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ABSTRACT 

In this study an investigation to find the optimal 
profiles for automotive cam systems has been made. The 
method of dynamic optimization is utilized in this ob­
jective.To formulate the problem various factors that 
affect the profile have been oonsidered,namely the lift, 
velocity,acceleration and jerk of valve train,stresses 
in the syete~,rad1ue of curvature of cam, lubrication 
between cam and tappet,inlet air quantity and other 
properties of valve trains.Upon determination of the 
constraints and the boundary oonditions for the problem 
the solution outputs are found by numerical method. The 
solution of the problem by dynamio optimization technique 
has shown that the optimal curves are ,found by polyno­
mial' approximations which come out to be a better solution 
for the protile than any othe~ method.After tabulation 
and- interpretationa of results recommendations are given 
for further investigations. 
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OZET 

Bu 9all~mada otornotiv kam sistemlerinde en uygun 
profilin bulunmas1 iQin bir inceleme yapl1ml.E?tlr. :Ru 
amaQla dinamik optimizasyon metodu kullanl1ml~tlr. Prob­
lemi formi1;te edebilmek iQin profili etkileyen Qefititli 
faktorler gozontine all.nrn1.9t1r;ornegin,stipapl.n yiiksekligi 
hlz1,ivmesi ve s~Qramasl,sistemdeki kuvvetler,kaml.n egi'n 
yarl.Qapl.,kam ve tapet arasl.nda~i yaglama,emilen hava mik­
tarl. va sUpap aistemlerinin diger ozellikleri gibi.Prob­
lem iQin sl.n1rlamalarl.n ve Sl.nl.r ~artlarl.n1n belirlenme­
sinden aonra QozUm ntimerik metodlarla bulunmu~tur. I)rob­

lernin dinami1c. optimizasyon metodu 11e Qoztimii bize karnlar 
igin en uygun olan egrilerin polin'Om yakla91mlarl. ile ta­
rif edildi~ini ve polinom metodunun diger btittin metodlara 
gore daha 1yi bir QozUrn yolu oldugunu gostermi~tir. ~~)onuQ­
larl.n Iistelenmesi ve irdelenmesini takiben ileri ara9tlr­
malar iQin tavslyelerde bulunulmu9tur. 
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NOMENCLATURE 

a - acceleration 
A - matrix defining the coefficients of state vector x 

Ap - piston area 
Av - valve opening area 
B - matrix defining the coefficients of control vector u 
b f - coefficient of friction 
c - distance of center of curvature to center of cam 
D - valve head diameter 

D~ • piston diameter 
Dav- average diameter of valve opening 
e - eccentricity of contact point to centerline of tappet 
E modulus of elasticity 
F ' - matrix defining the coefficients of the differential 

system 
F - force of spring at zero valve lift o 
F f '- frictional force 
F1 - inertia foroe 
Fe - spring force 
F t - total force on cam 
h - valve lift 
n - valve velocity 
n - valve acceleration 
H - Hamiltonian function 
h - vector defining the variation in vector x 
I - identity matrix 
J - fUnotional defining the parameters to be optimized 
k - val~e spring constant 
1 - oonnecting rod length 
m - total mass of reciprocating parte 
~ - reciprocating mass of valve spring 
m2 - reciprocating mass of valve train except valve spring 
N - system of equations defining the terminal manifold 

equality constraints 
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n - dimension~f state vector x 
p - Hertz pressure on cam 

vi 

R radiuB of curvature of flank for convex flank cam 
II _ matrix defining the coefficients of control vector u 

Ro - base circle radius of oam 
Rr - radius of roller follower 
Rl - distance between center of cam and contact point 
R2 - distance between center of cam and center of curvature 
r - crank: throw 
qn - scalar coefficients for elements of vector x 

Q - matrix defining the coefficients of vector x 
Qv - volume flow rate of air into the cylinder 
S - lubrication number 
t - time 
~o initial time 
t f - final time 
u - control vector 
" - distanoe from centro to cam center of curvature 
v - velocity 
v - effective translatory velocity 
YB - absolute velooity of the point of contact 
vN - absolute velocity of the sliding surface of cam 
yp - piston velooity 
vT - absolute velocity of eliding surface of tappet 
Vy - velocity of air passing through valve opening 
w • angular velocity of cam 
w hydrodynamio effective angular velocity 
Wo - effective oam width 
wL - angular velocity of journal bearing 
wsp- angular velocity of contact point 
Wz - angular velocity ot journal shaft 
W - volume of air taken into the cylinder 
x - state variable vector 
.t - displacement of piston 



0< - weighting~coefficient for final time t f 
~ - system of equations defining equality constraints 
e - very small scalar ql.lanti ty 
1 - variation of state variable vector x 
>.. Lagrange multiplier vector 

- Lagrange multiplier vector 
4? - matrix defining the coefficients of the solution 

system of equations 
~ - integrand function of J 

e - function in t f to be minimized 
• - camshaft or crankshaft angle 
~ - angle between connecting rod axis and cylinder 

bore axis 

r - inatanataneous radiuB of curvature of cam 
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l.INTRODUCTION 
When designing an engine there are various factors to be 

considered which influence the overall efficiencies of the en­
gine.One of the most importants of these factors is the v alve 
timing of the engine,i.e.the cam profile. 

The opening and closing of valves are controlled by a cam 
operation.The cams on the camshaft operate , through flat or rol­
ler tappete,push rods and rocker arms on the valves.With an 
overhead camshaft the cams operate either directly on the valve 
foot or on a finger in between.By the pretension on the valve 
spring the valves are pressed onto their seats in the closed 
state.And alao the valve spring haa the duty of controlling the 
valves to follow the lift curve given by the cam pro!ile,even 
when the acceleration forces have the ettect ot deviating the 
valve trom the appropriate path ot the lift curve.It is the 
duty ot oam calCUlation's to find out the tappet acceleration, 
veloci .ty and lift a8 a function of the crankshatt or camshaft 
angle for the given values of maximum cam lift and valve timing. 

From the maximum negative tappet acceleration and the mass­
es of the ' valve train one can obtain the maximum delay force can 
sider1ng the ratio ot the rocker arm, after which the v lve sprin 
can be calculated.The maximum tappet velOCity helps to determine 
the tappet diameter for flat tappets.The 11ft curve s a functio 
of the cam angle gives the necessary data to complete the c me. 

The purpose of this work is to investigate and find the op­
timu~ cam profiles and valve timing for a given valve train sys­
tem.The necessary data or the system will be taken from the Oto­
san 1,9 It. light diesel engine valve train. 

It is known that nowadaye it ia the tendency to build light 
diesel engines ot emaIl displaced volu~e tor passenger cars and 
lig~t commercial vehicles because of economio reaeone.And Otosan 
has intended io build a 1,9 It. light Diesel engine,which is to 
be developed trom the 2,0 It. gasoline engine ot Ford.Two proto­
types are being built and a developement pro~amm exists for 
1982 and 1983.Hence the study is of greai importance since it 
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will also be a general study for light Diesel engine valve train 
system and the results will find the opportunity of being tested 
on prototype engines ' in the developement programm. 



FIUURE.l.Sect1on showing valve tr~1u 
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2. PROPERTiES OF CAMS AND VALVE TRAINS 

2.l.THE CONVEX FLANK CAM 
To investigate the factors that influenoe the determination 

of cams and cam prof1lee,let us consider the simplest casejthe 
convex flank cam. 

A convex flank cam paired with a flat tappet 18 shown in 
fig.2.Aa can be seen from the figure,w 1s the angular velocity 
of cam,Ro is the base circle radiuB,R is the flank radius, fie 
the nose radius,h 1s the tappet,i.e. cam lift and e is the eccen­
tricity(distance between tappet centerline and contact point). 
Using the parameters described above we can derive the values 
for the lift,velocity and acceleration as follows, 

For the flank we have 

Lift hf=(R-Ro)(l-Cos~f) 

Velocity Vt=w(R-Ro)Sin~f 

v 
j:; e =(R-R )SintD 
w tort 

Acceleration 

and for the cam nose we have 

where 

L1ft 

Velooity 

h =h -b(1-C08~) n max ,n 

v n=w.b. Sin~n 

vn 
w=en-=b.Sinfn 

Acceleration 2 
a • -w • b · Co s I/) n ,n 

an 
-·0 --b .. CastO 2 n Tn w 

(2-1a) 

(2-2 ) 

(2-38.) 

(2-4 ) 

(2-5a) 

(2-lb) 

(2-2b) 

(2-3b) 

(2-4b) 

(2-5b) 

(2-6 ) 
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With the relations given above,the lift,velocity and accele­
ration can be calculated for each degree of convex flank cam.A 

\ 

typical diagramm for the convex flank cam i8 shown in fig.3.As we 

can readily observe from the figure the acceleration curve is not 
steady and smooth,which ia not a desired thing for cam profiles. 
The points of unsteadiness create jerks which arise great elastic 
elongationa,increase noise and cause the shifting away from the 

desired curve.Hence the ca~ profiles must show a steady character 
for which the flank radius R changes steadily from a given value 
(which is a little greater than Ro> to the maximum value by the 
maximum acceleration and ~h.n decreases again steadily till the 
noae radius of cam.Fig.4. shows the typical lift,velocity and 

acceleration curves for such a steady,jerk186s cam. 
When determining the cam profiles the tendency is to find 

the most possible full cam,i.e. the lift should be as great as 
possible by small angles.According to eqn.(2-1a) this can only 
be achieved through a flank radius as great as possible.However 
eqn.(2-3a) shows that this will mean a relatively high accelera­
tion.With the highest permissible values tor the acceleration,a 
limit 1s eet for the maximum flank radius • . 

Eqn.(2-4a) shows that with an increase of the base cir~le 
radius Ro the acoelerations deore.ee by equal cam angles .ho~­

ever from eqn.(2-1a) a 10s8 in fullness must be aocepted for 
that.In other worde we can say that full cams can only be achie­
ved with oorresponding high aocelerations. 

Oonsidering the oontrol times,i.e. the valve opening and 
closing,we know that we have to bring the oontrol times,especi­
ally for the intake valve,close together in order to avoid great 
interseotions.This will give small cam angle ~.To compensate the 
loes on· fulness by equal lift,we have to look for obtaining great 
valve lift by small angles.But,as we have previously atated,this 
is only possible through a faat rise in the flank radius R,i.e. 
through an increase in accele~ation.Hence small cam angles will 

give high accelerations. 
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We know that the negative accelerations,creating inertia 
forces acting away from the cam, tend to deviate the valve from 
its desired trajectory.this is overcome by the valve spring 
whose force must always be greater than the inertia force crea­
ted by the negative acceleration value to maintain co~tact bet­
ween valve and cam all the time.However the force in the spring 
adds with the inertia forces for the positive acceleration v lues 
aoting towards the cam, creating high stresses.Hence to avoid high 
stresses on the system we must try to keep the maximum accelera­
tion values within reasonable li~its.From eqn.(2-5b) and (2-6) 

we have for the maximum negative acoeleration 

(2-7) 

w~10h is also valid for steady cams. The maximum negative accele­
ration is limited by the room that exists for the valve spring 
on one side and by the permissible pressures between cam nose 
and tappet on the other side.Aleo it oan easily be seen from 
eqn. (2-7) that if .,the maximum negative acoeleration and the cam 
nose radius re seleoted,choosing Ro and h max are no longer free. 

Further from the condition that 

II+~ de {I-al de (2-8 ) 

i.e. the area under the negative acceleration curve is equ 1 to 
the area under the positive acceleration curve,in relation with 
eqn.(2-7) it comes out that by given negative acceleration also 
the choice ot the positive aoceleration is .0 longer free. 

From fig.2. and eqns.(2-1a) and (2-1b) it is given that the 
distanoe e,i.e. the distanoe between the contact point of cam 
and the centerline of tappet,is a value for the tappet velocity 

v e=­w 

Thus a relation between the maximum tappet velooity v max/w and 
:the tappet diameter is given it one states the condi tion that 
even by greatest cam emigration emax,the cam must touch with 
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its whole width onto the tappet.For the radius of tappet then, 

.;\ = [(v",''' ')£ (We )~] J!e. 
I lAPPE, - - --

N 2. (2-9) 

where we is the net width of the cam lobe.Hence this means that 
the tappet radius must be determined according to the maximum 
tappet velocity,or vice versa.Also if there exists an offset 
between the tappet oenterline and cam centerline, this must be 

considered too. 
One ot the faotors effecting the cam profile is the life of 

the surfaoes in touch. The life of the cam and the tappet are af­
fected by two faotors mainly;The Hertz pressure between cam and 
tappet and the lubrioation ratio between the two.Besides those 
the material pair play aleo an important role. 

I 

Leaving. .the iuvest1gation of Hertz pressures in some detail 
to ·later seotions,let us not. at this point that a low value of 
Hertz pressure is not sufficient between the cam nose and tappet 
but alBo the lubrioation ratio between the two is important.Bet­
ween the cam and flat tappet a relative oil film must be created 
like in a journal bearing.For the extent o~ this oil film the 
lubrication number S can be defined as follows 

(2-10 ) 

If S becomes zero,the oil film between cam and tappet breaks 
down.Also when S is small for a long time,the lubrication i s en­
dangered and critical.To control the lubrication ratio for the 
cam system the lubrioation number S must be derived and c rried 
over the cam angle. 

Surely 1 t is ineV'i table ot;. S becoming zero ,howeve:r for a 
good outlayed oam system ·this passing through zero must be steep 

nd should not last too long. 
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2.2.HERTZ PRESSURES 
The valve lit" curve applied on the Talve by the oam must 

operate amoo~ to obtain good results,i.e.the yalTe must not 
deviate from it. given litt trajecto-r.Thie is only poasible 
it the valve .. ohania. and the operating cam neve2 loe. contact 
during the ope»ation of valve,trom the begin1ng ot opening till 
the end of olo81ng.Howev.~ during the operation of vaIv due to . 
the aooele»atioa ot reoiprocating parts of the valve train an 
inertia torce will act on the reciprating maS8.S whioh will try 
to deviate the valve trom ita desired trajectory by causing it 
to loa. contaot.~18 ia o.e.co •• by u8iag a 8p~1Dg acting on 
the opposite d1rect1oa of the aoo.l.~at1on and the torce spring 
applies is alway. gr.ate~ then the ia.rt1. force acting on the 
reciprocating part~t tor posit1 •• acceleratione the inertia 
force. aDd t~. spring foro. add tog.the~ to act on the oam.Theee 
forces create high .tree ••• on the cam attd tappet. 

Th. Hertz pres8ure between the cam and the tappet can be 
calculated through the ~elation 

(2-11 ) 

where FT is the torce b tw.en tappet and oam.E i8 the modulus ot 
elaeticity.y 1. the instantaneous radius ot curvature of c m at 
the pOint ot 1nterest.wc 18 the length ot line in contact,i.e. 
the effeotive cam width. 

The forot 'T is the sum of the spring torce,the frictional 
toree and the inertia force ot th reciprooating parts of the 
valve train,as we have s~ated previously.Although the force FT 
during the positive aoceleration,for which the spring nd iner­
tia forces are added,is the gre.teat;the cam noae on which FT is 
the differenc b tween spring and inertia foroes is the critical 
pOint,for which the Hertz pressure must be oaleul ted, because at 
this point th instantaneous radius of curvature ot oam is the 
smallest. Sine at this point IT=Fs-Fi,the ealculat10D mu s t be 
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made for the smallest rpm of the engine,i.e. the idle rpm, because 
the inertia forces are at their smallest value for this rpm,with 
which the maximum force FT will be obtained with the const nt 
spring force. 

Previously we have atated that the total force is the sum 
of the spring force,the inertia force and the frictional force 

F =: F -F -F T a i f 

and we know that 

F s = F 0 tk: h( a ) 

F 1 = h< ~ · Ii( a ) ) -m2 . ii( a ) 

.F t = b t -li( 0) 

(2-12 ) 

(2-13) 

(2-14 ) 

(2-15) 

where Fs is the spring foroe,F i the inertia force,and F
f 

the ~ric 
tional foroe.Further Ie i8 the valve spring conBtant,~1s the re­
ciprocating portion ot the mass of valve 8pring,~ is the mass of 
the reciprocating p rts exoept valve spring,and b f is the ooeffi­
cient of friotion.Fo is the force at the fitted length of valve 
spring. 

The mass of the reciprocating parts are considered in two 
portions sinoe the reciprooating mass of the valve spring changes 
as the spring is compressed near to its Bolid height as the valve 
lift increaeee.With this effeotive reciprooating mass of the vaIv 
spring will decrease trom its initial value at the state of zero 
valve lift and h nee ita percentage on the tot 1 inertia force 
will also go down.However we know that,praot1cally the usual case 
is that only one third of the total mass ot the valve spring re­
ciprooates with the whole system,and this rate does not change 
very significantly as the spring is oompree8ed.]~rthermore the 
percentage effect of this rate at change of mass is more negli­
gible if the comperatively higher mass values of the ,valve,tappe 
ret inere,etc. are considered .• Also on the other hand,by assuming 
that the reciprooating part of the mass of the valve spring is 
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always eqpal to the same amount of one-third of total spring mass 
throughout the whole opening and clo'sing event,we shall be on the 
safe side with the stress calculations,which is the mostly utili­

zed prooedure.Henoe we can simply assume -1 i8 also constant like 
~ and define the total reciprocating mass m of valve train as 

and 

m::ml+~ 

Fi-m.n(e) 

(2-16) 

(2-17 ) 

Further more aleo assuming that we have good lubrication on 
the system and that the friotion force is of negligible amount we 
obtain for total force . 

'T"'O+k-h(e )-m .fi(e) (2-18 ) 

For determined k and m values the force will be a function 
of lift and acceleration. 

(2-19) 

Investigation of eqn.(2-11) shows that,what we can do to ob­
tain low He~tz pre.suree,is eith8r to decrease FT,increase Wc or 
increase r,fO~ given modulu8 ot elastioity,¥. 

We have seen previously that the maximum available effective 
cam width,wo ,18 limited with the maximua available tappet diame­
ter and max1~m tappet velocity. 

D or asing 'T means,trom eqn.(2-18),deoreaeing h(G) or n(Q) 
or both if possible.However for the d.B1~.d valve lift this means 
minimizing the negative _coel.ration value. 

Finallr we oan inorease the instantaneous radius of ourva­
ture of oa. nose Whidh is,trom eqB.(2-7),1d nt1cal with deoreas­
ing the maxiUllUI neg,tiT. aoceleration value,as betore. 

The value of je~k,the rate of ohange ot aoo.leration,plays 
important role on the streae valuee.The rate ot ohange of force 
F

T
, F~ t,i~ oalled the 'impulse' and i8 equal to,for constant 

mass, the produot of mass and j ark-.High values of jerk mean Bud­

den ohanges in aoceleration values which will cause impact effec . 

for extreme oasee,creating high in.rtia foroes.Hence,especially 
for the negative region of the ac·celer t10n ourve, the magni tude 
of jerk must be retained within reasonable limite. 



2.3.CAM CURVATURE 
For a cam the radius ot curvature of the pitoh curve is in 

general given in polar coordinates as follows 

f = [r2 _(~y]3/2 
r2+2(dr\2 r d

2
r de J - de 

(2-20 ) 

Hence for a cam paired with a roller follower of radius Rr 
we can Bubstitute for r 

r· Ro+Rr+h(e) 

then eqn.(2-20) becomes 

or 

(2-21 ) 

(2-22) 

The above equation will not be valid tor tbe came paired 
with flat tappets since inserting 1nfinii1 for the value of Rr 
gives no results.Henoa a new approaoh must be tound to establish 
mathematioal1r the flat-tac d follower oam curv ture.ln fig.6 
the flat follow r is shown in contact with th oam.Let, 

Ro :Bas8 cirCle radius 

e :Eooentrioity ot contact point from cam center 

u :D1stance trom centro to cam center of curvature 
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FIGURE.6.Cam curvature with flat faced follower 



We know from kinematios that the oentro,or the center of ro­
tation between two bodiee,ie a point common to these bodies and 
has the same .velocity relative to the ground oonsidered on either 
body.Hence,the velocity of the translating follower or the centro 
is 

dh v::=.-:: ·W dt (2-23) 

We shall assume that the oenter of curvature of the cam at 
this instant is at a dietance u from the oentro.The velocity of 
this point in direction of the tangent 18 

de -u w 
~t - . (2-24) 

The acceleration of the follower on the other hand,differen­
tiating eqn.(2-23),is 

d2h de 
a=~=-'w 

dt dt 
(2-25) 

substituting eqn.(2-24) into eqn.(2-25) gives the vertical dis­
tance &s 

2 
u=.1.-. d h 

w2 dt2 

and from f1g.6. the radius of curvature 18 

f :::Ro+h+u 

or 
1 d2h 

f ::;Ro+h +~.~ 
w dt 

(2-26) 

(2-21 ) 

(2-28 ) 

We can readily observe that the location of the center of 
curvature is direotly related to the tappet acceleration.In other 
words to obt in radii of ourvature without underoutting on the 
cam profil th aooel ~ation value must be within re son ble 
limit~.Otherwi8e it will be nec Beary to us. a larger cam. 
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2.4.AMOUNT OF INLET AIR 
For an engine the theoretical amount of air that must be 

taken into the cylinder is equal to the volume displaced by the 

piston for each cylinder.However this is the theoretical value 
and actually the mount that is taken in never reaches to that 
value and that actual amount defines the volumetric efficiency 
of the engine. There are several factors influencing the volu­
metric efficiency of the engine one of which is the va1~e lift 

trajectory,since it has an important effect on the alir inlet. 
To approach better efficienoies first of all the time dura­

tion between the opening and closing of the valve must fall in 
the region between the top dead center and bottom dead center of 
the piston movement,i ••• the intake prooess.It must be noted that 
one must avoid the valve hitting the piston when determining the 
opening and olosing times for the valve. , 

Let us aBsume that the valve opens at 91 degrees and closes 
at 92 d~grees of o~ankeh.ft angle. The amount of air that oomes 
in during th1stilll8 interval,is the integral of air flow per deg­

ree of crankshaft angle between 91 and 92 ,1 ••• 

W ~;:de (2-29) 
81 , 

where W i8 volume ot air taken in,in c~ ,and ~ is the air flow 
rate into the e11ind.~ in cm3/degrees of orankshaft angle. 

The air flow rate 18 

~_Ap"lp (2-30) 

2 Wh .re Ap i8 the area of piston in om ,and Vp is the velocity of 

piston in em/deg. 
The piston area is 

. A_=.l!..n 2 
--p 4- P 

and for the displaoement of piston we have.from f1g.7 

X - r+l"'r j Coe9-1- Cos 'f 

(2-31) 

(2-32) 
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1- Sin'f=r ·Sine 

Centerline 
----.---Crartksnaft-

FIGURE.? Piston displacement 
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but sinoe 
r . Sine =l'Sin If 

or 

(2-33) 

Subatituting eqn.(2-33) into eqn.(2-32) we obtain the dis­
placement of piston as follows 

and 

x = rtl-r· 0089-1 [1-( ~ Sine )~1/2 
For the piston velooity we have 

v.dX=i 
p de 

Henoe Bubstituting eqn·e.~2-34) and (2-35) 
then into .qn.(2-l9) for intake air volume, 

W f? D:.i<de =: f Difide 
a. 9 

Integrating 1 

(2-34) 

(2-35) 

into eqn.(2-30) 

(2-36) 

W-;} D; t + L - l". CO~e - L[1-(f Si1\SY']1k 
e.91 

(2 37) 

From eqn.(2-37) one can easily observe that W is a function 
ot r,l,Dp,Ol and 02.However for the specifi0 engine the values 
of r,l and Dp are already determined and the amount of air taken 
in will depend on the values of 91 and 92 only. 

Now following the Bame procedure fo~ the piston let us con­
sider the valve opening and olosing avente.Since a8 we have seen 
above the amount of air taken into the cylinder is a constant 
value the same equation,eqn.(2-29),w111 apply for the valve 
opening 

(2-38 ) 
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In eqn.(2-38) Ay ia the area of the valve opening in cm2 ,and 
Vv is the velocity of air passing through that valve opening in 
cm/deg.How8vor although the same formula applies,contrary to the 
case for the piston,the area of · valve opening is variable and it 
is obviously a function of valve lift,h(e). 

The area of valve opening,from fig.8. is 

Ay~h( e) ·Co845~'fTD , av (2-39) 

where Dav i~ the averag_ diameter of the Yalva opening and is 
found a8 follows 1 

Dav::'( 2D+2h(19) .0082456 ) .0,5 .. Dt T-h ( e) (2-40) 

Substituting Eqa~(2-40) into Eqn.(2-39) the minumum area of 
valve open1J$g. 

A.y== rr(D-~h( e) ) .. 008 45' .h( e) 

~. O,~07 h2(9)-(O,707).trD.h(9) (2-41) 

Since the total a~ount of air taken in is conetant,the ve­
locities ' of air flowing in will vary a. the area ot valve opening 
varies due to the lit't h(a).~h18 leade U8 to the faot that the 
air velocity passing through intake valve is aleo a function ot 
the valve lift h(a).Henoe tor a oonstant amount of air,decreaeing 
the area of valve opening,i.e. decreasing the valve lift,will 
lead US to high air velooities,whioh is not desired for a good 
efficiency • 

. As a result we can say that,we should maximize 

f~de 
9 .. 

or in other words e. 
L~(e)de 
91 

to obtain reasonable air velocities through valves. 
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2.5.LUBRICATION NUMBER 
In the previous seotions we ha~e mentioned about the lubri­

oation number S and defined it. a8 tallows 

(2-42) 

The lubrication number is derived from the hydrodynamic 
effective angular velocity w of the hydrodynamic lubrication 
theory,for which 

(2-43) 

where wL ;angular .velooity of journu, be~ing 
~ 

Wz :angular velooity ot journal shatt 

wep:angular velocity of contact point 

. Anal 0 gQu 8 , to the w tor the translatory velocity of the cam 
operation W8 aan define :; 

where 

i TU-vT- 2V:s (2-44 ) 

.'9'N :ab.olute velocity of the eliding , surface of cam 

TT :absolute velociiy Qt the ~11ding surtac. of tappet 

VB ,ab8olute velocity ot the oontact voint of cam and 

tapp." 

With the relations trom tig.9 

v If={ c+ r) . W 

"'T:;O 

vB-o .. " 

V. (c+r)w+O-2c~w 

v - w(otr-20 )=w(r-o ) 

Leaving w out ot consideration and sinoe 

0+ r ::Ro+h 

(2-45) 

(2-46 ) 

(2-47) 

(2-48 ) 

(2-4Y) 

(2-50) 



RiW 

Cos 9'1 :::-=:t1 
R1 

V N =Rl" w-Cos ~l 

vN==(C+Y)-w 

VB 

FIGURE.8.Derivation of lubrication nunlber 

R2w 

c 
Cos '12 tt= -R-

2 

~B = R2, W .. Cos '12 

VB = c ·w 

N 
\J.I 
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we define the lubrication number 

(2-51) 

of whioh we will try to avoid .becoming zero,or staying zero for 
a long time.We can easily observe that this 1s dependent on the 
11ft,instantaneou8 radius of ourvature and hence in turn on the 
acceleration value. 
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2.6.BASIC CURVES 

Let u~ now investigate some of the basic curves used for cam 
~1ft,velocity and acceleration.We 8hal~ go over some basic met­
hods briefly and mention about their significant properties. 

Constant V loc1t,: 
Perhaps this is the most easily described motion for valve 

motion where the lift curve 1a linear .There are velooity shocks 
at the boundar1 8 however between the ris and return motions. 

Constant Acceleration: 
This motion is s~metime8 called the 'gravity' curve.It pro­

duces segments of linear velocities and parabolio displacements. 
And it also produoes aoceleration shooks at the boundaries while 
the internal forces due to inertial loading are moderate. 

Ciroular Aro Ourves: 
Thie type of curve 18 used frequently beoause of its simpli­

cit1 to manufaoture.As oan be seen trom fig.10-A. the velocity 
peak tends to be 80mewhat higher than for a oorresponding cons­
tant aoo I.ration ourve and the intermediate acceleration shock 
is also worse. ' 

Harmonic Curve,,: 
The sin' cu~e.b.8t known a8 ihe 'c1oloidal ourve' ,has no 

acoeleration and velooity ehooks,but the ~ximum velocity is quite 
high as o~ be •• en in fig.10-B. 

The oosine ourv.,or the 'simple harmonic ourve',h s modest 
peak velooity and aoceleration values.However even though small, 
it oontaina &oe.l ration shocks at interval boundaries. 

HarmoniC Seri 8 Curvee: 
Harmonio e gm~nt8 may be combined to form other types of 

tunotions.A general torm may be given as 
C ..0 

h- 2 0 
of-I (On' OOIln9+Dn' S1nne) 

n-1 
Harmonic ourves can also be oombined with other types of 

curves to form different funotions. 
Trapezoidal Speoifioations: 

The m thod u ed for auch a speoification ~ the trapezoid 1 
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acceleration curve shown in fig.lO-D.To maintain zero velocities 
at interval poundaries the positive and negative areas under the 
acceleration curve are equalised. 

The Polynomi 1 Technique: 
For the desired lift curve of the valve an infinite series 

of the following form may be used, 
00 

h= I 0Den :oO+ole+o2e2
+C3e3 .......... +OneD 

n~O 

The trunoated version of the above aeriee is called a poly-
nomial and can be use4 to approximate discrete data. The polyno­
mials normally are used by cam designers to describe functions 
primarily dependent on interval boundary conditions. 

This technique i8 quit. widely accepted due to its advantage 
etemming from its high order ot smoothness.Its only weaknees is 

the lack of 100a1 oontrol within the motion interval as a result 
of the present limit.taion to boundary specifioations.The number 
of boundary oonditions determine the number of maximum terms in 
the polynomial to be used.Hence we can speoify a oam system out­
put motion over a given rotational interval by means of the poly­
nomial 

p q r C at h:; C p e .. 0 q e -+0 r e + ••••••••• + t 

where p<q (;p < •••.• ,t are iniegers 
The objeotive is to solve for the unknown polynomial coeffi­

cients Qp,Cq,Cr, ••••• ,Ct.The derivatives of the polynomial will 
give the velooitr,acoeleration,jerk etc. values. 

An example for the polynomial equation used in automotive 
oam 8y tems is given below; 

h =h (1-1.3392+0.1595+0.24914_0.04993°) max 
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2. 7. FORMULATION 
To determine the valve lift,velocity and acceleration curves 

we can tor mUlate the problem as a dynamic optimization problem. 
As we have stated earlier we have certain parameters to maximize 
and certain parameters ~o minimize.We oan write these seperately 
in the following way. Q 

maximize ~h~9)d9 

minimize . [~:~9)de and j=te)d9 
' 9~ . 90 

With these in mind we can construct the functional of our 
optimization 'pr.oblem as tollow~ 

J(e) = l~:·~(e )-b .p(9)-c .it.e»d9 
90 

and our ,problem shall be to find h(e) suoh that J(e) is maximized. 
Here a,b,o are the weighting ooefficient_. 

and 

The boundarr conditions tor the problem will be 

h(e)-hmax 
li(e)~o 

n(e) .. " 
• · ' 

h(e)=6 
ll(e)-e 
ii(e ).e 

• 
• 1.,.. 

• 
It oan be ••• n from the boundary conditions that the problem 

is oona1d red oril, t~r the halt event,l ••• onl7 th. opening or 
closing sil. of the valve lift ourv.,sinoe a dimensionless inves­
t1~atlon will rep.at ' itself tor both ald ••• 

The variable e oan a1ao be taken as t1~e .,s1nce the two are 
directly. related to each other.So let us denote the initial and 
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final conditions as initial time (t=to ) and final time (t~tf). 
Hence our functional that we are going to 8xtremize will take 
the form 

. J(t)=~~:'h(t)-b'P(t)-c.i(t»dt 
t" 

As we have stated previously we see that all the parameters 
that we have to extremize are functions of 1ift,velocity and acce-
leration.Hen08 '/we can state our functional in general form as 
follows -rtf 

J( t) '1 ¢~( t) ,li( t) ,fi( t), ~ dt 

method that will be used fOr the solution of the problem The 
is explained in the next section. 
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3. DYN~aC OPTIMIZATION 

3.1.DYNAMIC OPTIMIZATION WITHOUT CONSTRAINTS 

Let us examine a functional of simple form which can be writ-

in gener:;x:~lr:;::.X(t).tldt 
to 

ten 

(3-1) 

where to and t f ar~ fixed. 
What we would like to find is an x(t) so that we can extre­

mize,i.e. maximize or minimize our given functional J(x).The 
solution for x(t) will be called an extremal since it will cause 
J(x) to have an extremum. 

Let us denote this solution extremal by t(t),and define a 
" family of curves between to&nd ", t f including the extremal curve 

x(t) 
(3-2) 

Here,? (t) is a variation in x( t) and c i8 a very small nurnber. 

Obviously the curves will be a minimum for e=O since then 

x( t )I~.o -I( t) 

Hence for the extremal ourves we should obtain 
aJ(X) 

(3-4) 
~6 e.O 

independent of the value of variation ?(t) ohosen.The extremal 
obtained trom eqn.(3-2) will oause J(x) to have an extremum or 
be a stationary pOint.Further the condition to have a minimum or 
maximum is that the eeo·ond derivative ot J with respect to ,i.e. 
02J/OE.2 be positive o~ negative respectively at ~·O.However a 
solution for eqn.(3-4) will obViously extremize our integral J(x). 

Now we can extremiz8 our integral eqn.(3-1) by using eqn's. 
(3-2) and (3-4).Differentiat1ng eqn.(3-2) with respect to t 

x(t).i(t)+~7(t) (3-5) 

to obtain 

(3-6) 
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dJ 

(3-7) 

Ueing integration by parts will give 
i~ . ..~. tf (", 

['l~~)~ Jt +.~~(t) ~; +.. - L ~(+.)~ ;; d~ - 0 

Simplifying " 
t~ :t.~ 

I'l(-I:.);t . + n(-l)[~ _.Ei. a ¢]dt .. 0 
.(~)( "r dX dt d* " 

.to 

(3-8 ) 

As we have previously mentioned eqn.(3-8) must be satisfied 
independent of the value ohosen for the variation (t),giving 

M _...:L ;;;¢ -= 0 Cix d1:. ~~ (3-9) 

~ ~O 
<9* t:tQ 

(3-10a) 

~rP. -=0 

0* t=-I:.f 

(3-10b) 

These equations specify the two-point boundary value diffe­
rential equation whose solution is the desired !.Eqn's.(3-9) and 
(3-10a/b) are oalled the Euler-Lagrange Equations and the trans-
vereality conditions respectively. 
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Traneveraality Conditions: 

For to and t f fixed let us examine eqn'a.(3-10a) and (3-10b) 
and see the possible combinations. 

a)Fixed Beginning-Terminal points: 
~he case for which x( to) and x( t

f ) are fixed. Vie can easily 
see that 1(to~:?(tf)=O ia required for this case and every solu­
tion must pass through these pOinte which are also specified as 
the oorrect boundary conditions. 

b)Variable Beginning-Terminal Points: 
The case for which x(to ) and x(t:r) are variable. 'Ne see that 

for this caBed~/Jtco must be satisfied for t~to and t=tf since 
?(t) can be arbitrary at these points. 

o)Variable Beginning-Fixed Terminal Points: 
The oase for whioh x(to ) is variable and x(tf ) is fixed. 

Henoe from the equations we aee that for t t we must satisfy a . 
dp/ai:o and for t=~:f . W8 require '7(tf ):.o and x(t:r) is specified 
as the correot boundary oondition. 

d)Pix d Beginning-Variable Terminal Points: 
The case for which x(to) is fixed but x(tt) is variable. 

From e'qn. (}-10) we .8. thai l:we must satisty -orp/af.-o for t=tr and 
We require ' ?(to)=O and x(to)is the oorreot boundary condition for 

t-t • o 
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3.2.VECTOR FORhIDLATION 
The results we have found for dynamic optimization ~an easily 

be expanded to the cases for which the scalar function J is a 
funotion of n-dimensional ,variables.In this case the functional 
we want to extremize is 

J(X){~(X.'i.' t )dt 

, ~o 
. where x is an n-vector described as 

(3-11 ) 

The procedure to be followed is ammilar to the scalar c~se 
and the result,after setting OJ/d6=O for ~-o,will be 

-(t)~~ -tf+ f-l7~(-l)ra~ _~ o~l~t.=o (3-12) 
? ~x l~'i d~ ca J 

to to 
Again for arbitrary 7(t),eqn.(3-l2) will give the Euler-Lag­

range Equation as 

;)¢-~ ~~. =0 (3-13) 
~X dt ;;)X 

and the tranevereality conditions are 

(3-14a) 

(3-l4b) 



3.3.VARIATIONAL NOTATION 

Using ~he previous results we have obtained we can easily 
deduct that in variational rotation the equations will appear as 
follows. The first variation of the functional J is 

6J11~$ bx+ :: bx1dt. (3-15) 

to 
with the definition of the first variations of x(t) and i(t) as 

~x. = €;? L~') 

£i< • ~? (t) 

(3-l6a) 

(3-l6b) 

The neoessary conditions for an extremum is that the first 
variation of J,1.e. 6J is ' .qual to zero a8 in the previous case. 
Thus following the same procedure we can easily derive 

t='4 -t.,.. ' 
~Sx + [bX.[d¢ _..CL d~]dt-O 
dX dX dt ax (3-17) 

.{;I't. to 

Then the Euler-Lagrange equation ia 

and the traneversal1ty oonditions are 

;;¢ ~. 
-oX ax 

=0 

(3-18 ) 

(3-198.) 

(3-19b) 
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3.4.EQUALITY CONSTRAINTS-LAGRANGE lVIULTtPLIERS 

~Vhen the problem has some constraints to be satisfied,we can 
make use of the Lagrange multipliers to consider our functional 
and ita constraints at the same time.We are seeking to extremize 
the functional 

J "[~(X J It )dt 
~o 

which is subjeot to the equality constraints 

A (x, * It )== 0 

where x is an n-vector and l is an m-vector such that 

x T -= [Xl' x2 ' x3 " • • • • • , ~ 1 
ZT W[~1 )112. ,6. 31 • • .... " .J~",1 

and m'n. 

(3-20) 

(3-21 ) 

The solution of this type of problem is identical wi th the 
one of extremizing the funbt10nal J' of the following form 

.t, . 

J',.. f (¢(x,'R/i.) + int:)2i (x,X,-I:.~ dt (3-22) 

:t.1) 

Here ~ l' "" [>.~ ,A1. ,A'll' .. " , ">,J is the Lagrange multiplier 
in veotor form of m-d1mension.Since the integrand is a function 
of ;,i and t.again the same procedure will be applied for the 

solution. 
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3.5.CONTlNUOUS OPTI~aL CONTROL PROBLEM (BOLZA EQUATION)­
FIXED BEGIBNING AND UNSPECIFIED TERMINAL TIMES 

Using the information we have found up to this seotion let 
us now oonsider the problem of continuous optimal control with 
equality oonstraints and free final - time whioh will be applicable 
for our caS8. 

We ~e given a nonlinear differential By8t~m operating over 
the interval t&(to ,tf ).Th1s system ia defined as 

i .. i[ x( t ) ,u ( t ) , t1 (3-23 ) 

Here x(t) is th' n-vector state variable and is determined 
by the m-veotor control variable u(t). 

The initial oondition vector is 

(3-24 ) 

for t=to.For the unspeOified terminal time t-tf we define the q­
vector terminal manifold equation 

(3-25 ) 

which is the oonstraint that must be satisfied at tat f • 

With these constraints and the given system we want to deter­
mine the oontrol variable u(t) in order to minimize the functional 

J"¥(-lf)J~11"!~[ X(~\ II(~), t1dt (3-26) 

We use the method of Lagrange multipliers to adjoin the equa­
lity constraints t~ th cost funotion J.Hence our new functional 

will be 

J = e[ X (t,.) , t.+l+ ~T NT
[ iW;~),tt1 

+jt¢~(~:),V:(~)'l1+ ~ T(t1f(R(.t;), i1.(.t;), t)- x(~~ 1d-t. 
11 (3-27) 

-':.0 
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Now for oonvenience in the computations let us define a 8C~­

lar function H called the Hamiltonian 

H[x(.t\~(t) ).{t\i] = ¢[X(t),o.(t\~l 

+ >-T(t)f[x:(~\u.(1:\ tJ 
Hence our functional takes the form 

J= eL~(tf-\\:.~1 + \J'-N~(tt\~~ 
:t~ +[ t Hr(t\u..(t\~(t\t1-~T (~) X (t.}Jdt 

~ , 

Using integration by parts we obtain for J t~~ 

J ==er.(~t>lt~1 + \,iT NLx(-t:f\tf1- ):,T (i)X(t:)! t 
t ~.t. 

Tf(\-\[~(~\ii .. (J,;\>'(~\tl->-T(t)X(t)}:!t. 
tl) 

At this point we let 

)((.e) os ~ (~) ;- h (t) 

!A(t.) .. aCt) -t- ~tl.(~') 

'" -t-t c ~f -t- ~tf 

(3-28 ) 

(3-30) 

where' h(t) i a vari tion in x(t).Now we oan form the first varia­

tion of J as we have done previously, 
~ [ - 1 ~&~(tt)/tf) 

~.J '" 2>t+ l H j{(~)/U.(\:f">'(t+\-tf + ~~f 

. + rifF0t {1y),t,tl :;;} + b~T(t;.)( .d e[x (tf-) I t.t1 
d-lf l ~Ji:(l+) 

dNT[~(-l-t),.tf] ~ - ~(-t )1 (3-31) 
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To obtain the necessary conditions for an extremum we muet 
set the first variation of J equal to zero.This will give us the 
equations to determine the optimal control and ' state vector as 
follows 

~H ' .• f[ ] d ~ = X -= X(t), a.,({)1 t 

d+J '"' _~ ,. dF[X(\\ClH\~l~(t'\+ d¢[jtll:'>,iA(t\t.] 
~X :;,}X ~I ~~ 

dt-I _ 0., dIll( (t)/~(t\t.] >-({) of- ~~LJ(~\i L(l)/l 
d~ d~ d~ 

(3-32) 

(
',I. ' r I ) ) -) ) 

Thea~ equations together with eqn.(3-28) define the 2n dif­
feren~ial equations for the two point boundary value problem.The 
boundary conditions for the fixed initial time t to are 

(3-35) 

(3-36) 

, (3-37) 

(3-38 ) 
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4. DETERhUNATION OF PROFILE 

4.l.S0LUTION OF THE PROELEM 

Let us assume that our state vector i8 defined as 

(4-1) 

and we are going to find the control vector u such that we shall 
minimizi the functional 

,. ~ 

,J-t",l; +tf(XTQX +uTRu.)d-t: (4-2) 

. (1 

or considering ~ identity matrix for R 

1.tO(tf~tl· ;~;Qx+u.a-).:!t. (4-3) 

" . The Hamiltonian will then be 

(4-4) 

To find the oontrol vector u we use the given differential 
system for solution, i ••• 

~H • -=x 
Z,A 

obtaining as a result the following differential system 

T t .Ax -13B 

~ T /\ :-Qx-A A 

\ 

or written in oombined matrix form 

(4-5) 

(4-6) 

(4-7) 

(4-8 ) [ ~ 1 = [-: =::1 [~ 1 
The solution to the above differential system is of the form 



where 

40 

[ cp 1= [eFtJ 

L' 1=~: 
Hence the equations defining x(t) and A(t) are 

x( 11)=4>11 x( 0)+ <h2A( 0) 

~(t) .. q>21X(0)+ P22A(0) 

(4-9) 

(4-10) 

(4-11) 

(4-12 ) 

(4-13) 

, To find the initial values of '\(t) we can use the final con­

ditions on x,x(tf)·The.ll .. 

A(O )-4>~ix( tt)-q,{2<Pll x(O) (4-14) 

Substituting equ.(4-14) into eqn.(4-13) 

where 

).( t)= ~l. x(O )+4>22 (<l>~x( t r )- CP~~CPll x( 01 

H( tf)+c( tt= 0 

H( tf)·-tA~( tt> 

Henoe we hav.~or final time t f 

11 ... ~(-l:i) 
f 2 Q( 

(4-15) 

(4-16) 

(4-17) 

(4-18) 

(4-19) 

(4-20) 

(4-21) 
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4.2.COMPUTATIONAL PROCh~URE 

For the functional J given as 

J=~c#.t.f +tf?XTQ X + u.~ )clt. 
o 

we can follow the iterative procedure described below 
l-)Select values for~ and Q 
2-)Estimate a final time t f ( initial guess) 
3-)Perform matrix F 

. F=[ A . -B:~ 
-Q . -A J 

4-)With matrix F and the estimated final time trcompute 
matrix 4> \)y aeries expansion or other methods. 

5-)Part1t1on 'matrix 4? 

4> =[ 4>11 4>12] 
4>21 4>22 

6-)Find the inverse Of¢12"~1~ 
7-)With given initial values and final value~ of x(t) rind 

the val u e a of A ( 0 ) • 
8 - ) 00 mpu te A ( t f ) • 

9~}Find the new final time acoording to 

t _ A~ (-If) 
f- 2.0< 

>\~ (t~) 
lO-)Check; if +1\- ~ toleranoe ,. 2.c( 

11-)a-I£ the oheck is satisfactory oompute the values of the 
atate veotor xCii) for tEro,t~ with reasonable inorementa for t, 
to find the 11ft,velooity and aooeleration ourves. 

b-If the cheok is not satisfactory apply Ne~ton Rapheon 
method to the equation given for .final time t f • 

t - A~(tf) -= 0 = F (-t:t) .. 2~~f - A~(tf) 
f 2.0( 

since aocording to the rule 



42 

t+(1'I+1) =tf(n)- F(t4-) 
F' (tf) 

where F'(l~) = 20<. - 2 Ao (tc4-) A~ (1::t) 

yvi th this new value of final time" t
f 

go to item 4 and follow 
the same computational procedure. 

After the problem 1s solved the expressions for x(t) will 
give the values of lift,velocity and aoceleration as polynomial 
approxirnationesince we have performed the matrix "<f!::exp(Ft) in 
power aeries form. For the desired values several computer runs 

should be made for different values o!~ and Q.lf t f is given the 
problem will be obviousl, simpler. 

Results of several runs have been obtained for different 
state ywotor dimenaions and for different data in each case.Let 

- us inY8stigate the systems used for the 8olution tor different 
state vector dimensions. · 

" , . 
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4.3.SYSTEM OF TWO VARIABLES 

Let us ~1r8t consider the simple caee where the differential 
system 1a a two-veotor 81stem,1.e. 

where Xl (t) ah(t) 

x2 ( t) :: li(t ) 

u( t) = fi( t) 
and the boundary conditions are 

Xl (to)-O 

x2(to ) -0 

~(tt) -hmax 
x2 ( 'tt> - 0 

and ' our funotional will be of the form 

. J(t)fh(t),~(t)'U(t),t]dt 
A reformulation ot the proble. oan b &8 tol ow ,oon 1d r 

the 11tt o~rv. desired fQr the valve motion ( •• figure), 
. h 

h.... ------ ... --- .. -----

Por th.

o

.; •• above the lift c~A\,upt to huax lin. our 8t te 

variables will be 

where 

~.-~ 
f2 aU 

~ ( i) .. huaax -he 't ) 
~(t) -li( t~ 
u( t) = fi( t) 
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with the boundary conditions 

xl(O)=h max 
~(O)=O 

and our functional is again ot the tollowing torm 

J( t)=j¢"h (t) ,~ft') ,u{ t), tJ dt 

or for the Bolza equation ot the form ~ . 

. ,J( t) =e[;, (tt) ,~( t f ), tflT [ ¢[;, (t) ,~( t) ,u( t). t] dt 
_ 0 

J~OW bearing in mind what we have to maximize oonsider thllt 
our two functions -e and ¢ are for the tirst attempt 

2 e =tf 

¢=t<~-u2) 

Henoe our funotional will be 

J(t) .. t~Tt[c:~_u2)d" 
Here we oan introduoe some weighting ooeffioients into th 

funotional equation to control the probl •• by ohanling th m.!hu8 
our funotional will take its tinal torm a tollow. 
. ~ 

J( t).+ .. t~"'+fqzi-U2 )dt 

o 
Summarizing,what we have to find is the control variable u(t) 

suoh that we shall minimize the above giv n fUnotional J(t) tor 
the system 

*1= -x2 

*2_ u 

with the initial oonditions 

~(O)-hmax 

~(O) -0 

and the final conditions 



Xl (tf ) = 0 

~(tf) = 0 
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with to=O for the initial time and a free final time tf,which 
will also be minimized. 

Now referring to the representation of the 2n differential 
equations for the two point boundary value problem, the Hamiltonian 
is 

and our d1fferent1~ equations are 

and since 

where 

henoe 

with 

~~-~ 
~::u 

A;L =-q~ . 

A2=\ . 

dH . 
aU =O=U+~ 

NT = [~(tf) X2(tf )} = [0 0] 
e=+o(t~ 

~~( tf)+~2( t r ) -A1 (tf)~( t f ')+ }..2( tr)u( t f )+ <X t f = 0 

u=-~ 

Xl (tf ) =x2( t f } = 0 
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we obtain for the final time t
f 

20< 

Now returning to the canonic equations in matrix notation as 

Xl a -1 a 0 ,. 
~ 0 a 0 -1 ~ == 
~ -q 0 0 0 ~ 
~ 0 a 1 0 ~ 

or 

[~]=[ F J [~] 
with matrix F 

0 -1 0 0 

a 0 0 -1 ., 
0 0 0 

0 0 1 0 

We can readil, observe that th solution to th bove tt 
rent1al system will be 

[x< t>] =[. ,. ~ 1 [%(0) 1 
A(t) Xo) 

This solution will give U8 the de.ired lit 'Xi(t),veloo1ty 
x2(~)tand via -~(t) the aoceleratioD u(t) CUrT for this case. 
The oomputational prooedure 1a a8 deaor1btd pr.v1oualy and the 
exponential ot the produot of matrix aDd tim. t oan be oompute 
by the exponential expansion in eeriee &8 follow. 

rt (1't)2 <J1>' <U)4 e - I + It ... ~_;- + + ••••••• 
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Once the exponential term and the initial values for x and 
vectors are known,the system ie solved.The initial va~ues for x 

have peen given in the initial bounda~y conditions.Vrhat we have 
to do to find the initial values of A,i.e. Al(O) andA2 (O),is to 
use the first two equations of the four equations system for the 
final boundary conditions on x.Writing the exponential matrix in 

the following form 

8 11 812 813 e14 

eFt -= ·21 '22 8 23 8 24 

·31 e32 8 33 8 34 
841 e42 8 43 e44 

Then the system of equations for the two unknowns ~(O) and 

~(O) will be 

Xl(tr)=el1xl(O) +e12x2(0) +e13~1(o)+e14~(O) 

X2(t f ) ='21%l{O) 1- 8 22X2 (O) + e23Al(O) +e24A2 (O) 

Inserting the values for the boundary conditione 

or 

e13A1 (0) + el4~(O) = -ell~ 

.23~(O) +e24A2 (O}= -e21~x 

which will d.fine the values for Al(O) and A2(O). 
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4.4.SYSTEM OF THREE VARIABLES 

In thi~ case the state veotor is a ;-veotor and the problem 
is again finding the control vector u(t) which will minimize 

j
t~ 

1 2 122 J='2o(.tr + 2(qx1 +u )dt 

for the system 
o 

.Xr- -x2 

~=x; 

X;=~. 

-with the initiai and final oonditions aa follows 

Xi(O)=hmax . 

~(O)=o 

x,(O) =0 
, ~ 

~(tf)=O 

~(1sf};:: 0 

~(tf)=O 

with t =0 for the .initial time and a free final time t f which will 
o . . 

also be minimized. -. 
For this Q&S8 the Hamiltonian ie 

H-jq.~+1u2- "l~'" A2~+A3U 

and the omnonio equations are 

~=-~ 

*2= X, 
;,=u 
A1 = -qx). 

A2=~ 
A3= .... ~ 
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and sinoe 
~H =O=U-A 
aU 3 

For the final time t f ', we have 

Again using matrix notation the oanonical equations can be 

written in the form 

with the F matrix defined as follows 

~',o -1 0 0 0 0 

0 0 1 0 0 0 

0 a 0 0 0 -1 

J =-
-q 0 0 0 0 0 

0 0 0 1 0 0 

,0 0 0 0 -1 0 

The olution to -theaboye diff rential system 1s again as 

prev10uslr 
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This solution will give U8 the l1ft,veloc1ty,acceleration 
and the control u(t) which is the jerk for this oase as a func­
tion of time.We can again write eFt in series expansion as we 
have done previouely,i.e. 

Ft (Ft)2 (Ft)' (Pt)4 
• == I +Ft+ 2l -t- -;r-+ 4! + •.•.•••••• 

Wha~ we have to do next is by utilizing the final conditions 
for x,x(tr),to determine the initial valuea forA,A(O).To do this 
we must use the first three equations we have found as a solution. 
ThUB following the same procedure for the two-vector case and 

. applying the boundary condition values for x vector we have 

or 

8 14"1 (0) +~15A2(O) +el6~(O) = -e11h~x 

-24"1 (0) + e25~( 0) +e26~( 0) - -e21 hmax 

e:34Al (0) + e35~ (0) ..a: e36A, (0) - -e31hmax 

-14 e15 e16 

e24 e25 826 

8;4 ·35 e36 

\(0) 

~(O) =-hmax 

A3(O) 

and the solution of this system of equations will give the Values 

o f ~ 1 ( 0 ) ,A2 ( 0) and A3 ( 0 ) • 



.' '4.5.SYSTEM OF FOUR VARIABLES 

Finally let. us 1nve8t1gat~ the 4-veotor state variable case 
for which we bave control on 'higher derivatives of the lift'. 

We are going to 'find the oontrol vector u(t) suoh that we 
will minimize the function.l J,wh1oh we can write for this case 
in general aa follows 

for the 

. J~t~t~i1(qlxi+ q2~ +q3~ + q4X~ +u
2

)dt 

~ .. f. • 

oano~o ' ~qu~t1on~ are 

, ~ ~l '- -q1x1 
! . "2 -Al-q2~ 

"3 =- -,\z-q,x, 
"4 :;; -A3 -q4 %4 

time t f which 
case is 



, ~ 

For the" final time t f . 

,'" " (~e < 

. ,'. ~ ~ , H t f ) - 'l.t =. 0 
I • ., C1 f . 

,I 

conditions applied to the 

t f 

in the form of 

o 0 

o 0 

o 0 

-1 

o 

o 
o 0 

-1 0 

and the valuee 
oonditione on x , 



53 

5.INTERPHETATIONS OF R~SULTS 

Several computer runs h~ve been made for various cases with 
different data. The following conclusions may be derived from a 
comparison of these results. 

As the matrix size,i.e. the size of the state vector x 
increases,the degree of the lift curve increases.Hence,the great 
the size of the state vector, the greater the number of conti­
nuous higher derivatives of the lift curve which can be easily 
interpreted with the size of state vector and its definition. 

However due to these continuous high derivatives we can 
easily observe that we lose from the area under the lift curve 
and also face with higher velocity and acceleration values.But 
sinoe we want to have a continuous and smooth operation of the 
cam on the valve as muoh as possible,we must admit this condi­
tion and try to minimize our functional by changing the coeffi­
cients and the final time to obtain the desired ourves. 

In order to be able to make an easier comparison of the 
results we have obtained the value. art found nd plotted on 

I 

a dimensionless ba~is.That is, the 11ft,velocity and aoceleratio 
values are divided by the maximum valve lift,hmax,and the time, 
or the angle e,is divided by the value of the half event,i.e. 
the duration between the opening of valve and its maximum 11ft 
position. 

One can' observe from the figures that a small change in 
final time affeots our parameters to a great extent.Decreasing 
the final time increases the dimensionless area under the lift 
ourve but it also inoreases the maximum velocity and accelera­
tion v lues signifioantly.on the other hand however,by increaa 
ing the final time,we gain for the maximum velocity and aoce1e 
ration value but we lose from the area under the lift curve. 

We aleo see that by changing the coefficients in our func 
t10nal we can control the values of velocity and acceleration. 
from a oomparison of the results found for different coefficie 
of the state vector elements,i.e. 11ft,velooity,acceleration a 
jerk,we can summarize our prediotions as follows, 



.. 
, 

inorease in q3 

• ! 

decrease in ql 

, '. 
decreaae ' in <l 

, increae~ in q~ 

j . , 

.. 

slight increase in area under lift 
curve,no significant ' change on velo­
oity and aoceleration peaks 

: ' increase in area,inorease in velocity 
, and acceleration peaks 

• . 

no significant change especially 
for small decreases 

decrease in area,decreaae in velocity 
and acceleration peaks 

decrease in area,decrease in velocity 
. ,~. 'and acceleration peaks 

inorease in area,increase in velocity 
and aoceleration peaks 

~ncrea8' in area,inersase in velocity 
and acceleration peaks 

[ 

; ~' increase in are.,increaae in velocity 
and aoceleration peaks 

: "'j 'decrease in u •• ,deorease in veloci ty . ., ~)' 

,': -, and acceleration peake 
, . . ~ . 

I' 

: 1' signifioant decrease in area,also 
' . .( ,." 

.signifioant decrease in velocity 

in veloCity 

. ~1gn1:rioan'i deorease in area,aleo 
significant decreaae in velocity and 

in area, and velo­

oit1 and aooeleration peake 

'signifioant deorease in area, and velo­
, .,oi ty and acceleration peaks 



q1 ~ 
Area , . Min.Aco. Max.Acc. Max.Ve1 • 

1 1 0.50105 . -7.5286 7.5286 2.1910 

10 0.1 0.50014 -7.5129 7.5124 2.1862 

0.1 10 0.51047 -7.6885 7.6945 2.2404 

0.1 1 · 0.50150 -7.5286 7.5285 2.1910 .. 
1 0.1 0.50010 -7.5118 7.5116 2.1860 

· 10 1 0.50108 -7.5004 7.5294 2.1911 

1 10 0.51047 -7.6884 7.6945 2.2404 

100 1 0,5Q136 -7.5431 7.5371 2.1927 

100 0.1 0.50041' " -7.5261 7.5201 2.1877 

TABLE.I.Effeot of coefficients of lift and acce1e-

\ 
ration on the profile(no initial r&mp) 

ql Max.Aoc. Max.Ve~. 

1 -7.2237 6.9301 2.1215 . 
10 0.;2270 

'. ~, 

~7.2089 6.9149 2.1170 

0.1 0.52270 -7.3739 ' 7.0861 2.1678 

0.1 -7.2235 6.9300 2.1215 

1 O.~1296 -7.2077 · 6.9142 2.1169 

10 1 ( 0.51387 -7.2249 6.9308 2,1216 

1 10 0.5·2270 '-7.3738 7.0862 2.1678 

100 1 ~ 0.5141; -7.237'3 6.9381 2.1231 

. 100 0.1 . 0.51324 -7.2212 6.9221 2.1184 
I 

TABLE.II.Effect of coeffioients of lift and accele-
ration ~n the prof11e(w1th initial ramp) 
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" , 

q2 ~ Area Min.Acc. Max.Ace. Max.Y..el. -
1 0 0.51;64 -7.2162 6.9257 2.1204 

0.1 0 0.51382 <' -7.2228 6.9297 2.1214-

10 0 0.51188 -7.1495 6.8859 2.1106 

0 1 0.51306 -7.2076 6.9109 2,1164 

0 0.1 ~ 0.51388 -7.2244 6.9;03 2.1216 

0 10 0.37290 -2.9239 ;.9063 1.4106 

1 ., 1 0.51285 -7.1623 6.906; 2.1153 

10 10 0,37262 
'. 

. -2.9133 ;.8988 1.4088 

0.1 0.1 ;::. '-7.2236 6.9298 2.1215 
'.,' ". 

. . 
TABLE.III.Effeot of ooetfioients of velooity and 

.-
jer~ on the prof11e(with initial ramp) 

... 

. , 

t f M1~.Aco~ Max.Ace. Max.Vel. 

0.8 0.6255 ... 11.746 11.746 2.7347 

0.9 ' . 0.55632 -9.2866 9.2866 2,4323 

1.1 ' -6.2293 6.229; 1.9941 

1.2 -5.2425 5.2424 1.8308 

TABLE.IV.Effeot of final time on the profile 
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Acceleration check: 
The results have shown that the values of maximum nega­

tive and 'positive accelerations increase as the degree of the 

lift curve increases.From the previous discussions and tlle 
results we have obtained.we can say that we can control the 
acceleration by changing the coefficients or the final time. 

However these are done for the dimensionless parameters up to 

now and a change i~ time duration,that the valve is open within 
that interval,will change the magnitude of the acceleration 

significantly. 
For a numerical check consider an engine with the fo~lowing 

data, 
Half event : 70 degrees 

, Maximum valve lift,hmax: 9.0 mm. 
Maximum engine rev.: 4000 rpm. 

And from the results we have obtained for various cases 

let us assume that our maximum acceleration value is 
a= 6.5 

We have previously stated that this is a dimensionless 
value and with the given data we obtain for the value of 

acoeleration . 
a .. 6.5- 9.0 2'=0.0119 mm/ deg2 

-' '. (70) 

which for· the maximum. rpm of the engine gives 

a_O.Ol19~~O~0~2. 36~1714 m/sec2 

since 1 rpm~6 deg/sec 
The value we have found above is an acceptable value for 

positive aooeleration values but it is obviously a great value 
for the maximum negative acceleration Yalues even for small 
size engines with low weight ot its reoiprocating maseea.Hence 
we must try to shift the acceleration curve upwards accepting 
high peak values for positive aoceleration to decrease the maxi 

mum negative acceleration value. 
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, . 
Check ' for radius of curvature: 

In the preVious -sections the radius of curvature was defined 
with the relation 

. f= [r2+r.2]3/e 

· ' r 2 + 2r' 2 _ rr" 

The values corresponding to the maximum acceleration point 
are,in dimensionless form 

h-O.9 
h'-l.O 
hU--5.95 , .. 

Henoe for a sl~,~em ,~1 th hmax= 9.0 mm. and 70 degree half 
event, , . T",~ 

, . · "h -a.! mm. ,," ."" , 
, h'=O.1286 mm/deg'. 

, " h"=-O.0193 mm/deg2 • 

'Inserting w =; 2rr/360 into the equat1o~ with the above given 
" values we have for curvature 

For ·the fla,t 'faced follower case we have for the maximum 
nega~lve 

' wi th ' w-rr!180 rad/deg.We know that in order to avoid undercutting 
.j 

of carowe must at least have the ,condition r;>O.Ineerting the 
eame values as given above we have 

'D 9 0 ~ • ~119 > 0 , ~o -t: • - Tf. 180) 

!to )30.06 rnm. 

Obviously this is not a value with1~ reasonable limits for 
the base cirole ~adiu8 of cam paired with. flat faoed follower. 
Thus o~r previous statement applies and we have to deorease the 
value of maximum negative aoceleration into reasonable limits in 
case of the flat faoed follower. 

, . 
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6.CONCLUSION AND RECOMMENDATIONS 

An investigation of the results we have obtained for 
various different coefficients of acceleration and jerk affect 
our parameters more significantly than the coefficients of 
lift and velooity functions. Thus the coefficients of accelera­
tion and j~rk are of greater importance.As we have previously 
stated,to obtain a fuller area under the lift curve we have to 
admit high acceleration values.However by using larger cams 
aa much as possible this can be overcome up to an extent.l1ence 
what we have to do is to change these coefficients further to 
obtain greater a~eas under lift curve and check for certajn 

parameters we have discussed previously by estimating reason­
able values for the base circle radius especially. 

Aleo oonsidering an initial r.ap,i.e. giving a nonzero 
,initial value for ~he velocity at t to will help us to increase 
' the area under the lift curve and deorease our peak velocity 
and acceleration yaluee. 

-For turther investigation of optimal profiles the follow­
ing re90mmanda~ion. may be given. 

-To app11 d1ff~rent · equalitJ constraints on the' boundary 
conditions,.apecialJ for aoceleration at final time and velo­
oity at initial time,tor 'speoific oaaes. 

-To ina~rt inequality oonstraints into the formulation 
and thus define limite to the values ot the veloc1ty,accele­
ration and jerk peaks additional to the specified boundary 

conditions. 
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FIGURE.26 
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CAM PROFILE DETERMINATION 

In caltl construotion the inform.tions that are generally 
utilized are the determination of the pressure ang1e,curvature, 
underou~t1ng and practical factore ot follower location and 
sizes unt~l the ultimate oam oontour is established.-

The fundamental baBis for all cam layouts is that the cam 
profile is developed b~ fixing the ca. and moving the follower 
around the cam to its respeotive relative positions.In this man­
ner one oan obtain the same cam-follower relative motion as the 
oam meohanism. '~ 

Since acouracy of oam shape ~8 ee8.~tia1 many points are 
needed in conetruot1ng t~e 1 actual cam.Enough points must be taken 
to establish the contour with confidence.By calculating the looa­
t~on of the cutter or gr1nde~ used to form the cam,s table of cs.m 
radii and correspond1~g caa angle. 18 made.Sometimes it may be 
necessary to o0rl:vert the coordinat~ system trom polar to recten­
gular 'for higher aoouraoy of oam profile.For aocurate cams the 
setting 1ncrernent~ .are ', sometime,8 as s~ll as one-quarter degree. 

Let us now. find the exact profile dimensions for a radial 
cam in contact with. flat faced tollower.From tigure.A-l,we see . .. . , ,', 

that point ~ i8 the cen~er of cam,AB 18 the line of follower 
motion and point 0 ie ~he 1nstantaneoua oontaot point between the 
cam and follower.Porth. oas~ of ~olar coordinates we are inte­
rested in finding the radiu8 rc,and its respective angle~o' 
having been given the ,11ft h ae a function of the oam angle of 
rotation e.Lett1~ , .' 

~o:Base < o1rcle rad1us,tll1l1. 
" :Ecoen~rl.c1ty of point 01' oontaot tram cam 

c ~ter,mm • 
. ' rc:Radial dist~noe to cam profile~mm. 

We know that the point of co~taot a 1s at a diet nee 

"e=ll w 

In fig.A~l we oan lee that 

r~- [(Ro-t-h)2+e
2
] +/~ 

J I • 

(A-I) 

(A-2 ) 



and e 
tan ?-R +h 

o 

1JIc =6-7 (on the rise period 
motion shown) 

?fO ;: 9- fJ (on the fall period 
motion) 

(A-3) 

of follower (A-4 ) 

of follower (A-5) 

To determine the profile the prooedure is to apply eqn'a. 
(A-2) to (A-5) in a tabulated form. 

Furthermor'e we can use some of the , above given relationships 
to construot a oam for a flat faoed follower if we remember ~hat 
the surfaoe BO is always perpendicular to the line of follower 
motion. Then the prooedure is as follows, 

a)Fo~ any arbitrary value of cam angle e,the distance 

AB· is.· 

b)For the cam angle 9,plot the value of e,obtained from 
eqn.(A-l) perpendioular to AB from point B.Th1s will give point 
C wh~oh .is on the oam profile.Other' po.lnts mar be found in the 
same manner. The more the number of po1nt~ on the oam prof1le,the 
more prec1ee will be the earn sbape • . 
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FIGURE.A-l Cam profile determination for 
radialcam- translat1nr Il.~ follower 
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