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ABSTRACT 

During the last 25 years, the use of the finite element method 
in structural engineering area has provided a powerful tool for 
engineers that has very wide appli~ability. This method also can be 
applicable to reinforced concrete members and structures. To be able 
to use finite element method for the concrete, the behavior of concrete 
must be modelled numerically, considering concrete cracking, tension 
stiffening, multiaxial material characteristics, interface behavior, 
bond properties and other effects. In this study, interface behavior of 

concrete is studied, and a· finite element program is developed. 
Aggregate interlock mechanism that is the concrete to concrete 
interface shear transfer mechanism, is studied using Gambarova­
KarakoQ formulations. A new concept, shear retention factor which is 
supposed to take ac'count of the reduction of the shear stiffness of 

concrete elements by cracking, is analyzed and by' making use of the 

KarakoQ formulations, an original formulation is proposed. The 

results of the analysis performed in this study are compared with the 
experimental results obtained by various researchers. 



v 

6ZET 

Son 25 Yllda bQyQk geli~me gOsterell soniu eIemaniar metodu 

yapl mQhendisliai alan1llda 90k geni~ uygulama sabasl buImu~tur. 

Czellikle lineer olmayan bir malzeme olan betonarmede bu metod 

etkili bi~imde kullanllabilmektedir. Fakat metodun bassas sonu5tIar 

vermesi gergek malzeme daVran1~lnln modellenmesi ile mllmklln 

olabilir. 

Bu 9ah~mada betollarme kiri~Ier, dikdortgen elemaniar 

kullanllarak ve beton He gelik arastndaki aderans dikkate ahnarak 

soniu elemanlar metodu He ineelenmi~tir. Bunun yanlnda 9at1aml~ 

betonun kesme kuvveti aktanml i9in Gambarova - Karak09 formiilleri 

kullanl1ml~hr. Aynea kesme rijitligini bir katsaYl ile 9arparak 

azaltma ilkesine dayanan kavram ineelenmi~ ve kar~llallhrmah anaHz 

yapllmtllhr. 
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I. INTRODUCTION 

1.1. GENERAL 

The developments in the computer technology during the last 
few decades have provided new design tools for the structural 

engineer. At the same time~ the construction industry has undergone 
an evolution characterized by the construction of large scale and 
sophisticated structures. SpeQial attention must be paid to structural 
safety because any structural failure or even local damage may give 
rise to many problems for community ~ both spatially and temporally. 
The use of conventional techniques proves to be no longer sufficient. 
To overcome such problems~ much more sophisticated methods have 
been developed. 

Recent research, 80 far, has focused on the development of 

realistic constitutive laws for concrete and also reinforced concrete. 
The primary purpose of these attempts was to implement the numerical 
models into finite element programs. One of the important objects of 
the research concerns the in-plane shear transfer, across the existing 
cracks in concrete. Interface shear transfer provides a vital 
contribution to the capacity of structures. There is still a lack of 
knowledge about the triaxial behavior with regard to shear forces In 
cracked concrete. The main reason is that shear loading leads to 
complicated physical mechanisms such as multi axial stress conditions 
with inclined crack formation in the beams or walls, interlocking of 
cracks~ rotation of cracks~ dowel action, and reduced bond resistance 
of reinforcing bars. 

Interface shear transfer mechanisms can be divided into two 

parts as concrete-to-concrete (aggregate interlock) and concrete-to­
reinforcement mechanisms (dowel action). 

The basic aim of this study is to present a unified approach for 
the numerical 'modelling of inelastic behavior of concrete. This 

approach is incorporated in a finite element anal,ysis and through a 
computer, program in which special provision is made for inte~face 
shear transfer mechanisms especially aggregate interlock mechanism 
and bond interaction between concrete and steel. 
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1.2. LITERATURE REVIEW 

The behavior of concrete depends on its compound, casting, 
loading type, loading history, time and cracking. The investigations 
carried out until now show that all of the proposed models have 
certain deficiencies. Most widely used failure envelope was developed 
by Kupfer and Gerstle (1) according to the results of series of tests 

conducted by themselves. Furthermore, an idealized model on 
equivalent strain concept is proposed by Darwin and Pecknold (2). 

The model based on several experimental results conducted by Karson 

and Jirsa. L. Cedolin and others (3) developed a triaxial failure 

envelope for concrete under short term and monotonic loading using 
their experimental results. 

Some of the important interface shear models for concrete are 
proposed by Fardis and BoyOkoztOrk (4), Bazant and Gambarova (5), 
Gambarova and Karak09 (6), Walraven (7). These models were 
developed due to the test results of Paulay and Loeber (8), Daschner 
(9). 

U sing the results of the theoretical and experimental studies 
on concrete, many constitutive models have been developed. By 

making use of these models, some complex nonlinear finite element 

packages were written. Available nonlinear computer analysis 
methods for structural concrete forms may be distinguished from each 

other by structural discretization; adopted constitutive laws and the 

prestressing modelling. 

Ngo and Scordelis (10) published the first paper on finit~ 

element analysis of reinforced concrete structures. Nonlinear analysis 
of reinforced concrete elements using finite element method have been 

published by Cervenka(II), Valliopan and Doolan (12), Yozogollo 

and Schnobrich (13), Cedolin and Dei Poli (14) and many others. 

One of the advantages of using the finite element method for 

the investigation of the behavior of reinforced concrete elements is 
that it gives a wide range of information from a single computer 

analysis such as normal and shear stress distribution, tensile forces in 

reinforcing steel, forces in bond-link elements, principal stresses. 
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1.3. OBJECT AND SCOPE 

Modelling of the interface shear transfer (aggregate interlock) 

mechanisms as means of transferring shear stresses along preformed 

cracks has great importance in determining the stiffness chacteristics 
of reinforced concrete. 

Many mathematical models have been developed during last 
twenty years period to characterize the real stress-strain behavior and 
the failure criteria of the concrete under multiaxial stress states. All 

of these analytical models have certain inherent advantages and 
disadvantages which depend on their particular application. 

Three primary factors, namely, aggregate interlock of cracked 

concrete, bond mechanism between steel and concrete, dowel action of 

reinforcing steel affect the nonlinear behavior of concrete subjected to 

shear. 

In this study, inelastic behavior of concrete is studied using 

aggregate· interlock mechanism and local bond mechanism while dowel 
action mechanism being disregarded. While these mechanisms are 
being studied; a comparative study is conducted using a finite element 
computer program. Furthermore, some important concepts such as 
shear retention factor, path dependency in cracked concrete are 

studied. 
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II. MATERIAL MODELS 

II.l. NUMERICAL MODELLING OF CONCRETE 

There are several models for defining the complicated stress­
strain behavior of concrete under various stress states. 

Experimental results show that concrete behaves in a highly 
nonlinear manner under uniaxial compression. Figure 2.1.1 shows a 
typical stress-strain relationship subjected to uniaxial compression. 
This stress-strain curve is linearly elastic up to 30 per cent of the 
maximum compressive strength. Above this point, the curve increases 
gradually up to approximately 70-90 per cent of the maximum 
compressive strength. Immediately after the peak value, this stress­
strain curve descends. This part of the curve is termed softening. 
After the curve descends, crushing failure occurs at an ultimate strain 
8CU • A numerical expression bas been developed by Hognestad (15) 

which treats ascending part as a parabola and the descending portion 
as a straight line. This expression can be given as: , 

for 0<8<8 0 : 

~=2..!.(1-~) 
Gal 80 280 

(2.1) 

for 8'0<8<8'0 

(2.2) 

Equivalent uniaxial strain concept for any stress has been 
developed so as to assess, at any stage, degradation of stiffness and 

strength of plain concrete and also to allow the actual biaxial stress­
strain curves to be extracted from such uniaxial curves. This concept 

provides a method of separating the Poisson effect from the 

cumulative strain. 
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Figure 2.1.2 shows the equivaJent uniaxial strain sie for 
considering the concrete as a linear material. The value of sie for 
nonlinear part is written as 

So = ~dso = ~..1Gi 
u: ~ u: ~E 

ti 
(2.3) 

where dSie and dOi are, respectively, differential changes in stress 

and equivalent uniaxial strain in the ith direction.l: is for all load 
increments and Eti is the tangent modulus in the ith direction. 

The widely used function for the simulation of stress-strain 
curves for concrete under biaxial stress states is based on a direct 
extension of Saenz's equation in compression. Saenz(16} selected 
curves for compressive loading and has defined them numerically as: 

EO :Tangent modulus of elasticity at the beginning. 
Es : Secant modulus at the point of maximum compressive stress. 
sie : Equivalent uniaxial strain at the maximum stress. 

(2.4) 

Saenz's curve is particularly useful because the initial slope 
. and the values of peak stress and corresponding strain can be entered 

as independent variables. (Figure 2.1.3) 
Some investigators have attempted to evaluate concrete 

strength under biaxial compression, biaxial tension, biaxial tension­

compression or under any combination of loads. The value of the 

maximum compressive stress 0cu is a function of the principle stress 

ratio a=01/o2, the uniaxial compressive strength fc' and the strain at 
the peak uniaxial stress Sc. The value of the maximum stresses in the 
two principle directio~s 0lc and 02c can be obtained from the biaxial 
strength envelope modified by Kupfer and Oentle (1). (Figure 2.

0

1.4 ) 

For the biaxial compression region Kupfer and Oerstle found 

the closely estimated strength envelope for 0l~ 02 such as : 
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(2.5) 

The boundaries for four regions can be obtained easily from 
the curve. Failure occurs when non:dimensionalised stress lies outside 
the failure envelope. Throughout the analysis, tensile stresses are 
considered to be positive and compressive stresses to be negative. For 

. tensile failure, it is assumed that the load may be carried in the 

direction of the crack and may not be transferred across crack. For the 

case of compressive failure, it is assumed that no load may be carried 

in any direction.(Figure 2.1.5) 

This model is suitable for the application to planar problems 
.such as beams, deep beams, shear walls, panels and thin shells where 

the stresses are mainly biaxial. 

11.2. NUMERICAL MODELLING OF STEEL 

In this study, the steel reinforcement is taken as uniaxial bar 

elements. For steel elements, an ideal elastoplastic behavior is 

assumed. 
The modulus of elasticity of steel and maximum strain are 

taken as E=2.106 kg/cm2 and smax=O.OI 
. After yield point, the behavior is modeled by using a line ·with 

a little inclination in order to prevent some problems which may arise 

during calculations. 
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II. 3. NUMERICAL MODELLING OF BOND 

Much work has been carried out on the bond between concrete 

and steel. This phenomenon still remains as one of the most difficult 

topics in the study of concrete. If is found that the bond between 

concrete and steel is due to the combination of chemical adhesion, 
bearing action and friction. For a small slip, there will be an adhesion 
surface between the concrete and steel, resistance to slip is given by 
the shear strength of the fine particles of concrete filling the ribs of 
the steel. When some slip occurs, the adhesion will be zero. Bearing 
action is caused by the_ ribs of the bars or prestressing cables in 
contact with concrete. Slip takes place when the concrete surrounding 

the reinforcement bars or cables is crushed. At the failure of the 

structure, bond generally depends on the friction at the failure 
surface. This friction is destroyed when large slip occurs. The bond­

slip relationship is vital for bonded members SUbjected to incremental 

and ultimate loads. 
The main variables which might affect bond between concrete 

and steel are: 
(a) concrete mix, temperature and humidity; 

(b) the age of concrete; 
(c) the tensile and compressive strength at test; 

(d) bar type, embedment length and concrete cover; 

(e) the loading speed and repeated loadings. 
One of the important bond stress-slip models is Ngo-Scordelis 

model (10). This model is simple and easily applicable to the finite 

element programs. Figure 2.3.1 shows a two dimensional linkage 

element to be incorporated into a finite element analysis. The springs 

are denoted by kh and kv respectively. The value of kh can be given 

by 

(2.6) 

where kh is the slope of the local bond slip curve, dab 18 the 

incremental bond stress and dS is the incremental local slip. 
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III. MODELLING OF CRAC-KED CONCRETE 

III. I. GENERAL 

Concrete behavior has some important nonlinearities 

regarding both uncracked concrete and cracked concrete. Concrete in 

tension is modelled as a linear elastic strain softening material. The 

principal stresses and their directions are computed initially in 

uncracked concrete. If the maximum principal stress for some reason 

exceeds the limit value, a crack is assumed to occur in a plane 

perpendicular to this stress. After this, the material behavior in this 

zone of concrete becomes orthotropic. The local material axes in the 
given zone coincide with the principal stres.s directions. If one of 
these directions is fixed, the procedure is known as 'fixed crack 

approach'. If the principal material axes is rotated to coincide with 

the principal stress and strain directions, the model is known as 

'rotating crack model'. In this study, fixed crack approach is used. 

It ·is the fact that cracked concrete transmits a significant 

amount of shear because of roughness along each two surfaces. The 

shear transfer mechanism is 'aggregate interlock' which depends on 

the aggregate size and grading and accompanied with crack dilatancy 

which is the coupling between the tangential displacement and normal 

displacement along crack surface.(Figure 3.1.1.a,b,c) 

Some steps of formulation for cracking can be written as: 

(a) The direct tensile stress cannot· be supported in the direction 

normal to the cracks when crack occurs. 

(b) The opposite faces of a crack opening in a normal direction will 

interlock when they are subjected to a parallel differential 

movement. As a result, restraint of movement and volum'e 

changes will cause forces which will only be. transmitted across 

the crack. With large crack widths, these surfaces would 

completely separate and the aggregate interlock becomes no 

longer present. If the strain across the crack is positive, the 

crack is considered open and rigidity is kept zero. 
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(c) If interlocking occurs, the shear stress 't along the crack will not 
be zero and it is linearly related to the strain caused by the 
differential movement. 

(d) During the unloading procedure of the structure the interlockin$ 
faces of crack and the surface deterioration will not interfere 

with the closing of crack. Crack closes if the normal across the 
crack is compressive. 

The best way to handle these cracks is to adjust material laws 

in zones where they occur with their natural directions. The material 

matrice [0] can be modified easily to accomodate the initiation of the 
cracks in specific directions using direction cosines. 

Aggregate interlock· is generally associated with already 
formed, continuous, mostly linear through cracks, which are locally 
rough. A substantial interface shear transfer can only be attained if a 
restraining normal force is provided along the crack, either by the 
reinforcing steel or by the boundary restraints. 

Aggregate interlock is essentially a material problem, since 

the behavior of a single crack is related to the characteristics of 

concrete such as maximum aggregate size, aggregate shape and 

concrete tensile strength. Cracking should be regular with mostly 

parallel and closely spaced cracks. 
A shear slip of crack cannot occur at constant crack opening 

if the normal stress across the crack surface is constant. Slip is 
always accompanied by an increase of crack opening and if the 
opening is kept constant a large compressive stress is induced on the 
crack surface. The compressive stress must be balanced by the tensile 

forces in the reinforcement. 
Shear displacements along diagonal tension cracks, are 

caused by shear forces in reinforced concrete beams. The resulting 

interface shear transfer by aggregate interlock is the main cause of the 

shear resistance in beams without web reinforcement. 
Aggregate interlock problems involve so many different 

mechanical and geometrical parameters that analytical models must be 
based on sound· experimental evidence. There are mainly four type of 
experiments for direct shear as it can be seen in Figure 3.1.2. 

a,b,c,d,e : 
(a) at ~onstant confinement stiffness (Figure 3.1.2.a); 
(b) at variable confinement stiffness (Figure 3.1.2. b); 
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(c) constant crack opening (Figure 3 .l.2 .c); . 

(d) at constant confinement (Figure 3.1.2.d); 

(e) at constant crack dilatancy (Figure 3.1.2.e). 

III.2. AGGREGATE INTERLOCK 
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The shear transfer mechanism based on aggregate interlock 

has been known for a long time in its behavioral aspects, .owing to the 

many test results obtained during sixties, seventies and early eighties. 

According to the results of these investigations, this concept is 

related to either kinematic (crack opening, slip, crack dilatancy, 

initial crack width), mechanical (confinement across the crack plane, 
aggregate and matrix strengths) or morphological (overall and local 
roughnesses, maximum aggregate size and aggregate type i.e.rounded, 
crushed, light-weight). 
The remarkable experimental efforts have made it possible to 
understand such basic concepts as crack dilatancy (i.e. the coupling 
between shear stress and crack opening, which also includes the 

coupling between normal stress and crack slip) and shear-confinement 

interaction. The derivation of constitutive equations for cracked 

concrete are improved using more realistic nonlinear finite element 

analysis. Actually, the formulation of suitable constitutive laws for 
cracked concrete became necessary after the concept of sme·aring the 

cracks over an entire element was shown to be highly suitable for 

finite element analysis . 
. Mainly there are three types of approaches which are 

available for finite element analysis in modellization of cracking: 

(a) smeared cracking model~ 
(b) discrete cracking model; 

(c) fracture mechanics model. 
In the analysis, if overall load-deflection behavior is needed 

neglecting the realistic crack patterns and local stress concentrations, 

smeared crack approach is the best choice. In this study, smeared 
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crack concept is used. In general, this concept is mostly used in 
solving the problems of structural concrete members. 

In the smeared crack concept, concrete is assumed to remain 

as a continuum. Gradual built-down or sudden drop of strength in the 

direction of tension is allowed in this concept. In this study, sudden 
drop of strength is assumed to use after tensile stress is exceeded. 

Greatest attention has been given to the· planar cracks 
subjected to monotonic loading, in order to formulate the incremental 
stiffness matrix of a crack. Generally this matrix is assumed as in the 
following form : 

dcr:n == BIIIld5n + Bmd5, 
da~ = BIIld5n + Bttd5, 

(3.1) 

where Bnn, Bnt. Btn, Btt are crack stiffnes coefficients, which 

-depends on on ,ot. (Jnnc, (JntC and other possible state parameters 
(Figure 3.2.1) 

The crack stiffness matrix is neither symmetric nor positive 

definite. Thus, crack response tends to be unstable but the response is 
usually stabilized by the restraint provided by the reinforcement. 

Because of relative scarcity of test data, much simpler and 
less general formulations have been adopted. Generally the functional 

. relationships can be expressed In a direct stress-displacement form 

such as : 

(J::n = F1(on,oJ (J~ = Fl(0Il.,oJ (3.2) 

(J~ = F3«J~,0,) 011. = F4«J~,OJ . (3.3) 

a::n = Fs(a~,oJ 0, = F6(a~,oJ (3.4) 
I 

The main weakness of a total deformation concept is the , 
• assumption of path-independency for the response. However, In 

inelastic behavior, path dependency is expected and should be 

accounted. 
In finite element analysis, smeared crack concept can be 

applied to introduce the properties of crack, including the aggregate 
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hars ---

FIGURE 3.2.1 Cracked reinforced concrete (17) 
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interlock. Actual interface displacements are replaced' with averaged 
strains. Thus, the constitutive laws of the 'cracks become the laws of a 

new material thus the calculation of the incremental stiffness matrix 

Ocr becomes possible. The smeared crack concept can be used in 
regularly cracked elements with average crack spacing's' . 

, Some of the important models which can be used to develop 
the constitutive laws for cracked concrete, can be summarized as : 

(i) Empirical models : 

a) rough crack model (Bazant and Gambarova); 
b) rough crack model (Gambarova and Karakoc); 
c) simplified aggregate interlock relation (Walraven ). 

(ii) Physical crack models : 

a) two-phase model (Walraven, Reinhardt, Pruijssers, Frenay); 

b) contact density model (Li and Maekawa). 

In this study, the "tough crack model" is used. The rough crack model 
is based on some general properties that are to be expected for rough 

~nd cracked surfaces. These properties can be deduced by considering 

a few simple micromechanical models. The interface stresses are 

assumed to be mostly dependent on the displacement ratio r=at/an 

(wedge effect) for small crack widths. The general roughness is 

disregarded and only the local roughness is introduced and as a result 
of this, the number of contact points along the crack interface may be 

assumed as infinite and the resulting stress-displacement relations 
can be considered continuous and smooth.(Figure 3.2.2.a,b,c) 

Basic properties of a planar but locally rough cracks are: 

(a) an<O that is the state of being negative crack opening and it is 
not possible and the normal stress annc must be compressive. 

(b) Full continuity in the material exists for an=O (no crack). 

(c) The confinement stress can not exceed the compressive strength 

f c'· 
(d) For at=o and an>O, confinement stress annc must be zero. Thus 

the crack surfaces cannot be in contact. 
(e) The number of the contact points at the crack faces decreases 

while an is increasing and at is constant or increasing. 
(f) The number of contact points at the crack interface increases at 

increasing values of Ot while on is constant or greater than zero. 

(g) Crack roughness has trapezoidal asperities. As stated before, the 
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interface stresses are mostly related to the displacement ratio 
r=8t/8n· Spherical asperities cause'to develop a strong wedge 
effect. Shear transfer requires very limited or even zero 
confinement at small crack openings. Crack opening prevails 
over crack slip when crack faces are moving apart 

(h) The contact between surfaces is lost for large values of the 

normal crack displacement when Sn > Dmax where Dmax is the 
maximum aggregate size in the concrete. 

(i) The interface stresses are formulated as shown (17) : 

(3.5) 

By optimizing the fittings of Paulay and Loeber's test data (8) 

with constant crack opening and infinite restraint stiffness (Figure 

3.2.3.a.b.c.) and Daschner and Kupfer's test results (18) with constant 

confinement stress and zero restraint stiffness and by assuming for 

the aggregate grading by Fuller's curve, the following relations were 

developed: 

(3.6) 

(3.7) 

where, 

Dmax is the maximum aggregate size and fc' is the concrete cylinder 

strength. 
The influence of the shear slip 8t is so dominant that the 

contribution of the crack opening can be neglected. A new equation 
has derived by Karakoc( 19) using this logic (Figure 3.2.4.a,b) : 
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(3.9) 

For the case of constant crack opening Karakoc gives the 
following formulations (20): 

(3.10) 

(3.11) 

substituting the equation (3.10) into equation (3.11) : 

(3.12) 

Karako~ has already shown that, for the constant crack 
opening case, the equations (3.10) and (3.11) can be effectively us:ed 

to predict the coefficient of friction, if a frictional nature is assumed 

in aggregate interlock mechanism (20). The figures, from Figure 3.2.5 

to Figure 3.2.10 show the comparison between equation (3.10) and 

test results of Daschner and Kupfer. In these tests for constant crack 

width case, crack width Sn ranges from 0.05 mm. to 0.4 mm. Cube 
strengths of concrete specimens varies between 25 to 55 MPa. 

Maximum aggregate size varies between 8.mm. to 16 mm. 
The formulations 3.10, 3.11, 3.12 for constant crack width 

case have been shown to be quite satisfactory when compared with 
Daschner and Kupfer's test results which have been obtained by highly , 

developed and sophisticated· experimental setup allowing the i 

resultant of the applied shear and normal forces to pass through the 

centroid of the cracked concrete specimen. Therefore, no secondary 

stresses come -into picture. 
The cracked stiffness matrix can be obtained using the 

differentiated formulas of Delft University Report. (2 1) 
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IlL 3. FINITE ELEMENT MODELLING 

The cracked stiffness matrix [B] can be obtained using the 
equations (3.1) : 

B = ro:n 
ID1 00 

11 

(3.13) . 

(3.14) 

(3.15) 

(3.16) 

The crack stiffness matrix can be converted to the following 

matrix equations using the equations (3.1): 

dOll = FID1.da~ + Fm·da~ 
dOt = FII1.da~ + Ftt·da~ 

(3.17) 

in which the F ij terms represent the elements of the flexibility matrix 

of the crack [F]. 
In the smeared crack approach, as stated before, the 

deformations can be considered as continuously distributed. 
According to this assumption, the averaged strain concept can be used 

in finite element modelling of cracks. 
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The averaged strains can be written in the following way = 

1% -0 sit -
S 

",1% =2sl% =_t 
I at lit 

S 
(3.18) 

If the dowel action and the kinking effect of the reinforcing 
bars are neglected across the cracks,' a new assumption can be made 

such as the stresses in the solid uncracked concrete between the 

cracks are equal to the stresses on the cracks. So, the averaged strains 

of the concrete element are the summation of the solid concrete strains 

and the strains of the crack. 
(3.19) 

(3.20) 

In which [FCS] is the incremental(tangential) flexibility matrix of 

uncracked solid concrete. 
If perfect bond is assumed between concrete and 

reinforcement, the average strains of reinforcement is almost same 

with the cracked concrete (Figure 3.3.1): 

(3.21) 

In which superscript st refers to steel reinforcement. Because of 
occurnng of cracks with inclination, transformation matrix must be 

used. 

11 

Dil = LTaTDfTa (3.22) 
i-l 

. [X Y 
Ti= Y X 

-XY XY 

2XY] 
-2XY 
X-Y 

(3.23) 
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~] (3.24) 

where X=Cos p , Y=Sin p, p = angle between global axis and bar 

direction, p=reinforcement ratio . 

form: 

Total stress-strain equation can be written as in the following 

da=O.ds 

y 

O=Oc +01 

P .'1\ It 
Y 

FIGURE 3.3.1. Cracked concrete and perfect bond 
(equivalent steel ratio) (17) 

(3.25) 
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IV. SHEAR RETENTION FACTOR 

In last twenty years, considerable impulse has been given to 
the development of non-linear calculation techniques. As stated 

before, the formulation for the constitutive modelling of materials, 

much progress has been manifested. The main aim of these studies is 

to develop successful constitutive models which have good balance 
between simplicity and accurate description of material behavior. 

In plain cracked concrete, a coefficient named as shear 
retention factor can be used to describe the shear stiffness 
deterioration and introduce the contribution of aggregate interlock by 
decreasing the shear modulus Gc of uncracked concrete: 

Gcr=fl·Gc (4.1) 

The development of the various formulations for shear 

retention factor has followed the continuous progress and an 

increasing sophistication of finite element analysis. Most of the 

formulations for the shear retention factor, although they may be so 

complicated, must be seen as a very simplified ~nd empirical 
representation of the shear behavior of the cracked concrete, because 
they neglect such relevant and complex aspects as crack roughness, 
aggregate shape and size, concrete dilatancy, the friction between 
aggregate and mortar. 

In the earliest period, (1970-1975) the factor f3 was generally 
given as a constant value between 0 (crack faces perfectly smooth) 

and 1.0 (crack faces fully locked-up) as it can be seen in Figure 4.1. 

In later times, two step or continuously decreasing formulations was 

adopted, especially after crack opening was recognized to be a maj or 

factor in reducing crack shear stiffness (Figure 4.2). 
Analytical and experimental investigations with regard to the. 

material behavior showed that the behavior depends on many factors 
and that the interaction between two crack faces generally cannot be 
characterized by only a relation between shear stress Gnt and shear 

displacement St coupled by a coefficient. 
As stated before, the crack width is an important parameter 

which cannot be neglected. Also, for a simplified representation of the 
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actual crack behavior, two important appearance should not be 
disregarded (Figure 4.3.) 

(a) ~n increasing crack width should cause to a decreasing shear 
stiffness because the contact area becomes smaller. 

(b) The wedging effect causes also to develop normal stresses. 
In most formulations, the crack opening 8n is changed by the 

equivalent strain snncr= 8n/s at right angles to the crack surfaces. 

Generally, the contribution of solid concrete to normal strain is 

neglected. 
In the literature, main studies done on shear retention factor 

belongs to Walraven and Keuser (22), Rots and Pruijssers (17), Hanna 

and Mirza (l7). 

1 
j}= I+ks 

OIL 

with k=4447 and k=F(Da,snn,Ynt)· 

j} = exp(-ks!J~ 0.70 

with k=140000. 

(4.2) 

(Rots and Pruijssers) 

(4.3) 

(Hannaa,lnd Mirza) 

More complex but also more rational formulations can be 

derived using micromechanical relations derived before. Using 

equations 3.1, the matrix form can be obtained as below : 

(4.4) 

with D ··cr=h B··cr lJ . lJ . 
According to the many experimental results, D12cr is not 

equal to D2l cr which means the matrix is asymmetric and requires 
complicated numerical process. The aim of developing the shear 
retention factor is to simplify the description of the shear stiffness of 
cracks. So there is need to look for a further simplification in 

analysis. 
The coefficient D12cr enables, the calcu,lation of the normal 

compressive stress ann which is generated by parallel displacement of 
crack faces. It can be said that, while keeping the crack width 8n 
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constant, shear and normal stresses are developed at increasing shear 
displacement St. 

The coefficient D21 cr enables the calculation of a decrease of 

the shear stress Gnt with increasing crack opening St. The resistance 
to a shear displacement decreases with increasing crack width. But 

this can be taken into account by defining the coefficient D22cr asa 

function of the crack width Sn. This -allows us to put also D21 cr equal 

to zero. Using the derivatives of Gambarova-Karakoc formulation 

given in Delft University Report (21) and equation 4.4 ; 021 cr,022cr 

values are written as : 

(4.5) 

(4.6) 

in which 

(4.7) 

The total strain is the summation of strains of cracked and 

uncracked parts of concrete between the cracks. For an uncracked 
" section the relation between shear stress and shear strain is : 

(4.8) 

so that the total strain for the cracked concrete is (Figure 4.4.): 
(4.9) 

The total shear strain for the cracked concrete can be written 

such as : 

e 1 2(I+V)] ct 
y ut. = y: + rut. = [oct + E Gut. 

21 e 

(4.10) 

", 
! 
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The same equation can be formulated using Jl shear retention 
factor~ as : 

( 4.11) 

By equating the formula 4. ~O to 4.11, 13 can be found such as 

1 13=[ ] 
Ee I 

. 2(I+v)O~ + 

(4.12) 

In order to establish 022cr, which relates a pure shear 
displacement to a pure shear stress, the most feasible test type is 
constant crack width test. 

The values for 022cr in the literature are mostly derived 
using the results of Paulay and Loeber's tests published in 1974 (8). 

To be realistic for the values of 022cr, the point which is, parallel 

displacement of cracks causes irreversible damage to the crack zone, 

cannot be disregarded. Under all kinds of loading even under 

monotonic loading, there must be non-particular relation between 
stresses and displacements along the cracks. 

Millard and Johnson have concluded on this subject such as: 
"If a cracked specimen undergoes shear displacement without crack 
widening occurring, there must be a great deal of irreversible damage 
caused. If the crack is then widened, it might be expected that the 
shear and the normal stresses would be quite different from those tha~ 
would result if the crack was first widened and then caused to shear 

"(23). 
Besides, Nissen(24) has compared the test results of Walraven 

and Oaschner in Figure 4.5. 
In the lower part of diagram, for the two different crack 

opening paths, at the intersection point A, significant difference 
between shear' stresses is obtained. Since the systematical 
investigation has not been done so far about the path dependency 

concept, test data on this concept is so scarce and an exact 
conclusion can not be made. In the Figure 4.5, the difference may be 
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due to different composition of concrete or testing equipment. So, the 

necessity for reformulation for the constant crack width case arises. 

Karakoc (20), has proposed formulations for the constant 
crack width case by using test results of Daschner (9), Daschner and 
Kupfer (18). 

The formulation is given before for the case of constant crack 
opening such as (20) : 

(3.10) 

(3.11) 

substituting the equation (3.10) into equation (3.11) : 

(3.12) 

The formulations are proved very effective to predict the 

stresses transmitted across the cracks also for high values of shear 

slip 4- 5 mm and wide range for crack widths between 0.05 to 1 mm. 

Using the derivation formulas for above equations, D2I cr and 

D22cr can be obtained such as: 

(4.13) 

(4.14) 
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v. APPLICATION OF THE FINITE ELEMENT METHOD 

The finite element method can be defined as a general method 
of structural analysis in which a continuous media is replaced by a 
finite number of elements interconnected at a finite number of nodal 

points. Because of abundance of literature for finite element method, 
only a general description is given here. 

In this study, four noded rectangular plane stress element is 
used. The element is assumed to have two degrees of freedom at each 
nodal point, one vertical and one for the . horizontal displacement 
component. (Figure 5.1) 

To develop the element stiffness matrix, displacement 
functions which are· continuous over the entire element are first 
selected in terms of the nodal point displacements such that any 
straight line before deformation remains a straight line after 
deformation. In this way, full compatibility is preserved between 
neighboring elements at their edges when the assembled structure is 
subjected to loads and displacements (25). The steps for the analysis 

are: 
(a) Strains are expressed in terms of nodal point displacements d 

through a displacement transformation matrix 0 which is : 
{s}= [0] {d} (5.1) 

(b) Stresses are related to strains by a stress-strain law: 
{O'}= [D) {s} 

(c) Stiffness matrix can be written such as : 
[k]=J[O]T[D)[O]dV 

1 

(5.2) 

(5.3) 

(d) The stiffness matrix of the entire system can be assembled using 
code numbering technique(25) or any other by adding the 

contribution of each individual element stiffness k into proper 

location. The resulting equation relates the external nodal point 
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forces P to the nodal point displacements d of the system. 

{P}=[K]{d} . (5.4) 

(e) After solving equation 5.4 for the system, by back substitution, 
all stress, strain, reaction force values of each element can be 
obtained. 

There are two main categories of procedures which are purely 
incremental or purely iterative. Different methods of nonlinear 

analysis in structural engineering are based on different combinations 

of incremental and iterative techniques. The main idea is to control 
the convergence of the numerical results. 

The steps for a typical iterative cycle are such as after the 
step (d) which is given above: 

(e) computing the unbalanced loads {AP} as the vector of the 
applied loads plus initial nodal forces {P}; 

(t) solving the structural equations [K} {Ad}={AP} for each 
displacement increment {Ad}; 

(g) adding the increments {Ad} to global displacements {d} leaved 

at the preceding iteration. This will give the updated form of 

equilibrium cotifiguration; 

(h) testing for convergence. In case of any dissatisfaction, going to 

step a. 
The solution obtained using above procedure is named as 

Newton-Raphson method for solving algebraic and transcendental 
functions. The drawing of the method can be seen in Figure 5.2. After 
the convergence of load P A, the load is increased to PB. The related 
displacement dB is sought. First order expansion of P= fed) at the 

point a gives : 

(5.5) 

The derivative in the above equation is the slope of the curve 

at the' point of A and can be defined KA which is the stiffness of 

structure at A. To find Ad} equation 5.5 can be written 
Kj.(M1)=PB-P... (5.6) 
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in which P A =f (dA) and PB= f (dA +L\d 1). 
The next iteration uses the tangent stiffness K 1 at point 1 and 

the unbalanced force PB-P 1 to obtain the next correction AU2. In this 
study, the Newton -Raphson method is used. 

dJ 
~==~~~.------+-----------

fdS 

3 

~----------4-------~X 

FIGURE 5.1 Four-noded recta.ngular plane stress element 
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d1 dB 
FIGURE 5.2 Typical representation of Newton-Raphson 

method. 

P= f (d ) 
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VI. NUMERICAL EXAMPLES 

Two simple beams without web reinforcement which are 

sUbjected to concentrated load applied at the mid span and a plain 

concrete prism specimen under compression are analyzed. 

One of the beams vias tested by Cedolin and Dei Poli (14)'. 

The geometrical information for the beam is given on the Figure 6. L 
The other properties are given as : 

fc'=22.5 MPa, Dmax=19 mm ,fy=555 MPa , 4 No.9 bars 
Cedolin and Dei Poli have checked the test results with their 

own finite element program. They have used for aggregate interlock 
mechanism a constant value for G (Shear modulus). For the steel­

concrete interaction, reference has been made to the idealized bond­

slip curves. For G=O.IE, in which this value of G is equal 

approximately to fl=0.16, their analysis gave the best fitting to the 

experimental curve with a small discrepancy but reached a higher 

ultimate load. 

The load was applied to the computer model using an 

incremental iterative procedure. Because of the symmetry only one 
half portion of beam is analyzed. 44 concrete, 11 steel and 12 spring 
elements are used in analysis. 

// 

For the bond behavior between concrete and steel, an 
idealized local bond-slip curve is used as it can be seen on Figure 
6.2. Bond is assumed as failed if local slip between concrete and steel 

. exceeds 0.1 mm but in analysis, the failure has occurred because of 

yielding of steel. For steel, an ideal elastoplastic behavior is assumed 

as shown in Figure 6.3. An assumption is made that failure occurs at 

maximum strain 0.01. 

The curves drawn on. the Figure 6.4. represent the 

experimental load-deflection curve, their own analysis curve and 

analysis done with finite element program which is used in this study. 
Although experimental values show a 32000 kgf as an 

ultimate value, analysis showed approximately 15000 kSf for 
ultimate load. Main reasons for these different behaviors between the 

experiment and analysis are that softening branch of concrete is not 

considered, concrete is assumed to have failed at scu=0.002 value 
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and no information is given for Kh value for spring elements used 1~ 
paper. The Kh· values may not fit to each other. In analysis, 
Oambarova-Karak09 formulations are used instead of giving a shear 
retention factor. At the same time, because of capacity of the program, 
the fineness of the mesh size is limited. 

For the second simple beam. the results of the experiment 

done at Structural Laboratory of Bogazi9i University on 21 May 1993, 

are used. 

The geometrical information of test is given in Figure 6.5. 
The other properties are given as follows: 

fc '=24 MPa, Dmax = 21 mm. , fy=408.25 MPa , 2 q. 10 bars 
Bond and steel idealizations are taken as same with the above 

test because of the lack of the data for these values. 

The comparisons of the test results and analyses are given in 

Figure 6.6. 

The analysis 18 done by changing shear stiffness 
characteristics. In the first analysis (1), the shear retention factor is 
taken as 0.25 and gave higher values. The second curve (2) uses the 

shear retention factor which is given by Rots. The shape of the curve 

and the peak value are not reasonable. Third curve is drawn using 
shear retention formulation proposed in this study. Although the curve 
shows a different behavior from experiment, it is so close to the curve 

4 which is drawn by using Oambarova-Karak09 formulations. i 

The same criticisms done for the first example are valid also 

for this second group of analysis. 

As a result of the second group of analyses, it can be said that 
the comparisons between different cases for shear retention factor are 
not clear enough, much more detailed studies must be done and the 
concept needs further study. -

Third example solved with the finite element program is a 
plain concrete specimen tested by Niyogi (29). In Niyogi's study, 

various types of concrete specimens were tested by changing specific 

experimental parameters such as geometry of loaded area and 

specimen,natu-re of the bed supporting , supported area of the 

specimen, concrete properties, specimen size. Figure 6.7 shows the 

geometrical information of the specimen which is analyzed. Because 

of the lack of· the load-deformation curve of the tested specimen, the 

results of the finite element study done on this specimen by Koksal 
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(28) are used for. companson. Only -the experimental values for 
bearing and first cracking are declared such as 65 per cent and 54 per 
cent of the maximum compressive . strength. Figure 6.8 gives a 

comparison of these two analysis. 
The two curves shown in Figure 6.8 are very close to each 

other up to 40 per cent of fc but beyond that they deviate from each 

other. KOksal's analysis gives bearing strength as 60 per cent of fc 
and initiation of cracking as 57 per cent of fc. The curve two gives a 

62 per cent of fc for the bearing strength and 59 per cent ~f fc for the 
initiation of cracking 

The main reason for these differences between the two curves 

can be stated as follows: KOksal has used constant stress triangular 

elements in his study and he' assumed an average crack spacing "s" of 

10 mm, whereas in this study, crack spacing was assumed to be five 

mm. and rectangular plane stress elements were used. 
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FIGURE 6.2 Idealized local bond-slip curve 
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FIGURE 6.3 Idealized steel stress-strain curve 
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VII. SUMMARY AND CONCLUSIONS 

The classical methods used for the analysis of reinforced 
concrete structures, overestimate the behavior of concrete and 
concrete structures. General use of uniaxial elasticity models provides 
very rough approximations for this complex material. So, more 
realistic material behavior models are needed for concrete. 

The weak tensile strength of concrete is one of the reasons 
for the nonlinear behavior of the concrete. Consequently, after 
cracking the material characteristics change. The behavior of concrete 
after cracking depends on many factors .. In microlevel, aggregate 
interlock has an important role on this behavior. The models 

developed by Gambarova- Karako~ and Karako~ are simple and easily 

applicable for analytical computations. The suitability of the models 

with the experimental results have been verified several times. 
Instead of modelling the interface shear transfer mechanisms 

as means of transferring shear stresses along preformed cracks, a 
• • I 

coeffiCIent named as "shear retentIon factor" can be used for 
decreasing the shear stiffness of the section. 

The derivation of the formulations for shear retention factor 
has been a continuous progress and required an increasing 
sophistication of finite element analysis. However, attention has t'o be 

paid to the fact that the models proposed for the factor must reflect 

the real behavior as much as possible with a preferably simple 

formulation. In addition ·to shear retention factor approach, the models 

proposed by Gambarova-Karak09, Karako9, Rots were implemented to 

the finite element method and comparative studies have been 
performed on two simply supported beams. The theoretical behavior is 
overestimated when a constant shear retention factor is used (Curve 1 
versus experimental result given in Figure 6.6). On the other hand, 
both the analysis with the proposed formula (represented by curve 3) 

and the analysis without using shear retention factor concept 
(represented by curve 4 in Figure 6.6) are on the safe side and below 
the experimental results. Besides the last two results (curves 3 and 4) 

are also in close agreement with each other. This is because the 

formulations used for these two curves are based on the same physical 
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considerations and analytical models. C_onsequently~ the proposed 

formula can effectively be employed instead of constant shear 

- retention factor approach. Nevertheless much more detailed theoretical 

and experimental studies for this concept are needed. Simple and 

realistic formulations are naturally preferred. 

The conclusions can be summarized as follows : 

(a) The finite element program needs further improvement. Because 

of the limited element capacity, much finer meshes for analyses~ 

could not be used. The fineness of mesh must be increased in 

order to be able to check the suitability of the program with real 

cases. In the future studies, much more flexibility can be 
provided to the program. The convergence criteria can be 

improved in the program. 

(b) Bond between concrete and steel, is an important concept which 

needs further study. Especially, more clear and realistic 

formulations for horizontal and vertical stiffness characteristics 

of spring elements are needed. 

(c) Although dowel action is disregarded in this study, to be able to 

reflect the real behavior, this mechanism must be considered. 

The modelling of this mechanism also needs more research work. -

(d) The behavior of ~ aggregate interlock mechanism at high 

compressive strengths of the concrete must be examined. This 

may be a good research area for further analytical and 

experimental studies. 

Finally, no tool, is perfect in itself and this is also true for 

finite element method of analysis. Mainly two factors should be kept 

in mind. First, the method is an approximate analytical procedure, 

whose accuracy depends on the fineness of the mesh size. and 

structure. Secondly, the accuracy of the analytical results, referring to 

the actual reinforced· concrete members, is strongly affected by the 

analytical idealization of the actual member. 
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APPENDIX A 

The computer program- developed in this study is written 
using Fortran language. The program solves nonlinear finite element 
problems of two dimensional or planar problems using rectangular 

plane stress element. Bar type of element for steel and spring type of 

element for bond are used. The program source file occupies about 36 

Kb of the disk space and can run in a computer with a 640 Kb or 
higher. 

The overall operation of the program IS initiated in main 

program where eleven _ subroutines are activated. Input data are 

supplied by data file named as ILK.DAT . The input data needs total 

number of elements, concrete elements, steel elements and spring 

elements, total number of degree of freedom, data for each node, data 

for each element and data for material properties of concrete and 
steel. The functions of the main six subroutines are as written below. 

In MODULUS subroutine, the nonlinear biaxial equations are 

calculated at each iteration. This subroutine checks the failure mode 

of concrete and update th~ material matrix. 
STIFFNESS subroutine, calculates stiffness matrices of all 

elements and creates global stiffness matrix. 

SOLVE subroutine solves the displacements using the GAUSS 

subroutine and with data send from STIFFNESS subroutine. 

V ALUES subroutine finds the values for the stresses and 

strains for every step of loading. 
CRACK subroutine checks whether concrete elements IS 

cracked. If cracking has occurred,the cracked material matrix IS 

calculated by using Gambarova-Karako9 formulations. 



PROGRAM NLFBA 
DIMENSION D(50,3,3»))C(50,3,3) 
DIMENSION X(SO),Y(SO) 
DIMENSION DG(50,4,3,S),G(50,4,3,S) 
DIMENSION B(SO,SO) 
DIMENSION STRESS(50,4,3),STRAIN(50,4,3) 
DIMENSION SIGMA 1(50,4),SIGMA2(50,4),ALFA(50,4) 
DIMENSION EPSNN(50),EPSTI(50),GAMANT(50) 
DIMENSION STREl(50,4,3),STRA1(50,4,3), 
*STRE2(50,4,3),STRA2(50,4,3) . 
DIMENSION DX(SO),DISPL(SO),SKEEP(SO),BK(SO),VK(SO), 
*NFX(SO),NFY"(SO),SLIP(50) 
REAL K(SO,SO) 
INTEGER NODE(50,S),GSP(50,2),GST(50,2),CONI'R0L(50»))FX(SO), 
*DFY(SO),NCODE(50,S) . 
INTEGER NUR(SO),NDR(SO),NUL(SO),NDL(SO),N1YPE(SO) 
INTEGER NL(50),NR(50),NU(50),ND(50) 
INTEGER R,RBY,CEV AP,YOK,GS,EOC,EOS 
INTRINSIC ABS 
OPBN(2,FILB-'1LK.2.DAT,STATUS-'OLD,) 
OPBN(3,FILB-'DISPL.0UT') 
OPBN(4,FILB-'STRESS.OUT) 
READ(2, *)NUMBL,NUMCBL,NUMSTEL,NUMSPEL,NUMNOD,GS,NH 

5 READ(2, *)I,X(l),Y(l)))FX(l)))FY(l) 
IF(LLT.NUMNOD) GO TO 5 

C READ CONCRETE BLEMENT DATA 
6 READ(2, *)I,NUR(l),NDR(I),NUL(I),NDL(l) 
NODE(l,l)=DFX(NUR(I) 
NODE(l,2)-DFX(NDR(l) 
NODE(l,3)-DFX(NUL(I) 
NODE(l,4)-DFX(NDL(l) 
NODE(l,5)-DFY(NUR(I) 

. NODE(l,6)=DFY(NDR(l) 
NODE(l, 7)=DFY(NUL(I» 
NODE(l,S)-DFY(NDL(l) 
IF (LLT.NUMCBL) GO TO 6 

C READ STEBL BLEMENT DATA 
7 READ(2, *)I,NR(l),NL(l) 
GST(l, l)-DFX.(NL(I) 
GST(l,2)=DFX(NR(I) 
ISL=NUMCEL+NUMSTEL 
IF(l.LT.ISL) GO TO 7 

8 READ(2, *)I,NU(l),ND(l) 
GSP(l,l)-DFX(NU(l) 
GSP(l,2)==DFX(ND(I) 
IF (LLT.NUMBL) GO TO S 

C READCONCRETEELEMENTDATA 
READ (2, *)FC,T,V ,ECU,EOC ~ 

C READSTBELELEMENTDATA 
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READ(2, *)STAREA,STLENOTIl,EOS,NOBAR,DIABAR 
DO 171-1,80 . 
BK(l)-O.O 

17CONTINUE 
DO 11-1,80 
DISPL(I)=-O.O 

1CONTINUE 
R-l 
REY-1 
FOWO.O 
SUM=O.O 
SUMl=O.O 
DO 2]-1,50 
D03KL-1,4 

SlOMA 1 (J,KL)=O. 0 
SI0MA2(J,KL)=O.0 
EPSNN(J)-O.O 
EPSTT(J)=O.O 
OAMANT(J)-O.O 

3CONTINUE 
2CONTINUE 
CEVAP-O 
DO 41-1,50 

CONTROL{l)-2 
4CONTINUE 
DO 15 KL-l,80 

DX(KL)-O.O 
SKEEP(KL)-O.O 
VK(KL)-O.O 

15CONTINUE 
DO 16 L-NUMCEL+NUMSTEL+ 1,NUMEL,1 
SLIP(L)=O.O 

16CONTINUE 
YOK"'1 
IYU-1 
CALL START(D,ALFA,DC,DX,B,STRBSS,STRAIN,NUMBL,OS) 
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100 CALL FIRST(D,ALFA,STRE2,STRA2,STRE1,STRAl,DO,G,K,NUMEL,EOC,V,R) 
IF(R.EQ.l) GO TO 33 
CALL MODULUS(STRAIN,SIOMA1,SIOMA2,ALFA,EOC,FC,ECU,D, 

• EPSNN,EPSTT,GAMANT,CONTROL,NUMEL) 
33 CALL STIFFNESS(K,D,DC,NUR,NDR,NUL,NDL,CONTROL,DO,O,NUMBL, 

*NUMCBWNUMSTBL,NUMSPBL,OS,NH, T,NODE,OSP,GST, 
·STARBA,STL~N01H,NOBAR,DIABAR.Xt Y ,EOS,DISPL,SLIP) 
CALL SOLVE(K,B,OS,NH,CEV AP,REY ,Dx,DISPL,BK, VK) 
CALL V ALUES(GS,NUMCEL,Dx,DO,O,STRE2,S1RA2,STREl,S1RAl,S1RESS, 
·STRAIN,ALFA,SIOMAl,SIOMA2,NODE,CONTROL) 
CEVAP-l 
~~l ~ 

55 IF(CEV AP.NE.t) GO TO 77 



CALL FlRST(D,ALF A,STRE2,STRA2,STREl,STR.Al,D0,0,lC,NUMEL,EOC,V ,R) 
CALL MODULUS(STRAIN,SIOMAl,SIOMA2,ALF A,EOC,FC, 

*ECU,D,EPSNN,EPSTT,GAMANT,CONTROL,NUMEL) 
CALL CRACK(CONTROL,NUMCEL,FC,DC,EPSNN,EPSTT,OAMANT,ALFA) 
DO 42 I-NUMCEL+NUMSTEL+l,NUMEL,l 
SLIP(I)-DISPL(OSP(I,l»-DISPL(OSP(I,2» 
WRITB(*, *)'SLIP V ALUE:','SLIP(1)-',SLIP(1) 

42 CONTINUE 
CALL STIFFNESS(K,D,DC,NURJIDR,NUL,NDL,CONfROL,DO, 
*O,NUMEL,NUMCEL,NUMSTEL,NUMSPEL,OS,NH, T,NODE, 
*OSP,OST,STAREA,STLENOTH,NOBAR, . 

*DIABAR,X, Y,EOS,DISPL,SLIP) 
CALL NBWTON(YO~OS,SKEEP,VKJ)ISPL,B~x,K) 
PRINT,'lLOAD=-? ' 
READ(5,43)ILOAD 

43 FORMA T(I6) 
FG-DISPL(16) 
IF(ABS(BK(59».LT.(ILOAD*500.» 00 TO 77 
WRITB(6,89)'LOAD NOT CONVEROED' 

89 FORMA T(FlO.l) 
CALL SOLVE(K.,B,OS,NH,CEV AP,REY ,DX,DISPL,B~ VK.) 

62 

CALL V ALUES(OS,NUMCEL,DX,DO,0,STRE2,STRA2,STRE1,STRA1,STRESS, 
*STRAIN,ALFA,SIOMA1,SIOMA2,NODE,CONTROL) 
FA-DISPL(16)-FO 
ERT-o.05 *DISPL(16) 
IF(ABS(FA).LT.ABS(ER1) 00 TO 77 
PRlNT,FA,F0,DISPL(16),ERT 
YOK=YOK+l 
00 TO 55 

77 WRITE(3, *)'DISPL(l)=',DISPL(I) 
YOK-l 
CEVAP-O 
R-R+l 
CLOSE(2,STA 1US~'KEEP') 
CLOSE(3,STA 1US .... 'KEEP') 
CLOSE( 4,STA 1US='KEEP') 
IF (R.OE.500) GO TO 101 
00 TO 100 

101 STOP 
. END 

SUBROUTINE MODULUS (STRMAX,SlMAXM,S2MAXM,ALFAM,EOM,FCM, 
*MAXES,Y ~PS1,M:BPS2,MOAMA,CHEC~S) 
DIMENSION S~(50.4,3),SlMAXM(50,4),S2MAXM(50,4),ALFAM(50,4) 
. DIMENSION :Y(50,3,3),PER(50),S1MAX(50,3),SlMAX(50),S2MAX(50) . 
DIMENSION AC1(50) 
REAL MEPS1(SO),M:BPS2(SO),MOAMA(SO) 
INTEGER CHBCK(SO),ES,EOM 
REALMAXES ~ 
DO 10I .... 1,ES 



STMAX(I, l)-(STRMAX(I, 1,1)tSTRMAX(I,2,1)tSTRMAX(I,3,1)t 
*S1RMAX(I,4,1»)l4 . 
S1MAX(I,2)-(STRMAX(I,1,2)tSTRMAX(I,2,2)+STRMAX(I,3,2)+ 

*STRMAX(I,4,2»)14 
STMAX(I,3)-(STRMAX(I,1,3)tSTRMAX(I,2,3)tSTRMAX(I,3,3)+ 
*STRMAX(1,4,3»)14 
SlMAX(l)-(SlMAXM(1,1)+SlMAXM(I,2)+S lMAXM(I,3)+SlMAXM(I,4»)l4 
S2MAX(1.)-(S2MAXM(I,1)tS2MAXM{I,2)tS2MAXM(I,3)+S2MAXM{I,4»)/4 
ACI(I)-(ALF AM{I,l)+ALF AM(I,2)+ALF AM(1,3)tALF AM(1,4»)14 
MBPS 1 (I}-(S1MAX(I, 1)tS1MAX{I,2»)l2+SQRT«(S1MAX(I, 1)­
*S1MAX(I,2»)12)**2+(S1MAX(I,3)12)**2) 
MBPS2(l)==(S1MAX(I,1)+S1MAX(I,2»)l2-SQRT«(S1MAX(I,1)­
*S1MAX{I,2»)/2)* *2+(S1MAX{I, 3)/2)* *2) 
MOAMA(I)=SQRT«(S1MAx{l,1)-S1MAX(I,2»)/2)**2+ 
*(S1MAX{I,3)/2)**2) 
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IF«SlMAX(l).LE.O).AND.(S2MAX(l).LE.O» CALL EY ARDIMl(SlMAX,S~ 
*FCM,SG lC,SG2C,I) 
CHBCK(I)-2 
IF«SlMAX(l).GE.O).AND.(S2MAX(l).GE.O» GO TO 100 
FREDON-SlMAX(I)/S2MAX(I) 
IF (FREDON.LT.O) GO TO 200 
EICI =BIC(MAXES,SG1 C,FCM) 
BIC2-EIC(MAXES,SG2C,FCM) 
IF«ABS(EICl).GT.MAXES» PRINT,'MAXIMUM COlvlPRESSIVE STRAIN I 
IF«ABS(EIC2).GT.MAXES» PRINT,'MAXIMUM COlvlPRESSIVE STRAIN I 
IF«ABS(EICl).LT.O.OOOl» ESl=O.S*EOM 
IF(ABS(EICl).GT.O.OOOl) ESl-SGIClEICl 
IF«ESl.GT.O.S*EOM» ESl=O.S.EOM 
IF«ABS(EIC2).LT.0.000l» ES2-o.0001 
IF(ABS(EIC2).GT.0.000l) ES2-SG2CIBIC2 
IF«ES2.GT.0.S*EOM» ES2=O.S*EOM 
CALL BYY(yyll,YY12,YY13,BOM,BSl,EICl,MEPSl,I) 
BI-YYll/«yy12+YYI3)**2) 
CALL EYY(yyll,YYI2,YY13,E0M,ES2,EIC2,MEPS2,I) 
E2-YYll/«yy12+YYI3)**2) . 
VX=O.2 
IF«SlMAX(l).LT.O).AND.(S2MAX(l).LT.O» GO TO 300 

100 Bl==EOM 
E2=EOM 
SGIC=1.83 
SG2C-l.83 
VX=O.2 
IF«SlMAX(l).qE.O).AND.(S2MAX(l).GE.O» GO TO 300 

200 IF«SlMAX(l).LT.O).AND.(S2MAX(I).OT.(») YORAN-S2MAX(I)lSlMAX(I) 
IF«SlMAX(l).GT.O),AND.(S2MAX(l).LT.O» YORAN-SlMAX(I)lS2MAX(l) 
IF(S2MAX(I).GT.O) GO TO 250 
IF(Y0R.J\N.LT.-O.l7) SG2C-o.6S*FCM _____ j 
IF(yORAN.GE .• O.l7) SG2C=(1+3.28*YORAN)'«l+YORAN)**2)*FCM 
SGIC-YORAN*SG2C 



250 IF(YORAN.LT.-O.l7) SOlC-o.6S*FCM -
IF(YORAN.OT.-0.17) SOlC-(1+3.28*YORAN)/«1+YORAN)**2)*FCM 
IF(SlMAX(l).LT.O) 00 TO 270 
VX=YVXO(SlMAX,S2MAX,FCM,I) 
BIC2-BIC(MAXES,S02C,PCM) 
IF(ABS(BIC2).GT.MAXBS) PRlNT, 'MAXIMUM COMPRESSIVE STRAIN' 
IF(ABS(BIC2).LT.0.0001) BS2=O.S*BOM 
IF(ABS(BIC2).GT.0.0001) BS2-SG2CIEIC2 
IF(BS2.GT.0.S*BOM) S2-o.S*BOM 
CALL BYY(yyl1,YY12,YYI3,B0M,BS2,BIC2,MBPS2,I) 
B2-YY11/(yy12+ YY13)**2 
BI-BOM 
VX-SQRT(0.2*VX) 
IF(S2MAX(l).LT.O) GO TO 300 

270 VX-YVXO(S2MAX,SlMAX,FCM,I) 
BIC1=BIC(MAXES,GIC,FCM) 
IF(ABS(BIC1).GT.MAXBS) PRlNTt'MAXIMUM COMPRESSIVE STRAIN' 
IF(ABS(BIC1).LT.0.OOOl) BSlc=().S*BOM 
IF(ABS(BICl).GT.O.OOl) BS1=SOlClEICl 
IF(BS1.0T.0.S*BOM) BS1=O.5*BOM 
CALLBYY(yyll,YY12,YYI3,B0M,ES1,BIC1,MBPS1,I) 
El=YYll/«yy12+ YY 13)* *2) 
B2 .... BOM 
VX=SQRT(0.2*VX) 

300 IF (ABS(S1MAX(I,1».LT.(0.OO2» STE-200000 
IF (ABS(STMAX(I,1».GB.(0.OO2» STE-SOOOO.O 
IF (S1MA.X(I,l).LT.O.) STE=-200000 

C STEEL-PER(I)*STE 
IF (LEQ.3) EI-o.0 
IF (LEQ.4) EI-o.0 
Y(I,1, I)-Bl/(1-VX*VX) 
Y(I, 1,2)-VX*SQRT(ABS(Bl*E2»)/(I-VX*VX) 
Y(I,2,2)-B2I(I-VX*VX) 
Y(I,3,3)-(El+E2-2*VX*SQRT(ABS(Bl*B2»)/(I-VX*VX) 
Y(I,2,I)=Y(I, 1,2) 
IF «SIMAX(I).GT.7.83).0R.(S2MAX(I).GT.7.83» CHECK(I)=l 
IF«SIMAX(l).GT.7.83).OR.(S2MAX(l).GT.7.83» PRINT,'CRACK. OPENED 
*IN TIIB BLBMBNTNO',I 

ISCONI1NUB 
10CONI1NUB 

RETURN 
END 
SUBROUTINE EYARDIM1(SI,S2,YFC,YSIC,YS2C,KI) 
DIMENSION SI(SO),S2(SO) 
REALORAN 

. IF(ABS(Sl(KI).GT.(S* ABS(S2{Kl)) YSIC:aYFC 
IF(ABS(Sl(KI).GT.(S* ABS(S2(K.I)) YS2C=O.O ~ 
IF(ABS(S2(KI).GT.(S* ABS(S2(KI)) YS2C=YFC 
IF(ABS(S2{Kl).OT.(S* ABS(S2{Kl)) YSIC=O.O 
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IF(ABS(Sl(KI).GT.(5*ABS(S2(KI)) GO TO 34-
IF(ABS(S2(KI).GT;(5*ABS(S2(KI)) GO TO 34' 
IF«Sl(KI).EQ.O).OR.(S2(KI).EQ.O» GO TO 34 
ORAN-S2(KI)/Sl(KI) 
IF(ORAN.GT.l.O) ORAN-I/ORAN 
YS2C==(1+3.65*0RAN)/«1+0RAN)**2)*YFC 
YSICc::QRAN*YS2C 

34REnJRN 
END 
SUBROUTINE EYV(EYVll,EYV12,EYV13,YIE, YES,YEIC,YMS,IS) 
DIMENSION YMS(50) 
INTEGER YIE 
EYYl1-YIE*YES*YES*YEIC*YEIC*(YEIC*YEIC. YMS(IS)*YMS(IS» 
EYYI2-YlE*YEIC*YMS(IS) 
EYV13=-YES*(YEIC*YEIC.2*YEIC*YMS(IS)+YMS(IS)*YMS(IS» 
REnJRN 
END 
FUNCTION EIC(YCU,YS,EYFC) 
SX=YSIEYFC 
EIC-YCU*(·1.6*SX*SX*SX+2.25*SX*SX+0.35*SX) 
RETURN . 
END 
SUBROUTINE START(GY,GACI,GYC,GD,GB,GSTRESS,GSTRAIN,GNE,GGS) 
DIMENSION GY(50,3,3),GYC(50,3,3) 
DIMENSION OACI(50,4) 
DIMENSION GD(SO) 
DIMENSION GB(SO,SO) 
DIMENSION GX(50),GYY(50) 
DIMENSION GSTRESS(50,4,3),GSTRAIN(50,4,3) 
INTEGER GNE,GGS 
DO 101-1,50 

DO 2OJ"'I,3 
DO 25 K-l,3 

GY(I,J,K)=O.O 
GYC(I,J,K)=O.O 

25 CONTINUE 
20 . CONTINUE 

DO 15L-l,4 
GACI(I,L)-o.O 

15 CONTINUE' 
GX(l)-O.O 
GYV(I)-O.O 

10CONI1NUE 
DO 301=1,50 
DO 3S J-l,4 
DO 3SK-l,3 
GSTRESS(I,J,K}-o.O 
GSTRAIN(I,J,K)-o.O 

3SCONTINUE 
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35CONTINUE 
30CONTINUE 

DO 401-1,80 
DO 50J-1,80 

GB(I,J)-o.O 
SO CONTINUE 

GD(IF=O.O 
40CONTINUE 

RETURN 
END 
SUBROUTJNB FIRST(pD,PACI,PF,PUZ,PSTRE1,PSTRA1,PDG,PG,PK,PNB, 
*PBOC,PV,PR) 
DIMENSION PD(50,3,3),PACI(50,4) 
DIMENSION PF(50,4,3),PUZ(50,4,3),PSTRB 1 (50,4,3),PSTRA 1 (50,4,3) 
DIMENSION PDG(50,4,3,8),PG(50,4,3,8),PSB(50,4,3,8) 
DIMENSION PK.(80,80) 
INTEGER PNB,PR,PEOC 
IF (pR.GT.l) GO TO 12 
DO 10 I-l,PNE 

PD(I,I,I)-PEOCI(l-PV*PV) 
PD(I, 1,2)-PEOC*PV /(I-PV*PV) 
PD(I,2, 1 rPD(I, 1,2) 
PD(I,2,2)=PD(I, 1, 1) 
PD(I,3,3rPEOC/21(I+PV) 

DO 11 J-l,4 
PACI(i,J)-o.O 

11 CONTINUE 
10CONTINUE 
12 DO 201-1,80 

DO 30J-l,80 
PK(I,J)=O.O 

30 CONTINUE 
20CONTINUE 

DO 401"'1,50 
DO 45 J-1,4 

D050K-l,3 
PF(I,J,K)-o.O 
PUZ(I,J,K)=O.O 
PSTRE l(I,J ,K)=O.O 
PSTRA 1 (I,J,K)=O. 0 

SO CONTINUE 
45 CONTINUE 
40 CONTINUE . 

DO 601 .... 1,50 
DO 70J-l,4 

DO 75 K=:=I,3 
D080L-1,8 
PDG(I,J ,l{,L)=O.O 
PG(I,J,K.,L)-O.O 
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PSB{I,J,K,L)=o.O. 
SO CONTINUE 
75 CONTINUE 
70 CONTINUE 
60CONTINUE 

RETIJRN 
END 
SUBROUTINE STIFFNESS(SK,SD,SDC,SNUR,SNDR,SNUL,SNDL,SCHECK, 

*WDG,WSB,WNE,WNCE,WNSTE,WNSPE,WGS,WNH, WT,W,WSP, 
*WST,AREA,LENGTII,NOBAR,DIABAR, wx, WY ,EO,SDISPL,SSLIP) 
DThffiNSION SK(SO,SO),S(SO,SO),SST(SO,SO),SSP(SO,SO) 
DThffiNSION SD(50,3,3),SDC(50,3,3) 
DThffiNSION WDG(50,4,3,S),WSB(50,4,3,S) 
DIMENSION WX(50),WY(50),SDISPL(SO),SSLIP(50) 
INTEGER SCHECK(50),W(50,S),WSP(50,2),WST(50,2) 
INTEGER WGS,WNE,WNH, WNCE,WNSTE,WNSPE,EO 
INTEGER SNUR(SO),SNDR(SO),SNUL(SO),SNDL(SO) 
IN1RINSIC ABS 
REAL LENGTH 
SU=O.O 
SUMI-o.O 
1=1 
DO 34J"'1,SO 

DO 35 K=l,SO 
S(J,K)-O.O 
SST(J,K)=o.O 
SSP(J,K)=-O.O 

35 CONTINUE 
34CONTINUE 
200 Al .... ABS(WX(SNUR(I)-WX(SNUL(I»)/2 

B 1=ABS(WY(SNUR(I»-WY(SNDR(I»)/2 
BT .... BI/Al 
S(W(I,I),W(I,1»-WT/3*(SD(I,l,l)*BT+SD(I,3,3)1B1) 
S(W(I,1),W(I,2»-WT/3*(SD(I,I,l)*BT/2-SD(I,3,3)IB1) 
S(W(I,1),W(I,3»=WT/3*(-SD(I, 1, 1)*BT+SD(I,3,3)/(2*B1) 
S(W(I,1),W(I,4»=WT/3*(-SD(I,1,1)*BT/2-SD(I,3,3)1(2*B1) 
S(W(I,1),W(I,5»-WT/4*(SD(I,l,2)+SD(I,3,3» 
S(W(I,1),W(I,6»-WT/4*(-SD(I,1,2)+SD(I,3,3» 
S(W(I,I),W(I,7»-WT/4*(SD(I,1,2)-SD(I,3,3» 
S(w(I,1),W(I,S»-WT/4*(-SD(I,1,2)-SD(I,3,3» 
S(W(I,2),W(I,1»-S(W(I,1),W(I,2» 
S(W(I,2),W(I,2»-S(W(I,1),W(I,1» 
S(W(I,2),W(I,3)rS(W(I, 1),W(I,4» 
S(W(I,2),W (I,4»-S(W(I, l),W (1,3» 
S(W(I,2),W(I,5»-S(W(I,1),W(I,7» 
S(W(I,2),W(I,6»-S(W(I,1),W(I,S» 
S(W(I,2),W(I,7»=S(W(I,I),W(I,5» 
S(W(I,2),W(I,8»=S(W(I,1),W(I,6» 
S(W(I,3),W(I,I»-S(W(I,I),W(I,3» 
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S(W(I,3),W(I,2»=S(W(I,2),W(I,3» 
S(W(I,3),W(I,3»=S(W(I, I),W(I, I» 
S(W(I,3),W(I,4»=S(W(I,I),W(I,2» 
S(W(I,3),W (l,5»=S(W(I, 1 ),W(I,6» 
S(W(I,3),W(I,6»-S(W(I,1),W(I,5» 
S(W(I,3),W(I,7»=S(W(I,I),W(I,8» 
S(W(I,3),W(I,8»=aS(W(I,I),W(I,7» 
S(w(I,4),W(I,I»=S(w(I,I),W(I,4» 
S(W(I,4),W(I,2»-S(W(I,2),W(I,4» 
S(W(I,4),W(I,3»)-S(W(I,3),W(I,4» 
S(W(I,4),W(I,4»-S(W(I,I),W(I,I» . 
S(W(I,4),W(I,5»=aS(W(I,I),W(I,8» 
S(W(I,4),W(I,6»-S(W(I,I),W(I,7» 
S(W(I,4),W(I,7»=S(W(I,I),W(I,6» 
S(W(I,4),W(I,8»=S(W(I,I),W(I,5» 
S(W(I,5),W(I,I»=-S(W(I,I),W(I,5» 
S(W(I,5),W(I,2»-S(W(I,2),W(I,5» 
S(W(I,5),W(I,3»=S(W(I,3),W(I,5» 
S(W(I,5),W(I,4»-S(W(I,4),W(I,5» 
S(w(I,5),W(I,5»-WT/3*(SD(I,2,2)IBT+SD(I,3,3)*Bl) 
S(W(I,5),W(I,6»-WT/3 *(-SD(I,2,2)IBT+SD (I,3,3)*BT/2) 
S(W(I,5),W(I,7»~WT/3*(SD(I,2,2)/(2*B1)-SD(I,3,3)*Bl) 
Sew (I,5),W (I,8) )=aWT/3 *( -SD(I,2,2)1(2*B1)-SD(I,3,3)*BT/2) 
S(W(I,6),W(I,I»=S(W(I,I),W(I,6» 
S(W(I,6),W(I,2»)-S(W(I,2),W(I,6» 
S(W(I,6),W(I,3»=S(W(I,3),W(I,6» 
S(W(I,6),W(I,4»=S(W(I,4),W(I,6» 
S(W(I,6),W(I,5»=S(W(I,5),W(I,6» 
S(W(I,6),W(I,6»-S(W(I,5),W(I,5» 
S(W(I,6),W(I,7»=S(W(I,5),W(I,8» 
S(W(I,6),W(I,8»"'S(W(I,5),W(I,7» 
S(W(I, 7),w(I, 1»=S(W(I, 1),W(I, 7» 
S(W(I, 7),W(I,2»-S(W(I,2),W(I, 7» 
S(W(I, 7),W(I,3»=S(W(I,3),W(I, 7» 
S(W(I,7),W(I,4»-S(W(I,4),W(I,7» 
S(W(I, 7),W (I,5»=S(W (l,5),W(I, 7» 
S(W(I,7),W(I,6»-S(W(I,6),W(I,7» 
S(W(I,7),W(I,7»=-S(W(I,5),W(I,5» 
S(W(I,7),W(I,8»=S(W(I,5),W(I,6» 
S(W(I,8),W(I,I»-S(W(I,1),W(I,8» 
S(W(I,8),W(I,2»-S(W(I,2),W(I,8» 
S(W(I,8),W(I,3»=S(W(I,3),W(I,8» 
S(W(I,8),W(I,4»=S(W(I,4),W(I,8» 
S(w(I,8),W(I,5»":S(w(I,5),W(I,8» 
Sew (l,8),W (l,6»-S(W(I,6),W (1,8» 
Sew (I,8),W (I, 7»-S(W(I, 7),W(I,8» 
Sew (l,8),W (I,8»=S(W(I,5),W (1,5» 
DO 145 J=I,4 
IF (J.BQ.l) THEN 
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KSI-1.0 
ITA-l.O 
ELSEIF (1.EQ.2) THEN 
KSI""'l.O 
ITA-..1.0 
ELSEIF (J.EQ.3) THEN 
KSI .... -l.0 
ITA=I.0 
ELSE 
KSI=-1.0 
ITA=-1.0 

ENDIF 
WDG(I,J,I,I)=(SD(I,I,I)*B 1 *(I+ITA»/(4*Al *Bl) 
WDG(I,J,1,2)=(SD(I,I,I)*BI *(I-ITA»/(4* Al *Bl) 
WDG(I,J,1,3)=(-SD(I,I,I)*Bl *(I+ITA»)I(4* Al*Bl) 
WDG(I,J,1,4)=(-SD(I,I,I)*B1*(I-ITA»)I(4*Al*B1) 
WDG(I,J,1,5)-(SD(I,1,2)*Al*(I+KSI)/(4*A1*Bl) 
WDG(I,J,1,6)=(-SD(I,I,2)*Al *(I+KSI)/(4*Al*B I) 
WDG(I,J, 1,7)=(SD(I, 1,2)* Al *(I-KSI)/(4* Al*Bl) 
WDG(I,J,1,8)=(-SD(I,I,2)*Al*(I-KSI)/(4*Al*BI) 
WDG(l,J,2,I)-(SD(I,1,2)*BI *(I+ITA»)I(4*Al *Bl) 
WDG(I,J,2,2)=(SD(I,I,2)*Bl*(I-ITA»)I(4*AI*Bl) 
WDG(I,J,2,3)=(-SD(I,I;2)*B1*(I+ITA»)I(4*AI*B1) 
WDG(I,J,2,4)=(-SD(I,I,2)*B 1*(l-ITA»)I( 4* A1*B 1) 
WDG(I,J,2,5}-{SD(I,2,2)*Al *(1+KSI)/(4*Al*B 1) 
WDG(I,J,2,6)=(-SD(I,2,2)"'A1*(1+KSI)/(4"'Al"'BI) 
WDG(I,J,2,7)=(SD(I,2,2)* At *(I-KSI))I(4* Al *B 1) 
WDG(I,J,2,8)=(-SD(I,2,2)* Al*(1-KSI)/(4* Al*Bl) 
WDG(I,J,3,I)-(SD(I,3,3)*Al *(1+KSI)/(4*Al*B 1) 
WDG(I,J,3,2)=(-SD(I,3,3)*Al*(I+KSI»/(4"'Al "'B 1) 
WDG(I,J,3,3)=(SD(I,3,3)* Al *(I-KSI))I(4* Al *B 1) 
WDG(I,J,3,4)=(-SD(I,3,3)*Al*(I-KSI))I(4*Al*Bl) 
WDG(I,J,3,5)-(SD(I,3,3)"'Bl *(1+ITA»)I(4*AI *Bl) 
WDG(I,J,3,6)=(SD(I,3,3)*B 1*(l-ITA»)I( 4* Al *B 1) 
WDG(I,J,3,7)=(-SD(I,3,3)*Bl*(1+ITA»)I(4*Al*B1) 
WDO(I,J,3,8)=(-SD(I,3,3)*B1*(1-ITA»)I(4*A1*B1) 
WSB(I,J,1,l)-BI *(I+ITA)I(4*A1*B 1) 
WSB(I,J,l,2rBI *(I-ITA)/(4*Al *BI) 
WSB(I,J,l,3)--B1 "'(I+ITA)I(4"'Al"'B1) 
WSB(I,J,I,4)=-B1 *(I-ITA)/(4*Al*Bl) 
WSB(I,J,1,5)-G.0 
WSB(I,J,1,6)=O.0 
WSB(I,J,1,7)=O.0. 
WSB(I,J, 1,8)=0. 0 
WSB(I,J,2,I)-O.0 
WSB(I,J,2,2)=O.0 \ 
WSB(I,J,2,3)=o.O ~ 
WSB(I,J,2,4)=O.0 . 
WSB(I,J,2,5)-AI *(I+K.SI)/(4*AI *BI) 
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, 

. ·WSB(I,J,2,6)=-Al·(1+KSI)/(4·Al·Bl) 
WSB(I),2,7)=Al·(1-KSI)/(4*Al·Bl) , 
WSB(I,J,2,S~Al·(I-KSI)/(4·Al·Bl) 

.' ,WSB(l,J,3,1)=Al·(1+KSl)/(4·Al·Bl) 
WSB(I,J,3,2)--Al·(1+KSl)I(4·Al·Bl) 
WSB(l,J,3,3)=Al·(1-KSl)/(4·Al·Bl) 
WSB(l,J,3A) ..... Al·(1-KSI)I(4·Al·Bl) 
WSB(l,J,3,5)=B1·(I+lTA)/(4*Al*B1) 
WSB(I,J,3,6)-Bl·(1-lTA)/(4*Al*Bl) 
WSB(I,J,3,7~Bl·(I+lTA)/(4*Al*Bl) 
WSB(l,J,3,8)=-BI·(1-lTA)/(4· AI*Bl) 

145 CONTINUE 
100 S(w(I,I),W(I,I»-WT/12·(4·SDC(I,1,1)*BT+3*SDC(I,I,3)+ 

*3*SDC(I,3,1)+4*SDC(I,3,3)IB'!)+S(W(I, l),W(I, 1» 
S(W(I, 1),W(l,2»= WT/12*(2*SDC(I, 1, 1)·BT-3*SDC(I, 1,3)+ 
·3*SDC(I,3,1)-4*SDC(I,3,3)IB1)+S(w(I,1),W(l,2» 
S(W(I,1),W(I,3»-WT/12·(-4·SDC(I,I,I)*BT+3·SDC(I,I,3)­
*3*SDC(I,3,1)+2*SDC(I,3,3)IB1)+S(w(I,I),W(I,3» 
S(w(I,I),W(IA»- WTI12·(-2·SDC(I, 1,1)·BT-3·SDC(I, 1,3)-

·3*SDC(I,3,1)-2*SDC(I,3,3)IB1)+S(W(I,I),W(I,4» 
S(W(l,I),W(I,5»- WT/12*(4*SDC(l,I,3)*BT+3·SDC(I,3,3»+ 
*S(W(I,I),W(I,5» 
S(W(I,1),W(I,6»- WT/12*(2*SDC(I,1,3)*BT+3*SDC(I,3,3»+ 
*S(W(I,1),W(I,6» 
S(w(I,I),W(I,7»-WT/12*(-4*SDC(I,1,3)*BT-3*SDC(I,3,3»+ 
*S(W(I,I),W(I,7» 
S(W(I,l),W(I,S»= WTI12*(--2*SDC(I,1,3)*BT-3*SDC(I,3,3»+ 
*S(W(I,l),W(I,S» 
S(w(I,2),W(I,I»-WT/12*(2*SDC(I,I,1)*BT+3*SDC(I,1,3)­
*3*SDC(I,3,1)-4*SDC(I,3,3)IB1)+S(w(I,2),W(l,I» 
S(W(I,2),W(I,2»= WT/12*(4*SDC(l,I,1)*BT-3*SDC(l,I,3)­
*3*SDC(I,3, 1 )+4*SDC(I,3,3)IB1)+S(W (I,2),W(l,2» 
S(W(l,2),W(l,3»- WT/12*(-2*SDC(l,1,1)*BT+3*SDC(I,I,3)+ 
*3*SDC(I,3,1)-2*SDC(l,3,3)IB1)+S(w(l,2),W(I,3» 
S(W(I,2),W(I,4»-WTI12*(-4*SDC(I,I,I)*BT-3*SDC(I,1,3)+ 
*3*SDC(l,3,1)+2*SDC(l,3,3)IB,!)+S(w(l,2),W(l,4» 
S(W(l,2),W(l,5»- WT/12*(2*SDC(l,1,3)*BT-3*SDC(I,3,3»+ 
*S(W(I,2),W(I,5» 
S(W(I,2),W(I,6»- WT/12*(4*SDC(I,1,3)*BT-3*SDC(I,3,3»+ 

*S(W(I,2),W(I,6» 
S(W(l,2),W(l,7»- WT/12*(-2*SDC(l,1,3)*BT+3*SDC(I,3,3»+ 
*S(W(I,2),WQ,,7» 
S(wQ,,2),W(I,S»- WT/12*(-4*SDCQ,,1,3)*BT+3*SDC(I,3,3»+ 
*S(W(I,2),W(I,S» 
S(W(l,3),W(I,1»-WT/12·(-4·SDC(I, 1, 1)*BT-3*SDC(l, 1,3)+ 
*3*SDC(I,3,1)+2*SDC(l,3,3)IB'!)+S(W(I,3),W(l,1» ~ 
S(W(l,3),W(l,2»= WTI12·(-2·SDC(l,1,1)·BT+3·SDC(I,l,3)+ 
*3 *SDC(I,3,1)-2*SDC(l,3,3)IB'!)+S(W(l,3),W(I,2» 
S(W(L),W(l,3»- WT/12*(4·SDC(l,I,I)*BT-3·SDC(I,1,3)-

70 



*3*SDC(l,3,1)+4*SDC(l,3,3)IB1)+S(w(l,3),W(l,3» 
S(w(l,3),W(l,4»-WT/12*(2*SDC(l,1,1)*BT+3*SDC(l,1,3)­
*3*SDC(l,3,1)-4*SDC(l,3,3)IB1)+S(w(l,3),W(l,4» 
S(W(l,3),W(l,5»- WT/12"'( -4*SDC(l, 1,3)"'BT +3*SDC(l,3,3»)+ 

*S(W(l,3),W(1,5» 
S(W(l,3),W(l,6»- WT/12*( -2*SDC(l, 1,3)*BT +3*SDC(l,3,3»)+ 

*S(W (l,3),W (l,6» 
S(W(l,3),W(I,7»- WTI12"'(4*SDC(l,1,3)*BT-3*SDC(l,3,3»)+ 
*S(W(l,3),W(l,7» 
. S(W(I,3),W(I,8»- WT/12*(2*SDC(l,1,3)*BT-3*SDC(l,3,3»)+ 
*S(W(l,3),W (1,8» 
S(w(l,4),W(l,1»-WT/12"'(-2*SDC(l,1,1)*BT-3*SDC(l,1,3)-
*3*SDC(l,3,1)-2*SDC(l,3,3)IB1)+S(w(l,4),W(l,1» 
S(w(l,4),W(l,2»=WT/12*(-4*SDC(l,1,1)*BT+3*SDC(l,1,3)­
*3*SDC(l,3,1)+2*SDC(l,3,3)IB1)+S(w(l,4),W(l,2» 
S(w(I,4),W(I,3»-WT/12"'(2"'SDC(l,1,1)*BT-3"'SDC(l,1,3)+ 

*3*SDC(l,3,1)-4*SDC(l,3,3)IB1)+S(w(l,4),W(l,3» 
S(W(l,4),W(l,4»= WT/12*(4*SDC(I,1,1)*BT+3*SDC(l,1,3)+ 
"'3 *SDC(l,3, 1)+4 *SDC(l,3,3)IB1)+S(W (l,4),W (1,4» 
S(W(l,4),W(l,5»= WT/12"'(-2"'SDC(l,1,3)*BT-3"'SDC(l,3,3»)+ 
*S(W (l,4),W (1,5» 
Sew (l,4),W (1,6»- WTI12*( -4*SDC(l,l,3)*BT -3*SDC(l,3,3»)+ 
*S(W (l,4),W (l,6» 
S(W(l,4),W(l, 7»-WT/12"'(2*SDC(l, 1,3)"'BT +3*SDC(l,3,3»)+ 
"'S(W(I,4),W(I, 7» 
S(w(I,4),W(I,8»=WTI12*(4"'SDC(l,1,3)*BT+3*SDC(l,3,3»)+ 
*S(W(I,4),W(I,8» -

. S(w(l,5),W(l,1»-WT/12*(4*SDC(l,3,1)*BT+3*SDC(l,3,3»)+ 
*S(W (l,5),W (I, 1» 
S(W(I,5),W(I,2»-WT/12*(2*SDC(l,3,1)*BT-3*SDC(l,3,3»)+ 

*S(W(1,5),W(l,2» 
Sew (l,5),W (l,3) )=WT/12*( -4*SDC(l,3, 1 )"'BT +3 *SDC(l,3,3»)+ 
*S(W(l,5),W(l,3» 
S(W(1,5),W(l,4»=WT/12*(-2*SDC(l,3,1)*BT-3*SDC(l,3,3»)+ 

, *S(W(l,5),W(l,4» 
S(W(1,5),W(l,5»-WT/12*(4*SDC(l,3,3)*B1)+S(W(l,5),W(l,5» 
S(W(l,5),W(l,6»-WT/12*(2*SDC(l,3,3)*B1)+S(W(l,5),W(l,6» 
S(w(l,5),W(I,7»=WT/12*(-4*SDC(I,3,3)*BT}f-S(w(I,5),W(l,'i» 
Sew (l,5),W (l,8»=WT/12*( -2"'SDC(I,3,3)*B1)+S(W (I,5),W (l,8» 
S(w(I,6),W(I,1»-WT/12"'(2*SDC(I,3,1)*BT+3*SDC(I,3,3»)+ 

*S(W (I,6),W (I, 1» 
S(w(I,6),W(I,2»=WT/12*(4*SDC(I,3,1)*BT.3*SDC(I,3,3»)+ 
*S(W(I,6),W(l,2» . 
S(W(I,6),W(I,3»-WT/12*( -2'" SD C(l,3, l)*BT +3*SDC(I,3,3»)+ 
*S(W(I,6),W(l,3» 
S(W(I,6),W(I,4»=WT/12*(-4*SDC(I,3,1)*BT-3*SDC(I,3;3»+ 
*S(W(I,6),W(l,4» 
S(W(I,6),W(l,5»=WT/12*(2*SDC(l,3,3)*B1)+S(W(l,6),W(l,5» 
Sew (l,6),W (l,6»-WTI12*( 4 *SDC(l,3,3)*B1)+S(W (l,6),W (1,6» 
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S(W(I,6),W(I,7»-WTI12*(-2*SDC(I,3,3)*B1)+S(W(I,6),W(I,7» 
S(W(I,6),W(I,S»-WT/12*(-4*SDC(I,3,3)*B1)tS(W(I,6),W(I,S» 
S(W(I, 7),W (I,1»"'WTI12*( -4*SDC(I,3,1)*BT-3*SDC(I,3,3»+ 
*S(W(I,7),W(I,1» 
S(w(I,7),W(I,2»=WTI12"'(-2*SDC(I,3,1)*BT+3*SDC(I,3,3»+ 
*S(W(I,7),W(I,2» 
S(W(I,7),W(I,3)}=WT/12*(4*SDC(I,3,1)*BT-3*SDC(I,3,3»+ 
*S(W(I,7),W(I,3» 
S(W(I, 7),W (I,4»-WT/12*(2*SDC(I,3, l)*BT +3*SDC(I,3,3»+ 
*S(W(I,7),W(I,4» 
S(W(I,7),W(I,S»-WTI12*( -4*SDC(I,3,3)*B1)+S(W(I, 7),W(I,S» 
S(W(I,7),W(I,6»-WT/12*(-2*SDC(I,3,3)*B1)+S(W(I,7),W(I,6» 
S(W(I,7),W(I,7»-WT/12*(4*SDC(I,3,3)*B1)+S(W(I,7),W(I,7» 
S(W(I,7),W(I,S»-WT/12*(2*SDC(I,3,3)*B1)+S(W(I,7),W(I,S» 
S(W(I,S),W(I,1)}=WTI12*(-2*SDC(I,3,1)*BT-3*SDC(I,3,3»+ 
*S(W(I,S),W(I,l» 
S(w(I,S),W(I,2»-WT/12*(-4*SDC(I,3,1)*BT+3*SDC(I,3,3»+ 
*S(W(I,S),W(I,2» 
S(W(I,S),W(I,3»-WT/12*(2*SDC(I,3,1)*BT-3*SDC(I,3,3»+ 
*S(W(I,S),W(I,3» 
S(W(I,8),W(I,4»-WT/12*( 4*SDC(I,3, l)*BT +3*SDC(I,3,3»+ 
*S(W (I,S),W (I,4» 
S(W(I,S),W(I,S»-WT/12*(-2*SDC(I,3,3)*B1)+S(W(I,S),W(I,S» 
S(W(I,S),W(I,6»-WT/12111(-4I11SDC(I,3,3)IIIB1)+S(W(I,S),W(I,6» 
S(W(I,S),W(I,7»-WT/12*(2*SDC(I,3,3)*B1)+S(W(I,S),W(I,7» 
S(W(I,S),W(I,S»-WT/12*(4*SDC(I,3,3)*B1)+S(W(I,S),W(I,S» 
DO 146 J==I,4 . 
IF (J.EQ.l) 1HEN 
KSI-l.O 
ITA-l.O 
ELSEIF (J.EQ.2) THEN 
KSI=1.0 
ITA--1.0 
ELSEIF (J.EQ.3) TIffiN 
KSI--1.0 . 
ITA-l.0 
ELSE 
KSI .... -1.0 
ITA-:--1.0 

mIDIF . 
WDO(I,J, 1, I)-(SDC(I, 1, 1)*B 1*(I+ITA)+SDC(I, 1,3)* A 1*(1 +KSI))I 
*(4"'Al*Bl)+WDG(I,J,I,I) 
WDG(I,J,1,2)=-(SDC(I,I,I)*Bl*(1-ITA)-SDC(I,I,3)*Al*(I+KSI))I 
*(4*Al"'Bl)+WDG(I,J,I,2) 
WDG(I,J,1,3)-( -SDC(I,I, 1)*B 1*(1+ITA)+SDC(I,I,3)* Al *(I-KSI))I 
*(4"'Al*Bl)+wDG(I,J,1,3) .~.~. 
WDG(I,J,I,4)=(-SDC(I,I,I)*Bl*(1-ITA)-SDC(I,1,3)*Al*(1-KSI))I 
*(4"'Al·Bl)+WDG(I,J,I,4) 
WDG(I,J,I,S)-(SDC(I,I,3)·B 1 *(I+ITA»)I(4*Al *B I)+WDG(I,J,1,5) 
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WDG(I,J,1,6)-(SDC(I,1,3)*Bl*(1-ITA»)I(4*Al*Bl)+WDG(I,J,1,6) . 
WDG(I,J,1,7H-SDC(I,1,3)*Bl*(1+ITA»)I(4*Al*Bl)+WDG(I,J,1,7) 
WDG(I,J,1,8)=(-SDC(I,1,3)*Bl*(1-ITA»)I(4*Al*Bl)+WDG(I,J,1,8) 
WDG(I,J,2,l)=O.O+WDG(I,J,2,1) 
WDG(I,J,2,2)-O.O+WDG(I,J,2,2) 
WDG(I,J,2,3)=O.O+WDG(I,J,2,3) 
WDG(I,J,2A)=O.O+WDG(I,J,2A) 
WDG(I,J,2,5)=O.O+WDG(I,J,2,5) 
WDG(I,J,2,6)-O.O+WDG(I,J,2,6) 
WDG(I,J,2,7)=O.O+WDG(I,J,2,7) 
WDG(I,J,2,8)=O.O+WDG(I,J,2,8) 
WDG(I,J,3,1)=(SDC(I,3,1)*Bl*(1+ITA)+SDC(I,3,3)*Al*(1+KSI))I 
*(4* Al*B 1)+WDG(I,J,3,1) 
WDG(I,J,3,2)-(SDC(I,3, l)*B 1*(1-ITA)-SDC(I,3,3)* Al*(l+KSI)1 
*(4*Al*Bl)+WDG(I,J,3,2) 
WDG(I,J,3,3)=(-SDC(I,3,1)*Bl*(1+ITA)+SDC(I,3,3)*Al*(I-KSI))I 
*(4*Al*Bl)+WDG(I,J,3,3) 
WDG(I,J,3,4)=(-SDC(I,3,1)*Bl*(1-ITA)-SDC(I,3,3)*Al*(1-KSI))I 
*(4* Al*B 1)+WDG(I,J,3,4) 
WDG(I,J,3,5)=(SDC(I,3,3)*B 1*(1+ITA»/(4* Al*B 1)+WDG(I,J,3,5) 
WDG(I,J,3,6)-(SDC(I,3,3)*B 1 *(1-ITA»)I(4*Al *B 1)+WDG(I,J,3,6) 
WDG(I,J,3,7)=(-SDC(I,3,3)*Bl*(1+ITA»/(4*Al*Bl)+WDG(I,J,3,7) 
WDG(I,J,3,8)=(-SDC(I,3,3)*Bl*(I-ITA»)I(4*Al*Bl)+WDG(I,J,3,8) 
IF (SCHECK(I).EQ.2) GO TO 150 
WSB(I,J,1,1)-Bl*(1+ITA)/(4*Al*Bl)+WSB(I,J,1,1) 
WSB(I,J,1,2)-=Bl*(1-ITA)/(4*Al*Bl)+WSB(I,J,1,2) 
WSB(I,J,1,3)--B 1 *(I+ITA)/(4* Al*B 1)+WSB(I,J,1,3) 
WSB(I,J,1,4)--B 1*(1-ITA)I(4*Al*B I)+WSB (I,J, 1,4) 
WSB(I,J,1,5)-O. O+WSB(I,J, 1,5) 
WSB(I,J, 1,6)""O.O+WSB(I,J, 1,6) 
WSB(I,J,1,7)=O.O+WSB(I,J,1,7) 
WSB(I,J,1,8)=O.O+WSB(I,J,1,8) 
WSB(I,J,2, 1)-o.O+WSB(I,J,2, 1) 
WSB(I,J,2,2)=O.O+WSB(I,J,2,2) 
WSB (I,J,2,3)=O. O+WSB(I,J,2,3) 
WSB(I,J,2A)=O.O+WSB(I,J,2,4) 
WSB(I,J,2,5)-Al*(1+KSI)/(4*Al*Bl)+WSB(I,J,2,5) 
WSB(I,J,2,6)=-Al*(1+KSI)/(4* Al *B 1)+WSB(I,J,2,6) 
WSB(I,J,2,7)=Al*(t-KSI)/(4* At *B 1)+WSB(I,J,2,7) 
WSB(I,J,2,8)=-Al*(1-KSI)/(4*Al*Bl)+WSB(I,J,2,8) 
WSB(I,J,3,1)-Al*(1+K.SI)/(4*Al *B I)+WSB (I,J,3, I) 
WSB(I,J,3,2)=-Al*(1+K.SI)/(4*Al*Bl)+WSB(I,J,3,2) 
WSB(I,J,3,3)=Al*(1-KSI)/( 4* A l*B 1)+WSB(I,J,3,3) 
WSB(I,J,3,4)=-Al *(1-KSI)/(4*Al*Bl)+WSB(I,J,3A) 
WSB(I,J,3,5)-Bl*(I+ITA)/(4*Al*Bl)+WSB(I,J,3,5) 
WSB(I,J,3,6)=Bl*(1-ITA)/(4*Al*Bl)+WSB(I,J,3,6) '~~-
WSB(I,J,3,7)=-B 1*(1+ITA)/(4* Al *B 1)+WSB(I,J,3,7) 
WSB(I,J,3,8)=-B l*(l-ITA)/( 4 * A l*B 1)+ WSB(I,J,3,8) 

146 CONTINUE 
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KK.-I+WNCE 
Kl .... WNCE+WNSTE 
IF (KK..GT.Kl) GO TO 142 
SST(WST<:KKtl),WST<:KKtl»=(AREA*EO)ILENGTH 
SST(WST~1),WST(IQ{,2»--(AREA *EO)ILENGm 
SST(WST(KK.,2),WST(KK., 1 »=-(AREA *EO)ILENGlH 
SST(WST(KK.,2),WST<:KKt2»)=(AREA *EO)ILENGTH 

142 L=I+WNCE+WNSTE 
IF (L.GT.WNE) GO TO 150 
SSLIP(L)=SDISPL(WSP(L,1»-SDISPL(WSP(L,2» 
IF (ABS(SSLIP(L».LE.0.00667) TIIEN 
SSP(WSP(L,I),WSP(L,1»=O.3*3.1416*DIABAR*NOBAR*LENGlH 
ELSEIF (ABS(SSLIP(L».LE.0.03) TIIEN 
SSP(WSP(L, 1),WSP(L, 1»=O.128*3.1416*DIABAR *NOBAR *LENGlH 
ELSEIF (ABS(SSLIP(L».LE.O.l) TIIEN 
SSP(WSP(L, 1 ),WSP(L, 1»=0.001*3. 1416*DIABAR "'NOBAR *LENGlH 
ELSE· 
WRITE(*, *)'BOND FAILED IN TIIE ELEMENT,L 
SSP(WSP(L,I),WSP(L,I»=O.O 
ENDIF 
SSP(WSP(L,1),WSP(L,2»)-O.0 
SSP(WSP(L,2),WSP(L,I»=O.0 
SSP(WSP(L,2),WSP(L,2»=1000000 

150 DO 11 J=I,WGS 
DO 12 K-I,WGS 
SK(J,K)=SK(J,K)+S(J~)+SSP(J,K)+SST(J,K) 
S(J,K)=O.O 
SSP(J,K)=O.O 
SST(J,K)=O.O 

12 CONTINUE 
11 CONTINUE 

1=1+1 
IF (I.LE.WNCE) GO TO 200 
RETURN 
END 
SUBROUTINE 
SOLVE(DK,DDG,DGS,DNH,DCEV AP,DREY,D2,DDISPL,DBK,DVK) 
DIMENSION DK(80,80),DDG(80,80) 
DIMENSION D2(80),DDISPL(80),DBK(80),DVK(80) 
DIMENSION DHK.(80,80) 
INTEGER DGS,DNH,DCEV AP,DREY 
DO 10 I .... DNH+ I,DGS 

DO 20 J;;;;;DNH+ I,DGS 
DHK.(I-DNH,J-DNH)=DK(I,J) 

20 CONTINUE 
10CONTINUE 

IF (DCEV AP.EQ.O) DREY .... DREY+ 1 
IF (DCEV AP.GE.I) GO TO 30 

11 WRITE(*, *)'ENfER NDOF NUMBER AND LOAD INCREMENT 
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READ(*, *)I,DBK(I) 
WRlTE(*, *)'ENTER 1 FOR MORE NODAL FORCE OR 0 NO MORE' 
READ(*,*)~O 
IF (NUMO.EQ.l) 00 TO 11 

30 DO 50 I-l,DOS 
DO 60 J=l,DOS 

DDO(I))=O.O 
60 CONTINUE. 
50CONTINUE 

DO 70 I=DNH+ I,DOS 
DDO(l-DNH,lrDBK(I) 

70CONTINUE 
.. UK. -DOS-DNH 

CALL OAUSS(D~DO,DK.,l) 
DO 80 I=I,DOS-DNH 

DDISPL(l+DNH)=DDO(1,l)+DDISPL(I+DNH) 
D2(1+DNH)-DDO(I,1) 

80CONTINUE 
TUY=O.O 
DO 55 I-l,DNH 

DDISPL(I)-o.O 
55CONTINUE 

DO 90I-l,DOS 
DO 95 J=l,DOS 

WY .... WY+DK.(I))*D2(J) 
95 CONTINUE 

DVK(I)=TUY 
WY=O.O 

90CONTINUE 
RETURN 
END 
SUBROUTINE V ALUES(ROS,RNCE,RD,RDO,RSB,RF,RUZ,RSTREl,RSTRA1, 

*RSTRESS,RSTRAIN,RALFA,RSIOMAl,RSIOMA2,RO,RCHECK) 
DIMENSION RD(80) 
DIMENSION RDO(50,4,3,8),RSB(50,4,3,8) 
DIMENSION RF(50,4,3),RUZ(50,4,3),RSTREl(50,4,3),RSTRAl(50,4,3) 
DIMENSION RSTRESS(50,4,3),RSTRAIN(50,4,3),RALFA(50,4) 
DIMENSION RSIOMA1(50,4),RSIOMA2(50,4) 
INTBOER RO(50,8) 
INTBOER RCHECK(50). 
INTBOER ROS,RNCE 
RSl=O.O 
PI-22J7 
RS2=O.0 
DO 10 J"'l,RNCE 

DO 20L=1,4 
DO 25 1=1,3 

DO 30K=I,8 
RS l-RSl+RDO(J,L,I,K)*RD(RO(J,K» 
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RS2-RS2+RSB (J,L,I,K) *RD (RG(J,K.» 
30 CONTINUE·. 

RF(J,L»=RSI 
RUZ(J,L,I)=RS2 
RSl=O.O 
RS2=O.0 

25 CONTINUE, 
20 CONTINUE 
10 CONTINUE 

DO 40 I=l,RNCE 
DO 45 J=1,4 
CO=COS( -RALFA(I,J)*PIII80) 
. SI-SIN(-RALFA(I,J)*PII180) 
RS1RE 1 (I,J, I)=CO**2*RF(I,J, 1)+SI**2*RF(I,J,2)+2*CO*SI*RF(I,J,3) 
RS1RE1(I,J,2)-SI**2*RF(I,J,I)+CO**2*RF(I,J,2)-2*CO*SI*RF(I,J,3) 
RS1RE1(I,J,3)--CO*SI*RF(I,J,I)+CO·SI·RF(I,J,2)+(CO**2-~I··2)· 
*RF(I,J,3) 
RSTRAI(I,J,I)=CO**2*RUZ(I,J,I)+SI*·2*RUZ(I,J,2)+CO*SI*RUZ(I,J,3) 
RSTRA 1 (I,J,2)=SI* *2*RUZ(I,J, I)+CO**2*RUZ(I,J,2)-CO *SI*RUZ(I,J,3) 
RSTRAI(I,J,3)~-2·CO*SI*RUZ(l,J,1)+2*CO*SI*RUZ(I,J,2)+ 

. *(CO**2-SI**2)*(RUZ(I,J,3» 
45CONTINUE 
40 CONTINUE . 

DO 50 I=I,RNCE 
DOSS L-I,4 
DO 60J=I,3 _ 

RS1RESS(I,L,J)=RS1RESS(I,L,J)+RSTREl(I,L,J) 
RSTRAIN(I,L,.J)-RSTRAIN(I,L,J)+RSTRA 1 (I,L,J) 

60 CONTINUE . 
55 CONTINUE 
50CONTINUE 

DO 70 I-l,RNCE 
DO 75K-l,4 
Tl =«RS1RESS(I,K, 1)-RSTRESS(I,K,2»/2)**2 
T2={RSTRESS(I,K,3)**2) 
TX=SQRT(fI+T2) ~ 
RSIGMA1 (I,K)-(RSTRESS(I,K, I)+RSTRESS(I,K,2»)12+ TX~ 
RSIGMA2(1,K)=(RSTRESS(I,K,I)+RSTRESS(I,K,2»)l2-TX 
IF (RCHECK(I).EQ.l) GO TO 70 . 
IF (RS1RESS(I,K,I).EQ.RS1RESS(I,K,2» RALFA(I,K)-90 
IF (RSTRESS(I,K,I).EQ.RSTRESS(I,K,2» GO TO 70 
RALFA(I,K)=ATAN(2*RS1RESS(I,K,3)1(RS1RESS(I,K,I)-RS1RESS(I,K,2») 
RALFA(I,K)=..~FA(I,K)*180IPI 

WRITE( 4, *)RS1RESS(I, I, 1),RS1RESS(I, 1,2),RS1RESS(I, 1,3),ALF A(I, 1) 
WRITE( 4, *)RS1RE

1
SS(I,2, 1),RSTRESS(I,2,2),RSTRESS(I,2,3),ALFA(I,2) 

WRITE( 4, *)RS1RESS(I,3, 1),RS1RESS(I,3,2),RS1RESS(I,3,3),ALFA(I,3) 
I 

WRITE( 4, *)RSTRESS(I,4, 1),RS1RESS(I,4,2),RSTRESS(I,4,3),ALF A(I,4) 
75CONTINUE 
70CONTINUE 
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RETURN 
END 
SUBROUTINE CRACK.(CCHECK,CNCE,CFC,CDC,CEPSNN,CEPS'IT, 

·CGAMANT,CAL) 
DIMENSION CEPSNN(SO),CEPSTI(SO),CGAMANT(SO) 
DIMENSION D21CR(SO),D22CR(50),CD21CR(50),CD22CR(SO) 
DIMENSION CDC(SO,3,3),CT(3,3),CARP(3,3),CAL(50) 
INTEGER CCHECK.(SO) 
INTEGER CNCE 
REAL L,Hl,H2,H3,H4 
SMEAR=SO 
TOP-O.2S*CFC 
DMAX-19 

. Al=2.4SffOP 
A2-2.44*(I-4ffOP) 
DO 10I=I,CNCE 
IF (CCHECK(I).EQ.2) GO TO 10 
DELTAN=CEPSNN(1)*SMEAR 
IF (DELTAN.LT.O.O) GO TO 10 
DELTAT=CGAMANT(1)*SMEAR*2 
IF (DELTAN.LE.O.O) PRlNT,'NEGA TIVE OPENING' 
IF (DELTAN.LT.(O.OS» CCHECK(I)=2 
IF (DELTAN.LT.(O.OS» GO TO 10 
L=DELTATIDELTAN 
GI-TOP*(1-SQRT(2*DELTANIDMAX» 
G2-L 
G3=Al+A2*L*L*ABS(L) 
G4""I+A2*t·L*L*L 
FT-Gl*G2·G3/G4 
H 1 ...... 0. 62·L 
H2=FT 
H3=SQRT(DELTAN) 
H4 ... SQRT(SQRT(1+L*L» 
FN=Hl *H2*H31H4 
DSET-(4*A2*L*L*L*L)IDELTAN/(1+A2*L*L·L·L) 
PRlNT,'SIGMANN SIGMAm',FN,FT 
PRlNT,'DELTAT DELTAN',DELTAT,DELTAN 
CDC(I,3,3)=FT·(I.IDELTAT+3*A2·L*UABS(DELTAN)/(AI+A2*L*L* 
·ABS(L»-4*A2*L*L·UDELTAN/(I+A2·L*L*L*L» 
CDC(I,3, 1)=FT*( -l.lSQRT(2. ·DELTAN*DMAX.)*(1.-2. *DELTANIDMAX)-I.1 
*DELTAN-3·A2*ABS(L*L*L)lDELTAN/(Al+A2*ABS(L*L*L»+DSE1) 
CDC(I,I,3)=FN*(IIDELTAT+CDC(I,3,3)/Ff-0.S*DELTAT/(DELTAN**2)1 
·(l+L*L» 
CDC(I,1,1)=FN*(-1IDELTAN+CDC(I,3,1)/Ff+0.SISQRT(DELTAN)+ 
*O.S*L*UDELTAN)(I+L*L» "'~ 

10 CONTINUE I 

RETURN 
END 
SUBROUTINE NEWTON(1YOK, TGS,TSKEEP,TVK, IDISPL,TBK, W,T!{) 
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DIMENSION TSKEEP(80),1VK(80),TDISPL(80),TBK.(80),1D(80) 
DIMENSION TK.(80,80) . 
DIMENSION TSK.(80) 
INTEGER TYOK, TGS 
DO 61-1,80 

TSK.(I.)=O.O 
6CONTINUE 
IF (IYOK..GT.l) GO TO 21 
DO 20I-l,TGS 

TSKEEP(l)=TSKEEP(I)+ 1VK.(I) 
20CONTINUE 
21 SUY=O.O 

DO 50 I-l,TGS 
DO 60 J=1,TGS 

SUY .... SUY + TK(I,J)*1DISPL(J) 
60 CONTINUE 

TSK.(I)-SUY. 
suy-o.O 

50CONTINUE 
DO 88 I=I,TGS 

TBK.(I)-TSKEEP(I)-TSK.(I) 
88CONTINUE 

REWRN 
END 
SUBROUTINE GAUSS(UA,N,NP,UB,M,MP) 
DIMENSION UA(80,80),UB(80,80),IPIV(80),INDXR(80),INDXC(80) 
DO 11 J=1,N 

IPIV(J)=O. 
11 CONTINUE 

DO 22I=1,N 
BIG=O.O 

12 

DO 13 J=I,N 
IF (IPIV(J).NE.l) TIIEN 

DO 12K-l,N 
IF (IPIV(K.).EQ.O) TIffiN 

IF (ABS(UA(J,K».GE.BIG) TIIEN 
BIG-ABS(UA(J,K» 
IROW=J 
ICOL-K 

ENDIF 
ELSE IF (IPIV(K).GT.l) TIIEN 

PAUSE 'SINGULAR MATRIX' 
ENDIF . 
CONTINUE 

ENDIF 
13 CONTINUE 

IPIV(ICOL)=IPIV(ICOL)+ 1 
IF (lROW.NE.ICOL) niEN 

DO 14L-l,N 

78 



DUM-UA(lROW,L) 
UA(IROW,L)=UA(lCOL,L) 
UA(lCOL,L)=DUM 

14 CONTINUE 
DO 15 L-l,M 

DUM=UB(lROW,L) 
UB(IROW,L)-UB(lCOL,L) 
UB(lCOL,L)=DUM 

15 CONTINUE 
ENDIF 
INDXR(l)=IROW 
INDXC(I)=ICOL 
IF (UA(lCOL)COL).EQ.O.O) PAUSE 'SINGULAR MATRIX' 
PMNV=IIUA(lCOL)COL) 
UA(lCOL)COL)= 1. 0 
DO 16L=I,N 

UA(lCOL,L)=UA(lCOL,L)*PMNV 
16CONTINUE 

DO 17 L==I,M 
UB(lCOL,L)=UB(lCOL,L)*PIVINV 

17CONTINUE 
DO 21 LL==I,N 

IF (LL.NE.ICOL) TIlEN 
DUM=UA(LL)COL) 
UA(LL)COL)-O.O 
DO 18L-l,N 

UA(LL,L)=UA(LL,L)-UA(lCOL,L)*DUM 
18 CONTINUE 

DO 19L-l,M 
UB(LL,L) ... UB(LL,L)-UB(lCOL,L)*DUM 

19 CONTINUE 
ENDIF 

21CONTINUE 
22CONTINUE 

DO 24 L=N,I,-1 
IF (INDXR(L).NE.INDXC(L» TIffiN 

DO 23 K-l,N 
DUM-UA(KJNDXR(L» 
UA(KJNDXR(L»=UA(KJNDXC(L» 
UA(K.,INDXC(L»=DUM 

23 CONTINUE 
ENDIF 

24 CONTINUE . 
RETURN 
END 
FUNCTION YVXO(Vl,V2,VFC,Ml) 
DIMENSION V 1 (5 0),V2(5 0) 
YVXO=O.2+0.6*«(V2{Ml)NFC)**2)* *2+0.4*«(V 1 (MI)/(1-0.8*V2(M1)* 
*0.1»**2)**2 

79 



• 

RETURN 
END 
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