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UZETCE -

Dodrusal ve zamanila deg1$meyen s1stem1er 1c1n
en iyi drneklenmis denetiminin eldesi ayr1k en az 11kes1
uygulanarak ve karesel maliyet o1cutu ku11an11arak ger—
cekTest1r11d1 Ayr1k en az 11kes¥, surekll sistem durum
denk]em1er1 ve 1ntegra1 performans 1nd1s1er1 ayrﬂ<cmruma geti;
rilerek uygulandi. En 1y1 denetimin ornekleme h1ZT 11e 111nt{sinih |
cozumse1 ifadesini bu1mak lizere genis bir ca11sma yap1d1
Boylece ornek]eme h1z1 degls1m1n1n kapali cevre s1stem '
performans1n1 nas11 etkiledigi arastirild. B

' En iyi'ﬁrnek1eme hizini ve en iyi geri besleme
kazang dizeyini saptamak 1c1n yukar1dak1 kUrama ba§11
kalarak say1sa1 yontem]er ve bir b1glsayar program1 )
~gelistirildi. Ces1t11 dodrusal ve zaman1a deglsmeyen
‘surec]erde Srnekleme hiz1 ve en 1y1 denet1m1 1ceren say1—
sal sonuc]ar elde edildi ve her s1stem1e 119111 ma11yet
hesap]and1 Ek.olarak, tan1m1anan zaman ara11g1nda
dene§1m1n ve sistem durumlarinin zamana bag]1 deg1$1m1er1

c1z11d1
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o ”‘““UpﬂtmaT'SampTed“data -ontroﬂs for 11near“t1me

ﬂnvar1ant”protesses With' quadratic' cost cr1ter1a are de- S

termined ‘through the app11cat10n of the d1screte m1n1mum ,

principle.” In'order to apply the discrete m1n1mum pr1nc1—

ple both ‘continuous system's state equations and 1ntegra1

performance indices are d1scret1zed An extensive workﬁ"-x

is done to f1nd an. ana]yt1ca1 express1on for the depen—
dance of the opt1ma1 contro] on the samp11ng per1od
Thus the effect of changing the samp11ng t1me«upon.the

closed loop system's performance is 1nvest1gated

Based on the theory cited above original numer1-l'

- cal methods and‘a computer prqgram_have been deve]oped,f

to compute optimum eampling period and the matrix of

optimum feedback ga1ns vThen for'variOUS'1inear'time"“"z

invariant processes numer1ca1 resu]ts are obta1ned for fa

“the samp11ng per1od and the opt1ma1 contro] and the

'assoc1ated costs are evaluated. Add1t1ona]1y the tra-ff{;;'

Jector1es of the states, and the contro]s are p]otted

w1th1n the time interval of 1nterest
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CHAPTER 1

g

INTRODUCTION

One of the most frequent problems in the field
of optimal control is the optimal linear regulator pro-
blem. |
¢ It is well known that thevoptfmal.control u*(t)
for te[to,tf], for 1ineér systems-subject tola quadratic
performance criteria is .generated by a linear féedback

control law of the form:
us(t) = - G*(t) x(t)

where x(t) is the current state of the syétem and §*(t)
. is the matrix of the feedback gains. The elements of
.the matrix G*(t) are computed from the solution of a>
n6n1inear matrix différentia1 equationy'ca11ed-thé ma -
trix;R{ccati Equation. |

In spite of the>apparent mathematiéa1ksimplicity
there are cerﬁaiQAenginéﬁring difficulties as;ociated
with the realization and implementation of the fiﬁe
varying feedback gains. It is genera11y:not possfb]e

‘to compute G*(t) accurately in an on line manner.



‘These practical considerationsvimpbse further
restrictions on the controller- The goal is tQ deter-
mine a linear feedback Taw which is relatively easy té
implement, but which results in a system performancey
closest to the‘opfima]. Such'contrOTTews areiéfenredimr,ﬁ
as suboptimal control schemes in which a tradefoff be-
‘tween mathematical optimality and practical usefu]ﬁess-' 
is made by constraining the structural form of the time
varying feedback gains, whi]eJ]eavipg various free para-
meters to be chosen in an optimal mahné?f One form of

“the feedback gain structures that leads to a suboptimal
control for a linear regqulator system ﬁsitﬁe‘piecewise
constant gains which are relatively easy to 1mp1ehént.

The piecewise constant gains qan'be obtained
through a sample and ho]dkmechanism,‘and the control,
schemes eétab1ished in this manner form Samp]ed data
control systeméi

| In addition to the practicaT reStrictionsvstated
. above that favor tHe Use of sampled déta syétems iﬁ
.which the sampling operation occurs between the plant
and the controller, the nature of the system itself may

dictate the use of Eamp1éd data. Among such systems

those that have a telemeter link in the feedback loop,
or use a single instruﬁent to monitor severa]\variab]eS-'
in a sequential manher may be mentioned.

When the sampling operation is intkodﬁted to the

- system, one has to choose a convenient sampTing sﬁrategy



if it is not 1nherent]y imposed by the system 1tse1f
Due to their relative s1mp11c1ty, sampled data contro]
systems genera]]y have fixed sahp]ing frequencies ' But
several non-uniform sampling schemes have been proposed
in the literature. The rationale behind these samp1jnge
: sohemes is to achieve a giVen performance using moref
information about the system strqcture; In this case, i
the problem is finding a system”signai’and thekfunctions
of that signal for controlling the variable freqoenoy
samb]er, so that over a given timgkinterval feWehgsamp1es
wt]]~be needed with the vafiabie frequency systehpthan
with a fixed frequency-system while maintaining essen-
tially the same response characteristics. The cost of
the savings produced by reductng the overall number of
samp1es; is increased cohplexity of the adaptive samp-
11ng systems.

In add1t1on to the simplicity in 1mp1ementat1on,
a fixed rate sampled systems facilitates the use of time
sharing strategies which achieve economy in the use of
equipment. | | 4

In this the51s, an a1gor1thm has been deve]oped
to compute opt1mum samp11ng period and the matr1x of
optimum feedback ga1ns for a linear system emp]oyed in
a regu1ator problem. The structure of the thes1s is as
fo11ows.

In Chapter 2 the optima]lregu1ator problem is

'studied for the case of continuous time system and samp-



'1ed data systems. ‘In the latter case the reQu]ator pro-
~blem is transformed into an-equivalent discrete-time

- problem and thus‘through the application of the Didcrete -
minimum princib]evthe Matrix-Difference Riccati Equatiqn

is derived. .Then the optimal control law is determined'

as a functioﬁ of the solution fo the non-iinéar Riccatf
matrix difference equation. Uéing‘this cqhtro1 1aw‘ﬁﬁé
optimal closed-Toop sampled data system design is ach{eved.

Finally, the stability of the optimal closed Toop syStém.
is examined by cohsideringkthg location of its eigeﬁ- . |
" values. B o v K
In Chapter 3, the-problem>of choosing a suftab1é‘;:‘
sampling period and its é%fécﬁs on the c]osed.lopp 6pti— :
mal system's performance is tre@ﬁed:v The behavf§r~df 5
the optimal cost as a functipn of the sampling.pefiodi
s inVestigated ana]ytically. Experiménfa] results
based on the cdmpdter studies are also presented. -
In Chapter 4, the overall package program wh1ch
can be used in the design of opt1ma1 sampled-data or
: d1screte regulators is presented.~ A s1mp11f1ed flow
chart which describes the general features of the pro;
gram flow is giveg{ The use of the pFogram and sub-
routines and their prqperties are‘explaineq briefly.
Finally in Chapter 5 concluding remarks and sug-

gestions for further study and development are given.
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CHAPTER 2

OPTIMAL SAMPLED DATA LINEAR REGULATORS:

Consider the linear time invariant dynamical sysj"

tem, modeled as

R(t) = A x(t) + B u(t) | (2.1)
x(ty) = X, - | (2.1a)
y(t) = C' x(t) + D u(t)_ (2.2)
where
x(t) - state vector e RM
y(t) - output vector e R™
u(t) - input vector e R"
" and .
A - (nxn) system matrix )
B - (nxr) input matrix

[ (nxm) output matrix
| In order.to simplify the problem it is assumed
thaf the system is time invariant, and therefore A, B,
and C are‘constant matrices. Also for physical systems

those matrices are assumed to be finite dimensional.



It is further assumed that D = 0.

With the above systeﬁ equations the regu]atbr |
problem can qua]itativé{& be stated as follows:

Suppose that initially the plant output as gﬁven"
by (2.2) or any of its derivatives, is non-zero. Pro-  :
vide a plant input to bring the ;utput and its deriva—
tives to zero.

In other words, the prob1em is to apply a control
to takerthe plant from a nonzero state preferably 55"
fast as possible to thé*zero_state. . If the constant matfix
‘pair A and B [A,B] is completely controllable, then |

this objective can be achieved. The definition of’com-
plete controllability reqUires that there exists a con-
trol taking any nonzero state'x(to) at time t, to the
zero state at some time te. In fac£, since A ana B.are
constant, tg can be taken as close to t, as desired.
However, the closer tf‘is‘to to'the gréater is the amount
of‘con£r01 energy . (and the greater is the magnitude of
coniro]) reqhired to effect the state transfer. In any
'engiﬁeering'sysiem an upper bound is set on the magni-
tudé of the various variables in the system by practical
conéiderations.

kv Therefore,'tf can not be taken arbitrarily close
to tg.without exceeding these boundsé' Ih addition the
~actual control can not be implemented a§ a linear feed-
back law for finite tf unless one is prepared to tolerate

infinite.entries in G(t;) where G is the controller gain,



at tf. .
Any other control scheme for which one or both of

the above.objections is Va]id is equally unacceptable.
In ah effort to meet phe first objection,‘it 15

necessary to keep some measure of control magnitude,

such as

s T ut(t) Roult)de

bounded during the course of control action, where E is
,a symmetric positive definite matrix.

In engineering prqb]ems, however, driving the
state near enough to the desired state may be accepted
as a satisfactory solution to the control problem. So
the aim of achieving the - zero state will be re]a*ed
and it is merely required that the state as measured by
some norm should become small, for sohe fixed time‘tf.\

‘The term‘i'(t) S i(t)’ with S some positive de¥
ffﬁite matrix, if made smq11-meets the requirement.
A156; it is clearly helpful from the control point of
'vieQ to have ||x(t)|| (Norm of State Vector) small for
anyﬁt'in the interval. over wﬁich control. is being exer-
.cized, and this fact can be expressed as méking the

term:



small. - Where Q is a symmetric positive definite matrix.
The desirable properties of a requlator system
may be summarized as follows:
Property 1: The regu]atbr system should involve

a linear control law, of the form
u(e)= -6 x(t)

Property 2: The regulator scheme should ensure

the smallness of quantities such as

t
ST ue) Ru(t) dt
0
| te
5'(tf) S x{t), and i) x'(t) 0 x(t)dt
t :
0

where R, S, and Q have the positivity properties men-
tioned earlier.
Now, if the specified control input over the time

interval of definition of the system [t tf], where t_

0’
is the initial time and t. is the final time; s u(.),

then the trajectory of the state generated by the con-

trol u starting at state Xo

at time t0 is given by the

equation

. A(t—rs

xy(8) = e 00x, e T e T g yaye (203)

The above expression indicates the entire time response



of the system,

If the final
then an ordered set

set, can be used to

(t;)

= {t,

time to is assumed to be infinite
of real numbers, called the time

indicate the successive time ‘points.

+ 1T; i = 0,1,2,---;} N (2'4)

If however the termina1 time tf is finite, an

1

assumption is made that the time interval of interest is

subdivided into a sequence of N intervals of equal Tength

T

NT =

tf = t

0

or tp o= t, + NT (2.5)

where the constant T is called the sampling period or

sampling interval.

A

Next, a crucial assumption is made on the struc-

ture of the time function u(t) which requires that the

control vector u takes some constant value over a par-

ticular interval and that changes in the values of u(t)

occur only at the sampling instant ti' The.constraint

imposed above corrésponds'to the sample and hold opera-

tion, therefore,

[ljd

u. for t0+iT3tit0+(i+1)T (2.6)
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A choice for the cost crierion with respeét to
which the performance of the sx§tém is optimfzed is of
the form of a quadratic functional as required by’Proé

perty 2 mentioned earlier.

Ixgotyitesu(l)] =

t
+ f

ot

% [<y(t),Qy(t)>+<u(t),Ru(t)>]dt (2.75)
o |

‘The above choice for the form of performance index is
appropriate to achieve Property 2. Since the main con-
cern is maintaining the output close to the zero vectdrva
a measure is defined interms .of output in (2.7a).

The notation <a,M a> is used to denote the inner
product of wvectors a and M a. But for simplicity in
wrjting in the foregoing paragraphs g'ﬂ'g'wi1j be hsed,
where the superscript prime .denotes transpositioh.

“ In (2.7a) the matrix F is used to weight the ter-
. minal deviation, thé matrix @ to weight the output tra-
jeétory deviation, and.the'matrix_g to penalize the ex-
cesgsive magnitudes of the control input. F and Q are
pos%tive sémidéfinite; mxm symmetric matrices not both
identically zero, and R‘is a positive definite, symmetric
rxr matrix.

These requirements are necessary to ensure the

linearity of the feedback law.

If the output equation (2.2) is used to eliminate
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‘the output y, from (2.7a) so that the cost functional
can be expressed in terms of gfates as suggested by

Property 2,  then the cost functional takes the form:

Ixgstgitesu(.)] = -;- X'(tf)E F C'x(te)
1 b | - o
+ 5 JOUIx(e)C Q C'x(t) + u'(t)R u(t)]dt  (2.7b)
2 ¢
0

The sampled data optimization problem under considera-
tion can be formally stated as follows:

Given a dynamita] systém characterizéd by equa-
‘tions (2.1) through (2.6) with piecewise constant inputs,

determine a control sequence
{“1’ i=0,1,..., N-1}

that minimizes the quadratic cost functional J of equa-
tion (2.7b) while driving the system from an arbitrary
initial state to zero state.

This regu]étor problem can not be solved direct-
1y;ibecause the admissible controls are constrained to
be p1ecew1se constant. |

Nevertheless, it is poss1b1e to transform the
problem from a constra1ned one to an unconstra1ned one
by integrating the differentié] eqpation and the cost
functional and thus going from a continuous time probTem

to a discrete time one.
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THE EQUIVALENT DISCRETE TIME OPTIMIZATION PROBLEM

The optimization problem that was posed at the
end of the previous section can now be transformed to an
equivalent discrete time one in a form that permits the

direct application of the discrete minimum principle.

The transformation
use of the state equation

thus expressing the state

is accomplished through the

‘(2.3) evaluated for t,<t<t.

at (i+1)T in terms of the state

at iT and the constant control u(iT). The resulting dis-

* . . .
crete time system is obtained as:

.-)Eif'l = _’f_(t-i.,.]) = E’.(T)§1 + _Q(T)E_‘.i;

where

¢ and D are time

—

It is observed that -the matrices
invariant but depend‘parametrica11y on the size of samp-

“.1ing.period T. This can be shown as follows: T

o R(tygtty) AT
'g(ti+1’ti) = e _ = e = 0(T,0) (2.9)
and ,
D(t.,q>t;) = £ o(ty,q-t) Bdt = s e Bdt
i 0
T
= f #(t,0) B dt = D(T,0) (2.10)
0 ) .
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where ¢(T) is the fundamental matrix (STM) and is non
- singular. In order to simb]i?y the expressions in the
subsequent paragraphs, with no conceptual loss in gene;
rality, the initial tfmedto will be taken to coincide
with the origin as was done in equations (2.8) and (2.9)
above. | | '
The cost functional of equ@tion (2.7b) can be ex-
pressed as the sum over i of N integrals and, if the
state equation (2.3) is substituted into each integral
and if the fact that u is constant over the interval of
‘each integration is taken 1nto'account, then the fol-

Ry

lowing expression for J is derived (See Appendix A).

o
*
=
[—
+
|
1
™~
[
e iR
b3

J[Xo’to;tN] [iﬁ

N | —

t2xty Mugsuly Ry

1 S (2.11)

where the weighting matrices S Q M and R respectively
given as:

S=CEC o (2.02)

i+1271 £ i X 1)dt
1
T A't At . . »
=/ e CQCte” dt=0Q(T,0) (2.12b)
0 .
t1+1

=
=

(tipqet5) = { ©7(t,t;)C Q C' D(t,t;)dt
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(2.12¢c)
and finally,
- - byt o | .
R=R(t;,q,t;) { [g+_9_ (t,t;)C Q C'D(t,ty)]dt
i
T t A'S t AS
= TR+ B'" {y [ f e  ds]CQC'[/ e ds]dt}B
- T 0o o T T T o
= R(T,0) , (2.12d)

In order to simp1ify thé appearance of relations
the argumeﬁts (T,0) of the aboVe vransformed matrices
are suppressed. |

These weighting matrices are time invariant and
depend parametrically on the samp]ing‘intefva]. Hdw—
ever, if the sampling pgriod is not constant (for in-n
stancé, adaptivé samp1ing systems, or stafe dependent :
sampling systems) then the discrete time system and the
‘weighting matrices would become time varying, that is;
they woud depend on the 1ndex i even though the con-
tinuous-time system-was time invariant. Furthermore,
it can. be shown that if R and Q arevsymmetric positive
définite and semidefin{te respe;tive]y, SO are E and é.
This property is essential for the existence of the so-
Tution of the Riccati equation which will be derived in

the following section. It should also be noted that -
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Q, M and R can be evaluated numerically for a given

sampling period T.

With the above transformations the problem can-

now be formulated as a discrete optimal control problem.

The equiva]ent discrete time optimization problem

can be restated as féT1oWs:

Given the linear discrete time system

’ l(.'i+'] = .(?.51 * 2 Yy 32‘.0 = i(to) . (2.13)
k)
determine the control sequence
{ui*, i=0,1,..., N-T} (2.14)

and corresponding trajectory {ii*}’ such that the cdst»

functional

, .
{u:1] Vx5 xy + o N;] [x:"' Qx
J{{u; = - - .
“[_ i 2 —-N = =N 2 jog 12T
+ 2 X" Mug eyt Ry - (2.15)

attains its minimum value.
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APPLICATION OF THE DISCRETE MINIMUM PRINCIPLE

At the end of the previous section the discrete
optimization problem has been stated, and to avoid re-
dundancy it is not repeated.here. Since the objective
is to minimize J given by equation (2.15) subject to
Athé conétraint equatidns specified by (2.13), the'pro-
blem of this type may be treated as the minimization
problem involving a function of several variables.

To get the Hamiltonian function the performance
ﬁndex, J of equation (2.15) is augmented through the
use of a set of Lagrange muitip1iers {xi, i=0,1,...,N=-1}
and the constraint equations (2.13).

Boundary conditions are as fo}]ows:

a) Initial time and state are Fixed, i.e.,

te =0 5(Fo) = X

b) Terminal time may be free or fixed. The
former corresponds to an infinite-time
regulator problem while the latter to a
finite regulator problem.

c) Terminal State is fixed, that is; it is
'specifiéd as the orgin for .the linear
reguTator problem.

The form for the Hamiltonian is:
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_N-T ) ] .
H 120 { 2 2 Qx5+ Xi' Mouy o+ 5 Y R u;
o (20X 2 Duy - xg4]) (2.16)

Since the variables are x;, u; and A, we seek to

3
obtain the partial derivatives of H with respect to all
~of the above variables for all values of i, and then

equate them to zero.

o0 v i=0,1,...,N00 (2.17)

81 '

9H 0 ¥ i 3 i=0,1,...,N-1 (2.18)

du. '

=i '
Y

8 s 0 w5 i=0,1,...,00 (2.19)

™

Equations (2;17)‘through (2:19) compriseé the necessary
conditions for H to havé a minimum. However, as might
" be ééEn from equatfon (2.16) the 1ﬁd1v1dua1're1ations
(2.1%) through (2.19) involve the.differentiatidn of
quadra£ic terms like x' M u, x' é X, and u' M x.

Each of the above expressions is a scalar, but
requires a differentiation with respect to the vécto}
variables x and u.

Now the differentiations as indicated by the ne-

cessary conditions will be carried out for i=0,1,.;.,N—1.
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o - |
oo S A% By 0ty -2y =0 VT (2.20a)
25 )
B oMk v Ru; + DA =0 Vi 2.20b)
; Wixg #+ Ruy +D'r54 =0 i (2.
u.- .
~1
oH ,
e @ x; + DUy - %, 4 =0 ¥ i (2.20c)
-1
For i = 0:
M- o FMu +e'a, =0 (2.21a)
. X - -0 = - |
-0
H - L :
o = WXy Ry + DAy =0 (2.21b)
9o - .
aH
— =9 X, +Du,*+xy=20 (2.21c)
9,

But, when i = N-1, a term with the index N appears in
H as given by equation (2.716) so this should also be-
included in our conditions also,
Mooy =0 (2.214)

This conditioh specifies a boundary value for the:
set of Lagrange mu]tip?fers at time i=N. This boundary
value will be used in the solution of equations (2.20)
and (2.21)..

From (2.20a) and (2.20b):
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Ay = QX v Muy %2, (2.22)
- 5 = ' 1
) R 8 = Mixy + B'Agq or
ug* o= - RTV[MUxg o+ DA 4] (2.23)

This Tatter expression for uj comprises an open loop
optimal control law for the system (2.13). If this op-
timal value of u; is substituted into equation (2.20c)

the following expression is obtained for the states

294

or

2941

In order to simplify the results of optimization the
following matrix is-defined:

8 =2 - DRIM (2.24)
then,

i+ (2.25)
This optimum open loop control law may now be

*turhed into a feedback contro1'1aw with the introduction

A€ T3mnaw +wrancfarmation known acs the Riccati t+rancfor-
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mation, which relates the state vector to the Lagrange

multipliers vector.

Ay o= Ry oxy (2.26)

L

If this transformation is used to eliminate A; in equa-

tions (2.22) through (2.25) the following results are

obtained: .
Py xy = é X; * ﬂ u;* e 9t Pl §%+1 (2;27)
u;* = - E-I[ﬂ'£1m+ D' Piiy X541l (2f28)
Xiq = [0 E_IE' _‘11...]]_'1 8 X5 | (2.29)

Equation (2.28) is substituted into equation (2.27)

— N ‘ - —-1 t 1
Pixy = Q x5 ¢ ﬂ {- R*M'x; +D'P. 4 ii+]]}
X . - — A - A"I 1
0 Py Xey = [0 - MRTIMTT x,
+ (o' - MRTID'} Piiq Xy

Recall that 6 was defined as ¢ - D R™'M', then @-MR-!D'
1s'recognized as 8', since R is assumed to be a symme-
“tric matrix. Again for simplicity a matrix_g_is defined

as:
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-~

I=g-MNRH

(2.30)
JFinally’; the equation canrbé*p@t“iﬁ”theifcrm of

[EALIERR Y TR SIS (2.31)

Solving for 51* in terms of Ei after eliminating x1+1

terms by substituting eduation (2.29) into (2.28) yields,

_.1* = B.—l{ﬂlx1 * p_'_P_1+l‘U_ +D B—IE'BiH] 6X1}
. (n=lmt =1t 0=
, = - ARTIMY + RTID'P; G [L + DRT DR, 4]TMOYXy

'App11cation of the matrix operations on the above equa-

tion, considerably simpTﬁfies'the expression (see Appen-

dix B I)

Bit = LRTH e R DR D] DRy 0

I B

Uit = - Gy X (2.32)

= RTIM' + [R + D _g 017 0 (2.33)

This is the sampled data optimal feedback control law.
It states that in order to evaluate the constant con-
trol for the interval {iT,(i+1)T], only the state at time

iT has to be measured.
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Alternatively, the e]ements of the matrix G spe-
cify the optimal weighting of the states.

In the case of finite time regulator G is a time
varying matrix, that is the elements of G change as the
index i changes and approaches a constant as the final
time'tf approaches Tnfihity, so the requlator becomes
an infinite time regulator.

The structure of the optimal samp]ed—data'feed—

back control system is shown in Figure 1 below:

N
|

ey
4

u'tkT) =" ’ Tlﬂgii |
Z.O.H. Samp]er

FIGURE 2.1. The Structure of the Optimal Sampled-Data
Feedback Control System.

In order to obtain the final form of the Riccati
transformed expression equation (2.31) is considered.
Substitution of equation (2.29) into (2.31) for

Xj.q Yields:
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«

P.X, =T %x. + ¢

—i=1 - =i 1+1lI -+ DR 'DrP

1+1| -~ =i
finally, -

Py =8P [l +DR7ID'P. (1P e+T | (2'3‘“)

After applying matrix inversion lemma (See Appendix B II)
on the above equation, the required matrix multiplications
are considerably reduced

=v§-l{P

- o 1 -1
—i+1 Ri+]2[B_ + D Ei-;-]P_] D! P +]}9 + I‘

.B_]

(2.34b)

This form of the Riccati equation is more useful
than equation (2.33a) because it simplifies the necessary
~calculations during the nuﬁerica1 solution of the problem.

The nxn time varying matrix Ri ié‘the solution
to the matrix Riccati diffefence equation (2.33b) with.

the boundary condition (See Appendix D).
Py=S (2.35)

The miﬁﬁmum cost J*, associated with the optimal trajec-

tory from state X3 at time tj to the'fina1\t1me tN =t

has been shown (1) to bq

f

d% (X, ,

Xiotystysut) =
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As 1nvthe contiﬁﬁous case, the solution fo the
Riccati equation determines‘tWe feedback gain matrix,
the optimal closed-loop system and the minimum cost.
Consequently, investigation of its propertiés yields
information about the optimal system's-performance. The
first result concerns the matrix T' defined by equation
(2.30).

' Lemma 1: The symmétric matrix T is positive

semidefinite, if C Q C' is positive semidefinite.

Proof: Let C Q C' be positive semidefinite. The

cost J of equation (2.7a) can be expressed as:

N-1 t.
1 F yay ¢ u'R u) dt
2 i=0 t. -

ST T AN Xyt

It

1
2

which is non negative. Each integral of the sum is also
non-negative since the integrand cannot be negative,

i.e.,

If a piecewise constant control function 1is assumed then

the integral above becomes:

N

-

-t 2£1'ﬂ u; + U, Rus > 0 ¥ou,

Now Tet u, be given by:
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then

Lo = x:' [Q -2 MRTH + MR M| x,

Since this holds true for all x,, it follows that I is
.positive definite. Similarly if CQC' is positive de-
finite, then so is I'. This result is essential for

the existence of the solution to the Riccati equation

for all T.

The sequence of solutions {P{} consist of symmetric
positive semidefinite matrices. Semidefinfteness can
be justified qirect1y from the quatratic form of equation
(2.36) since the‘optima1 cost is non negative.

u If time invafiance is assumed, then the sequente
‘{Bi}, i=N,N-1,...,0 is monotonically nondecreasing.
Furthermore, if the discrete syStem equation (2.13) is
controi1ab]e, then the‘ééquence is bounded from above
for any value of N (6).
) A
INFINITE TIME REGULATOR PROBLEM
The results described in the previOUS\paragraphs

are based on the assumption that the interval of defini-

P T R



tior of the syStem_is finite, that is, the optimization

to be a finite time regulator.

problem is considered
infinite

These results are now extended to cover the

time regulator.
As the terminal time te approaches infinity, t

[}
i
-

discrete zost-functional of equation (2.15) beccmes

J[}io’to’wsy:‘ =
- -l oC I- I . ".
" 745 [X3'Q4 + 2x3'M g+ ui 'R Uyl (2.37)

where the terminal cost matrix F has been set equal to

The optimal control Taw is given by:

iero.
uko= - G oxik, 10,72, (2.38)
where
G = RTMMN e {24 D0F 1T 0P O
The matrix P is % fang -S*até seiytt on .
~1atxgn {;7322 Goth o the boundary

af the metrix Rizecat’ euu
candition

(9]

e
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o

Since the feedback gain matrix is cohstant, the
closed Toop system is time-inva;iant. Substitution of
equation (2.36) into systems eqqgtion (2.13) yields

2(_1-5-] = [2 - 29_] X5

1l
o

*
>

(2.40)

The steady state solution P exists and unique, provided
the discrete system is contro11ab1e.> In general, P is
positive semidefinite, but if the system is d]so_obser-

vdb1e,,then it is definite.

~

STABILITY OF THE TIME INVARIANT REGULATOR

Consider the closed loop system equation (2.38)
repeated here for convenience.

o% x. = [2 - D 6] x; (2.41)
The optimal closed loop system is stable if absolute
values of all the eigenvalues of ¢* matrix are less than

ohe, that is

[xj(gﬂ)‘<1 Vi3 3= 1,2,...,
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If tHé above inequality holds true for a11_J,
then it is said that thé closed loop system is stable.
If, however, a single root is equal to one in absolute
value, then the optimal c1dsed lToop system is marginal-
ly stable. If the absolute value of sing]é complex
eigenvalue is exactly one, then this produces sustained
"oscillations" of angular frequency 2u/¢T where f 1sﬁthe

sampling interval and ¢ is the angle of the root, i.e.,

I (x,) o
y = tan-1-MJ° (2.42)
Re(AJ)

This is also form of-marginé] stability. 1In the case
that more than. one eigenva]ueé are found to be equal to
one in absolute value then the stab%]ity of the system
is determined by the minimal polynomial. For stability
the minimal polynomial should not have multiple eigen-
values on the unﬁt circle 1h the complex plane.
- Instability  may arise due to two factors:
1. The original open-loop system is unstable.
2. The unstable trajectories do not éonfribute
in any Way,to'the-performance‘index - in a
sense, the unstable states are not observed
by the performance index.
If (1) and (2) is true, then there would be
§rounds-f0r supposing that the closed loop system would

be unstable.
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To ensure asympﬁotic stability of the c1osed-100p
system 1t is necessary to prevent the occurrence of (])
and (2). In this thesis unstable open loop systems are
not considered. Thus the occurrence of (1) is avoided.

~The performance index of equation (2.7a) was de-
fined in terms of dutput and then‘using output equation
(2.2) output y is expressed in terms of state x and the

'equation (2.7b) was arrived at which is repeated here

for convenience.

I[xystystesu(0)] = %g(tf) Qy x(te)
B | o
L T xe)ex(t) ut ()R u(t)] dt (2.43)
2 to X2\ A

where Q is chosen such that the pair [A,I] is observable

where T is the matrix such that

Then, all trajectories will show*Up in the 5'gX§kpart of
pcr}ormance index of equation. (2.43). It has been shown
‘(7,8;9) that the above cﬁoice of gx matrik~ehsures the
stability of the closed loop system. Thus, ahy potential-
1y unstable trajectories'w1]1 be stabilized by the appli-

cation of feed-back control.
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CHAPTER 3

EFFECTS OF THE SAMPLING PERTOD ON THE
CLOSED LOOP SYSTEM'S PERFORMANCE

The design of optimal sampled data linear
" tors described in the previous.chapter depends parametri-
Ea11y on the size of sampling interval T. If the samp-
ling interval T is specified beforehand, then optima] |
design associated with this value of T can be determined.
In practice, however, it might be de§irab1e to work with
a range of acceptable values, or alternatively, with
qualitative criteria for T and some des1red performancel
characteristics for the overa]1 closed-Toop system. In
that case, knowledge for the parametric dependence of
: the obtima1 solutijon on .he sampling time T is required.
But the nonlinear nature of the Riccati eouation forces
one to obtain solutions numerwca11y for different values
of T, on a digital computer. Then, based on the results
obtained in this manner: the samp]ing period which gives
.the best performance can be chosen. But,kthis however
{s a time consuming, and costly operation. Therefore,
it is of interest to obtain information on the effect.

of the choice of T on the optimal-closed-loop system
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performance without actually solving numerically the
problem,

A rational way to study the performance of the Sys—
tem with respect to the choice of sahp]ing time is to
display the effect of T on-certain characteristic qUan—
tities, such as the optimal cost, the eigenvalues of the
closed loop system, etc. Since for each chojce of T
there is an optima1vcosfqd* associated with it then, the
optimal cost is-a very good indicator of the systems‘
per?ormance. ‘ft is then natura1 to choose it as a per-
‘formance criterion even though igwdepends on the initial
conditions. Tdeally, it would be desirable to obtain
an analytical expression for phe optimal cost as an ex-
§1icit function bf T and then investigate the change’of
J*¥ with T, i.e., evaluate 3J%/3T with respéct to T.

Since the optimal cost is given by
o P(T)x, (3.7)

which is a highly nonlinear function of T. The above
approa#h does not yield a useful expressibn, because,
the resulting expreésion for the derivative requires
more computational effort than the actual solution of
the problem. Alternétively, if the optimal cost (3.1)
is normalized with respect to initial conditions, it is

then possible to obtain upper and lower bounds that are

_ o e - N R P § c¥+ A+ n
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It i | |
has been shown (2) that T X0 (PY and Ao {P}

denotes the minimum and maximum eigenvalues of the sym-
metric positive semidefinite matrix P, then the following

inequality holds for all values of x other than zero,

1/2 x 'P x
Ao (P} < 0 =0 < {P} (3.2)

' — MaX
V2 2y,

For simplicity, the normalized ratio is denoted by

4

i) & Lo

(3.3)
1/2<§O, ,

)
_)i0>

so that equation (3.2) becomes

>‘m1'n{l)-} < &(T) f~)‘max{-[;_}

Numerical solutions showed that fhe cost increases very
s1ow1y_for small T, énd ?br large T the curves become;
straight lines. “This fact is illustrated in Figure 3.1
where?curﬁes A and B correspond to two sets of data..
This %mp11es that there are “wo basic modes of behavior

of the éystem. The first mode, for small T, is essen-
tia11y similar to that of the optimal continuous system
and it exhibits fast bséi]latory response. In the second
mode the effect of the feedback is to,makeAa11 the closed-

‘loop eigenvalues real and negative; that is the optimal
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;ystem 1s overdamped. In the transition region between the
two modes each successive pair of eigenvalues becomes a

pair of negative real ones. It ¢an be concluded, there-

fore, that a satisfactory upper bound for design values

$m I |
Mmax tP} N nax B ;

Upper bound L Upper bound

&0 bo I
4o 40 T
zo 1 Lower bound 20T Lower bound
) ‘Amin P ______;____ Xnﬁn{g}
"y 1_34',4‘;6‘ e t 2 3 & 9 6 7.

FIGURE 3.1. The normalized optimal cost as a function
of the sampling period. /

of the sampling interval, such that the cost increase
rémains small, is the smallest T for which all eigen-
values of the optimal closed-loop system become real.
On the 6ther hand, T cannot be increased arbi-
“trarily. Because Nyquist criteria determines the highest

possible value T. can take as,

__ 1 «. -
Tmax = AN | 4 (3.4)
. max
where A is the ]argést eigenvalue of the continuous

maXx
system matrix. It is possible now to derive results for

‘the eignevalues of P or equivalently eigenvalues of £*(T),
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for small and large values of T, since finding an analy-

tic expression for them is almost impossible.

THE BEHAVIOR OF THE OPTIMAL TIME-INVARIANT SYSTEM FOR
SMALL T

If T is sufficiently small, 1.e.; térms in T2 or
higher can be neglected then equation (2.32) takes the

following form:

=T(CQC") « (I »AT)'{P;,y - Psi 7 B T(RT

¥ TB P, qBT)TITB P, 41 (I + AT) (3.5)
This equation had been derived by Kleinman (8) to appfoi’
ximate the-Riccatf differential equation, Ihdeed, as T
goes to zero, the_so]ution to the above equatfon approaches
the solution to the differential one and, at the Timit,

the différence equat{on becomes the differential one. 'Thfs
Jestabiishes the continuous feedback control law as the
Timit%ng case of the optimal samp}ed—data control for
1iné$r processes. This implies the following requirement .

J#(0) <~5*(T) VT |0, - (3.6)

where J*(0) is the optimal cost associated with the con-

tinuous time regulator problem. Since continuous state



feedback is the optimal control, 1£ is reasonable to de-
cide that piecewise constant cgntrols produce costs that
are larger than the optimal (minimum) cost of the con-
tinuous-time system. It can also be established that
J*(T) 1s monotonically nondecreasing with respectkto T.
But it has been shown by Kalman, Ho and Narendra (4) that
such a statement, however is not always true. Because,
if the periodicity inherent in sampling at constant rate
is allowed to 1ntéract with the natural frequencies of
the open loop plant, then the resulting discrete system
Jnay not be controllable. Loss in controllability may
result in unbounded P and hence uﬁbounded optimal cost
for a countable set of values of T. . When the plant has .
only real poles, then controllability is preserved for
all values of T unless it exceeds the value determined

by Nyguist criterion. In this case the optimal cost is

monotonically nondécreasing with respect to T.

THE ASYMPTOTIC BEHAVIOR OF THE OPTIMAL SYSTEM FOR LARGE T

The aQymptotic behaVior for large T 1sldétermined
as follows:

First complete results are presented for the first
orde} system then the results are generalized and the
form of the asymptote. is related to the location and
multip]ifity of the plant's eigenvalues.

Proofs are presented for two cases.



1. Sing}e input, single output n'th order system.

2. Mu1tip1e input, multiple output n'th order

systenm,
THE FIRST ORDER SYSTEM WITH REAL EIGENVALUE

Consider the continuous plant defined by the

state equations:

X(t) = Ax(t) + u(t) t e|0,) (3.7a)
. x(0) = Xo : (3.7b)
y(t) = x(t) (3.8)

With the quadratic cost”?unctiona1

J(x,,0525u) =
A3

L™ [ax2(t) + u?(£) 7t (3.9)
2 0
whene‘the coefficients of u and u® have been suppressed
in éqhations (3.7a) ahd-(3.9) without any loss of gene-
ra1ify.

If the control‘is piecéwise constant, then appli-

cation of the discretization procedure of Chapter 2 gives

the first order discrete regulutor problem
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Xip1 = OX5 dui s 1 =0,1,2,... (3.10)
! 00! = —_— X o 2
J1xg»05e5u > 150 (ax %+ 2mx, u;
. us?) (3.11)
where ‘
o = el (3.12a)
d = L (AT ooy (3.12D)
A

,Obviously, the scalar regulator problem is the simplest
one, and the Riccati-difference equation associated with

it can be solved ana]ytica11y.

g =+ 4T _ gy (3.12¢)
2 5 |
m=14 (AT 9y o (3.12d)
2 32
- 1 AT AT
= q P T
D LI ( ) (3.12e)

It is clear that ¢, d, q, m and r are all positive num-
beré.' The optimal .time varying feedback gain is given
as:

d P.

g.= Do —FL g (3.13)
1 r r+d2Pi+]

vwhere Pii is the solution to the scalar difference equa-
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tion

P_i =Y + 0 lP1+1—P1+]d(r+dP1+]d)—ldPi_‘_]\ o (3'_]4)
with vy and 6 is defined as
- 2 o
Y= a- T © (3.15a)
Y‘ .
0 = (,) - !{lg_ (3.'15b) e
r

Solution of the Riccati equation (see Appendix C) is

then
p. o= I Yiog = Yy
i dz V-, (3.]6)
3 .
where
Uy = o 10-]o] emelMTle
lo]’ |
(1-18] e%ye” (N-Te
and ' v 2
X
140248 ‘
o = cosh™t ———— I (3.17)
‘ 210}

If the 1imit is taken as the index i goes to -= the

Y

steady state solution is obtained as

-~

P = tim P, = L (lele* -1) (3.18)
dZ

1+~
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This final reéu]t valid for all values of A,
contains in it all the information on the behavior of
the steady state solution to the Riccati equation as a
functibn of the sampling period T. Although the result
is expressed simply, actual evaluation is impractical,
as it involves the nontrivial determination of a. For
this reason only the asymptotic behavior of PvaS t goes -

to infinity is derived for the three distinct cases.

Case i . A‘< 0
Case i1 A =0
Case iii A >0

Case (i) X < 0 Stable Plant.
Taking 1imit as T » « in equation (3.12), it fol-

lows that for A less than zero

q)oo = 0; doo = - ]_.; aoo=— l--
| X 2\
moo = lﬂ 4 "‘;‘ooz(-] + 9— ) T
2 )\2 )\2

Yoo=- 9_’ 3 :O
X :

Sinceja, = 0, then it is observed from equation {(3.17)

as o goes to infinity, the product !Olea is indeterminate.

This difficulty may be avoided by observing that
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2
d _
o, _~Q ]+e+lw_
Coshe = &8 - = ¥ (3.19)
2. 2le]
and hence
- 2
le]e* - 1 = 62 + 3(—‘1— - le]e ™ (3.20)
r

Now for o =+ « and 6, =0, the}right hand side be-

comes yd?/# and so

. RimP(T) = gim L (Je]e®:1) = y_ =- % 4 (3.21)
Tv}ln T-—H)O d
Case ii: A = 0 Simple Integrator
It can be shown that
- _ oA . 1 2
o =1 5 d=T3; §=qT ; m = §,qT :

o]
T+ = qT?
3 q

-5
i

and taking the limit as T goes to infinity

Therefore, form equation (3.17), cosha is equal to 2, and

e = 2 + /3, and as a consequence of the above results,

P(T) for A = 0 and large T (3.22)

"
Ko
—
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Case iii: A >0 Unstable Plant

Since the fundamental solution to this system is
the growing exponential, only the dominant terms in
equation (3.12) are retained in determining the asympto-

tic behavior for large T.

: eAT
0, = -1, Yw=(('|+>\2)T d, = — ,
A
roo= q e2)\T
222
S0 that
~ A2 o ~
cosho = A(1 + —)T , e~ = 2cosha for large T
q
and
P(T) = (q + A3)T ° (3.22)

The above results éhow that the optimal éost‘
approaches a constant value for stable plants, and it is
proportional to samp15ngﬂperiod T for plants with a nqn—‘
‘negative eigenvalue; the slope of the asymptote depends
on g and A. In Figures 3.2 and 3.3 below numerical re-
sults that are obtained through a general digital com-
puter algorithm® are.111us§rated to demonstrate the proper-
ties of the first order-system:

For T = 0, thé optimum cost of the system may be

computed from the equation (H) below:
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0.

S e

puws ’
10 T

T oz 3 4 10 ¥
FIGURE 2.3. ' FIGURE 3.3

Optimal Normalized Cost Curves for the First Order Systems.

AP+ PA-PBRIBP Q=0 (3.23)

*This is known as the a]gebraié Riccati equation (ARE), and
for the first order plant all of the above matrix quan-
tities become scalars. Fdr the problem under considera-

tion the equation (3.23) reduces to
P2 - 2P -1 =0 ' (3.24)
‘The solution to this equation is given by

P =+ (A2 + 1)F (3.25)

where the larger root is selected since P must be posi-

tive.
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THE SINGLE-INPUT, SINGLEYOUTPUT n-th ORDER SYSTEM

Consider the fo]]owing‘ging1e input, single out-
o ’ ‘ 'Y .
put n'th order system whose eigenvalues are all distinct

and negative real.

X(t) = A x(t) + b u(t) (3.26a)
x(0) = x(t,) ” (3.26b)
y o= ¢ x(t) | (3.2
Lith a cost functional
De L e el (s

To simplify the results, the above system is assumed to
be in control canonical form, and will be put into dia-

goné] form through use of the similarity transformation.

0 0
X(t) = T 2(t) » x(t) = T 2(t)

IN ©
~
t
g
i
1 —
1
| 1=
| =
N
-
R
+
| —
H
-
o
——~
t

Z(t) = A z(t) + | y_y(t) (3.29%a)
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z(o) = I“ii(o) “ (3.29)

y=clz(y)y (3.30)

where A = T7PA T, h = T7!'b and T is the Vandermonde
matrix associated with the companion matrix A. With the

change of variables the cost functional takes the fol-

lowing form

> §f laz' (£)T'c ¢'T z(t) + y*(t)]dt (3.31)
2 : |

Since ¢' = [1,0,...,0], the weighting matrix I'E‘E'I

reduces to an nxn matrix with elements all equal unity,

Im
f
| —
lo
o
=
™
1

1 for all 1,]

The discrete system matrices are obtained using "

the equations (2.9), (2.10) and (2.12) of Chapter 2 as

$ = 2T ) Q.% v h where y = A7'(e= " - 1)
i (ki+xj)T :
Q=0a8, siy == - Vi, j
Ao * xj ’
M=aq(s.-wE) A" h (3.32)

P o= T o+ gh'ATM(S-p E-E wrTE)ATMh (3.33)
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Taking limits as T goes to infinity, and since
cigenvalues of the system are all negative real and dis-

tinct from each other it is obseMved that el T . 0.

Thus:
._oo=9.. 4 _[?.()o: -A..h_
- 1
Q. =495 where S = -
- ! 1 T
. mijlm =q — for J = 131 =1,2,...,n
)\1' A’i.‘-kj

L

where mij[mrepresents the i,j'th element of M matrix

evaluated for T large.

-~

P = (1 +qh'L h)T + Constant

[o0]

where

y Vi,
ool

As a consequence of the presence of T in the expression

-

for ¥_, the terms that modify & and Q in equations (2.24)

and (2.30) of chapter 2 tend to zero as T goes to infi-

»

nity, and therefore,

(@]
1
o
-
-
"
=

oo

Finaltly, from the Riccati equation (2.34b)



gim P(T) = T_ =0 _ O (3.34a)

B(T) <A

ma%{gw} - (3.34b)

Equation (3.34b) shows that all possible normalized opti-

mal cost curves lie between zero and X
v " .
denotes the maximum eigenvalue of Q matrix when T is

nax el where xmax
large.

The'samg type of argument maybe used to extend
the. Tast result to include the case of multiple negative
real eignéva1ues. In this case the system is transfor-
med to its Jordan canon1§a1 form and the matrix exponen-
tial has terms of the form tvexitbwhere v is integer re-
lated to the multiplicity of the i'th root. But, since‘
the system under consideration ha; only negative real

eigenvalues, that is

xi <0 for all. i; 1 = 1,2,...,n"Vv
.'and, since the decaying exponential is the dominant fac-
tor for large t, it follows that ¢ = 0. The final re-
sult reduces again to equation (3.16), where the elements
of éw' are.rationa1 functions of the eigenvalues of the

system matrix A.
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GENERAL BEHAVIOR OF THE ASYMPTOTE OF THE OPTIMAL COST

In order to generalize the result of the pre-

-

vious section, consider a single state system, i.e.,

a system where the index i takes only the zero value.

Then the cost functional of equation (2.11) reduces to
J =

1 | Ry i |l ’
o7 3 (io Xy *F 2X 'Mu_+ oy 'R Eo) (3.35)

0 Lo —= ~o

o

where the»terhinal cost matrix has been set equal to
zeéo. The weighting matrices are computed directly from
‘their defining integrals (2.12b) through (2.12d) evaluated
Between t, and'tf. Since, te -ty is the interval of
definition of the system and is equal to a single samp-
ling period T, and since at the same time the terminal
cost - in this case P] 7.15 zero, then from equation
(2.33) |

(3.36)

#

~and if this value of optimal control is substituted into
equation (2.8) the optimal discrete-time system is ob-

tained as

E=2
| <
1

=i+

il

((b - ‘D~

o
=2
t
-
=

In equation (2.34) ¢ - D was defined as 6, thus
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,‘(3.37)

Equation (3.18) is substituted igto the cost functional

“of equation (3.17) to yield

o
N —
——
>
o

o
>
o

'
3
e}
1=
150

1
-
=
B3

-~

1 ' "'_ .-1 v
S X' Q- MR g
Since Q - M R7'M' is defined as T by equation (2.30)

lthen,

"I x (3.38)

0
Now if the terminal time t. is made infinite, then

Lim J = o Lo X

1

-— X

w O 2=
tf+

(3.39)
Equation (3.39)‘describes fhe general form of the asymp-
totic behaQior of the oplimal cort for Targe T. In the
special case in which the eigenvalues of the system are
negative real, I'_ is approximately equal to ém, since

E“‘fis ihverse]y’pfoportion§1 to T and M attaﬁns é con-
stant value. This implies that optimal control is a

step function whose mégnitude is aTso inversely propor-
tional to T. This can be observed from cquation (3.18)

where the feedback gain is,
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G=- RN . (3.40)

Hence at the Timit the ga1n of controller becomes zero
and the optimal cost, evaluated directly from equat1on
(2.7b) ofr u = 0, is given by

. ‘
o =7 %' o cac ety

7 %o (34
It is obvious from the above derivations théi;if

thé plant matrix has any zero eigenvalue, i.e., A is'>
singular, then the 1ntegfa1s involving matrix exponentfals_
can not be expressed in terms of A7l ; : “

! Furthermore, as can be deduced from the resu]ts |
.'of the derivation for the asymptotic behavior » ‘ 
of the first order system, the matrix ¢ apparent]y does :
not go to zero for 1arge T, and the opt1ma1 cost does" |
not approach a constant value, but is approaches 1nf1n1¢ytwr.
as a function of T. For this reason it is necessafy o
to establish a sécond approach for thé'asymptotic be-

havior of plants with zero eigenvalues.

ASYMPTOTIC BEHAVIOR OF' THE MULTWLE INPUT MULTIPLE OUT-
PUT SYSTEMS FOR LARGE T |

a) A system with zero eigenva1ues'of,mu1tjp1jcity n
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~Consider the n'th order system in its Jordan

canonical form:

0’

z(t) = TT'A T z(t) + T7'B u(t)
= A x(t) * Hu(t) | (3.425)
z(0) = T7'x(o) (3.42b)

0= Tl 2(8) + w (IR w(8)]dE (3.43)
Where
[0 1] 0]
001 ...0 o ]
A = L=T'CQC" with elements ]1j
0
L B OgJ

As stated in the previous section the optiha]-cqst as T

goes to-dinfinity is given by - - _ | .

caim 9= x ' I

T

X

1 «
2. - ~

0

It was established that T is at least positive semide-

finite; this implies that

Q> RN )

Let the matrix'go be given by
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At (3.44)

.

where the elements of the matrix exponential of At are

(t) 0 - . when i > j
bijt) = | |
1 td 7] when i < j (3.45a)
(3-1): '

and the elements of its transpose are

0 when i < j
v 1j(t) = fi'j
— when i > j
(i-3).
= ¥y 0t) (3.45b)

The 1negrahd,of equation for Q0 (3.21) is a positive semi-
‘definite matrix with its i,j'th element given by
i3 ((i+3)-(veu)

Integrand Q(i,j) = = I Lo
1 v=1 u=1 "(

1-v) - (3-un)-

Thfs expression for the (i,j)th element of Q, matrix is

derivedfas follows:

(i,h)th element of the matrix that result from

the multiplication of three matrices A, B and C is given
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Result (i,h) (i,h)th elemént of A B C
m r
z %

a.s b
J=1 k=1 M

jk Ckh

Where A, B and C are'(nxm), (mxr) and (rxp) dimensional |
matriqes respectively. \
If this formula is applied to the problem under

‘consideration, the resilt will be of the form

LT iy Ay, Y

Result _ .
’ B \)=1 u:] ‘\’U 11.]

=z oWy Ay, Vi - | (3.47)

v=1 u=1 HoTHd

But, on the other hand,

é t'l"‘\)

Vs —— for i > v
V1 (i-v)!:

so v can take at most the vaTué'equal to 1 whenever the

v value is nonzero as indicated by equation (3.45a). In

Lthef§ame'manner
for J >

that is; u can take at most the value of j as indicated

-

by equation (3.45b) whenever the ¢ value 1is nonzero.

Then,
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T T i+§-veu
(t)dt = 5 » 1 g -t
o v=lu=1 M (i-v)!(§-u)!

Interchanging the operations of summation and integration, _

the above equation becomes

T i T 4 i+d-v-u

S Q, ;(t)dt = x T L. f dt
0 15d v=1 u=1 V¥ o (i=v)i(j-n):
If the required integration is performed; then
; i J T('i+j—\),—u+])
iQO- .(T) = z Z 2'\)'“ . . . .
1,3 v=1 u=] (i=-v)i(j-u)i(i+j-v-pu+l)
and ‘ i, =1,2,..0,n (3.48)

In a manner exactly analogous to the procedure above the

(i,j)th elements of.M and E_matri¢es can be found. - These terms

are required for the evaluation of the asymptotic beha-

vior of T matrix. In this case however, in each of the

matrices M and & the integral of eAFiris involved.
Hence,
T 0 for i>j
[oby;(t)dt = { IESEY ‘ '
0 — for i < (3.49a)
L(J=1)2(J-1+1)
and
-
T , 0 for i < J
Jop'..(t) dt = . :
ij i-j+1
0 1 L for i > j (3.49b)
(i-3) ! (i-3+1)!
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Recalling that M matrix is of the form M = My + H where

matrix M] matrix is given by

T T
A THAN [£ vij(s)dsldt  (3.50)

or

i i*g-v-u+1)

it dt-

(i=v)i(J-u) i (3-v-u+l)

Interchanging the operations of summation and integration,

and, performing the integration yields

T(i+j'V'U+2)

[[Eos RN

1M () ) (1) (T4 -vmue2)

j=']92a---,n 7 (3.5])
Following the same procedure for the(i.jjth element of
Ry matrix, the fo]]ow%ng expression is obtained:

P4 rli+i-v-u+3)

(Ty = £ I

i, = 1,2,...,0 \ (3.52)

'B]}mdtrix will be used in the evaluation of R matrix

i, ~v=1 p=l (i=v) i (J-n) i (i=v+1) (J=p+1)(i+3=v-u+3)
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‘defined by
; Tt Tt o
R=H" 7 {[s ef'Sas) L [ ehS ds] at H + TR
0 0 T o ' B
R=H'R4yH + TR . (3.58)

In each of the above matrices éo’ My and Ry, the highest
“power is 2n-1 and .occurs when i = j =nand v =y =1,
This largest power appears in the lowest diagonal ele-
ments of those matrices sincé all other terms are bo1y—
nomials of lower degree in T, the trace Q, is also a
polynomial of degree (2n-1) while the trace of M E"M'
is a polynomial of degree at most 2n-1 or less. Since
T is positive semidefinite matrix, it follows that/ﬁhe’

trace of the difference
f(T) = trace Q, - trace(M R™'M')

is nonnegative for all T. The resulting polynomial in T
must be at most of degree 2n-1, and, furthermore, the

' cﬁefficieht of the highest power present must be.posi-
tive. If this were not the case, then, for very large
T it Wou]d bé.possib1e for the polynomial to attain nega-
tive values, thué leading to a - contradiction to the as-'.
sumption of semidefiniteness. Since the highesf eigen-
value must be given by a polynomial of the same degree

‘with the trace; it follows that
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) _ - L2n-]
Amax{Qo} - q(qzn-]T

toaotag) 20 Apa, D) (3.54)
Evaldation of the Q, matrix for v =y =1 and i =J=n

yields

Q% (1) = 2 Ten] 3.55
° " T(n-1)132 (2n-1) (3.59)

a% the (n,n)th element of this matrix.
It is further required to post multiply My
by H in order to obtain the M matrix and premultiply Ry

by H' and post multiply by H to obtain the E matrix
M=M -H
where‘thei(i,j)th element of M matrix is,

n , {1-1 2,...5N ‘
Big(M = I omiy g and 13-, (3:56)

—

If the above mu1t1p11cat1on is carr1ed out each e1ement
of the: M matrix can still be expressed as a po]ynom1a1
in T, Recalling that the elements of M, matrix were also

a polynomial in T and,iiis a matrix of constants and the

higﬁest power of T appears when v =y = 1, then

‘o

EY
. . T
My (T) =" 2qy

: (3.57)
i (1-1) 1312 (143) B

and elements of M matrix can be obtained from:
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. ( n Ti+k
BT k= T Gk G M
where i = 1,2{% ,N
]y =1,2,....n (3.58)
Power of T is maximum when k = n, henge
. i+n
Mo <(T) = 2q; h T — (3.59)

—1s3 3 (3-1)t(n-1) In(i+n)

In this approximation it is assumed that the térms.having

smaller powers of T can be neglected, since only the asymp-

totic behavior of the M matrix is required when T is

large. Coefficients of T terms become smaller as v and

U are increased so approximation holds a1ways true.
Similarly, the (i,j)th element of R, matrix can -

be approximated, using the approximated form of equation

(3.52)
i+j+1
Ry (T) =29y — .T. —
1,3 (i=1):(3-1)2i.3(i+3+T)
i=1, ..., n
o | |
an =1, ...sm | (3.60)

and R is obtained as follows if the_réquired multipli-

cations are carried out

al .n n
R. .(T) = £ & h'sy § h, s
R;, (M 1 gl ik Tke e



.58.

_noon T2+
= I hki“zj“]]
’ (k-l);(z-]);k.z(k+z+1)

k=1 2=1

Ve

-

when k = £ = n, then

Rs . = £ . .
1o THniTnd Tao1) 1202 (2041)

(3.61)

It is obvious from the above expression that the inverse

of the E matrix is of the form

E-l = g! 7= (2n+1) - : (3.62)

where the elements of g MQﬁrix are,givén’by

2.4 h_. h .
_ 211 "ni ng 4,5 = 1,2,...0  (3.63)

15 2 (n-1)1]2 (2n+1)

’

A1l of the above approximations are made to obtain a
simple approximaté form for matrix ﬁ@“ﬁ'\when T is

large. ‘ -
Using equafions (3.55), (3.59) and (3.61) the’

(i,3)th e]ement'of_ﬂéf‘ﬁ' is obtained as

r r

.~—1 ] = - . a=1 ] .

c MRTEMy S k£1 QE] Mik "ke Mej
ror | ] i=1,2,00 0,0
= 5 -z mikmjlﬁﬁi where : g

k=1 2=1 =2, n
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r r T1'+n
= T T qqhg —
k=1 %=1 (J:])}(nsl):n(j+n)
T
21100y, , oY) (3.64)

(3-1)'(n=1)'n{j+*n

Since only the lowest diagonal element of the M R™!M'

matrix is required; that is i = j = n, then

R : & T -(2n+1
MRTM'  (T)= T I f4hh -1 1= (2n+1)
—_— n,n k=1 =1 11 'nk'n [(n__] ) '.]"4nl' k& .

r r 2. h T(Zn']) .
£ % 24h — g 3.65
k=1 =1 UK T qyi)egne K2 (3.69)

If these last results are substitued into equation

(2.30), then

£x(T)

A

Trace{le) =

211
[(n-1)!]%(2n-1)

: r r 22 h. h
oy 3 1 nk

g ALk nj g p2n-d (3.66)
k=1 j=1 [(n-1)']"4n" ‘

kj

which clearly shows that the asymptotic behavior of the
normalized optimal cost &*(T)’of’equation (3.3) is de-

termined by the (2n-1)st power of sampling period T for
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systems with nfth order eigenva]ué at the origin, -

b) A system with botﬁ negative and zero eigen-

values.

Up to now investigation was made when the
systems eigenvalues are all zero.
In general, a stable system contains both nega-
tive real and zero eigenvalues. In such cases the A
matrix will contain two blocks one associated with zero
~eigenvalues of multiplicity v and the other associated
with the negative real eigenvalues if the states are

arranged suitably. That is,

Aqyq |
SR
o T

lto

where Ay is a (vxv) matrix

| = -
I
=
o
nN

and A,, is a (n-v) by (n-v)

matrix

In the previous sections it was found that T
matrix determines the asymptotic behavior of the optimal

.cost. On the other hand T, matrix requires the evahmtim1of.

_6, M, R matrices for large T.. But each of these matrices
involves exp At in their defining integrals.
| Elements of exponential At can be found as given

below

by |0
= | =22
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i,j'th element of expflhl

11 -0 i>3

SO Ay 7y 5 (T) =y i

and i, = 1,2,5...4v.

B f T Ait

22 T : o ' ‘ :
Ppis(t) = 1,3'th element of exp A,,t = ,
1J \ —22 .
otherwise
0. otherwise

As gbvious from the expression'for the 1,j'th element of

N\

’expigzzt matrix, for large T exp szt becomesfa null
~matrix, .Then it is only the A;y part that determines

fﬁe asymptote. - If Q, M and E,are’partitioned as A were,

then’
B : . | “ A-l" ‘—1 l
oo Dt (Gt ((WATED (MR,
- N A - "lyl . -1 '
Ia1jd22 211022 | T[(MRTIHN ),y | (MR,

It i$ then 21] thai determines the asymptotic behavior

of g*(T)

= _~ “"1 |
Tp = Qyy - ORTTMT),
Since this.part corresponds to the zero eigenvalue of mul-
tip]icity;v :'the result will be the same as the result

of the previous section with the appropriate change of



.62

dimensions as given below

H - D |
11 r

roo, B )
g*(T) < { - - 33 zi]h o kJ Al
[(v-1)!]2(2v-1) k=1 j=1 VEVT [(u-1) 4] 440t
- (3.67)
and
jLH hvi hvj

i3 = 1,2,...,1

B.. = -
1 vi| (v-1)!]2(2v+1)

PLANTS WITH COMPLEX EIGENVALUES

'

In thé previous sections, all the n'th order
plants that were considered gou]d be decomposed into
n-first order éystems in cascade using only real coef-
ficients. For this reason, their asymptotic behavibr
wé} essentially a generalization of that of the scalar
o&e. The 1qtroduction.of complex conjugate roots,'how¥
eier changes the behavior. Since loss of controllability
/ ié possible, it is the sampling periods for which the
sistém is not contro]iab}e that are of interesﬁ~rathef
than the asymptotic behavior.

The following theorém on thé préservation of
con£r011ability in the presence of sampling is due to
Kalman, Ho and Narendra (4). | » A

THEOREM:

/Let the continuous time-invariant system be com-

pletely controllable. Then the time invariant discrete
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time system is complietely controllable if:

!

In {A4(A) - A5(A)} # 2n (3.68)"
| T
whenever
Re =00y (A) = A5(A)} = 0

Therefore sahp]ing - period T should not be

equaj to Tk’ where
Tk’:nL’ ‘vn=:],+2,,,, . (3.69)

qng

w = Ip (] (3.70)
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CHAPTER 4

OVERALL PACKAGE PROGRAM

In the subsequent paragraphs some salient features

of the digital computer simulation for the application of

the thedry developed in the previous chapters are dis-
cussed. |
| The existing algorithm can handje up to tenth
ofder systéms and by aJsimp1e modification of the dimen-
sioning statements it can be made to handle higher ofder
systems, the only 1ihitation being the size of the sto-
rage of the digital compﬁtér. ’
The éomputer programs are written in FORTRAN IV
1anguage and has been tested.on the UNIVAC-1106. '

~For a g1ven set of input data, i.e., matr1ces

" 5; C, Q, R and E, the correspond1ng matrices g, D,

o =

,. M and ﬁ of the discrete time optimization problem are
omputed. |

There are various error tolerances within the

pkogram, which determine the accuracy of the final re-'
sults. The only one need be specified as an input data
is for the computation of the roots of an n'th order

polynomial. Others are specified with the DATA declara-
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tion and if necessary they can be changed easily, Com-

putation of the matrices ¢, D, Q, M and R requires the

[S -

sampling period T be known, beforehand. If the sampling
period is specﬁfied apriori as an input data, computa-
tion of sampling interval is skipped. -Otherwise, re-
sults of Chapter 3 are used to compute the sampling
period. For the givén or computed value of T it is pos-
sible to obtain the above matrices. Avai]abi]ity of
these matrices permits the iterative sg]ution of the
Riccafi Equation. Although the Riccati equatioh is non-
linear in nature a diréct iterative algorithm can be
used successfully, because the coefficient,fmatrices are
constant. The program can handle bofh infinite-time
and finifé time regulator problems. In the fdrmer case
Riccati Equation is solved until a steady-state is
reached. On thelother hand, for the latter case the se-
quence of {P.}; i = N,N-1,...,1,0 are obtained as a so-
Tution of the Riccati Difference Equation (R.D.E.). These
soiations aré then used to evaluate the matrix of feed-
backbgains and thus control vectors and the results are
brih;ed out at each iteration; .

- Finally, the closed loop system matrix and then
stétes are computed within the time interval of interest
and are plotted to illistrate the behavior of states as

a function of time.-

The simplified flow chart of the algorithm is

~given below:



V,Unsfab1e
System

Yes
¢
Sp@fj\ed No 1
Apr1qp1 : [Compute
‘Sampling
Period -
Yes ' . t l
C|'Discretize
System §&
Input Mat}

No

Discrete
System
Unsta.

Change _
Specified
T

- -///\\\; No
D >

Yes”’

Riccati
-1 Solution
P.S.D_

Riccati
Solution
P.D.




©

Coefficients

Discret.
Integral
P.I.

Compute

of D.R.E

Riccati
Solution

Compute
Control &

States

Control §
State
Vector

~|0btained
Closed
Loop S.M.

Plot
Contrcl §
States

|

END
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!

The program comprises maih]y two parts;~ The
first one is the MAIN program itself and exercises over-
all éontfo] of the program. fhe DATA read in and then by
means of various CALL statements the ﬁecessary'computa—
‘tions shown in the flow-chart are pérformed.

The second part consists of the following SUB-

ROUTINES:

1. SUBROUTINE STABIL 2. SUBROUTINE EIGEN
3. SUBROUTINE INTBSR 4. SUBROUTINE DISCO
5. SUBROUTINE EVOINT 6. SUBROUTINE SIMFOR
7. SUBROUTINE PICATI 8. SUBROUTINE INVERS
9. SUBROUTINE CONTR 10.  SUBROUTINE OBSERV

11, SUBROUTINE RANKT 12{ SUBROUTINE SAMPLE

13. SUBROUTINE DEFNIT 14, SUBROUTINE MULTIQ

15.° SUBROUTINE SIFIR "' 16. SUBROUTINE TRANS

,17;i:SUBROUTINﬁ LOADM | | 18. SUBROUTINE SUBTRT

19.: SUBROUfINE DEVRET ‘ 20. SUBROUTINE CIZERO
21,7 SUBROUTINE TOPLA - . N
;s. Among these SUBROUTINEs, MULTIQ, SIFIR, TRANS,
'LOADM, SUBTRT, DEVRET, CIZERO, TOPLA are self ekp]ana-
tdry,kbut others need be explained. ' |
1. SUBROUTINE STABIL
Stabi]ity of both continuous and discrete
systems are tested by this subrout1ne
Investigation of stab111ty for cont1nuous (dis-
rErete) systems is through the calculation of the eigen-

"values oflthevmaérixrﬁ(g).‘ A condition for stability
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requires that the absolute yalues of all the eigenva]ues
of the system matrix A(g) be less than zero (less than
one) i.e., | ;

For continuous systems:

CAs{A}] <0 for all i: i =1,2,....n
For discrete systems:
|As{e}] <1 for all i: i =1,2,...,n

Subroutine STABIL ca]]é the subroutine EIGEN for the
dompUtation of the eigenvalues of the system matrix.
Parameters of SUBROUTINE STABIL are:

A1, N. and JDORC
Al j% the nxn matrix which &etermines the stability of
theigystem.
N 15 the order of the system..
JDdRC specifies whéther the stability is investigated
for discrete or cohtihuous systems. If JDORC is set to
one stabi]ity is checked for discrete systems, if“two'«
for1COntinuousisystems. |

2. SUBROUTINE EIGEN

This subroutine first evaluates the coeffi-
cienfs of the characteristic po]ynomiaﬁ of the given
matrix Al. That is

n-1 n-2

n- '
-P2>\ - P -P

F(a) = A" - P

~
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Pi's are computed for all i, i = 1,2,...,n.
The a]gor1thm used is due to Frame (11) ~Using

these coeff1c1ents then,” root f1nd1ng routine ROOTCP s

used to obtain the roots of the character1st1c po]ynom]a].

Parametets of SUBROUTINE EIGEN are as follows.

A1,N,A,XR,KMAX,EPS,JJJ

where Al is nxn matrix whose eigenvalues will he found.
N is the dimesion of the-Al matrix (Equivalently
the order of the system) -
\ A is ajcomplex array which contains the coef-
‘fieiEnts of the characteristic polynomial.
XR fs the array'of fhe roots. of the characteris-
tie‘ppTynomfal It is‘also complex.
7 KMAX “is the maximum number of iterations during
the so]ut1on of the i'th root
: EPS spec1f1ed "error tolerancef for the i'th root,
1-?*: the absolute value of the difference befween the
exact value of the root and the calculated one should
Bevless than or equal to EPS using the maximum number
of 1terat1ons KHAX. |
F1na1]y, JddJd is used to skip the WRITE statements

1f set equa] to one. _
With subroutine EIGEN it is poss1b]e to obtain

real eigenva]ues, comp]ex conjugate eigenvales, and the
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zero eigenvalues of multiplicity v(NU).

3. SUBROUTINE INTBSR (Yntegraiioh by Simpson Rule)

o SubrnutineviNTBSRlis used to calculate the
matriteslé M and ﬁ given by equations (2.12b), (2.12t)
and (2 12d) respect1ve1y Each of these matrices invol-
ves matrix exponent1a]s in the1r integrands. Integrals
'of these matrices can be expressed in terms of the in-
- verse of the system mathix A. But in the case that A
fs singn1ar, i.e;, if one drbmore eigénva]ues of A are |
zero, than inverse of A does not exist. Hence, the pro-
posed method does not have practical importance. In- |
stead, somewhat indirect but more satisfactoryiapproach\
s chosen for the eva]uat1on of the integrals at hand.
;S1nce 1ntegrands of ‘the three 1ntegra1s are funct1ons
of t1me, 1t is poss1b1e to f1nd on a d1g1ta1 computer
then, po1nts sat1sfy1ng these funct1ons for a given point
on the t1me axis. Then these po1nts are used to -extra-
po]aze the funct1on of the 1ntegrand with a s1mp1e func-
t1on SO that the area under this new curve be easily ob-
tained. For the prdb]emtat hand the parab01a~is dsed as
an extrapdlatfng function. This is the so\cal]ed Simpson -

Ru1ed(15) and expressed mathematically as

I(f) =S = Eéi [(a) + 4f(a;b) v F(b)] (4.1)

where I(f) is the integral of the function f and (b-a)



is fhe\interval of\integration:

| Thé rule however for the estimation 6f the ih?
tegral I = fb f(t)dt will usually not produce sufficient- -
ly acCurateaestimates especially when the interval is
reaéonab]y large. Therefore, the given interval is sub-
divided into N smaller intervals and then the above rule

P

is applied to these intervals. That is

f(t)dt = I(g) = T J
: t.

N
If) = % S
: - t i+l

Pi k(t)dt
i+1

a - _ (4.2)

Interval of integration is the sampling period
fér equations (2.12b) through (2.12d). Subdividing this
period into N intervals requires'the se]ectibn of appro-
pr%ate step size. It is suggestéd (16) that it will be
satisfactory to choose a step size as one tenth of the
minimum time conSténi available in the system. Because
of fhe‘forms\qf the'Thtegrands powers of exponential

~ terms could be at most 22 g Thus, as a step size one

X
twenfy-fifth of a minimum time constant is chosen. For
this case the Simpson formula changes as

* 4 fi;gl (4.3)

- )
I ~M=2

,— ) )
.§N—"6—".fo+.f_N+

[ o B |
-

i=1 7! 1

*  If the equation (4.3) is dpp11ed to perform the

"integrations given by equations (2.12b), (2.12c) and




~(2.12d), the functions. of f.'s become matrix functions

of time. For each time poiht the entire matrix is eva-
luated by means of Subroutine DISCO and finally the above
'formu1a has been a‘vlied to get the re dir d matrices. - -
,routine"INTBSR-ca]]s-Eﬁz'foliowingasubrout1neg,dur?nn f%e;qourse,p%pp o
computation. - ) o o '

- They are respectively,

a. SUBROUTINE EVOINT  (Evaluates integrand)
"~ b. SUBROUTINE TOPLA |

c. SUBROUTINE LOADM

~d. SUBROUTINE SIFIR

e. SUBROUTINE MULTIQ

'f. SUBROUTINE SIMFOR

Parameters of SUBROUTINE INTBSR are

T .= sahp]iﬁg period -

5"- R matrix (Dimension rxr)
;R.? r dimension of R matrix
Q - Q matrix

AT - g&stem matrix

KONTRL: WHen_set to one & matrix, when 2 M
matrix and finally when 3 R matrix is found.
'SUBROUTINE DISCO:

This subroutine is used to evaluate the matrices
AT T
eze ; D= s oAt . gt
o .

There are many algorithms for the evaluation of these

matrices but in subroutine DISCO the method of Liou (10)

in which the exp AT is approximated by the truncated
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Taylor séries_is used. Number of terms in the series
is increasedﬁstarting'from,10 until the elements of-0
(thus D) matrix becomes'sufficient1y accurate.

”Except for the discretization of continuous sys-
tem the subroutine DISCO is referenced by subroutine
INTBSR via subroutine EVOINT. fTherefore, following con-

trol is essential to avoid unnecessary computations

o CONTINUE

AT

Yes .~ Return with el

Computel‘ ‘ '
Integ, (A |

T
Return with eﬁtdt
0

:
Return with D = f eft dt
>

RETURN
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Parameters of subroutjne DISCO.
Al (nxn) syéfemfmatrjx
B (nxm) input matrix
N:n | -
M:m

T : sampling period

NW: function of NW shown in the flowchart above.

SUBROUTINE EVOINT

Subroutine EVOINT is referenced only by SUBROU-
TINE INTBSE and is used to evaluate the integrand for
a_given,point: Required information is supplied to sub-

routine EVOINT by subroutine DISCO.

SUBROUTINE SIMFOR

App]ies'the‘Simpson formula to the points found
by subroutine EVOINT as adapted to matrices. Referenced

only byrsubroutine INTBSR.,

‘SUBROUTINE INVERS:
: Inverts the given squaré matrix and finds also
theldeterminaht using Gauss-Jordan complete elimination

method with the maximum pivot strategy.

" SUBROUTINE RICATI -
Solution to the Riccati difference equation fis

found by subroutine RICATI.
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‘Calculation of the coefficients of Riccati
equation also takes place in this subroutine. Subroutine
Riccati checks first whether the final cost matrix is
zero. If so, the Riccati equation is solved until a
steady state solution is obtained. Iteration stops when
the least squre error betﬁeen the results of two conse-
cutive iteration is less than the specified error tole-
rance. Otherwise, coﬁtinue until this 1imit is reached.

If final cost matrix is}not zero subroutine
Riccati solves iteratively backward ih time the non]iﬁear
Riccatf difference equation, and sequence of so]utionv
matrices is obtained associated with the‘finite time“‘

" regulator problem.
Then, matrix of feedback gains, cohtroi vectors,
) anﬁ state vectors are calculated and printed out at

each iteration. In the case of finite time regu]ator'

prob]em, feedback gain matrices are time varying.

-

R, M Q ¢ and D matrices along W1th the f1na1

time IFT and final cost matrix S should be supplied to

-

subroutine Riccati.

SUBROUTINE CONTR.
Is used to check whether the system under consi-

deration is controllabie. Condition for complete con-
trollability requires that A pair of constant matrices

|A,B| with F (nxn) and G(nxr) is of rank n, that is
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The above augmented matrix is-of dimension (nxnr).

SUBROUTINE CONTR
References 3 more subroutines, subroutine INVERSS

subroutine RANKT and subroutine DEVRET.

SUBROUTINE OBSERYV

Is used to test if the system is obserwvable
through searching the rank of the matrix pair

[C Al

where M (mxn) and F (nxn) dimensional, that is

. A(n-1)E'] .= n

Rank [C A C'
The augmented matrix is obviously (nxnm) dimensional.

- SUBROUTINE RANKT
| Tests the rank of an (nxm) matrix applying Gauss
elimination methbd. After elimination, number of non- |

zero rows (columns) gives the rank.

- SUBROUTINE DEFNIY

With the application of Sylvester's expansion
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theorem, subroutine DEFNIT checks‘whether the‘(nxn)

square matrix positive definite, positive semidefinite

or neither.
SUBROUTINE MULTIQ - Multiplies two matrices.

SUBROUTINE SIFIR - Sets initially all the elements

of the given matrix to zero.
SUBRQPTINE TRANS - Transposes the given matrix.

SU?RGUTINE LOADM - Transfers the constanfs of ﬁ

one matrix into another.

, SUBROQUTINE SUBTRT - Subtracts one matrix from
“the other.

SUBROUTINE DEVRET - Constants of one matrix

is transferred to the other with subscript, i.e., P;.

-

SUBROUTINE CIZERO - Checks if the given matrix

is a null matrix.

SUBROUTINE TOPLA - Adds two matrices.
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CHAPTER 5

CONCLUSIONS

This study covers the design of the optimum
‘samplededata regulators for linear, time invariant; com-
pletely observable and controllable plants through the
use of the discrete minimum prihcip]e.v The tefm sampled-
- data describes the sampling operation betweeﬁﬂthekplant
and the controller, where the states have been sampled
with a fixed rate and then transformed into a piece-wise
‘constant form by means of a data hold process. The-use
of a pieve-wise constant inputsvand the minimization of
quadratic cost functional which has been considered as
a performance measure, result in a sub-optima] control
scheme.

" Since, the performance of the system is affected
by sampling, more emphasis has been gﬁven to the éffects
of samp1ing on the'system's behavior and as consequence
diffeként costs have been observed for different sampling
interVa1s. In addition &ha]ytica] expressioné have beén
derived for the behavior of normalized cost‘as a function
of sampling-period T.

This study covers also the deVe]opment of a com-
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~puter algorithm for the se]ection—of sampling-interval

T which gives thé best system berﬁormance and for fhe
complete design of the samp]e&Adata regulator using this
sampling-interval.

‘The_design of the regulator starts with the
evaluation bf the Eiggnva1ues of the continuous system
matrix A. If the eigenvalues are all real, then it is
mu1tip11;ity of non-negative roots that determines the
behavior of‘thé'system's performance as a fuﬁction of
sampling period T. In the case of the existence of
complex conjugdte eigenvalues the location of the ima-

~

ginary part of the complex roots determines the sequence

of critical values of T for which the discrete systém
may not be controllable. These values of samp]ing€1f

interval are given as

N If the statement of problem specifies the sampling
periog'or a narrow range for it, then the optimal system
asﬁoc%ated with the given sampling rate can be designed
if ;né,ohly‘if the given samp1ing-interva1'1é less thaﬁ
the séa]]est period for Which the system may not be con-

trollable, i.e.,

T e (0.Tpp)
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If the specified value of T is in between the
two. successive Tk s which are widely spaced from each
other, then an opt1ma1 des1gn‘1s feasible though ‘sel-
dom practical. If T is very near any of the values of
T, > then further investigation is made to establish con-
trollability. If for Tkrthe system is not controllable,
then an optimal design is not possible.

If the 5amp11ng'period is not specified or if
its range is large, then maximum value of T is deter-

mined , i.e.,

Thevbést range for T is then.

T e (o; aTmax)‘; 0 <o <1

To establish the.incréase 6f.the éptima] cost with in-
creas1ng T, three va]ues of o has been chosen (o =t;5,
.75,?.9) in the computer a1gor1thm and the normalized
cost associated with each T, has‘been determined. Then
Aon the basis of this information and on the basis of
trade-off between 1n¢ré§sing the sampiing period and de-
creasing the cost, a good choice of T has been made.

It should also be nofed that the stability of the dis-

.crete system has been taken inte account for the choice

of sampling period T.
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If the A matrix has only real roots, then .the
optimal cosi curve behaves asymbtotica]]y as Tzv_],k
where v is the higﬁest mu]tipficity of zero roots.

Then. based on the 1nformat1on got from the norma11zed
opt1ma1 cost a good choice of T has been made.

Once,\the value of sampling period is selected,
the computer algorithm is then determines numer1ca11y
-the complete optimal des1gn, SO that the whole design
procedure has been computer1zed. The only data shou1d.
be given are, the A, B, C, Q, F and R matrices to get :
the opt1ma1 'solution, which is optimal feed-back gain
matr1x |
| | As the foregoing discussion implies the sampled-
data regulator with a fixed rate sampling constitutes
a sub-optimal control law. A formulation with sampling
times which are constrained or dependent on states, con-
stitutes a better approximation to the continuous time
control pfob]em, and is open to further etudy. Further-
more, in ﬁhis study, the effects of changing sampling
per1od has been justified by considering the behavior
of norma]1zed cost Since, the locations of the eigen-
values of discrete systemrchanges with sampTing period,
it is also poesible to use the 1bcations of the eigen-
values as a performance .criteria to study‘the effects
of sampling period. |

In addtion, utilization of a digital computer

“in a control system requires the sampled signal be quan-
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tized, because the limited bit capacity of such an equip-
ment does not allow whole s1gna1 levels to be represented
It is plausible then to study the effects of quant1za—
tion on the system's performance in addition to the effects
of sampling. J |
Also, throughout .the eeve]opment of computer
programs it has been assumed that the states of the con-
trolled plant are available for measurement. Frquently
in practical situafions, this wi]i not be the case, and
some artifice to get‘around this prob]em is required.
In this case, the addition of a state estimator will
improve tne f]éXibi]ity of the a1ready,deve1oped programs,
but the effects of the errors that are introduced during
state estimation on the performance of sampled—data,

regulator is another area of research. -
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APPENDIX A

-

Consider the ‘homogenous system equation

. *
x(t) = A x(t) (A

86

1)

where A is the (nxn)~system matrix, and x is the (nx1)

state vector. If &(t,t;) is the transistion matrix of

eqhation (B-1), then for arbitrary initial state X;=

x(t;) at some time t, we may write:

A(t'ti) _ -
kit = e T xy ® a(tty)x, (A.2).
This is the solution of the equatjbn of free motion. If
we consider also that ﬁhe contrp] exists, 1.e.,
o
X(t) = A x(t) + B u(t) C(A.3)
where B is (nxr) gain matrix, and u is (rxl1) control
vectér; fhe solution to the above system is given as ' .
' ~ o A(t-t.) t )
xi(t) = e Uxpw s AT u(t)an (A.4)
T . t- / .
' i

If a piecewise constant eontrol input is assumed, that

is:

v (1) = vy

for t, <1 <t (A.5)



"Then with use of the STM

t
X;(t) = g(t’ti)ii + { g(t,ti)guidt
: i
- finally,

ii(t) s E(t,ti)ii + E(tsti)ﬂi'

where

t .
D(t,t;) = Io#(t,ty)B dt

ty

Transpose of ii(t) is given .as

x;'(t) = x

87

(A.6)

(A.7)

If equations (A.6) and (A;7) are sUbstitUted into the

eipression for performance -index J (Equation (2.7b)) and

“since it is assumed that the control interval is. divided

N equal parts

N"] t' '1

J: Z f —_—
=0 t; 2

| g t

b uD(tot)]+uy 'R ug) dt = 3

Z(-.|§_)_l(t,t.)+u'|D'(t’ti)]99§|[_?(t,ti)-)si

'i-f-]. F !
FIE K (8,8:)C00 0, )X

D(t,t;)y;
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Each of the aboVe quantities_is scalar, addftiona]]y Q-

is a symmetric matrix, then

U D (,t5)C 0 CN(Eat )k = x:'@(t,t)C QC'D(t,t;)y;

i

"‘1 t.i"'.l
Eooxg!' 2'(t,t)C Q C'_(t,ty)dt x;
i=0 : . : ) - T T -
3
t.i+] .
2x1' J @'(t,ti)c Q C'D(t,ti)dt U
t 2 > X2 X2 Y

ST R+ DY (6,t)C Q £1D(t.t)] dt u;

1

For simplicity in the appearance of the above equation.

the following matrices are defined.

2

M

e

R

ti+]

e(t,t5)C Q Cla(t,t;)dt

I ' (t,t;)CQC ' D(t,t,)dt

S [R+ D'(t,t;)C Q C'D(t,t;)]dt
t

Consgﬁuently, equation (B-8) reduces to:

N —

N-1

I— i l‘
o Xy g My g Ry

(A.9a5
(A.9b)

(A.9c)

(A.10)

(A.8)
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APPENDIX B.I

-

Consider the)f011owing 6ptima1 control law equa-

tion

— 0= ‘k- » ‘—1 "1
gt = -IRTIMY ¢ RTIDIPG (14 D RTIDIRG TR Iy
(B,I.1)

Let us take the second term inside the parantehsis, and
successively apply the following operations.

- ' -1
[1+DR1DP.,,] -

1. B! DRy

0

2. [(1+DR™ID'P. 1) (R7'D!

= =]

P
3. [(BLID__PJ _I)"'l 'f"_D_]_ll
4 [P TR D] R ) (D Ry )

1
TR+ D)) D' P1+]

(e}
—
=
+
Lwo)
L"D
+ .
el
L)
—d
—
o
0

This final form of the step 1 has some superority over
(12t ’ . .
its #nitidl form. Since the former requires five matrix

multiplications and three matrix inversions, while. the
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latter four multiplications and one inversion.

If now the second term inside the paranthesis

-

is replaced by its equivalent:

U.% = - {;i-IM'H_[& + D'Pi+]D]'lD'Pi+]9} X (B.I.2)

.i

is obtained.
B.II. MATRIX INVERSION LEMMA:

Consider the (nxn) square matrix partitioned

asjf011ows~l

Now, assuming that the 1nverse of A exists, i.e., A'is

non- s1ngu1ar, we define the Fo]]ow1ng equality

where B is'partitioned as A, i.e.,

B.. | B
B = | 718
Ba1j B2z

1f Gaus-Jordan e]iminétion proéedure is applied to A



91

matrix to find its inverse, then: -

, ' 1 Lo
Ay Aol 10 I ;A11 Ayo Iﬁ]%_i 01 -
—— . te o Y — - ! . i . [
[R21 Bpp i 0 1 Pt By 1201 L
! | -
Lida A Mo Ry An i
— ""—-"——-o-:I- —_—
0 Ay, -Agy A]ﬁ [ ~Aoq Aijp i L
| - P -1
’§_+_ﬁ_1 Au bz | B An L8
0 -F- T
2 1 | -F Aoy Ay E
where
‘ -1 = - -1 -1
F [ﬂzz Ao Ay Byp ]
finally,

‘, e N -1 1, e -1
Bipj Brgl (1218 B 2 8y By ﬂl.rz F70 Boy Ay Ay My A F
—— et — o .——"']_—-” — -———-——--—-—-—._.:.]__a\
Bp1i Bpa| |01 - B Ay A

s - 1 - n-! - -1
since Byp = F 7 > F = Boy 7 Aoy = Boy Ay By
The Af] = B. can obviously be rewritten in:a different

form by siﬁp]y reordering the subscripts

-1 -1
Bi1 7 A1 - Ay2 Ao Apy

] S B
CART [f\.n - Xp A 522]
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H
If now -these two values of g]] is équated, thé following ‘

useful form for matrix inversion is obtained.

L Y LA I -1, -1 -1
["11 Brp Aoy Am] Thy A Ay [Azz iy ﬂn A]Z] A Ay
Instead if we had -A;, for A;,, then all the terms mul-
tiplied by Ay, will change its sign.

-] B I . A S
[ﬁn * hyp B ﬂm] LA 5-12 [522 * By By —12] Bor A

This result may be applied now to equation (2.33a) of

" Chapter 2. (2.33a) is repeated here for convenience.

- ) o= [ -1 e '
Py= 8Py [T +DRTID'P. 4] B+ T (B.II.1)

The result of the above derivation is applied to the

] using the following definitions

mafrix [T + DR-1D" P1+]

A =1
Ay, =D
App = R
Aoy = D'Pig

Consequently,

[L + DR7ID'P4,4]7F = 170 - I7MD[R + D'Py I'ID]”B Pyl

=1-D[R+D'PyD]7'D'P,,

1= -
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'I?'this equivalent form is replaced into equation (B.II.])
then, |

is gbtained.
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APPENDIX C

Consider equation (2.33) of Chapter 2 which ,

states that the boundary condition of RNE. is equal to
S. This bﬁundary condition is very simply derived.

Reference to the performance index (2.1i) shows that

J[xyotysula)] = % 5ﬁ'§5N for all u(.),

and accordingly, the minimum value of this performance

index with respect to u(.) is also % 5N;§ Xy» that is,

J*LiN’tN] =7 XN S Xy

On the other hand J* is given by equation (2.34)
as

X:'PuX.

o
. * * = e—
I lxgatystysur] = 5 x5 Pyx;

for j = N.
_ : |
I Dy tysutl = 2 xy " Pyxy
If these two values ofhd* is equafed,'

XN'PyXN T OXN'S xy
Since both EN\and S are symmetric, and Xy is arbitrary,

then,
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APPENDIX _D

The scalar Riccati difference equation, equation

t

( ) can be rewritten as,
d? d? hp.A
Py — PiPiy - (82 v v =) Py -y =0 (D./1)
r r
/ PN-O

Since all products commute."

Equation (D.1) -is a nonlinear first order dif-
ference .equation that can be transformed - to a second

‘order linear one by the following change of Variaples:

P. = ___Y:____._________ :
i e v (D.2)
The resulting equation is,

’ - _ : d2 | =
VI[V_i_] = (] + 62 + Y __;)V'i/-" 62V1+-|] - 0 o (D.3) :

To obtain the nontrivial solution, let Vi - s¥ .4

obtainvthe characteristic equation

. 42
- 08%s? - (1 + 02 + y ==)s + ]
: L r

[ 1]
K e

(D.4)
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The two roots are

- 1 -
S138, = —— @
1272
o] \
) )
where - dez
o = cosh'4 Ll 2
2]e|

‘Application of the boundary'conditjon?ﬁh,= 0, yields
~finally that | |

A\

Vi * |]|1 [ -ele™e(NDe (-jafe®)em("1)e] (p.5)



coodmrnL e L] REALERB CA = Q2 ) o e e e SRR T A e e T |
COMPLEX COP/EIGE i N o
 DIMEMSION STATE(50)+CONTAS0)» TIME(50) .. EEE R O N
.,DIMLNSIOM /\l(lOrlO) +B8(10210). rC(lGrlO) rQ(lOrlO) rR(lOr e ‘
1100V CTR L0, 107 DUMY (10, 10) r QHAT.CL09 100 s RHAT (10,100 s = o
AEM(10. 10)'CGCTR(10'lO)rPHI(1O 10)'0(10,10),DI(10 '10)
10S10020) p X (102 FCL0r10) ~
COMMON _TIP1+ReQHATIEMy RHAT
COMMON/ DI C/Tr-IR rdWERs PHIP D/ DT
.. COMMON/EIDC/ALeN _
~ COMMON/EIC/EPS rKMAX:COP (11) »EIGE(10) rUJd
_ COMMON/STA/JDC o
. COMMON/CWO/CQCTR PKNE Ll el
COMMON/ICFR/S»XrIFT
OMMON/ZOMAR/ZX K10 L0
, READ(S.loo)hWAx tPS
CEORMAT (I4rE10.1)
READ(S, 1)N:IR:M IFT
- FORMAT(4I5).
WRITE (6 lOl)NvIR
A-FORMAT (n. l P21 XN
- DO 15 1=1.N L L
15 READ(S,13) (AL (I» ) rU=len) o
o DO 18 K=1rH .
18 READ(5r13)(B(KsL) sliz 1'1R)
DO 19 I=1.N
19 READ(5.13)(CCIrd) s J=1 M)
V DO 21 K=1M ,
21 READ(S5913)(Q(KsL) pb=10M)
. DO 22 1=1,1IR
e READ()!13)(R(Ivd)'d 1rIR)
DO 51 I=1:M - _
51 READ(Se13) (F(Ird)rd=1oM) o oo
READ(5,13)(X{(I)r,I=1, N)v
- SR \]RITE_(o'lOS) Lo : : i : SR Lo
T,103,FORMAT(22X;'COJTINUOUS SY TEM wATRIx Ay.//) o
Sl L DOEI0 I N o - . - wEET e
NRITE(orZO)(Al(I J)'d 1 N) ,
OHRITELG,105) s L e
,v”,_FORﬂAT(///:éZerCOJTINUOUS IJPUT wATRIx B'.//)
L oDOLLO6 KT e s :
] WRITE(erO)(B(KrL)r
ffWRITE‘urlO?)

rUOPT (10,10

= 13/22X0 v IRZ s 1 13/ 22X v M-

el ,_Do 108 1= TN
WRITt(orZO)(C(l J

___Fo AAT(///.eax..ST TE. UEIGHTING MATRIX Q}v//)
DO RLI0TKII ML s i : e
HRITE(b:?O)(Q(K L)'L lrM)
: WRITE(&r2110) 0 o L ' Ui R R ER
110 FORMAT(///r2aXr'CONTROL WEIGHTING MATRTX R,.//) o
S Do o220 I=1eIR . S
220 WRITE(erO)(R(IrJ)'J 1 IR)
S WRITE(6r111). : :
111 FORWAT(///;ZZXr'FINAL COST MATRIX Fee//)
oo D05 10 L IzZIM oL
510 WRITE(6r20) (F(Ird)rJ= 1'M)
o WRITE(Gel02)
‘102 FORMAT(///r2°erGIVEN INITIAL CONDITIONSrr//)




PO U RS el
U2
e dDeE2 L
CALI STABIL*($88)
Jw=y
o ACALLvSAWPLE($88)
o CALLDISCo bt L e R T R
CALL C()NTR(%BB: PHI ' Dr Nr IR)
2 CALL OBSERV (588 rPHI CrN»M)
CALL LOADMCAL rDUMY.? N M)
CALL LOADM(PHI+AL1N,N)
L odad=2 ‘ o e .
,,CALL JTABIL($88)
CALL LOADM(DUMY rALrN#N).
JJdJd=1
~o CALL EIGEN SRR ' o
_CALL MULTIQ(CrQy DUMYrNrM M)

CALL TRANS(CsCTRINIM)- RIEA
CALL MULTIQ(DUMY CTR COCTR NeMyN)
DO H:Iz=1v3 .

KN=1

T CALL INTBSR® 7 o : :
: GO TO(ur6e8)1 N SN
o4 WRITE(GY30)
DO 25 K=1/N
S WRITE(6020) (QHATIK AL P L=1 N
.60 70 5
L WRITE(6r40)
, DO 35 K=1,N
'35  WRITE(6+20) (EM(KiL)»L=1+IR).
, GO TO 5.
=8 WRITElerF50)s
DO 45 K=1,pIR
WRITE (5020 (RHAT(K? L) rL=1) IR)
- CONTINUE _ L e e
FORMAT (22X» 1P3EL17.6) - e i T TR R
30 FORMAT(r1,///22Xr 1 DISCRETE QHAT MATRIX IS"//)
YO EORMATA// /22X vy DISCRETE. M MATRIX ISy //) :
_FORMAT(///22Xr 1 DISCRETE. RHAT MATRIX Is'p//) :
S CALL MULTIQ(CrFeDUMY NeMIM). - ‘
- CALL MULTIQ(DUMY.CTR,GrN.M N)
U CALL RICATI (55595650575 )
- Do 27dz1r
DO TIZeIFT
_ STATE(i)—XK(JrI)
L CONT(IIZUOPT(JrI) =
7. TIME(L)=IxT S S
T CALL GRAPHU(S, /8. v IFTATIME,STATEY =
 IF(J.GT.IR) GO TO 27
- CALL GRAPH4(S418.1IFT7TIME,CONT).
27 CONTINUE
60 TO B8 o
55  WRITE(6r2)
2o FORMAT(//10Xe s INVERS. OF -RHAT. “MATRIX DOES NOT EXISTer) -
» GO TO &8 o
CWRITE(er3) o e
; FORMAT(//10erIHVERS OF TP MATRIX DOES NOT EXIST.;)
60 T0.88 : :
WRITE (67




QO pUR L i e R L K




22UV L ENESSTEABLIEGSE)
IMPLICTT REAL*8 (A=H
- COMPLEX COPYEIGE
COMMOH/STA/JDORC
~ COMMOM/EIDC/ZAL N - oo : & BRI
COMMON/EIC/EPS KWAX;COP(ll)vEIGE(lo)rddd. -
DIMENSION* Al(lOrlO’rEIGV(lO) - S
CALL,EIGE N L
G0 TO (YiG)  JDORC .o
DO 1 J=1/N A
SEIGVIUY=CABS(EIGE(J)Y)
IF(hIGv(J) br l ) GO,TO_2 e
CONTINUE- S R . Ok
WRITE(6+3 )
3 FORMAT(///ZlAr:DISCRETE SYSTEM IS STABLE. ABSOLUTE VALUESr/
l22erOF ALLL THE ROOT‘ ARE LE S THAN ONE.://)
CRETURN: & s R . SRR LS T
C WRITE(5:5)
5 FORWAT(///ZlX?rDISCRETF SYSTE% IS UNSTABLF...A ‘ROOT - GREATER'/’
122erTHAN ONE 1IN ABSOLUTE VALUE IS DETECTED.v//)
RETURN=1 ! v : ~ :
Do 7 I= 1'N L ,
IF(REAL(EIGE(I))GT40+)=6GOTO 9 .
CONTINUE
WRITE(6+8) : ' : o
FORMAT(///22erbIVEN CONTINIOUS SYSTEM IS STABLE-'//):_

C F ORMAT( £/ /22X 1 +GIVEN. CONTINIO US’;',S&;S;TE M. 'z.ls‘ “UNSTABLE . v/
_RETURN 1
CEND s




ULV NP B EOE N =
IMPLICIT REAL*8(A=H,0= z) .
- COMMON/ETDC/AL N2 [onoe
WCOMMON/EIC/EPSrKMAX A(ll),XR(lo),de
V_COMPLEX A YR
~DO 1 IzieN
D0 1 Jz=1rN
B.Iv \J)—/\X(I,;
DO 20M=1r1
S P(M)=0500
_ FM=M
D0 215 Iz19N. -
P(M)-P(M)+B(I I)

o BUIA D) =BT I =P AM)
~ CALL MULTI@(Al B'c”
DO 6 K=1rN.

DO 6 L=1¢ N_

BAKrFL) =C(KY L

,CONTlNUE

KK=

DO 4 I=1eN
IMI=I-1- ' e S
1F(DA85(P(J IMl)) LT Epr)eo TO 25 o

e G0 TO 24 :

25 KK=KK=1 , o : - N

4. CONTINUE S T B L
24 DO 40I=1+KK , o , L

o UzKK=I41 ‘ I L L R L
40 A(J)=C MPLX(-P(I)'O o) ,

e KP1z=KK+1 '
A(KPL)=CMPLX(1.0¢0. 0)

... . DO 31 1I=1,KP1 ,
31 COEFF(I)—REAL(A(I)) ) ' O S

ST CALL ROOTCP(ArKKsEPS)KMAX s XRrIQ D)
- NU=N-KK ,

st CIFEANUI U3 e4Ze2 0 e
42 DO 41 u=1l.NU

Lo RJUEKKEY S U L W e U e e T s S
41 ”XR(JJ):(O 0 o o)m

g3 CIF(JIJLEO0L1) P60 TO 32

WRITE(50100)

FORMAT (// /22X ¢+ THE INPUT AND. OUTPUT:FOR- SUBROUTINE.: EIGFN Sy

© WRITE(6r101)NrEPSeKMAX _

1 FORMATA22X 1 sN =i =5 r13/05X 1 EPS =y rlPELS 6/22X

CWRITE(6e207) ((AL(Ir ) rd=1,N)I=1¢N)

7 FORMAT(///22X ¢ s INPUT MATRIX¢7/(22Xs1P3E15,6))
WRITE(6r103) (I+COEFF(I) Iz 1rKP1)

103 FORMAT (///22X»»COEFFICIENTS OF CHARACTERISTIC POLYNOMIAL
1r'//22erIr'lOXr'COEFF(I)v/(lQX IHrEXrlPE17 6))

. TG0-T0 30 L ) 8 : RO

2 WRITE(6r105)1IQ
105 FORMAT(///22%X+ 1 ERROR RETURN...MAXIMUM NUMBER OF ITERATIONS:/

122X 1 EXCEEDED DURING THE SOLUTION FOR»#Ithry TH ROOT.:)

60 TO 320 - ‘

30 WRITE(or106)(IrXR(I)rI 1 1@)

IF(NU«GT0IWRITE(62110) (T ¢ XR(I) rI=KK+12N) R
106 FORMAT(///aex',RooTs OF CHARACTLRISTIC POLYNOMIAL.://22Xv” »

o




7110 FORPAT(///2¢X!:ZER0 CROOTS i//22X 7]
11P2E17.6))

.32 RETURN L

. END A , )

16X 'XR(I) r/(19Xr




C SUBROUTINE MULTIQ(ATY
IMPLICIT REAL®%B8(A~H,0~2)
" DIMENSION: Al(10r10)rB(lO'lO)rC(lO'lo)
...DO11 I=1sN1
IDOLL K= 1,;3,W
C(I+K)z
0011 J= 1:N2

_11

;REIURH i

BrCHNL/N2ANZ) -




JE: :
IWPLLLIT REAL*B(A
- COMPLEX COPYEIGED
DIMENSION EIGV(lO)'EX.Ol(lO 10)'VINT(10r10)'DUMY(1O 10),_

CIVINTAM(10210) v TR10,10)»FTI(10,10) »FTIN(IQ»10) »FU(L0,10)r -
- lGBAR(lU'lO)'LM(1O 10)'RBAR(lOr10)rR(lO 10).A1(10r10)'8(10110rr
Lo IEONK(102.0) = : il : :

COMMON TIPerrQBAR EM ?BAR
e COM»IOH/EIDC/M S o P
COMMON/ELC/EPSrKMAX COP(ll)vEIGE(lO)vde
~COMMON/DIC/T»IRrJWIBIEXPO DB DI :

.. COMMON/CWI/FONK rMH :
o COMMON/CWO/ZFUPKONTRL .
3 ,<Do 1 J=1rN
1 EIGV(J)=CABS(EIGE (J))
DEIGENZEIGY (1)
: DO 2 Kz2en o b Ll
,2,  DEIGEN= AMAXl(DEIGtN,EIGV(K))
S H=1./(DEIGEN*20.) =
NIT=IFIX(TIPL1/H)
~H=TIP1/FLOAT(NIT)
Hove=H/2.,
o S IFCKONTRL=2) 40608 - BT
'y CALL SIFIR(QBAR: N N)
- 60.TO 10 R
V; CALL SIFIR(EM HrIR
i CGOETO L0
CALL JIFIR(RBAR Ny N)
ZHove o
CALL LVOINT _ -
CCALL LOADM(FONK  VINTAMy N MH) -
NITMl NIT -1

ALL- EVOINT R
CALL LOADM(FONK EXPOerrMH)
CIF(KONTRL=-2)40 4Ll
_CALL TOPLA(QBAR ExP01 Ny N)

,41 CALL TOPLA(LWrEXPOl u IR)
LT 60 TO 24 : ST
42A CALL TUPLA(RBAR:EXP01¢N N)
- S P=THHOV2
CALL EVOINT
S CALL LOADM{FONK P VIMNTYNsMH)
 IF(KONTRL=2)50r51+50
CCALL TOPLA(VIMTAMeVINTFNe M)
GO _TO0 5 . o
AL TOPLA(VINTAMAVINTsNrIR): -
] couTINUE
L iTEO
~ CALL EVOINT o
5o U CALL LOADMCFONK»FTI NeMIA).
C T=TIPL
o CALL EVOINT &
CALL LOADW(FONKrFTIN:N' ,
GO TO(72+73+74)KONTRL - i
. CALL SIMFOR (Hy FTI”FTINrVINTAM QBAR N N)

MH)
‘7”2':'

EM.N IR)"”




TH U CALL SIMFOR (HrETI»FTING VIHTAM: RBAR»N'N)

CALL TRANS(BsBTRsNrIR)

(CALL MULTIQ(BTR» RBARrDUMY1IR Moy

WJLTIQ(DUMY

DORLLE LrIR:
3003J1'1R o e
STROIWI)Y=TIPIRR Iy J)_w STl S L iy
CALL T '




12

15

14

" IMPLICIT REALB(A-H,0-7)
S COMMON/CHWO/ZFU KOHT_E_

T DIMENSION Al(lOrlO)rB(lOrlO)'EXPO(lO'lo)'DB(lﬂrlO)rDIJIO}IO)
s A F (KONTRE = 2)12r13r14
- .60 TO 25°
13

225 . CALL Disco

CIF(KONTRL.EQ.2)::60. TO 15 = .
 CALL MULTIQ(DUWYrEKPOrEVFU N N N)_;
60 TO- ,

6O TO g ﬂ ;;n,T;,. P

U IF(KOMTRLA.EQ. Z)MH Ir-
_RETURN_V -

COMMON/EIDC/AL ¢ N
COMMON/DIC/Tr» IR JW BvEXPOrDB'DI
COMMON/CWI/EVFU'MH

DIMENSION . EVFU(lOrlo)'EXPOTR(lorIO)rDUWY(lorlO)vFU(l

J=2

Jw=1 . » }?

IF(KONTRL . EQ 3)CALL LOADM(DI'EXPO NvN)
CALL TRANS(EXPOEXPOTRyN?N)
CALL MULTIQ(EXPOTQ'FUrDUMYrN NeN)

CALL MULTIQ(DUMYrDBvEVFU N N IR)

Ju= L
GO'TO'25"*‘_
MH=N




-~ SUBROUTIME DISCO~- SR
IMPLICIT REAL*B(A H o Z)
i INTEGER POWER - : o QR ’ : ' S
:_DIMEUSION D(lOrlO)'ST(lOrlo)'Al(lo 10):B(10 10)vPSI(lOr10)
??REALINTEGA(lOrlO)rNORMA(lo) YR TR TR B T
_COMMON/EIDC/AL»N o
COMMOMN/DIC/T+MrNWiB,PSIYD)INTEGA -
. DATA EP1/1.D-20/
DO LRI Z N
- NORMA (1) =
SLiDO L dz N o
| - ST(T'J)-Al(I d)*T
.PSI(IvJ)-JT(I J)
NORMZNORMA (1)
. Do 2 K= 2N
CANORMZAMAXL (ANORM NORMA(K))
~ POWER=10 ,
“wIF(POWER.LE. IFIX(ANORM))POUER POWER+ANORMZ€
DO. 7. I_VZvPONER
APOWRZPOWER=I42-
Do 5 Jz= 19N
DO 3 K= 1M : T P RN R N
INTEGA(JIK) = PSI(J K)/APOWR
. INTEGA(Jr J)‘INTEGA(J:J)+1 0. Lo
CaLL MULTIQ(5T INTEGA PST Ny N,M)
e DO A2 Jz oo N : ST e e
12 PSI(Jr J)-PSI(J:J)+1 0
EPS=ANQORM/ (POWER+2) *
 IX=POWER+1
T UPPZAMORMAxIX .
) DO 4§ J= 1,POWER
4  UPP=UPP/APOW N o L U
L UPP;UPP/(1~EPS) : e L e s
DO 8 Kz 1N '
.,_' DO 8 L-—- TN R S ST S el i s
 IF(DABS(PST(KrL)) . LE EPl)GO T0 8 o
o TF(DABS(UPP) o GE .DABS(PSTI(KeL ) *14E=5))" GO;IOie{?r-
8  CONTINUE
LEm 60025
> POWER= POWER+10
G0 TO I o
IF (NW.EQ.2) eo TO 28
D08 J‘ LM : S
Do 9 K= 2/N
"?INTEGA(J K)'T*IUTEGA(drK)
_IF(NW.EQ.3) GO TO 28
CCALL MULTIQUINTEGA'BrDrNeNIM)-
IF(NW.NE.4) GO TO 28
24  WRITE(&136) -
36 FORMAT(r1r///20Xr'THF INPUT AND OUTPUT FOR SUBROUTINE DISCO //)
U VURITE.(D'(_].) :
21 FORMAT(///Zle;THE A MATRIX.'//)
DO 10 I= 1N
10 WRITE(6r20) (AL(Ird) yu= I:V)
. WRITE(oril) ,
11 FORMAT(///21Xs»THE B MATRIX.://)
o DO 22 I= 1N ‘
22 VWRITE(onO)(B(IrJ)'J lrM)

0. 0

EENE NI




162 F.ORMAT(*7 /721Xr

Do 17 1 = 1N

WRITE(Sr20) (PSTC
WRITE(0,19)

19 FORM/\T(///aer nTHE DISCRETE. INPUT W\TRIX D.v//)
.....DO 23 1 = 1/N
23 /‘l’..'WRITE(br2(]) (D(Ird)'d l M)
o ZQFORMAT(zzx 1P3E17.6) .
= WRITE(6126) EPS L ANORM, POHEP o :

26 FORMAT(///22X s rEPS =1 1PE15. 6/22Xr v/\NORM-r rlPElS 6/22X' -
P 1PPOWER=Z, e Iu) T
28  RETURN = R S
S END S e e T e e e

ATRIX-PHL.




SUBROUTINE SIFIR(STAN3 M) 0 7
IMPLICIT REAL*B(A=H,0-2)
DIMENSIOM SI(10410) 5 > 5
DO 15 1=1+N3
=Do A5uz 1.\14
15  SI(l:J)=0.0
O RETURN S
END




U DIMENSTON 9(10 10);
DO 4 K=1+M3
DO 4 Lz=1rMy
4 QKL =Q(K, L) +E Ky L) Ty T
SR RETURMS L et LR

END :




D0 7 I=1/m5
ST T Y= 1rM&ET

SUBROUTINE SIMFEORH:AIFAILYAI2ATI3I)MS 2 MB) 0.
IMPLICIT REAL*8(A~H,0-2)
DIMENST.ON AI(lOrIO)rA11(10r10).A12(10 10)'A13(10 10)

AI3(IrJ )—(H/6.)*(AI(Ivd)+A11(I d)+u *AIZ(Ivd)+2 *AI3(I d))_,» N
RETURN ¥ e
END




SUBROUTINE Y TRANS GAD
_ IMPLICIT REAL*8(
U DIMENSTOM A (10010

DO 15 1= 1sN1

DO 15 yz=1rN2
S O ATGII) = ALIed)
CLUURETURNG o

__END e e DI e g s e
SUB11%,5UB12,SUBL3,SUBLY, . 5UB15,,SUBL16+ . SUB17+%SUBL8Y . SUBLO




- SUBROUTINE LOADMIDULLvOPM.erme)
IMPLICIT REAL*8(A~H,0-2)
"DIMENSIONDULL (100 10):0PM(1G:10)
D0 8 I=1,M1 .
e (o By TN L 1'5“12
8 OPMI(I: J)-DULL(I'J)
. RETURN® :
. END




SUBROUTINEL RICATLH
. AMPLICIT REAL*8(A=H., , }
SUDIMENSTION: RHAT(1G0710 0 EEM (T YrRINV.C1010) =
DIMENS{ON EMT(10,10), DUMY(lO 10);0(10 10),DRM(10 10),PHI(10,
DIMENSION TETHA(10710) sRMT(10¢10),GAMA(10+10) DTR(10+10) . 1
... DIMENSION TETATR(10,10),S(10¢10),P(102100s 10):PK(10:10):TP(10
< DIMENSTION XK (10.,10),X(10) v XX (100 1),61(10,10),62<10,1o).63(1d

. DIMENSION 64(10010),6(10210+10)7U(1021),UI(10+,1)rUOPT(102.10)

- DIMENSION:DI(1071) rD2(10r1) »R(10/+10)+ALC10710)+»BL10710) DI(ﬁ

DIMENSION RIM(10r10)»XKT(1s 10),COST(1r1) .

- COMMON TIPL'R+sQHATPEMrRHAT e
A_}COMMON/DIC/TrIRrJW Be PHI DvDI .

= COMMON/EIDC/AL N0 o oo 1

,LOMWOV/ICFR/SrXrIFT o ‘_f_m_ B T R |

“COMMON *7OMAR/-* XK+ UQPT" - T T RN et x

CALL LOADM(RHAT RINVOIRrIR)
>CALL lNVERS($09rRINVrDET'IRrLEO)

- 6O TO 21-

69 RETURM. 1

BEPZR R CALL;TRANS(EW'EMT N'IR) EEATIR o SRR R

; CALL MULTIQ(RINV? EMT'DUMYrIR IR N) e
CALL MULTIQ(D»DUMY DRMyN»IRIN) = R
CALL SUBTRT(PHI»DRM,TETHAN/N)

S CALL=MULTIQ(EMsDUMY FRMT o Ny IRPN)
7V“CALL‘SUBTRT(QHAT!RMT:GAMA N N)

‘ CALL TRANS(TE HA TFTATR N N) .
M=T FT+ 1= o i RN R e ;
CALL CIZERO(MsSiKS) - o
L UIF(KS. EQ Nx*2) GO TQ L. = : B S L e

JANEZ=1 '
D02 I 1
DO..2.J=11r 11

e
k=1 7
150 K=M=L#+]

DOG- Izl
PK(Iv d)—P(I JrK)
60 TO 12 -
, CJANE=1

. CALL LOADM(STPKrNrFNY.
CONTINUE
L CALL MOLTIQUDTRPKrDUNMY, IR Ny N)
CALL MULTIQ(DUMYDrTPrIR/NsIR)
CALL TOPLA(TPPRHAT FIR P IR -~ .
CALL INVERS($79 P'DET;IR LEO) N
GO=ET0=317 » R TI

79  RETURN 2
S31 - CALL MULTIQ(TPYDTR.DUMY.,IR»IRN).
- CALL MULTIQ(DUMYPK,TPy»IRsNeN)

O CCALL MULTIQUD Y TP eRDUMY. PN IRYN) -
. CALL MULTIQ(PKrDUMY sTPslieNy N)

L CALLLSUBTRTAPKy TPaDUMY: s Ne ) - PR

~ CALL MULTIQ(DUMYrTETHASTP, NNy N)
CCALL MULTIQ(TETATRrTP/DUMY  NiNsN)
IF(JANE) 17018218
O CALELTOPEA (DUMY. ¢ GAMA wN-N).




e b uunuu\uuﬂl"A NrNT
S DOUL6 TIZ1eN V
DO. J6. J 1N
B T O % I €8 O J)'Gl(lrd)*@l(l d) R S
,,léw_ilF(Gl(I J) GE 1. E 8). 6o TO lZV e
AT G0HTONL9Y Sl e Tl Taad
217 Kz=K=1 e .,,Ultu E S .
DO 3UIELeN- ~rv ;<;; 1;‘. CLEEIL T T e e e
DO.3J=1N '
ffP(IrJ'KL.DUMY(Ird)+GAMA(I J)
L=+l |
IF { L Lt l]) GO TO 15 ; :—,}f",.‘,;_' R
PRINT OUT P WATRIX

,7 wRITé(or7)JJrJJ B
S D06 JZ1IN- e
WRITE(5¢8).(P(JrJK

PRINT %9 )
DO 22 I=1iN-
22 WRITE(er)(PK(I'J) d 1rd)
7 FORMAT(///22X 7+ v AT THE. SAMPLING. INSTANTr11312erP('rI°'p)
1 MATRIXre//7)
-8 . FORMAT(22Xr1P3E17. 6) . iR S Ll TR
C. v COMPUTE TINE VARYING FEEDBACK GAIN MATRICES:CONTROL& STATE VF(
230 K=l I . : - R
... Dbo 10 I 1 N o o , ,
A0 UXKCLeL)EX(I) o e e
PRINT s INITIAL STATES o, . . .
o WRITE(G e BY (XK (JeK)r gz N i
60 = K=K+1 . : , 7 . v ' L o
0 DO 20 ISeN L e T TN O E D SR PP L R T VN
o XX ) =Xy SO
SSTRCIANE Y249 25025 L v e T T T e T e
. CONTINUE , . o i :
D020 Uzl AN - SR S T
). PK(IrJd) P(Ird K) o
S IRCKANE2) 260 TO G2 e T
. CALL MULTIQ(DTR PKr DUMY'IR N N)‘m»
CUCALL MULTIO(DUMY pD#G2rIRFNEIRY & e
- CALL MULTIQ(DUMY »TETHA GSvIRrNrN),
S CALLE CTOPLA (G2 RHAT LIRYIR) =
QALL,INV§R5($89 G2rDET IR

STEADY STATE SOLUTION OF RICCATI MATRIX EQUATION

rLEO)

U CALL MULTIQ(G2063s6urIR,IRIN) .
CALL TOPLA(RIMsGH»IRIN) )
- -~ CALL LOADM(RIMrGL IRIN). o
42 K=K=1 _
: CIF(JANE) 26927927 S
26 DO 30 I=1/IR ‘ ,
‘ DO 30 J=1rN O
30 0 G{IrJrK)IZ=GL(I»J) A
C - PRINT OUTUFEEDBACK GAIN MATRIX 6,0
JA=K~-1
. WRITE(6'9)JArdA , ' ‘
9 FORMAT(///22erAT THE SAMDLING TIMErv2erFEED BACK GAIN




;réfffeo TO ggm,,,m,;
27 JAz=K~1 ~

TF(K.NE.2)GO TO 39. - : ' |
CPRINT xry STEADY STATE FEEDBACK GAIN MATRIX.{

Sl DOCRB Tz IR L
. 28,k.WRITE(brS)(Gl(Ird)'J er) -
=5Goo = COMPUTE v CONTROL.VECTOR Uyr
39 . CONTINUE
e MMz '
. CaLL MULTIQ(leXX U IR;N MM) .
©0 2 DOL Y0 1=l IR R
o NICIe)==U(Iy 1)
S a0 UORT (I K ==U(Tr 1) :
C PRINT 0OUT +CONTROL VECTOR Ur.
e WRITE(Gr13)JAPJA: SRR et
13 FORMAT(///22X 12 AT. THE SAMPLING TIMEprISvEX"OPTIAUM
C190/22X 0 CONTROL . VECTOR UOPT (s rI27 )¢ ) o !
C WRITE(6¢r8) (UOPT(I+K)»I=12IR)
C ~-COMPUTE. »STATE  VECTOR . X, - -
CALL MULTIQ(D:UI'D1,NrIR/MM)
-~ CAkL MULTIQ(PHIrXX'DZrJ N MM)
KzK+1
*DO 50~ I.—-l‘ rN o :
o ,‘X(I)”Da(1'1)+01(1'
4 50XK (T: K) =X I )i T e TR T DT s R e
PRINT UT_,STATE VFCTOR X
=2IKMI=K= 1 ST ER s
WRITE(O'lq)JA KMl '”, .
< AU CFORMATY A/ //22% 0 + AT THE- SAMPLING TIME'rI312erNEXT STATE X(»'
1212r0) COMPUTED ASr//) . o
S EWRETE (67 B Y EXK G K )Y rg=10 Mxéaa¢$;aig§§
IF(K.NE,IFT+1)G0. 10O 60
- "COMPUTE COST - . .
S IF(JANE)QSrqu 44
43 DO 47 . I=1N '
DO 47 J=LleN . _,_:_v;wc,
PK:CLrd) P(Io'rl) RN e
4 CALL MULTIQ(PK'XK DUMYrN N MM)
CALL TRANS (XK e XKTeNpMM)
_ CALL MULTIQ(XKT+DUMY,COSTsMMy N MM) , e
S PRINT#y # . OPTIMUM. SOLUTION IS OBTAINED WITH THETEOLLOWING::C(
, WRITE(6o35) CosT(1r1) ,
“%FORMAT(//'gax:'COST:,»612 5)
~_ RETURN -
~END g

1)”   “;,




DOLBK=1AN.

'SUBROUTINE TNVERS (5, A/DETERsHsJALE)

IMPLICIT REAL*B(A-H,0-2)

. DIMENSION. TROW(10):2JCOL(10)»JORDA10)»Y(10)sAC10,10)/A2(107+10)

_..DATA Eps/1, D -20 L e , . .

Do sEd=Ie NG
DO 5 K=1rtb .
A2 CJRK) AU K e

DETER=1, _

KM1z=K=1..

L5 PIVOTZ0.. - o

11

N R

1Y

17
18-

20

27

mi»DOllI 1o

IF(J.Eq. JCOL(JSCAN)
 _CONTINUE - . O R
”IF{DABS(A(I 1J)) W LEs DABS(PIVOT)) eoAToﬁ11m
PIVOT= A(Ird‘ B LR
IROW(K) =I

IF(DABS(PIVOT) .GT.EPS) GO TO-13 -
 DETER= DETER*pIVOT.'““

DO~ 18 1=1rN

CCONTINUE . - o e i
DO 20 1=1.N
L IROWI=IROW(ID -
JCOLI=JCOL(I)

“JORD CIROWIV=UCOLT

CNMISN=1
- LIPI=IAL -

D0 22 J= 1P17N L
©IF(JORD(J) . GE.JORD(I)) 60. TO 22

JCOL(K)=J
CONTINUE

RETURN 1
IROWK=LROW (K)~
JCOLK=JCOL (K)

DO 14 Jz1sN
A CIROWK » J)=A(IROWK " J) /PIVOT .
A(IROWK » JCOLK) =1, /vaor L

ATJCK=A (T rJCOLK)
IF(I.EQ.IROWK) GO .TO 18 =
A(I1JCOLK) ==AIJCK/PIVOT

DO 17 J=1+N

IF (J+ NE . JCOLK) A(I'J)-A(I-d) ATJCK*A(IROWK J),] i'”

INTCH=0

Do_22 I= ,Nmi

JTEMP=JORD (J)

CJORD(J) ZJORD(I)

JORD (1) =JTEMP

7 INTCH=INTCH+1 TR R SRR R SR
22

CONTINUE .
IF (INTCH/2#2.NE.INTCH) DETER=-DETER
DO 28 J=1/N

DO 27 I=1N

IROWI=IROW(I)

JCOLI=uCoL(I)
Y (JCOLI)=A(IROWIrJ)




D030 I=lrN

LDOE2YSURI AN

. IF(JALE.EQ.1) GO TO 84 -

150 -
. WRITE(6/151)N/EPS
151
 WRITE(6+199)

199

200

201

. 83
84

DO30 J=1iN.

L WRITE(60200) (A2(I,J)rd=1rN) K
FORMAT (+0+ 15X r1P10E12.4) e - o
WRITE(6¢201)DETER - SANRE B \

|

“RETURN-

IROWJZIROW(J) . , o o :
JecoLJd=dcoL(Jd) SRRt S E T T BRI TN
Y (IROWJ) A(I dCOLJ)

A(Ird)zY ()

WRITE(6,150)
FORMAT (r19r10Xr»THE INPUT &. OUTPUT FOR SUBROUTINE INVERS.v//

FORMAT(10X» e N- = r'IQ/lOXf:EPS“7rv1PE12 4)

FORMAT(10X» »GIVEN MATRIX ISr r//)
DO 4 I=1sN

FORMAT(+0r+»5Xrs DETER= srF12, 6//10Xv'THE INVERSE MATRIX.r//)

DO 83 . Kz1N

WRITE(anOO)(A(K L) rL=1, N)

END




S SUBROUTINE SUBTRTOAYBY CoMyN) =0
IMPLICIT REAL*B(A=H,0-7) .
DIMENSION A (100100 B(10,10)7C(10+10). PRETRSETIE RN LR

. .....DO 1 I=1+M N e R 1
e LIV SN =

C(IeJd)z A(Ird)-B(I J)

RETURN - e




SUBROUTINE.-CONTRAUBLPHI»
IMPLICIT REAL*8(A=H,0=2) o =
DIMENSION® PFI(lO'lO)'D(lu 1 107 10:10)'GC(10 10010%

 DIMENSION PH(10+10) yOP (10, 105}ocoN(1o lU)yQCT(lOle)
DATA EPS/1.D=20/ '

. CALL DEVRETAPHIsPHK,N+Ny1)
S CALL: POPHI(PHL PHK r ) rKENT) -
DO 20 K=1sKENT.
L KPL=K+1-
DO 25 I=1iN
| DO 25 J=isN
25 PH(1+J)=PHK(I+JrK) -
S CALL MULTIQ(PH/DrOPNvMsIR) -
_ CALL DEVRET(OP+QC/N/ IR KP1)
20 . CONTINUE
CALL DEVRET(D» @c N'IR 1)

DO 15 K=1eN i 4

IOWA=(K=1)*IR+1 B . s e e

- WJERSEY=K* IR . - , : B Bl TR S , G R

DO 30 1I=1+N . o S

M=0Q. ST N e D T S e e

VDO 00 d IOWA JERSEY ;

S MEMEL K

30 QCON(I:J)—QC(I M K) ) : S e,

=15 CONTINUE - e e e R S RS E RS
_NIR=N#*#1R - g

U IF(NIRGGTLN): GO TO 35
JALE=Z-31 .
CALL INVERS(57,QCON/DEOCMNrJALE) S
, ‘IF(DABS(DEOCW).GT EPS) 60 To 8
60 TO 7
CALL TRANS (QCON @CT N HIR)
CALL -RANKT (QCT N NIRWIRANK):
IF(N-IRANK) 70807 . . S _
B WRITE(G#5)- oo LR Sels o
_5”FORMAT(///22X:rSYCTEM IS COMPLETELY CONTROLLABLE.;) D
7 WRITE(6r6) o
EORMAT (/7722X¢1SYSTEM: IS -UNCONTROLLABLE s £/) -
_ RETURN 1
) RETURN

END ;




© SUBROUTINE. DtVRET(Bva 1,N2,Ky;f:';kif R R A N ;g{

IMPLICIT REAL#*#8(A-H,0~7) ' S ) - _ \

. DIMENSION P(lo:lo'lo)rB(larlo)ﬂ-,;ngk,i L R T T N T
....DO 10.I=1sN1.
T DOTL0 U= NS -

10 P(IrJdr K)-B(I'J)

o 'f~RtTURN ' IR e T T e AR e
END ' g |




SGUBROUTTINE SRANK: MR
IMPLICIT REAL*8(A~H,0~7)
CDIMENSIONCACLON 10)rIP(10):
DATA EPS/1,D-20/
DO 20 - J=1rN.
C JIMlzd=-1. .
pIVOT -—Oai PR L
.00 10 1= 1 oNIR.,
CIF(J.EQel):60-TO 5
Do 25 JSCAN= 1'JM1, , o ;
- IF(I.EQ.IP(JSCAN)) GO.TO 10 - e e e
25  CONTINUE - o
.5 L TIF(DABS(ACINJ) ), LE DABS(PIVOT)) G0.TO. 10
PIVOT=A(I» J)
Ip(J)=1 S
IF(DABS(PIVOT) bT EPS) GO TO 15
10 ... CONTINUE .o ,
: IF (DABS(PIVOT). LE FPS) GO TO 20
15 - DO 30 K=1.N .
30 A(IP(J):K) A(IP(J)'K)/PIVOT . o » B
: ~DO20 I=1eNIR Lo : e e LA L TR L L i
AIJ~-A(I J)
IF(ILEQ.IP(J)) GO To 20 -
DO 35 K=1+N
35 L A(IrK)I=A(I, K)+AIJ*A(IP(J)rK)
20 - ”CONTIMUE
= TRANK=Q :
DO_40 l"’vVIR
5?;';DO 45 y=1e N
IF(DABS(A(I, J)).GT EPS) GO TO6 L o B
4S5 T CONTINUE - L i A R R e e e
- GO TO 40 ; ‘ '
6 S IRANKEIRANK® L -
0. VCONTINUE -
L TRETURN A
END




T SUBROUTIME OBSERV($¢PHI'C NeM)
IMPLICIT REAL*8(A=H,0~2)
 DIMENSION PHICL0+10)7CN(L0+10) yPHK (107100100 +QOBS(10,10710)
. .DIMENSION QO(lOle)'QOT(lO:lo)vPH(lOrlo)rPHT(lO 10)
“ DIMENSION DUMY.C10 100 . :
 DATA EPS/1,D-20/ ..
_CALL DEVRET(PHI +PHK,NeM,1) -
CALL POPHI(PHI. PHK'NrKENT)
- “CAEE=DEVRET LCrQOBSHFN ML)
D020 K= HKENT .
CKP1=K+1: i
Do 25 I= 1oN
22D0 25 UzleN - ~
H(Ir d)_PHK(I_J K)
“CAELETRANSAPHEPHT »MeND)
. CALL. MULTIQ(PHT»CrDUMY rNeNrM) L
S CALL DEVRET(DUMY.r QOBSYNy My KPL) o o
20 . CONTINUE
wosis iDL KE 1'N
IOWA=Z (K=1) %M+
JERSEY.ZK%
DO 30 1=1/N.
M=0 e
DO 30 J= IOWA JERSEY N , B - o
o MzMm+l I S SR S N PPN B LA
- 30 QO(Iy J)-QOBS(IoM K) o
©15  CCONTINUE 0 o i
NBM=N*M .
“IF(NBM,GT.N) G0 TO 35. .
JALE=~1
CALL INVERS($71Q0DEOMyrJALE)
IF(DABS(DEOM).GT EPS) GO TO.8 . o e
St 60TO 7 R G BT T RS
35 CALL TRAQS(QOrQOTvN NBM) , I ,
. CALL RANKT(QOT»NeNBMpIRANK) . 0 o0 o e
 IF(N=IRANK)7¢8¢7 T _Lﬂ,,V{
S B WRITE(erl) b : : o L S
! FORMAT(//ZEX:vSYSTEw IS COMPLETELY OBSERVARLE.») o
7 WRITE(orZ) B
T2 FORMAT.(//22Xr»SYSTEM IS UNOBSERVABLE.'///L”éf*"”"
. RETURN 1
9 RETURN -
END




_ZIMPLICIT REAL*8(A H 0= Z) 3
,}DIWENSION PHI (107 10)’PHK(10 lOrlO;ﬂ
caLbL. LOADM(PHIrPHrN N) -
KENT=N=~1 : R T I
.. DO 10 K= 2'KENT ' . o T
UCALLTMULTIQ(PHLYPHIOP Ny NFN) S
. CALL DEVRET(OPsPHK/N/N/K)
Coero o CALL LOADM(OP Y PH NeN) -
10 CONTINUE
. RETURN L - I
END . ,
!ZANl SUBZOr.SUBZl'.SUBZZ», ST

HI10+10) rOP (107100




D B G T i s

~ SUBROUTINE DEFNIT($ N SRR
DIMENSION A(lOrlO)'B(lO lO)vDOOF(JO)
.DATA . EPS/1.E- 6/F*z« TR RS e
MTDO 15 K= 1:
o LEO-."l
DO 20 1= vi
DO 20 Jd=1K S
20 A(Ird)=B(Id)
LoCALLES INVERS(SSZ'A DEIuK;LEO)
] DOQF(K)‘DET L o
.15 CONTINUE: ChS e e
~ KONT=0
. KOUNT=0

5 KOUNT KOUNT+1 .
CIF(DOQF (K):) 2,34tk
4 KONT= KONT+1
L CONTINUE L
IF (KONT- KOUMT)6r7p6 N ~ e
2 PRINT% = INTRODUCED MATRIX-IS. NOT-POSITIVE (SEMI). DEFLN
10 RETURN 1
R : : e e . R
6 PRINT *r0 INTRODUCED MATRIX IS POSITIVE SEMI DEFINITE.ri
60 TO 8 i _
7 IF(KONT.EQ. N)GO TO 9 _
- PRINT *rr  DEFINITENESS :OF. INTRODUCED MATRIX IS NOT DETEPR
GO TO 10
.. 9 PRINT #rr . INTRODUCED MATRIX IS .POSITIVE DEFINITE.r.
8 RETURN | e
END




ANLVL T e S5UDC L -
SUBROUTINE CIZER

IMPLICIT REAL*8
DIMENSION S(10710)
- DATA EPS/1,D-20/

KSNZ0 - ..
. Do I=imn |

D01 JU=1eN¢ & e

, IF(DABS(S(I:J)) LE EPS)KSN=! KSN+1
1 CONTINUE - L

RETURN . -
CEND e




LH L\LIODUL&L_

A .;SUBRouTINE SAMPLE( T
:J”]IWPLICIT REAL*8(A=H, 0~ z)
. COMPLEX:COP(EIG ‘
COMMON/EIDC/ALs N '
fiCOMMON/EIC/EPSrKMAX1COP(11)rEIG(lO)rddd'NU
. COMMON TIP1rR+QHAT?EMIRHAT
- COMMON/DIC/TrIRrJWrBrPHIYDiDL
COMMON/CWO/QX e KN ] ,
DIMENSION QHATA10/ 10 nEM 104100+ RHAT C10+10):+ AL(10710)
1:8(10710)+PHI(10+10),D(10,10)+DI(10+10),@X(10¢10)s
UEV(L10)p CEV(L10)»DUMY (105 10) »RINV.(10 lO)yEMT(lOrlD)yRM?fif
,1(10 lO)vQMR(lﬁ lO)vAE(S)rCTR(3)

':FQ(AIMAG(EIG
. .......GO T0y24,

GO TO 1

TLEPS)

T b0 3 Izt
3 CEV(I)ZREAL(EIG(I)) -

AEV= EV(l)
Ol K=2eN:
4 AEV=AMAX1 (AEV
C Tzil./ (IK¥AEV)
GO TO 5
6 CEV(I)_AIMAG(EIG(I)) o
R CE=CEV(L) e e
DO 7 Kz=2+N
27 CE= AWAXl(CEvCEV(K))'
PI=355,/113.
TMAX=PI/CE
DO 12 I=1.N ‘ |
12 CEVI)=CABS(EIG(I))
EVM= EV(1)
- D013 . 1=2N

vEV(K)):, -

13 EVMSAMAXL(EWMeEV(I))
L STSLO/C2S.kEVMY o
XT=TMAX /T :

SOITETMAX/T e
L IF(XT-IT), £0.0.
T 60TOB : i
5  IF(NU. NE . 0) so TO 8
. ALPHAZ0.25 g . L
CALL LOADM(Al DUMY N'N) N
D09 Jz193 L e
T“ALPHA*T;

T 0 gg*T  <Lq"w,,Mmﬂ

.g;aféCALL INTBSR IRt R T
16 CALL LOADM(QHAT Al NpN)
CJdJdd=l ‘

CALL ELGEN A
o o DOLLISLeN G e e
11 EV(I)—CABS(EIG(T))~ .

AEV=EV (1) ’

10, AEVZAMAXL(AEVIEV(I))
 AE(J)=AEV
9 ALPHAZALPHA+0.5
. CALL LOADM(DUMY ALy M.J)

DO 10 I=2sN N N - ' o
\




-*DO 33 KNZ1 3
331CALL JINTBSR . e
CCAELS LOADM(RHAT RINY IR;U
CJALE=L ’
SCALL INVERS($15 RINV DET? NrdALF)
_ 60.TO 28
15 RETURN1 - : L
28 CALL TRANS (EMsEMT NrIR) e
S CALL MULTIQ(EMeRINVDUMY e N+ IRPIR) -
T CALL MULTIQ(DUMYEMT+RMyNyIRIN)
©CALL SUBTRT(QHATRM, QMR yN¢N) .
N , IF(K.NE.1) 60 TO 19 .
Sl CALL. LOADMIALIDUMY PN M)
19 _CALL LOADM(QMRy Alr Ny N) o
CodudEr S
CALL EIGEN
Bl 2DO LU I=L N el
”_14 EV(I)’CABS(EIG(I))ib

DE= EV(l) o
18 .. DE= AMAxl(DEv:V(J))"
AE(K)=DE ,

CALEAZALFA+0.S i

CALL LOADM(DUMY AL NIN) »

WRITE(6+25) (AEL) nJ=113) CoEn e

FORMAT(//ZZerNORWALIZED COST,Vry(ZZX,GlZ 5)) o

CALEAZ0.25 e k ENE iR

.ALFA—,/\LFI\+O 5 . :
“IF(CTRCLY O GT. CTR(2)) IM=2
IF(CTR(IM),GT. CTR(S)) IM"S,,_.,
T=AE (1N )/CTR(I\/])E'}
WRITE(6139)T ‘ | A
39 FORMAT(///22X::OPTIMUM SAMPLING PERIOD T :.rGlZ 5). ‘.:'
. TIP1=T
U RETURN: s TR e
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