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ABSTRACT

PROBABILISTIC TIME SERIES CLASSIFICATION

In this thesis, we investigate probabilistic methods for time series classification
and clustering problems. For various classification and clustering tasks, we survey
different time series models such as Markov models, hidden Markov models (HMM),
mixture of Markov models and mixture of Hidden Markov models. We also investigate
discriminative versions of Markov models and Hidden Markov models. The novel con-
tribution of this thesis is the derivation of algorithms for learning mixtures of Markov
models and mixtures of hidden Markov models. Mixture models are special latent
variable models that require the usage of local search heuristics such as Expectation
Maximization (EM) algorithm, that can only provide locally optimal solutions. In
contrast, we make use of the spectral learning algorithms, recently popularized in the
machine learning community. Under mild assumptions, spectral learning algorithms
are able to estimate the parameters in latent variable models by solving systems of
equations via eigendecompositions of matrices or tensors of observable moments. As
such, spectral methods can be viewed as an instance of the method of moments for
parameter estimation, an alternative to maximum likelihood. The popularity stems
from the fact that these methods provide a computationally cheap and local optima
free alternative to EM. We conduct classification experiments on human action se-
quences extracted from videos, clustering experiments on motion capture data and
network traffic data to illustrate the viability of our approach. We conclude that the
spectral methods are a practical and useful alternative in terms of computational effort
and solution quality to standard iterative techniques such as EM in many application

areas.



OZET

OLASILIKSAL ZAMAN SERISI SINIFLANDIRMA

Bu tezde, olasiliksal zaman serisi siniflandirma ve topaklandirma yontemleri
iizerine ¢alisilmistir. Bu amacla, Markov modelleri, sakli Markov modelleri, Markov
modeli karigimlar1 ve sakli Markov modeli karigimlari kullanilmigtir. Ayirict Markov
modelleri ve ayirici sakli Markov modelleri de incelenmistir. Bu tezde, Markov mod-
eli karisimlar1 ve sakli Markov modeli karisimlari 6grenmek igin iki yeni algoritma
oneriyoruz. Literatiirde, karigim modellerinin 6grenilmesi ¢ogunlukla global optimum
bulma garantisi olmayan Beklenti Enbiiyiitme algoritmasi ile yapilmaktadir. Biz, ya-
pay ogrenme literatiiriinde son donemde popiiler olmaya baglayan spektral 6grenme
yontemlerinin kullanilmasini 6neriyoruz. Cok kuvvetli olmayan varsayimlar altinda,
spektral 6grenme algoritmalar: sakli degisken modelleri igin sadece gézlemlenebilir mo-
ment matris veya tensorlerinin 6zdeger-6zvektor ayrisimini alarak parametre kestir-
imi yapma olanag1 sunmaktadir. Bdylelikle, spektral 6grenme yontemleri olabilirlik
enbiiylitmeye dayali beklenti enbiiyiitme algoritmasi icin alternatif olarak goriilebilir.
Spektral 6grenme algoritmalarinin popiilerligi, hesap yiikii bakimindan ucuz olmalar: ve
lokal optimumlara takilma sorunu olmadan parametre kestirimi yapabilmelerinden kay-
naklanmaktadir. Onerdigimiz algoritmalarinin gecerliligini gostermek icin, insan edim
videolarmdan ¢ikarilmig diziler tistiinde simiflandirma, insan hareket yakalama (motion
capture) verileri ve internet ag1 verilerinden gikarilmig diziler tistiinde topaklandirma
deneyleri yapiyoruz. Neticede, 6nerdigimiz spektral 6grenme tabanli algoritmalarin,
bir ¢ok uygulama sahasinda, beklenti en biiylitme algoritmas: yerine kullanilabilecek;

yiiksek topaklandirma bagarisi gosteren ve hizli algoritmalar oldugunu gosteriyoruz.
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1. INTRODUCTION

1.1. Introduction

A significant portion of the data today can be found in sequential form. That is,
the data is in an ordered manner, capturing the sequential information in addition to
the information stored in each individual data item. Some relevant examples are speech
signals, protein sequences, hand trajectories, human action videos. In this thesis, we
are interested in classification and clustering of time series. Overall, we want to be
able to teach a machine so that it is able to assign a discrete class (or cluster) label to
an observed sequence. In Figure 1.1, we illustrate the sequence classification concept:
Each class/cluster is shaded with a distinct color. We see that the sequences within a
particular class share a common pattern. For instance, the class shaded by turquoise
is mostly formed of low frequency sinusoids and the class on the top right is mostly

A ANV
N/\fv

AMA I Ak
/NN -
WA/ ﬂ_U

Figure 1.1. Tllustration of sequence classification/clustering task (Courtesy of A. T.

iy

Cemgil).



Although the sequences in the same class seem to be similar to each other, they
are not exactly the same. There are variations in duration, amplitude, phase, and
each sequence may be contaminated by noise in various ways. Therefore, a simple
heuristic is not sufficient to implement a robust sequence classifier. In Figure 1.2, we
see some example scenes from the KTH human action database [1]. We observe that
data instances within a class can show a significant amount of variability. Note that
humans can successfully recognize human actions, despite the significant variations
present in data items. It is possible to distinguish them, since they share a common

pattern.

Figure 1.2. KTH Human Action Database [1|. Each column is reserved for a distinct
action class. Action classes from left to right: Walking, Jogging, Running, Boxing,

Hand waving and Hand Clapping.

So, the aim in these types problems should be to infer some shared structure
from the sequences, in order to be able to successfully group them in classes/clusters.
With this purpose in mind, we use probabilistic modeling in this thesis. We model the
sequences in form of probability distributions so as to be able to model the natural

variation in addition to the noise that might be present.

The probabilistic classification models can be categorized as supervised and un-
supervised models. We call the supervised classification simply as “classification” and
unsupervised classification as “clustering”, conforming with the convention in the ma-
chine learning literature. Supervised methods make use of a available labeled training

set, to “train” the models. Whereas unsupervised models, cluster the data without



using labeled training data. As expected, in practice supervised models yield superior
classification performances compared to the unsupervised models. However, not in all
applications a labeled training data is available. Moreover, we may be interested in

discovering novel patterns that may not be present in the training data.

The main methodological contribution of this thesis is to develop novel learning
algorithms for mixture of Markov models and mixture of hidden Markov models, which
are time series clustering models. Mixture models are special type of latent variable
models which require the usage of local search algorithms such expectation maximiza-
tion (EM) algorithm. The EM algorithm can only provide locally optimum solutions,
with indefinite number of iterations. In this thesis we propose using the recently pop-
ularized method of moments based spectral learning methods in learning mixture of
Markov models and mixture of hidden Markov models, which give local optima free

solutions by using only some observable moments.

We show that [3], the spectral learning approach in [4] as applied to mixture of
Markov models would require the usage of a fifth order observable moment. Then, we
consider an alternative learning scheme, inspired by a hierarchical Bayesian viewpoint,
that only requires the second order moment. We experimentally show on synthetic
data that, this approach is superior than the standard spectral learning algorithm in
terms of the required number of samples. We also conduct experiments on real world
data such as network traffic data and human motion capture capture data to show the

validity of our approach.

We also propose an algorithm [5], for learning a mixture of Hidden Markov mod-
els, which uses spectral learning in the parameter estimation step. This algorithm
results in a computationally cheaper alternative to a standard EM algorithm for HMM
mixtures. We also extend our algorithm in [6], to handle infinite mixture of hidden
Markov models, which do not require the user to specify the number of clusters of
HMMs before running the algorithm. We perform experiments on human action recog-
nition sequences extracted from videos and motion capture data to show that our

clustering algorithm performs well.



There are two types of supervised classification, which are generative and dis-
criminative classification [7]. In generative classification, we model the probability
distribution of the data. That is, we model the data generation process. In discrim-
inative models, we directly model the posterior of the class labels. This increases the
ability of the model to distinguish between classes. In this thesis, we study the differ-
ence of generative and discriminative modeling in time series modeling by surveying
Markov model, hidden Markov model and their discriminative counterparts. We dis-
cuss the differences between generative and discriminative models in more detail, in
Appendix A. A performance comparison of generative and discriminative models are

made on the sequence dataset in [2].

1.2. Background

According to the survey in [8], there are three main approaches in the litera-
ture for sequence classification, which are feature based classification, distance based

classification and model based classification.

In the feature based classification, a number of features is extracted from the
sequences. A prominent example for such a feature can be n-grams statistics. If n = 2,
this corresponds to counting the transitions (bi-gram statistics). For instance, for the
following short base sequence AGCTTCGC, the bigram sequence would be AG, GC,
CT, TT, TC, CG, GC. This would result in the following 4 x 4, bi-gram statistics

matrix:

AT G C
A0 0 0 O
7|0 1 0 1
G|1 0 0 1
cio0 1 2 0

Then, this matrix (possibly a normalized version of this matrix so that the the

elements add up to one) is input to a generic classifier such as support vector machines,



or decision trees. Some examples regarding this approach can be found in [9, 10].
There are other feature extraction mechanisms such as choosing a representative short
segment from each sequence, so that a good classification accuracy is obtained [11].
These approaches may suffer from generalization issues as the extracted features alone

may not be totally representative.

The distance based classification defines a similarity measure between the se-
quences. If the sequences are of the same length, this simply amounts to computing
a valid distance function for two sequences, such as Euclidean distance [12], so that a
simple K-nearest-neighbor classifier can be applied. This approach however requires
the sequences to be of the same length. If not, a procedure called dynamic time warp-
ing can be used to align the sequences [13], which can be computationally prohibitive

for a database with large number of sequences.

The model based classification is the approach that will be taken in this thesis. In
model based classification, we define a probabilistic model to either model the genera-
tion process of the data (generative models), or simply to classify them (discriminative
model). A detailed discussion on generative and discriminative models is given in Ap-
pendix A. Let us first briefly consider the generative models we will use in this thesis
(A detailed explanation of the models is given in Chapter 2.1). Generative models
are represented using the directed acyclic graph (DAG) formalism [14]. The graphical
models of Markov model and hidden Markov model are respectively given in Figure
1.3a and Figure 1.3b. Using graphical models helps us to better understand and design
these models. Furthermore, they enable us to derive inference algorithms more easily

by making the conditional independence structure of the models explicit.

We can for instance see from Figure 1.3a that, in Markov model an observation
x; is generated conditioned on the observation z;_1, and the transition matrix A (Note
that in graphical models, the observed variables are shown with gray shaded circles.
Hollow circles represent the latent variables.). The benefit of using the graphical model
formalism is more evident when we consider a more sophisticated model such as HMM.

For instance we see that, conditioned on r;, three consecutive observations x;_1, x; and



a. Markov Model b. HMM
Figure 1.3. DAGs of Markov model and HMM.

a. Mixture of Markov models b. Mixture of HMMs
Figure 1.4. DAGs of Markov models and mixture of HMMs.

211 become conditionally independent. We make use of this property in inference
in Section 3.2.1, to show that the posterior p(ri|x;.7) can be computed via forward-
backward algorithm [14]. Now, let us modify these models slightly so that we obtain
unsupervised classification (clustering) models, mixture of Markov models and mixture

of HMMs respectively in Figure 1.4a and Figure 1.4b.

We see in Figure 1.4a and Figure 1.4b that by adding a cluster indicator variable
h,, and replicating the variables x; and 7;, N times using the plate notation, we can
represent the generation process of a dataset consisting of N data items, each having

a Markov model or HMM structure. We can represent the discriminative versions of



a. Discriminative Markov model b. Discriminative HMM
Figure 1.5. Undirected graphs of discriminative Markov model and discriminative

HMM.

Markov model and hidden Markov model using an undirected graph, which are given

respectively in Figure 1.5a and Figure 1.5b.

In discriminative models, we do not use a directed model, because unlike gen-
erative models, we do not model the distribution of the observations zi..7. We only
consider them as inputs to an energy function #(.), which produces a “score” of a par-
ticular class, given the observations x1.7. The details are given in Section 2.3. All in
all, we conclude that using a model based approach provides a principled approach for

modeling, learning, and consequently inference.

As mentioned in previous section, in this thesis we propose novel spectral learning
algorithms for learning mixture of Markov models and mixture of HMMs. In the
spectral learning literature, which can be considered very young, there exist algorithms
for inference in HMMs [15] and learning in multi-view mixture models [4,16]. The latter
also proposes an algorithm for learning HMMs via converting the HMM into a multi-

view mixture model. These algorithms are reviewed in Chapter 4.

In Section 4.3, using the tensor algebra defined in [17|, we show that learning

a mixture of Markov models via the standard procedure in [4], requires the usage of



moments up to order five. So, we propose an alternative scheme based on learning
a mixture of Dirichlet distributions in Section 4.3.1 inspired by hierarchical Bayesian

modeling, which only requires a second order moment.

In Section 4.4, we propose a mixture of HMMs learning algorithm, which uses
spectral learning algorithm in [4] as a subroutine of a k-means clustering algorithm. We
also extend this algorithm to handle an infinite mixture of HMMs. In infinite mixture
models [18], we take the number of cluster to infinity, which enables the algorithm to
automatically determine the number of clusters. An infinite mixture of HMMs would
require an intractable joint integral and summation over the model parameters and
latent state sequences, as shown in Section 4.4.1. Using spectral learning for this
task yields a simple and fast learning algorithm, which is analogous to the Dirichlet-
process means algorithm in [19], an infinite analogue of the standard k-means clustering

algorithm for mixture of Gaussians.

The organization of the thesis is as follows: In Chapter 2 we introduce the time
series models that we use in the thesis. We describe the maximum likelihood based
learning algorithms in Chapter 3. We introduce the method of moments approaches in

Chapter 4. In Chapter 5, we give experimental results. We conclude with Chapter 6.

1.3. Frequently used notation

We used squared brackets [z = y| for the indicator function. If the argument
inside is true, indicator function returns 1. Otherwise, it returns 0. In this case, if x
is equal to y, the function returns 1. We use MATLAB notation to pick a particular
column or row of a matrix. For example, O(:, k) denotes the k’th column of O matrix.
Similarly, O(k,:) denotes the k’th row of O matrix. We also use the same notation
for tensors. The notation A(i,:, j) tells us to take all entries of A in second dimension
corresponding to ¢'th and j’'th entries in first and third dimension. Throughout the
thesis, we switch between subscript notation and MATLAB notation, as necessary.
The outer product operator ® is defined as (using MATLAB notation), (a ® b)(7,7) =
a(i)b(j), where, a € RE b € RL and a®b € RE*L. We denote a sequence of length T as



17 = {T1, 29, ..., 27}. We use boldface x1.y = {x1,X2,...,Xy} to denote a sequence
dataset of N sequences. We denote the estimate as 6* for parameter 6. The notation
=7 is used to denote that equality is satisfied with the addition of some constants, e.g.

f(0) =" 6 is equivalent to writing f(#) = 6 + ¢, where c is a constant independent of

variable 6.
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2. TIME SERIES MODELS

In this chapter, we give the detailed definitions of generative and discriminative
models used in this thesis. We first describe the generative time series models, Markov
model and HMM. Then, we introduce time series clustering models mixture of Markov
models and mixture of HMMs. Finally we give the discriminative versions of Markov

model and HMM.
2.1. Generative Time Series Models

As discussed in Appendix A, for doing sequence classification with generative
models (generative classification), we simply train a model for each class in training
via solving the problem defined in Equation A.1. When it comes to testing, we assign

the data item 2% to the class ¢ that has the best fitting set of parameters 6,.s:
¢ = arg max p(z'**|0;) (2.1)
k
The “goodness” of a the model parameter 6. is as high as this probability, so the
class that has the highest probability parameter 6. is the assigned class. In this thesis,

we use two generative models for sequence classification: Markov model (in Section

2.1.1) and Hidden Markov model (in Section 2.1.2).
2.1.1. Markov Model

In a Markov model, a generated observation sequence is a first order Markov

chain. The likelihood of an observation sequence x = x1.p = {21, 29,...,27}, given



11

the model parameters § = {A, 7}, is defined as follows:

T

$1T|9 H $t| Li— 1

o vl
H [z1=1] H H l[ffl2ll zr—1=l2] (22)
=1 =2 1=

t 1l2=1

where, the observations are dependent on each other in a chain fashion: In order
to generate the observation at time instant ¢, x;, we need the previous observation
x;—1. Note that observation z; is a discrete variable, and x; € {1,..., L}. The model

parameters are defined as follows:

o A(u,v) :=p(x; =u|x,_1 =wv), for t>2 timeinvariant observation transition
matrix

o 7(u) := p(xr1 = ulrg) = p(r; = u), initial observation distribution

The directed graph model corresponding to a Markov model is given in Figure 1.3a.

Two example sequences generated from a Markov model are given in Figure 2.1.

6 T T T T T r T T T p(xllxl 1)

0.8
2 0.6
= 0.4
4
0.2
6
0
2 4 6

Observation

6 T T T r T T T (Xllxl l)

R @ HEZ

0 10 20 30 40 50 60 70 80 90 100
Time

Observation

Figure 2.1. Example sequences generated from Markov model. Corresponding
transition matrices p(z| z;—1) are given next to the sequences. We see the effect of

the transition matrix on the generated sequence.
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A maximum likelihood estimate for parameters of a Markov model can be made
in closed form. So, there is no need for an iterative algorithm such as EM. As the
intuition suggests, it can be shown that learning the transition matrix A given some
sequences Xi.y simply amounts to counting the state transitions and then normalizing
the empirical counts so that we have a conditional distribution. Similarly, according
to the empirical counts for the first observation, we can estimate 7. We omit the
derivation because of its similarity to derivation of the EM algorithm for learning

mixture of Markov models.
2.1.2. Hidden Markov Model

In Hidden Markov Models (HMMs), we do not observe a Markov chain directly,
but instead have a hidden Markov chain 7.7, with r, € {1,... M}, and we observe a
sequence x = 1.7 dependent on this latent state sequence. According to an HMM,
given the model parameters 6 = (O, A, ), the likelihood p(z1.7|6) of an observation

sequence is defined as follows:

p(zrr|0) = plerr, rirlf)

r.T

=> I p@drop(rilri) (2.3)

ri.r t=1

The model parameters are defined as follows:

e 7(u) = p(ry = ulrg) = p(r; = u), the initial latent state distribution
o A(u,v) =p(ry =ulr,_y =v), for t> 2, latent state transition matrix
e O(:,u) = E[xy|r, = u], observation matrix

where, 7 € RM | A € RM*M and O € REXM. A column O(:, u) of the observation matrix
O is defined as the expectation of the observation at time instant z;, conditioned on
the latent state. According to how one models p(z;| ), the observation matrix O
corresponds to some model parameters. Some frequently used modeling choices are as

follows:
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e Gaussian: p(zy|ry = u) = N (x; pu, 02)
then, O(:,u) = Elxy|ry = u] = py.

e Poisson: p(x|ry = u) = PO(x; \y)
then, O(:,u) = E[z¢|ry = u] = A,

e Discrete: p(x|ry = u) = Discrete(p,,)

then, O(:,u) = Elxy|ry = u] = py.

where, the first choice is multivariate, isotropic Gaussian with mean p, € R¥. As one
might wonder, it is also possible to choose the observation density as a Gaussian with
an arbitrary covariance matrix. For the sake of simplicity, we only consider the mean
as a model parameter. Gaussian observation density is often used for applications with
continuous observations. The second distribution is Poisson with intensity parameter
A, € RE. This choice is particularly useful for count data, as Poisson distribution is
used to model count data. The last density is a generic discrete distribution, with
parameter p, € R, It is suitable for every application with discrete observations.
However, since the model is quite flexible, one may suffer from overfitting, in a super-
vised classification scenario. The graphical model of a Hidden Markov model is given

in Figure 1.3b.

An example data generated from a Hidden Markov model with Gaussian observa-
tion model is given in Figure 2.2 and discrete observation model in Figure 2.3. Given

a sequence z1.7, to learn the parameters 6 = (O, A, 7), of an HMM, we can maximize

likelihood:

0" = arg ;naxp(:m;ﬂ@) = arg;naXZp(xl:T, r1.7|0) (2.4)

T1:T

However, since the likelihood p(z1.7|0) is defined via a summation over the latent state
sequences 71.7, we have to resort to some iterative optimization method. One of the

most common ways is to iteratively maximize an EM lower bound:

Q(GOld, enew) = Ep(n::rl w1;T,Hozd)[log(p(xl:Ta 701:7"(971674)))] (2'5)
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prlr )

o=l

State
T
S

0 10 20 30 40 50 60 70 80 90 100 1 2 3
Time -1

Observation
o
T
X,
T
o

Figure 2.2. Example observation sequence generated from a hidden Markov model
with a Gaussian observation model, with L = 1, M = 3. Corresponding transition

matrix p(r¢| 7—1) and observation matrix E[z;|r;] are given next to the sequences.

)
0.8
0.6
0.4
0.2
3 0

E(x]r l)

2 0.8
4 0.6
-
6 0.4
8 0.2
0
1 2 3
r
!

Figure 2.3. Example observation sequence generated from a hidden Markov model

p(r fr

State

1
2
3
0

0 10 20 30 40 50 60 70 80 90 101 1 2
r
=1

Observation

0 1
0 10 20 30 40 50 60 70 80 9 100
Time

with a discrete observation model, with L =6, M = 3.

However, this approach requires clever initialization for 6 as the optimization problem
does not have unique solution. In Section 4.2, we will discuss the local optima free

spectral learning algorithms in [4,15].

2.2. Time series clustering models

For clustering time series data with unsupervised models, an unlabeled dataset
consisting of N data items xy. is input to the clustering algorithm. The algorithm
returns the cluster labels h}, as output. We use mixture Markov models (Section 2.2.1)

and mixture of HMMs (Section 2.2.2) as time series clustering models. These models
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are by nature generative models, since we model the data distribution p(x1.x| 61.x)-

2.2.1. Mixture of Markov Models

In Mixture of Markov models each data item is generated from one of the K
clusters of Markov models. The likelihood of a sequence is modeled as a convex com-
bination of K Markov models with transition matrices A;.x. The likelihood of an

observation sequence X,, = {Z1,,Ton, ..., 21, n } of length T}, is defined as follows:

]~

p(xn| Arx) = p(hn = k)p(Xplhy = k)

k=1
K Tn

:Zp(hn = k) Hp<xt,n|xt—1,nu hn - k)
k=1 t=1
K T. L L

Tt n=l1][Tt—1,n=(

:Zp(h" - k) H H H AEﬂJl,lz ! ? (26)

k=1 t=111=112=1
where, the variable h, € {1,2,..., K} is the latent cluster indicator of a sequence

X,. Note that z,,, the observation at time ¢ of sequence n is a discrete variable
which takes on values from {1,2,..., L}, and p(z¢|z;_1, h, = k) = A € REXE is the
transition matrix of the sequences in cluster k. For the sake of simplicity, we omit the
initial observation distribution p(x1, h,) = mp,. The corresponding graphical model is

given in Figure 1.4a.

In this model, each sequence is generated using a transition matrix dependent on
a cluster label. That is, we have a mixture of Markov chains where each mixture com-
ponent is specified by a distinct transition matrix A;. Example observation sequences

are given in Figure 2.4 and corresponding transition matrices are given in Figure 2.5.

Given N observation sequences x1.y = {X1,X2,...,Xy}, to learn the transition

matrices of all clusters Ay.x, we can maximize the likelihood:

N
Alg = arimaxp(xlzN]AltK) = argmax Z Hp(xn, hn|A1k) (2.7)

1:K 1:K hl:N n=1
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Figure 2.4. Example time series data generated from mixture of Markov models. The
sequences generated from the first and second cluster are respectively given in first

and second columns.

p(x x )

p(x Ix X

=1

)
0.8
| 1|
2 2 0.6
0.4
3
< < 0.4
4 4
0.2
5 0.2
6
0
6

2 4
X

(98]

AN W

t=1 t=1

Figure 2.5. Transition matrices used to generate the data in Figure 2.4. The
transition matrices of the first and second clusters are respectively given in first and

second columns.

However, since the likelihood p(x1.n|A1.k) is defined via a summation over all possible
combinations of the cluster indicator variables hq.y, we have to resort to some iterative
optimization method. One of the most common ways is to iteratively maximize an EM

lower bound:
Q(Acl)l?(7 7116;(”) = Ep(h1N| XlN,A(fl?{) [10g<p(X1N7 h1N| ?efz{u))] (28)

However, this approach requires clever initialization for A;.x as the optimization prob-

lem does not have unique solution. In Section 4.3, we propose a local optima-free
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alternative learning algorithm for learning mixture using the spectral learning algo-

rithms in [4].

2.2.2. Mixture of Hidden Markov Models

In Mixture of HMMs each data item is generated from one of the K clusters of
HMMs. The likelihood of an observation sequence x,, = {1, T2, - . ., 1, n } Of length
T,, is modeled as a convex combination of K hidden Markov models with parameters

elzK = (01:K7 Al:K7 7Tl:]():

M)~

p(Xnl 0) =) p(hy = k)p(Xn|hn = k)

k=1
K

:Zp(hn = k) Zp<xmrn|hn = k)
k=1 rn
K Tn

= phn=k) > [ p@enlren)p(rinlri-in) (2.9)
k=1 T1:Tp,n t=1

where, h,, € {1,2,..., K} is the latent cluster indicator, and r,, = {r1n, 72, .-, "1 n }

is the latent state sequence of the observed sequence x,. As discussed in Section
2.2.1, the observation model p(z¢,|r:,), can be chosen flexibly, in accordance with the

application’s demands.

The corresponding graphical model is given in Figure 1.4b. Note that for the sake
of simplicity, we omit the initial state distribution p(ry ,|hy,) = 7, . In this model, each
sequence is generated using a state transition matrix Ay and an observation matrix Oy
dependent on the cluster indicator variable h,,. That is, we have a mixture of Markov
chains where each mixture component is specified by the model parameters ;. Example
generated sequences from a mixture of HMMs with unit variance Gaussian observation

model are given in Figure 2.6 and corresponding model parameters are given in Figure

2.7.

Given N observation sequences x;.y = {X1,Xa,...,Xy}, to learn the model pa-
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Figure 2.6. Example time series data generated from mixture of HMMs. The
sequences generated from the first and second cluster are respectively given in first

and second columns.

p(xllxl_l) p(x[lx[_l)
0.5
1 0.8
1.5 0.6
=< <2
04
2.5
3 0.2
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X1 X1
E(xtlr[) E(x[lrt)
10 L 15
5 10
<=0 © x5
-5 0
_1()T =5
1 1.5 2 2.5 3 1 1.5 2 2.5 3

Figure 2.7. Transition matrices and observation matrices used to generate the data in
Figure 2.6. The parameters of the first and second clusters are respectively given in

first and second columns.
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rameters of all clusters 6;.x, we can maximize the likelihood;

N
07 = argmax p(xy.x|01.x) = arg max Z Z Hp(xn, 'y, hyl01.x) (2.10)

01:x 01:x hi.Ny Tn n=1

However, since the likelihood p(x1.y5|01.x) is defined via a summation over all possible
combinations of the cluster indicator variables hi.y, and for each sequence x,, all pos-
sible combinations of the latent state sequence r,,, we have to resort to some iterative
optimization method. One of the most common ways is to iteratively maximize an EM

lower bound:

Q(ei)ltfi{7 ??) - Ep(hl:]\f,rl:N X1N79fl;l()|:log(p(X1N7 h1N|0?eI’?))] (211)

However, this approach requires clever initialization for 6. as the optimization prob-
lem does not have a unique solution. A spectral learning algorithm that learns the
model parameters 6.k is hard to derive because of the permutation ambiguity caused
by the presence of two layers of hidden variables h,, and r,,. Instead, we propose using

spectral learning algorithm as a subroutine in a k-means type algorithm in Section 4.4.
2.3. Discriminative Time Series Models

As discussed extensively in Appendix A, the reason for using discriminative mod-
els is to achieve the maximum class separability in training. That is, we optimize the
model parameters so that the classes are separated maximally. This is equivalent to
maximizing the product of the posterior of the class labels. In this section we derive
the discriminative counterparts of Markov model and HMM. The general methodology
to derive the discriminative equivalent of a generative model amounts to converting
the model to an undirected graphical model by defining an appropriate energy func-
tion [20]. This way, the data x;. is only considered as an input to the model. The

output of a discriminative model are the class labels hq.y.
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2.3.1. Discriminative Markov Model

To derive a learning algorithm for the discriminative Markov model, we first write

the log-posterior of the class label h,,;

logp(hn|xm AIK)
(Xn7 h |A1 K)
Eh (Xn7 hn|A1:K)
=log p(xy, hn|A1.x) — log ZP(Xna hy|As.x)

hn

=log

=log{p(hn)p(¢al hn, Avixc)} 1og{2p )p(¢n| B, Aric)}

hn=1

K L L
hp=k|[l1=z¢][lo=2¢—1
=log{p(hn) H H H Ak " 12][ 1=zt][la= ]}

t=1 k=1101=112=1

K L L
—1og{> p(h) [TTITT IT Aiy o= itemely

k=1 t=1 k=1101=112=1

&

— log { Zexp <1ng<hn> + Zn Z

k=1

> (o = Kl[ls = x][l> = x4 log Ak,m) }

(2.12)

Assuming uniform prior p(h,,) for the sake of simplicity, and defining the model pa-

rameters as 0y, 1, 1= log Ak, 1,, the log-posterior becomes;

A2

logp(hn = k’IXn, AI:K)

_ Z Z Z k[l = x][lo = 2-1]0k4, 1

t=1 l1=11s=1

- log{ > exp (Z D e =Kl = ][l = ztl]ek,h,b> } (2.13)
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The expression inside the exponential in Equation 2.13 is defined as the energy func-

tion (X, hy; 0k), and for discriminative Markov model, it is defined as follows;

V(X hin; Or) = i: Z Z Z K[y = z][lo = 2410k 11 1 (2.14)

t=1 k=1 l1=11x=1

The likelihood p(x,|h, = k, 01.x) is in fact expressed as exp (i (Xp, hy, = k;0%)). So, the
overall procedure to derive the discriminative counterpart of a generative model mostly
amounts to determining the corresponding energy function ¥ (x,, h,;0;). Notice that,
deriving an energy function for a discriminative model is also equivalent to converting
a directed graphical model of a generative model to an undirected one. The undirected
graph corresponding to discriminative model is given in Figure 1.5a. Given the data
x1.y and class labels hy.n, we simply solve the optimization problem in Equation 2.15

to learn the model parameters 0;.:

N
QT:K = argmax H p(hn‘xna elsK)
Or:x¢ n=1
N
—argmaXZlogp (hn|Xn, 01.)
brx
= arg max Z log eXp(’QD (Xm hn; ekz))
011 Zhn_l exp(Y(Xn, hn; ek))
N
—argmaxzw (Xp, hon; O1) — Zlog Z exp (Y (X, hn; 01)) (2.15)
O1:x n=1 n=1

We took the logarithm of H _ p(hy|xy, 01.), since taking the logarithm makes it eas-
ier to differentiate with respect to the unknowns. Since the logarithm is a monotonic
function, and does not change the maximizer, we were able to do this. Given N se-
quences X1,y and N class labels hy.y, we maximize this expression by gradient descent.
We give the detailed derivation of the gradient descent updates in Section 3.5. One
final note is that, we do not constrain the model parameter 6 to be the logarithm of a
probability table (a transition matrix in this case), as we do in Markov model. This is
because of the reasons we discussed extensively in Appendix A: We do not care about

the distribution (how we generate) the data, but our only concern is to obtain a good
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decision boundary to separate the two classes.
2.3.2. Discriminative Hidden Markov Model

As we have discussed in the previous section, deriving the discriminative coun-
terpart of a generative model amounts to deriving the corresponding energy function.
The energy function of the discriminative counterpart of a hidden Markov model is

specified as follows:

K T M M
@D(Xm Tn, h’na 9) = Z Z Z Z [Tt,n = ml][rtflyn = mZ][hn = k]glﬁ,mhmg

3 win = Ul = mlha = K67, (2.16)

Note that in this model 0;.x = (0} = log Ay.x, 0%, = log O1.i). So, the first term
basically stands for the state transitions and the second term is the discrete observation
matrix. We have considered a discrete observation model, but it is possible to derive an
energy function for arbitrary observation model. Given the data x;.5 and class labels
hy.n, we simply solve the optimization problem in Equation 2.17 to learn the model

parameters 0q.x:

N
QT:K =argmax H p(hn |Xna QI:K)

el:K n=1

N
= arg max Z log p(hn|Xn, 601.5)

91:K n=1

al Zrn eXp(¢<ermhn§9k>>

= arg max Z lo

g
[ ZhK,nzl > e, €XD(V(Xn, Ty By O1))

N
—argmax > log 3 exp(t(xs, T, i 01)
n=1 rn

01.x

=) log > " exp(v(xn, T, My 0)) (2.17)

n=1 h! =1 rn
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This expression can be minimized using an iterative algorithm such as gradient
descent where the necessary probability distributions are computed using forward-
backward message passing. The details can be found in Section 3.6. The corresponding
undirected graphical model of discriminative HMM is given in Figure 1.5b. Note that
the class of discriminative models with a latent state sequence layer r,, and a class

indicator h,, is also called hidden conditional random field (HCRF) [21].
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3. MAXIMUM LIKELIHOOD BASED LEARNING
ALGORITHMS

In this chapter, we describe the maximum likelihood parameter learning algo-
rithms for the models we introduced in Chapter 2. We also describe the theoretical

and practical details of the expectation-maximization (EM) algorithm.
3.1. Expectation Maximization Algorithm

Expectation maximization algorithm [22] is a very popular algorithm for param-
eter learning in latent variable models. The problem setting in a typical Expectation-

Maximization scenario is as follows:

0" = arg maxlog p(z|0)
9

=argmaxlo x,h|0 3.1
g max gzh:p( 6) (3.1)

where, h is the latent variable over which we take a summation, x is the observation,
and 6 is the parameter to be optimized. Since the likelihood p(z|f) is defined with a
summation over a latent variable i, which prevents the logarithm to act directly on the
distribution, we have a complicated function to optimize. EM algorithm provides an
alternative way for solving the maximum likelihood problem in latent variable models,
by optimizing functions which are easier to optimize. Let us consider the log-likelihood

log p(x]6): (Usage of log may seem arbitrary, but will become obvious shortly.)

log p(x|0) =log > _ p(x, h|6)
h

—log 3 a(h) ) (3.2)

where ¢(h) is an arbitrary distribution on the latent variable h. Now, notice that we

have a convex combination of the functions ’% inside the logarithm. Since logarithm
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is a concave function, we can apply the Jensen’s inequality to obtain:

x,h|0 x,h|0
log;qm)% > 37 g(h) log 2 10)

h q(h)
=Eqa [log p(z, hl0)] — Eq[log q()] (3.3)
0(0):=

So, we have found a lower bound Q(f) on the log-likelihood, where the first term is the
expectation of logarithm of the joint distribution, which is generally easy to compute,
and second term is the entropy of the ¢(h) distribution, which is a constant with respect
to model parameter #. The next thing is to maximize this bound with respect to the

arbitrary distribution ¢(h) for a fixed 6.

Claim: The bound Q(#) is maximized for a fixed 6 when ¢(h) = p(h|z,0).

Proof.

Q(0) =Eqn)[log p(z, h|0)] — Eq(ny[log g(h)]
=Eqn[log p(h|z,0)] + Eq[log p(]6)] — Eqn [log q(h)]
=Eq(n[log p(x|0)] — K L(q(h)||p(hlz,0) )
=logp(z|0) — K L(q()||p(h|z,0) ) (3.4)

where, K'L(.) is the KL divergence. Since KL divergence is always positive, the bound
Q(0) attains log p(z|0) iff g(h) = p(h|z, §), which is the posterior of the hidden variable.
O

Moreover, from Equation 3.4 we see that if ¢(h) = p(h|x,0), we have a tight
bound, i.e. at the # value where the bound is computed, Q(f) = logp(x|f). In order
to sketch the overall algorithm let us denote the parameter § with which we compute

the bound 6°¢. That is, we define Q(0, 0°¢) := Q(#°'4). (The bound is computed using
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6°'? and it is a function of §.) We maximize this bound with respect to 6, to find §m¢¥:

0" = arg max Q(6, 6°'9) (3.5)

0
Then, we compute a new bound Q(#,0""), using p(h|z,0""). The step where we
compute a novel bound is called the E step. The step we maximize this bound is
called the M step, and hence the name FM algorithm. We repeat these steps until

convergence. The overall algorithm is given in Figure 3.1.

Input: Sequences Data x

Output: Estimated model parameter(s) 6*

Randomly initialize model parameters 6°.

for 7 =1 to maxiter do
E-Step: Compute the bound Q(6,0™') using the posterior p(h|z,67!)
M-Step: Update the model parameters 7 by maximizing the bound Q(6,071)

end for

Figure 3.1. Expectation Maximization Algorithm.

Claim: EM iterations increase (at worst do not decrease) the log-likelihood log p(z|07).

Proof. Let Q(07,07 1) := argmax, Q(0,07 1), then

logp(z| 071 =90 1671 < Q67,07 1). (3.6)

since we have found Q(07, 0™ !) by maximizing Q(, 0™ '). We also know from Equation
3.4 for a fixed parameter 67, the bound is maximized when the bound is computed
using the posterior p(h|z,07). That is, updating the bound can only increase the
bound value at 7. So Q(07,0™') < Q(67,07). Thus, we conclude that log p(z|0™1) =
0071, 07) < logp(al6™) = Q0" 0). .

Although, this gives us a local convergence guarantee, we do not have a global
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convergence guarantee. For global convergence, we do need to have proper initializa-
tions to obtain good solutions. Let us demonstrate this on a toy problem. The problem

is to find the maximizing x; for the marginal distribution p(x;):

x] = arg mapr(a:l, Tg) (3.7)

xX
1 o

In the typical EM setting in Equation 3.1, x5 is the latent variable (h), and x; is the
parameter () to be optimized (For the sake of simplicity we do not have observation
x). In Figure 3.2, we see the joint distribution p(x,z2). In the Figure 3.3, we see
the EM iterations with bounds in each iteration. The log likelihood log p(z;) is shown
with a blue curve. As shown mathematically, the EM iterations do not decrease the
log-likelihood log p(x1), and EM bounds are tight to the log-likelihood, on the z; value
with which it is computed. Furthermore, we see that we only have local convergence
guarantee as we see that initializations from different z; values result in convergence

to different locally optimal x7.

P(XI,XZ) « 10-5
20
40
60 18
80 17
<~ 100 16
15
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180
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)

Figure 3.2. Joint distribution p(z1, x2) used in the toy problem for demonstration of

the EM algorithm.
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Initialization from 95

Initialization from 111

L L L 8 L L L
0 50 100 150 200 0 50 100 150 200

X X
1 1

a. EM iterations, initialization from z; = 95 b. EM iterations, initialization from z; = 111

Figure 3.3. EM runs with two different initializations. The log-likelihood log p(x1, 2)
is shown with a blue curve. Bound computed at each iteration is enumerated with
the current iteration count, with a corresponding color. We see that bounds are tight

on the parameter value, with which they are computed.

3.2. Learning HMM with EM

In order to derive an EM algorithm for a latent variable model, mainly we have
to do two things. First, we have to derive an EM lower bound Q(6,6°?), which cor-
responds to the E-step. Then, we have to maximize this bound with respect to model
parameters 6, which corresponds to the M-step. Let us first write the EM lower bound

for a Hidden Markov model:

Q(97 9*) :+Ep(r1:T\x1:T,9*) [logp($1:Ta rl:T|0)]

T
:Ep(rle\xle,G*) [lOg H p(xt|rt7 O)p(rt|rt—17 A)]

t=1
T T
= Z Ep(Tt| xl:Tﬂ*) [logp(xt|rt7 O)] + Z ]Ep('rt,rt,1 a)le,@*) [logp(,rtlrtfla A)]
t=1 t=1
T M
= Z Z E([r, = m]) log p(x| 7, O, k))
t=2 m=1
T M M
+3 S E(frier = ma][re = mo)) log Ay m (3.8)
t=2 j=1 k=1

Note that for the sake of simplicity we do not consider the initial state distribution

m. Taking it uniform, generally works well in practice. In order to keep the notation
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uncluttered, we do not show the distribution with respect to which we are taking
expectations. The next thing is to maximize this lower bound with respect to, A,
and O. Since this is an unconstrained optimization problem, we take derivatives with
respect to O and A and equate the expressions to zero. (We use Lagrange multipliers
to ensure that A is a probability table.) The update equation for the transition matrix

A turn out to be as follows;

w2 Blre = mu[ry = my)) (3.9)

mi,ma _th:2 Zfr\i:l E([ri—1 = mq][ry = ma))

intuitively, this update equation counts the expected state transitions: Since we do not
observe ri.p directly, we compute an expectation, and count the expected transitions
to update the state transition matrix A. Update equations for the observation matrix
O. The update equations for the frequently used models used in Section 2.1.2 are as

follows:

e Poisson; O = )\, the intensity parameter:

_Zle E[r; = m]z,

At = (3.10)
Zthl Elr, =m]
e Gaussian; O = u, the mean parameter:
T
M:Zﬂe’w :Zt?l E[Tt = m]xt (311)
> o1 Elre = m]
e Discrete; O = p, the discrete distribution:
T

L i B = m)lee = 1]
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3.2.1. Inference in HMMs

To implement these update equations, we of course need to compute the expec-
tations E([r;, = m|) and E([r;,_1 = my][r; = ms]). Note that, as mentioned before, to
keep the notation uncluttered, we do not indicate the density with respect to which
we take these expectations. In an EM algorithm, the expectations are always with
respect to the posterior of the latent variable(s). In HMM, the posterior distribu-
tion is p(ry.r| 1.7, 0), the posterior of the latent state trajectory. Let us consider the

expectation E([r; = m]).

E([r: =m]) = ZP(T1;T| zi7,0)[re = m]

r1:T

= Zp(rt] r1.r,0)[r = m]

=p(ry = m| x1.7,0) (3.13)

So, we need the posterior of a single latent state variable ;. The computation of this
posterior can be seen to be daunting at first sight, since we have take a some over
all possible trajectories (except r;), which is a huge sum, consisting of M7t possible
states. However, due to the conditional independence properties of the HMM graph
structure, we can in fact compute this posterior very efficiently using forward-backward

algorithm. Let us elaborate more: (We drop 6 in probabilities for uncluttered notation)

p(re] z1.0) o< p(x1.0,71)

=p(21:t, ) D(Tg1:7|7e) (3.14)
(re) B(re)
=o(re =0(r¢

where,

a(r) =pladre) Y p(relre) p(xe-alre-r) .. plaa| r2) ZP(TQ\H)P(WH)@ (3.15)

Tt—1 T1
a(ry
(r1)

a(‘:2)

a(ri—1)
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So, we see that we can recursively compute the a(r;) (forward) message. Notice that,
due to the Markovian property of the model, we are able to distribute the sums over
the factor. This reduces the computational complexity to order O(M?T) to compute

all o messages. Similarly, the backward [ messages are;

) = Z H p(@e|re)p(relre-1)

Tt+1:T tzt-‘rl:T

—ZP relree)p(@elrea) - ZP relre—)p(erlre) 1 (3.16)
Te+1 rT B(rr)
5(7?;—1)
5(%1)

In the HMM literature product «(r;)5(r;) o< p(r¢|x1.r) is called the ~v(r;) message.
Similarly, the expectation E([r,—; = my][ry = ma]) can be computed via a and
messages. Details can be found in standard machine learning textbooks such as [14],

so we do not reproduce the derivation here.
3.3. Learning mixture of Markov models with EM

According to the typical EM scenario as defined in Section 3.1, the latent variable
is hy.n, parameters to be optimized are the transition matrices A;.x, observations are
the sequences xi.y. Let us first derive the EM lower bound for the Markov model

mixture:

Q(A11K7 ATK) :+Ep(h1:N|X1:N,AT:K) [1Og p<X1:N7 hl:N|A1:K)]
N
=By i A0 108 DX, hn| Aric)]

n=1
T, L

:ZZZ Z Z Ttn = [xt 1n — ZQ]E<[h” = k])log Ak,ll,b

n=1 k=1 t=1 [1=11s=1

N K L
:ZZZZ L B[ = K]) log Agy, i, (3.17)

n=1 k=1 [1=11>=1
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where, ¢!, = S [#rm = L][T1m = lo], the transition counts matrix for sequence
x,. Note that again for the sake of simplicity, we do not include the initial observation
distribution. In practice, taking it as uniform generally works well except for very short
sequences. We maximize this bound using a Lagrange multiplier for the constraint

> 1, Akyi, = 1 to obtain the update equation for Aj.x:

N
. E(lh, =k
A?G;{U _ NEn—lNh,lQ ({ ]) (318)
251:1 anl CZ,lQE([hn =kl)
The expectation needed for the parameter update equation is:
K
E([h, = k]) = Z p(halx1n, AL ) [ = K]
hn=1
h, =k, A{)p(h, =k
=l = K, A ) = e L= B AU =By g

Zszl p(xn|hn = k7 AZ)p(hn = k)

which tells us to compute the likelihood p(x,|h, = k, A}) for each cluster k, and then
by weighting the likelihoods by prior p(h, = k), we compute a cluster assignment
probability vector for each data item x,. When the data cluster assignments are made
with high confidence, that is generally when the EM iterations are close to convergence,

probability vector becomes a vector with only one entry one and others zero.

3.4. Learning mixture of HMMs with EM

According to the typical EM scenario as defined in Section 3.1, the latent variables
are; latent cluster indicators hi.n and latent state sequences ri.y, parameters 6. to
be optimized are the transition matrix of each cluster A;.x, and observation matrix of
each cluster Oq.x, observations are the sequences x;.y. Let us first derive the EM lower

bound for the mixture of HMMs: Let us use ¢(r1.n, h1.x) = p(rin, hin|X1.n, 05 5) to
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keep the notation clutter minimal.

Q(elsz HT:K) =" ]Eq(rlzN’hlzN) [IOgP(XLN, ryn, h1:N|91:K)]
N
:EQ(TI:N:hlzN) [Z log p(Xn, Iy, hn|91:K)]

n=1

M-

Eqh) Eqenhn) 108 D(X5, T,y A |61:5)]]

n=1
N K n
- Z Eq n) — k q(rn|hn=Fk) [Z Z Z T'tn ml Tt 1,n m2] 10g Ak R mg]

n=1 k=1 t=1 mi=1mo=1
N K
£33 By (o = KBt [zz e = ] log p(@1n] s O )
n=1 k=1 t=1 m=1
N K Th M
= Z ZE Z Z q(re—1:t,n|hn=k) ([Tt,n = ml][rl‘flm = mQ]) lOg Ak,m1,m2

q(rt nlhn —k’) Tt m = m]) logp(xt,n| Ttn, 0(37 k)) (3‘20)

So, we have derived the EM lower bound for mixture of HMMs. The next thing
is to maximize this bound with respect to the parameters 6;.x. Update equations turn

out to be as follows:

e Transition matrices A;.x:

>t B[ = B) 32 Eatreanlin=i) ([Pt = ma][ri-1,0 = ma))
>t B[ = K]) 220 S 1 Bt sinlnmh) ([T = 4] [re-1,0 = ma])
(3.21)

kymi,ma —

e Observation matrices O.g:

(i) Poisson observation model:

s =Dt Blll = ) S Bt = )i

anl E([hn = k]) thl Q(Tt,n|hn:k)([rtan = m])
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(ii) Discrete observation model:

25:1 E([hn = k]) tT:1 EQ(rt,n|hn:k)<[rt,” = m])[xt,n = l]

pkyl’m = - (323)
ZnN:1 E([hn = k]) f:l ZlL':1 Eq(n,n\hn=k)([rt,n =m|)[rin =]
(iii) Gaussian observation model:
N T,
E hn =k M E Tt = n — n
,U/kyl’m :anl ([ ]) Zt—l Q( ,n'hn k“)([/rty m])$t7 (324)

ZnNzl E([hn = k]) 221 Eq(r =) ([Tt = m])

The necessary expectations to compute in the E-step are Ey(, ,jn,—k) ([t = m]),
Eq(ronrirmlbn=k) ([Tt = mu][ri—1n = ma]) and Eqp,) ([ = k]). The first two can be
computed via forward-backward algorithm described in Section 3.2.1. The last one is

computed as follows:

_ p(hn = k)p(x,|0k)
leg(:l p(hn = /{?)p(ank)

(3.25)

where, p(x,|0;) is the likelihood of x, given the parameters of cluster k. So,
we compute the likelihood for all clusters, and then by weighting with p(h, = k),
we compute the necessary expectation. Note that, in the M-step the parameters of
k’'th cluster 6y = (O, Ay), are updated using the expectations Eq(r, , v,y lhn=k) ([Pt =
mi]ri—1, = ma]) and Ey, . jn,—k)([ren = m]). Therefore, in each EM iteration we
need to compute these expectations for N sequences and K clusters. Consequently,
for sequences of average length T' and M latent states, since each EM iteration is
computationally dominated by the E-step, we have a computational complexity on
the order of O(M?*TNK) in every iteration (These expectations can be computed
using forward-backward algorithm on the order of O(M?T).). Finally, note that we
can have a hard clustering algorithm just by changing the update of the expectations
E([hn, = k]) = 1 for k = argmaxy p(y;|0x), and E([h, = k']) = 0 for £’ # k. In this
case the necessary expectations for k’th HMM can be computed just by considering
the sequences in k’th cluster. This way, the complexity can be reduced to O(M?*TN).

In Section 4.4, we propose a novel mixture of HMMs learning algorithm which further
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reduces the computational complexity by using a spectral learning algorithm in the

parameter estimation step.

3.5. Training Discriminative Markov Model

The likelihood function to be maximized for training a discriminative Markov

model is as follows:

N

Zw X, B Ok) ZlogZeXp (Xp, P k)
n;l . . n=1

Z Z Z Z Kl[ly = zil[la = 24 1]0k0, 1,
n=1 k=1 t=1 l1=1lo—1

N K
Z log Z exp(

n=1 hn=1

Tn

Z Z Kl = 2[ly = 20 1]0k0,0,)  (3.26)

K T,
k=1 t=11

then, we compute the gradient of this expression with respect to 6 to derive the gradient

descent update equations:

§9i§191)2 =2 Zn:[h” = k][l = @i]lly = z14]

Tn

N& exp( (X, hn; 01))
ny 'in,y, Vk
[hn = k] [ll = xt] [12 = Tt—1
T T el i) £

p(hn|xn79*)
N T, N T,
=) b =Kl = [l = wea] = ) 0> E(] Dl = x)[la = x44]
n=1 t=1 n=1 t=1

=" (1hn = k] = B = k) )i, (3.27)

T L. .
where, ¢t | = > 2." [Tt = l][zi-1,, = l2], the transition counts matrix for sequence

X,. In practice, in order to avoid overfitting, it is customary to use a regularizer by

placing a prior § ~ N'(6;0,0%I) (which corresponds to a vector I norm) [21]. In this
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case, the gradient descent updates become:

OL(0 1
ORis, < O0 1, +C( ) 0 ) (3.28)

- k1,1
Ory,  20% 77

where, ( is the learning rate. In practice, it is generally necessary to make a line
search for an appropriate step size (, so that we do not decrease the likelihood L£(9)
with gradient descent steps. Note that, the gradient in Equation 3.27 makes sense
since, when we have the parameter 6 so that all the classes are well-seperated, the
gradient vanishes. In such a case, the expectation of the class indicator E[h,] become
equal to the to the actual class indicator h,,, and thus the gradient vanishes and we do

not update the parameter.

3.6. Training Discriminative HMM

The likelihood function to be maximized in the training of a discriminative HMM

is as follows:

n=1 rn k=1 t=1 mi1=1mo=1
K T L M
S S o — i — il — mez,l,m)
k=1 t=1 =1 m=1

Then, we compute the partial derivatives 0L (6;.x) /004 and 0L (01.x)/067,,, to

k,mi,ma



derive the gradient descent update equations.

691

k,m1,mso n=1 rp Z ’ eXp XTHII hn791 K) t—=1

T

r/ h’ eXp (X’I’H rn? h;” 01 K

al B 0
_ZZ Z eXp Xn7rn7 n; 1K Z —ml Tt 1n—m2][h

t=1

:Zzp(rn|hmxn=91K ZTtn— Tt l,n:m2][hn:k]

n=1 rp t=1

N
- Z Z p(rrm hn|xn701K

n=1 hn,ry t=1

N T
= Z Z (Tt,n,rtfl,n|hn»xn701:K)([rtyn = ml][rtflyn = mZ])

n=1 t=1

Mq

Ttn— Tt l,n:mZth:k]

N
- Z Z Bt mri—1mshnlintri0) ([Tt = ma][re—1,0 = mo][hn, = kJ)

n=1 t=1

Similarly for 67 ,.;

T

0L(01.x) exp(v xn,rn, B 01.x)
agl%lm Z Z Z eXp Xn)r hn7 91 K Z xt Tt m][ ]

n=1 ry, t=1

L0 2y Ty P 0 L
1) _ gy P Fa i k) Sl = mlfros = mall

37

(3.30)

T
_Zzzexp (¥ (%0 T i 01.10)) >t = U = mlfh, = A
t=1

), ,h, eXp( (Xnurnu n;QIK

n=1ry,hyp
:Zzp(rn’hnaxnaelK thn: Ttn:m”hn:k]
n=1 ry, t=1
N T
_Zzp(rnvhn‘XmelK thn: Ttn:m”hn:k]
n=1 hyn,rn t=1
_ZZ hi = K[t = UBp(ry 1 xn,00.1) ([Tt0 = M])
n=1 t=1

N
- Z Z[xt,n = UEp(re,n n s 01.50) ([Pt = m] [hry = K])

Then, using gradient descent, we update the parameters.

(3.31)



k,my,ma k,my,ma agi7m17m2 202

elynew (_el,old X C (35(91K> 1 eli’ml’mQ)

OL(0Lk) 1
Ot i + € = = ——0him
k., k,l, aei,hm 20_2 k.,

The last terms in these update equations are due to regularizer.
3.6.1. Inference in discriminative HMM

The necessary expectations we have to compute are,

K
Ep(rt,n‘hnvxnﬁl:}()[rtyn = m] = Z p(rt,n’hny X, elzK)[rt,n = k]

Tt,nzl

:p(rt,n = k‘hna Xn, elzK)
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(3.32)

(3.33)

(3.34)

P(rep|hn, Xn, 01.x), can be estimated using forward-backward algorithm described in

Section 3.2.1.

]Ep(rt,n,hnlxnﬁl;x)([Tt,n = m] [hn = k])
= > Pt hal%n, 016 [ = m] [y = K]

Tt,nvhn

= Z p(rt,n|hnaxna el:K)p(hn‘Xna elsK)[Tt,n = m] [hn = k]

rt,nyhn
= p(/rt,n - m|h'n - k7X7’L7 QIK)p(hn - k|XTL7 QI:K)
p(xn’hn - k? 6)1K>p(hn - k)

= Tn:mhn:kaxmez
Pl | k) P(xn|01:x)

The other two necessary expectations are pairwise expectations of r; and r,_1.

(3.35)



Ep(rt,nyrt—1,n|hn,xn791:K)(I:?nt/n = ml][rt_lyn = m2])

- Z Z [Tt,n - ml][rt—l,n = m?]p(rt,na rt—l,n|hn7Xna elzK)

Ttn Tt—1,n

= p<7’t,n =my, Tt,Ln = m2|hn7 Xn, el:K)

Ep(rt,nﬂ"tfl,n7hnlxn791:K)([rtyn = ml][rtfl,n = m2][hn = k])

= Z p(rt,na Tt—1,n, hn’Xna elzK) [Tt,n = ml] [rt—l,n = m?] [hn = k]
rt,nyrt—l,n,hn

p(rt,n =M1, T—1n = M2, hn = k‘xna elsK)p(Xn’hn = k; elzK)p(hn = k)

B p(xn|91:K)

39

(3.36)

(3.37)

All of the necessary probabilities can be computed efficiently using forward-backward

algorithm in Section 3.2.1.
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4. METHOD OF MOMENTS BASED LEARNING
ALGORITHMS

In this chapter, we describe the method of moments based learning algorithms
for latent variable models. The main idea in these algorithms is to do (or bypass) the
parameter estimation step by using the fact that model parameters can be expressed
as a function of some observable moments. This approach is rooted in Pearson’s early
work in 1936 [23], for learning mixtures of Gaussians. Now, let us consider the following
example problem: Suppose we want to learn the parameters of a Gamma distribution

G(x;a,b), from its first and second order moments:

M, = E|[z] =ab (4.1)

M, := E[2?] =ab® + a*V* (4.2)

We can solve this system of equations for a and b:

M2
S 4.
S VAN V2 (43)
My — M2
p—2 L 4.4
M, (44)

So, we conclude that we can relate the moments of the Gamma distribution to its
parameters a and b. The main advantage of method of moments compared to the
classical maximum likelihood (ML) estimation is that, we can estimate the model
parameters in closed form. In some cases, as in this one, a closed form solution may
not be possible in ML approach. For a ML estimation, we first need to solve the

following equation via a numerical method:

log(a) — ¥(a) = log (% 3 xn> - % S log () (4.5)
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then, b is estimated from.,

1

where, N is the number of data points and (.) is the digamma function. So, we see
that a ML solution for parameters a, b is more complicated than a method of moments
approach. Note that, for a method moments approach, in practice we replace M; and

M, with empirical moment estimates;

1 X

My =— ;xn (4.7)
1 N

15 2

My =~ ;xn (4.8)

Therefore, the accuracy of the empirical moment estimates are of crucial impor-
tance for the overall accuracy of the method. Naturally, to have accurate moment
estimates, we have to have large number of samples V. Otherwise, inaccurate moment
estimates lead to inaccurate parameter estimates. In Figure 4.1, we show the param-
eter estimations from data where x,, ~ G(x,;a = 1,0 = 5), with ML and method of
moments. We do parameter estimations for cases N = 10,40, 100, 200. We see that
method of moments fails to perform well when NN is not large. However, as /N increases,
we see that ML estimation and the method of moment estimates get closer. In cases
where N is not large, method of moments fail to perform well because of inaccurate

empirical moment estimates.

Inaccurate empirical moment estimates may even cause parameter estimates that
are not in the feasible region. For instance in Gamma distribution, the parameters a and
b are strictly positive. The method of moment estimators in Equation 4.3 and Equation
4.4 may return negative signed parameter estimates. On the other hand, maximum
likelihood approach gives reliable estimates, guaranteed to yield solutions in the feasible

region, since it is after all a constrained optimization approach. The downside of ML
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Figure 4.1. Parameter estimation from N, i.i.d. data from G(z,;a =1,b=5). We

plot the likelihood surface G(z1.y, a,b) for each case.

is that, the optimization problem may not have a unique solution, resulting possibly
from the non-convexity of the objective function. So, in general it yields solutions
which are only locally optimal. Moreover, to have “good” local solutions we have to do
“good” initializations for the optimization problem. And of course, possibly lacking a
closed form solution, we have to apply some iterative solution methods like gradient
descent which have a computational burden. Whereas the method of moments give
us a solution in one step, without necessitating any initialization of any sort. In other
words, we directly obtain a solution for the parameters as a function of the empirical

moment estimates.

Recently, there has been work on method of moments based algorithms for learn-

ing latent variable models such as Hidden Markov Model [4,15,16|, Gaussian Mixture
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Model [4,16], Latent Dirichlet Allocation [16,24], community membership models [25].
These methods are called spectral learning methods in the machine learning commu-
nity. The reason is that, one can use the observable moments to construct a matrix
whose eigen-decomposition gives information about the model parameters. In the next
section, we will exemplify the general methodology by learning a mixture model. Later
on, we will describe the spectral learning algorithms for learning time series models

such as HMM, mixture of Markov models and mixture of Hidden Markov models.
4.1. Spectral Learning for Mixture Models

In this section we describe the spectral algorithm in [4] for learning a simple
mixture model. Spectral learning algorithm for a simple mixture model is a good
example to sketch the general algorithm, with which we also learn sequential models
such as HMMs and mixture of Markov models. Let us first briefly introduce the mixture

model. The likelihood of a data item x,, is defined as follows;

K
plwn] O) = plhn = k)p(xn|hn =k, 0) (4.9)
k=1

where, we follow the notation used in Section 3.1 for a general latent variable model.
We use h,, € {1,... K}, for latent cluster indicator variable for data item z,, € RL. The
model parameter 6 is the observation matrix O(l, k) = E[z,|hn k), Vn € {1,...,N}.
Note that, O € RE*K. According to the choice of the observation model, a column
O(:, k) of the observation matrix correspond to different parameters, as we did for
HMM observation matrix in Section 2.1.2 (e.g. if the observation model is Gaussian,
it corresponds to the mean vector of the k’'th cluster O(:, k) = g, or similarly if we
have a discrete observation model, we have O(:, k) = py). To generate a data set z1.y,

the generative process is as follows:

e For each data item x,,, we sample a cluster indicator variable h, € {1,..., K}
from p(hy,), which is a generic discrete distribution.

e Conditioned on hy.y, we generate xq.y via p(x,|h,, O).
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The corresponding graphical model is given in Figure 4.2.

Figure 4.2. DAG of a mixture model.

To estimate the O matrix given the data x1.n, we can maximize the likelihood

p(x1.x|O):

N
O* = arg max p(x;.5|0) = arg max X, hyp|O 4.10
g maxp(x1:x|0) = arg > T p6n: 2alO) (4.10)

hi.ny n=1

However, since the likelihood p(x1.5|O) is defined via a summation over the all possible
combinations of the cluster indicator variables hq.y, we have to resort to some iterative
optimization method. One of the most common ways is to iteratively maximize an EM

lower bound, as discussed extensively in the previous sections:

Q(O’ OOld) = Ep(hLN\ x1:.N,0°) [log(p(xlth h1N|O))} (4'11)

However, as we discussed in Section 3.1, EM algorithm is dependent on good initializa-
tion. At this point we introduce a spectral learning algorithm for learning this mixture
model [4]. As discussed at the beginning of this chapter, the spectral learning algo-
rithms for latent variable models are based on method of moments. That is, we aim
to express the model parameters as a function of some observable moments. With this
aim, we use the second order moment E[z ® z| and third order moment E[z @z ®z;]. In
the following lemma, we establish a relation between the model parameters and these

observable moments.

Lemma 4.1.

E[r ® 2] =Odiag(p(h))O" (4.12)
Elr ® z ® ;] =0diag(O(i, :))diag(p(h))O" (4.13)
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Note that we drop the subscript n to keep the notation uncluttered.

Proof. We write the definition of these moments in index notation:

E[z;x/] ZE [z;|h]p(h)E[z;|h)]

=" 0iup(h)O;n
h

Then, by definition of the matrix multiplication, we can see that the full E[x®x] matrix

is given by 4.12. Similarly; for triples Elx ® z ® x;],

Elz;xjxy] ZE z;|h]p(h)E[z;|h|E[zk| A
=" 0;1p(h) 0,0
h

Again, by the definition of the matrix multiplication, we see that the full E[z ® 2 ® ;]
matrix is given by 4.13. [

Lemma 4.2. Giwen that L > K, and O has K linearly independent columns then,
B; == (UT0)diag(O(i,))(UTO) ™ = (UTE[zr @ 2 @ 2] V)(UTE[z @ 2]V) ™' (4.14)

where, U and V are respectively the first K left and right singular vectors of the second

order statistics matriz E[lr ® x] as in [4].
Proof.

UTElr ® 2 @ 2,]V =U"Odiag(O(i, :))diag(p(h))O*'V
=U"Odiag(O(i,:)) (U 0)~" U" Odiag(p(h))O"V

~
UTE[z®z]V

so, if we multiply both sides by (UTE[z ® x @ 2;]V)~! from right, we see that we obtain
the equality in Equation 4.14. Note that UTE[z ® 2 ® x;]V is invertible since it is
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diagonal and full rank. O]

So, we conclude that we can estimate the model parameters O by doing eigen-
decomposition (hence the name spectral learning) of the matrix in the left hand side
of Equation 4.14, which can be approximately computed solely by using observable
moments: The eigenvectors are U7 O, and eigenvalues are the i’th row of the observation
matrix O. Notice that the choice of K when computing the SVD of E[z®z] determines

the number of clusters K as well.

Let us denote the approximate (collected) second order moment E[z ® x| with
Py, and third order approximate moment E[x ® x ® x| with P3. Estimation of P, and

P from data x.y is as follows:

1 & 1
_ _ T
Py 2 o @t =g ) ot )
1 N
P; =¥ nE:1 Tp @ Ty @ Xy, (4.16)

Note that we can apply this moment estimator for a discrete distribution as well, if we
take discrete distribution as a multinomial distribution with number of trials parameter
as 1. In this case, the support of the distribution are vectors with of length L, with

only one element one and else zero.

Notice that the choice of B; is arbitrary and in practice cause the algorithm to be
unstable for certain ¢ values: For some 7 values the eigenvalues of B; may get too close
to each other, which in turn causes instability in eigenvector estimation. To overcome
this problem, it is suggested in [4] that using E[z ® = ® z](n) = 3.1, niE[r ® 2 @ ;]
instead of using E[z ® z ® z;] would help to make the algorithm more robust, where
n € REXL. That is, when we compute B;, we use E[z @z ®@x](n) instead of E[z @z ®z;].
To choose an appropriate n vector, we generate random 7 until we get eigenvalues
separated enough (as judged by a certain threshold). We denote this auxiliary matrix

as B(n) instead of B;. The algorithm for spectral learning a mixture models is given
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in Figure 4.1.

Input: Data .5

Output: Estimated observation matrix 9)

1. Compute P, and P; from input data.

2. Compute rank K SVD of P, such that P, = UXV7T.

3. Compute B(n) = (UTP3(n)V)(UTPV)!

4. Compute the eigen-decomposition of B(n) = eAe™!.

5. Set temp = Ue.

6. Normalize the columns of temp to have columns sum up to one and set O =

temp.

Figure 4.3. Spectral Learning Algorithm for Mixture Model.

Finally, note that although with Figure 4.1 we have a way for solving for the O ma-
trix solely from the observations 1.y, we do not have a guarantee on recovering O with
the right column order and scaling, since we recover it with an eigen-decomposition,
which has permutation and scale ambiguity. Column ordering, i.e. permutation ambi-

guity does not prevent us from doing clustering or classification.

However, scale ambiguity is a nuisance if we need to know the right scale. For
example, if have a discrete model, i.e. we know that columns of O must sum up to
one, then scaling ambiguity does not matter, since we can always normalize the output
of the algorithm. But, for instance if we have a Gaussian observation model, the scale
of the mean vectors is important. In such a case, we can still use this algorithm, by
reading the O matrix not from the eigenvectors but from the eigenvalues of B(n). If
set 1 such that it chooses a particular column of P3 e.g., 7 = [ 010 ... 0|7, then it
is easy to see that, eigenvalues of B; correspond to a row of O. We can also still use

general 7, the details are given in [4], and we do not reproduce them here.
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4.2. Spectral Learning for Hidden Markov Models

In this section we introduce a spectral learning algorithm for HMMs. We have
introduced a spectral learning algorithm for mixture models in the previous section,
where latent cluster indicator variables are independent. HMM is also a mixture model,
with the only difference being, the latent cluster indicators form a Markov chain. It
seems unclear how to immediately adapt the algorithm in the previous section for a

temporally connected mixture model such as HMM.

We will first introduce the spectral learning algorithm for HMMSs in [15]. Then
we will also show that, it is possible to see HMMs as multi-view mixture models, and

specify the corresponding algorithm.

The main idea in [15], is to express the likelihood p(z1.7 |#) as a series of matrix
multiplications, so as to rewrite it as a series of similarity transformations of the actual
forward message updates, which can be expressed in terms of observable moments.
Let us first show that the likelihood p(z1.r|0) can be written as a series of matrix

multiplications.
Claim: Given the observed sequence x1.r and HMM parameters 6 = {O, A, 7};
p(r1r]0) = 1My, Moy oo . My, oo My (4.17)

where, M, = Adiag(O(x,:)) and 1, is a vector of all ones of length M.

Proof.

plarrl0) =3 > plrra|rr)p(erlrr) . ZPT3|T2 (z2|r2) Zprzm (z1]r1)p(r1)

Tr+1 TT

Moy

Vv
Moy Mo, 7

Mo Mag Mg

IIA;[MxT...MxQM;ElW
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Note that (M,);; = p(ri+1 = i|re = j)p(z¢|r: = j). This concludes the proof. O

Next, we apply some similarity transformations on the messages M., so that the
complete likelihood expression can be computed via observable moments E[z:],E[z; ®

zo] and Elz; ® 25 ® z3].

p(z17|0) =15, Mo My oo My, ... My,
= 15,(UT0) (UTO) M, (UTO) " ... (UTO)M,, (UTO) " ...

::Igo ::}ZT ::Ezt
x ... (U'O)M, (UTO) ™ (UTO)r
NS ~~ /H/_/
:=le :=b
=b!. By By - Ba, ... Buyby (4.18)

Note that, we have to choose U such that U7 O is invertible as discussed in the previous
section. The next thing is to express the messages M, so that they can be computed

via observable moments. Let us denote the observable moments as follows:

(P1)i :==(E[z1]):
(P21)ij =(E[ze ® 21])i 5

(Ps1)ij :=(E[zs @ 29y ® x1]);
We establish the connection between these observable moments and the model param-
eters in the following lemma:

Lemma 4.3.

Py, =0OAdiag(m)O" (4.20)
Py .1 =OM,Adiag(m)O" (4.21)



20

Proof. The first expression is easy to prove since,
P = ZO(:, k)
k

so, in matrix notation P, = Ow. For the second moment expression, we rewrite it in

the index notation:

Py = g}?(ﬂﬂzfﬁ) ;p(rg\ 1) p(r1)p(x1|r1)

diag(m)OT

J/

Adiag(m)OT

J/

OAdiag(m)OT

where, we use the definition of the matrix multiplication to convert the expression from

index notation to matrix notation. Finally we have:

Py = ;p(l’sm) ;p(r3|rg)p(x2 = l|ry) ;P(Tﬂ 1) p(ri)p(z1lri)

diag(m)OT

Adiag(m)OT

S/

M, Adiag(m)OT

OM;Adiag(m)OT

Now, we are ready to express the messages b1, b, B, in terms of the observable

moments P17 Pg, P3.

Lemma 4.4.

b =U"P (4.22)
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Proof.
b1 :UTpl
=UTOn
This proof is easy, due to the fact that P, =), O(:, k). O
Lemma 4.5.
beo = (VI PLU) VTP (4.23)

Proof. We first express Pl as follows:

Pl =13, Adiag(m)O"
=11 (UT0) " (UT0) Adiag(T)O*
=13, (UT0) U Py,

Note that, the expressions for P, and P, can be easily verified using a similar approach

we used for 4.17.Then we plug this expression in:

vl =PV(UT Py, V)™
=12 (UTO) Ut P V(U Py V)
=13,(UT0)™!

Lemma 4.6.

B, =U"Ps, V(U Py, V)7 ! (4.24)
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Proof. Let us express UT P31V as follows:

U'P3 .,V =UTOM,Adiag(m)O"V
=UTOM,(UTO) 1 (UT0O)Adiag(m)OTV
=UTOA(UTO) 'UT Py, V

So, we conclude that B, = UT Py .,V (UT Py, V) ™1 0

Note that we can estimate with P, = % 2521 r, and P, P; with Equation 4.15
and Equation 4.16. As done in [4], we choose U and V matrices such that P, = ULV,
where U and V' consist of the first K, respectively, left and right singular vectors of
P,. Notice that, the resulting algorithm from the discussion in this section is able to

estimate p(x1.7|0), solely by using some observable moments.
However, we did not specify a parameter estimation procedure to estimate 6. In

the next section, we will show that, we can in fact also recover the HMM parameters

O and A with some modification on the Figure 4.1.

4.2.1. Parameter Learning in HMMs
In order to estimate the model parameters 6 of a hidden Markov model, we can

in fact use an algorithm similar to 4.1 as given in [4]. With this aim let us define

P371 = E[Z’g (059 513'1].

Lemma 4.7.

Py, = OAAdiag(m)O" (4.25)
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Proof. As we did for P, we consider the index notation;

P3y = ;p@ﬂ 7"3) ;p(rs,\?”z) ;p(rﬂrl)p(?ﬁ)p(ﬂh\ﬁ)

diag(m)OT
Adiag(m)OT

AAdiag(m)OT

J/

OAAdiag(m)OT

Given this observable moment and P, ; from the previous section, we can in fact

recover the model parameters. Let us establish this with the following lemma:

Lemma 4.8.

B, :=(UTOA)diag(O(z,:))(UTOA)™
=UTPy V(U Py, V)t (4.26)

Proof. Let us express U TP37:,371V as follows:

U'Ps .V =UTOM,Adiag(m)O"V
=UTOAdiag(O(z,:))Adiag(m)O*V
=UTOAdiag(O(z,:))(UTOA) "N (UTOA) Adiag(r) O™V
=(UT0A)diag(O(z,))(UTO)'UTPs,V

So we conclude that B, can be recovered via UT Ps ., V(UT Py, V)71, n

Notice that B, is an eigen-decomposition form where eigenvalues are in fact x’th
row of O and eigenvectors are UTOA. As we did similarly in previous sections, we set

Py; = UXVT. The algorithm for parameter estimation in HMM is given in Figure
4.2.1.
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Input: Sequence x1.7

Output: Estimated HMM parameters 0 : (5, E)

1. Estimate P3; and P39 from the sequence z.7.

2. Compute U and V from P3; = UXV7 using SVD.

3. Estimate the first row of O matrix and R = m matrix by doing the
eigen-decomposition B; = Rdiag(O(1,:))R™!

4 Forle{2,... L} set O, = R'B(I)R.

5. Set temp = (UO)™'R

6. Normalize temp to have columns sum up to one, and set A= temp.

Figure 4.4. Spectral Learning Algorithm for HMM.

Note that we did not use n in Section 4.1, for the sake of simplicity. In order
to increase the robustness of the algorithm, in practice it is necessary to use P32 1(n)

instead of Pj 1. The details on usage of 7 are given in detail in [4].

Also notice that the ordering of the eigenvalues of B, is dependent upon the
ordering of its eigenvectors. The reason for using R in steps 3 and 4 is to preserve the
consistency in the ordering of the eigenvalues. Finally, note that when computing the
empirical moments, despite the notation Ps,;, we use all of the observations in the
sequence x1.7 (not just the first three) since the moments we compute are based on
the assumption that the underlying latent Markov chain has converged to a stationary
distribution [15]. For instance, in empirical moment equations (e.g. Equation 4.25), the
distribution 7 is actually not the first state distribution, but the stationary distribution
that the Markov chain converges. So, in fact what we do is to see HMM as a multi-view

mixture model, with following conditional expectations (observation matrices):

E[z|h] =Odiag(n) AT diag (7)™ (4.27)
E[zs|h] =O (4.28)
E[zs|h] =0A (4.29)
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Then, we see that E[rs @ x,] = Elxs|h|diag(7)E[z,|h]T = OAAdiag(m)O", which
is accordance with 4.25. Also, Elxs ® 29, ® 1] = OAdiag(O(l,:))Adiag(m)OT =
OM;Adiag(m)OT, which is also in accordance with 4.21.

4.3. Spectral Learning for Mixture of Markov Models

We introduced the mixture of Markov models in Section 2.2.1. As indicated in
that chapter, learning a mixture of Markov models would require to use local search
algorithm such as EM. With spectral learning, we aim to estimate the transition matrix
Ay, of each cluster, solely based on some observable moments, in a local optima free

fashion.

As we discussed in the previous sections, according to the method of moments
described in [4], the approach is to express the moments of the distribution as a matrix
multiplication (or possibly tensor as in our case), so that an eigen-decomposition form
which reveals information about the model parameters can be computed as a function

of the observable moments.

In order to derive a spectral learning algorithm for a mixture of Markov models
following this methodology, since we have three dimensional tensor p(z;| x;_1,h), we
use the tensor algebra used in [17]. Let us start with the tensor notation: The tensor

multiplication Z = X x; Y is defined as follows:
Z(i, .. in o ju) = 3 X(kin, o in)Y (K, ja. . jur) (4.30)
k

where Z € RIzxxInxJ2x-xJu X ¢ RIve-xIn 'y ¢ RJ1XXIv - Note that, the tensor

multiplication in Equation 4.30 can also be on multiple indices as in Equation 4.35.

The diagonalization operation is important to express joint distributions. The
symbol @y, diagonalizes a particular index k times. For example, p(@qh) = p(h)d(h, h') =
diag(p(h)), where §(h,h') = 1if h = I/, and else zero. Similarly, p(@3h) = p(h)d(h, h', h").
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Let us consider p(xy, z5) to illustrate both tensor multiplication and diagonalization:

p($17$2) = p(@’xl, h = k)p(x1|h = k)P(h = k)

]~

1

=(p(w2| @2 w1, h) Xpay p(x1] @2 1)) x5 p(h) (4.31)

T

where, we see the tensor algebra equivalent of the regular probability notation. Note
that, we diagonalize z1 and h, in order to have element wise multiplication with tensor
multiplication. The next thing we need is the mode-specific tensor inversion. For this,
we need to define an identity tensor with respect to an index set: I, is the identity

tensor with respect to the index set o iff,
XX, I, =X (4.32)
The inverse tensor of X with respect to identity tensor I, is defined as follows:
X 'x, X=1, (4.33)
Here, w = X\o and X is the set of all indices of X. We will use the tensor algebra

to show that, for a mixture of Markov models, we have to use at least a fifth order

moment to be able to have an eigen-decomposition of the form,

B(i,j,k) := (A(:,4,:) xn A(j, Kk, 1)) xn A7, 4,2) (4.34)

which reveals the parameters as eigenvectors and eigenvalues [4]. We use the MAT-
LAB array notation for the transition matrix so that A(:,:, k) := Ay. For the sake of

simplicity, we assume that A(:,7,:) is invertible.

In practice, we use SVD to deal with invertibility as done in previous sections

and [4,15,17]. To show the impossibility of identifying A from low order moments, let
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us first consider the third order observable moment:

p(x1, 22, 23) = ((p(3]72, h) X0y 1o P(D2T2| 71, @2h)) Xy h P(@221]h)) X1 p(h)  (4.35)

Note that since the observation model is discrete, E[z; ® xo ® z3] = p(x1, 29, 23). In
this observable moment, the variables x5 and z; are shared variables, on which we
have products. To have a form similar to Equation 4.34, where the products are solely
on h, we have to clamp the shared variables x; and zs to particular values. This
reduces the third order observable moment to a vector, on which we cannot do an
eigen-decomposition. So, we move up and we consider the fourth order moment. We

clamp the shared variables x3 and x5 to particular values j and ::

p(xy, k3 = 1,00 = J,21) = (p(aa|zs = 0, h) X p(x3 = P2 = j,D2h)) X4 (T2 = J, 1, h)
= [(p(zals = i, h) x4 plxs = ilze = j, D2h)) Xp p(2s|Te = 4, h) 7]

Xx’S [p(x;|x2 =7, h) Xp p($2 =7, 951,h>} (4-36)

[

-~

/ .
p(x37x2:]7xl)

From Equation 4.36, one can see that;

B($4a$;ﬂ$3 = 1,29 = j) =(p(w4|ws =i, h) X} p(as = i|zy = j, @2h)) X}, p(x;)|x2 =j,h)"

=p(T4, 73 = 1,02 = j, 21) Xu, P(T3, 79 = j, 1) (4.37)

At this stage it appears that we can obtain an eigen-decomposition form by using the
fourth and third order moments. In this case, the eigenvectors are p(z4] x3 = i,h) =
p(zs|my = j,h) and eigenvalues are p(xs = i| x5 = j,h). However, we realize that
following this approach there exists no way to resolve the permutation ambiguity since
the ordering of the eigenvalues are arbitrary. Therefore, it is not possible for us to re-
cover the transition matrix of a cluster since columns of an estimated transition matrix
can be permuted with those of another cluster’s transition matrix. The condition to

resolve this nuisance is to have the indices of the eigenvalue matrix independent of the
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eigenvalues, which can ensure the correctness in the columns of the transition matrices.
For this reason we consider the fifth order moment. We clamp the shared variables

X1,T2,T4.

p(375,9€4 =1,T3,T2 = J,T1 = k) -
[(p(z5]24 = 1, h) xp p(x4 = i]23, D2h)) X}y P(@223|T2 = J, D2h)] X4 (22 = j, 21 =k, h)
= [(p(ws]zs = i, h) x4 p(xg = j| 1 = k, @ah)) x5, p(as|zs =i, h) 7]

Xl S[p($;‘$4 =1, h) X p(w4 = 1|23, D2h)] Xp ey P(@273, 22 = j, h)) (4.38)

J/

-~

’ . .
p(@g,xa=1,23,22=])

Then, we see that the eigendecomposition form B(i, j, k) is;

B(xs, 75,24 = i,72 = j, 13 = k) =
(p(x5]x4 =1, h) Xh p(332 = .7| v, =k, ®2h)) Xh p(x;]m =1, h)fl
=(A(G,4,:) Xn A(J, k, 1) xn A7)

=p(x5, T4 = 1,03, T0 = J, 1 = k) X, p(x;,m =i, w3, 09 =j) " (4.39)

Note that, although z3 is a shared variable we do not clamp it since it does not spoil
the eigen-decomposition form B. Now, the good news is, for differing x4, we have the
same eigenvalues if we use the same x5 and x,. Therefore, we can use the eigenvalue-
eigenvector correspondence to ensure the consistency in the columns of the transition
matrix estimates (In practice, eigenvalues for every B(i, j, k) may not be the same, but

one can order the eigenvectors according to the eigenvalue ordering.).

However, the downside of it is that we have to use the fifth order moment. To
have accurate estimates of moments this order, we need large number of samples. In
this respect, it is simply not practical to use this method, as in Equation 4.39 with the
fiftth order moment. In the next section, we propose an alternative scheme for learning

mixture of Markov models, to reduce the sample complexity.
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4.3.1. Spectral Learning for a Mixture of Dirichlet Distributions

Suppose we place a prior distribution for transition matrices on the class condi-
tional likelihood p(x,|Apn,, hy). Placing a Dirichlet prior p(Ay, ) ~ Dirichlet(g, ..., 5)

would result in a Dirichlet posterior:

p(Ahn|Xn7 hn) (8 p(Xn|Ahna hn>p<Ahn)
= Dirichlet(cy; + 8 —1,¢{y +B—1,...,c , +8—1)

where, ¢! ;, stores the state transition counts of sequence x,. So, we can indeed char-
acterize a sequence generated by a Markov model with a Dirichlet distribution, since
Dirichlet distribution is the posterior of the transition matrix A, . Setting f = 1

(having a uniform prior), we see that the posterior distribution becomes
p(An, | Xp, b)) = Dirichlet(c?’l, Clos- - ,CZL).

Therefore, we can treat a normalized sufficient statistics matrix as a sample from the
posterior of the transition matrix. In the mixture of Markov models, every sequence
X, has a distinct cluster label h,. So, sufficient statistics matrix of each sequence
is indeed a sample from the posterior of A; . Therefore, we can effectively cluster
sequences by using normalized second order statistics matrices instead of the sequences
themselves. A spectral learning algorithm for a mixture of Dirichlet distributions would
be simpler compared to directly learning a mixture of Markov models, since the former
requires a second order moment (sufficient statistics matrix) whereas the latter requires
a fifth order moment, as shown in Section 4.3. Let us denote an observed second order
statistics (vectorized) matrix by s, € REXE*1 Note that s,,,,, = 1/ Oy 1y Chta)-

The likelihood of a sufficient statistics observation is defined as follows:

K

p(snla) = Zp(hn = k)Dirichlet(s,, a(:, k)) (4.40)
k=1



60

Figure 4.5. DAG of the mixture of Dirichlet distributions.

where, a € REXDXK ig the matrix that stores the Dirichlet parameters in its

columns. We write the second and third order observable moments as follows;

Elsy ® sn] =Y _ p(hn = k)E[s,, @ su|h, = K]

E[sn|hn)diag(p(hn))E[s,|hn] "
=adiag(p(hy))a® (4.41)

K
E[sy ® sp @ $nil = Y plhn = k)E[sy ® 55 @ il = k]
k=1

:E[Sn’hn]diag(E[sn,i|hn])dmg(p(hn))E[sn ‘ hn]T
=adiag(a(i,:))diag(p(hy))a® (4.42)

where, ® is the outer product operator and s, ; denote the ¢'th entry of the observed
statistics vector s,. Then, following [4], we can conclude that the eigenvectors of the

auxilary matrix,

B; =(UTE[s, ® 5, @ 50,5]V)(UTE[s, ® 5,]V)
=(UTa)diag(a(i,))(UTa)™! (4.43)

Based on the fact that E[s,;|h, = k] = a(i,k)/a, where ag = >, a(i, k), we can
in fact recover the Dirichlet parameters a(:, k) for each cluster up to a scaling factor
ap (as done in [24], we fix o to a particular value), i.e. the o matrix by doing the
eigendecomposition of B;. We compute the SVD, E[s,®s,] = ULV to estimate U and
V as done in [4]. Finally, note that in order to increase the robustness of the algorithm,
we use E[s, ® s, ® s,](n) = Z{;XIL niE[sn, ® s, ® sp,;] instead of using Els,, ® s, ® s,,.4],

where n € REXDX1 " which results in using B(n). The details on choosing 7 can be

found in [4]. We give the overall sequence clustering algorithm in Figure 4.3.1.
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Input: Sequences x;.y

Output: Clustering assignments ﬁlz N

1. Extract the sufficient statistics s,, from x,,Vn € {1,..., N}

2. Compute empirical moment estimates for E[s,, ® s,,] and E[s,, ® s,, ® s,]. Com-
pute U and V such that E[s, ® s,] = UXVT.

3. Estimate a by doing eigen-decomposition of B(n).

4. Vn e {1,... N},ﬁn = arg max;, Dirichlet(s,, a(:, k)).

Figure 4.6. Algorithm for clustering sequences via spectral learning of mixture of

Dirichlet distributions.

4.4. Incorporating Spectral Learning for learning HMM mixtures

As discussed in Section 3.4, learning a mixture HMMs can be an expensive task
with expectation maximization algorithm, since we have to do forward-backward re-
cursions for each sequence at each iteration of EM. In this section, we propose a novel
algorithm for clustering HMMs. According to the spectral method in Section 4.2, we
can learn a HMM just by using some low order observable moments. The proposed
HMM clustering algorithm replaces the parameter estimation step (M-Step) in the
hard clustering algorithm in Section 3.4 with a spectral learning algorithm. This way,
required computations for parameter estimation step become K low-rank SVDs and K
eigen decompositions, which is substantially cheaper compared to N forward-backward

recursions. The proposed algorithm is given in Figure 4.4.

At the start of the algorithm, we collect the un-normalized empirical statistics

Tn
Py = Z Tipn @ Ti-1n (4.44)
t=2
~ Tn
Py = Z Tip @ Ti—1,0 @ Tp—2n (4.45)

t=3
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Input : Sequences xi.n, Number of Cluster K
Output : Cluster assignments hq.y.
forn=1— N do
1. Collect unnormalized statistics Py and ]53?
end for
Randomly initialize hq.n
for e =1 — maxiter do
for k=1— K do
Compute Py, and P§,,
01, + SpectralHMM( Py, P, ) - (Algorithm in Figure 4.2.1)
end for
forn=1— N do
h; = argmax;, p(y,|0x)
end for

end for

Figure 4.7. Algorithm for learning a mixture of HMMs with spectral learning.

Then, according to the cluster assignments h;.y at iteration e, we use the corre-
sponding f’gnl and P3Tf271 to compute the empirical statistics of the cluster k. That is,

we set

1 -
Py, =— > Py (4.46)
N n:hi.n=k
1 10
P§2,1 :ﬁ 32,1 (4‘47)
n hl:N:k

where N is the appropriate normalizer so that PQIfl and Pf’Q’l are probability distribu-
tions. And then we input these empirical statistics to the spectral learning algorithm
given in Figure 4.2.1). Note that, since we input the empirical statistics, we skip the

first step of the algorithm in Figure 4.2.1.
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Note that, unlike the EM algorithm for mixture of HMMs, the computational
complexity of the parameter estimation step is independent from the number of se-
quences NV, since we extract the empirical statistics at the beginning of the algorithm,
and use them according to the latest update of the cluster indicator variables hi.y.
This heuristic scheme gives us a very fast and simple algorithm. In Section 5.2.2, we
compare the speed and performance of this algorithm with expectation-maximization
approach. Finally note that, we give the number the number of cluster K as an input
to the algorithm. In following section, we propose an algorithm that automatically

determines the number of clusters.
4.4.1. Learning Infinite Mixtures of HMMs using spectral learning

It is possible to extend the algorithm 4.4 to automatically find the number of
clusters K. In order to do that, we consider an infinite mixture of HMMs. To derive
a learning algorithm for an infinite mixture of HMMs, one has to take an intractable
integral over the HMM parameters. Incorporating spectral methods in learning infinite
mixtures of HMMs provides a natural way of handling with the arising intractable
integrals. To illustrate the difficulty in learning an infinite mixture of HMMs, let us
first consider the mixture model in Section 4.1, where the parameters of the k’th cluster
is §x = O(:,k). We place a prior on the model parameters p(fr.x) = [[ry p(6r).
Moreover, let us place a Dirichlet prior on the mixing proportions = := p(h,), ™ ~

Dirichlet(a/K, ... ,a/K). Then, one can show that;

1
p(hy = kRN, X0) = = /p(xn,h1;N| 0, m)p(0)p(m)dodr

Z
N."+a/K
= —]\]} n aa_/l P(Xnl0)p(Ok|{x1 : 1 # n,ry = k})db  (4.48)

where, p(0x|{x; : | # n,r; = k}) is the posterior of the parameter of cluster k, with
data assigned to cluster k (except data item n). The notation N, " denotes the number
of data items in cluster k except data item n. We use the same notation for excluding

variables as well. For example 2|}, denotes all x;.5 except x,,.
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Now, let K* denote the number of occupied clusters. So we have K — K* empty
clusters. Let us lump all the empty clusters together. So, assignment to an empty
cluster has the probability;

K-K*

—v i [ o lsp(6)ds, (4.49)

plhn = K|hy, xn)
Let us take K — oo. Then we have the following densities:

e For an assignment to an occupied cluster, Vk < K:

N’

p(hn = klhi N, x1.8) = Ntia—_1

p(xo{xi : L # n,m = k}) (4.50)

e For an assignment to an empty cluster, Vk > K:

N’

plhn = klhi . X1:n) = Nta—1

p(Xn) (4.51)
For a model with conjugate prior on #,.x the integrals required for Equation 4.50
and Equation 4.51 are tractable. For instance, for a Gaussian mixture model with

observation model 0y, = py., and p(uy) = N (u; po, 03), these integrals are tractable.

However, for a mixture of HMMs, Equation 4.50 and Equation 4.51 require in-
tegrating over the model parameters § = (A, O) and summing over the latent state
sequences r,. This joint sum-integral is not tractable since we no longer have the con-
ditional independence properties of the latent state sequence r,,, due to the fact that
we integrate over the transition matrix A, which makes the latent state variables r,
dependent. So, we conclude that a conventional collapsed Gibbs sampler for an infinite
mixture of HMMs is not feasible. Assuming that the sequences are long-enough, we

make the following approximation:

/P(Xn|9kz)p(9k|{xl L, = k})dOy = p(x, |07 (4.52)

where, the right hand side is the likelihood of the sequence for the HMM parameters
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corresponding to cluster k, estimated with spectral learning algorithm given in algo-
rithm 4.2.1. This approximation is sensible since, in real world scenarios the sequences
are long enough to make the posterior distribution of the HMM parameters 6, peaked
enough. Next, we consider the Equation 4.51 for creating new clusters. This requires
the marginal likelihood p(x,,) of a sequence x,,. There are well established methods in
the Bayesian inference literature to compute the marginal likelihood [26]. In a clus-
tering algorithm, marginal likelihoods p(x,),n € {1,...,N} can be inferred before
starting the algorithm and then be utilized in each iteration without having need to
recompute them in each iteration. Having made these observations, we propose the

algorithm given in Figure 4.4.1. Note that we dropped the multiplicative terms in front

Input : Sequences x1.y, Number of Cluster K
Output : Cluster assignments 7. .
forn=1— N do
1. Collect unnormalized statistics P;' and Py’
2. Compute marginal likelihood p(x,,)
end for
Initialize h,, =1, fori=1,... N
for e = 1 — maxiter do
for k=1— K do
Compute Py, and Py, ,
01, < SpectralHMM( Py, Pf, ) - (Algorithm in Figure 4.2.1)
end for
forn=1— N do
o = ang max, [p(,6)  p(,)]
if h, > K then
K=K+1
end if

end for

end for

Figure 4.8. Learning an infinite mixture of HMMs with spectral learning



66

of the Equation 4.50 and Equation 4.51 since their contribution is neglible compared
to the result of the integral. Note that algorithm in Figure 4.4.1 has the same procedu-
ral steps with the hard clustering algorithm for Dirichlet processes recently proposed

in [19].
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5. EXPERIMENTS AND RESULTS

In this chapter, the results are organized into three main topics. First, we give
the mixture of Markov model related sequence clustering results. Secondly, we give the
mixture of HMMs related sequence clustering results. Lastly, we present the generative

vs. discriminative model related sequence classification results.

5.1. Sequence Clustering via mixture of Markov models

In this section, we give our results corresponding to our spectral learning algo-
rithm for mixture of Markov models in Section 4.3. We compare the related learning
algorithms to learning mixture of Markov models on synthetic data and network flow
data. We also show on motion capture data that the algorithm in Section 4.3 can be

used for finding the number of clusters in data.

5.1.1. Synthetic Data

We generated 100 synthetic data sets from mixture of Markov models. Each data
set consist of 60 sequences divided equally among 3 clusters. The transition matrices

of Markov models are generated randomly from a uniform Dirichlet distribution, i.e.

A(:, 7, k) ~ Dirichlet(1,...,1).

We compare the clustering accuracies of the spectral learning algorithms in Sec-
tion 4.3, Section 4.3.1 and expectation maximization algorithms for mixture of Markov
models and mixture of Dirichlet distributions (Derivation of the EM algorithm for mix-
ture of Dirichlet distributions can be found in Appendix C). The clustering accuracy
is defined as the ratio of true cluster assignments in a data set and calculated by re-
solving the permutation ambiguity introduced by the clustering processes. After each
clustering, the estimated assignments are compared with the true assignments for all
possible permutations of cluster identifiers (K! permutations for K clusters), and the

maximum ratio is chosen.
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Figure 5.1 shows the average accuracies of the methods in the data sets with
respect to different sequence lengths. In the experiments each data set is used 6 times
where the sequences are cropped at different lengths and the number of clusters in the

data is given to the algorithms apriori.
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Figure 5.1. Comparison of clustering accuracies on synthetic data.

We see that except when the sequences are short, the spectral learning algorithm
for mixtures of Dirichlet approach outperforms other algorithms. As expected, spectral
learning for Mixture of Markov model algorithm fails to perform well in the absence
of abundant data. EM algorithms do not to perform as well as the spectral Mixture
of Dirichlet algorithm on the average, because of the possible unlucky random ini-
tializations. We conclude that spectral learning algorithm for a mixture of Dirichlet
distributions perform better than EM algorithms since it does not require good initial-
ization. It is better than the spectral learning algorithm for mixture of Markov models

since it requires less data for accurate moment estimates.

5.1.2. Real World Data

We conducted real world experiments on a network traffic data set, collected by
recording the network activity at Bogazic¢i university. The observations in the data

set are network flows, where a network flow is defined as a series of network packets
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transferred between two IP-Port pairs. We select the length and the transfer direction
of a packet as features. By quantizing the packet sizes into five levels, and adding
direction information, we produce an alphabet of 10 discrete symbols. The flows are
represented as arrays of those symbols, and assumed to be generated by a Markov

model. Hence, our data set is assumed to be generated by a mixture of Markov models.

On top of Figure 5.2, we see the multidimensional scaling of a fraction of the data
set, which contains 2 clusters, found by the spectral mixtures of Dirichlet algorithm,
mapped to a two dimensional space for visualization. On bottom are the sufficient
statistics, i.e. 10 x 10 state transition counts of 24 randomly selected flows. We see
that flows from the blue cluster (crosses) has more mass assigned to the top left corner,

whereas the red cluster (circles) tend to have more mass around the center.

In our flow classification experiment, we try to infer the web application to
which the flow belongs. We gathered the true application labels for the data by using
IPOQUE |27| application classification software. This software uses deep packet in-
spection technique, which is the most accurate known way of application detection [28|,

and we accept its results as our ground truth.

We choose the class conditional densities of flows as a mixture of Markov model.
In other words, each web application is composed of different types of flows. We
tried to classify two different applications: Skype and BitTorrent. 1574 Skype and 415
BitTorrent flows are divided into training and test sets equally and our algorithms
estimated mixture model parameters for each application type. In classification, a test
flow is labeled according to its likelihood under the two mixture models. Table 5.1

shows the classification accuracy of the three different algorithms.

5.1.3. Finding number of clusters

Using the spectral method provides a natural way for finding the number of

clusters. Since the second order moment matrix E[s, ® s,| is a sum of rank one
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a. Multi Dimensional Scaling of the data to 2D.
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b. Multi Dimensional Scaling of the data to 2D.

Figure 5.2. Exploratory data analysis on network traffic data.

matrices, we can determine the number of clusters by using singular values:

K

E[s, ® s,] = adiag(p(h))a’ = Zp(h =k)a(:, k)al(:, k)T (5.1)

k=1
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Table 5.1. Classification accuricies of three clustering algorithms on network traffic

data.
Algorithm Classification Accuracy
No Clustering 63.41%
Mixture of Dirichlet (Spectral) 84.85%
Mixture of Dirichlet (EM) 79.39%
Mixture of Markov (EM) 83.51%

We observe that the ratio of the consecutive singular values ok /ok 1 is a sensible
measure for determining the number of clusters K. We plot ox/oxi1 vs K curves.
To justify the number of clusters found by the algorithm, we also plot example cluster

assignments.

In Figure 5.3a, we used network data used in Figure 5.2 for exploratory data
analysis. We see that that maximum o /ok 1 is attained when K = 2, as we also saw
a two cluster behavior in the previous section. In Figure 5.3b, we used synthetic data
with 25 clusters. We see that the biggest jump corresponds to cutting off from the first
and 25th singular values. Since having only one cluster would be trivial, we identify
the number of clusters as 25. In Figure 5.3c and Figure 5.3d, we used respectively,
sequence sets Simple Walk vs Run and, Run(#9) vs Run/Jog(#35) from CMU motion
capture dataset [29], as used in [30]. The data in its original form is 62 dimensional and
continuous. We discretize the data using vector quantization by k-means clustering.
To demonstrate that maximum of the consecutive singular values ratio vector indeed
gives the number of clusters, we also show the example cluster assignments in Figure
5.3e and Figure 5.3f, where each column shows the data items in the same cluster. In
Figure 5.3e, we see that the algorithm successfully identifies the clusters, where each
cluster has distinctive features. We see that even if the second cluster has only one

data item in it, the algorithm successfully identifies it as a cluster.
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Figure 5.3. Finding the number of clusters on various data types.
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5.2. Sequence clustering via learning mixtures of HMMs

In this section, we present our results obtained with the algorithms we propose in
Section 4.4. We first present the results in our work [5], based on sequence clustering
using a finite mixture of HMMs. We then present our work in [6], which is based on
sequence clustering using an infinite mixture of HMMs. We use clustering to increase

the classification accuracy of human action sequences.

5.2.1. Toy Problem

As a toy problem, we clustered shape sequences, recorded by manual mouse
clicking. We input the first temporal derivative of the 2D coordinates to the algorithm.
We used a 2D Isotropic Gaussian emission HMM. Example clustering results obtained
with the proposed algorithm are given Figure 5.4 and Figure 5.5. Sequences that are
assigned to the same cluster are plotted on top of each other. We have observed that

our method converges to the true solution very fast and accurately.

Figure 5.4. Clustering handwritten L, V| 7.
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RN

Figure 5.5. Clustering handwritten 7 and 1.

5.2.2. Clustering Motion Capture Data with Finite Mixture Models

We tested our algorithm also for clustering motion capture data. We compared it
with soft and hard versions of the EM algorithm presented in Section 3.4. We used the
database HDMO05 [31]. We input the first temporal derivative of the 3D trajectories of
32 joints. The sequences are on average of length 500, and L = 96 dimensional. We
tested on several binary clustering scenarios for different action pairs. We used a M = 3
state HMM. The observation model is taken as multidimensional isotropic Gaussian.
In Table 5.2, we compare the average clustering accuracies, maximum accuracy, time
required for one iteration, and average convergence time, for N = 20 “kicking” and
“punching” actions, for 10 restarts with random initializations for cluster indicator
variables hy.y. We have seen that EM tends to get stuck in local optima because of poor
parameter initialization, which results in sub-optimal clustering accuracy. Since the
spectral method does not suffer from initialization problem, this algorithm reaches the
optimal clustering more often than EM. In addition to the improvement in clustering
accuracy, the real gain is in computational effort. The time required per iteration is
almost two times smaller than the hard version of EM and three times smaller than the
soft version of EM. Average number of iterations required for EM seems to be less than
spectral method. This makes sense since, when initialized with a “bad” partitioning,
EM tends to converge to local optima rather quickly, while the spectral learning method
strives to find the true solution, which takes more iterations. An example clustering

result is given in Figure 5.6.
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5

sequences. The horizontal axis is time and the vertical axis indexes the joints on the

body.

Table 5.2. Speed comparison of EM1:Hard EM, EM2: Soft EM.

Average Max Iteration Average
Success(%) | Success(%) | time* (s) | convergence
EM1 70 100 7.5 3.2
EM2 73 100 12 2.9
Spectral 76 100 3.1 3.8

*PC: 3.33 GHz dual core CPU, 4 GB RAM, Software: MATLAB

5.2.3. Application: Human Action Recognition from Videos with HMMs

We tested our clustering algorithm on KTH Action Database [1]. This dataset

contains 600 sequences of 25 people collected in four sessions.

actions: Boxing, hand clapping, hand waving, running, jogging and walking. Example

sequences are given in Figure 1.2.

In each action frame we place a bounding box on the human body. Then, this
box is divided into L blocks. We set L = 9 in our experiments. We characterize each

block by the count of the spatio-temporal interest points (STIPs). In other words, for

There are in total 6

any given time ¢, the count of STIPs in each box are the observations x, € Z. Since it
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Figure 5.7. Example scenes from KTH Human Action Database [1]. Each row
correspond to an example action sequence. The feature vectors are extracted by

counting the STIPs that fall into different regions on human body.

is a count data, we use a multivariate Poisson observation model. The box and interest
points are automatically extracted by using the off-the-shelf code in [32]. Example
scenes with corresponding STIPs are shown in Figure 5.7. We illustrate the sequence

extraction process in Figure 5.8.

For each class, we use 64 sequences for training and 36 sequences for testing. In
the training step, we trained a separate multiple observation HMM per action class
using EM and spectral learning described in Section 4.2. In the testing step, we assign
a test sequence to the highest likelihood action class. We achieved 70% and 68% test
accuracies with EM and spectral method, respectively. Secondly, we did clustering and
trained more than one HMM for each action class using the Algorithm for learning infi-
nite mixture of HMMs suggested in Section 4.4.1. We also compare our algorithm with
a more conventional Gibbs sampling with auxiliary parameter method as described in
Appendix B. During testing, we did the class assignments according to the likelihoods
averaged over the clusters for each class. Consequently, the performance has increased
by 6% to reach 74%. Confusion matrices are given in Table 5.3. This result indi-
cates that our clustering algorithm based on learning Infinite mixture of HMMs yields

comparable increments in the classification accuracy, which validates our algorithm.
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Figure 5.8. Feature extraction process for human action videos. Notice that, action
instantiations within a same action class (boxing in this case) tend show variability.
In the first sequence there is no motion in the legs, whereas in the second we have

substantial leg movement. So, it makes sense to learn a mixture of HMMs for each

class in training phase, to better capture the distribution.

5.3. Generative vs. Discriminative Models

We use the sequence data used in [2], to compare the classification accuracy of
the discriminative Markov model and the generative Markov model. The dataset has
6 classes of sequences, with 100 instances for each class. Each sequence is univariate,
continuous and of length 50. We discretize the sequences using 60 levels. Example
sequences are given in Figure 5.9. Confusion matrices obtained with 70 sequences for

each class in training, and 30 sequences for each class in testing are given in Table 5.4.

We see that discriminative Markov model outperforms its generative counterpart.
Seeing this result, one may conclude that discriminative models are superior than

generative models in supervised classification.

However, this is true, only when there is an abundance of training data [33]. In
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Table 5.3. Confusion matrices obtained from human action video classification. B:

Box, HC: Handclap, HW: Handwave, J: Jog, R: Run, W: Walk. The confusion

matrices obtained for training with EM and Spectral learning are given in the top

row. In the bottom row, we show the confusion matrices corresponding to doing

clustering in training phase.

EM, 70.1 %

BHCHW J RW

B |32 4 1 0 1 0
HC| 131 6 010
HW| 0 1 29 0 0 O
J 1 0 01720 3
R 0 0 0 710 O
W% 2 0 012 433
Clustering with Sampling, 74.0 %

BHCHW J RW
B (32 2 1 0 2 0
HC| 133 2 0 00
HW| 0 1 34 0 0 0
J 0 0 01819 6
R 0 0 0 413 0
W 3 0 014 430

Spectral, 68.1 %

B
HC
HW
J
R
W

BHCHW J RW
32 7 00 2 0
020 0010
1 9 3 0 0 0
0 0 07 70
0 0 01117 1
3 0 0181035

Clustering with Spectral, 74.1 %

BHCHW J RW

HC
HW

=

32 5 1 0 20

125 0 0 0 O
0 6 35 0 00
0 0 01310 1
0 0 0 820 0
3 0 015 435

Table 5.4. Confusion matrices obtained from classification experiment for generative

and discriminative Markov models. Corresponding classification accuracies are given

Discriminative Markov model, 84.67%

on top of the confusion matrices.

A B CDEF

0 E O QW

50 0 0 0 4 4
031 0 0 0 O
0 048 0 8 0
016 050 0 9
0 2 2 038 0
0 1 0 0 037

Generative Markov model, 53.57%

A B CDEF

0 " O QW o

50 0 0 O O O
0 50 21 18 28 36
0 029 022 0
0 0 032 014
0 0 0 0 0O
0 0 0 0 0 O
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Figure 5.9. Sequence data used in [2]. Classes are, A: Downward trend, B: Cyclic,
C:Normal, D:Upward Shift, E:Upward Trend, F:Downward Shift

Figure 5.10, we compare the classification accuracies of the discriminative and gen-
erative Markov models for varying size training sets. We divide the as 70 sequences
from each class for training and 30 sequences from each class for testing. We keep the
test set’s size as 30 per class for varying training set sizes. We observe that it is only
after we have a substantial amount of training data that discriminative model gain an

advantage.

Intuitively, it makes sense since, if there are not enough variability in the training
set, the discriminative tend to over-fit to this particular data, which is bad for general-
ization. However, generative models assume a certain data distribution, so their fitting

ability is less than their discriminative counterparts as discussed in Appendix A.
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6. CONCLUSIONS

In this thesis, we have studied four generative and two discriminative models for
sequence classification and clustering. The main offering of this thesis is the spectral
learning algorithms for mixture of Markov models and mixture of HMMs. We give the

conclusions and future prospects for each algorithm separately in upcoming sections.

6.1. Spectral learning algorithm for mixture of Markov models

In Section 4.3, we showed that a standard spectral learning algorithm as in [4,15]
for a mixture of Markov models requires an observable moment up to order five. In Sec-
tion 4.3.1, we have proposed a novel scheme for spectral learning of mixture of Markov
models. We propose learning a mixture of Dirichlet distributions, instead of learning a
mixture of Markov models. The experimental results on synthetic data demonstrates
that, spectral learning of mixture Dirichlet distributions yields better clustering ac-
curacies in all sample regimes (meaning the amount of available data items) than
spectral learning of a mixture of Markov models. Our approach also performs better
than learning a mixture Dirichlet distributions with expectation maximization, since
EM may suffer from unlucky initializations, unlike our method which does not require
initialization. We also observe that our approach gives meaningful clustering results on
a complicated dataset of network traffic data. Moreover, in a supervised classification
scenario, we see that doing clustering with our algorithm increases the classification
accuracy more than the expectation maximization approaches. Furthermore, using our
algorithm it is possible to find the number of clusters in a dataset as shown in Section
5.1.3. Overall, the approach is very easy to implement and computationally efficient,

and competitive in terms of clustering accuracy.

As shown in detail in Section 4.3, for models with temporally connected ob-
servations such as mixture of Markov models, high order moments are necessary to
express an eigen-decomposition form which reveals information about the parameters

in terms of observable moments. As future work, we plan on investing the hierarchi-
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cal Bayesian modeling viewpoint employed in Section 4.3.1, to derive similar spectral
learning algorithms for more complicated time series models such an HMM with tem-
porally connected observations. Also, as a short term object, we plan to derive a similar

algorithm for the continuous analogue of Markov model, the autoregressive model.

Also, we did not provide a proof for the sample complexity bound for our al-
gorithm as in [4]. As a theoretical part of the future work, we will provide a sample

complexity bound for our mixture of Dirichlet distributions algorithm.

6.2. Incorporating spectral learning in learning mixtures of Hidden

Markov models

Learning a mixture of Hidden Markov models requires the usage of a complicated
EM algorithm, which is computationally expensive, as discussed in detail in Section
3.4. Replacing the parameter estimation step with a spectral learning algorithm results
in a fast, simple and well-performing algorithm, given in Section 4.4. The experimental
results show that, the resulting algorithm is faster and more accurate than applying a

more conventional expectation maximization algorithm.

Deriving a standard collapsed Gibbs sampler for an infinite mixture of HMMs,
which finds the number HMM clusters is not possible since it requires an intractable
joint integral-summation over the model parameters and latent state sequence as shown
in Section 4.4.1. However, it is possible to generalize the algorithm in Section 4.4, to
handle infinite mixture of HMMs. We have validated our spectral mixture of HMMs
learning algorithm via doing clustering in training phase of a supervised classification

scenario. Our clustering algorithm results in an improved test accuracy.

Note that, this algorithm can not be considered as a complete spectral learning
algorithm, since we have a k-means type algorithm in the outer loop and we only utilize
the spectral learning as a subroutine. A fully spectral learning algorithm for learning a
mixture of HMMs is hard to achieve since we have an additional permutation ambiguity
caused by the cluster indicator variable h,,. For instance, the observation matrix can

not be identified without an arbitrary interchanging of the columns O. Since there
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are two layers of hidden variables, meaning a cluster indicator h, on top, and then
a latent sequence r,, it is not possible to estimate the parameters with a standard

eigen-decomposition because of the permutation ambiguity.

However, we can avoid the permutation ambiguity by learning a single HMM with
a block-diagonal transition matrix. A block diagonal transition matrix would result
in a reducible latent Markov chain with segregated regimes. Once sequence starts in
a certain regime, it can not get out of it. So, learning a HMM with block-diagonal
transition matrix for N sequences is equivalent to learning a mixture of HMMs. It is
not clear if it is possible to learn a HMM with a block diagonal constraint using the
standard spectral learning algorithms in Section 4.2. However, it is possible to consider
another method of moments based approach based on applying a matrix decomposition
on the empirical moments matrix P, in Section 4.2. Inspired by the HMM learning
algorithm based on non-negative matrix factorization in 34|, we consider the following,

optimization problem:

min || P, — OAdiag(7)O" ||%
0,AU —————
U

s.t. ZOM =1, ZAM =1, M.«A=0,1"U1=1,
] k

7

0>0,A>0,U>0

where, M is a masking matrix that ensures the block diagonal structure of transition
matrix A, and .x is the element-wise product operator. We have considered solving this
problem via coordinate-wise updates. In other words, we fix two variables from O, A, U,
and then update one via solving a convex optimization problem. This approach offers a
speed up compared to a traditional EM, since we do not have to do forward-backward
message passing. However, we have observed that the success of the solution is highly
dependent on the initialization. We are planning on investigating this problem further

by applying more clever optimization techniques other than coordinate-wise updates.
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6.3. Discussion on Spectral Learning and EM

Spectral learning algorithms are very exciting, first of all because of their sim-
plicity. Implementing an EM algorithm for a HMM is not easy. The code is lengthy
and there are a lot of potential sources for numeric instabilities. However, as the pseu-
docode in Figure 4.2.1 suggests, an alternative spectral learning algorithm is very easy

to understand and implement.

The simplicity also offers speed. A spectral learning for learning an HMM simply
amounts to accumulating some empirical moments, and then computing a low rank
SVD and some eigen-decompositions. Also, the algorithm does not require any sort of

initialization or iterations as EM does.

In spite of the elegance and simplicity of the algorithm, there are some drawbacks
in the works [4,15,16] which may prevent the widespread usage of the algorithm. First
of all, the constraint K < L can be prohibitive in some applications. However, there is
some very recent theoretical work [35] which shows that it is possible to derive tensor

decompositions that does not require this constraint.

The other aspect which may prevent the spectral learning algorithms from getting
in machine learning textbooks is the lack of generality. EM offers a very general
framework for learning in almost all class of latent variable models. Although there are
spectral learning papers for inference in general latent trees [36] and latent junction
trees [17], these works do not consider learning (parameter estimation). As shown in
the Section 4.3 and [16], for each different class of latent variables, we have to derive
a spectral learning algorithm almost from scratch, meaning there is a lack of general

framework which tells us how to relate the empirical moments to the model parameters.

It is also almost certain that spectral learning algorithms require more data than
EM for stable parameter estimates. As shown in Figure 5.1, we see that the perfor-
mance of the spectral learning algorithms is proportional to the amount of available

data.
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APPENDIX A: Generative Models and Discriminative Models

Generative models and discriminative models are the two principal classes of
models used in machine learning. The essence of the difference of these two model
classes lies in their objective function. In a supervised learning scenario given the data
x1.y and labels hy.y, to learn the model parameters 0, we train the generative models

via solving the following optimization problem:
0" = ar maxl |pxn 0, h, Al
g9 . (%] ) (A.1)

This expression maximizes the likelihood p(xi.x]0, h1.n) of the data points x;.x and
class labels hy.y, given the model parameters 6. Note that we separately train a model
for each class. Thus, primarily we aim to maximize the ability of the model to fit the

data, and separability of the classes is not directly addressed.

The discriminative models differ fundamentally from their generative counter-
parts by taking into account the class separability in training. In training discrimina-
tive models, we directly maximize the posterior of the class labels in order to learn the

model parameters:

p(Xn, hn| 0)
0" = argmax | | p(h,|x,, #) = arg max A2
s [Tl 0 = aspax [[ L2000 (12

The canonical examples for generative and discriminative models, respectively
are the Naive Bayes model and logistic regression model. Suppose we want to do
supervised classification on a dataset of N two dimensional datapoints. Let the true

class conditional densities be:

P(Xn| 0, hy = 1) =N (%0 11, 21)
p<Xn| 0, hn = 2) :N(Xn; H2, E2)
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Let us first consider classification with Naive Bayes classifier, which is a genera-
tive model. Using a generative approach would require a modeling assumption for
p(x,|0, hy). Given that these are the underlying true class conditional distributions,
the best possible classifier would use these class conditionals for classification. How-
ever, in real life we do not know the true distribution of the data. Suppose for this
toy problem we assume unit variance spherical Gaussians N (x,, |y, 02I) for class con-
ditionals. In training, we fit the class conditional densities, which in this case amounts
to simply computing the mean of the data items, for estimating py and ps. In test,

when a new data item x,, comes in, we classify according to the ratio;

= o (py — ) /20° — pi 1 /20 + i3 pia /20 (A.3)

If this ratio is greater than 0, the test data item x. is assigned to the first class,
otherwise to the second class. Next, to derive a discriminative classifier, let us consider

the posterior of the class label h, (assuming uniform prior p(h,,)):

p(xp|hy, =1,0)
plhn =1, 0) =2 h —20
p(xnlhn = 1,0) + p(x,|h, = 2,0)
B 1
o Xn|hn=2,0
1+ exp(log(ﬁ—%xnlhn:ib}; ))
B 1
L+ exp(a? (o — 1) /20% + i3 12 /20° — i ju /20%))
k2 a4
1

1+ oxp@l0 1 05)) (A.4)
where, the expression in Equation A.4 is known as the logistic function o (276" + 6}))
(and hence the name logistic regression). Notice that, altough we have assumed that the
class conditional densities p(x,|h, = 1, 0) are isotropic Gaussians with equal variances,
at the end, we have a generic linear discriminant as the argument of the logistic function.
We see that, in logistic regression, the choice of the model is equivalent to choosing
the type of discriminant function. For instance, having arbitrary covariance matrix
Gaussians as class conditionals would result in a quadratic discriminant function. To,

better appreciate the difference between generative and discriminative models, let us
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consider Figure A.1.

= Logistic Reg.
== Naive Bayes

4}

Figure A.1. Logistic Regression vs. Naive Bayes Classifiers. The decision boundary

are respectively shown with green and red lines.

When we learn the parameters 6 of the discriminant function, the main objective
of the optimization problem is to maximize the class separation as seen from Equa-
tion A.2, and as illustrated in Figure A.1: Logistic regression is able to classify more
data points correctly than naive Bayes classifier. Naive Bayes classifier fails to find a
decision boundary as good as its discriminative counterpart logistic regression which
takes into account the tail of the red data points distribution, because of the model
mis-specification caused by the isotropic variance assumption. Although it is simple
to fit two dimensional arbitrary covariance matrix Gaussians, in more sophisticated
real life models, there is almost always a model mis-specification associated with using

generative classification.

When labelled training data is plentiful, generative models give great general-
ization performances [7,33] (meaning they perform good on test data). However, in
practice we may encounter unlabeled data. Discriminative models can not handle

unlabeled data, so we have to use generative models, in this type of datasets.
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Even though the Naive Bayes and Logistic Regression Models we have considered
in this section are not sequential models, we have used them for their simplicity to
demonstrate the concepts of the generative and discriminative models. According to
the terminology in [33], logistic regression and naive Bayes models form a generative-
discriminative pair. Following the generative-discriminative pair convention, in the the-
sis, we introduce Markov model-discriminative Markov model and HMM-discriminative

HMM (which is in fact a linear chain hidden conditional random field (HCRF) [21]).
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APPENDIX B: Gibbs Sampling for an Infinite mixture of

HMMs using auxiliary parameter method

As discussed in Section 4.4.1, to derive a sampler for an infinite mixture model, we
have to take an integral over the model parameters 6. In [37|, there is an alternative
algorithm called Gibbs sampling with auxiliary parameters. We consider a mixture
model with H clusters, although there are only K occupied clusters. According to
this method, a sampling iteration is as follows (We continue the notation convention

in Section 4.4.1):

e For occupied K clusters;
We sample the parameters of cluster k, 0, ~ p(0;| {x; : I,r; = k}), from the
posterior of the parameters of cluster k.

e For unoccupied H — K clusters;
We sample the parameters of cluster k, 6 ~ p(6;), from the prior of the model
parameters

e Then, we sample hy.y, according to,

(i) For occupied K clusters;

N—TL
p(hn = k| by XN, Orx) o mp(XH Or.) (B.1)
(ii) For unoccupied H — K clusters;
of/(H-K
p(hn = k| by, XN, Orx) o ]\/I(T—ka)p(x"' Or.) (B.2)

(iii) If k> K, weset K = K + 1.

It is claimed in the paper that as H — oo, this algorithm converges to a collapsed
Gibbs sampler for an infinite mixture model. So, H should be chosen large, which is

the reason why this algorithm is considered slow. In order to apply this algorithm for
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a HMM, we have to first know how sample from the HMM parameters 6 = (O, A, r,,).

In the next section, we derive a Gibbs sampler for a HMM.

B.1. Gibbs Sampling in HMM

The full Bayesian model is as follows:

re|re—1  ~  Discrete(A,, ;) (B.3)
A,, ~ Dirichlet(c, ..., ) (B.4)
On ~ H (B.5)

xry  ~  p(a]Oy,) (B.6)

The variables are defined as follows:

r € {1,..., M} is the state indicator variable at discrete time ¢.

A, = A(:,m) is the state transition density from state m. (Alternatively, it can

be considered as the m’th column of the state transition matrix)

p(z¢|O) is the observation density

Om = O(:,m) is the parameter set used in the observation density at state m.

H is the prior density on the observation matrix O.

Note that in this model definition we did not include the first state distribution for the
sake of simplicity. Next, we have to derive the full conditionals. In order to do this, we
write the full-joint distribution and consider functional dependencies on each variable

to be sampled.

S

T T M
p(ajlzTarl:TaO?A) :Hp(mt‘rtyO)Hp(Tt’thla Hp Hp m)
t=1 t=1 m=1

= m=1
T M T M M M M

o [[TTpdon)t="TT TT TT 4w """ 1 A%ﬁHlp B.7)

t=1 j=1 t=1 m=1j=1 m=1 j=1
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[a = b] is the indicator notation and returns 1 if @ = b, 0 if @ # b. Then the full

conditionals are derived as follows:

p(Ay|others) o HA”"” HA%TJ.I

7j=1
x H Anm]+a o Dirichlet(n, 1 + o, ..., s + @) (B.8)
T
p(Ojlothers) o Hp Oy H p(x:|O0;)p(0;) (B.9)
tiry=j
M
p(ri|others) o Hp z¢|0;) ”_j]HAT:’:]]]HAﬁ:I] (B.10)
M
< J@l0)A, A )T for 1<t<T -1 (BA1)
j=1
M
x  [wlo)a, )i t=T (B.12)
j=1

Here n,, ; denotes the number transitions from state m to state j. Note that this is
the most straightforward Gibbs sampling scheme. In the sequel, we will sample the
indicator sequence ri.r in blocks. That is, we will sample trajectories. The reason
behind this is as follows; the basic Gibbs sampler which samples from each of the
variables independently tends to get stuck in a particular region. Consider the following
scenario: Suppose 11 = 1, 14 = 1, mp; = 0.99, 7,1 = 0.99, then it is very unlikely
that r, # 1, even though it is still possible. Therefore, if sample from the trajectories,
instead of the individual variables, we may better explore the search space. Generally,
the Gibbs sampling performs badly if there is a correlation between the variables.
The way to sample from the trajectories ri.r is as follows. Consider the posterior

distribution over sequences:

p(rir|zir) = p(re|err)p(re—a|re, wrr-1) - p(rie1 |7, T14-1) -« . p(r1|re, 21)  (B.13)

Note that,
p<7’t71|7ﬁt71’1:t71> & p<7’t717x1:t71>p(7’t|7’t71>

< ori—1)Ar (B.14)
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where,

p(rr, z17) o< arr) (B.15)

a(ry) is the forward message defined in Section 3.2.1, in Equation 3.15. We first com-
pute the all of the forward messages. And then, we first sample last indicator variable
rp from p(rr, z1.7) . Then conditioned on it, we sample ry_q from p(ro_q|rr, z1.0-1).

We go on like this until the first indicator variable.
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APPENDIX C: EM algorithm for learning mixture of
Dirichlet distributions

As discussed in detail in Section 3.1, in order to derive an EM algorithm for
a latent variable model, we first write the EM lower bound (We use the notation in

Section 4.3.1):

Q(Q, 0*) :+Ep(r1;N\31;N,a*) [logp(slcNa Tl:N|CV)]

N
= Ep(ry.wforar) 108 [ [ P(snlrn, a)p(ra)]
n=1
N K N K
=YY E([rn = k) log Dirichlet(a(:, k) + > Y E([ry = k])logp(h, = k) (C.1)
n=1 k=1 n=1 k=1

Omitting the second term (mixing proportions p(h,,)) for the sake of simplicity, we are

left with the first term to maximize. We compute the gradient of it, with respect to

a(l, k):

aa%((i: Z)) - ;E([m = k) (w(; a(l',k)) = v(a(l, k) + log sz,n) (C.2)

where, 9(.) is the Digamma function. Note that there is no closed form update equation
for a(:, k). We have to find the roots of this equations via some numerical method.
One additional thing to note is that, in order to ensure that o > 0, we can use an
interior point method. To do this, we introduce an additional term to be maximized
so that we maximize the function Q(6,6*)+ >, log(a(l, k)): If the alpha gets closer to
0, the log(.) function goes to infinity. So, we penalize the values that comes near zero.

Overall, we have the following gradient descent update:

ofl, k)" = all, k) +¢ (aa%(g’ Z>) " a(ll k>>

where, ( is the learning rate.
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