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B.S., Computer Engineering, Bilkent University, 2010

M.S., Computer Engineering, Boğaziçi University, 2012
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ABSTRACT

BAYESIAN APPROACHES FOR PRIVACY PRESERVING

DATA SHARING

In this thesis, we focus on the data fusion problem where we have heterogeneous

data which is collected from di↵erent sources and stored in the form of matrices and

higher-order tensors and propose coupled matrix and tensor factorization models to

be able to jointly analyze these relational datasets. This method performs simulta-

neous factorization of matrices and tensors by extracting the common latent factors

from the shared modes. We develop coupled models using various tensor models and

cost functions for the missing link prediction problem and report the successful empir-

ical results. Most of the time, the data matrices and tensors are distributed between

several parties. Sharing information across those parties brings the privacy protec-

tion requirement, therefore the second problem we handle is protecting the privacy of

distributed and heterogeneous datasets. We develop and evaluate a practical mecha-

nism that ensures the privacy of individuals in a distributed setting, in which N data

sites jointly estimate the parameters of a statistical model conditioned on all the data

without sharing their input datasets. We exploit the connection between di↵erential

privacy and sampling from a Bayesian posterior to derive an e�cient coupled tensor

factorization algorithm. We empirically show that our methods are able to provide

good prediction accuracy on synthetic and real datasets while providing provable pri-

vacy guarantee. Finally, we propose an approach to preserve the privacy of the neural

network’s training data due to the connection between tensor factorization and neural

networks. We introduce a dropout technique that provides an elegant Bayesian in-

terpretation to dropout, and show that the intrinsic noise added can be exploited to

obtain a degree of di↵erential privacy.
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ÖZET

MAHREMİYETİ KORUYAN VERİ PAYLAŞIMINDA

BAYESÇİ YÖNTEMLER

Bu tezde, farklı kaynaklardan toplanan matrisler ve yüksek mertebeli tensörler

şeklinde depolanan heterojen verilerin birlikte analiz edilmesi ve veri füzyon problemine

yoğunlaşıyoruz. Problemin çözümünde ise bağlaşımlı matris ve tensör ayışımı model-

leri kullanmaktayız. Bu yöntem, paylaşılan modlardan ortak gizli faktörleri çıkararak

matrislerin ve tensörlerin aynı anda bileşenlerine ayrılmasını sağlar. Biz de burada ek-

sik bağlantı tahmini problemi için bağlaşımlı tensör modelleri geliştirerek, çeşitli model

topolojileri ve çeşitli ıraksaylar kullanarak başarılı deneysel sonuçları rapor etmekteyiz.

Çoğu zaman, veri matrisleri ve tensörler değişik taraflar arasında dağıtılır. Bu taraflar

arasında bilgi paylaşımı gizlilik ve mahremiyeti koruma gereksinimini getirir, bu ne-

denle ele aldığımız ikinci sorun dağıtılmış ve heterojen veri kümelerinin mahremiyetini

korumaktır. Dağıtık bir ortamda bireylerin gizliliğini sağlayan pratik bir mekanizma

geliştirecek ve bu mekanizmayi çesitli gerçek veriler kullanarak değerlendirecegiz. Bu

mekanizma için Bayesçi cıkarım ve diferansiyel mahremiyet arasındaki bağlantıdan fay-

dalanarak etkili bir bağlaşımlı tensör ayrışım yöntemi geliştireceğiz. Yöntemlerimizin

mahremiyet garantisi sağlarken sentetik ve gerçek veri kümelerinde iyi tahmin doğruluğu

sağlayabildiğini deneysel olarak göstereceğiz. Son olarak, tensör ayrışımı ve yapay sinir

ağları arasındaki bağlantıyı göstererek, yapay sinir ağlarının kullandığı verilerinin gi-

zliliğini korumak için bir yaklaşım önereceğiz.
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1. INTRODUCTION

In numerous applications, like healthcare, natural language processing, gene expression

analysis and collaborative filtering, data can be arranged conveniently in terms of matrices.

For instance, the users’ ratings can be organized as a matrix with rows corresponding to

the users and columns corresponding to the items in recommender systems. Similarly, in

healthcare data, medical records can be formed as a matrix with rows corresponding to the

patients and columns corresponding to the medical conditions (features). Note that, matrices

are natural for describing binary relations (such as user-item) but many data analysis tasks

call for more complex setups where the data is collected from heterogeneous data sources and

consists of ternary or higher order relations (such as user-item-time). For instance, in retail

recommender systems, in addition to retail data showing who has bought which items, we

may also have access to customers’ social networks, i.e., who is friends with whom. In such

scenarios, datasets are represented by a collection of matrices and/or higher order tensors and

jointly analyzing data from multiple sources has great potential to increase our ability for

capturing the underlying structure in data.

Coupled analysis of the multi-relational heterogeneous data brings several challenges

along with the benefits. In this thesis we address two main challenges. The first one is the

data fusion problem. The data is generally collected from various sources by different parties

at different times. Handling these heterogeneous data jointly may remarkably increase the

performance if the relation between the data is properly modelled. In the literature, a number

of algorithms have been proposed for data fusion and handling data-heterogeneity. Three

of the main research topics that focus on this problem are transfer/multi-task learning that

generalizes better on the original task by sharing information between related tasks [3–7],

multiple-kernel learning that combines multiple kernels instead of using one kernel in kernel

machine algorithms such as Support Vector Machines (SVM) [8–11] and coupled matrix and

tensor factorization [12–18]. Each of these topics has different aims, so they approach the

data fusion from a different perspective. Here, our main focus will be on data fusion with
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coupled matrix and tensor factorization models.

1.1. Coupled Tensor Factorization

Applications that have successfully used coupled tensor factorization models include

link prediction [18, 19], computational biology [20, 21], audio processing [17, 22], chemomet-

rics and neuroscience [23, 24] where various information source is available. One example of

such situations can be observed for movie recommender system where a user rating matrix can

be augmented with movie information with specific features and/or social media connectivity

information of the user.

X(1)

X(2)
<latexit sha1_base64="Kwc5zHyMKSbNB2aSokDsZuanKVM=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEI9VKSIuix4KXHCvYD2lg220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++1sbG5t7+wW9or7B4dHx6WT07aOU8WwxWIRq25ANQousWW4EdhNFNIoENgJJnfzeucJleaxfDDTBP2IjiQPOaPGWp3uY1apXc0GpbJbdRci6+DlUIZczUHpqz+MWRqhNExQrXuemxg/o8pwJnBW7KcaE8omdIQ9i5JGqP1sse6MXFpnSMJY2ScNWbi/JzIaaT2NAtsZUTPWq7W5+V+tl5rw1s+4TFKDki0/ClNBTEzmt5MhV8iMmFqgTHG7K2FjqigzNqGiDcFbPXkd2rWqZ/n+ulxv5HEU4BwuoAIe3EAdGtCEFjCYwDO8wpuTOC/Ou/OxbN1w8pkz+CPn8wdo9o73</latexit><latexit sha1_base64="Kwc5zHyMKSbNB2aSokDsZuanKVM=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEI9VKSIuix4KXHCvYD2lg220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++1sbG5t7+wW9or7B4dHx6WT07aOU8WwxWIRq25ANQousWW4EdhNFNIoENgJJnfzeucJleaxfDDTBP2IjiQPOaPGWp3uY1apXc0GpbJbdRci6+DlUIZczUHpqz+MWRqhNExQrXuemxg/o8pwJnBW7KcaE8omdIQ9i5JGqP1sse6MXFpnSMJY2ScNWbi/JzIaaT2NAtsZUTPWq7W5+V+tl5rw1s+4TFKDki0/ClNBTEzmt5MhV8iMmFqgTHG7K2FjqigzNqGiDcFbPXkd2rWqZ/n+ulxv5HEU4BwuoAIe3EAdGtCEFjCYwDO8wpuTOC/Ou/OxbN1w8pkz+CPn8wdo9o73</latexit><latexit sha1_base64="Kwc5zHyMKSbNB2aSokDsZuanKVM=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEI9VKSIuix4KXHCvYD2lg220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++1sbG5t7+wW9or7B4dHx6WT07aOU8WwxWIRq25ANQousWW4EdhNFNIoENgJJnfzeucJleaxfDDTBP2IjiQPOaPGWp3uY1apXc0GpbJbdRci6+DlUIZczUHpqz+MWRqhNExQrXuemxg/o8pwJnBW7KcaE8omdIQ9i5JGqP1sse6MXFpnSMJY2ScNWbi/JzIaaT2NAtsZUTPWq7W5+V+tl5rw1s+4TFKDki0/ClNBTEzmt5MhV8iMmFqgTHG7K2FjqigzNqGiDcFbPXkd2rWqZ/n+ulxv5HEU4BwuoAIe3EAdGtCEFjCYwDO8wpuTOC/Ou/OxbN1w8pkz+CPn8wdo9o73</latexit><latexit sha1_base64="Kwc5zHyMKSbNB2aSokDsZuanKVM=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEI9VKSIuix4KXHCvYD2lg220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++1sbG5t7+wW9or7B4dHx6WT07aOU8WwxWIRq25ANQousWW4EdhNFNIoENgJJnfzeucJleaxfDDTBP2IjiQPOaPGWp3uY1apXc0GpbJbdRci6+DlUIZczUHpqz+MWRqhNExQrXuemxg/o8pwJnBW7KcaE8omdIQ9i5JGqP1sse6MXFpnSMJY2ScNWbi/JzIaaT2NAtsZUTPWq7W5+V+tl5rw1s+4TFKDki0/ClNBTEzmt5MhV8iMmFqgTHG7K2FjqigzNqGiDcFbPXkd2rWqZ/n+ulxv5HEU4BwuoAIe3EAdGtCEFjCYwDO8wpuTOC/Ou/OxbN1w8pkz+CPn8wdo9o73</latexit>

+
<latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/XLFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgLZ+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit><latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/XLFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgLZ+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit><latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/XLFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgLZ+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit><latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/XLFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgLZ+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit>

+
<latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/XLFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgLZ+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit><latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/XLFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgLZ+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit><latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/XLFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgLZ+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit><latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/XLFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgLZ+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit>

+
<latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/XLFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgLZ+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit><latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/XLFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgLZ+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit><latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/XLFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgLZ+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit><latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/XLFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgLZ+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit>

. . .
<latexit sha1_base64="61XfzoBLfz7FPV/wQNrYIeiFZxQ=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUI9FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20O2jqwMMy8Yd+bMJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3x8maAbVmlt3FyDrxCtIDQq0BtUvm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZELqwxJlGj7FJKF+juR09iYaRzayZji2Kx6c/E/r5dhdBPkQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk9eJ+2rumf5w3WteVvUUYYzOIdL8KABTbiHFvjAQMAzvMKbo5wX5935WI6WnCJzCn/gfP4A8WqOwg==</latexit><latexit sha1_base64="61XfzoBLfz7FPV/wQNrYIeiFZxQ=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUI9FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20O2jqwMMy8Yd+bMJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3x8maAbVmlt3FyDrxCtIDQq0BtUvm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZELqwxJlGj7FJKF+juR09iYaRzayZji2Kx6c/E/r5dhdBPkQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk9eJ+2rumf5w3WteVvUUYYzOIdL8KABTbiHFvjAQMAzvMKbo5wX5935WI6WnCJzCn/gfP4A8WqOwg==</latexit><latexit sha1_base64="61XfzoBLfz7FPV/wQNrYIeiFZxQ=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUI9FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20O2jqwMMy8Yd+bMJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3x8maAbVmlt3FyDrxCtIDQq0BtUvm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZELqwxJlGj7FJKF+juR09iYaRzayZji2Kx6c/E/r5dhdBPkQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk9eJ+2rumf5w3WteVvUUYYzOIdL8KABTbiHFvjAQMAzvMKbo5wX5935WI6WnCJzCn/gfP4A8WqOwg==</latexit><latexit sha1_base64="61XfzoBLfz7FPV/wQNrYIeiFZxQ=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUI9FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20O2jqwMMy8Yd+bMJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3x8maAbVmlt3FyDrxCtIDQq0BtUvm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZELqwxJlGj7FJKF+juR09iYaRzayZji2Kx6c/E/r5dhdBPkQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk9eJ+2rumf5w3WteVvUUYYzOIdL8KABTbiHFvjAQMAzvMKbo5wX5935WI6WnCJzCn/gfP4A8WqOwg==</latexit>⇡<latexit sha1_base64="IDRS/+VeKDDGThClTOV94Lywe5I=">AAAB7nicbZDLSgMxFIbP1Futt6pLN8EiuCozIuiy6MZlBXuBdiiZNNOGZpKQZMQy9CHcuFDErc/jzrcx085CW38IfPznHHLOHynOjPX9b6+0tr6xuVXeruzs7u0fVA+P2kammtAWkVzqboQN5UzQlmWW067SFCcRp51ocpvXO49UGybFg50qGiZ4JFjMCLbO6vSxUlo+Dao1v+7PhVYhKKAGhZqD6ld/KEmaUGEJx8b0Al/ZMMPaMsLprNJPDVWYTPCI9hwKnFATZvN1Z+jMOUMUS+2esGju/p7IcGLMNIlcZ4Lt2CzXcvO/Wi+18XWYMaFSSwVZfBSnHFmJ8tvRkGlKLJ86wEQztysiY6wxsS6higshWD55FdoX9cDx/WWtcVPEUYYTOIVzCOAKGnAHTWgBgQk8wyu8ecp78d69j0VryStmjuGPvM8fk2SPtg==</latexit><latexit sha1_base64="IDRS/+VeKDDGThClTOV94Lywe5I=">AAAB7nicbZDLSgMxFIbP1Futt6pLN8EiuCozIuiy6MZlBXuBdiiZNNOGZpKQZMQy9CHcuFDErc/jzrcx085CW38IfPznHHLOHynOjPX9b6+0tr6xuVXeruzs7u0fVA+P2kammtAWkVzqboQN5UzQlmWW067SFCcRp51ocpvXO49UGybFg50qGiZ4JFjMCLbO6vSxUlo+Dao1v+7PhVYhKKAGhZqD6ld/KEmaUGEJx8b0Al/ZMMPaMsLprNJPDVWYTPCI9hwKnFATZvN1Z+jMOUMUS+2esGju/p7IcGLMNIlcZ4Lt2CzXcvO/Wi+18XWYMaFSSwVZfBSnHFmJ8tvRkGlKLJ86wEQztysiY6wxsS6higshWD55FdoX9cDx/WWtcVPEUYYTOIVzCOAKGnAHTWgBgQk8wyu8ecp78d69j0VryStmjuGPvM8fk2SPtg==</latexit><latexit sha1_base64="IDRS/+VeKDDGThClTOV94Lywe5I=">AAAB7nicbZDLSgMxFIbP1Futt6pLN8EiuCozIuiy6MZlBXuBdiiZNNOGZpKQZMQy9CHcuFDErc/jzrcx085CW38IfPznHHLOHynOjPX9b6+0tr6xuVXeruzs7u0fVA+P2kammtAWkVzqboQN5UzQlmWW067SFCcRp51ocpvXO49UGybFg50qGiZ4JFjMCLbO6vSxUlo+Dao1v+7PhVYhKKAGhZqD6ld/KEmaUGEJx8b0Al/ZMMPaMsLprNJPDVWYTPCI9hwKnFATZvN1Z+jMOUMUS+2esGju/p7IcGLMNIlcZ4Lt2CzXcvO/Wi+18XWYMaFSSwVZfBSnHFmJ8tvRkGlKLJ86wEQztysiY6wxsS6higshWD55FdoX9cDx/WWtcVPEUYYTOIVzCOAKGnAHTWgBgQk8wyu8ecp78d69j0VryStmjuGPvM8fk2SPtg==</latexit><latexit sha1_base64="IDRS/+VeKDDGThClTOV94Lywe5I=">AAAB7nicbZDLSgMxFIbP1Futt6pLN8EiuCozIuiy6MZlBXuBdiiZNNOGZpKQZMQy9CHcuFDErc/jzrcx085CW38IfPznHHLOHynOjPX9b6+0tr6xuVXeruzs7u0fVA+P2kammtAWkVzqboQN5UzQlmWW067SFCcRp51ocpvXO49UGybFg50qGiZ4JFjMCLbO6vSxUlo+Dao1v+7PhVYhKKAGhZqD6ld/KEmaUGEJx8b0Al/ZMMPaMsLprNJPDVWYTPCI9hwKnFATZvN1Z+jMOUMUS+2esGju/p7IcGLMNIlcZ4Lt2CzXcvO/Wi+18XWYMaFSSwVZfBSnHFmJ8tvRkGlKLJ86wEQztysiY6wxsS6higshWD55FdoX9cDx/WWtcVPEUYYTOIVzCOAKGnAHTWgBgQk8wyu8ecp78d69j0VryStmjuGPvM8fk2SPtg==</latexit>

+
<latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/XLFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgLZ+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit><latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/XLFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgLZ+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit><latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/XLFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgLZ+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit><latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/XLFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgLZ+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit>

+
<latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/XLFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgLZ+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit><latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/XLFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgLZ+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit><latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/XLFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgLZ+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit><latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/XLFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgLZ+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit>

. . .
<latexit sha1_base64="61XfzoBLfz7FPV/wQNrYIeiFZxQ=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUI9FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20O2jqwMMy8Yd+bMJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3x8maAbVmlt3FyDrxCtIDQq0BtUvm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZELqwxJlGj7FJKF+juR09iYaRzayZji2Kx6c/E/r5dhdBPkQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk9eJ+2rumf5w3WteVvUUYYzOIdL8KABTbiHFvjAQMAzvMKbo5wX5935WI6WnCJzCn/gfP4A8WqOwg==</latexit><latexit sha1_base64="61XfzoBLfz7FPV/wQNrYIeiFZxQ=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUI9FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20O2jqwMMy8Yd+bMJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3x8maAbVmlt3FyDrxCtIDQq0BtUvm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZELqwxJlGj7FJKF+juR09iYaRzayZji2Kx6c/E/r5dhdBPkQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk9eJ+2rumf5w3WteVvUUYYzOIdL8KABTbiHFvjAQMAzvMKbo5wX5935WI6WnCJzCn/gfP4A8WqOwg==</latexit><latexit sha1_base64="61XfzoBLfz7FPV/wQNrYIeiFZxQ=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUI9FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20O2jqwMMy8Yd+bMJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3x8maAbVmlt3FyDrxCtIDQq0BtUvm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZELqwxJlGj7FJKF+juR09iYaRzayZji2Kx6c/E/r5dhdBPkQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk9eJ+2rumf5w3WteVvUUYYzOIdL8KABTbiHFvjAQMAzvMKbo5wX5935WI6WnCJzCn/gfP4A8WqOwg==</latexit><latexit sha1_base64="61XfzoBLfz7FPV/wQNrYIeiFZxQ=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUI9FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20O2jqwMMy8Yd+bMJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3x8maAbVmlt3FyDrxCtIDQq0BtUvm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZELqwxJlGj7FJKF+juR09iYaRzayZji2Kx6c/E/r5dhdBPkQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk9eJ+2rumf5w3WteVvUUYYzOIdL8KABTbiHFvjAQMAzvMKbo5wX5935WI6WnCJzCn/gfP4A8WqOwg==</latexit>+

<latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/XLFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgLZ+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit><latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/XLFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgLZ+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit><latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/XLFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgLZ+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit><latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/XLFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgLZ+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit>

⇡<latexit sha1_base64="IDRS/+VeKDDGThClTOV94Lywe5I=">AAAB7nicbZDLSgMxFIbP1Futt6pLN8EiuCozIuiy6MZlBXuBdiiZNNOGZpKQZMQy9CHcuFDErc/jzrcx085CW38IfPznHHLOHynOjPX9b6+0tr6xuVXeruzs7u0fVA+P2kammtAWkVzqboQN5UzQlmWW067SFCcRp51ocpvXO49UGybFg50qGiZ4JFjMCLbO6vSxUlo+Dao1v+7PhVYhKKAGhZqD6ld/KEmaUGEJx8b0Al/ZMMPaMsLprNJPDVWYTPCI9hwKnFATZvN1Z+jMOUMUS+2esGju/p7IcGLMNIlcZ4Lt2CzXcvO/Wi+18XWYMaFSSwVZfBSnHFmJ8tvRkGlKLJ86wEQztysiY6wxsS6higshWD55FdoX9cDx/WWtcVPEUYYTOIVzCOAKGnAHTWgBgQk8wyu8ecp78d69j0VryStmjuGPvM8fk2SPtg==</latexit><latexit sha1_base64="IDRS/+VeKDDGThClTOV94Lywe5I=">AAAB7nicbZDLSgMxFIbP1Futt6pLN8EiuCozIuiy6MZlBXuBdiiZNNOGZpKQZMQy9CHcuFDErc/jzrcx085CW38IfPznHHLOHynOjPX9b6+0tr6xuVXeruzs7u0fVA+P2kammtAWkVzqboQN5UzQlmWW067SFCcRp51ocpvXO49UGybFg50qGiZ4JFjMCLbO6vSxUlo+Dao1v+7PhVYhKKAGhZqD6ld/KEmaUGEJx8b0Al/ZMMPaMsLprNJPDVWYTPCI9hwKnFATZvN1Z+jMOUMUS+2esGju/p7IcGLMNIlcZ4Lt2CzXcvO/Wi+18XWYMaFSSwVZfBSnHFmJ8tvRkGlKLJ86wEQztysiY6wxsS6higshWD55FdoX9cDx/WWtcVPEUYYTOIVzCOAKGnAHTWgBgQk8wyu8ecp78d69j0VryStmjuGPvM8fk2SPtg==</latexit><latexit sha1_base64="IDRS/+VeKDDGThClTOV94Lywe5I=">AAAB7nicbZDLSgMxFIbP1Futt6pLN8EiuCozIuiy6MZlBXuBdiiZNNOGZpKQZMQy9CHcuFDErc/jzrcx085CW38IfPznHHLOHynOjPX9b6+0tr6xuVXeruzs7u0fVA+P2kammtAWkVzqboQN5UzQlmWW067SFCcRp51ocpvXO49UGybFg50qGiZ4JFjMCLbO6vSxUlo+Dao1v+7PhVYhKKAGhZqD6ld/KEmaUGEJx8b0Al/ZMMPaMsLprNJPDVWYTPCI9hwKnFATZvN1Z+jMOUMUS+2esGju/p7IcGLMNIlcZ4Lt2CzXcvO/Wi+18XWYMaFSSwVZfBSnHFmJ8tvRkGlKLJ86wEQztysiY6wxsS6higshWD55FdoX9cDx/WWtcVPEUYYTOIVzCOAKGnAHTWgBgQk8wyu8ecp78d69j0VryStmjuGPvM8fk2SPtg==</latexit><latexit sha1_base64="IDRS/+VeKDDGThClTOV94Lywe5I=">AAAB7nicbZDLSgMxFIbP1Futt6pLN8EiuCozIuiy6MZlBXuBdiiZNNOGZpKQZMQy9CHcuFDErc/jzrcx085CW38IfPznHHLOHynOjPX9b6+0tr6xuVXeruzs7u0fVA+P2kammtAWkVzqboQN5UzQlmWW067SFCcRp51ocpvXO49UGybFg50qGiZ4JFjMCLbO6vSxUlo+Dao1v+7PhVYhKKAGhZqD6ld/KEmaUGEJx8b0Al/ZMMPaMsLprNJPDVWYTPCI9hwKnFATZvN1Z+jMOUMUS+2esGju/p7IcGLMNIlcZ4Lt2CzXcvO/Wi+18XWYMaFSSwVZfBSnHFmJ8tvRkGlKLJ86wEQztysiY6wxsS6higshWD55FdoX9cDx/WWtcVPEUYYTOIVzCOAKGnAHTWgBgQk8wyu8ecp78d69j0VryStmjuGPvM8fk2SPtg==</latexit>

✓(1)
:,1

<latexit sha1_base64="bmgKLHmDc8V7AIS+LmQlnXSTrTo=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1iEClISERRXBTcuK9gLtDFMppN26GQSZk7EEvIqblwo4tYXcefbOG2z0NYfBj7+cw7nzB8kgmtwnG9rZXVtfWOztFXe3tnd27cPKm0dp4qyFo1FrLoB0UxwyVrAQbBuohiJAsE6wfhmWu88MqV5LO9hkjAvIkPJQ04JGMu3K30YMSB+dn3m5g9ZzT3Nfbvq1J2Z8DK4BVRRoaZvf/UHMU0jJoEKonXPdRLwMqKAU8Hycj/VLCF0TIasZ1CSiGkvm92e4xPjDHAYK/Mk4Jn7eyIjkdaTKDCdEYGRXqxNzf9qvRTCKy/jMkmBSTpfFKYCQ4ynQeABV4yCmBggVHFzK6YjoggFE1fZhOAufnkZ2ud11/DdRbXRKOIooSN0jGrIRZeogW5RE7UQRU/oGb2iNyu3Xqx362PeumIVM4foj6zPH8Jck5U=</latexit><latexit sha1_base64="bmgKLHmDc8V7AIS+LmQlnXSTrTo=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1iEClISERRXBTcuK9gLtDFMppN26GQSZk7EEvIqblwo4tYXcefbOG2z0NYfBj7+cw7nzB8kgmtwnG9rZXVtfWOztFXe3tnd27cPKm0dp4qyFo1FrLoB0UxwyVrAQbBuohiJAsE6wfhmWu88MqV5LO9hkjAvIkPJQ04JGMu3K30YMSB+dn3m5g9ZzT3Nfbvq1J2Z8DK4BVRRoaZvf/UHMU0jJoEKonXPdRLwMqKAU8Hycj/VLCF0TIasZ1CSiGkvm92e4xPjDHAYK/Mk4Jn7eyIjkdaTKDCdEYGRXqxNzf9qvRTCKy/jMkmBSTpfFKYCQ4ynQeABV4yCmBggVHFzK6YjoggFE1fZhOAufnkZ2ud11/DdRbXRKOIooSN0jGrIRZeogW5RE7UQRU/oGb2iNyu3Xqx362PeumIVM4foj6zPH8Jck5U=</latexit><latexit sha1_base64="bmgKLHmDc8V7AIS+LmQlnXSTrTo=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1iEClISERRXBTcuK9gLtDFMppN26GQSZk7EEvIqblwo4tYXcefbOG2z0NYfBj7+cw7nzB8kgmtwnG9rZXVtfWOztFXe3tnd27cPKm0dp4qyFo1FrLoB0UxwyVrAQbBuohiJAsE6wfhmWu88MqV5LO9hkjAvIkPJQ04JGMu3K30YMSB+dn3m5g9ZzT3Nfbvq1J2Z8DK4BVRRoaZvf/UHMU0jJoEKonXPdRLwMqKAU8Hycj/VLCF0TIasZ1CSiGkvm92e4xPjDHAYK/Mk4Jn7eyIjkdaTKDCdEYGRXqxNzf9qvRTCKy/jMkmBSTpfFKYCQ4ynQeABV4yCmBggVHFzK6YjoggFE1fZhOAufnkZ2ud11/DdRbXRKOIooSN0jGrIRZeogW5RE7UQRU/oGb2iNyu3Xqx362PeumIVM4foj6zPH8Jck5U=</latexit><latexit sha1_base64="bmgKLHmDc8V7AIS+LmQlnXSTrTo=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1iEClISERRXBTcuK9gLtDFMppN26GQSZk7EEvIqblwo4tYXcefbOG2z0NYfBj7+cw7nzB8kgmtwnG9rZXVtfWOztFXe3tnd27cPKm0dp4qyFo1FrLoB0UxwyVrAQbBuohiJAsE6wfhmWu88MqV5LO9hkjAvIkPJQ04JGMu3K30YMSB+dn3m5g9ZzT3Nfbvq1J2Z8DK4BVRRoaZvf/UHMU0jJoEKonXPdRLwMqKAU8Hycj/VLCF0TIasZ1CSiGkvm92e4xPjDHAYK/Mk4Jn7eyIjkdaTKDCdEYGRXqxNzf9qvRTCKy/jMkmBSTpfFKYCQ4ynQeABV4yCmBggVHFzK6YjoggFE1fZhOAufnkZ2ud11/DdRbXRKOIooSN0jGrIRZeogW5RE7UQRU/oGb2iNyu3Xqx362PeumIVM4foj6zPH8Jck5U=</latexit>

✓(1)
:,2

<latexit sha1_base64="S8VY309yTxqBs8I1f4ta2pUg1uE=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiVJCSFEFxVXDjsoK9QBvDZDpth04mYeZELCGv4saFIm59EXe+jdM2C239YeDjP+dwzvxBLLgGx/m2CmvrG5tbxe3Szu7e/oF9WG7rKFGUtWgkItUNiGaCS9YCDoJ1Y8VIGAjWCSY3s3rnkSnNI3kP05h5IRlJPuSUgLF8u9yHMQPip9fn9ewhrbpnmW9XnJozF14FN4cKytX07a/+IKJJyCRQQbTuuU4MXkoUcCpYVuonmsWETsiI9QxKEjLtpfPbM3xqnAEeRso8CXju/p5ISaj1NAxMZ0hgrJdrM/O/Wi+B4ZWXchknwCRdLBomAkOEZ0HgAVeMgpgaIFRxcyumY6IIBRNXyYTgLn95Fdr1mmv47qLSaORxFNExOkFV5KJL1EC3qIlaiKIn9Ixe0ZuVWS/Wu/WxaC1Y+cwR+iPr8wfD55OW</latexit><latexit sha1_base64="S8VY309yTxqBs8I1f4ta2pUg1uE=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiVJCSFEFxVXDjsoK9QBvDZDpth04mYeZELCGv4saFIm59EXe+jdM2C239YeDjP+dwzvxBLLgGx/m2CmvrG5tbxe3Szu7e/oF9WG7rKFGUtWgkItUNiGaCS9YCDoJ1Y8VIGAjWCSY3s3rnkSnNI3kP05h5IRlJPuSUgLF8u9yHMQPip9fn9ewhrbpnmW9XnJozF14FN4cKytX07a/+IKJJyCRQQbTuuU4MXkoUcCpYVuonmsWETsiI9QxKEjLtpfPbM3xqnAEeRso8CXju/p5ISaj1NAxMZ0hgrJdrM/O/Wi+B4ZWXchknwCRdLBomAkOEZ0HgAVeMgpgaIFRxcyumY6IIBRNXyYTgLn95Fdr1mmv47qLSaORxFNExOkFV5KJL1EC3qIlaiKIn9Ixe0ZuVWS/Wu/WxaC1Y+cwR+iPr8wfD55OW</latexit><latexit sha1_base64="S8VY309yTxqBs8I1f4ta2pUg1uE=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiVJCSFEFxVXDjsoK9QBvDZDpth04mYeZELCGv4saFIm59EXe+jdM2C239YeDjP+dwzvxBLLgGx/m2CmvrG5tbxe3Szu7e/oF9WG7rKFGUtWgkItUNiGaCS9YCDoJ1Y8VIGAjWCSY3s3rnkSnNI3kP05h5IRlJPuSUgLF8u9yHMQPip9fn9ewhrbpnmW9XnJozF14FN4cKytX07a/+IKJJyCRQQbTuuU4MXkoUcCpYVuonmsWETsiI9QxKEjLtpfPbM3xqnAEeRso8CXju/p5ISaj1NAxMZ0hgrJdrM/O/Wi+B4ZWXchknwCRdLBomAkOEZ0HgAVeMgpgaIFRxcyumY6IIBRNXyYTgLn95Fdr1mmv47qLSaORxFNExOkFV5KJL1EC3qIlaiKIn9Ixe0ZuVWS/Wu/WxaC1Y+cwR+iPr8wfD55OW</latexit><latexit sha1_base64="S8VY309yTxqBs8I1f4ta2pUg1uE=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiVJCSFEFxVXDjsoK9QBvDZDpth04mYeZELCGv4saFIm59EXe+jdM2C239YeDjP+dwzvxBLLgGx/m2CmvrG5tbxe3Szu7e/oF9WG7rKFGUtWgkItUNiGaCS9YCDoJ1Y8VIGAjWCSY3s3rnkSnNI3kP05h5IRlJPuSUgLF8u9yHMQPip9fn9ewhrbpnmW9XnJozF14FN4cKytX07a/+IKJJyCRQQbTuuU4MXkoUcCpYVuonmsWETsiI9QxKEjLtpfPbM3xqnAEeRso8CXju/p5ISaj1NAxMZ0hgrJdrM/O/Wi+B4ZWXchknwCRdLBomAkOEZ0HgAVeMgpgaIFRxcyumY6IIBRNXyYTgLn95Fdr1mmv47qLSaORxFNExOkFV5KJL1EC3qIlaiKIn9Ixe0ZuVWS/Wu/WxaC1Y+cwR+iPr8wfD55OW</latexit>

✓(1)
:,K

<latexit sha1_base64="uxVgrdMYgtvG6FrweGJDBB8zFxM=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiVJCSiKC4KrgR3FSwF2hjmEyn7dDJJMyciCXkVdy4UMStL+LOt3HaZqGtPwx8/Occzpk/iAXX4DjfVmFldW19o7hZ2tre2d2z98stHSWKsiaNRKQ6AdFMcMmawEGwTqwYCQPB2sH4elpvPzKleSTvYRIzLyRDyQecEjCWb5d7MGJA/PTq9DZ7SKvuSebbFafmzISXwc2hgnI1fPur149oEjIJVBCtu64Tg5cSBZwKlpV6iWYxoWMyZF2DkoRMe+ns9gwfG6ePB5EyTwKeub8nUhJqPQkD0xkSGOnF2tT8r9ZNYHDppVzGCTBJ54sGicAQ4WkQuM8VoyAmBghV3NyK6YgoQsHEVTIhuItfXobWWc01fHdeqdfzOIroEB2hKnLRBaqjG9RATUTRE3pGr+jNyqwX6936mLcWrHzmAP2R9fkD6nqTrw==</latexit><latexit sha1_base64="uxVgrdMYgtvG6FrweGJDBB8zFxM=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiVJCSiKC4KrgR3FSwF2hjmEyn7dDJJMyciCXkVdy4UMStL+LOt3HaZqGtPwx8/Occzpk/iAXX4DjfVmFldW19o7hZ2tre2d2z98stHSWKsiaNRKQ6AdFMcMmawEGwTqwYCQPB2sH4elpvPzKleSTvYRIzLyRDyQecEjCWb5d7MGJA/PTq9DZ7SKvuSebbFafmzISXwc2hgnI1fPur149oEjIJVBCtu64Tg5cSBZwKlpV6iWYxoWMyZF2DkoRMe+ns9gwfG6ePB5EyTwKeub8nUhJqPQkD0xkSGOnF2tT8r9ZNYHDppVzGCTBJ54sGicAQ4WkQuM8VoyAmBghV3NyK6YgoQsHEVTIhuItfXobWWc01fHdeqdfzOIroEB2hKnLRBaqjG9RATUTRE3pGr+jNyqwX6936mLcWrHzmAP2R9fkD6nqTrw==</latexit><latexit sha1_base64="uxVgrdMYgtvG6FrweGJDBB8zFxM=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiVJCSiKC4KrgR3FSwF2hjmEyn7dDJJMyciCXkVdy4UMStL+LOt3HaZqGtPwx8/Occzpk/iAXX4DjfVmFldW19o7hZ2tre2d2z98stHSWKsiaNRKQ6AdFMcMmawEGwTqwYCQPB2sH4elpvPzKleSTvYRIzLyRDyQecEjCWb5d7MGJA/PTq9DZ7SKvuSebbFafmzISXwc2hgnI1fPur149oEjIJVBCtu64Tg5cSBZwKlpV6iWYxoWMyZF2DkoRMe+ns9gwfG6ePB5EyTwKeub8nUhJqPQkD0xkSGOnF2tT8r9ZNYHDppVzGCTBJ54sGicAQ4WkQuM8VoyAmBghV3NyK6YgoQsHEVTIhuItfXobWWc01fHdeqdfzOIroEB2hKnLRBaqjG9RATUTRE3pGr+jNyqwX6936mLcWrHzmAP2R9fkD6nqTrw==</latexit><latexit sha1_base64="uxVgrdMYgtvG6FrweGJDBB8zFxM=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiVJCSiKC4KrgR3FSwF2hjmEyn7dDJJMyciCXkVdy4UMStL+LOt3HaZqGtPwx8/Occzpk/iAXX4DjfVmFldW19o7hZ2tre2d2z98stHSWKsiaNRKQ6AdFMcMmawEGwTqwYCQPB2sH4elpvPzKleSTvYRIzLyRDyQecEjCWb5d7MGJA/PTq9DZ7SKvuSebbFafmzISXwc2hgnI1fPur149oEjIJVBCtu64Tg5cSBZwKlpV6iWYxoWMyZF2DkoRMe+ns9gwfG6ePB5EyTwKeub8nUhJqPQkD0xkSGOnF2tT8r9ZNYHDppVzGCTBJ54sGicAQ4WkQuM8VoyAmBghV3NyK6YgoQsHEVTIhuItfXobWWc01fHdeqdfzOIroEB2hKnLRBaqjG9RATUTRE3pGr+jNyqwX6936mLcWrHzmAP2R9fkD6nqTrw==</latexit>

✓(2)
:,K

<latexit sha1_base64="d/k45fWVJ+pyXlXLi7II7Qxkp3o=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1iEClKSIiiuCm4ENxXsBdpYJtNJO3QyCTMnYgl5FTcuFHHri7jzbZy2WWjrDwMf/zmHc+b3Y8E1OM63tbK6tr6xWdgqbu/s7u3bB6WWjhJFWZNGIlIdn2gmuGRN4CBYJ1aMhL5gbX98Pa23H5nSPJL3MImZF5Kh5AGnBIzVt0s9GDEg/fTq7DZ7SCu106xvl52qMxNeBjeHMsrV6NtfvUFEk5BJoIJo3XWdGLyUKOBUsKzYSzSLCR2TIesalCRk2ktnt2f4xDgDHETKPAl45v6eSEmo9ST0TWdIYKQXa1Pzv1o3geDSS7mME2CSzhcFicAQ4WkQeMAVoyAmBghV3NyK6YgoQsHEVTQhuItfXoZWreoavjsv1+t5HAV0hI5RBbnoAtXRDWqgJqLoCT2jV/RmZdaL9W59zFtXrHzmEP2R9fkD7ACTsA==</latexit><latexit sha1_base64="d/k45fWVJ+pyXlXLi7II7Qxkp3o=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1iEClKSIiiuCm4ENxXsBdpYJtNJO3QyCTMnYgl5FTcuFHHri7jzbZy2WWjrDwMf/zmHc+b3Y8E1OM63tbK6tr6xWdgqbu/s7u3bB6WWjhJFWZNGIlIdn2gmuGRN4CBYJ1aMhL5gbX98Pa23H5nSPJL3MImZF5Kh5AGnBIzVt0s9GDEg/fTq7DZ7SCu106xvl52qMxNeBjeHMsrV6NtfvUFEk5BJoIJo3XWdGLyUKOBUsKzYSzSLCR2TIesalCRk2ktnt2f4xDgDHETKPAl45v6eSEmo9ST0TWdIYKQXa1Pzv1o3geDSS7mME2CSzhcFicAQ4WkQeMAVoyAmBghV3NyK6YgoQsHEVTQhuItfXoZWreoavjsv1+t5HAV0hI5RBbnoAtXRDWqgJqLoCT2jV/RmZdaL9W59zFtXrHzmEP2R9fkD7ACTsA==</latexit><latexit sha1_base64="d/k45fWVJ+pyXlXLi7II7Qxkp3o=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1iEClKSIiiuCm4ENxXsBdpYJtNJO3QyCTMnYgl5FTcuFHHri7jzbZy2WWjrDwMf/zmHc+b3Y8E1OM63tbK6tr6xWdgqbu/s7u3bB6WWjhJFWZNGIlIdn2gmuGRN4CBYJ1aMhL5gbX98Pa23H5nSPJL3MImZF5Kh5AGnBIzVt0s9GDEg/fTq7DZ7SCu106xvl52qMxNeBjeHMsrV6NtfvUFEk5BJoIJo3XWdGLyUKOBUsKzYSzSLCR2TIesalCRk2ktnt2f4xDgDHETKPAl45v6eSEmo9ST0TWdIYKQXa1Pzv1o3geDSS7mME2CSzhcFicAQ4WkQeMAVoyAmBghV3NyK6YgoQsHEVTQhuItfXoZWreoavjsv1+t5HAV0hI5RBbnoAtXRDWqgJqLoCT2jV/RmZdaL9W59zFtXrHzmEP2R9fkD7ACTsA==</latexit><latexit sha1_base64="d/k45fWVJ+pyXlXLi7II7Qxkp3o=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1iEClKSIiiuCm4ENxXsBdpYJtNJO3QyCTMnYgl5FTcuFHHri7jzbZy2WWjrDwMf/zmHc+b3Y8E1OM63tbK6tr6xWdgqbu/s7u3bB6WWjhJFWZNGIlIdn2gmuGRN4CBYJ1aMhL5gbX98Pa23H5nSPJL3MImZF5Kh5AGnBIzVt0s9GDEg/fTq7DZ7SCu106xvl52qMxNeBjeHMsrV6NtfvUFEk5BJoIJo3XWdGLyUKOBUsKzYSzSLCR2TIesalCRk2ktnt2f4xDgDHETKPAl45v6eSEmo9ST0TWdIYKQXa1Pzv1o3geDSS7mME2CSzhcFicAQ4WkQeMAVoyAmBghV3NyK6YgoQsHEVTQhuItfXoZWreoavjsv1+t5HAV0hI5RBbnoAtXRDWqgJqLoCT2jV/RmZdaL9W59zFtXrHzmEP2R9fkD7ACTsA==</latexit>

✓(2)
:,K

<latexit sha1_base64="d/k45fWVJ+pyXlXLi7II7Qxkp3o=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1iEClKSIiiuCm4ENxXsBdpYJtNJO3QyCTMnYgl5FTcuFHHri7jzbZy2WWjrDwMf/zmHc+b3Y8E1OM63tbK6tr6xWdgqbu/s7u3bB6WWjhJFWZNGIlIdn2gmuGRN4CBYJ1aMhL5gbX98Pa23H5nSPJL3MImZF5Kh5AGnBIzVt0s9GDEg/fTq7DZ7SCu106xvl52qMxNeBjeHMsrV6NtfvUFEk5BJoIJo3XWdGLyUKOBUsKzYSzSLCR2TIesalCRk2ktnt2f4xDgDHETKPAl45v6eSEmo9ST0TWdIYKQXa1Pzv1o3geDSS7mME2CSzhcFicAQ4WkQeMAVoyAmBghV3NyK6YgoQsHEVTQhuItfXoZWreoavjsv1+t5HAV0hI5RBbnoAtXRDWqgJqLoCT2jV/RmZdaL9W59zFtXrHzmEP2R9fkD7ACTsA==</latexit><latexit sha1_base64="d/k45fWVJ+pyXlXLi7II7Qxkp3o=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1iEClKSIiiuCm4ENxXsBdpYJtNJO3QyCTMnYgl5FTcuFHHri7jzbZy2WWjrDwMf/zmHc+b3Y8E1OM63tbK6tr6xWdgqbu/s7u3bB6WWjhJFWZNGIlIdn2gmuGRN4CBYJ1aMhL5gbX98Pa23H5nSPJL3MImZF5Kh5AGnBIzVt0s9GDEg/fTq7DZ7SCu106xvl52qMxNeBjeHMsrV6NtfvUFEk5BJoIJo3XWdGLyUKOBUsKzYSzSLCR2TIesalCRk2ktnt2f4xDgDHETKPAl45v6eSEmo9ST0TWdIYKQXa1Pzv1o3geDSS7mME2CSzhcFicAQ4WkQeMAVoyAmBghV3NyK6YgoQsHEVTQhuItfXoZWreoavjsv1+t5HAV0hI5RBbnoAtXRDWqgJqLoCT2jV/RmZdaL9W59zFtXrHzmEP2R9fkD7ACTsA==</latexit><latexit sha1_base64="d/k45fWVJ+pyXlXLi7II7Qxkp3o=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1iEClKSIiiuCm4ENxXsBdpYJtNJO3QyCTMnYgl5FTcuFHHri7jzbZy2WWjrDwMf/zmHc+b3Y8E1OM63tbK6tr6xWdgqbu/s7u3bB6WWjhJFWZNGIlIdn2gmuGRN4CBYJ1aMhL5gbX98Pa23H5nSPJL3MImZF5Kh5AGnBIzVt0s9GDEg/fTq7DZ7SCu106xvl52qMxNeBjeHMsrV6NtfvUFEk5BJoIJo3XWdGLyUKOBUsKzYSzSLCR2TIesalCRk2ktnt2f4xDgDHETKPAl45v6eSEmo9ST0TWdIYKQXa1Pzv1o3geDSS7mME2CSzhcFicAQ4WkQeMAVoyAmBghV3NyK6YgoQsHEVTQhuItfXoZWreoavjsv1+t5HAV0hI5RBbnoAtXRDWqgJqLoCT2jV/RmZdaL9W59zFtXrHzmEP2R9fkD7ACTsA==</latexit><latexit sha1_base64="d/k45fWVJ+pyXlXLi7II7Qxkp3o=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1iEClKSIiiuCm4ENxXsBdpYJtNJO3QyCTMnYgl5FTcuFHHri7jzbZy2WWjrDwMf/zmHc+b3Y8E1OM63tbK6tr6xWdgqbu/s7u3bB6WWjhJFWZNGIlIdn2gmuGRN4CBYJ1aMhL5gbX98Pa23H5nSPJL3MImZF5Kh5AGnBIzVt0s9GDEg/fTq7DZ7SCu106xvl52qMxNeBjeHMsrV6NtfvUFEk5BJoIJo3XWdGLyUKOBUsKzYSzSLCR2TIesalCRk2ktnt2f4xDgDHETKPAl45v6eSEmo9ST0TWdIYKQXa1Pzv1o3geDSS7mME2CSzhcFicAQ4WkQeMAVoyAmBghV3NyK6YgoQsHEVTQhuItfXoZWreoavjsv1+t5HAV0hI5RBbnoAtXRDWqgJqLoCT2jV/RmZdaL9W59zFtXrHzmEP2R9fkD7ACTsA==</latexit>

✓(2)
:,2

<latexit sha1_base64="4auDEXHlhhr7LZlTpvGXb0Ff+8I=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiVJCSFEFxVXDjsoK9QBvDZDpth04mYeZELCGv4saFIm59EXe+jdM2C239YeDjP+dwzvxBLLgGx/m2CmvrG5tbxe3Szu7e/oF9WG7rKFGUtWgkItUNiGaCS9YCDoJ1Y8VIGAjWCSY3s3rnkSnNI3kP05h5IRlJPuSUgLF8u9yHMQPip9fn9ewhrdbPMt+uODVnLrwKbg4VlKvp21/9QUSTkEmggmjdc50YvJQo4FSwrNRPNIsJnZAR6xmUJGTaS+e3Z/jUOAM8jJR5EvDc/T2RklDraRiYzpDAWC/XZuZ/tV4Cwysv5TJOgEm6WDRMBIYIz4LAA64YBTE1QKji5lZMx0QRCiaukgnBXf7yKrTrNdfw3UWl0cjjKKJjdIKqyEWXqIFuURO1EEVP6Bm9ojcrs16sd+tj0Vqw8pkj9EfW5w/FbZOX</latexit><latexit sha1_base64="4auDEXHlhhr7LZlTpvGXb0Ff+8I=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiVJCSFEFxVXDjsoK9QBvDZDpth04mYeZELCGv4saFIm59EXe+jdM2C239YeDjP+dwzvxBLLgGx/m2CmvrG5tbxe3Szu7e/oF9WG7rKFGUtWgkItUNiGaCS9YCDoJ1Y8VIGAjWCSY3s3rnkSnNI3kP05h5IRlJPuSUgLF8u9yHMQPip9fn9ewhrdbPMt+uODVnLrwKbg4VlKvp21/9QUSTkEmggmjdc50YvJQo4FSwrNRPNIsJnZAR6xmUJGTaS+e3Z/jUOAM8jJR5EvDc/T2RklDraRiYzpDAWC/XZuZ/tV4Cwysv5TJOgEm6WDRMBIYIz4LAA64YBTE1QKji5lZMx0QRCiaukgnBXf7yKrTrNdfw3UWl0cjjKKJjdIKqyEWXqIFuURO1EEVP6Bm9ojcrs16sd+tj0Vqw8pkj9EfW5w/FbZOX</latexit><latexit sha1_base64="4auDEXHlhhr7LZlTpvGXb0Ff+8I=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiVJCSFEFxVXDjsoK9QBvDZDpth04mYeZELCGv4saFIm59EXe+jdM2C239YeDjP+dwzvxBLLgGx/m2CmvrG5tbxe3Szu7e/oF9WG7rKFGUtWgkItUNiGaCS9YCDoJ1Y8VIGAjWCSY3s3rnkSnNI3kP05h5IRlJPuSUgLF8u9yHMQPip9fn9ewhrdbPMt+uODVnLrwKbg4VlKvp21/9QUSTkEmggmjdc50YvJQo4FSwrNRPNIsJnZAR6xmUJGTaS+e3Z/jUOAM8jJR5EvDc/T2RklDraRiYzpDAWC/XZuZ/tV4Cwysv5TJOgEm6WDRMBIYIz4LAA64YBTE1QKji5lZMx0QRCiaukgnBXf7yKrTrNdfw3UWl0cjjKKJjdIKqyEWXqIFuURO1EEVP6Bm9ojcrs16sd+tj0Vqw8pkj9EfW5w/FbZOX</latexit><latexit sha1_base64="4auDEXHlhhr7LZlTpvGXb0Ff+8I=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiVJCSFEFxVXDjsoK9QBvDZDpth04mYeZELCGv4saFIm59EXe+jdM2C239YeDjP+dwzvxBLLgGx/m2CmvrG5tbxe3Szu7e/oF9WG7rKFGUtWgkItUNiGaCS9YCDoJ1Y8VIGAjWCSY3s3rnkSnNI3kP05h5IRlJPuSUgLF8u9yHMQPip9fn9ewhrdbPMt+uODVnLrwKbg4VlKvp21/9QUSTkEmggmjdc50YvJQo4FSwrNRPNIsJnZAR6xmUJGTaS+e3Z/jUOAM8jJR5EvDc/T2RklDraRiYzpDAWC/XZuZ/tV4Cwysv5TJOgEm6WDRMBIYIz4LAA64YBTE1QKji5lZMx0QRCiaukgnBXf7yKrTrNdfw3UWl0cjjKKJjdIKqyEWXqIFuURO1EEVP6Bm9ojcrs16sd+tj0Vqw8pkj9EfW5w/FbZOX</latexit>

✓(2)
:,2

<latexit sha1_base64="4auDEXHlhhr7LZlTpvGXb0Ff+8I=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiVJCSFEFxVXDjsoK9QBvDZDpth04mYeZELCGv4saFIm59EXe+jdM2C239YeDjP+dwzvxBLLgGx/m2CmvrG5tbxe3Szu7e/oF9WG7rKFGUtWgkItUNiGaCS9YCDoJ1Y8VIGAjWCSY3s3rnkSnNI3kP05h5IRlJPuSUgLF8u9yHMQPip9fn9ewhrdbPMt+uODVnLrwKbg4VlKvp21/9QUSTkEmggmjdc50YvJQo4FSwrNRPNIsJnZAR6xmUJGTaS+e3Z/jUOAM8jJR5EvDc/T2RklDraRiYzpDAWC/XZuZ/tV4Cwysv5TJOgEm6WDRMBIYIz4LAA64YBTE1QKji5lZMx0QRCiaukgnBXf7yKrTrNdfw3UWl0cjjKKJjdIKqyEWXqIFuURO1EEVP6Bm9ojcrs16sd+tj0Vqw8pkj9EfW5w/FbZOX</latexit><latexit sha1_base64="4auDEXHlhhr7LZlTpvGXb0Ff+8I=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiVJCSFEFxVXDjsoK9QBvDZDpth04mYeZELCGv4saFIm59EXe+jdM2C239YeDjP+dwzvxBLLgGx/m2CmvrG5tbxe3Szu7e/oF9WG7rKFGUtWgkItUNiGaCS9YCDoJ1Y8VIGAjWCSY3s3rnkSnNI3kP05h5IRlJPuSUgLF8u9yHMQPip9fn9ewhrdbPMt+uODVnLrwKbg4VlKvp21/9QUSTkEmggmjdc50YvJQo4FSwrNRPNIsJnZAR6xmUJGTaS+e3Z/jUOAM8jJR5EvDc/T2RklDraRiYzpDAWC/XZuZ/tV4Cwysv5TJOgEm6WDRMBIYIz4LAA64YBTE1QKji5lZMx0QRCiaukgnBXf7yKrTrNdfw3UWl0cjjKKJjdIKqyEWXqIFuURO1EEVP6Bm9ojcrs16sd+tj0Vqw8pkj9EfW5w/FbZOX</latexit><latexit sha1_base64="4auDEXHlhhr7LZlTpvGXb0Ff+8I=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiVJCSFEFxVXDjsoK9QBvDZDpth04mYeZELCGv4saFIm59EXe+jdM2C239YeDjP+dwzvxBLLgGx/m2CmvrG5tbxe3Szu7e/oF9WG7rKFGUtWgkItUNiGaCS9YCDoJ1Y8VIGAjWCSY3s3rnkSnNI3kP05h5IRlJPuSUgLF8u9yHMQPip9fn9ewhrdbPMt+uODVnLrwKbg4VlKvp21/9QUSTkEmggmjdc50YvJQo4FSwrNRPNIsJnZAR6xmUJGTaS+e3Z/jUOAM8jJR5EvDc/T2RklDraRiYzpDAWC/XZuZ/tV4Cwysv5TJOgEm6WDRMBIYIz4LAA64YBTE1QKji5lZMx0QRCiaukgnBXf7yKrTrNdfw3UWl0cjjKKJjdIKqyEWXqIFuURO1EEVP6Bm9ojcrs16sd+tj0Vqw8pkj9EfW5w/FbZOX</latexit><latexit sha1_base64="4auDEXHlhhr7LZlTpvGXb0Ff+8I=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiVJCSFEFxVXDjsoK9QBvDZDpth04mYeZELCGv4saFIm59EXe+jdM2C239YeDjP+dwzvxBLLgGx/m2CmvrG5tbxe3Szu7e/oF9WG7rKFGUtWgkItUNiGaCS9YCDoJ1Y8VIGAjWCSY3s3rnkSnNI3kP05h5IRlJPuSUgLF8u9yHMQPip9fn9ewhrdbPMt+uODVnLrwKbg4VlKvp21/9QUSTkEmggmjdc50YvJQo4FSwrNRPNIsJnZAR6xmUJGTaS+e3Z/jUOAM8jJR5EvDc/T2RklDraRiYzpDAWC/XZuZ/tV4Cwysv5TJOgEm6WDRMBIYIz4LAA64YBTE1QKji5lZMx0QRCiaukgnBXf7yKrTrNdfw3UWl0cjjKKJjdIKqyEWXqIFuURO1EEVP6Bm9ojcrs16sd+tj0Vqw8pkj9EfW5w/FbZOX</latexit>

✓(2)
:,1

<latexit sha1_base64="eTxkdNzDnEyJTFhtXBZlThvG9iE=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiVJCSFEFxVXDjsoK9QBvDZDpth04mYeZELCGv4saFIm59EXe+jdM2C239YeDjP+dwzvxBLLgGx/m2CmvrG5tbxe3Szu7e/oF9WG7rKFGUtWgkItUNiGaCS9YCDoJ1Y8VIGAjWCSY3s3rnkSnNI3kP05h5IRlJPuSUgLF8u9yHMQPip9fnbvaQVutnmW9XnJozF14FN4cKytX07a/+IKJJyCRQQbTuuU4MXkoUcCpYVuonmsWETsiI9QxKEjLtpfPbM3xqnAEeRso8CXju/p5ISaj1NAxMZ0hgrJdrM/O/Wi+B4ZWXchknwCRdLBomAkOEZ0HgAVeMgpgaIFRxcyumY6IIBRNXyYTgLn95Fdr1mmv47qLSaORxFNExOkFV5KJL1EC3qIlaiKIn9Ixe0ZuVWS/Wu/WxaC1Y+cwR+iPr8wfD4pOW</latexit><latexit sha1_base64="eTxkdNzDnEyJTFhtXBZlThvG9iE=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiVJCSFEFxVXDjsoK9QBvDZDpth04mYeZELCGv4saFIm59EXe+jdM2C239YeDjP+dwzvxBLLgGx/m2CmvrG5tbxe3Szu7e/oF9WG7rKFGUtWgkItUNiGaCS9YCDoJ1Y8VIGAjWCSY3s3rnkSnNI3kP05h5IRlJPuSUgLF8u9yHMQPip9fnbvaQVutnmW9XnJozF14FN4cKytX07a/+IKJJyCRQQbTuuU4MXkoUcCpYVuonmsWETsiI9QxKEjLtpfPbM3xqnAEeRso8CXju/p5ISaj1NAxMZ0hgrJdrM/O/Wi+B4ZWXchknwCRdLBomAkOEZ0HgAVeMgpgaIFRxcyumY6IIBRNXyYTgLn95Fdr1mmv47qLSaORxFNExOkFV5KJL1EC3qIlaiKIn9Ixe0ZuVWS/Wu/WxaC1Y+cwR+iPr8wfD4pOW</latexit><latexit sha1_base64="eTxkdNzDnEyJTFhtXBZlThvG9iE=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiVJCSFEFxVXDjsoK9QBvDZDpth04mYeZELCGv4saFIm59EXe+jdM2C239YeDjP+dwzvxBLLgGx/m2CmvrG5tbxe3Szu7e/oF9WG7rKFGUtWgkItUNiGaCS9YCDoJ1Y8VIGAjWCSY3s3rnkSnNI3kP05h5IRlJPuSUgLF8u9yHMQPip9fnbvaQVutnmW9XnJozF14FN4cKytX07a/+IKJJyCRQQbTuuU4MXkoUcCpYVuonmsWETsiI9QxKEjLtpfPbM3xqnAEeRso8CXju/p5ISaj1NAxMZ0hgrJdrM/O/Wi+B4ZWXchknwCRdLBomAkOEZ0HgAVeMgpgaIFRxcyumY6IIBRNXyYTgLn95Fdr1mmv47qLSaORxFNExOkFV5KJL1EC3qIlaiKIn9Ixe0ZuVWS/Wu/WxaC1Y+cwR+iPr8wfD4pOW</latexit><latexit sha1_base64="eTxkdNzDnEyJTFhtXBZlThvG9iE=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiVJCSFEFxVXDjsoK9QBvDZDpth04mYeZELCGv4saFIm59EXe+jdM2C239YeDjP+dwzvxBLLgGx/m2CmvrG5tbxe3Szu7e/oF9WG7rKFGUtWgkItUNiGaCS9YCDoJ1Y8VIGAjWCSY3s3rnkSnNI3kP05h5IRlJPuSUgLF8u9yHMQPip9fnbvaQVutnmW9XnJozF14FN4cKytX07a/+IKJJyCRQQbTuuU4MXkoUcCpYVuonmsWETsiI9QxKEjLtpfPbM3xqnAEeRso8CXju/p5ISaj1NAxMZ0hgrJdrM/O/Wi+B4ZWXchknwCRdLBomAkOEZ0HgAVeMgpgaIFRxcyumY6IIBRNXyYTgLn95Fdr1mmv47qLSaORxFNExOkFV5KJL1EC3qIlaiKIn9Ixe0ZuVWS/Wu/WxaC1Y+cwR+iPr8wfD4pOW</latexit>

✓(2)
:,1

<latexit sha1_base64="eTxkdNzDnEyJTFhtXBZlThvG9iE=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiVJCSFEFxVXDjsoK9QBvDZDpth04mYeZELCGv4saFIm59EXe+jdM2C239YeDjP+dwzvxBLLgGx/m2CmvrG5tbxe3Szu7e/oF9WG7rKFGUtWgkItUNiGaCS9YCDoJ1Y8VIGAjWCSY3s3rnkSnNI3kP05h5IRlJPuSUgLF8u9yHMQPip9fnbvaQVutnmW9XnJozF14FN4cKytX07a/+IKJJyCRQQbTuuU4MXkoUcCpYVuonmsWETsiI9QxKEjLtpfPbM3xqnAEeRso8CXju/p5ISaj1NAxMZ0hgrJdrM/O/Wi+B4ZWXchknwCRdLBomAkOEZ0HgAVeMgpgaIFRxcyumY6IIBRNXyYTgLn95Fdr1mmv47qLSaORxFNExOkFV5KJL1EC3qIlaiKIn9Ixe0ZuVWS/Wu/WxaC1Y+cwR+iPr8wfD4pOW</latexit><latexit sha1_base64="eTxkdNzDnEyJTFhtXBZlThvG9iE=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiVJCSFEFxVXDjsoK9QBvDZDpth04mYeZELCGv4saFIm59EXe+jdM2C239YeDjP+dwzvxBLLgGx/m2CmvrG5tbxe3Szu7e/oF9WG7rKFGUtWgkItUNiGaCS9YCDoJ1Y8VIGAjWCSY3s3rnkSnNI3kP05h5IRlJPuSUgLF8u9yHMQPip9fnbvaQVutnmW9XnJozF14FN4cKytX07a/+IKJJyCRQQbTuuU4MXkoUcCpYVuonmsWETsiI9QxKEjLtpfPbM3xqnAEeRso8CXju/p5ISaj1NAxMZ0hgrJdrM/O/Wi+B4ZWXchknwCRdLBomAkOEZ0HgAVeMgpgaIFRxcyumY6IIBRNXyYTgLn95Fdr1mmv47qLSaORxFNExOkFV5KJL1EC3qIlaiKIn9Ixe0ZuVWS/Wu/WxaC1Y+cwR+iPr8wfD4pOW</latexit><latexit sha1_base64="eTxkdNzDnEyJTFhtXBZlThvG9iE=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiVJCSFEFxVXDjsoK9QBvDZDpth04mYeZELCGv4saFIm59EXe+jdM2C239YeDjP+dwzvxBLLgGx/m2CmvrG5tbxe3Szu7e/oF9WG7rKFGUtWgkItUNiGaCS9YCDoJ1Y8VIGAjWCSY3s3rnkSnNI3kP05h5IRlJPuSUgLF8u9yHMQPip9fnbvaQVutnmW9XnJozF14FN4cKytX07a/+IKJJyCRQQbTuuU4MXkoUcCpYVuonmsWETsiI9QxKEjLtpfPbM3xqnAEeRso8CXju/p5ISaj1NAxMZ0hgrJdrM/O/Wi+B4ZWXchknwCRdLBomAkOEZ0HgAVeMgpgaIFRxcyumY6IIBRNXyYTgLn95Fdr1mmv47qLSaORxFNExOkFV5KJL1EC3qIlaiKIn9Ixe0ZuVWS/Wu/WxaC1Y+cwR+iPr8wfD4pOW</latexit><latexit sha1_base64="eTxkdNzDnEyJTFhtXBZlThvG9iE=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiVJCSFEFxVXDjsoK9QBvDZDpth04mYeZELCGv4saFIm59EXe+jdM2C239YeDjP+dwzvxBLLgGx/m2CmvrG5tbxe3Szu7e/oF9WG7rKFGUtWgkItUNiGaCS9YCDoJ1Y8VIGAjWCSY3s3rnkSnNI3kP05h5IRlJPuSUgLF8u9yHMQPip9fnbvaQVutnmW9XnJozF14FN4cKytX07a/+IKJJyCRQQbTuuU4MXkoUcCpYVuonmsWETsiI9QxKEjLtpfPbM3xqnAEeRso8CXju/p5ISaj1NAxMZ0hgrJdrM/O/Wi+B4ZWXchknwCRdLBomAkOEZ0HgAVeMgpgaIFRxcyumY6IIBRNXyYTgLn95Fdr1mmv47qLSaORxFNExOkFV5KJL1EC3qIlaiKIn9Ixe0ZuVWS/Wu/WxaC1Y+cwR+iPr8wfD4pOW</latexit>

✓(4)
:,1

<latexit sha1_base64="P4caNtg5tPA9u6hThaSKGrWkidw=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiVJCSSEFxVXDjsoK9QBvDZDpth04mYeZELCGv4saFIm59EXe+jdM2C239YeDjP+dwzvxBLLgGx/m2CmvrG5tbxe3Szu7e/oF9WG7rKFGUtWgkItUNiGaCS9YCDoJ1Y8VIGAjWCSY3s3rnkSnNI3kP05h5IRlJPuSUgLF8u9yHMQPip9fnbvaQVutnmW9XnJozF14FN4cKytX07a/+IKJJyCRQQbTuuU4MXkoUcCpYVuonmsWETsiI9QxKEjLtpfPbM3xqnAEeRso8CXju/p5ISaj1NAxMZ0hgrJdrM/O/Wi+B4ZWXchknwCRdLBomAkOEZ0HgAVeMgpgaIFRxcyumY6IIBRNXyYTgLn95FdoXNdfwXb3SaORxFNExOkFV5KJL1EC3qIlaiKIn9Ixe0ZuVWS/Wu/WxaC1Y+cwR+iPr8wfG7pOY</latexit><latexit sha1_base64="P4caNtg5tPA9u6hThaSKGrWkidw=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiVJCSSEFxVXDjsoK9QBvDZDpth04mYeZELCGv4saFIm59EXe+jdM2C239YeDjP+dwzvxBLLgGx/m2CmvrG5tbxe3Szu7e/oF9WG7rKFGUtWgkItUNiGaCS9YCDoJ1Y8VIGAjWCSY3s3rnkSnNI3kP05h5IRlJPuSUgLF8u9yHMQPip9fnbvaQVutnmW9XnJozF14FN4cKytX07a/+IKJJyCRQQbTuuU4MXkoUcCpYVuonmsWETsiI9QxKEjLtpfPbM3xqnAEeRso8CXju/p5ISaj1NAxMZ0hgrJdrM/O/Wi+B4ZWXchknwCRdLBomAkOEZ0HgAVeMgpgaIFRxcyumY6IIBRNXyYTgLn95FdoXNdfwXb3SaORxFNExOkFV5KJL1EC3qIlaiKIn9Ixe0ZuVWS/Wu/WxaC1Y+cwR+iPr8wfG7pOY</latexit><latexit sha1_base64="P4caNtg5tPA9u6hThaSKGrWkidw=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiVJCSSEFxVXDjsoK9QBvDZDpth04mYeZELCGv4saFIm59EXe+jdM2C239YeDjP+dwzvxBLLgGx/m2CmvrG5tbxe3Szu7e/oF9WG7rKFGUtWgkItUNiGaCS9YCDoJ1Y8VIGAjWCSY3s3rnkSnNI3kP05h5IRlJPuSUgLF8u9yHMQPip9fnbvaQVutnmW9XnJozF14FN4cKytX07a/+IKJJyCRQQbTuuU4MXkoUcCpYVuonmsWETsiI9QxKEjLtpfPbM3xqnAEeRso8CXju/p5ISaj1NAxMZ0hgrJdrM/O/Wi+B4ZWXchknwCRdLBomAkOEZ0HgAVeMgpgaIFRxcyumY6IIBRNXyYTgLn95FdoXNdfwXb3SaORxFNExOkFV5KJL1EC3qIlaiKIn9Ixe0ZuVWS/Wu/WxaC1Y+cwR+iPr8wfG7pOY</latexit><latexit sha1_base64="P4caNtg5tPA9u6hThaSKGrWkidw=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiVJCSSEFxVXDjsoK9QBvDZDpth04mYeZELCGv4saFIm59EXe+jdM2C239YeDjP+dwzvxBLLgGx/m2CmvrG5tbxe3Szu7e/oF9WG7rKFGUtWgkItUNiGaCS9YCDoJ1Y8VIGAjWCSY3s3rnkSnNI3kP05h5IRlJPuSUgLF8u9yHMQPip9fnbvaQVutnmW9XnJozF14FN4cKytX07a/+IKJJyCRQQbTuuU4MXkoUcCpYVuonmsWETsiI9QxKEjLtpfPbM3xqnAEeRso8CXju/p5ISaj1NAxMZ0hgrJdrM/O/Wi+B4ZWXchknwCRdLBomAkOEZ0HgAVeMgpgaIFRxcyumY6IIBRNXyYTgLn95FdoXNdfwXb3SaORxFNExOkFV5KJL1EC3qIlaiKIn9Ixe0ZuVWS/Wu/WxaC1Y+cwR+iPr8wfG7pOY</latexit>

✓(4)
:,2

<latexit sha1_base64="F89clS8qqJCAyzpA7JvDVdlYY5A=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1iEClKSUlBcFdy4rGAv0MYwmU7boZNJmDkRS8iruHGhiFtfxJ1v47TNQlt/GPj4zzmcM38QC67Bcb6ttfWNza3twk5xd2//4NA+KrV1lCjKWjQSkeoGRDPBJWsBB8G6sWIkDATrBJObWb3zyJTmkbyHacy8kIwkH3JKwFi+XerDmAHx0+uLWvaQVurnmW+XnaozF14FN4cyytX07a/+IKJJyCRQQbTuuU4MXkoUcCpYVuwnmsWETsiI9QxKEjLtpfPbM3xmnAEeRso8CXju/p5ISaj1NAxMZ0hgrJdrM/O/Wi+B4ZWXchknwCRdLBomAkOEZ0HgAVeMgpgaIFRxcyumY6IIBRNX0YTgLn95Fdq1qmv4rl5uNPI4CugEnaIKctElaqBb1EQtRNETekav6M3KrBfr3fpYtK5Z+cwx+iPr8wfIeZOZ</latexit><latexit sha1_base64="F89clS8qqJCAyzpA7JvDVdlYY5A=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1iEClKSUlBcFdy4rGAv0MYwmU7boZNJmDkRS8iruHGhiFtfxJ1v47TNQlt/GPj4zzmcM38QC67Bcb6ttfWNza3twk5xd2//4NA+KrV1lCjKWjQSkeoGRDPBJWsBB8G6sWIkDATrBJObWb3zyJTmkbyHacy8kIwkH3JKwFi+XerDmAHx0+uLWvaQVurnmW+XnaozF14FN4cyytX07a/+IKJJyCRQQbTuuU4MXkoUcCpYVuwnmsWETsiI9QxKEjLtpfPbM3xmnAEeRso8CXju/p5ISaj1NAxMZ0hgrJdrM/O/Wi+B4ZWXchknwCRdLBomAkOEZ0HgAVeMgpgaIFRxcyumY6IIBRNX0YTgLn95Fdq1qmv4rl5uNPI4CugEnaIKctElaqBb1EQtRNETekav6M3KrBfr3fpYtK5Z+cwx+iPr8wfIeZOZ</latexit><latexit sha1_base64="F89clS8qqJCAyzpA7JvDVdlYY5A=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1iEClKSUlBcFdy4rGAv0MYwmU7boZNJmDkRS8iruHGhiFtfxJ1v47TNQlt/GPj4zzmcM38QC67Bcb6ttfWNza3twk5xd2//4NA+KrV1lCjKWjQSkeoGRDPBJWsBB8G6sWIkDATrBJObWb3zyJTmkbyHacy8kIwkH3JKwFi+XerDmAHx0+uLWvaQVurnmW+XnaozF14FN4cyytX07a/+IKJJyCRQQbTuuU4MXkoUcCpYVuwnmsWETsiI9QxKEjLtpfPbM3xmnAEeRso8CXju/p5ISaj1NAxMZ0hgrJdrM/O/Wi+B4ZWXchknwCRdLBomAkOEZ0HgAVeMgpgaIFRxcyumY6IIBRNX0YTgLn95Fdq1qmv4rl5uNPI4CugEnaIKctElaqBb1EQtRNETekav6M3KrBfr3fpYtK5Z+cwx+iPr8wfIeZOZ</latexit><latexit sha1_base64="F89clS8qqJCAyzpA7JvDVdlYY5A=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1iEClKSUlBcFdy4rGAv0MYwmU7boZNJmDkRS8iruHGhiFtfxJ1v47TNQlt/GPj4zzmcM38QC67Bcb6ttfWNza3twk5xd2//4NA+KrV1lCjKWjQSkeoGRDPBJWsBB8G6sWIkDATrBJObWb3zyJTmkbyHacy8kIwkH3JKwFi+XerDmAHx0+uLWvaQVurnmW+XnaozF14FN4cyytX07a/+IKJJyCRQQbTuuU4MXkoUcCpYVuwnmsWETsiI9QxKEjLtpfPbM3xmnAEeRso8CXju/p5ISaj1NAxMZ0hgrJdrM/O/Wi+B4ZWXchknwCRdLBomAkOEZ0HgAVeMgpgaIFRxcyumY6IIBRNX0YTgLn95Fdq1qmv4rl5uNPI4CugEnaIKctElaqBb1EQtRNETekav6M3KrBfr3fpYtK5Z+cwx+iPr8wfIeZOZ</latexit>

✓(4)
:,K

<latexit sha1_base64="cyEO17wwvSAZat7khiPmRU44WZE=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1iEClISKSiuCm4ENxXsBdpYJtNJO3QyCTMnYgl5FTcuFHHri7jzbZy2WWjrDwMf/zmHc+b3Y8E1OM63tbK6tr6xWdgqbu/s7u3bB6WWjhJFWZNGIlIdn2gmuGRN4CBYJ1aMhL5gbX98Pa23H5nSPJL3MImZF5Kh5AGnBIzVt0s9GDEg/fTq7DZ7SCu106xvl52qMxNeBjeHMsrV6NtfvUFEk5BJoIJo3XWdGLyUKOBUsKzYSzSLCR2TIesalCRk2ktnt2f4xDgDHETKPAl45v6eSEmo9ST0TWdIYKQXa1Pzv1o3geDSS7mME2CSzhcFicAQ4WkQeMAVoyAmBghV3NyK6YgoQsHEVTQhuItfXobWedU1fFcr1+t5HAV0hI5RBbnoAtXRDWqgJqLoCT2jV/RmZdaL9W59zFtXrHzmEP2R9fkD7wyTsg==</latexit><latexit sha1_base64="cyEO17wwvSAZat7khiPmRU44WZE=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1iEClISKSiuCm4ENxXsBdpYJtNJO3QyCTMnYgl5FTcuFHHri7jzbZy2WWjrDwMf/zmHc+b3Y8E1OM63tbK6tr6xWdgqbu/s7u3bB6WWjhJFWZNGIlIdn2gmuGRN4CBYJ1aMhL5gbX98Pa23H5nSPJL3MImZF5Kh5AGnBIzVt0s9GDEg/fTq7DZ7SCu106xvl52qMxNeBjeHMsrV6NtfvUFEk5BJoIJo3XWdGLyUKOBUsKzYSzSLCR2TIesalCRk2ktnt2f4xDgDHETKPAl45v6eSEmo9ST0TWdIYKQXa1Pzv1o3geDSS7mME2CSzhcFicAQ4WkQeMAVoyAmBghV3NyK6YgoQsHEVTQhuItfXobWedU1fFcr1+t5HAV0hI5RBbnoAtXRDWqgJqLoCT2jV/RmZdaL9W59zFtXrHzmEP2R9fkD7wyTsg==</latexit><latexit sha1_base64="cyEO17wwvSAZat7khiPmRU44WZE=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1iEClISKSiuCm4ENxXsBdpYJtNJO3QyCTMnYgl5FTcuFHHri7jzbZy2WWjrDwMf/zmHc+b3Y8E1OM63tbK6tr6xWdgqbu/s7u3bB6WWjhJFWZNGIlIdn2gmuGRN4CBYJ1aMhL5gbX98Pa23H5nSPJL3MImZF5Kh5AGnBIzVt0s9GDEg/fTq7DZ7SCu106xvl52qMxNeBjeHMsrV6NtfvUFEk5BJoIJo3XWdGLyUKOBUsKzYSzSLCR2TIesalCRk2ktnt2f4xDgDHETKPAl45v6eSEmo9ST0TWdIYKQXa1Pzv1o3geDSS7mME2CSzhcFicAQ4WkQeMAVoyAmBghV3NyK6YgoQsHEVTQhuItfXobWedU1fFcr1+t5HAV0hI5RBbnoAtXRDWqgJqLoCT2jV/RmZdaL9W59zFtXrHzmEP2R9fkD7wyTsg==</latexit><latexit sha1_base64="cyEO17wwvSAZat7khiPmRU44WZE=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1iEClISKSiuCm4ENxXsBdpYJtNJO3QyCTMnYgl5FTcuFHHri7jzbZy2WWjrDwMf/zmHc+b3Y8E1OM63tbK6tr6xWdgqbu/s7u3bB6WWjhJFWZNGIlIdn2gmuGRN4CBYJ1aMhL5gbX98Pa23H5nSPJL3MImZF5Kh5AGnBIzVt0s9GDEg/fTq7DZ7SCu106xvl52qMxNeBjeHMsrV6NtfvUFEk5BJoIJo3XWdGLyUKOBUsKzYSzSLCR2TIesalCRk2ktnt2f4xDgDHETKPAl45v6eSEmo9ST0TWdIYKQXa1Pzv1o3geDSS7mME2CSzhcFicAQ4WkQeMAVoyAmBghV3NyK6YgoQsHEVTQhuItfXobWedU1fFcr1+t5HAV0hI5RBbnoAtXRDWqgJqLoCT2jV/RmZdaL9W59zFtXrHzmEP2R9fkD7wyTsg==</latexit>

✓(3)
:,K

<latexit sha1_base64="ZY/iWg+Vs98hPqAo7KywKUNmkCo=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1iEClISFRRXBTeCmwr2Am0sk+mkHTqZhJkTsYS8ihsXirj1Rdz5Nk7bLLT1h4GP/5zDOfP7seAaHOfbWlpeWV1bL2wUN7e2d3btvVJTR4mirEEjEam2TzQTXLIGcBCsHStGQl+wlj+6ntRbj0xpHsl7GMfMC8lA8oBTAsbq2aUuDBmQXnp1cps9pJWz46xnl52qMxVeBDeHMspV79lf3X5Ek5BJoIJo3XGdGLyUKOBUsKzYTTSLCR2RAesYlCRk2kunt2f4yDh9HETKPAl46v6eSEmo9Tj0TWdIYKjnaxPzv1ongeDSS7mME2CSzhYFicAQ4UkQuM8VoyDGBghV3NyK6ZAoQsHEVTQhuPNfXoTmadU1fHdertXyOAroAB2iCnLRBaqhG1RHDUTRE3pGr+jNyqwX6936mLUuWfnMPvoj6/MH7YaTsQ==</latexit><latexit sha1_base64="ZY/iWg+Vs98hPqAo7KywKUNmkCo=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1iEClISFRRXBTeCmwr2Am0sk+mkHTqZhJkTsYS8ihsXirj1Rdz5Nk7bLLT1h4GP/5zDOfP7seAaHOfbWlpeWV1bL2wUN7e2d3btvVJTR4mirEEjEam2TzQTXLIGcBCsHStGQl+wlj+6ntRbj0xpHsl7GMfMC8lA8oBTAsbq2aUuDBmQXnp1cps9pJWz46xnl52qMxVeBDeHMspV79lf3X5Ek5BJoIJo3XGdGLyUKOBUsKzYTTSLCR2RAesYlCRk2kunt2f4yDh9HETKPAl46v6eSEmo9Tj0TWdIYKjnaxPzv1ongeDSS7mME2CSzhYFicAQ4UkQuM8VoyDGBghV3NyK6ZAoQsHEVTQhuPNfXoTmadU1fHdertXyOAroAB2iCnLRBaqhG1RHDUTRE3pGr+jNyqwX6936mLUuWfnMPvoj6/MH7YaTsQ==</latexit><latexit sha1_base64="ZY/iWg+Vs98hPqAo7KywKUNmkCo=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1iEClISFRRXBTeCmwr2Am0sk+mkHTqZhJkTsYS8ihsXirj1Rdz5Nk7bLLT1h4GP/5zDOfP7seAaHOfbWlpeWV1bL2wUN7e2d3btvVJTR4mirEEjEam2TzQTXLIGcBCsHStGQl+wlj+6ntRbj0xpHsl7GMfMC8lA8oBTAsbq2aUuDBmQXnp1cps9pJWz46xnl52qMxVeBDeHMspV79lf3X5Ek5BJoIJo3XGdGLyUKOBUsKzYTTSLCR2RAesYlCRk2kunt2f4yDh9HETKPAl46v6eSEmo9Tj0TWdIYKjnaxPzv1ongeDSS7mME2CSzhYFicAQ4UkQuM8VoyDGBghV3NyK6ZAoQsHEVTQhuPNfXoTmadU1fHdertXyOAroAB2iCnLRBaqhG1RHDUTRE3pGr+jNyqwX6936mLUuWfnMPvoj6/MH7YaTsQ==</latexit><latexit sha1_base64="ZY/iWg+Vs98hPqAo7KywKUNmkCo=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1iEClISFRRXBTeCmwr2Am0sk+mkHTqZhJkTsYS8ihsXirj1Rdz5Nk7bLLT1h4GP/5zDOfP7seAaHOfbWlpeWV1bL2wUN7e2d3btvVJTR4mirEEjEam2TzQTXLIGcBCsHStGQl+wlj+6ntRbj0xpHsl7GMfMC8lA8oBTAsbq2aUuDBmQXnp1cps9pJWz46xnl52qMxVeBDeHMspV79lf3X5Ek5BJoIJo3XGdGLyUKOBUsKzYTTSLCR2RAesYlCRk2kunt2f4yDh9HETKPAl46v6eSEmo9Tj0TWdIYKjnaxPzv1ongeDSS7mME2CSzhYFicAQ4UkQuM8VoyDGBghV3NyK6ZAoQsHEVTQhuPNfXoTmadU1fHdertXyOAroAB2iCnLRBaqhG1RHDUTRE3pGr+jNyqwX6936mLUuWfnMPvoj6/MH7YaTsQ==</latexit>

✓(3)
:,2

<latexit sha1_base64="EIJnxLnXtvCsWfoBVxVEjIJ6pW0=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1iEClKSKiiuCm5cVrAXaGOZTCft0MkkzJyIJeRV3LhQxK0v4s63cdpmoa0/DHz85xzOmd+PBdfgON/Wyura+sZmYau4vbO7t28flFo6ShRlTRqJSHV8opngkjWBg2CdWDES+oK1/fHNtN5+ZErzSN7DJGZeSIaSB5wSMFbfLvVgxID00+uzWvaQVs5Ps75ddqrOTHgZ3BzKKFejb3/1BhFNQiaBCqJ113Vi8FKigFPBsmIv0SwmdEyGrGtQkpBpL53dnuET4wxwECnzJOCZ+3siJaHWk9A3nSGBkV6sTc3/at0Egisv5TJOgEk6XxQkAkOEp0HgAVeMgpgYIFRxcyumI6IIBRNX0YTgLn55GVq1qmv47qJcr+dxFNAROkYV5KJLVEe3qIGaiKIn9Ixe0ZuVWS/Wu/Uxb12x8plD9EfW5w/G85OY</latexit><latexit sha1_base64="EIJnxLnXtvCsWfoBVxVEjIJ6pW0=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1iEClKSKiiuCm5cVrAXaGOZTCft0MkkzJyIJeRV3LhQxK0v4s63cdpmoa0/DHz85xzOmd+PBdfgON/Wyura+sZmYau4vbO7t28flFo6ShRlTRqJSHV8opngkjWBg2CdWDES+oK1/fHNtN5+ZErzSN7DJGZeSIaSB5wSMFbfLvVgxID00+uzWvaQVs5Ps75ddqrOTHgZ3BzKKFejb3/1BhFNQiaBCqJ113Vi8FKigFPBsmIv0SwmdEyGrGtQkpBpL53dnuET4wxwECnzJOCZ+3siJaHWk9A3nSGBkV6sTc3/at0Egisv5TJOgEk6XxQkAkOEp0HgAVeMgpgYIFRxcyumI6IIBRNX0YTgLn55GVq1qmv47qJcr+dxFNAROkYV5KJLVEe3qIGaiKIn9Ixe0ZuVWS/Wu/Uxb12x8plD9EfW5w/G85OY</latexit><latexit sha1_base64="EIJnxLnXtvCsWfoBVxVEjIJ6pW0=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1iEClKSKiiuCm5cVrAXaGOZTCft0MkkzJyIJeRV3LhQxK0v4s63cdpmoa0/DHz85xzOmd+PBdfgON/Wyura+sZmYau4vbO7t28flFo6ShRlTRqJSHV8opngkjWBg2CdWDES+oK1/fHNtN5+ZErzSN7DJGZeSIaSB5wSMFbfLvVgxID00+uzWvaQVs5Ps75ddqrOTHgZ3BzKKFejb3/1BhFNQiaBCqJ113Vi8FKigFPBsmIv0SwmdEyGrGtQkpBpL53dnuET4wxwECnzJOCZ+3siJaHWk9A3nSGBkV6sTc3/at0Egisv5TJOgEk6XxQkAkOEp0HgAVeMgpgYIFRxcyumI6IIBRNX0YTgLn55GVq1qmv47qJcr+dxFNAROkYV5KJLVEe3qIGaiKIn9Ixe0ZuVWS/Wu/Uxb12x8plD9EfW5w/G85OY</latexit><latexit sha1_base64="EIJnxLnXtvCsWfoBVxVEjIJ6pW0=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1iEClKSKiiuCm5cVrAXaGOZTCft0MkkzJyIJeRV3LhQxK0v4s63cdpmoa0/DHz85xzOmd+PBdfgON/Wyura+sZmYau4vbO7t28flFo6ShRlTRqJSHV8opngkjWBg2CdWDES+oK1/fHNtN5+ZErzSN7DJGZeSIaSB5wSMFbfLvVgxID00+uzWvaQVs5Ps75ddqrOTHgZ3BzKKFejb3/1BhFNQiaBCqJ113Vi8FKigFPBsmIv0SwmdEyGrGtQkpBpL53dnuET4wxwECnzJOCZ+3siJaHWk9A3nSGBkV6sTc3/at0Egisv5TJOgEk6XxQkAkOEp0HgAVeMgpgYIFRxcyumI6IIBRNX0YTgLn55GVq1qmv47qJcr+dxFNAROkYV5KJLVEe3qIGaiKIn9Ixe0ZuVWS/Wu/Uxb12x8plD9EfW5w/G85OY</latexit>

✓(3)
:,1

<latexit sha1_base64="GurXbhptyx698XOTv/kaeIlsMY4=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiVJCSqKC4KrhxWcFeoI1hMp22QyeTMHMilpBXceNCEbe+iDvfxmmbhbb+MPDxn3M4Z/4gFlyD43xbhZXVtfWN4mZpa3tnd8/eL7d0lCjKmjQSkeoERDPBJWsCB8E6sWIkDARrB+Obab39yJTmkbyHScy8kAwlH3BKwFi+Xe7BiAHx0+tTN3tIq+cnmW9XnJozE14GN4cKytXw7a9eP6JJyCRQQbTuuk4MXkoUcCpYVuolmsWEjsmQdQ1KEjLtpbPbM3xsnD4eRMo8CXjm/p5ISaj1JAxMZ0hgpBdrU/O/WjeBwZWXchknwCSdLxokAkOEp0HgPleMgpgYIFRxcyumI6IIBRNXyYTgLn55GVpnNdfw3UWlXs/jKKJDdISqyEWXqI5uUQM1EUVP6Bm9ojcrs16sd+tj3lqw8pkD9EfW5w/FaJOX</latexit><latexit sha1_base64="GurXbhptyx698XOTv/kaeIlsMY4=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiVJCSqKC4KrhxWcFeoI1hMp22QyeTMHMilpBXceNCEbe+iDvfxmmbhbb+MPDxn3M4Z/4gFlyD43xbhZXVtfWN4mZpa3tnd8/eL7d0lCjKmjQSkeoERDPBJWsCB8E6sWIkDARrB+Obab39yJTmkbyHScy8kAwlH3BKwFi+Xe7BiAHx0+tTN3tIq+cnmW9XnJozE14GN4cKytXw7a9eP6JJyCRQQbTuuk4MXkoUcCpYVuolmsWEjsmQdQ1KEjLtpbPbM3xsnD4eRMo8CXjm/p5ISaj1JAxMZ0hgpBdrU/O/WjeBwZWXchknwCSdLxokAkOEp0HgPleMgpgYIFRxcyumI6IIBRNXyYTgLn55GVpnNdfw3UWlXs/jKKJDdISqyEWXqI5uUQM1EUVP6Bm9ojcrs16sd+tj3lqw8pkD9EfW5w/FaJOX</latexit><latexit sha1_base64="GurXbhptyx698XOTv/kaeIlsMY4=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiVJCSqKC4KrhxWcFeoI1hMp22QyeTMHMilpBXceNCEbe+iDvfxmmbhbb+MPDxn3M4Z/4gFlyD43xbhZXVtfWN4mZpa3tnd8/eL7d0lCjKmjQSkeoERDPBJWsCB8E6sWIkDARrB+Obab39yJTmkbyHScy8kAwlH3BKwFi+Xe7BiAHx0+tTN3tIq+cnmW9XnJozE14GN4cKytXw7a9eP6JJyCRQQbTuuk4MXkoUcCpYVuolmsWEjsmQdQ1KEjLtpbPbM3xsnD4eRMo8CXjm/p5ISaj1JAxMZ0hgpBdrU/O/WjeBwZWXchknwCSdLxokAkOEp0HgPleMgpgYIFRxcyumI6IIBRNXyYTgLn55GVpnNdfw3UWlXs/jKKJDdISqyEWXqI5uUQM1EUVP6Bm9ojcrs16sd+tj3lqw8pkD9EfW5w/FaJOX</latexit><latexit sha1_base64="GurXbhptyx698XOTv/kaeIlsMY4=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiVJCSqKC4KrhxWcFeoI1hMp22QyeTMHMilpBXceNCEbe+iDvfxmmbhbb+MPDxn3M4Z/4gFlyD43xbhZXVtfWN4mZpa3tnd8/eL7d0lCjKmjQSkeoERDPBJWsCB8E6sWIkDARrB+Obab39yJTmkbyHScy8kAwlH3BKwFi+Xe7BiAHx0+tTN3tIq+cnmW9XnJozE14GN4cKytXw7a9eP6JJyCRQQbTuuk4MXkoUcCpYVuolmsWEjsmQdQ1KEjLtpbPbM3xsnD4eRMo8CXjm/p5ISaj1JAxMZ0hgpBdrU/O/WjeBwZWXchknwCSdLxokAkOEp0HgPleMgpgYIFRxcyumI6IIBRNXyYTgLn55GVpnNdfw3UWlXs/jKKJDdISqyEWXqI5uUQM1EUVP6Bm9ojcrs16sd+tj3lqw8pkD9EfW5w/FaJOX</latexit>

Figure 1.1. An illustration of coupled matrix and tensor factorization model. The observed

tensor X(1) is approximated as the sum of inner products of the columns of ✓(1), ✓(2) and ✓(3).

Similarly, the observed matrix X
(2) is approximated as the sum of inner products of the

columns of ✓(2) and ✓(4). Here, ✓(2)
i2 = ✓

(2)
i2,1:k

exists in both X
(1) and X

(2), which makes this

model coupled. In this notation, K denotes the size of the index k 2 {1, . . . , K}.

The key idea in coupled factorization models is extracting the latent structures that are shared

across matrices and/or tensors, which enables transferring information between them. In

order to better explain the method, we first illustrate a simple coupled matrix and tensor
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factorization model in Figure 1.1 that is defined as follows:

X
(1)
⇡ X̂

(1) =
KX

k=1

✓
(1)
i1k
✓
(2)
i2k
✓
(3)
i3k

=
D
✓(1)
i1 ,✓(2)

i2 ,✓(3)
i3

E

X
(2)
⇡ X̂

(2) =
KX

k=1

✓
(2)
i2k
✓
(4)
i4k

=
D
✓(2)
i2 ,✓(4)

i4

E

where X
(1) is the observed tensor and X

(2) is the observed matrix decomposed by a coupled

tensor factorization model. Since the factor ✓(2)
i2 is shared in both decomposition, the overall

model is coupled. Given the observed matrices, the coupled factorization problem estimates

the factors ✓1:4
⌘ {✓(1)

,✓(2)
,✓(3)

,✓(4)
} by solving the optimization problem given as:

(✓1:4)⇤ = arg min
✓1:4

D1(X
(1)
k X̂

(1)) +D2(X
(2)
k X̂

(2))

where D1(.) and D2(.) are (possibly different) divergences. We will define the coupled tensor

factorization notation in Chapter 2 and describe the estimation methods of factor matrices in

Chapter 3.

1.2. Privacy Protection

The second challenge is the privacy protection of the collected data that appears in

sharing information across matrices and/or tensors. In modern data processing applications,

data is often owned by multiple data sites (as illustrated in Figure 1.2); e.g. patients’ records are

distributed across insurance agencies and hospitals; financial data is distributed across various

institutions, or retail data is distributed across online review sites. Statistical inference on

such distributed data has many applications, such as in health care, personalized services, and

social networks. However, several barriers, such as business policies, privacy requirements or

legislative restrictions prohibit the direct unification of data in a single database for collective

use. While there is still a mutual benefit for data owners to share data in some form, privacy

concerns and perceived risk about implications of data sharing often outweigh the direct

benefits.
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Site 1 Site NSite 2 Site 3

X(3)
<latexit sha1_base64="YYkd6p1xxhegUPcWMzhd4gHQA0I=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEI9VISFfRYEMFjBfsBbSyb7aZdutmE3YlQQn+EFw+KePX3ePPfuG1z0NYXFh7emWFn3iCRwqDrfjsrq2vrG5uFreL2zu7efungsGniVDPeYLGMdTughkuheAMFSt5ONKdRIHkrGN1M660nro2I1QOOE+5HdKBEKBhFa7Xaj1nl4mzSK5XdqjsTWQYvhzLkqvdKX91+zNKIK2SSGtPx3AT9jGoUTPJJsZsanlA2ogPesahoxI2fzdadkFPr9EkYa/sUkpn7eyKjkTHjKLCdEcWhWaxNzf9qnRTDaz8TKkmRKzb/KEwlwZhMbyd9oTlDObZAmRZ2V8KGVFOGNqGiDcFbPHkZmudVz/L9Zbl2m8dRgGM4gQp4cAU1uIM6NIDBCJ7hFd6cxHlx3p2PeeuKk88cwR85nz9plY71</latexit><latexit sha1_base64="YYkd6p1xxhegUPcWMzhd4gHQA0I=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEI9VISFfRYEMFjBfsBbSyb7aZdutmE3YlQQn+EFw+KePX3ePPfuG1z0NYXFh7emWFn3iCRwqDrfjsrq2vrG5uFreL2zu7efungsGniVDPeYLGMdTughkuheAMFSt5ONKdRIHkrGN1M660nro2I1QOOE+5HdKBEKBhFa7Xaj1nl4mzSK5XdqjsTWQYvhzLkqvdKX91+zNKIK2SSGtPx3AT9jGoUTPJJsZsanlA2ogPesahoxI2fzdadkFPr9EkYa/sUkpn7eyKjkTHjKLCdEcWhWaxNzf9qnRTDaz8TKkmRKzb/KEwlwZhMbyd9oTlDObZAmRZ2V8KGVFOGNqGiDcFbPHkZmudVz/L9Zbl2m8dRgGM4gQp4cAU1uIM6NIDBCJ7hFd6cxHlx3p2PeeuKk88cwR85nz9plY71</latexit><latexit sha1_base64="YYkd6p1xxhegUPcWMzhd4gHQA0I=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEI9VISFfRYEMFjBfsBbSyb7aZdutmE3YlQQn+EFw+KePX3ePPfuG1z0NYXFh7emWFn3iCRwqDrfjsrq2vrG5uFreL2zu7efungsGniVDPeYLGMdTughkuheAMFSt5ONKdRIHkrGN1M660nro2I1QOOE+5HdKBEKBhFa7Xaj1nl4mzSK5XdqjsTWQYvhzLkqvdKX91+zNKIK2SSGtPx3AT9jGoUTPJJsZsanlA2ogPesahoxI2fzdadkFPr9EkYa/sUkpn7eyKjkTHjKLCdEcWhWaxNzf9qnRTDaz8TKkmRKzb/KEwlwZhMbyd9oTlDObZAmRZ2V8KGVFOGNqGiDcFbPHkZmudVz/L9Zbl2m8dRgGM4gQp4cAU1uIM6NIDBCJ7hFd6cxHlx3p2PeeuKk88cwR85nz9plY71</latexit><latexit sha1_base64="YYkd6p1xxhegUPcWMzhd4gHQA0I=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEI9VISFfRYEMFjBfsBbSyb7aZdutmE3YlQQn+EFw+KePX3ePPfuG1z0NYXFh7emWFn3iCRwqDrfjsrq2vrG5uFreL2zu7efungsGniVDPeYLGMdTughkuheAMFSt5ONKdRIHkrGN1M660nro2I1QOOE+5HdKBEKBhFa7Xaj1nl4mzSK5XdqjsTWQYvhzLkqvdKX91+zNKIK2SSGtPx3AT9jGoUTPJJsZsanlA2ogPesahoxI2fzdadkFPr9EkYa/sUkpn7eyKjkTHjKLCdEcWhWaxNzf9qnRTDaz8TKkmRKzb/KEwlwZhMbyd9oTlDObZAmRZ2V8KGVFOGNqGiDcFbPHkZmudVz/L9Zbl2m8dRgGM4gQp4cAU1uIM6NIDBCJ7hFd6cxHlx3p2PeeuKk88cwR85nz9plY71</latexit>X(1)

<latexit sha1_base64="EfgHVizNIg8YSfcyphGGJCadrrg=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHgggeK9gPaGPZbCft0s0m7G6EEvojvHhQxKu/x5v/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjG9m9fYTKs1j+WAmCfoRHUoeckaNtdqdx6zqnU/75Ypbc+ciq+DlUIFcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP1svu6UnFlnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rw2s+4TFKDki0+ClNBTExmt5MBV8iMmFigTHG7K2EjqigzNqGSDcFbPnkVWhc1z/L9ZaV+m8dRhBM4hSp4cAV1uIMGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Y+czx9miY7z</latexit><latexit sha1_base64="EfgHVizNIg8YSfcyphGGJCadrrg=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHgggeK9gPaGPZbCft0s0m7G6EEvojvHhQxKu/x5v/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjG9m9fYTKs1j+WAmCfoRHUoeckaNtdqdx6zqnU/75Ypbc+ciq+DlUIFcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP1svu6UnFlnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rw2s+4TFKDki0+ClNBTExmt5MBV8iMmFigTHG7K2EjqigzNqGSDcFbPnkVWhc1z/L9ZaV+m8dRhBM4hSp4cAV1uIMGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Y+czx9miY7z</latexit><latexit sha1_base64="EfgHVizNIg8YSfcyphGGJCadrrg=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHgggeK9gPaGPZbCft0s0m7G6EEvojvHhQxKu/x5v/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjG9m9fYTKs1j+WAmCfoRHUoeckaNtdqdx6zqnU/75Ypbc+ciq+DlUIFcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP1svu6UnFlnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rw2s+4TFKDki0+ClNBTExmt5MBV8iMmFigTHG7K2EjqigzNqGSDcFbPnkVWhc1z/L9ZaV+m8dRhBM4hSp4cAV1uIMGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Y+czx9miY7z</latexit><latexit sha1_base64="EfgHVizNIg8YSfcyphGGJCadrrg=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHgggeK9gPaGPZbCft0s0m7G6EEvojvHhQxKu/x5v/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjG9m9fYTKs1j+WAmCfoRHUoeckaNtdqdx6zqnU/75Ypbc+ciq+DlUIFcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP1svu6UnFlnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rw2s+4TFKDki0+ClNBTExmt5MBV8iMmFigTHG7K2EjqigzNqGSDcFbPnkVWhc1z/L9ZaV+m8dRhBM4hSp4cAV1uIMGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Y+czx9miY7z</latexit>

X(2)
<latexit sha1_base64="UuJqP3LVQqoZ4voK8pM1V63X9RQ=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEI9VKSIuixIILHCvYD2lg220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxjezevsJleaxfDCTBP2IDiUPOaPGWu3OY1apXUz7pbJbdeciq+DlUIZcjX7pqzeIWRqhNExQrbuemxg/o8pwJnBa7KUaE8rGdIhdi5JGqP1svu6UnFtnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rw2s+4TFKDki0+ClNBTExmt5MBV8iMmFigTHG7K2EjqigzNqGiDcFbPnkVWrWqZ/n+sly/zeMowCmcQQU8uII63EEDmsBgDM/wCm9O4rw4787HonXNyWdO4I+czx9oD470</latexit><latexit sha1_base64="UuJqP3LVQqoZ4voK8pM1V63X9RQ=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEI9VKSIuixIILHCvYD2lg220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxjezevsJleaxfDCTBP2IDiUPOaPGWu3OY1apXUz7pbJbdeciq+DlUIZcjX7pqzeIWRqhNExQrbuemxg/o8pwJnBa7KUaE8rGdIhdi5JGqP1svu6UnFtnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rw2s+4TFKDki0+ClNBTExmt5MBV8iMmFigTHG7K2EjqigzNqGiDcFbPnkVWrWqZ/n+sly/zeMowCmcQQU8uII63EEDmsBgDM/wCm9O4rw4787HonXNyWdO4I+czx9oD470</latexit><latexit sha1_base64="UuJqP3LVQqoZ4voK8pM1V63X9RQ=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEI9VKSIuixIILHCvYD2lg220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxjezevsJleaxfDCTBP2IDiUPOaPGWu3OY1apXUz7pbJbdeciq+DlUIZcjX7pqzeIWRqhNExQrbuemxg/o8pwJnBa7KUaE8rGdIhdi5JGqP1svu6UnFtnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rw2s+4TFKDki0+ClNBTExmt5MBV8iMmFigTHG7K2EjqigzNqGiDcFbPnkVWrWqZ/n+sly/zeMowCmcQQU8uII63EEDmsBgDM/wCm9O4rw4787HonXNyWdO4I+czx9oD470</latexit><latexit sha1_base64="UuJqP3LVQqoZ4voK8pM1V63X9RQ=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEI9VKSIuixIILHCvYD2lg220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEiuDau++2srW9sbm0Xdoq7e/sHh6Wj45aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxjezevsJleaxfDCTBP2IDiUPOaPGWu3OY1apXUz7pbJbdeciq+DlUIZcjX7pqzeIWRqhNExQrbuemxg/o8pwJnBa7KUaE8rGdIhdi5JGqP1svu6UnFtnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rw2s+4TFKDki0+ClNBTExmt5MBV8iMmFigTHG7K2EjqigzNqGiDcFbPnkVWrWqZ/n+sly/zeMowCmcQQU8uII63EEDmsBgDM/wCm9O4rw4787HonXNyWdO4I+czx9oD470</latexit> X(N)

<latexit sha1_base64="4NgsHooVyYtFZ1tHIcLJf1x9QRQ=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEI9VISEfRYEMGTVLAf0May2W7apZtN2J0IJfRHePGgiFd/jzf/jds2B219YeHhnRl25g0SKQy67rezsrq2vrFZ2Cpu7+zu7ZcODpsmTjXjDRbLWLcDargUijdQoOTtRHMaBZK3gtH1tN564tqIWD3gOOF+RAdKhIJRtFar/ZhV7s4mvVLZrbozkWXwcihDrnqv9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42WzdCTm1Tp+EsbZPIZm5vycyGhkzjgLbGVEcmsXa1Pyv1kkxvPIzoZIUuWLzj8JUEozJ9HbSF5ozlGMLlGlhdyVsSDVlaBMq2hC8xZOXoXle9SzfX5RrN3kcBTiGE6iAB5dQg1uoQwMYjOAZXuHNSZwX5935mLeuOPnMEfyR8/kDkrePEA==</latexit><latexit sha1_base64="4NgsHooVyYtFZ1tHIcLJf1x9QRQ=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEI9VISEfRYEMGTVLAf0May2W7apZtN2J0IJfRHePGgiFd/jzf/jds2B219YeHhnRl25g0SKQy67rezsrq2vrFZ2Cpu7+zu7ZcODpsmTjXjDRbLWLcDargUijdQoOTtRHMaBZK3gtH1tN564tqIWD3gOOF+RAdKhIJRtFar/ZhV7s4mvVLZrbozkWXwcihDrnqv9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42WzdCTm1Tp+EsbZPIZm5vycyGhkzjgLbGVEcmsXa1Pyv1kkxvPIzoZIUuWLzj8JUEozJ9HbSF5ozlGMLlGlhdyVsSDVlaBMq2hC8xZOXoXle9SzfX5RrN3kcBTiGE6iAB5dQg1uoQwMYjOAZXuHNSZwX5935mLeuOPnMEfyR8/kDkrePEA==</latexit><latexit sha1_base64="4NgsHooVyYtFZ1tHIcLJf1x9QRQ=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEI9VISEfRYEMGTVLAf0May2W7apZtN2J0IJfRHePGgiFd/jzf/jds2B219YeHhnRl25g0SKQy67rezsrq2vrFZ2Cpu7+zu7ZcODpsmTjXjDRbLWLcDargUijdQoOTtRHMaBZK3gtH1tN564tqIWD3gOOF+RAdKhIJRtFar/ZhV7s4mvVLZrbozkWXwcihDrnqv9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42WzdCTm1Tp+EsbZPIZm5vycyGhkzjgLbGVEcmsXa1Pyv1kkxvPIzoZIUuWLzj8JUEozJ9HbSF5ozlGMLlGlhdyVsSDVlaBMq2hC8xZOXoXle9SzfX5RrN3kcBTiGE6iAB5dQg1uoQwMYjOAZXuHNSZwX5935mLeuOPnMEfyR8/kDkrePEA==</latexit><latexit sha1_base64="4NgsHooVyYtFZ1tHIcLJf1x9QRQ=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEI9VISEfRYEMGTVLAf0May2W7apZtN2J0IJfRHePGgiFd/jzf/jds2B219YeHhnRl25g0SKQy67rezsrq2vrFZ2Cpu7+zu7ZcODpsmTjXjDRbLWLcDargUijdQoOTtRHMaBZK3gtH1tN564tqIWD3gOOF+RAdKhIJRtFar/ZhV7s4mvVLZrbozkWXwcihDrnqv9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42WzdCTm1Tp+EsbZPIZm5vycyGhkzjgLbGVEcmsXa1Pyv1kkxvPIzoZIUuWLzj8JUEozJ9HbSF5ozlGMLlGlhdyVsSDVlaBMq2hC8xZOXoXle9SzfX5RrN3kcBTiGE6iAB5dQg1uoQwMYjOAZXuHNSZwX5935mLeuOPnMEfyR8/kDkrePEA==</latexit>

. . .
<latexit sha1_base64="Sy4Eb7Ra4PXmPZaA9BMeG58dKeM=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUI8FETxWMG2hDWWz3bRLN5uw+yKU0N/gxYMiXv1B3vw3btsctHVgYZh5w743YSqFQdf9dkobm1vbO+Xdyt7+weFR9fikbZJMM+6zRCa6G1LDpVDcR4GSd1PNaRxK3gknt3O/88S1EYl6xGnKg5iOlIgEo2glvz9M0AyqNbfuLkDWiVeQGhRoDapfNseymCtkkhrT89wUg5xqFEzyWaWfGZ5SNqEj3rNU0ZibIF8sOyMXVhmSKNH2KSQL9Xcip7Ex0zi0kzHFsVn15uJ/Xi/D6CbIhUoz5IotP4oySTAh88vJUGjOUE4toUwLuythY6opQ9tPxZbgrZ68TtpXdc/yh+ta866oowxncA6X4EEDmnAPLfCBgYBneIU3RzkvzrvzsRwtOUXmFP7A+fwB8lGOxQ==</latexit><latexit sha1_base64="Sy4Eb7Ra4PXmPZaA9BMeG58dKeM=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUI8FETxWMG2hDWWz3bRLN5uw+yKU0N/gxYMiXv1B3vw3btsctHVgYZh5w743YSqFQdf9dkobm1vbO+Xdyt7+weFR9fikbZJMM+6zRCa6G1LDpVDcR4GSd1PNaRxK3gknt3O/88S1EYl6xGnKg5iOlIgEo2glvz9M0AyqNbfuLkDWiVeQGhRoDapfNseymCtkkhrT89wUg5xqFEzyWaWfGZ5SNqEj3rNU0ZibIF8sOyMXVhmSKNH2KSQL9Xcip7Ex0zi0kzHFsVn15uJ/Xi/D6CbIhUoz5IotP4oySTAh88vJUGjOUE4toUwLuythY6opQ9tPxZbgrZ68TtpXdc/yh+ta866oowxncA6X4EEDmnAPLfCBgYBneIU3RzkvzrvzsRwtOUXmFP7A+fwB8lGOxQ==</latexit><latexit sha1_base64="Sy4Eb7Ra4PXmPZaA9BMeG58dKeM=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUI8FETxWMG2hDWWz3bRLN5uw+yKU0N/gxYMiXv1B3vw3btsctHVgYZh5w743YSqFQdf9dkobm1vbO+Xdyt7+weFR9fikbZJMM+6zRCa6G1LDpVDcR4GSd1PNaRxK3gknt3O/88S1EYl6xGnKg5iOlIgEo2glvz9M0AyqNbfuLkDWiVeQGhRoDapfNseymCtkkhrT89wUg5xqFEzyWaWfGZ5SNqEj3rNU0ZibIF8sOyMXVhmSKNH2KSQL9Xcip7Ex0zi0kzHFsVn15uJ/Xi/D6CbIhUoz5IotP4oySTAh88vJUGjOUE4toUwLuythY6opQ9tPxZbgrZ68TtpXdc/yh+ta866oowxncA6X4EEDmnAPLfCBgYBneIU3RzkvzrvzsRwtOUXmFP7A+fwB8lGOxQ==</latexit><latexit sha1_base64="Sy4Eb7Ra4PXmPZaA9BMeG58dKeM=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUI8FETxWMG2hDWWz3bRLN5uw+yKU0N/gxYMiXv1B3vw3btsctHVgYZh5w743YSqFQdf9dkobm1vbO+Xdyt7+weFR9fikbZJMM+6zRCa6G1LDpVDcR4GSd1PNaRxK3gknt3O/88S1EYl6xGnKg5iOlIgEo2glvz9M0AyqNbfuLkDWiVeQGhRoDapfNseymCtkkhrT89wUg5xqFEzyWaWfGZ5SNqEj3rNU0ZibIF8sOyMXVhmSKNH2KSQL9Xcip7Ex0zi0kzHFsVn15uJ/Xi/D6CbIhUoz5IotP4oySTAh88vJUGjOUE4toUwLuythY6opQ9tPxZbgrZ68TtpXdc/yh+ta866oowxncA6X4EEDmnAPLfCBgYBneIU3RzkvzrvzsRwtOUXmFP7A+fwB8lGOxQ==</latexit>

Figure 1.2. An illustration of multiple data sites that each possess data X
(1), X(2), . . . , X(N).

Privacy concerns are justified, as apart from the exceptional cases of completely hiding

or completely revealing the data, the mechanisms for reliable data sharing are far from trivial.

It is noted that apparently viable intermediate solutions such as “anonymization” or just

releasing summary statistics may allow an adversary to breach the data privacy, possibly in the

presence of side information. That’s why anonymization techniques are evolving to always

bring more privacy guarantees. The privacy guarantee is required to be mathematically proven

and does not depend on any other information that an adversary could have. Into the bargain,

the level of the privacy guarantee should be manageable.

Differential privacy (DP) is currently a widely accepted privacy definition [25, 26] to

formalize the privacy protection of algorithms. The key principle of DP is to ensure that

an adversary should be unable to reliably infer whether or not a particular individual is

participating in a database, even with unlimited computational power and access to every

entry except for that particular individual’s data. This can be accomplished through adding

noise into an algorithm at different stages such as adding noise to the data itself or changing

the objective function to be optimized. In order to design efficient differentially private

algorithms, where there is a better tradeoff between privacy and utility, one needs to design

a noise addition system. However, iterative algorithms such as stochastic gradient descent

(SGD) accumulate the privacy loss at each iteration and large number of iterations cause high

cumulative privacy loss because of the potential of each access to leak more information. In

this thesis, we employ recent privacy notions to develop efficient algorithms to overcome the

high cumulative privacy loss.

We first explain why privacy protection is required in most of the practical real-world
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applications and we will point out how this problem is highly related with the first challenge,

which is data fusion. First, we investigate a scenario where each data site concurrently acts

both as a data provider and a data consumer to learn a model from the overall data while

preserving the privacy of individual sites and/or each individual’s data points. In both cases,

N distinct parties (say, companies) hold sensitive data from several individuals, and they wish

to jointly estimate parameters of a statistical model conditioned on all data available.

We shall assume that data instances that are partitioned between several parties and

they are arranged as matrices and/or higher-order tensors. A natural statistical model for

such relational data is coupled tensor factorization model (CTF) [15, 16]. We can give the

recommender systems as an example to relational data. In recommender systems, each

party holds a subset of the total number of users, containing the data from the same set of

items. For sharing the sensitive data between parties, we introduce a privacy preserving CTF

approach to predict missing information. To provide and evaluate the privacy guarantees, we

use the connection [27, 28] between differential privacy and Stochastic Gradient Langevin

Dynamics (SGLD) [29]. The CTF models can be easily designed in compliance with the

privacy requirements of the use case, so we don’t need a custom-design for each new CTF

model to provide differential privacy.

Furthermore, we address the privacy protection in Bayesian deep neural networks

(BNN)s. Large data collections required for the training of neural networks often contain

sensitive information such as the clinical histories of patients, biomedical images or user

profiles; and the privacy of the training data must be preserved in that case. We consider

the privacy issues in neural networks due to the connection between tensor factorization and

estimating the parameters of a deep neural network [30–33]. We summarize this connection

in the following. CP decomposition [34] is the most basic and commonly used tensor

decomposition method that decomposes a tensor into a sum of outer products of vectors. The

CP decomposition of a 3-way tensor X of size I
(1)
⇥ I

(2)
⇥ I

(3) is written as:

X ⇡

KX

k=1

�ku
(1)
k � u

(2)
k � u

(3)
k = X̂ (1.1)
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where K is the rank and {U
(i)

}
3
i=1 are the factor matrices of sizes I(1)⇥K, I(2)⇥K, I(3)⇥K

respectively. Then, the CP decomposition solves the optimization problem given below to

estimate the factor matrices {U
(i)

}
3
i=1.

min
X̂
k X � X̂ k with X̂ =

KX

k=1

�ku
(1)
k � u

(2)
k � u

(3)
k (1.2)

where k · k is the Frobenius norm. We note that the CP decomposition can be extended to

N -way tensors for any N � 3. Here, we show that when we include several nonlinearities we

can generalize tensor factorizations to corresponding neural networks. For this, we consider

the following score function:

`(Z) = hX,�(Z)i (1.3)

where Z = {zi}
N
i=1 is a dataset with sequential instances zi’s and:

�(Z) = f(z1) � f(z2) . . . � f(zN) (1.4)

where f is a nonlinear activation function such as f(z) = �(Az + b). Now, we substitute the

N-way generalized CP decomposition into Equation(1.3) and see the corresponding neural

network formalization:

`(Z) =
KX

k=1

�k

h
hf(z1), u

(1)
k i � hf(z2), u

(2)
k i � . . . � hf(zN), u

(N)
k i

i

=
KX

k=1

�k

NY

i=1

hf(zi), u
(i)
k i (1.5)

where the parameters of network are ⇥ =
⇣
{�k}

K
k=1 2 R, {u

(i)
k }

K,N
k=1,i=1

⌘
. Equation(1.5)

represents only the multiplicative nonlinearities. It is also possible to include other types

of nonlinearities by replacing the outer product �, which is a scalar product, with a kernel

function �⇠ [33]. In this thesis, we use the Stochastic Gradient Langevin Dynamics method to

estimate the parameters of a network differentially privately like in CTF method. We also show

that our method preserves data privacy, represents uncertainty and performs regularization in
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neural networks.

1.3. Related Work

In this section, we briefly survey the related studies on coupled tensor factorization and

differentially private inference methods.

1.3.1. Coupled Tensor Factorization

For analysis of multi-relational data, Singh and Gordon [12] as well as Long et al. [35]

have introduced collective matrix factorizations (CMFs). Afterwards, collective matrix

factorization has been extended to coupled analysis of multi-relational data in the form of

matrices and higher-order tensors [36, 37] since in many disciplines, relations can be defined

among more than two entities, e.g., when a user engages in an activity at a certain location, a

relation can be defined over user, activity and location entities. For instance, Zheng et al. [38]

model the user-location-activity relations with a tensor representation, and propose a matrix

and tensor decomposition solution for collaborative location and activity filtering. Banerjee

et al. [36] introduce a multi-way clustering approach for relational and multi-relational data

where coupled analysis of heterogeneous data is studied using minimum Bregman information.

Lin et al. [39] also discuss coupled matrix and tensor factorizations using KL-divergence

modeling higher-order tensors by fitting a CP model [34]. While these studies use alternating

algorithms, Acar et al. [16] propose an all-at-once optimization approach for coupled analysis.

Recently Choi et al [40] proposed a fast and scalable algorithm for coupled matrix and tensor

factorization that uses parallel SGD and Tucker decomposition method [41].

A number of studies examined coupled matrix and tensor factorization in Bayesian

formulation. First time, Yilmaz et al [15] introduced a probabilistic framework - Generalised

Coupled Tensor Factorization (GCTF) - for coupled matrix and tensor factorization models

that jointly factorizes data from multiple heterogeneous information sources by extracting

common factors. GCTF is used by latter studies for audio source separation [17] and link

prediction [18]. Then, similar Bayesian multiple tensor factorization methods are proposed to

decompose multiple cooccurring matrices and tensors into a set of underlying factors that can
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be shared between any subset of them [42–45]. Recently, Kaya et al [46] extended distributed

incremental gradient descent method and proposed an incremental, distributed and parallel

algorithm (HAMSI) that incorporates second order information into the to optimization steps

for a faster convergence where the second order information comes from an approximation

to the Hessian of the objective function. Tang et al [47] proposed a variational Bayesian

tensor factorization method for multiway analysis of brain states by processing EEG tensors.

In [48], the authors used coupled tensor factorization to extract and analyze the spatiotemporal

activities of people and use this information to control traffic lights or organize public transport

better. Wu et al [49] used collective tensor factorization for health data analysis.

1.3.2. Bayesian Differential Privacy

In the literature, there are a number of works that address Bayesian approaches to

machine learning under differential privacy. Williams and McSherry [50] use probabilistic

inference to produce a posterior distribution that integrates all available information about

the private and observed datasets. Dimitrikakis et al [51] and Zhang et al [52] introduce

a posterior sampling mechanism and showed that under moderate sensitivity condition on

the log-likelihood, Bayesian posterior sampling provides differential privacy automatically.

Foulds et al [53] proposed a simple Laplace mechanism method for exponential family

distributions that samples from posterior distribution differentially privately. Park et al [54]

provided a general framework for privacy-preserving variational Bayes for a large class of

probabilistic models by perturbation of the expected sufficient statistics. Later, they proposed a

practical algorithm that outputs expectation-maximization (EM) parameter estimates privately

by using moment perturbation [55]. Most recently, Heikkela et al [56] applied the gradient

perturbation mechanism to devise a generic differentially private variational inference method,

which is also applicable to non-conjugate models. Finally, Schein et al [57] proposed a method

to privatize the Poisson factorization by establishing the objective of Bayesian inference under

local-DP.
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1.3.3. Local Differential Privacy

The connection between differential privacy and information theory has been studied

to measure the privacy leakage [58]. In particular, Kairouz et al [59] study the tradeoff

between information theoretic utility functions and local differential privacy. Duchi et al

propose information theoretic bounds for privacy preserving learning [60] and provide general

techniques to derive bounds under local privacy constraints [61]. In [62], Barber et al establish

a connection between privacy constraints and statistical estimation. Most recently, Schein

et al [57] proposed a locally differentially private approach where the latent variables are

inferred from the privatized data (which is privatized by a randomized response mechanism)

and the posterior distribution is built over the latent variables. In addition, Joseph et al [63]

propose a method to track the timely statistics over time and use this method for frequency

estimation.

1.3.4. Multiparty Differential Privacy

Several differentially-private learning algorithms from multiparty data were proposed,

including secure multiparty computation [64], empirical risk minimization with private

gradient interchange [65], matrix factorization [66] and private Bayesian inference in a

distributed setting which is based on a secure multiparty communication technique [56].

In [67] and in [68], they propose a global classifier that protects differential privacy by

combining separate classifiers that are trained locally by performing privacy constraints. Most

recently, multiparty settings have been started to be used in deep learning. Shokri et al [69]

introduced a method that enables multiple parties to train a neural network without sharing

the datasets that they own and Papernot et al [70] proposed a method that combines private

models which are learned locally from independent datasets differentially privately. Besides,

Gupta et al studied a differentially private multitask learning in [71] by utilizing from a

noisy task relation matrix. Lastly, Xie et al [72] propose a differentially private multitask

learning framework to protect the privacy of the distributed data. In this study, they introduced

a privacy-preserving proximal gradient algorithm that solves a general class of multitask

learning formulations with asynchronous updates.
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1.3.5. Differentially Private Matrix and Tensor Factorization

Matrix and tensor factorization models are the key methods for recommender systems

and privacy of the users inherently brings privacy concerns to this area. There is an increasing

number of studies on differentially private matrix factorization approaches in the literature.

Nikolaenko et al [73] used a a cryptographic method which is named as garbled circuits

to provide differential privacy in matrix factorization. In [74], the authors used sketching

techniques and utilizes from the inherent randomness of the data structure to guarantee (✏, �)

differential privacy. Friedman et al [75] proposed a private matrix factorization approach that

provides privacy different perturbation methods: the input, gradients of SGD and the output.

Recently, two studies considered differential privacy for tensor decomposition methods.

In [76], they proposed an online differentially private tensor factorization algorithm that based

on tensor power method framework and Gaussian mechanism to perturb the objective to

provide privacy. Imtiaz and Sarwate [66] presented a privacy preserving distributed tensor

factorization methods for PCA and OTD that uses an efficient correlated noise to manage the

same noise level as the centralized tensor factorization scenario.

The proposed differentially private coupled tensor factorization algorithm is most closely

related to the works by Liu et al [2] and Hua et al [1]. Hua et al propose a differentially

private SGD algorithm for matrix factorization (MF) where each user is accepted as a party;

so the rows of the user factor are kept as private. Then, the data aggregator (recommender)

uses the item factor to share preferences between users using a Laplace mechanism. The

recommender has access to the intermediate results from all users after each iteration and it

can easily eliminate the noise vectors’ effect. So, the noise vector is needed to be decomposed

and determined after each iteration using a fairly complicated procedure. Liu et al [2] exploit

the fact which is proved in [27] and propose a DP-collaborative filtering approach. They focus

on the single-party setting where no information sharing between data sites is considered. In

this thesis, we propose a simple MCMC algorithm for multiparty prediction systems where

each party can hold data of a different modality. Our method allows information sharing while

preserving both the user-level DP and the site-level DP that will be explained in Chapter 4.
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1.3.6. Differentially Private Deep Learning

There are a number of works that address deep learning under differential privacy.

Recently, Shokri and Shmatikov [69] designed a method that permits multiple parties to train

a neural network model without sharing their datasets. Their key contribution is based on

perturbing the gradients of the SGD by fussy sharing of model parameters during training.

Phan et al. [77] introduced a different approach towards differentially private deep learning

that focuses on learning autoencoders by perturbing the objective functions of them. Papernot

et al. [70] proposed a method where privacy-preserving models are learned locally from

disjoint datasets and then combined in a privacy-preserving fashion. Most recently, Phan et

al. [78] developed a method that uses Laplace mechanism to preserve differential privacy in

deep neural networks. Their method doesn’t depend on the number of epochs in the training

phase where the privacy budget is consumed; but it adds more (Laplace) noise into the less

relevant input features with the model output. In [79], Acs et al. proposed a mixture of

multiple generative DNNs model where the data is divided into N clusters. In this work,

the DNNs are trained collectively to learn the distribution that generates the given data

using a differentially private gradient descent. Most recently, Phan et al. [80] developed a

differentially private convolutional deep belief network that preserves privacy by perturbing

the energy-based objective functions. They basically focus on the healthcare field that have

significant privacy issues.

Our differentially private BNN method is most closely related to the study in [81] where

they developed the moments accountant method, which is closely related to the notion of

concentrated-DP, to sum up the privacy loss that provides a cramped bound for privacy loss

compared to the standard composition methods such as sequential and advanced composition.

By using the moments accountant (MA), Abadi et al propose a differentially private SGD

algorithm to train a neural network by perturbing the gradients of parameters in SGD. The

gradients are perturbed by adding Gaussian distribution noise separately. To protect privacy

in deep learning methods, noise addition is generally used [81, 82]. In this thesis, we focus on

the BNNs and introduce a dropout technique that provides an elegant Bayesian interpretation

to dropout. We show that the intrinsic noise added, with the primary goal of regularization,

can be exploited to achieve a certain amount of differential privacy. In addition, we prove
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that there is a one to one relation between dropout rate and the Gaussian noise, so we say

that dropout preserves (✏, �)-DP in each BNN model for free when we calibrate the dropout

rate carefully. Conversely, the amount of noise computed to provide (✏, �)-DP also finds a

proper dropout rate. We exploit the intrinsic randomized noise of the dropout by using two

connections: i) Dropout and SGLD and ii) SGLD and DP. Furthermore, we apply the zero

concentrated DP [83, 84] (zCDP) to gradient perturbation mechanism. We note that the zCDP

achieves similar tight bound on privacy budget with the moments accountant but easier to

convert into DP. We also note that the moments accountant requires that the intermediate

computations after each iteration are not revealed. Eventually, we derive similar bounds to

the moments accountant by using zCDP to strengthen the privacy guarantee in Bayesian

DNNs. We will describe the method in detail and make the privacy analysis of the method in

Chapter 5.

1.4. Contributions

In this thesis, we address the problems defined as below:

• Completing missing entries in a relational dataset represented by several matrices and

tensors: We address the completion of missing matrix and tensor entries/parts by data

fusion formulated as simultaneous factorization of several observation tensors where

latent factors are shared among each observation. We study various tensor models and

loss functions for this problem.

• Estimation of the latent factors: In matrix and tensor factorization models, the latent

factors are the crucial variables to reconstruct the matrices and tensors. They are used

for the analysis of observed data and prediction of the missing entries/parts of the

dataset. For this reason, accurate estimation of the latent factors is crucial to the success

of the prediction/completion of the missing dataset.

• Privacy protection of the data that appears in sharing information across matrices

and/or tensors: In modern data processing applications, data is often owned by multiple

data sites. We shall assume that the data instances, which are partitioned between

those sites, are arranged as matrices and/or higher-order tensors. In this setting, the

information is shared between sites via the shared latent factors and privacy protection
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is required in the inference phase.

• Privacy protection of neural network training: The datasets that are used to train

neural networks are often collected from individuals and contain sensitive information.

Applying deep learning methods to these records are restricted by privacy requirements

or legislative regulations. Thus, sharing and usage of the data about individuals require

methods that provide precise privacy guarantees while meeting the demands of the

applications.

Our main contributions in this thesis can be summarized as follows:

• We address the missing link prediction problem as filling the missing entries in a

relational dataset using joint analysis of heterogeneous data based on different tensor

models, i.e., CP, Tucker and some arbitrary tensor factorization models, as well as

different loss functions, i.e., KL-divergence, IS (Itakura–Saito)- divergence, EUC

distance and various other cost functions based on �-divergences.

• We first use the Maximum Likelihood (ML) and Maximum-a-Posteriori (MAP) estima-

tion of the latent variables. We then develop a novel variational Bayesian algorithm for

making inference on coupled matrix and tensor factorization models. In this method,

the exact characterization of the approximating distribution and full conditionals are

observed as a product of multinomial distributions, leading to a richer approximation

distribution than a naive mean field. Finally, we present how the SGLD is used as an

inference method for coupled matrix and tensor factorization models.

• In the first part of the thesis, our main application focus will be on link prediction. We

develop several factorization models to demonstrate that coupled tensor factorizations

outperform low-rank approximations of a single tensor and the selection of the tensor

model as well as the loss function is significant. We also handle the cold start problem

that arises when a new entity enters the dataset.

• In the second part, we focus on the private estimation of the latent factors in coupled

matrix and tensor factorization. We develop and evaluate a practical mechanism that

ensures the privacy of individuals in a distributed setting, in which N data sites jointly

estimate parameters of a statistical model conditioned on all the data without sharing

their input datasets.
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• We describe a provably differentially private treatment of the CMF models for dis-

tributed multi-party setting by using the two notions of privacy: i) centralized differential

privacy and ii) local differential privacy.

• We propose the CTF as a method to share information between distrustful parties

with strong theoretical guarantees on the privacy of the released data. We use the

connection between DP and SGLD [27], and propose differentially private coupled

tensor factorization (DP-CTF) model by using two privacy definitions site-level and

user-level.

• We claim that sharing the latent structures across the tensors enables transferring

information between them and increases the prediction accuracy. However, in differ-

entially private settings, sharing multiple factors may cause a considerable amount of

noise added. We study under which conditions sharing latent factors helps to increase

prediction accuracy for DP-CTF.

• In the final part, we propose an approach that preserves data privacy, represents un-

certainty and performs regularization in deep neural networks. We use the recently

proposed connection between Gaussian dropout and Stochastic Gradient Langevin

Dynamics (SGLD) [85], and then analyze that under which conditions dropout provides

provable privacy guarantee for the training data of Bayesian DNNs.

• For all proposed methods, we analyze the privacy of the algorithm with Advanced

Composition (AC) [26] as a baseline approach. We then use the zCDP composition

which remarkably reduces the amount of noise added and ensures to use the privacy

budget more effective over multiple iterations.

• With experiments on coupled tensor factorization problems, we empirically show that

as the number of sites that participate in the framework increases, we can support

differentially private estimates while still preserving good utility and achieving better

prediction performance over learning at a single site.

• With experiments on Bayesian neural networks, we empirically show that dropout helps

to regularize network and improves prediction accuracy while providing (✏, �)-DP and

zCDP. As our experiments illustrate, dropout with zCDP outperforms both the standard

DP and the state-of- the-art algorithms, especially when the privacy budget is low.
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1.5. Thesis Outline

The content of the thesis is organized as follows. In Chapter 2, we provide the backgroud

information and an overview of the relevant ingredients of the thesis. We formalize the coupled

tensor factorization, provide the notation and describe the inference methods that is used for

the estimation of the latent factors in Chapter 3. In Chapter 4, we present our differentially

private coupled matrix (CMF) and tensor (CTF) models. In the first part of this chapter, we

define the user-level and site-level DP and present the CMF models under centralized and

local DP constraints. In the second part, we analyze the privacy of several CTF methods by

using Advanced Composition (AC) and zCDP. Chapter 6 shows the results of the inference

algorithms defined in Chapter 3 on synthetic and real-world datasets. In Chapter 7, we

demonstrate our differentially private methods presented in Chapter 4 on different models and

datasets. First, we show the results of differentially private CMF models with different privacy

settings. Then, we show the differentially private CTF results on three different models with

different notions of privacy on both synthetic and real world datasets. In Chapter 8, we

evaluate the performance of our differentially private BNNs on several real world datasets.

Finally, we conclude with some open directions in Chapter 9.
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2. BACKGROUND

In this chapter, we provide an overview of the background material on which the ideas

in subsequent chapters are based; namely coupled tensor factorization, differential privacy and

its variants, stochastic gradient Langevin dynamics (SGLD) and Bayesian neural networks.

2.1. Coupled Tensor Factorization

In many applications, data from different sources are available. In these cases, single

factorization models are not sufficient and the data from different sources should be combined

to exploit all the information. The comprehensive modeling of multiple sources is called

coupled tensor factorization and the goal is to jointly decompose numerous observed tensors

that share a set of latent factors.

e1 e2 e3 e4

X(1) X(2)

(a)

X(1)
X(2)

e1

e2

e3

e4

(b)

Figure 2.1. Example of two relations among four types of entities on Flickr dataset. The

dataset is represented with bipartite graph in (a) and represented in the form of a matrix X
(1)

and a third-order tensor X(2) in (b). X(1) is the user-item-tag relations and X
(2) is the

item-feature relations. The indices e1, . . . , e4 indicates user, item, tag and feature

respectively; e2 is the common mode between two relations.

Given a set of V tensors {X
(v)

}
V
v=1 that describe the relations between D sets of

entities; the goal of the CTF is to jointly approximate the tensors with low-rank factorization.

Each relation v 2 {1, . . . , V } is associated with the ordered set Sv of the entity types

involved in relation v, that is Sv = (Sv1, . . . , Sv|Sv |) with Svj 2 {1, . . . , D}. Let ⌦v :=

{(e1, . . . , e|Sv |) ; ed 2 {1, . . . , nd} ; 8d 2 {1, . . . , |Sv|} denote the full observation space of

relation v (the set of |Sv|-uplets). For each of these |Sv|-uplets, we observe an entry x
(v)
iv
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indexed by iv 2 ⌦v. Typically, |Sv|= 1 will refer to vectors, |Sv|= 2 will correspond to

matrices and |Sv|= 3 will correspond to third-order tensors. For a simple matrix factorization

model for matrix X , we have V = 1, D = 2 and a relation S = (e1, e2) with |S|= 2.

A more complicated model is illustrated in Figure 2.1 with our notation. We have

two relations (V =2) and four entity types (D=4) where the indices e1, . . . , e4 indicates these

entities. The first relation forms a 3-dimensional tensor X(1) and the second relation forms

a matrix X
(2). The set of relations S is defined as {S1, S2} where S1 = (e1, e2, e3), |S1|= 3

and S2 = (e2, e4), |S2|= 2.

Our objective is to predict the value of some specific entry x
(v)
iv of the tensor X(v). To

do this, we approximate each tensor by the multilinear product of rank-K factors represented

in the rows of some latent matrices ⇥d = [✓(d)idk
] 2 <nd⇥K , d 2 {1, . . . , D}:

X
(v)
iv ⇡ X̂

(v)
iv :=

KX

k=1

Y

d2Sv

✓
(d)
idk

:=
D
✓(1)
i1 , . . . ,✓(d)

id

E

where ⇥d is the factor associated to entity type d, and d is an element of set Sv. This data

representation is very flexible, and we can handle relations of arbitrary number and/or arbitrary

order.

Coupled factorization models simultaneously factorize data from multiple information

sources by extracting common factors. We first consider the following model which is

illustrated in Figure 2.1. This model is formalized in our notation as follows:

X
(1)
⇡ X̂

(1) =
KX

k=1

✓
(1)
i1k
✓
(2)
i2k
✓
(3)
i3k

=
D
✓(1)
i1 ,✓(2)

i2 ,✓(3)
i3

E
(2.1)

X
(2)
⇡ X̂

(2) =
KX

k=1

✓
(2)
i2k
✓
(4)
i4k

=
D
✓(2)
i2 ,✓(4)

i4

E
(2.2)

Given the observed tensor X(1) and matrix X
(2), the coupled factorization problem

estimates the factors, i.e., ⇥d where d = {1, 2, 3, 4} by minimizing the total discrepancy
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between the observations and the model output. This problem results in the following

optimization problem:

(⇥1:4)
⇤ = arg min

(⇥1:4)

1

�1
d1(X

(1)
k X̂

(1)) +
1

�2
d2(X

(2)
k X̂

(2)) (2.3)

where d1(.) and d2(.) are (possibly different) divergences, usually chosen as the Euclidean,

Kullback-Leibler (KL) or the Itakura-Saito (IS) divergences. On the other hand, our framework

is defined for a large family of loss functions called the �-divergences, which generalizes

these commonly-used divergences. �-divergences are defined as [86]:

dp(X; X̂) =
X

2�p

(1� p)(2� p)
�

XX̂
1�p

1� p
+

X̂
2�p

2� p
(2.4)

where p determines the cost function. Note that p = {0, 1, 2} corresponds to EUC, KL, and IS

cost functions, respectively. Besides, the (inverse) weights �1 and �1 will be called dispersion

parameters in our context and they are used to balance the information obtained from different

modalities.

2.2. Differential Privacy

Differential privacy (DP) is currently a widely accepted privacy definition [25,26,87–89]

to formalize the privacy protection of algorithms. The key principle of DP is to ensure that

an adversary should be unable to reliably infer whether or not a particular individual is

participating in a database, even with unlimited computational power and access to every

entry except for that particular individual’s data.

Formally, DP prevents inference about specific records by requiring a randomized query

response mechanism that yields similar distributions on responses of similar datasets. For any

two possible input datasets X and Y with the edit distance or Hamming distance d(X, Y ),

and any subset of possible responses R, a randomized algorithm A satisfies (✏, �) differential
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Figure 2.2. An illustration of (✏,�)-DP of an algorithm A on all pairs of neighboring datasets

X and Y .

privacy if:

P (A(X) 2 R)  e
✏
P (A(Y ) 2 R) + � (2.5)

If X and Y are different only for one single data point, then d(X, Y ) = 1. For all adjacent X ,

Y ; (✏, �)-differential privacy ensures that with probability 1 � � (at least), the value of the

privacy loss is bounded by ✏. Here, � accounts for exceptional cases that might result in high

privacy losses. When � = 0, A is called ✏-differential private. In this formula, ✏ manages the

amount of information gain for an individual, given the output of the algorithm. When the

positive parameter ✏ is smaller, the mechanism provides stronger privacy guarantee [87].

In the literature, differential privacy is examined in two different contexts as illustrated

in Figure 2.3. First is in centralized (global) privacy context, where the data analyst/curator

needs to collect raw data on the server which is required for centralized-DP (CDP). Second is

in local privacy context, where the data is privatized by users before sending it to the server.

In most cases, DP focuses on the case where the users provide data records to a data curator,

and assumes that the data aggregation is reliable. The classical definition of DP is based

on this scenario and formulated in Equation (2.5). In the literature, this is the most widely

used privacy notion and it is also referred as centralized-DP [59, 89, 90]. In this thesis, we

generally use centralized-DP and call it DP except for Section 4.1. However, sometimes a
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processing

(b) Local Differential Privacy

Figure 2.3. Differential privacy (DP) is examined in two different contexts: a) first is in

centralized (global) privacy context and b) second is in local privacy context.

stronger variant of differential privacy is required when the users do not trust the data curator.

In this case, the users need to apply some privatization mechanism to their records in case

the users’ private information cannot be inferred even by the data curator. Local differential

privacy [57, 58, 60, 62, 91] (LDP) is inspired by randomized response method [92] and classic
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DP definition, but eliminates the trusted curator assumption. In LDP, an untrusted algorithm is

allowed to access a perturbed (or noised) version of a sensitive dataset through a privatization

mechanism and must use this perturbed data to perform some estimation [91]. This definition

naturally adapted to the multiple party setting [67, 68, 70] where numerous distinct parties

hold sensitive data from several individuals, and they wish to jointly estimate parameters of a

statistical model conditioned on complete data. The amount of perturbation is controlled by

an ✏ parameter. The explicit definition of local differential privacy is given as:

Definition 2.1. For a given privacy parameter ✏ � 0 and a privatization (randomized

response) mechanism R is ✏-locally differentially private if for all pairs of observations

x, x
0
2 X and for all subsets S in the range of R(·):

P (R(x) 2 S)

P (R(x0) 2 S)
 e

✏ (2.6)

where x 2 X denote a user’s record where X is the data universe. A privatization mechanism

R is a stochastic mapping from X to some output domain Z. If an algorithm perceives only

the ✏-private responses of the observations, then this algorithm satisfies ✏-LDP.

In Section 4.1, we will explain our LDP setting in detail.

2.2.1. Gaussian Mechanism

There are several possibilities how to make an algorithm differentially private. Input

perturbation, objective perturbation and output perturbation are some of those possibilities.

For perturbation, one widely used method is using Gaussian mechanism [87] that adds

Gaussian noise to the revealed information. The amount of the Gaussian noise is determined

by the privacy parameters (✏, �) and the sensitivity to changes in the dataset. In this thesis, we

use objective perturbation and Gaussian mechanism as a perturbation method.

Theorem 2.2. (Gaussian Mechanism (GM), Theorem 3.22 in [93]): Let ✏ 2 (0, 1) be

arbitrary. Gaussian Mechanism states that given function f with L2 sensitivity of 42f ,

releasing f(X) + Z where Z ⇠ N (0, �2) is (✏, �)-DP when � � 42f
p

2 log(1.25/�)/✏.
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Definition 2.3. (L2-sensitivity): Given two adjacent datasets D and D
0, the important

L2-sensitivity of a function f is defined as:

42f = sup
D,D0,kD�D0k=1

k f(D)� f(D0) k2

In this thesis, this theorem will be our main workhorse. We will recall this theorem in

Chapter 4 and Chapter 5.

2.2.2. Composition Theorems

There are several useful properties of differential privacy that make it practical to design

sophisticated privacy-preserving machine learning algorithms. One of thesel features is

composability that enables to combine multiple differentially private algorithms or repeatedly

use the same data set. Modular design of algorithms and using an algorithm multiple times

on a dataset lower the privacy guarantee because of the information leakage at each time. In

the following, we present the composition theorems that show how the privacy parameters

compose when differentially private modules are combined. Firstly, we give the definition of

the composition rule.

Theorem 2.4. ( Composition rule, Theorem 3.14 in [89] ) If algorithm A1 is (✏1,�1)-DP, and

A1 is (✏1,�1)-DP, then (A1 ⌦A2) is (✏1 + ✏2,�1 + �2)-DP.

The composition rule can be applied repeatedly to obtain the basic composition theorem:

sequential composition.

Theorem 2.5. ( Sequential Composition, Theorem 3.16 in [89] ) Suppose a set of privacy

algorithms A = {A1, . . . ,Ak} are sequentially performed on a dataset, and each Ai provides

(✏i,�i) privacy guarantee. Then, A will provide (
Pk

i=1 ✏i,
Pk

i=1 �i)-DP.

Currently, the simplest way to analyze the privacy budget consumption of a differentially

private algorithm is the sequential composition theorem. However, some sophisticated
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techniques have been proposed to handle more complicated forms of composition. Advanced

Composition is the most popular composition theorem in the literature that gives slower

growth of ✏, but has a larger total � on the composition.

Theorem 2.6. (Advanced composition, Theorem 3.20 in [89]) For all ✏iter, �iter, �0 �0, the

class of (✏iter, �iter)-DP mechanisms satisfy (✏tot, �tot)-DP under k-fold adaptive composition

for

✏tot =
p

2k log(1/�0)✏iter + k✏iter(e
✏iter � 1) �tot = k�iter + �

0 (2.7)

When the data is iteratively used over many iterations, the advanced composition provides

more strict ✏tot. In this thesis, we will use the data iteratively, so using the advanced composi-

tion is important. We will recall this theorem in Chapter 4 and Chapter 5. Now, we briefly

introduce the most recently proposed privacy notion: Concentrated Differential Privacy.

2.2.3. Concentrated Differential Privacy

Concentrated differential privacy [83] is a recent variation of DP that provides high

probability bounds for cumulative privacy loss. It is proposed to make privacy-preserving

iterative algorithms viable to the real world privacy protection scenarios while still providing

strong privacy guarantees. For a certain amount of privacy guarantee, concentrated DP

requires much less additional noise compared to the DP. The concentrated DP framework

treats the privacy loss of an outcome,

L
(o)
(A(D)kA(D0)) = log

P (A(D) = o)

P (A(D0) = o)
(2.8)

as a random variable. Two concentrated DP methods are proposed in the literature. The first

one is (µ, ⌧ )-mCDP [83] where µ is the mean of this privacy loss and the second one is ⌧ -zCDP

which is proposed by Bun and Steinke in [84]. The DP mechanisms and applications can be

converted to zCDP mechanisms, since they are conjugates. We will define the prepositions
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and lemmas in the following sections that are used to compute DP in terms of zCDP. However,

DP and mCDP are not conjugates and they cannot be converted to each other. For a fair

comparison with (✏, �)-DP, we will use zCDP as our second privacy definition.

Zero Concentrated Differential Privacy . The relation between the moment generat-

ing function of L(o) and Rényi divergence between A(D) and A(D0) reveals the ⌧ -zCDP [84].

The Rényi Divergence between the probability distributions P1 and P2 is defined of order

↵ 2 (1,1) as:

D↵(P1 k P2) =
1

↵� 1
log

 

E
x⇠P1

"✓
P1(x)

P2(x)

◆(↵�1)
#!

The definition of zCDP where D↵ is the Rényi Divergence is given as: A randomized

mechanism A is (⇠,⇢)-zCDP, if for all x, x0
2 X

n such that k x� x
0
k 1 and all ↵ 2 (1,1),

D↵(A(x) k A(x0))  ⇠ + ⇢↵

There is a correspondence between the classical definition of DP and zCDP; where

zCDP satisfies the key basic properties of DP such as composition and postprocessing. Most

importantly, zCDP satisfies the Gaussian mechanism, and we will use this property in the

following Chapters for our privacy analyses.

Moments Accountant . In the same way as zCDP, the moments accountant (MA)

method is used to effectively keep track of the cumulative distribution of the privacy loss

random variables by bounding the moments of the privacy loss L(o) where the �th moment is
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defined as the log of the moment generating function evaluated at � [81]:

↵A(�;X,X
0) = logEo⇠A(X)

h
e
�L(o)

i
(2.9)

Then the moments accountant is formalized as below:

Definition 2.7. (Moments accountant) The moments accountant with an integer parameter �

on neighboring datasets X and X
0 is defined as:

↵A = max
X,X0

↵A(�;X,X
0) (2.10)

The �th moment in Equation (2.9) composes linearly, which yields the composability

theorem which is defined below.

Theorem 2.8. (Composability) Suppose that A consist of a sequence of mechanisms A1, · · · Ak.

Then for any �, the sum of each upper bound on ↵Ai is an upper bound on the total �th

moment after k compositions:

↵A(�) =
kX

i=1

↵Ai

Besides, it is possible to convert the �th moment to the (✏, �)-DP using Markov’s

inequality. For any ✏ > 0, the algorithm A is (✏, �)-DP for:

� = min
�

exp (↵A(�)� �✏) (2.11)
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2.2.4. Private Bayesian Inference

Bayesian inference provides a methodology for parameter estimation where inference

refers to the calculation of the posterior distribution of the desired parameters. Unfortunately,

the exact calculation becomes intractable for most useful models. Monte Carlo methods,

which constitute a broad group of Bayesian inference methods, are typically used to solve

intractable integration problems by generating random samples from the posterior distribution,

either exactly or approximately. One of the most popular Monte Carlo methods for Bayesian

inference is Markov chain Monte Carlo (MCMC) [94], where one generates a sequence of

samples from a Markov chain that has the target posterior as its stationary distribution. The

MCMC methods produce random outputs; therefore they are the natural candidates for privacy

preserving methods by their inherent randomness. The connection between MCMC methods

and differential privacy has recently been studied by Wang et al [27].

Let us assume that we want to draw model parameter ✓ differentially privately from

a posterior distribution p(✓|X) / p(✓)
QN

i=1(xi|✓) where the data items are X = {xi}
N
i=1,

p(x|✓) is the probability of data item x and p(✓) is the prior distribution of the given model.

The claim in [27] is that sampling from the posterior distribution is intrinsically differentially

private.

Theorem 2.9. (One posterior sample (OPS), Theorem 1 in [27]) If maxx2X ,✓2⇥|log p(x|✓)|

B, releasing one sample from the posterior distribution p(✓|X) with any prior is 4B-DP.

The proof is straightforward when we apply the exponential mechanism [95]. First, we

briefly introduce the exponential mechanism that maps input-output pairs to a real valued

scores when the utility function u is given. Formally, the exponential mechanism M(X, u, ✏)

produces outputs as:

p(M(X, u, ✏) = R) / exp

✓
✏u(X,R)

2�u

◆

where �u = maxR,(X,X0) k u(X,R)� u(X 0
, R) k1 is the sensitivity of u and d(X,X

0) = 1.
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Now, we can explain the posterior sampling as an instance of the exponential mech-

anism with utility function u(X, ✓) = log p(✓, X). The sensitivity of the OPS method is

� log p(✓, X) that equals to max✓,(X,X0) k log p(✓, X) � log p(✓, X 0) k1. The prior is inde-

pendent of the data, so we have � log p(✓, X) = max✓,x,x0 k log p(x0
|✓)� log p(x|✓) k. This

result gives the privacy cost of posterior sampling. Under exponential mechanism, sampling

✓ from the posterior P (✓|X) when ✏ = 2� log p(✓, X) is exactly the same with standard

sampling from a posterior distribution. For the detailed proof, see [27].

In this thesis, we use the connection between privacy protection and SGLD and the

locally private Bayesian inference that is proposed to sample from a posterior distribution

under local privacy constraints. So, we introduces the privacy of sampling from a posterior

distribution here and we explain the locally private Bayesian Inference and SGLD in the

following.

Locally Private Bayesian Inference . In this section, we briefly show the objective

of locally private Bayesian inference. In this case the Bayesian posterior is formed with a

generative model, observed data X , latent variables ⇥ and a privatization mechanism R that

generates the privatized datasets Z ⇠ PR(Z | X, ✏). Eventually we write the posterior as in

the following:

PR(⇥ | Z, ✏) = EPR(Z|X,✏) [P (⇥ | X)] =

Z
P (⇥ | X)PR(X | Z, ✏)dX (2.12)

The observed data X is treated as a latent variable and it is marginalized over with the

privatization distribution PR(X | Z, ✏). The privatization distribution is also a posterior

that characterizes the uncertainty about X when Z, R and ✏ are given. Here, we first

generate samples from PR(X | Z, ✏), then we use them to approximate the expectation in

Equation (2.12) by using an approximation method that is used to sample from the original

posterior P (⇥ | X). In Section 4.1.4, we proposed an approach (Gibbs sampling) that is used

to sample from PR(X | ⇥, Z, ✏) in order to obtain ✏-LDP.
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2.3. Stochastic Gradient Langevin Dynamics

In this section, we begin to explain SGLD with the maximum a posteriori (MAP)

estimation of model parameter vector ✓ from the posterior p(✓|X). In general, stochastic

optimization method is used to find the MAP estimation of ✓t as follows:

✓t = ✓t�1 +
t

2

 
K

B

X

k2Bt

r log p(xk | ✓t�1) +r log p(✓t�1)

!

where Bt ⇢ {1, . . . , N} is a random data subsample that is drawn with or without replacement,

B =| Bt | is the number of data points in Bt and t is the step size. For convergence to a local

maximum, the step size should satisfy the following requirements: i)
P1

t=1 t =1 and ii)
P1

t=1 t
2
<1.

As we mention in Section 2.2.4, MCMC techniques are used to capture parameter

uncertainty. Langevin Dynamics [96] is a gradient-based MCMC method that produces

samples from the posterior by taking gradient steps and injecting a Gaussian noise into the

parameter updates:

✓t = ✓t�1 + 

 
NX

i=1

r log p(xi | ✓t�1) +r log p(✓t�1)

!
+  t  t ⇠ N (0,) (2.13)

Here, the mean of the newly proposed ✓ is in the direction of increasing log posterior by

cause of the gradient. To prevent the samples from collapsing to a single local maximum,

we need some amount of added noise. The amount of the noise can be explained by the

Metropolis-Hastings (MH) algorithm [97, 98] that is one of the most generally applicable

MCMC algorithms. In this algorithm, the proposed samples ✓0 are drawn from a proposal

distribution q(✓0|✓t) at iteration t with acceptance probability min{1, p(✓0|X)q(✓t|✓0)
p(✓t|X)q(✓0|✓t)} where ✓t

is the current parameter from the posterior p(✓t|X). When  in Equation 2.13 goes to 0, the

acceptance probability of MH goes to 1 where the Markov chain has p(✓|X) as its stationary

distribution [99].

An important attempt for scaling up MCMC techniques was made by [29], where the
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authors combined the ideas from statistical Langevin Dynamics and stochastic optimization,

and developed a scalable MCMC framework called the SGLD. In algorithmic sense, SGLD is

very similar to Stochastic Gradient Descent (SGD); the only difference is that SGLD injects

a Gaussian noise to the gradient at each iteration. SGLD exploits the assumption that the

data samples X = {xn}
N
n=1 are i.i.d. and it asymptotically generates a sample ✓(t) from the

posterior distribution p(✓ | X) / p(✓) p(X | ✓) by iteratively applying the following update

equation at iteration t:

✓t = ✓t�1 +
t

2

 
K

B

X

k2Bt

r log p(xk | ✓t�1) +r log p(✓t�1)

!
+  t

where  t is Gaussian noise:  t ⇠ N (tI) where I stands for the identity matrix.

We began with an overview of the SGLD algorithm that is relevant to the understanding

of our approach. In the following, we will state the specialized version of the SGLD algorithm

that guarantees differential privacy and present our methods that guarantees differential

privacy for CMF, CTF models in Chapter 4 and BNN in Chapter 5.

2.4. Bayesian Neural Networks

In this thesis, we assume that the input data provided to the neural networks is D =

{di}
N
i=1 where di = (xi, yi), with input object/feature xi 2 R

D and output label yi 2 Y , with

Y being the output discrete label space. A model characterizes the relationship from x to

y with parameters (or weights) ✓. Our goal is to tune the parameters ✓ of a model p(y|x, ✓)

that predicts y given x and ✓. As we show in the previous sections, Bayesian inference in

such a model consists of updating some initial belief over parameters ✓ in the form of a prior

distribution p(✓), after observing data D, into an updated belief over these parameters in the

form of the posterior distribution p(✓|D). The posterior distribution of a set of N items is

p(✓|D) / p(✓) p(D|✓) where the corresponding data likelihood is p(D|✓) =
QN

i=1 p(di|✓).

Computing the posterior is often difficult in practice as it requires the computation

of analytically intractable integrals, so we need to use approximation techniques. For the
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(b) Bayesian DNN

Figure 2.4. Illustration of standard DNN and Bayesian DNN with two-hidden-layers model.

All weights in DNNs are represented with fixed values in 2.4(a) and all weights are

represented as distributions in 2.4(b).

inference, we leverage the advances in SGLD to train deep neural networks (DNNs). All

weights in Bayesian DNNs are represented as distributions (as shown in Figure 2.4(a)); rather

than having fixed values (as shown in Figure 2.4(b)). The SGLD algorithm learns the weight

uncertainty jointly on all parameters. Our aim is to infer a distribution over parameters ✓ on a

given dataset D by following the Bayesian approach. This distribution encapsulates the prior

belief as to which parameters are likely to be generated before observing any data. Given

weight matrices ✓, standard Gaussian prior distributions are usually placed over the weight

matrices, p(✓) = N (✓; 0, I). We also need to describe a distribution over the outputs p(y|x, ✓)

that captures how likely the function parameters are, given our observed data. The form of

relationships from x to y are parameterized as a composition of a set of nonlinear functions

in Bayesian DNNs. There are several of nonlinear functions such as the sigmoid function

used in logistic regression; but a softmax function is generally used by an M-layer DNN for

multiclass classification:

p(y|x, ✓) = softmax(g✓M � . . . � g✓0(x)), (2.14)

Here, � denotes the function composition, softmax(x) = e
x
/(
P

i e
xi) and g✓(x) can be the
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sigmoid function, hyperbolic tangent or the Rectified Linear Unit (ReLU) [100]. In this paper,

we use feed-forward neural networks. In these networks, the feature representations [101,102]

are learned by forwarding the data from the bottom layer to the top layer. There are nonlinear

functions between the layers. In the m
th layer, we choose the ReLU function for g✓m in

Equation 2.14 which is defined as:

g✓m = max(0, ✓Tmx)
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3. COUPLED TENSOR FACTORIZATION

As mentioned in Chapter 1, an effective way of including side information and faithful

representation of multiple attributes without loss of structure is Coupled Tensor Factorization

(CTF) models. The real world datasets that are represented by several tensors/matrices need

custom models and CTF models bring the modeling flexibility which is required. In this

chapter, we describe the inference methods in order to estimate the latent factors for all

possible model topologies and coupled factorization models in compliance with the privacy

requirements of the use case.

3.1. Inference

Most of the methods on matrix and tensor factorization in the literature focus on

obtaining point estimates such as Maximum A-Posteriori Estimations [12, 16, 103–105].

However, it has been proven that the full-Bayesian approaches are more robust to overfitting,

incorporates confidence intervals and side information easily and allows model selection

inherently [106–108]. Here, starting with the Maximum A-Posteriori Estimation, we develop

full-Bayesian approaches that allows more powerful modeling and inference, such as Vari-

ational Inference that approximates the intractable posterior distribution and Monte Carlo

methods that sample from the intractable posterior.

3.1.1. Maximum Likelihood and A-Posteriori Estimation

The estimation of the shared latent factors ⇥d, can be achieved via iterative optimization

methods (see [15]) applied to the posterior density given below:

P ({⇥d}d2Sv |X
(v)) / P (X(v)

|{⇥d}d2Sv)
Y

d2Sv

P (⇥d) (3.1)
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For non-negative data and factors, one can obtain the following compact fixed point equation

where each ⇥d is updated in an alternating fashion fixing the other factors ⇥d0 for d0 6= d

⇥d  ⇥d �

P
v R

v,d
�
�1
v �d,v(M (v)

� (X̂(v))�pv �X
(v))

P
v R

v,d��1
v �d,v(M (v) � (X̂(v))1�pv)

(3.2)

where � is the Hadamard (element-wise) product, M (v) is a 0-1 mask array with M
(v)
iv = 1

(M (v)
iv = 0) if X(v)

iv is observed (missing) and R
v,d is a coupling matrix that is defined as:

R
v,d =

8
<

:
1 if X(v) and ⇥d connected

0 otherwise
. (3.3)

In this iteration, the key quantity is the �d,v function that is defined as follows:

�d,v(A) =

2

4
X

iv\īd

A
(v)
iv

X

k

Y

d/2Sv

✓
(d)
idk

3

5 (3.4)

where īd = iv � id and A = M
(v)
� (X̂(v))1�pv .

Lastly, pv determines the cost function while dispersion parameter �v is used for

data driven regularization and weighting in coupled factorization of heterogeneous datasets.

In [17], they tackle learning the dispersion parameters �v when p 2 {0, 1, 2, 3} by using a

probabilistic approach, which makes use of the relation between the �-divergence and the

family of Tweedie distributions and enables to find the dispersion parameters by maximizing

the likelihood.

It is possible to choose different cost functions (different pv) for each observed data in a

coupled model if each X
(v) is modeled by a different type of distribution. Here, we solved

update equations under the assumption of each observation tensor is modeled by the same type

of distribution having the same dispersion parameter. This results in the same cost function

(pv) for all the observed tensors X(v) and we can cancel out the dispersion parameters from

the update equations. See Table 3.1 for update rules for different pv values.
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Table 3.1. Update rules for different pv values.

p⌫ Cost Function Multiplicative Update Rule

0 Euclidean ⇥d  ⇥d �

P
v R

v,d
�
�1
v �d,v(M (v)

�X
(v))

P
v R

v,d��1
v �d,v(M (v) � X̂(v))

1 Kullback-Leibler ⇥d  ⇥d �

P
v R

v,d
�
�1
v �d,v(M (v)

� (X̂(v))�1
�X

(v))
P

v R
v,d��1

v �d,v(M (v))

2 Itakura-Saito ⇥d  ⇥d �

P
v R

v,d
�
�1
v �d,v(M (v)

� (X̂(v))�2
�X

(v))
P

v R
v,d��1

v �d,v(M (v) � (X̂(v))�1)

3.1.2. Variational Inference

In this section, we present a variational Bayesian method to make inference on the cou-

pled tensor factorization models (CTF-VB) and to derive update equations for these models

that handles the simultaneous tensor factorizations where multiple observations tensors are

available. Here, we use the Kullback-Leibler (KL) divergence as the cost function which is

equivalent to selecting the Poisson observation model [109, 110], while our approach can be

extended to other costs where a composite structure is present. The overall probabilistic model

where the symbols refer to Poisson and Gamma distributions respectively is defined at below.
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Figure 3.1. The generative model of the tensor

factorization framework as a Bayesian

network. The directed acyclic graph describes

the dependency structure of the variables: the

full joint distribution can be written as

p(X,S,⇥1:D) = p(X|S)p(S|⇥1:D)
Q

d p(⇥d).
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In this model, we choose the Gamma prior on the factors in order to preserve conjugacy. The

graphical model that represents a single tensor factorization is depicted in Figure 3.1. Note that

p(X|S) is a degenerate distribution that is defined as: p(X|S) =
Q

iv
�(Xiv �

P
k S). Here,

�(.) is the Kronecker delta function where �(x) = 1 when x = 0 and �(x) = 0 otherwise.

For a Bayesian point of view, a model is associated with a random variable � and

interacts with the observed data X simply as p(�|X) / p(X|�)p(�). The quantity p(X|�)

is called marginal likelihood [111] and it is average over the space of the parameters, in our

case, S and ⇥ as [109].

p(X|�) =

Z

⇥

d⇥
X

S

p(X|S,⇥,�)p(S,⇥|�) (3.5)

On the other hand, computation of this integral is itself a difficult task that requires

averaging on several models and parameters. There are several approximation methods

such as sampling or deterministic approximations such as Gaussian approximation. One

other approximation method is to bound the log marginal likelihood by using variational

inference [109, 111, 112] where an approximating distribution q is introduced into the log
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marginal likelihood equation:

log p(X|�) �

Z

⇥

d⇥
X

S

q(S|⇥) log
p(X,S,⇥|�)

q(S,⇥)
(3.6)

where the bound attains its maximum and becomes equal to the log marginal likelihood

whenever q(S,⇥) is set as p(S,⇥|X,�), that is the exact posterior distribution. However, the

posterior is usually intractable, and rather, inducing the approximating distribution becomes

easier. Here, the approximating distribution q is chosen such that it assumes no coupling

between the hidden variables such that it factorizes into independent distributions as q(S,⇥) =

q(S)q(⇥). As exact computation is intractable, we will resort to standard variational Bayes

approximations [111,112]. The interesting result is that we get a belief propagation algorithm

for marginal intensity fields rather than marginal probabilities.

We present variational Bayesian coupled tensor factorization as an approach to exploit-

ing side information, i.e., each decomposition is coupled by sharing some factor matrices. As

in Section 3.1.1, each observed tensor X(v) has a corresponding index set iv and we define the

V ⇥D coupling matrix R. Additionally, we define another particular configuration for index

set of S(v) will be denoted by
S

Rv,d=1 id ⌘ rv. For the coupled factorization (CTF-VB), we

get the following expression of the cell probabilities Pv(rv) here as:

Pv(rv) =
exp(

P
dhlog⇥di)P

k exp(
P

dhlog⇥di)
=

Q
d exp(hlog⇥di)P

k

Q
d exp(hlog⇥di)

=

Q
d Ld

(X̂L)
(v)
iv

(3.7)

Then the sufficient statistics hSv(rv)i turns to

hSv(rv)i = X
(v)
iv Pv(rv) =

X
(v)
iv

(X̂L)
(v)
iv

Y

d

Ld (3.8)

Now we turn to formulating q(⇥). The distribution q⇥d
is obtained similarly as after we
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expand the log and drop irrelevant terms it becomes proportional to

q⇥d
/ exp (hlog p(S|⇥) + log p(⇥|�)iq/q⇥d

) (3.9)

/ log⇥d(Ad � 1 +
X

v

R
v,d
X

k

hSv(rv)i
Rv,d

)

�⇥d(
Ad

Bd
+
X

v

R
v,d
X

k

Y

d06=d

h⇥d0i
Rv,d

)

which is the distribution q⇥d
⇠ G(Cd, Dd) where the shape and scale parameters for q⇥d

are

Cd = Ad +
X

v

R
v,d
Ld ��d(M

(v)
�X

(v)
/(X̂L)

(v)) (3.10)

Dd = (Ad/Bd +
X

v

R
v,d�d(M

(v)))�1 (3.11)

that, in turn, since h⇥di is Cd �Dd, the sufficient statistics for q(⇥d) become:

h⇥di = Ed  
Ad +

P
v R

v,d
Ld ��d(M (v)

�X
(v)
/(X̂L)(v))

Ad
Bd

+
P

v R
v,d�d(M (v))

(3.12)

3.1.3. Markov Chain Monte Carlo

In this section we present how to use SGLD as an inference method to develop our

CTF algorithm. Recently Ahn et al [113] proposed a distributed stochastic gradient MCMC

algorithm (SG-MCMC) for the matrix factorization framework that uses the same model in

Bayesian probabilistic matrix factorization (BPMF) [106]. In this section, we extend the

existing work and propose a generalized approach that can be used for different Bayesian

models and for the inference and estimation of various coupled tensor factorization models.

In the following, we consider the general structure of a probabilistic model to be able to

cover several likelihood functions. In Chapter 4 we will provide two specific probabilistic

models, namely Poisson-Gamma and Normal-Normal for arbitrary collections of tensors and



38

matrices. In MCMC, we are interested in approximating posterior distribution as follows:

P (X(v)
iv

⇤
|X

(v)
iv ) ⇡

1

T

TX

t=1

P (X(v)
iv

⇤
|{⇥d

(t)
}d2Sv) (3.13)

where {⇥(t)
d } is the t

th sample from the posterior distribution: P ({⇥d}d2Sv |X
(v)). We will

now describe how SGLD is used to generate these samples in CTF models. We will consider

the coupled model that is illustrated in Figure 2.1.

X
(1)
⇡ X̂

(1) =
D
✓(1)
i1 ,✓(2)

i2 ,✓(3)
i3

E
(3.14)

X
(2)
⇡ X̂

(2) =
D
✓(2)
i2 ,✓(4)

i4

E
(3.15)

As we mentioned in Section 2.3, SGLD is very similar to the SGD algorithm. There is only

one difference that SGLD adds a Gaussian noise to SGD at each iteration. For CTF models,

the update rules used for estimation of the independent and the shared factors are different. In

each iteration, SGLD applies the update rule given below to get the samples of the private

factors:

⇥(t)
d = ⇥d

(t�1) +r⇥d
(t) (3.16)

for d = {1, 3, 4} and the shared factor:

⇥(t)
d = ⇥d

(t�1) +
X

v2V

r⇥d
(t) (3.17)

for d = 2 and V = {1, 2} (Because, the common latent structure ⇥2 participates in both X
(1)

and X
(2) in our specific model). In these equations �⇥d

(t) s are computed as:

�⇥d
(t) = t

⇣
Cv

B

X

iv2B(t)

r✓idk
logP (X(v)

iv | {✓idk
(t�1)

}d2Sv) +r✓idk
logP (✓idk

(t�1))
⌘
+  

(t)

(3.18)

where the conditional distribution of the observed dataset X(v) (the likelihood term) and the
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prior distributions over ⇥d s are given as: P (X(v)
|{⇥d}d2Sv) and P (⇥d|⌧⇥d

) respectively

(Here, ⌧⇥d
is the set of hyperparameters of the prior distribution). Besides, Cv is the number

of elements in X
(v), iv is the row indices of X(v), B is the minibatch size, r denotes the

gradients and B
(v)
(t) ⇢ n1 ⇥ . . .⇥ n|Sv | is the set of entries that are subsampled from X

(v) at

iteration t. The entries of the noise matrix  (t) are independently sampled from a Normal

distribution:  (t)
⇠ N (0, 2tI). For convergence, the step size t must satisfy:

1X

t=0

t =1 and
1X

t=0


2
t <1
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4. DIFFERENTIALLY PRIVATE COUPLED TENSOR

FACTORIZATION

Data matrices are the fundamental structure in several applications, like recommender

systems, text mining and gene expression. Note that, matrices are natural for describing

binary relations (such as user-item) but many data analysis tasks call for more complex

setups where the data is collected from heterogeneous data sources and consists of ternary

or higher order relations (such as user-item-time) and they are represented by a collection

of matrices and/or tensors. In this chapter, we present an approach that allows us making

useful inferences from a distributed dataset organized as a collection of matrices and tensors

without explicitly revealing individual data items. Each matrix/tensor in our dataset represents

a relation between multiple entities. Specifically, we allow parts of each data to be owned by

a different party (for example ratings for the same movie by different users on different sites);

hence data is naturally distributed. In such a distributed scenario, the dataset can be jointly

analyzed by CTF models.

X(1)

X(2)

i1

i2

(a)

X(1) X(2)

i2
i1

(b)

X(1)

X(2)

i1

i2

(c)

Figure 4.1. Matrix partitioning scenarios: a) row-distributed, b) column-distributed, c)

arbitrarily distributed entries.

For the models presented in this chapter, we consider that the target dataset X is

partitioned into N subsets as {X
(v)

}
N
v=1 (or N subsets composes X ) where the subsets are

located in N distinct data sites. Each data subset X(v)
2 Rn1⇥...⇥n|Sv | is approximated as the

outer product of rank-K factors ⇥(v)
d 2 Rnd⇥K , 8d 2 {1, . . . , |Sv|}. Several scenarios can
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appear subject to the distribution of matrix entries across distinct data sites. In the simplest

scenario of a matrix, we can identify three cases that have practical privacy implications: i)

row-distributed, ii) column-distributed and iii) arbitrarily-distributed (possibly overlapping)

as shown in Figure 4.1. The row-distributed scenario is appropriate for recommender systems

where disjoint sets of users rate a common set of items. The healthcare systems naturally fit

to the column-distributed scenario where medical conditions (test results, symptoms, etc.) of

a patient are distributed among several hospitals and insurance companies. In this case, the

hospitals/companies have common patients’ records on disjoint sets of medical conditions

and they may require to protect the privacy of medical conditions on the records.

Besides, we may have more complex interactions in practice. Some of the items and

users can be common to both sites, but each site may have specific data not shared by the

other peer. In this mixed scenario, we have multiple data partitions from multiple companies,

and can encounter common users and/or items as in the example given by Figure 4.1(c). In

case of more complex relational data, we may have tensors with distributed entries. Such

tensor data with a richer relational structure calls for more flexible arrangements in terms of

entity type and particular privacy requirement.

In this chapter, we will propose a flexible method that covers all kinds of entry distri-

butions. However, our main focus is to preserve the users’ privacy; so we design a setting

that the data owners do not inform the other sites about their users’ identities. To clarify, each

user will be assumed to be unique while items can be common at different sites. In the matrix

case, this corresponds to a row-distributed scenario, yet for tensor data we can have other

common entity types. For example, an entire slice of a tensor can have specific information

about a user over several entities, that we assume are private only at a given site, however

other entities are common and known by the other parties.

As we mentioned in Section 2.2, differential privacy is examined in two different

context: centralized-DP (CDP) and local-DP (LDP). In Section 4.1, we propose a provably

differentially private treatment of CMF models for these two notions of privacy. To provide

the CDP, we use the connection between differential privacy and SGLD. Then, we propose

two different CMF models that provide LDP by using the privatization method introduced
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in [57] and Gibbs sampling [114,115] for inference in the locally differentially private models.

In Section 4.2, we propose CTF models that provides CDP with advanced composition (AC)

and composition under zCDP constraints.

In addition to the centralized-DP and the local-DP, the proposed methods allow us to

define two levels of privacy protection: i) user-level and ii) site-level. The user-level DP

provides privacy protection for the user-definite sensitive information for each user in the

data site while using accumulated information for the profit of all users. This privacy notion

protect each user’s privacy against every single user even if they are in the same data site. It

means the individuals don’t feel free to allow their raw data to be used even by their own data

sites, so the local data is not fully accessible to its owner. This is a stronger form of privacy

protection than the site-level privacy.

Besides, the need for site-level privacy appears in distributed setting where each one

of the N parties holds some private data and desires to jointly process the all data to obtain

some valuable output. The important thing is that each data site respects the privacy of the

others and the site-definite data privacy is provably protected for all data sites. In this setting,

it can be acceptable that each site can use their own data without privacy protection (the

local data is accessible to its owner), but it should release the data by providing ✏-DP for its

users independently. Thus, for a data site n, user-level DP is not protected in site-n but it is

protected against the other N � 1 data sites.

We will first develop our differentially private CMF models in Section 4.1 and then we

describe more generalized differentially private CTF models in Section 4.2. We give specific

names to the methods based on these privacy definitions in the following sections.

4.1. Coupled Matrix Factorization

In this section, we will present a coupled matrix factorization (CMF) model which is a

subset of CTF model in a distributed scenario. We will start with the CMF model in order to

make the model and notation simpler. In this way, the differentially private data sharing model

via matrix and tensor factorization becomes easier to understand. Afterwards, we generalize
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the differentially private algorithms for CMF models to CTF models to cover all possible

model topologies and data sharing settings.

First, we will describe a provably differentially private treatment of several CMF models

for the two notions of privacy: i) centralized differential privacy (CDP) and ii) local differential

privacy (LDP). Centralized-DP is the classical definition of differential privacy and some

studies refer it as global differential privacy in the literature [59, 89, 90]. Throughout this

section, we call it centralized-DP (CDP). To provide the CDP, we use the novel connection

between differential privacy and sampling from the posterior distribution of the parameters

of a statistical model via SGLD [28]. We propose two different CMF models that provide

LDP [57, 60, 61], which is a stronger form of privacy compared to the CDP. We use Gibbs

sampling [114, 115] for inference in the locally differentially private models.

4.1.1. Problem Definition and CMF Notation

We first consider the following simple CMF model and, in the next section, we construct

various CTF models based on a more complicated data sharing scenarios. For the models

presented in this section, we consider that the target dataset is represented as an I ⇥ J matrix

X where the rows of X represent one type of entity (generally user) and the columns of X

represent the other type of entity (generally item). In this notation, the element xi,j expresses

the value of the relation between entities i and j for i = 1, · · · , I and j = 1, . . . , J .

We assume the data matrix X is partitioned into N submatrices, these submatrices

are distributed among N different data sites and each site n for n = 1, . . . , N has access

to the submatrix X
(n). Each data subset X(n)

2 RIn⇥Jn (with cardinalities In and Jn

for n = 1, . . . , N ) is approximated as: X
(n)
⇡ U

(n)
V

(n). Here, U (n)
2 RIn⇥D and

V
(n)
2 RD⇥Jn are the rank-D matrices with vectors U

(n)
in (that represents user-specific

latent feature vector) and V
(n)
jn (that represents the item-specific latent feature vector) where

in = 1, . . . , In and jn = 1, . . . , Jn. Our objective is to predict the value of some specific entry

x
(n)
in,jn =

PD
d=1 U

(n)
in,d

V
(n)
d,jn

of the data site n.

In this section, our main goal is to preserve the users’ privacy; so we design a setting
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that the data owners do not inform the other sites about their users’ identities. Eventually, each

user is accepted unique even if it appears in different data sites while the items can be common

for different sites. Therefore, we use the row-distributed scenario shown in Figure 4.1(a)

where the dataset is partitioned based on the users’ data and the item set is common for all the

sites.

Site 1 Site 2

x1,1 x1,2 x2,1 x2,2 x3,1 x3,2

u2,2 u2,3u1,1

v1,1 v1,2 v2,1 v2,2

Si
te

 1
Si

te
 2

v1 v2

u2

u3

u1x1,1 x1,2

x2,1 x2,2

x3,1 x3,2

v1 v2

X(1) U (1) V (1)

X(2) U (2) V (2)

⇡

⇡

⇥

⇥

Figure 4.2. Graphical model and matrix factorization representation of individual learning

without data sharing.

The default situation is no data sharing (that is shown in Figure 4.2). Here, suppose the users’

ratings on an item set are placed in two distinct data sites where the first data site (site 1) has

access to X
(1) and the second data site (site 2) has access to X

(2). In this case, each site keeps

its own user factor and item factor in its local; e.g. data site 1 keeps U (1), V (1) and data site 2

keeps U (2), V (2). Then, the sites decompose their data as follows:

X
(1)
⇡ X̂

(1) = U
(1)

V
(1)

X
(2)
⇡ X̂

(2) = U
(2)

V
(2)

On the other hand, protecting privacy permits a pooled analysis. We present a coupled

matrix factorization model that transfers information across the data sites over a shared latent

factor. In our design shown in Figure 4.3, X(1) and X
(2) are collectively decomposed as

X
(1)
⇡ U

(1)
V and X

(2)
⇡ U

(2)
V . Here, U (1) and U

(2) are the user profile factors that are

private to the data sites X
(1) and X

(2) respectively. V is a shared item profile factor that

is common between the two data sites, so we do not put a superscript to describe the data

site number. Our main objective is to design a privacy preserving scheme that only privately
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releases the shared factor(s) to public and allows the individual data sites to infer the private

factor(s) locally. Accordingly, once the final item profile matrix V is learned and published

differentially privately, a data site n infers the user profile matrix U
(n). Afterwards, the data

site n can further predict its ratings on all the items privately by using U
(n) and V .

In the privacy-preserving model, the data sites are allowed to inform each other about

the items they have; thus V contains all the items in the model. As a result of this, each data

site owns a subset of the whole item set and only updates the corresponding subset of V . (In

our experiments, we assume that all the data sites have the complete item set.) On the other

hand, the sites are uninformed about the users’ identities that each other have, and some of

the users may possibly be common for both data sites. (But, the data sites do not know that

they have the same users’ data.) These users are represented by the corresponding rows of

U
(1) in the local of site 1 and with the corresponding rows of U (2) in the local of site 2. (U (1)

and U
(2) are updated privately.)

Site 1 Site 2

v1 v2

x1,1 x1,2 x2,1 x2,2 x3,1 x3,2

u2,2 u2,3u1,1

Si
te

 1
Si

te
 2

v1 v2

u2

u3

u1x1,1 x1,2

x2,1 x2,2

x3,1 x3,2

V

X(1)

X(2)

U (1)

U (2)

⇡

⇡

⇥

⇥

Figure 4.3. CDP model. Graphical model and matrix factorization representation of private

learning by sharing a latent common factor. The common factor V is learned collectively by

X
(1) and X

(2).

4.1.2. Probabilistic Model

We instantiate the general model by specifying the conditional distribution of the

observed data X(1)
2 RI1⇥J (the likelihood term) and the prior distribution over U (1)

2 RI1⇥D
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and V 2 RD⇥J as:

p(X(1)
| U

(1)
, V ) =

QI1
i1=1

QJ
j=1 PO(x(1)

i1,j | U
(1)
i1 Vj) (4.1)

p(U (1)
| ✓U(1)) =

QI1
i1=1 G(U (1)

i1 | ↵U(1) , �U(1)) (4.2)

p(V | ✓V ) =
QJ

j=1 G(Vj | ↵V , �V ) (4.3)

where PO denotes the Poisson distribution and G(· | ↵, �) denotes the Gamma distribution

with hyperparameters ↵ and � which reflect our prior knowledge about the specific problem.

We assume that ✓U(1) = (↵U(1) , �U(1)) and ✓V = (↵V , �V ) can be treated as constant during

training. In this model, we chose a Gamma distribution as prior for computational convenience

where Gamma is the conjugate prior of the Poisson distribution.

The likelihood term for X(2)
2 RI2⇥J , the priors over U (2)

2 RI2⇥D are defined similarly.

Throughout this paper, we will use the same likelihood and the prior distributions. Finally, we

define the posterior distributions P (1) and P
(2) for data site 1 and data site 2 as:

P
(1)
/ p(U (1)

, V | X
(1)
,⇥(1)) = p(X(1)

| U
(1)
, V ) p(U (1)

| ✓U(1)) p(V | ✓V ) (4.4)

P
(2)
/ p(U (2)

, V | X
(2)
,⇥(2)) = p(X(2)

| U
(2)
, V ) p(U (2)

| ✓U(2)) p(V | ✓V ) (4.5)

where ⇥(1) = (✓U(1) , ✓V ) and ⇥(2) = (✓U(2) , ✓V ).

In the following, we propose several approaches to protect privacy in different scenarios

involving information sharing. First, we develop an MCMC method for matrix factorization

based on SGLD that protects CDP [28] for the model shown in Figure 4.3. Then, we propose

an alternative approach for the models presented in Figure 4.4 and Figure 4.5 to guarantee

differential privacy under the local privacy constraints.

4.1.3. Centralized Differential Privacy

In this section, we use the connection between SGLD and differential privacy and

propose the specialized version of the SGLD algorithm of Li et al [28] in order to guarantee



47

(✏, �)-DP for CMF models. Here, we recall the DP definition for the ease of convenience:

P (A(X) 2 R)  e
✏
P (A(Y ) 2 R) + � (4.6)

In our approach to CDP, the abstract randomized algorithm A that is defined in Equation

(4.6) is chosen to be an SGLD sampler. When the SGLD sampler’s parameters (that are used

to determine the stepsize and the noise) are chosen appropriately and the gradient norm is

clipped to satisfy Lipschitz condition, the SGLD sampler can produce multiple samples from

a posterior distribution differentially privately with a fixed privacy budget. In [28], Li et al

propose two theorems, Theorem 4.1 and Theorem 4.2 that restrict the selection of the stepsize

parameter. These theorems imply that one can approximate the posterior mean using SGLD

privately. We first recap these Theorems, then we give Theorem 4.3 that claims the latent

factors U and V are updated in each iteration differentially privately.

Theorem 4.1. (Theorem 3 in [28]): When the stepsize decreases at the rate of O(t�1/3),

there exist positive constants c1 and c2 such that given the sampling probability q = B/S,

number of iterations T , gradient clipping norm G and ✏ < c1q
2
T

2/3, then the SGLD algorithm

updates the model parameter ✓ to enable (✏, �)-differential privacy as long as stepsize ⌘t

satisfies:

(1) ⌘t  S
G2 ,

(2) ⌘t > q2S
256L2 ,

(3) ⌘t < ✏2St�1/3

c22G
2T 2/3 log(1/�)

.

Theorem 4.2. (Theorem 4 in [28]): When the stepsize is fixed to ⌘t = ⌘ under the same

setting as Theorem 4.1, the SGLD algorithm updates the model parameter ✓ to enable

(✏, �)-differential privacy as long as ⌘ <
✏2S

c2G2T log(1/�) for a constant c.

Li et al theoretically showed that they improved the bound of ⌘t given by Wang et

al [27] by a factor of T (1/3) log(T/�) at the first iteration. They also empirically compared

the stepsizes when S=50000, T=10000, G=1, ✏ =0.1 and �=10�5. For the same privacy

loss, the stepsize is computed as ⌘t < 0.103 with Theorem 4.1 while Wang et al [27] gives
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⌘t < 1.54 ⇥ 10�6. It is obvious that the stepsize obtained by Wang et al is quite small to

be used in practice, so the new method [28] is able to achieve higher accuracy for a certain

amount of privacy.

To provide CDP, we adopt the theorems given above and make a minor modification to

derive a novel differentially private CMF model. In our setting, there are two model parame-

ters U and V . The loss function `(X|U, V ) corresponds to �
PI

i=1

PJ
j=1 log p(xi,j|Ui, Vj);

the regularizers r(U) and r(V ) correspond to�
PI

i=1 log p(Ui) and�
PJ

j=1 log p(Vj) respec-

tively under the ERM. To ensure DP, the loss function is required to be Lipschitz smooth with

constant L [27, 91, 116]. If a function f is Lipschitz smooth with constant L, then its deriva-

tives (in our case the computed gradients of the loss function) are Lipschitz continuous with

constant L. Formally, L-Lipschitz condition is satisfied [117, 118] for a function f : R! R

for any x and y if:

|f
0(x)|  L and

k rf(x)�rf(y) k  L k x� y k

In Theorem 4.3, we claim that U and V are updated in each iteration differentially privately,

and we prove this theorem in Appendix B.

Theorem 4.3. Suppose the initial components U (0), V (0) are chosen independently from the

data and the loss function `(X|U, V ) is L-smooth with respect to k · k2 for any X 2 RI⇥J ,

U 2 RI⇥D and V 2 RD⇥J where the data size S = |I|⇥|J |. Let q, T , G, c, c1, c2 and ✏ be

chosen such that ✏ < c1q
2
T

2/3. Then, Algorithm 2 updates the model parameters U and V to

enable (✏, �)-differential privacy as long as stepsize ⌘t satisfies the conditions in Theorem 4.1

when the stepsize decreases at the rate of O(t�1/3) or in Theorem 4.2 when the stepsize is

fixed.

To ensure the L-Lipschitz condition, we apply gradient norm clipping that is commonly

used to normalize the gradients of a parameter vector when its L2 norm exceeds a cer-

tain threshold. When we use a constant value G to clip the gradients, the sensitivity of
P

(i,j)2B(t) r log p(xi,j|U
(t�1)
i , V

(t�1)
j ) becomes at most 2G.
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For the proposed matrix factorization models, we will apply the SGLD [29] to derive

the update rules iteratively for the two kinds of factors. We obtain the samples of the private

factors U (n,t)s for n = {1, · · · , N} and the common factor V (t) as follows:

U
(n,t) = U

(n,t�1) +�U
(n,t)

V
(t) = V

(t�1) +
NX

n=1

�V
(n,t)

where n and t denote the site number and the iteration number respectively. The site-specific

private factors U (n,t)s are computed by using each data site’s own data X
(n), and the shared

factor V (t) is computed by all sites that share this common factor. In the following, we show

the detailed computations of the factors.

First, we apply the following update rule in order to obtain the samples of the shared

factor. It must be noted that only the data sites that share a common factor V need to compute

the gradients; then all these local gradients are summed to update V . In our specific model,

the common latent structure V participates in all the data partitions for n = {1, · · · , N}. We

first compute the gradients �V
(n,t) for each n, then clip the gradient norm to ensure that the

computed gradients satisfy the Lipschitz condition in Theorem 4.3 and finally update V as

follows:

�V
(n,t) =

S
(n)

B

X

(in,j)2B(n,t)

rVj log p(x
(n)
in,j|U

(n,t�1)
in , V

(t�1)
j ) +rVj log p(V

(t�1))
⌘

(4.7)

�Ṽ
(n,t) = �V

(n,t)
/max

⇣
1,
k �V

(n,t)
k2

G

⌘
(4.8)

V
(t)
j = V

(t�1)
j +

NX

n=1

⇣
⌘t�Ṽ

(n,t) + ⇠
(n,t)
⌘

(4.9)

where r denotes the gradients, S(n) is the number of elements in X
(n), in and j are the row

and column indices of X(n) respectively. When using a minibatch of size B, B
(n,t)
⇢ In ⇥ J

is the set of entries that are subsampled from X
(n) at iteration t. A privacy-preserving CMF

scheme should guarantee that the execution of the algorithm exposes only the shared factor by

providing (✏, �)-DP. The privacy is protected by adjusting the stepsize ⌘t and the noise matrix

⇠
(n,t) that is of the same size as V and its entries are independently Gaussian distributed. The

Gaussian noise is added into gradients of parameter V at every update step. We give the
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details how we adjust these parameters in Appendix B.

Note that the index j that corresponds to the common mode should be the same for all

relations during the computation of the shared factor. In this method, each data site stores

its private factors in its local memory. For the shared factors, there are two options that are

equivalent from a privacy perspective: i) each data site keeps copies of the shared factors and

updates them after collecting the gradients from the other data sites or ii) an independent data

site keeps the shared factors and updates them after collecting the gradients from all the data

sites. We use the second option in our experiments.

Next, we derive the update rules in order to obtain the samples of the private factor

U
(n,t) that is specific for the data site n. The update rule differs for site-level and user-level

DP. To protect site-level DP, the algorithm publish the shared factor V to satisfy (✏, �)-DP

while each private factor U (n,t) is kept in the local of a data site and is updated without privacy

constraints. The update rule that is used to protect site-level DP is:

�U
(n,t) = t

⇣
S
(n)

B

X

(in,j)2B(n,t)

r
U

(n)
in

log p(x(n)
in,j|U

(n,t�1)
in , V

(t�1)
j )

+r
U

(n)
in

log p(U (n,t�1)
in )

⌘
+  

(t) (4.10)

U
(n,t)
in = U

(n,t�1)
in +�U

(n,t) (4.11)

Here, the noise matrix  (t) is of the same size as U
(n,t) and its entries are independently

Gaussian distributed:  (t)
in,d
⇠ N (0, 2t). For convergence, the step size t must satisfy:

P1
t=0 t =1 and

P1
t=0(t)

2
<1.

To protect user-level privacy, in addition to the shared factors, all the private factors

U
(n,t) should satisfy (✏, �)-DP. This means no user can learn private ratings of others even in
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Algorithm 1 Differentially Private SGLD for Coupled Matrix Factorization
1: Inputs: Number of parties N , number of iterations T , minibatch size B, privacy param-

eters ✏ and �, gradient clipping norm G, data matrices: {X
(n)

}
N
n=1 and initial factors:

{U
(n,0)

}
N
n=1, V (0)

2: Outputs: {U
(1,t)

, · · · , U
(N,t)

}
T
t=1, {V

(t)
}
T
t=1

3: for t 1 to T do

4: for Each data site n = 1 . . . N do

5: Set the step size t and ⌘t

6: Sample each coord. of  (t) i.i.d from N (0, 2t) and ⇠(n,t) i.i.d from N (0, �2
t )

where �2
t = c22G

2T 2/3t1/3 log(1/�)
✏2S2 ⌘

2
t I _ �2

t = ⌘20G
2⌘2t

q2 I

7: Sample a minibatch B
(n,t) from X

(n) of size B

8: for each in and j in B
(n,t) do

9: if site-level privacy then

10: Update private factors U (n,t) using Eqn. (4.11)

11: else if user-level privacy then

12: Compute (4.12) and clip gradients (4.13) for private factors U (n,t)

13: Update private factors U (n,t) using Eqn. (4.14)

14: end if

15: Compute gradients for shared factors using Eqn. (4.7)

16: Clip gradients for shared factors using Eqn. (4.8)

17: end for

18: end for

19: Update shared factor V (t) using Eqn. (4.9)

20: Return U
(n,t) and V

(t) as a posterior sample

21: end for

the same data site. The following update rule is applied for this purpose.

�U
(n,t) =

S
(n)

B

X

(in,j)2B(n,t)

r
U

(n)
in

log p(x(n)
in,j|U

(n,t�1)
in , V

(t�1)
j ) +r

U
(n)
in

log p(U (n,t�1)
in )

⌘

(4.12)

�Ũ
(n,t) = �U

(n,t)
/max

⇣
1,
k �U

(n,t)
k2

G

⌘
(4.13)

Uin
(n,t) = Uin

n,t�1 +
⇣
⌘t�Ũ

(n,t) + ⇠
(n,t)
⌘

(4.14)
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Here, the stepsize ⌘t and the noise matrix ⇠(n,t) is chosen in the same way in the update rule

for shared factors which is given in Equation (4.9). Differentially private CMF method that

ensures CDP is fully described in Algorithm 1.

4.1.4. Local Differential Privacy

Local Differential Privacy (LDP) definition naturally fits our scenario where N distinct

parties hold sensitive data from several individuals, and they wish to jointly estimate parame-

ters of a statistical model conditioned on all data. Formally, there are N data sites each owning

a dataset X(n)
2 X where X = {X

(n)
}
N
n=1 and each X

(n) is independently sampled from

some distribution P . A randomized response method R maps the original random variables

X
(n)
2 X to the privatized (perturbed) observations Z(n)

2 Z where Z = {Z
(n)

}
N
n=1 and this

process is called privatization. In this way, the algorithm only sees the perturbed observations

and the data remains private for even the algorithm. Our aim is to develop a coupled matrix

factorization (CMF) framework for data sharing under LDP constraints. Most recently, Schein

et al [57] introduced Bayesian inference under LDP. We use the privatization mechanism

introduced in [57] to prove that our framework is locally differentially private.

In our local privacy setting, data matrices {X
(n)

}
N
n=1 are independently sampled from a

Poisson distribution where each instance xi,j in this data set is an independent Poisson random

variable. Here, we target the Poisson matrix factorization [109], where X holds the count

data and each element of this matrix xi,j is drawn as follows:

�i,j = UiVj xi,j ⇠ PO(�i,j)

At this point, we have to choose a privatizing noise model to generate the perturbed observation

matrices Z
(n)’s from X

(n)’s. In privacy literature, the standard noise adding mechanisms

are Laplace and Gaussian which generate noise from real-valued distributions. However,

they are not natural choices for count values. In [57] they showed that adding noise from

a two-sided Geometric distribution to each of the observations guarantees ✏-DP [119]. A

two-sided geometric random variable ⌧ ⇠ GE(✏) is an integer where ⌧ 2 Z. The probability

mass function of the two-sided geometric distribution is: 2GE(⌧, ✏) = 1�✏
1+✏✏

|⌧ |. Then, each
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observation xi,j is privatized as follows:

⌧i,j ⇠ 2GE(✏) , zi,j = xi,j + ⌧i,j (4.15)

In this section we define an MCMC algorithm that samples differentially privately

from the distribution P defined in the following based on access to obscured views Z
(n)s

of the original data X
(n). We apply the privatization method in [57] to our coupled matrix

factorization models and propose two locally differentially private CMF models: LDP1 and

LDP2.

Local DP Model 1 (LDP1) . In this model, information is shared among a common

factor V between the data sites. To protect ✏-DP, each site with data X
(n) sends a perturbed

version of the data Z(n), via the ✏-locally differentially privatization mechanism R. Given the

perturbed views {Z
(n)

}
N
n=1, all the data sites make inferences based on the induced posterior

distributions. According to this model definition, a data site has to use the privatized view

of its own data to infer the ‘site specific’ private components (U (n) is inferred by using Z
(n)

for n = 1, · · · , N ). The common component V that is shared between all of the data sites is

inferred by using the privatized views from all of the data sites, i.e., V is inferred by using

{Z
(n)

}
N
n=1.

Site 1 Site 2

VU (1) U (2)

X(1) X(2)

Z(2)Z(1)

Si
te

 1
Si

te
 2

⇡ ⇥ V
X(1)

X(2)

q(Z(1)
| X(1))

q(Z(2)
| X(2))

Z(1)

Z(2)

U (1)

U (2)

Figure 4.4. LDP1 model. Graphical model and matrix factorization representation of locally

differentially private learning by sharing a common factor. The common factor V is learned

collectively by the privatized data Z
(1) and Z

(2).

Figure 4.4 provides an example model for two data sites. Here, site 1 privatizes

X
(1) with the method defined in Equation (4.15) and site 2 privatizes X

(2) likewise. In
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this case, each data site learns U
(1) and U

(2) by decomposing the perturbed data Z
(1) and

Z
(2) respectively. However, the common component V is shared by the both sites and it is

learned by simultaneous decomposition of Z(1) and Z
(2). This gives us the following matrix

factorization model:

Z
(1)
⇡ U

(1)
V Z

(2)
⇡ U

(2)
V

and the posterior distributions for the given model is written as follows:

P
(1)
/ p(U (1)

, V | X
(1)
,⇥(1)) = p(Z(1)

| U
(1)
, V ) p(U (1)

| ✓U(1)) p(V | ✓V )

P
(2)
/ p(U (2)

, V | X
(2)
,⇥(2)) = p(Z(2)

| U
(2)
, V ) p(U (2)

| ✓U(2)) p(V | ✓V )

where ⇥(1) = (✓U(1) , ✓V ) and ⇥(2) = (✓U(2) , ✓V ).

Local DP Model 2 (LDP2) . The prediction accuracy depends on the amount of

information that each data site is willing to share with the system. The first local-DP model,

LDP1, directly follows the definition of local differential privacy where each data site first

privatizes its data; then shares the privatized view with the system. Hence, this model protects

both user-level and site-level privacy for each data site.

Here, we design a more flexible, hybrid model LDP2, which still preserves site-level

✏-LDP for each data site n, however it cannot protect the user-level privacy in data site n. This

model is useful when the local data is fully accessible to its owner and sharing of preferences

between the local users without privacy protection is acceptable. Contrary to LDP1, each data

site n factorizes both the original data (X(n)) in its own site without privacy protection and the

privatized data views observed from the other sites ({Z(n0)
}
N
n0=1 for n0

6= n) simultaneously.

We will demonstrate the gain from access to a non-private view of the self-data in Section 7.1.

An illustrative example is shown in Figure 4.5 for a special case with two data sites.

In this model, site 1 jointly decomposes its own data X
(1) and the privatized data Z

(2) to

infer the private component U (1) and the shared component V (1). Here, Z(2) is used as the
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Site 1 Site 2

U (1) V (1) V (2) U (2)

X(2)X(1)
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U (1)�
U (2)�
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V (2)
q(Z

(1)
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(1)
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(2
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) )

U (2)�

U (1)�

Figure 4.5. LDP2 model. Graphical model and matrix factorization representation of locally

differentially private learning where each of the data sites factorizes collectively both the

original data X
(1) and X

(2) and the privatized data views Z(1) and Z
(2) that are observed

from the other sites.

auxiliary data, so U
(2)0 is an auxiliary component that is not used to reconstruct X(1). (Site 2

learns U (2) and V
(2) in the same manner.) Finally, we obtain the following model:

X
(1)
⇡ U

(1)
V

(1)
X

(2)
⇡ U

(2)
V

(2)

Z
(1)
⇡ U

(1)0
V

(2)
Z

(2)
⇡ U

(2)0
V

(1)

and the posterior distributions for site 1 and site 2 are defined as follows:

P
(1)
/ p(U (1)

, V
(1)
, U

(2)0
| X

(1)
, Z

(2)
,⇥(1))

P
(2)
/ p(U (2)

, V
(2)
, U

(1)0
| X

(2)
, Z

(1)
,⇥(2))

where ⇥(1) = (✓U(1) , ✓U(2)0 , ✓V (1)) and ⇥(2) = (✓U(2) , ✓U(1)0 , ✓V (2)).

One particularly effective model is Gibbs sampling for Bayesian matrix factorization

models where predictions are averaged over samples from the posterior distribution [106].

In the general case of Gibbs sampling, a sequence of samples of U and V are drawn from

their conditional posterior densities of the model parameters as given in (4.16) and (4.17)

where t = 1, · · · , T denotes the iteration number. This procedure is the same as in non-private

Poisson factorization and it converges to a sample from the joint posterior.
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U
(t+1)

⇠ p(U | X, V
(t)
, ✓U) (4.16) V

(t+1)
⇠ p(V | X,U

(t)
, ✓V ) (4.17)

For LDP1 and LDP2, we first construct the privatized dataset Z from the original

observation X . In this step, we assume that we have the privacy mechanism that generates

two-sided geometric noise as given in Equation 4.15 so our MCMC algorithm guarantees ✏

-LDP. (In the Appendix D, we will explain two other privatization process.) Then, we generate

samples for the model components that are defined above by using Gibbs sampling. The

proposed model LDP1 preserves ✏-LDP for each user and LDP2 preserves ✏- LDP data site in

the system.

Lastly, we summarize our methods presented in this section () in Table 4.1 regarding

the privacy definitions they consider.

Table 4.1. Summary of the proposed DP methods in terms of the privacy contexts.

Privacy Definitions

Methods Centralized DP Local DP User-level DP Site-level DP

CDP (site) X X

CDP (user) X X X

LDP1 X X X

LDP2 X X

4.2. Coupled Tensor Factorization

This section considers a coupled tensor factorization setting, including two types of

factors: private and shared. If an entity type ed is specific to relation v, it implies that the

corresponding factor ⇥d impacts only the relation X
(v) and ⇥(v)

d is described as a private
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factor for relation v. Besides, if more than two relations share an entity type ed, it means

that the factor ⇥d is shared factor for a group of relations rather than a single relation and

the standard CTF can be obtained to model these multiple relations. Our main objective is

to design a privacy-preserving tensor factorization scheme that only privately releases the

shared factor(s) to public and allows the individual data sites to infer the private factor(s)

locally. The private factors are inferred by two methods: i) to protect site-level privacy and ii)

to protect user-level privacy. After that, each data site can predict its individual data entities

by computing the product of both private and shared factors.

Let us consider the situation shown in Figure 4.2 where the users’ ratings on an item set

are located in N different data sites. Here, ⇥2 is a common item profile factor that is shared

between all data sites (so we do not put a superscript to describe the relation); and the rest

{⇥(v)
1 }

N
v=1 are the user profile factors that are private to each data site X

(v).
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X(N) �(N)
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⇥

⇥

Figure 4.6. Example of matrix factorization setup: X(v)
⇡ ⇥(v)

1 ⇥T
2 for v = 1, . . . , N ; mode

e2 is shared between matrices.

We first consider the protection of site-level privacy, where the local data is accessible

to its owner site. In this scenario, the user’s data site is considered to be trusted and never

disclose users’ privacy. The final item profile matrix ⇥2 is published to satisfy site-level ✏-DP,

while each user profile matrix ⇥(v)
1 is kept in the local of a data site. To protect user-level

privacy, besides that the user profile vectors are kept private on the data site side, they should

be protected against the other users in the same data site. So long as these item profile vectors

satisfying ✏-DP, the user profile vector derived from them must satisfy ✏-DP as well, which

means no user can learn private ratings of others in the same data site. In both settings, once

⇥2 is learned and published privately, a data site v can infer its user profile matrix ⇥(v)
1 by
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using either method, then with both ⇥(v)
1 and ⇥2, it can further predict its ratings on all the

items locally.

.!
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(a) Model-1
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Figure 4.7. Examples of CTF setups: (a) shares one mode e2, (b) shares two modes e2 and e3

and (c) shares two modes e2, e3 between tensors {X
(v)

}
N
v=1 and shares e2 with auxiliary

item-feature matrix X
(N+1).

4.2.1. Probabilistic Model

First, we describe the probabilistic model to jointly factorize the multiple relations

represented by tensors. In order to be able to compare our methods with the state-of-the-art

methods by [1, 2], we consider the following probabilistic model [106] where the conditional

distribution of the observed dataset X(v) (the likelihood term) and the prior distributions over
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⇥d s are given as:

p(X(v)
| {⇥d}d2Sv) = N (X(v)

| {⇥d}d2Sv , ⌧
�1
v )

p(⇥d | µ⇥d
,⇤⇥d

) = N (⇥d | µ⇥d
,⇤�1

⇥d
)

Here, N denotes the Gaussian distribution with mean µ⇥d
and precision ⇤⇥d

where ⇤⇥d

is a K-dimensional diagonal matrix whose k-th diagonal element is �⇥dk. We choose the

following hyper-prior: �⇥dk ⇠ G(a0, b0) where G(a0, b0) denotes the Gamma distribution

with hyperparameters a0 and b0 which reflect our prior knowledge about the specific problem.

We assume that ⌧v, a0 and b0 can be treated as constant during training. Then, we define the

posterior distributions for each data site v as Pv:

Pv / p({⇥d}d2Sv | X
(v)
, {⌧d}d2Sv) = p(X(v)

| {⇥d}d2Sv)
Y

d2Sv

p(⇥d | ⌧⇥d
)

Even more general setups with arbitrary collections of tensors and matrices that share some

sets of entities can be modeled easily with proposed method. Some prototypical examples of

CTF are illustrated in Figure 4.7. In these setups, the problem of interest is tag prediction,

that is, to predict tags that users will assign to items. Here, the target tensors {X
(v)

}
N
v=1 are

constructed by the relation Sv = (e1, e2, e3) that indicates that user e1 tags item e2 with tag e3.

Additionally, auxiliary information is provided by matrix associating the items’ features and

it is stored in a public data site where all other data sites can reach the data without privacy

restrictions.

In the first scenario in Figure 4.7(a), the common item factor ⇥2 is shared between

the parties while the user and tag factors ⇥(v)
1 and ⇥(v)

3 are private to each data site v for

v = {1, . . . , N}. In our method, it is possible to share more than one factor between the

parties in order to increase the prediction quality by sharing more information privately.

Figure 4.7(b) illustrates the model where the parties share both item and tag factors ⇥2 and

⇥3 while user profile factors ⇥(v)
1 are inferred locally by each party v. Figure 4.7(c) shows

the last scenario: we integrate a public data site that has the item-feature matrix X
(N+1).

The relation SN+1 = (e2, e4) that characterizes items with a 1024-dimension feature vector
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constructs X(N+1), and the target tensors are complemented with X
(N+1).

4.2.2. Differential Privacy for Coupled Tensor Factorization

Here, we use the connection between the Bayesian posterior sampling and differential

privacy which has been studied in [27]. Wang et al have proved that SGLD [29] is (✏, �)-

differentially private with no algorithmic changes due to the use of Gaussian noise in the

updates. We begin with an overview of the specialized version of the SGLD algorithm of

Wang et al that guarantees (✏, �)-DP by using the Advanced Composition theorem. Then,

we propose our theorem that guarantees differential privacy for CTF models and we propose

an improved version of DP-SGLD by using the zCDP. In Section 7.2, we compare the

performances of CTF models with these two composition methods.

As in the previous section, we choose the abstract randomized algorithm A that is

defined in Equation (2.5) as an SGLD sampler and we adjust the stepsize and Gaussian noise

to produce multiple samples from a posterior distribution differentially privately. This time,

we use the Theorem 4.4 [27] that restricts the selection of the SGLD parameters to provide (✏,

�)-DP. They call the specialization of the SGLD procedure where the parameters are chosen

according to Theorem 4.4: DP-minibatch SGLD.

Theorem 4.4 (DP-minibatch SGLD). Assume the initial model parameter ✓(0) is chosen

independent of the data, also assume loss function `(X|✓) is L-smooth with k · k2 for any

X 2 X where X ✓ Rn for some n � 1. Besides, ✏, �, B and T should be chosen to

provide T �
✏2C

32B log(2/�) where C is the data size. Then, the update algorithm for ✓ provides

(✏, �)-differential privacy.

This theorem implies that one can approximate the posterior mean using SGLD privately. ✓

can be the finite dimensional parameter of a single exponential family model or a collection of

these in a graphical model. We adopt this theorem and make a small modification to derive a

novel differentially private coupled tensor factorization model that protects each site’s privacy
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by guaranteeing to protect every individual’s privacy.

In this setting, we have parameters {⇥d}
D
d=1. The loss function L =

PV
v=1 `(X

(v)
|{⇥d}d2Sv)

corresponds to �
PV

v=1

P
iv2⌦v

log p(X(v)
iv |
PK

k=1

Q
d2Sv

✓
(d)
idk

) and the regularizer r(⇥d) cor-

responds to �
Pnd

id=1 log p(✓id) under the empirical risk minimization. In Theorem 4.5, we

claim that {⇥d}
D
d=1 are updated in each iteration differentially privately and we prove this

theorem in Appendix C.

Theorem 4.5. Suppose the initial components {⇥d}
D
d=1 are chosen independently from the

data, and loss function `(X(v)
| {⇥d}d2Sv) is L-smooth in k · k2 for any X

(v) and ⇥d.

Besides, ✏, �, B, T should be chosen to provide T �
✏2Cv

32B log(2/�) where the data size is Cv,

minibatch size is B and the number of iterations is T . Then we obtain (✏, �)-differentially

private Algorithm 2.

For the proposed CTF models, we will apply SGLD [29] to derive the update rules iteratively

for the two kinds of factors: private and shared. We obtain the samples of the private factors

⇥d
(v)
(t) :

⇥d
(v)
(t) = ⇥d

(v)
(t�1) +r⇥d

(v)
(t)

and the shared factors ⇥d(t) as:

⇥d(t) = ⇥d(t�1) +
X

v2V

r⇥d
(v)
(t)

where v and t denote the site number and iteration number respectively. The site-specific

private factors ⇥d
(v)
(t) s are computed by using each data site’s own data X

(v). The shared

factor ⇥d(t) is computed with data of the all sites that share this common factor where V is the

set of the data sites that ⇥d(t) participates in. In the following section, we show the detailed

computations of the factors.
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Sampling factors using SGLD. First, we derive the SGLD update rule for shared

factors. It must be noted that only data sites that share a common factor ⇥d need to compute

the gradients; then all these local gradients are summed to update ⇥d. In our specific model,

the common latent structure ⇥d participates in all data partitions, so V = {1, . . . , N}. We

first compute the gradients �⇥d
(v)
(t) for each v 2 V , then clip the gradient norm to ensure that

the computed gradients satisfy the Lipschitz condition in Theorem 4.5 and finally update ⇥d

as follows:

�⇥d
(v)
(t) = Cv

B

P
iv2B(v)

(t)
r

✓
(v)
idk

log p(X(v)
iv | {✓idk

(v)
(t�1)}d2Sv)

+ r
✓
(v)
idk

log p(✓idk
(v)
(t�1))

⌘
(4.18)

�⇥̃(v)
d (t) = �⇥d

(v)
(t) /max

⇣
1,

k�⇥d
(v)
(t) k2

G

⌘
(4.19)

✓idk(t) = ✓idk(t�1) +
P

v2V

⇣
⌘
(v)
(t)�⇥̃(v)

d (t) + ⇠
(v)
(t)

⌘
(4.20)

where Cv is the number of elements in X
(v), iv is the row indices of X(v), B is the minibatch

size,r denotes the gradients and G denotes the gradient norm bound. B
(v)
(t) ⇢ n1⇥ . . .⇥n|Sv |

is the set of entries that are subsampled from X
(v) at iteration t. A privacy-preserving CTF

scheme should guarantee that the execution of the algorithm exposes only the shared factor by

providing (✏, �)-DP. The privacy is protected by adjusting the noise matrix ⇠(v)(t) that is of the

same size as ⇥d and its entries are independently Gaussian distributed. We give the details

how we adjust the noise in the following section (Section 4.2.2).

Note that the indices (iv’s) correspond to the common modes should be same for all

relations during the computation of the shared factor. In this method, each data site stores

its private factor in its local memory. For the shared factors, there are two options that are

equivalent from a privacy perspective: i) each data site keeps copies of the shared factors and

updates them after collecting the gradients from the other data sites or ii) an independent data

site keeps the shared factors and updates them after collecting the gradients from all the data

sites. We use the second option in our experiments.

Next, we derive the update rules in order to obtain the samples of the private factor

⇥d
(v)
(t) specific for the data site v. The update rule differs for site-level and user-level DP. To
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protect site-level DP, the algorithm publish the shared factor ⇥d to satisfy (✏, �)-DP while

each private factor ⇥d
(v)
(t) is kept in the local of a data site and is updated without privacy

constraints. The update rule that is used to protect site-level DP is:

�⇥d
(v)
(t) = t

⇣
Cv
B

P
iv2B(v)

(t)
r

✓
(v)
idk

log p(X(v)
iv | {✓idk

(v)
(t�1)}d2Sv) (4.21)

+ r
✓
(v)
idk

log p(✓idk
(v)
(t�1))

⌘
+  

(v)
(t)

✓idk
(v)
(t) = ✓idk

(v)
(t�1) +�⇥d

(v)
(t) (4.22)

The elements of the noise matrix  
(v)
(t) are independently Gaussian distributed:  

(v)
(t) ⇠

N (0, 2tI). For convergence, the step size t must satisfy:
P1

t=0 t =1 and
P1

t=0 
2
t <1.

If entity type ed is specific to relation v, ⇥(v)
d s are computed by Equation (4.22).

To protect user-level privacy, in addition to the shared factors, all the private factors

⇥d
(v)
(t) should satisfy (✏, �)-DP. This means no user can learn private ratings of others even in

the same data site. The following update rule is applied for this purpose.

�⇥d
(v)
(t) = Cv

B

P
iv2B(v)

(t)
r

✓
(v)
idk

log p(X(v)
iv | {✓idk

(v)
(t�1)}d2Sv)

+ r
✓
(v)
idk

log p(✓idk
(v)
(t�1)) (4.23)

�⇥̃(v)
d (t) = �⇥d

(v)
(t) /max

⇣
1,

k�⇥d
(v)
(t) k2

G

⌘
(4.24)

✓idk
(v)
(t) = ✓idk

(v)
(t�1) +

⇣
⌘
(v)
(t)�⇥̃(v)

d (t) + ⇠
(v)
(t)

⌘
(4.25)

Here, the noise matrix ⇠(v)(t) is chosen in the same way in the update rule for shared factors

(Equation (4.18)).

Privacy Analysis for DP-CTF. Algorithm 2 illustrates the application of SGLD algo-

rithm with DP for CTF. The difference of the DP-CTF algorithm from the original CTF is the

amount of noise added and the gradient norm clipping. In the previous section we explained

that clipping the norm is necessary to satisfy the Lipschitz condition and prevent the gradient

explosion [120]. It is also a general assumption on loss functions in a DP setting [27,116,121]
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Algorithm 2 Differentially Private SGLD for CTF (DP-CTF)
1: Inputs: Number of parties N , number of iterations T , minibatch size B, ✏, �, Lipschitz

constant L, gradient clipping norm G, X = {X
(1)
, . . . , X

(N)
}, ✓ = {⇥1

(v)
(0), . . . ,⇥D

(v)
(0)}

N
v=1

2: Outputs: ✓ = {⇥1
(v)
(t) , . . . ,⇥D

(v)
(t) }t,v where t = {1, . . . , T} and v = {1, . . . , N}

3: for t 1 to T do

4: for Each data site v = 1 . . . N do

5: Set the step size t for private factors and ⌘(v)(t) for shared factors using Eqn. (4.27)

6: Sample each coord. of  (v)
(t) i.i.d from N (0, 2t) and ⇠(v)(t) i.i.d. from N (0, �2

_ ⌘
(v)
(t) )

7: Sample a minibatch B
(v)
(t) from X

(v) of size B

8: for each iv in B
(v)
(t) do

9: if site-level privacy then

10: Update private factors ⇥d
(v)
(t) using Eqn. (4.22)

11: else if user-level privacy then

12: Compute (Eqn. (4.23)) and clip gradients (Eqn. (4.24)) for private factors ⇥d
(v)
(t)

13: Update private factors ⇥d
(v)
(t) using Eqn. (4.25)

14: end if

15: Compute gradients for shared factors using Eqn. (4.18)

16: Clip gradients for shared factors using Eqn. (4.19)

17: end for

18: end for

19: Update shared factors ⇥d(t) using Eqn. (4.20)

20: Return all ⇥d(t)s as posterior samples

21: end for

where the output of a target function should not be sensitive to any changes on an arbitrary

data point. Therefore, it is essential to bound the impact of a single data point to that function.

In addition, the convergence rate of the SGLD is not affected by the norm clipping since the

clipping process is equal to choosing an adaptive step size in SGLD [122].

In this section we first show that Algorithm 2 preserves (✏, �)-DP and under a certain
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condition. Our analysis on the differential privacy of DP-CTF algorithm combines theorems

and lemmas from the differential privacy literature. Since this algorithm is iterative and each

iteration involves adding Gaussian noise, we need the results for the Gaussian mechanism [89]

and a composition of differentially private mechanisms. For the first DP definition, we

examine the Advanced Composition (AC) [26] method. Then, we make use of another

definition of differential privacy, namely zero concentrated differential privacy (zCDP) [84].

We show that DP-CTF preserves (✏, �)-zCDP with less amount of noise by using the relation

between DP and zCDP.

DP-CTF with Advanced Composition. In order to study the differential privacy of

the DP-CTF algorithm, it is useful to view its iterations as a query that is used as a function to

be applied to a dataset. In iterative approaches, the following queries can be chosen adaptively

based on the observed responses to the previous queries. We need to efficiently model the

composition by considering that our dataset can be used as input to succeeding mechanisms.

In our algorithm, as a result of multiple (say k in order to be consistent with the literature)

iterations, we obtain a bound for the expected cumulative privacy loss where each iteration

provides ✏iter-DP. We have to decide on a small amount of �iter to get a much better bound

for the privacy loss in consideration of the composition. We begin with the analysis of the

advanced composition, later we apply the recently proposed zCDP composition analysis.

Here, we recall the Advanced Composition [89] and Gaussian Mechanism [89] that are given

formerly in Chapter 2.

Theorem 4.6. (Advanced composition) For all ✏iter, �iter, �0 �0, the class of (✏iter, �iter)-DP

mechanisms satisfy (✏tot, �tot)-DP under k-fold adaptive composition for

✏tot =
p

2k log(1/�0)✏iter + k✏iter(e
✏iter � 1) �tot = k�iter + �

0 (4.26)

Given the desired amount of privacy ✏, the privacy loss for the current iteration ✏iter is

computed by using the Gaussian mechanism.
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Theorem 4.7. (Gaussian Mechanism (GM) Given a function f with L2 sensitivity of42f ,

releasing f(X) + ⇣ where ⇣ ⇠ N (0, �2) is (✏, �)-DP when � � 42f
p

2 log(1.25/�)/✏.

Due to the minibatch setting, we will also make use of the following lemma of privacy for

subsampled data.

Theorem 4.8. (Privacy for subsampled data, Theorem 1 in [123]) Any (✏iter, �iter)-DP

mechanism running on a subsample of any dataset X 2 X
S , where each data point is

uniformly and independently sampled with probability � and where � > �iter, guarantees

(log(1 + �(exp(✏iter)� 1)), ��iter)-DP.

Note that we will use minibatches with fixed size B in each iteration and the data

instances are included independently with probability � = B/Cv. So we perturb the

gradient �⇥d
(v)
(t) at iteration t by adding Gaussian noise ⇠

(v)
(t) ⇠ N (0, �2) where � �

42f
p

2 log(1.25/�)/✏iter. We use the Theorem 4.6, 4.7 and 4.8 to compute the amount

of additional noise in each iteration. The computation of the value of � in terms of the

DP-CTF algorithm’s parameters is given in the Appendix C.

Choice of step size ⌘(v)(t) . In [27], the authors proved that the other way to preserve

(✏, �)-DP is to choose the value of the step size ⌘(v)(t) to be small enough to satisfy:

⌘
(v)
(t) =

↵✏
2

128L2 log(2.5CvT/(B�)) log(2/�)t
(4.27)

Here, the ↵-phase transition is used to determine the step size: whenever t > ↵CvT and the

algorithm is run for the last (1� ↵)CvT/B iterations, the approximate posterior samples can

be collected differential privately. As mentioned earlier, the absolute value of the privacy loss

will be bounded by ✏ with probability at least 1 � � [87]. In the experiments, we choose a

small value for � except for zero to maximize the probability while avoiding division by zero.
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DP-CTF with zCDP composition. Recently [84] has demonstrated that zCDP com-

position allows a tighter analysis of the per-iteration privacy budget with the Gaussian

mechanism. This is stated by the following proposition that shows the required amount of

noise for Gaussian mechanism with zCDP.

Proposition 4.9. (Proposition 1.6 in [84]) The Gaussian Mechanism with some noise vari-

ance ⌧ and a sensitivity4 satisfies42
/(2⌧)-zCDP.

In the following, we cite the crucial relation between zCDP and DP that is needed for the

conversion between them and enables us to have tighter bounds on the DP of each iteration of

DP-CTF algorithm hence less amount of noise added in each step.

Proposition 4.10. (Proposition 1.3 in [84]) If an algorithm A is ⇢-zCDP, then it is (✏, �)-DP

for all (✏, �) jointly satisfying � > 0 and ✏ = ⇢+ 2
p
⇢ log(1/�), �-DP for any ⇢ >0.

Our final result on zCDP holds that zCDP admits the following basic composition property.

Lemma 4.11. (Lemma 1.7 in [84]) If two mechanisms A1 and A2 satisfy ⇢1-zCDP and ⇢2-

zCDP respectively, then the composition A(X ) = (A1(X ),A2(X )) (with the same domain

X ) is (⇢1 + ⇢2)-zCDP.

First we use Proposition 4.9 and Lemma 4.11 to compute the T composition of the Gaussian

mechanism. DP-CTF algorithm with zCDP after T iteration provides T42
/(2⌧)-zCDP. Then

we convert the privacy loss in zCDP to DP for the comparison purpose. Using Proposition 4.10,

we map T 4
2
/(2⌧)-zCDP to (⇢+ 2

p
⇢ log(1/�), �)-DP where ⇢ = T 4

2
/(2⌧). Herein we

have the amount of the total privacy budget both in terms of DP and zCDP. After this step the

per-iteration privacy budget is computed in the same way with the advanced composition case.

(The complete proof is given in Appendix C). The same amount of privacy ✏ is defined as:

✏ = T 4
2
/(2⌧) + 2

p
⇢ log(1/�) where ⌧ � 2 log(1.25/�0)42

/✏
02 (4.28)

Here the (✏0, �0) are defined as intermediate privacy budget. Given that the total privacy

budget (✏, �) and number of iterations T , Equation 5.6 is solved to compute (✏0, �0). Lastly,
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the intermediate privacy budget is mapped to the per iteration privacy budget (✏iter, �iter) by

using the Theorem 4.8 and solving the following equation:

✏
0 = log(1 + �(exp(✏iter)� 1)) and �

0 = ��iter (4.29)

Since the value of ✏iter in this case is bigger than the ✏iter in the advanced composition, the

amount of the added Gaussian noise is smaller. In the following section, the experimental

results demonstrate the difference between DP and zCDP.
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5. DIFFERENTIALLY PRIVATE BAYESIAN NEURAL

NETWORKS

Deep neural networks (DNN) have recently generated significant interest, largely due

to their successes in several important learning applications, including image classification,

language modeling and many more (e.g., [124–126]). The success of neural networks is

directly related to the availability of big and illustrative training datasets. However, most of

the time these datasets are collected from individuals, such as their tastes and behavior as well

as medical health records, and present obvious privacy issues. In these cases, applying deep

learning approaches to the training data are restricted by privacy requirements or legislative

regulations. Therefore, sharing and usage of the data about individuals require methods that

provide precise privacy guarantees while meeting the demands of the applications.

Representing model uncertainty in deep neural networks is another issue of crucial

importance. Recently the deterministic deep learning models have been replaced by Bayesian

models [127, 128] in order to be able to capture parameter uncertainty and its effects over

predictions. It is significant to use uncertainty information in medical applications [129],

life sciences [130], automated decision making in the autonomous control and self driving

cars [131]. Bayesian deep learning [132–135] -a field at the intersection between Bayesian

probability theory and deep learning- offers us uncertainty estimates. Bayesian Neural

Networks are DNNs with prior probability distributions placed over their weights. (Figure 2.4

in Section 5.1 illustrates the standard DNN and Bayesian DNN models.) They are effectively

used for inferring complex multi-modal posterior distributions. Given observed data, inference

is performed to find what are the apparent and improbable weights to describe the data. For

the deep learning models, two ways are typically used to build uncertainty estimates which are

establishing distributions over model weights and learning a direct alignment to probabilistic

outputs.

One last challenge we handle in this study is the overfitting problem in training deep

neural networks; since DNNs can model highly complex prediction functions using a large
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number of parameters. It is often difficult to optimize these functions due to the potentially

large number of local minimas in the space of parameters, and standard optimization tech-

niques are prone to getting stuck in a local minimum which might be far from the global

optimum. A popular regularization technique to avoid such local minima is dropout [136–138]

which introduces noise into a model and optimizes loss function. Recently, it was shown

that dropout can be treated as a Bayesian regularization method [139, 140] and it can be used

to tune each weight’s individual dropout rates. Gal et al [128] has proved that optimization

of any neural network with dropout corresponds to a kind of approximate inference in a

probabilistic interpretation of the model. Further, this implies that if a neural network is

trained with dropout becomes a BNN; and it is able to capture the uncertainty [140]. Besides

its primary objective of regularization and uncertainty representation, dropout can be used to

hide the details of the training data for achieving privacy. The key purpose of this paper is to

analyze dropout in order to provide a theoretical guarantee for the privacy protection of the

deep neural networks. As a consequence, we propose an approach that represents uncertainty

while providing a solution to overfitting and the privacy problems.

In this chapter, we develop a differentially private algorithm by exploiting the inherent

randomization of the dropout. We study Gaussian dropout in the case we tune individual

dropout rates for each weight of neural network to provide measurable privacy guarantee.

In order to use the privacy budget more efficiently over many iterations, our approach uses

the zCDP composition combined with the privacy amplification effect due to subsampling of

data, which significantly decreases the amount of additive noise for the same expected privacy

guarantee compared to the standard DP analysis.

5.1. Notations and Background

In this section, we first describe the notation that we use throughout this chapter and

briefly explain the dropout in DNNs in order to provide a background for the following

section.
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5.1.1. Notation

Throughout this paper, we show the data with D = {di}
N
i=1 where di = (xi, yi), with

input object/feature xi 2 R
D and output label yi 2 Y where Y stands for the discrete output

space. The relationship from x to y is defined by a model with parameters (or weights) ✓.

Here, the main purpose is to tune the parameters ✓ of a model p(y|x, ✓) that predicts the

output y given the input x and the parameter ✓. Bayesian inference in such a model consists

of updating some initial belief over parameters ✓ in the form of a prior distribution p(✓), after

observing data D, into an updated belief over these parameters in the form of the posterior

distribution p(✓|D). The posterior distribution of a set of N items is p(✓|D) / p(✓) p(D|✓)

where the corresponding data likelihood is p(D|✓) =
QN

i=1 p(di|✓).

Computing the posterior is often difficult in practice as it requires the computation

of analytically intractable integrals, so we need to use approximation techniques. One

of such techniques is Stochastic Gradient Langevin dynamics (SGLD) [29] that is used

to scale up Bayesian learning by combining a popular class of methods called stochastic

optimization [141] and Markov chain Monte Carlo (MCMC) [94] that generates a sequence

of samples from a Markov chain.

5.1.2. Dropout

Dropout is one of the most popular regularization techniques for neural networks which

injects multiplicative random noise to the input of each layer during the training procedure.

For a fully connected neural network, the formalization of dropout is denoted as:

h2 = w((⇠ � ✓)h1) with ⇠i,j ⇠ p(⇠i,j) (5.1)

where h1 and h2 are the consecutive layers, ✓ is the weight matrix for the current layer

and w(·) is the nonlinear function. The � symbol denotes the elementwise (Hadamard)

product of the input matrix with a matrix of independent noise variables ⇠. The previous

publications [136, 138, 142] show that the weight parameters ✓ are less likely to overfit to the

training data by adding noise to the input or weights during optimization. At first, Hinton et
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al. [136] proposed the Binary Dropout where the elements of ⇠ are drawn from a Bernoulli

distribution with parameter 1 � p. It means each element of the input matrix is equal to

one with probability 1� p where p is called as dropout rate. Afterwards, the same authors

proposed the Gaussian Dropout using continuous noise ⇠i,j ⇠ N (1,↵ = p
1�p) with same

relative mean and variance works as well or better [138].

5.2. Methodology

In this section, we can describe our approach toward differentially private training of

neural networks and introduce the proposed differentially private dropout algorithm. First,

we define the connection between dropout and SGLD by replacing the multiplicative noise

term of dropout with an additive noise term. Afterwards, we present our dropout algorithm

and compute the per-iteration privacy budget for both advanced composition and zCDP

composition.

5.2.1. Connection between dropout and SGLD

Dropout has been proposed to improve model generalization in neural networks by

adding noise to global weights or hidden units during training. In [85], Molchanov et al

proved that the Stochastic Gradient MCMC brings a Bayesian interpretation to dropout [142].

In this interpretation, the SGD updates are combined with Gaussian dropout and the resulting

update rule has the same form as SGLD:

✓t+1 = (⇠ � ✓t) +
⌘t

2
r✓g (5.2)

= ✓t +
⌘t

2
r✓g + ⇠

0 (5.3)

where ⇠0 ⇠ N (0, ⌘tV ) and V = ↵
⌘t
diag(✓2t ). At each step, the gradient r✓g = rL(✓) is

computed for a random subset of examples as:

r✓g = r✓ log p(✓t) +
N

S

X

i2St

r✓ log p(dti |✓t) (5.4)
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In this way, we replace the multiplicative noise term ⇠ in Eq.(5.2) with an additive

noise term ⇠
0 in Eq.(5.3) and it corresponds to the additive noise from the Brownian motion

of Langevin dynamics. The injected noise also helps us to propose a dropout algorithm

that satisfies the differential privacy definition by adding independent Gaussian noise to the

updates of each weight.

5.2.2. Differentially Private Dropout (DPD)

Eq.(5.3) is used to learn and regularize the model by adding random noise ⇠0. Our idea

is to tune the noise term to provide privacy protection while keeping an acceptable ↵ (which

is equal to p
1�p where p is the dropout rate) to improve the model. To protect the privacy of

training data, we need to perturb the gradients with a Gaussian noise in each iteration. We use

the existing random noise ⇠0 ⇠ N (0, ⌘tV ) that is already being used for regularization where

V = ↵
⌘t
diag(✓2t ) and eventually it equals to ⇠0 ⇠ N (0,↵ diag(✓2t )).

In the original method [85], the authors considered the case when there is a single ↵

for the model and the noise is controlled by it. In our case, at each iteration of the training

scheme, DPD takes a minibatch of data and computes the gradient, clips the L2 norm of each

gradient and adds noise to the gradient to protect privacy. The noisy stochastic gradient is

then used to update model parameters ✓ via SGLD method by iteratively applying the update

equation (5.3). The algorithm requires several parameters to determine the privacy budget

such as sampling frequency ⌫ = S/N for subsampling within the dataset, a total number

of iterations T and clipping threshold G. Clipping the gradients using the threshold G will

lead L2 sensitivity of gradient sum to be 2G. We have chosen to perturb parameter updates

with zero mean multivariate normal noise with covariance matrix (2G)2�2I. Parameter �

in noise level determines our total ✏ and the amount of noise is chosen to be equal to the

⇠
0
⇠ N (0, 4G2

�
2I). This amount is equal to the ⇠0 ⇠ N (0,↵ diag(✓2t )), hence ↵ can be

obtained by using this equality after determining the noise level that preserves ✏-DP. Here, ↵

is not fixed for each weight and is controlled by the noise level that protects ✏-DP.

Algorithm 3 outlines our method for training a model with parameters ✓. In the next

subsection, we describe in detail how privacy design parameters are chosen and privacy budget
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is calculated.

Algorithm 3 Differentially Private Dropout (DPD)
1: Inputs: Input data D = {xi, yi}

N
i=1, number of data passes T , minibatch size B, learning

rate ⌘t, noise scale �, gradient norm bound G.

2: Initialize ✓0 randomly

3: for t 1 to T do

4: Take a random sample Bt of size B with probability ⌫ = B/N

5: Compute gradientr✓g from (xi, yi) 2 Bt

6: Clip gradient: r✓ḡ = r✓g/max (1, k r✓g k2/G)

7: Compute noise: ⇠0 ⇠ N (0, 4G2
�
2I)

8: Update parameter: ✓t+1 = ✓t +
⌘t
2 (r✓ḡ + ⇠

0)

9: end for

10: Output: ✓T .

We note that all the parameters are represented by a single parameter ✓ of the loss

function L(.) in Algorithm 3. We consider each layer independently for multi-layer neural

networks. This allows setting different noise scales � or different clipping thresholds G for

each layer. The privacy parameter ✏ of each layer is summed up to compute the total privacy

of the neural network. However, we use constant settings for G and � in the results presented

in Section 8.1.

5.2.3. Privacy Analysis for DPD

We encounter the common challange cumulative privacy loss that acuumulates the

privacy loss at each access to the given training data to the neural network. We calculate the

privacy loss by using the zCDP to use the privacy budget of DPD method more effectively.

In this section, we first calculate the per-iteration privacy budget using the key properties of

advanced composition theorem and call this method DPD-AC in the experiments. Then, we

use a relaxed notion of differential privacy, called zCDP [84] that bounds the moments of

the privacy loss random variable and call this method DPD-zCDP. As we mentioned in the

previous section, the moments bound yields a tighter tail bound, and consequently, it allows
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for a higher per-iteration budget than standard DP-methods for a given total privacy budget.

DPD-AC:. In order to study the differential privacy of the DP-AC algorithm, it is

useful to view its iterations as a query that is used as a function to be applied to a dataset. In

iterative approaches, the queries can be chosen adaptively based on the observed responses

to the previous queries. We need to efficiently model the composition by considering that

our dataset can be used as input to succeeding mechanisms. In our algorithm, we obtain a

bound on the expected cumulative privacy loss as a result of a number of (say k in order to

be consistent with the literature) iterations, each providing ✏iter-DP. We have to decide on

a small amount of �iter to get a much better bound for the privacy loss in consideration of

the composition. We begin with the analysis of the advanced composition, later we apply

the recently proposed zCDP composition analysis. One more time, we use the advanced

composition theorem. Moreover, we present it here to make this section easier to follow.

Theorem 5.1. (Advanced composition) For all ✏iter, �iter, �0 �0, the class of (✏iter, �iter)-DP

mechanisms satisfy (✏tot, �tot)-DP under k-fold adaptive composition for

✏tot =
p

2k log(1/�0)✏iter + k✏iter(e
✏iter � 1) �tot = k�iter + �

0 (5.5)

Remark 5.2. (Remark 1 in [27]): When ✏ = cp
2k log(1/�0)

< 1 for some constant c <

p
log(1/�0), the equation of ✏0 can be simplified into ✏0  2c by applying the inequality

e
✏
� 1  2✏.

The theorem states that with small ✏ and small loss in �tot, more strict ✏tot is obtained

than just summing the ✏. This is clear by looking at the first order expansion for small ✏

(Taylor Theorem is used with assumption that ✏  1) of ✏tot =
p

2k log(1/�0)✏+ k✏
2.

In this section, we add differential privacy into Gaussian dropout by clipping and

perturbing the gradients. As our method for perturbation, we use Gaussian Mechanism (GM)

where Gaussian noise calibrated to the global sensitivity is added.
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Theorem 5.3. (Gaussian Mechanism (GM): Let ✏ 2 (0, 1) be arbitrary. Gaussian Mech-

anism states that given function f with L2 sensitivity of 42f , releasing f(X) + Z where

Z ⇠ N (0, �2) is (✏, �)-DP when � � 42f
p

2 log(1.25/�)/✏.

Given two adjacent datasets D and D
0, the important L2-sensitivity of a function f is

defined as:

42f = sup
D,D0,kD�D0k=1

k f(D)� f(D0) k2

We use a stochastic gradient algorithm that uses minibatches of data while learning.

Due to the minibatch setting, we can make use of the amplifying effect of the subsampling on

privacy. The version of the privacy amplification theorem we use is as follows:

Theorem 5.4. (Privacy for subsampled data: Any (✏iter, �iter)-DP mechanism running on a

sampled subset of the data, where each data point is included independently with probability

⌫, and where ⌫ > �iter, guarantees (log(1 + ⌫(exp(✏iter)� 1)), ⌫�iter)-DP.

We will assume that the instances are included independently with probability ⌫ = B/N ; and

for ease of implementation, we will use minibatches with fixed size B in our experiments.

As we mentioned before, parameter � in noise level determines our total ✏ and depends on

the total � in privacy budget. Given the desired amount of privacy ✏, the privacy loss for the

current iteration ✏iter is computed by using the Gaussian mechanism. We calculate the total

privacy budget ✏tot by setting � =
p
2 log(1.25/�iter)/✏iter. Clipping will lead L2 sensitivity

of gradient sum to be 2G, so perturbing each sum with aforementioned noise will lead each

iteration to be (✏iter,�iter)-DP w.r.t the subset. Now if we set �iter = (�tot � �0)/T⌫, where �0

comes from advanced composition, we can provide �tot as � parameter in total privacy cost.

Using Theorem 5.1 and Theorem 5.3, the ✏ parameter in our total privacy cost for DPD-AC

will be:

✏tot =
p
2T log(1/�0)/�0 + T (�0)2 where

�
0 = log (1 + ⌫( exp(

p
2 log(1.25/�iter)/�)� 1))
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DPD-zCDP:. For DPD-zCDP algorithm, we calculate the per-iteration budget using

the zCDP composition [84] that is used for tracking privacy loss of the composite mechanisms.

It permits a tighter analysis of the per-iteration privacy budget with the Gaussian mechanism.

This is stated by the following proposition that shows the required amount of noise for

Gaussian mechanism with zCDP.

Proposition 5.5. (Proposition 1.6 in [84]): The Gaussian mechanism with some noise

variance ⌧ and a sensitivity4 satisfies42
/(2⌧)-zCDP.

In the following, we cite the crucial relation between zCDP and DP that is needed for the

conversion between them and enables us to have tighter bounds on the DP of each iteration of

DP-CTF algorithm hence less amount of noise added in each step.

Proposition 5.6. (Proposition 1.3 in [84]) If an algorithm A is ⇢-zCDP, then it is (✏, �)-DP

for all (✏, �) jointly satisfying � > 0 and ✏ = ⇢+ 2
p
⇢ log(1/�), �-DP for any ⇢ >0.

Our final result on zCDP holds that zCDP admits the following basic composition property.

Lemma 5.7. (Lemma 1.7 in [84]) If two mechanisms A1 and A2 satisfy ⇢1-zCDP and ⇢2-

zCDP respectively, then the composition A(X ) = (A1(X ),A2(X )) (with the same domain

X ) is (⇢1 + ⇢2)-zCDP.

First we use Proposition 5.5 and Lemma 5.7 to compute the T composition of the Gaussian

mechanism. DP-CTF algorithm with zCDP after T iteration provides T42
/(2⌧)-zCDP. Then

we convert the privacy loss in zCDP to DP for the comparison purpose. Using Proposition 5.6,

we map T 4
2
/(2⌧)-zCDP to (⇢+ 2

p
⇢ log(1/�), �)-DP where ⇢ = T 4

2
/(2⌧). Herein we

have the amount of the total privacy budget both in terms of DP and zCDP. After this step

the per-iteration privacy budget is computed in the same way with the advanced composition

case. The same amount of privacy ✏ is defined as:

✏ = T 4
2
/(2⌧) + 2

p
⇢ log(1/�) where ⌧ � 2 log(1.25/�0)42

/✏
02 (5.6)
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Here the (✏0, �0) are defined as intermediate privacy budget. Given that the total privacy

budget (✏, �) and number of iterations T , Equation 5.6 is solved to compute (✏0, �0). Lastly,

the intermediate privacy budget is mapped to the per iteration privacy budget (✏iter, �iter) by

using the Theorem 4.8 and solving the following equation:

✏
0 = log(1 + �(exp(✏iter)� 1)) and �

0 = ��iter (5.7)

In the following section, we demonstrate the experimental results that proves the amount of

the Gaussian noise added by DPD-AC is bigger than the amount of noise added by DPD-zCDP

at each iteration.
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6. EXPERIMENTS ON COUPLED TENSOR FACTORIZATION

In this chapter, we will evaluate our estimation methods that are described in Chapter 3.

In the subsequent chapter, we will evaluate the differentially private methods that we have

presented in Chapter 4. Our experiments are conducted on link prediction problem. In

Section 6.1, we will apply our MAP estimation method for learning the latent factors and in

Section 6.2 we will apply the variational Bayesian inference method. We first demonstrate

the advantages of the coupled factorization models in the setting where we assume that the

dispersion parameters are given and compare the loss functions. Then, we will present our

results on link prediction experiments where we evaluate the Varitional Inference on coupled

tensor factorization. We left the evaluation of MCMC based inference to the next chapter.

6.1. Experiments with ML and MAP Estimation

This section reports our experimental study on two real world datasets: UCLAF and

Digg. For both datasets, we first demonstrate that coupled tensor factorizations outperform

low-rank approximations of a single tensor in terms of missing link prediction. Then, within

the context of coupled tensor factorizations, we compare different tensor models and loss

functions and show that selection of the tensor model and loss function is significant in

terms of link prediction performance, especially when the data is sparse. Our experiments

demonstrate that loss functions that have not been studied for link prediction before, such as

IS-divergence, outperform the commonly-used loss functions. For each dataset, we begin with

describing the datasets and the tensor factorization models on these datasets. Then, we present

the results. As evaluation metrics, we use Area Under the Receiver Operating Characteristic

Curve (AUC) and P@K for link prediction results and Root Mean Square Error (RMSE) for

tensor completion results.

RMSE: RMSE is a measure of the “average” error, weighted according to the square of the

error. In our experiments, we use RMSE to measure the tensor reconstruction performance.

AUC: Link prediction datasets are characterized by extreme imbalance, i.e., the number of
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links known to be present is often significantly less than the number of edges known to be

absent. This issue motivates the use of AUC as a performance measure since AUC is viewed

as a robust measure in the presence of imbalance [143].

P@K: Precision at k (P@K) measures the precision at a fixed number of retrieved items (i.e.,

top K) of the ordered list r0 and the unordered list r [144]. Assume TopK and TopK0 are

the retrieved items of r and r0 respectively, then the P@K is defined as P@K = |TopK\TopK0|
K

6.1.1. Results on UCLAF Dataset

UCLAF dataset [145] is extracted from the GPS data that include information of three

types of entities: user, location and activity (see Figure 6.1 for an illustration of the data).

The relations between user-location-activity triplets are used to construct a three-way tensor

X
(1). In tensor X(1), an entry indicates the frequency of a user i1 visiting location i2 and

doing activity i3 there; otherwise, it is 0. Since we address the link prediction problem in this

section, we define the user-location-activity tensor X(1) as:

X
(1)
i1,i2,i3 =

8
>><

>>:

1 if user i1 visits location i2 and performs activity i3 there

0 otherwise

To construct the dataset, raw GPS points were clustered into 168 meaningful locations

and the user comments attached to the GPS data were manually parsed into activity annotations

for the 168 locations. Consequently, the data consists of 164 users, 168 locations and

5 different types of activities, i.e., ‘Food and Drink’, ‘Shopping’, ‘Movies and Shows’,

‘Sports and Exercise’, and ‘Tourism and Amusement’ [145]. The collected data also includes

additional side information: the user-location preferences from the GPS trajectory data and

the location features from the POI (points of interest) database, represented as the matrix X2

and X3 respectively. Using the location features, we could gain information about location

similarities.
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Figure 6.1. UCLAF dataset represented in the form of a third-order tensor coupled with two

matrices in two different modes.

We have a three-way observation tensor X(1) with elements 0 and 1, where 0 denotes a

known absent link and 1 denotes a known present link, and two auxiliary matrices X(2) and

X
(3) that provide side information. Our aim is to restore the missing links in X

(1). This is

a difficult link prediction problem since X
(1) contains less than 1% of all possible links or

an entire slice of X(1) may be missing. In order to fill in the missing links in tensor X(1),

we form two different coupled models changing in the way tensor X(1) is factorized using a

CP [34] and Tucker [41] models. For all models, we use KL divergence and Euclidean as cost

functions in our non-negative decomposition problems.

Model 1 (CP): In the first model, we applied the coupled approach to a CP-style tensor

factorization model by analyzing the tensor X(1) jointly with the additional matrices X(2) and

X
(3) in order to solve the sparsity problem in X

(1) effectively. This gives us the following

model:

X̂
(1)
i1,i2,i3 =

X

k

⇥1i1,k⇥2i2,k⇥3i3,k (6.1)

X̂
(2)
i1,i4 =

X

k

⇥1i1,k⇥4i4,k (6.2)

X̂
(3)
i2,i5 =

X

k

⇥2i2,k⇥5i5,k (6.3)

Here, we have three observed tensors, that share common factors; therefore, we have a coupled

tensor factorization problem. The coupling matrix R with |v|= 3 and |d|= 5 for this model is
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defined as follows:

R =

2

6666664

1 1 1 0 0

1 0 0 1 0

0 1 0 0 1

3

7777775
(6.4)

Model 2 (Tucker): Following the same line of thought, we apply the coupled approach using a

Tucker factorization to form our second model, which is as follows:

X̂
(1)
i1,i2,i3 =

X

k,l,m

⇥1i1,k⇥2i2,l⇥3i3,m⇥6k,l,m (6.5)

X̂
(2)
i1,i4 =

X

k

⇥1i1,k⇥4i4,k (6.6)

X̂
(3)
i2,i5 =

X

l

⇥2i2,l⇥5i5,l (6.7)

In this model, once again, the factor ⇥1 is shared by X
(1) and X

(2), while the factor ⇥2 is

shared by X
(1) and X

(3). Here, a latent preference space interpretation is less intuitive but the

model has more freedom to represent the dependence.

We assess the performance of the coupled models, which are defined above, in terms

of tensor completion and/or missing link prediction. By setting different amounts of data to

missing in user-location-activity tensor X(1), we compare the proposed models using both

KL-divergence and the Euclidean as cost functions. In all experiments, number of components

k (number of columns in each factor matrix) is set to 2 and the pattern of missing data is

chosen randomly.

Tensor Completion . Table 6.1 shows tensor completion performances of standard

CP and Tucker models, coupled models and PCLAF [145]. PCLAF is a personalized col-

laborative location and activity filtering algorithm, which uses a collective tensor and matrix

factorization. In addition to the data that we have used in our models, PCLAF uses user-user
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and activity-activity similarity matrices in UCLAF dataset. Also, PCLAF uses CP tensor

factorization model and Euclidean distance as cost function. For PCLAF algorithm, they

run the experiments five times, and report the average RMSE scores. Specifically, at each

trial, they randomly split some percentage (30% and 50%) of the existing tensor entries for

training and hold out the other for testing. We also set the same amount of missing entities

randomly and report the average RMSE scores of ten independent runs. Hence, our results are

comparable to PCLAF algorithm’s results. Eventually, we observe that our models outperform

the PCLAF approach, which has outperformed many collaborative filtering methods in [38],

especially when we use KL divergence which is a lot more natural than a Euclidean cost for

this data.

Table 6.1. RMSE for different models with different percentages of training data.

EUC KL

Model 30% 50% 30% 50%

CP 0.27⌥ 0.03 0.28⌥ 0.04 0.24⌥ 0.03 0.23⌥ 0.03

TUCKER 0.26⌥ 0.02 0.26⌥ 0.04 0.22⌥ 0.02 0.22⌥ 0.02

Coupled(CP) 0.24⌥ 0.01 0.23⌥ 0.02 0.19⌥ 0.02 0.18⌥ 0.02

Coupled(TUCKER) 0.22⌥ 0.01 0.22⌥ 0.02 0.18⌥ 0.01 0.18⌥ 0.01

PCLAF [145] 0.30⌥ 0.01 0.29⌥ 0.01 - -

Link Prediction . In order to demonstrate the power of coupled analysis, we compared

the link prediction performance of standard CP and Tucker models with coupled ones using

EUC and KL cost functions at different amounts, i.e., {40, 60, 80, 90, 95}, of randomly

unobserved elements. For all cases, coupled models outperform the standard models clearly.

We presented the results of this set of experiments in Table 6.2. First, we compare the CP and

coupled CP models with different cost functions and different amount of missing data. As we

can see, the coupled models that try to use as much additional information as possible to help

alleviate the data sparsity issue perform better than the standard models; in particular, when



84

the percentage of missing data is high. When the fraction of missing data was more than 80%,

the standard models could not find a solution. In order to demonstrate the effect of the cost

function modeling the data, we have also carried out experiments on both coupled CP and

Tucker models at different missing data fractions. For all models and missing data fractions,

the KL cost function seems to perform better than EUC. Especially when the fraction of

missing entries is high, KL outperforms EUC with a significant difference. Finally, we focus

Table 6.2. Link prediction results on UCLAF with different experimental settings.

40% 80% 90%

EUC KL EUC KL EUC KL

CP 0.920 0.946 0.808 0.867 - -

Tucker 0.943 0.960 0.896 0.917 - -

CP (Coupled) 0.951 0.968 0.915 0.937 0.813 0.869

Tucker (Coupled) 0.965 0.983 0.934 0.948 0.871 0.908

on the comparison of coupled CP and Tucker models in order to indicate the tensor model

which models the data best. Table 6.2 shows that Tucker model outperforms the CP model;

because Tucker model is more flexible due to the full core tensor which is helpful for us to

explore the structural information embedded in the data.

Figure 6.2. Cold-start problem.

Cold Start Problem . We study the case with completely missing slices, which

corresponds to the cold-start problem in our link prediction setting and demonstrate that it is
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(a) CP and Tucker - 10MS (b) CP and Tucker - 50MS

Figure 6.3. Link prediction result with missing slices and KL cost.

still possible to predict missing links using the proposed coupled models whereas low-rank

approximations of a single tensor would fail to do so. This problem is particularly important

in link prediction because we may often have new users starting to use an application, e.g., a

location-activity recommender system. Since they are new users, they will have no entry in

X
(1), i.e., a completely missing slice (See Figure 6.2 for illustration of the problem). It is not

possible to reconstruct a missing slice of a tensor using its low-rank approximation. A similar

argument is valid in the case of matrices for completely missing rows/columns [146]. In

such cases, additional sources of information will be useful [147] to make recommendations

to new users. We observe that our coupled models could predict the links when there is no

information about a user in tensor X(1), by utilizing the additional sources of information.

We test this case by setting randomly missing slices in X
(1).

Figure 6.3 demonstrates the performance of coupled models with KL divergence when

10 users’ data and 50 users’ data are missing. Also note that Tucker is superior to CP as the

amount of missing data increases.
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6.1.2. Results on Digg Dataset

We address link prediction problem also on a large-scale dataset collected from Digg

in order to show the scalability of the proposed approach. Digg is a social news resource

that allows users to submit, digg and comment on news stories. Lin et al. [39] have collected

data from a large set of user actions from Digg. The dataset is a subset of data scrapped from

Digg by Choudhury et al. during January 2009 [148]. It includes stories, users and their

actions (submit, digg, comment and reply) with respect to the stories, as well as the explicit

friendship (contact) relation among these users. It also includes the topics of the stories and

keywords extracted from the titles of stories. There are five types of entities: user, story,

comment, keyword and topic and six relationships among them (see [39] for a comprehensive

illustration of relations).

We will use three relationships in this study: user-story-comment, story-keyword-topic

and user-story. Lin et al. [39] extract tuples with timestamps ranging from August 1 to August

27, 2008, segment the data duration into nine time slots (i.e. every three days), and construct a

sequence of data tensors for each dynamic relation in order to study the data evolution. Except

for the contact relation, all relations in this dataset have timestamps. However, in our work,

since we are not modeling the evolution in time, we integrate the nine segments together and

evaluate missing link prediction tasks on this integrated data. The total number of tuples in

each integrated data tensor per relation is 151.779, 1.157.529 and 94.551 respectively. The

prediction results are compared with the actual diggs and comments as ground truth. Based

on the Digg scenario, we design two prediction tasks on Digg dataset:

(i) comment prediction - what stories a user will comment on,

(ii) digg prediction - what stories a user will digg.

Comment Prediction . For comment prediction, the relation between the user-story-

comment is used to construct tensor X(1) of size I1 ⇥ I2 ⇥ I2 where the number of users is

I1 = 9583, the number of stories is I2 = 44005 and the number of comments is I3 = 241800.
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(a) Comment Prediction (b) Digg prediction

Figure 6.4. Comment and Digg prediction on Digg dataset.

X
(1) is defined as:

X
(1)
i1,i2,i3 =

8
>><

>>:

1 if user i1 comments on story i2 with comment i3

0 otherwise

Additionally, the data includes the topics of the stories and extracted keywords from

the stories’ titles. We represent this data as the three-way tensor X(2). In our model the

story-keyword-topic tensor has entries X(2)(i2, i4, i5) of size I2 ⇥ I4 ⇥ I5, where the number

of stories is I2 = 44005, the number of keywords is I4 = 13714 and the number of topics is

I5 = 51.

Our aim is to restore the missing links in X
(1) where X1 contains less than 0.07% of all

possible links (see Figure 6.4(a) for an illustration of the modeled data). We form two coupled

models in order to fill in the missing links in tensor X(1) through joint analysis of X(1) and

X
(2). For both models, we use Euclidean distance, KL divergence and IS divergence. We also

explore the behaviour of the models using various cost functions, i.e., p 2 [0, 2], based on

�-divergences.

Model 1 (CP): In the first model, we applied the coupled approach to a CP-style tensor

factorization model by analyzing the tensor X(1) jointly with the additional tensor X(2) as
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follows:

X̂
(1)
i1,i2,i3 =

X

k

⇥1i1,k⇥2i2,k⇥3i3,k (6.8)

X̂
(2)
i2,i4,i5 =

X

k

⇥2i2,k⇥4i4,k⇥5i5,k (6.9)

Model 2 (Tucker): We also apply the coupled approach using a Tucker factorization as follows:

X̂
(1)
i1,i2,i3 =

X

k,l,m

⇥1i1,k⇥2i2,l⇥3i3,m⇥6k,l,m (6.10)

X̂
(2)
i2,i4,i5 =

X

l

⇥2i2,l⇥4i4,l⇥5i5,l (6.11)

In both models, we have two observed tensors X(1) and X
(2) that share factor matrix ⇥2.

Digg Prediction . For digg prediction, the relation between users and stories is used to

construct matrix X
(1) of size I1 ⇥ I2 where the number of users is I1 = 9583 and the number

of stories is I2 = 44005. The user-story matrix X
(1) is defined as:

X
(1)
i1,i2 =

8
>><

>>:

1 if user i1 votes (i.e. digg) on news stories i2

0 otherwise
.

Additionally, the data includes the topics of the stories and extracted keywords from

titles of stories. We represent this data as a three-way tensor X(2). In our model the story-

keyword-topic tensor has entries X(2)
i2,i3,i4 of size I2 ⇥ I3 ⇥ I4, where the number of stories

I2 = 44005, the number of keywords is I3 = 13714 and the number of topics is I4 = 51 (see

Figure 6.4(b) for an illustration of the modeled data).

Here, our aim is to restore the missing links in X
(1). This is also a difficult link
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prediction problem since X(1) contains less than 0.008% of all possible links. Once again, we

form coupled models based on CP and Tucker models in order to fill in the missing links in

matrix X
(1). For both models, as cost functions, we use Euclidean distance, KL divergence,

IS divergence as well as various cost functions, i.e., p 2 [0, 2], based on �-divergences.

Model 1 (CP): We applied the coupled approach based on a CP-style tensor model by analyzing

matrix X1 jointly with tensor X2 as follows:

X̂
(1)
i1,i2 =

X

k

⇥1i1,k⇥2i2,k (6.12)

X̂
(2)
i2,i3,i4 =

X

k

⇥2i2,k⇥3i3,k⇥4i4,k (6.13)

Model 2 (Tucker): We also use a Tucker model for the coupled approach as follows:

X̂
(1)
i1,i2,i3 =

X

k

⇥1i1,k⇥2i2,k (6.14)

X̂
(2)
i2,i4,i5 =

X

k,l,m

⇥2i2,k⇥3i3,l⇥4i4,m⇥5k,l,m (6.15)

In order to demonstrate the power of coupled analysis, we compared the link prediction

performance of standard CP and Tucker models with coupled ones using EUC, KL and IS

cost functions at different amounts, i.e., {40, 80, 90}, of randomly unobserved elements. In

Table 6.3, we show results of the experiments on both comment and digg prediction tasks.

For all cases, coupled models outperform the standard models clearly. We first discern the

comparison of CP and coupled CP models with different cost functions when 40% and 80% of

the data are missing. As we can see, coupled models perform better than the standard models;

in particular, when the percentage of missing data is high. When the fraction of missing data

was more than 80%, the standard models could not find a solution. In order to demonstrate

the effect of the cost function modeling the data, we have also carried out experiments on

both coupled CP and Tucker models at different missing data fractions. For all cases, the IS

cost function seems to perform better than EUC and KL for both prediction tasks, especially
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when the fraction of missing entries is high. When the missing data rate becomes higher,

the difference between performances of cost functions become clearer. We lastly observe

that CP model outperforms the Tucker model in terms of capturing the structural information

embedded in the data.
Table 6.3. Link prediction results on Digg with different experimental settings in terms of

AUC.

Digg Prediction Comment Prediction

40% 90% 40% 90%

CP Tucker CP Tucker CP Tucker CP Tucker

EUC 0.855 0.831 0.817 0.801 0.845 0.831 0.810 0.780

KL 0.921 0.882 0.853 0.827 0.871 0.845 0.824 0.810

IS 0.939 0.923 0.895 0.869 0.901 0.885 0.882 0.859

Digg and comment prediction have also been studied in [39] using the MFT (Metafac

factorization with time evolving data) approach. The overall comment and digg prediction

performances of MFT algorithm were obtained as 0.135 ± 0.001 and 0.543 ± 0.007 in terms

of P@10, respectively in [39]. While our prediction results are clearly higher than those of

MFT in terms of P@10, we cannot directly compare them since we use the integrated Digg

dataset instead of the segmented data and do not deal with the temporal aspect of the data.

However, in Table 6.4, we observe that if we use the loss function and the tensor model used

in MFT, i.e., CP model based on KL-divergence, then it performs worse than modeling the

data using IS-divergence. This clearly shows that GCTF framework is useful in terms of

making use of better loss functions for modeling datasets.

In addition, in order to demonstrate the effect of the cost function modeling the data, we

have also carried out experiments on both coupled CP and Tucker models at different missing

data fractions using different p values. Figure 6.5 illustrates the performance of arbitrary

cost functions (with different p values) for the coupled CP model for both comment and digg

prediction when 90% of the data is unobserved. These results also confirm that IS-divergence,
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Table 6.4. The average prediction performance for digg and comment prediction, evaluated

by P@10 values. Modeling the data using IS-divergence gives the best results.

Digg Prediction Comment Prediction

40% 90% 40% 90%

GCTF-EUC 0.7154 0.6615 0.3632 0.3241

GCTF-KL 0.7414 0.6865 0.3751 0.3383

GCTF-IS 0.7858 0.7479 0.4075 0.3846

i.e., p = 2, performs better than KL-divergence, i.e., p = 1, which performs better than

Euclidean distance, i.e., p = 0.
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Figure 6.5. Comparison of different cost functions.

6.2. Experiments with Variational Inference

In this section, we demonstrate the use of the proposed variational Bayesian coupled

tensor factorization method (CTF-VB) for missing link prediction problem in order to show

that joint analysis of data from multiple sources via coupled factorization significantly im-

proves the link prediction performance. We evaluate the performance of CTF-VB on the

datasets: UCLAF and Digg. First, we demonstrate that coupled tensor factorizations (CTF-

VB) outperform low-rank approximations of a single tensor (we call it TF-VB), then we
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Figure 6.6. Effect of hyperparameter selection for CP model when R=2 and the missing data

fraction is 80%.

compare the performance of the proposed variational Bayesian approach (CTF-VB) with the

standard approach (we call it CTF-ML in this section) defined in Section 3.1.1 in terms of

missing link prediction recovery.

Hyperparameter Selection . We observe that hyperparameter adaptation is crucial

for obtaining good prediction performance. In our simulations, results for TF-VB without

hyperparameter adaptation were occasionally poorer than the TF-ML estimates. We set both

shape A and scale B hyperparameters same for all components ⇥1:3. We tried several number

of different values for hyperparameters to obtain the best prediction results under missing

data case. Figure 6.6 shows the comparison of three different hyperparameter settings;

A = 0.5, B = 10, A = 10, B = 10 and A = 100, B = 1 in terms of link prediction

performance. As we can see, we obtain best result when initialising the shape hyperparameter

A = 0.5 and scale hyperparameter B = 10 for all settings of missing data. So, we use these

values of hyperparameter A and B for the following experiments. In addition, we obtain that

when we set A < 1 and B > 10, we get better results.
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Link Prediction. We compare the performance of ML-MAP estimation and variational

approaches of TF-VB and CTF-VB on both CP and Tucker tensor factorization models at

different amounts of randomly unobserved elements. In these experiments, the incomplete

tensor is factorized using either a CP or a Tucker model and the extracted factor matrices

are used to construct the full tensor and estimate scores for missing links. We use AUC

to measure the link prediction performance. The following results show the average link

prediction performance of 10 independent runs in terms of AUC.

For all cases, variational approach outperforms the standard approach clearly. Table 6.5

shows the time and accuracy performances of TF-ML, TF-VB, CTF-ML and CTF-VB

methods for the CP model, when {60, 80, 90} of the data is missing. Based on these results,

we can conclude two results: (i) the variational methods due to implicit self-regularization

effect [149], perform better than the standard methods; (ii) coupled models outperform the

single models in particular, when the percentage of missing data is high.

Moreover, we study the performance of CTF-ML and CTF-VB in terms of robustness

to model order selection. As model order increases, the prediction performance of CTF-

ML drops. This is as expected since CTF-ML is prone to overfitting and the increase in

model order causes an increase in the number of free parameters that, in turn, enlarges

penalty term in CTF-ML. On the other hand, the prediction performance of the variational

approach is not very sensitive to the model order and is immune to overfitting since Bayesian

approach alleviates over-fitting by integrating out all model parameters [109]. We compare

the prediction performances of CTF-ML and CTF-VB methods for the CP tensor model when

the component number R is equal to 2 and 20 and for different amounts of missing data, i.e.,

{40, 60, 80} of the data is missing. Figure 6.7(a) and Figure 6.7(b) demonstrate that when the

model order increases, the prediction performance of TF-VB approach stays almost same;

however, the prediction performance of TF-ML approach declines as expected.
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Table 6.5. AUC score (by ’mean ± std’) and time comparison of ML-MAP approaches and

the proposed VB algorithms on various data sets with CP-tensor factorization model and

different proportion of missing data. Results are averaged over 10 runs.

60% missing 80% missing 90% missing

Dataset Algorithm AUC Time(sec) AUC Time(sec) AUC Time(sec)

UCLAF

TF
ML 0.940 ± 0.004 1.69 0.867 ± 0.005 1.57 0.844 ± 0.005 1.43

VB 0.973 ± 0.002 2.12 0.959 ± 0.003 2.04 0.917 ± 0.003 1.93

CTF
ML 0.917 ± 0.003 5.14 0.892 ± 0.004 5.08 0.869 ± 0.004 4.98

VB 0.981 ± 0.001 6.19 0.962 ± 0.001 6.16 0.939 ± 0.002 6.01

Digg -

(Comment

Prediction)

TF
ML 0.848 ± 0.003 582.54 0.829 ± 0.004 326.16 0.813 ± 0.004 167.98

VB 0.917 ± 0.002 787.94 0.897± 0.003 460.24 0.879 ± 0.003 243.75

CTF
ML 0.856 ± 0.002 1019.78 0.837 ± 0.003 598.22 0.824 ± 0.003 312.53

VB 0.928 ± 0.001 1251.40 0.913 ± 0.002 735.47 0.891 ± 0.002 452.99

Digg -

(Digg

Prediction)

TF
ML 0.864 ± 0.005 277.11 0.845 ± 0.006 159.51 0.829 ± 0.006 89.54

VB 0.935 ± 0.003 340.20 0.917 ± 0.003 221.78 0.898 ± 0.004 127.35

CTF
ML 0.892 ± 0.003 473.42 0.870 ± 0.004 290.34 0.853 ± 0.004 168.51

VB 0.961 ± 0.001 537.54 0.947 ± 0.001 354.18 0.923 ± 0.002 211.15
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Figure 6.7. Effect of model order on the performance of a) CTF-ML and b) CTF-VB

approaches for CP model when R=2.
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7. EXPERIMENTS ON DIFFERENTIALLY PRIVATE COUPLED

MATRIX AND TENSOR FACTORIZATION

The aim of this chapter is to demonstrate our differentially private methods presented

in Chapter 4 on different models and datasets. In particular, we begin with the differentially

private CMF models with different privacy settings. Then, we show the differentially private

CTF results on three different models with different notions of privacy on both synthetic and

real world datasets.

7.1. Experiments on Differentially Private Coupled Matrix Factorization

In order to evaluate how our proposed methods work in practice, we conducted experi-

ments on both synthetic and real data in two settings: we compare the performances of the

methods i) by varying the DP budget ✏ and ii) by varying the number of data sites N.

In Bayesian estimation, the log-likelihood function can be interpreted as a measure

of how well the parameter values fit the training example [111]. For the synthetic data

experiments, we considered computations using the log-likelihood (LL) (the log of the like-

lihood function given in Equation (4.1)) evaluated at the usual posterior simulations of the

parameters. In our recommendation tasks, we employed Root Mean Square Error (RMSE)

as our measurement. For each partition {X
(n)

}
N
n=1, we randomly chose 80% of the entries

for training and the remaining 20% for testing. We updated the learning rate per round as

t = 0/t
� where the initial learning rate 0 is set specific to each dataset by searching over

the set {0.1, 0.2, · · · , 1} that maximizes the LL results on training set in the synthetic data

experiments and the RMSE results on the training set in the real data experiments. We fixed

the decay rate � to 1 for all datasets, a typical value used in the literature [2, 27, 29, 150].

The learning rate ⌘(n)(t) that provides the DP for the factor updates was computed under the

constraints of Theorem 4.3 when the stepsize decreases.

Besides, the prediction accuracy depends on a number of factors that must be carefully
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tuned to optimize the performance. For our DP methods, these factors include the number

of latent factors D, the number of data passes T , the minibatch size B, the gradient clipping

norm G and the privacy parameter �. In order to choose the best parameter combination of the

prediction results, we tried several values for these parameters and reported the results for the

best performing ones. For all experiments, we set the rank D=5, clipping norm G=2 and � =

10�3. T and B are chosen differently for each dataset and we will specify these values in the

following. All of the results in this paper are the average of 10 runs of the proposed models.

7.1.1. Synthetic Data

In our first set of experiments, we generated two data matrices X
(1)
2 R150⇥50 and

X
(2)
2 R100⇥50 by using the generative model that is described in Section 4.1.2 with data

sparsity = 0.2. Once the data is partitioned, we ran our algorithms CDP (site), CDP (user),

LDP1 and LDP2 on this dataset for different ✏ values with mini-batch size B=1. Throughout

the experiments section, for the CDP we will show the results of site-level privacy since it’s

the main proposal of this paper. However, we first compare the site-level privacy with the

user-level privacy in Figure 7.1 to demonstrate the improvement by site-level privacy.

The number of data passes T is the most difficult element to determine in the algorithm as it

needs to be sufficient but not too large. We tried several values in the range of [50, 1000] and

observed that we obtained the best results when T is between 100 and 300. Figure 7.2 shows

the effect of the number of data passes to the prediction accuracy when ✏ = 0.1. We ran all

the methods in a fixed number of data passes. That is 150 passes for CDP (site) and 120

passes for LDP1 and LDP2 because we observe that the prediction accuracy peaks at these

values.

In order to choose the best hyperparameter combination for the prediction results, we

tried several values and chose the best performing ↵ and �. We specifically chose ↵ and �

values over the set {0.01, 0.1, 1, 10} and present the comparison results of four sample settings

in Table 7.4. Evidently, we obtain the best result when we set the shape hyperparameter ↵ = 0.1
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Figure 7.1. Comparison of CDP (site) and CDP (user) in terms of log-likelihood computed

on X
(1) when a) ✏ = 1, b) ✏ = 0.1 and c) ✏ = 0.05.

and the scale hyperparameter � = 0.01; so we use these values in the following experiments.

We observed that the performance is fairly robust to the changes in the hyperparameters.

We learned the estimates X̂(1) and X̂
(2) of the original matrices X(1) and X

(2), then

computed the predictive log-likelihood on the recovery of X(1) and X
(2). Figure 7.3 shows

the log-likelihood values of our methods on the recovery of X(1), under varying levels of

differential privacy protection and non-private (NP) case.

We draw two conclusions from these results: i) smaller ✏ values indicate stronger privacy

guarantee, and we obtain lower prediction accuracy in this case. Figure 7.3(a), 7.3(b) and

7.3(c) clearly show that as the value of ✏ increases so does the prediction accuracy of the

system for each of the three methods. ii) LDP provides a stronger form of privacy than CDP
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(c) LDP2

Figure 7.2. Predictive log-likelihood results computed for X(1) when ✏ = 0.1 for different

number of data passes for (a) CDP, (b) LDP1 and (c) LDP2.

Table 7.1. Log-likelihood scores of the proposed methods for different ✏ values and different

hyperparameter settings when there are 2 data sites.

CDP (site) LDP1

Hyperparameters ✏ = 0.05 ✏ = 0.1 NP ✏ = 0.05 ✏ = 0.1 NP

↵ = 0.1, � = 0.01 -5.12 ⇥10�5 -3.21 ⇥10�5 -5.40 ⇥10�4 -2.30 ⇥10�6 -1.33 ⇥10�6 -5.40 ⇥10�4

↵ = 10, � = 0.01 -5.18 ⇥10�5 -3.25 ⇥10�5 -5.45 ⇥10�4 -2.37 ⇥10�6 -1.38 ⇥10�6 -5.45 ⇥10�4

↵ = 0.1, � = 10 -5.23 ⇥10�5 -3.29 ⇥10�5 -5.48 ⇥10�4 -2.39 ⇥10�6 -1.40 ⇥10�6 -5.48 ⇥10�4

↵ = 10, � = 10 -5.15 ⇥10�5 -3.24 ⇥10�5 -5.41 ⇥10�4 -2.35 ⇥10�6 -1.36 ⇥10�6 -5.41 ⇥10�4

so CDP performs better. However, our second locally private model LDP2 is more flexible

than LDP1. In the LDP2 model, each data site uses the original data on its own site (without
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Figure 7.3. Comparison of the log-likelihood results computed for X(1) of a) CDP, b) LDP1

and c) LDP2 on the synthetic data generated with the Poisson-NMF model for

✏ = {0.05, 0.1, 1}. CDP, LDP1 and LDP2 comparison when d) ✏ = 1, e) ✏ = 0.1 and f) ✏ =

0.05.

privacy protection) and the privatized data views from the other sites; then decomposes them

collectively. Hence, LDP2 compensates the performance loss that is based on the definition

of local privacy. Figure 7.3(d), 7.3(e) and 7.3(f) demonstrate our claims. We first treat CDP
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and LDP2 models and see that there is a little performance loss for LDP2, compared to the

CDP model. Then, we compare the performances of two locally differentially private models

LDP1 and LDP2 and see that LDP2 outperforms LDP1 especially when ✏ is smaller.
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Figure 7.4. Predictive log-likelihood results computed for X(1) when ✏ = 0.1 for different

number of data sites N={2, · · · , 10} for (a) CDP, (b) LDP1 and (c) LDP2.

In our second set of experiments, we generated a dataset {X
(i)

}
10
i=1 2 R

100⇥50 by

using the same generative model, and distributed {X
(i)

}
10
i=1 to different data sites. Then, we

observed the predictive log-likelihood value on the recovery of X(1) as the number of data

sites increases from 2 to 10. It means we report the results for one data partition, which is

X
(1), as we increase the number of auxiliary sites for collective factorization. Figure 7.4

demonstrates that when the number of data sites integrated to the system increases, we obtain

higher predictive log-likelihood results for all three methods. The reason for the increase in

the log-likelihood is the increase in the information sharing. When one data site receives more
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information from the other data sites, the prediction accuracy improves.

7.1.2. Real Data

We conducted matrix completion experiments for recommendation on MovieLens 1

and Netflix datasets 2 . Movielens data contains approximately 1M movie ratings from 3952

movies made by 6040 MovieLens users and the ratings in this dataset are integer scores

ranging from 1 to 5. Netflix data consists of 99M ratings at a scale of 1 to 5 made by ⇠480K

users for ⇠18K movies. Both datasets contain less than 1% of all possible entries. In the

real data experiments, data instances, corresponding to the rows of a matrix, were distributed

across different sites. For each experiment in this section, we used B = 100, 0 = 0.1 for

Movielens and B = 1000, 0 = 0.3 for Netflix. We ran the algorithm for 100 passes and the

algorithm took under 60 passes for Movielens and 80 passes for Netflix to converge.

Comparison with existing method . First of all, we compared our proposed algorithm

with the DP-SGLD method proposed in [27] (We call it Wang et al in the experiments). As

we mentioned in Section 4.1.3, Li et al increases the upper bound for the stepsize by a factor

of T 1/3 log(T/�). The practical improvement can be observed in Figure 7.5(a).
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Figure 7.5. a) DP-SGLD comparison results in terms of RMSE on Movielens and Netflix

datasets when ✏ = 0.1. b) Comparison results of [1] and [2] with Algorithm-1 (CDP(user)) on

Movielens dataset when ✏ = 0.1.

1www.grouplens.org/ node/73
2https://github.com/BIDData/BIDMach/wiki/Benchmarks
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Then, we compared our method to the most related algorithms proposed by Hua et al [1]

and Liu et al [2]. Note that these algorithms can only model data in one single data site and

considers user-level privacy, so we use the whole data that is stored in one data site and chose

CDP (user) as our privacy notion to compare. We set B=1, � = 0.01 and ran all the methods

on Movielens dataset with varying ✏. Figure 7.5(b) shows that there is a slight difference

between [1] and [2] when ✏ = 0.1 and Algorithm-1 is noticeably performs better than the

others. The main reason of the difference is the composition methods of the algorithms.

Both [1] and [2] use Advanced Composition (Theorem 3.20 in [89]) and we use the moments

accountant based SGLD. In addition to the accuracy, we compared the computation times.

Both our approach and [2] use the SGLD based approach, so each iteration almost takes the

same time: ⇠30 sec. The algorithm of [1] is a bit faster than the Bayesian approaches since it

is based on deterministic SGD; it takes ⇠26 sec per iteration.

Method Comparisons . In the first set of real data experiments, we stored the

Movielens dataset in two matrices as X
(1)
2 R2000⇥6040, X(2)

2 R1952⇥6040, and Netflix

dataset in two matrices as X(1)
2 R240K⇥17770, X(2)

2 R240K⇥17770. Then, we generated the

latent factors by using the generative model described in Section 4.1.2. Table 7.2 reports

the performances of the proposed methods CDP (site), LDP1 and LDP2 in terms of RMSE

between the real data (X(1), X(2)) and the estimated data (X̂(1), X̂(2)). These results justify

the theoretical claims and the empirical results on synthetic data: when the privacy protection

of the system is increased by decreasing ✏, we obtain lower prediction accuracy.

Furthermore, we can obtain from these results that CDP model outperforms the LDP models

since local DP provides a stronger privacy protection. However, our main goal was to increase

the prediction accuracy; that is why we proposed the LDP2 model. The results given in

Table 7.2 demonstrate that LDP2 displays very close prediction performance to CDP. LDP2

also assures better prediction accuracy than LDP1 while preserving the same amount of

site-level privacy with LDP1. In the non-private (NP) case of the algorithms, CDP and LDP1

methods correspond to the same model since we do not use the privatization mechanism in

NP case in Figure 4.5.



104

Table 7.2. RMSE scores of the proposed methods for different ✏ values when there are 2 data

sites.

Movielens Netflix

✏ CDP (user) LDP1 LDP2 CDP (site) LDP1 LDP2

X
(1)

X
(2)

X
(1)

X
(2)

X
(1)

X
(2)

X
(1)

X
(2)

X
(1)

X
(2)

X
(1)

X
(2)

NP 0.831 0.719 0.831 0.719 0.861 0.717 0.775 0.802 0.775 0.802 0.799 0.827

1 0.930 0.737 1.032 0.914 1.026 0.882 0.902 0.933 0.945 0.973 0.950 0.985

0.1 1.419 1.224 1.826 1.511 1.695 1.362 1.354 1.419 1.598 1.654 1.405 1.468

0.05 1.866 1.631 2.164 1.992 1.992 1.831 1.683 1.812 1.905 1.972 1.751 1.835
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Figure 7.6. The performance comparison of CDP (site), LDP1 and LDP2 on a) Movielens b)

Netflix when ✏ = 1 and N = {2, · · · , 10}.

Effect of number of data sites . As the final set of experiments, we divided the datasets

into 10 partitions: {X
(i)

}
9
i=1 2 R

400⇥6040, X(10)
2 R352⇥6040 for Movielens and {X

(i)
}
10
i=1 2

R24K⇥17770, for Netflix; then distributed them to different data sites. We monitored the RMSE

between X
(1) and X̂

(1) when we increase the number of data sites N from 2 to 10. Table 7.3

illustrates the behavior of our methods when we increase the number of data sites in the

system. The performances of all three methods improve, as the number of additional data

sources increases. In this table, bold numbers emphasize that the difference in the prediction

accuracy of LDP1 and LDP2 increases with the number of data sites integrated to the system.

Figure 7.6(a) and 7.6(b) show this behavior clearly.
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Table 7.3. RMSE scores for X(1) when ✏ = 1 and the number of data sites N in the system is

varied from 2 to 10.

Number of data sites (N)

Method 2 3 4 5 6 7 8 9 10

M
ov

ie
Le

ns CDP (site) 0.865 0.764 0.680 0.612 0.571 0.544 0.520 0.502 0.480

LDP1 1.075 0.952 0.856 0.774 0.729 0.686 0.648 0.611 0.574

LDP2 1.020 0.809 0.720 0.641 0.593 0.564 0.545 0.524 0.506

N
et

fli
x

CDP (site) 0.785 0.682 0.596 0.539 0.486 0.465 0.451 0.440 0.430

LDP1 1.016 0.905 0.804 0.725 0.688 0.641 0.603 0.579 0.567

LDP2 0.906 0.765 0.673 0.598 0.545 0.506 0.487 0.470 0.459
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7.2. Experiments on Differentially Private Coupled Tensor Factorization

This section presents the experiment results on both synthetic and real data in three

settings: we compared the prediction accuracy by altering i) the DP budget ✏, ii) the number of

data sites N incorporated to the system and ii) the number of shared factors between data sites.

For the synthetic data experiments, we considered computations using the log-likelihood (LL)

evaluated at the usual posterior simulations of the parameters. In our recommendation tasks,

we employed Root Mean Square Error (RMSE) as our metric. For each partition {X
(v)

}
N
v=1,

we used 80% of the entries for training and the 20% for testing. We updated learning rate per

round as t = 0/t
% where the decay rate % 2 (0.5, 1] and the initial learning rate 0 2 (0, 1].

The learning rate ⌘t that provides the DP for the factor updates was computed by Equation

(4.27) and the parameter ↵ was set to 0.9 to determine it. For each dataset, we tried several

values for these parameters and reported the results for the best performing ones. All of the

results are the average of 10 runs of the proposed models.

7.2.1. Synthetic Data

First, we generated two matrices X
(1)
2 R100⇥50 and X

(2)
2 R100⇥50 by using the

model described in Section 4.2.1. Then, we ran our algorithm for different ✏ values and

learned the estimates of X̂(1) and X̂
(2) of the original matrices X(1) and X

(2), then computed

the predictive log-likelihood on the recovery of them. During this section, we use user-level

privacy (for comparison purposes) and zCDP (to obtain better prediction results) as our

baseline DP notion.

We start with the comparison of the composition methods. Figure 7.7 compares the

usage of the advanced composition (AC) and the zCDP composition analysis on synthetic

data and Movielens respectively. This figure shows that when we use the zCDP, we get a

much tighter estimation of the privacy loss. For example, when ✏ = 1, the � = 8.14 for AC

and � = 2.87 for zCDP on synthetic data. We can obtain from this figure that we get a much

lower noise by using the zCDP for a fixed the privacy loss ✏. Therefore, for our CTF models

with a total privacy budget fixed to ✏, the amount of noise added is smaller for zCDP, and the

prediction accuracy is higher. We have already known that zCDP is supeior in theory, but
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Figure 7.7. The � value as a function of ✏.

these results demonstrate that it also works well in practice.

Afterwards, we compare performances of our algorithms’ parameters for different

values to choose the best parameter and hyperparameter combinations for CTF-AC and

CTF-zCDP methods.

Effect of the parameters. The prediction accuracy depends on a number of factors

that must be carefully tuned to optimize the performance. For our DP methods, these factors

consist of the latent factor dimension K, the number of data passes T , the minibatch size

B, the gradient clipping norm G and the privacy parameter �. To select the best parameter

combination of the prediction results, we tried several values for these parameters. We control

a parameter individually by fixing the rest as constant. For the synthetic data experiments, we

set the parameters as follows: K = 5, B = 100, G = 2 and � = 10�3 when the privacy budget ✏

is set to 1. As we defined in Section 4.2.2, the sampling ratio of each minibatch is � = B/Cv.

The number of iterations T is equal to E/� where E is the number of epochs. We choose E

= 6 for the synthetic data experiments. The complete results are presented in Figure 7.8.

We first monitor the effect of the minibatch size. In DP settings, choosing smaller

minibatch size leads running more epochs, however, the added noise has a smaller relative

effect for a larger minibatch. Figure 7.8(a) shows that relatively larger minibatch sizes give

better results. Empirically, we obtain the best accuracy when B is around 100 (so the � =
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Figure 7.8. The effect of the model parameters on synthetic dataset when ✏ = 1 under

user-level DP.

100/500 = 0.02).

The number of iterations T needs to be sufficient, but not too large. The privacy cost
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in zCDP increases in proportion to
p
T and it is more tolerable than DP. For the number of

epochs E, we tried several values in the range of [1, 20] and observed that we obtained the

best results when E is between 5 and 10. We choose E = 6, so the number of iterations T

becomes equal to 6/0.02 = 300. (For the rest of the experiments, we will directly report the

number of iterations T .)

In matrix factorization models, using more latent factors is often preferable and increases

the prediction accuracy of the predictive model. Due to the increase in the sensitivity of the

gradient, more noise is added at each update when we use more latent factors in differentially

private models. However, increasing the number of factors does not always decrease accuracy

since some tensors have many underlying structures and represented by several latent factors.

So we run experiments with various rank values and present the results in Figure 7.8(c). We

can see that accuracy is very close to a latent factor number in the range of [2, 10] and peaks

at 5.

Tuning the gradient clipping threshold depends on the details of the model. When the

threshold is quite small, the clipped gradient could be too different from the correct gradient

and points to a contrasting direction. Besides, when we increase the threshold, we add a

large amount of noise to the gradients. In our experiments, we tried G values in the range of

{1, 6}. Figure 7.8(d) shows that our model peaks at G = 2 and tolerable up to G = 4, then the

accuracy decreases marginally.

Moreover, we monitor the accuracy for various � values for a fixed ✏ in Figure 7.8(e).

We draw the most accurate result for each � where � = {10�5
, 10�4

, 10�3
, 10�2

, 10�1
} and

✏ = 1. Figure 7.8(e) shows that there is only a slight difference for different �. However,

different values of ✏ for a fixed � may dramatically influence the accuracy (See Figure 7.9(b))).

Finally, we determine the gamma distribution hyperparameters a0 and b0. We specifi-

cally chose a0 and b0 values over the set {0.01, 0.1, 1, 10} and present the comparison results

of four sample settings in Table 7.4. Evidently, we obtain the best result when we set the shape

hyperparameter a0 = 1 and scale hyperparameter b0 = 0.01. We observed that the performance

is fairly robust to the changes in the hyperparameters for all privacy levels.



110

Table 7.4. Log-likelihood scores for X(1) of the proposed method for different ✏ values (for

CTF-zCDP (user-level) method) and different hyperparameter settings when N = 2.

Hyperparameters NP ✏ = 10 ✏ = 1 ✏ = 0.1

a0 = 1, b0 = 0.01 �3.21⇥ 105 �5.12⇥ 105 �8.92⇥ 105 �1.18⇥ 106

a0 = 10, b0 = 0.01 �3.25⇥ 105 �5.18⇥ 105 �9.05⇥ 105 �1.35⇥ 106

a0 = 0.1, b0 = 10 �3.29⇥ 105 �5.23⇥ 105 �9.11⇥ 105 �1.32⇥ 106

a0 = 10, b0 = 10 �3.24⇥ 105 �5.15⇥ 105 �8.97⇥ 105 �1.24⇥ 106

Prediction Accuracy. After tuning these parameters to optimize prediction perfor-

mance, we compared the prediction accuracy of various combination of privacy notions

defined in Section 4.2.2. These are the site-level DP with AC and zCDP compositions; and

the user-level DP with AC and zCDP compositions. First, we compare the performances of

our methods in Figure 7.9(a). Then we demonstrate the performance of our baseline method,

CTF-zCDP (user-level) for different level of privacy protection in Figure 7.9(b).

We obtain two outcomes from these experiments: i) as mentioned in Section 4.2.2,

zCDP composition provides a compact bound on the differential privacy budget compared to

the AC theorem. Therefore, for our CTF models with a total privacy budget fixed to ✏, the

amount of noise added is smaller for zCDP, and the test accuracy is higher. ii) The smaller ✏

values indicates stronger privacy guarantee and we get lower prediction accuracy in this case.

We can clearly see that when the value of ✏ increases, the prediction accuracy of the system

increases too.

Up to this point, we showed the effect of privacy parameters on accuracy. Now, we

measure the effect of the number of data sites N that is incorporated into the system. So, we

generated a dataset {X
(v)

}
10
v=1 2 R100⇥50 by using the same generative model and distribute

them to different data-sites. We monitored the LL score for the data of site 1 which is X(1)

as the number of data sites increase from 1 to 10 (note that the LL score is measured on a

fixed data for all values of N ) and report the results for N = {1, 2, 5, 10}. We illustrate the

results on synthetic dataset for ✏ = 1 in Figure 7.10 and report the results for all privacy levels



111

0 50 100 150 200 250 300
Iterations

-5
-4

-3

-2

-1

L
o

g
-l
ik

e
lih

o
o

d

106

 AC (site)
 AC (user)
 zCDP (site)
 zCDP (user)

(a) Accuracy of various methods

0 50 100 150 200 250 300
Iterations

-106

L
o

g
-l
ik

e
lih

o
o

d

   NP

    = 10

    = 1

    = 0.1

(b) Accuracy of various ✏ values

Figure 7.9. Comparison of the prediction results (in terms of LL) for (a) different privacy

notions for ✏ = 1 and (b) different privacy budgets and non-private (NP) case for CTF-zCDP

(user-level).

in Table 7.5. They demonstrate that when the number of data sites integrated to the system

increases, we obtain higher log-likelihood scores. The reason of the increase in the LL is the

information sharing. When one data site gets more information from the other data sites, the

prediction accuracy improves. The results that are obtained for all privacy levels and all types

of privacy notions are presented in Table 7.5 and they clearly support this claim. These results

also compares the performances of our methods and different privacy levels.
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Figure 7.10. LL scores for X(1) when the number of data sites for N = {1, 2, 5, 10} and ✏ = 1.

7.2.2. Real Data

We designed tensor completion experiments for recommendation on MovieLens 3

and UCLAF datasets; and for tag prediction on Flickr dataset. Movielens data contains

approximately 1M movie ratings from 3952 movies made by 6040 MovieLens users and the

ratings in this dataset are integer scores ranging from 1 to 5. UCLAF includes 164 users,

168 locations, 14 location features and 5 types of activities. The scores in user-activity-

location data indicate the frequency of a user i1, visiting location i2 and doing activity i3

there, and ranges from 1 to 5. The collected data also includes locations’ features from

the points of interest database. The third dataset we consider is crawled from Flickr by

using the social network connectors (Flickr API) 4 . This dataset consists of 2866 users,

60339 tags, 46733 images and feature vector of 1024 dimensional visual features. The

3www.grouplens.org/node/73
4www.flickr.com/services/api/
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Table 7.5. LL scores for X(1) when the number of data sites for N = {1, 2, 5, 10} and

✏ = {10, 1, 0.1} for various privacy notions. (All results in the table are divided to 105 for the

sake of clarity.)

N = 1 N = 2 N = 5 N = 10

Method NP -3.37 -3.21 -3.06 -2.85

CTF-AC

(site-level)

✏ = 10 -6.65 -5.62 -4.86 -4.02

✏ = 1 -11.50 -9.81 -8.73 -7.22

✏ = 0.1 -14.42 -12.38 -11.04 -9.60

CTF-AC

(user-level)

✏ = 10 -7.98 -6.53 -5.74 -4.65

✏ = 1 -12.76 -10.88 -9.06 -7.90

✏ = 0.1 -15.31 -13.24 -11.87 -10.13

CTF-zCDP

(site-level)

✏ = 10 -5.37 -4.79 -4.31 -3.62

✏ = 1 -9.06 -7.91 -7.18 -6.54

✏ = 0.1 -12.05 -10.48 -9.14 -8.30

CTF-zCDP

(user-level)

✏ = 10 -6.13 -5.12 -4.59 -3.95

✏ = 1 -10.32 -8.92 -8.04 -6.83

✏ = 0.1 -13.25 -11.80 -10.26 -9.09

scores indicate the user-item-tag relations that result in binary tensor. First, we divided

the datasets into 10 partitions: {X
(v)

}
9
v=1 2 R400⇥6040, X(10)

2 R352⇥6040 for Movielens,

{X
(v)

}
9
v=1 2 R16⇥168⇥5

, X
(10)
2 R20⇥168⇥5 for UCLAF and {X

(v)
}
10
v=1 2 R286⇥60339⇥46733for

Flickr; then distributed them to different data-sites. Moreover, we used an additional data-site

that stores location-feature matrix for UCLAF and location-item matrix for Flickr. We used

this additional matrix X
(11) for the Model-3. Finally, we generated the latent factors {⇥d}

D
d=1

by using the generative model described in Section 5.2.

In the first set of experiments, we investigate the influence of privacy loss on accuracy.

To begin with, we determine the number of latent factors K, the number of data passes
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Figure 7.11. Comparison of the prediction results (in terms of RMSE) on (a) Movielens, (b)

UCLAF (Model-2) and (c) Flickr (Model-2) for ✏ = {10, 1, 0.1} and N = 2.

T , the minibatch size B, the gradient clipping norm G, the privacy parameter � and the

hyperparameters for all datasets to get the best results. The initial learning rates were set

to 0 = {0.1, 0.3, 0.08}, % = {1, 0.9, 0.9}, the latent factors were set to K = {5, 3, 5}, the
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minibatch sizes were set to B = {80, 4, 40} and the gradient clipping norm is chosen to be

G = {3, 3, 2} for Movielens, UCLAF and Flickr respectively. We ran the algorithm for 120

passes for Movielens, 300 passes for UCLAF and 400 passes for Flickr. Finally, we choose

a0 = 1, b0 = 0.01 and � = 10�4 for all datasets.

Figure 7.11(a), 7.11(b) and 7.11(c) report the performances of the proposed algorithm

between the original data X
(1) and the estimated data X̂

(1) in terms of RMSE on all datasets.

These results justify the theoretical claims and the empirical results on synthetic data that

lower prediction accuracy is obtained when the privacy protection is increased by decreasing

✏.

Comparison with existing method. We are able to compare our baseline method CTF-

zCDP (user-level) to the most related algorithms proposed by Hua et al [1] and Liu et al [2].

Hua et al propose a differentially private SGD algorithm for matrix factorization (MF) where

each user is accepted as a party; so the rows of the user factor are kept as private. Then, the

data aggregator (recommender) uses the item factor to share preferences between users using

a Laplace mechanism. The recommender has access to the intermediate results from all users

after each iteration and it can easily eliminate the noise vectors’ effect. So, the noise vector

is needed to be decomposed and determined after each iteration using a fairly complicated

procedure. Liu et al exploit the fact which is proved in [27] and propose a DP-collaborative

filtering approach. They focus on the single-party setting where no information sharing

between data sites is considered. Here, we propose a simple MCMC algorithm for multiparty

prediction systems where each party can hold data of a different modality. Our method allows

information sharing while preserving both the user-level DP and the site-level DP. Note that

these algorithms can only model data in one single data site, so we use the whole data that is

stored in one data site. We consider the user-level DP for a fair comparison in same setting.

We set B=1, � = 0.01 and ran all the methods on Movielens and Flickr datasets with

varying ✏. Figure 7.12 shows that there is a slight difference between Hua et al [1] and Liu et

al [2] on Movielens dataset when ✏ = 0.1 and CTF-zCDP (user-level) is noticeably performs

better than the others. Table 7.6 demonstrates that same behaviour is observed for all privacy
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levels on both datasets. The main reason of the difference is the different privacy notions

of the methods. Both [1] and [2] use Advanced Composition. Besides, we compared the
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Figure 7.12. Comparison results of Hua et al [1] and Liu et al [2] with CTF-zCDP

(user-level) on Movielens dataset when ✏ = 0.1.

computation times. Both CTF-zCDP and Liu et al [2] use the SGLD based approach, so each

iteration almost takes the same time: ⇠30 sec. The algorithm of Hua et al [1] is a bit faster

than the Bayesian approaches since it is based on deterministic SGD; it takes ⇠26 sec per

iteration.

Table 7.6. Comparison of methods in terms of RMSE for ✏ = {10, 1, 0.1} and NP-case.

NP ✏ = 10 ✏ = 1 ✏ = 0.1

M
ov

ie
le

ns CTF-zCDP (user-level) 0.96 1.05 1.39 1.87

Hua et al [1] 0.93 1.25 1.48 2.01

Liu et al [2] 0.93 1.18 1.46 2.05

Fl
ic

kr

CTF-zCDP (user-level) 0.37 0.51 0.74 1.02

Hua et al [1] 0.39 0.55 0.80 1.10

Liu et al [2] 0.37 0.52 0.75 1.02

Finally, we monitored the RMSE between X
(1) and X̂

(1) when we increase the number

of data sites N from 1 to 10 on real datasets. We first used the matrix factorization model for
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Movielens data that is illustrated in Figure 4.2 where the item factor ⇥2 is shared between the

data sites. Figure 7.13(a) and Figure 7.13(b) illustrates the prediction performances of our

methods for different number of data sites when ✏ = 1 and ✏ = 0.1 respectively. Moreover,

the results for all privacy levels and methods are reported in terms of RMSE in Table 7.7.
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Figure 7.13. Comparison of our methods on Movielens for N = {1, 2, 5, 10}.

It is clear that the performance of all methods improves as the quantity of additional

data sources increase. However, when the privacy loss ✏ is small, CTF-zCDP (especially with

the site-level privacy) performs significantly better than the other methods.

Varying the number of shared factors between data sites. We conducted experiments

on modeling relations with several combinations of private and shared factors in order to

answer the question: does sharing more information via the shared factors lead to improved
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Table 7.7. Prediction results for X(1) when the number of data sites for N = {1, 2, 5, 10} on

Movielens data and ✏ = {10, 1, 0.1} for various privacy notions.

N = 1 N = 2 N = 5 N = 10

Method NP 0.96 0.89 0.81 0.74

CTF-AC

(site-level)

✏ = 10 1.11 1.02 0.94 0.88

✏ = 1 1.44 1.33 1.22 1.14

✏ = 0.1 2.05 1.90 1.78 1.67

CTF-AC

(user-level)

✏ = 10 1.19 1.10 1.01 0.95

✏ = 1 1.62 1.39 1.28 1.20

✏ = 0.1 2.26 2.09 1.93 1.81

CTF-zCDP

(site-level)

✏ = 10 1.01 0.92 0.83 0.77

✏ = 1 1.30 1.18 1.07 0.98

✏ = 0.1 1.72 1.59 1.46 1.37

CTF-zCDP

(user-level)

✏ = 10 1.05 0.96 0.87 0.81

✏ = 1 1.39 1.27 1.15 1.08

✏ = 0.1 1.87 1.72 1.57 1.49

prediction performance? We compared the performances of the models that are visualized

in Figure 4.7(a), 4.7(b) and 4.7(c) on UCLAF and Flickr datasets. In Model-1, only ⇥2

(location factor for UCLAF and item factor for Flickr) is shared and in Model-2, ⇥3 (activity

factor for UCLAF and tag factor for Flickr) is shared additional to ⇥2 between the data

sites. Model-3 integrates the public item-feature matrix to Model-2 and this matrix provides

auxiliary information to the inference of shared item feature matrix ⇥2. We use the auxiliary

matrix X
(11) for N = {1, 2, 5, 10} in Model-3 to see the effect of non-private additional

information. In this set of experiments, we choose ✏ = {10, 1, 0.1} and compare the results

with the non-private (NP) case. We give the results for CTF-zCDP (user-level) method and

the number of data sites N = {1, 2, 5, 10}. The complete results are provided in Table 7.8.
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Table 7.8. Model comparison results for CTF-zCDP (user-level) when the number of data

sites in the system increases. The results are reported for ✏ = {10, 1, 0.1} and NP case on

UCLAF and Flickr.

UCLAF Flickr

N = 1 N = 2 N = 5 N = 10 N = 1 N = 2 N = 5 N = 10

N
P

Model-1 0.77 0.65 0.55 0.47 0.42 0.36 0.31 0.26

Model-2 0.77 0.62 0.51 0.43 0.42 0.33 0.27 0.23

Model-3 0.68 0.54 0.44 0.37 0.36 0.29 0.23 0.20

✏
=

10

Model-1 0.89 0.77 0.66 0.57 0.54 0.48 0.43 0.38

Model-2 0.89 0.72 0.60 0.51 0.54 0.45 0.38 0.33

Model-3 0.80 0.64 0.53 0.46 0.46 0.38 0.32 0.27

✏
=

1

Model-1 1.04 0.94 0.84 0.75 0.66 0.62 0.58 0.55

Model-2 1.04 0.89 0.81 0.73 0.66 0.60 0.56 0.54

Model-3 0.97 0.83 0.76 0.70 0.62 0.58 0.56 0.54

✏
=

0.
1

Model-1 1.83 1.66 1.52 1.40 0.98 0.93 0.88 0.83

Model-2 1.83 1.74 1.68 1.64 0.98 0.92 0.89 0.88

Model-3 1.64 1.60 1.57 1.57 0.91 0.86 0.85 0.87

Figure 7.14(a) and Figure 7.14(b) compares the Model-1, Model-2 and Model-3 for

different number of data sites when ✏ = 1. Similar to the synthetic data and Movielens results,

the performance of all models improves as the number of additional data sources integrated

into the system increase. When N gets larger, more information is provided to update the

shared factors; so the difference of the performances of Model-1 and Model-2 also becomes

larger. However for N = 1, there is no data sharing for Model-1 and Model-2, therefore all

models give the same result. It is also clear that the non-private additional information in

Model-3 improves the prediction accuracy.
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Figure 7.14. Prediction results of Model-1, Model-2 and Model-3 when ✏ = 1 for

N = {1, 2, 5, 10} with CTF-zCDP (user-level).

Besides, we compare the performances of the models when N = 10 for different privacy

levels in Figure 7.15(a) and Figure 7.15(b). When the number of data sites increase for high

privacy loss (when ✏ < 1), the cumulative noise added to the shared factors reaches to large

values. In these figures, we can see that the prediction quality decreases when the number

of shared factors increases and the ✏ decreases. For NP and ✏ =1, the prediction accuracy is

higher for Model-2 and Model-3. For ✏ = 1 and ✏ = 0.1 Model-1 and Model-2 performs nearly

the same and Model-3 is slightly better because of the non-private additional information.
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Figure 7.15. Prediction results of Model-1, Model-2 and Model-3 when N = 10 for NP and

✏ = {0.1, 1, 10} with CTF-zCDP (user-level).
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8. EXPERIMENTS ON DIFFERENTIALLY PRIVATE BAYESIAN

NEURAL NETWORKS

The aim of this chapter is to evaluate the performance our differentially private Bayesian

neural networks presented in Chapter 5 on real world datasets.

8.1. Experiments of Differentially Private Bayesian Neural Networks

We use two standard benchmarking datasets MNIST [124] and DIGITS [151] to evaluate

our method. MNIST dataset contains 70K 28⇥ 28 handwritten digits (60K for training and

10K for testing) and DIGITS dataset consists of 1797 8⇥8 grayscale images (1439 for training

and 360 for testing) of handwritten digits. We generate and use a single layer feed-forward

neural network for the experiments in this section. We use rectifier linear units (ReLU) as the

activation function and softmax operation for the classification of MNIST and DIGITS where

both have 10 classes. We choose the non-private (NP) model as our baseline. For MNIST, we

use the minibatch of size S = 600 with 1000 hidden units and reach an accuracy of 98.20% in

about 200 epochs. For DIGITS, we use the minibatch of size S = 100 with 500 hidden units

and reach an accuracy of 95.50% in about 100 epochs. All of the results are implemented in

Theano [152] and are the average of 10 runs.

8.1.1. Differentially private models

We use the architecture that is defined above for the differentially private version as

well. We applied gradient clipping to the hidden layer of the network in order to limit the

sensitivity and compute the amount of noise to be added to protect the privacy. We choose

the gradient clipping norm G = 3 for MNIST and G = 2 for DIGITS. For three different

noise levels, ✏ = {10, 1, 0.5}, we run the experiments and report the results. For any fixed ✏,

� is varied between 10�2 and 10�5. There is a slight difference with different � values (less

than 10�3), but still we choose the best performing � = 10�4 for both datasets. We set the

initial learning rate ⌘0 = 0.1 for MNIST and ⌘0 = 0.05 for DIGITS and update it per round
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Figure 8.1. Comparison of the test accuracies for ✏ = {10, 1, 0.5} and the NP case for (a) AC,

b) zCDP compositions on MNIST and (c) AC, d) zCDP compositions on DIGITS.

as ⌘t = ⌘0/t
� . We fixed the decay rate � to 1 for both of the datasets.

In the first set of experiments, we investigate the influence of privacy loss on accu-

racy. The mini-batch sizes were set to S = 600 and S = 100 for MNIST and DIGITS

respectively. We ran the algorithm for 200 passes for MNIST and 100 passes for DIGITS.

Figure 8.1(a), 8.1(c) report the performance of the DPD-AC method and Figure 8.1(b), 8.1(d)

report the performance of the DPD-zCDP method for different noise levels. These results

justify the theoretical claims that lower prediction accuracy is obtained when the privacy

protection is increased by decreasing ✏. One more deduction from these results is that dropout

with the zCDP composition (DPD-zCDP method) can reach an accuracy very close to the

non-private level especially under reasonably strong privacy guarantees (when ✏ > 0.5).
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Figure 8.2. The � value as a function of ✏ on MNIST and DIGITS respectively.

Then, we compare the classification accuracy of models learned using two variants of

our algorithm: DPD-AC and DPD-zCDP. As mentioned in Section 5.2.3, zCDP composition

provides a compact bound on the differential privacy budget compared to the AC theorem.

In order to test it empirically, we run experiments with concrete ✏ values. The noise level

can be computed from the overall privacy loss ✏, the sampling ratio of each minibatch ⌫ =

S/N and the number of epochs E (where the number of iterations is computed as T = E/⌫).

For our MNIST and DIGITS experiments, we set ⌫ = 0.01, E = 200 and ⌫ = 0.05, E = 100,

respectively. Then, we compute the value of �. For example, when ✏ = 0.5, the � values are

10.88 for DPD-AC and 3.23 for DPD-zCDP on MNIST. We can see from Figure 8.2(a) and

Figure 8.2(b) that we get a much lower noise by using the zCDP for a fixed the privacy loss ✏.

Therefore, for our models with a total privacy budget fixed to ✏, the amount of noise

added is smaller for zCDP, and the test accuracy is higher. Figure 8.3(a) and Figure 8.3(b)

show the comparison results of DPD-AC and DPD-zCDP methods when ✏ = 0.5 with NP

model. Both results clearly show that using the zCDP composition further helps in obtaining

even more accurate results at a comparable level of privacy.

Lastly, we compare our methods to the most related algorithm proposed by Abadi et

al. [81] and the case when no dropout is used. For the algorithm with no dropout, we use

SGLD to update the weights of the neural network. We ran all the methods on MNIST and

DIGITS with varying ✏. Table 8.1 reports the test accuracies of all methods. The previous
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(b) DIGITS

Figure 8.3. (a) and (b) are the test accuracy results of DPD-AC and DPD-zCDP for ✏ = 0.5 on

MNIST and DIGITS datasets.

Table 8.1. Comparison of the methods for ✏ = {10, 1, 0.5}. Bold values indicate the best

results.

MNIST DIGITS

✏ = 10 ✏ = 1 ✏ = 0.5 ✏ = 10 ✏ = 1 ✏ = 0.5

DPD-AC 0.9526 0.9187 0.8658 0.9341 0.9089 0.8521

DPD-zCDP 0.9718 0.9470 0.9205 0.9518 0.9367 0.9125

SGLD-zCDP (no dropout) 0.9581 0.9216 0.8952 0.9403 0.9187 0.8821

Abadi et al. [81] 0.9720 0.9305 0.8965 0.9480 0.9265 0.9003

experiments have already demonstrated that DPD-zCDP significantly improves the prediction

accuracy. These results also support it and show that dropout improves the prediction accuracy

especially when the privacy budget is low.

8.1.2. Effect of the parameters

The accuracy in neural networks depends on a number of factors and parameters that

are needed to be tuned to optimize the performance. For our DP methods, these factors consist

the number of hidden units, the number of epochs/iterations, the gradient clipping threshold,

the minibatch size and the noise level. In the previous section, we compared the effect of
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Figure 8.4. The effect of the model parameters on MNIST dataset.

different noise levels to the classification accuracy. Here, we demonstrate the effects of the

remaining parameters. We control a parameter individually by fixing the rest as constant. For

MNIST experiments, we set the parameters as follows: 1000 hidden units, minibatch size

of 600, gradient clipping norm of 3, initial learning rate of 0.1, 200 epochs and the privacy

budget ✏ to 1. The results are presented in Figure 8.4.

In non-private neural networks, using more hidden units is often preferable and increases

the prediction accuracy of the trained model. For differentially private training, using more

hidden units may lead too much additional noise due to the increase in the sensitivity of the

gradient. However, this doesn’t mean that when the number of hidden units increases, the

accuracy will decrease. The large networks are tolerant to noise, so the optimum number of

hidden units should be tuned. Figure 8.4(a) shows that accuracy is very close for a hidden

unit number in the range of [500, 2000] and peaks at 1000.



127

The number of iterations T (that can be computed as T = E/⌫) needs to be sufficient but

not too large. The privacy cost in zCDP increases in proportion to
p
T and it is more tolerable

than DP. We tried several values in the range of [50, 400] and observed that we obtained the

best results when E is between 100 and 200 for MNIST.

Tuning the gradient clipping threshold depends on the details of the model. When the

threshold is quite small, the clipped gradient could be too different from the correct gradient

and points to a contrasting direction. Besides, when we increase the threshold, we add a large

amount of noise to the gradients. Abadi et al. [81] proposed that a good way to choose a value

for C is taking the median of the norms of the unclipped gradients. In our experiments, we

tried G values in the range of [1, 6]. Figure 8.4(c) shows that our model is tolerable to the

noise up to G = 4, then the accuracy decreases marginally.

Finally, we monitor the effect of the minibatch size. In DP settings, choosing smaller

minibatch size leads running more epochs, however, the amount of the noise added has a

less effect comparatively for a larger minibatch. Figure 8.4(d) shows that relatively larger

minibatch sizes give better results. Empirically, we obtain the best accuracy when S is around

600 (so ⌫ = S/N = 0.01). The behavior of the results on MNIST and DIGITS are quite

similar, so we only demonstrate the results on MNIST data.

Multi-layer BNNs: . In the multi-layer neural networks, each layer can be analyzed

independently. This feature of the neural networks grants us to set different gradient norm

bounds G or use different privacy budgets ✏ (that ends up with different noise scales �) for each

layer. Here, we demonstrate the results of our experiments with multi-layer neural networks.

Throughout this chapter, we designed experiments with single layer neural networks. Because,

the multi-layer neural networks accumulates the privacy loss at each hidden layer and the

amount of the added noise can become very large. The result in Figure 8.5 shows that the

single layer network performs best on the MNIST data. Here, we didn’t optimize the other

network parameters (number of hidden units, iteration, clipping norm, mini-batch size) per

layer. We fixed them to the same values for each layer and these values are equal to the

choosen values for MNIST experiments.
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Figure 8.5. The effect of the number of hidden layers on MNIST dataset.

Connection between dropout rate and the privacy budget: . As we show in Sec-

tion 5.2.2, we perturb parameter updates with a multivariate normal noise ⇠0 ⇠ N (0, 4G2
�
2I).

Here, � determines the total privacy budget ✏ and this amount is equal to the ⇠0 ⇠ N (0,↵ diag(✓2t )).

Here, ↵ is not fixed for each weight and is controlled by the noise level that protects ✏-DP. We

cannot directly compute the value of ↵ because it depends on the value of the ✓. However,we

run an experiment to give an intuition about the connection between total privacy budget ✏

and ↵.

0.5 1 10
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Figure 8.6. ✏ vs ↵ on MNIST dataset.

We observe from Figure 8.6 that ↵ = p
1�p is getting smaller (it means p is getting larger) when

the privacy budget ✏ is relatively large. We may conclude that smaller privacy budget causes

more sparse neural networks. However, the value of the network parameter ✓ is an important

factor here and the connection between ✓-↵ and ✓-✏ are also needed to be examined. We will

work on these connections in detail in the future.
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9. CONCLUSION AND FUTURE WORK

This dissertation addressed two major problems: i) data fusion and ii) privacy protection.

We evaluated the privacy protection problem in two parts as: privacy protection in coupled

tensor factorization and privacy protection of deep neural networks. For the data fusion

problem, we proposed coupled matrix and tensor factorization models that can handle the

heterogeneous data jointly which is collected from different sources and stored in the form

of matrices and higher-order tensors. We particularly studied the link prediction problem

by formulating it as simultaneous factorization of matrices/tensors and extracting common

latent factors from the shared modes. While most existing studies on coupled analysis have

been developed to fit a specific type of a tensor model using a particular loss function, we

have developed coupled models for joint analysis of multiple datasets in a compact way using

various tensor models and cost functions. In our coupled analysis for the link prediction

problem, in addition to the commonly used KL-divergence and EUC distance based loss

functions, we have also studied various other cost functions based on �-divergences. Through

extensive experiments on real datasets, we assessed the performance of various alternative

tensor models and loss functions. Numerical experiments clearly demonstrate that not only

joint analysis of data from multiple sources via coupled factorization improves the link

prediction performance but also the selection of right loss function and tensor model is crucial

for accurately predicting missing links.

Furthermore, we developed a variational Bayesian inference for coupled tensor fac-

torization with KL cost from a full Bayesian perspective that also handles the missing data

naturally. This method provided a practical way without incurring much additional computa-

tional cost to EM approach for computing the approximation distribution and full conditionals.

Our experiments demonstrate that the variational approach alleviates the overfitting better

than the standard tensor factorization approaches and leads to the improved performance.

Sharing information across matrices and/or tensors brings the privacy protection require-

ment. For the privacy protection in coupled tensor factorization, we proposed a privacy-aware

protocol to extract profitable knowledge from broad and distributed data sources via proba-
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bilistic modeling. Our model complies to the restrictions and constraints that are caused by

the data ownership or privacy issues on the models that are to be shared. We optimize our

approach to make effective use of the efficient privacy techniques to leak little information.

We initially developed the coupled matrix factorization algorithms to learn privacy preserving

shared representations, which fuse data sources from different providers and extract actionable

information for estimation. We then extended our method for coupled tensor factorization

models. For these methods, we used several composition methods and privacy notions; also

proposed novel definitions of privacy and analyzed the privacy theoretically on the basis of

the differential privacy which is our privacy metric. In conclusion, we empirically showed

that the performance of our methods significantly increases when more data providers are

integrated into the system. Empirical results also suggested that our algorithms are robust and

work very well in practice.

Finally, we introduced differentially private dropout (DPD) for the privacy protection in

coupled tensor factorization deep neural networks. DPD outputs privatized results in BNNs

with accuracy close to the non-private model learning results, especially under reasonably

strong privacy guarantees. To make effective use of the privacy budget over multiple iterations,

we proposed to calculate the cumulative privacy cost by using zCDP. Then, we showed how

to perform DPD in private neural network training settings and illustrated the effectiveness of

our algorithm on several benchmark datasets for DNNs.

There are several open leads for future directions, especially for the privacy protection

problem. We can tackle this directions in two categories: i) theoretical directions and ii)

application-based directions. For the first category, a useful and interesting future step is

providing a formal utility guarantee for the proposed approaches, since the privacy-utility

tradeoff for both tensor factorization and neural network training is still an open problem.

In addition to the utility analysis, using novel privacy protection mechanisms and analyze

the privacy with them is an important future direction. Most recently, Balle and Wang [153]

proposed an improved Gaussian mechanism that significantly increases the accuracy of

standard Gaussian mechanism especially for high-dimensional datasets. Once again, Balle

et al [154] introduced a novel privacy amplification approach by using subsampling. This

approach leads to the tighter analysis of differential privacy and makes the design of new
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differentially private algorithms easier. We are planning to use these two techniques to

improve the utility of our proposed algorithms. One substantial next step is to extend the CMF

and CTF approaches to a fully distributed scenario where a public dataset can be improved by

additional information provided by the analyses of other datasets in a differentially private

way. In that setting, we assume N sites that hold private data and M sites that hold public data

that has no privacy constraints. Besides, each data site may have a set of two types of users:

public and private. The public users are the people who are volunteers to share their data, such

as their scores in recommender systems, openly. On the other hand the private users demands

brutal privacy guarantees, so their data is required to be protected. We aim to develop a

mechanism for every participant to control the desired level of privacy when participating

in the system. As a last theoretical direction, we approach the Bayesian Neural Networks

(BNNs). We presented a method for differentially private training of a single BNN. However,

the sensitive data that is used for the training of the neural networks are generally distributed

across different parties. Besides, knowledge aggregation and transfer in deep learning recently

become very popular and they increases the requirement of privacy protection of the data.

For these reasons, we consider to work on a differentially private training of distributed deep

neural networks and differentially private transfer learning.

Besides, we can increase the number of applications for our differentially private

algorithms. First of all, we can extend the approach to more sophisticated stochastic gradient

algorithms [155, 156] in place of SGLD to further improve the mixing rate and then apply our

proposed generic algorithm to any latent factor model. For example, we left its application to

other probabilistic models such as logistic regression and Latent Dirichlet Allocation (LDA)

to future work. Finally, the DPD algorithm proposed in this thesis are generic and it can

be applied to any neural network model. We left its application to other variants of neural

networks such as convolutional and recurrent neural networks for future work.
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APPENDIX A: Gradient Computation for Exponential Familiy

Distributions

For all differentially private coupled matrix and tensor factorization methods that we

use SGLD, we have to derive the gradient of the log likelihood w.r.t. ⇥d. We give the update

equations in Section 4.2.2 as:

⇥d
(v)
(t) = ⇥d

(v)
(t�1) +r⇥d

(v)
(t)

⇥d(t) = ⇥d(t�1) +
X

v2V

r⇥d
(v)
(t)

for private and shared factors respectively. In this section, we will derive the gradients for

DP-CTF in detail. Before deriving the equations w.r.t. ⇥d, we will write down the general

form the derivative of the �-divergence that is described in Equation 2.4 with respect to X̂ as

follows:

@dp(X; X̂)

@X̂
= �XX̂

�p + X̂
1�p =

X̂ �X

X̂p

In our case X is the tensor, and the derivative of the �-divergence dpv(X
(v); X̂(v)) w.r.t. an

element of the model output tensor X̂(v) similarly becomes:

@dpv(X
(v); X̂(v)))

@X̂(v)
= �X(v)(X̂(v))�pv + (X̂(v))1�pv =

X̂
(v)
�X

(v)

(X̂(v))pv
(A.1)

We can obtain the partial derivatives by using Equation A.1 as follows:
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where L is the loss function that corresponds to�
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Finally, we can rewrite the equation above in the following form:
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iv\īd A
(v)
iv

P
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Q
d/2Sv

✓
(d)
idk

i
as we mentioned in Section 3.1.1.

Here, we compute the gradients under the assumption of each observation tensor is

modeled by the same type of distribution having the same dispersion parameter. This results

in the same cost function (pv) for all the observed tensors X(v) and we can cancel out the

dispersion parameters from the update equations. To compute the gradients for DP-CMF

model (the Poisson-Gamma model) we described in Section 4.1.2 we take pv=1 and for the

DP-CTF model (the Normal-Normal model) that is described in Section 4.2.1 we take pv=0.
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APPENDIX B: Noise Computation for DP-CMF

We begin with the definitions of the relevant ingredients than compute the amount of

noise that is needed for each iteration of Algorithm 1.

Using the moments accountant features given in Section 2.2.3, Abadi et al [81] proved

the following lemma.

Lemma B.1. Suppose that f : X ! Rp with k f(·) k 1. Let � � 1 and B is a minibatch

sample with sampling probability q, i.e., q = B/S with minibatch size of B. If q < 1
16� , for

any positive integer �  �
2 log 1

q� , the mechanism A(Y ) =
P

i2B f(xi)+N (0, �2I) satisfies:

↵A(�) 
q
2
�(�+ 1)

(1� q)�2
+O(q3�3/�2)

Li et al [28] used Lemma B.1 for their privacy analysis. We make use of their analysis to

prove Theorem 4.3. There are two options that are needed to be satisfied to prove this theorem.

We can use a decreasing or fixed stepsize and we will show that (✏, �)-DP is guaranteed in

both cases.

Proof when the stepsize decreases . We first prove that if the variance of ⇠(n,t) is set

to �2
t = c22G

2T 2/3t1/3 log(1/�)
✏2S2 ⌘

2
t I, Algorithm 2 satisfies (✏, �)-DP.

Since Algorithm 2 sequentially updates the model parameters U (could be multiple

U
(n for each site n) and V , each iteration corresponds to a randomized mechanism Ai that is

defined in Theorem 2.8. So, the first step is to derive moments accountant for each update.

• The only data access in each iteration is
P

(in,j)2B(n,t) �Ũ
(n,t) and

P
(in,j)2B(n,t) �Ṽ

(n,t).

Thus, we focus on the interaction between noise ⇠(n,t) and the gradients. Given that the
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updates of U and V are similar, we focus on the interaction between
P

(in,j)2B(n,t) �Ṽ
(n,t)

that is ⌘t
q

P
(in,j)2B(n,t) �Ṽ

(n,t) + ⇠
(n,t) where q = B

S(n) .

• To simplify the notation, we let ⌘̃2 = �2
t q

2

G2⌘2t t
1/3 , and the variance of ⇠(n,t) can be rewritten

as �2
t = ⌘̃2G2⌘2t t

1/3

q2 I. Then we have:
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�Ṽ
(n,t) + N (0, �2

t q
2
/⌘

2
t )I

1

A

=
⌘tG

q

0

@ 1

G

X

(in,j)2B(n,t)

�Ṽ
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1

A

We can apply Lemma B.1 to compute the upper bound for the log moment of privacy

loss random variable. When we set f(xi) =
1
G�Ṽ

(n,t) and �2 = ⌘̃t
1/3, the upper bound

for the t
th iteration:

↵(�)  t
�1/3

q
2
�
2
/⌘̃

2

• When Lemma B.1 is satisfied, ⌘̃2t1/3 � 1 and q <
1

16⌘̃t1/6 . By Theorem 2.8 the log

moment of the privacy loss random variable over T iterations is bounded by:

↵(�) 
TX

t=1

t
�1/3

q
2
�
2
/⌘̃

2

• Since
PT

t=1 t
�1/3 = O(T 2/3), when ✏ = c1q

2
T

2/3 and ⌘̃ = c2
q
p

T 2/3 log(1/�)

✏ the condi-

tions (2) and (3) of Theorem 4.1 is satisfied. When we plug in ⌘̃ and q, we obtain the

required �2
t that proves Algorithm 2 is (✏, �)-DP.

• In addition to conditions (2) and (3), condition (1) also needs to be satisfied. In practice

it is easy to satisfy that ⌘t  S
G2 and most of the time it is satisfied. In all our experiments

this condition is satisfied. In the worst case scenario, S = 7500 and G = 2, and ⌘t is

much smaller than 1875. ⇤
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Proof when the stepsize is fixed: . The difference for the fixed stepsize is the variance

of ⇠(n,t) which is set to �2
t = ⌘20G

2⌘2t
q2 I. Then we apply composability theorem and Lemma B.1

to show Algorithm 2 satisfies (✏, �)-DP:

Tq
2
�
2
/⌘

2
0  �✏/2

exp(��✏/2)  ⌘
2
0 log(1/q⌘0)

We can find constants c3 and c4 using the properties defined in the previous section. All the

above conditions are hold when ✏ = c3q
2
T and ⌘0 = c4

q
p

log(1/�)

✏ . When we plug in q and ⌘0

and compare it to ⌘
S , we see that Algorithm 2 is (✏, �)-DP. ⇤
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APPENDIX C: Noise Computation for DP-CTF

We first provide the proof for Theorem 4.5 to demonstrate that the Algorithm 2 preserves

(✏, �) -DP. Then, we compute the amount of noise that is needed to be added at each iteration

for AC and zCDP cases. We begin with the definitions of the relevant ingredients that are

used for the proof of Theorem 4.5

Lipschitz continuity:. A function f(x) : R! R is Lipschitz continuous (L-Lipschitz),

if for all pairs (x1, x2) we have |f(x1)� f(x2)| L|x1 � x2|.

Lipschitz smoothness: . If a function f(x) is differentiable, with |f
0(x)| L for all x,

then f(x) is also Lipschitz smooth (L-smooth) [117, 118].

In many DP studies [116, 117, 121], the boundedness of the loss-function is a typical assump-

tion. When the parameter space is unbounded, the loss function is generally unbounded too.

And, if the loss function is unbounded, the algorithm does not meet (✏, 0)-DP in general. In

this study, the loss function is the log-likelihood and under the boundedness assumption of

the loss function, we get

log p(x0
iv
(v)

| {✓idk
(v)

}d2Sv)� log p(xiv
(v)

| {✓idk
(v)

}d2Sv)  L k x
0
iv
(v)
� xiv

(v)
k?

 2L

When X̂(v) =
PK

k=1

Q
d2Sv

⇥d is bounded, the Lipschitz constant L is usually small

for continuous distributions [27]. L will be a bound on log p(x(v)
iv | {✓idk

(v)
}d2Sv) and will be

a small constant unless p(x(v)
iv | {✓idk

(v)
}d2Sv) increase or decrease exponentially fast at any

point. We use gradient clipping to satisfy the constraint of Lipschitz continuity. Here is the
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simple prrof that how gradient clipping supports the Lipschitz conditions:

L k �f(x) k = L k x1 � x2 k�| f(x2)� f(x1) |�| h�f(x1),�f(x2)i |

=k �f(x) k2

Finally, we will show a remark that is used for our noise computation:

Remark C.1. (Remark 1 in [27]) Given target privacy parameters ✏tot, �tot > 0, to ensure

(✏tot, k� + �tot) cumulative privacy loss over k mechanisms, it suffices that each mechanism is

(✏iter, �iter)-DP, where

✏iter =
cp

2k log(1/�tot)
< 1 (C.1)

for some constant c <
p

log(1/�tot). Equation (5.5) (Advanced Composition Theorem) can

be simplified into ✏tot  2c by applying the inequality e
✏iter � 1  2✏iter. (Taylor’s Theorem

is used for the proof.)

Now, we continue with the noise computation that is needed to calculate the privacy

loss of the iterative approaches. In DP methods, a query is a function to be applied to a dataset.

An iterative approach permits the data analyst to use queries adaptively, deciding which query

to pose next based on the observed responses to previous queries. Here, we aim to model the

composition to formalize the privacy of our algorithm. We need the composition because

each party or each iteration may adaptively influence the data. In our algorithm, as a result of

multiple (say T ) iterations, we obtain a bound for the expected cumulative privacy loss where

each iteration provides ✏iter-DP. We can trade off a small amount of � to get a much better

bound for the privacy loss due to the composition. The privacy loss for the current iteration

is computed by using Privacy for subsampled data, Gaussian Mechanism and Advanced

Composition that are described in Section 4.2.2. By the Gaussian Mechanism, the privacy
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loss for the current iteration is in fact bounded from above by:

✏iter = 42f

p
2 log(1.25/�iter)/�

0 (C.2)

In Algorithm 2, we set � to
q

128CvTL2

B✏2 log (2.5CvT
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2. The gradient of the
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}d2Sv)) is multiplied by the learning rate

⌘
(v)
(t) and the number of minibatches nB = Cv/B. So, we divide the standard deviation � by

(⌘(v)(t) nB) to obtain the required amount of noise that is added to
P

iv2B(t)
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log p(X(v)
iv |{⇥d
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}d2Sv) and obtain �0 in Equation (C.2):
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After computing �0, we compute ✏iter where �iter = �
2nBT by Advanced Composition:

✏iter =
42f

p
2 log(1.25/�iter)
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p
Cv

L
p
256TB log(2.5nBT/�) log(2/�)

=
✏
p
Cvp

32 TB log(2/�)

By privacy for subsampled data, the privacy loss for the current iteration is:

✏
p
Cvp

32BT log(2/�)

2B

Cv
=

✏/2p
2(CvT/B) log(2/�)

Verify that we can indeed do that as ✏
p
Cvp

32BT log(2/�)
< 1 from the assumption on T . Note that

to get T data passes with minibatch size B, we need to go through at most bnBT c iterations.

Apply the advanced composition theorem, we get an upper bound of the total privacy loss ✏

and failure probability � = �
2 +

�
2nBT nBT accordingly.⇤
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We compute the amount of noise for Advanced composition. This noise can be converted

to zCDP noise by using the Proposition 4.9, Proposition 4.10 and Lemma 4.11 given in

Section 4.2.2. For the conversion from DP to zCDP, we first convert the epsilon used for AC

case to a value which is used for zCDP case as:

✏zCDP = ⇢+ 2 ⇤
p
⇢ log(1/�)

Then, for A = 1, B = 2
p
� log(�) and C = �✏ we solve the following differential equation:

⇢ = ((�B +
p
B.2 � 4 ⇤ A ⇤ C)/(2 ⇤ A))2

Finally, we compute the new � value based on the new ✏.
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APPENDIX D: Local Differential Privacy: CMF

We reserve this appendix to prove that the proposed methods LDP1 and LDP2 are

locally ✏-differentially private. Following the definition of local differential privacy provided

in [60], we prove that the privatization mechanism R used in our methods preserves ✏-DP.

As we explained in Section 2.2.4 and Section 4.1.4, we chose a privatization method R

that allows us to form the marginal likelihood PR(zi,j|�i,j, ✏) and sample from PR(xi,j|zi,j,�i,j✏).

We added noise from a two-sided Geometric distribution to each of the observations in order

to guarantee ✏-local-DP. In [57] they explained and proved that there are three ways to produce

the perturbed data. First we show how two-sided Geometric random variable can be generated

in a different way:

t1 ⇠ EXP(
✏

1� ✏
), t2 ⇠ EXP(

✏

1� ✏
), ⌧ ⇠ Skellam(t1, t2)

where the Skellam distribution is defined [157] as the marginal distribution over the difference

⌧ = g1 � g2 of two independent Poisson random variables g1 ⇠ PO(µ1) and g2 ⇠ PO(µ2).

Then, we show the three methods in Table D.1.

Method 1 shows that our algorithm guarantees privacy, because two-sided geometric noise

is an existing privacy mechanism. We used this method in our experiments. Method 2

represents the two-sided geometric noise in terms of a pair of Poisson random variables with

exponentially distributed rates. Method 3 marginalizes out all three Poisson random variables

including xi,j . In so doing, zi,j is directly drawn from Skellam distribution.
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Table D.1. Randomized privatization mechanisms R.

Method 1

⌧i,j ⇠ 2GE(✏)

xi,j ⇠ PO(�i,j) where �i,j = UiVj

zi,j = xi,j + ⌧i,j

Method 2

ti,j,n ⇠ EXP( ✏
1�✏) for n 2 {1, 2}

gi,j,n ⇠ PO(ti,j,n) for n 2 {1, 2}

xi,j ⇠ PO(�i,j)

zi,j = xi,j + gi,j,1 � gi,j,2

Method 3
ti,j,n ⇠ EXP( ✏

1�✏) for n 2 {1, 2}

zi,j = Skellam(ti,j,1 + �i,j, ti,j,2)
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APPENDIX E: Noise Computation for DPD

In this section, we compute the noise for DPD algorithm by using both AC and ZCDP.

For the DP-CTF (AC), we use Advanced Composition (Theorem 4.6), Gaussian Mechanism

(Theorem 4.7) and Privacy for subsampled data (Theorem 4.8) to compute the noise for each

step for DP-CTF (and DP-CMF) algorithms. However, we need to solve �iter = (�tot��0)/T⌫

in order to use �iter in the following equations.

✏tot =
p

2T log(1/�0)/�0 + T (�0)2 (Advanced composition)

�
0 = log (1 + ⌫( exp(

p
2 log(1.25/�iter)/�)� 1)) (Privacy for subsampled data)

✏iter =
p
2 log(1.25/�iter)/� (Gaussian mechanism)

We can compute the amount of noise/privacy budget per iteration in three steps:

• Compute �0 by setting A = 2T , B =
p

2T log(1/�0), C = �✏ and solving the equation

�
0 = (�B +

p
B2 � 4AC)/(2A);

• Compute ✏iter = log(((exp(�0)� 1)/⌫) + 1);

• Compute � =
p

2 log(1.25/�iter)/✏iter.

For the DP-CTF (zCDP) we also use the Proposition 4.9, Proposition 4.10 and Lemma 4.11

to convert DP noise to zCDP. First we need to convert the ✏tot of DP to new total amount

of noise for zCDP case by applying the Equation 4.28. The same amount of privacy ✏tot is

defined as ✏tot = T/(2⌧)+2
p

T/(2⌧) log(1/�) and �0 equals to ⌫�iter. Now, we can compute

the amount of noise/privacy budget per iteration in these three steps:

• Compute ✏0 = (�B+
p
B2 � 4AC)/(2A) from given ✏tot where A = T/(4 log(1.25/�0)),

B =
p

T log(1/�)/log(1.25/�0), C = �✏tot and �0 = ⌫�iter;

• Compute ✏iter = log(((exp(✏0)� 1)/⌫) + 1);

• Compute � =
p

2 log(1.25/�iter)/✏iter.

Eventually, the Gaussian noise ⇠0 is computed as ⇠0 ⇠ N (0, 4G2
�
2I).
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