(ShSQ) _ aze 2(2a2('r+(1/2))+ 2 o3(1—p)? X azp(1—p)e 2( PG 2>g3 > 0’ where
al g1 o1
9.2 _ _ 2 e s
o1 =2a,"(r + (1/2)), 02 = 5,577z and 03 = In <1%;>, 2,4 agent’s utility will

increase if his partner’s risk aversion level increase. But in this case, 1, agent’s utility

will decrease since;
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O

(oL ror (e o1
8U1LS(31,32) __ p(l-ple 1(02 al(r+(1/2))>cr1 _ (1—p)2e 1(<72+2a1(r+(1/2)))g1

daq [op)) o2

oy = 2as(r + (1/2)), 01 = In (2” ) Then, we have contradiction.

< 0, where

1-p
1LS (5732 *)

Proof: (Proposition 6.1.2.)Assume a; < as. then, Claim I: aUa—H =

e —ay(1—p)2e1 (FT/2)+o1) 1—p)ear1(T/2) .
a1p2re airsy _ —a1(1-p) 62 _axp( P); +a1pr(1 —p)e a1(rs1 01) is

strictly bigger than 0 for sufficiently high values of p, for any » € (0, 1) and for

$9* < 51 < s;* values where and o7 = In (%) m

3 : * 2rp 1 —_
Pf: By assumption, s;* = In <(1_p)> arrr) > St Then,

& In(aipr) +In (e7™) +In(p + (1 — p)e™)
1 —_ a181
> In (M) +1In <6%> +1In(p+ (1 —p)e)

I (arp?re7 4y (1 — plpre- 01-)

> In (al(l —phpe = G P)Qeal(?+al)>

2 2
OULES (37, 5o
o 1 (_17 2 ) =0
881
. 8U2LS(§,SQ*) . o .
Claim 2: ——5=——= < 0. Since, it’s obvious that
i 51,01

oU3 5 (51,52%) _ —az(l—p)pe”(T*ml) a2(1—P)2eu2(7+7)

o - 2 - 3 < 0, where

— 2pr 1
1= in (1*P> az(r+(1/2)) "
Claim 3: OUF5(s1%59) _

: 952
ag( s o a8

a2p27’6_a27"5—2 . a2(17p)23 ;(2/2)+ 1) . agp(lfg)e 2 + agpr(l B p)e*@(ﬁg*m) "

strictly smaller than 0 for sufficiently high values of p, for any r € (0, 1) and for

59" < 55 < 51" values where and 01 = In (f%;) —2a1(,q+1(1/2))-

3 : * 2rp 1
Pf: By assumption, so* = In ((171))) A < S2- Then,
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& In(aspr) +In (e7*"2) +In(p + (1 — p)e™*)

<In (w) +1In (e%> +1In(p+ (1 —p)e™)

< In (a2p27“€_a2ri2 +as(1 — p)pre_“z(Ts—Q_”l)>

9232 az( 240
T <a2(1 —p)pe 2 N ax(1 —p)?e 23+ 1))

2 2
8U2LS(31*, 82)
Osg
. X 8U1LS(31*,572) . . .
Claim 4: — 2, < 0. Since, it’s obvious that
o a 572—7"0' a 2 0-1
QUL (s1%,52) _ —ai(1—p)pe 1(F ) _ ai1(1—p)%e (F+7) < 0, where

Os2 _ 2 2

_ 2pr 1
o1=in (Tp> )

Proof: (Proposition 6.3) Let p and r parameter values satisfy the condition
pr > 2(1—p), N={1,2} and a; = ay = a; be the risk aversion levels. To prove,
agents with identical risk aversion levels are strictly better off in the 2-agent coalition,

for « € N we must show that;

a; (“‘(_u—m )) ra; (“‘(_(1—p> ))
U (s7)| = U5 (517, 2%)| = (1= pe + pe '

—rin(5i25)

_p(l _p)eaz( 2a,(5+1) ) —p(l _p)eaz'( ai(gll) 2ai($;1)
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where U; " (s;*) is i-th agent’s individual utility level and U, (s,*, s5*) is i-th
agent’s utility level in 2-agent coalition under Profit Sharing rule. Since

1+2x—y <e" Y, Vxy e R,it’s enough to show that;

(1-p) <1+1n(rp) B ln(l—p)) +p(1+rln(1—p) B Tln(pr))

r+1 r+1
p—p) <1+7’1n(2(1—p)> () )

-n (1 (1-5) wry - (1-3) W>

G0 G
9 In(pr) In(2(1-p))
—(1-p) <1+(§+1)_ & >>0

This inequality reduces to the following expression which is strictly bigger than 0:

2 (pr +p—1) <ln(p7°) —In2 —In(1 —P)) rdp—1) (ln(pr) —In(1 —p)>
— ~————

(r+2) (r+1)
>0 N -~ >0 N -~ -
>0 >0

Then, |U"%(s1%, 55*)| — |U7% (51, 55*)| > 0, when a; = ay. Moreover, we must
show that there is no other stable group formation structure, in which agents with
different risk aversion levels are better off. Assume there exist a group formation
{{a1,a2}}, where a; < ay such that 1 and 2,,; agent are better of compared to the
group formations {{a,a; }} and {{as,as}}, respectively. Firstly, more risk averse

agent’s utility strictly increases as he form a group with relatively risk seeking partner.
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a 0'1 _ 7‘(71
QU9 (s1,82) _ asp(l—p)rore 2("2(<T/2>+1) Qal((r/2)+1))
Oaq - o9

a1 91
”’2(2a1<<r/2>+1>+2a2<<T/2)+1>>

o2

Since,

. asp?roie

— pr
< 0, where o0y = In (ﬁ) and
oy = 2a1%((r/2) + 1). However, as difference between risk aversion level increases
for the sake of more risk averse agent, this increase will harm relatively risk loving

agent; since,

> 0,

) _ TOQ
UL PS5 (s1,s2) — p2e—a1ro1 (o rog + p(l—p)ro'Qeal(al((T/Q)Jrl) 2a2<<r/2)+1)>
dar p 17 34 ((r/2)7 D) 2a2((r/2)11)

where oy = al((r‘%) sy Sl ((7‘,’/22) =y and 09 = In (2&’;})). Secondly, relatively risk

loving agent’s utility increases as he form a group with less risk averse agent. Since:

8U1PS(51752) o
Oas -

o1 _ At —ra 91 91
alp(l_p)mleal(a1<<r/2>+1> 2a2<<r/2>+1>) arpProe 1(2a1((r/2>+1>+2a2<<r/2>+1>)

o2 g2

< 0, where

o1 =1In (ﬁ) and oy = 2a5%((r/2) + 1). But, such group formation will strictly

harm relatively risk averse agent. Since;

0'2 T'U2
U2P5(s1,82) _ 2 —asro ro p(1-p)ro 6“2(a2<<r/2>+1>‘2a1<<r/2)+1>>
s = e <ml - 2(12((7“/22)—1—1)) + T (T ESY >0,
where o; = al((T0/22)+1) + 2@((;7/22)“) and o3 = In (ﬁ). Then, we have
contradiction.
Proof: (Lemma 6.1.3)Assume a; < as. then, Claim 1. %}?’82*) =
o o 2 7al'r(%+o') —a (1_ )Te(_algq) .
—alp(l o p)eal(sl—rcr) o al(l _ p)2€a181 + aipre - + 1p(l—p . is

strictly bigger than 0 for sufficiently high values of p, for any € (0, 1) and for

s9* < 51 < 51" values where and o = In (2({2))) 2 @)

Pf: By assumption, s;* = In <2({fp)> a1(1+1(r/2)) > 57. Then,
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< In <a12pr) +In (e wl;ﬁ) +1In ((1—p) + pe @)
(

~—r

> In(a1(1 —p)) +1n (e”™) +In ((1 — p) + pe”*"7

—aﬂ(%l-l—cr) _{lel)

o (a1p2re g N arp(l — p;re( P

> In (arp(1 — p)e™ T 4+ (1 — p)?a;e™)
OUPS (57, 5"
o OUT > (51, 527)

>0
051
. oUL S (37,82%) . ” .
Claim 2. > 0. Since, it’s obvious that
—aor Slyg a ﬁ70'
8U2PS(§,82*) o a2p27'e 2 (7+2) + agpr(l—p)e 2( 2 ) > O, Where

st

2

— pr 1
o=lin (2(1—p>> az(1+(r/2)) "

Claim 3.

OU 5 (s1*,52) _
Osg

—agr&)

52
azr(Z+0) . wap(1pyrel 2

_a2p(1 . p)eag(siszo) . (12(1 . p)26a2572 + asp3re 5 : is

strictly smaller than O for sufficiently high values of p, for any r € (0, 1) and for

So* < 83 < $1* values where and 0 = In (2({’;)) TR

Pf: By assumption, so* = In (2(ffp)> a2(1+1(r/2)) < 59. Then,
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asr asrs
1n< 2P > 2 2+a232

2a5(1 — p) 2
Q9 pr 7“2”2 asro
<:>ln< 5 )—i—ln( ) n( p) + pe” )
< In(as(1 — p)) +In(e"22) + In ((1 — p) + pe~**"7)
ol agpzre;”(;Jr”) N asp(l — p)2re( )

<In (agp(l — p)e’“(s—r’"") +(1- p)Qage’”S—l)
PN 8U2135(31*72)

<0
sy

> (. Since, it’s obvious that

Claim 4. —8U1 (517,52)

PS (g * - —a r(2+") *M(TS**U)
OU{ " (s1%,82) _ arp?re P\ 272 4 ap(l=p)re 2

Osg 2 2

_ pr 1
o=ln (2(1—p>> ar(1+(r/2))"

> (), where
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