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ABSTRACT

CONNECTIONS BETWEEN ADJOINT FUNCTORS AND
LIMITS

The concept of an adjoint functor is one of the most important concepts in
category theory. Their close relation with universal arrows and limits makes them
indispensable. In this thesis connections between adjoint functors and limits are ex-
plored. Firstly the general theory of adjoint functors is presented. In this respect
characterization of adjunctions by universal arrows and also by units and counits are
given. Secondly the notion of a limit and construction of limits by products and equal-
izers are presented. As the final step, general and special adjoint functor theorems
are proven. These important theorems characterize the existence of a left adjoint to
a functor in terms of limits and illuminate the adjoint functor-limit relation most.
Also specific examples of adjunctions and applications of adjoint functor theorems in

different fields of mathematics are presented.



OZET

EK FUNKTORLAR VE LIMITLER ARASINDAKI
ILISKILER

Ek funktor kavrami kategori teorisinin en 6nemli kavramlarindan biridir. Ozellikle
iiniversal morfizmler ve limitlerle olan yakin iligkileri onlar1 vazgecilmez kilar. Bu tezde
ek funktorlar ve limitlerin aralarindaki iligkiler aragtirilmigtir. Ilk olarak ek funktor-
larin genel teorisi sunulmusgtur. Bu baglamda ek funktorlarin tiniversal morfizmler
tarafindan ve ayrica birim ve kobirimler tarafindan karakterize edilmesi verilmigtir.
Daha sonra limit kavrami ve limitlerin carpim ve esitleyiciler tarafindan inga edilmesi
sunulmustur. Son olarak genel ve 6zel ek funktor teoremleri ispat edilmistir. Bu 6nemli
teoremler bir funktorun sol ek funktorunun olmasini limitler cinsinden karakterize ed-
erek limitler ve ek funktorlar arasindaki iliskiyi en iyi sekilde aydinlatirlar. Ayrica
ek funktorlara ozel 6rnekler verilmisg ve ek funktor teoremlerinin matematigin degisik

alanlarindaki uygulamalar1 sunulmustur.
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1. INTRODUCTION

In contrast to the classical set theory based mathematics, category theory pro-
vides a different perspective to view and shape the world of mathematics. As nothing
is meaningful in isolation, in this new setting every mathematical object should be
considered in the web of relations with other objects. Indeed what makes a thing that
thing is its relation with others. So in category theory, absolute existence and objects
pass their dominant position to relational existence and morphisms. Distinguished ob-
jects are determined by the way of universal mapping properties. Universals of category
theory not only have some property but also give machinery to determine others which
have that property (namely every object having that property should factor uniquely
through the universal object). In short category theory involves determination through
morphisms and particularly determination through universals via the universal map-
ping properties. In the setting where universals gain the dominance, adjoints have a

special place. This is because most of the universals come as a part of adjunctions.

The following remark by Awodey emphasizes the importance of adjoint functors

best.

The notion of adjoint functor applies everything we’ve learned up to now
to unify and subsume all different universal mapping properties that we have
encountered, from free groups to limits and exponentials. But more importantly,
it also captures an important mathematical phenomenon that is invisible without
the lens of category theory. Indeed, I will make the admittedly provocative claim
that adjointness is a concept of fundamental logical and mathematical importance
that is not captured elsewhere in mathematics. [1]

Adjoint functors is perhaps the most successful concept of mathematics that
is captured by category theory. They arise everywhere in mathematics and adjoint
functor theorems have a wide range applications. Just to mention two of them, the
proof of Fermat’s Last Theorem by Wiles make use of the adjoints, and Grothendieck’s
formulation of Serre’s duality turns on the existence of a right adjoint to a particular

functor.



The aim of this thesis is to present the theory of adjoint functors and their relation
to limits. As an end goal we will prove the general and special adjoint functor theorems

in terms of limits.



2. PRELIMINARIES

This is an introductory chapter to give the reader a flavor of category theory and
category theoretical methods. Also some of the material in the chapter will be useful

for our later work. We first start from the axioms.
2.1. Basics

A category A consists of objects A, B,C,...; and arrows f,g,h,... going from
an object to an object. We denote an arrow f from A to B as A i Bor f:A— B.

In this context we call A as the domain of f and B as the codomain.

Besides these elements in the category, there is a partial operation on arrows,
called composition. Two arrows f and g are said to be composable if codomain f=domaing.
And as a result of the composition they have a composite, an arrow denoted by go f.
Composition operation is associative when defined. Also for any object A in A, there
exists an arrow A —4+ A such that for any arrow B —2+ A and A "+ C we have
lyog=gand holy = h. By simple computation it can be seen that this arrow, 14,

is unique and it is called the identity arrow of A.

For objects A and B, we will denote the collection of all arrows from A to B by
hom(A, B) and call it as hom-set. We call a category as small if the collection of its
objects and the collection of its arrows are sets. In general we will call a collection as

small if it constitutes a set.

Examples 2.1.1. (1) Category of sets, Set, is the primary example of a category.
Its objects are sets and its arrows are functions.

(2) A preordered set P can be seen as a category. Its objects are elements of P. And
for A, B € P, there exists a unique arrow A —— B if and only if A < B. Then
reflexivity provides identity arrows and transitivity provides associativity of the
composition.

(3) Any type of structures and structure preserving maps between them make a cat-



egory. As an example monoids with monoid homomorphisms, Mon, constitute
the category of monoids.

(4) A set can be viewed as a category. Its objects are elements of the set and its
arrows are the identity arrows. A category which only has objects and identity

arrows s called a discrete category.

In category theory diagrams are extensively used. A diagram is said to be commu-
tative if after fixing any two objects in the diagram, say A and B, taking composition
of arrows along any path starting from A and ending at B gives us the same result.
If a diagram is commutative we put a circle in the middle of the diagram to indicate
that. In the simplest case if for A . Band B~ C, go f = h, then we can draw

the following commutative diagram.

B
/O\
A . C

Figure 2.1.

According to the category theoretical philosophy the important thing is not the
object itself but its relation with other objects. So they are the arrows which are impor-
tant. Indeed there is an equivalent formulation of category theory without any mention
to objects. In this respect objects are just the things which help us in understanding

and visualizing the situation.
Having mentioned the importance of arrows, we now define three types of special
arrows.

Definition 2.1.2. An arrow A —— B is called an isomorphism, or iso for short, if

there exists an arrow B —2+ A such that fog= 15 and go f = 124.



In a case as above f and g are said to be inverses of each other. Since inverse
of an arrow is unique (found by a simple computation) we denote g by f~! and call it
the inverse of f. If A . Bisan iso, then A and B are said to be isomorphic. This
is denoted as A ~ B. Isomorphic objects have the same categorical properties so they

are usually treated as same.

h
Definition 2.1.3. An arrow A ——~ B is called monic if for any two arrows C' — A,
k

foh=fok impliesh=k.

h
Definition 2.1.4. An arrow B —~ A is called epic if for any two arrows A —= C,
k

hof=ko f implies h=k.

By the above two definitions it can be seen that monics are cancellable from the
left and epics are cancellable from the right. It is easy to observe that an iso is both a

monic and an epic. For the converse we have the following proposition.

Proposition 2.1.5. A monic A . B which has a right inverse 1is iso.

Proof. Let f be a monic and have a right inverse B —2~ A. Then fo g = 1p. If we

compose both sides of the equation by f, we get

(foglof = lpof
) = f
folgof) = fola

Then since f is a monic, go f = 14. Hence f is an iso with its inverse g. U

Proposition 2.1.6. Composition of two monics is also a monic.

h

Proof. Let A —~ B and B —%~ C be monics. Suppose there exists arrows T —% A
k

such that (go f)oh = (go f)ok. Then we have go (foh) =go (fok). Since g is

monic foh = fok. And since f is monic, h = k. Therefore g o f is a monic. U



Proposition 2.1.7. For two arrows A 1. Band B2~ C, if go f is monic then

so s f.

h
Proof. Suppose there exists arrows T’ ? A such that foh = fok. Then go foh =

go fok. Since go f is monic, h = k. So f is monic. O

We now consider some special objects of a category.

Definition 2.1.8. Let A be a category. An object I of A is called an initial object of
A if for any object A in A there exists a unique arrow from I to A. Dually an object T

is called terminal object if for every A in A there exists a unique arrow from A to T.

Proposition 2.1.9. Initial objects are unique up to isomorphism. In other words if I
is an initial object of category A and there is an iso I’ T then I is also an initial

object. Furthermore if I and I' are both initial objects then they are isomorphic.

Proof. Let I be an initial object and I’ I+ I'be an iso. Then for any A in A there
exists a unique arrow [ LY Composing with f, ko f is an arrow from I’ to A.
For the uniqueness part, let h be another arrow from I’ to A. Then ho f~! is an arrow
from I to A. But since [ is initial there exists a unique arrow from I to A. Hence
hoft =k h=kof. Sothere is a unique arrow from I’ to A and I’ is an initial
object.

Now suppose that I and I’ are both initial objects. Then by definition there exists
unique arrows I —— I’ I' =%+ I. nom is an arrow from I to I. But we know that
17 is also such an arrow. Since [ is initial, n o m = 1;. Similarly mon = 1y and m

and n are iso. Therefore I and I’ are isomorphic. U

Similarly terminal objects are unique up to isomorphism.

Definition 2.1.10. Let A, B be two objects in a category A. A product of A and B

consists of an object P and arrows P -2~ A, P -2+ B which satisfy the following. For



any object T and arrows T AN AT AN B, there exists a unique arrow T r.p

such that pyok = f and pyok = g.

T
Nk &
A P B
b P2
Figure 2.2.

We denote P by A x B and call p; and py as projection arrows.

Product are unique up to isomorphism. It is useful to observe that for any two
arrows 1, j, if ¢ and j have the same composites with the projection arrows, then i = j.
For (A x B, p1,p2) and (C' x D, q1, q2) if we have two arrows A S C, B—2+ D, we
denote the unique arrow A x B —— C' x D induced by fop; and gops by f X g.

AP Ayp P2 . p

f fxg g
C CxD D
q1 q2
Figure 2.3.

In the case where g = 15 we write f X 1g or f x B.

In the obvious way we can extend the definition of a product for a collection

{A;}ier of objects in A, their product denoted by (H A;, {pz-}ig). Then for any object

el



T and a collection of arrows {7 N A;}, there exists a unique arrow 7" —— H A;
il
such that p; o k = f; for every i € I.

f
Definition 2.1.11. Let A —= B be a parallel pair of arrows. An equalizer of f and
g

g is an arrow E —— A such that foe = goe and for any other arrow T " A such

that f o h = g o h, there exists a unique arrow T . E for which eo k = h.

T
|k g
E A / B
¢ g
Figure 2.4.

If for an arrow e we have f oe = g oe, we say that e equalizes f and g. So an
equalizer e of f and ¢ is an arrow which equalizes f and g. Furthermore any other
arrow which equalizes them should factor through e uniquely. As it is the case with

the products, equalizers are unique up to isomorphism.

Proposition 2.1.12. An equalizer is a monic.

e !
Proof. Let E —— A be an equalizer of A ——= B. Suppose that there exists arrows
g

C’i" E such that eoci =eoj. Then from foe = goe we obtain foeoi=goeoi
and ff oceoj=goeoj. Soeoiequalizes f and g. Since e is an equalizer, there exists
a unique arrow C' " E such that eo k = e 0 4. But we already know that ¢ satisfies
the equation, so the unique arrow k is equal to . Similarly e o j factors through e by

a unique arrow [ which is indeed equal to j. But since eo? = e o j, k = [. Hence we

obtain ¢ = j. Therefore e is monic. O

f
Definition 2.1.13. Let B —— A be a parallel pair of arrows. A coequalizer of f and
g

g is an arrow A —— E such that eo f = eo g and for any other arrow A T such

that ho f = h o g, there exists a unique arrow E Ly for which koe=h.



It is easy to see the similarity of definitions of equalizer and coequalizer. If we
reverse the direction of all arrows in one of them we obtain the other. Because of
this, these definitions are said to be duals of each other. Similarly if we reverse all
the arrows in a proof about an arbitrary category, we again obtain a proof about that
category. This is because dualizing the set of the axioms gives us the original set of
axioms. From the dual axioms (which are axioms themselves) and dual assumptions,
we get the proof of the dual statement. In this respect the result every equalizer is

monic gives us at the same time that every coequalizer is epic.

Now let A be an object of A, on the family of all monics with codomain A we
define a relation < as follows: h < k if and only if h factors through k£, i.e. there exists

an arrow u such that h = k o w.

Figure 2.5.

Observe that if h < k, w is also monic by Proposition 2.1.7 and h factors through

k uniquely since k is monic.

If h <k and k < h, we write h = k. = is an equivalence relation on the family
of all monics with the fixed codomain A. Equivalence classes with respect to = are
called subobjects of A. But we will often identify a monic h with its equivalence class

[h] and say that h is a subobject of A.

f

Definition 2.1.14. Let A B and C —2— B be two arrows with the same

codomain. A pullback of f and g consists of an object P and arrows P —2+ A,

P 2.+ B for which the following conditions are satisfied.
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(1) fopi=gops
(2) If for any object T and arrows T SN AT LN C, foh = gok, then there

exists a unique arrow T —— P such that pow = h and pyow = k.

T
\.@\

= P C

b2

Y41 © g

A B

f

Figure 2.6.

As it is the case with the products, arrows p; and p, are called projection arrows.
And for any two arrows u and w if they have the same composites with projection

arrows then they are equal. As usual pullbacks are unique up to isomorphism.

Proposition 2.1.15. Let P, pi, ps be a pullback of A L+ B and C —*—~ B where f

1s a monic. Then py is a monic.

Proof. Let there be two arrows T" —— P such that ps ou = py ow. Then gopy,ou =
gopyow. Since P, py, po is a pullback of f and g, gops = fop;. So fopiou = fopow.
But f is a monic, hence p; ou = p; ow. We see that u and w have the same composites

with projections p; and ps. So v = w and p, is a monic. 0]

By a similar reasoning whenever g is a monic, so is p;.

If AL+ Band C —%~ B are both monics, then their pullback is called inter-
section of f and g, denoted by AN C. In such a case, by the proposition above, both

projection arrows are also monic.



11

Anc -2 . ¢
b1 2, g
A B
f
Figure 2.7.

We can see that, there is an arrow A N C —— B such that m = f o p; = g o ps.
m is also a monic and m < f, m < g. Since m factors through f and ¢ uniquely, it is

also possible to give the pullback of f and g by AN C and the monic ANC —— B.

Proposition 2.1.16. A L . B is monic if and only if pullback of f with itself is
A 141,

Proof. Let A —+ B be a monic. Clearly foly = foly and the first condition of
being a pullback is satisfied. Now let T’ "+ Aand T —*+ A be two arrows such that
foh= fok. Then since f is monic, h = k. And this is the unique arrow w from T to
A which satisfies 1yow =h and 140w = k. So A, 14,14 is a pullback of f with itself.
Conversely let A, 14,14 be a pullback of f with itself. And let there exist two arrows
T % A such that foh = fok. Then since A,14,14 is a pullback there exists a

unique arrow 7 —— A for which 14 0w = h and 140w = k. So h = w = k. Hence f

is monic. ]

When we take the pullback of an arrow A . Bwith itself, the pair of projection
arrows is called the kernel pair of f. Rephrasing the above proposition, f is a monic

if and only if it has the kernel pair (14, 14).

Definition 2.1.17. Let A, B be two objects in A. An exponential of B by A consists

of an object B4 and an arrow B4 x A Y8 B which satisfies the following condition.
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h . . h
B, there exists a unique arrow T’

For any T in A and an arrow T x A B4

such that evap o (h x A) = h.

BA BAx ASAE | p
''h hx A Q
T Tx A
Figure 2.8.

Exponentials are unique up to isomorphism. A category which has finite products

and exponentials for any pair of objects is called Cartesian closed.

T e B4 is called the transpose of T x A " . B. There is a one to one
correspondence between arrows from 7 to B# and arrows from 7 x A to B in terms
of taking transposes. By definition an arrow 7" x A . B uniquely determines its
transpose, i.e. for h there is a unique T _h B#4 such that evqp o (E x A) = h.
Conversely for T —2» B4, evapo (g x A) is the unique arrow from 7' x A to B whose
transpose is ¢g. In this respect we consider taking transposes in both directions and for

T~ BAcall T x A

eva go(gxA)
_ >

B as the transpose of g, denoted by g. So transpose

of a transpose gives us the original arrow.

For ¢ —L+ B, we define the arrow f# as the transpose of f o ev4c.

eVA B

B4 BAxA—22 o B
fA fAx A f
cA CAx A C

€VA,C

Figure 2.9.
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From this definition it is not hard to see that (15)* = 154 and (go f)* = g0 f4.

So exponentiation preserves identity arrows and composition.
2.2. Functors and Constructions on Categories

Definition 2.2.1. Let A|B be two categories. A functor F : A — B is a map which
sends every object of A to an object of B and every arrow of A to an arrow of B such

that,

(1) ]fA—f>A’ in A, then FA-L pa in B;
(2) For any A in A, F(14) = 1pa;
(3) Forany f,g in A, F(go f) = Fgo Ff.

We define the composition of two functors £/ : A — B and G : B — C by
(GoF)A) = G(F(A)) and (G o F)(f) = G(F(f)). From this definition we see
that composition is associative. Also for any category A, we have an identity functor
15 : A — A which acts as identity map on objects and arrows. Hence Cat, which takes
all small categories as objects and functors between them as arrows, is a category. It

is the category of categories.

Examples 2.2.2. (1) Let A have all finite products and A be an object in it. Then
X A:A— A defined as - x A(B) := B x A on objects and - x A(f) = f x A
on arrows gives us a functor.

(2) For A, cartesian closed, and A in A, # defined as A(B) := B* on objects and
A(f) :== f4 on arrows is a functor from A to A.

(3) Given a specific category, a functor from this category which omits some of the
structure on the objects is called a forgetful functor. As an example consider the
forgetful functor U : Mon — Set. Any M in Mon is mapped under U to its

underlying set in Set.

For every category A, we can construct another category, called the opposite

category of A and denoted by A, by reversing all the arrows in A.
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Definition 2.2.3. Let A be a category. The opposite category of A, AP is defined as

follows:

(1) Objects of A are objects of A;
(2) If A—"+ B in A, then B —"~ A in A;
(3) Whenever hok =g in A, koh =g in A%,

Looking at the definition we see that A% is just A with the reversed order of
composition. Regarding on our argument on duality , it is the category where dual

theorems of A hold. A° will particularly help us in the case that follows.

Definition 2.2.4. Let A|B be two categories and F : A — B a map which satisfies

(1) If AL A in A then FA' 2o FA in B;
(2) Forany Ain A, F(14) = 1pa;
(3) For any f and g in A, F(go f)=FfoFg.

Then F is called a contravariant functor from A to B.

A functor in the original sense which satisfies the Definition 2.2.1 is called a
covariant functor. Now we will consider an example about covariant and contravariant

functors which will be useful to us later.

Let A be a category and A a fixed object in A. We define the functor hom(A, ) :

A — Set as follows:

(2.1) For any B in A, hom(A, )(B) = hom(A, B);

(2.2) For any B —2~ C, hom(A, )(g) = hom(A, B) 249

) hom(A,C).

The function hom(A,g) takes any A ! . Bin hom(A, B) to A 1, Cin
hom(A,C') by composing with g on the left. It is easy to verify that hom(A,_ ) is a

covariant functor from A to Set. Now for a fixed B in A, we similarly define the functor
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hom(_,B) : A — Set as,

(2.3) For any A in A, hom(_, B)(A) = hom(A, B);

(2.4) For any C —"+ A, hom(_, B)(h) = hom(A, B) """%1

) hom(C, B).

The function hom(h, B) takes any A B hom(A, B) to C Lt B in
hom(C, B) by composing with A on the right. We see that hom(_, B) is a contravari-
ant functor from A to Set, but we can write it covariantly as a functor from A to
Set. Then for any C' LN A, hom(_ ,B)(h) = hom(C, B) hom{hB) hom(A, B), since

h ) . : h : ) )
C —— A in A indicates the existence of the arrow A —— C in A. We will continue

to use the notation hom(_, B) for the covariant functor from A% to Set.

Any contravariant functor can be made covariant and vice versa by the help
of opposite categories. Also from a functor F' : A — B, we can create the functor
Fer . A’ — B in the obvious way. An arrow A L . Bin A” is mapped to
FA . FBin B®. F°r is a covariant functor which is just the same as F. Only it

maps mirror image of A, A°? to the mirror image of B, B°.

Definition 2.2.5. Let A,B be two categories. The product category of A and B has
pairs (A, B), where A in A, B in B, as objects; and pairs (f,g) : (A, B) — (A, B'),
where A —L+ A’ in A, B—2+ B" inB, as arrows. Composition is defined componen-
twise as (f,g) o (f'o gy = (fo f',g04g) with the identity arrows (14,1p) for the

objects (A, BY. We denote the product category as A x B.

From A x B to A and B, we have the natural projection functors P, : AxB — A
and P, : A x B — B for which P((A,B)) = A, Pi((f,9)) = [, (A, B)) = B,
Py({f,9)) = g. The product category with functors P; and P, is indeed the product of
A and B in Cat. Hence the notation A x B justifies itself.

A functor F: A x B — C from a product category is called a bifunctor, a functor
of two variables. Going further on our example on hom functors we now define a

bifunctor hom(_,_) : A’ x A — Set as follows:
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(2.5) For any A in A? and B in A |, hom(_,_)((A, B)) = hom(A, B).
(2.6) For any A A A B2, B'in A,

hom(_,_)((f,g)) = hom(A, B) homth) hom(A', B")
where for A ——+ B in hom(4, B), hom(f.g)(h) = goho f, A *% B

Restricting hom(_ ,_) to A in the first variable we obtain hom(A,_) : A — Set
and to B in the second variable we get hom(_, B) : A°” — Set. This is not a surprise.
For any bifunctor fixing a variable in one component gives us a functor from the other
component category to the codomain category. For example if F': A x B — C then
for any B in B, F(_,B) : A — C is a functor with F(_ ,B)(A) = F({(A, B)) and
F(,B)(f) = F((A,B)) Y12 par BY) for A —Lv .

2.3. Natural Transformations
Definition 2.3.1. Let F,G : A — B be two functors. A natural transformation

n:F — G from F to G is a collection {F A A, GA} A inn of arrows in B such that
for anyA—f>A’ in A we have Gf ong =na o Ff in B.

A FA—" . G4
f Ff o Gf
A FA GA'

nar
Figure 2.10.

Commutativity of the square above is called naturality condition. Whenn : F — G

is a natural transformation, for any A we call ny a component of n and say that

na: FA— GA is natural in A.
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A natural transformation with each component iso is called a natural isomorphism.

Example 2.3.2. Let A be a cartesian closed category. Consider the composition of
two functors A and _x A, () x A: A — A and the identity functor 1, on A. Then
for every B in A, evy g is an arrow from BAx A to B. And the collection {evaB}Bina

is a natural transformation from ((4) x A to 1.

B BAxAZAE
g gt x A o g
C CAx A C

eva,c
Figure 2.11.

Natural transformations compose. For n : F¥ — G and 7 : G — H, T on is
defined as (1 on)y = 74 0na for any A in A. This composition is associative. Also
for any functor F', there is an identity natural transformation 1z : F' — F. It has the
components 1p4 for any A in A. By the above remarks, we can assert the existence
of functor categories which takes functors as objects and natural transformations as

arrows.

By combining functors and natural transformations we can obtain new natural
transformations. Let G : D — A, HHK : A — B, FF : B — C be functors and
n : H — K be anatural transformation. Then we can define the natural transformation

Fn:FoH — F oK with components Fn, for each A in A.
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A FHA LM, proa
f FHf o FKf
Al FHA —— FKA'
Fna
Figure 2.12.

The square above commutes since 7 is a natural transformation and it is the

image of the commutative square below under F'.

A HA—"M . K4
f Hf o Kf
A HA KA
A
Figure 2.13.

We also define natural transformation ng : H o G — K o GG with components ngp

for each D in D.

D HGD 2, kGp

g HGyg o KGyg

D’ HGD' — KGD'
NGp’

Figure 2.14.
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The square above commutes since 7 is a natural transformation from H to K and

we are considering it as restricted to objects in the form GD.

Now we consider natural transformations between bifunctors. Let F,G : X x A —

B be two bifunctors and = { F((X, A)) A GUX A be a collection of

>)}XinX,AinA
arrows. For any X in X we say that ny 4 is natural in X, or 7 is natural in X, if for

any Ain An_4: F((-,A4)) — G({_,A)) is natural transformation of functors from X

to B, i.e. we have the following commutative square for any X X" and Ain A,

Nx.A

X F((X,A)) —— G((X, 4))

f F((f,14)) o G((f,14))

X’ F((X', A)) o G((X', A))
Figure 2.15.

Proposition 2.3.3. Let F.G : X x A — B be two bifunctors. Then
n={F((X 4) =>G(X, A

N}« inx. A S 0 natural transformation between, func-
tors ' and G if and only if nx 4 is natural in X and natural in A for each X in X, A

m A.

Proof. Suppose 7 is a natural transformation from F' to G. Then for each A in A,

we have the above commutative diagram for any X X" So x,4 is natural in X.

And for each X in X, A —2+ A’ we have
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A F((X, 4)) 24 G((X, 4))

g F({1x.9)) 0 G((1x,9))

A F(CX, ) - (X, 4))
Figure 2.16.

S0 Nx,4 is natural in A.
Conversely suppose that 7x 4 is natural in X and natural in A for each X in X, A in
A. Let (X, A) o, (X', A’) be an arrow in X x A. Then we have X o X'in X and

A —2+ A in A. By naturality conditions we get the two commutative squares below.

X F((X, 4)) =40 G((X, 4))
f F((f,14)) o G((f,1a))
X A FX', A)) XA Gx, A))
g F((1x,9)) o G((1x,9))
Al F(X",AY) p G((X', A7)
Figure 2.17.

By composing the vertical arrows we get,
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Nx A

(X, A) F({X, A)) G((X, 4))
(f,9) F((f.9)) 0 G((f,9))
(X7, A) F((X", A7) - G((X", A7)
Figure 2.18.
So 7 : F — G is a natural transformation. 0

We will consider natural transformations between bifunctors when we define ad-
junctions. An adjunction will be a natural isomorphism between bifunctors hom(F_ )
and hom(_ ,G_) where F' : X — A and G : A — X are functors. In this setting

F°oPx1 hom
L AP x A —"+ Set and

hom(F_ ,_) is the composition of functors X x A

: » op X G
hom(-,G-) is the composition X x A LierXG xor x X L Set.

2.4. Universal Arrows

Definition 2.4.1. Let G : A — X be a functor and X be an object in X. A universal
arrow from X to G consists of an object A in A and an arrow X —2~ GA such that
for any B in A and an arrow X I+ GB in X there exists a unique arrow A ——~ B

for which Ggonx = f. In such a case we may say that nx is universal from X to G.

A GA-X  x
g Gy X
B GB

Figure 2.19.
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Dually for F: X — A and an object A in A, a universal arrow from F to A consists of

an object X in X and an arrow FX 2. A such that for any Y in X and any arrow

FY —"+ A there exists a unique arrow Y Fx for which eso Fk = h. In this case

we say that €4 is universal from F to A.

€A

X FX A
V'k FE o
Y FY
Figure 2.20.

Examples 2.4.2. (1) Take a cartesian closed category A, then for any A and B in

(2)

A, (B4, evag) is a universal arrow from _x A to B.

For a category A define a functor A : A — Ax A as A(A) = (A, A) on objects and
A(f) = (f,f) on arrows. A is called the diagonal functor. Suppose further that
A has finite products. Then for each (A, B) in A x A there is a universal arrow
(A x B, (p1,p2)) from A to (A, B) where A x B+ A and A x B -2+ B are
projection arrows. To verify this let C' be an object in A and (C, C) R (A, B) be

an arrow in A x A. Then in A we will have two arrows C AN A and C -2+ B.

Since A X B is a product, there exists a unique arrow C "+ A x B such that

prok = f and pyok = g. Taking the image of k under A, we see that

(Pbp2> S (k,k> = <P1 ok,ps 0 k> = <f>g>

So for an arbitrary object C' in A and an arrow (C,C) o), (A, B) there exists

a unique arrow C "+ A x B such that (p1,p2) o A(k) = (f,g).
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Ax B (AxB,AxB><p1_’P2>,<A,B>
!l k (k, k) N
30
C (C,C)
Figure 2.21.

Therefore (p1,ps) is universal from A to (A, B).
For any set A, the set of finite strings of elements of A with concatenation as the
operation is called the free monoid on A. In this monoid empty string () serves as

the identity element. We will denote the free monoid on A by FA (this notation
f

will justify itself in a few lines). Also for any function A B, there exists a
corresponding monoid homomorphism F A . F'B. This homomorphism takes
the identity element of FA to the identity element of F'B, and an arbitrary ele-
ment (ay,as, ... ,a,) of FA to (f(a1), f(as),..., f(a,)) of FB.

By the above remarks it can be seen that there is a functor from Set to Mon
which takes any set to its free monoid and any function between sets to cor-
responding monoid homomorphism between free monoids. We will denote this
functor by F' : Set — Mon and call it the free monoid functor. Remember that
we also have the forgetful functor, U : Mon — Set. For a set A, UFA will be
the underlying set of the free monoid FA. And we will denote the function from
A to UF A which sends each a € A to (a) € UFA by na.

Now take any set X in Set. We claim that (FX, X X, UFX) is a universal
arrow from X to U. For any monoid M and a set function X EAN UM, there

exists a monoid homomorphism FX —2~ M which sends the identity element of

FX to the identity element of M and each (x) to f(x) € M. By this construction,
Ugonx = f.
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FX Urx X x
g Ug g
M UM

Figure 2.22.

To see that g is the unique monoid homomorphism which satisfies this condition,
let FX —"+ M be another monoid homomorphism with Uh onx = f. Then
for any x € X, Uh({x)) = f(x) as a set function and hence h({x)) = f(z) as a

monoid homomorphism. For an arbitrary (xy,xs,...,T,) in FX,

h({z1,22,...,2,)) = h({{z1){zs)...{(xp))
= h({z1))h((z2)) - .. h({zn))
= fl@)f(z2) ... f(xn)
((z1))g((x2)) - - - g((zn))
((z1)(@2) - (xn))
(

(x1,29,...,2p))

= 9
=9

=49

So h = g, and g is the unique monoid homomorphism satisfying Ugonx = f.

This shows that nx is universal from X to U.

Universal arrows are unique up to isomorphism, i.e. if (A, X I, GA) is a
universal arrow from X to G : A — X and there is an isomorphism A 1. Bin A, then
(B, X Sionx GB) is also a universal arrow from X to G. Also if (4, X —2+~ G'A) and
(B, X T, G'B) are two universal arrows from X to G, then there is an isomorphism

A—L. BinA.
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2.5. Comma Categories

Definition 2.5.1. Let A, B, C be categories and F' : A — B, G : C — B be functors.
The comma category (F | G) has as objects the triples (A,C, f); where A is an
object in A, C is an object in C, FA L .GQC s an arrow in B; and as arrows
(A, C, fy —— (A", C", f) the pairs (h,k); where A . A, C "¢ which satisfy
Gko f = f'oFk.

FA / GC
Fh o Gk
FA Gc’
f/

Figure 2.23.

In particular we will be interested in comma categories where F' is a constant

functor.

Definition 2.5.2. Let B be an object in B. By abuse of notation denote the constant
functor which sends every object of A to B and every arrow to 1g as B. Then the

comma category (B | G) is called objects G-under B.

The objects of (B | G) are the pairs (f, C) where f is an arrow from B to GC' in
B. And arrows (f,C) N (f',C") are just arrows C —", ¢ in C for which we have
Gho f=f.
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B
/ ) X
GC Gc’
Gh
Figure 2.24.

In other words we can identify objects of (B | G) with the arrows B — GC'in
B and the arrows (B — GC) LN (B —— GC") with the arrows C orofC

for which the triangle above commutes.

We can also define a functor P : (B | G) — C, called the projection functor as

follows:

(2.7) For any object (f,C) of (B | G), P({f,C)) =C
(2.8) For any arrow (f,C) . (f',C"), P(h) = h as an arrow in C.

In diagrams,
B
GC GC'
Gh

<f7 C) - <f,70,>

Figure 2.25.

Example 2.5.3. A non-empty set together with a selected element of it is called a



27

pointed set. And this distinguished element is called the base point of the set. We
can form the category of pointed sets by taking pointed set as objects. Arrows of this
category are functions between pointed sets which send the base point of the domain to
the base point of the codomain.

There is also an alternative presentation of category of pointed sets in terms of comma
categories. By abuse of notation let’s denote the functor from Set to Set which takes
any set to the singleton {x} by x. Also denote the identity functor from Set to Set
by Set. Then the comma category (x | Set) is just the same with the category of
pointed sets. FEvery pointed set (C,c) can be identified with the object {*} . C of
the comma category (Here we denote the function which takes x to ¢ also by c¢). And
an arrow (C,c) AN (D,d) in the category of pointed sets corresponds to the arrow

c—Ledin (x | Set).

f

Figure 2.26.
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3. ADJOINTS

In this chapter we introduce the theory of adjoint functors. Theorems presented
here give all the important properties of adjunctions in a rather compact way. We end

the chapter with examples of adjoints occurring in different areas of mathematics.

Historically, the notion of an adjoint functor was introduced by Kan [2] for the
needs of homological algebra. There he presented the natural equivalence between
hom(M ® N, A) and hom(M, hom(N, A)), where M, N, A are R-modules and R is a
commutative ring, as an adjunction between functors - ® N and hom(N,_). He called
the functor - ® N as the left adjoint of hom (N, _) and hom(N, _) as the right adjoint
of _® N. This terminology comes from adjoint operators in functional analysis. There
for any linear operator S : H — G from one Hilbert space to another there exists an
operator T': G — H such that for every h € H and g € G, (h,Tg) = (Sh,g). In this
context we say that S is left adjoint of 7" as T is right adjoint of S.

3.1. Characterization of Adjunctions

We now formally define an adjunction.

Definition 3.1.1. Let X and A be two categories. An adjunction from X to A consists
of two functors F : X — A, G : A — X and a natural isomorphism ¢ between bifunctors
hom(F_,_) and hom(-,G_-). We denote such an adjunction by (F,G, ¢) and call F' as
the left adjoint of G and G as the right adjoint of F.

By Proposition 2.3.3, ¢ is a natural transformation between hom(F_ ,_) and
hom(- ,G-) if and only if ¢x 4 : hom(FX,A) — hom(X,GA) is natural in X and
natural in A for each X in X, A in A. So an adjunction (F,G,¢) can be taken as
two functors and a collection of bijections ¢x 4 : hom(FX,A) — hom(X,GA) which
is natural in X and A for X in X and A in A.
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®x, 4 being natural in X implies that we have the following commutative square

for each A in A.

in X°P

X/

hom(FX, A) 254 pom (X, GA)

hom(F f, A) o hom(f,GA)
hom(FX', A) hom(X',GA)
X7,A
Figure 3.1.

In equational form, ¢x a(h) o f = ¢x/.a(ho Ff) for any h in hom(FX, A).

And ¢x 4 being natural in A implies the following commutative square for each

X in X.

A/

hom(FX, A) &» hom(X,GA)

hom(FX, g) o hom(X,Gg)

hom(FX, A") —— hom(X,GA’)
XA

Figure 3.2.

In equations, we have Gg o ¢x a(h) = ¢x (g o h) for any h in hom(FX, A).

Since each ¢x 4 is an iso, replacing them in the diagrams above by their in-

verses preserves the commutativity of the diagrams. Hence also gb;gl 4 - hom(X,GA) —



30

hom(F X, A) is natural in X and A for X in X and A in A. This means that for an arrow
k in hom(X, GA), we have ¢)_<,1A(k) oFf = ¢)_(},A<ko f)and go ¢)_(,1A(k) = ¢)_(,1A/(G90k)'

Definition 3.1.1 is a compact way of defining an adjunction. But this definition
carries more information than being just a certain natural isomorphism. The following
theorem shows us the relation between adjunctions and universal arrows. It follows
that every adjunction give rise to specific universal arrows and these universal arrows

are the basic determinants of an adjunction.

Theorem 3.1.2. Let (F,G,¢) be an adjunction. Then

(1) For each X in X, there exists an arrow nx : X — GFX which is universal from
X to G. The collection {nx}tx inx = 0 is a natural transformation from lx to
GF. And for any FX LA A, ¢xa(f) =Gfonx;

(2) For each A in A, there exists an arrow e, : FGA — A which is universal from F
to A. The collection {ea}a ina = € is a natural transformation from FG to 1,.
And for any X —2~ GA in X, gb)_(}A(g) =eq0Fyg;

(3) epo Fn=1p and Ge ong = 1¢.

Proof. (1) Forany X in X, F'.X is an object in A. Consider ¢x px : hom(FX, FX) —
hom(X, GFX) We set nx = ¢X,FX(1FX)'

Then for any F.X S A, we have the following commutative square.

in A
FX hom(FX, FX) $xrx hom(X,GFX)
f hom(FX, f) o hom(X,Gf)
A hom(FX, A) hom(X,GA)
X,A
Figure 3.3.

If we chase 1px around the commutative square via the upper route we obtain
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Gfooxrx(lrx) = Gfonx, while via the lower route we obtain ¢x a(folpx) =
¢x.4(f). Since the square is commutative we get ¢x a(f) = Gf onx.
This determines ¢ completely since F'.X T A was arbitrary.

We can picture the action of ¢x 4 as,

FX GFX X x
Ox,A

f arl

A GA
Figure 3.4.

Since ¢x 4 is a bijection, for any X —2 + GA there exists a unique FX 1.
such that ¢x a(f) = Gf onx = g. This implies that nx is universal from X to
G.

Lastly we show that n : 1x — GF' is a natural transformation, i.e. the square

below commutes for any X X i X

X — ", Ggrx
f GFf

X' GFX'

Nx!

Figure 3.5.

In symbols, nx o f = GFf onx.
We can establish this identity by the help of the following commutative diagram.



32

in X
X’ hom(FX', FX') Pxrx; hom(X',GFX")
f hom(F f, FX') o hom(f, GFX')
X FX' hom(FX, FX') hom(X, GFX')
X, FX/
Ff hom(FX, Ff) o hom(X,GFf)
FX hom(FX,FX) hom(X,GFX)
X, FX
in A
Figure 3.6.

If we chase 1px/ around the upper commutative square we obtain

¢X,FX/(Ff) =nx o f

and if we chase 1rx around the lower commutative square we obtain

¢X,FX'(Ff> =GF[fonx.

Combining these two equations we get the desired result

nx o f = GFf oy,

(2) Similar to the proof of (1). Now we take e4 = ¢y 4(1ga). Then we find that
QS;(}A(Q) = e 0Fg for any X —2~ GA, e4 is universal from F to A and ¢ : FG —
14 is a natural transformation.

(3) qb}}A(g) = e 0Fgforany X —2» GA. If wetake A = FX and g = X 2~ GFX,



33

then we obtain

qb;(}FX(nX) = erxo by
Oxrx(Oxrx(lrx)) = erxoFix
lpx = erx o Fnx.

This is for any X in X, so 1p = ecp o Fn.

Similarly ¢(ea)gaa = Gea onga for any A in A. Hence 1¢ = Ge o .

In the case we have an adjunction (F,G,¢) and we define n and ¢ as in the

theorem above, we call 77 as the unit of the adjunction while ¢ as the counit.

An adjunction can be determined by less data. The following theorem shows

equivalent ways of defining an adjunction.

Theorem 3.1.3. An adjunction (F,G, ¢) can be determined by any one of the follow-

mg.

(1) Functors F, G and a natural transformation n : 1x — GF such that each nx :
X — GFX is unwersal from X to G;

(2) Functors F, G and a natural transformation € : FG — 1, such that each €4 :
FGA — A is uniwersal from F to A;

(3) A functor G, for each X in X an object Ax in A and nx : X — GAx such that
nx 1s unwersal from X to G;

(4) A functor F, for each A in A an object X4 in X and 4 : FX4 — A such that
£4 18 universal from F to A;

(5) Two functors F, G, two natural transformations n : 1x — GF, ¢ : FG — 14
such that ep o Fp = 1p and Ge ong = 14.

Proof. (1) First we show that the data given is enough to determine an adjunction.
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For F', G and 7, define gEXA : hom(FX,A) — hom(X,GA) by $X7A(f) =Gfonx
for any F'.X J.oa

Nx

FX GFX X
f g
A GA
Figure 3.7.

Since ny is universal from X to G, for any X —2— GA there exists a unique
FX —L+ Asuch that g=Gfonx. So QZXA is surjective. And for any F'X % A
such that G f; o nx = G fs o nx universality of nx implies that f; = f5. So QE#EXy A
is injective. Hence QEX,A : hom(FX, A) — hom(X,GA) is a bijection.

To see that g/b\ x,4 is natural in X, we will should prove that
$X,A(h) of = éng,A(h o F'f)
for any X e X" in X and FX —+ A'in A, i.e. we should prove that
(Ghonx)o f=G(hoFf)onx.

This can be seen easily from the following diagram since 7 is a natural transfor-

mation.
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x . arx FX’
f o GFf Ff
X GFX FX
Nx
Gh h
GA A
Figure 3.8.

And for the naturality in A, we try to find
Ggodxa(h) = dx.a(goh)
for any A —2» A’ and FX e Ain A ie.
Ggo (Ghonyx)=G(goh)onx.

Equality follows since G is a functor.

So with the given data we construct a natural isomorphism gg by defining gg xa(f) =
Gfonx for any F'X A A; hence the adjunction (F, G, g/g)

Conversely given an adjunction (F,G,¢), if we forget about ¢ but only recall
nx = ¢x rx(lpx) and hence n; what we construct as ngﬁ above is equal to ¢. This
is because ¢px 4(f) = Gfonx = $X,A(f). (Note that ¢ is determined by 7 by the
way $ is defined by it.)

Dual proof of part (1).

To show that these data are enough to construct an adjunction, we will try
to satisfy the conditions of part (1). The first step is to construct a functor
F": X — A. For this we set F'(X) = Ax for any X in X. And for any arrow
x L. Y, we define F'(f) as the unique arrow from Ay to Ay which satisfies

ny o f = G(F'f) onx. Since ny is universal from X to G this is well defined.
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Mimicking the notation of transposes in cartesian closed categories we will denote
F'f by ny o f.
We need to show that defined in this manner F” becomes a functor. Let X —/+ Y

and Y —2+ Z be two arrows, then we have the diagram below.

X X GAX AX AX
f o G(ny o f) ny o f
Y GAy Ay nzo(go f)
Ty
g o G(Mz°9) Nz09
Z GA; Ay Ay
Nz
Figure 3.9.

By definition 7y o f and 7z 0 g are the unique arrows whose images under GG
make upper and lower squares commute. But then 7,0 ¢ o ny o f becomes an
arrow whose image under G makes the whole diagram on the left commute. By

uniqueness of such arrow from Ax to Az,

nzogonxof=mnzo(gof).
Hence,
F'goF'f =F'(gof)

So F' preserves composition.

The case for X —* X is trivial and shown by the diagram below.
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p - GAy Ay
Ly o G(lay)| |Glnxolx) Lag| |nxolx
X GAx Ax
Nx
Figure 3.10.

Since images of both 14, and nx o lx make the diagram commute, 1 Ay =
nxolyx = F'(1x) ie 1px = F'(1x).

Hence F' : X — A is a functor. Moreover by this definition 1 : 1x — GF’ becomes
a natural transformation. For any X I ¥ we have the following commutative

square,

X ", GAx =GFX
f ° G(ny o f) = GF'f
Y GAy = GF'Y
Ny
Figure 3.11.

Therefore conditions of part (1) is satisfied and given data is enough to determine
an adjunction.

Conversely given an adjunction (F, G, ¢) if we forget about F' and ¢ but only
recall the action of F' on objects and the universality of nx : X — GF X for each
X; the functor F” we construct as above by the data given will be equal to the
original functor F.

After the construction of F’ we will have n : 1x — GF’. And originally we know

that n : 1x — GF. So we will have,



nNx

X GFX= GF'X
7 o GFf |GF'f
y — M GFY—GFY
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FX =F'X
Ff F'f
FY =F'Y

Figure 3.12.

Since nx is universal from X to G, there is exists a unique arrow FF.X —— FY

which makes the square on the left commute. Hence Ff = F'f. So F and F’

agree on arrows as well as on objects. Hence F' = F".

(4) Dual proof of part (3).

(5) For any FX AN A, define ¢ : hom(F_ ,.) — hom(- ,G-) componentwise, by
putting &EX’A(f) = Gf ony; and for any X ——~ GA, define 9 : hom(_ ,G.) —

hom(F_ ,_) componentwise, by putting ¢)x 4(¢g) = €4 © Fg. Then,

Uxa(dx,a(f) = Yxa(Gf o nx)

Also,

dx,.a(Vx,4(9)) = dx,a(ea 0 Fg)

gao F(Gfonx)
eao FGfo Fnx
foerxoFnx (e isnat. trans.)
folpx

£l

G(eao Fg) onx
Geao GFgonx
Gesongaog (n isnat. trans.)

lgaoyg

g.

So (E and 1 are inverses of each other. Hence they are bijections.
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~ ~

¢ is natural in X and A by the same argument in part (1). Hence (F, G, ¢) is an
adjunction.
Conversely if we had started with an adjunction (F, G, ¢) and constructed ¢ as

above from 7 and e of the original adjunction; we will again obtain ¢. This is

because ¢px a(f) =Gfonx = ggX’A(f) for each X in X and A in A.

O

Examples 3.1.4. (1) Let A be a cartesian closed category and A be an object in it.

By Ezample 2.4.2-(1), for any B in A, (B% evap) is a universal arrow from
_x A to B. Then by Theorem 3.1.3-(4), * is the right adjoint of - x A with
counit {eva p}tpina. For any object A, exponentiation by A and taking product
with A are adjoints of each other.

By Example 2.4.2-(2) for any (A, B) in AXA, (AXB, (p1, ps)) is a universal arrow
from A to (A, B). Then by Theorem 3.1.3-(4), product functor P : A x A — A
which takes (A, B) to A x B is the right adjoint of A : A — A x A. Counit of the
adjunction s the collection of pairs of projection arrows. Diagonal functor and
product functor are adjoints of each other.

By Ezample 2.4.2-(3) for any X in Set, (FX, X -2+~ UFX) is a universal arrow
from X to F. By Theorem 3.1.3-(3), free monoid functor F' : Set — Mon is
the left adjoint of the forgetful functor U : Mon — Set. This example can be
generalized to other free constructions such as free groups, free abelian groups and
free modules. Taking F' as the relevant free object functor, we see that F and the
forgetful functor are adjoints of each other.

A functor may have both a left and a right adjoint. As an example take the forget-
ful functor U : Top — Set from the category of topological spaces and continuous
functions to Set. U has a right adjoint T : Set — Top which sends every set A
to the topological space A with the trivial topology. For any set A and topologi-
cal space X the bijection ¢x 4 : hom(UX, A) — hom(X,TA) sends the function
UX L+ A between sets to X —L+ T A between topological spaces. f is in Top
since every function with a trivial topology as codomain is continuous. It can be

easily seen that ¢x 4 is natural in X and A.
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On the other hand discrete topology functor D : Top — Set is left adjoint
of U. Similar to above, one-to-one correspondence between hom(DA,X) and
hom(A,UX) is established by sending DA ——~ X in Top to A —2— UX in
Set.

Let G : CpctHaus — Top be the inclusion functor from the category of compact
Hausdorff topological spaces to the category of topological spaces. Then G has a
left adjoint F' : Top — CpctHaus which takes any topological space to its Stone-
Cech compactification. More on this will be said after we prove Special Adjoint
Functor Theorem.

Let P and Q) be two preordered sets and F : P — @, G : Q — P be order
preserving functions. We can see P, () as categories and F', G as functors between
them. Then F is left adjoint to G if and only if for everya € P andb € @), Fa <b
if and only if a < Gb. Observe that this is just the statement of the adjunction in
terms of a natural isomorphism. Naturality condition is trivially satisfied since
every hom-set contains at most one arrow. Universal arrows induced by this
adjunction are a < GFa and FGb < b for every a € P, b € Q. If we take
image of a < GFa under F, we obtain Fa < FGFa. Now considering Fa as
element of Q) we get Fa < FGFa < Fa. This corresponds to the triangular
identity epa 0 F'na = 1pa in terms of our preorder category. Similarly we have
Gb < GFGb < Gb for the other triangular equation. In the case where P and Q)
are posets; G = GFG and F = FGF'.

As a specific ezample take any two sets A, B and consider their power sets P(A)
and P(B). P(A) and P(B) are posets with C as the relation, hence we can
consider them as categories. For any A N B, there exists f~1 : P(B) — P(A)
such that f~1(By) ={a € A | f(a) € By}. By C By implies f~*(By) C f~Y(B1).
So f~1 is a functor from P(B) to P(A), called the inverse image functor. On
the other hand we have the direct image functor f, : P(A) — P(B), which takes
Ag to f(Ag). Then f~1 is right adjoint of f. since f.(Ao) C By if and only if
Ay C f71(Bo).

Let X be the category of abelian groups, Ab, and A be the category of homomor-
phisms between abelian groups. Objects of A are homomorphisms A . B. And

for any two objects A . Band A L~ B in A an arrow from f to f' is
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a pair (g,h) : f —— f' consisting of two functions A Y AN and B~ B

which satisfy ho f = f'og.

A B
g o h
A 7 B’
Figure 3.13.

Now let G : A — X be the kernel functor which takes any (g,h) : f —— f' to
Kerf —2+ Kerf'. And let F : X — A be the functor which maps any abelian

group X to the homomorphism X XL 0in A In diagrams,

A / B Kerf
g o h ¢ g
A 7 B’ Kerf'
x % X
floe o d f
Y 0 0 Y
Figure 3.14.

Then F is left adjoint of G with unit n = {1x}xmnx from 1x to GF. Clearly n is
a natural transformation and for each abelian group X, nx is universal from X

to G. This is shown by the diagram below.
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0 1
X—=X .0 Ker0x = X XX
k o 0 k %
A B Kerf
f
Figure 3.15.

Then Theorem 3.1.3-(1) ensures the existence of the claimed adjunction. While
unit of the adjunction is the collection of identity homomorphisms, counit is the

collection of embeddings of kernels into their domains.

Kerf Oers 0 Kerf}KLfKerf
7 o 0 ) A
N
A 7 B Kerf
Figure 3.16.

Proposition 3.1.5. If F/: X — A and F' : X — A are both left adjoints of G : A — X

then there is a natural isomorphism 7 : ' — F'.

Proof. Let (F,G,n,e) and (F',G,n,¢’) be the adjunctions mentioned above. Then
for any X in X we will have two universal arrows 7y and 7’y from X to G. And since
universal arrows are unique up to isomorphism, there exists an iso FX —» F'X such

that Gtx onx =1'x.
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Nx

FX X GFX
TX >~ GTX
Vf«
F'X GF'X
Figure 3.17.

Our claim is that {7x }x in x is a natural transformation from F' to F’. For this we need

to show that the following square commutes for any Y A Z,ie tz0Ff=Ffory.

Ty

Y Y F'Y
f Ef F'f
A FZ F'Z

Tz
Figure 3.18.

Observe that if G(tz 0 Ff)ony = G(F'fory)ony then 7,0 Ff = F'f ory. This is
because in such a case we will have ¢y gz (77 0 Ff) = ¢y prz(F'f o 7v). We show that

G(rz o Ff)ony = G(F'f o1y) ony by the commutative diagrams below.
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y — ™ . gFy
f GEf

A GFZ

Nz
2~ Gty
e
GF'Z
Figure 3.19.

The upper square commutes since 7 is a natural transformation and the lower triangle
commutes by the fact represented in Figure 3.17. So G(rz 0 Ff)ony =1n',0 f. By a

similar reasoning the following is a commutative diagram.

Ny

Y GFY
2~ Gty
2
f GF'Y
GF'f
A — GF'Z
Mz
Figure 3.20.

Hence G(F'fory)ony =1y 0f. Sotzo0Ff =F'fory and 7: F — F' is a natural

isomorphism. O

Dually if G and G’ are right adjoints of F' then G and G’ are naturally isomorphic.
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4. LIMITS AND ADJOINTS

This is the final chapter where our target theorems Freyd’s Adjoint Functor The-
orem and Special Adjoint Functor Theorem are proved. These theorems characterize
the functors with left adjoints and in doing so they reveal a connection between limits
and adjoints. But in order to understand these important theorems we first need to

observe some facts about limits.

4.1. Limits

Definition 4.1.1. Let F : T — A be a functor. A cone on F consists of an object A
of A and a family of arrows {fx : A — FX}xin1 such that for any X .Y inl,
Fgofx = fv.

In diagram,

™

Figure 4.1.

Definition 4.1.2. Let F : T — A be a functor. A cone (A, {fx}xmn1) on F is called a
limit of F' if for any cone (B,{hx}ximn1) on F there exists a unique arrow B LY

such that f, ok = hx for any X in X.

Remark 4.1.3. Limits are unique up to isomorphism.

Some of the notions previously introduced are well known examples of limits.
For example, taking I as a two object discrete category gives us a product of two

objects in A. Taking I as - — - with two objects and two nonidentity arrows induces
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equalizers, and taking it as - —— - «<—— - with two arrows with common codomain

induces pullbacks.

Definition 4.1.4. A category A is called small complete if every functor F : T — A

from a small category 1 has a limit in A.

The next theorem describes the creation of limits by products and equalizers.

Theorem 4.1.5. If A has all small products and equalizers for every parallel pair of

arrows then A is small complete.

Proof. Let A have all small products and equalizers for every parallel pairs of arrows.
And suppose that F' : T — A is a functor from a small category I. We need to show
that F' has a limit in A.

Since I is small, the collections {F X}y in1 and {FX SN FY}, i1 are sets in A.

By our assumption we can form the products H FX {px}xmi1 | and
Xinl

(H F(codg),{qs}gmn 11) respectively.

ginl

For each X —2+ Y in [, there is an arrow py : H FX — FY = F(codg). Hence by

X inl
definition of products there is a unique arrow r : H FX — H F(codg) such that
Xinl ginl

ggor = py for any g in I. Also X —2 .Y implies the existence of the arrow Fgo py :

H FX — FY. Similarly there exists a unique arrow s : H FX — H F(codg)
Xinl Xinl ginl
such that F'g o px = g4 0 5. These arrows are shown in the diagram below.
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Yy
\l
Y o a
I'r
H FX H F(codg)
Xinl I's ginl
Dx o 49
X Yy
Fg
Figure 4.2.

Now r and s constitute a pair of parallel arrows. By our assumption they have an
equalizer [. Our claim is that (L, {px o {}xin1) is a cone on F. If we denote px ol by

mx what we have to show is that F'g o mx = my for any X 2. Yinl

FX FYy

Figure 4.3.
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This can be shown as follows:

Fgomx =Fgo(pxol) = (Fgopx)ol
= (ggos)ol

= ng(SOl).

Since [ equalizes r and s, we continue as,

ggo(sol) = ggo(rol)
= (QQOT)OZ
= pyol

= Ty.

Hence Fgonx = my and (L,{mx}xin1) is a cone on F.

Now suppose that (L', {7’ }xin1) is another cone on F. Then since H FX is a
Xinl

product, there exists a unique L' —— H FX such that px ou = 7’y for every X in

Xinl
I.
FY
Ty
«(
A o a
,
L H FX H F(codg)
i S ginl
Px o dyg
FX FY
Fg

Figure 4.4.
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Since (L', {7’y }xin1) is & cone on F', Fgon’ = 7. Hence

my = Fgony =Fgo(pxou) = Fgo(pxou)
= (qgos)ou

= gyo(sou).

And 7y =pyou=(gsor)ou=gqzo (rou).

So sow and rowu have the same composites with all projection arrows g, of H F(codg).
ginl
Then s ou = r ou; u equalizes r and s.

Since [ is an equalizer of r and s, there exists a unique L' I such that [ o k = u.

L H FX H F(codg)
Xinl S ginl
Px
FX
Figure 4.5.

Hence 7y = pxou =pxo(lok) = (pxol)ok =mx ok for any X in I. So for any
other cone (L', {7’ }xin1) on F there exists an arrow L’ — "+ I such that Ty =7nxok
for every X in I.

For (L,{mx}xin1) to be a limit of F, this arrow k should be unique. For any other

L' ==~ L such that 7y = 7x o w we have
v =mxow = (pxol)ow=pxo (low).

Also 7'y = px ou. Since [ o w and u have the same composites with the projection

arrows px, [ ow = u. Hence [ow =[o k.
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But [ is an equalizer, so u factors through [ uniquely. This implies that £ = w.

Therefore k is unique. U

Definition 4.1.6. A functor F' : Y — A preserves limits of G : I — Y if whenever
(Y. {9x}xin1) s a imit of G in Y , (FY,{Fgx}xin1) is a limit of F o G in A .

Definition 4.1.7. A functor F': Y — A creates limits for G : I — Y if it satisfies the
following condition.
For any (A, {fx}ximn1), a limit of FoG in A, there exists a unique cone (Y,{gx }xin1) on
G in X such that F(Y) = A and F(gx) = fx for X in X. Moreover this (Y,{g9x}xin1)
s a limit of G in X.

Theorem 4.1.8. If F': Y — A creates limits for G: 1 — Y and FoG :1— A has a

limit in A then F preserves limits of G.

Proof. Assume that F' : Y — A creates limits for G : I — Y and FoG : [ — A
has a limit (A,{fx}xin1) in A. Then since F' creates limits for G, there exists a
unique cone (Y, {gx}x 1) in Y whose image under F is (A, {fx}x 1) in A. Also this
(Y, {9x}x 1) is a limit of G.

Let (Y, {¢x } x in1) be also a limit of G. We have to show that the image of (Y, {¢’x } x in1)
under ', (FY' {F¢'}xi1), is a limit of F o G in A. Since limits are unique up to
isomorphism there exists a unique isomorphism Y’ —— Y in Y such that gy =gxou
for every X in I. And since functors preserve composition (FY’ {F¢'} xin1) is a cone
on FoG. Also FY' % FY is an isomorphism satisfying F'¢g'y = FgxoFu= fxoFu
for every X in I. Since limits are unique up to isomorphism (FY’ {F¢’x}x 1) is a

limit of F o . O

A functor that has a left adjoint preserves all limits in its domain category. This
is a useful criterion to check existence of left adjoints. If a functor does not preserve

some limit then surely it can not have a left adjoint.

Theorem 4.1.9. Let G : A — X be a functor having a left adjoint. Then for any
S:IT— A and (A, {fx}xin1), a limit of S in A, its image under G, (GA,{Gfx}xin1),
is a limit of G o S in X.
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Proof. Let (F,G, ¢) be the adjunction mentioned in the theorem. And let S : I — A

be any functor from I to A with its limit (A, { fx}x 1) in A. Then clearly (GA,{Gfx}x in1)
is a cone on G o S in X.

To see that it is a limit of G o S, let (Z,{hx}x 1) be another cone on G o S. Then

(FZ,{¢7'(hx)}x 1) is a cone on S by the adjunction isomorphism ¢,

A FZ GA

This can be shown as follows:
Since (Z,{hx}x 1) is a cone on G o S, we have GSg o hx = hy for any X .Y in
I. Hence ¢~ (GSgo hyx) = ¢~ (hy). By naturality of ¢!,

¢ (GSgohx)=Sg0¢ " (hx).

So Sgo ¢~ (hx) = ¢ H(hy) for any X —~ YV in I, and (FZ,{¢ " (hx)}x m1) is a cone
on S.

Now since (A, {fx}xin1) in A is a limit of S, there exists a unique FZ —* . Asuch
that fx ok = ¢ (hy) for any X in I. By adjunction isomorphism ¢, ¢(k) is an arrow
from Z to GA and we claim that ¢(k) is the unique arrow for which G fx o ¢(k) = hx
holds for every X in I.

Observe that proof of this claim will give us that (GA, {Gfx}x 1), is a limit of Go S.
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Figure 4.7.

fx ok = ¢! (hy) for any X in I, taking their image under ¢ we have ¢(fx o k) =
¢(¢ ' (hx)) = hx. By the naturality of ¢, ¢(fxok) = Gfxop(k). So Gfxop(k) = hx
for any X in I

For the uniqueness part assume that there exists an arrow Z —— GA such that
Gfx ow = hx for every X in I. Then by a similar argument F'Z #7w) A satisfies
fx oo Hw) = ¢ (hy) for every X in I . But since (A, {fx}xi1) is a limit of S
in A, k is the unique such arrow. So ¢ !(w) = k and hence w = ¢(¢p~ (w)) = ¢(k).

Therefore ¢(k) is unique. O

4.2. Freyd’s Adjoint Functor Theorem

In this section we will prove Freyd’s Adjoint Functor Theorem. We access to the

proof by the help of some preliminary theorems.

Theorem 4.2.1. Let B be a category with small hom-sets which is small complete.
Then B has an initial object if and only if it satisfies the
Solution Set Condition: There exists a small collection of objects, {B;}ier of B such

that for any C in B there exists an arrow B; L CinB for some B; € {B;}icr.

Proof. If B has an initial object say D, then clearly {D} satisfies the solution set
condition.

Conversely assume that the solution set condition holds for B. Since {B;}cs is a small
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collection and B is small complete, we can form the product HB" in B. Observe
iel
that for any C' in B there exists an arrow from H B; to C' by the composition with
iel
projection arrows.

]i[lgi___*'f%'___*’(j

el

Figure 4.8.

Since B is a category with small hom-sets, hom( H B;, H BZ-) is small. Hence there is

iel icl
an equalizer . H B; of all arrows in hom( H B;, H Bi).
iel iel iel

Our claim is that E is an initial object of B.

For any C in B there is an arrow from F to C by the composition of arrows

E— [[Bi— B;,—C

el

Figure 4.9.

What we need to show is that there is a unique arrow from E to C'. To show this,

let E ——= C' be two arrows from F to C'. Since B is small complete, they have an

equalizer F' g ——= C. And we know that there is an arrow H B; ——~ F. Now,

n

the composite e o f o is an arrow from H B; to H B;.
icl icl

i€l

HBi“FfEeHBi

iel i€l

Figure 4.10.
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Since L(1,., By 18 an arrow in hom( H B;, H Bi) and e is their equalizer, we can write

iel el
(eofou)oe = 1(1—11,6131.)06
(eofou)oe = e
eo(fouoe) = eolg

Since e is an equalizer it is a monic, hence left cancelable. So we get fo (uoe) = 1.
But f is an equalizer, therefore a monic, which has a right inverse u o e. This implies
that f is an iso, and mo f = no f yields m = n. So there exists a unique arrow from

E to C. Therefore E is an initial object of B. 0

Lemma 4.2.2. Let G : A — X preserve all small limits. Then for any X in X,
P : (X | G) — A creates all small products and equalizers for any parallel pair of

arrows.

Proof. Let I be a small, discrete category and H : I — (X | G) be a functor. Then
the image of I under H will be a collection of objects {X I GA;}imrin (X | G).
Since PoH : 1 — A, where I is discrete, the limit of Po H is a small product in A. Let’s
denote this product by H A; with projection arrows H A, 2. A;. Since G preserves

iinl iinl
G .
all small limits, in particular small products, (G H A {G H A; =2, GAi}tjin 11) is a
tin [ iin I

product of GA;’s in X.
Now, for each A;, j in I, there exists an arrow X fi GA; in X. But since G H A;

iin I
is the product of GA;’s in X, there exists a unique arrow X 1.a H A; such that
iin [
Ggjo f = f; for any j in I, i.e. in X we have the following diagram for every j in I.
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Figure 4.11.

Considering X L.a H A; as an object of (X | G), we see that (f, {f —— f;};in1)
2in I
is a cone on H. Furthermore it is the unique cone whose image under P is

(T4 ATT A —= A}sun).

iin [ iin [

To show that it is a limit, let (h, {h — f;},m1) be another cone on H, i.e. in X we

have the following diagram with Gr; o h = f; for all j in I.

Figure 4.12.

Then in A there exists B —» A, for any j in I. Since H A; is a product, there exists
iin I
a unique B —— H A; such that g; o s = r; for every j in I. Taking the image of this
¢in 1

under G, we get Gg; o Gs = Grj.
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! G
B—" [ 4 @B —— G [
¢inl tinl
2 4 = . Gqy
A, GA,
Figure 4.13.

Taking composite of (Gs o h) with Gg;’s we see that

Gqgjo(Gsoh) = (GgjoGs)oh
= Grjoh
= i
= Ggjof.

So Gsoh and f give the same arrows when composed with the projection arrows g; of

the product G H A;. Hence Gso h = f and s is an arrow from h to fin (X | G).
iin 1

This implies that for (b, {h — f;},;m1) on H, there exists a unique 7 —— f such

that g; o s = r; for every j in L.

Figure 4.14.
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So (f,{¢j}jm1) is a limit of H in (X | G). Therefore P : (X | G) — A creates small
products.

Now we consider the case with equalizers. Let J be the category consisting of two
objects and two nonidentity arrows between them. Also let K : J — (X | G) be a

f
functor. Then the image of J under K consists of arrows u — w in (X | G). In

g
diagrams we have,
i X m A
X
A\ <
o
Gf f
GA GB A B
Gy g

Figure 4.15.

To show that P creates equalizers, suppose that f and ¢ in A has an equalizer, let’s

call it e.

Figure 4.16.

Then since G preserves all small limits and hence equalizers, Ge is an equalizer of G f

and Gg.

Gf
Ge | Gqa
Gy

GE GB

Figure 4.17.
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In X we have the following picture,

G
Ge a4 / GB

GE

Figure 4.18.

Since Gfou = Ggou = w, also u equalizes G f and Gg. But Ge is an equalizer, hence

there exists a unique arrow X —— GE such that Ge o z = u.

X
\ % NS 2
O
Gf
GFE GA GB
Ge Gy

Figure 4.19.

This means that in (X | G), there exists an object z and an arrow z —— u such that

foe=goe. Hence e equalizes f and g in (X | G).

w

Figure 4.20.

Now let 7 —— 4 also equalize f and g.



in (X | G)
r
=
e f
A el | ——— |}
g
in X

GB

Figure 4.21.

29

So there exists an arrow R —— A in A such that fok=gok and also Gkor = u.

Since k equalizes f and g and e is an equalizer of them there exists a unique R ——

such that eo s = k.

Figure 4.22.

E
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Taking its image under GG, we obtain Ge o Gs = Gk.

GR
>
Gs G
Gf
GE GA GB
Ge Gy
Figure 4.23.

So there is an arrow GR G, GE for which eo s = k. In X we have,

GB

Figure 4.24.

If we show that s is an arrow from 7 to z in (X | G), i.e. Gsor = z, then we will be

done. In such a situation s will be the unique arrow from r to z for which eo s = k.

f
el | A | )
€ g

Figure 4.25.
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Now,

Geo(Gsor) = (GeoGs)or
= Gkor

But also Ge o z = u. So we have the following commutative diagram in X.

X
Gsor| |z “
Gf
GFE GA GB
Ge Gy
Figure 4.26.

. . . . &
Since Ge is an equalizer, Gs o r = z. Therefore s is an arrow from r to z and 2 —— u

f e f
is an equalizer of u ——= w in (X | G) whose image under P is F — A —3 B.
g g

So P creates equalizers for any parallel pair of arrows. O

By a similar reasoning as in the above proof P : (X | G) — A creates all small limits.

Corollary 4.2.3. Let A be a small complete category and G : A — X preserve all
small limits. Then (X | G) is small complete.

Proof. By the Theorem 4.1.5, if (X | G) has all small products and equalizers for any
parallel pair of arrows, then (X | G) is small complete.

Now, for any small collection {X — GA;} of objects in (X | G), their image under P
is a small collection A; of objects in A. Since A is small complete they have a product
in A. By the above lemma P creates small products in (X | G). So the collection
{X —— GA,;} has a product in (X | G). Hence (X | G) has all small products.
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By the similar reasoning every parallel pair of arrows in (X | G) has an equalizer.

Hence (X | G) is small complete. O

Theorem 4.2.4. (Freyd’s Adjoint Functor Theorem) Let A be a small complete
category with small hom-sets. Then a functor G : A — X has a left adjoint if and only
if it preserves all small limits and satisfies the following condition.

For each X in X there ezists a small collection of arrows {X e GA;}iin1 such that

for any X . GBn X, there exists a j in 1 and an arrow A, %+ B in A such that

x i GA,
P Gk
GB

Figure 4.27.

Proof. Suppose that G : A — X has a left adjoint. Then it preserves all limits by
Theorem 4.1.9. And for each X in X, {X —+ GFX} satisfies the condition stated
since it is universal from X to G.

Conversely by Theorem 3.1.3 G : A — X has a left adjoint if for each X in X there
exists a universal arrow from X to GG. In other words for each X in X we should look
for an arrow X —+ (*A such that whenever there exists X ——+ G'B there is a unique

arrow A _, B for which Gho f =g

X f GA A
- Gh Lh
GB B

Figure 4.28.
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Observe that in the terminology of the comma category (X | G) this is just an initial
object of (X | G). So G : A — X has a left adjoint if for each X in X (X | G) has an
initial object.

To show that (X | G) has an initial object we will use the Theorem 4.2.1. For this we
have to ensure that (X | G) is a small complete category with small hom-sets. Also it
should satisfy the solution set condition.

Starting from the last one, the condition stated in the theorem is just the solution
set condition given in terms of (X | G). Secondly (X | G) has small hom-sets since
arrows of (X | G) are arrows of A satisfying some commutativity condition. So A has
small hom-sets implies that (X | G) has small hom-sets.

Lastly (X | G) is small complete by the preceding corollary. By Theorem 4.1.9,
G : A — X has a left adjoint implies that G preserves all limits. Also it is given that A
is small complete. Hence Corollary 4.2.3 is available for our use and (X | G) is small

complete. [l

Adjoint functor theorems are important since they give us a tool for deciding
whether a functor has a left adjoint without knowing anything about this potential left
adjoint. For example by Freyd’s Adjoint Functor Theorem we can deduce that every

forgetful functor from a suitable algebraic category to Set has a left adjoint [3].

It can be insightful to compare Theorem 3.1.3-(3) with Freyd’s Adjoint Functor
Theorem. There it was stated that a functor G : A — X has a left adjoint if there
exists a universal arrow X —>~ GAy from X to G for each X in X. Freyd’s Adjoint
Functor Theorem relaxes this condition. It says that under suitable conditions it is
not necessary to find a unique object Ay and an arrow X —— GAx that satisfies
unique factorization constraint. Now it is enough to find a small collection of objects

and arrows which will ensure (not necessarily unique) factorization.
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4.3. Special Adjoint Functor Theorem

As Freyd’s Adjoint Functor Theorem, Special Adjoint Functor Theorem also as-
serts the existence of a left adjoint to a functor. But different from the former it uses

a small cogenerating set instead of the solution set condition.

Definition 4.3.1. Let B be a category. A collection S of objects of B is said to

f
cogenerate B if for any two arrows A ——% B such that f # g, there exists an object R
9

in S and an arrowB—h>Rf0rwhichhof7£hog.

Examples 4.3.2. (1) In Set, any set A with two elements induces a cogenerating
set {A}.

(2) Let P be a preordered set. Then any subset of P is a cogenerating set. This is
because there is at most one arrow between any two objects.

(3) In CpctHaus, {[0,1]} is cogenerating. To see this let A :f: B be two contin-
uous functions such that f # g. Then there exists a € A guch that f(a) = bo,
g(a) = by and by # by. From topology, a compact Hausdorff space is normal. And
by Urysohn’s lemma for any two closed disjoint subspaces X, Y of a normal space
B there ezists a continuous map B " such that MX)=0and h(Y)=1. In
our case {bpy} and {b;} are closed subspaces of B. So there exists a continuous
map B " such that h(bo) =0 and h(by) = 1. Then ho f # hog, and hence
{[0,1]} is cogenerating.

Theorem 4.3.3. Let B be a small complete category with small hom-sets and a small
cogenerating set S. Then B has an initial object if for every B in B any collection of

subobjects of B has an intersection (pullback).

Proof. Since S is small and B is small complete we can form the product of objects

in S, call it H R with projections H R -2 R.

ReS ReS

Now consider the collection of all subobjects of H R and take their intersection, say
ReS

T with its monic T —— H R. We claim that T is an initial object of S. For this we

ReS
have to ensure that for any B in B there exists a unique arrow from 7" to B.
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We first consider the existence part. For a fixed B in B, consider the collection K =
{B—+ R | R € S} of arrows. This is a small collection since B has small hom-

sets and also S is small. Then we form the product H R (= codu) with projections
ueK

H R -2, R, by taking the codomains of arrows in K into consideration. It is clear

uek

that we have an arrow H R H R which satisfies ¢, o h = qg for any B . R

ReS ueK
by the property of products.

Similarly we have an arrow B LN H R such that g, o k = u for any B —“+ R. We
ueK

f
claim that k is monic. To see this let A — B be two arrows such that f # g. Then
9

since S is a cogenerating set there exists an object Ry € S and an arrow B —— Ry

such that ugo f # ug o g.

A ! p_* Iz
g ueK
z, Quy
Ry
Figure 4.29.

By the commutative triangle above,

(queok)of # (quyok)og
Gup© (ko f) # quo(kog)

This implies that ko f # ko g, since otherwise it would be the case that ¢,, o (ko f) =
Quo © (k0 g). So f # g implies that ko f # k o g. Hence k is monic.
Now for the arrows H R H Rand B —"+ H R, form the pullback

ReS ueK ue K
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ReS
) h
B Iz
ueK
Figure 4.30.

Since k is monic, so is 7. And since T is the intersection of all subobjects of H R,m
ReS
factors through j by an arrow T —— A.

T
&
n
A——1T]r
J Rés
Figure 4.31.

Then 7 on is an arrow from T to B. This completes the existence part.

f
Also we have to ensure that an arrow from 7" to B is unique. To see this let T'—% B
g

f
be two arrows. Since B is small complete, they have an equalizer £ ‘s T—=B. ¢

g
is an equalizer implies that it is a monic. Then so is the arrow E USSR H R. Since
ReS
T is the intersection of all subobjects of H R, m factors through m o e by an arrow
ReS
T+ E. So

(moe)ol = m

mo(eol) = molr
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Since m is monic, we have e o[ = 17. Hence e has a right inverse [. But we also know

that e is monic. So e is an iso. Then we get,

foe = goe
foeoe_1 = goeoe_1
f =9

So an arrow from 7" to B is unique.

By the existence and uniqueness parts, we conclude that 7' is an initial object in B. [

Proposition 4.3.4. Let A be a small complete category and G : A — X preserve all
small limits. Then an arrow (f, A) e (f',A") is monic in (X | G) if and only if

h . o
A —— A’ s monic in A.

Proof. Let A —"—~ A’ be monic in A. To show that (f, A) LR (f',A’) is monic
assume there exists arrows (k, D) :Z: (f,A) in (X | G) such that hoi = hoj. This
j

means that there are arrows D :Z: A in A for which hoi = hoj. But h is monic.
Therefore ¢ = j and h is a monic i]n (X | G).

Conversely let (f, A) LN (f',A”) be monic in (X | G). Recall that by Proposition
2.1.16, A ", A" is monic if and only if its kernel pair is (14,14). We know that
A is small complete so h has a kernel pair in A. Also P : (X | G) — A creates all
kernel pairs by a similar reasoning indicated in Lemma 4.2.2. Then by Theorem 4.1.8,
P: (X | G) — A preserves all kernel pairs. (f, A) SN (f', A’) is monic in (X | G) so
it has the kernel pair (14,14) in (X | G). Its image under P, (14,14) in A is a kernel

pair of A in A since P preserves kernel pairs.
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%\ GlA e

GA — GA
G1la Gh
GA GA' Ay
Gh
P
1A o) h
1
A A
f / -
1A e} h
f - f
Figure 4.32.
Therefore h is monic in (X | G). O

Theorem 4.3.5. (Special Adjoint Functor Theorem) Let A be a small complete
category with small hom-sets and a small cogenerating set S. Also suppose that for any
A in A any collection of subobjects of A has an intersection and X is a category with
small hom-sets.

Then G : A — X has a left adjoint if and only if G preserves all small limits and

intersection of any collection of monics.

Proof. Suppose that G has a left adjoint. Then by Theorem 4.1.9, G preserves all
limits. In particular it preserves all small limits and intersection of any collection of
monics.

Conversely suppose that GG preserves all small limits and intersection of any collection
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of monics. Similarly to Freyd’s Adjoint Functor Theorem, for each X in X, finding an
initial object in (X | G) will suffice. And for this we will make use of the Theorem
4.3.3.

(X | G) is small complete by Corollary 4.2.3 and it has small hom-sets since A has
small hom-sets.

f
To see that (X | ) has a small cogenerating set, let h ——; k be two arrows in (X | G)
g

f

such that f # g. So there are arrows A —= B in A such that f #g but Gfoh =k
g

and Ggo h = k.

X
N\ £
O
G
GA / GB A / B
Gy g

Figure 4.33.

Since S is cogenerating in A, there exists R € S and an arrow B —— R such
that so f # sog. Then Gs is an arrow from GB to GR and by composing with k we
obtain a new object Gso k in (X | G) for which k —— Gs o k.

GA

Figure 4.34.

So in (X | G) we have obtained an object Gsok and an arrow s such that so f # sog.
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f y s

Gsok

Figure 4.35.

Clearly the collection {hom(X,GR)} for R € S is a cogenerating set for (X | G). Also
it is small since X has small hom-sets and S' is small.

Lastly we have to show that any collection of subobjects in (X | GG) has an intersection.
Let {(h;, A;) NI (k, B) }ier be a collection of monics in (X | G). By the Proposition
4.3.4, {A; B }ier is a collection of monics in A. And by our assumption they have
an intersection in A, call it A with its monic m. So m factors through every monic f;

by an arrow g;.

A GA
G
A; B GA; GB
fz sz
Figure 4.36.

Since GG preserves intersection of monics, i.e. pullbacks of f;’s, GA together with
projections (Gg;’s constitute a pullback of G f;’s in X.

We know that {h; SN k}ier are arrows in (X | G), so Gf;oh; = k = G f;oh; for any
i,7 € I. Then by definition of pullbacks, there exists a unique arrow X —— GA such
that Gg; ou = h; for all i € I.
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X
GA; GB
a7,

Figure 4.37.

So there exist arrows {u LI hitier in (X | G).

GA GA; GB
Ggi Gfi

Figure 4.38.

(u, {u —Z~ h;}ier) is a cone in (X | G) whose image under P : (X | G) — A is the
pullback of f;’s.

Figure 4.39.

Since P creates pullbacks, u together with projection arrows, g;’s, form a pullback of
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fi'sin (X | G). O

In the following examples Special Adjoint Functor Theorem helps us to assert the

existence of a left adjoint to the given functor.

Examples 4.3.6. (1) Let P,Q be two small preordered collections and P r, Q be

an order preserving function. Suppose that any subcollection of P has an infimum
and F preserves infimums. Then by Special Adjoint Functor Theorem F has a
left adjoint. To verify this, observe that any limit in P is an infimum of a certain
subcollection of P. So our assumption implies that P is complete. Since P,(Q) are
preorders they have small hom-sets. We also know that P has a cogenerating set
by Example 4.53.2-(2). And lastly if F' preserves infimums then it preserves all
limits. So we can safely use Special Adjoint Functor Theorem.

Inclusion functor G : CpctHaus — Top has a left adjoint called Stone-Cech
compactification functor by Special Adjoint Functor Theorem. This can be shown
as follows. Top and and its subcategory CpctHaus has small hom-sets.
CpctHaus is small complete since it has products for any small collection of
objects and an equalizer for any parallel pair of arrows. It has small products
since product of Hausdorff spaces is also Hausdorff and by Tychonoff’s Theorem
product of compact spaces is compact. To see that it has an equalizer for any

f
parallel pair of arrows, let X ——%'Y be any two continuous functions. Then the
g

subset Z = {x € X | f(z) = g(x)} of X is closed since X is Hausdorff. And
being closed in a Hausdorff space, Z is compact. As a subspace of X, Z 1is also
Hausdorff. So Z together with the inclusion function Z —— X s an equalizer
of f and g in CpctHaus.

Monics in CpctHaus are injections (this is easy to prove since one point space
is compact Hausdorff). So for any X in CpctHaus we can identify subobjects
of X with its subspaces, and these constitute a small collection. Hence for any
X, any collection of subobjects of X is small. And since CpctHaus is small
complete every collection of subobjects of X has an intersection.

Also {[0,1]} is a cogenerating set for CpctHaus by Ezample 4.3.2-(3) and in-

clusion functor G : CpctHaus — Top preserves limits.
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Therefore all the conditions of Special Adjoint Functor Theorem is satisfied and
G has a left adjoint F : Top — CpctHaus, the Stone-Cech compactification

functor.
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5. CONCLUSIONS

In this thesis connections between adjoint functors and limits are explored. As
the first step we presented the theory of adjoint functors in the third chapter. After
having experience about characterizations and properties of adjunctions, we presented
basic facts about limits. Connections between adjoint functors and limits are examined
in the fourth chapter starting by the theorem which states that a functor having a left
adjoint preserves all limits in its domain category. Adjoint functor-limit relation is
best revealed by the adjoint functor theorems. So as the ultimate goal of the thesis
we proved Freyd’s Adjoint Functor Theorem and Special Adjoint Functor Theorem.
These theorems characterize the existence of a left adjoint to a functor in terms of
limits. They are important since they give us a way to assert the existence of the
left adjoint without having any knowledge about it. We presented the proof of Freyd’s
Adjoint Functor Theorem by making use of the solution set condition. And in the proof
of Special Adjoint Functor Theorem we replaced this condition by the existence of a
small cogenerating set. We also presented examples from different areas of mathematics
to help the reader to visualize these abstract concepts and see the applications of adjoint

functor theorems.
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