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ABSTRACT

DESIGN OF AN ADAPTIVE OUTPUT FEEDBACK
CONTROLLER FOR LTI SYSTEMS WITH SINUSOIDAL
DISTURBANCES

This thesis is a theoretical study which develops an adaptive output feedback
controller for LTT system driven by unknown sinusoidal disturbances. Two specific
systems are considered. As the first one is the unknown minimum-phase LTI system
with known relative degree and system order, the second one is the known LTI system
with the presence of a known input/output delay. The controller objective for both
systems is to reject the disturbances and make the equilibrium of the closed loop system

stable.

In the first problem, the controller design procedure is based on K-filter tech-
nique, disturbance parametrization, and adaptive backstepping. It is proven that the
equilibrium at the origin is globally uniformly stable and the output signal tracks a
given reference signal asymptotically. For an additive unmodelled noise, the robust-
ness of the closed loop system is also discussed. In the second problem, the essence
of the control design is composed of disturbance parametrization, state and distur-
bance observer design. The controller compensates the delays, rejects the disturbances
and achieves the exponential stability of the equilibrium of the closed-loop system by

estimating the disturbance and state perfectly.



OZET

SINUZOIDAL BOZUCU ETKISINDEKI DOGRUSAL VE
ZAMANLA DEGISMEYEN SISTEMLER ICIN
UYARLAMALI VE GERI BESLEMELI BIR KONTROLCU
TASARIMI

Bu tez, bilinmeyen harmonik bozucu etkisindeki dogrusal ve zamanla degigmeyen
(DZD) sistemlere uyarlamali ve geri beslemeli kontrolcii geligtiren teorik bir gahigmadir.
Bu calismada 2 farkhi problem ele almmigtir. Ilki, goreceli ve sistem derecesi bili-
nen fakat sistem parametreleri bilinmeyen minimum-faz DZD sistemi iken, ikincisi ise
girdi/cikt1 gecikmesine sahip bilinen bir DZD sistemidir. Her iki sistem i¢in de amag

bozucularin bastirilmasi ve kapali dongii sistemin kararl hale getirilmesidir.

Ik problemde kontrolcii tasarim siireci temel olarak K-filtresi teknigi, bozucu tem-
sili ve uyarlamali geriadimlama icermektedir. Bu kontrolciiyle denge noktasinin global
diizgiin kararl oldugu ve ¢ikt1 sinyalinin verilen bir referansi asimptotik bir gekilde takip
ettigi kamitlanmigtir. Kapali dongii sistemin, modellenmemig ek bir giirtiltii kargisindaki
giirbiizliigii de tartigilmigtir. Ikinci problemde gelistirilen kontrolciiniin esasm ise
bozucu temsili ile durum ve bozucu gozlemleyicisi tasarimlar: olugturmaktadir. Bu
kontrolcii, gecikmeleri telafi etmis ve bozuculari engellemistir. Ayrica, durum ve bozu-

cunun tam tahmini bagararak kapali dongii sistemin tissel kararliligini saglamigtir.
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1. INTRODUCTION

The problem of sinusoidal disturbance cancellation is observed in many real-world
applications such as active suspension control [1], active noise control [2] and marine
vehicles [3]- [4]. One of the techniques to approach this problem in linear systems
is the internal model principle [5]- [6]. This principle suggests the disturbance to be
written as the output of a known linear dynamic system (the so-called exosystem).
In order to compensate for the disturbance, a reduplicated model of this exosystem is
added to the feedback loop. Since the disturbance rejection with full-state feedback
may not be feasible in practical applications, the studies have focused on developing

control methods with output feedback.

The problem of disturbance rejection for linear systems by output feedback may
be divided into four categories. The first one is a basic case in which the system
parameters and the exosystem are known. This problem is studied in [7], [8]. In the
second category, the system parameters are known but the disturbance is the output of
an uncertain exosystem. This problem is solved for a stable plant of arbitrary relative
degree with one matched sinusoidal disturbance in [9]. Multisinusoidal disturbance
compensation is achieved for a system with arbitrary relative degree in [10]. The same
problem is studied in [11] with an assumption that the zero dynamics of the plant is
hyperbolic, which means that there is no zero on the imaginary axis of the complex
plane. The systems in [10] and [11] are not restricted to be stable or minimum phase.
Moreover, the problem of rejecting harmonic disturbances acting on the output signal is
addressed in [12]. In the third case, which assumes that the system is uncertain whereas
the exosystem is known, an adaptive algorithm is introduced for stable systems to reject

the unmatched disturbance with known frequencies in [13] and [14].

The fourth, and the most complex case is the one in which the system parameters
are unknown and the sinusoidal disturbance is generated by an uncertain exosystem.
This is the one that we consider in Chapter 2. For a minimum phase system whose rela-

tive degree is higher than unity, an iterative algorithm is suggested in [15] to compensate



for a single-frequency sinusoidal disturbance. The case of multiharmonic disturbance
and arbitrary relative degree is studied in [16]. Moreover, assuming that the system is
minimum phase with known relative degree, a design of an adaptive learning regulator
is introduced in [17]. In [18], a biased multi-sinusoidal disturbance compensator is de-
veloped for a stable system of an unknown order and an unknown relative degree. The
rejection of multisinosidal disturbances is studied in [19] for the systems which have
multiple zeros at the origin. Adaptive control of unknown linear systems is dealt with

state-derivative feedback in [20]- [21].

Since time delay is a common phenomenon observed in most real-world applica-
tions, the researchers have concentrated on developing control methods in which delays
arise. Adaptive control design techniques for systems with unknown ODE parameters
and input delay are given in [22] and [23]. The problem of adaptive stabilization is
solved for the systems with unknown parameters and distributed input delay in [24].
The idea of representing time delay as dynamic of PDE is introduced in [25]. Inspired
by [25], an adaptive observer for PDEs is developed in [26] with a backstepping like

design technique to compensate a delay.

The cancellation of sinusoidal disturbance for known and unknown LTI systems
with input delay is studied in [27], [28] and [29], respectively. The output regulation
problem is addressed in [30]- [31] for output-delayed known linear systems. An observer
design for output delayed systems with model parameter uncertainty is given in [32].
Moreover, for known linear systems with simultaneous state, input and output delay,
disturbance cancellation algorithms are proposed in [33] and [34]. However, the studies
[30]— [34] assume that exosystem is known and can be used in the controller. To the
best of our knowledge, no attempt has been made to reject the disturbance, which is

the output of unknown exosystem, in LTI systems with output delay.

In Chapter 2, we contribute mainly to the fourth case of output-feedback problem
with no delay. In [15], the cancellation of a single-frequency disturbance is considered.
The researchers in [16] drive the output to zero under matched multiharmonic dis-

turbances, assuming a lower bound for frequencies. The adaptive learning regulator



in [17] assumes that the unknown parameters are in a known bounded region. The
disturbance compensator in [18] is restricted to stable linear systems. The assumption
made in [19] is that the relative degree is unitary and the initial states of the exosystem

are in a compact set. In Chapter 2, we consider all of these challenges simultaneously.

In Chapter 2, we consider uncertain and minimum-phase LTI systems driven by
unknown and unmatched sinusoidal disturbances. We assume that the followings are
known; (i) upper bound of the plant order, (ii) upper bound of the exosystem order,
(iii) relative degree of the plant, (iv) the sign of the high frequency gain. We propose
an algorithm to reject the disturbances and to make the output track a reference
trajectory with the output feedback. We show that the equilibrium at the origin is
globally uniformly stable. We also make a minor robustness analysis of the closed loop

system with respect to an additive unmodelled noise.

The problem that we consider in Chapter 3 is the combination of disturbance
cancellation by output feedback and delay in the measurement. Contrary to [30]-
[34], the unknown disturbance in our system is generated by an uncertain exosystem.
Our main contribution is to solve this type of a problem by combining two methods.
We first use the technique given in [35] to express the disturbance in a parametrized
form and then, employ an adaptive observer proposed in [32]. In addition to this,
by employing the perfect estimation of the disturbance and the state, we design an
adaptive controller that rejects the disturbance and makes the equilibrium of the closed-

loop system exponentially stable.



2. OUTPUT FEEDBACK CONTROL FOR UNKNOWN
LTI SYSTEMS DRIVEN BY UNKNOWN PERIODIC
DISTURBANCES

This chapter considers unknown minimum-phase L'T1 systems with known relative
degree and system order. The main aim is to reject the unknown, unmatched sinusoidal
disturbances and make the output track a given trajectory with the output feedback.
The essence of the control design is composed of K-filter technique [36], disturbance
parametrization, and adaptive backstepping. Firstly, the K-filter approach is employed
to redefine the system states. Then, the disturbance information in the output signal
is parametrized and the problem is converted to an adaptive control problem. After
that, an adaptive output feedback controller is designed using a backstepping approach.
It is proven that the equilibrium at the origin is globally uniformly stable and the
output signal tracks the reference signal asymptotically. Finally, the effectiveness of
the controller is illustrated with a simulation example of a third-order unstable system.
The robustness of the closed loop system with respect to an additive unmodelled noise

is also discussed.

2.1. Problem Statement

We consider the following single input single output system

Y(s) = %U@) T %V(s), (2.1)

where
A(s) =" 4 ap_ 18" 4 - ars +ag (2.2)
B(s) =byus™ 4+ ...+ bis+ by (2.3)

D(S) :dnSn + ...+ dlS + d(). (24)



The representation of the system (2.1) in the observable canonical form is given by

0p—rm—
#(t) =Az(t) — ay(t) + Y u(t) + dv(t) (2.5)
b
y(t) =e x(t) + dnv(t), (2.6)
where
QAp—1 bm dn—l
0
A= I, ,a = b= ,d= , (2.7)
aq bl d1
0O ... O
Qo bo d()

the state z = [z1, . .. ,xn]T € R", the input u € R, the output y € R and the disturbance

is given by

l/(t) =go+ Z gi cos(w,-t + ¢Z), (28)

i=1

where ¢g, ¢i, wi, ¢; € R. The plant parameters a,b,d and disturbance parameters
9o, Gi,w;, ¢; for i = 1,... q are unknown. The disturbance v(¢) is not measured. The

only measured signal is y(t).

Remark 2.1. We consider a general case where all of the system states are affected by
the disturbance. Howewver, the term d; fori=0,...,n can be zero. For a measurement

without the disturbance, the term d,, can be selected as zero.

The unknown disturbance v(t) is represented as the output of an exosystem as

follows

W (t) =Sw(t) (2.9)
v(t) =hTw(t). (2.10)



where the state w(t) € R**!. The matrix S consists of the unknown frequencies of
the sinusoidal disturbance, v(t). The constant bias term go, amplitude g; and phase ¢;
determine the unknown initial condition of (2.9). Without loss of generality, one can
choose output vector hl such that (hl,S) becomes an observable pair.

We have the following assumptions regarding the plant (2.5)—(2.8):

Assumption 2.2. The plant is minimum phase, i.e., the polynomial B(s) = b,,s™ +

<o+ bys + by 1s Hurwitz.
Assumption 2.3. The sign of the high-frequency gain (sgn(b,,)) is known.

Assumption 2.4. The relative degree (p = n —m) of the plant and an upper bound

for the plant order (n) are known.

Assumption 2.5. The reference signal y,.(t) and its p derivatives are known and

bounded. Moreover, y°(t) is piecewise continuous.

Assumption 2.6. The mazimum number of distinct frequencies of the disturbance, q,

1s known.

Assumptions 2.2-2.5 are necessary for a traditional model reference adaptive

control design. Assumption 2.6 is used in the parametrization of the disturbance.

The aim is to design an adaptive controller which rejects the sinusoidal distur-

bances, keeps all the signals of the closed-loop system globally bounded, and achieves

tlgglo y(t) — y,(t) = 0. (2.11)

2.2. Disturbance Observer Design

In this section, we employ the Kreisselmeier filters (K-filters), which were initially

suggested in [37], to estimate the unmeasurable states of an uncertain system. By



employing the K-filter, we redefine system states. Then, we extract the information

of the unknown disturbance from the measured signal and parametrize it using the

technique given in [35]. That enables us to approach the problem as an adaptive

output feedback design problem.
2.2.1. State Representation
We rewrite the system (2.5)—(2.6) in the following form

@(t) =Ax(t) + F(u(t), y(t)) 0o + dv(t)

y(t) =ej (t) + dav(t),

where

O(p—1)x (m+1)

F(u(y),y(t)" = u(t), —y() In

Im—l—l

0y = [bT, aT} !

We employ the following K-filters [36]:

1(t) =Aon(t) + eny(t)
A(t) =AgA(t) + enu(t)
§(t) = — Agn(t)
E(t) =~ [AF7'n(t), .- Aon(t), n(t)]
vi(t) =AgAt), j=0,....m
QT (t) = [V (t), v (B), - 00 (), E()]

(2.12)

(2.13)

(2.14)

(2.15)



where n € R*) A € R", ¢ € R",Z € R v; € R*, QT € R™>(+m+) | Uging (2.16)-

(2.21), we obtain the following representation

z(t) = &(t) + Q(t)" b,

(2.22)

T
where k = { ki, ..., kn } € R™ is chosen such that Ay = A — kel is Hurwitz.

We take the derivative of (2.18) using (2.16) and take derivative of (2.21) using

(2.16), (2.17), (2.19), (2.20). Considering the special structure of Ay such as Ale, =

en—; and Age, = —k, we get the following equations

§ = Aoé + ky
QT = A7 + F(u,y)”.

Defining

and taking derivative of (2.25) in view of (2.12), (2.22)—(2.24), we get

é(t) = Ape(t) + dv(t).

(2.23)

(2.24)

(2.25)

(2.26)

In (2.22), K-filters (2.16)—(2.21) allow us to write the state estimation Z(t) as a linear

function of system parameters. In (2.26), if there was no disturbance, the state esti-

mation error €(t) would decay exponentially. However, this error is driven by unknown

sinusoidal terms. In the next step, we get the disturbance information from the output

dynamics.

Noting that y = x; + d,v, from (2.5), we write

= 29 —yela+dyw+dy_yv.

(2.27)



Using (2.22) and (2.25), we represent x5 as follows

Ty = &+ Q10 + &, (2.28)

= bpUma + & + [0, Um—1,2, - - -5 V0,2, 52] Oy + €, (2.29)

where &3,€),E9, € and v; 5 denote the second row of £, ), =, € and v;, respectively.

Substituting (2.29) into (2.27), we get the output dynamics as follows

==&+ wiby+ e (2.30)
= b2 + &+ 000 + 6, (2.31)
where
€9 = €9 + ng + dn—1V (232)
T
Wwo = [Um,m Um—1,25 -+, 00,2, 22 — yeﬂ (2~33)
T
(IJO = [0, Umflyg, RN ,’Ugyg, EQ — y@{:| . (234)

In the next section, we represent €5 as the output of the exosystem (2.9) and perform

a parametrization.
2.2.2. Parametrization of Disturbance
In this step, the aim is to obtain a parametrized form of the disturbance infor-

mation, e;. Recalling (2.8), the solution of (2.26) for the second element is represented

as

€2(t) = €255(t) + €2in(?), (2.35)
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where e, and €g;, denote the steady state and transient responses respectively, and

they are given by

€ass (1) :<|G€2(O)| + dn_1> 9o+ i <|G€2 (juws)| cos(£L G, (i) + dn_1> gs cos(wit + &)

— <|G62 (Jw:)| sin(£Ge, (jw;)) + widn> gi sin(w;t + ¢;) (2.36)

€2in(t) =€2 €5 (t), (2.37)
with

Ge,(s) =el (sI — Ay) "' d (2.38)

Since Aj is a Hurwitz matrix, the effect of the initial condition decays exponentially.
Moreover, €s4(t) contains same frequency as v(t). Therefore, considering (2.8), (2.9)

and (2.36), there exists a vector h. € R%*! such that the pair (S, h7) is observable and

€255 (t) = RTW (). (2.40)
Let G € R@a+)x(2e+1) he o Hurwitz matrix and let (G, 1) be a controllable pair. Since
the pair (h7,S) is observable and the spectra of S and G are disjoint, the matrix
M € RGa+1)x(2a+1) " which is the solution of the Sylvester equation given by

MS —GM = IhT, (2.41)

is unique and non-singular [38]. The change of coordinates Z(t) = MW (t) transforms
the exosystem dynamics (2.9) and (2.40) into the form

Z(t) = GZ(t) + leas(2) (2.42)
€25s(t) = R M Z(2). (2.43)
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The following lemma reveals the observer designed for unmeasured signal Z(t).

Lemma 2.7. The unmeasured signal Z(t) can be represented as

with
O(t) =U(t) + ly(t) (2.45)
U(t) =G (V1) + ly(t)) — 1&(t) (2.46)
Gi(t) =Gi(t) — Zppi(t) i=0,...,n—2 (2.47)
Pn-1(t) =Gon_1(t) — 1 (52,1(t) - y(t)) (2.48)

where Zy,,_i(t) denotes the (n — i)™ element of vector Z5(t). The dynamics of the

estimation error is

E(t) = Ge(t) — lede(t), (2.50)

which decays exponentially.

Proof. Taking derivative of (2.44) in view of (2.30), (2.45)—(2.49), and by recalling
(2.37), we get (2.50). Let X, = [g, em]T, derivative of X, is written as

. G —lef
X.(t) = X.(8). (2.51)
0 A

Since G and A, are Hurwitz, X.(¢) vanishes exponentially. O
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Using (2.43), we find the following representation

079 (t) +29a it +Zeb 1 (1) + 67 (t), (2.53)
where 87 = hI M~ 07 = 0Ta;, 6] = 67b;.

We are able to represent the unknown signal e;4(¢) as the multiplication of un-
known vectors with known regressors plus exponentially decaying estimation error. We

use this representation in both state estimation and control law designs.

Recalling es(t) = €a55(t) + €2in(t), substituting (2.53) into (2.31) and considering
(2.17), (2.20), we redefine the first p equations of the system so that we obtain the

following system whose states are available,

§ =&+ w0+ en (2.54)
= b Uma + & + 070 + €4, + 07 (2.55)
Um,2 = U3 — kaUm 1 (2.56)
i}m,p = Um,p+1 — kpvm,l + u, (257)
where

WT = Um,Qa Umfl,Qa s 71]0,27 EQ - yefa CI)Tv P, :u:| (258)
o = 07 Um—12,- -, V0,2, 22 — yel T o, u} (2.59)

T
0 = bT cat 08 0,,0,] (2.60)
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with
Q= |:g0?;, . ,gof,l] € RIxn(2atl) (2.61)
p= [ME‘Q - ,Mﬂ € RIX (ARt (2.62)
00 = [0ugs- - -, 00, ,| € R (2.63)
Oy = [Oby, - - -, 0p,,] € RV(MTDEaTD), (2.64)

With (2.54)—(2.64), we prepare a basis for a backstepping design. Our output dynamics
has a similar structure to [36] with a difference that we expand w,w and 6 terms with

the parametrized disturbance.
2.3. Adaptive Controller Design

In this section, we apply a backstepping technique to design an adaptive con-
troller. We first define new error terms to get virtual control input for backstepping,
i.e. stabilizing functions. Then, performing a recursive design, we propose an actual

control input with the update laws, which achieves asymptotic tracking of y..(t) by y(t).

We employ the following coordinate transformation

2 =Y —Yr (2.65)

Zi = Um,i — @yﬁz—l) — 1 1= 2, s Py (266)

where 9 is an estimate of o = 1/b,,, y7Y denotes the (¢ — 1) derivatives of y,. We
design the stabilizing functions «; for ¢« = 1, ..., p such that it would achieve the control
objective if x;,1 was available as a control input. The recursive design procedure is

given as follows.



Step 1 We first take the time derivative of z; as follows

2 = bpUma + & + 070 + €95 + 0T e — 3y

= by + & + 010 + €95 + 07 — by 00y + by 2o

We choose the first stabilizing function as

Q] = Qo_élv

where

o =—c1z1 —hiz — fizg — & — w0

for ¢1, hy, f1 > 0. Substituting (2.69) and (2.70) into (2.68),we get

Z"l = —C1%1 — hlzl — f121 -+ €2in + 9?6 + @Té — bm(yr + @1)@ + meQ.

By manipulating the following terms with (2.59), (2.66) and (2.69) as follows

070 + by 29 = (w—o(yr + o‘zl)el)Té + by 2o,

we rewrite (2.71) as

b= —cr21 — bz — fiz + €gin + 07 + (W — 09 + @1)e1)T0 — by (9 + a1) 6 +

We consider the following Lyapunov function

by
%+ Lgrp- 10+| |~2+— T Pein +

1 1,
‘/1 =5 €in €in
2 27, ¢ T am, 2

—~ Q*‘>

Pflem + Eg

14

(2.67)
(2.68)

(2.69)

(2.70)

(2.71)

(2.72)

2.73)

(2.74)



15

where the positive definite matrices P, Py, and P, are solutions of the matrix equations

AL Py, + PinAg = =21, (2.75)
1
ATPL o+ Py = =55 A (et PIPACS ) I (2.76)
G'P, + P,G = —qly 1, (2.77)
with
q> 070, +2. (2.78)

The derivative of (2.74) with (2.75)—(2.77) is given by

Vl §21< —ci121 — hiz — fiz) + €gin + 9;‘% + (w — o(yr + 541)61)T9~ — b (Y + 1) 0

- PR S 1/ 5 IO R I TpTp T
4 bz ) B N Iy S (P P W (e ITPTP,le )
2 Yo 0o Ah, Af, 2 2
i 1
— LT — (27 Pleles). (2.79)

4f1 4fi

By applying Young’s inequality for the cross term, we get

. - 1 . _ : P . _
Vi < =12 + bz — |bm|Q7_<7QSgn(bm)<yr +a)z +0) + 0TI (w — 6(yr + &)
o

X €1)z1 — é) — h22 — f12 + 2160 — %hle%em + 207 — ﬁe% + %fleTa.
(2.80)
We choose
0= =591 (b)) (G + @1)21, 7, >0 (2.81)
and

7 = (w— 0(Yr + @1)eq) 2. (2.82)
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Substituting (2.81) and (2.82) into (2.80), we get

) R ~ A 1 2 1
Vi<—c122 +bpzzo + 07 (1, —T710) — by (21 — 2—€2m) <€1m + €5t -
1

h 4h,y
1 S| q 1
2 T T T T T
) = — —0; n+—(0 — —c'e.
+enm> f1(21 o5 ) 4h€ € +4f1( £)? 4f1 €+ fes
(2.83)
Choosing ¢ as (2.78), we get
V< — 12 + b 2122 + éT(Tl 19) — LeT o Ein — Le E. (2.84)
- 4h, 41
Through the following algebraic expression
v; = AN\, (2.85)
We write v; ; as follows
Ui,j = [*7 ceey Ky 1] j‘erj (286)
where j\iﬂ = [)\1, e ,/\Hj}T. For the sake of simplicity, we put * to denote the ele-
ments of the matrix consisting of £ terms.
Step 2 Taking the time derivative of (2.66) for i = 2, we get
22 :i)m,Q - @yT - @y’l’ - dl <y7 7, é; @7 5\m+1, Yrs q)7 2 :u) (287)

. doy O
=Upm,3 — kaVm,1 — OB — OUr — 8_(52 + w0+ €5 + 07 ) — 8—7]1(14077 + eny)

day . Oar. Bay; "o )
O Oas Oaig Z L ij1+Aj+1)—£<Gq>—zgz)

T
1 m

Z GQOZ ._2 n— z Z GILLZ lvm) (288)
— Y% — YK

8@1 A

Oay
=Um,3 — BQ er - 8_y( T9 + €24 + QT ) ) (289)
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By —hoyvm 1 + 22 (6 + w78 + 2 (Agn + eny) + 2% +m+l‘%‘1( ki + Ajat)
=koUm1 + —— w — e, Ly
2 2 71 ay 2 an 077 y 8y7»y a)\ 1 ]+1
8041 6051 = aCVl —
. ~1g) + Gpi — Ep s
8041 m 8
Gpn_1—U(Z21 — Gu; — lv; o). 2.90
T gp (Gon —1(Ea y>>+; (G = i2) (2:90)
Noting from (2.66) that vy, 3 — 0¥, = 23 + a2, we get
8&1 T T
s oy (W'l + €2in +0.¢) — (2.91)
We consider the following Lyapunov function
1 1 1, 1,
Vo=Vi+ 22 + —¢€; Pmem + = szem + ——¢" Pe, (2.92)

4hs 9 Cin Af,

where the positive definite matrix Py, is the solution of the matrix equation

1

AoTPf2 + Pp,Ag = _2_f2

A (engP,,T Plet ) I,.

The time derivative of (2.92) is given by

. A ~ 3 o ~
‘/2 S — clz% + bmz1z2 + QT(Tl — I‘*lﬁ) + 29 <a2 Bg — ﬂ( T@ + €9 1+ 0?8) —
dy
2 1
+ 23> - 4h Zj;l €in — Eez;LElnAmaw (GQZTPTPZ T> - 4—f2€ €
1
+ (2T P,led e,
4f2( 2 )
< — 22 + 22 —I—QNT(T aalwz F_1é>—|—2(04 + bz — 3 8&1 0)
>~ 0t 2~3 1= 2 = 212 m~1l — M2 T
! dy o0
8041 8(1/1 2 1
— Z2 ay €2in — 2275 3y 95 €= 4hs Ez;fm - Eeg;ein/\maz (621TP3—‘PVZ€I£>

1
+ —(—=2¢TP,lele;,
4f2( 2 )

(2.93)

8041 A

——88

4f
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~ Oa A “ Jda
< - clzf + 2925 + 67 (7’1 — a—yleQ - qu) + 2o(ag + byz1 — B2 — @01 )
Jda ol 1 1
+ hQ( ayl )2 2 hQ(ZQ ayl + 2—}12621'71)2 — 4—]6263;61'”)\”1(133 <€2lTPlTPl,l€2>
q T 1 1 T 80&1 9 9 80&1 1 T \2
— — €l e + —(—2eTPlel e, —0
4f2 € 4h€€ +4f2( 5 ey €; )+f2( )° 2y fg(zzay+2f2€5)
4 — QT 2.94
TRCER 2:99
We choose
To =T — %wzg (2.95)
e O O
Qg = — Cg29 — hg( ayl) f2( 1) 891 (296)
Substituting (2.95) and (2.96) into (2.94), we get
. 8061 - 1 1
Vy < — 07 (ry — T4 I —0) — —€l e — —c"
h < — 122 — coza + 2z + 07 (o ) ; (I’ —0) — 4h2€m€ 4f28 5
(2.97)
Step 3 Taking the time derivative of (2.66) for i = 3, we get
23 :?}m,?) - @y£3) - @yr - Oé?(Q m, é? éa 5‘m+17 Yr, (I)7 @, M) (298)
Oa day A
= — B3 — oy — —2(w70 07e) — —20 2.99
=Um 4 ﬁB er ay ( + €2in + ) 89 ) ( )
where
B3 =ksv +a—(£ +wT9)+a—(A +e )+8a2' +%" +m+2%(—lm
3 —h3Um,1 ay 2 377 077 ny ayT yT ayT yT — a)\] VEAY"
.. 8(1/2 8@2 2 8042 .
+ Aji1) + (G 8A — )0+ 8_\I/<Gq) - l§2> + ; 90, (Gpi = 1Z90-i)
+ das (G —U(E91 —y)) + i 8a2(G — lv;2) (2.100)
89071_1 QOTL—I ‘—‘2,1 y a,uz /’Ll 7,,2 . .

=0
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Noting from (2.66) that vy, 4 — @y,(ns) = 24 + ag, we get

Ox ~ Oao ~
%3 =ag — B3 — a_;( wT0 + €5 + 07€) — aé29 + 2 (2.101)
We consider the following Lyapunov function
1 1 1 1
Vs =Vo+ 223 i L Piéin + 3 € Ppy€in + 4—J%5TPV5, (2.102)

where the positive definite matrix Py, is the solution of the matrix equation

|
ATPp + P Ay = ——— A (e2zTP,T P,,l62T> L. (2.103)

2fs

The time derivative of (2.102) is given by

. ~ 0 X 0
Va < — 127 — coza + 2324 + 07 (1o — ai;wz;:, —T7) + 2 (OZg + 29— 5;2 )
8(1/2 80[2 T a an : 2 T 1 T
- X 2in 9 ~ F - 9 mn = 5 Sintin
23 o €o o ; (T, —0) — 1 —€,. € 4f36m6
1
X Amag (e lTPVTPVle > — —5 e+ —(—2eTP,lele;). 2.104
2 2 4f3 4f3< 2 ) ( )
By choosing
19)
T3 = Ty — %wz;), (2.105)
and noting that
. 8062 .
FTQ — 9 = F—(.UZg + (FTg - 0) (2106)

dy
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we can rewrite (2.104) as follows

. ~ A Oa x Oaq _ Oa
‘/3 S — CIZ% - 0223 + 2324 + QT(T3 — F_lg) él (FTg - 6) + Zga—élpa—yQWZg
8&2 (9(1/2 2 2 6a2 1 2
- ha (52 22— hs (23 + 5o
+ z <C¥3+ZQ 6 30 >—|— 3<ay) Z3 3| 23 8y +2h3€2
1 1
4h ET n€in — @eﬁein)\maz (BQZTPVTP,/ZGg) — 4—‘]%8 g+ — 4f3 (—2€prl€g€in>
+ f Oas — f 80‘2 - —eT 2 - —(eT )%, (2.107)
"oy ’ 2f3 ¢ 4fy |
Substitution of the following stabilizing function
daa\ Do\ ” Oa Oaq _ Oa
Q3 = — C3%3 — h3 (a—;) 23 — fg (a—;) 23— Z2 + 53 + 80? P7'3 — 228—0}Fa—y2w
(2.108)
into (2.107) yields
8@1 8042 A

Vs < — clzf — 02222 — 03z§ + 2324 + 6’~T(7'3 — F_lé) + (29 8@ + 23 % )(T'r3 — 0)

1 T 1 T
L P 2.109
VA (2.109)

Step i =4,...,p Taking the time derivative of (2.66) for any i bigger than 3, we get

22‘ :@m,i - @y£2) - @yv(nz—l) - di—l (% n, ‘97 .@7 S\m—i-i—la gq(ﬂi_Q)a (I)7 @, M)

=it = i — oy - a‘g—;‘wé +ean 2 - agié_lé’ -
where
b= Ot (e, 4 o7h) 4+ 20 g DA
. =k, gy Gt )+ o ( 0n+€"y)+;ayﬁj_” "
m+i— 18041 1 . dajy, . Doy
+ Z (—kiA + i) + (Y + 90 Jo+ ov <G<I>—l§2)
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n—2 m

aai_ — aal — aOél_

+ Z 8901 (G(,Dz - l52,n—z) 850 11 (GSDn—l - l(:,271 — y)) + Z Wl(GMZ — lvi72)
i=0 ’ " i=0 :

(2.111)

and gj,(ai_Q) = [yr, e ,yf«i_Q) ] Noting from (2.66) that vy, ;11 — @y,(,i) = 2;41 + ;, we get

i =a; — B — ——(w"0 + €gin + 07€) + (2.112)
At the final step i = p, we get
= U+ Vi1 — Py, 2,01 = 0. (2.113)

We consider the following Lyapunov function

1 1
V V; 1 + Z h in zn61n+ 5 mPf,e’m 4—fi5TPV€
—— Z ( TG I Pin€in + €F Py €in + ieTPVs) 4+ Lgrp-1g 4 M@? (2.114)
: 2fx 2 27,

Similar to (2.109), we can write V;_; as follows

i—1 . i—1

. i : B
Vi <— ;ckzg Yooz 6T (n»_l - F‘10> n (;zk O(;’; 1) (Drisy — ). (2.115)

The time derivative of (2.114) with (2.112) and (2.115) is given by

i—1 ] i—1 )
Vi < - Z ckzi + ZiZip1 + o7 (Ti—l - ag;_lwzi - F_1é> + <Z 2k 0(;2_1> (FTi—1 - 9)
k=2

k=1

Ja; oo, _ 2 1
+ 2 |:05i + 21— Bi — 39 ~4 ] - Zi%ﬁzm - 4—}1163;1 in — 4_ﬁ€zn6in
Oa;_
X Amas (engPVT P,,leg> 7 ff Te 4+ fz( 2¢TP,leg €in) — 7 gy A (2.116)
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Choosing

Oa;—
Ty = Ti—1 — —(;y 1(,{)27; (2117)
and noting that
X X day_q I
FTi—l —0 :F’Ti_l - FTZ' + FTZ' —0=T wz; + (FTZ - ‘9), (2118)
oy

we can write (2.116) as follows

i—1

Vi, < — chzﬁ + 22001 + 07 (Ti - F_1é> + <§Z’f8(ggl> (Fn B é>

k=1 k=2

i B - L 1
+ (Z ZkaakA 1>Faal 1&)2,’ + z; [Ozi + Zi—1 — 61 — aa—Ale] — GT €in
o 060

dy 90

- 2 a i 1 2 1
+ h¢<aaZ 1) z = b <Zz‘—a -+ —62m> - 4—6%@”)%% (e2lTPVTPVle;F)

oy dy 2h; Ji
_ 4iﬁ5%+ 41]Ci(—25TP,,l62Tem) + fi (83—2‘1)27;3 — f; (z,agzy L4 2_ﬁ9T )2
+ 4—ﬁ(9T £)? (2.119)
< Z it s+ 0 (- 00 o 2950 (17, )
+ z [ozz- 4+ 21— By — 8(;% 1é + (;_12 2k 86;%—1>F3(;;—1w} + h; (8(;;_1)223
+f; <8g;‘1>2 2 4%63;% - 41fi8T5. (2.120)

Choosing the stabilizing function as follows

oy ? doi_y ? oy
Q= — Zji—1 — <Ci+hi oy + fi oy >Zz+5z Wrﬂ‘

1
Oap_1 04
— Z —TI w 2.121
PR 2.121)




and substituting it into (2.120), we get

Vi < — i ckzz + 241 + 6" (Ti — F_lé) + (i 2 80(;%1> (FTZ' —
k=2

k=1

23

The design procedure ends when ¢ = p. Then, the update law is chosen as

0 = I'r,.

By substituting (2.123) into (2.122), we get

p
. 1 1
Vp S — E Ckzz - EGZLGin - EETé‘.
1 k k

(2.123)

(2.124)

Finally, we design a backstepping based adaptive control law as follows

U=y = Umpi1 + 0U.

For convenience, the parameter update laws are given by

é = _’Ygsgn(bm)(yr + )z, Yo >0

where

T = (CL) — @(yr + @1)61)21

. Oy -
Ti—Ti,l—a—ywzi, Z—2,...,p

for any positive definite symmetric matrix T'.

(2.125)

(2.126)
(2.127)

(2.128)

(2.129)
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In view of the adaptive control law (2.125), stabilizing functions (2.69), (2.96),
(2.108), (2.121) and update laws (2.126)—(2.129), the resulting error system can be

written in a compact form

z :Az(za t)Z + W€<Z, t)(EQin + 035) + Wg(Z, t)é - bm(yr + O_él)eléa

where A, € RP*? W, € R?, W, € RP*? ar

e presented as follows,

Wy(z, )T =W (z,t)w” — (3 + ar)ere] € RP*P

r T
Wz =1, (=557 ..., (%) R
—C1 — hl — fl i)m O
_Bm _CQ_hQ(%)Z_f2(%)2 14 o093 024
0 —1—-0
A, (z,t) = 23
—024
O _0-27p _UP*Q,p
0
0'27;,
Op—2,p
1+ Op—1,p
6~ hp(aa;.;ly - fp(aa;.;l)z
with
Oai_q . Oci_
oy = OéA Ir a1
00 oy

Remark 2.8. For the systems whose relative degree is one, i.e. m =

controller design procedure doesn’t require a backstepping technique.

(2.130)

—1 =051,

(2.131)

(2.132)

n — 1, the

The input term
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appears in the derivative of the output signal
Y =bu + & + @070 + egp, + 01 ¢ (2.133)
For the error signal zy = y — y,, we choose the input as follows
u=p0 (—clzl —hiz1 — fizn — & — oT0 + yr) ) (2.134)

Therefore, we give the details of the case where the relative degree is greater than unity.

2.4. Stability Analysis

The main theorem is stated as follows.

Theorem 2.9. Consider the closed-loop system consisting of the plant (2.5), (2.6), un-
known disturbance (2.8), K-filters (2.16)—(2.21), the disturbance observer filters (2.45)—
(2.49), the parameter update laws (2.126)—(2.129) and control law (2.125). Under As-
sumptions 2.2-2.6, the signals 0,y € R, n, v, A\ €in, T, 0 € R, 2 € R, Z, U, €
R20+! ) ¢ RIX2atn ) ¢ RIXRatD)(mt]) g ¢ RRaHHn+mt1)(2042) gre globally bounded

and the asymptotic tracking is achieved, i.e.
tllglo 2 (t) = tlgglo(y(t) —y:(t)) =0. (2.135)

Proof. Consider the Lyapunov function

1 1 &G/ 1
Vo = 57 at5 kZ (ThkTP - TPf)

Lopyx bl 1 [ 1
+=0TT7 19+ 5% + = —TpPe|, 2.136
2 27,¢ T2 ; 2, (2.136)

where hy, f, > 0 for K = 1,...,p, the positive definite matrices P,,, Py, and P, are
defined in (2.75)—(2.78).
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Recall from (2.124) that

P
. 1 1
V, < — E crzp + Eeﬁem + EsTs (2.137)
— k k

for ¢, > 0 for k = 1,...,p. With LaSalle Yoshizawa theorem, we can state that
z,€in, 0, 0, are bounded and 2(t), em(t),e(t) — 0 as t — oo. The boundedness of
z and y, establishes the boundedness of y from (2.65). Moreover, since z(t) — 0 as

t — o0, output signal, y, tracks the reference signal, y,., perfectly.

Recalling Ag is Hurwitz, we prove the boundedness of n from (2.16). By writing
(2.17) in Laplace form and substituting (2.1), we get

s = ’“}(S(Sjg(s) ! (A)Y () = D)V (s)). (2.138)

where K(s) = s"+kys" ! +---+kq. In view of the boundedness of y, v and Assumption

2.2, (2.138) proves that Ay, ..., A\y41 are bounded. In view of (2.20), v; ; can be written

as

Vij = [*7 D) 1] 5\iJrj7 (2139)
where \;y; = [)\1, ceey )\iﬂ} " For the sake of simplicity, we put * to denote the elements
of the matrix consisting of k terms. From (2.139), v;5 for ¢ = 0,...,m — 1 is bounded.

Therefore, p is bounded for i = 0,...,m — 1 from (2.49).

Recalling that ey, is a bounded signal from (2.36), Z is bounded from (2.42).
Recalling that y and & are bounded, ¥ is bounded from (2.46). The boundedness of
U and y prove that ® is bounded from (2.45). In view of the boundedness of 7, we
establish the boundedness of ¢ from (2.47)-(2.48). The boundedness of Z, ®, ¢, ¢ for
i=1,...,mand pfori=1,...,m—1 establishes the boundedness of y,, from (2.44).
Recalling that Ay, ..., A4 and gy, are bounded, v, 5 is bounded from (2.49) and A2
is also bounded from(2.139).
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The coordinate transformation is written as follows

Um,i =z + @:%(11—1) + a1 <y7 n, éa éa S\m—&-i—la gﬁi—2)7 (I)a @, N) ) (2140)

where @(}'*2) = |Yp, ... ,yfﬂiﬁ) ] fori=2,...,p. Let i = 3, then we prove the bounded-

ness of v, 3 recalling that z3,y,n, 0, 0, Ams2, Yr, Uy and §j, are bounded. From (2.139),
Ama+3 is bounded. Recursively, we prove the boundedness of \. With the boundedness
of X\ and 7, we prove that Z is bounded from (2.22). Considering this fact and the
boundedness of v, we prove the boundedness of = from (2.26). This proves Theorem

2.9. [l

We now consider the zero dynamics and the overall error system. We define the

reference signal " governed by

0" = Ao + enyr, (2.141)
so that the error signal 77 = 1 — n" satisfies the equation

i1 = Aoil + enz1. (2.142)
We define the following similarity transformation

T X

= | = x, (2.143)
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where

T =[Abey, ..., Aper, L] (2.144)
_bm—l/bm
Ap = : L1 : (2.145)
—bo/bm 0 0

with the following identities

0 ol .,
T| | =0, TA=AT+TA”| | (2.146)
b b

The inverse dynamics of (2.5) and (2.6) are represented as

é:Abc+T<AP 2 —a>y+Tdu (2.147)
2 Ay + by + by (2.148)
We define the reference signal (" governed by
("= A" + by, (2.149)
so that the error signal f = ( — (" satisfies the equation
C = Al + byt + by (2.150)

We make the following transformation

Cbzc—/ e, u(1)dr. (2.151)
0
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The time derivative of (; yields

C.b = Abgb + bbzl (2152)

so that we transform (2.148) to (2.152). The overall error system is summarized as

follows
5 =A (2, 1)z + Wz, t)(€gin + 07€) + Wy(2,8)0 — by (3 + @1)e1d, (2.153)
€in =Ao€in, (2.154)
& =ApGy + by, (2.155)
1 =Aol] + €21, (2.156)
§ = —TWy(z,1)z, (2.157)
0 =7o5e0(byn) (9 + a1 )e] 2. (2.158)
¢ =Ge — lej €. (2.159)

Lemma 2.10. The error system (2.153)—(2.159) is globally uniformly stable at the

origin.

Proof. We consider the following Lyapunov function

T |
V=V, + k,—nTPnn + k—ch PG, (2.160)
n ¢

where the positive definite matrices P, and P, are solutions of the matrix equations

P:A,+ APl =—1,, (2.161)

P, Ay+ AJ Pl =—1, (2.162)
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and k. and k, are any positive constants. The derivative of (2.160) is given by

p
: 1 1 1 1
V<—< 24 = (T 4~ Toy — 5Tp —T> 2.163
< ;ckzk + T, Cin + 7.° €+ ann 7+ %ng Cb ( )
which ensures the global uniform stability of (2.153)—(2.159). O

Remark 2.11. [t should be noted that the disturbance might include a bounded noise
i addition to the sinusoidal terms or that we might underestimate the maximum num-
ber of distinct frequencies q. In such a case, the parameter estimates may drift and
the overall stability can be vanished. This problem may be counteracted by applying
some robustification techniques that involve leakage, o-modification, switching-o, €;-
modification, dead-zone, projection, and dynamic normalization as given in [39]. These
modifications maintain the overall stability. Meanwhile, we sacrifice the convergence
in the steady state. We present o-modification technique to handle an unmodelled dis-

turbance and give a numerical example in Section 6.

2.5. Numerical Simulations

In this section, we present two simulations. Case one does not include any addi-
tional noise and ¢ is underestimated. Additional noise is added to disturbance in case
two to illustrate robustness. We consider the following unstable relative-degree-two
plant

(s +0.8)U(s) +0.9D(s)

V(s) — 2.164
() = 5 0652 055+ 04 (2.164)

In the case one, we choose the reference signal y,.(t) and the unknown disturbance v/(t)

as given in Table 2.1.

The number of distinct frequencies, ¢, is assumed to be 2 in the design. We

T
choose initial conditions as X (0) = {0,1 0.1 0,1} , the controllable pair (G,1) as
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Table 2.1. Unknown disturbances v(t) and reference signals y, () used in simulations

Figure 2.1 Figure 2.2
0<t<20 20 <t <40 0<t<40
v(t) | 5+ 3sin(0.5¢) | 7+ 5sin(1.5¢ 5 + 3sin(0.5¢)
+4sin(2t + 7/6) +m/12) +4sin(2t + 7/6) + v, (t)
where v, ~ N(2, 2.25) + 2sin(t)
yr(t) 1 2 1
l=10000 1r G = S; Tl [_0.32 ~2.02 —5.09 —6.39 —4.00|,
- 5

T
the matrix k& as [ 3.30, 3.62, 1.32 } and the constants ci, co, hy, ho, f1, fo as
0.3,0.2,0.25,0.27,0.1, 0.1, respectively. Figure 2.1 shows that y(¢) tracks y,(t) as stated
in Theorem 2.9. Note that even if we overestimate ¢ between 20 < ¢t < 40, the output

tracks the reference signal perfectly.

In the case two, we consider scenario in which we underestimate q. Furthermore,
additional unmodelled noise is added as given in Table 2.1. For this case, we make
a robustness analysis by considering an additional noise v,(t) for (2.8). We apply a

o-modification algorithm to guarantee stability as follows

é = =880 (b ) (Ur + @1)21 — Y700 (2.165)
6 = TWy(z, 1)z — Tyib, (2.166)

where v,, 7,7 > 0. Taking the time derivative of Lyapunov function (2.160), employ-
ing nonlinear damping and substituting (2.165)—(2.166) instead of (2.126)—(2.127), we
get

Te 2

p
1 0
V< %V+Z4— oW+ 1bm \% : (2.167)
k=1



32

-0.5 ! ! ! !
0 5 10 15 20 25 30 35 40

Time(sec)

Figure 2.1. The output, y(¢), and reference signal, y,.(t). See Table 2.1 for v(t) and

yr(1).
where v, > 0, k. >0 for k=1,...,p and
€ra(t) = L7 (eg (sI — Ag)™" dVa(s)) . (2.168)

In the simulation, we choose the reference signal y,(t) and the unknown disturbance
v(t) as given in Table 2.1. Figure 2.2 shows that y(t) does not converge, but oscillates
around y,(t) due to the noise v,(t). The robustness is achieved at the expense of losing

the asymptotic reference tracking.

Remark 2.12. Note that Figure 2.1 and 2.2 do not have a label on y-axis although
x-axis shows “Time” in seconds. This is because the states may have arbitrary units
such as distance, intensity or other quantities depending on predetermined reference

measurement.

2.6. Conclusion

In this chapter, we solve the problem of an unknown sinusoidal disturbance rejec-

tion for unknown and minimum phase LTI systems with the output feedback. Firstly,



33

2.5
—ry
n - - ()

2 |

_0.5 1 1 1 1 1 1 1
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Figure 2.2. The output, y(¢), and reference signal, y,.(t). See Table 2.1 for v(t) and
Yr(t)-

we employ K-filter technique to redefine the states of the plant. Then, we parametrize
the disturbance information in the output signal as a multiplication of unknown con-
stant vectors with known regressors and an exponentially decaying term so that we
approach the problem as an adaptive control problem. Following the idea in [36],
we propose an adaptive controller which achieves trajectory tracking despite unknown
disturbances. Moreover, we prove that all the signals of the closed-loop system are
globally bounded, and the asymptotic tracking is achieved. Furthermore, we show that
the equilibrium at the origin is globally uniformly stable. We perform a simulation with
a third-order unstable system, whose relative degree is two, to demonstrate the effects
of the adaptive controller. By incorporating a o-modification in the update laws, we

also show the robustness of the system with respect to an additive unmodelled noise.
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3. REJECTION OF SINUSOIDAL DISTURBANCES FOR
KNOWN LTI SYSTEMS IN THE PRESENCE OF
SIMULTANEOUS INPUT-OUTPUT DELAY

This chapter focuses on estimation and cancellation of unknown sinusoidal dis-
turbances in a known LTI system with the presence of a known input/output delay.
Parametrizing the disturbance and representing the delays as a transport PDE, the
problem is converted to an adaptive control problem for ODE-PDE cascade. An exist-
ing state observer is used to estimate the ODE system states. The exponential stability
of the equilibrium of the closed-loop and error system is proved. The perfect estimation
of the disturbance and state is shown. Moreover, the convergence of the state to zero
as t — 0o is achieved in the closed loop system. The effectiveness of the controller is

demonstrated in a numerical simulation.
3.1. Problem Statement
We consider the single-input single-output LTT system

X(t)=AX(t)+ B(U(t — D,) + v(1)), (3.1)
Y(t) = CX(t—D,), (3.2)

where D, € R and D, € R are the known input and output delay, respectively.
X =[Xy,..., X,]T € R" is the system state, U(t) € R is the input and
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with 0,_1 = [0, ... ,O]T € R*""!. The unknown sinusoidal disturbance v(t) € R is given

by

v(t) =d—+ Z gi sin(w;t + ¢;) (3.4)

=1

where d, g;, w;, ¢; € R are unknown. The output delay can be modelled by the following
first-order hyperbolic PDE

Oy(z,t) = dpy(z,t), =€ [0,D,] (3.5)
y(D,t) = CX(t). (3.6)

The solution of these equations is y(z,t) = CX(t + = — D).

The sinusoidal disturbance v(t) can be represented as the output of a linear

exosystem,

W(t) = SW(t), (3.7)
v(t) = KTW (1), (3.8)

where the state W (t) € R?**™!. The matrix S comprises the unknown frequency of
the sinusoidal disturbance v(t). Constant bias term d, amplitude g; and phase ¢; are
determined by initial condition of (3.7), are thus unknown. Without loss of generality,

one can choose output vector A such that (hZ,S) becomes observable pair.

The disturbance v(t) is not measured. The output Y(¢) is the only available
measurement. Regarding the plant (3.1)—(3.2) and the exosystem (3.7)-(3.8), we make

the following assumptions:

Assumption 3.1. The frequencies of the disturbance are distinct, w; # wj for i # j,

and the number of the distinct frequencies q is known.

Assumption 3.2. The bias d # 0 and amplitude g; # 0 for alli € {1,...,q}.
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Our ultimate goal is to design an observer achieving accurate online estimation
of state X (t) as well as the disturbance v(¢). Using the observer states, we design a
controller stabilizing the equilibrium of the closed loop system. Moreover, we aim the
state X (t) to converge to zero as t — oo in the presence of simultaneous input-output

delay and unmeasured sinusoidal disturbance.

3.2. Disturbance Representation

Our main interest here is a preparation for disturbance observer design which is
presented in the next section. Firstly, we employ a filter introduced in [26] for systems
under no disturbance effect. However, because of the unknown disturbance in our
system, we show that the error between the system states and the filter states is driven
by unknown sinusoidal terms. Main motivation of obtaining this error is to use it in

disturbance representation and then, disturbance parametrization.

Inspiring [26], we propose the following filter

Xa(t) =AXu(t) + BU(t — Dy) + APy L(Y () — §a(0, 1)), (3.9)
fa(z,t) =0sfa(z,t) + Ce™L(Y () — §a(0,1)), (3.10)
Ja(D,, 1) =CX4(t), (3.11)

where L is chosen such that A — LC is Hurwitz. Since the pair (A, C) is observable,

there exists an L such that this condition is satisfied. The error is given as follows,

Xa(t) (

Xa(t) (

atyd( 7t) axyd(x t) OeAngda)? t)? (3
1) (

Orfa(Dy

=Xa(t) — X(t),

—_
w

AXd — et ”Lgd(O, t) - Bl/(t),

[a—
IS
~— N N~

=CX4(t).
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The following transformation

W(z,t) = fa(x,t) — CetEPI X (1) (3.16)

transforms (3.12), (3.13) into the form of

Xq(t) = AcX4(t) — ey Lw(0,t) — Bu(t), (3.17)
Oy (z,t) = Opi(z,t) + Ce @=LV By(t), (3.18)
w(D,,t) =0, (3.19)

where A, = A — eAPvLCe~4Pv. By using similarity transformation e4P and noting

that A — LC is Hurwitz, it can be proved that A, is Hurwitz.

If there is no disturbance in the system as it is shown in [26], the error Xgy(t)
converges to 0 as t — oco. However, X,(t) is driven by v(t) and @(0,t) as seen in
(3.17). In Lemma 3.3, we show that @(0,¢) can be expressed as a sum of sinusoidal

signals whose frequencies are same as v/(t).

Lemma 3.3. The signal w(0,t) can be expressed in the following form

q
w(0,) =d+ Y gisin(wit + ;) (3.20)
=1
where
9=V (37 + (g5)? (3:21)
b = ¢; + arctan(‘?—i), (3.22)
B Dy l
d = (C / eA@—Dy)Bdg)d (3.23)
0
Dy
3 = (c / APy g cos(wig)dg> g, (3.24)
0

gi = — <C /Dy AP0 p sin(w@)dé) gi- (3.25)
0
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Proof. Solution of w(x,t) with Laplace Transformation method gives us
Dy
w(x,t) = / CerSDPIBy(t 4 x — €)de. (3.26)

Using necessary trigonometric formulas, v(t — ) can be written as

v(t—¢&) =d+ Z gi sin(w;t + ¢;) cos(w;&) — g; cos(w;t + ¢;) sin(w;€). (3.27)

=1

Substituting (3.27) into (3.26), writing for = 0 and using trigonometric identities,
we get (3.20). O

From Lemma 3.3, we show that the signal @w(0,t) excites at the same frequencies
with the disturbance v(t). From (3.26), we prove the boundedness of @(0,t) with the
boundedness of v(t). Considering the boundedness of w(0, ) and v(t) and noting that
A, is Hurwitz, from (3.17), we can conclude that X,4(t) is bounded and driven by the

unknown sinusoidal terms.

Second step of this section deals with unknown sinusoidal terms in the output
dynamics. For this aim, we write the derivative of the output using (3.3) as the
following

Y(t) = — an1 X1 (t — D)) + Xo(t — D,) + byv(t — D,) + bU(t — D, — D,). (3.28)

Using (3.12), we get

Xo(t) = Xa(t) — Xaa(t) (3.29)
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where Xg5(t) = BIX4(t) € R and Xp(t) = BYX,(t) € R with the column vector
B; whose i'" element is 1 and the rest is 0. Substituting (3.29) into (3.28), we get

Y (t) = — an1 X1(t — D) + Xao(t — D)) — Xao(t — D)

In (3.30), the output dynamics consists of output signal, known filter state, input
and two unknown terms Xg(t — D,) and v(t — D,). Therefore, we need to obtain
the response of X(t) from (3.17), so we represent signal X(t) as summation of the

steady state X35(¢) and transient responses X2 (t),
Xao(t) = X35(t) + Xp(t). (3.31)

The states X35(t), X22(t) are given in the proof of next lemma. Substituting (3.31)

with the delay D, into (3.30), output dynamics is rewritten as

Y(t) = — an 1 X1(t — D) + Xao(t — D) + €,(t — D,)

— Xin(t — D,) +bU(t — D, — D,) (3.32)
where
e(t) = b(t) — X35(t). (3.33)

The representation of €,(t) is given in the following lemma.

Lemma 3.4. The signal €,(t) can be represented in the form

q
ex(t) =dc + > g2 sin (wit + ¢;) + g5, cos (wit + ¢;) (3.34)

i=1



where d. = bid — dz, gi, = b1g; — 93,, 95, = — 95, with

dz =|G4, (0)|d + |G, (0)|d,

65, =1Ga. (70| (5 cos((Ga, (i) = 5 sin(/Ga, (ju1)))
+ |Ga, (Jwi)|g: cos(LGa, (wi)),

g5, =1Ga. ()| (5 5in((Gay (juwn)) + 55 cos((Gay (1))

+ ‘Gdl (]wz) |gi Sin(ﬁdl (]wl))7
and

Gy, (s) =— Bl (sI — A,)7'B,
Gay(s) = — BQT(SI — Ae)*l(eADyL).

Proof. The states X35(t) and X2(¢) in (3.31) are given by

Xi(t) =|Ga, (0)|d + ) |G, (jwi)|gi ( cos(/Ga, (jwi))
X sin(w;t + ¢;) + sin(/Gq, (Jw;)) cos(w;t + gbz))

+ G (0)ld + 3 |Gy ()57 ( cos(/Gi ()

i=1

x sin(w;t + ¢;) + sin(/Gq, (jw;)) cos(w;t + 9252))

+ D 1Gay (i)l cos((Gi () x

i=1
cos(wz»t —+ ¢z) — Sil’l(ﬁd2 (jwz)) sin(wit =+ gbz)) s

Xip(t) =By X['(t),

with (3.38), (3.39) and

40

(3.35)

(3.36)

(3.37)

(3.38)
(3.39)

(3.40)

(3.41)

(3.42)
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We can rewrite the expression (3.40) in a more compact form
5 q q
Xos(t) =dz+ > g5 sin(wit + ¢;) + > g, cos(wit + ¢;) (3.43)
i=1 i=1

where dz, g5, and g§ are given in (3.35)—(3.37). Substituting (3.43) and (3.4) into
(3.33), we get (3.34). O

From (3.34), it is shown that €,(¢) is a sinusoidal signal with a bias term, which

excites at the same frequency as the disturbance v(t).

In the final step of this section, we write €,(t) signal as the input of a linear stable
system whose system state is unknown and estimated in the next section. Considering
the exosystem (3.7)—(3.8), the signal €,(¢) can be represented as €, (t) = hI W (t) where
(he, S) is an observable pair. Let G € R(2a+Dx(2e+1) he 3 Hurwitz matrix and let (G, 1)
be a controllable pair. Since the spectra of S and G are disjoint, this guarantees that
the unique solution M € RZa+1)x(2e+1) of the Sylvester equation

MS — GM = IhT (3.44)
is invertible [38]. The change of coordinates
Z(t) = MW (t) (3.45)
transforms the exosystem (3.7), (3.8) into the form
Z(t) = GZ(t) + ley(t) (3.46)

where €,(t) = h M~1Z(t). Using (3.45), we rewrite (3.8) as

v(t) = hE M~ Z(t). (3.47)
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Using (3.47), we write the disturbance in terms of the unknown constant vectors and

the unknown Z(t) signal. In the next section, we design a disturbance observer so that

we cancel the unknown sinusoidal effect with an observer based adaptive controller.

3.3. Parametrization of Disturbance

In this section, since we cannot estimate Z(t) due to the delay in the output, we

design filters to estimate Z(t—D,) signal. Then, we represent the unknown disturbance

by using the filter states. The following lemma presents the estimation of Z(t — D,)

signal and establishes the properties of the filters.

Lemma 3.5. The unmeasured signal Z(t — D,) can be represented as

with

=(t) =n(t) + 1Y (1),
i(t) =GE() — (Xt = Dy) — an 1 Xt = D)

YUt — Dy — Dy)>.
The estimation error defined by €, = Z(t — D,)) — =(t) obeys the equation
é(t) = Ge, (t) + BT e Pv XIP(t).

Proof. Since (3.46) is linear and G is a Hurwitz matrix, we can write

Z(t — D) = GZ(t — D,) + lea(t — D,).

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)
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Taking derivative of (3.48) in view of (3.32), (3.49), (3.50), (3.52) and recalling (3.41),

we get

é,(t) = Ge, (t) + IBE X (t — D,). (3.53)

Solution of (3.42) gives X¥'(t) = e**X"(0), the delayed signal is written by

X (t = D) =eMPIX(0) = e A Lo K 0)

—e APy Xin(t), (3.54)
Substitution of (3.54) into (3.53) yields (3.51). O

In the following lemma, we write the disturbance signal v(t) by using (3.48).

Lemma 3.6. The unknown disturbance v(t) can be represented in the form

v(t) = 0T2(t — D,) + 6Fe, (1) + 0L X (1) (3.55)
where
o7 = pTeSPutDy) pr=1 (3.56)
07 = gTe=CPu (3.57)
D,
05 = —6; / eTIB] e AT P (3.58)
0

are unknown.

Proof. Solving (3.7), we get W (t) = e5W(0). The delayed signal is given by

W(t — Dy — D,) = PPy (0) = e~ 5Pt DSty (0)
= ¢ SDuADITY (1), (3.59)
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Using (3.45) and (3.59), Z(t — D) is expressed as follows
Z(t— D, — D,) = MW (t — D, — D,) = Me ¥PurPyy (1), (3.60)
Substitution of W (t) = M~'Z(t) into (3.60) and writing for Z(t) gives
Z(t) = MeSPHPIN 1 7(t — D, — D). (3.61)
Substituting (3.61) into (3.47), we obtain
v(t) = WPt N1 7(t — D, — D,). (3.62)

Representing Z(t — D, — D,,) by using (3.48) and substituting it into (3.62), we get
(3.55). 0

Lemma 3.6 gives us the representation of the unknown disturbance as the mul-
tiplication of unknown constant vector with a known regressor and two exponentially
vanishing terms. This method converts the disturbance cancellation problem to an
adaptive control problem. In the next section, we propose an adaptive controller to-

gether with a disturbance and state observer.

Remark 3.7. Our state observer design given in the next section is based on the idea
introduced in [32]. Contrary to [32] where a parametric uncertainty is considered, here
we consider an unknown sinusoidal disturbance as given in (3.4). Using Lemmas 3.5—

3.6, we formulate the problem that is similar to one given in [32].
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3.4. Observer Based Adaptive Controller Design

Substituting the representation of the disturbance given in (3.55) into (3.1), we

get
X(t) =AX(1) + B <u(0, £) + 67€(0,¢) + 0%, (t) + egX;”(t)) (3.63)

Beu(a,t) =0,u(z,t), x € [0,Dy] (3.64)

u(Dy, ) =U(1) (3.65)

0 (2,t) =0,&(x,t), x €[0,D,] (3.66)

£(Dy, t) =Z(1) (3.67)

The solutions of the transport PDEs are u(x,t) = U(z+t—D,,),{(z,t) = Z(z+t—D,).
Considering (3.63)—(3.67), (3.5)—(3.6) and following the idea given in [32], we design

the following observer based adaptive controller

Dy, N
U(t) =Ke P X, (1) — 67 ()E(t) + K / AP B (u(y,t) + 0 (8. 1)) dy (3.68)
0
where the state observer is

X,(t) =AX,(t) + BU(t — D,) + BET(t — D)0 (t) + AP L(Y (1) — ,(0,1))

+ Xo(8)04 (8), (3.69)

0cgs(,1) =053 (x, 1) + Ce LY (1) — §4(0,1))
+ (Ml )+ CePIAN (1)) 1 (1), (3.70)
Js(Dy, t) =CX(t), (3.71)

with the auxiliary states

Xo(t) = ANo(t) + BET(t — D,) — ePv LA (0, 1), (3.72)
O (x,t) = O\ (2, 1) — Ce®PVABET(t — D) (3.73)

M (Dy,t) =0 € R ) (2,0) = 0. (3.74)
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The control gain K € R is chosen such that (A + BK) becomes Hurwitz. The

least-squares parameter update law is given by

0.(t) = — pRIEYA(1)§5(0,2), (3.75)
R(t) =R(t) — RIOAG)A)TR(L), (3.76)
A(t) =(Ce™ Py \o(t) 4+ M1 (0, )7 (3.77)

where p > 0. The closed loop system is schematically given in Figure 3.1. Unknown
sinusoidal disturbance information is obtained with Filter 1. This information is fed
to Filter 2 which is used in the state observer and the parameter update law through
the auxiliary states. The signals coming from the disturbance observer, the update law

and the state observer compose our adaptive controller.

We now state the main theorem and then prove it in the next section.

Theorem 3.8. Consider the closed-loop system consisting of the plant (3.1), (3.2),
the unknown disturbance (3.4), the filters (3.9)—(3.11), (3.49), (3.50), the control law
(3.68)—(3.74) and the update law (3.75)—(3.77). Under Assumptions 3.1-3.2, the fol-
lowing holds

(a) For any o >0, T(t) < e *Y(0) Vt>0 where

T() =[ £.(0) = M1

K /Dy (§s(x,t) = CePIAX () = M (2, )01 (1)) d

+

74(0,1) — Ce= AP X (1) — Ay (0, t)e](t))? +‘AT(t)§1(t)‘2 e )

Y

+| X

X(t)|2 and |gs(,t) —y(:c,t)’2 — 0 as t — oo. Moreover, we

) |%.0) - x|

achieve perfect estimation of the unknown disturbance, i.e. 07 (t—D,)=(t— D,)—

)

v(t) = 0 ast — oo.
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Disturbance

4
v(t) =d+ Y gisin(wit + ¢;)

i=1

N N X(t) = AX(t) + B(U(t — Dy) + v(t))
U(t) = KeAP X (1) — 0 (1)=(2) yi(@,1) = ya(a, 1) Y(t) = CX(t - Dy)
+K [ AP B (uly,t) + 07 (1€, ) dy YDy, 1) = CX(0)

Y(t) = y(0,t
Controller ©-40.0 I Plant
2(t) =n(t) + 1Y (t) J % (t) = AXq(t) + BU(t — Dy) + eAPy L(Y () — §4(0, ¢))
T = (1) = GE(1) — 1Rz (t — Du) a(t) = AXq Tow e Al = el
01 (t — Du)E(t — D) —a,lel((t fQDu) 0, (2,8) = G0 (@, ) + CeA?L(Y (1) — §a(0,0))
Disturbance Observer +b,U(t — D, — D)) da(Dy, t) = CXa(t)
Filter 2 Filter 1

f1(1) = —pR(A(W)is (0,1) Jo(t) = Acro(t) + BET(t — D) — KA1(0,1)

R(t) = R(t) — R(t)A(t)A()T R(t)
A(t) = (Ce=ADy Ao(®) + A1 (0, t))T l l Ae(z,t) = A1 o (e, t) — Ce(m—Dg/)ABET(t — Dy)

Parameter Update Law Auxiliary States
L J
X.(t) = AX.(t) + BU(t — Du) + BET(t — D)1 (t) + APy L(Y ()

—+(0,6)) + Ao (HO()
5,6 (2, 1) = Gs,0(2, 1) + CeAL(Y () — §5(0,1))

+(Aaa 0) + Cel==P AN (1)) 61 (1)

s (Dy, t) = CXs(t)
State Observer

Figure 3.1. Observer based adaptive controller design scheme.

3.5. Stability Proof
The state observer error system is given by

Xo(t) =AX,(t) + BET(t — D)i(t) + APy LY (1) — (0, 1))

(D)0 (1) — eolt), (3.78)
0iGs(w, 1) =0,9s(x, 1) + Ce"L(Y (t) — §5(0,1))

+ (i@, £) + Ce@PIAN (1)) (1), (3.79)
Js(Dy, t) =CX(1). (3.80)

where ey(t) = B0l (t) + BOT X (t). Consider the following backstepping transforma-

tion proposed in [32]

D(t) = X,(t) — No(t)01(t), (3.81)
(2, t) = G(2, 1) — Ce@™PIAX (#) — (2, £), (1) (3.82)
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This transformation yields a closed-loop system in the following form

D(t) = AD(t) — ePvLe(0,1) — eg(t), (3.83)
Dye(x,t) = Ope(x, t) + Cel@ P Aey(2), (3.84)
e(D,t) = 0. (3.85)

Using the backstepping transformations (3.81) and (3.82), recalling § = 6 — 6 and
noting that § = 6, the update law (3.75) is rewritten in terms of the signals £(0,t),
®(t) and 6(t),

0(t) = — pR(E)AB)AT (£)A(t) — pR(t)A(t)e(0,1) — pR(E)A()Ce P D(t).  (3.86)

In order to ensure the exponential convergence of the state observer, we need to estab-

lish persistent excitation of signal A(t). The following lemma states this property.

Lemma 3.9. The signal vector A(t) is persistently exciting (PE) and there exist
00,01, Ty > 0 such that the following holds

t+To
6. > / A(T)AE (T)dr > 601 ¥t > 0. (3.87)
t

Proof. Considering Assumptions 3.1-3.2, (3.17), (3.20) and noting that A, is Hurwitz,
we can state that the signal X,(t) is sufficiently rich in the order of 2g+1. From (3.33),
it follows that €,(t) is also sufficiently rich in the order of 2¢ + 1. Considering this fact
and controllable pair (G, 1) and noting that Z(t) € R***! we can show that Z(t) is PE
signal from (3.46). This implies that =(¢) satisfies the condition of persistent excitation
from (3.48) in view of (3.53). In Appendix A, we give the solution of \;(x,t) and Ao (?).
Since A\1(0,t) and Ao(t) are dependent on =(¢) signal as seen in (A.1)—(A.2), we ensure
that A;(0,t) and Ao(t) are bounded and sufficiently rich in the order of 2¢ + 1. As
seen in (3.77), the signal A(t) consists of two bounded PE signals C=4Pv\(t), A\ (0,t).
Therefore, the signal A(t) only depends on the signal Z(¢) and satisfies (3.87). O
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As stated in [39], if persistent excitation condition is satisfied, then covariance

matrix inverse R7!(¢) is a bounded positive definite matrix. Its dynamics is given by

dR™!
dt

= R+ ADAD)T. (3.88)

This guarantees that p; < R7(t) < py,, Vt > 0 for lower and upper bounds p;, p, > 0.

The proof of Theorem 3.8 is given as follows.

Proof. Consider the following Lyapunov function

Dy
V =, &7 PO + ug/ (1+ z)e(x,t)*dw
0

+ MgéfR_lél + Q1€ZP06U + QQ<Xén)TPXén7 (389)
where
s
N v B 3.90
e p2—¢)—1 ( )
(61 + B (AP A )y — ) (3.91)
— 1 Aman(PEAPY LLT (eAPNT PY ’;Z’f) s (3.92)
1
—(Ba + ft1\mas (PBOT0, BT P) + 2‘? Ama(0267)) (11 — 1)1 (3.93)
2
a2 ((h)\mam (PGZBT e Dye (e Dy)TBQlTpg)
¥ 111 A mae(PBOT 0 BT P) + 542 A (0507) + B5) (1p) ™, (3.94)
2
with
PA, + AP = —pupl, (3.95)
GTPg + PoG = —pgl (3.96)

G2 =(1- Be)/(/ODy(l + 2)Cel™™ P4 Bdzr)® (3.97)
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for parameters (1, (s, B3, B4, O5 and ¢4 > 0. Taking the time derivative of (3.89)
by virtue of (3.42), (3.53), (3.83)—(3.86), (3.88), (3.90)—(3.94) and using the Young’s

inequality for the cross terms, we obtain

. - ~ ~ |2 ~ . ~ .
V(t) <= Bi®"® — psb] R0, — Boc®(0,t) — Bs|AT01| — Buer e, — Bs( X)) XTI
_ P [%(1—%10820Ut)dx. (3.98)
1+ D, ’

Considering (3.89) and noting that |A| is a bounded and PE signal from Lemma 3.9,
(3.98) can be written as

V(t) < —aV(t) (3.99)
for ao > 0.

Recalling (3.81), (3.82), from (3.99), we prove part (a) of Theorem 3.8. Recalling
the boundedness of v(t) and €,(t), from (3.55), Z(¢) is bounded. Recalling that A\o(t)
is bounded and 6;(t), ®(t) — 0 as t — oo, from (3.81), we can show that X,(t) is
bounded and goes to zero as t — oo. In view of boundedness of A;(0,t), this fact
implies that, from (3.82), 7s(x,t) is bounded and goes to zero as t — co. We obtain
the boundedness of U(t) and él(t) from (3.68) and (3.75)—(3.77). Note that input
(3.68) transforms system (3.63) to

X(t) =(A+ BE)X(t) + B(KX,(t) — 01 (£)6(0,t) + w,(0,1) + 65 ¢, (t) + 02 X2(1)),
(3.100)

where

A~

wy (1) =u(z,t) + 0, (H)E(x t) — Ke® X, (t)

K [ B (ulyt) + (1€ 1) dy (3.101)
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which satisfies

O, (1, 1) =Dy, (1) + 07 (1) (£<x,t>— / f(y,t)KeA@—y)de) + Ke" P L (0, 1)
0

— KeAf”Ao(t)él(t), (3.102)

wy(Dy, 1) =0. (3.103)
The solution of (3.102)—(3.103) is given by

Dy . v
wu(z, 1) :/ {Gl(t +a—v) (E(t Yo D) — / Sy +t— Du)KA(v*dey)
T 0
+ KeAPILg (0t 4+ 2 —v) — KeAo(t + 2 — v)él(t + 1z — U)] dv.

(3.104)

From (3.104), we prove that w,,(0, ) is bounded and converges to zero as t — oo since
érf(t),E(t),gjs(O,t), Ao(t) are bounded and élT(t),gjs(O,t) — 0 as t — oo. Considering
this fact and noting that (A + BK) is Hurwitz, from (3.100), we obtain that X (¢) is
bounded and goes to zero as t — oo. Moreover, noting that 6y(t) — 0 as t — oo,
from Lemma 3.6, we obtain that 67(t — D,)2(t — D,,) — v(t) — 0 exponentially, i.e.
we achieve perfect estimation of the unknown disturbance. This proves part (b) of

Theorem 3.8. O

3.6. Numerical Simulations

We test the performance of the controller with an unstable second-order system

0.3 1 T

with A = , B = [0 1] ,C = [1 0}, the unknown disturbance v(t) =
0.2 0

4 + 8sin(0.5¢t + 7/6) + 18sin(2.5¢t + 7/5), the known input delay D, = 0.6, the known

T
output delay D, = 0.7 and the initial conditions X (0) = [1 2] . We choose p as 1.5

and eigenvalues of A — LC' as -2 and -2.5. We choose the controllable pair (G,[) as

T 0, Iy
[ = {0 000 1} .G = +l[—19.96 —54.85 —60.28 —33.12 —9.10].

05

=
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Figure 3.2. Performance of the controller for an unstable plant with 0.6 second input

and 0.7 second output delay.

The control gain K is chosen such that the eigenvalues of A + BK are -1.5 and -2.
Figure 3.2 and 3.3 show that X (¢) and 6, (t — D,)E(t — D,,) — v(t) converge to zero as
stated in Theorem 3.8.

3.7. Conclusion

In this chapter, we solve the problem of unknown sinusoidal disturbance rejection
for LTI systems in the presence of simultaneous input-output delay. We parametrize the
disturbance as a multiplication of unknown constant vector with a known regressor and
exponentially vanishing terms so that we approach the problem as an adaptive control
problem. Following the idea in [26], we represent the delays as a transport PDE. We
utilize the adaptive observer given in [32], which is a backstepping like design technique
for an ODE-PDE cascade. Combining the parametrization and observers, we propose
an adaptive controller. We prove that the equilibrium of the adaptive closed-loop
system is exponentially stable. We perform a simulation to demonstrate effects of the

adaptive observer and controller designs.
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4. CONCLUSION

This dissertation develops an adaptive output feedback algorithm for two different
problems. The first problem is unknown sinusoidal disturbance rejection for unknown
and minimum phase LTI systems with the output feedback. For this problem, we firstly
employ K-filter technique to redefine the states of the plant. Then, we parametrize the
disturbance information in the output signal as a multiplication of unknown constant
vectors with known regressors and an exponentially decaying term so that we approach
the problem as an adaptive control problem. Following the idea in [36], we propose an
adaptive controller which achieves trajectory tracking despite unknown disturbances.
Moreover, we prove that all the signals of the closed-loop system are globally bounded,
and the asymptotic tracking is achieved. Furthermore, we show that the equilibrium
at the origin is globally uniformly stable. We perform a simulation with a third-
order unstable system, whose relative degree is two, to demonstrate the effects of the
adaptive controller. By incorporating a o-modification in the update laws, we also

show the robustness of the system with respect to an additive unmodelled noise.

The second problem is unknown sinusoidal disturbance rejection for LTT systems
in the presence of input/output delay. For this problem, we again parametrize the
disturbance. Following the idea in [26], we represent the delays as a transport PDE.
We utilize the adaptive observer given in [32], which is a backstepping like design
technique for an ODE-PDE cascade. Combining the parametrization and observers,
we propose an adaptive controller. We prove that the equilibrium of the adaptive
closed-loop system is exponentially stable. We perform a simulation to demonstrate

effects of the adaptive observer and controller designs.
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5. LIMITATIONS AND FUTURE WORK

In this study, it is theoretically proven that the adaptive controllers achieve the
closed loop stability despite unknown system parameters, time delays and sinusoidal
disturbances. However, it is also necessary to implement these controllers on real dy-
namical systems, which operate under a variety of inherent constraints and limitations.
One of the physical limitations is input saturation. The dynamical systems have hard
limit constraints on the amplitude and changing rate of control inputs. To make the
designed controller more realistic, an upper and lower saturation values may be used

for the boundedness of the controller effort.

Second limitation is the computational time needed to compute the control law.
In the second problem, the controller law is infinite-dimensional, because it includes
the distributed delay term involving past controls. When the time delay is increased,
the computation of this term becomes more difficult task and requires a significant
amount of computational effort. Therefore, an upper bound for time delays may be

determined to keep the computational effort within desired limits.

Third limitation is the convergence rate of the closed loop system. In this study,
it is proven that system states or output signal converge to zero or track a given
trajectory as time goes to infinity. However, there is strict limits for the convergence
rate in the practical engineering applications. The some parameters such as initial
states of the systems, the chosen update gains and the chosen filter matrices greatly
effect the convergence time of the system. Therefore, a desired convergent rate can
be achieved with a new controller algorithm which chooses optimum parameters and

works large initial conditions.

This study can be extended in several directions. For the each problem discussed

in the study, the possible improvements are presented as follows.
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e In the first problem, the minimum phase assumption for the plant can be removed
to obtain more general solution.

e In the second problem, it is assumed that the time-delays are known. However,
in the most of dynamical systems, these delays vary over time. For that, the
robustness of the closed-loop stability to a small mismatch in the delays can be
discussed. A bound can be determined for the stability of the closed-loop system.

e The methods used for first and second problems can be combined to design an
output-feedback adaptive controller for unknown LTI systems, which rejects the
sinusoidal disturbances, compensates the simultaneous input-output delay and

achieves the asymptotic tracking of the reference signal by the output signal.
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APPENDIX A: SOLUTIONS OF )(t) AND \(z,t)

To implement the designed observer, the solutions of A\g(¢) and A;(z,?) need to
be given. In this regard, we solve (3.73) using Laplace Transform with the initial

conditions (3.74) as follows
D
M 1) = — / Ce"DABET (1 + ¢ — 0)do. (A1)

Using state transition matrix, the solution of (3.72) with the initial condition A\g(0) = 0

is given by
t
No(t) = / e Aang (=) <BET(7') - eADL)\l(O,T)>dT. (A.2)
0

Recalling that Z(¢) is bounded, we guarantee that, from (A.1), A;(0,t) is bounded as
well. This implies the boundedness of A\y(t) from (A.2).





