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ABSTRACT

OPTIMAL CONTROL OF A SYSTEM WITH TWO
SERVERS AND TWO CUSTOMER CLASSES UNDER A
FLEXIBLE SERVER

Many organizations such as manufacturing companies, banks, hospitals, airlines,
restaurants, telecommunication companies use queuing systems to allocate resources
in order to manage demand effectively. Besides the efficiency, industries use queuing
systems also to provide a high level of service quality. Industries use different types of
queuing systems according to their needs. We consider a queuing system that can be
used at branches of banks. At a branch, there is always arrival of customers needed
to serve at different service points upon their transaction. Managing branches requires
use of resources effectively. This leads to obtain flexible staff in order to manage trade
off between service quality and efficiency. In general, flexible server is the person doing
both back office and front office activities while dedicated server (teller) is just respon-
sible of doing the front office activities. We consider a dynamic scheduling of a queuing
system with two servers where one of the server is dedicated and the other server is
flexible. There are also two types of customers arriving to the system. Server one is
dedicated to give service to type-1 customer, while server two is flexible to give service
to both types of customers. Customers arrive to the system according to a poisson
process and service rates are exponentially distributed. The system consists of waiting
and abandonment costs of customers. We try to optimize the system by minimizing
the cost while assigning the servers to the customers in the system. In the optimal
solution of the problem we observe different types of outputs from dynamic scheduling
model which are mainly names as static, linear switching and threshold models. Sam-
ples from the experiment that reflect these patterns are shown. In addition, we also

construct some heuristics and compare the results with optimal policy.



OZET

BIR KAYNAGIN ESNEK OLARAK CALISTIGI iKi
KAYNAKLI VE IKi MUSTERI TIiPININ YER ALDIGI
SISTEMDE OPTIMAL KONTROLU SAGLAMA

Uretim firmalari, bankalar hastaneler, havayolu sirketleri, restoranlar, telekomii-
nikasyon firmalar: gibi pek ¢ok organizasyon, talepleri ve kaynaklari etkin kullanmak,
yiksek hizmet kalitesi sunabilmek i¢in kuyruk sistemini kullamirlar. Bu ¢aligmada
bankalarda kullamlabilecek bir sistemi konu edindik. Bankalarda, miisterilerin farkl
hizmet noktalarmda iglemlerini yiiriittiigii bir sistem mevcuttur. Farklh hizmet nok-
talarindaki kaynaklarin verimli kullamilmasi1 énemlidir. Bankalar esnek kaynak kul-
lanimini dnemsemekte ve bu sayede hizmet kalitesiyle verimlilik arasindaki dengeyi
saglamaktadirlar. Bankalarda esnek calisan personel hem 6n ofis hem de arka ofiste
calisabilmektedir. Gisede ¢alisanlar ise sadece gige hattindaki miigterileri karsilamakta-
dirlar. Calismamizda biri esnek, biri de gise hattina atanmis iki personele ver vererek
dinamik programlama yontemiyle kuyruk yonetim sistemi ¢oziimledik. Modelde iki
miigteri tipi tammlayarak, atanmis ¢alisamin birinei tip miisteriye, esnek caliganin ise
hem birinci hem de ikinci tip miisteriye hizmet verebilecegi bir sistem tammladik.
Miigteriler Poisson dagilimla subeye geliyorken, caliganlar tissel dagilimla hizmet veriy-
orlar. Ayrica misteriler icin kuyrukta bekleme ve sistemi terketme maliyetleri mevcut-
tur. Amacimiz bu maliyetleri en agag1 seviyede tutarak esnek ¢alisanin dogru miisteri
tipine hizmet vermesini saglamaktir. Modeclin ¢oziimiinde ecsnck ¢aligan icin farkh karar
matrisleri olugmaktadir. Bu matrisler sistemde; oncelikli kendi miisterisine hizmet ver-
mesi, belli bir degerden sonra kendi miisterisine hizmet vermesi, dogrusal bir karar
noktasma gore kendi miisterisine hizmet vermesi scklinde siralanabilir. Farkh degisken
degerlerini iceren deneylere yer vererek bu karar matrislerine ulagilmigtir. En iyi

¢ozlimiin yam sira farkl bulgular da analiz edilerek en iyi ¢oztim ile karsilastirilmistir.
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1. INTRODUCTION

Queues are the lines for customers waiting to get service from servers which is
essential to manage for the organizations in order to provide high service quality. We
confront with the queues at many industries especially at service industry. Organiza-
tions attach importance to queue management, otherwise unsatisfied customers due to
long waiting time can be a potential loss. In addition, excellent queue management

also brings competitive advantage to industries.

Queuing systems have been processed for years with different models in terms of
servers and queues. Any queuing system is governed by certain features like arrival
pattern of customers, customers’ decision to wait in the queue, type of queues, queue
discipline and service process. Parameters of models can be grouped mainly as being
single or multiple queues or servers and having parallel or tandem queues. Different
policies at queue management are studied to get the best solution where threshold,
exhaustive policies can be shown as cxamples. In addition, different attributes arc de-
fined for the queueing problems such as waiting costs for customers, rewards for service,

reneging costs which are influential at constructing objective functions of models.

In many quecuing systems for different industries, servers are faced with impaticnt
customers who do not tolerate to wait at queues. This impatience leads to dissatisfac-
tion of the service given by the company and even ending to work with the companies.
This kind of reactions of customers attempt to implement methods to decrease levels
of impatience of customers. This impatience can be defined in the model as waiting

and abandonment costs of customers by setting abandonment rates.

The queuing problem studied here is motivated by techniques observed at branches
of banks. Requests of customers differ that leads to being served at different service
points at branches. When they arrive to the branch, they enter into the system by
choosing the transaction type on the screen of a queuing machine. Machine gives ticket

to the customer and record information about the customer in the system. At that time



system knows customer, customer type, arrival time, and other needed information for
the queuing algorithm. In this study, we design a queuing model related to the service
point where operational requests of customers are done. In other words, we model the

queueing system for the teller line and the back office of a branch.

There is a common trade-off experienced in queuing systems of banking industry
which is balancing the need to keep waiting times low while minimizing the staffing
required to serve at the serving points. This leads to use of flexible staff in order to
manage trade off between service quality and efficiency. We consider this flexibility
in this thesis by modelling the queuing system with a flexible server. Especially, we
examine a queue system with two types of customers and two servers. One of the
queues represents type-1 customers where customers are coming for activities that are
able to be done at teller line. Besides, the other queue is for type-2 customers who
exist for back office activities. Transactions like money withdraw, credit card pay-
ments, loan payments can be grouped as front office activities where customers arrive
to the branches physically to make tellers do these transactions. Activities for type-2
customers represent mostly the transactions coming through e-mail or faxes. Type-2
customers arrive to the branch physically just for a few transactions. At branches,
as time progresses, the queue lengths of two servers might become unbalanced such
that flexible server (server doing back office activities in general) should switch from
his own service point to the other one. We mostly confront with impatient customers
also at branches of banks which can be resulted in abandonment of customers due to
long waiting time. This reality of customer loss at the branches directed us to design

queueing system by taking the abandonment rates of customers into account.

This queueing system motivated from branches of banks considers a dynamic
scheduling problem with limited server and unlimited customer arrival under some
defined parameters such as waiting and abandonment costs. Scheduling is allocation of
customers to resources by using the information about system such as abandonments,
arrivals, services and waiting. In the model, we define two types of customers with
Poisson arrival streams. There are two servers, one of them serves only one type

of customer while other server can serve both types of customers. Service rates are



exponentially distributed that are independent of the customer types. In the model,
all customers may abandon after an exponentially distributed period of time, with the
abandonment rates allowed to be class dependent. Our goal is to provide an optimal
switching model for the flexible server by using Markov decision process. We aim to
minimize cost of the system where each queue has holding costs and abandonment

costs per customer per unit time.

This study differs from other studies about the queueing systems done before,
in terms of having some attributes together in one model. In other words, this study
contributes to the literature by solving a dynamic scheduling problem where the system
contains arrival of two types of customers and service of two servers where one of them
is flexible. Besides, it optimizes a system by minimizing cost function that consists of

both waiting and abandonment cost of customers together.

Problem is modelled as Markov Decision Problem with infinite horizon and solved
by using value iteration algorithm. We analyse the system by considering value of cost
function and decision matrix of flexible server. Different settings of parameters give
different pattern of decision matrix. We investigate the experiments that result in
different types of decision matrix such as priority based (exhaustive), with different
threshold values and with linear switching curves. We analyse the states, parameter
values that lead to these types of decision matrices for the flexible server. On the other
hand, we construct some policies and heuristics such as static policy, fully dedicated
policy, giving service to the customer type with higher holding and abandonment costs.
Finally, we compare the cost values of these policies and heuristics with optimum
policy. Static policy, in which server 2 gives service to type-1 customer in case of non
existence of type-2 customer in the system, gives the best solution after optimal policy.
In addition, we analyse the conditions that increase cost functions of the problem which
are mainly decrease in service rates, increase in arrival rates, increase in holding costs

and abandonment costs, and finally decrease in abandonment rates.

In the following sections, first a brief survey of related studies about single server,

multiple server, parallel and tandem queues in the literature is presented in Chapter



2. where server types are varied like being dedicated or flexible. The model and the
objectives of the problem are described in more detail in Chapter 3. The problem is
modelled using Markov Decision Process to find optimal switching model. In Chapter
4, numerical results of experiments are analysed not only for optimal policy both also
for some other policies and heuristics. In addition, observations from experiments and

some managerial insights are summarized. Finally the conclusions are drawn in the

Chapter 5.



2. LITERATURE REVIEW

Queueing systems with single or multiple resources and with single or multiple
customer/demand types have been a focus of interest for researchers for decades. Sev-
eral studies have been carried out in order to minimize cost or maximize reward while
resources are effectively used. Depending on the properties of the environments, exact
analytical solutions or approximation algorithms and heuristic methods are studied
in the literature. In the literature, queueing systems are investigated with different

attributes. The studies differ in terms of these attributes which are classified as below:

e Servers
(i) Single Server
(ii) Multiple Servers
(a) Flexible Servers
(b) Dedicated Servers
(c) Both Flexible and Dedicated Servers
e Queue Types
(i) Parallel Queues
(ii) Tandem Queues
e Customer Types
(i) Single Type of Customers
(ii) Multiple Types of Customers

In this thesis, queuing system with two servers and two queues is analysed where
the system is modelled as a Markov Decision Process by using flexible and dedicated
servers. Hence the literature is examined under three sections. The first section is
the queues with single server. The second section contains studies about the queues
with multiple servers. The last section includes the studies related to systems with
both flexible and dedicated servers. At the end of literature survey, attributes that are

examined in detail at other studies are summarized and compared with the thesis.



2.1. Queues with Single Server

Queues with single server have been studied for many years where the main
objective is minimization of expected waiting cost of customers or maximizing the
respond to the demands. One of the optimal policy studied is Smith rule or Weighted
Shortest Processing Time (cu rule) for geometric service time u, pre-emptive service
discipline and cost value c. This policy is investigated where customer with the largest

cir at the queue is served first (Buyukkoc et al., 1985).

In another study of M/G/1 quecucing system, influence of threshold is investigated
in a queueing system with single server and two classes of customers. In the model, one
of the queues is served exhaustively while on the other hand, other queue is served until
the first queue reaches to a threshold level. The analysis is done with and without a
switch over time of server. Threshold policy is analysed by using performance indicators

as queue lengths and waiting times of customer types (Boxma and Down, 1997).

In a more recent study, Markov Decision process is used for a single server queue-
ing system where two types of customers exist. Customer impatience is included in the
model by defining abandonment rates of customers. Customer arrivals are according
to poisson process with different rates for each type and service rates are exponential.
Goal of the study is to provide an optimal server assignment policy under reward and
cost conditions. The problem is maximizing expected discounted or average rewards
and minimizing expected discounted or average costs over an infinite horizon. For the
first case, class-dependent reward is received for the customers whose service is suc-
cessfully completed. It also makes decision between getting more rewards and avoiding
idling. For the second case, cost is defined as holding cost of customers waiting in each

queue and a class-dependent penalty for each customer that abandons (Down et al.,

2011).

In the first section of study, Sarhangian and Balcioglu (2013) consider queueing

model with one server and two types of customer where customers may abandon the

system. There are high priority and low priority customer types where high priority



customers are served exhaustively, in other words if a high priority customer exits it
is served first. However, if customer with high priority enters to the system, he has
to wait for the completion of the service of the low priority customer. The service
time distributions and reneging rates of each type of customer differ from one another.
Customers arrive to the system with poisson processes. At the end, they compute the

steady-state system performance measures such as waiting time and utilization.

Cil et al. (2011) study a model with a single server and two types of customers
in order to investigate an optimal sequencing and dynamic pricing problem. They
alm to maximize profit earned from customers. They consider both dynamic pricing
of customers with respect to total queue lengths and holding cost of customers, while
calculating total expected discounted profit. Sequencing is optimized by giving priority
to customers with higher holding costs. However for the pricing policy, simple dynamic

pricing policies are effective where the total queue length based approach is proposed.

Preemptive assignment of a single server to two customer classes is studied in
a queuing system. Arrival rates to both queues are according to poisson process and
exponentially distributed service rates differ at each queue. Objective of the prob-
lem is preemptive dynamic assignment of the server to the queues while minimizing
costs. The system consists of holding costs and switching costs. Holding cost is for
customers waiting in the queue, and switching cost is incurred when server moves from
one queue to the other. Besides optimal policy, threshold policy and other heuristics
are investigated and compared with optimal policy. It analyses the optimal solution
with different parameter values and obtains results related to queue lengths, switching
costs and holding costs. Some conclusions are as following; (i) switching from queue 1
to queue 2 occurs only if there is no customer at queue 1, (ii) if queue 1 is empty, queue
2 is served exhaustively, (iii) if there is sufficient customers in queue 1 it switches to
queue 1 from queue 2 in spite of switching cost. The last decision of conclusions occurs

when serving queue 1 reduces the holding costs at a faster rate than by serving queue

2 (Koole, 1997).

In the study of Kim and Ward (2013), a dynamic scheduling of a single server over



queues with multiple classes of customers are solved by formulation of an approximating
Brownian control problem in a heavy traffic regime. The objective is to minimize
average cost by choosing dynamically to which customer class the server should serve
next. The problem consists of inter arrival rates, service rates and abandonment rates

that differ for each customer class.

Iravani et al. (1997) study tandem queues with two stages where poisson arrivals
and general service rates exist. Problem consists of holding costs for both stages and
switching costs occurring by moving from one stage to the other. Optimal policy differs
in terms of holding cost of the stages. For instance, if holding cost in the second stage
is greater or equal to the cost in the first stage, then the optimal policy in the second
stage is exhaustive. Heuristics are also studied where Triple-Threshold (TT) policy
is found to be approximating the optimal policy. Triplet comes from the state which
consists of the location of the server, the number of customers in the first stage and

the number of customers in the second stage

There are alsé other studies that investigate different problems about queue-
ing system with single server. Studies of Thangaraj and Vanitha (2010), Madan and
Choudhury (2005) and Kalyanaraman and Murugan (2008) consider server vacations
under a system of different service rates for customers. In addition Ayhan and Olsen
(2000) studied single server queue in order to analyse mean throughput time by using
two heuristics. Larranaga et al. (2014) investigates multi class queueing models with

impatient customers while holding and abandonment costs of customers exist.

Set up time exists for the queuing systems of Duenyas et al (1998) and Hofri
and Ross (1987) where objective is minimizing cost of both waiting and setup cost.
Winkler (2011) studies a different case for queueing system where customers have
repeated services in the system which is called as retrial policy. A reward system is
studied for the queuing system (Tcha and Plisk, 1977) where customers change nodes

or leave the system after completion of service.



2.2. Queues with Multiple Servers

Sleptchenko (2003) analyses queues with multiple types of items having different
prioritization. Each items have their own arrival rates with poisson process and service
rates of multiple servers are exponentially distributed. Servers can serve all types of
items. Equations for steady state system are constructed for three cases which are (i)
there is at least one high priority item in the queue, (ii) there is no high priority item
and at least one low priority item in the queue, (iii) there is no item in the queue. The
study is done in order to analyse the performance measures such as expected waiting

times, expected queue length and expected postponement time.

In the study of Bruneel et al.(2013) we can see a discrete-time queueing model
with dedicated servers and two types of customers where deterministic service rates
and general arrival rates occur. Customers are served with the first come first served
policy. All customers attend to a common queue and are served in their order of
arrival, regardless of the class they belong to. Since one server could only serve one
type of customer it differs from other quening models with multi servers. The goal of
the study is to see (i) impact of FCFS policy, (ii) effect of the relative distribution of
the load amongst the customer classes on the system performance. They investigate
when the value of mean arrival rate is smaller than 1, FCFS has little effect on the
system effectiveness. However, having arrival rate more than value 1 (more loaded
system) and having similar number of customers from each type in the system, system
performance becomes more effective. In other words, at loaded system servers become

rarely idle like flexible servers although they are dedicated servers.

In a study of queueing systems with multiple servers, it is aimed to assign servers
to the different customer classes in order to optimize system performance, where servers
are homogeneous and can give service to all kind of customers. It is tried to minimize
number of staff and waiting cost of customers while maintaining performance goals like
waiting time of customers. On the other hand, scheduling servers to different customer
classes is also studied while optimizing the system performance. The asymptotically

optimal routing policy is used by using priority policy with thresholds. A customer
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class is served according to a threshold value of number of idle servers in the system

(Gurvich, 2004).

Jouini and Reibos (2014) study a queuing model with multiple servers and two
classes of customers where customers are classified having high and low priority. Their
arrival rates have poisson distribution with A; and A; and service rates are exponential
with common p. Abandonment rates for each type of customer are also considered in
the model which are same for both types of customers. FCFS and LCFS policies are
applied in order to compare the performance measures such as non conditional and
conditional waiting times. LCFS policy is better for conditional expected waiting time
given that customer will get service compared to FCFS policy. On the other hand
LCFS policy gives better solution for the conditional expected waiting time given that

customer will abandon.

Atar et al. (2010) study a queueing system with multiple servers and two types
of customers where customers may abandon after waiting long time in the system. The
goal is minimizing overall long run average holding cost of customers. In this study,
optimal solution of routing policy is found as ¢x/© in a fluid and overload condition
where c is holding cost per unit time, z is service rate and © is abandonment rate. This
model differs from our problem where there are no abandonment costs of customers
and servers are all flexible. As a result, (i) cp/© rule reduces to the cu rule when the
abandonment rates and costs are same for all classes, (i) similar to the cp rule, the
¢4/ © rule does not depend on the arrival rates of customers which leads robustness and
simplicity of implementation as arrival rates are often varying and unpredictable, (iii)
unlike the cp rule which is demonstrated to be optimal for a variety of cost function
including finite horizon and discounted costs, optimality cy/© rule is restricted to be

optimal for long-term average cost.

Caban et al. (2016) study tandem queues for multiple servers. The model is
based on maximizing revenue where servers are determined at each station in order
to maximize reward. On the other hand, abandonment costs of customers also exit.

The servers try to balance abandonments and prioritize customers with higher reward
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by using continuous-time Markov decision process. Study investigates that (i) optimal
control ensures that all servers are busy, (ii) servers should work at another station
if there are not enough customers at existing station (ii) servers should stay at their

existing stations when there is adequate work to stay busy.

Ahn and Righter (2005) study reformulation of Markov decision processes with
multiple actors in order to reduce the complexity of the problem considerably. As-
sumptions of the problem are (i) some actors differ in performance like being faster
or slower than others, (ii) state transitions depend on the action chosen not on which
actor chooses the action. These assumptions are parts of actions that should be chosen
according to their marginal values. For instance, faster actors should be assigned to
actions with higher marginal values. This tendency of the actors to take the same

action considerably reduces the complexity of the problem.

The studies of Atar et al. (2004), Harrision and Zeevi (2004) investigate queue-
ing models with impatient customers where they try to minimize their cost functions.
Flexible servers give service to customers with abandonment rates. In addition, Hassen-
bein (2011) studies tandem queues and aimes to maximize throughput of the system.
Ormeci et. al (2001) and Bhulai and Koole (2003) investigate customer admission or
rejection in case of available servers in the system. Down and Lewis (2006) consider
parallel queues with arrival of customers where customers can move from one queue to
another. They use formulation of Markov decision process that store customers in the

queue with lowest cost in order to minimize long-run average cost.

2.3. Queues with Both Flexible and Dedicated Servers

In this section, we investigate queues where both flexible and dedicated servers
exist in the system. Kula (2004) model a production system as a Markov Decision
Process where one of the machine produces product x and other machine produces
either product x or y. It means machine 1 is dedicated server, on the other hand machine
2 is flexible server. The model targets to maximize the average profit by calculating

both revenue obtained from products and inventory cost of products. Decision criteria
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of the model for machine 1 is producing product x or being idle, on the other hand
decision criteria for machine two is producing product x or y or being idle. This study
investigates the conditions to invest in dedicated and flexible machines. It finds a
minimum limit for the value of flexibility (revenue of flexible server divided by revenue
of dedicated server). In addition, value of flexibility decreases as capacity cost of
flexible server and/or demand rate of product 2 increases. As a result, system with
onc dedicated and onc flexible server is beneficial when the flexible capacity cost is
moderate and the value of flexibility in the system is at a low level. This model differs
from our model in terms of modelling strategy where we model a service policy based
on minimizing total cost of customers in terms of abandonments and holding costs

while deciding the type of customer to serve.

The queuing system with dedicated and flexible servers are studied also for tan-
dem queues. A problem with given number of customers at two stations is analysed
with Markov Decision Process where no arrival of customer occurs in the system. The
objective of the model is minimizing expected total holding cost where there is a linear
holding cost function for each stations. The aim is to use extra server in order to min-
imizc that holding cost. Diffcrent cases arc considered which arce as following; an cxtra
server may be switched between the two stations at any time, or it may be restricted
to serve at just one of the station. Service rates of dedicated servers at two stations
and flexible server are i, us and p respectively. Assigning flexible server to stations

are related with holding costs of queues at those stations (Farrar, 1993).

In addition, Andradottir et al. (2007) study tandem queues where dynamic as-
signment of dedicated and flexible servers are considered. The goal of the study is
maximizing the long-run average throughput. Moreover, effect of the number of flex-
ible servers on the throughput is analysed. Furthermore, improvement of system by
changing one dedicated server to flexible server or adding a new dedicated resource
is investigated. As a result, optimal selection of the dedicated and flexible servers,
assignment of dedicated servers to stations, and the thresholds for switching flexible

servers from station 1 to station 2 depend on the buffer size of stations.
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In another study of tandem queues, it is tried to solve different scenarios with
zero buffer tandem queues. The objective is finding server allocations to maximize
throughput. The study has four stages as (i) allocation of servers to stations when
they are dedicated, (ii) introducing flexible servers to improve the throughput, (iii)
existence of restricted flexible servers who can move between neighbouring stations
rather than travelling through all stations, (iv) existence of flexibility only between
parallel queues at tandem lines. Performance in terms of throughput is compared for
those four stages. Trade-off between the cost and the throughput improvement of

making servers flexible is also identified through the study (Yarmand, 2012).

Pandclis (2008) also studics tandem queues with dedicated and flexible servers.
The goal is to find optimal dynamic assignment of flexible servers in two-stage tandem
queuing systems where dedicated servers already exist at stations. It is analysed for
both existence and non existence of customer arrivals. Service times are exponential
and there exists linear holding costs of customers, and operating costs incurred by the
servers at rates proportional to their speeds. They identify conditions for idling or non
idling policies of flexible server, in terms of holding costs, operating costs, and service
rates when there are jobs in stations. It investigates properties of the optimal policy

when the conditions that ensure the optimality of non idling policies are satisfied.

Ormeci (2002) studies call center with Markov Decision Process model in order
to derive the structure of dynamic admission policies that maximize the total expected
discounted revenue over an infinite horizon as well as the long-run average revenue.
The call center has two classes of customers that could be served at two stations with
dedicated servers or at shared station with flexible servers where there are parallel
servers at all three stations. There is no queue for waiting of customers which means
customers are lost if servers are busy or decide not to serve. Service times at each
station are exponential with different rates and they generate different rewards. The
study concludes the fact that serving a customer in dedicated station is optimal if
that station is available. This study also analyses sufficient condition for accepting
customers to the shared station while the shared station is available in case of non

availability of dedicated station. Optimal policy at giving service at shared station
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depends on the threshold value of number of customers at both stations.

Ahn et al. (2004) develop a model of a queuing system for two types of customers
with two parallel servers where one server is dedicated to only one customer type, and
other is flexible server who could serve both types of customers. The objective is
to minimize the total holding costs of customers in a clearing system which means
that there is no arrival of new customers to the system. The problem of minimizing
total expected cost is formulated as a Markov Decision Process. They investigate the
conditions of optimal policies of flexible server for clearing all type-2 jobs, switching to
type-1 jobs in non-increasing manner and switching to type-1 jobs in non-decreasing
manner. It also investigates the necessary and sufficient conditions under which cach
policy will be optimal. In addition it analyses the optimality of non idling policies, in
other words, it is referred that idling of servers are optimal for some cases. Another
optimality solution is found for some defined conditions of a system with existence of
customer arrivals. This model differs from our study since there is no abandonment of

customers in this problem.

A queueing system of a call center is also studied by Chaviler et al. (2004) where
there exists dedicated servers giving service to one type of customer and flexible servers
giving service to all types of customers. They investigated (i) the optimal routing rule
for flexible servers in order to determine the types of customer and condition that
flexible server will serve (ii) optimal number of both dedicated and fexible staff by
considering personnel budget, loss rate of customers and reward obtained from servers.
They analyse the service rates of flexible servers comparing to dedicated servers and also
arrival rates of customers. However this model is an example of a loss system model,
where they tries to minimize loss of customers while maximizing reward obtained from

service completion.

The studies of Yarmand and Down (2012), Wu et al. (2005) represent queueing
systems of tandem queues where each station has dedicated servers. They investigate

for assigning flexible server to required stations in order to achieve optimal solution.
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Summary of literature analysis is shown in Tables 2.1, 2.2 and 2.3 where different
systems are studied, different than our problem. Our study differs from the studies
mentioned above in terms of attributes mentioned in the problem and the method
used in order to get optimum solution. We have two types of customers where both
holding and abandonment costs exist for those customers. There are two servers in the
system where one of them is dedicated and the other one is flexible. Customers arrive
to the system with different types of arrival rates. Besides, service rates are defined
for each server. In addition, customers may abandon the system after waiting long
time in a queue. The model is constructed by using Markov Decision process alming
to minimize average cost consisting of holding and abandonment costs. We construct
an algorithm where we try to decide to the type of customer to serve for flexible server

while maintaining the minimum cost.
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3. MATHEMATICAL MODEL

In this study, we consider a dynamic scheduling of a queuing system with two
types of customers and two parallel servers where one dedicated (server 1) and one
flexible server (server 2) are defined. Server 1 is dedicated to give service to only type-
1 customer while server 2 can serve both types of customers. The system is modelled
as a Markov Decision Process where it is aimed to minimize average cost. The problem
problem is solved optimally by using value iteration algorithm which is written in C
Program Language. We solve the problem also with using some other policies and

heuristics and then compare the results with optimum solution.

3.1. Base Model, Parameters and Assumptions

In the literature, parallel queues with dedicated and flexible servers are rarely
studied. However, tandem queues with both flexible and dedicated servers are widely
investigated in the literature. So, it is needed to do this study in parallel with the
requirements of the industry accordingly. In banking sector, this type of model with
two types of servers is widely used at the branches of banks. At the branches, tellers
spend most of their time with giving service to the customers arriving to do financial
operations. Tellers are generally dedicated to give service to those customers. On the
other hand, number of dedicated tellers become inadequate to meet customer request
especially at rush hours of branches. Therefore there are flexible staff at each branch to
give service to the customers. However these flexible staff are also capable of doing back
office activities. So, managers at branches are responsible to schedule these flexible staff
appropriately in order to maintain service quality both for back office and front office
(teller) activities. Main indicators for service quality are waiting time of customers and

customer pleasure.

So, in order to meet these customers requests at branches, we consider two par-
allel queues with two parallel servers where two types of customers arrive following

a Poisson process with rates A; and A;. There are two servers who give service for
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defined customer types. Server 1 can process only type-1 customers with exponen-
tially distributed rate p1;. Server 2 can serve type-2 customers and also aid server 1 to
give service to type-1 customers with exponentially distributed rate y5. Customers are
served according to FCFS discipline, which means customers arrived earlier to his own
queue is served in the first order. Hence, there is no priority within each queue. An-
other assumption is that one type of customer has a non-preemptive priority over the
other type of customer. According to the non-preemptive discipline, the service that
is already started should be completed without interruption of another customer. In
other words, server 2 can not begin to serve other type of customer before completing
the service of processing customer. In addition, there is no switching time or cost for

flexible server while switching between customer types to serve.
In addition, there are also abandonment rates other that arrival and service rates.
In existence of abandonment in the model, customers leave the system without getting

service after waiting for a time in the queue. Our model with two parallel queues and

two servers are shown in Figure 3.1

Figure 3.1. Model: One Dedicated - One Flexible Server.

Abandonment rates and costs for both types of customers differ. Besides, another
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cost parameter named as holding cost is defined for each type of customer waiting in the
queue. We aim to minimize these holding costs and abandonment costs of customers by

providing flexible server to decide on type of customer to serve for different conditions.

At the banks, abandonment rates of customers are approximately calculated on
average for customers that leave the bank without getting service. Time for abandon-
ment is calculated by getting information from the tickets of customers that are not
given service. This abandonment may lead to loss of the customer which is ending
working with the bank. Secondly, it can be a loss of a sales activity or deposit which
are loss of money for the bank. Another cost that can be defined at banks is wait-
ing/holding cost of customers. Holding cost of customers can also be given in terms
of types of customers. Value of holding cost of customers getting service from teller
line can be given as a multiple of holding cost of customers getting service from back
office of a branch. The value of this coefficient can be defined by taking importance of
customers and service types given at these different service points into consideration.
In addition, value of abandonment cost can be described as a factor of holding cost
while it depends on the decision that how much more critical of holding a customer

than the abandonment of that customer.

In the first phase, we try to find optimal switching model for flexible server using
Markov decision process. In the second phase, we define other policies and heuristics

and compare them with optimum results of average cost function of the system.
3.2. Cost Function for Value Iteration Algorithm for Optimal Policy

Problem of a queueing system solved by a value iteration algorithm can be ob-
served in the studies done by Down et al. (2011) and Ahn et al. (2004). However,
Down et al. (2011) investigates a queuing system with one server and Ahn et al. (2004)

investigates a closed system with no arrival and no abandonment rates and costs of

customers.

As mentioned above, customers arrive to the system with A; and A; respectively.
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In addition, rates of servers are p; and ps. A holding cost, h; and hy is defined
per customer per unit time in the system for type-1 customers and type-2 customers
respectively. Abandonment rates and abandonment costs for each type of customers
also exist with v, and $; for type-1 customer and 7, and B3, for type-2 customer

respectively.

We formulate the problem of minimizing average cost as a Markov decision pro-
cess. We let z=(z1,22) be the state of the system, where z; denotes the number of
type-1 customers and z, denotes the number of type-2 customer in the system. The
formulation of the model is as following, where V (z, x2) as average cost function that

satisfics the following dynamic programming cquation:
|74 (:El,iEQ) = min {Vl (.’L‘i, $2) y Vz (.1?1, :132)}

V' (21, x;) denotes the cost function that both server 1 and server 2 give service to
type-1 customers, on the other hand V2 (z1,%2) denotes the cost function that server
1 gives service to type-1 customers and server 2 gives service to type-2 customers. The

formulation of V' (zy,z2) and V2 (z,, z5) is as following;

V&1, 2) = {z1h1 + 22hs + MV (21 + L, 32) + AV (21, 72 + D)+ mV (z — 1, z4)
+p2V (21— 1,22) + (21 — 2) 1 (V (21 — 1, 22) + 1)
+ Z272 (V (21,52 — 1) + f2) + (M — 21 + 2) 1V (1, 22)
+ (N —22) 2V (21, 22) JAT?

V2 (.’111,582) = {SL‘lhl Jr.’Bzhz + /\1V (.’L'l + 1,$2) + )\QV (.’El,ﬂi‘g + ].) +}L1V (3’11 — 1,.’132)
=} sz (.’,1'31,552 - 1) =f= (.Tl - 1)’)’1 (V (:131 — 1,.’1’)2) + ,[7'1) + (.’L‘Q = ].) Yo
(V (331,.’132 == ].) -+ ,82) -+ (M —=idhy -+ ].) 711/ (.’L‘],ZEQ)

+ (N — 23 + 1) 1V (@1, x2) JA ™!

where A = Ay + Ay + g3 + g2 + M~y + Ny, which is sum of transition rates of arrival,
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service and abandonment.

Description for each part of the equation given above is as following: z1h; + zohs
denotes total holding cost of customers waiting in the queue; {\V (z; +1,72)}A !
and {AV (z1,75 + 1)}A™" can be interpreted as probability of arrival of type-1 cus-
tomer and type-2 customer respectively; {u1V (z; — 1, 22)}A ™ is probability of giving
service to type-1 customer by dedicated server (server 1). The main difference between
equations V' (21, ;) and V2 (21, z,) is the formula of server 2 giving service to type-1
customer or type-2 customer. Then formulation for abandonment of customers differs

in each equation accordingly.

In equation V* (21, z4), type-1 customer is served by flexible server which is de-
fined as {psV (z1 — 1,25)}A~. In addition, probability of abandonment of type-1
customer in the system is formulated by {(z; —2) 7 (V (21 — 1,22) + 81)}A~! where
(71 — 2) denotes the number of type-1 customer in the system not being served. Two
of the type-1 customer are being served by dedicated and flexible servers that can
not abandon the system. The equation proceeds with the probability of abandonment
of type-2 customer which is formulated as { zo72 (V (21,22 — 1) + B2)}A~! where in
this case z; denotes the number of type-2 customer in the system not being served.
Besides, the probability of customers that do not abandon the system can be for-
mulated by defining the customers who do not wait in the queue and do not exist
in the system. The formulation for type-1 and type-2 customers are represented as
{(M =21+ 2)mV (21, 22) }JA™! and {(N — 22) 72V (21, 22) }A™ where (M — z; +2)
and (N — z3) are number of customers that are not being served and do no wait in the
queue. M and N represent maximum number of customers in the system for type-1
and type-2 customer respectively. The values of M and N are large enough in order to
define the system with infinite capacity. In addition these large numbers provide the

model to reach a steady state environment.

In equation V2 (x4, 72), type-2 customer is served by fexible server which is de-
fined as {p2V (z1,79 — 1)}JA™'. In addition, probability of abandonment of type-1
customer in the system is formulated by {(z; — 1) 71 (V (z1 — 1, z2) + 1) A~ where
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(z1 — 1) denotes the number of type-1 customer in the system not being served since
one of the type-1 customer are being served by dedicated server that can not aban-
don the system. The equation proceeds with the probability of abandonment of
type-2 customer which is formulated as {(z2 — 1)y, (V (21, 25 — 1) + B2)}A~! where
in this case (z; — 1) denotes the number of type-2 customer in the system not be-
ing served. Unlike the formula in equation V* (x1,22), the probability of customers
that do not abandon the system can be formulated as {M —z1+ 1)1V (27, 29) YA
and {(N — =z, + 1) %V (21, 22)}JA~ for type-1 and type-2 customers respectively in
V2 (21, 2,). In this case, (M — z; + 1) and (N — 23 + 1) are number of customers that

are not being served and do no wait in the queue.

We define an infinite horizon discrete time Markov decision process model where
equations in the model are shown in detail in the following text. Dynamic programming
equation is divided into sections for different conditions where these conditions depend

on number of each type of customers in the system.

Different conditions result in difference in equations as shown in Figure 3.2 where
x dimension refers to number of type-1 customer in the system whereas y dimension

refers to number of type-2 customer in the system. Numbers at equations given below

match with the numbers shown in the F igure 3.2.

First of all, we construct the equation for condition z1 = 0, z3 = 0 which means
there is no customer in the system. We explicitly write cost equation as following.
There is no holding cost because of no existence of customers in the system. Number
of type-1 customer reaches to one in case of arrival of first type of customer, or number
of type-2 customer reaches to 1 in case of its arrival to the system. There is no service

or abandonments.

V1(0,0) = {0hy + Ohy + MV (1,0) + AV (0, 1)+ V (0,0) + 2V (0,0)
+ (N = 0) 72V (0,0)}A™ (3.1.1)
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Figure 3.2. Visualization of Different Conditions.

V%(0,0) = V1 (0,0) (3.1.2)

Secondly, the equation for condition z1 = 0, zo2 = N, where there is no type-1 customer

in the system, however there are many type-2 customers in the system, is given as below:

V1(0,N) = {0k + Nhy+ MV (1, N)+ 22V (0, N) +V (0, N) + psV (0, N)
H0n(V(0,N) + 1) + Na(V(0, N — 1) + ) + (M — 0)7,V(0,0)
+ (N = N)%V(0,N)}A™! (3.2.1)

V2 (0, N) — {Ohl + Nhy +/\1V(1,N) -i—/\QV(O,N) +M1V(0,N) +,LLQV(O,N— 1)
H0n(V(0,N) + B1) + (N = 1) %2 (V (0, N — 1) + ) + (M — 0) 71V (0,0)
(N =N+1)%V (0,N)}A! (3.2.2)

Third equation consists of the condition z; = M , T3 = 0, where there is no type-2

customer in the system, however there are many type-1 customers in the system, is
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given as below:

V1 (M,0) = {Mh; +0hy + MV (M, 0) + AV (M, 1)+ mV (M — 1,0)
+ V(M —1,0) + (M = 2)m (V (M — 1,0) + 1) + 072 (V (M, 0) + S,)
+ (M = M +2)mV (M,0) + (N — 0) .V (M, 0)}A~? (3.3.1)

VZ(M,0) = {Mhy + 0hy + AV (M, 0) + A2V (M, 1) + 1V (M —1,0)
+/J'2V(MJO)+ (Mﬁ 1)’71 (V(M“ 130)+ﬁ1)+072(V(M!0)+ﬁ2)
+ (M =M +1) 1V (M,0) + (N — 0) 3V (M, 0)}A™ (3.3.2)

In the fourth order, the equation for condition z; = M, z, = N is constructed, where

there are so many type-1 and type-2 customers in the system.

VM, N) = {Mh1 + Nhy + MV (M, N) + AV (M, N) + psV (M — 1, N)
+pV (M~ LN)+ (M —2)n (V (M —1,N) + 8,)
+ N7 (V(M,N —1) + ) + (M — M +2),,V (M, N)
+(N = N) 7,V (M, N)}A? (3.4.1)

VE(M,N) = {Mhy + Nby + MV (M, N) + XV (M, N) + V(M — 1, N)
+mV (M,N = 1)+ (M — 1)y (V (M - 1,N) + B)
TN =10 (V(M,N 1)+ 8) + (M - M +1) 2,V (M,N)
+(N = N+ 1),V (M, N)}A™ (3.4.2)

Equation continues with the condition z3 =0, 1 <23 < N — 1 where there is no

type-1 customer in the system, and there is at least one type-2 customer in the system.
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Formulation is given in detail as below:

Vl (0, 562) = {Ohl I $2h2 = )\1V (]., .’172) g )\2V (O, To -+ 1) + ,UqV (0, .’L‘g)
+ ,U:2V (0, 2]'2) + 0’71 (V (0, 11’12) =+ ,61) + T2 (V (U, Xo— ]_) -+ ﬂz)
+ (M —0)mV (0,z5) + (N — z3) %V (0,22) }A™? (3.5.1)

12 (0, .’52) = {0h1 + zohe + MV (1, 1,'2) + AV (0, T9 + ].) + iV (0, .’]','2)
i ,UQV (0,:1.’:2 s 1) + 0"}’1 (V (O, :Eg) + ﬁ]) + (:L'g S 1) Y2 (V (0, o 1) + )82)
+ (M = 0) 1V (0,22) + (N — 33 + 1) 32V (0, 22)}JA™ (3.5.2)

Another part of the formulation is for condition z, = M , 1 < 25 < N —1 where number

of type-1 customer is at high level in the system. However there exists at least one

type-2 customer.

VI (M, 22) = {Mhy + maho + MV (M, 23) + AV (M, 25+ 1) + i,V (M —1,z,)
+p2V (M —1,29) + (M —2) 1 (V (M — 1,z5) + 1)
+ 227 (V (0,20 — 1) + fa) + (M — M +2)m\V (M, 5)
+ (N — z3) 1.V (M, z3) }A™? (3.6.1)

VA(M, 3) = {Mhy + zshy + MV (M, z3) + AV (M, 32+ 1) + 1V (M —1,125)
+paV (M, 23— 1)+ (M — 1)y (V (M — 1,35) + B1)
(= 1) (V (0,22 — 1) + B) + (M — M + 1)1,V (M, z,)
+ (N — 22+ 1)1V (M, 25)}JA™? (3.6.2)

We observe the condition 2 < z; < M — 1, 25 = 0 (there is no type-2 customer
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and there is at least 2 type-1 customer in the system) as following:

Vl (331,0) = {.’L’lhl + Oh-z =+ /\1V (.’El ot 1,0) + AQV ($1, ].) —§—M1V (.’L‘l = ]., 0)
+p2V (21 = 1,0) + (1 = 2) 1 (V (21— 1,0) + B1) + Oz (V (21,0) + o)
+ (M =314+ 2) 1V (21,0) + (N = 0) %V (21,0)}A~] (3.7.1)

V2 (.’131,0) = {Ll?lh} + th + A1V(3’J1 i 1,0) + AQV (231, 1) +,U,1V(5E‘1 e 1,0)
+ 2V (21,0) + (21 — Dy (V (21 —1,0) + B1) + 072 (V (21, 0) + [32)
-+ (M ey o 1) ’)’1V ((.1?1, O) = ((N = O) ’)’2V (.’L‘l, O)}A_l (372)

Equation for the condition 27 = 1, 7, = 0 (there is no type-2 customer and there

Is one type-1 customer in the system) is written as follows:

VI(1,0) = {1h1 + Ohg + A1V (2,0) + AV (1,1) + paV (1,0)
+ paV (Ov O) -+ (O) i (V (0! 0) + ﬁl) + 07 (V (11 O) & ﬁ2)
+(M—=1+1)7V(1,0) + (N —0) 1V (1,0)}A™ (3.8.1)

V2(1,0) = {1h1 + Ohy + A\ V (2,0) + AV (1,1) + 11V (0,0)
+ 42V (1,0) + (0) 71 (V(0,0) + 81) + 072 (V (1,0) + S)
(M =14+ 1)7V (1,0) + (N —0) 7,V (1,0) A~ (3.8.2)
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The equations for the condition 2 < z; < M — 1, zo = N is given as below:

V3 (@1, N) = {&1hy + Nhy + MV (21 4+ 1, N) + AV (21, N) + iV (z; — 1,N)
+pV (21 =1L, N) + (21— 2) 71 (V (31 — 1, N) + )
+ Ny Ve, N-1)+8) + (M —z; + 2)mV (21, N)
+ (N = N) %V (21, N)}A™? (3.9.1)

V2 (@1, N) = {z1hy + Nhy + MV (21 + 1, N) + XV (@1, N) + iV (1 — 1, N)
+ 2V (21, N = 1) + (21 — 1) m (V (21 — 1, N) + 1)
+ (N =) % (V (21, N = 1) + ) + (M — 21 + 1)V (21, N)
+ (N =N+1)%V (z;,N)}A™ (3.9.2)

Equation for two points z; = 1, 5 = N are formulated as following:

VL N) = {1k + Nhy+ MV (2, N) + AV (1, N) +wmV (1,N)
+ 2V (0, N) 4+ (0) 71 (V (0, N) + 1) + Nya (V (1, N — 1) + 3y)
+ (M -1+1)mV (I,N)+ (N - N)»V (1,N)}A™? (3.10.1)

V2(1,N) = {1l + Nhy + AV (2, N) + XV (1, N) + 1,V (0, N)
TV (LN =1+ 0)n (V(O,N)+5) + (N = 1)1 (V (1, N — 1) + By)

(M —-14+1)%V(,N)+ (N = N+1) %V 1,N)A? (3.10.2)
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Equation for condition 2 <z < M - 1,1 <z, < N —11is given as follow:

Vi zy, ) = {z1h1 + 2oho + MV (21 + 1, Tz) + AV (21,22 + 1) + 1V (2 — 1, Z3)
+ 12V (71 — L,m) + (21 — 2) 71 (V (21 — 1, 23) + Bi)
+ 2o (V (21,22 — 1)+ B2) + (M — 21 + 2) 11V (@1, 22)
+ (N = 23) vV (71, 25) }JA ! (3.11.1)

V2 ($1,$2) = {x1h1 + 332]12 -+ )\1V($1 + 1, 35‘2) -+ )\QV (2’)1,$2 + 1) + /.111V (.’L‘l — ]., .’Eg)
+uV (T, 22 — 1) + (21 — 1)1 (V (@1 — L, 22) + B1) + (22 — 1) Y2
(V (561,552 — 1) + ﬁg) + (M = 2l 1) ’YlV(.’,Cl,iBz)

+ (N =23+ 1) 1V (21, 23) A (3.11.2)

Finally, for the condition z; = 1, 1 < 2y < N — 1, the equation is written as

following:

V2 (1,22) = {Lhs + 2ok + MV (2,82) + AoV (1,25 + 1) + iV (1, 2)
+ p2V (0, 22) + (0) 71 (V (0, 22) + 1)
+xee (V (Lo — 1)+ 82) + (M -1+ 1)y V(1,z,)
+ (N = 22) 2V (1, 25)}A (3.12.1)

V2 (1, iEg) = {]-hl o Qfghg -+ )\1V (2, 2:2) -+ AgV (1, Ty + ].) -+ }L]V(O,wg)
FpV (Lo = 1)+ (1= 1)y (V(0,22) + B1) + (22 — 1) 72
(V(Lze— 1)+ Ba) + (M — 1+ 1)1,V (1, 29)

(N =2+ 1) 1V (1, 22) )47 B

As can be seen from the formulations given above, we need to make a decision between

two actions for any states which are allocating server 2 to a type-1 customer or allo-
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cating server 2 to a type-2 customer in order to minimize cost. Optimal solution of
the process can be achieved by using value iteration algorithm where corner points,
boundaries and non boundary points are formulated separately as shown at formulas
given above. The model gives us a decision matrix for server 2 which includes serving
type-1 customer or type-2 customer for different states (for the conditions with different

number of customers in the system).

The pseudo-code that finds optimal solution to the problem is given in Figure 3.3
in which cost and decision matrices are calculated. Main body of algorithm is shown

in this figure where pseudo-code of functions are shown in Figure 3.4 and 3.5.

In the main part, the function that calculates cost function is repeated by many
iterations in order to reach steady state. Values of costs and decisions for different

states are written on a file at the end of all iterations.

In the Figure 3.4, structure of cost function equations is shown and decision
matrices of customer type to serve for flexible server at different states are calculated.
First of all parameter set is assigned to the variables used at equations. Then cost
values for server 1 and server 2 are calculated where two calculations are made for
server 2. One of the calculations is for serving to type-1 customer where second one is
for serving type-2 customer. Decision for customer type to serve is given by choosing
the equation of cost function with minimum value. This calculation is done for all

equations at different states.



Define variable IT to 10000. M to 100, N to 100
Declare Value and Decision Matrices with size M and N
Declare matrik variables called mat1. mat2. mat3
Declare parameter function
Declare initialize matrix function
Declare calculate matrix function
Declare difference matrix function
Declare display matrix function
Declare integer variables called counter.size.i.t
Declare a float variable called difference
Declare a float array called parameter with size 13
file <-Openfile
CALL initialize matrix (matl. mat2. mat3)
WHILE end of file
CALL parameter (parameter file)
DISPLAY Parameters from 0 to 13
FOR Counter 0 to IT-1
Call calculate matrix (matl. mat2. parameter.counter)
END FOR
difference<-Call difference matrix (matl. mat2. mat3)
Call display matrix (mat3. parameter.difference mat?)

Call initialize matrix (inatl. mat2. mat3)

Figure 3.3. Pseudo-Code for the Solution of the Problem.

32
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FUNCTION calculate matrix (mat]. mat2. parameter.counter):
Declare float variables called hl.h2. acl. ac2. arl.ar2.abri.abr2 s1.521.s22.Lamdal.Lamda2
Declare float variable cost array

Assign values of variables from paramater array / Ml:holding cost of customer tvpe 1.
h2:holding cost of customer type 1. acl: abondonment cost of customer type L. ac2:
abondonment cost of customer type 2. arl:arrival rate of customer type 1. ar2:arrival rate of
customer type 2. abrl: abondomment rate of cutomer tvpe 1. abr2: abondonment rate of
cutomer type 2, sl:service rate of server 1. s21: service rate of server 2 for customer tvpe 1,

$22: service rate of server 2 for customer type 2

Assign Lamdal = arl—ar2-abr] *M-abr2*N-s1-s21: /*Sum of rates when server 2 give

service to customer tvpe |

Assign Lamda2 = arl—ar2—abr] *M—-abr2*N—s1-s22: // Sum of rates when server 2 give

service to customer type 2
Find minimum of value matrix //value matrix is the cost fimetion

Cost array[0]=mat].Value Matrix' // Value matrix that server 2 gives service to

customer type 1

Cost array] 1]=mat1.Value Matrix" /'Value matrix that server 2 gIves service to

customer type 2
Mat2.Value Matrix= minimum of mat1.Value Matrix! and mat]l. Value Matrix®

Mat2 Decision matrix=0 or 1 * 0:giving service to customer tvpe 1 of server 2,

l:giving service to customer type 2 of server 2.
initialize cost arrav to 0
Repeat “finding minimum of value matrix for the points”
VI0][0]. VIMI[O]. VIMI[N]. VIOJIN]. V[O][1]- V[OIIN-1]. VMI[1]- VIM][N-1].

VI21[0]- VIM-1][0]. VI2][N]- VIM-1][N]. V[1][0]. V[1][N]. V[2][1]- V[M-1][N-1].
VII][1]- V[1][N-1]

Figure 3.4. Pseudo-Code of Cost Function.
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In the Figure 3.5, functions for (a) initialization of parameters, (b) reading pa-

rameters from file, (c) displaying outputs to a file and (d) taking difference of cost

function between iterations are shown as pseudo-code.

FUNCTION mnitialize matrix (matl, mar?, mat3):

mitizlize value matrix to 0

initialize decision matrix to 0

(@)

]

FUNCTION parameter (parameter file):

READ parameters from file

WRITE parameters to paramater array

(b)

FUNCTIOX display matrix (mat3, parameter.cifference mar?):
Declare mtegers variables 1 and §
Declare float vanable difference
f<-OPEN Outputfile txt to APPEND
WRITE Parameters on Outputiile
FOR N1t 6
FOR10twoM
WRITE Value Matrix of Mat3 on Outputfile
WRITE Decision Matrix of Mat3 on Outputfile
ENDFOR

ENDFOR

FUNCTION difference matrix {matl, mat2, mat3)
Declare integers varizbles 1 and
Daclare float vanable difference
FOR 10t}
FOR 010X
Mat3. Value Matrix = Mat2 Valee Marix - Matl.Value Matrix
Mat3 deciston mauix = Mat2 decision matrix
EXDFOR
ENDFOR
difference= Mat3 Value Mamnx{M-2]IN-2] - Mat3. Value Marrix[2]i2]

‘Control 1f st reaches to steady stead condition

()

(@)

Figure 3.5. Pseudo-Code of Other Functions.

3.3. Heuristics and Other Policies

Optimal policy can be complicated since it contains so much parameters like ar-

rival rates, service rates, abandonment rates and costs, holding costs. We also modelled

different stationary policics besides optimal policy which are defined as below:

(i) Fully Dedicated Policy: Two servers serve only to their customers.

(ii) Static Policy: Server 2 serves type-1 customer if its own customer (type-2

customer) does not exist in the system.

value than type-2 customer .

(iii) Heuristic 1: server 2 serves type-1 customer if its holding cost has higher

(iv) Heuristic 2: Server 2 serves customer with higher value of holding cost and
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abandonment cost.

® (v) Heuristic 3: This takes waiting time E(W) into account where Server 2 serves

customer with higher value of E(W).
3.4. Fully Dedicated Policy

In this policy, two servers give service only to their own customers, in other words
flexible server behaves like dedicated server as well. Server 1 gives service only to type-
1 customer, while server 2 gives service only to type-2 customer. They stay idle if
their customer does not exist in the system. So that, we do not calculate Vi(z1, z2)
in the model since server 2 only serve type-2 customer whose cost is calculated with
the equation V?(z,z,). This is valid for all states (condition for different number

of customers in the system). As a result, cost function V2(z1,72) becomes as the

following:

V2 (z1,22) = {z1h1 + T2ho + MV (214 1,32) + XV (1,22 + 1) + 1V (2 — 1, z)
+ poV (21,20 — 1) + (2, — v (V(z — Lxa) + B1) + (zg — 1) 72
(V (@1, 22 — 1)+ Bo) + (M — 2, + 1) MV (21, z3)
+ (N —z5 + 1) 1V (21, 29) JA!

3.5. Static Policy

In static policy, server 2 gives service to type-1 customer if its customer (type 2)
does not exist in the system. In other words, server 2 gives service to type-2 customer
exhaustively, and then switches to type-1 customer if exists. So, cost function V ()

becomes as the following:

The equation below is valid for the states that 0<z <M,1<z9 <N which

means it serves type-2 customer at the existence of this type of customer. Servers
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giving service to their own customers is shown with the formula V2(z1, T3);

V2 (21,22) = {z1h1 + 2ohy + MV (21 +1,22) + AoV (21,22 + 1) 4+ g1 V (3 — 1, z2)
+ 2V (21,23 — 1) + (21 — 1)y (V (@1 — Lzg) + Br) + (22 — 1) 72
(V (21,22 = 1)+ Bo) + (M — 21 + 1) 1V (21, 25)
+ (N =33+ 1) 1V (71, 22) }JA™?

The equation below is valid for the states 1 < 11 < M, 22 = 0 which means flexi-
ble server gives service to type-1 customer at the absence of type-2 customer. This

condition is given by the formula V(z;, z,) given below.

V1 (21,0) = {21k + 0hy + MV (1 +1,0) + XAV (21,1) + iV (z, — 1,0)
+paV (21— 1,0) + (21 = 2)m (V (21 — 1,0) + B1)
+ 0% (V (21,0) + B3) + (M — 21 + 2) %, V (a4, 0)
+ (N = 0) 12V (z1,0)}A!

3.6. Heuristic 1

In Heuristic 1, if holding cost of type-1 customer is higher than holding cost of
type-2 customer, server 2 gives service to type-1 customer, otherwise it serves type-2
customer. The condition is formulated by zih;>zohy. In this equation, z; repre-
sents number of type-1 customer while x, represents number of type-2 customer in the

system.

In the algorithm, we do not need to control the T1hy or x,h, for the cases 1 <
21<M, 23 =00rl1<gy< N, z; = 0 where flexible server gives service directly to
type-1 customer for the first condition and type-2 customer for the second condition

respectively. Other than these cases, we check if z1h1>x9hs or not.

In case of x1hy>x2h,, the cost function becomes as following. We see by the for-
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mula V' (z1,z2) that server 2 gives service to type-1 customer as given in the following

equation.

VE (21, 22) = {11 + Zahy + MV (21 + 1, 25) + AoV (21,2 + 1) + pV (21— 1,2,)
+ eV (21— 1,32) + (21 — 2) 71 (V (21 — 1, 22) + B1)
+xave (V (z1,22 — 1) + B2) + (M — z, + 2)mV (z1,22)
+ (N — z3) RV (21, 25) }A™

However, if 22hy>z1 ks, the following cost equation becomes valid where server 2 gives

service to type-2 customer shown by the formula V2 (z1, z2) given below.

v (1, 22) = {@1h1 + 23k + MV (1 +1,22) + AV (21, 20 + 1)+ mV (21 — 1,25)
+peV (21,22 — 1)+ (21 — 1)y (V (21 — 1, m0) + Bi)+ (2 — 1) %
(V (21,32 — 1) + Ba2) + (M — 21 + 1) 1V (21, z3)
+ (N — 224+ 1)1V (21, 22) JA!

3.7. Heuristic 2

In Heuristic 2, server 2 gives service to customer type with higher value of holding
cost and abandonment cost. Server 2 gives service to type-1 customer if its value
is higher than type-2 customer, otherwise it gives service to type-2 customer. The

condition is formulated by

T181m + z1h1 > TPy + x22hs

This equation differs from heuristic 1 since it takes abandonment rate and abandonment
cost into account. For the conditions 1 < Ty S M,z =00rl1 <z <N, 79 =0,
flexible server gives service directly to type-1 customer for the first condition and type-2

customer for the second condition respectively. For the conditions of non zero customer

in the system, the equation given below is valid providing that type-1 customer has
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higher value of that policy. In this equation of cost function, server 2 gives service
to type-1 customer by the formula V!(z1, z) since type-1 customer has priority to be

served for this heuristic.

Vl (.’1'31,.’)32) = {il)']h] —{".”L'ghg -+ A1V(.’E1 e ]..J 332) + )\QV (.’131,:1?2 + 1) + ,ulV (561 = 1, .’.Cg)
+ p2V (21 — 1,22) + (21 — 2) 71 (V (21 — 1,22) + 1)
+ oy (V (:131,:172 — 1) —|—ﬁ2) -+ (M S U e 2) 'y;V (331,.’132)

-+ (N - .’L‘z) ")(2V ($1,$2)}A_1

For the contrary conditions, that is, type-2 customer has higher value than type-1
customer of that policy, equation becomes as following. In this equation of cost func-

tion, server 2 gives service to type-2 customer by the formula V2 (z1,x2) since type-2

customer has priority for this policy of heuristic.

V2 (21, 23) = {@1h1 + zohy + NV (1 + 1,29) + AV (z1, 32 + 1) + iV (z1 —1,29)
U2V (21,22 = 1) + (21 — )7 (V (21 — 1,3) + 1) + (22 — 1) 7
(V (21,20 — 1)+ Bo) + (M — z; + 1)V (21, 22)
+ (N =z + 1)1V (24, T2) JA™?

The condition for this case is given as below:

Zofoye + x2he > 1811 + 1M

3.8. Heuristic 3

In Heuristic 3, it takes waiting time into account in which the mean waiting time

formulation, E(W), for M/M/1 queues is used as a policy. E(W) formula for one server
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queues (M/M/1 system) is as following (Adan and Resing, 2015):

BOW) = B(S) - Yu= 1L

where W is waiting time, S is sojourn time and p is the fraction of time the server is

working which is formulated by p = %

We multiplied this formula with both number of customers in queue and holding

cost per unit customer. So, formulation for this condition becomes as following:

A Az

z1h

Server 2 serves customer with higher value of this control, Server 2 gives service to
type-1 customer if its value is higher than customer type-2, otherwise it gives service
to type-2 customer. The equation becomes as following for giving service to type-1

customer. This decision is shown by formula V?(zy,2,) .

& (i1, 25 ) == {z1h1 + 22hs + NV (z1 + 1, z3) + AV (21,22 + 1) +mV (1 — 1,z2)
+p2V (21— L,22) + (21— 2) 1 (V (21 — 1, 22) + 1)
+ 2o (V (21,20 — 1) + Bo) + (M — 1 +2) 1,V (21, x2)

+ (N — 22) 72V (21, 22) JA!

In case of giving service to type-2 customer, formula of V3(z1,x3) is used which is as

following:

V2 (21,22) = {T1h1 + Zohy + AV (@1 + L,22) + AV (z1, 82+ 1) + iV (21 — 1,29)
TV (@, 22 — 1)+ (31 = ) (V (21— 1,23) + B1) + (@2 — D)y
(V (@122 = 1)+ Fo) + (M — 3 + 1)V (z1,22)
+ (N =22+ 1) %V (21,z9) }A
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4. NUMERICAL RESULTS

In this chapter of the thesis, results of the experiments are analysed. The ex-
periments are performed in C Program Language for the proposed model in order to
find optimal solution with different sets of parameters. In other words, we investigate
solutions with different design of parameters such as different arrival rates, service
rates, abandonment rates, abandonment costs and holding costs. In addition to opti-
mal model, we also analyse other policies in order to compare the results with optimal

solution for different sets of parameters.

4.1. Parameter Settings

In the model, the algorithm is iterated for 10000 runs in order to reach a steady
state. In addition, upper bound for number of customers are set to a big value in order
to approximate to an infinite queue model. We test this approximation by calculating
the difference between cost values of different states for iteration n and n+1. This
value of cost functions should not differ too much between states in order to indicate

the convergence.

We design experiments by using different settings of 11 independent parameters.
All examples assume poisson arrival processes and exponential service processes with
non-preemptive discipline. We set A;=5 and A = A; + A, takes values from the set
{10,15,20} . We set p — \/u that takes values {0.25,0.5,0.75} where g = pq + ps and
#1 = pp. We set holding cost of type-1 customer as h;=1 and define hy as multiple
of hy from the set {0.5,1,3}. Abandonment rates of customers differ in values of
(71,72) = {(0,3),(0,3)}. Finally, values of abandonment costs are set as a multiple of
holding costs which are defined as h;/f; € {0.5,1,2}
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4.2. Definition of OQutputs

Model has two types of outputs which are decision matrix of flexible server (server
2) and value of optimal cost function for different set of experiments. First of all, we
examine results of decision matrix for server 2 for type of customer to serve. This
decision matrix is constructed with the goal of minimizing cost function. When we
analyse the experiments for different combination of parameters and states we see

mainly 4 types of decision matrices for flexible server which can be summarized as:

e priority based (exhaustive) decision matrices

e decision matrices with vertical threshold value

linear decision matrices

decision matrices with horizontal threshold value (similar behaviour with priority

based decision matrices)

Priority based (exhaustive) model means that server 2 gives service to type-2
customer (its own customer) while type-2 customer exists in the system. Secondly,
decision matrix with threshold value means server 2 decides to serve type-1 customer
when number of type-1 customer in the system is above a limit. Thirdly, decision
matrix of server 2 has also a linear switching line in order to begin to serve type-1
customer while number of customers changes in the system. Finally, in the horizontal
type of threshold line, server 2 begins to give service to type-2 customer after type-2

customer reaches to a level in the system.

Besides, we investigate values of cost function as an output of experiments. The
values of cost function are affected from different combination of parameter sets in an
increasing or decreasing manner. This effect is analysed in detail in the further parts

of this chapter.
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4.3. Decision Matrix Types As an Output

Firstly, priority based decision matrix of the optimal solution can be seen in Figure
4.1. As seen in Figure 4.1, z = (z,,2,) show the state of the system, where z; and z,
are numbers of type-1 customers and type-2 customers respectively. In case of presence
of type-2 customers, flexible server should serve these customers which is labelled in
Figure 4.1 as 2, otherwise should serve type-1 customers which is labelled in Figure 4.1
as 1. In addition, 0 indicates there is no difference at the value of cost function at the
state of (z1,z2) =(0,0). Examples from experiments that lead to this type of decision

matrix are given in Table 4.1 where different combinations of parameters exist.

Table 4.1. A Sample of Experiments Giving Priority Based Decision Matrix

Al M| g2 m|m|h| b | B B
2151201 20]0|011 3 0 0
5 |5(1W0|10{0|0]|1 3 0 0
219267167310 11| 3 2 0
212676730111 1 0
35167167130 1]05] 1 0
515 10101301 3 3 0
9151201203 |3]1 3 2 6
’_5 512012031311 3 1 3
5 (5| 2023 ]13]|1 3 |05|15
105130 |30[3(3|1] 3 0 0
10530130311 3 0 6
1051101030/ 1] 3 2 0

As seen in Table 4.1, when holding cost of type-2 customer is bigger than holding

cost of type-1 customer, optimum model gives solution as to serve type-2 customer for

server 2 in existence of type-2 customer in the system. Another inference from the
table is, at low service rates, server 2 decides to serve type-2 customer although type-2

customer has less or equal holding cost compared to type-1 customer. In addition,
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existence of abandonment rate of type-1 customer is also influential at the decision
matrix. Existence of abandonment rates for both customer types also leads to priority

based solution when abandonment cost of type-2 customer is triple of type-1 customer.
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Figure 4.1. Priority Based Model.

Secondly, decision matrix with threshold value is analysed. This matrix occurs
when server 2 decides to serve type-1 customer when number of this customer in the
system is above a limit. Decision matrix is given in Figure 4.2. Some examples from

experiments for different threshold values are given in Table 4.2.

As seen in Table 4.2, having abandonment rate for type-2 customer leads to serve
type-1 customer for server 2 when type-1 customer is above a limit. Abandonment

costs and holding costs are also effective for the construction of this decision matrix.

It 1s appeared that value of service rates has an effect on threshold value at
decision matrix. An example of this condition is the set of experiments given in Table
4.3. Service rates are 20,10 and 6.7 respectively for set 1, while other parameters are

fixed at the same value. For set 2, service rates also differs inside the experiments
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Table 4.2. A Sample of Experiments Giving Decision Matrix with Threshold Value

A | pl| w2 |m|ve|hb| b |6 B
2 | 5 |667|667] 0|3 1/05]0 |
5151 10 10 (0(3|1(11]0 2
5516676670 (3|1 1]0]| 2
515 20 20 34311 1056 2 1
51| 5 10 10 313]1]05]| 2 1
5195 |667|6673 310511 05
9151|2020 |0(3]11]05]01]09
515 20 20 03| 1]05]0] 05
1005130 |13 |0{3[1]05]|0
10| 5 30 30 331105 2
Xz
7322232231811 8330403
2222222113111 1111%
2222222111118 132111
223227213818 E3F141%
22222221111 1111111
2232322131133 13111
2222222111131 1131111
22222221111 3¥1314¢8311
52022303 121 8L ELE S
22222223111 3111121it
2322222111111 131111%
223 BFI3 A T4 E1311141
011111111111111111_”1

Figure 4.2. Matrix with Threshold Value.
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of the set. In addition, set 2 differs in terms of holding costs and abandonment costs
compared to parameters of set 1. While making comparison between sets, it is observed
that, threshold value of set 2 experiments is higher than set 1 parameters. In other
words, flexible server switches to type-1 customer when number of type-1 customer is

at a higher level in set 2 compared to number of type-1 customer in set 1.

While we investigate the decision matrix within each set, we conclude that in case
of decreasing service rates, flexible server switches to type-1 customer despite having
less number of type-1 customer in the system. This could be explained as dedicated
server could not serve its customers as fast as before that results in abandonment of
customers, so that flexible server is morce tend to help to dedicated server by serving

type-1 customer.

Table 4.3. Service Rate Effect on Threshold Value

Set | M [ A pl | w2 |m ||| b | 5| B
515120 | 20 [0(3|1]05]0]02
1 5|5 10 10 O[3 [ 1]05]01]025
3195 |667[667T]03|1(05]01025
515 ] 20 20101311 3]0] 15

2 5| 5| 10 10 |03 1]3]0] 15
O |5 |667(667|0(3|1| 30|15

In Figure 4.3 given below, decrease in service rate leads to threshold value be-
coming smaller. In the figure, (a) represents a decision matrix with the largest service

rate, and (c) has the smallest service rate compared to (a) and (b).
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Figure 4.3. Threshold Values with different service rates

There is also a special case where a decision type with threshold value changes
to a priority based decision type. Set of parameters for this condition is given in Table
4.4. First parameter set gives the threshold decision matrix, on the other hand second
gives priority based decision matrix. Flexible server gives service to his own customers

with increase in holding cost and abandonment cost of type-2 customer.

Table 4.4. From Threshold to Priority Based Experiments

M| pliwiyn|vw| b ha | B1 | Bo
1015130303 |3(1l05|l2]1
10530 (3(3{3|1]3]2]6¢

Thirdly, decision matrix of server 2 has also linear switching line which shows
moving from type-2 customers to type-1 customer as number of customers changes in
the system. While number of type-1 customer is more than type-2 customer, server 2

is tending to serve type-1 customer for some experiments given in Table 4.5 in detail.

Parameters have same values except service rates in Table 4.5. Customers do not

abandon, however their holding costs differ where holding cost of type-1 customer is

=
fiey
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Table 4.5. A Sample of Experiments Giving a linear switching line

A pl |2l b BB
215120(20{0(0({1({05]01]0
5|15 |10|10|0|0]1]05/01]0
2195676700105l 01]0
105303 ]|]0(0|1|05[/0]0
10| 5|15 15|00 |1|05|01|0
0f5|10|10|0|0|1]05]/01]0

twice compared to holding cost of type-2 customer. Experiments for both arrival rates
with values 5 and 10 give the same type of decision matrix. Decision matrix in Figure
4.4 belongs to experiment with minimum service rates where pl=p2=6.7 with having
the highest utilization. As utilization rate decreases, linearity curve becomes steeper.
In other words, server 2 begins to serve type-1 customer in case having less number of

type-2 customer in the system comparing to higher utilization rates.

]
(222222222232 2111
2222222222221 111
2222222222221111
2332335200329 8313 %
2222222382414 11t%
2222222222111111
PERLIZ22EF1311444s
222222221111114112
2220222111311 13111
2222221111111111
2222211111331 %2%13
2222111113 %3111111
011113111311331131,_,

Figure 4.4. Matrix with Linear Switching line.

Another decision matrix extracted from the experiments are horizontal threshold

type of matrix. In Figure 4.5, server 2 begins to serve type-2 customer after reaching to
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a value type-2 customer in the system. When we observe the values of parameters that

Table 4.6. A Sample of Experiments Giving Horizontal Threshold Decision Matrix

A A | | p2 |2 | k| ke B | Pa
5|5 (10101301 ]|05]2]0
3151201213101 1]21]0
5051202013 |0|1]05]1]0
9151010130 |1]|05]|1]0
10510103 |0]1]05|21]0
10515153 |0|1]|05[2]0
1051 15(15{3]0|1]1]2]0
10513 |3|3[0|1]1]21{0

lead to that decision matrix, we observe that abandonment rates of type-1 customer

are triple of abandonment rates of type-2 customers. There are differences at service

rates, arrival rates, holding and abandonment costs that lead to this type of decision

matrix as well.

As service rates are decreasing, this threshold value becomes narrower. In other

words, when service rate of flexible server is lower, it begins to serve its own customer

(customer type 2) earlier compared to higher service rate. That is, it is enough to

reach a fewer number of type-2 customer in the system in order to begin to serve its

own customer.
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Figure 4.5. Matrix with horizontal threshold.

4.4. Values of Cost Function As an Qutput

When we examine values of cost function for different sets of parameters we can

determine the factors that increase value of cost as below:

e decrease in service rates and increase in arrival rates
e increase in holding costs and abandonment costs

e decrease in abandonment rates

A sample of optimum values of cost function extracted from a set of experiments
at different combination of parameters are given in the Table 4.7 where we can conclude
with the inferences summarized above. The table shows results of 9 experiments for

the state of the system beginning with no customer, in other words it gives values of

cost function V' (0,0).

In the experiment 1 and 2, effect of service rate is seen obviously where decrease in

service rate which means increase in utilization rate results in increase in cost of objec-

tive function. Secondly, we can compare experiment 1 and 3 to see the effect of holding
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Table 4.7. Optimal values of cost function for different experiments

expno (A | Ao | pl | p2 |y |y |hi|he|By]| Ba]| cost
1 55120 |20 |30 1{2]2]179
2 515 10 10 (30112 2] 590
3 515120120 |3|0|1|3]|2]|6]379
4 55| 20 20 {3 3|1 (1]2]| 2] 157
5 2195202 |3]3]1|1]|1]|1]122
6 5 5| 20 20 |30 1}j1]2|2] 538
7 151 5 20 20 |3 (0| 1(3(2]|6] 84
8 15065 (1331333 (0| 1|12/ 2]1405
9 155 (1331333 |3 |1|1|2]|2] 978

cost. Holding cost of type-2 customer at experiment 3 is three times of the holding
cost of type-2 customer at experiment 1 which leads to increase in cost of objective
function. Thirdly, increase is abandonment cost leads to increase in objective function
which can be observed from experiments 4 and 5. In experiment 5, both abandonment
costs of customers are half of the abandonment costs of customers at experiment 4,
which resulted in lower cost value of objective function. Fourthly, experiments 1 and 6,
and experiments 3 and 7 show the effect of arrival rate to cost function. Experiments 6
and 7 have triple values of arrival rates compared to experiments 1 and 3 respectively
which leads to higher value of cost function. Finally, experiments 8 and 9 show the
effect of abandonment rates on value of cost function. We observe that abandonment
rate exists for type-2 customer in experiment 9 contrary to experiment 8 which results
in lower cost value. So we can conclude that abandonment rates result in decrease in

values of cost function.

4.5. Comparison of Optimal Results with Other Policies

Values of cost function for different paramcters arce given in Table 4.8 where dif-

ference in cost values of other policies with optimal solution are showed in percentages.
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The table shows results of 16 experiments for the state of the system beginning with
no customer that is, V' (0,0). Values at the table show the difference of cost values in

percentages between each policy ad optimum solution.

Column with fd% represents differences of cost values between fully dedicated
policy and optimum solution which posses the worst values. The formulation of fd%

is;

fd— opt ‘

fd% =
opt

100
where 1d is value of cost function of fully dedicated policy and opt is value of cost
function of optimal policy. Values of fd% indicate that, in case of inflexibility of

servers in the system leads to the highest cost of objective function.

sp% denotes differences of cost values in percentages between static policy and
optimal policy where formulation is defined as following where sp is value of cost

function of static policy ;

sp — opt

100
opt

sp% =

Contrary to fd%, sp% has smaller values which indicates that values of cost
function of this policy is close to the values of optimal policy. In other words, server
2 serves type-1 customer in case of non existence of type-2 customer which leads to
better solution for objective function. However this policy is not sufficient which means
that server 2 should serve type-1 customer in some conditions although it also has its
own customer in the system. In addition, static policy has exactly same cost value for

some sets of parameters which are seen at rows with 0.0 value at column of sp%.

Difference of cost values between optimal policy and other three heuristics are

also calculated in percentages which are represented as hp;%, hp,% and hps%. The
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Table 4.8. Difference in cost values of other policies compared to optimum solution in

terms of percentages

A A | pl |2 | |h| he |Br]| Ba| fd% | sp% | hpi% | hp2% | hps%
5195120203011 1 2 2 |2314.0| 9.6 2.2 34.5 2.2
51510103011 1 (2| 2| 7681 |13.1| 4.2 89.7 4.2
2191201203101 |3 |2] 6 |108.3| 1.8 1.8 397 1.8
5510 (1013101 3 2] 6 | 3530 | 0.2 0.2 47.2 0.2
2 (5120120131311 1 12| 2 |14270| 0.0 0.7 0.7 0.7
551011013131 1 2 2 545.3 | 0.0 14 14 14
551201203 |31 3 2 6 615.6 | 0.0 0.1 0.1 0.1
9 |5 110 (1013|313 |2] 6| 2415/ 00 0.6 0.6 0.6
10/5(30(30|3(3|1|05]2]| 1 |31065| 6.4 | 43.3 | 433 | 634
105130 (3003 {1|05[0/]05!37325| 00 | 342 0.5 48.7
10515 (153|313 |1 3| 5974 0.0 1.8 1.8 84.8
10| 5 15 | 15| 3 | 3 1 3 2 6 4422 | 0.0 23 2.3 107.5
15{5 (20 (2013|011 1 21 2 12473284 6.6 50.7 | 55.9
I5{5}120 (2013|011 3 2 6 801.1 | 6.1 55 494 | 49.7
By 120|20] 331|112 2895/ 0.0 1.7 1.7 85.6
151512012013 3|13 |26 |570]00 3.9 3.9 | 180.2
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formula for hp; %;

hp; — opt
hi‘ih%:u.
opt

100

where hp,; is the value of cost function of heuristic 1

Formulas for hp,% and hps% are as following where hp, and hp; represent values
of cost functions for heuristic 2 and 3 respectively:
opt

h e
hipg% = 1y
opt

hps — opt
hps% = iPs — 9P 100
opt

In general we observe heuristic hp, % gives better solution compared to other two
heuristics which has the rule of giving service to customers with higher holding cost in
the system. Other heuristics represented by hp,% and hp3% follow policies as giving
service to customers with higher holding and abandonment costs of customers in the
system, and giving service to customers with higher waiting time. These heuristics

may also give better values of cost function for some parameter sets.

The Figure 4.6 shows average, minimum and maximum values of differences be-
tween cost functions of policies and optimum solution in percentages. Best value in
average and maximum for experiments belongs to sp% which is closest to optimum
solution in average. In addition, hp;% has the second best value of cost difference
with optimum solution in average and in maximum value. Values of other policies and
heuristics except fully dedicated policy are similar to each other however fd% has the

worst value in average and has important difference in values compared to others.

For some set of experiments, objective functions of policies sp% and hp,% give
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Figure 4.6. Comparison Graph of All Methodologies.

same value of cost with optimal solution. For 124 experiments, static policy has same

values of cost function with optimal solution, which means optimal solution of these

experiments are also solved with the same decision type. For the heuristic 2, costs

values of 8 experiments are same as cost values of optimal solution.

In Table 4.9, we observe experiments from heuristic 2, which has the policy that

flexible server gives service to customers with higher abandonment and holding cost.

For some of experiments, objective function gives the same value with optimal cost in

which type-2 customer has triple holding cost compared to type-1 customer. In addi-

tion, it is observed that abandonment rate of type-2 customer exists for all experiments.

Table 4.9. Same Cost Value of Heuristic 2 with Optimal Solution

M| Ag| pl|p2|m |72 | k| he|Bi|Ba]| cost
515120 (20(0|3|1]3]|]0]6]| 654
5 100|100 (3|1]3]0]| 61941
5120120031303 ]| 495
105130130313 [0]6] 385
W51 15(15(03]1|3]01}|6]1178
100/5(|3 (3|03 |1]3|0]| 3] 317
15| 5| 40 (40 0| 3 1130|6277
15| 5|40 (40|03 |1]|3]0]| 3] 271
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4.6. Comparision of Experiments with Low and High Values of

Abandonment Rates

We also design different parameter sets where abandonment rates only differ
and other parameters are fixed at the same value. We set abandonment rate with
a lower value, 0.25, presented by (71,72) = {(0,0.25),(0,0.25)}. As we analyse the
values of cost function, we observe that cost value becomes higher as abandonment rate
decreases. Some examples from experiment set and comparison of values of objective
function for the state V' (0,0) (begin to the system with none of customers) is given in

Table 4.10.
Experiments given below all have parameter sets of abandonments (0.25,0.25)

and (3,3) for cost values 1 and 2 respectively. Cost values with smaller abandonment

rates (cost 1) are higher than the values with higher abandonment rates (cost 2).

Table 4.10. Value of objective function with different abandonment rates

Al Al pl | p2 |hi| hy | B | B2 | cost 1| cost2
219120 ] 20 |1|05|2 |1/ 454 10.0
519 10 10 11052 |1 160.1 30.0
5 (510} 10 (1| 3 |2 | 6 | 5187 | 108.6
5|5 |667|667| 1| 3 |2 |6 |13246 | 191.7
1053 |3 |1] 1|11/ 458 10.3
10| 5 15 15 1 1 11| 1580 31.1
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4.7. Observations and Managerial Insights
We made the following observations from experiments given at previous sections;

1) when holding cost of type-2 customer is bigger than holding cost of type-1 cus-
tomer, giving service to type-2 customer by flexible server is generally chosen
when both types of customers exist in the system.

2) when service rates becomes slower, server 2 decides to serve type-2 customer
despite having lower holding cost for that customer type compared to other

3) when abandonment cost of type-2 customer is triple of type-1 customer, flexible
server decides to give service to type-2 customer

4) decrease in service rates leads to smaller threshold value for switching to type-1
customer from type-2 customer in case of having decision matrix with threshold;
in other words having less number of type-1 customers in the system is adequate
to switch to serve to this type of customer.

5) increase in holding cost and abandonment cost of type-2 customer tends to give
service to type-2 customers for flexible server

6) in cases of having decision matrix with linear switching curve, as service rates
increase, linearity curve becomes steeper. In other words, server 2 tends to serve
type-1 customer while having less number of type-2 customer in the system com-
paring to higher utilization rates.

7) for horizontal decision line, when service rate of flexible server is lower, it begins
to serve type-2 customer after having a number of type-2 customer in the system

which is smaller compared to higher service rate

Numerical studies generate certain managerial insights into related design and control

issues. We have observed a number of interesting properties and gained some useful

managerial insights in many aspects of such queueing systems.

1) Servers should not be idle while there exists customers in the system. In case
of not having a tool for making decision which customer type to serve, it should

serve its own customer. While there is no customers of flexible server, at that
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time flexible server should give service to other customer type. So, continuous
work of both servers result in better solutions compared to being idle.

At a queueing system, having only dedicated servers is the worst case since idle
times should occur for servers in case of no arrival of customers to the system.
So, system with both dedicated servers leads to much more higher cost. Having
flexible server in the system is a cost efficient behaviour for the branches at
banking sector.

Higher service rates of servers leads to lower cost at queueing system which shows
the importance of seniority and ability of servers. Performance of servers in terms
of service rates affects directly the system which should always be noticed by
banks.

Increase in arrival rates of customers leads to increase in value of cost function
which can be balanced with increase in number of servers in the system after a
proper feasibility analysis.

Higher holding and abandonment costs lead to higher cost at queuing systems.

~ So that, customer with more critical attributes should be served at the first place

by defining a prioritization method at queueing system.
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5. CONCLUSION

In this thesis, we investigate a queueing system motivated from the branches at
banks. We consider a dynamic scheduling problem with two servers and unlimited
arrivals of two types of customers. In the system, one of the servers are dedicated
whereas other is enable to serve both types of customers. The objective of the problem
is minimization of cost function while deciding on customer type to serve for flexible
server. Cost of system consists of holding costs and abandonment costs of customers,
while abandonment rates, arrival rates of customers and service rates of servers are

defined in the problem.

In the literature, tandem queues are generally investigated for the case of both
dedicated and flexible servers. One of the studies is close to our study however, it
analyses a closed system where there is no arrival of customers (Ahn et al., 2004).
This thesis also differs from other studies and contributes to the literature by solving
a dynamic scheduling of a queueing system with two servers and with the attributes
such as holding and abandonment cost of customers. The study is also an essential
source for banking industry since it mentions to use personnel at high utilization level

and to provide customer satisfaction.

Firstly, optimal model is designed by using value iteration algorithm which is
coded in C Program Language. The algorithm for optimal solution and heuristics is
provided to specify allocations for dedicated and flexible servers, respectively. Extensive
numerical analysis was employed to study the algorithm and the heuristics. For optimal
solution, cost function of the algorithm is calculated separately for different states, in
other words, for different number of customers in the system. Because, cost equation
differs for different points or intervals of number of customers in the system. In the
pseudo-code it can be seen that, many iterations are done in the algorithm to make
system reach steady state. Besides optimal policy, heuristics are modelled in order to
see the effects of their results compared to optimal solution. Heuristics are constructed

to gain insight for the managements of queuing system in banking sector. Some policies
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are applied for heuristics which can be summarized as following: (i) both servers give
service to only their own customers, (ii) flexible server gives service to other customer
type (type-1) in case of non-existence of type-2 customer in the system, (iii) flexible
server gives service to the customer type with higher total holding cost in the system,
(iv) flexible server gives service to the customer type with higher total holding and
abandonment cost in the system and finally (v) flexible server gives service to the

customer type with higher total waiting time in the system.

Furthermore, we evaluate impact of different values of parameters by construct-
ing an experiment set of parameters. We observe from the experiments of optimal
model that decision matrix for flexible server can be mainly grouped as priority based
(exhaustive), matrix with threshold value, a linear decision matrix and decision ma-
trix with horizontal threshold value. Firstly, priority based matrix referring to flexible
server giving service to type-1 customer if and only if type-2 customer does not exist, is
obtained for the conditions with high holding cost of type-2 customer and low service
rates. Secondly, decision matrix of flexible server with a threshold value is resulted
from having abandonment rate for type-1 customer. In addition, decrease in service
rates result in lower threshold value for switching from type-2 customer to type-1 cus-
tomer. In the third place, linear switching curve for flexible server exists for some
parameter sets with no abandonment rates. In addition, linear curve becomes steeper
with increase in service rates. Finally, another decision matrix has threshold value for
type-2 customer in the system in order to switch from one customer type to another.
This switching model is confronted with the cases of abandonment rates of type-1 cus-
tomer being triple of type-2 customer. This threshold value diminishes with decrease

in service rates.

Another observation is that some attributes for parameters affect cost value of
the problem. Cost value of the problem increases provided that arrival rates, holding

costs, abandonment costs increase and service rates, abandonment rates decrease.

In addition, experiments done in the study give some managerial insight that

can be essential to use for queueing systems at banking sector. Servers should not
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become idle in case of having customer to serve in the system. Therefore, flexible or
dedicated server should serve at least their own customers if there no a decision tool
to use for the queueing system. Flexibility of servers lead to decrease in cost functions
of the queueing model. For this reason, it is efficient for banks to train personnel and
authorize for multiple kind of jobs. In addition, seniority and capability of personnel
is also significant to decrease in costs for the queueing system since seniority leads to
increase in service rates that result in lower cost function. On the other hand, increase
in frequency at customer flow which means increase in arrival rates of customers leads
to increase in cost function. Consequently, busy times at branches can be more costly
to the bank with the same number of personnel. Because of this fact, banks should
consider to increase number of servers for busy times such as having part time personnel
under feasible conditions. Besides, customers with higher holding and abandonment
costs result in higher cost at queuing systems. So banks should realize that having
costly customers in the system should expose banks critical values of cost in case of

having any fault at service.

In conclusion, the queueing model defined in this study is convenient for banking
scctor as it takes both service quality, cfficiency into consideration. While taking costs
of customers into account, we consider quality of service. On the other hand, while
using flexible server in order to minimize cost function of the problem, we try to provide
efficiency while giving service to the customers. Future research can develop this design
function by including prioritization of customer types, increase in customer types and
number of both dedicated and flexible server. The problem can also be enriched by

adding costs of servers into the model.
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APPENDIX A: RESULTS OF EXPERIMENTS

Table A.1. Results of Experiments of V (0,0) for A;=5, Aa=5 and p=pl=p2 where
(1):Optimum,(2):Fully Dedicated,(3):Static,(4):Heuristic 1, (5):Heuristic 2,
(6):Heuristic 3

Exp| plm|m|b|h|A|6| Q) | @ |6 | @] 6|6
1 |20|0]l0o|1]05]2|1| 8 |2884| 87 | 96 | 96 | 96
2 100/0]0]| 105 2| 1] 38 |4627| 395 | 441 | 441 | 441
3 (67|00 1105] 2] 114333924 | 1449 | 1657 | 1657 | 1657
4 |20]o0|o|1|1|2]|2] 12207 120 | 121 | 121 | 121
5 [10lo|o|1|1|2]|2]562]|4794| 562 | 577 | 577 | 577
6 |67 00| 1| 1] 2] 220884563 | 2088 | 2268 | 2268 | 2268
7 |20lo0|0l 1|3 |2]|6]| 253 |3051| 253 | 254 | 254 | 254
8 |10lo|o|1| 3 |2]|6)]1228]|5460 | 1228 | 1237 | 1237 | 1237
9 |67|0] 0|13 |2 6|4646 | 7121 | 4646 | 4801 | 4801 | 4301
10 {201 0131105211 17 421 17 26 17 26
11 (100310521 49 483 49 s | 49 71
12 |67l0|3|1los] 2] 1] 92 | 391 93 | 117 | 92 | 117
13020031122 27 |43 | 21 | 20 | 27 | 29
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16 |20l0(3|1|3|2|6]| 65 |470| 65 | 66 | 65 | 66
17 |10]o0|3|1|3|2|6]| 194|628 | 194 | 198 | 194 | 198
18 |67/l0(3| 13| 2]|6] 345|643 | 345 | 364 | 345 | 364
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Exp| plm|re|m|lh|fh|bh] @) | @ |6 | @6 |6
19 (203 |0 |1 ({05] 2|1 13 426 15 14 16 14
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Exp| p|m|ne|(hm|h |6 |6 | Q)| 2| 6| @] 6G)]| 6
73 20| 0| 0| 1105[05]025| 8 |2884| 87 96 96 96
74 101 010 1]05]105]025| 389 | 4627 | 395 | 441 | 441 | 441
™ (67,0101 ]05[05]0.25]| 1433 | 3924 | 1449 | 1657 | 1657 | 1657
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87 (67| 0| 3| 1| 105 05 86 388 90 87 87 87
88 (200131 3 |05]| 15 42 446 | 42 42 42 42
89 10031 3 |05 | 1.5 | 107 | 542 | 107 | 108 | 107 | 108
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Table A.2. Results of Experiments of V (0,0) for A;=10, A;=5 and p=pl=p2 where

(1):Optimum, (2):Fully Dedicated,(3):Static,(4):Heuristic 1, (5):Heuristic 2,
(6):Heuristic 3

Exp| p|lm|elh|h |66 Q)| 2 | @ | @ | 6B | 6
1 3000110521 60 2524 61 67 67 71
2 151010 11052 | 1| 251 | 3762 | 263 | 284 | 284 420
3 1000 1(05] 2] 1| 812 |10699 | 899 | 832 | 892 | 12797
4 30001 1 2 i 2 75 2538 75 75 75 93
5 151001 1 2 12| 318 | 3818 | 318 | 325 | 325 518
6 10|00} 1 1 | 2| 2 [1042 | 10842 | 1042 | 1097 | 1097 | 25211
7 J0(0(0} 1|3 |2 |61 128 | 2591 | 128 | 128 | 128 132
8 15107001 3 |2 |6 541 | 4040 | 541 | 552 | 552 827
9 10001 3 | 2|6 |1613 | 11412 | 1613 | 1778 | 1778 | 74873
10 |30 0| 3| 110521 14 508 14 23 14 26
11 (15031052 1|1 42 514 42 67 42 84
12 |10 03| 1 |05 2 1 92 504 95 123 93 148
13 |30 0|3 |1 1 2] 2 19 513 19 21 19 41
14 |15 0| 3| 1 1412¢2 o7 230 57 72 57 142
15 |10 0| 3|1 1 21 2] 123 533 123 | 156 | 124 256
16 |30l 0| 31| 3|26/ 38 532 38 39 38 45
17 (15| 0| 3| 1 3 21 6| 118 591 118 | 127 | 118 201
18 (10| 0 (3|13 |26 238 | 647 | 238 | 286 | 238 | 688
19 (3013 101 1(05] 211 13 533 16 15 16 16
20 |15 31011 ]05] 2|1 43 669 60 48 68 63
21 |10} 3]0 1]05]2]|1] 108 628 143 | 119 | 235 443
22 (301301 112 | 2 16 536 18 17 21 20




Table A.2. Continued

79

Exp| plm|m|m|h|[A|8| QO | @ |G| @] 6| 6
23 |15]3|0|1|1]2|2|5 |67 |67 | 57| 91| 78
24 10|30 1] 1]2] 2] 13| 642 | 158 | 143 | 255 | 819
25 [30{3|0|1]3|2|6| 28 | 546 | 20 | 29 | 39 | 28
26 153 |0|1|3|2| 6] 93| 706 | 9 | 9 | 142 | 118
27 {10 3|0 1|3 |2] 6|26 701 | 217|218 | 343 | 2324
28 (30| 3|3|1]0o5]2] 1| 9 | 208 | 10| 13| 13| 15
20 15|33 | 1]o5] 2| 1] 31| 371 | 35 | 41 | 41 | 50
30 |10]3|3|1]05|2|1| 65 | 365 | 77| 77 | 7| 9
31 [30{3|3|1]1]2|2| 13|31 | 13| 13|13]| 24
32 1533|1122 44 | 38 | 44 | 44 | 44 | 80
33 (10331 1]2]|2| 92|30/ 92| 94| 94 | 144
34 |30 33|13 |26/ 23| 311|238 23] 23| 26
35 |15|/3[3|1|3|2|6 ]| 7 | 42| 7 | 78| 78| 158
36 (10|33 1] 3|2]6|152]| 440 | 152 | 159 | 159 | 363
37 30|00 1]0o5|1]|05] 60 | 2524 | 61 | 67 | 67 | 71
38 |15/ 0|0 1]05| 105|251 | 3762 | 263 | 284 | 284 | 420
30 |10/ 0|0 1]05] 105|812 (10699 | 899 | 892 | 892 | 12797
40 |30]o0ojo|l1| 11| 1| 7 |23 |7 | 7|7 | 93
41 |1500]0 1] 11| 1| 318] 3818|318 325 | 325 | 518
42 10|00 |1 ] 1] 1|1 |1042] 10842 | 1042 | 1097 | 1097 | 25211
43 30|00 1| 3| 1| 3| 128 2501 | 128 | 128 | 128 | 132
a4 |1500]0 1| 3|1 | 3| 541 | 4040 | 541 | 552 | 552 | 827
45 (10| 00| 1]| 3| 1|3 |1613]11412| 1613|1778 | 1778 | 74873
46 |30/ 0|3 1]0o5|1]05]| 13 | s07 | 13 ] 18 | 13 | 20
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Table A.2. Continued

31

Exp| p|m|re|h|h|B|B| 1) (2) (3) (4) (5) (6)
69 |10 3 |3 | 1] 1 1 1 61 328 61 62 62 90
70 |30 3|3(1}{3|1]3 13 302 19 19 19 20
71 (1513 (313} 1] 3 54 375 54 55 99 99
72 1033|113 ] 1] 3] 102| 368 | 102 | 105 | 105 | 218
73 |30 0] 0| 1|05|05|03]| 60 | 2524 | 61 67 67 71
74 |15/ 00| 1]05|/05|03]| 251 | 3762 | 263 | 284 | 284 | 420
75 |10l 00| 1]05]|05|03]| 812 | 10699 | 899 | 892 | 892 | 12797
76 |30|0|0| 1] 1]|05/05| 75 | 2538 | 7o 75 [ 93
77 l15/0l0o] 1| 1]05]05]| 318 | 3818 | 318 | 325 | 325 | 518
78 |10/ 00| 1| 1 |05|05]|1042 | 10842 | 1042 | 1097 | 1097 | 25211
79 |30l o0fo0o|1| 3 |05]|15] 128 | 2591 | 128 | 128 | 128 | 132
80 |15/ 00| 1] 3 |05]|15]| 541 | 4040 | 541 | 552 | 552 | 827
81 (10| o0]o0o| 1] 3 |05]|15]|1613 | 11412 | 1613 | 1778 | 1778 | 74873
82 |30/0(3|1]05/05|03]| 13 907 13 15 13 17
83 |15/ 0| 3| 1]|05|/05103| 34 507 35 40 34 46
8 (10| 0|3|1]|05|05|03] 65 490 81 72 67 80
85 |30 0|3 |1 05105| 16 510 16 16 16 23
8 15|03 |1|1|05|05| 43 516 43 46 44 69
87 |1W0(0|3|1|1]|05|05]| 33 504 95 90 90 121
88 (30{0{3|1| 3 |05][15] 28 222 28 28 28 30
8 |15/0(3|1]|3|05[15]| 76 549 76 79 T 132




Table A.2. Continued

Exp | p|lm |7k | BB |Q)]|2)]|B)]|@)](B)]| 6)
90 (10|10 {3 | 1| 3 |05]|15|152]|562]|153 | 161 | 153 | 282
91 (30|3|0{1(05({05({03| 12 518 13 |14 | 15| 15
92 (15|13 |0 05(05(03] 34 {607 38 | 38 | 49 | 55
93 |10 3| 0| 1(05[05(03| T4 |507| 77 | 82 |113| 418
94 |30 3|0j1|1]05]05]| 15 |520] 16 | 15 | 19 | 19
95 [15{3 (0| 1|1 |05|05| 44 |614| 45 | 44 | 60 | 68
96 (103 |0| 1|1 |05|05| 91 |522]| 92| 95 |135| 794
97 (30| 3|0 |1 | 3 (05|15 26 [531| 26 | 26 | 27 | 27
98 |15 3| 0| 1| 3 [05|15| 74 |643| 74 | 75 | 80 | 107
99 |10 3| 0| 1}| 3 |05]|15|150]|581|150 | 154 | 180 | 2299

100 |30 3|3 |1(05(05(03) 7 |28 8 9 9 9

101 |151 3 (3| 1[05|05[03] 19 [335| 21 |22 | 22 | 25

102 |10 3|3 |1]05(05(03| 35 |294| 38 | 38 | 38 | 43

103 |30 3 (3| 1|1 (05|05 9 [200]| 9 9 9 13

104 |15( 3|3 | 1|1 (05|05| 25 |339| 25 | 25 | 25 | 37

105 |10 3 | 3| 1| 1 |05[05]| 46 |302| 46 | 47 | 47 | 63

106 (30| 3|3 |1| 3 |05|15] 16 297| 16 | 16 | 16 | 17

107 |15 3 (3|1 | 3 |05|15| 43 [3b7| 43 | 43 | 43| 70

108 |10 33| 1| 3 [05]|15]| 76 [332| 76 | 78 | 78 | 146

32
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Table A.3. Results of Experiments of V (0,0) for A;=15, Ao=>5 and pu=pl=pu2 where
(1):Optimum,(2):Fully Dedicated,(3):Static,(4):Heuristic 1, (5):Heuristic 2,

(6):Heuristic 3

Exp| p |m|nlm|lh 6|6 Q)| 2 | @ | @ |6 ]| 6
1 40 0| 0] 1|05 2|1 47 2097 48 51 51 53
2 20 10| 0| 1|05 2| 1| 192 | 282 | 202 | 214 | 214 299
3 133/ 0|0 1]05|2 | 1] 605 |17320| 688 | 656 | 656 | 8747
4 40 (00 1| 1 2|2 55 | 2104 | 55 99 95 68
o 2010101 1 | 2] 2| 230 | 2880 | 230 | 233 | 233 430
6 133100 |1 1 2| 2| 752 | 17385 | 752 | 776 | 776 | 17141
7 40 0| 0| 1] 3 }2]6 83 2133 83 83 83 111
8 20 | 0] 0| 1| 3 |2 6] 341 | 2991 | 341 | 350 | 350 | 671
9 13310101 3 |2 |6 |1009 (17642 | 1009 | 1145 | 1145 | 50718

10 40 |0} 3| 1|05 2 |1 13 526 13 20 13 23
11 20 1013|1105 2|1 38 488 38 63 39 78
12 1330 | 3| 1(05]2]1 92 938 94 125 94 149
13 40 013 |1 1 21 2 16 529 16 18 16 36
14 20 10 3|1 1 2| 2 A7 497 47 63 48 131
15 |133|0 (3| 1{1}|2]|2]| 112 956 112 | 152 | 114 | 251
16 40 |01 311|326 28 541 28 28 28 73
17 20101313 |2|6]| 8 935 85 96 85 313
18 |133|0 |3 |1 | 3 |2]|6]| 18 | 1029 | 18 | 251 | 185 658
19 40 | 3]0 1105]2]1 14 560 16 15 15 15
20 20 1310110521 46 720 64 51 63 63
21 {1333 |0 1052 |1] 116 | 711 162 | 128 | 223 | 363
22 40 (3] 0| 1 1 29 2 16 562 18 16 19 19




Table A.3. Continued

84

Exp| p |m|m|h|h |66 @ | @ | @ | @ | 6| 6)
23 20 1301 1 121 2 94 724 69 a7 81 84
24 |133|3 |0 |11 ]2]| 2| 141 720 171 | 148 | 236 638
25 40 |3 (01 {3 }|2] 6 24 569 20 25 32 30
26 20 1 3]0 1 3121 6 32 743 88 87 123 123
27 (13313 (0| 1| 3 |2 | 6 | 203 754 205 | 206 | 306 | 1736
28 40 | 3|13 105|121 9 a2l 10 13 13 14
29 20 | 3|13 |1105]2]|1 32 399 37 42 42 50
30 | 13313 (3 |1]05]2 |1 74 396 88 86 36 99
31 40 (3|3 |1 | 1|2} 2 11 323 11 11 11 21
32 20 13143111 112] 2 42 404 42 43 43 78
33 (1333|311 |2 2 98 406 98 100 | 100 151
34 40 | 3|13 (1|3 |26 18 329 18 18 18 42
35 o0 1313141 312] 6 63 424 63 65 65 175
36 |133({3(3|1| 3|26 /|137 | 445 137 | 147 | 147 | 338
37 40 0| 0| 1|05|1|05]| 47 2097 48 51 51 53
38 20 | 0| 0| 1]05]1 (05| 192 | 2852 | 202 | 214 | 214 299
39 |133|0| 0| 1]|]05| 1|05 605 |17320| 688 | 656 | 656 | 8747
40 40 | 0] 0| 1 1 1 1 55 2104 55 55 55 68
41 2010101 1 | 1] 1 | 230 | 2880 | 230 | 233 | 233 430
42 (133|100 | 1 1 1 1 752 | 17385 | 752 | 776 | 776 | 17141
43 40 (00|13 |1]3 83 2133 83 83 33 111
44 20 | 0| 0| 1| 3 | 1| 3 | 341 | 2991 | 341 | 350 | 350 671
45 [133| 0| 0| 1| 3 | 1| 3 |1009 | 17642 | 1009 | 1145 | 1145 | 50718
46 40 1013|105 1]05]| 12 925 12 16 13 18
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Table A.3. Continued
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Table A.3. Continued

36

Exp| p |m|m|l|h ||| Q)| 2 | 3) | @ | G| 6
69 [133]3 (3|1 1|1 |1| 65| 33 | 65 | 66 | 66 | 94
70 | 40 |3 |31 |3 |1 ]3| 15| 320 |15 |15 | 15| 29
71 | 20 |3 (3] 13| 1|3 | 45 | 38 | 45 | 46 | 46 | 108
72 |133|3 (3| 1| 3| 1|3 | 91| 362 | 9L | 97 | 97 | 215
73 | 40 |0 |0 | 1|05|05|03| 47 | 2097 | 48 | 51 | 51 | 53
74 | 20 |0 | 0| 1|05]|05[03]| 192 | 2852 | 202 | 214 | 214 | 299
75 | 133 0] 0| 1|05|05]|03| 605 |17320| 688 | 656 | 656 | 8747
76 | 40 |0 | 0| 1| 1 |05[05| 55 | 2104 | 55 | 55 | 55 | 68
77 | 20 [oj0o| 1| 1 |05]/05] 230 | 2880 | 230 | 233 | 233 | 430
78 (13301 0| 1| 1 |05|05| 752 | 17385 | 752 | 776 | 776 | 17141
79 | 40 0|0 | 1|3 |05|15| 8 | 2133 | 8 | 8 | 8 | 111
80 | 20 |0 |0 | 1|3 |05|15]| 341 | 2991 | 341 | 350 | 350 | 671
81 (133 0| 0| 1| 3 |05|15|1009 | 17642 | 1009 | 1145 | 1145 | 50718
82 | 40 |0|3|1]05|05|03| 12 | 525 | 12 | 14 | 12 | 15
83 | 20 |0{3|1|05[05[|03| 34 | 484 | 34 | 40 | 34 | 45
84 [133|0|3|1|05|05[03| 70 | 930 | 8 | 77 | 7L | 85
85 | 40 |0 |3 | 1| 1 |05|05| 14 | 527 | 14 | 15 | 14 | 21
86 | 20 |0 3| 1| 1|05[|05| 40 | 490 | 40 | 43 | 41 | 65
87 [133(0|3| 1|1 |o5|05]| 89 | 939 | 95 | 92 | 91 | 123
88 | 40 |0 |3 | 1|3 |05|15| 22 | 535 | 22 | 23 | 22 | 38
89 | 20 |0|53|1]|3|o5|15]| 62 | 511 | 62 | 65 | 62 | 137




Table A.3. Continued

Exp polm|ve || h | BB |(1)] 2| @) ]|@]|G)]| 6)
90 (133| 0|3 | 1| 3 |05({15}|134|978 | 134|147 |136| 274
91 40 | 3]011]|05|105103| 12 |540| 13 | 13 | 14 | 14
92 20 {3101 1]105|05(03| 34 |629| 39 | 38 | 46 | 51
93 (1333 |0| 1105|0503 75 |528| 82 | 82 | 107 | 326
94 40 | 3| 0| 1| 1 |05|05| 14 | 542 15 | 14 | 17 | 17
95 20 | 3|0 1] 1 |05|05) 42 |634| 43 | 42 | 55 | T2
96 |133|3|(0| 1|1 |05[05] 90 |537| 90 | 91 |124| 600
97 40 | 3 10| 1 3 (05|15 22 | 549 | 22 | 22 | 22 28
98 20 (3|0 1] 3 |05(15|62|652| 62| 63 | 67 | 111
99 (1333 | 0| 1| 3 |05]|15|125|571| 125|129 | 152 | 1699

100 | 40 {3 |3 | 1]05{05(03| 7 |309] 7 9 9 9

101 | 20 { 3|31 |05({05({03} 20 [348} 21 | 23 | 23 | 26

102 | 133|133 |1(05|05103| 38 [295| 43 | 42 | 42 | 47

103 | 40 |3 (3|11 ]05|05| 9 (310 9 9 9 12

104 | 20 | 3|3 |1| 1 |05]05| 24 |351| 24 | 25| 25 | 37

105 | 133 |3 | 3| 1|1 |05|05| 48 |[300| 48 | 49 | 49 | 66

106 | 40 (3|3 | 1| 3 (051513 |315| 13 | 13 | 13| 22

107 | 20 { 3| 3| 1| 3 [05]15] 36 362 36 | 37 | 37| 75

108 (1331313 | 1| 3 |05|15|69 [320]| 69 | 72 | 72 | 143
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