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tlZETCE 

Dogrusal ve zaman'la degismeyen sistemler icin: 

en iyi Hrneklenmis denetiminin eldesi ayrlken az ilkesi 

uygulanarak ve karesel maliyet HlcUtU kullanllarak ger­

cekTestirildi. AYrlk en az ilkes,?-, sUrekli sistem durum 

l1enklemleri ve integral performans indisleri aynk duruma geti­

rilerek uygulandl. En iyi denetimin' Hrnekleme hlZl' ile:ilin'ti'sinin 

cHzUmsel ifadesini bulmak Uzere genis bir eallsma yapldl. 

BHylece Hrnekleme hlZl ~~~isiminin kapall cevre sistem 
-performanslnl nasll etkiledigi arastlrlldl. 

En iyi Hrnekleme hlzlnl ve en iyi, geri besleme 

kazane dizeyini saptamak ieJn yukarldaki kurama bagll 

kalarak saYlsal yHntemler ve bir bigisayarprograml 

gel istirildi. Cesitl; dogrusal ve zamanla degismeyen', 

sUreclerde Hrnekleme hlZl ve en iyi denetimi, ie,eren saYl­

sal ~onuclar elde edildi ve her sistemle ilgilimaliyet~ 

hesaplandl. Ek~ola~ak, tanlmlanan zaman arallglnda 

dene~imin ve sistem durumlarlnln zamana baglldegisimleri 

C i z i ld i . 
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"", ,I i '/lO'ptlfnHl'l' Sampl'e'di'!"d'at'ad !co1n'fr!b1 Is' fo'r l'iin'ea\rii't"m1e"',· 

:;'n va r i"aln;t' 'p'ro't'e's 's' e' 5 wit hi qua d ria 1:1 (:1 C'o'slt! :c r'i te'r,~ a 'aire de­

termine~through the application 'of the discr~te ~inimum 

principle. In"order to apply the discrete minimum·ij:irinci­

pre' bothil'cont'fnuo'u's 'system's state equations and integral 

performance indices are discretized. An extensive work 

is done to find an.analytical expr,ession for the depen­

dance of the optimal control on the sampling period. 

Thus the effect of changing the sampling time upon the 

closed loop system's performance is investigated. 

Based on the theory cited abo~e origin~l num~ri­

cal methods and a computer program have been developed~ 

to compute optimum sampling period and th~ matrix of 

optimum feedb~ck gains. Th~n for various linear ti~e . 
... 

invariant processes numerical results are obtained for 

'~he sampling period and the optimal control and,the. 

assotlated costs are e~aluated. Add i t. ion all y th e t r'a - .. 

jectories of the states, and the controls are plotted 
,,-' 

within the time interval of interest. 

I.., 
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CHAPTER ,<.. 

INTRODUCTION 

One of the most frequent problems in the field 

of optimal control is the optimal liriear regulato~ pro­

blem. 

• It is well known that the optimal control u*(t) 

for te[to,t f ], for linear systems subject to a quadratic 

performance crtteria is ,generated by a 1 inear feedback 

control law of the form: 

~*(t) ; - Q*(t) ~(t) 

where ~(t) is the current state of the system and ~*(t) 

i-s the matrix of the feedback gains. The elements cif 

the matrix ~*(t) are computed frQm the solution of a 

nonlinear matrix differential equation', called the ma­

trix Riccati Equation. 

In spite of the apparent mathematical simplicity 

there are cer~ai~ engine~ring difficulties associated 

with the realization and implementation of the time 

varying feedback gains. It is generally not possible 

to compute ~*(t) accurately in an online manner. 
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These practical considerations impose further 

restrictions on the controller- The goal is to deter-

mine a linear feedback law which ;s relatively easy to 

implement, but which results in a system performance 

closest to the.optimal. Such 'controllel'i's are refer.red to 

as suboptimal control schemes in which a trade-off be­

tween mathematical optimality and pra~tical usefulness 

is made by constraining the structural form of the time 

varying feedback gains, while ,leaving various free para-
.. 1\- , 

meters to be chosen in an optimal manner. One form of 

~'the feedback gain structures that leads to a suboptimal; 

control for a linear regulator system is the piecewise 

constant gains which are relatively easy to implement. 

The piecewise constant gains can be obtained 

through a sample and hold mechanism,' and the control 

schemes established in this manner form sampled data 

control systems. 

In addition to the practic'al restrictions stated 

above that favor the use of sampled data systems in 

which the sampling operation occurs between the plant 

and the controller, the nature of the system itself may 

dictate the use of sampled data. Among such systems 

those that have a telemeter link in the' feedback loop, 

or use a single instrument to monitor several variables 

in a sequential manner may be mentioned. 

When the sampling operation is introduced to the 

system, one has to choose ~ convenient sampling s~rategy 
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,if ,it is not inherently imposed by the system itself. 

Due to their relative simplicity, sampled data control 

systems generally have fixed sa~pling frequencies. But 

~everal non-uniform sampling schemes have been proposed 
. -

in the literature. The rationale behind these sampling 

schemes is to achieve a given performance using more 

information about the sy~tem str~cture. In this case, 

the problem is finding a system signal ~nd the functions ~~ 

of that signal for controlling the variable frequency 

sam"pler, so that over a given till~t interval fewer samples 

~will be needed with the variable frequency system than 

with a fixed frequency-system while maintaining essen­

tially the same response characteristics. The cost of 

the savings produced by reducing the overall number of 
.. ~, 

samples, is increased complexity of the adaptive samp­

ling systems. 

In addition to the simplicity in implementation, 

a fixed rate sampled systems facilit~tes the use of time 

sharing strategies which achieve economy in the 4Se of 

equipment. 

In this thesis, an algorithm has been dev~loped 

to compute optimum ~amp1ing period and the matrix of 

optimum feedback gains for a linear system employ~d in 

a regulator problem. The structure of the thesis is as 

follows. 

In Chapter 2 the optimal regulator problem is 

studied for the case of continuous time system and ~amp-
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led data systems. :In the latter case the regulator pro~ 

blem is transformed into an-equivalent discrete-time 

problem and thus through the application of the Di'~crete 

minimum principle the Matrix-Difference Riccati Equation 

is derived. ,Then the optimal control law is determined 

as a function of the solution to the non-linear Riccati 

matrix differenc~ equation. Using this control law the 

optimal closed-loop sampled data system design is achieved. 

Finally, the stability of the optimal closed loop system 

is examined by considering the location of its eigen-

values. . ... ~ 

In Chapter 1, the problem of choosing a suitable 
" sampling period and its effects on the closed loop opti-

mal system I s performance is t re~lted. The be ha v i 0 ro f 

the optimal cost as a function of the sampling period 

;s investigated analytically. Experimental results 

based on the computer st~dies are also presented. 

In Chapter' 4. t~e overall package program which 

can be used in the design of optimal sampled-data or 

discrete regulators is presented. A simplified flow 

chart. which describes the general features of the pro­

gram flow is given. The use of the program and sub­

routines and their properties are explained briefly .. 
I • • 

Finally in Chapter 5 concluding remarks and sug­

gestions for further study and de~elopment are given. 
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CHAPTER 2 

OPTIMAL SAMPLED DATA LINEAR REGULATORS 

Consider the linear time invariant dynamical sys~ 

tern, modeled as 

(2. 1 ) 

(2.1 a ) 

l(t) = C' ~(t) + Q ~(t)_ (2.2) 

where 

~(t ) - state vector e: Rn 

y(t) - output vector e: Rm 

~(t ) - input vector e: Rr 

and 

A - (nxn) system matrix 

B - (nxr) input matrix 

C - (nxm) output matrix 

In order to simp 1 i fy the problem it is assumed 

that the system is time invariant, and therefore A,~ 

and C are constant matrices. Also for physical systems 

those matrices 'are assumed to be finite dimensional. 
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It is further assumed that D = O. 

With the above system equations the regulator 
. .-~ 

problem can qualitatively be stated as follows: 

Suppose that initially the plant output as given 

by (2.2) or any of its derivatives, is non-zero. Pro­
"-

vide a plant input to bring the output and its deriva-

tives to zero. 

In other words, the problem is to apply a control 

to take the plant from a nonzero state prefer~bly as 

fast as possible to the"v:zero state .. If the constant matrix 

pair A and B [~,~] is completely controllable, then 

this objective can be achieved. The definition of com-

plete controllability requires that there exists a con­

trol takin~ any nonzero state x(t o) at time to to the 

zero state at some time t f . In fact, since A and Bare 

constant, t f can be taken as close to to as desired. 

However, the closer t f is to to the greater is the ~mount 

of control energy (arid the greater is the magnitude of 

control) re~uired to effect the state transfer. In any 

. eng~~eering system an upper bound is set on the magni-

tud~ of the various variables in the system by practical 

considerations. 

Therefore, t f can not be taken arbitrarily close 

to t without exceeding these bounds. In addition the o . 

actual control can not be implemented as a linear feed-

back law for finite t f unless one is prepared to ,tolerate 

infinite.entries in ~(tf) where G is the controller gain, 
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Any other control sche~e for which one or both of 

the above objections is valid is equally unacceptable. 

In an effort to meet the first objection, it is 

necessary to keep some measure of control magnitude, 

such as 

bounded during the course of control action, where R is 

la symmetric positive definite matrix. 

In engineering problems, however, driving' the 

state near enough to the desired state may be accepted 

as a satisfactory solution to'the control problem. So 

the aim of achieving the - zero state will be relaxed 

and it is merely required that the state as measured by 

some norm should become small, for some fixed time t f . 

The term !I(t) ~ !(t), with ~ some positive de­

fi'nite matrix, if ~ade small meets the requirement. 

Also, it is clearly helpful from the control point of 

view to have 11!(t)! I (Norm of State Vector) small for 

anyt 'in the interval, over which control is being exer-

,cized, and this fact can be expressed as making the 

term: 
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small. Where ~ ;s a symmetric positive definite matrix. 

The desirable properties of a regulator system 

may be summarized as follows: 

?roperty 1: The regulator system should involve 

a linear control law, of the form 

Property ~: The regulator scheme should ensure 

the smallness of quantities such as 

t 
t f f ~(t) ~ ~(t) dt , 

o 

where R, S, and Q have the positivity properties men­

tioned earlier. 

Now, if the specified control input over the time 

i nterva 1 of defi ni ti on of the system [to' t f ], where to 

is the initial time and t f is the final time; is ~(.), 

then the trajectory of the state generated by the con­

trol ~ starting at state ~o at time to is given by the 

equation 

t f . A(t-t} 
J e- B u (t) dt 
t - -

a 

(2.3) 

:' 

The above expres~ion indicates the entire time response 
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of the system. 

If the final time t f is assumed to be infinite 

then an ordered set of real numbers, called the time 

set, can be used to indica,te the successive time ·points. 

(2.4) 

If however the terminal time t f is finite, an 
... ~ 

assumption is made that the time interval of interest is 

subdivided into a sequence of N intervals of equal length 

• T 

or (2.5) 

where the constant T is called the sampling period or 
•• .,J, 

sampling interval. 

Next, a crucial assumption is made on the struc­

ture of the time function ~(t) which requires that the 

control vector u takes some constant value over a par­

ti~ular interval and that changes in the values of ~(t) 

occur only at the sampling instant ti' The.constraint 

imposed above corresponds' to the sample and hold opera-

tion, therefore, 

f')r t +iT<t<t +(;+l)T o -- - 0 
(2.6) 

where i = 0,1, ... , N - 1 
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A choice for the cost crierion with respect to 

which the performance of the sy .. stem is optimized is of 

the form of a quadratic functional as required by Pro­

perty 2 mentioned ~arlier. 

+ 1 
2 

(2.7a) 

The above choi ce for the form ,of performance index is 

appropriate to achieve Property 2. Since the main con­

cern is maintaining the output close to the zero vector 

a me a sur e i s d e fin e din "'1; e r m s . 0 f 0 u t put ; n (2. 7 a) . 

Th.e notation <~,.!i' ~> is used ,to denote the inner 

product of vectors a and M a. But for simplicity in 

writing in the foregoing paragra~hs ~I~'~ will be used, 

wh~re the superscript prime .denotes transposition. 

In (2.la) the matrix F is used to we.ight the ter-

mi~al deviation, the matrix Q to weight the output tra­

jectory deviation, and .the'matrix ! to penalize .the ex­

ces~i¥e magnitudes .of the control input. t and Q are 

positive semidefinite~ mxm symmetric matrices not both 

identically zero, and R is a positive definite, symmetric 

rxr matrix. 

These requirements are necessary to ensur~ the 

linearity of the feedback law. 

If the ou~put equation (2.2) is used to eliminate 
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the output l' from (2.7a) so that the cost functional 

can be expressed in terms of states as suggested by 

Property 2, ,then the cost functional takes the form: 

2 

t 
f f[x'(t)C Q C'x(t) + ~'(t)~ ~(t)]dt 
to - - -

(2.7b) + 

The sampled data optimization problem under considera­

tion can be formally stated as follows: 

Given a dynamical system characterized by equa­

tions (2.1) through (2.6) with piecewise constant inputs, 

determine a control sequence 

{u i ' i - 0,1, ... , N-l} 

that minimizes the quadratic cost functional J of equa­

tion (2.7b) while driving the system from an arbitrary 

initial state to zero state. 

This regulator problem can not be solved" direct­

ly, because the admissible controls are constrained to 
, 

be piecewise constant. , 
Nevertheless, it is possible to transform the 

problem from a constrained one to an unconstrained one 

by integrating the differential equation and the cost 

functional and thus going from a continuous time problem 

to a discrete time one. 
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THE EQUIVALENT DISCRETE TIME OPTIMIZATION PROBLEM 

The optimization problem that was posed at the 

end of the previous section can now be transformed to an 

equivalent discrete time one in a form that permits the 

direct application of the discrete minimum principle~ 

The transformation is accomplished through the 

use of the state equation (2.3) evaluated for t.<t<t. 1 
1- - 1+ 

thus expressing the state at (i+l)T in terms of the state 

at iT and the constant control u(iT). The resulting dis-

• crete time system is obtained as: 

where 

T = t. 1 - t. 
1 + 1 

for i = 0,1., ... , N-l 

It is observed that -the matrices '<1> and D are time 

invariant but depend parametrically on the size of samp­

',lingperiod T. This can be shown as follows: 

and 

A(t. l-t.) 
.~Jti+l ,t i ) 

- 1 + 1 e = e = 

t. 1 
D(t·1,t.) = f ;J' !(t i +1 ,t) - , + 1 t. , 

T 
= f !(t,O) B dt 

o 

AT 
= !(T,O) (2.9) 

T At 
B dt = f e B dt 

0 

(2'.10) 



1 3 

w her e ! ( T) i s the fun dam e n tal mat r i x (S T t1) and i s non 

singular. In order to simplily the expressions in the 
. I 

subsequent paragraphs, with no conceptual loss in gene-

r ali t y, the i nit i a 1 tim e.,> to will bet a ken to coin tid e 

with the origin as was done in equations (2.8) and (2.9) 

above. 

The cost functional of eq~tion (2.7b) can be ex­

pressed as the sum over i of N integrals and, if the 

state equation (2.3) is substituted into each integral 

and- if the fact that u is constant over the interval of 

leach integration is taken into account, then the fo1-
"~' 

lowing expression for J is derived (See Appendix A). 

N-l 
= 21 L~. N ~ ~ N 1 + ~- t ~ I i Q x i 

2 -i =0 

+ 2 Xl. M U. ~ u l • R U. 
- 1 - -1 _., 1 - -1 

where the weighting matrices ~ g ~ and R respectively 

given as: 

s = C F CI 

. . t. 
il = .9. ( t i + 1 ,t i ). =. f 1 ! ( t , t i) ~ Q C I .P. ( t , t i ) d t 

t. 
1 

T A't At 
= f e £ Q £( e dt - Q(T,O) 

o 

(2.12a) 

(2.12b) 

M =, ~ ( t ; + 1 ' t; ) 
t. 1 

= f 1+ <pl(t,t;)£ Q £1 Q(t,t;)d~ 
t. 

1 
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T A Itt AS 
= f e ~ Q ~I [ f e ds]Bdt = ~(T,O) 

o o 

(2.l2c) 

and finally, 

.. 

.. t. 1 
~ =.~ ( t i + 1 ,t i) = {. 1 + [~+ Q I (t , t i) ~ Q ~I Q ( t ,ti )} d t 

1 

T 
= TR + B' {f 

o 

= .~(T ,0) 

t ·A'S t 
[ f e dsJ~ Q ~I [r 
o 0 

AS 
e ds]dt}~ 

(2.l2d) 

In order to simplify the appearance of relations. 

the arguments (T,O) of the above ~ransformed matrices 

are suppressed. 

These weighting matrices are time invariant and 

depend parametrically on the sampling interval. How­

ever, if the sampling period is not constant (for in-....... 

stance, adaptive sampling systems, or state dependent 

sampling systems) then the discrete time system and the 

weighting .matrices would become time varying, that is; 

they woud depend on the index i even though the con-

tinuou~-time system. was time invariant .. Furthermore, 

it can· be sh6wn that if Rand Q are symmetric positive 

definite and semidefinite respectively, so are ~ and Q. 

This property is essential for the existence of the so­

lution of the Riccati equation which will be derived in 

the following section. It should also be noted that 
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Q, M and R can be evaluated num.erically for a given 

sampling period T. 

With the above transformations the problem can' 

now be formulated as a discrete optimal control problem. 

The equivalent discrete time optimization problem 

can be restated as follows: 

Given the linear discrete time system 

~ i + 1 = ! ~ i + 0 ~ i ) ~o = ~ ( to) 
'. 
determine the control sequence 

{u.*, i = 0,1, ... , N-1} 
1 

' .. ~ 

(2.13) 

(2.14) 

and corresponding trajectory {~i*}' such that the cost 

functional 

~ 

+ 2 x. I. M u. + u. 1 R u.] 
-1 - -1 -1 --1 

attains its minimum value. 

(2.15) 
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APPLICATION OF THE DISCRETE MJNIMUM PRINCIPLE 

At the end of the previous section the discrete 

optimization problem has been stated, and to avoid re­

dundancy it is not repeated.here: Si~ce the objective 

is to minimize J given by equation (2.15) subject to 

the constraint equations specified by (2.13), the pro­

blem of this type may be treated as the minimization 

problem involving a function of several variables. 

To get the Hamiltonian function the performance 

• ind~x, J of equation (2.15) is augmented through the 

use of a set of Lagrange multipliers O'i' i=O,l, ... ,N-l} 

and the constraint equations (2.13). 

Boundary conditions are as follows: 

a) Initial time and state are fixed, i.e., 

t = 0 o = x 
-0 

b) Terminal time may be free or fi~ed. The 

former corresponds to an infinite-time 

regulator problem while the latter to a 

finite' regulator problem. 

c) Terminal State is fixed, that is, it is 

specified as the orgin for the linear 

regulator problem. 

The form for the Hamiltonian is: 

·., 



= N-1 1 1 
H 1: {-x.'Ox.+x.iMu + u.'Ru. 

i =0 2 -1. .-'- -1 -1. - -; 2 -1 - --1 

+ X'. 1 [<1> x· + D u. - x. 1]} 
- 1+· - -1 - -1 -1+ 

17 

(2.16) 

Since the variables are X., u. and _Xl' we seek to 
-1 -1 

obtain the partial derivatives of H with respect to al"1 

" of the abo v e va ria bl e s for all val u e s of i , and t h en 

equate them to zero. 

aH 

° V i=O,1, ... ,N-1 (2.17) = 
a~1 .. "! 

aH 

° V i i=O,l, ... ,N-l (2.18) = 
au· 
-1 

'I'-

aH 

° v i 1=O,1, ... ,N-l (2.19) = 
ax. 
-1 

Equations (2.17) through (2.19) comprises the necessary 

conditions for H tohav~a minimum. However, as might 

be seen from equation (2.16) the individual' relations 

(2.17) through (2.19) involve the differentiation of 

quadratic terms lik~ Xl M U, Xl Q x, and u l ~ X'. --- -- - """:' .. -

Each of the above expressions is a scalar, but 

requires a differentiation with respect to the vector 

variables x and u. 

Now the differentiations as indicated by the ne-

c e s s a r y con d i t io n s w ill be car r i e d 0 u t for ; = ° , 1 , . .' . ,N - 1 . 
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()H Q x. M u. III '>... 1 0 V ; (2.20a) = + + - >.. • = 
ax. - -1 - -1 - -1+ -1 
-1 

aH M'x. R D'A' 0 V i (2.20b) = + u . + 
au. - -1 - -1 - -1 + 1 
-1 

aH 
~ x· o u· 0 IJ i (2.20c) = + - x· 1 = 

in· - -1 - -1 -1+ 
-1 

For i = 0: 

aH 
.9. ~o M u ~'A 0 (2.21a) = + + = 

a~o 
- -0 - ,...1 

aH M'x + B. ~o + 0 ' >.. 0 (2.2lb) = .-
, alo 

- ...:.0 .-. -1 
I I 

aH 
cf> x + o u . + 0 (2.2lc) = ~1 = 

a~o 
- --0 - -0 

But, when i = N-l , a term with the index N appears in 

H as given by equation (2.1'6) so this should also be . 

included in our conditions a 1 so, 

= ~N = 0 (2.2ld) 

This condition specifies a boundary value for the' 

set of Lagrange multipliers at time i=N. This boundary 

value will be used in the solution of equations (2.20) 

and (2.21). 

From (2.20a) and 12.20b): 
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A· = Q x. + ~1 u. +cp' A . 
-1 -- -1 -1 - --1 + 1 (2.22) 

- R u· = Mix. + OIl.. 1 or 
- -1 - -1 - -1 + 

i, : i ".: .. 
~ 

.~i* = - B.- 1 L~.'~i + Q.1~i+l] (2.23) 

This latter expression for ~i comprises an open loop 

optimal control law for the system (2.13). If this op­

timal value of ~i is substituted into equation (2.20c) 

the following expression is obtained for the states 

I. 

or 

~i+l = <I> x­
-1 

-
+ 0 (- B.- 1 (!i'~i + Q.'~i+l)] 

-
~i+l = (! - Q _~-l!,!I)~i - Q R Q'~;+l 

In order to simplify the results of optimization the 

following matrix is defined: 

e .= cI> (2.24) . 

then, 

=8x.' DROll.. 
- -1 - -1 + 1 (2.25) 

This optimum ope~ loop control law may now be 

turned into a feedback control law with the introd~ction 

~& '~n"~~ +~~nc~nrm~tinn known as the Riccati transfor-· 
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mation, which relates the state vector to the Lagrange 

multipliers vector. 

'4 

"-\.1' :; P. x. - -1-1 (2.26) 

,,' 
If this transformation is used to ,eliminate ~i in equa­

tions (2.22) through (2.25) the following resulti are 

obtained: 

P. x· :; .9. x· + M u· * + <pI P. 1 x. 1 (2.27) -1 -1 -1 -1 -1+ -1+ 

u· * :; - R -1 [M I x . + 0 1 

1:i+l ~i+l 1 (2.28) -1 - --1 
-,"'" 

. 
x. 1 ;:; U_ + 0 R- 1 0' 
-1 + 

P ] -1 
-i + 1 e x· --1 

(2.29 ) 

Equation (2.28) is substituted into equation (2.27) 

. 
fi~i :; g ~i + M {- ~~[M'~i +, Q'fi+l ~i+ll} 

. . 
+ ~. fi+l !i+l = [g - ~ ~-1~1] !i 

. 
Recall that e was defined as <l> - Q B.-l~l, then <P-MR-1D I 

is recognized as e I, since B. is assumed to be a symme­

tric matrix. Again for simplicity a matrix r is defined 

as: 



~ , 

r = .9. - M R- 1 t.1' 

/F:; n a 1/1 y/,' the' eq ua ti on ca n be: 'pU't/ i n' th e', fo rm 0 f 

p.x. = r x. + alp. lX' 1 -1-1 - -1' - -1+ -1+ 
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(2.30) 

(2.31) 

Solving for ~i* in terms of fi after eliminating ~i+l 

terms by substituting e~uation (2.29) into (2.28) yields, 

~ A 

= - {R-1M I + R-10IP. [1 + 0 R- DiP. 1-Le}x. 
- - -1+1 - - -1+1, --1 

Application of the matrix operations on the above equa­

tion, considerably sim~fifies'the expression (see Appen-

dix B I) 

A 

U . * = - {R -\. M I + [B. + 0 I P . OJ -1 0 I P . G } x . ' 
-1 - - -1+1- - -1+1- -1 

u.* 
-1 

- G. X. 
-1 -1 

where the feedback gain matrix G.is given by 
-1 

A A 

Q; = R-1M' + L~ +Q'fi+1QJ-IQ'fi+l a 

(2.32) 

(2.33) 

This is the sampled data optimal feedback control law. 

It states that in order to evaluate the constant con-

tro1 for the interval [iT,(i+l)T], only the state at time 

iT has to be measured. 
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Alternatively, t~eelements of the matrix G spe­

cify the optimal weighting of the states. 

In the case of finite time regulator G is a time 

varying matrix, that is the elements of G change as the 

index i changes and approaches a constant as the final 

time t f approaches infinity, so the regulator becomes 

an infinite time regulator. 

The structure of the optimal salllpled-data feed­

back control system is shown in Figure 1 below: 

0 
x 

~J -0 
x 

~ r> jo, 

f C1 

B \)~ ... .-- -
+ 

A· t<: -

~ '(k T) ~ (k T) 
'IT I~ 

G Z.O.H. - Isampler -

·FIGURE 2.1. The Structure of the Optimal Sample~-Data 

Feedback Control System. 

In order to obtafn the final form of the Riccati 

transformed expression equation (2.31) is considered. 

Substitution of equation (2.29) into (2.31) for 

x. 1 Y i e 1 d.s : -1 + 
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f ina 11 y-, 
~ 

P. ;:; elp. 1[1 + DR-1D ' P. J- 1 8+ r -1 -.-1+ - -- - -1+1 (2.3~a) 

After applying matrix ~nversion l~mma (See Appendix B II) 

on the above equation, the required matrix multiplications 

are considerably reduced 

~ 

. p. 
-1 ;:; ~'{fi+l - fi+1Q[~ + Q'fi+1QJ-IQ'fi+l}~ + r 

This form -of the Riccati equation is more useful 

than equation (2.33a) because it simplifies the necessary 

calculations during the numerical solution of the problem. 

The nxn time varying matrix fi is ,the solution 

to the matrix Riccati difference equation (2.33b) with. 

the boundary condition (See Appendix D). 

(2.35) 

The minimum cost J*', associated with the optimal trajec­

tory from state Xj at time tj to the final time tN ;:; t f 

has been shown (1) to be 

1 J*(x.,t.;tN;u*);:; < x., p. x·> 
- J J - 2 --J --J J 

1 . 
;:; -(x.lp.x.) '(2.36) 

2 -J -J-J 
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As in the continuous case, the solution to the 

Riccati equation ~etermines t~e feedback gain matrix, 

the optimal closed-loop system and the minimum cost. 

Consequently, investigation of its properties yields 

information about the optimal system'sperformance. The 

first result concerns the matrix r defined by equation 

(2.30). 

Lemma 1: The symmetric matrix i. is positive 

semidefinite, if f Q £1 is positive semidefinite. 

Proof: Let f Q f' be positive semidefinite. The 

cost Jof equation (2.7a) can be expressed as: 

J = 
1 N-l 
~N'~ ~N + L 

2 2 i =0 

~hich is non negative. Each integral of the sum is also 

~on-negative since the integrand cannot be negative, 

i. e. , 

L. = , 

If a piecewise constant control function is assumed then 

the integral above becomes: 

> 0 
-, 

N 1 t be g,'ven by: ow e .l:!.; 



then 

L. 
1 

~ 

u . 
-1 = - R- 1 W 

~ ~ 

= x. I 

1.9. - 2 ~1 R- 1 H' 
-1 

~ ~ 

= x· I [Q - M R- 1 

-1 

= X.I f x. > 0 
-1 --1 

!:! I ] 
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x· -1 

~ 

+ ~1 R- 1 f11 1 x· -1 

x· -1 

S i n-c e t his h old s t rue for all ~ i '. i t f 0 1 low s t hat f i s 

.positive definite. Similarly if ~Q~I is positive de­

finite, then so is f. This result is essential for 

the existence of the solution to the Riccati equation 

for all f. 

The sequence of solutions {p.} consist of symmetric 
1 

positive semidefinite matrices. Semidefiniteness can 

be justified directly from the quatratic form of equation . 
(2.p6) since the optimal cost is non negative. 

If time invariance is assumed, then the sequence 

{E i }, i = N , N - 1 , . . . ,0 ism 0 not 0 n i cally non dec rea s i ·n 9 . 

Furthermore, if the discrete system equation (2.13) is 

controllable, then the sequence is bounded from above 

for any value of N (6). 

INFINITE-TIME REGULATOR PROBLEM 

The results described in the previous -paragraphs 

are based on the assumption that the interval of defini-
-_'!II __ t_ • ... 



2G 

tior of the sy~tem is finite, that is, the optimization 

problem is considered to be a finite time regulator. 

These results are now extended to cover the infinite 

Ume regulator. 

As the terminal time t f approaches infinity. t~~ 

discrete' c.ost-functional o'f equation (2.15) b(~cc;nes: 

J L~o ' to' ro , y] = 

= E [x.1Q. + 2X.IM u· + u.IR u.l 
2 i = 0 -1 - , -1 - - 1 -., - - 1 .. 

1 (2.37) 

where the terminal cost matrix r has been set equal to 

z.ero. 

where 

The optimal control lQW is given by: 

u.* = 
-1 

G = R -1 rvl I + 

Gx* ;···O,i.2 •... -i ' 

+ DiP DiP e 

v ." ;~ i EI !' 

(2.)E) 

~ t h t' F l' '. r ... . '0' l"'~' I'~ ~. "n \' l'} .... ,';. \. '. ," • :- ••••. ....!. 'fl ,'? ~." ~,.-:'l" \ ~':I ;(' '," ':,' Oi·. e mC) )",\. " ',:C\" .. ·.:i"','.I\.:, .:. ... /C.!. _ . -. ". 
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Since the feedback gain matrix is constant, the 
'''''. 

closed loop system is time-invariant. Substitution of 

equation (2.36) into systems equation (2.13) yields 
~ 

x. 1 = [! 0 §J X. 
-1 + - -1 

A 

= fl - _~ (ll + 0 1 P QJ -1 !? 1 fJ e x. 
-1 

-."'" 

- <1>* X. 
-1 

(2.40) 

The steady state solution f exists and unique, provided 

the discrete system is controllable. In general, f is 

positive semidefinite, but if the system is also obser-

vable, then it is definite. 

STABILITY OF THE TIME INVARIANT REGULATOR 

Consider the closed loop system equation (2.38) 

repeated here for convenience. 

(2.41) 

The optimal closed loop system is stable if absolute 

val~es of all the eige,nvalues of !* matrix are less than 

one, that ;s 
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If the above inequality holds true for all J, 

then it is said that th{ close.d loop system is stable. 

If, however, a single root is equal to one in absolute 

value, then the optimal closed loop system is marginal­

ly stable. If the absolute value of single complex 

eigenvalue is exactly one, then this produces sustained 

lIos c illationsli of angular frequency 21r/~}T where T is the 

sampling interval and~} is the angle of the root, i.e., 

This is also form of marginal stability. In the case 

that more than one eigenvalues are found to be equal to 
, 

one in absolute value then the stability of the system 

is determined by the minimal polynomial. For stability 

the minimal polynomial should not have multiple eigen­

values on the unit circle in the complex plane. 

Instability' may arise due to two factors: 

1. The original open-loop system is unstable. 

2. The unstable trajectories do not contribute 

in any way. to .the performance index - in a 

sense, the unstable states are not observed 

by the perfdrmance index. 

If (1) and (2) is true, then there would be 

grounds for supposing that the closed loop system would 

be unstable. 
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To ensure asymptotic stability of the closed-loop 

system it is necessary to prev~nt the occurrence of (1) 

and (2'). I nth i s the sis u n s tab 1 e 0 pen 1 0 0 p s y s t ems are 

not considered. Thus the occurrence of (1) is avoided. 

-, 

The performance index of equation (2.7a) was de­

fined in terms of output and then using output equation 

(2.2) output y is expressed in terms of state x and the 

equation (2.7b) was arrived at which is repeated here 

for convenience. 

+ 1 
2 

(2.43) 

where Q is chosen such that the pair [~,I] is observable 

where r is the matrix such that 

Q = rr l 

_~x 

'1"-
Then, all trajectories will show up in the ~IQX! part of 

, 

performance index ~f equation (2.43). It has been shown 

I (7,8,9) that the above choice of Qx matrix ensures the 

stability of the closed, loop system. Thus, any potential­

ly unstable trajectories will be stabilized by the appli­

cation of feed-back control. 
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CHAPTER 3 

EFFECTS OF THE SAMPLING PERIOD ON THE 

CLOSED LOOP SYSTEM'S PERFORMANCE 

The design of optimal sampled data linear 

30 

tor~ described in the previous chapter deperids parametri-

cally on the size of sampling interval T. If the sump-

ling interval T is specified beforehand, then opti~al 

design associated with this value of T can be determined . .. , 

In practice, however, it might be desirable to work with 

a range of acceptable values, or alternatively, with 

qualitative criteria for T ~nd so~e desired performance 

characteristics for the overall closed-loop system. In 

that case, knowledge for the parametric dependence of 

the optimal solution on .he sampling time T is ~equired. 

But the nonlinear nature of the Riccati equation forces 
." 

one to obtain solutions numerically for different values 

of T, on a digital computer. Then, based on the results 
. 

obtained in this manner, the sampling period which gives 

the best performance can be chosen. But, this however 

is a time consuming, and costly operation. Therefore, 

it is of interest to obtain information on the effect 

of the choice of T on the optimal-closed-loop system 
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performance without actually s<olving ,nulllerically the 

problem. 

A rational way to study the performance of the sys­

t e m wit h res p e c t tot h e c hoi ceo f sam p 1 i n g tim e ,i s to 

display the effect of T on certain characteristic quan­

tities, such as the optim~l cost, the eigenvalues of the 

closed loop system, etc. Since for each choice of T 

there is an optimal cost J* associated with it then, the 

optimal cost is a very good indicator of the systems 
-

performance. It;s then natural to choose it as a per-
f ~ 

formance criterion even though it depends on the initial 

conditions. Ideally, it would be desirable to obtain 

an analy~ica1 expression for the optimal cost as an ex-
I 

plicit function of T and then investigate the change of 

J* with T, i.e., eva1uale aJ*/'dT with respect to T. 

Since the optimal coit is given by 

J* ::; 1. x 'P(T)x o (3.1) 2 -0 - -

which is a highly nonlinear function of T. The above 

approach does not yiel"d a useful expression, because, 

the" resulting expression for the derivative requires 

more computational effort than the actual solution of 

the problem. Alternatively, if the optjmal cost (3.1) 

is normalized with respect to initial conditions, it is 

then possible to obtain upper and lower bounds that are 
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It has been shown (2) that if A . {P} and A {P} ". mln__ max-

denotes the minimum and maximum eigenvalues of the sym­

metric positive semidefinite matrix P, then the following 

inequality holds for all values of x other than zero. 

1/2 ~Ol.!:. ~o 
Amin {P} < < Amax{E) 

1/2 x IX 
-0 -0 

( 3.2 ) 

For simplicity, the normalized ratio is denoted by 

s* (T) ~ (3.3) 

so that equation (3.2) becomes 

'. 

A . {P} < t*(T) < A {P} mln - S max -

Numerical solutions showed that the cost increases very 

slowl~ for small T, and for large T the curves become. 

straight lines. This fact is illustrated in Figure 3.1 

where~curves A and B correspond to two sets of data. 

This implies that there are ~wo basic modes of behavior 

oft h e s y s t em. The' f i \' Still 0 de, for sma 1 1 T, i s e ~ sen .­

tially similar to that of th~ optimal continuous system 

and it exhibits fast oscillatory response. In the second 

mode the effect of the feedback is to make all the closed­

loop eigenvalues real and negative; that is the optimal 
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system is overdamped. In the transition region between the 

two modes each successive pair of eigenvalues betomes a 

pair of negative real ones. It can be concluded, there-". 
fore, that a satisfactory upper bound for desi,gn values 

"". 

Upper bQund 
.0 (,0 

2.0 Lower bound 
"'min f 

T 

'" max{.!:) 
Upper bound 

bound 
A Illin {f} 

~====::::::::;:=--.;. 
1, 

FIGURE 3.1. The normalized optimal cost as a function 
of the sampling period. 

of the sampl ing interval, such that the cost increase 

remains small, is the smallest T for which all eigen-

values of the optimal clos~d-loop system become real. 

On the other hand, T cannot be increased arbi-

t r a r i1 y . B e c a use Ny qu i s t c r i t e ria d e t e r In i n est h e h i g h est 

possible value T can take as, 

( 3 .4) 

. 
where "'max is the largest eigenvalue of the continuous 

system matrix. Itis possible now to derive results for 

the eignevalues of P or equivalently eigenvalues of ~(T), 
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for small and large values of T, since finding an analy­

tic expression for them is almost impossible. 

THE BEHAVIOR OF THE OPTIMAL TIME-INVARIANT SYSTEM FOR 

St·1ALL T 

If T is sufficiently small, i.e., terms in T2 or 

higher can be neglected then equation (2.32) takes the 

following form: 

fi = I.C~Q~I) + (I + ~T)'{fi+l - fi+l B T(.t3.T 

+ TB'P. BT)-lTB1P. }(I + AT) 
- -1+1_ - -1+1 

( 3 . 5 ) 

This equation had been derived by Kl~inman (8) to appro-

ximate the Riccati differential equation. Indeed, as T 

goes to zero, the solution to the above equation approaches 

the solution to the differential one and, at the limit, 

the difference equation becomes the differential one. This 

establishes the continuous feedback control law as the 

limiting case of the opti~al sampled-data control for 

linear processes. T~is implies the following requirement. 

J*(o) <J*(T) V T cla,col ( 3 .6) 

where J*(o) is the optimal cost associated with the con­

tinuou~ time regulator problem. Since continuous state 
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feedback is the optimal control, it is reasonable to de­

cide that piecewise constant controls produce costs that 

are larger than the optimal (minimum) cost of the con­

tinuous-time system. It can also be established .that 

J*(T) is monotonically nondecreasing with respect to T. 

But it has been shown by Kalman, Ho and Narendra (4) that 

such a statement, however is not always true. Because, 

if the periodicity inherent in sampling at constant rate 

is allowed to interact with the natural frequencies of 

the. open loop pl an t, then the resul ti ng di sere te system 

may not be controllable. Loss· in controllability may 
• 
result in unbounded P and hence unbounded optimal cost 

for a countabl e set of val ues of T .. When the pl ant has 

only real poles, then controll~bility is preserved for 

all values of T unless it exceeds the value determined 

by Nyguist criterion. In this case the optimal cost'is 

monotonically nondecreasing with respect to T. 

THE ASYMPTOTIC BEHAVIOR OF THE OPTIMAL SYSTEM FOR LARGE T 

The asymptotic behavior for large T is determined 

as follows: 

First complete results are presented for the first 

order system then the results are generalized and the 

form of the asymptote is related to the location and 

multiplicity of the plant's eigenvalues. 

Proofs are presellted for two cases. 
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1. Single input, single output nlth order system. 

2. Multiple input, multiple output nlth order 

system, 

THE FIRST ORDER SYSTEM WITH REAL EIGENVALUE 

Consider the continuous plant defined by the 

state equations: 

o 
x(t) = AX(t) + u( t) t c\O,oo) 

x(o) = Xo 

y(t) = x(t) 

With the quadratic cost~unctional 

= 

(3.7a) 

(3.7b) 

( 3.8) 

( 3 .9) 

wh~re the coefficients of u and u2 have been suppressed 
\ 

in ~quations (3.7a) and-(3.9) without any loss of gene-

rality. 

If the control is piecewise constant, then appli-

catiori of the discretization procedure of Chapter 2 gives 

the first order discrete regu1~tor problem 
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x. 1 = (px. + duo 
1 + 1 1 i = 0,1,2, ... (3.10) 

I Jlx O'co'ul= 0' , , 
1 00 ~ 

E (qx.:2+ 2mx.u. 
2 i=O' , , 

(3.11) 

where 

= (3.12a) 

d (3.12b) 

.Obviously, the scalar regulator problem is the simplest 

one, and the Riccati-difference equation associated with 

it can be solved analytically. 

q 1 .9. (e 2/-T 1 ) = 
2 A 

(3.12c) 

_.9. (e ;\ T· 1 ):2 m = .-
2 ;\:2 

(3.l2d) 

r = (3.12e) 

It i s c 1 ear t hat 4), d, q, man d r are all po sit i ve n u m-

be\~s .. The optimal ,time varying feedback gain ;s given 

as: 

g. = 
1 

m + 

r 

d p. 1 
1+ 

8 (3.13) 

where P;+l is the solution to the scalar difference equa-
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tion 

Pl' -- Y + G IP. 1- P . 1d(~+dP. 1d )-ldP. 11 e ,+,+ 1+ 1+ (3.14) 

with y and e is defined as 

q m2 
y = 

~ 

I 

(3.15a) 
r 

(3.15b) 0 := <I) 
md -
~ 

r 

~s 0 1 uti 0 n 0 f the Ric cat i e qua t i 0 II (s e e A p pen d i xC) i s 

then 

V. 1 - V. 
Pi 

r 1 - 1 
= -

d 2 V'. 
1 

(3.16) 

where 

V. 1 
\ ( 1 -\ 0 I - ct ) (N - i ) (.'I. - e e 

1 lel i 

( 1 - I e I ect)e - (N-i )ct I 

and x 2 

1+e 2 +--9-
ct = cosh- 1 r (3.17) 

2\ 0 \ 

If the limit ;s taken as the index i goes to -00 the 
,-\ 

steady state solution ;s obtained as 

P . p -- _r (\ele ct -1) 
:= ~'m i 

1-+- 00 d 2 
(3.18) 
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This final result valid for all values of A, 

contains in it all the information on the behavior of 

the steady state solution to tne Riccati equation as a 

function of the sampling period T. Although the result 

is expressed simply, actual evaluation is impractical, 

as it invol ves the nontrivial determination of a. For 

this reason only the asymptotic behavior of P as t goes 

to infinity is derived for the three distinct cases. 

Case i A < 0 

Case ii A = 0 

Case iii ... A > a 

Case (i) A < 0 Stable Plant. 

Taking limit as T ~ 00 in ~quation (3.12), it fol­

lows that for A less than zero 

cjJoo 0; d 
1 .9. = = ; q =- -

00 00 2 A A 

1 .9. •• w, .... 

( 1 .9. ) T m = - r = + 
00 2 A 2 

00 A2 

1 .9. e a Yoo 
= - = 

2 00 

.11 

Since e = 0, then it is observed from equation (3.17) 
<I(.) 

. a 
as a goes to infinity, the product lole is indeterminate. 

This difficulty may be avoided by observing that 
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Cosha. :::: :::: 

2 

and hence 

comes 

lelea. - 1 e 2 Yd 2 

Ie Ie 
-a. + -

r 

Now for a. -+ 00 and e 
00 

:::: 0, the right hand 

yd 2 /r and so 

9.imP(T) :::: 9.im r (lelea.';'l) 
T ->-co T ->-IX) d 2 

:::: y :::: _ 1 q 
00 2" r 

Case ii: A :::: 0 Simple Integrator 

It cun be shown that 

¢ d T <'1.:::: qT 1 qT2 :::: :::: rn := -
2 

r :::: T + qT 3 

3 

and taking the limit as T goes to infinity 

e :::: 
00 

1 
2 

:::: 1 qT 
Yoo 4 

Yd 2 3 9.im :::: 
T _>-00 2 4 
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(3.19) 

(3.20) 

side be-

(3.21) 

Therefore, form equation (3.17), cosha. is equal to 2, and 

ea :::: 2 + /3, and as a consequence of the above results, 

P (T) :::: qT for A :::: 0 and large T (3.22) 
2/3 
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Case iii: >.. > 0 Unstable Plant 

Since the fundamental solution to this system is 

the growing exponential, only the dominant terms in 

equation (3.12) are retained in determining the asympto­

tic behavior for large T. 

:;0 that 

and 

000 = - 1, Yo:} = 

r 
00 

cosha ~ >..(1 +~)T 
q 

d = ,,' 

ea ~ 2cosha for large T 

(3.22) 

The above results show that the optimal cost 

apprQaches a constant value for stable plants, and it is 

pro~ortional to sampling .• period T for plants with a non-

·negative eigenvalue; the slope of the asymptote depends 

on q and A. In Figures 3.2 and 3.3 below numerical re­

sults that are obtained through a~general digital com­

puter algorithm~ are illus~rated to demonstrate the proper­

ties of the first order~system: 

For T = 0, the optimum cost of the system may be 

C011l put e d fro \\I t h l! (! q U ~\ l.i (Ill (!)) h (~ 1 () \,1 : 



FIGURE 2.3. 

-.­
Ao I 

~"(T) 

I ;t. ;5 4 

FIGURE 3.3 

Optimal Normalized Oost Curves for the First Order Systems. 

AlP + P A - ~ ~ ~-1~1~ + Q = 0 
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(3.23) 

~This is known as the algebraic Riccati equation (ARE), and 

for the first order pl~nt all of the above matrix quan-

tities become scalars. For the problem under considera-

tion the equation (3.23) reduces to 

P 2 _ 2\ P - 1 = 0 (3.24 ) 

The solution to this equation is given by 

1-
P = \ + (\ 2 + 1 )-2 (3.25) 

where the larger rdot is sele.cted ~ince P must be posi-

tive. 
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. \ -
THE SINGLE-INPUT, SINGLE OUTPUT n-th ORDER SYSTEM 

...... 
Consider the following single input, single out­

'\<. 

put n'th order system whose eigenvalues are all distinct 

and negative real. 

o 
~(t) = ~ ~(t) + ~ ~(t) 

~(o) = ~(to) 

Y c l 
~(t) 

with a cost functional 

(3.26a) 

(3.26b) 

( 3 .27 ) 

(3.28) 

To simplify the results, the above system is assumed to 

bein control canonical form, and will be put into dia-

gonal form through use of the similarity transformation. 

o 0 

~(t) = ! !(t) + x(t) = ! !(t) 

o 
I !(t) - ~ I !(t) + ~ ~(t) 

o 
!(t) = I-l~·i !(t) + T~lb ~(t) 

o 
!(t) = ~ !(t) + ~ ~(t) (3.29a) 
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( 3.,29 b) 

(3.30 ) 

where! = I-l~ I, h = T-1b and T is the Vandermond~ 

matrix associated with the companion matrix A. With the 
';... -

change of variables the cost functional takes the fol-

lovJing form 

(3.31) 

~ 

Since £.1 =' [1,0, ... ,OJ, the \,/eighting matrix II£. £.II 

reduces to an nxn matrix with elements all equal unity, 

E = TiC ciT 
, - - - -' e.· = 1 , J for all i ,j 

The discrete system matrices are obtained using 

the equations (2.9), (2.10) and (2.12) of Chapter '2 as 

<l> = e! T, O. = ~ ~ \,1 here ~ ! -1 (e!::. T 1) 

.9. = q S, s·· ::: , J 

{A.+A.)T 
e ' J 

A. + A . , J 

- 1 
lJ i ,j 

(3.32) 

(3.33) 

> ' 
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.,' 

Taking limits as T goe~ to infinity, and since 

ld 9 e n v u 1 u e S 0 f tile s y s t elll i.ll' e a'll II e U i.\ ti ve rei) 1 i.l n d dis­

tinct from each other it is obse~ved that e~ T ~ O. 

Thus: 

¢ ~ 0 
-00 

.9.00 ~ q ~oo 

m··1 ~ q lJ 00 

o ~ J\ h 
-00 

...... 

where S ~ 

A,' A. -I-A . , J 

-00 

fo r j 

A· +A . 
1 J 

~ 1; i ~ 1,2, ... ,n 

VI her e m i j I 00 rep res e n t s the i, j I the 1 em e n t 0 f r~ mat r i x' 

evaluated for T large. 

roo ~ (1 + q ~Il ~)T + Constant 

where 

1 ... = 
, J 

A· A. , J 

Vi, j 

As a consequence of the presence of T in the expression 

for roo' the terms that modify! and Q in equations (2.24) 

and (2~30) of chapter 2 tend to zero as T goes to infi-

nity, and therefore, 

e ~ 0 
_00 

Finally, from the Riccati equation (2.34b) 



9-im 
T+oo 

f(T) = r.oo - Qoo (3.34a) 

t;: ( T) < A {Q }~. max _00 
(3.34b) 

.;\ 

Equation (3.34b) shows that all possible normalized opti-
-

mal cost curves lie between zero and Amax{Qoo} where Amax 
'?- - -

denotes the maximum eigenvalue of Q matrix whe~ T is 

lal'ge. 

The same type of argument maybe used to extend 

tha last result to include the case of multiple negative 

~real eignevalues. In th~is case the system is transfor­

med to its Jordan canonical form and the matrixexponen­

tial has terms of the form tVeAit where v is integer re-

lilted to the lIlultiplicity of the ;'Lh root. But, since 

~he system under consideration has o~ly negative real 

eigenvalues, that is 

A. < 0 
1 

for all. i; i = 1·,2,.· .. ,n~v 

. and, since the decaying exponential is the dominant fac-

tor for large t, it follows that !oo = O. The final re­

sult r~duces again to equation (3.16), where the elements 

of Q are rational f~nctions of the eigenvalues of the 
_00 

system matrix 1\. 
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GENERAL BEHAVIOR OF THE ASYMPTOTE OF THE OPTIMAL COST 

In order to generalize the result of the pre-
.~. 

vious section, consider a single state system, i.e., 

a system where the index i takes only the zero value. 

Then the cost functional of equation (2.11) reduces to 

( 3.35) 

where the terminal cost matrix has been set equal to 

zero. The weighting matrices .are computed directly from 

their defining integrals (2.l2b) through (2.l2d) evaluated 

between to and t f . Since, t f - to is the interval of 

definition of the system and is equal to a single samp­

ling period T, and since at the same time the terminal 

cost - in this case Pl -. is zero, then from equation 

(2.33) 

A 

U = - R-1M'x 
-0 ~ --0 (3.36) 

and if this value of optimal control is substituted into 

equation (2.8) the optimal discrete-time system is ob­

ta i ne d' as 

,,-
A 

= '" x- 0 R-1M IX ~i+l ~ -0 - -0-0 
A 

= (el) - 0 R - 1 ~1 ' ).x, 0 

In e qua t i on (2. 34) tl! - D R - 1 t1' V,I as de f i ned as e , thus 
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., 

x. 1 -1 + = G ~o .(3.37) 

Equation (3.18) is substitutea into the cost functional 
':0. 

of equation (3.17) to yield 

~ 

~ 

(x 'Q x' - X 'M R -1 tvl' x ) 
2 -0 - -0 -0 - - --0 

......... 
= 2 ~o' (.9. ~1 I~ - 1 tvl ' ) x 

- - -0 

Since Q 

then, 

M R-1M' is defined as r by equation (2.30) 

1 x ' 
2 -0 

, (3'.38) 

Now if the terminal time t f is made infinite, then 

1 x ' r 
2 -0 -<Xl ~o (3.39) 

Equation (3.39) describes the general form of the asymp­

totic behuviot' of'Lhe optimal co,'L forlaY'ue T. In the 

special case in which the eigenvalues of the system are 

negative real,'r is approximately equal to 0 , since 
_00 -!.oo 

~ 

~-l is inversely proportional to T and M attains a con-

stant value. This implies that optimal control is a 
. 

step function whose magnitude is also inversely propor-

t ion a 1 toT. T his . c (J n b e 0 b s c'r v e d fro III e qua t ion (3. 1 <3 ) 

where the feedback gain is, 
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(3.40) 

'''''". 
Hence at the limit the gain of controller becomes 

and the optimal cost, evaluated directly from equation 

(2.7b) ofr u = Q, is given by 

J o = 
_1 x I Joo At I At 
2 -0 0 e- f Q f e- dt ~o 

= 
1 

Xl _Q x 2 -0 -0 
(3.41 ) 

It is obvious from the above derivaiions that if 

the plant matrix has any zero eigenvalue, i.e., ~ is 

singular, then the integrals involving matrix exponentials 

can not be expressed in terms' of' A-I. 

Furthermore, as can be deduced from the results 

of the derivation for thea~ymptotic b~h~vior , ...... "f . 

I • I ~. ~ .' 

of the first order system, the matri.x ! apparentlydoes~. 

not go to zero for large T, and the optimal cost does-

not approach a constant value, but is approaches infinity' 

as a function of T. For this reason it is necessary 

to establish a second approach for theasymptot~c be­

havior of plants with zero eigenvalues. 

AS Y M P TOT I C B E H A V lOR 0 F; THE ~1 U L T hP LEI N PUT M U L TIP LEO U T -

PUT SYSTEMS FOR LARGE T 

a) A system with zero eigenvalues 'of ,mult,iplicity n 

.... , 
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Consider the n'th order system in its Jordan. 

can 0 n i cal form: 

°z)(t) -_ -1 ( 1 I ~ I ! t) ~ 1- ! ~(t) 
= ~ ~(t) + ~ ~(t) (3.42a) 

(3.42b) 

(3.43) 

where 

a 1 a 
. , 

a a 1 
A = 

a 

1 

a 

L = I.'f Q f' with elements lij 

a 

A-s stated in the previous section the optimal· cost as T 

goes to infinity is given ·by 

J = l x I r x 
2. -0 .-00 ·-0 

It was established that r is at least positive semide-

finite; this implies that 

VT 

Let the matrix Qo be given by 
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(3 A4) 

where the elements of the matrix exponential of At are 

{ a when i > j 
1jJ •• (t) = 

1 J- . j-i when i < j t 
(j-i )~ 

and the elements of its transpose are 

{ a when i < j 
1jJ I •• (t ) = lJ i-j t - when i > j 

(i-j)! 

= 1jJ •• (.t) Jl (3.45b) 

The inegrand of equation for QQ (3.21) is a positive semi­

definite matrix with its i ,j'th element giyen by 

Integra'1d Q(i,j) = 
i j t(i+j)-(v+~) 
E E s!, 

v=l ~=l \IJ.1(i-v)!(j-~)! 
(3.46) 

This expression for the (i,j)th element of go matrix is 

derived as follows: 

(i ,h)th element of the matrix that result from . 
the multiplication of three matrices fl, ~ and ~ is given 

by 
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Result (i,h) = (i,h)th element of ABC 

= 

where A, Band Care (nxm), (mxr) and (rxp) dimensional 

matrices respectively. 

If this formula is applied to the problem under 

consideration, the result will be of the form 

But, on 

Result = E E 
\1= 1 II = 1 

-. E E 
v=l II = 1 

the other hand, 

t i - v 

(i-v)! 

1J1i\l 
9-

1J111 j \Ill 

1J1 vi 9" 1J1ll j 
(3.47) 

Vll 

for i > 

so v can take at most the value equal to i whenever the 

1jJ value is nonzero as indicated by equation' (3.45a). In 

the same manner 

fo r j ~ II 

that is; II can take at most the value of j as indicated 

by equation (3.45b) whenever the 1jJ value is nonzero. 

Then, 



T 
f 
o 

Qo .. (t)dt = 
1 ,J 

T i j 
fEE 
o v=l 1l=1 

t i+j-v-ll 

( i - \I ) ! (j -ll ) ! 
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Interchanging the operations of summation and integration, 

the above equation becomes 

T 
f 
o 

i j T 
Q. . ( t ) d t = E E .Q,,," f 
1,J \1=1 1l=1 VI-' 0 

ti+j-\l-ll 

(i-v)!(j-ll)! 

If the required integration is performed, then 

i j 
E E.Q, 

\1=1 1l=1 \Ill (i-\l)!(j-ll)!(i+j-\l-ll+1) 

dt 

and i,j=1,2, ... ,n (3.48) 

In a manner exactly analogous to the procedure above the 
• A 

(i ,j )th elements of ~ and B. matri~es can.be found .. These terms 

are required for the evaluatibn ~f the asymptotic beha-

vior of r matrix. In this case however, in each of the 
At· 

matr1ces M and R the integral of e- -is involved. 
':-'. 

Hence, 

T 0 for i>j 
f $ .. (t)dt = 1 t H

+
1 

0 
lJ 

for i < j (3.49a) 
(j-i}! (j-i+l) -

and 

T 0 for i < j 
f $ I •• ( t ) dt =[ t; -j +' 0 

1 J 
for i j (3 .. 49 b) > 

(i-j)! (i-j+l)! -
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Recalling that M matrix is of the form M = ~l • ~ where 

matrix ~1 matrix is given by 

!11 = 

or 

T 
f 
o 

(3.50) 

Interchanging the operati'ons of summation and integration, 

and, performing the integration yields 

i 
~l .. (T)= E 

1,J v=l 

{; : 1,2, ... ,n 

1,2, ... ,n (3.51) 

-
Following the same procedure for the(i.j)th element of 

El matrix, the following expression is obtained: 

i jj 

~l .. (T)= 
1 , J 

E E 
v=l l.I=l ( i "7V ) ! (j-l.I ) ! ( ; -v+ 1 ) (j -l.I + 1 ) ( ; + j -v -l.I + 3 ) 

and 

i,j=1,2, ... ,n (3.52) 

Rl matrix will be used in the evaluation of R matrix 



·defined by 

T t t 
R = HI f {[J e~'Sds] L [r e~s ds] d't; H + TR 

000 

., 
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R = !!.'B.l!! + TR (3.58) 

In each of the above matrices Qo' ~1 and !1' the highest 

-power is 2n-l and occurs when i = j = n and v = ~ = 1. 

This largest power appears in the lowest diagonal ele­

ments of those matrices since all other terms are poly­

nomials of lower degree in T,' the trace Qo is also a 
~ 

polynomial of degree (2n-l) while the t.race of ~ !-1~1 

is a poly'nomial of degree at most 2n-1 or less. Since 

r is positive semidefinite matrix, it follows that/ihe 

trace of the difference 

~ 

f(T) = trace go trace(M R-1M I
) 

- - -

is nonnegative for all T. The resulting polynomial in T 

must beat most of degree 2n-l, and, furthermore, the 

ctiefficient of the highest power present must be posi­

tive. If this were not the cis~, then, for very large 

T it would b~ possible for the polynomial to attain nega­

tive values, thus 1eadin-g to a 'contradiction to the as­

sumption of semidefiniteness. Since the highest eigen­

value must be given by a polynomial of the same degree 

with the trace, it follows that 
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E val li a t ion 0 f the .9.0 mat r i x fQ r \.l = \l = 1 and i = j = n 
yields 

T2n - l 
= ill 

[(n-l)~J2(2n-l) 

a 5, the (n.n)th 1 e ement of this matrix. 

(3.55) 

It is further required to post ~ultiply ~l 

b~ tt in order,to obtain the M matrix and premultiply R 
-1 ' 

by ~I and post multiply by'tt to' obtain the R matrix 

where the: (i ,j)th element of M matrix is. 

n 
'M. . (T) -l,J = k~' m'ikhkj {

i = 1 .2 , ... , n 
and . 1 2 :)= , , •••• r (3~56) 

If the above multiplication is carried out each element 

of the'M matrix can'still be expressed as a polynomial 

in T. Recalling that the elements of !il matrix .were also 

a polynomial in T and.H is a 'matrix of constants and the 

hig~est power of T appears when \.l = ~ = 1, the~ 

. 
~l . '. (T) = ill 

l,J (i-l)!(j-l)!(i+j)j 
(3.57) 

and elements of M matrix can be obtained from: 
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n Ti +k 
r1 .. (T) = E R,11 h. kj 1 , J k=l (i-1):(k-1)!(i+k)k 

where {; 
-~-

= 1,2, ... ,n 

= 1,2, ... ,n (3.SS) 

Power of T is maximum when k _ n, hence 

t~. . (T) = 
-1,J ill h nj 

(i-l) ~ (n-l) !n(i+n) 
(3.59) 

In this approximation it is assumed that the terms having 

smaller powers of T can be neglected, since only the asymp­

totic behavior of the M matrix is required whsn T is 

large. Coefficients of T terms become smaller as ~ and 

~ are increased so approximation holds always true. 

Similarly, the (i,j)th element of B.l matrix can -

be approximated, using the approximated form of equation 

(3.52) 

·.B.l. . ~ T) = 
1 , J: 

ill 
(i-l)~(j-l)!i.j(i+j+l) 

and {J~=l' = 1., 

.•. , n 

••. , n (3.60) 

and R is obtained as f 0 11 ow s . if the required multipli-

cations are carried out 

~ .n n 
R. . (T) = E E h I i k 1 ki h ij -1,J k=l i=l 
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n n Tk+R.+l = 1: 1: hkihR,jR,ll 
k=l R,=l (k-1)!(R,-1)!k.R,(k+R,+1) 

,/ 

when k = i = n , then 

A 

R. . (T) -],J (3.61) 

It is obvious from the above expression that the inverse 
A 

of the R matrix is of the form 

(~.62) 

where the elements of B matrix are given by 

= R,ll hni hnj 
n2 [(n-1.)~] 2 (2n+1) 

i , j = 1, 2 , ... ,r (3.63) 

, 
All of the above approximations are made to obtain a 

A 

simple approximate form fo·r matrix MR-1W' when T is 

large. 

Using equations (3.55), (3.59) and (3.61) the' 
A ' 

.(i,j)th element of MR-1M' is obtained as - -. 
A r r 

~1R-l Mi ... ' . = 1: E mik 
A_I I 

rkR, mR,j - - ',J k=l R,=l 

r r {~: 1 .2 ••.•• n 
E E r- 1 where = mikmjR, kR, 

k=l R,=l J-l,2, ... ,n 
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= 
r r Ti +n 
~ ~ R, 11 h n k -----.:.----. 

R=l R,=l (j'71):(.n,,:,1)~nU+n) 

(3.64 ) 

Since only the lowest diagonal element of the M R-1M' 

matrix is required; that is i = j = n, then 

(3.65) 

If these last results are substitued into equation 

(2.30), then 

I;*(T) < Trace{r O() = 

= 
[(n-1):)2(2n-l) 

E.E n nJ a-I T n-r r R.1
2

1 h k h. 1 2 1 
k=l j=l [(n-1)~]l+4nl+ kj 

(3.66) 

which clearly shows that the asymptotic behavior of the 

normalized optimal cost ~*(T) of equation (3.3) is de­

termined by the {2n-l)st power of sampling period T for 
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systems with nlth order eigenv~lue ~t the origin. 

b) A system with both negative,and zero eigen­

values. 

Up to now inve~tigation was made when the 

systems eigenvalues are all zero. 

In general, a stable system contains both nega­

tive real and zero eigenvalues. In such cases the A 

matrix will contain two blocks one associated with zero. 

eigenvalues of multiplicity v and the other associated 

with the negative real eigenvalues if the stat~s are 

arr~nged suitably. That is, 
.~ 

A = [ ~11! Q] --+-­
Q. i ~22 

where ~ll is a (vxv) matrix 

and 11.22 is a (n-v) by (n-v) 

matrix 

In the previous sections it was found that Ioo 
matrix determines the asymptotic b~havior of the optimal 

cost. On the other hand r matrix requires the evaluation of 
_00 

Q, M, R matrices for large T .. But each of these matrices 

involves exp !t in their defining integrals. 

Elements of expgnential ~t can be found as given 

below 

exp -~t =exp t 
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i ,J' , th 1 e ement of exp}ll 

exp ~ll = t/J~l.(T) 
. 1, J f

~· .0 

=tJ -1 . 

(j-i)! 

i > j 

when i < j 

and i,j = 1,2, .•. ,v. 

e w ~n l:"J. 
Wilen l=J. 

{

Ait h '-' 

i,j'th element of exp ~22t 
otherwise 

,0 otherwise 

As pbvious from the expression for ittJe i,j'th element of 

exp;o ~22t matrix, for large T exp !!.22t becomes, a null 

~~J r i x • .Th e nit _is 0 n , y the ~ 1 1 par t t hat de t e r min e s 
A 

" 

:t~'e asymptote. If g, ~ and ~. are partitioned as A were, 

then 

r 

It JS then III that determines the asymptotic behavior 

of s*(T) 

Since this part correspohds to the zero eigenvalue of mul-

tipl icity v the result will be the same as the result 

of the previous section with the appropriate chang~of 

/ 
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dimensions as given below 

~'r r S _l( . 

~*(T) < { 11 . - !: !: R.~·l hvkh
vi

. kj }T2v-l 

and 

- [(v-l)!)2(2v-l) k=l j=l [(v-l)~]lt4vlt 

a·· = lJ 
R.ll h vi h vj 

i,j = 

- (3.67) 

1,2, ... ,r 

PLANTS WITH COMPLEX EIGENVALUES 

In the previous sections, all·the n'th order 

plants that were considered could be decomposed into 
,> 

n-first order systems in cascade using only real coef­

f]cients. For this reason, their asymptotic behavior 

wa,'s essentially a general ization of that of the scalar 

one. The introduction of complex conjugate roots, how-. . 

e~er changes the behavior. Since loss of controllability 

i~ possible, it is the sampling periods for which the 

sistem i~ npt controllab~e that are of interest rathe~ 

than the as~mptotic behavior. 

Th~ following theor~m on the preservation of 

controllability in the presen~e of sampling is due to 

Kalman, Ho and Narendra (4). 

THEOREM: 

Let the continuous time-invariant system be com­

pletely controllable. Then the time invariant discrete 



tjme system is completely controllable if: 

whenever 

2n n -
T 

Re = {A i (A) -A j (A)} = 0 

and n = + 1, + 2, .• .' 

(3.68) 

Therefore sampling· period T should not be 

equa:' to T k' where 

n=+1,+2, ••• (3.69) 

an9 
.. ' ~ 

, .. ,*. 

(3.70) 
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CHAPTER 4 

OVERALL PACKAGE PROGRAM 

In the subsequent paragraphs some salient features 

of the digital computer simulation for the applica~ion of 

the theory developed in the previous chapters are dis­

cussed. 

!. The existing algorithm can handle up tp tenth 

order syst~ms and by a J simp1e modification of the dimen­

sioning statements it can be made to handle higher order 

systems, the only limitation being the size of the sto­

rage of the digital computer. 

The computer programs are written in FORTRAN IV 

language and has been tested.on the UNIVAC-l106. 

For a given set of input data, i.e., matrices 

A., B , f, Q, R and f, the corresponding matrices !, D, 

Q,. M and R of the discrete time optimization prob.l em are 

computed. 

There are various error tolerances within t.he 

program, which determine the accuracy of the final re-
. 

sults. The only one need be specified as an input data 

is fo~, the computation of the roots of an n'th order 

polynomial. Others ·are specified with the DATA declara-
~ ~ 
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tion and if necessary they can be changed easily •. Com-
• A 

putation of the matrices !, Q, Q, M and R requires the 

sampling period T be known, beforehand. If the sampling 

period is specified a~riori as an input data, computa~ 

t ion 0 f sam p 1 i n gin t e r val iss kip p e d. ~ 0 the rw i s e, r e­

sults of Chapter 3 ire used to compute the sampling 

period. For the given or computed value of T it is pos­

sible to obtain the above matrices. Availability of 

these matrices permits the iterative solution of the 

Riccati Equation. Although the Riccati equation is non­

linear in nature a direct iterative algorithm can be 

used successfully, because the coeffic.ient I matrices are 

constant. The program can handle both infinite-time 

and finite time regulator problems. In the former case 

Riccati Equation is solved until a steady-state is 

reached. On the other hand, for the latter case the se-

quence of {P.}; i = N,N-l , ... ,1 ,0 are obtained as a so-· 
1 .. . 

lution of th.e Riccati Difference Equation (R.D.E.). These 

solutions are then used to evaluate the matrix of feed~ 

bac~ gains and thus control vectors and the re~ults are 

prin~ed out at each iteration. 

Finally, the clos~dloop system matrix and then 

states are computed within the time interval of interest 

and are plotted to illustrate the behavior of states as 

a function of time. 

The s~mplified flow chart of the algorithm is 

given below: 
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Th~ program comprises mainly two parts.· The 

first one is the MAIN program itself and exercises over­

all control of the program. The DATA read in and then by 

means of various CALL statements the necessary computa­

tions shown in the flow-chart are performed. 

The second part consists of the following SUB­

ROUTiNES: 
/ 

1. SUBROUTINE STABIL 2. SUBROUTINE EIGEN 

3. SUBROUTINE INTBSR 4. SUBROUTINE DISCO 

5. SUBROUTINE EVOINT 6. SUBROUTINE SIMFOR 

7. SUBROUTINE PIeATI 8. SUBROUTINE INVERS 

9. SUBROUTINE CONTR 10. SUBROUTINE OBSERV 

11. SUBROUTINE RANKT 12. SUBROUTINE SAMPLE 

13 .. SUBROUTiNE DEFNIT 14. SUBROUTINE MULTIQ 

15 ~ . SUBROUTINE SIFIR 16. SUBROUTINE TRANS 

1 T. . SUBROUTINE LOADM 18. SUBROUTINE SUBTRT 

19. SUBROUTINE DEVRET 20. SUBROUTINE CIZERO 

21 .: SUBROUTINE TOPLA 

Among.theseSUBROUTINEs, MULTIQ, SIFIR, TRANS, 

LOADM, SUBTRT, DEVRET, CIZERO, TOPLA are self explana­

tory, but others need be explained. 

1. SUBROUTINE STABIL 

. Stability of both continuous and discrete 

systems are tested by this subroutine. 

Investigation of stability for continuous (dis­

crete) systems. is through the calculation of the eigen­

values of the matrix ~(!). A condition for stability 
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~ 

requires that the absolute values of all the eigenvalues 

of the system matrix A(¢} be less than zero (less than 

one) i.e., 

For continuous systems: 

for all i: i=1,2, ... ,n 

For discrete systems: 

!Ai{<I>}! < 1 for all i: i = 1,2, ... ,n 

-" 

Subroutine STABIL calls the subroutine ~IGEN for the 

computation of the eigenvalues of the system matrix. 

Parameters of SUBROUTINE STABIL are: 

Al, N. and JDORC 

Al is the nxn matrix which determines the stability of 

the' sys tern. 

N ~s the order of the system .. 

JDORC specifies whether the stability is investigated 

for discrete or continuous systems. If JDORC is set to 

one stability is checked for discrete systems, if two 

for ~ontinuous .systems. 

2. SUBROUTINE EIGEN 

This subroutine first evaluates the coeffi­

cients of the characteristic polynomial of the given 

matrix Al. That is 

PA n- l _ PA n- 2 _ •.• _ P 
1 . 2 
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Pi's are computed for all i, i = 1,2, ... ,n. 

The algorithm used is ~ue to Frame (11). Using 

these coefficients then, root finding routine ROOTCP is 

used to obtain the roots of the characteristic polynomial. 

Parametets of SUBROUTINE EIGEN are as f6110ws. 

Al,N,A,XR,KMAX,EPS,JJJ 

where Al is nxn matrix whose eigenvalues will be found. 

N is the d i mes·i on of the· A 1 matrix (Equivalently 

th~ order of the system) 

A is aj compl ex array which contains the coef-

fi c fen ts of the characteristic polynomial. 

XR is the array of the ro 0 ts . of the characteris-

tic pplynomial. It is also complex. 

KMAX·is the maximum number of iterations during 

th e.::~.s 01 uti 0 n 0 f th e i I th ro 0 t . 

EPS specified "error tolerance ': for the i I th root, 

i.e., the absolute value of the difference between the 

exact value of the root and the calculated one should 

be less than or equal to EPS using the maximum number 

of iterations KMAX. 

Finally, JJJ is used to skip the WRITE statements 

if set equal. to one. 

With subroutine EIGEN it is possible to obtain 

real eigenvalues, complex conjugate eigenvales, and the 
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zero eigenvalues of mul~iplicity v(NU). 

- -3. SUBROUTINE INTBSR (Integration by Simpson Rule) 

Subroutine INTBSR is used to calculate the 
A 

matrices g, ~ and ~ given by equations (2.l2b), (2.l2~) 

and (2.l2d) respectively. Each of these matrices invol­

ves ~atrix exponentials in their integrands. Integrals 

of these matrices can be expressed in terms of the in­

verse of the system matrix 8. But in the case that 8 

is singular, i.e., if one or more eigenvalues of A are 

zero, than inverse of 8 does not exist. Hence, the pro­

posed method does not have prac~ical importance. In­

stead, somewhat indirect but more satisfactory approach 

is chosen for the evaluation of the integrals at hand. 

Since. integrands of the three integrals are functions - . 

of time, it is possible to find on a digital computer 
"" 

then,: points satisfying these functions for a given point 
:.'~.;'.~ 

on t~~ time axis~ Then these points are used to extra-

I pola'".te the function of the "integrand with a simple func­

tion so that the area under this new curve be easily ob­

tairied. For the problem at hand the parabola is used as 

an extrapolating function. This is the so called Simpson 

Rule (15) and expressed mathematically as 

I(f) ::: S = b-a [f(a) + 4f(a+b) + f(b)] 
6 2 

(4. 1 ) 

where I(f) is the integral of the function f and (b-a.) 
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is the-interval of integration: 

The rule however~for th-.e estimation of the in­
b 

tegral I = f f(t)dt will usually not produce sufficient-
a 

ly acturate e~timates especially when the interval is 

reasonably.large. Therefore, the given interval is sub­

divided into N smaller intervals and then the above rule 

is applied to these intervals. That is 

N 
I(f) = L 

i=l 

t· 
f 1 

ti+l 

t,· 
= L f 1 Pi k(t)dt 

ti+l 

(4.2) 

Interval of integration is the sampling period 

for equations (2.12b) through (2.12d). Subdividing this 

period into N intervals requires the selection of appro­

priate step size. It is suggested (16) that it will be 

satisfactory to choose a ste~ size as one tenth of the 

mini~um time constan~ available in the system. Because 
.... 

of the forms ,of theintegrands powers~of exponential 

ter~~ could b~ at most 2Amax. Thus, as a step size one 

twenty-fifth qf a minimum time constant is chosen. For 

this case the Simpson formula changes as 

h 
~N = 

6 

N-l N 
Ifo + iN + E f. + 4 E il·~~1 

;=1 -1 ;=1 .. 
(4.3) 

If the ~quation (4.3) is applied to perform the 

integrations given by equations (2.l2b), (2.l2c) and 
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1 

of time. For each time point the entire matrix is eva-

luated by means of subroutine DISCO and finally the above 

'formula has been applied to get the required m~trices.sub­
routi ne' INTBSR ca 11 s- tlie' fo 11 owinci subrout,ines. durl WI the, course ,of. , 
computation. 0' ',,' ' , ' ••• ' • 

They are respecti~ely; 
a. SUBROUTINE EVOINT (Evaluates integrand) 

- b. SUBROUTINE TOPLA 

c. SUBROUTINE LOADM 

d. SUBROUTINE SIFIR 
( 

e. SUBROUTINE MULTIQ 

f. SUBROUTINE SIMFOR 

Parameters of SUBROUTINE INTBSRoare 

T - sampling period· 

R R matrix (Dimension rxr) 

IR - r dimension of R matrix 

Q - Q matrix 

Al - system matrix 

KONTRL: When set to one Q matrix. when 2 M 

matri,x and finally wh~n 3 R matrix is found. 

SUBROUTINE DISCO: 

This subroutine is used to evaluate the matrices 

AT 
cp - e-

T 
D = f e~t. B dt 

o 

There are many algorithms for the evaluation of these 

matrices but in. subroutine DISCO the method of Liou (10) 

iri which the-exp ~T is approximated by the truncated' 
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Taylor series is used. Number of terms in the series 

is increased starting from 10 until the elements of-0 

(thus D) matrix becomes sufficiently accurate. 

Except for the discre-tization of continuous sys­

tem the subroutine DISCO is referenced by subroutine 

INTBSR via subroutine EVOINT. ~herefore, following con­

trol is essential to avoid u'nnecessary computations 

No 

No 

Compute 
In teg!c~) 

Ol.: CaNT I NU E 

Yes . - Return wi th e~T 

. Yes T 
Return with J e~tdt 

o 

Compute 
o 

Output 

RETURN 

Yes 
T 

Return with 0" f e{\.tB dt 
o 



Parameters of subroutine DISCO . . 
A 1 (nxn) sys temma tr~; x 

B (nxm) input matrix 

N : n 

M m 

T : sampl ing period 
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NW: function of NW shown in the flowchart above. 

SUBROUTINE EVOINT 

Subroutine EVOINT is referenced only by SUBROU­

TINE INTBSE and is used to evaluate the integrand for 

a given point. Required information is supplied to sub­

routine EVOINT by subroutine DISCO. 

SUBROUTINE SIMFOR 

Applies the Simpson formula to the points found 

by subroutine EVOINT as adqpted to matrices. Referenced 

only by subroutine INTBSR. 

SUBROUTINE INVERS: 

Inverts the given square matrix and finds also 

the determinant using Gauss-Jordan complete elimination 

method with the maximum pivot strategy. 

SUBROUTINE RICATI 

Solution to the Riccati difference equation is 

found by subroutine RICATI. 
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Calculation of the coefficieits of Riccati 

equation also takes place i~this subroutine. Subroutine 
, 

Riccati checks first whether the final cost matrix is 

zero. If so, the Riccati equation is solved until a 

steady state solution is obtained. Iteration_ stops when 

the least squre error between the results of two conse­

cutive iteration is less than the specified error tole­

rance. Otherwise, cODtinue until this limit is reached. 

If final cost matrix is not zero subroutine 

Riccati solves iteratively backward in time the nonlinear 

Riccati difference equation, and sequence of solution 

matrices is obtained associated with the-finite time 

regulator problem. 

Then, matrix of feedback gains, control vectors, 

an~ state vectors are calculated and printed out at 

each iteration. In the case of finite time regulator 

problem, fe~dback gain matrices are time varying. 

~, ~, Q,! and Q matrices along with the final 

time 1FT and final cost matrix S' should be supplied to 

subroutine Riccati. 

SUBROUTINE CONTR 

Is used to check whether the system under consi­

deration is controllab1e. Condition for complete con­

trollability requires that A pair of constant matrices 

I~,~I with E (nxn).and ~(nxr) is of rank n, that is 
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., An-. l B 1 ... , - - = n 

The above augmented matrix is'of dimension (nxnr). 

SUBROUTINE CONTR 

Reference~ 3 more subroutines, subroutine INVERSS 

subroutine RANKT and subroutine DEVRET. 

SUBROUTINE OBSERV 

Is used to test if the system is observable 
through searching the rank of the matrix pair 

where M (mxn) and F (nxn) dimensional, that is 

Ran k [Q A C' .' .. ~(n-l)Q'] = n 

The augmented matrix is obviously (nxnm) dimensional. 

SUBROUTINE RANKT 

Tests the rank of an (nxm) matrix applying Gauss 

elimination method. After elimination, number of non-

zero row~ (columns) giv~s the rank. 

. SUB R 0 UTI NED E F N I "\ 

With the application of Sylvester's e~panston 
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theorem, subroutine DEFNIT checks whether the (nxn) 

square matrix positive definite, positive semidefinite 

or nei ther. 

SUBROUTINE MULTIQ Multiplies two matrices. 

SUBROUTINE SIFIR - Sets initially all the elements 

of the given matrix to zero. 

SUBROUTINE TRANS - Transposes the given matrix. 
~ :--'-

SUBROUTINE LOADM - Transfers the constants of 

one matrix into another. 

SUBROUTINE SUBTRT - Subtracts one matrix from 

. the other. 

SUBROUTINE DEVRET - Constants of one matrix 

is transferred to the other with subscript, i.e., ~i' 

SUBROUTINE CIZERO - Checks if the given matrix 

is a -null matrix. 

SUBROUTINE TOPL8 - Adds two matrices. 
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CHAPTER 5 

CONCLUSIONS 

This study covers the design of the optimum 

sampled-data regulators for linear, time invariant, com­

pletely observable and controllable plants through the 

use of the discrete minimum principle. The term sampled­

data describes the sampling operation between the plant 

and the controller, where the states have been sampled 

with a fixed rate and then transformed into a piece-wise 

constant f~rm by_means of a data hold process. The use 

of a pieve-wise constant inputs and the minimization of 

quadratic cost functional which has been considered as 

a performance measure, result in a sub-optimal contro-l 

scheme. 

Since, the' performance of the system is affected 

by ~ampling, more emphasis has been given to the effects 

-of sampling on thesystem's behavior and as consequence 

different costs have been observed for different sampling 

intervals. In additton ~nalytical expressions have been 

derived for the behavi.or of normalized cost as a function 

of sampling-period T. 

This study covers also the development of a com-
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puter algorithm for the selection of sampling-int~rval . 
T w h i c h g i v e s' the be s t s y's t e m per form an c e and for the 

complete design of the sampled data regulator using this 

sampl ing-i nterva.l . 

The design of tWe regulator starts with the 

evaluation of the eigenvalues of the continuous system 

matrix A. If the eigenvalues are all real. then it is 
... 

multiplicity of non-negative roots that determines the 

behavior of the system's performance as a function of 

sampling period T. In the case of the existence of 

complex conjugate eigenvalues the location of the ima-

ginary part of the complex roots determines the sequence 

of critical values of T for which the discrete system 

may not be controllable. These values of sampling~i 

interval are given as 

= n __ IT __ 

'Im(A k) 
andn=~1,+2, ... 

, If the state~ent of problem specifies the sampling 

per i a gar a n a r row ran 9 e for it, the nth e opt i mal, s y s t em 

as~ociated with the given sampling rate can be designed 

i fan don 1 y - i f the 9 i ven sam p 1 i n 9 - i n t e r val i s 1 e sst han 

the s~allest period for which the system may not be con-

trollable, i.e., 
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If the specified value of T is in between the 

two successive Tk's which are widely spaced from each 
) ----. 

other, then an optimal design is feasible thQugh' s~l-

dam practical. If T is very near any of the values of 

Tk , then further investigation is made to establish con­

trollability. If for Tk the system is not controllable, 

then an bptimal design is not possible. 

If the sampling period is not specified or if 

its range is large, then maximum value of T is deter-

mined" i.e., 

T max = IT IT 

The best range for T is then. 

0<0.<1 

To e~tablish the increase of the,optimal cost with in­

creasing T',' three values of a. has been chosen (a. = .5, 
.' 

.75,".9) in the computer algorithm and the normalized 

cost associated with each T, has been determined. Then 

on the basis of this information and on the basis of 

trade-off between increasing the sampling period and de-

creasing the cost, a good choice of T has been made .. 

It should also be noted that the stability of the dis-
I 

. crete system has been taken into account for the choice 

of sampling period T. 
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If the ~ matrix has only ~ea1 roots, then .the 

optimal cost curve behaves asymptotically as T2v - 1 , 

where v is the highest mu1tipficity of-zero roots. 

Then, based on the information got from the normalized 

optimal cost a good choice of T has been made. 

Onc~jthe value of sampling period is selected, 

the computer algorithm is then determines numerically 

the complete optimal design, so that the whole design 

procedure has been computerized. The only data should 

be given are, the ~, !, £, Q, E and ~ matrices tB get ~i 

the optimal solution, which is optimal feed-back gain 

matrix. 

As the foregoing discussion implies the samp1ed­

data regulator with a fixed rate sampling constitutes 

a sub-optimal control law. A formulation with sampling 

times which are constrained or dependent on states, con­

stitutes a better approximation to the continuous time 

control problem. and is open to further study. Further­

more, in this study, the effects of changing sampling 

peripd has been justified by considering the behavior 

of· normalized cost. Since, the locations of the· eigen-

val~es of discrete system changes with sampling period, 

it is also possible to use the locations of the eigen­

values as a performance ~riteria to studY the effects 

of sampling period. 

In addtion,utilization of a digital computer 

in a control system requires the sampJed signal be guan-
. \ 
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tized, because the limited bit capacity, of such an equip­

ment does not allow whole sigQal levels to be represented .. 

It is plausible then to study the effects of quantiza-

tion on the system's performance in addition to the effects 

of sampling. 

Also, throughout ,the development of computer 

progtams it has been assumed that the states of the con­

trolled plant are available for measurement. Frquently 

in practical situations, this will not be the case, and 

some artifice to get around this problem is required. 

In this case, the addition of a state estimator will 

improve the fle'xibility of the already developed programs, 

but the effects of the e~ror~ that are introduced du~ing 

state estimation on the performance of sampled-data 

regulator is another area of research. 
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APPENDIX A 

Consider thelhomogeno~~ syst~m equation 

o 
x(t) = ~ ~(t) (A.l ) 

where A is the (nxn) system matr~x, and ~ is the (nxl) 

state vector. If !(t,t i ) is the transistion matrix of 

equation (B-1), then for arbitrary initial state ~i= 

~(ti) at some time t, we may write: 

~(t-ti) 
= e x. = ¢(t,t.)x. 

-1 - 1-1 
(A.2) 

This is the solution of the equat~on of free motion. If 

'tIe consider also that the control exists,i.e., 

o 
~(t) = ~ ~(t) + ~ ~(t) (A.3) 

where f! i s (n x r) g ai n mat r ix, and !! i s (r xl) control 

vector, the solution to the above system is given as 

x.(t) II 
-1. 

~(t-ti) 
e ~i + 

t 
f 
t : 

1 

(A. 4) 

If a piecewise constant €ontrol input is assumed, that 

is: 

.!£i (T) = ui for ti < T < t (A.5 ) 



Then with use of the STM 

~i(t) 

finally, 

~i(t) 

where 

= cp(t,t.)x. + 
- 1-1 

t 
J 
t· 1 

cp(t,t.)x. + D(t,t.)u. 
- 1 -1 - 1-1 

t 
f 
ti 

!(t,ti)B dt 

Transpose of ~i (t) is given a's 
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(A.6) 

(A.7) 

If equations (A.6) and (A.7) are substituted into the 

expression for performance ·index J (Equation (2.7b)) and 

since it is ~ssumed that the control interval is. divided 

N eq ua 1 pa rts 

N-l 
J= 1: 

i=O 

N-l 1 t· 1 
+ u.D(t,t.)]+u.'R u.} dt = 'f ! H { X.I,cpl (t,t.)CQC1cp(t,t.)x. 

_1- 1 -1 - -1 i=O 2 t. -1 - 1 - - 1-1 
1 
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Each of the above quantities is ~calar, additionally Q' 

is a symmetric matrix, then 

finally 

N-l 
J = E 

i=O 
x· ' -1 

t.+l 
f 1 !'(t~ti)f Q f'_(t,ti)dt ~i 
t. 

1 

+ 2x. I 
-1 

+ u. I 
-1 

t.+l 
f 1 

t. 
1 

t·+l 
f 1 

t. 
1 

For simplicity in the appearance of the above equation 

the following matrices are defined. 

t·+l 
Q = f 1 ~(t,ti)f Q.f'!(t,ti)dt 

t . 
1 
t.+l 

!i = 
f 1 ~' (t,ti)CQC'D(t,ti)dt 
t. r 1 

t.+l 
R = f 1 [~+ Q'(t,ti)f Q f.'Q(t,ti)]dt 

t. 
1 

Consenuently, equation (8-8) reduces to: 

1 
J = 

2 

N-l 
E 

i=O 
x. t Qx. + 2x. 1M u. + u. I R u. 
_1 __ 1 -1 - -1 -1 --1 

(A.9a) 

(A.9b) 

(A.9c) 

(A.10) 
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APPENDIX B.I 

Consider the following optimal control law equa-

tion 

A ~ • 

u.* = -{R- 1 M' + R- 1 D' P. [I + 0 R- 1 D' P. lJ- 1 8 }x. 
-1 - - -1+1 - - - -1+ --1 

(B t I .• 1) 

Let us take the second term inside the parantehsis, and 

successively apply the following opera~ions. 

1. i- 1 D' P. (I + 0 R-1D ' P. 1-1 

---1+1 -.:- -- ---1+1 

2 . 

3. 

4. 

5 . 

6 • ( 
I J -1 I _R + 0 P.,D 0 p. , 

- -~+ - 1+ 

This final form of the step' has some superority over 
if?if/.,/ 

:its ;,nitial forni. Since the former requires five matrix 

m u 1 tip 1i cat ion san d t h r e e m a"t r i x i n v e r s ion s, w h i 1 e. the 
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latter four multiplications and one inversion. 

If now the second term inside the paranthesis 

is replaced by its equivalent: 

~~ 

• A 

u.* = --1 {R-1M'++. [R + O'Pi+1 0]-lO'Pi+1 8} Xi (B.1".2) 

is obtained. 

B.II. MATRIX INVERSION LEMMA: 

Consider the (nxn) square matrix partitioned 

asfollows 

A -

Now, assuming that the inver~e of !l exists, i.e., fj. is 
. ' 

non-singular; we define the following equality 

where B is partitioned as 8, i.e., 

B = 
[
!1l ! ~12] -'-r-'­
~21 . i ~22 

If"Gaus-Jordan elimination procedure is applied to A 



matrix to find its inverse, then: ~ 

where 

[ 
IL~. i ; ~ , . .' 2 I ~ i i ! Q.] 

_.--t- .,-.-.~.+,-
~21 i ~2 2 . I Q. I .!. 

t
'l -1 J 1. . -~21 ~11 ~12 I -~21 ~11 ~ Q. -: 1._._._._. I . + " . -, - -'-'-'-=1' - ' 

. Q. i~22 -~21 ~ll I -A 21 ~11 i .!. 

f
.!. i -A 21 ~~~ ~12 j -~21 ~l~ ~ Q.] -t-·_·_·_·- \-'':-;-'-'--ll':::-r 

l.. Q. I ,.!. I-£:. ~21 ~ 11 i £:. 
t' 

= ~22 - ~21 ~11 [ -' A -·12 

finally, 
'.' 

since B - F- l F - B-1 - A A A- l A -22 - - + _ - -22 ~ -22 - -21 -11 _12 
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-....! ... ', 

The A-l = ! can obviously be ~ewritten in a different 

form by simply reordering the subscripts 

-1 
~11 = ~ll - ~12 

-1 
~22 ~21 

~ll - [~1l 
' -1 1-1 - ,- ~12 ~22 ~22 

. I 
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If nov ,these two values of ~ll is equated, the following 

useful form for matrix inversion is obtained. 

r: -1 A ]-1 - -1 -1 [ -1 ]-1 -1 L ~ll - 812 ~22 -21 - ~ll + All ~12 ~22 - ~l All ~12 ~21 A~ 1 

Instead if we had -A12 ·for A12 , then all the terms mul­

tiplied by ~12 will change its sign~. 

[ 
. -1 ] -1 - -1 -1 [ . -1 ]-1 -1 

~ll + A12 ~22 ~21 - All - ~ll ~12 ~22 + ~21 l!!ll ~12 ~2l ~ll 

This result may be applied now to equation (2.33a) of 

Chapter 2. (2.33a) is repeated here fo~ convenience. 

(B.I!.l) 

The result of the above derivation ;s applied to the 

matrix [I + DR-1D'P i + l ] using the following definitions 

~ll = I 

A ': D 
-12 -

~ 

~22 = R 

~21 = Q''!:i+l 

Consequently, 

~ 

" , 

_I-1_D[_R + Dip, I-1D]-lDIP. I-I 
- -1+1- - - -1+1-
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If this equivalent form is replac-ed into equation (B.I1.1) 

then, 

r 

p. = ~'.!:i+l {.!. - Dr R + Q'fi+1Q]-lQ'.!:i~1} e + r 
-] - "r 

. 
.!: i = e I {.!: i + 1 - .!: i + 1.Q. [~ + Q I .!: i + ,.Q.] -1 Q I .!: i + ,} e + r 

(B.I1.2) 

is obtained. 
" 

\' 
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APPENDIX C 

Consider equation (2.33) of Chapter 2 which 

states that the boundary condition of RNE. is equal to 

S. This b_oundary condition is very simply derived. 

Reference to the performance index (2.11) shows that 

and accordingly, the minimum value of this performance 
l' , 

index with respect to u(.) is also 2 ~N'~ ~N' that is, 

On the other hand J* is given by equation (2.34) 

as 

for j = N. 

If these two values of J* is equated, ' 

,-
Since both fN ~nd S are symmetric, and !Nis arbitrary, 

then, 
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APPENDIX 0 

The scalar Riccati difference equation, equation 

can be rewritten as, 

P - 0 N -

Since all products commute.' 

f(D./~ ), 

Equation (0.1) ~s a nonlinear first order dif­

ference equation that can be transformed to a second 

order linear one by the following change of variables: 

P. = 
1 

V. 1 - V. 
1 - 1 

V. 
1 

The resulting equation is, 

d2 
. V l' [V,, -1 - (1 + e 2 + Y -) V· + e 2 V· 1] - 0 . r L 1+ 

T6 obtain the nontrivial solution, let Vi- Si, and 

obtain the characteristic equation 

(0.2) 

(0.3) 

(D.4) 



The two roots are 

where yd 2 

h -1 1 + e2 + z-
(l = cos .------

2\e\ 

The genera 1 < sol uti on can be wri tten as 

Application of the boundary conditjon!ft~= 0, yields 

finally that 

96 



J.I'It"'LJ.\..ll t-{E/\L*8lA...;.rl,O~~Z)~ .. , . \ 
COMPLEX COP,EIGE ~... 
D H1Ei'J~;I ON STA TE( 50)icONT(50) ,TIJ1E( 50) ~, 

,.DIMENSIO:'l 1\1J10,10J,8(10'10),C (10 dO),O (10,10) , R(10, 
'. '110),CTR (10,lol;IjLJrvJY(To:, 1 0 )~OHAT:(ib,10) ,RHI\T 00 ,10), ~ ~ 

1 EM C 10,10) , C OC TR C 10' 10 ) , PH I C 10,1. 0) , D ( 10, 10) , D I ( 10,10 ) 
1 , S ( 10 , 1 0·) , X ( 10 ) , F (~l 0,10 ) f' 

CO ~,1 tvl 0 N, TIP 1 , R , 0 H 1\ T , EM , R HAT 
--_. ~~~~~-'-- ~:C_OlvH~1(jf\I/-D-~r~C~/:t;~iiI:R~~~J\~r'~tr;j?i1·I.'·-Bib I· 

COi\1 IltlOi'JiEIDC!1\1,f'J, .. ~... . ~ .. 
COMMON!EIC/EPS(KM~~~COPC11) ,EIGE(lO),JJJ' 
COtvlMON!ST A! JDe 

~ , . .':",:COrvlf\10N/ ciJOIC QCTR,KN·.::::~~~: 

c~:E:~{::Fcorvl~O~~! IfFRIS' Xd fT> .. :~~~~: ... :~ 
':''''"'~:i'~< •. :.~COMdQh;;O!,M RI·XK+l0 L.tOJ:, U 02.T (10,10) 

READ (5,100) K~1I\X ,EPS ~.~ 
.10 O.FORiM\ T U L~'El 0 ~u ~. 

REI\D(5'1)N,IR'M'IFr~ 
1 ... Cc F.ORrvlAT(L~I5) .• ~~ .. ~~~. _ 

_ ~ VJRITE(6'10UN'.IRrJ~1'~IFT ____ . _._~ __ ~ ____ ~ 
._~~~10:.k£QRMAT(,.1;:,·'2rX~"J~:\=:j .. ;·L3/22X'·'IR:: ~ ..• 'I3!22X;,M=::::itT3/22X~r{ti~,~.;i1 

DO 15 I=l,N . . • . . . ~ . . ~ ~ ~ . : 1 
15 REI\D(5rl3)(1\1<I,J)'J=ld'~) ' ... ~ .. ~ .. ~ .. ~" ~ ... .. ~.j 

DO 18 K = 1 , i'J I 
18 REAO(S,13)(B(K,U ,L=1,IR) 

19 
DO 19 1=1, ~J . ~ ..... . 
READ (5,13) (CU, J), J::l'ivlJ 
DO 21 K=l,rvl 

21 REI\D (5,13) (0 (K, U , L=l'H) 
DO 22 r=l,IR 

~22 READC:'), 13) (RCT,J),J=LrIR)., 
DO 51 I=l,M ~ 

:51 REI\D(5,13) (F(I,J)'J=1,f\1L 
READ ( 5,13) ( X C I ) , 1=1, N) 
\~RITE(6,103) 

103 FORM~T(22X,'CONTINUOUS SYSTEM ~ATRIX I\,,!!) 
D6-_~~_.i:o.4 _.1-= 1, r-.J ;.~ ~ -: 

104 WRITE(6,20) (1\1(I,J) ,J=1,JJ) 
WRITE(6,105) . 

105~FORMAT(/!!,22X"C 
~ . DO.',lJJ6 _K=1,N 

106VJHITE(6,20} (B(K,L)!L=1,IFO 
--:·ViffI.t,E:C6 ~ 107 r .. -.... "-~. _.- -- -

B, ,!I) 

107 FORMATI!!!,22X"CoNTINUOUS OUTPUT MATRIX C,,!() 
__ ~ DO lOS 1=1, N.. . .~.~~.~~~~ 

1 08 W RIT,E ( 6 , 20) (C ( I, ,J) , J= 1 , M ) 

~ ~ 

. ~vJRnIEJ6.UO_9J~_.::X'.'7~;'~LL:.~~ .' 
109FORi~J\T(!/1'22X"STI\TEV1EIGHTING._j"1ATRIX Q, ,/f). ~~_~ ~ 

~ DO'210K=1,M: ~ ~.. . ~ . ~. ,. 

21 0 \v R I T E ( 6 , 20) C Q ( K, L ) , L = 1 , fvJ ) 
~JRITE(b'110) 

110 FORMAT{!!!,22X"coNTROl WEIGHTING MATRIX R,,!!)~ 
DO 220 I=1,IR ~ 

220 WRITE Cb,20) (R(I,J)'J=l'IR) 
~~R ITE (6, 111> 

111 FORMATI!!!,22X"FINI\L COST MATRIX F,,!!) 
DO 510 r=1,M 

~10 ~ IVRITE(6,20) (FII,J) 'J=l,M) 
vJRI TE{ G,l 02) 

102 FORMAT(!!!,22X"GIVEN INITIAL CONDITIONS,,!!) 

. ~ 

__ :.~.~." •.. , ,~.~ .. _ ... ~"~ .. ,·"",~c,=·.,·~~.~."·~ .. ,~~ __ ~_~ .~_ ..... ,~ .·~O~. 

. ! 
~-~, 1 

I 

- - •••• -0 •• ___ " __ _ 



:,-"=-.1.9 :.0:,"' eVr\}'IH·'· \ l:U r H'-U);j:;--':"l"'~c',~::::\O~;·'::':~·::o-=i·':C}F;'··~·:~:c 
JJJ=2 

'JDC=2 .. 
CALL STABIl~($88) 
J\v=4 
CALL S/\f'.1PLE ($88) 
CALL DISCO _ 
CALL CONTR($B8~PHI'D,N'IR) 
CALL OBSERV($88,PH1,ClN,M) 
CALL LOADj\ll(!11,DUMY'N,f\!) 
CALL LOADM(PHI,A1,N,N) 
JJJ=2 

-JOC=l 
CALL STAf:3IL($88) 
C~LL LOADM{DUMY,Al'N,N) 
JJJ=1 

.CALL EIGEN 
_ CAL L ivJ U L T I Q ( C , Q , D U IV1 Y , ~l dllJ rrvJ ) , 
CALL TRANS (C, CHr, N'M) 
CALL MULTIQ{DUMY,CTR,CQCTR,N,M,N) 
DO :i 1::1'3 
KN=I , 
CALL INTBSR 
GO TO {tj-r 6 , R ) I 
ltJlU TE (6, 30) 
DO 25 K=1, N .... 

. ..25. ·WRITEJ6,20) (OHAT;U(,iLL,t:=1,N t· 0._ c· .. · ... 

GO TO.5 
: 6,-c:o.~V'JRfIE(b(40) :,:~ 

DO 35 K=1, ~l 
35 V'JRI TE ( 6,20) (EM (K ,U, L=ldR) 

GO TO 5 
:C:c8 ...... :i\;JRLTEJbr50)L:.:~c·._ ... ,~~~" .. ,., .. ,.~.~=.~ .. . 

D.O~ .4S,oJ\ = l!I R -c.. ... • ..... 

45::vJRITEJb,-20Y( RHAT(K, U iL=l dH) 
5 CONTINUE 
~O FORMAT(22X,lP3E17.6) 

_ 30 FORMAT(,1,11122X"DISCRETE QHATMATRIX 15,,1/) 
tj~~,~;'LHt'EOR MAT ( /1122X" DISCRETLMMA TR IX,:I S" II):. , ... 

50 FORMAT(11122X"DISCRETE RHAT MATRIX IS"II) 
CALL MULTIQ{C'F'DUMYiN~M'M) 
CALL MULTIQ{DUMY,CTR,S,N,M,N) 
CALL f~TCATTf$55, $65,$.75). 
DO 27J=1,r~ 
00:_17I=1,IFT 
STATE{I)=XK{J,I) 
CONT{I)=UOPT(J,U 

.1)iV1E< I )=I~J, ..-0.-.' ... _. . . 

::GALL. ,GR ,ll,PH4.(S.t:f3 .-dEr,TI ME ,STATE). 
IF{J.GT.IR) GO TO 27 

__ CALLGRAPHLh(S. '8.,:IFT-'5IME,COr~J). 
27 CONTINUE 

.~.GOJO BU 
55 \~RITE{6,2) 

- -----

···2 ..FORlvlt\ Tel/ lO)fuIUVERSO~_AH~r:~fl:1I\TR I X DOES NOT .EX I ST.".) 

65 
3 

GO TO 88 
ltmITE{o_,3) 
FORiViI\T(//10~, diNERS OF TP MATRIX DOES NOT EXIST.,) 

c-GO TO se 
·-ili TE <6.r7) .. 

- ~ - .-.,.- --

"'--~ 

- ~ -' -'~ 



UD :> IV,..-

END 

'I 



".':~, .. :-,:c-::"':,';'>UDt\UU l:l'\jt:;:~)TAt31H2l,-:DJ.'~2":j:Dl;.:-~: ,. ___ . _. __ .. 

4 

__ :1 

IMPLI CrT REAL*8 (A~fJ,O=Z) . 
.. _COfvlPLE-X ,COP 'EIGE-j·~}=~:-_:.·/i~~:,~j·~~, 

COMMON/STA/JDORC 
COMMON/EIDC/A1,N_ 
COMMON/EIC/EPS'KMA~,COP(11)'EIGE(10)~JJJ 
DIMEr\jSIONI\!HO.,10J,EIGv( len·· . -
CALL EIGEN .. 

:.' GO TO ( L~ ,6L JDORC:: 
DO 1 J=l,f\j 
EIGV(J>=CABS(EIGE(J» 
IF(EI GV(J).GT.l.) Go TO 2 
CONTHJUE< ..... _ 
v.!R I TE (6,3 ) 

3 FORMAT(I/121X"DISCRETE SYSTEM IS STABLE. ABSOLUTE VALUE~'/ 
122X, , OF ALL THE FWOTS ARE LESS THAN ONE., I I) 

RETUR[,j 
2 . WRITE(b,S) _ . 

5 FORMAT(11121X',DISCRtTE SYSTEM Is UNSTABLE ••• A ROOT GREAtER,jl 
122X, , THAN ONE H~ AF1S0LUTE VALUE I S DETECTED., I I) 

RETURNl' 
6 DO 7 I=l,f'j 

IF(REAL(EIGE(l».GT~O.) GOTO 9 
7 CONTII\lUE 

I'JR I TE (6,8) 
8 ~ORMAT(11122X"GIVEN CONTINIOU5 SYSTEM IS STABLE.,II) 

RETURN;>, 
9. . WR I.TE (6 r1 0) . . ._ 

•. -'?~10_:r=.:ORM/\T(11122X~·'~GIVC-NC6NTHIIOUS .SYSTEM. ·IS· UNSTABLE. ·'Il}:~ 
RETURN 1 
END .. ~ 



..... VUf\V\J I lJ\Jt_ "bLbbN 

IMPLICIT REAL*8(A-H,0~Z) 
COrvllv\OI~1 E I DC I A1, l\j: ,: ",~ """"""" :" ,_C, "', 

''_-'cOrvlj\110f~/EI C/[PS, KMAX ,A(11) , XR( 10 J,JJJ " ""' 
, ~"--> DIMHISLON 'AI (lO:,:10>tStl0 ,10:)r C(IO il0J,P( 10 r,COEFF( Lt} 

COrv1PLEX A, XR 
DO 1 I=I'N 
DO 1 J=l,f\j 

-1:::c~';.",.:HU,JJ=A1U~~J}L;~~~c"C,~,,:,_:~=-:_,c:, __ '" , _ 
_ DO 20rV1=1' N 
, P(M)=O.O, " 

F rvl=ivl 
L,~c:,.DO 21J =l,Nc" ',-' 

21 e(M)=p(M)+B(I,I) 
":i~&f~~~itg(~tt::-e".(Mj:lF;f'1~:~:Z):' 

DO 3 I=l'N 
"3,B (I,I)=B( IrIY-PJ ivl r 

CALL MULTIQ(A1,g,C'N,N,N) 
D06 K=I,N" 

"_, """ ""_, '" DO 6 L=l, 
; ~:. 6~:.;¥0~':j:E3 -'. K,L) "::: C ( 

20 CONTINUE 

25 
4 
24 

40 

31 

42 

41 
.-- 1+3 

KK=N 
DO l~ 1=1, N 
IM1=I-l 
IF(DAOS(P(N-IM1».Lr.EPs)GO TO 25 

""GO TO 24 ' 
KK=KK-I 
CONTINUE 
DO L~or=l'KK 
J=KK~I+l , 
ACJI=CMPLXC-PCII,O.OI 
KP1=KK+l 
ACKP1)=CMPLX(1.0'0~OI 
DO 31 r=l,KPl 
COEFFCI)=REALCA(I» " 
CALL ROOTCP C A, KK, EPS, KfV1AX, XR, IO, $2L: 
NU=N-KK 
IFCNU>43'43'42 
DO,41 J=I,NU 
JJ::K.K+J_ "' 
XR(JJI=CO.O,O.O) "" 
I FeJJJ. EO. 11 GO TO 32 " ____ " 
I'JRITE(6r100) 

100 FORMAT (II 122X, ,THE INPUT AND OUTPVTEOR SUBROUTINEEIGEN,I/L 
vJRITE(6r101)N,EP-S,KMAX ," " " \ 

c~b;fJ_01FORJvlJ\L(.22)(:~! N::i,~-;'j~jf3j22X,{E:PS::::;CilPEi5~6/22X,~i_KM~)f~~~;;;I_3Lc}Sj.~,~ 
itJRITE("brl07) «ALC!'.) 'J=l,N) rI=l,NI, _ , " "" 0 _,_ """ _! 

er07 FORMAT(/1122X"1~JPuf MATRIX,/1(22X,lP3E15.6}),' "-" 
WRITE(b,103)(!,COEFF(I),I:1,KP1) 

103 FOR:vJA T(/ I /22X, , COEFFI CI ENTS OF CHARACTER I STIC POLYNOMIAL 
1. , , I 122 X , , I , , lOX, , CO EFF ( I) , I C 19 X , I LH 5 X ,1 PE 1. 7. 6) ), 

GO TO 30 
2 WRl

o

fE(6,105)IQ 
105 FORMAT(11122X',ERROR RET~RN ••• MAXIMUM NUMBER OF ITERATIONS,/ 

30 

122X"EXCEEDED pURING THE SOLUTION FOR"I4"TH ROOT.,) 
GO TO 32 
I'JR I T E ( b r1 0 6) C I , X R ( I ) , I = 1 , I Q ) 
IF(NU.GT.O)WRITE(6'110) (I,XR(I) ,I=KK+l,N) 

106 FORMAT{11122X"ROoTs OF CblARACTERJSTIC POLYNOMIAL.,/122X, 



· .,_ WRTTE(:6Tl 
,109, EORrvl/\T(1122X, ,:v1LJLTIPLICIJY. OF.ZERO. ROOTS IS,NU:;.,rI3) .. 
~.:·110~'F.ORrilAT(-III22X; ,ZERO m'OO:tSi:kI122X""lf,I6x,:IXR(Tr?/( f9X;'lLt""· 

l1P2E17.6» 
32 RETURr\! 

END 

- -" - ,-

.-., ~ ." . '_ .. - - .-
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SUBHOUT I NE 1'1UL TIQ(I\{rS', c, Nl , f~2,N3) 
IMPLICIT REAL*a(A-H,n~Z) 
DIMENSION AU 10d01 ,BJ 10,·10 ),C (10,10> . 

.. DOl1 I=l'fU . 
.. cDO 11K= 1 'N3·}":~< .... " . 
. C ( I , K) =0 • 
.. 0011 J=1,N2 
C(I,K)=C(I,K)+Al(I' 

,,·::"~c~.,,·'BET.URr'lz~c. :.~L"' 
END 

-: -.- ';; .. : ... - - . 
~ -_ .. _-._--- ... ---+. 

.- . -. --_._ ..... -, .. --.-~.~ ... --.- .. --.. __ ._---



~~~~:C::;C}S08R()tJ T1 
IMPLICIT REAL*8 (A,":,:I:-l,O:-:Z} __ . 
GOMPL[XCOP, EIGE;~:t~~'i,'~f~;?~~jY~i:i ____ ',::~::' :.:,_ .. 
DIMENSION EIGV(lO)'EXP01(lO,lO)'VINT(10,10),DUMY(10,10), 

1 V UJT MIl( 10 , 10) , TR ( 10, 10) , Ft I ( 10 ~ 10) , FT I N( 10,10) , FU (10 , 10) , 
IGBAR<1Q,10),EM(10,10) ,RBAR(10dO),R(10dO) ,Al(lOdO) ,BUO,10),', 

__ .l~ONK (10, . .10)· __ ._ ._ - . .. . _':- .. - .. :-.: - __ '~ 

.2 

4 

COMMON TIP1'R,~8AR'EM'RBAR 
c:c;.-:COMflil0r·ljEIDCiA1,N,'_ 

COMMON/EIC/EPS,KMAX,COP(ll) ,EIGE(lO),JJJ 
COMMON/DIC/T,IR,JW'B,EXpO,DB,DI 
COMMON/CWI/FONK,MH 

._.,: •. __ COWvlOtJ;CVJOIFU, KONTRL 
DO 1 J=1 rf-J 
EIGV(~)=CABS(EIGE(J» 
DEIGEN=EIGV(l) 

,~ __ DO 2 K=2,!'J _. 
DEIGEN=AMAX1(DEIGEN,EIGv(K» 
H=l./(UEIGEN*~O.) 
NIT=IFrX(TIPI/H) 
H=TIPI/FLOAT(NIT) 
HOV2=H/2. 
IF(KOr'~TRL-2)q,'6'8 _ 
CALL SIFIR(GBAR,N,N) 
_GO TO _10 

6 CALL SIFIR(EM,f\J,IR) 
_ __ __GOLTO:l 0 _____ _ 

8 . CALL SIFIR~RBAR,N,N) 
~~lO'·c.:.~~~;fd-!OV2' -.. . . ~.~ ___ . ___ :. __ 

CALL EVOINT __ 
CALL LQADM(FONK,VINTAMjN,MH) 
N I,-rvn=r'-lI T-1 

___ c:'·_c"'~,"-QO.:.::.5,,J=1' U 
T=H!I .. 

_~~~c2el\C:t tv ChtH :c' 

CALL LOADtvl (FONK, EXPOl , ~l, MH) 
1 F ( K 0 N T R L - 2 ) L~ 0 , lJ 1 ,Lt 2 

40 CALL TOPLA(QBAR,EXPOl,N,N) 
~?~~&~~:;s~-'-G_O:.:TO,2 4 . .::._ __:c_::.~ 

41 CALL TOPLA(EM,EXPOl,N,IR) 
.GO TO 24 . / 

42 ... - CALL TOPLA (RGAR , EXPOl, f\J, N)_ 
:>2i!:i,I:;T +HOV 2 

CALL EVOINT 
-C~LLLbAD~{fONK,VINT,N'MH) 
i~(KONTRL-2)50'51,50 
CALL TOPLALVINTI\M, 'lINT O-J'NJ_ 
GO T05 .. .. _ ... 

;;=5i·'~g:~i{t'L,,:(O'pLA CVI rHAM,V i~iT, N' IR) .. 
5 CONTI ~,JUE 

.T=O. _ 
CALL EVOlNT .. _ .., _ 
CALL LOADrv1(fONK ,FTX ,U,J.;lHL . 
T::TIP1_~ ... 

. . CALL. EVOl fn-_.:.- __ ~ ____ _ 
CALL LOADM(FONK,FTIN,N,MH) 
GOTO(72'7~'7~j~ONTRL . 

72 CALL . S~rV1~()R,~H,F.i·i-'FTI N, VI~h~ Aiv1, QBAR, N, N) 
~_. ___ ._.:. _c,Oc:T():bC3.:. ... ~.:,~>.c::-__ :::~ __ :._._~. ___ ~_ .. _ __ __ .__ _ 

73 CALL SIMFOR(H,FTI,FTIN,VINTAM,EM,N,lR) __ ~_._~-:-_.-_~~._._-_:_:;-_:---,--~:_~_-;;~t~:~~ -,": ~ --. .. . . --~~:::.~~ -:-::.~:. :~f~~-~~~~~~~: ~~~~:" ~.:~=. ':~~~ .. l-~;:'::--:-::":-: :-:; :? -~ .. ~:; :: -~: '-- ,- - ..... ... .. - - _. -
, '- _ - -,- - _. ____ " ..... _- - .. - _.'" :"=::-=:::·:=:"-:=-~:··::~£~::'~~~~~:,:::~:..=:t~.l:~~::':':;':::"'~:'::"";:~~·M·_·~·:",L-.: ... 

... . - ---
. _ .. _. - --"- ----.. _ .... ,,--. -_.-

, ... - - ."' 
'. ",.' " ~'- : .. -

. - .. . . - "--_._---, -- --. 



, ~ _ ..... , 

74 ... CAll SIMFOR (H'FTl,FTn~'VINTI\["1,RBARd-J,~J) 
CALL TRANS(O,BTR~N'I~) . 
CALL rJ1ULTI Q (BTR, RBt\R,DU~~YdR.' N, N) 
.CALL r~UL T I Q <DUMY, B'RB!:\R, I R, N ,IR L 
D03' 1=1; IR'''L' ,~c·<I.~:·;~'~:'c'.,\~:<~ i

C
' 

DO 3 J=l,IR .... c ....•. 

3 TR (I ,J)=TIP1*R (I ' .. J)<c.~:"-~: ~ .. 
... CALL TQPLI\CRBAR,TR;rR,IR) 

~,~~_6 8;~~~:~:t~.~R E:.TlJ R [:J '·t}~::; ~·-:_2~~-~~~~:~~_~-~-~~-_·~.:;:~~·~;.~.;=~ .,.~; __ ~. -~. :_:_-;-.~~~ :~" 
DJD 



~~t~~<i,,~C~SU8f1o(jTIHE 
. IJ-1PLI CIT REJ\L*8 (J\-fj,O-::ZL .. 
C at., ~;1 0 N / C vJ 0,1 F U, K Of;rTR L~,i:::~'c:~:,,:< 
COMMON/EIDC/Al,N . 
COMMON/DIC/T,IR~JW'B,EXPO~DB'OI 
COt-1MOH/CVJI /EVFU, Mil . ..... .... .. . '. . .....• 
o livlEK1SI ONAl( 10 ,lOJ,B(io,1 0 Y,EXPO (10,10) ,OB{·l 0·':10L~Did~1()·"10)c:~.;'(.~ 
Drrv1Ef\lSlON EVFUUO,lO) 'EXPOTR(lOrl0) ,DUMYUOrlOJ ,FU 
:j.F(KOI\jTRL~2)12-, 13~~;_14 . . . - .~_'_:':,~. ___ -_-- -

12 J~J=2 
GO TO 25 

13 . JvJ=l 
25 . CALL DISCO ..._ 

.15 

14 

9 

, ., 

. IF(KONTRL.EQ.3)CALL LOJ\DM(OI,EXPO,N,N) 
CALL TRJ\NS{EXPO,EXPOTR,N'N) 
CALL MULTIO(EXPOTR'FU,DUMY,N,N,N) 
IF(KOI-JTRL.EO.2),:GO TO 15 
~ALL MUlTIQ(DUMY,EXPO'EVFU,N,N,N) 
GO TO 9 
CALL MULTIO(DUMY,DB,EVFU,N,N,IR) 
GO TO 9 
JvJ=:5 
GO TO 25· 
fvlH=N 
IF(KONTRL~EQ.2)MH=1R 
RETUF~N 
Et~D· . 

- - .. -
.. ,-

. _.. 
._. ~ .~--.--



sUBI~OI.JTH1E GISCO'· .. ' 
IMPLICIT REAL*a(A-H,Q-Z) 
I ~JTEGER POWER.,· '. . 
D H;1ENS I O~J [) ( 10 ,10 >,S T ( 1 D.' 10), 1 ( 10,10) , B ( 10,10), Ps I ( 10, La L 
REl\LINTEGA (lO.,.lO )'NOR~l,l\ (tOL ". .. 
corvlivl01\l!EI DCI A1 ri'J.. . .. 
COMf"101'l/DI CIT, M rI'-Iv) ;I},PSI; 0 ,INTEGA 
DATA[P1/1iD~201 
:!)O~L~I='t .. 

. ... NORfV1A ( 1)= 0.0 
____ DO :1 _~J= ~-i:'-~~J - _-". ___ ~~ ____ .: ..... __ , .... 
sT(I'~)=A1(1,~)*T 

J~ORrvIA(T)=NQR~1A,UJtABS(STtI, J) L 
1 .... PSI(I'J)=ST(IrJ' . 

.. =,,_.~AN6RM~!:JQRfvil\( 1:.):.' .' 

. DO 2 K= ?, N. ........ .. 
ANORM=AMAX1(ANORM,NORMA(Ki> 
PO~JER=10 ... (. '. '.. . ..... 

. 1 F (POV'JER. LE.I FI Xu\r\IORM ».pOvJER=P,OvJER+ANORrvf 
L4. DO 7 .1= 2,PO\'JER 

. :~:~_;A PO\'JR=POVIER ... Lt2o.c 

3 
5 
7 

12 

4 

8 

6 

25 

Do 5 ~= l,N 
DO 0 K=.l,N . 
INTEGA(~'K) - PSI (J,K)/APOWR 
I NTEGA ( J, J) =1 f\lTEGA(J,J) + 1.0 .. 
CALL MULTIQ(ST,INTEGA,PSI,N,N,N). 
DO 12 J= Id\j· .. 
PSI(J'~)=PsI(J,J)+1.0 
EPS=ANORM/(POWER+2) .... 
IX=POWER+1 
UPP=MJORiVl** I X 
DO I~ J= l, POI'JER 
APO \'~=Po t1ER - J+ 2 
UPP=UPP/APOW 
UPP=UPP/(l-EPS) 
DO 8 K= l,N 
[).O EfL=1 , N. 
IF(OA8s(PSI(K,L».LE.EP1)00 TO 8 

- - -I - ----

IF( DABS (Upp) .GE.DA8s(PSL(K,U *1. E-5J) GO TO .. 6 
CONTINUE 
GO.TO 25. 
PO\'JER=PO\<IER+ 1 0 
GO~TO .14- . 
IF(NW.EQ.2) GO TO 28 
DO 9J;: 1,N ..... 

- - . ... -
--" -- -_ .... _---,._>"." 

D09 K=1'N . 
···lt~TEGA(J 'KL:::Ti:llJtE~AtJ'-K~r, .. 

IF(NW.EQ.3) GO TO 28 
C AL.L ·~'li.JL T I Q (HJTEGA'B,b ~ N'N ,M) 
IF(NW.NE.4-) GO TO 28 

24 WRITE(6,36). . 

10 

36 FOR~JiAT( rl,11120X, ,THE INPUT AND OUTPUT FOR SUBROUTINE. DISCO,;I 
vmITE(b,21) 

21 FORMAT(11121X"THE A MATRIX.,II) 
DO 10 1= 1,N • 
IrJRITE(b,20) (A1<I,J) ,J=1,N) 
~'JRI TE (t) rill 

11 FORMAT(11121X"THE B MATRIX.,II) 
DO 22 I;: 1,N 

22WRITE(b,20) (8(I,J) '~=lrrv1> 



~5a6'.:FoRr\'It\·rrl//215(':{fFEIE,~tDlfstf~Er8ssYstEMli~A:I'R Ik"PHI':~/iiLt. 
_ .... DO 17 I = 1, [\1, ........ ' ........••• c:,,:. 

17 '·vIR ITE-(6 ;20) ( PSTFF,·.JJ'~d=fc'}J 
\~RITE(br19) 

19 FORMAT{I/121X"THE OISCRETtINPUT MATRIX 0.,/1) 
DO 23 r = 1, N . 

23 .. viRI TE (6,20) <D< lrJ )'0=1,1\1) .. 
. 20 FORMAT(22X,1P3E17.6) 
.~ .~JR I TE ( 6 ,26.> ErS, ANORM, POv/ER . 

28 

26 FORMAT(11122X"EPS =',lPE15.6/22X"ANORM="lPE15.6/22X, 
1 , PO~iER=, , 11+) 

RETURN 
.. END 



SUBHOUT I NE SIFI R(Sf,~J3;Nll-) ... 
IMPLICIT REAL*B(A-H,O~Z) 
DIMENSION SI(10il0) .. . 
DO 15 1=1,1'-13 
D015J=1'NL~ . 

15 SI(I,J)=O.O 
... RETUHN 

END 

-=--- .-;:~::.:.-- - ._- -----~-- ---_. 



~F?2.~~suBHo[jiIUE':'f6F)lA;.ZfQ~tE;'~j~3T~1lfJr~'Zoy~­
H1PLI C1 T REAL*8J A~tL,O~Z ) .. 

•. 01 MENSr ON.Q(l o~i b)JEJ~·lb,.j6) 
DO L~ K=l' fv13 
DO 4 L=l'W~ 

~ Q(K'L)=Q(K,L)+E(K,L~ 
RETURH .. __ 
E~lD 

. _. 
- "-~- "-~-

.. 
.- --

. - . # 



SU13rWUT I NE SH1FOR (H, AI, A 11,1\12, t\I 3, M5, (\16) 
IMPLICIT RE{\L*8(A-H,Q-Z) 
DIMEt~SION AI(10,lOJ-,AI1(10,lO),AI2CIO,lO),AI3(lO,lO) 
DO -, I=1,M5 

. DO TJ=1,M6> . .. , . 
A I 3 ( Lt J ) = ( H 16 • ) *( A I(1 , .. » + {, I 1 ( I ,J ) + L+ • * A I 2 ( I , J ) + 2 • * A I 3 ( I , J) ) 
RETURN __ 
END 



:··:SUBHOUt:IHE-~:rR-ANstl\t./\T'§l t-'N2): : 
)fvlPLI CIT r~E{\L*8 (A-::-f-:l,O-:Z)._ •.•. 

. .•• b IfvlENSroil f\ ( 10!llJl~'AT{lO~fO)· ~.' ... '. 
DO 15 1= 1 rf'-Jl 
DO 15 J=1,N2, 

5 AT(J,I> = f\(I,J) . '.. ..... ;\1 
...... . RETURN .... ••...... ..:.... .•... ... . .....• 11 

Ef\lD .. ........ .' - .... . .... ". ..-...::'.~ .. : •.. J 
SUB11r. SUQ12, .SUB13 ,.SUB14, • SUB15, • SUB16, • SUB17,. SU818,.SUB19::::.~-.> d 

. . -_ . 
. - - - - -~- .... 



8 

SUBROUT HJE LOADA(DUL.L~OPM, Ml~r"12) 
IMPLICIT REAL*8(A~Hrb-Z) 
DIf'v1ENSIor"JDULLC10;lQ)JOPMJI0rTO) , 
DO 8 1=1 dv11_. 
DO a J=1,1v12-
OPM(I'Jl=DULL(I,J) 

. RETURN C . _ 

. Er,m 

. " . -- -~, ..... -" .. -"--. _. - -

... .- .. 



R oU'lj'~J'EYRTc1iHIIf'(~c~i/$JE~I~~'-~'H:~~\C~cemr :_-U.:·~T,~~~~l'.f:.~;:-':'=~G.72fN':t'-:~:r:\':<2~:'j 

.-'6i~~i~~i~~.JR~A~;~{,6~_~ttjit~hAT(YO~-fH}',.EM fl''O}io'j:/RIN\/<l.b',=!c»:.·C:<-'.-'j 
D I MENS 1 ON EivlT ( 10, 10 ) , DUMY ( 10, 10) , DC 10 rl 0) , DRM ( 10, 10) , PH I ( 10,! 
DIMENSION TETHA(10'10),RMT(10,10) ~GAMA(lo,iO) ,DTR(lO,10) 1 
DI MEf\JS ION TETATR (10,10), S (10,10), PJI0,,1 0,10) , PK (10f.1 O,) . .1Tf? <10 

- - D I MENS! ON · XKJl 0,10),)«10) ,xx (rO,_1),:G1(.10, 10) ,G2+1()',~ OJ,G3'CLo1 
oI MENSI ON G4 ( 10, LO), G (10',10 rl 0) '~U (10, !>,UI (10, ll"UOPT(lO,:lO)! 
DIMENSION ,D1 ( 10,1J, 02(10,1), R (10,10), AL(fo ,io Lr~B.cioi.lo»)'DI~(11 
o,IMENSION RIMClO,10),Xf<T<1r10),COST(1,l) _ -" _.1 
COMI\10f-J TIPl,R,QHAT'EM,RHAT -._,' . ..1 
COMMOr~/oIC/T, IR, J.\lJ, B, PHI' D, D~i i 

- .. COMMor'VEIDe/At,N ' __ ..\ 
COMMON/ICFRIS,X,IFT, 

69 
21 

- COMMON 10MAR~XK~UOPT~ 
CALL LOAoM(RHAT,RINV,IR,IR) 
LEO=1 _. , ._, ,. 
~ALL INVERS($69,RINV,DET,IR,LEO) 
GO TO 21 
RETURf'J 1 
CALL TRANS(EM,EMT,N,IR) -
CALL MULTIQ(RINV,EMT,DUMY,IR,lR,N) 
CALL tvlULT I Q (D, OUiV1Y, OR~~, l~' I R , N ) 
CALL SUBTRT (PHI, DRM, TETI--lA, N, r\j) 
CALLMUL T !o.< EM, OUMY.,RMr, N dR, N) • __ ' 
CALL SUBTRT(QHAT,RMr,GAMA,N,N) 

_.CALL ·TRANS( D,DJRd,jrj'R):C -,- _ .. ' . __ 
_ . _CALL. TRANS (TETHA ,TETATR, N,N) 
-~";.~~M= t.F:_T-t.l::- . __ --.-:~ .. ___ ._ --~_-:.:':_." .. : .. _'._;.._:~ .. _._~_ ..... ~ 

CALL' CIZERO(N,S,KS) 
iF(KS.E6.N**2) GO TO 1 
JANE=-l _ 

2;::,' ~,~l:;:~;:i~KD:O::;':2C=-I;::TLN 

_ , ,,_cQJ>: ~2~J=1/N. ,,'_ 
-2 ,.f~o",cP( I ,J'f·1> =S:( I ,J) 

L=1 
15 - K=rvl~L+ 1 

1 

12 

DO 4 I::l,N 
J::V.t>J. 

PK(I,J)=P(I,J,K) 
GO TO 12 
JANE=1 

_. CALLlOAofvlfS,RK, N ,-Nt.. ". 
CONTINUE,~ . 
CALL: 1v1UL'T IQCOTR,PK ,bUfvlY, I H, f\J, N) 
CALL MULTIQ(DUMY,D'TP'IR,N,IR) 
CALL '_' TOPLA(TP ,RHAT' IR, I R). 
CALL INVERS($7~~JP'DET'IHLLEO) 

~E_:~Ii{E.t}.-Go:iTQ:c31c "~,::c':;::~~l '.,_ .•. ,,: '_ '" ' 

79 RETUHN 2 _ _ _ . 
31- CALL ,,1ULTIQ(TP;DTR'olJNY,:IR,IR,N). 

--, -- _ CALL MULUQ(DUfo1y,pK,rP,IR,N,N) 
::c ALL !'-lULT IQ(O,Tf? ,DUMY,N,IR,NJ 

CALL MULTIQ(PK'DUMY'T~'~!N,N) 
,_CALL'SUBTnT(PK', TP,DUtv:1YiN;JJJ 

CALL MULTIQ(DU~Y'TETHAiTP,N,N,N) , 
CALL MULTIQ(TttATR'~PiOUMY,N'N,N) 
IF (JAI~E> 17 d8rla 

:~'~~: .. :::-lJ) '_. _~._C~Al L .. _:_:~ T.P p. L·(\-.-.(~QU_~lY~ i:'<-?A.~1 A iJ~.~·t~ ')_;~:.:~~:.: ___ ._ 
S LJB TRT. (PW-1'( 'rf5~,.,.G ;L!J)J!,N), 

.. _ .. _. _____ '_~ ~.~~.:_~·.:==:=:·~~·:-~~-~~~:~~~~~;~:_~~~o-:~~:~~~:~~!~-;~~~~~~'-" 

- ,,'I 
I 

1 

"-1. 



~" ......... ".~V"U!·I \ IJU"'I 't~I\.' N',IIIT 
00.161::1 '~J .. ' 
00.16 J=l,N , 
GICLrJ)=GICI,J)*GIJr,J) , 

16JF( G1(I ,J) • GE. L E-8) GO, TO 12, 
.. ::-GO.l>TO:::~1·9."; ---". ____ ._. 

17 K=K-l 
DO 3.r~!'N . 

. DO 3J=1,N '.'., ", ',',." 
'., 'RCl,0 d(E=DUMyjJl~,J) +GAMA CI,,'J L 

L=L+l " .. 
I F(L .LE./vl) GO TO :15'::: 

C PRINT OUT P Nll\TFUX 
:~., .. ";.o~:..:ic .• ~WR ITEJ6 ;5J, .. ~, .'.L,. .' .'" 

cc.,.?=EORI'vIAJ<, L, ,22,x"SOLUTIQN, or MI\TRI x RICCATl 
;jStt.citLi·1't2:2X~,-;£oUAtION~-0R\MATRICES.ARE,.,)I)~.'. . ., .. '.'" 

006 I=l,M 
JJ=l.;';;l ",. 
vJ R I T E ( b , 7 ) J J , J J 

-,- "DO.6J=1 'N:~,.:':,~·.}'--".~.".--", 
. ' . ,(:)"...".WRI TE(6,8 J,(P (J.,.jK,IJ" ~K=l., f\J) . 
e-:~c:~~}'c~,GO<TO:,'2.3.,.,·jt;ti''.~l:;'./E'5.·Fi.;.\:·',·L, .. :' 

19 PRINT *" -- STEADY STI\TE SOLUTION OF RICCAT! MATRIX EQUATION; 

22 

C. 
23 

.10 

60 

0022 1=1; 1\1", '1 
W R I T E C b , 8) (PK <I , J) , J= 1 , N)" 

7 FORMAT(II/22XuI\T THE SI\MPLING INSTANT"I3,2X"PJ"12,,J •..• ' 
1 MI\H<IX, ,11) 

8 F6RMAT(22XilP3E17~&) 
CO~'1PUTE TIrvlE Vl\f~YINGFEEoBACK G/\IN MI\TRICES,CONTROL& STATE VE) 
K"=lc. . . . ._ ~ 

DO 10 r=1,N 
XKCI.,l)=X(I) ',' .. ,' 
PRINT *"INITIAJ.- STATES 
WRI.TE (6,8) (XK(J ,KY, J=1,NL 
K::K+! 
DO 20I=1,f\j 
XX(I,U=XCI) 

.~:,: 'I EtJM4E.)2 LH 25,25 

.24 CONTINUE 
• 0020 J=l, N' .' 

,20, ?KCI,J)=P(I,J,K) 
::;25 ,lFJK.NE .2L.GO TOiiF2~.· c:;::, .. 

CI\LL MULTIQ(OTR,PK!OUMY,IR,N,N) ~ 
CJ\LI': ·MULTI Q( oUMY ,btG2~·IR':~h,dR):, .. :=, 
CALL MULTIQ(DUMY,TETHI\,G3,IR,N,N) 
CALL TOPLfd02,RHAT',IR,IR . 
C.I\LL I NV.~RS( 'fi89,G2 'DEI, rR,LEO) 

~,~ .... ~C'-'-c.c .... GOX'.'TO.41.'t~ _ ,,·:=-- .. c:..:..~ ... : •. c , .......... " .. . 

89 RETURN . 3. . .... .... ....c . , 

41 cALL rvlULTIQ(G2 ,G3,G4 dR, IR, N} 

42 

26 

30 
C 

CALL TOPLI\(RIM,G4,IR,N) 
CALL LOADH (f~ I ~,1, G1., I R, hI)' 
K=K-l 

·IF(JANE)26,27,27 
DO 30 r=l,IR 
DO 30 J=l,N 
G(I,J,K)=Gl(I,J) 
PRINT OUTOFEEDBACK GAIN MATRIX G.O 
JA=K-l 
~'JR I TE (6,9) JA, JA 

9 FORMAT(11122X"AT THE SAMPLING TIME"2X,,FEED BACK GI\IN 



.: . ~Do ~ ii·.;:t~~1:': ;ci~f~~tJ~~5·f{~1L~~t{:}:.,:c·1t'Sil"·~· ~c 
... c).1ltJRI TE (b, 8) (G (1, J, K ),J=l.,.N L 

·GO ,·TO·..)9.·.·~···· .• • '.. • .•... ~._~.~ •.. : ... ': .... 
27 JA=K-l 

IF(K.NE.2)GO TO 39 
PRIfn "'" STEAD'eSTATE FEEDBACK GAIN MATRIX., 
DO -28: :I=l":,.:IR _ .. ~.~: .-

28 WRITE(6,8)(GIU,J)'J=1,~.j} 
·c ... COMPUTE ,CONTROLVECTORU., 

C 

c 

39 CONTHJUE 
.. 1vlr-l=l 

CAll MULTIQ(Gl,XX,U,IR,N,MM) 
DO. 40 1.=1, I R· 
UI(I,1)=-U(I,1) 

4Q UOPT(I,K)=~U(I'l) 
PRINT OUT ,CONTROL VECTOR U,. 
WRITE(6,13)JA,JA: 

13 FORMAT(///22X"ATTHE SAMPLING TIME"I3,2X"OPTIMUM 
r,/22X, , COtHROl . VECTOR lJOPT ( , , 1,2, , ) , ) 

WRITE(6,8) (UOPT(I,K),I=l,IR) 
COMPUTE ,.STATE VECTOR X, 
CALL MULTIQ(D,UI,Dl,N,IR,MM) 
CALL r/)ULTIQ(PHI,XX'D2,N,N,Mr,/) 
K=K+l 
D050I=1,N 
X (I) =D2 U , 1 ) +Dl ( I ,1) 

..... 5.0: XK'rbKJ=X (1) .... :. : .. 
.c PRINTOUT ,STATE VECTOR X •. , 
.... ...::oXMl=K~.L .. _... . ...... _.~ ..... . 

WRITE(6,14)JA,KM1: . 
ll~ .FORMAT(///22X, ,ATcTHESMJ1PLH1G TH1E, d3,2X, ,NEXT 

1,12,,) CbMPUTED AS'//) . 
.. _~~... ..c,,-~~IJR.tTEJ6,B }.eXKCJ,XU:'J=Vt:JJ_ .•. >" ..... :~ .... ,. 

LFJK. NE .IFT+l)(3() TO •. 60 
. ..Cor~piJTECOST 
IF(JANE)43,44,~4 

43 . D04 7 1 =1, N 
DO 47 J=1 d\j 

';:L;d.4·'ZJ~~~~~· 8KU.;J).=p( I'J, . .1.L. . . .. 
. 44 CALL MUlTIQ(PK,XK,DUMY,N,N,MM) 

.. ·CAllTHANS(XK,XKT,N,r-IM) . 
CALL MULTIQ(XKT,DUMy,COST,MM,N,MM) 

.<PRINr*" . QPTlfvlUMSOlUTION IS OBTAINED i1ITH 
I'JRITE(6,35) COST(l'l) 

<35 FORMAT<l1 ,22X" COST::, , G12. 5) 
RETURN 
END 



- - --
SU8F~Ol.JTI NE I N\jERS ($~'A' DETER,N ,..i'ALE) . 
IMPLICIT REAL*8(A-~,0-Z~ 
DIMENSION IFWW (lOrLJCOLLl OhJORD( 10),Y (10 L, A ( 10 ,10) , A2( 1 OrlO) 

5 

DAT /\ EPS/1.D,,::,201 
bo~ 5~J::bN ... __ ._ . 
DO 5 K=l, r,J 
A2(J,K)=A(J,K) . 
DETER=!. 

c' .. =cj':};'b018K:::LtN~.:j2:2~:?,;~~c:'jZ~ejl;,: 
.. KMl=K-l . 

<: PIVOT=O. '. 
DOIII=1,N 

'·::0':..:,.,;OOI11.J;:1 ,N~c ....... , .... , ... ",. 
I F(~.EQ.IJ .. ,GO 

{'-'~S3Jit~D U8~'~1 stAN::I" 
00.8 JSCI\N=1,KMI 

',,': 

, . .1 F( I • EO. I RO\'r(lSC·I\Nrr:d30:~TO~ill: . _ 
IF(J.EQ.JCOL(JSCANU.GOTO 11 

8·--; ':. - ~·.COt~T:I-f~UE _~.> '.- -- ---:. -... --___ ... _ -_-:-~.' ... -;.-~_." 
9 ..... , IF(DA8S( rUI •. J» • LE •. DABS (PIVOT». 

---- ~~:~;:~·-~~~:~!;~:~.~PI~\,.OT.=i\-~t I~ ;.~~i)Ji~- .. ~--'~~-:~~~~~~-.~: .. :~'.::-.-~-~ .. - --.... . 

11 

·13 

14 

IROV'J(K)=I 
JCOL< K) =J 
CONTHJUE 
IF(DAE3S(PIVOT).GT.EPS) GO TO 13 
RETURN 1 . 
f ROv/K = 1 ROvJ ( K ) .... 
JCOLK=JCOL(K) 
DETER=DETER*PIVOT ... 
DO 14 J=I,N .. 
A (HWv-JK, J )=A (IRO\tJK, Jl/PIVOT. 
A(IROWK,JCOLK)=l./PrVOT 
DO 18 1=1,1\1 
AIJCK=I\(I,JCOLK) 
IF(I.EQ.IROWK) GO TO 18 
A(I,JCOLK)=-AIJCK/PrVOT 
DO 17 J=l,N 

17 IF(J.Nl.JCOLK) A(I'J)=A(I,J)-AIJCK*A<IROWK,J) 
18· . CONTI NUE 

DO 20 r=1,1\1 
IRO~"'I=IRO\'J(I) L:.,.,.~'-_.' 
JCOLI =JCOL <I) ..=. 

:20 JORD URO~JU:=JCOLI:~'f> 

22 

27 

INTCH=U 
. Nf\-'1.1=N-l 

00_22 1=1, ~jMl 
.c-IPJ.~l.ii:: .. 

DQ:.22J=IP1,N... . ................ . 
.. IFfJORD (J) • GE. JORD( urGo: .TO 22 

JTEMP=JORDCJ) 
JORO(J)=JOROCI) 
JORD ( 1) =JTEMP 

.. I NTCH=r NTCH+ 1 
CONTINUE • 
IF(INTCH/2*2.NE.INTCH) DETER=-DETER 
DO 28 J=I,N 
DO 27 I::l,~·J 
I ROW I = I R 0 'II ( I ) 
JCOLI=JCOL(I) 
Y(JCOLI)=A(IROWI,J) 

. ; ~ 



29 

150 . 

199 

4 
200 

201 

83 
.84 

DO 30 1=1 rt,l 
D6,:29'J=1 n~ 
I RO\'JJ=I RO~'J (J) 
JCOLJ=JCOL(J) 
Y(IROWJ)=A(I,JCOLJ) 
D~30 ~=ljN . 
A(I,J)=Y(J) 
1~(JALE~EQ~1)GO TO 84 
\"JfU T E ( 6 , 150 ) 
FOR1vlAT(rl,rlOX"THE INPUT & .. OUTPUT FOR SUBROUTINE INVERS., 
WRITE(6,151)N,EPS 
FORt·1AT(10X"N = ,'IL~/lOX"EPS=,-'lPE12.4).­
WRITE(6,199) 
FORMAT(lOX"GIVEN MATRIX IS, ,/1) 
DO 4 I=l,N 
WRITE(6,20Q) (A2(I ,J),J=l'N) 
FORMAT(,O,,5X,lPl0E12.4) 
0RITE(6,201)DETER 
FORMAT(,0"5X,, DETER= "F12.61110X"THE INVERSE MATRIX.,II) 
0083 K=l,N 
I'JR I T E ( b , 2 0 0 ) (A ( K , U , L = 1 , N ) 
RETURN 
END 

-- -, .- - _. _. --_. .-_.- ._-

··1 



1 

~UUKUUTINt. ~U[JTRT{A, B,C,rvl, N) 
IMPLICIT REAL*8(A-H,O~Z) . 
DIMENSI ONA (1 O,10)'-BLlO d O),,(UO, 10J 
DO, 1 I=l,M 
DOJ! J~l ,.N 
C(I,J)=A(I,J)-O(I,J) 
RETUf~N 

.END. 



~~~"~~~.~~~.~-~ ··~-~~::~~~~St1BR-b·(Jt~:(~JE:· ;C~(YtitR~(·$:~~~:FiH·:'I-.;.O 
_IMPLICIT REAL*S(A":'I-I,O~ZL__ ..... . 

... ··j)IMEr~SIDf\l-PHn 10'10)Hnl~th10n'PHKil 0 ,i6,.fof~Qc(rb, lb-,fbf­
DIMENSION PH(10,10),OP(10,10),OCON(10,lO),OCT(10,lO) 
DATA EPS/1.0-201 

25 

20 

CALL DEVRET( PHI, PHK, N Pi) d) 
CALLPOPHI( PHIr PHK,i'j ,KENT) 
DO 20 K=l,KENT. 
KP1=K+l 
DO 25 I=l,N 
DO 25 J=l,N 
PH(!,J)=PHK(r,J,K) 
CALL MULTIQ(PH'O'OP,~'N,IR) 
CALL DEVRET(OP,QC,N,IR,KPl) 
CONTINUE . 
CALL DEVRET(O,OC,N'IR,l) 
DO 15 K=l,N 
IOvJ/\= (K-U *IR+l 
JERSEY=K*IR 
DO 30 !=l,N 
M=O 
DO 30 J=IOWA,JERSEY 
M=M+l 

30 QCONCI,J)=OC(I,M,K) 
15 CONTINUE 

NIR=N*lR _. 
-IFCNIR.GT .Nh GO-TO'35 _ .. 
. JALE::-L. ,. ... ... . ._ ..... , .. _ 
: CALL .INVERSC$7'~QCON ,DEoCMd~ ,.JACtYL:c,.C:_. 

IF(OABS(DEOCM).GT.EpS) GQ TO 8 
GO TO 7. 

35 CALL TRANS(QCON,OCT,N,NIR) 
_ ..... _'.~:.::CALLRt\fiKT (OCr,N ,NI RiIR 
.. _ .. IFCN-:JRANK)7,S,7 

. -~~8 WRiTE ( 6 ,5) -•. 
5 FORMATCII122X"SYSTEM IS COMPLETELY.CONTROLLABLE.,) 

GO TO 9 
7 WRITE(b,S) _ _... .... 

~:1:Ilff=c.~Z6:',(E.ORfviA;'- CIII22X, ,SYSTEM ISUNCONTROLl':~A8i...E>.-, 
RETUf~N 1 

9·· 'RETURN 
END 

::--.-:-._ ... " .-:--:-:"-.. -

•• - <- -. 



SU[3ROU'r HJEDEVRET (BiP, I'H', hI2,K) 
IMPLICIT REAL*8(A..;H,Q-Z) 
DIMENSION P<10,10,!Oh8(lOrlO) 

... DO 10 1=1,Nl 
...•.... DOlO 0=1 , N2· 

lOP <r , J, K ) =8 ( I, J) 
.'. RETURN 

END 

. . 
-- ... -.. "- ."---' 

·1 
j 



·,CSUBHDDT?n\JE .. :HiiUKti{::A!TTir:HR-=C?lRANK.) 
I fvlPL I CIT R[AL*8 (I\~U, 0-:2). 
DtMENSIONA( lo.,io)fUp(iOJ:: . 
DI\TA EPS/1.0-201 
00·20 J=l, N. 
JMl=J-l 

. PI VOT ::O~· 

. DO 10 1=1,NIR 
.IF{ J. EQ.1) :GO ·TO 5·· 

DO 25 JSCAN=l,JMl 
IF{1.EQ.IP(JSCI\N» GO TO 10 

25 CONTINUE . 
.. 5 IF (OI\BS( AU, J». LE. DABS (PIVOT)L GO.TO 10 

/?IVOT=t\ (I ,J) 
IP(J)=I 
IF{OABS(PIVOT).GT.EPS)GO .TO. 15 

10 .,. CONTINUE .. ... .. , 
IFCOABS{PIVOT).LE.EPS) GO TO 20 

15 . DO 30 K=1, N 
30 A(IP{J),K)=A(IP{J)'K)/PIVOT 

DO 20 1=1, NIr~ 
I\IJ=-A(I,J) 
IF(I.EQ.IP{J» GO TO 20 
DO 35 K=1,N .. 
AU ,K)=AU ,K)+AIJi:A{IP{J) ,K) 
CONTINUE 
lRANK.::(). . 

. .. .. . 00.40. 1=1. ,NIR . 
·;':'~"~cLDO~4.5'J=1, N ' __ ::... 

45 
IF{OABS(A(I~J)}.GT.EPS) GO T06 
CONTINUE 
GO TO 4-0 . 

.~6c=., .. Lr RA I~K= IR f\ NK.± 
1+ 0 ... ,. C:~ONTII~UE. 

·BETURN·· .. 
END 

~. - .~ 



'-".1'1,1. \ ..... J.. :::JVLJ.J...\.. .... 

SUBROUTI~JE OGSERV($,:PfiI,G, N;M )--. 
IMPLICIT REAL*a(~-H,O-~) _ _ _ 
OIMENSIONPf-II(10,lOL,CN ClO_,;10),PHK(10;10,1 0> ,QOBS (10 dOdO) , 

.. DlMENSION QO( 10 ,10 ),QOT(lO ,10J, PH (10,10) , PHT (10,10) 
-···-.~~--[YI.MEN5-·rb'~J "D·UM~Y~f·10·.·,:1·6j~~ .. - - - . ":~""~:=_'_~k_~"'-' - . 

DATA EPS/1~0-20/ ______ . 
CALL OEVRET{PHI,PHK;N~N,L) -
CALLPOPHI(PHI~PHK~N~KENT) 

--·C At C-~\DEVRET(tp:QOBS':l,jit.., "iL:};!~ 
0020 K=l,KEhll 
KP1=K+l-'-- _ 
0025 I=l,f\j 

__ __--;c::-.c·,~~:c.00,25J=T,N _._ 
_ __ 25 ___ PH(l,J )=PHK<I, J,KJ 

_ ~~~:~:'.,il~~~tALL;:~TRAt~S(PH,PHTi:fl; ~,,_. ___ cc_~._. 
CALL MUL IIQ (Pl-H, C, OUMY,N,N, r.., t. 

- ;,CALL DEVRET (DUMY, OQBS:;N,~1;kp1T 
20 CONTINUE 

-DO 15K=1,N-

:-- __ _-"c~.c~;.j ~~ ~ ~~ ~ ~;~-;~~!tX~i~}-E:ij~c:~j:: ___ _ 
DO 30 l=l,N 
M=O 
DO 30 J=IOWA,JERSEY 
M=~"'+l_ 

30 QO(I,J)=QOBS(I,M,K) 
15 COblTINUE 

35 

NBrvl=bJ*M 
IF(NBM.GT.N)GO TO 35 
JALE=-l 
CALL INVERS($7'OO~DEOM'N'JALE)_ 
IF(OABS(OEOM).GT.EPS) GO TO 8 
GO _TO 7 __ - _ 
CALL TRANS(OO,QOT,N,NBM) 
CALkRANKT(OOT,N,NBM,IRANK) 
IF(N-IHANK)7,8,7 

8 WRITE (6r1) -- -
1 PORMAT(//22X"SYSTEMIS COMPLETELY OBSERVABLE.,) 
- -_GO T09____ 
7 WRITE(b,2) __ _ _ _ _ _-.-
2 FORMA T (/ / 22X,,:5 YS:Js_M_JS_UNQBSERVA BLE ,'-,jIIL_'e____ _ ____ __ 

RETURN 1 
RETURN 
END 



ti;~~:tg~·:~~[2i'~1~BDR (r(jTY~'lE.pdpHi~G:~tFi:;:PI1K':N , 'KENT)' 

10 

IMPLICITREAL*8(I\-H,O-::Z) _ .. '. . .. 
'. DiMENSION PHI (lO>dO)'PHK(10.rto ,10>.';PHllO,YO) ,Op(lb'lOT. 

CALL LOADM(PHI,PH,N,N) 
KENT=N~l " 
DO 10 K=2,KENT ", . 
CALL:rvJULT I Q(PHL, PH 'OP, ~j, N,·N) 
CALLDEVRET(OP,PHK'N,N,K) 

.CALL.LOAD~l (OP, PH, N;N) 
CONTINUE 
RETURN 
END 

(Z AN1.SUE320 ,.SU[321 , • SUB22 



Lf\l\jl. \.1. I • :;:'UUc::.V _ __ 

- - SUBI~OUTINE DEFNIT('b,Nd3) 
DIMENSION A{lO,lO)'B(lQ,lQ) ,DOQF(lO) 
DATAEPS/-l.E~61 

_DO 15_K=1,N 
,--- L·EO=~.l· .-_<~ .. :' 

DO 20-I=1,K 
DO 20 J=l, K_ 

20 A(I,J)=B(I,J) ______ ,- ___ .-
~~.:,L"_~'Cf\Ltc.:-INVERSOt2{A ;OET, K,LEOJ_ 

DOQF (K)=DET 
15 _ CONTI NUE_ - '-

~g~~~gb_~.:cc ~:"---;~,, -- --_ _ _ _ __ _ ___ J 
_. ___ .'Po.l-K=l'H'-__- -._---- -, ,c_ -_ -J 

--'):~;;±~';i::~~~~:.-'lEfDA8SJDQQE(X:1,}~E8Sr3,5'_:5~ ___ ,~, __ :c·s.-',,_>_~] 
_5 KOUNT=KOUNT+.1··----~ 

-___ ~~ ___ ~·I F tDOQF (K-·)-.) 2--,:3.'-.JF~ 1 

.1 ~g~i~~~~T +-: __ __ _ _ ___ _ _____-c~--,~ 
--- __ •. _IF (KONT-KOljNT) 6 ~7,q, -.-- -- -- - - -- --- - --- - -- - -----J 

·_· __ -.-.~{~?2.::_J>RINT*;'~. />~INTR6D(jCEO iMA'rRI X.,-tS_~JOT;·_POSITLVE :CSEM L):'bkFI~Il 
10 RETURN 1 j 

3 GO TO 2 -1 
6 PRINT *" _ INTRODUCED~lATRIX IS POSITIVE SEMI DEFHHTE.'-1 

GO TO 8 - 1 
7 IF(KONT.EQ.N)GO TO 9 -- _ -- -- I 

PRINT *" DEFINIfENESSOFHlTROOUCEhMATRIX IS NOT DETER! 
GO TO 10 II 

9 ~RINT *" INTROD0cEDMATRIX IS.POSITIVEDEFINITE., -. 
8 RETURN j 
END_ 1 

- j 

_________________ . "'t.:·l;l.cl~:~~~C,,--_________- ___ - ---- _____ ----



_LljJ~aUJ t.::'IJt:k:: 1_ _ ____________ ~ ________ .. __ . 

S§t~~:~)~Z~~~:iU2~SlJBRO(jTJNE'" C fZER-Cr(~t-;~S~'.KSN-r.~:-­

- -_. --

I fvlPL reI T REAL*8 (f:\~r:L,.O::Z)_, 
.·~[jtrVjENS IONS( 1 o;''.foL:';:;:=-:~:c, -c.;; 

DATA EPS/1.D-201 
KSN=O 
DO 1 1=1' N 
D~l ~=l'N _ 
IF(DABs(S(I,J».LE·EPSIKSN=KSN+l 

LCONTINUE··.·.·· 
RETURN 
END 

-- -----~---- . ---



LMI'IJ. \ J..I ';:'VUc,c:.. . '. c 

'. ..": . :.sUBROUTINE SAMP_LE($»~, .... 

, ,~" 

IMPLICITREAL*8(A~H,O-Z) 
/'COMPLEx-COP_,EIG; .. . ':.c_. 

COMfVlON/EIOC/A-LrN_ .. ' .. . . .. ' 
C OMMOr~i EtC/EPSYKMAX,OOP ( 1U, [IG(10); ,JJJ ,NLJ .--
COM~ON TIP1,~,QHAT'EM'RHAT 
COMMON/OI CIT dR, JItJ'B,PH!, D; 01 
COMf'.101'J/CVJO/QX ,KN. . ...•....... .. . '.' .... .... .... ..' ..... _... . 

--·D1MEI\1S i.Ot\F.~Qt:ir\j:H;10.'_{O'){r£M(1 o,roj'R~,jAT (LO~,lOr,l\i (1 0,1 0-) - ' ~,., .. ~,.,.,_, 
1 , 8 ( 1 0 , 1 0) , PHI (1 0 , 1 0) ,D ( 1 0 r1 0) ,D I ( 1 0 r1 0 ) , Q X ( 1 0, 1 0 ), 
UEV(lOJ ,CEV(lO),DUrvlY(lO_~lO) ,RlfJV(10,iO),EMT(10,10) ,RM' 

... ,1 <10,10) ,QMR(lO,10) 'I\E(3) ,_CTR(3)_ 
____ _~L~:.,JJJ=L_ .. · ~:~_: ,~, _ . ____ . ___ . "--, . 

~1'c,~_'f7;~£i;5~·~~- (_ti~~-~{}~iG_tlT;{.Lt';Ep sr': G-c>-_:iO .. _l' 
GO TO 2._ 

.L.iCONTINUE 
DO 3 I=l,N .. 

3 EV (I )=REAL (E1G(1»-­
AEV=EV (1 )" 

,,'c-->i;;,,(,·DO.4 ·-.'K=2.,'N'1;:;~;l;;;;;r' c_'.~ 
4 AEV=AMAX1(I\EV,EV(K» 

T=1./(IK*AEVt . 
GO TO 5 

2 D06I=1'N, 
6 CEV(I>=AIMAG(EIG(I» 

CE=CEV (U -' . 
DO 7 ~<=2' N 

7 CE=AMAX1(CE,CEV(K» 
RI=355./113. 
TMAX=PI/CE 
DO 12 I=1,N 

12 Ev(I)=CABS(EIG(I» 

13 

.5 

16 

11 

10 

EVM=EV (U 
0013 r=2,N 
tVM=AMAX1(EVM,EV(I)t 
-T=lf/( 25. *EVM) 
XT=TMAX/T 
Ir=TfV1Ax/T,." 
IF«XT-IT).EQ.O.> .T=0.89*1 

_ -GO_~:~:T~-.O 8· ____ ~ __ . .: ___ -"-.~.: .. _:._:-~_-__ .. _:_;~~ 
I F(NU • NE. 0 )GO TO_.,A 
ALPHA=O.25 -_~ 

CALL LOAOMCA1,OUMY'N,N) 
. 00;9J=1,3 
1:;ALfHA*T 

•.• ccTI?l::=.Tf.}~·_ 
KN=l_... .' 
CALLINTBSR 
CI\LL LOADM(QHAT,A1'N,N) 
JJJ=1 

.CI\LL EIGEN 
DO 11I=1,N 
EVCI)=CI\BS(EIG(I» 
I\EV=EV( 1 ) 
DO 10 I=2,N 
AEV=AMAX1(AEV,EV«(» 
AE(J)=AEV 

9 ALPHA=ALPHA+Q.5 
CALL LOADM(OUMY,A1,N,N) 



;) . 

3 

5 

:~"" Tl PI =T '.' , 
·06 ' 33KH=b3 

3 t ·"1 ' ' .3 ..... , ALL •. NT[?SR ...•. :, ..... """:' ."': •. :" : •. : .. : 
: ·'·.':C AlL/LOADMIRHAT,RIN\f;dR;.I R).:O<::: 

JALE=l , .. ,' _ . 
....• ::CALLIN\lERS< $iS,:RiNV ,DET' ~~ ,JALE) '. 

GO TO 28 
lSRETURNl 
28 CALL TRANS(EM,EMT,N,IR).. .. 

':;CALL MULTIQ ([(V1 "R INV, DUMY, N, IR, rRJ . 
CALL MULTIQ(oUMy,[MT,RM,N,IR,N) 
CALLSUBTRT(QHAT,RM,QMR,N,N) 
IF(K.NE.l) GO TO 19 
CALL LOADM(Al,DUMY'N,H) 

19 CALL LOADM(QMR,Al,N,Nl 
'JJJ=1 
CALL EIGEN 
DO l1+I=l,n 

. 14 . EVU) =CABS (ErG( 1> ) 
DE=EV (1) .. 

DO 18J=2, N 
18 -: .DE=AMAKI (oE,EV Cd)·) 

AE(K)=DE . 
22U:AtF-A=AtFA+O.S . .. 

CALL L0AoM(DUMYrAl'N~N) 
~;1i.:::rwRtT[<b,,25 L({l;E.tJr,J=1i3}L~'.~·: 
25. FORMAT (j/22X, ,NORMALI ZED COST V ,,(22X ,_G12. 5) } 

.·ALFA=O.25 
11. 

J :::T*l\~EJL .... 
:{:E.c-CTR·t:L)=AE~(r)jT" 

30 ALFA=ALFA+O.5 
'. IF(CTR(i> .GT .CTR(2» IM=2 
IF(CTR(IM).GT.CTR(3»IM=3 

C~".c·.,=,·.~ •• ~.~, .•.. , :I=AEUM)/CT.R LIM}{>.. . . 
WRITE(b,39)T. ..' 

.39. FORMAT (/1/22X, ,OPTI MUtvl SAMPLING 
TIP1=T 

. RETURN- .. 
END 

. . .. 

"- .... ,-.. . . 

PERIOO:T:::, ,G12.5) '.' 

.. 

.~ 
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