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ABSTRACT

CONVERGENCE RATE ANALYSIS AND OPTIMIZATION
OF DISTRIBUTED CONSENSUS ALGORITHMS

The problem of achieving a common value in a distributed information sharing
context, referred to as distributed consensus or agreement, is an important topic that
has drawn significant research attention of late. Consensus algorithms find applications
in many areas including network clock synchronization, sensor fusion and load balanc-
ing where achieving consensus as fast as possible is important. In this dissertation,
we study the analysis and optimization of convergence rate of averaging based dis-
tributed consensus algorithms evolving on graphs. By relating the convergence speed
of the algorithm to the mixing rate of a Markov chain, we propose two semi—definite
programming (SDP) methods of assigning transition probabilities to a Markov chain
in order to optimize its mixing rate. In the first SDP formulation, there is a single
transition probability parameter to be optimized (the holding probability of vertices)
which leads to easier and faster computation as opposed to the more general reversible
Markov chain formulation corresponding to a stationary distribution that is propor-
tional to the degree of vertices. By deriving exact analytical results, it is shown that
both the single parameter and the degree proportional reversible fastest mixing Markov
chain formulations yield better results than the symmetric SDP formulation for a path
and some well-known edge-transitive and orbit graphs. The convergence rate of the
averaging based distributed consensus algorithm is also analyzed for networks where
delay exists in data receptions, which is unavoidable in practice. After introducing
the delayed version of the consensus algorithm, it is analytically shown that bounded
non—uniform delay does not adversely affect its convergence rate for directed acyclic

graphs.



OZET

DAGITIK ONAYLASIM ALGORITMALARININ
YAKINSAMA HIZI ANALIZI VE EN IYILEMESI

Dagitik onaylagim ya da anlagma olarak anilan, dagitik bilgi paylagimi bag-
laminda ortak bir degere ulagma problemi, son zamanlarda kayda deger arastirma
ilgisi ¢ekmig 6nemli bir konudur. Onaylagim algoritmalari, onaylagima miimkiin ola-
bildigince en hizli sekilde ulagilmasinin onemli oldugu, aglardaki saat es zamanlamasi,
algilayict tiimlegtirmesi, yiik dengelemesi gibi bir¢cok uygulamada kullanilmaktadir. Bu
tezde, cizgeler iizerinde tanimlanan ortalama tabanh dagitik onaylagim algoritmalarinin
yakinsama hiz1 analizi ve en iyilemesi konusunda ¢aligilmigtir. Algoritmanin yakinsama
hizi Markov zincirlerinin karigim hiz1 ile iligkilendirilerek, bir Markov zincirine gegis
olasiliklarini atayarak karigim hizini en iyilemeyi amaclayan iki Yari-Tanimh Program-
lama (YTP) yontemi Onerilmistir. Ilk YTP formiilasyonunda, en iyilenen tek bir gecis
olasiligi parametresi (koselerde kalma olasiligi) vardir ve bu, koge dereceleriyle orantili
bir kalic1 dagihma karsilik gelen daha genel tersinir Markov zinciri formiilasyonuna
nazaran daha kolay ve hizli hesaplama saglar. Kesin ¢oziimler elde edilerek, hem
tek parametreli hem de dereceyle oransal tersinir en hizli karigan Markov zincirlerinin
bazi tanminmig kenar gecisli ve yortinge cizgeleri i¢in bakigimli YTP formiilasyonundan
daha iyi sonuclar sagladig1 gosterilmistir. Ortalama tabanh dagitik onaylagim algorit-
malarinin yakinsama hizi, pratikte kaginilmaz olan veri aliglarinda gecikmenin oldugu
aglar igin de analiz edilmistir. Onaylagim algoritmasinin gecikmeli siiriimiiniin tanitil-
masindan sonra, sinirlandirilmig bir 6rnek olmayan gecikmenin yonlendirilmis ¢evrimsiz

gizgeler icin yakinsama hizini olumsuz etkilemedigi analitik olarak gosterilmigtir.
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1. INTRODUCTION

The problem of achieving a common value in a distributed information sharing
context, referred to as distributed consensus or agreement, is an important topic that
has drawn significant research attention of late [1-25]. There are numerous applications
employing a consensus algorithm. In the vehicle formation control problem, there are
multiple dynamically decoupled vehicles in the network that are trying to perform a
shared task. Each vehicle must decide on its formation with the limited information
gathered from its neighbors [19-22]. Rendezvous problem is another application of the
consensus algorithm, where agents in the network are required to arrive at a location
at the same time [16,17]. In the flocking problem, the agents in the network move
as a group with common speed with predefined distances between agents and without
any collision [6-8]. Another application of the consensus algorithm is the clock syn-
chronization problem where the nodes in the network share their local clock values so
as to decide on a common notion of time. The clocks can easily drift seconds in a
day, unless a proper consensus algorithm is adopted. Furthermore, the clocks may not
stay synchronized due to different ticking rates of the clocks although they are initially

synchronized. The divergence of the clock values is depicted in Figure 1.1.

The rate of convergence of averaging based distributed consensus algorithms is
related to the averaging coefficients of the algorithm and a proper choice is required
to provide faster convergence. This problem is studied not only by control and com-
puter engineers, but also by mathematicians under the topic mizing rates of Markov
chains since the averaging coefficients of the consensus algorithms form a matrix which
corresponds to the probability distribution matrix of a Markov chain. Optimization
of the mixing rates of Markov chains on different network topologies has been an ap-
pealing research area in recent years [26-31]. Computing or bounding the mixing rate
of Markov chains is very important in Markov chain Monte Carlo simulation, that
finds applications in many fields including statistics, physics, chemistry, biology, and

computer science [26].
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Figure 1.1. Clocks of nodes in the network when no consensus algorithm is used.

Among many applications of the Markov chains is the distributed consensus al-
gorithm implementation where each node updates own value based on the information
received from the neighboring nodes in the network so as to decide on a common state.
The consensus algorithm is based on a row-stochastic averaging matrix whose ele-
ments correspond to the transition probabilities of a Markov chain. In order to achieve
the fastest convergence for a given network topology, the optimal averaging coefficients
must be determined. Other applications where faster mixing Markov chains are desired

are gossip algorithms in sensor networks, and load balancing in computer networks [27].

In [26], the fastest mixing Markov chain (FMMC) problem is cast as convex opti-
mization under the assumption that the Markov chain is symmetric (i.e., the transition
probabilities from state j to state ¢ and from i to j are equal to each other). In [27],
the FMMC on a path is considered and it is shown that the fastest mixing is achieved
when all edges have the transition probability of 1/2. Graph symmetries are exploited
in order to reduce the number of variables in the optimization problem in [28]. In [29],
the authors derive majorization relations for doubly—stochastic matrices which can be

used to solve the FMMC problem. An analytical solution to this problem is given for



networks with K—partite topology in [30]. Some open problems on the mixing rates of
Markov chains on acyclic graphs are listed in [31]. Fastest mixing Markov chains on

the graphs which can be defined as union of two cliques are investigated in [32].

In most of the above [26-31], the FMMC problem is considered for symmetric ma-
trices. The authors of [26] not only consider a symmetric formulation but also introduce
the reversible Markov chain problem where the chain is not necessarily symmetric. In
this context, a stationary distribution has to be chosen initially which is subsequently
used in formulating a convex Semi Definite Programming (SDP) optimization problem
that can be solved by SDP solvers [33,34]. However, the authors neither provide any
analytical results, nor any comparison is done with respect to their own symmetric

formulation.

Although there exists some relevant research on the mixing rates of Markov chains
that correspond to the convergence speed of consensus algorithms [1,10], only a few
studies were focused on the performance of such algorithms under time delays. In [13],
the authors proposed consensus protocols so that agents with integrator dynamics
could achieve average consensus (i.e., nodes converge to the arithmetic mean of the
initial values) under a constant amount of delay. Later, based on the results of [13],
the effect of time—varying delays on convergence was examined in [4]. Some sufficient
conditions for achieving consensus in directed networks in the presence of non—uniform
delays were given in [11]. In [23], the authors used contraction theory and a simplified
wave variable design in the stability analysis of interacting nonlinear systems with time

delayed communications.

While the above work has been for continuous—time networks, the focus of this
thesis is discrete-time consensus which has been addressed by [3,5,9,14,18,25]. Con-
ditions for achieving consensus in discrete-time were first given in [18] and were later
re—evaluated in [5] for bounded delays and conditions on the connectivity of the net-
work. The results of [5, 18] were extended in [3] by relaxing the convexity of the
allowed regions for the state transition map of each agent. In [25], the authors studied

the convergence properties of discrete—time consensus algorithm under the assumptions



of bounded delay and connectivity of the network using the concept of spanning tree
which was utilized by [14] in proposing a condition for achieving consensus. In [9], the
author considered a network of interacting agents and showed that the convergence
to a common value would be achieved, provided that old information was uniformly
purged from the system. The authors of [12] provided bounds on the time required to
reach consensus. Naturally, these bounds turn out to be geometric for the conditions

under which consensus is reached.

1.1. Motivation of the Thesis

In most real-time applications, it is desired to achieve consensus as fast as pos-
sible, and therefore the parameter selection of distributed consensus algorithm is an
important task. For an ordinary Markov chain, the problem of achieving the fastest
convergence is not a convex problem. In order to cast it as an Semi Definite Program-
ming problem, the Markov chain must be either symmetric or similar to a symmetric
matrix. The authors in [28] derived mathematical expressions of the results of the
symmetric formulation for some edge transitive graphs (e.g., cycle, complete bipartite
graph), for some distance transitive graphs (e.g., complete graph, Hamming graph, Pe-
tersen graph) and for some orbit graphs (e.g., the wheel graph and the graph K,, — K,,).
However, they do not evaluate the performance of the reversible formulation for a sta-
tionary distribution. One of the motivations of this thesis is formulating optimization
problems that lead to faster mixing than the the results of the existing symmetric for-
mulation and evaluating its performance by deriving analytical expressions related to
the mixing rates. While convergence rates of the consensus algorithm that are related
to the mixing rates of Markov chains are extensively investigated in the literature, the
possible (non) adverse effect of delay on the performance of averaging based consensus
algorithms is not studied. Since communication delay is unavoidable in the networks,

this is an important topic to be examined as well.

1.2. The Contributions of the Thesis

The major contributions of the thesis are listed as follows:



e T'wo optimization problems for fastest mixing Markov chains are proposed through-
out the thesis. In the first semi definite programming formulation, there is a single
transition probability parameter to be optimized (the holding probability of ver-
tices) which leads to easier and faster computation as opposed to the more general
reversible Markov chain formulation corresponding to a stationary distribution
that is proportional to the degree of vertices. The solutions of these optimiza-
tion problems are derived analytically for many important topologies and it is
shown that the results of proposed optimization problems tend to outperform the
existing solutions in the literature.

e The fastest mixing Markov chain problem is discussed for a path, and two tran-
sition probability assignment scenarios (equal weighting and identical holding
probability) are examined. The performance of both scenarios are derived as
mathematical expressions and compared with the solution of the fastest mixing
symmetric Markov chain problem.

e The non—adverse effect of delay on the convergence rate of consensus algorithm
is investigated and it is mathematically proven that bounded delay may not

necessarily decrease convergence rate for directed acyclic graphs.

1.3. The Organization of the Thesis

The rest of this thesis is organized as follows: The consensus algorithm, some

graph theory notions and necessary mathematical definitions are given in Chapter 2.

In Chapter 3, the mixing rates of the Markov chains on undirected graphs which
correspond to the convergence speed of the averaging matrix of the consensus algo-
rithm are discussed in Chapter 2. Since the mixing rate of an irreducible and aperiodic
Markov chain depends on its second largest eigenvalue modulus, the fastest mixing
Markov chain problem can be cast as a convex optimization problem for matrices with
real eigenvalues. Two alternative optimization problems of achieving fastest mixing on
undirected graphs, namely the fastest mixing reversible Markov chains with degree pro-
portional stationary distributions and the FMMC with identical holding probabilities,

are studied and exact analytical results are derived so as to compare their performance



with the existing ones in the literature.

In Chapter 4, the FMMC problem is considered for the path graph, which has
many applications in computer science. Two different transition probability assignment
scenarios are reviewed and important analytical results in each scenario are obtained.

For ease of readability, long proofs are relegated to Appendix.

In Chapter 5, the convergence rate of the consensus algorithm is studied for the
networks with delay. After the introduction of the delayed consensus algorithm, the
convergence properties are derived not only for networks with fixed topology, but also
for varying topology networks. The possible effect of delay on convergence speed in
discussed and it is shown that delay does not have detrimental effect on the convergence

rate in directed acyclic graphs.

Finally, the concluding remarks are given in Chapter 6.



2. THE AVERAGING BASED DISTRIBUTED
CONSENSUS ALGORITHM

In this chapter, we introduce a well known averaging based distributed consensus
algorithm and review some graph theory concepts that are utilized to study its conver-
gence properties. We further give the definition of the terms related to the convergence

speed of the consensus algorithm that are studied in the rest of the thesis.
2.1. The Consensus Algorithm

In [35], Vicsek et al. proposed a discrete-time algorithm for self-driven particle
systems where all particles in the plane have the same speed but different headings.
A particle updates its heading by using a local rule based on its own heading and the
headings of its neighbors so that all particles move towards the same direction as a
group. While the original algorithm is not linear, most of the consensus algorithms

designed so far are linearized versions of Vicsek’s algorithm, one of which is given by

1
esrworl CORSDSUCIE 2.1)

JEN;(?)

Oi(t+1) =

where 6;(t) is the heading angle of particle i, N;(t) is the set of neighbors of particle
i and |N;(t)| is the number of neighbors of particle i at time ¢. According to Vicsek’s
definition, particle j is a neighbor of particle 7 if particle 5 is within a circle of radius

r. surrounding particle j.

Based on Vicsek’s algorithm, many authors studied a discrete-time, distributed

consensus algorithm which is expressed as

zi(t+1) = Z wij (t)z;(t) (2.2)



where z;(t) is the local value of node ¢ and w;;(t) is the non-negative weighting coethi-
cient for the information coming from node j to node i. Note that each node uses the

above equation to update its value in every step.

For an n—node network, (2.2) can be represented in matrix form as
z(t+1) = W(t)z(t) (2.3)

where z(t) = [21(t), ..., z,(t)]" is the vector containing values of nodes and W (t) is
the system matrix which consists of the weighting coefficients w;;(t). Throughout the

thesis, it is assumed that the system matrices satisfy the following assumption.

Assumption 2.1. (i) w;;(t) > 0, if node ¢ receives local information of node j at
time ¢.
(i) w;;(t) =0, if node ¢ does not receive local information of node j at time t.

(iii) > w;;(t) =1, for all ¢ and t.
j=1

Article (i) in Assumption 2.1 is related to network connectivity and ensures that
data received from neighboring nodes are used with non-negative weights. Article
(i) in Assumption 2.1 requires that the weighting coefficient is zero when there is no
information flow from node j to 7 and the averaging coefficients sum up to one for each

node as stated in Article (iii) in Assumption 2.1.

The objective of the consensus algorithm is to achieve a common value asymp-

totically, i.e.,

lim z(t) =[c, ..., * (2.4)

t—o0

for all initial conditions z(0) = x¢ where ¢ is the common value of nodes.

Definition 2.2. We say that a non—negative matrix W € R"*" is row-stochastic if
Ywy;=1,foralll <i<n.
j=1



For row—stochastic matrices, we have the following well-known result due to

Markov.

Lemma 2.3. [36] Let W = [w;;] be a row-stochastic matriz. Let x be a non-negative

vector and y = Wz. Then we have

o i< 700 (g v i) (25)
where
1
TW@Ziqy%;mm—wk (2.6)

i1s defined to be the coefficient of ergodicity of W.

Definition 2.4. Let W € R™" be a row-stochastic matrix. (i) We say that W is
scrambling if 7(W) < 1.
(ii) We say that W is ergodic if lim,_,,, W' = 1c' for some ¢ € R".

For a row—stochastic matrix W, its coefficient of ergodicity satisfies 0 < 7(W) <

1. Although scrambling matrices are ergodic, not every ergodic system matrix is scram-

bling [2].

2.2. Convergence Analysis of the Consensus Algorithm

The convergence of the averaging based distributed consensus algorithm has been
studied by many authors and different sufficient conditions have been determined [5,

10,13, 14,37-39).

In 1986, Tsitsiklis et al. studied the consensus algorithm in the context of asyn-
chronous update of distributed processors and proved that convergence is achieved
provided that w;; > 0 for some 0 > 0, a directed path in the network exists from every

node to all others and communication delays are bounded [37].
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In 2003, a sufficient condition for asymptotical convergence of the consensus al-
gorithm is given by Jadbabaie et al. for undirected graphs [10]. The proof is based on
Wolfowitz’s theorem on convergence of stochastic matrix products. It is stated that
convergence is achieved if there exists an infinite sequence of contiguous nonempty

bounded time intervals across which all nodes are linked together.

Li and Wang suggested a weaker condition for the convergence of the system
(2.1). They require the network graph to be connected in a limited number of steps if

two vertices were connected to each other [38].

Olfati-Saber and Murray discussed consensus problems with fixed and switching
topologies and time delays [13]. The convergence is shown using Lyapunov theory

provided that the balance condition of the graph is satisfied.

In 2005, both Moreau and Ren and Beard stated necessary and sufficient con-
ditions on the convergence of such multi-agent systems [14,39]. Moreau showed that
in order to achieve consensus either the associated graph of the infinite product of
weighting matrices must be connected or a node must exist in the network from which
the rest of the nodes are accessible across all time steps of length T where T' is a pos-
itive integer [39]. In [14], this requirement is stated as the union of the collection of

interaction graphs across some time intervals having a spanning tree frequently enough.

Blondel et al. also studied the convergence of such systems, for networks with
time—varying coefficients and time delays. They showed that convergence is reached
provided that the network graph is connected for all ¢ and both intercommunication

intervals and delays are bounded [5].
In 2011, Akar and Shorten used the properties of scrambling matrices and related
the consensus conditions to the existence of a common norm for a set of row—stochastic

matrices associated with the original set of system matrices [2].

The convergence of the algorithm can be proved by Perron-Frobenius Theorem
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1 2
o—————°

Figure 2.1. A simple network of two nodes.

[40]. Article (iii) in Assumption 2.1 ensures that averaging coefficients sum up to one
and consequently 1 is an eigenvalue of the system matrix W with the corresponding
eigenvector 1 = [1,...,1]". In order for the system (2.3) with a time-independent
system matrix W to achieve consensus, the multiplicity of the eigenvalue 1 must be
equal to one. If there does not exist a node from which all others are accessible in the
network, then the multiplicity of the eigenvalue 1 is greater than one. This condition is
necessary for the system matrix W to provide convergence, however it is not sufficient

as illustrated in the following example.

Example 2.5. Consider the two node network depicted in Figure 2.1 and let the

system matrix W be given as

W= . (2.7)

In this scenario, we have z1(t + 1) = x5(t) and z5(t + 1) = x1(¢) so that the values of

nodes switch in each time step. Therefore convergence cannot be achieved.

The above example shows that Assumption 2.1 combined with the node acces-
sibility condition is not sufficient for a convergent system. If we further require each
node to use its own value, i.e., w; > 0 for all i, asymptotical convergence of (2.3) with
time-independent W is guaranteed. Yet, this condition is not necessary in general and

it is not assumed to hold in Chapters 3 and 4.
2.3. Graph Representation of Networks
Data flow in communication networks is generally expressed in terms of its graph

representation. In the following definitions [41], let G = (V, £) be an undirected graph

without multiple edges where V = {1,...,n} is the set of vertices and £ € V x V is
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3 4

Figure 2.2. An undirected graph with four nodes.

the set of edges.

Definition 2.6. (Adjacency Matrix): The adjacency matrix of G is the n X n matrix
A = [A;;] where A;; =1 when there is an edge from j toiin G, and A;; = 0 otherwise.

Note that A;; =0 for e = 1,...,n by definition.

Example 2.7. Consider the undirected graph depicted in Figure 2.2. The adjacency

matrix corresponding to the graph is given as

(2.8)

S = = O
o
[en}

S = o= O

Definition 2.8. (Spectrum of a graph): The spectrum of a graph G is the eigenvalue

set of its adjacency matrix A with multiplicities.

Definition 2.9. (Neighbor): A vertex j is said to be a neighbor of vertex j if there

exists a directed edge from vertex j to vertex i.

2.3.1. Graph Automorphism and Classes

The graphs G and H with the vertex set V = {1,...,n} are called isomorphic if
there exists a permutation p of V so that (i, j) is in the edge set of G if and only if
(p(i),p(4)) is in the edge set of H. A graph automorphism of G is a graph isomorphism
from G to itself, i.e., the graph is mapped onto itself while its edge—vertex connectivity

is being preserved [28].
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30——06

Figure 2.3. An undirected graph of six nodes with vertices labeled.

10——o4 10—01 60——o03 36—06
20——05 50——@2 50———92 20—05
3o—06 60—e03 40—o1 le—eo14

Figure 2.4. Four automorphisms of the graph illustrated in Figure 2.3.

Example 2.10. Consider the graph given in Figure 2.3. The automorphisms of the
graph are depicted in Figure 2.4.

The set of all possible permutations is called the automorphism group of G' and de-
noted by Aut(G). Following the definition of automorphism, we define edge—transitive,

vertex—transitive, distance—transitive graphs which are of interest in this thesis.

2.3.1.1. Edge-Transitive Graphs. A graph G is called edge—transitive if every edge

pair in G is equivalent under some element of its automorphism group. In other words,
every edge in an edge-transitive graph has the same local environment, i.e., edges are
indistinguishable from another based on surrounding edges and vertices. Some edge—
transitive graphs are depicted in Figure 2.5. The n-node star graph given in Figure
2.5a consists of a central node that is connected to n — 1 nodes. A complete bipartite
graph consists of two groups where nodes of a group are connected to all nodes in the
other group as illustrated in Figure 2.5b. Each vertex in a cycle is connected to two

neighboring vertices to form a closed circle as depicted in Figure 2.5c.
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(a) (b) (c)
Figure 2.5. Some edge—transitive graphs: (a) the star graph with n = 7 nodes, (b) the

complete bipartite graph with ny; = 2 and ny = 3, (c¢) the cycle graph with n =8

nodes.

2.3.1.2. Vertex—Transitive Graphs. A graph G is called vertex—transitive if every ver-

tex pair in G is equivalent under some element of its automorphism group. In other
words, every vertex in a vertex—transitive graph has the same local environment, i.e.,

vertices are indistinguishable from another based on surrounding edges and vertices.

2.3.1.3. Distance-Transitive Graphs. In order to define distance—transitive graphs, the

definition of distance is given below.

Definition 2.11. (Distance): The distance between the vertices i and 7, denoted by
d(i, j), is the length of the shortest path from i to j.

A graph G is called distance—transitive if for any two vertex pairs {7,j} and
{7, j'} with the same distance (i.e., d(i,j) = d(i’,j')), there exists an automorphism
that takes i to ¢/ and j to j'. Note that distance—transitivity implies both edge and

vertex transitivity.

Some distance-transitive graphs are depicted in Figure 2.6. In the complete
graph, the distance between any two vertices is equal to one as shown in Figure 2.6a [28].
The Petersen graph, illustrated in Figure 2.6b, consists of 10 vertices and 15 edges
whose vertices can be colored with three colors so that an edge does not connect
vertices of the same color. The Heawood graph is an undirected graph with 14 vertices
and 21 edges as depicted in Figure 2.6c. Hamming graphs are the Cartesian graph
products of k copies of the complete graph (Figure 2.6d). A Johnson graph, denoted
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(e) (f)
Figure 2.6. Some distance-transitive graphs: (a) a complete graph, (b) the Petersen

graph, (c) the Heawood graph, (d) a Hamming graph, (e) a Johnson graph, (f) a
hypercube.

by J(n, k) and illustrated in Figure 2.6e, is an undirected graph whose vertices are the
k—subsets of {1, ..., n} where two vertices are connected if and only if their intersection
has size k — 1. The d-dimensional hypercube consists of 2¢ vertices that can be labeled
with binary words of length d where there exists an edge between two vertices if and

only if their words differ only one component. The 3-d hypercube is given in Figure

2.6f.

2.4. Terms Related to Convergence Speed of Consensus Algorithms

Given an initial state x(0) and

dp = max z;(0) — min z;(0), (2.9)

1=1,2,....,n i=1,2,...,n
we are interested in determining the number of steps, k, required to achieve a chosen
consensus accuracy level, €. In this section, we will discuss two terms related to the
study of convergence speed of consensus algorithms: the coefficient of ergodicity and

the second largest eigenvalue modulus (SLEM) of the system matrix.
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2.4.1. The Coefficient of Ergodicity

Recall that the coefficient of ergodicity, denoted by 7(W), for a row—stochastic
matrix W is computed from (2.5). One important property of the system matrix
is that the coefficient of ergodicity satisfies 7(W) < 1 for a row-stochastic matrix
W. Furthermore, from Lemma 2.3, we know that the maximum state difference is

contracting when the matrix is scrambling.

In order to derive an estimate on the convergence speed of a system with a
scrambling matrix W, let d; be the difference between the maximum and minimum
components of the vector x(k) at time k, kK > 0. From (2.5), we have dy1 < 7(W)dy,
k > 0, which can be iterated to obtain dy < 7(W)kdy. Since it is desired that dy < e,
one can impose dj, < T7(W)¥dy < ¢, i.e., klogT(W) < log (¢/dy), which leads to k >

log(wy(€/do) (since T7(W) < 1 for a scrambling matrix). Therefore, in at most

kmax = ﬂogT(A) (e/dO)—‘ (210)

number of iterations, the specified accuracy level € is achieved for the given initial
difference dy. It can be deduced from (2.10) that k4, is smaller for a smaller coefficient
of ergodicity 7(W) < 1; however, this does not necessarily ensure faster convergence

as illustrated in the following example.

Example 2.12. Consider two systems with system matrices Wy and W, given as

2/3 1/3 0 3/5°2/5 0
Wi=11/3 1/3 1/3 and Wp=1|1/3 1/3 1/3 |. (2.11)
0 3/4 1/4 0 1/2 1/2

The state evolution of these two systems are depicted in Figure 2.7 for the initial
state z(0) = [10, 2, O]T, whereas the maximum difference of the components of the
state vector is shown in Figure 2.8 for ease of comparison. We note from Figures 2.7

and 2.8 that the first system achieves consensus in less steps than the second one.
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Figure 2.7. State values for System 1 and System 2 (IEJ ) denotes the i-th state of the
J—th system).

In Figures 2.7 and 2.8 and the rest of the simulation results presented in this chap-
ter, the selected numbers do not immediately correspond to actual physical values, but
rather scaled versions of physical quantities, such as heading angle that is encountered

in formation control, or clock frequencies of the nodes in e.g. sensor networks.

Table 2.1 summarizes the theoretical maximum and actual number of steps re-
quired for a range of €¢/dy. Although the theoretical k., value computed via (2.10)
for System 1 is greater than that of System 2 for all €/dy, the actual required number
of steps is always less or equal. Moreover, it is also noted from the same table that
Kactuar increases as €/dy decreases, which is expected since higher accuracy requires a

larger number of iterations.

Since the coefficient of ergodicity is not a good means to compare convergence
speeds as illustrated by the above example, we have to rely on alternative properties

of the system matrices to make better comparisons.
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Figure 2.8. Maximum differences, d and d®, for System 1 and System 2.

Table 2.1. Theoretical maximum and actual number of steps required for varying €/d,.
¢/dy=10"% | €/dy =103 | ¢/dy = 107" | €/dy = 1075

SYStem T kmax kactual kmax kactual kmax kactual kmam kactual
1 0.667 | 12 8 18 11 23 15 29 18
2 0.6 10 8 14 12 19 16 23 20

2.4.2. The Second Largest Eigenvalue (SLEM)

The largest eigenvalue of a row—stochastic matrix is equal to one. Moreover, all
other eigenvalues are strictly less than one (in magnitude) when consensus is achieved.

Let the eigenvalues of W be real and denoted in non-increasing order:

1= M(W) > (W) > .. > A (W) > —1,

w(W) = max |\ (W)| = max { (W), =\, (W)}. (2.12)

1=2,...,n
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Suppose that the system matrix W is related to its Jordan form as W = T'JT~!. Then,

the k—th power of the system matrix can be computed as

q mi—l

WE=TJ'T™ = Q1"+ Quk!Af (2.13)

=2 1=0
where ¢ is the number of distinct eigenvalues of W; m,; is the multiplicity of i—th
eigenvalue \;; and ();; are appropriate scaling matrices. Then the state vector at the

k—th step is equal to
2(k) = Wrzy = Quuzo + (Quzo)k'\E. (2.14)

Note that the sum term in the above expression vanishes faster when the second largest
eigenvalue modulus is smaller. Therefore, the convergence speed is directly related to

i, i.e., a smaller p results in faster convergence.

Example 2.13. Consider the system matrices given in Example 2.12. For W, and W,
we have p(Wi) = 0.5181 and pu(Ws) = 0.5537, respectively. Since u(Wi) < u(Ws), the

first system converges faster.

2.5. Weighting Matrix Selection

For a given graph, the problem of finding the weighting matrix which yields the
fastest convergence is not easy in general [26]. There are some heuristic methods in the
literature to construct weighting matrices that provide a good (probably not the best)
convergence speed. In this section, we consider three well known heuristic methods:
the maximum-—degree weights, the local-degree weights and the Metropolis—Hastings

weights [26,42].
2.5.1. The Maximum—-Degree Weights

Let N; and N, be the degree (valency) of vertex ¢ (number of neighbors of node

i) and the maximum degree of an undirected graph, respectively. The maximum-degree
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chain method assigns 1/N,,,, to all transition probabilities except holding probabilities.

The holding probabilities are assigned properly so that each row adds up to one.

The weighting matrix denoted by P™¢ = [p?;d] is given in [26] by

1/Ninaz, if i # j and (i,7) € £
p?;d: 1_Ni/Nmam7 le:] (215)
0, if (i,7) € £.

2.5.2. The Local-Degree Weights

The local-degree weights method uses the out—degree information of vertices.
The transition probability of an edge is inversely proportional to the maximum of its

incident vertices [42], that is

1/ max{Ng“, N]‘?“t}, ifi #jand (i,j) € €
pi=19 0 if (4,5) ¢ € (2.16)
11— pld, if i = j.
J#i
where N is the number of directed edges where i is the head of the edge. Note that
in order to implement the local-degree weights method, each vertex must know the

out—degrees of its neighbors.
2.5.3. The Metropolis—Hastings Weights

For the random walk on a graph, the transition probability matrix P™ = [p]

is given in [26] by

- 1/N;, ifi#jand (i,5) € €
Dij = (2.17)
0, otherwise
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Note that the holding probabilities of vertices are zero and the transition probabilities
from a given vertex to its neighbors are equal. The matrix P™ is not symmetric
and the stationary distribution of the random walk is proportional to vertex degrees.
For a given stationary distribution m = [my, ..., m,], applying the Metropolis-Hastings

algorithm to the random walk results in

P min{1, 7y}, ifi7jand (i) €€
. | o (2.18)
g P+ p(l—min{l,r}), ifi =g

(i,k)e&

where r;; = (m;p}i’)/(mipj;’). When the stationary distribution is the uniform distri-
bution, i.e., m = [1/n,...,1/n], the transition probability matrix is symmetric and

computed as

min{1/N;, 1/N,}, ifi # jand (i,j) € £
prh = > max{0,1/N; — 1/Ny}, ifi= (2.19)
7 (i,k)eE
0, if (i,j) € E.

2.6. Chapter Summary

In this chapter, we have introduced the averaging based distributed consensus al-
gorithm and discussed its convergence properties that is widely studied in the literature.
The relevant graph theory has been reviewed and some graph classes (edge—transitive,
vertex—transitive and distance—transitive graphs) have been introduced. Since we study
the convergence rate of the consensus algorithms in the thesis, two terms that are re-
lated to the convergence speed have been explained and some heuristic weighting matrix
selection algorithms to achieve a good (probably not the best) convergence rate have

been presented.
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3. THE FASTEST MIXING MARKOV CHAINS ON
UNDIRECTED GRAPHS

The problem of achieving the fastest convergence in consensus algorithms can be
investigated using the theory of probabilistic matrices, namely Markov chains. Since
the system matrix of the consensus algorithm given in (2.3) is a Markov chain, the
mixing rate of the Markov chain is equivalent to the convergence speed of the consensus
algorithm. In this chapter, we study two alternative methods of assigning transition
probabilities to a Markov chain in order to optimize its mixing rate. In the first
SDP formulation, there is a single transition probability parameter to be optimized
(the holding probability of vertices) which yields to faster computation as opposed to
the more general reversible Markov chain formulation corresponding to a stationary
distribution that is proportional to the degree of vertices. Both the single parameter
and the degree proportional reversible FMMC formulations tend to yield better results
than the symmetric SDP formulation for some well-known graphs. This claim is verified

by deriving exact analytical results for the graphs under consideration.

3.1. Introduction to Markov Chains

Let G = (V,€) be an undirected graph without multiple edges where V =
{1,...,n} is the set of vertices and &€ € V x V is the set of edges. Each vertex

is assumed to have a self-loop, i.e., (i,i) € € fori=1,...,n.

Let the state at time step k be denoted by X (k). The probability of transition

from state ¢ to j can be defined as

Pj;=Prob(X(k+1)=j|X(k)=1), 4,5=1,..., n

Throughout this chapter, the Markov chain is defined by its transition probability
matrix, P = [P,;]. The transition probability matrix P satisfies P > 0 and P1 =1
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which ensure that P;; are non-negative and they sum up to one for each vertex and
1 is the vector of ones. Let the probability distribution at time k be denoted by the
vector 7(k) € R™ where 7;(k) = Prob(X (k) = ¢). The relationship between the state

distributions at time k£ and k + 1 is given as
mk+1)" =ak)'P
which can be iterated to obtain

m(k)" =7=(0)" P~

3.2. The Fastest Mixing Symmetric Markov Chain

The problem of determining the fastest mixing symmetric Markov chain is con-
sidered in [26-32] and shown to be a convex optimization problem which is solvable
by Semi Definite Programming (SDP) techniques. In [26], the FMMC problem for

symmetric Markov chains is formulated as

minimize  p(P)
subject to P >0, Pl=1,P=P", (3.1)

Let the optimal second largest eigenvalue modulus (SLEM) be denoted by p*:

3.3. The Fastest Mixing Reversible Markov Chain

The FMMC problem can be generalized to reversible Markov chains on undirected

graphs [26]. In the fastest mixing reversible Markov chain problem, the transition
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probability matrix P need not be symmetric, however, the balance condition given by
Wipij:ﬂ-jf)jia i,jzl,...,n (32)

must be satisfied where 7; is the stationary distribution of vertex i. Let the vector
7w = [m,...,m,] denote the equilibrium distribution of the Markov chain. For fixed
7, it is desired to determine the transition probability matrix P with the smallest
SLEM. The balance condition (3.2) can be re-written as T-2P = PTT~2 where T =

. 1 1 . . . . . . a . —1 .
diag {\/—ﬁ, ey \/TL} is a similarity transformation matrix such that P = T~ PT is

symmetric. Since similar matrices have the same spectra, we have u(P) = u(P). The

unit eigenvector corresponding to the largest eigenvalue of p, A1 = 1, is calculated as

T-11

= e (3.3)

%

where ||.|| denotes the Euclidean norm.
The convexity of ,u(fD) can be proved by using spectral norm and the properties
of P. The second maximum singular value of P can be expressed as the spectral norm

of the orthogonal projection of Pon v, ie.,

A

pu(P) = ||(In = vpvp) P(L, = vpog))le = | P = vrvg|l2 (3.4)

where I, is the identity matrix of size n. Moreover, Pis symmetric which ensures that
its singular values and eigenvalues are the same. Therefore, magnitude of the second
largest eigenvalue, expressed as the norm of an affine function in (3.4), is convex.
Consequently, the fastest mixing reversible Markov chain problem can be formulated

as

minimize T

subject to  —rl, X T 'PT — vy} < rl,,
P>0, Pl=1, T2P=P'T2
Pj=0, (i,j) €€
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The symbol < represents elementwise inequality while the symbol < denotes matrix
inequality (i.e., A < B corresponds to positive semi—definiteness of B — A). The

variables of the formulation are r and P;;.

Remark 3.1. In the fastest mixing symmetric Markov chain formulation of [26], we
require P;; = Pj; for 1 < i,j < n, that implies 7 = [1/n,...,1/n]. Therefore, the
symmetric Markov chain of [26] is a reversible Markov chain with the stationary dis-

tribution 7 = [1/n,...,1/n].

3.4. FMMUC with Identical Holding Probabilities

In this chapter, we also consider the FMMC with identical holding and equal
neighbor transition probabilities. More specifically, the following construction is as-

sumed.

Assumption 3.2. Let the number of neighbors (degree) of vertex i be denoted by N;.

For some a € [0, 1], suppose that the transition probabilities are of the following form:

(i) Py=afori=1, ..., n

(ii) Py="g2ifi#jand (4,5) € Eford,j=1, ..., n

Article (i) in Assumption 3.2 ensures that all vertices have identical holding prob-
abilities while Article (ii) induces that all neighbors of a given vertex have equal transi-
tion probabilities. Since P is not required to be symmetric, we use the following result

in demonstrating the convexity of our SDP formulation.

Theorem 3.3. Let P be a Markov chain on an undirected graph and suppose that
Assumption 3.2 is satisfied. Then the spectrum of P is real.

Proof. Let A = AT be the adjacency matrix of the undirected graph. Then the Markov

chain can be represented as

1 1 1
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The matrix T' = diag (ﬁ’ TNG \/JIVT) is a similarity transformation matrix such
that P = T~!'PT is computed as

a, if i = j
P[Py ={ JR% HiAjand(ij)ef (3.7)
0, otherwise

which is symmetric. Hence the spectrum of P is real.

The unit eigenvector corresponding to the largest eigenvalue of P =1
calculated as

~1/2 .
vy = ||T 11” (ZN) [\/ﬁl\/ﬁn] . (3.8)

In this chapter, the fastest mixing Markov chain problem on an undirected graph with

identical holding probabilities is formulated as

miniamize w(P)
a, ifi=j
subject to P = %‘1, if i # j and (i,j) € £ (3.9)
0, otherwise
0<a<l1

From Theorem 3.3, there exists a symmetric matrix P which is similar to P. Hence

the FMMC problem can be reformulated as

~

miniamize w(P)
a, ifi=j

subject to Py = lz;;vj’ if i # j and (i,j) € £ (3.10)
0, otherwise
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The formulation (3.10) is expressed as an SDP as follows:

minimize r
a

subject to  —rl, < P vpvg 21l

a, ifi=j
A 1 Y o (3.11)
P = \/%NJ, if i # 7 and (i,5) € &,

0, otherwise
0<a<l1

The variables of the formulation are r and a. The inequalities in (3.11) can also be

represented as a one-line linear matrix inequality (LMI):

diag(P — vpvg + 1, 71, — P+ vpvg, a, 1 —a) = 0. (3.12)

Remark 3.4. Recall from Remark 3.1 that the symmetric Markov chain of [26] is
reversible with the stationary distribution 7 = [1/n,...,1/n]. Similarly, the FMMC
with identical holding probabilities given in (3.11) can be related to the fastest mixing
reversible Markov chain in [26]. To this end, let the stationary distribution be

1
W:n—[Nl,Ng,...,Nn]. (313)

> Ni

i=1
Although the two problem formulations (3.5) and (3.11) correspond to the same equi-
librium distribution (3.13), note that their search spaces are different in general and
therefore may not always lead to the same result. In order for the formulation (3.5)
to be equivalent to the formulation (3.11), the following restriction must be added to

(3.5):

Py =P,V (i,j) € Eand (i,k) €E, i 4], i # k.

Note that the above restriction requires all non—zero and non—diagonal elements of a

row to be equal. Together with the balance condition (3.2), this directly implies the
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conditions in Assumption 3.2.

In the rest of this chapter, we study edge-transitive graphs, distance—transitive
graphs and orbit graphs in detail. We derive the analytical expressions of the opti-
mal SLEM using formulations of (3.5) and (3.11), denoted by pu, and pu;, respectively.
Subsequently, the results are compared with the symmetric solution of (3.1) that is

denoted by pis.

3.5. FMMC on Edge—Transitive Graphs

A graph G is called edge-transitive if all edge pairs, (i, ), are equivalent under
some element of its automorphism group. In this section, we derive the analytical
expressions of the best mixing rate for 3 representative edge—transitive graphs: A star,
a complete bipartite graph and a cycle. Since (3.11) and (3.5) with 7 in (3.13) lead
to the same solution for the graphs under consideration, the analytical derivations are

shown only for (3.11) for ease of exposition.
3.5.1. Star
The star graph is illustrated in Figure 2.5a. Without loss of generality, let the

node at the center of the star be labeled as 1. Then the Markov chain on an n—node

(n > 3) undirected star when vertices have identical holding probabilities is given by

a o e
l—a a 0 0

Sp=|1-a 0 a - 0 |- (3.14)
l-a 0 -~ 0 a

The spectrum of S,, can be computed as follows. Consider the matrix al,, — S,,. Since
rank(al, — S,) = 2, the matrix al,, — S, has n — 2 eigenvalues at zero; therefore a

is an eigenvalue of S,, with multiplicity n — 2. Since S,, is row—stochastic, we have
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A1(S,) = 1. The remaining eigenvalue can be computed as

—_

n—

trace(S,) — Y N =2a—1. (3.15)

=1

where trace(S,) denotes the sum of diagonal elements of S,,. Hence the SLEM of S, is

wi(Sy) = max {a,|2a — 1|} (3.16)

and the fastest mixing, pf(S,) = 1/3, is achieved for a* = 1/3.

Remark 3.5. The mixing rate is independent of network size. Moreover, the optimal
SLEM of the Markov chain on a star under Assumption 3.2 (that is equal to the solution
of (3.5) with 7 in (3.13)) is always less than the SLEM of the optimal symmetric Markov
chain, which is given in [28] as

n—2

115 (Sh) = (3.17)

T n—1

Remark 3.6. In an edge-transitive graph, the fastest mixing symmetric Markov chain
has a single transition probability that is equal for all edges, i.e., P;; = p for ¢ # j
and (i,7) € £ [28]. Furthermore, the non—negativity of the Markov chain requires

0 <p< 1

— maxN;

Consequently, the diagonal elements of the symmetric Markov

chain (that correspond to the holding probability of vertices) are lower bounded by

Py >1—— ;Z iNj. For the specific case of the symmetric Markov chain on a star (which
is also edgejftransitive), note that n — 2 eigenvalues are among the diagonal elements
that correspond to the vertices of degree 1. This in turn implies that the symmetric
formulation of [28] cannot yield a result any better than p,(P) > P; > 1 — — for

1=2,...,n.

On the other hand, the diagonal element of the Markov chain (that is among the
eigenvalues) in our formulation is an optimization parameter. Hence, we do not have
the restriction that the fastest mixing symmetric Markov chain formulation of [28] has.

Furthermore, note from (3.16) that the SLEM is max {a, |2a — 1|}. This might provide
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some insight into why our formulation provides better results in edge—transitive graphs,

whose eigenvalues consist of the diagonal elements.

3.5.2. Complete Bipartite Graph

The complete bipartite graph is illustrated in Figure 2.5b. Let the number of
vertices in two parts of the network be n; and ns, respectively, and without loss of
generality let no > n;. When all vertices have identical holding probabilities, the

Markov chain has the form

al,, =a1,,1,,
Bymy = . (3.18)

l1—a T
il 1y, aly,

Since rank(aly,, 41, — By ny) = 2, a is an eigenvalue of B,,, ,,, with multiplicity n,+ns—2.
Moreover, By, ,, is row-stochastic so that we have A\; = 1. The remaining eigenvalue

can be computed as
trace(Bp, m,) — (N1 +n2 —2)a—1=2a — 1. (3.19)
Therefore, the SLEM can be analytically formulated as
i(Bnyny) = max {a,|2a — 1|} (3.20)

and the fastest mixing, pf(By, n,) = 1/3, is achieved for a* = 1/3.

Remark 3.7. The optimal SLEM of a Markov chain on a complete bipartite graph
under Assumption 3.2 is independent of network size. Moreover, it is always less than

or equal to the SLEM of the optimal symmetric Markov chain in [28] given by

(3.21)

Ny — Ny Ny }

*
M = IMmax
s To ’ No + 2711

Remark 3.8. Since complete bipartite graphs are edge—transitive, the holding proba-
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bilities of a symmetric Markov chain are lower bounded by P; > 1 — ma]ZiNj. For the
J

symmetric Markov chain on a bipartite graph, n; + ny — 2 eigenvalues are located in
the diagonals, no — 1 of which are lower bounded by 1 — Z—; Consequently the sym-

ni

metric formulation of [28] yields y; > 1 — 71. One underlying reason for the better
performance of our formulation in this case is the flexibility to optimize the mixing
rate given by (3.20) over the optimization parameter, which is the diagonal element of

the Markov chain.

3.5.3. Cycle

The Markov chain on an n-—node undirected cycle depicted in Figure 2.5¢ with

identical holding probabilities is given as

a

T
S}
)

SN
—
|
e
o

l—a
2
L 0
0 0

T
8

(3.22)

—_
w‘l
IS
2 o
. w‘

—
—
|
e

e

~ ‘

Since all edges have the same transition probability, FP;; = 1_7“, (i,7) € &, this problem

is identical not only to (3.5) with 7 in (3.13) but also to the FMMC problem for

symmetric Markov chains discussed in [28] where the solution is given by

o 2|n/2|m
. cos =~ -+ cos =
at=—; T2 (3.23)
COS =% + cos === — 2
o 2|n/2|w
cos =& — cos =T
1 (Cr) = & 2 3.24
(Cn) 9 — cos 2& — cog 22U ( )

n n
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(a) (b)

Figure 3.1. Some orbit graphs under consideration: (a) the wheel graph with 9 nodes

(n =38), (b) the graph K, — K,, for n = 5.

3.6. FMMC on Distance—Transitive Graphs

Distance transitive graphs are both edge-transitive and vertex—transitive. All
vertices of a distance-transitive graph have the same degree, ie., N; = N; for all
1,7 = 1,...n. Therefore, the Markov chain P is symmetric and the analytical results
for symmetric FMMC problem are also valid for the non—symmetric FMMC problem
under Assumption 3.2 and for (3.5) with 7 in (3.13). The complete graph, the Petersen
graph, the Heawood graph, Hamming graphs, Johnson graphs, hypercubes and cycles

are some examples of distance-transitive graphs which are illustrated in Figure 2.6 [28].

3.7. FMMUC on Orbit Graphs

In this section, we consider graphs that have large automorphism groups so that
the eigenvalue multiplicities of the transition probability matrix are high in general
[28]. In [43], the authors utilized orbit theory to build a reduced order matrix which
consists of all distinct eigenvalues of the transition probability matrix. This provides
a reduced the number of optimization variables which results in faster solution of the
SDP problem. In the following sections, we present the analytical results for some

well-known orbit graphs including the wheel graph and the graph K, — K,,.
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3.7.1. The Wheel Graph

The wheel graph, depicted in Figure 3.1a, is composed of a central hub and a
cycle of n nodes each of which is connected to the hub. The total number of nodes in a
wheel graph is n+ 1. Let the central hub be labeled by 1. Then the optimal reversible
Markov chain on a wheel graph for 7 in (3.13) has the form

a l—nal l—nal . l—nal

1‘% as o .- b

1-a; b a b 0 0

U,=| ° ? : (3.25)

S5m0 b ax b 0

l—a

3

I 1‘% b 0 b ay |

1—a
a2~~~

5 . Let T}, be the transformation matrix given by T,, = Diag(1, F)

where b = =

where Diag(1, F) is a block diagonal matrix with scalar 1 as its first block and

1 2miG-v*-D
F = = | e

ﬁe

is the n x n unitary Fourier matrix, as the second. Then T,;'UT,, is a block diagonal

matrix where the first block is a 2 x 2 matrix given by

1—aq

vn 3.26
1+ ( )
3

a1
(—a)vn  a1+2

and the rest n — 1 blocks are scalars that satisfy

Qg +

l—a
n 2

)+ %(wﬁ_k + w,ﬂ”‘“)) (3.27)

27

where w, = e , for k =1,...n — 1 or equivalently

- 2
) cos Zk (3.28)

a2+(1—a2—
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The optimal SLEM p* and the optimal holding probabilities a} and a3 can be computed

from the above decomposition as

2 — 3cos 2 4 cos L”{fh £ n <5
, ifn <
aj =14 8—3cosZ — 5008% (3.29)
0, ifn>5

p

3 (cos%” +COS%)
8 — 3cos 2% — 5 cog 22T’ ifn<5
Q=91 _ (cos%’r + cos %) (3.30)
\ n n
(3 (cos%’r — COS 2L”£2J7r)
8 — 3cos 2T — 5 cog 2ln/2ln? ifn<s
HHUI=0 2 (cos 22 — cos 2lr) 1)
¢ (2 — cos X — cos 2W2J7r) ifn >3

When all holding probabilities are identical, we have a} = aj. In this case, the

optimal holding probability and the optimal SLEM is given as

. . cos%’r—l—cos%
ab =at = —
? ! 3 —cos%’T — COoS L”{fh 599
cos 2T — cos A2 (3:32)
() = < T
3 —cos T —cos%

Remark 3.9. The fastest mixing reversible Markov chain on a wheel graph mixes faster
than the FMMC with identical holding probabilities: pf(U) > pf(U). Furthermore,
for n > 5, the mixing performance of the FMMC with identical holding probabilities
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outperforms that of [28] that is given by

. 1\  cos 2™ — cos 22m
#lU) = (1 - E) 2 — cos 2% — cos 2An/An (3.33)

For n < 4, the two methods yield exactly the same result. Note also that for both
formulations considered in this chapter, the optimal SLEM, u(U) and p(U), converge

to 2/3 whereas the result of [28] converges to 1 as n — oo.

3.7.2. The Graph K, — K,

The graph K,, — K,, is the union of two complete graphs connected by a bridge
as illustrated in Figure 3.1b. Without loss of generality, let the nodes connecting these
two complete graphs be labeled by n and n 4+ 1. Then the fastest mixing reversible
Markov chain K, ,, = [k;;] on a K,, — K, graph for the stationary distribution in (3.13)

has the following components

aj,if it =jand i,5 & {n —1,n}
ag,if i = j and i,7 € {n — 1,n}
blalfl%]a 7’7] g{nan_l_l} and (Za]) €&

kij=9q bo,ifi#j,j€{n,n+1} and (i, (3.34)

yeé&
bs,if i # j, i € {n,n+ 1} and (i,j) € €
by,if (i, ) € {(n,n + 1), (n+1,n)}

0, if (4,5) € &

where by = 1 —ay — (n — 1)bs. Note that the balance condition in (3.2) requires

by = —"5by. In order to determine the eigenvalues of K, ., let

T

v
0
0
0

S = O O

0
0
0
v

o O = O
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where V is the (n—1) x (n— 1) eigenvector matrix of b;11" + (a; —b;)I,_1. The 2n—4
eigenvalues of Tl_lKanl are a; — by, whereas the rest are obtained from those of the

4 x 4 matrix

1-— b2 v — 1b2 0 0
(=1 a b 0
Kr _ n 2 2 4 .
0 b4 a9 ﬂbg

0 0 \/n—lbg 1—b2

With
1 0 O 1
01 1 0
T2 - 5
01 -1 0
1 0 0 -1

it is easy to note that the eigenvalues of T, ' K, T, are obtained from those of

1—b2 \/n—lbg 2&2—14—% Mbg

n

(n=1)5 by 1— @52 ’ vn — 1by 1—10

n

The matrix on the left has eigenvalues at 1 and (1 — by) (1 + (n_n1)2) - (";1)2. The
spectrum of the second matrix consists of the second largest eigenvalue (in modulus).

Hence, the optimal SLEM and transition/holding probabilities are calculated as

n*+(2v2-5mn+1
n2+(1-2v2n+1

,U:(Kn,n) = (3'35)

(2-v2)n

ay =10, b=
2 S+ (1-2v2)n+1

(3.36)

The SLEM of K,,,, depends only on the choice of as and by. There is no restriction

on a; and by so long as they are non—negative and each row of K, , sums up to one.
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This implies that only the transition probability to the bridge node is important in the

solution of the SLEM. However, the choice b; = a; = ln__bf moves the 2n —4 eigenvalues

at a; — by to zero.

3.7.2.1. The FMMC with Identical Holding Probabilities. The Markov chain under

Assumption 3.2 requires a; = as = a, by = by = ﬁ and by = 1;—“, In this case,

the optimal mixing rate

n2—3n+1+vVnt+2n3 —9n2+6n+1

i (Knn) = 2n(n — 1)

(3.37)

is obtained for the optimal choice of the identical holding probability of a* = 0.

Remark 3.10. The optimal SLEM of the symmetric Markov chain on a K, — K,

graph in [28] is given by

n—4+2/2

(HKpy) = ————=. 3.38
i) = (3.38)

Despite using a single parameter (a), we have pf (K, ) < pi(K,,) for 2 <n < 4 while
the symmetric SDP solution of [28] employing three parameters is superior for n > 5.
However note also that p (K, ,) < pi(K,,) for all n > 2, i.e., the optimal reversible

Markov chain mixes faster than its symmetric counterpart.

3.7.3. Alternative Transition Probability Dormulation for the Graph K, —
K,:

In order to achieve faster mixing for the graph K, — K,,, we modify our single
parameter SDP formulation by revising the construction in Assumption 3.2 as follows.
Assumption 3.11. Let P be the transition probability matrix. For n > 3 and some

a € [0,1], suppose that the transition probabilities are of the following form:

(i) Py=afori=1, ..., n
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5¢ ifi#j,j=nn+1land (i,j) €€
(i) Py=1 gitpifi# g, j#nn+1and (ij) €€
0 if (i,7) €&

Article (i) in Assumption 3.11 ensures that all vertices have identical holding
probabilities, and Article (ii) guarantees that transition probability from a vertex to a
vertex on the bridge is equal to the sum of transition probabilities from a vertex to any

vertex that is not on the bridge. This set up corresponds to the stationary distribution

, 1
T =
4dn — 4

[1,...,1,n—1,n—1,1,...,1]. (3.39)

The fastest mixing reversible Markov chain on a K, — K,, graph corresponding to the
given stationary distribution is of the form (3.34) where b3 = % Following the same

procedure as in the spectrum analysis of the original formulation, we compute the

optimal SLEM and the transition/holding probabilities as
W (Knp) =V2/2, a5=0, b;=05 (3.40)

Once again, the SLEM of K, depends only on as and by. There is no restriction

on a; and b; so long as they are non-negative and each row of K, , adds up to one.

This implies that only the transition probability to the bridge node is important in the
1/2

solution of the SLEM. However, the choice by = a1 = —-5 moves the 2n — 4 eigenvalues

at a; — by to zero.

Remark 3.12. In the modified case, the SDP formulation of identical holding prob-
abilities leads to the same optimal mixing rate given in (3.40) for a = a = a* = 0.
Despite using a single parameter (a), the result, u* = v/2/2, based on our extended
SDP formulation, is independent of the number of the vertices of the graph, whereas the

symmetric SDP formulation of [28] employing three parameters tends to 1 as n — oo.
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3.8. Chapter Summary & Discussion

In this chapter, we study two alternative methods of assigning transition prob-
abilities to a Markov chain in order to optimize its mixing rate. In the first SDP
formulation, there is a single transition probability parameter to be optimized (the
holding probability of vertices) which yields to faster computation as opposed to the
more general reversible Markov chain formulation corresponding to a stationary distri-

bution that is proportional to the degree of vertices.

Exact analytical results verify that the two proposed formulations lead to better
mixing for a star, a complete bipartite graph and a wheel graph than the optimal sym-
metric Markov chain. For distance transitive graphs, the symmetric SDP formulation
and the ones considered herein lead to the same FMMC solution. The straightforward
application of the identical holding probability SDP formulation results in faster mix-
ing than the optimal symmetric K, — K,, graph, 2 < n < 4, despite using a single
parameter, while it is slower for n > 5. Even in this case, it has been analytically
demonstrated that the reversible Markov chain formulation corresponding to the sta-
tionary distribution that is proportional to the degree of vertices outperforms that of

the best symmetric Markov chain.

Finally, the single parameter SDP formulation has been extended for the K, — K,
graph resulting in a Markov chain whose SLEM is equal to 1/4/2 and is independent of
the graph size. We also note that the single parameter solution is the same as the more

general reversible formulation corresponding to the equilibrium distribution in (3.39).

From the above discussion, it is noted that we obtain better or equal mixing for the
graphs under consideration with the reversible Markov chain formulation corresponding
to a stationary distribution that is proportional to the degree of vertices. Although
this seems to be valid for many other connected graphs including all with number
of vertices less than six, it can not be generalized. To this end, consider the graph

depicted in Figure 3.8. The fastest mixing reversible and the fastest mixing symmetric
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Figure 3.2. A 6-node undirected graph.

Markov chains are respectively given by

19 1 4 4 1 2 2 2
6800417 17 300999
19 104 4 1 2 2 2
0680417 17 030999
19 1 4 4 1 2 2 2
0068417 17 003999
)

1 1 1 1 2 2 2 1
4 4 4400 999300
3 3 3 (g 4 4 2 2 2 o 11
17 17 17 17 17 9 9 9 6 6
3 3 3 g 4 4 2 2 2 g 11

| 17 17 17 7 17 | 9 9 9 6 6

that lead to the SLEMs 1/2/17 and 1/3. On the other hand, the fastest mixing Markov
chain with identical holding probabilities is obtained for a* = 3/11 and has a slightly
greater SLEM, that is equal to v/129/33.

Although the reversible formulation corresponding to a stationary distribution
that is proportional to the degree of vertices yields better mixing for many graphs
under consideration, the above example demonstrates that this claim is not always true.
Future research should concentrate on gaining further insight into why the two proposed
formulations tend to yield better analytical results than the symmetric formulation
for certain classes of graphs. We hope that such research will also pave the way in

developing alternative methods for the solution of the FMMC problem.
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4. THE FASTEST MIXING MARKOV CHAIN ON A
PATH

The fastest mixing Markov chain on undirected graphs is discussed in Chapter 3
and some novel results are derived for achieving the fastest mixing with two different
formulations (FMMC with identical holding probabilities and fastest mixing reversible
Markov chain with degree proportional stationary distributions). In this chapter, we

discuss the FMMC problem on an important network topology, a path.
4.1. The Fastest Mixing Symmetric Markov Chain Formulation for a Path

The SDP formulation of the fastest mixing symmetric Markov chain problem on

a path is as follows:

minimize  p(P)
subject to P >0, Pl=1P=DP", (4.1)
P;=0, if i —j| > 1.

In [27], the authors derived the fastest mixing symmetric Markov chain on a path which

is given by

12 1/2
1/2 0 1/2

1/2 0 1/2
1/2 1/2

and the optimal SLEM is shown to be equal to

p(S5,) = cos

S 13
=
=
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1l-a 1l-a 1-a
2 2

Figure 4.1. A directed path with identical holding probabilities.

In the above work, the authors deal with symmetric Markov chains. In Chapter
3, we have proposed two FMMC formulations on undirected graphs and derive the
analytical expression of their SLEM. In this chapter, we consider the identical holding
probability formulation for a path graph and obtain its SLEM which provides faster
mixing than that of [27].

4.2. The FMMC with Identical Holding Probabilities Formulation for a
Path

In our formulation, we let all vertices have the same holding probability, i.e.,
P;; = a, and transition probabilities from a vertex to its neighbors are equal, i.e.,
P, = % for |i — j| = 1 where N; be the number of neighbors of vertex i. Note that
the Markov chain is not symmetric in this formulation. The transition and holding
probabilities are labeled for our setup in Figure 4.1. Let P, ,(a) be the Markov chain

on a path with n vertices for our setup, i.e.,

a 1—a

1—a 1—a
a
2 2

1—a 1—a




43

1/2 1/3 1/3 1/3 1/2

1/2 1/3 1/3
1/3 1/3 1/2

Figure 4.2. A directed path with equal transition probabilities.

The SDP formulation of the FMMC with identical holding probabilities for a path is

as follows:

minimize w(P)
ifi=j
subject to NN , ifli—jl=1 (4.5)
otherwise
0<a<l1

One of the objectives in this thesis is to derive the mathematical expression of the
optimal holding probability, a*, and the optimal SLEM, p*(P, ,(a)) as functions of n
and to show that it is less than the SLEM of the fastest mixing symmetric Markov
chain given by (4.3). We also investigate the Markov chains on a path with equal

transition probabilities as shown in Figure 4.2, i.e, P;; = for |i — j| = 1. This

Ni+1 +1
probability assignment is quite intuitive and its performance needs to be investigated
as well. In this chapter, we not only derive bounds on the SLEM of this Markov chain,

but also prove that its SLEM is larger than the optimal solution proposed as per (4.4).

4.3. Spectra of Markov Chain on a Path with Identical Holding
Probabilities

In this section, we study the spectrum of the Markov chain on a path with
identical holding probabilities and derive the optimal holding probability that yields

the fastest mixing rate.

Theorem 4.1. The spectrum of P, ,(a) consists of values a + (1 — a) cos Z£, 0 <
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k <n—1. Furthermore, p;(FP, (a)) = max{‘a + (1 —a)cos =&

bo1<k<n-—1,is

minimum. for

1-— cosﬁ
a=q¢" = ——"— (4.6)

3 — cos =
n—1

and the optimal SLEM is given by

T
. 1+COSE

= 4.7
Proof. Let si, k=0,...,n—1, be the inverse of the unordered eigenvalues of P, ,,(a),
without any specific order (i.e., A, and s, ' need not be equal). Let = [z1, ..., z,]"

be an eigenvector of P, ,(a). With s, = s, from the eigenvalue—eigenvector equation

we get

1 = s(x1+ (1 —a)z,) (4.8)
1— 1-—

x]—s( 2a:cj_1+ax]+ 2a$]+1),j—2, ,n—1 (4.9)

xn =s((1 —a)x,_1 + axy,) (4.10)

In order to solve the above equations for s, the method of particular solutions will be

applied. For z; =17, (4.9) becomes s(+5%)r? + (sa — 1)r + s(:5%) = 0 and the roots of

this quadratic equation are

l—sat/s*(2a—1) —2sa+1
r12(s) = S1—a) . (4.11)

The general solution of z; is of the form
x; = A(s)r](s) + B(s)rj(s) (4.12)

where A(s) and B(s) are functions of s. In order for (4.9) to be valid for all j, the

boundary conditions xg = x9 and x,.1 = x,_1 must hold, which lead to the following



equations:

A(s)(ri(s) = 1) + B(s)(r
A(s)ri ™ (s)(r(s) — 1) + B(s)ry ' (s)(r

[\ o} N DO
—~
V)
~—
|
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(4.13)

For some values of s, if the above equations are satisfied, then the solution of (4.9)

is as given in (4.11). If r1(s) = ra(s), then the solution of the linear system (4.9) is

identically zero. Thus, we seek the values of s that satisfy
il (s) =i (s)  but  ri(s) # ro(s).
Since r1(s)ra(s) = 1, we compute r; as a 2(n — 1)-th root of unity, i.e.,
Jjrk
ri(s) =er1, 0<k<n-—1.
It follows easily from (4.11) that (4.15) holds when s = s, where

sp'=a+(1—a)cos

Wkl,()gkgn—l.

Consequently, the SLEM of P, ,(a) can be expressed as

i(Poafa) = mox{

= max{

k
a+ (1 —a)cos T 1‘}

n —

n

a+ (1 —a)cos WI',|2a—1|}

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

for 1 < k < mn —1. Note that u;(P,(a)) is minimized for « = a* in (4.6) and the

optimal SLEM is uf as given by (4.7).

0

The SLEM of the fastest mixing Markov chain derived in Theorem 4.1 and result

of [27] in (4.3) are compared in the following theorem.
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Theorem 4.2.

115(Sn) > pi (Pon(a)) forn = 3. (4.19)

Proof. For n =3, u*(S3) = 3 > 5 = puj (Ps3(a)). We will show that (4.19) is satisfied

for also n > 4. Let f(n) be the function defined as follows

n

f(n):cosz(?)—cosnil)—cosnil—l (4.20)

so that f(n) > 0 for n > 4 implies (4.19). From the Taylor series expansion of cos(z),

we have

1- %[L’2 < cos(z) <1— %2 + Z—?, lz| <7 (4.21)

Using (4.21), we derive a lower bound for f(n)
f(n) = far(n) + far (1) + fas (n) (4.22)

where
272
far(n) :m (4.23)
m—rt/4 1 N\t 2 r \*

foa ) “Tn2(n—1)2 4l (ﬁ) 4l (n — 1) (424)

1 /m\2 T 211 /my2 1 ™ 2 1 /m\2 T 2
() =— (2 (I 4z ——(Z . (425
Joa () M(n) (n—l) [2<n)_%2(n—1) 4!@) (n—l)] (4.25)
Note that f,,(n) > 0. Since#<ﬁ§%# for n > 4, we obtain

m—at/4 316

f(n) > fa(n) + A R ST 13 (4.26)
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By multiplying both sides by n?(n — 1)%

n%n—mwwo>@—@wan—n+»m%n—m+w?—%fl. (4.27)

Note that the second term on the right hand side is positive for ¢ > 1.23 which implies
that f(n) > 377 > (. O

n2(n—1)

4.4. The Fastest Mixing Reversible Markov Chains with Degree

Proportional Stationary Distribution for a Path

Let R, be the reversible Markov chain with degree proportional stationary dis-

tribution on a path. For n =4, R,, is of the following form

aq 1— aq 0 0
l1—a l—a
1 a l—ay—=2* 0
Ry=| 2 2 S . (4.28)
0 0 1— aq aq
With
10 0 1
01 1 0
T = (4.29)
01 -1 0
10 0 -1
it is easy to note that the eigenvalues of T-'R,T are obtained from those of
a 1 1l—a
N A (4.30)
1—2a1 H% 1 — a1 aq

The first matrix has eigenvalues at 1 and 3“12—_1 The second matrix consists of the
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Figure 4.3. The SLEM of S} and P, ,(a*).

optimal SLEM. Hence the optimal SLEM and optimal parameters are calculated as

a1 =1/3, ay=1/6, p*=1/V3. (4.31)

For larger n, the numerical solution of the degree proportional reversible FMMC for-

mulation can be obtained by SDP techniques of [33] as follows

[ 1/3 2/3
1/3 1/6 1/2
12 0 1/2
R = SRR . (4.32)
12 0 1/2
1/2 1/6 1/3

2/3 1/3
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The SLEM of S}, P, ,(a*) and R} are depicted in Figure 4.3 which verifies that the

degree proportional reversible formulation outperforms that of [27] and (4.5).
4.5. Spectra of Markov Chain on a Path with Equal Weights

Let L, , be the Markov chain on a path with with equal transition probabilities,
ie, Py = g for i —j| =1
12 12 ]
1/3 1/3 1/3
L,,= . (4.33)
1/3 1/3 1/3
1/2 1/2

Let L, ,,, 1 <ny <n, be the ny x n; sub-matrix of L, ,, formed by deleting the last

n — ny rows and columns, i.e.,

1/2 1/2
1/3 1/3 1/3
Ly, = - . (4.34)
1/3 1/3 1/3
1/3 1/3

Theorem 4.3. The spectra of Ly, denoted by o(L,,), is real. Furthermore, it can

be computed as the union of the spectra of two reduced—order matrices as

U(ann>Ua<Ln7n —l—lqang), if n is odd
0 (Lny) = 15 51 ™ 3490519 3] (4.35)
o (Ln n — %q%q—%r) Ue (Lm% + %ng;;) , ifn is even

’2

where q; is the basis vector that has 1 as its i—th component and zeros elsewhere; | %]

and [5] denote the largest integer not greater than § and smallest integer not less than

5, respectively.
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Proof. See Appendix B. O

Given that the Markov chain on a path with n vertices when all vertices have the
same holding probability, a, is denoted by P, ,(a) in (4.4), let P, ,,(a), 1 <ny < n, be
the ny X ny sub-matrix of P, ,,(a) formed by deleting the last n —n; rows and columns,

ie.,

N ‘

Popfa)=| 2 ) . (4.36)

Note from Theorem 4.3 that the spectra of P, ,(a) for any 0 < a < 1, denoted by
0(P,n(a)), is real. Furthermore as in Theorem 4.3, o(FP, ,(a)) can be decomposed into

two parts as follows.

Corollary 4.4. o(P, ,(a)) can be computed as the union of the spectra of two reduced-

order matrices as

o (Pyr(a) = o (Pn,L%J(a)> Ue (P), if n is odd (437)

o (Pn,g(a) - I_T“q%cﬁ) Uo (P), ifnis even

2

where P = Py ro(a) + %q[%qq?%y

The reduced-order matrix, whose spectrum consists of the SLEM of L,, ,,, is given

in Theorem 4.5.

Theorem 4.5.

A1 <Ln,L%J) , if n is odd

b (Lon) = (4.38)
A (

Ly — —q%ql) , if n is even
2

Proof. See Appendix C. O
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Corollary 4.6.

A (Pt (@), if n is odd

(4.39)
Pyn(a) — %q%qg) , ifn is even

4.5.1. Effect of Number of Vertices on the Mixing Rate

It should not be surprising to determine that the mixing rate is strictly decreasing
as the length of the path increases. Note that this fact can easily be verified for the
solutions in (4.3) and (4.7). However, the situation is a bit more involved for the

Markov chain with equal weights.

Theorem 4.7. (L,,) is strictly increasing with increasing n.
Proof. See Appendix D. O

4.6. Discussion on the Convergence Speed of the FMMC on a Path

In the previous section, we derived some results on the SLEM of L, ,. These

results and the results of the following theorem will be used in Theorem 4.9 to compare

its SLEM with the optimal SLEM of P, ,,(a) derived in (4.7).

Lemma 4.8. (i) pu (Pon(3)) > pf (Pun(a)) for n > 3. (ii) The difference matrices
pn,L%J(%> — Pn,L%J (a) and (pn,g(%) — %q%q—%r) — (]-Z’nﬁ(a) — %(Pg(]%) are positive def-
inite for n odd and n even, respectively, where P, n(a) = T='Pyn(a)T is symmetric

2
for0§a<% and T = diag{\/2,1,...,1}.

3

Proof. 1t is straightforward to see that (4.18) is greater than (4.7) for a = 1/3 and
n > 3. In order to prove (ii), we will consider two cases: n odd and n even. For n

odd and 0 < a < 1/3, the difference matrix f’nHJ(l/?)) - Pn,L%J (a) is an M-matrix

a—1/3

15 <

whose diagonal elements are 1/3 — a > 0, non—diagonal elements are either
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(1/3 —a)*

9k—1

or “:/—12/3 < 0, and leading principal minors are

>0,k=1,...,|5]. Hence
JSM%J(%) - pn,L%J(a) is positive definite for 0 < a < 1/3. For n even and 0 < a < 1/3,

the difference maxtrix is an M-matrix whose diagonal elements are either 1/3 —a > 0

or 2(1/3 — a) > 0, non-diagonal elements are either a3 0 or 223 < 0, and the

3 V2 2
1/3 —
first § — 1 leading principal minors are u

ok—1
1/3 —a)27! -
determinant is (/23—_?2 > (0. Hence (Pn%(é) - %q%c@) - (Pn,%(a) — I_T“q%c@)

>0,k=1,...,5 — 1, and the

is positive definite for 0 < a < 1/3. O

The following theorem states that for a = a*, (4.4) mixes faster than (4.33).

Theorem 4.9.
(L) > pi (Pon(a®)). (4.40)

Proof. For n = 3, u(Lsz) = 3 > 1 = uf(P33(a*)). From Lemma 4.8, we have
ft (Pon(3)) > p* (Poy(a)) for n > 3. In order to prove the theorem, we will show that

(1(Lny) = (P (3)) for n > 3.
Let us consider two cases: (i) n is odd, (ii) n is even.

Case (i) n is odd: From Theorem 4.5, we have u(Ly,) = Ai(Ly |n)) and from
Corollary 4.6, we have p(P, ., (%)) = Al(PmL%J) (%) Therefore, mixing rate comparison
of L, and P, , (%) can be done by comparing the largest eigenvalues of L,, |»| and
Pz (%) Let Ty = diag{/2,1,...,1} so that Pz (%) is similar to the symmetric
matrix me%J (%) = T2_1 (PngJ (%)) T, given by

3 N -

1 V2
3
) V2
an(3)-3 | (1.41)

1/3 1/3 |
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Let

.
T = [xl, Ta, ..., T| J] (4.42)

n
2

be the unit length eigenvector of f’nH ] (%) corresponding to the largest eigenvalue,
=M (Puig (3).
From the eigenvalue—eigenvector equation, we have x; = czy in (4.42) where

V2
C = .
3N — 1

(4.43)

Since ]—Z’M%L ] (%) is a real symmetric matrix, its largest eigenvalue can be computed

from the Rayleigh-Ritz Theorem ([40] Theorem 4.2.2 pp 176-177) as

Al = ‘r‘nuaxl 2T <pn,L%J(1/3)) z (4.44)
T 1
Loty = 7 [ Ziera, ma, ..., 1gy] where ¢ = ——— and z. i = 2. 3], are
1+ <23

the components of z. Note that y has unit length. Using the Rayleigh—Ritz Theorem
together with (4.45), we obtain

AM(Ln,n)) = max ZTLM%Jz (4.46)
z€R'2 ||z]|=1
>y Ln2y (4.47)
2 2
— & (C—;? + X{) (4.48)
1+ C;fg
= A\ — (4.49)
1 C Z‘2

Since A} < 1, we conclude that Ay(Ly |a2)) > AT = Ay (Pn,\_%J (%)) which com-
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pletes the proof for n odd.

Case (ii) n is even: From Theorem 4.5 and Corollary 4.6, note that we have

M(Ln,n) = Al(Ln,% - %Q%q—é—) and :u(Pn,n (%)) =\ (Pn,% (%) - %Q%qj%—) Therefore,

mixing rate comparison of L, , and P, , (%) can be done by comparing the largest
eigenvalues of Ly — %q% qg and Py = (%) — %q% q—%r. The same procedure above can be
applied to show that )\1(I~Ln7% — %q%qg) > A\ (]5”% (%) — %q%qg) which completes the

proof for n even. O

4.7. Chapter Summary

In this chapter, we have proposed a new formulation for optimizing the mixing
rates of Markov chains on a path. By deriving the analytical solution, we have proved
that the proposed solution outperforms that of [27] and the Markov chain on a path
with equal weights. We have also examined the effect of the number of vertices on the
SLEM, and have shown that the mixing rates for different scenarios under investigation

in this chapter are strictly decreasing as the length of the path increases.
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5. THE EFFECT OF NON-UNIFORM DELAY ON THE
CONVERGENCE SPEED OF CONSENSUS ALGORITHMS

In Chapters 3 and 4, we have investigated the mixing rates of Markov chains that
correspond to the convergence rates of the consensus algorithm for networks without
delay. In this chapter, we study the convergence properties and rates for delayed
networks and derive some results on possible non—detrimental effect of delay on the

convergence rate.
5.1. Delayed Consensus Model and Mathematical Preliminaries

In communication networks where communication delay is unavoidable, the dis-

tributed consensus algorithm can be mathematically expressed as

n

mi(t+1) =wa(Oz(t) + Y wy(t)z;(t — ) (5.1)

J=15#i

where w;;(t) > 0 is the averaging coefficient; and 7;; is the amount of delay in data
transmission between nodes 7 and 7. The following conditions are assumed throughout

the chapter [5]:

Assumption 5.1. (i) wy(t) > &, Vi=1,2,...,n,Vt >0 for some constant £ > 0.
(i) Y wy(t)=1,Vi=1,2...,n,Yt>0.
j=1

v Tij STmamavfi,jzl,z,...,n.
J

Article (i) in Assumption 5.1 guarantees that nodes use their own data in their
updates whereas the second condition requires that the received data from a neighbor
should be used with strictly positive weighting. Article (iii) in Assumption 5.1 induces
that the sum of the weighting coefficients for each node is equal to one. Finally Ar-
ticle (iv) excludes unbounded delay in the context of this chapter by restricting the

maximum delay amount to be 7,4,
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When there is no communication delay, i.e. 7;; = 0, the matrix representation of

(5.1) is given by

2(t+1) = W(Ha(t) (5.2)

where the system matrix W (t) € W belongs to a special class of so called row—stochastic
averaging matrices under the conditions of Articles (i)—(iii) in Assumption 5.1 that are

assumed to hold throughout this chapter.

Delay is well known to deteriorate the performance of a system in general; fur-
thermore it can even lead to instability if not compensated properly. The focus in this
chapter is to study the effect of non—uniform delay on the convergence rate of the dis-
tributed consensus algorithm in (5.1) using mathematical tools of stochastic matrices,
ergodicity and graph theory. In the rest of this section, we examine the convergence

properties and the effect of delay on convergence rate.

5.2. Convergence Analysis for Uniform Delay and Fixed Topology

Suppose that there exists a uniform and fixed amount of delay between all nodes,

ie., 7;(t) =7, Vi, j, t. Then, (5.1) is re-expressed as

x(t+1) = Wpx(t) + (W — Wp)x(t — 1) (5.3)

where Wp = diag{w;1,wss, ..., wy,}. Let the augmented state vector & be defined as

i) =[xzt +7) L zt+r =17, z@®)"]".

Then (5.3) can be re-written in the form

A

Bt +1) = W) (5.4)
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where W is given by

Wp 0 ... 0 W—Wp
I 0 ... 0 0

W=| 0 I ..0 0 (5.5)
0 0 ... 1 0

Lemma 5.2. Suppose that at least one node exists in the network from which the rest
of the nodes are accessible. Then consensus in the network is achieved despite the

ezistence of bounded uniform delay 7.

Proof. Let there be a node in the network from which the rest of the nodes are ac-
cessible. From [2], W™~! is known to be scrambling. We now show that the network
achieves consensus by proving that the ((7 4 1)n — 1)-th power of W is scrambling.
For mathematical convenience, denote the (7, j)-th block of wr by Wm-j that can be

computed as

( _
fij(W) i<y
A i |44 | = 1, 1 <7
Weij = fa(¥e) 7 (5.6)
0 j<ii#1
I j=1i=7+1

\

where f; ;(W) and W have equal adjacency matrices; and f; ;(W) and W have equal
adjacency matrices except that f”(W) has zero diagonal elements. In the sequel,

Gii(W), Giy(W), hi ;(W) and h; ;(W), are defined similarly.
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Using (5.6), W2+ = [Wy,,1 ;] is computed as

9ig(W?) i<y
Warsiij =9 g (W) j=1 (5.7)

From (5.7), one can deduce that W2 ™+! is scrambling given W is.

Suppose that W is non-scrambling. Then the sub-blocks of the ((7 + 1)n — 1)-th

power of W are calculated as

7(n) . .
hi ; (W) i<
W('r-i—l)n—l,ij = h@l(Wn_l) j =1 (58)
7(n—1) . ..
h’i,j (W) J<t,j#1

where }_Lz(l?() is a polynomial of order k. One can note that each of the first column
components of (5.8) has the same adjacency as W"~!. If at least one node exists
in the network from which the rest of the nodes are accessible, the matrix W"! is
scrambling [2]. Hence, from (5.8), the ((7 + 1)n — 1)-th power of W is also scrambling.
Therefore we can conclude that the network achieves consensus under bounded uniform

delay. O

5.3. Convergence Analysis for Uniform Delay and Varying Topologies

Consider a network with N different topologies characterized by averaging matri-
ces W = {Wy, Wy, ..., Wx}. Suppose that uniform and a fixed amount of delay exists
between nodes. Let W = {Wl, cee WN} consist of the corresponding system matrices

for the delayed systems.

Lemma 5.3. Given the set of averaging matrices, W = {Wy, ..., Wy}, suppose that
the network consists of a (possibly different for each topology) node in the network from

which the rest of the nodes are accessible. Then consensus is achieved in the delayed
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network for 7;; = T and arbitrary switching of the topologies.

Proof. Let m, k > 1 be sets that consist of all possible £ matrix products from the set

W. It can be seen that all of the elements of Tk are scrambling for some K < (7+1)n—1,

and therefore the network achieves consensus. O

5.4. Non—Uniform Delay Varying Topology Networks

Each node may receive data from other nodes with different and varying amounts
of delay. Convergence analysis of the consensus algorithm for non—uniform delay net-

works is crucial since uniform delay does not exist in practical systems.

Theorem 5.4. Given the set of averaging matrices, W = {Wy, ..., Wx}, suppose that
the network consists of a (possibly different for each topology) node from which the rest
of the nodes are accessible. Then consensus is achieved for arbitrarily varying bounded

delay 7;5, 1,5 = 1,2,...,n, @ # j and arbitrary switching of the topologies.

Proof. First let us consider the case for non-uniform fixed amount of delay which will
later be extended to varying delay and network topologies. Under this setting, the
consensus algorithm (5.1) can be put into the following matrix form for networks with

non-uniform delay [24]

WD _I_ WD7O WD,l ce WDJ’mam
. I 0 0
W = (5.9)
0 1 0

where the (¢, j)-th element of Wp,, 1 =0,1,..., Te, is given by

(Wplij = ! ! (5.10)
0 otherwise
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so that Wpo+ ...+ Wp, =W — Wp satisfied. The minimum power that makes
the system matrix scrambling is no more than (7., + 1)n — 1 with the equality if
delay is uniform and 7;; = Ty,4,. Since W (Tmaz+1)n=1 jq guaranteed to be scrambling
under Assumption 5.1, consensus follows for non—uniform fixed amount of delay and

the given network topology.

In order to complete the proof for arbitrarily varying topology networks and
varying delays, let 7z, & > 1 be the sets that consist of all possible matrix products
of length k from the set of all matrices of the form (5.9) for all delay combinations
and different topologies corresponding to W = {W;,...,Wx}. Note that 7; consists
of N(Tynaz + 1)"2_" matrices. Analogous to the proof of Lemma 3, it can be seen that

all of the elements of 7 are scrambling for some K < (7,00 + 1)1 — 1. O

Remark 5.5. Under the conditions of Theorem 5.4, we note that consensus is achieved
despite the existence of bounded non—uniform and varying delay. While we rely on
properties of scrambling matrices in proving the end result, the stated conditions in
the theorem are relatively easy to check, i.e., one needs to ensure that the maximum
amount of delay is bounded, and that the network consists of a (possibly different for

each topology) node from which the rest of the nodes are accessible.

5.5. The Delay Effect on the Rate of Convergence

In mathematical system theory, delay is well known to deteriorate system perfor-
mance in general and may even lead to an unstable system if not compensated properly.
Although it is noted that algorithm convergence is not adversely affected from bounded
delay by Theorem 5.4, its effect on the convergence rate must be examined. To this
end, we first consider a simple example to demonstrate that delay does not necessarily

deteriorate the rate of convergence.
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2 3

Figure 5.1. A simple network of three nodes.

Example 5.6. Consider the system matrix

924 0 76
= . 5.11
1000 52 948 0 (5.11)
0 507 493

for the network given in Figure 5.1.

For the two-step delayed and the nominal systems, we have \y(W) = 0.7722 <
Ao(W) = 0.8613, which implies that the delayed system converges faster. The simula-
tion results for the nominal and the delayed system are depicted in Figure 5.2 for the

initial state values z(0) = [1, 0.9, 0.7] .

Although Example 5.6 illustrates that delay does not necessarily deteriorate the
rate of convergence for certain choice of the weighting coefficients, we know that this is
not true in general. In the sequel, we examine a class of network topologies for which
the convergence rates of the delayed and non—delayed consensus algorithms are equal to
each other (regardless of the weighting coefficients). Some examples of the topologies
under consideration are depicted in Figure 5.3. The topology in Figure 5.3a arises in
the problem of vehicle platooning where each vehicle is trying to follow the preceding
at a safe distance. Figure 5.3b depicts the Master—Slave topology in which the slaves
receive data from the master. This topology is widely used in clock synchronization
problems, where the master clock dictates its local clock frequency with its neighbors,
namely slave clocks. Figure 5.3c depicts the hierarchical topology, where the nodes

receive the leading node’s data directly or indirectly. This can be thought as a multi—
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Figure 5.2. State evolution for the nominal and the delayed system in Example 5.6

(z;(t): nominal system states, x;4(t): delayed system states).

level master—slave network where slaves of the n—th level are the masters of (n+1)-th
level. The following theorem states that non—uniform delay is not detrimental to the

convergence rate for the topologies of interest in this section.

Theorem 5.7. For directed acyclic graphs, the nominal and delayed consensus al-
gorithms (5.1) have the same non—zero spectra at each iteration step for arbitrarily

varying non—uniform bounded delay.

Proof. The adjacency matrix of a directed acyclic graph can be transformed into an
upper (or equivalently lower) triangular matrix with proper vertex numbering. Without
loss of generality, it is assumed that the system matrix is lower triangular throughout

the proof.

We first consider the non—uniform fixed delay among nodes. In this case, the

system matrix can be expressed in the form (5.9) whose characteristic polynomial is
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(c)
Figure 5.3. Some examples of directed acyclic graphs: (a) chain topology, (b)

master—slave topology, (c) hierarchical topology.

given by
)\[ — (WD _'_ WD,()) _WDJ WD Tmax
. -1 A 0 0
N —W|= ‘ (5.12)
0 —I A

By using the properties of the determinant for block matrices, (5.12) can be simplified

to a lower dimensional matrix determinant:

M—Wp+Wpo) —Wpy .. —Wpo ooy~ %WD%M
. -1 AN 0 0
N[ —W|=\" . (5.13)
0 o Al

By applying the above procedure recursively, we obtain

AL — W| = \n7mas

1 1
)\I - <WD + W[)’O + XWD’I + ...+ WWDﬂ—maz) ‘ . (514)
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For the network topologies that are covered in the statement of the Theorem,
we note that Wp + Wp o + %WDJ +...+ /\TﬁWD,me and W (the system matrix
without delay) have the same set of eigenvalues. Since the delayed system has the zero
eigenvalue with multiplicity n7,,.:, the nominal and the delayed systems have the same

non-zero spectra.

In order to complete the proof for arbitrarily varying delays, let 75, K > 1 be the
sets that consist of all possible matrix products of length k from the set of all matrices
of the form (5.9) for all delay combinations. Note that 7; consists of (7. + 1)”2‘”
matrices. We now consider two subcases: 1 < k < Tye and k > T4 For the latter

A

case, any matrix pi(W) in 7%, can be expressed in the following form

WE + * kL. %

R WEL s % ... x
(W) = v T (5.15)

Wg_ﬂ”” I

where * above denotes an upper—triangular matrix with zero diagonal elements. By

applying the same recursive procedure as in the fixed delay case, we obtain

‘A[ - pk(W)‘ = A [N — (WE 4 #)| (5.16)

which implies that the non—zero spectra of pk(W) and W* are equal to each other. For

A

1 <k < Tz, the first k sub—rows of pg(W) has the form

ngt* * ... %k
WE=l s % .. %

T (5.17)
Wp4+* x ... %

whereas the last 7,4, + 1 — & sub-rows is equal to [/(+,,..+1-k)n 0], Wwhere I(;, . 11k is

the identity matrix of length (7,,4. + 1 — k)n. The same recursive procedure as above
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can be applied to pk(fl) in this case as well to obtain the desired result. O

Remark 5.8. From Theorem 5.7, we note that the non—zero spectra of the nominal
system and the version for arbitrarily varying non—uniform bounded delay, are equal
to each other at each iteration. Hence, we conclude that bounded non—uniform vary-
ing delay does not adversely affect convergence rate for the network topologies under
consideration in this chapter, regardless of the amount of delay and the choice of the
weighting coefficients. As can be expected this is not true for all topologies under which
consensus is achieved. To this end, consider the fully connected network where each
node uses equal averaging coefficients: 1/n. It can be easily noted that the system
matrix has the zero eigenvalue with multiplicity n — 1; therefore consensus is achieved
in a single iteration (dead—beat system). On the other hand, the delayed system has a

non—zero second largest eigenvalue.

5.6. Chapter Summary

In this chapter, the performance of averaging based deterministic consensus un-
der delayed information has been studied. It is proven mathematically that the rate
of convergence of the distributed consensus algorithm is not reduced despite delay for
directed acyclic graphs such as the master-slave topology, chain topology and hierarchi-
cal topology. This result holds regardless of the values of the averaging coefficients so
long as they satisfy Assumption 5.1. Although we have focused on the case where delay
does not adversely effect the convergence rate, networks topologies where convergence

rate is always degraded are to be explored.
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6. CONCLUSION & FUTURE WORK

This dissertation is concerned with the convergence rate analysis and optimization
of distributed consensus algorithms in networks with and without delay. In the first
part of the thesis, the convergence rate of the averaging based consensus algorithm is
related to the mixing rate of the Markov chains and we have studied two alternative
methods of assigning transition probabilities to a Markov chain in order to optimize
its mixing rate. The Markov chains in both formulations are not symmetric, yet they

can be transformed into symmetric matrices.

In the first SDP formulation, there is a single transition probability parameter
to be optimized (which is the holding probability of vertices) that yields to faster
computation than the more general reversible Markov chain formulation corresponding
to a stationary distribution that is proportional to the vertex degrees. Exact analytical
results verifiy that the both proposed formulations lead to faster mixing for a star, a
complete bipartite graph and a wheel graph than the optimal symmetric Markov chain
that is studied in the literature. For distance transitive graphs, the symmetric SDP
formulation and the ones considered in the thesis lead to the same FMMC solution.
Although there is a single optimization parameter, the results of the identical holding
probability SDP formulation results in faster mixing than the optimal symmetric K, —
K, graph for 2 < n < 4, whereas it is slower for n > 5. Even in this case, it has
been analytically verified that the reversible Markov chain formulation corresponding
to the stationary distribution that is proportional to the vertex degrees outperforms
that of the fastest mixing symmetric Markov chain. Moreover, the single parameter
SDP formulation has been extended for the K, — K, graph resulting in a Markov
chain whose SLEM is equal to 1/4/2 and is independent of the graph size. We also
note that the single parameter solution and the more general reversible formulation
corresponding to the equilibrium distribution in (3.39) results in the same solution.
From all of the analysis, it is noted that we obtain better or equal mixing for the
graphs under consideration with the reversible Markov chain formulation corresponding

to a stationary distribution that is proportional to the degree of vertices. Although
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this seems to be valid for many other connected graphs (including all with number of
vertices less than six), it can not be generalized. To this end, a numerical example
has been given to emphasise that fastest mixing symmetric Markov chain has a better
mixing rate. Therefore, we conclude that there is no single formulation that yields
to the best results for all topologies. Future research should concentrate on gaining
further insight into why the two proposed formulations tend to yield better analytical
results than the symmetric formulation for certain classes of graphs. We hope that our

research will also pave the way in developing alternative methods for the solution of

the FMMC problem.

Another contribution of this thesis is the analytical solution of the FMMC with
identical holding probability problem for the path networks. This expression is com-
pared with the existing solutions in the literature and the Markov chain on a path
with equal weights in order to prove that the proposed solution yields to faster mixing
than others. The effect of the number of vertices on the mixing rate of Markov chains
on a path is also examined and it is proven that the mixing rates for different scenar-
ios under investigation in the thesis are strictly decreasing as the length of the path

mcreases.

We have also studied the consensus algorithm where delay exists in data recep-
tions. The delayed version of the consensus algorithm is introduced and by using
properties of scrambling matrices, we have proved that delay does not affect conver-
gence of the consensus algorithm as long as it is bounded. Furthermore, it is shown
mathematically that the convergence rate of the distributed consensus algorithm is
not reduced in the existence of delay for directed acyclic graphs such as master—slave
topology, chain topology and hierarchical topology. This result does not depend on the
choice of the averaging coefficients so long as the given basic assumption is satisfied.
Despite focusing on the case where delay does not adversely effect the convergence rate,
networks topologies where convergence rate is always degraded are to be explored as

future work.
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APPENDIX A: LEMMAS UTILIZED THROUGHOUT
THE THESIS

Lemma A.l. (Cauchy Interlacing Theorem, [40] Theorem 4.53.8 pp 185-186) Let H
be an n x n Hermitian matriz. Let y be a vector of dimension n and let d be a real
number. Let H be the (n+ 1) x (n+ 1) Hermitian matriz given as

" y} . (A1)

A

jig=
y' d

Then the eigenvalues of H and H satisfy

~

MH) > MH) > M(H) > Xo(H) > - > My (H) > My (H) > Mo(H). (A2)

Lemma A.2. ([40] Theorem 4.3.4(b) pp 182-183) Let A be an nxn Hermitian matriz.

Let z be a vector of dimension n. Then
Me(A) > N1 (A 227) > Mea(A), k=1,...,n—2. (A.3)

Lemma A.3. ([40] Theorem 8.1.18(b) p. 491) Let A = |a;j| and B = [b;;] be
two matrices of the same dimension. If |a;j| < by; for all i and j, then M\(A) <
A1(abs(A)) < M (B) where the matriz abs(A) is of the same dimension as A and de-
fined as abs(A) = [|ai;]].
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APPENDIX B: PROOF OF THEOREM 4.3

Let Tj be the similarity transformation matrix given by

Ty = diag{+/3/2,1,...,1,/3/2}

so that f)n,n =1 0_1Ln7nT0 is symmetric. Since L,,, is similar to a symmetric matrix,
its spectrum is real. For the second part of the proof, we will consider two cases: (i) n

is odd, (ii) n is even.

Case (i) n is odd: Let z = [x; ---x,]" be a vector and flip(z) be defined as the

vector which consists of the elements of = in reverse order, i.e., flip(z) = [z, ---21]".

For n odd, note from the eigenvalue-eigenvector equation that L, , has (n — 1)/2

eigenvectors of the form

vo=[v, 0 - flz'pT(vrl)}T (B.1)

1

and (n + 1)/2 eigenvectors of the form
_ : T
U= [v,  flip"(vy,)] (B.2)

for some v,, € N2/ and v,, € R1Z1. The eigenvalues corresponding to the eigenvectors

of the form v, can be obtained from the reduced order eigenvalue—eigenvector equation
Lni%]”ﬁ = )\Un. (B?))

Therefore we conclude that the spectrum of Lz isa subset of the spectrum of L, ,,.
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Similarly, the remaining eigenvalues corresponding to eigenvectors of the form v,

can be obtained from

1 T
<Ln,(’;] + gq[g]qL%J) Upy = AUpy. (B.4)

The spectrum of Ly, 21+ %q(%]qfﬁ | consists of the remaining eigenvalues of L,, ,,, which
2

completes the proof for n odd.

Case (ii) n is even: For n even, L, , has n/2 eigenvectors of the form

-
ve = [v), = f ()] (B.5)
and n/2 eigenvectors of the form
- T T T
o= [0, £7(0)] (B.6)

for some v,,,v,, € Rz. The eigenvalues corresponding to the eigenvectors of the form

v, can be obtained from

1
(Ln,% — gq%qg) Upy = AUpy. (B.7)

Hence, we can conclude that the spectrum of Ly, » — %q% q;%r is a subset of the spectrum

of Ly, .

Finally, the remaining eigenvalues corresponding to the other eigenvectors of the

form v, can be obtained from

1
<Ln,g + gngg) Upy, = AUp,. (B.8)

The spectrum of L,z + %ngg consists of the remaining eigenvalues of L, ,, which
2

completes the proof for n even.
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APPENDIX C: PROOF OF THEOREM 4.5

Since L, , is a row-stochastic matrix, its largest eigenvalue is 1. From Theorem
4.3, its spectrum can be computed from those of two reduced—order matrices, which

implies

- max {)\1 (LM%J) Ay (an n %q[quT%J) } Sif nis odd o
M \Lipn) = .
max {)\1 (Lm% — %ng%) , A2 (Lm% + %cpgq%) } ,if n is even

We will consider two cases: (i) n is odd, (ii) n is even.

Case (i) n is odd: For n odd, let T1 = diag{\/3/2,1,...,1} so that L, n|
is similar to a symmetric tridiagonal matrix, En,\_% | =17 ! (anL% J> T,. Likewise, let
T, = diag{+/3/2,1,...,1,4/2} so that Ly 12 +%q[%1qLT%J is similar to a symmetric tridi-

%

agonal matrix, given by T <Ln,(%] + %q[%wi J) T,. Moreover, the former symmetric

tridiagonal matrix is a principal sub—matrix of the latter one, i.e.,

T LTy y

(C.2)
y' 1/3

_ 1 T
Tyt (L“J% + gq[%quzzj) 1 =

From Lemma A.1, we have \; (TfleLgJTl) > A <T2_1 (Ln,[%] + %q(%]qigo TQ).

Since similar matrices have the same spectrum, p (L, ) = A\ (Ln,L% J> for n odd.

Case (ii) n is even: For n even, both L, » — %q% g» and Ly 2+ %q% g are similar
2 2
to tridiagonal symmetric matrices, 7, (Ln,% — %q% qé) Ty and 77 (Ln,g + %q% q;) 11,

respectively. From Lemma A.2, we have

_ 1 _ 1
A1 (Tl 1(Ln,g - gngg)ﬂ) > Ao <T1 1(Ln,g + §q§q%TL)T1)

Since similar matrices have the same spectrum, we obtain p (Ly, ,,) = A (ang — %q% q%)

for n even, which completes the proof.
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APPENDIX D: PROOF OF THEOREM 4.7

We will consider two cases: (i) n is odd, (ii) n is even.

Case (i) n is odd: From Theorem 4.5, we have u(L,,) = A\ (L"’L%O and
,U(Ln-i—l,n—i-l) =)\ (Lm[%] - %q%]q;—%]> . Let H = Tl_l Ln,l_%J T1 where

Ty = diag{+/3/2,1,...,1}.

Note that [ is symmetric. Similarly, L, 21— %q(%]qﬁ 11s similar to a symmetric matrix

n
2

H given by

. H vy
A= (D.1)
y' d

where y = %ngJ and d = 0. Note from Lemma A.1 that A\;(H) > A\;(H) holds. In
order to prove that strict inequality holds, we proceed by contradiction. To this end,

A

suppose that we have A\ (H) = \(H).

-
Let z = [zl, L J] be the unit length eigenvector of H corresponding to its
largest eigenvalue. From the Rayleigh—Ritz Theorem, we have \(H) = 2" Hz. Let

z= [zT O]T. Note that Z has unit length and we have
2TH:=2"Hz= ) \(H) = M(H). (D.2)

For the above to hold, Z should be an eigenvector of H corresponding to its largest
cigenvalue. From HZ = \;(H )2, we first obtain z|n = 0. By substituting z\») = 0 in

H: = Al(f[ )2z, we determine that z is a vector of all zeros. Since z is supposed to be

an eigenvector of H, this is a contradiction.
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Case (ii) n is even: From Theorem 4.5, we have (L, ) = A (Ln,% — 3 %qg),
and (Losien) = At (Lng). Let H=T;" (Log = Sayql ) Tiand = Ty Ly s Ty =
H+ %q%qg where Ty = diag{+/3/2,1,...,1}. Note that both H and H are symmetric
and non-negative. From Lemma A.3, we have \;(H) > A\ (H). In order to prove that

strict inequality holds, we proceed by contradiction. To this end, suppose that we have

Ai(H) =\ (H).

Let z = [zl, ceey z%]T be the unit length eigenvector of H corresponding to its
largest eigenvalue. Due to the structure of the matrices, zz = 0 must hold in order to
have 2T Hz = 2T Hz. However, this leads to z being a vector of all zeros, which is a

contradiction.
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