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ABSTRACT

AN INVESTIGATION OF FRESHMEN AND SENIOR
MATHEMATICS AND TEACHING MATHEMATICS STUDENTS’
CONCEPTIONS AND PRACTICES REGARDING PROOF

This study was conducted with 93 freshmen and 82 senior students from
Mathematics, Primary Education and Secondary Education Teaching Mathematics
Programs in Bogazi¢i University in order to investigate their attitudes and beliefs regarding
proof, the types of reasoning and proof methods they use while constructing proof, as well
as their proof evaluation practices. Three instruments were developed for this purpose:
Attitudes and Beliefs Scale (ABS), Proof Exam (PE) and Proof Evaluation Exam (PEE).
Data were collected in 2009-2010 fall and spring semesters during lecture sessions with the
presence of the researcher. Factor analysis on ABS yielded four components, labeled
background, attitude, self efficacy and beliefs. Students’ responses to PE were categorized
with respect to the types of proof they attempted and also scored according to their
reasoning styles, ranging from experimental-inductive using numerical examples to formal
deductive using symbolic mathematical language. PEE responses were categorized by
examining whether the students think the provided argument proves the statement is true
for all cases, true for some cases or does not prove the statement, and scored according to
their accuracy of evaluating the given arguments. Results of related descriptive statistics
regarding data collected by these three instruments are also reported. Comparisons of the
results with respect to grade (freshmen and seniors) and department (Mathematics,
Secondary Education Teaching Mathematics, and Primary Education Teaching
Mathematics Programs) are done using appropriate quantitative analysis methods.

Results indicate statistically significant differences among senior and freshmen
students’ background, attitude, self efficacy and beliefs subscales, where freshmen have
higher background scores than seniors but for the other three subscales seniors’ scores are
higher. Seniors also have statistically significant higher PE scores than freshmen. While
there are no significant differences among freshmen with respect to department in neither



ABS nor PE scores; senior Mathematics, Secondary Education Teaching Mathematics and
Primary Education Teaching Mathematics students’ mean scores differ significantly both

in PE and PEE, as well as some subscales of ABS.

It has been observed that freshmen students mostly rely on inductive reasoning while
attempting to prove given mathematical statements. Seniors are generally aware of the
necessity of generalizing their results and attempting to use procedures involving deductive
reasoning. Nonetheless seniors still have difficulties in constructing and evaluating proofs.
Significant differences observed between senior Mathematics and Secondary and Primary
Education Teaching Mathematics students’ proof construction and evaluation practices are
in favor of Mathematics majors. Implications for teaching and further studies are

discussed.
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OZET

BIRINCIi VE SON SINIF MATEMATIK VE MATEMATIK
OGRETMENLIGIi OGRENCILERININ iSPATA ILGILi
KAVRAMSALLASTIRMA VE BECERILERININ INCELENMESI

Bogazici Universitesi ilkdgretim Matematik Ogretmenligi, Ortadgretim Matematik
Ogretmenligi ve Matematik programlarinda okuyan 93 birinci ve 82 son smif 6grencisinin
katilimlar1 ile gergeklestirilmis olan bu c¢alisma, Ogrencilerin matematiksel ispat
konusundaki tutum ve inanglarini, ispat yaparken kullandiklar1 yontem ve akil yiiriitme
sekillerini, ayrica bagkalar1 tarafindan yapilan ispatlar1 nasil degerlendirdiklerini
arastirmay1 hedeflemistir. Arastirmada kullanilmak iizere ti¢ dlgek gelistirilmistir: Tutum
ve Inan¢ Olgegi (T10), Ispat Simavi (IS) ve Ispat Degerlendirme Sinavi (IDS). Veriler
2009-2010 giiz ve ilkbahar donemlerinde, ders esnasinda, arastirmacinin gozetimi altinda
toplanmigtir. Faktdr analizi sonucunda TIO’ nin dért tane alt boyutu oldugu ortaya
cikmistir. Bu alt boyutlar altyap:, tutum, 6z yeterlik ve inang olarak adlandirilmistir. IS’ na
verilen yanitlar kullanilan ispat tiplerine gore smiflandirilmis ve ayrica akil yiirlitme
(timevarimsal-deneysel sayisal ornege dayali ile matematigin sembolik dilini kullanan
tiimdengelimsel arasinda degisen) stillerine gore puanlandirilmistir. Ogrencilerin DS
yanitlari ise, verilen argiimanlar1 “O6nermenin tiim durumlar i¢in dogru oldugunu gosterir”,
“Onermenin bazi durumlar i¢in dogru oldugunu gosterir” veya “yanlistir (Onermeyi
ispatlamaz)” seceneklerinden hangisine uygun diistiigiine dair diisiincelerine gore
siniflandirilmis, yapilan degerlendirmelerin tutarhiligina gére puanlandirilmistir. Ug
Olcekten elde edilen verilerle ilgili ayrica betimsel istatistikler de yiiriitiilmiistiir. Bulgular
arasinda siniflara (birinci ve sonuncu sinif) ve programlara (matematik, ilkdgretim
matematik 6gretmenligi ve ortadgretim matematik 6gretmenligi) gore gerekli nicel analiz

yontemleri kullanilarak karsilastirmalar yapilmastir.
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Aragtirma sonuglari, birinci sinif ve son sinif 6grencilerinin altyapi, tutum, oz yeterlik
Ve inang¢ puanlari arasinda istatistiksel olarak anlamli farklar oldugunu ortaya ¢ikarmustir.
Birinci siniflarin altyap: puanlar son siiflara gore daha yiiksekken, diger alt boyutlarda
son siniflar daha yiiksek puanlar elde etmislerdir. Son smif 6grencilerinin IS puanlar da
birinci siniflara gore anlamli derecede yiiksek ¢ikmistir. Farkli programlarin birinci
siniflar1 arasinda TiO ve 1S’na gére anlamli farkliliklar gdzlemlenmemistir. Son simiflarda
ise IS ve IDS puanlarinda ve TiO’ niin baz1 alt boyutlarinda anlamli farkliliklar ortaya
cikmustir.

Birinci siniflarin ispat yaparken daha ¢ok tlimevarimsal akil yiirtitme kullanmaya
egilimli olduklar1 gbzlemlenmistir. Son smiflar ise ¢ogunlukla genelleme yapma geregi
duyup tiimdengelimsel yontemler kullanmaya ¢alismiglardir. Yine de son siniflarin ispat
yapma ve degerlendirmede hala bazi zorluklar yasadiklari ortaya ¢ikmistir. Matematik
programi dgrencileri ile 6gretmen aday1 dgrenciler arasinda ispat yapma ve degerlendirme
konusunda bulunan anlamli farklar matematik programi 6grencileri lehinedir. Arastirmanin

bulgular1 ve gelecekteki calismalar i¢in Oneriler tartigilmistir.



viii

TABLE OF CONTENTS

ACKNOWLEDGEMENTS. ...ttt e i
ABSTRACT .. et ne e 1\
OZET oottt bbbt vi
LIST OF FIGURES ... .o XI
LIST OF TABLES ...t il
LIST OF ABBREVIATIONS ... XV
1. INTRODUCTION ...ttt e e nnneenee s 1
2. LITERATURE REVIEW. ... .ottt ettt e e 3
2.1, RElEVANT CONCEPLS....c.eiiiieiiiieiieieie et 3
2.1.1. Meanings and Functions of Proof ... 3

2.1.2. Proof MELNOGS .........cooiiiiiieee e 6

2.2. ProOf SCREIMES ...t 7
2.3. Beliefs, Conceptions and Views about Mathematical Proof............cc..ccecvvivinennnne 12

2.4. Relationship between Students’ Views and Conceptions about Proof and Their

PrOOT SCNEMES. ...t 14

2.5. Role of Proof in Mathematics EQUCALION ............ccovoiiiiiiiiicceeeeee e 19

3. STATEMENT OF THE PROBLEM ......cooiiiiiiiiie e 24
4. RESEARCH QUESTIONS AND OPERATIONAL DEFINITIONS ..o 26
4.1, RESEAIrCN QUESTIONS.......eiuieitieiesieesieesiesieesteeteseestee e seesteeeesseesraeseeeneesseesseeneesneenes 26
4.2. Operational Definition of Variables ... 28

5. DESIGN OF THE STUDY ..ottt st 29
5. L. SAIMPIE. ..ttt 29
5.2, PIOCEAUIE ...ttt bbb bbbttt bbbt enes 30

B2 L. PRASE OB et —————— 30



5.2.2. PNASE TWO ...ttt bbb 30

5.2.3. PNASE THIBE ...t 31

5.3, InStrument DeVEIOPMENT.......c.oiiiiiiiie s 31
5.3.1. Attitudes and Beliefs Scale (ABS) .......cccceviiieii i 31

5.3.2. Proof EXamM (PE) .....ccoiiieiicie et 38

5.3.3. Proof Evaluation EXam (PEE).........cccccciiiiiiiiiiie e 40

6. DATA COLLECTION. . ..ottt 42
7. DATA ANALYSIS AND RESULTS. ... 43
7.1. Student Beliefs and Attitudes Regarding Proof in School Mathematics ................ 43
7.2. Proof CONSLrUCLION PraCliCeS .......ccueviuiiiiiieieiesteieise e 49
7.3, Proof EVAIUALION..........ciiiiiiiieeee e 63

7.4. Relationships between Attitudes and Beliefs Regarding Proof, Proof Construction

aNd EVAlUALION.........coooiii 88

8. CONCLUSION ...ttt bbb 90
APPENDIX A: INSTRUMENTS ... 108
Al. Attitudes and Belief Scale (Tutum ve Inang OIgegi) ......cccovvvvvvverererirecrereienae. 108
A2. Proof Exam (ISpat SINAVI).........cceeveviiiceiieeieeeeeie et 110
A2. 1. FIeShMEN ..o 110

A2, 2. SBNHOIS.....oiiiiicii s 112

A.3. Proof Evaluation Exam (ispat Degerlendirme Smavi) ...........ccccooveverrirererienennnn. 113
APPENDIX B: RUBRICS. ... .ot 118
B.1. RUBIIC FOr PE. ... 118
B.2. RUBIICFOr PEE ... 127
APPENDIX C: PILOT STUDIES ..ottt 171
C.1. Pilot study for Attitudes and Beliefs Scale ..........cccccooeiiiiiiiciii s 171
C.2. Pilot Study for the Proof EXam .......ccccceiviiiiiiiese e 181

APPENDIX D: DEPARTMENTAL PROGRAMS ..o 189



D1. Primary Education Teaching Mathematics Program ...........cccceevevveienencnenennnnn. 189
D2. Secondary Education Teaching Mathematics Program ...........c.cccoceverencrenennnn. 192
D3. MathematiCS PrOgram ........coiiiiiieieiie ettt sne e 196
D.4. CoUrse DESCIIPLIONS ......civveiiiiesieeie et e ste et ste et e st este e sreesreeneesreene s 199

REFERENCES ..o 203



Xi

LIST OF FIGURES

Figure 7.1. Percentage frequencies of freshmen scores for PE, item 1 .........cccccvvvrininnee. 52
Figure 7.2. Percentage frequencies of senior scores for PE, item 1 .......c.cceovvivneiieinenen. 53
Figure 7.3. Percentage frequencies of freshmen scores for PE, item 2a...........c..ccocvvvnnenne. 55
Figure 7.4. Percentage frequencies of senior scores for PE, item 2a..........cccccevvveveniieneenne. 56
Figure 7.5. Percentage frequencies of freshmen scores for PE, item 2D .........ccccocevvrvnnnne. 58
Figure 7.6. Percentage frequencies of senior scores for PE, item 2b ... 59
Figure 7.7. Percentage frequencies of freshmen scores for PE item 3 ... 61
Figure 7.8. Percentage frequencies of seniors score for PE item 3 ..., 62
Figure 7.9. Percentage frequencies of Scores for item 1..........ccocevvviniiniieienenenenesesees 70
Figure 7.10. Percentage frequencies of SCOres of item 2 ..........ccccooovviiiiinienenc s 76
Figure 7.11. Percentage frequencies of SCores for item 3.........ccccoovvirinieeieiene e 81

Figure 7.12. Percentage frequency of scores for item 4 ... 86



xii

LIST OF TABLES

Table 2.1. Miyazaki’s proof IeVEIS .........cccciiiiiiiiiiicicie e 9
Table 5.1. Sample CharaCteriStiCs .........covviiiiieiece e 29
Table 5.2. Mean, standard deviation and reliability coefficients of the extracted factors,

TIPSt PHOL STUAY ... s 33
Table 5.3. Factor loadings for four COMPONENTS..........ccoveiiiiiiiineeeee e 37
Table 5.4. Reliability coefficients and contributing items............c.cccevviieiece i 38
Table 7.1. Means and standard deviations, background subscale (number of items: 6) .....43
Table 7.2. Means and standard deviations, attitude subscale (number of items: 7) ............ 44
Table 7.3. Means and standard deviations, self efficacy subscale (number of items: 5).....44
Table 7.4. Means and standard deviations, beliefs subscale (number of items: 5).............. 44
Table 7.5. Response rates for the open ended item in ABS..........c.ccoeiiiieiieie e, 48
Table 7.6. Frequency and percentage distributions of open ended item responses, with

FESPECE 10 CALEGOTIES ... .vrvrerierierieie ettt te ettt ettt besresreareeneas 48
Table 7.7. Frequencies for PE response type, itemM L........cccccovevviiiiieii s 51
Table 7.8. Frequencies for PE SCOre, IteM 1 ........cccoeiieiiiiiicicce e 52
Table 7.9. Frequencies for PE response type, IteM 28.........ccocvveiiiiiinieeienese e 54
Table 7.10. Frequencies for PE SCOIe, IteM 28 .......cccocuevveeeriienesieseese e seese e 55
Table 7.11. Frequencies for PE response type, item 2D.........cccccveviiieviiiccicce e 57
Table 7.12. Frequencies for PE SCOre, item 2D .........cocvovieiiiiieie e 58
Table 7.13. Frequencies for PE response type, item 3..........cocooviiiiniiniiienese e 60
Table 7.14. Frequencies for PE SCOre, IteM 3 ........ccoiieiieieieese e 61
Table 7.15. Means and standard deviations of PE total SCOre ..........c.ccoovveviiiieniienennn 62
Table 7.16. PEE response types, IteM LA ......oo oot 65
Table 7.17. PEE SCOre, IEM LA . ..oo e et 65
Table 7.18. PEE response types, ItemM 1B .........ccoviiiiiiiniieieseseseeee e 66
Table 7.19. PEE SOTES, ItEM 1B ......ooiiiiiiie ettt et ee e sttt n e s s saban e e s sneeeeeens 66
Table 7.20. PEE response types, IteM LC .......cooiiiiiiiiie e 67
Table 7.21. PEE SCOrES, IteM LC ..ot 67
Table 7.22. PEE response types, itemM 1D ........ccccviiiieiiiic e 68
Table 7.23. PEE SCOIeS, IteM 1D .....ccooiiiiiiiiiieiiiciseeiee e 68



Table 7.24.
Table 7.25.
Table 7.26.
Table 7.27.
Table 7.28.
Table 7.29.
Table 7.30.
Table 7.31.
Table 7.32.
Table 7.33.
Table 7.34.
Table 7.35.
Table 7.36.
Table 7.37.
Table 7.38.
Table 7.39.
Table 7.40.
Table 7.41.
Table 7.42.
Table 7.43.
Table 7.44.
Table 7.45.
Table 7.46.
Table 7.47.
Table 7.48.
Table 7.49.
Table 7.50.
Table 7.51.
Table 7.52.
Table 7.53.
Table 7.54.
Table 7.55.
Table 7.56.

Xiil

PEE response types, IeM L1E ..o 69
PEE SCOIE, ITEBM LE ..ottt st 69
Mean scores and standard deviations, PEE item 1 ...........ccoccevvviniiiieninnnnns 70
PEE response types, IEM 2A ... ..o 71
o S o0 (T | (=11 (12 N 71
PEE response types, IteM 2B ........ccoiviiiiie e 72
PEE SCOIES, ITBM 2B ...t 72
PEE response types, IteM 2C ........oviiioiice et 73
PEE SCOIES, ITBM 2C ...ttt ettt e st e e s s eba e e e s saareee s 73
PEE response types, IEM 2D .......ooiiiiieieieicie e 74
PEE SCOIES, ITBM 2D ...cvviieieiie ettt st 74
PEE response types, IteM 2E ..o 75
PEE SCOIES, ITBM 2B ... ..ottt 75
Mean scores and standard deviations, PEE item 2 ...........ccccceoeveiiiiininnnns 76
PEE response types, ItBM SA ... ..o 77
PEE SCOIES, ITBM A ..ottt eneas 77
PEE response types, IteM 3B ..o 78
PEE SCOIES, ITEM 3B . ..eveiiiiieeiie ettt e e s earee s 78
PEE response types, IteM 3C .......coviiiiiicecieese e 79
PEE SCOIES, ITEM 3C ..ottt st 79
PEE response types, IeM 3D ......coiiiiiiiieieie et 80
o S ol (T | (=11 0 1] 80
Mean scores and standard deviations, PEE item 3 ...........ccccceveveieii i 81
PEE response types, IteM A ... ..ottt 82
PEE SCOIES, ITEBM 4A . ..ottt ettt ettt e e e e et e e s s r e e s ebaene s 82
PEE response types, IteM 4B ..o 83
PEE SCOIeS, ITEM 4B ...t 83
PEE response types, iteM 4C .......cooe oo 84
PEE SCOIES, ITEM 4C ...ttt ettt e e et e e s e e e s sarene s 84
PEE response types, IteM 4D ..o 85
PEE SCOIeS, ITEM 4D .....ooiiiiiiiee et e 85
Mean scores and standard deviations, PEE item 4 ...........cccccooeieiiiiiiinnnns 86
Mean scores and standard deviations for each PEE item ...........ccccocvviinnnene 87



Xiv

Table C.1. Factor loadings for the first version of ABS, .........ccccviiiiiinninieseneee e 171
Table C.2. Mean, standard deviation and reliability coefficients of the extracted factors 172
Table C.3. Response rates to open ended iteM ..........cccovveiiiieiiiene e 173
Table C.4. Factor 10adings for the ABS...........coo oo 175
Table C.5. Factor loadings for four COMPONENTS ............coeiiririninieieee s 178
Table C.6. Proof types by groups, IteM L .......ccccveiiiieiiece e 181
Table C.7. Proof types by groups, ItBM 2 .........ccveieiieiiee e 182
Table C.8. Proof types by groups, IteM 3 ........c.cieeiiiiciiece e e 183
Table C.9. Proof types by groups, M 4 ... 184
Table C.10. Proof types by groups, IteM 5 .......ooiiiie s 185
Table C.11. Proof types by groups, itemM 6 ..........ccccviieiiieii e 185
Table C.12. Proof types by groups, itemM 7 ........ccceiiiieiieiecc e 186
Table C.13. Proof types by groups, IteM 8 .........ccoiiiiiiiieee s 187
Table C.14. Proof types by groups, iteM 9 ........oooeiiieiieeee e 187

Table C.15. Proof types by groups, item 10 .........cccceeviiiiii i 188



XV

LIST OF ABBREVIATIONS

ABS Attitudes and Beliefs Scale

MATH Mathematics

PE Proof Exam

PEE Proof Evaluation Exam

PRED Primary Education Teaching Mathematics Program

SCED Secondary Education Teaching Mathematics Program



1. INTRODUCTION

Undoubtedly, proof is an essential part of mathematics, a process which is certainly
complex. Mathematical processes start with looking for patterns, discovering relationships,
apprehending by intuition, making a conjecture, and ends with more formal processes such
as proving and defining (Dreyfus 1991; Schoenfeld 1994).

The term “proof” can take various meanings in different contexts (Recio, 2001,
Healy and Hoyles, 2000). Views differ even within mathematics community. In the
broadest sense, proof can be thought as establishing the truth of a certain claim. The debate
arises from how that “establishment” is achieved. Alibert and Thomas (1991) see proof as
“a means of convincing oneself whilst trying to convince others”. They point out that two
fundamental aspects of a mathematician’s work are formulation of conjectures and
development of proofs. These aspects show a dual character; the personal side aiming to
clarify the researcher’s own understanding through statement of explicit hypothesis, and
the collective side, where researcher propose a conjecture for the reflection of other
mathematicians to share ideas. Section 2 elaborates more on meanings and functions of

proof.

Proof also plays an important role in mathematics education, and many studies have
been conducted in recent years investigating teachers’ and students’ understanding of proof
across all grades (e.g. Knuth 2002; Miyazaki 2000; Morris 2000, 2002; Healy and Hoyles,
2000; Weber, 2001; Hoyles and Kiichemann, 2002; Stylianides and Stylianides, 2009).
Most of these studies report that students have a poor understanding of proof and have

difficulties in constructing their own proofs.

Although there is a large scope of research on role of proof in mathematics education
in the United States and other countries, only a limited amount of studies have been
conducted in Turkey related to this topic (Ozer and Arikan, 2002; Sari, et al., 2007;
Bastiirk, 2010). Nevertheless, it is seen that current Turkish mathematics curriculum
highlights the importance of active, meaningful learning. The students are expected to

engage in mathematics actively, and learn how to solve problems, share, explain and



defend their solutions and thoughts; find relations within mathematics and also between
mathematical and other subjects (MEB, 2005). Among the general aims of this curriculum
is the following: the students will be able to: reason deductively and inductively, express
their mathematical thinking and reasoning while solving problems, and use mathematical
language and symbols correctly in order to communicate their mathematical thinking
(MEB, 2005).

Considering the importance of proof in mathematics education, emphasized both by
research and mathematics curriculum, this study aims to investigate the proving practices
of mathematics and teaching mathematics majors in Bogazici University, Istanbul. By
involving freshmen students who are at the very beginning of their programs, the
researcher also aimed to see what kind of experiences regarding proof students bring from

high school.

The details of the study and its results are reported in the following manner: Section
2 starts with introducing relevant concepts then goes on to explore some of the research
done regarding students’ beliefs and conceptions about proof, and their ways of evaluating
and constructing proof, as well as role of proof in mathematics education. The research

questions and operational definitions of variables are given in Sections 3 and 4.

Three instruments were developed for this study, in order to collect data regarding
students’ views and beliefs about proof, their own proof constructions and their evaluations
of other peoples’ proofs. These instruments are introduced and explained in Section 5, and

how data were collected using these instruments is reported in Section 6.

Findings of the research are given in Section 7 and conclusions and implications are

discussed in Section 8.

The instruments used and rubrics developed for scoring these instruments are given
in the appendices. Detailed results of the pilot studies conducted to develop and test the

instruments are also reported in this section.



2. LITERATURE REVIEW

Various aspects of mathematical proof have been reported by numerous researches in
recent decades. The scope of this section requires focusing mainly on literature about the
role of proof in mathematics education, and students’ ability of constructing and
understanding of proof across different grades. Such studies are reported here following
the definition of proof in the context of this study and a brief introduction of relevant

mathematical concepts.

2.1. Relevant Concepts

2.1.1. Meanings and Functions of Proof

Proof process begins by making an observation. This observation remains as a
conjecture until the person who made the observation becomes certain of its truth.
Therefore proving is the “process employed by an individual to remove or create doubts
about the truth of an observation” (Harel and Sowder 1998). Hanna (1991) considers
mathematical proof as “an argument needed to validate a statement, an argument that may
assume several different forms as long as it is convincing”. Selden and Selden (2003) refer
to proofs as “texts that establish the truth of theorems” and define validation of proofs as
“readings of, and reflections on proofs to determine their correctness”. Proving involves
“constructing a deductive argument using valid rules of inference, axioms, definitions and
previously proven conclusions” (Morris, 2002). According to Stylianides and Stylianides
(2009), an argument for the truth of a statement that is “general, valid and accessible to the

members of the community” qualifies as proof.

Proof process includes both inductive and deductive reasoning. Reasoning is a type
of thinking that involves inference; the process where “one proposition (conclusion) is
arrived at and accepted on the basis of other propositions (premises) that were originally
accepted” (Overton, 1990) . In deductive reasoning inference process leads from general to
particular and premises provide necessary evidence for the truth of the conclusions. In

inductive reasoning, inference process leads from particular to general, and premises



provide probable, but not necessary evidence for conclusions (Morris, 2007; Overton,
1990).

An argument, in logic, is defined as “a sequence of sentences or propositions of
which one (conclusion) is said to follow from others (premises), and the premises are said
to provide evidence for the truth of the conclusion” (Overton, 1990). A deductive argument
is valid (correct) when it is impossible to have true premises and a false conclusion in the
argument. Inductive arguments cannot be assigned as valid or invalid because the premises

are only probable evidence for the conclusion.

Forms of reasoning such as pragmatic reasoning (based on context), statistical
reasoning (based on probability) and modal reasoning (based on possibilities and
necessities) involve inductive inferences (Overton, 1990). While the final formal
mathematical proof is based on deductive arguments, in the process of conjecturing or
arriving at a solution (before the formal proof is given) mathematicians use inductive
reasoning as well. Lakatos (1976, 1978) recognizes three stages of mathematical reasoning
used in proofs: First, mathematicians use induction to discover conjectures worth trying to
prove. At the next stage, they develop and criticize informal proofs of their conjectures.
Finally, they formalize the informal theory so that theorems are deducible by formal
transformations of the axioms. According to Lakatos mathematics grows through
continuous “improvement of guesses by speculation and criticism, by the logic of proof
and refutation” (Lakatos, 1976). Hence proof is never finished; its improvement and

gaining acceptance depends on negotiation of meaning, which is a social process.

Bell (1976) suggest there are three senses of mathematical meaning of proof:
verification or justification which is concerned with the truth of a proposition, illumination
where a good proof should give an insight as to why the proposition is true, and
systematization, organization of results into a deductive system of axioms, major concepts
and theorems. de Villiers (1999), expended Bell’s (1976) list of functions of proof and
proposed the following model:

o verification (concerned with the truth of a statement)

¢ explanation (providing insight into why it is true)



e systematization (the organization of various results into a deductive system of
axioms, major concepts and theorems)

e discovery (the discovery or invention of new results)

e communication (the transmission of mathematical knowledge)

o intellectual challenge (the self-realization/fulfillment derived from constructing a

proof)

Hanna (2000) added the following to the first 5 items of de Villier’s (1999) list
above: construction of an empirical theory, exploration of the meaning of a definition or
the consequences of an assumption, incorporation of a well known fact into a new

framework and thus viewing it from a fresh perspective.

Hanna (2000) also points out the importance of the explanatory aspect of proof,
especially in educational domain. According to Hanna, best proofs help to understand the
meaning of a theorem; to see why it is true. Almeida (2003) indicates that a mathematical
proof is used to verify a result, communicate and persuade others, discover a result, and to

systemize a result into a deductive system.

Recio and Godino (2001) emphasizes that proof have different meanings in different
(institutional) contexts, such as daily life (informal, subjective and does not necessarily
produce truth), empirical sciences (intention of validity, theories are experimentally
validated), professional mathematics (argumentative process that mathematicians develop
to justify the truth of mathematical propositions), and logic and foundation of mathematics

(pure deductive argumentations that take place in axiomatic and formal systems).

In this study, the term proof or mathematical proof is referred as a deductive, valid

argument that establishes the truth of a mathematical proposition.



2.1.2. Proof Methods

A truth of a proposition of the form of logical implication P => Q (P implies Q or if
P then Q, where P is the premise and Q is the conclusion) can be obtained using various
methods. Direct proof is to assume that P is true and arrive at the conclusion that Q must

be true, using axioms and previously proven results.

The statement “if P is true then Q is true” is logically equivalent to the statement “if
Q is false then P is false”, which is called the contra-positive of the statement P => Q. The
contra-positive proof method is to assume that Q is false and conclude that P is also false.
It should also be noted that the statement P => Q is not logically equivalent to its converse;

Q => P, therefore proving Q => P is true is not the same thing as proving P => Q.

The proposition P => Q is accepted as false only when P is true and Q is false. Proof
by contradiction is the method where the statement is assumed to be false (i.e. P is true and
Q is false) and then a contradicting result is obtained. Hence the assumption has to be

false; the statement is proved to be true.

Proof by cases (or proof by exhaustion) is dividing all possible situations into

(finitely many) cases and then checking that the statement is true for each case.

One can disprove or refute a mathematical statement by providing a counter
example, a case which makes the statement false, therefore refuting the claim that the

statement is always true.

Proof by mathematical induction is a method generally used to prove that a statement
P(n) regarding a natural number n, is true for all values of n > no. The basis step is to show
that the statement is true for the smallest value of n, which is ng. Then the inductive step is
to show that if the statement is true for one arbitrary value of n, then it is also true for the
next value. In other words, to prove the implication P(k) => P(k + 1). Proving these two
steps guarantee that P(n) is true for all n; since it is true for the smallest value ny (basis

step), it will be true for no + 1 (inductive step), and since it is true for no + 1, it will be true



for ng + 2 and so on. Mathematical induction should not be confused with inductive

reasoning mentioned above; it is actually a process that uses deductive reasoning.

Pigeonhole principle basically states that if there are n pigeonholes and n + 1
pigeons, no matter how you place the pigeons into the holes, there will be at least one hole
with at least two pigeons. In other words, it is impossible to have exactly one pigeon in
every hole, because the number of pigeons is more than the number of holes. A more
general form of this principle states that if there n pigeonholes and kn + 1 pigeons, there
will be at least one hole with at least k + 1 pigeons (because if there are at most k pigeons
in every hole, then total number of pigeons will be at most kn). This simple observation is
used to prove (some quite complex) results in various fields of mathematics, especially in

combinatorics.

After this introduction of the mathematical concepts related to this study, in the next

section, details of the studies analyzing students’ proof schemes are reported.

2.2. Proof Schemes

A variety of classifications of proof exists in literature. For example, Balacheff

(1988) classified proofs in the following manner:

Pragmatic proofs: “Those having resource to actual action or showings”. Types of
pragmatic proofs are naive empiricism and crucial experiment. Intellectual proofs: “Those
which do not involve action and rest on formulations of the properties in question and
relations between them”. Types of intellectual proofs are generic example and thought
experiment. Demonstration: “Which requires a specific status of knowledge that must be
organized in a theory and recognized as such in community; the validity of definitions,

theorems and deductive rules is socially shared” (Balaceff, 1988, p. 217).

Levels of proof Miyazaki established on the basis of Balacheff’s (1988) ideas are
steps from inductive proof to algebraic demonstration. In this context, demonstration refers
to “human activities to reason a proposition from assumptions deductively and to present

the reasoning with formal language”. The objective to learn demonstration is given as



follows: “A student can show others the reason why a proposition is true for himself or
herself”. Prerequisites to achieve this objective is specified in terms of content (what it
shows), and representation (how does it show). In terms of content, the students need to
deduce the proposition from assumptions that are true for themselves. In terms
representation, they need to use a language called functional language of demonstration
which consists of: (i) symbols and rules of their arrangement to represent objects, their
properties, and relations between them, (ii) terms and rules of their arrangement to
represent a proposition, (iii) sentences and rules of their arrangement and abbreviation to

represent a chain of propositions.

Miyazaki distinguishes between proof and demonstration in lower secondary school
mathematics. In terms of content in a proof the students are expected to logically reason
(using induction, deduction, analogy and so on) from assumptions true to themselves. In
terms of representation, they are expected to use language, drawings and manipulable

objects.

Miyazaki uses three axes to establish the levels of proof: Contents, representation
and students’ thinking. There are two categories in each axis. Content consists of
‘inductive reasoning’ and ‘deductive reasoning’; representation consists of ‘functional
language of demonstration’ and ‘language other than functional language of
demonstration, drawings, and/or manipulable objects’; and students thinking is divided into
‘concrete operations’ and ‘formal operations’. Combining two categories in the first two
axes, the following four basic levels, shown in Table 2.1, are established. When the third
axis is considered, Miyazaki concludes that only students of level A can be in formal
operational stage, and for levels C and D students in concrete and formal operational stages
cannot be distinguished, therefore only level B is divided into formal and operational

stages, which makes a total of 6 levels on three axes.

In this classification, proof A is the most advanced category in both axes, therefore it
is considered as the most advanced level of proof; which is equivalent to a demonstration.
Proof C is the lowest level, since it has the lowest categories in both axes. Prof B and proof

D are intermediate levels.



Table 2.1. Miyazaki’s proof levels

Contents

Representation Inductive reasoning

Deductive reasoning

Functional language of
_ Proof D
demonstration

Proof A

Other language, drawings,
Proof C
and/or manipulable objects

Proof B

According to Harel and Sowder (1998), ascertaining and persuading are two sub-
processes of the process of proving. Ascertaining refers to removing a person’s own
doubts about the truth of an observation, while persuading is the process of removing other
people’s doubts about the truth of an observation. Therefore, a person’s proof scheme
“consists of what constitutes ascertaining and persuading for that person”. The authors
assert that these processes are subjective; they may be based on logical and deductive

arguments, empirical evidence, intuitions, personal beliefs, an authority, social conventions

and so on.

Harel and Sowder’s (1998, 2003) taxonomy of proof schemes is given below.

External conviction
e Authoritarian (teacher or a book)

¢ Ritual (appearance of the argument)

e Non-referential symbolic (symbol manipulations without any potential coherent

system of referents)

Empirical
¢ Inductive (evidence from examples)

e Perceptual
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Deductive
e Transformational
o Generality (goal is to justify for all)
o Operational Thought (forming goals and sub-goals, attempting to anticipate
their outcomes)
o Logical Inference (use of logical inference rules)

e Axiomatic (proof process starts from accepted principles)

Stylianides and Stylianides (2009) use the following definitions regarding levels of
proof. General argument is “a sequence of assertions that refer to all cases of the domain
of the statement”. A valid argument is “deductive and provides conclusive evidence for the
truth of the statement”. The authors note that while proof is a valid general argument, a
valid general argument may not necessarily be regarded as proof; for example, further
justification of a step may be required. Invalid general argument is a general argument that
has some flaw in its logic. Empirical argument is “an invalid argument that provides
inconclusive evidence for the truth of a statement by verifying its truth in a proper subset

of the cases in the domain of the statement”.

Recio and Godino (2001) conducted a study on university students who were at the
start of their first year. Their responses to two problems (one from algebra, one from
geometry) were classified to reveal four types of proof schemes. Explanatory
argumentative schemes refer to type of answers where students try to explain the meaning
of the proposition by providing specific examples and there is no intention to validate the
proposition or check the truth for all cases. Answers where empirical-inductive procedures
are used and specific examples are given to verify the proposition are called empirical
inductive proof schemes. If informal logical approaches are observed with the use of
analogies, graphs etc, it is classified as informal deductive proof schemes. Formal
deductive proof schemes refer to answers that use a formal approach, more in agreement

with the transformation rules of mathematical language.

In their investigation of proof constructs and strategies of first year collage students,
Coe and Ruthven (1994) aimed to classify the types of proof used as empirical proof

(a conjecture explicitly stated, supported by confirming examples or pattern of results,
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without explanation), weak deductive proof (some attempt to suggest an underlying reason)
and strong deductive proof (an attempt at a clear, logical argument with explicit link
between assumptions and clearly defied conclusion). They concluded that the strategies the
students used were mainly empirical, few students concerned to explain why the rule or
patterns occurred, students’ main concern was to validate conjectured rules and patterns
where most of them tested these against a few examples, they mainly attempted to use
routinely the investigation techniques from their textbook, which were designed for

numeric data analysis.

Martin and Harel (1989) asked the participants of their study, who were sophomore
level pre-service elementary school teachers, to judge verifications of two mathematical
generalizations. The verifications consisted of four kinds of inductive arguments and three
related to deductive arguments. Types of inductive arguments used in the instrument were
examples (two particular instances involving small numbers), pattern (a sequence of
twelve instances-one can as many examples as wanted to support the general statement),
big number (a particular instance involving large numbers — if the statement is true for an
arbitrary large number, it is probably true for all numbers), example and non-example (an
example supporting the statement, an a non example- if the condition does not hold, neither
does the conclusion or if the conclusion does not hold, neither does the condition).
Deductive arguments used were in the form of general proof, false proof and particular
proof (correct proof of the statement, where particular numbers were substituted for each
of the variables).

Martin and Harel (1989) observed that many of the students who correctly accepted
the general proof did not reject the false proof; which suggested that they were influenced
by the appearance of the argument rather than the truth of it. The authors indicate that such
students have syntactic-level deductive frame where “a verification of a statement is
evaluated according to ritualistic, surface features”. Relatively few students have a
conceptual-level deductive frame, meaning “a judgment is made according to causality and
purpose of the argument”. Students who accepted the general proof also had high levels of
acceptance of the particular proof, suggesting that students were replaying the general
argument in the particular case. Thus conceptual-level deductive frame was divided into

two sub-frames: generalized results sub-frame and generalized process sub-frame. In
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addition, many students simultaneously accepted inductive and deductive arguments as
proofs; leading the authors to conclude that inductive and deductive proof frames exist

simultaneously in many students.

2.3. Beliefs, Conceptions and Views about Mathematical Proof

The studies mentioned above focuses mostly on the cognitive aspects of proof. This
section discusses studies that pay more attention to affective domain; how the view proof,

their belief and conceptions about the nature and role of proof in school mathematics.

In a study designed to investigate the student experience of proof at the university
level, Jones (2000) examined the conceptions of proof of 75 secondary mathematics
teacher trainees during the middle of their one-year graduate course. Concept map was
used as a methodological tool. The students were expected to generate a map of their
conception of mathematical proof. Concept maps were analyzed by looking at the use of
key terms (how many were used and which ones were included and the specified) and
relationship between key terms (how many are specified, how are they specified, whether
there are cross-links or multiple relationships). Results showed that richer concept maps
were produced by graduates with a better classification of honors degree. When concept
maps of recent graduates were considered, results suggested that the least well qualified
graduates have the poorest understanding of mathematical proof; however the most highly
qualified graduates did not necessarily have the richest type of subject matter knowledge

required for most effective teaching.

Moral1 et al. (2006) conducted a study about the views and beliefs of pre-service
mathematics teachers’ about proof . The sample consisted of 182 freshmen and 155 senior
students. A likert type scale was used as an instrument. Factor analysis resulted in seven
components: competence in making proofs, views about the importance of proof, views
about the effect of proof in understanding a theorem, self concept in making proofs,
general views about proof, points of view regarding examples and theorems, and
relationship between problem solving and proof. Findings show that although the pre-
service teachers think proof is essential for theoretical mathematics, many believe if the

truth of a mathematical result is obvious, proof is not necessary. Most of the subjects were
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unsure about their ability to make proofs. It is also interesting that there were no significant
differences between the views of freshmen and senior students. Another conclusion was
that even the pre-service teachers with high ability of producing mathematical proofs do

not have positive views about making proofs.

Another study about conceptions of proof focused on 17 experienced secondary
school teachers (Knuth, 2002). Interviews were conducted with the participants, intending
to explore teachers’ conceptions about the nature and role of proof in school and what they
expected from their students in terms of proof. Different sets of arguments for a number of
mathematics statements were presented to the teachers who were asked to evaluate them in
terms of appropriateness (whether they would use it to convince the students of the
statement’s truth). The arguments varied in terms of their validity as proofs and their

explanatory power.

Teachers viewed proof as “an argument that conclusively demonstrates the truth of a
statement”. In the context of secondary school mathematics, Knuth categorizes teachers’
descriptions in terms of formality: formal proofs, less formal proofs and informal proofs.
Teachers’ descriptions of formal proof rely on prescribed formats and/or use of particular
language. Less formal proofs are considered as “proofs which do not necessarily have a
rigidly defined structure or are not perceived as being mathematically rigorous”. Teachers
regarded them as valid proofs. They defined these proofs in terms of whether the argument
established the truth of its premise rather than in terms of the strictness involved in its
presentation. Teachers described informal proofs as “explanations and empirically based

arguments”, which are not considered valid because they do not prove the general case.

The majority of the teachers thought formal proofs and less formal proofs were not
central in secondary school mathematics. They were not sure of its appropriateness for
every student. These considered formal proofs suitable for students taking advanced
mathematics classes and who are likely to be pursuing mathematics-related fields in
college. On the other hand, all teachers indicated informal proofs to be a central idea
throughout secondary school mathematics; which is appropriate for every student and must
be included in all classes and said they would accept empirically based arguments as proof

from their students in lower level mathematics classes.
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Regarding the role of proof in school mathematics, the following categories emerged
in Knuth’s study: Developing logical thinking skills, communicating mathematics,

displaying thinking, explaining why, creating mathematical knowledge.

Bastlirk (2010) conducted a study on first year secondary school mathematics
education students, in order to identify their conceptions of proof and proving in
mathematics and mathematics education, via questionnaires and interviews. It is revealed
that majority of the students believe that the role of proof in mathematics is important and
emphasize the explanatory function of proof, however, they also have difficulties in
understanding and doing proofs and indicated that the main reason of this is the difference
between mathematics education in high school and university. Lack of proof in high school

practices results in an abrupt introduction to proof in university level.

The participants in Mingus and Grassl’s (1999) study were asked the question “what
constitutes a proof?” Responses revealed the following categories: making sense of data,
showing relationship between concepts; a way of explaining why something works;
something made up of other simpler proofs; an argument that is convincing to its audience;
like a map from A to B, with directions for each step via different paths. When asked about
the role of proof in mathematics, a majority of participants’ responses related to “how
proofs explain, why concepts work the way they do in mathematics, and how constructing
proof help students understand the mathematics they are doing”. When asked what
exposure to proof is appropriate in K-12 to pre-service teachers, 69 per cent of participants

wanted proofs to be introduced before taking 10" grade geometry.

2.4. Relationship between Students’ Views and Conceptions about Proof and Their
Proof Schemes

Naturally, there is an intersection between cognitive and affective domains and
students beliefs of proof may affect their proof performances. This section explores studies
that take both aspects into account.

Almeida (2000) conducted a study on mathematics undergraduates in UK about their

declared perceptions of proof (by means of a questionnaire), and their actual proof
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perceptions and their proof practices (via interviews and a proof preference questionnaire
in which they are asked to choose most convincing, least convincing and incorrect
arguments). The author concludes that while students publicly declare their agreement with
the notions of formal mathematical proof, they appear to prefer or do not reject
informal/visual methods of proving. Almeida suggests that this may arise from the
difference between the way mathematics is practiced by mathematicians and the way
mathematics is thought; while in the former the path followed is intuition — trial and
error — speculation — conjecture — proof; the latter is only concerned with end point of

the flow.

In order to gain insight about student views of what comprised as proofs, its role and
its generality, as well as to look for an indication of students’ competence in constructing
proofs, Healy and Hoyles (2000) conducted a with 14-15 year old high attaining students.
Students’ written descriptions about proof and its purpose were collected. Then they were
presented with mathematical conjectures and a set of arguments supporting them. Students
indicated which argument was nearest to their own approach and which argument they
believed would get the best mark from the teacher. They were also asked to assess the
validity and explanatory power of the arguments. Finally students were given two
conjectures to construct their own proofs. Results indicate that majority of students were
unable to construct their own proofs, they valued general and explanatory arguments.
Furthermore, while most students used empirical arguments in their proofs, they
recognized that it would not receive high marks from their teachers. They were aware that
a valid proof must be general. Another finding is that students preferred arguments
presented in words as choices of their own approaches and found them explanatory,
whereas arguments containing algebra were less popular and found to be hard to
understand. Students who used narrative form in their own constructions were more
successful than students who attempted to use algebra. It is concluded that students held
two conceptions of proof simultaneously: those about arguments they thought to would
receive the best mark (containing algebra) and those about arguments they would use

themselves (narrative from).
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Students’ views about proof and its purpose were coded into four categories: truth
(verification, validity and providing evidence), explanation (explanation, reason,
communicating to others), discovery (discovering or systemizing new theories and ideas)
and none/other. 50 per cent of students indicated that proof is used to establish truth and 35
per cent mentioned their explanatory power. Follow-up interviews suggested even more

emphasis on the explanatory power.

In Selden and Selden’s (2003) study, eight mathematics and secondary mathematics
majors were each given four student-generated arguments that are supposed proofs of the
following theorem: “For any positive integer n, if n is a multiple of 3, then n is a multiple
of 3”. One of the four arguments was a proof of this theorem, the other three were not.
Semi- structured interviews were conducted with each participant. They were first given
the statement of the theorem and asked to think about what it meant, to give examples and
how they would prove it. Then they were shown the four ‘proofs’, and asked to think out
loud while they decided whether the given argument was actually a proof of the theorem. If
not, they would point out which parts of the proof they thought was problematic. Last part
of the interview consisted of eight general questions about proofs and how the students
read, understand and validate them. Seven of the eight students maintained or increased
their number of correct judgments over time (during the course of the interview), however
the authors conclude that students tended to focus on surface features and they were very

limited in their ability to decide whether the arguments were proofs.

Morris (2002) points out that many adolescents and adults do not sincerely believe
general mathematical statements. The author also states that there is some indication that
many adolescents and adults consider mathematical objects as unpredictable, believing that
there may be exceptions or unusual occurrences. This suggests that they may not find
deductive conclusions logically necessary. Thirty undergraduate pre-service teachers
participated in the study. Ninety minute interviews were conducted with each participant.
They were asked to give a written solution for the following problem: “The set of counting
numbers consists of the numbers 1, 2, 3, 4, 5 ... Prove that for every counting number n,
the expression n? + n will always be even.” Then they were given four arguments for this
problem. Two of them were valid deductive arguments, while the other two were invalid

inductive solutions. Participants were required to answer the following question: “Do any



17

or all of the arguments prove the conclusion is true for each and every counting number? In
other words, can you be absolutely certain that the conclusion is true for each and every

counting number because of the argument? Why or why not?”

Understanding of mathematical content was measured by the written solutions to the
problem and ability to distinguish necessary and independent arguments was measured by
their responses to the above question. Then whole process was repeated with a second
problem: “A prime number is a counting number that has exactly two factors- itself and 1.
For example number 2 has exactly two factors: 2 and 1. However, 4 is not a prime number
since it has more than two factors: 1, 2, and 4. The primes 2 and 3 are two consecutive
counting numbers. Is there another pair of consecutive primes? Prove your answer is
correct.” After that, five more questions were asked in order to understand the participants’

point of view on deductive and inductive arguments.

Results show that 30 per cent of the participants distinguished deductive and
inductive forms of argument; found deductively derived conclusions necessary and
inductively derived conclusions uncertain. 40 per cent could not distinguish between
deductive and inductive forms; found deductively and inductively derived conclusions
necessary. 30 per cent distinguished between deductive and inductive forms but found
deductively and inductively derived conclusions uncertain. It is concluded that adults’
thoughts on the necessity of inductive and deductive conclusions depends on a complex
coordination of ability to attend to abstract premise-conclusion relations and beliefs about

mathematical objects and regularities.

In a later study, Morris (2007) examined the factors affecting pre-service
mathematics teachers’ evaluations of students’ mathematical arguments. Specifically, she
examined their ability to distinguish logical deductive arguments from other forms of

arguments.

Pre-service teachers were given a transcript of a classroom lesson where the students
tried to prove a mathematical generalization, and were asked to evaluate the validity of the
students’ arguments. Since it was hypothesized that the participants’ evaluations may

change across different classroom contexts, two conditions were employed. In one
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condition the transcript included a valid argument by a student that proofs the
generalization. In the other condition this part was omitted in the transcript, and there were

no other valid arguments.

Participants were thirty four undergraduates in a K-8 teacher preparation program.
There were 17 participants in each condition. Ninety minute interviews were conducted
with each participant. First part of the interview consisted of the participants’ evaluation of
the students’ arguments, and second part examined the participants’ own understandings

about logical and non-logical mathematical arguments.

The transcript was of a real third grade mathematics lesson, where the students were
forming arguments to prove the followings: the sum of two odd counting numbers is
always an even counting number and the sum of two even counting numbers is always an
even counting number. The participants are asked to: (i) rank the three best arguments (the
ones that they would like their students to make) and explain why they think it is best, (ii)
determine whether any of the arguments made are valid, (iii) determine whether any of the
students make correct or incorrect statements, and (iv) determine whether any students
understand why the sum of two odd counting numbers is always an even counting number
or the sum of two even counting numbers is always an even counting number. For the
second part of the interview, the participants were given five arguments (written by the
interviewer) for the following statement: “For every counting number n, n? + n will always

be even.”

Participants were asked whether they thought any of the arguments proved the
conclusion for every counting number. Some of the findings are as follows: Pre-service
teachers’ evaluations of students’ inductive arguments differed dramatically across
conditions, they rarely used logical validity as a criterion for evaluating arguments, and
exhibited a wide variety of conceptions about the relationships among mathematical proof,
explaining why something is true in mathematics, and inductive arguments; and these
conceptions affected their evaluations of students’ arguments. Many of the participants
were able to distinguish between student responses that did and did not explain why a

generalization was true. However, they used their own knowledge to fill in holes in
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students’ arguments which led to inappropriate evaluations of students’ arguments and

understanding.

The studies mentioned until now show that students across have difficulties with
proof. The following section focuses more onto how proof should take place in the
classroom so that the aforementioned difficulties can be overcome and meaningful learning

can be improved.

2.5. Role of Proof in Mathematics Education

The role of proof in mathematics education and its importance in the curriculum is
discussed in Hanna’s (2000) overview. Hanna says that the fact that leading journals of
mathematics education have published over a hundred research papers on proof and there
is a website (launched in 1997 and active to date) called International Newsletter on the
Teaching and Learning of Mathematical Proof that posts information about research on
proof, is an indication that this topic is an important issue in mathematics education. Here,
it is stated that while proof is obviously an important part of mathematics, its key role in
the classroom is the promotion of mathematical understanding.

The author suggests that a student should start with the fundamental functions
verification and explanation. However, in the educational domain proof should be viewed
primarily as explanation and proofs that best help to explain should be valued most. On the
other hand, the author also accepts the fact that one cannot find explanatory proofs to every
theorem and in many mathematical subjects some theorems need to be proved with other

methods such as mathematical induction or contradiction.

Selden and Selden (1995) found out that, none of the participants in their study, who
mostly consists of third and fourth year mathematics and secondary mathematics education
students familiar with predicate calculus, could consistently associate informally written
mathematical statements with equivalent formal versions using logical symbols. Authors
conclude that these students could not be able to construct or validate proofs of the
informally stated theorems, because they would not be able to relate them with the high

level logical structure of their proofs.
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Epp (2003) talks about the difficulties mathematics majors have in writing proofs.
Over the years working with many students at the university level, she observed that very
few of them had intuitive understanding of the reasoning principles that mathematicians
take for granted. Epp suggests several explanations for this lack of understanding. One of
the reasons why students struggle with formal mathematical reasoning is the different use
of some statements in everyday language and mathematical language. Especially ‘if-then’
statements, quantified statements and their negations can be interpreted in various ways in
ordinary language. Another reason can be the influence of previous mathematical
instruction where the emphasis has been on narrow problem solving strategies rather than
focusing on general principles. Some teachers omit proofs of theorems and rely on
examples for justification. This can lead to the misconception that empirical evidence is
enough to prove mathematical statements. She notes that a course that focuses on
mathematical reasoning and proof should start with a few weeks of elementary logic and
have the students practice logical connectives and quantifiers. Teaching logic in a
mechanical way may not improve reasoning abilities. Some advice on teaching logic is

given as follows:

e Exploiting similarities between formal and everyday language: introduce logical
principles by giving examples whose everyday interpretation coincides with the
formal one.

e Translation exercises: practice on translating back and forth between formal and
informal expressions. Exercises that mix logic, language and mathematics.

e Use of truth tables: Truth tables are useful to make summarizations and deciding
validity of arguments but must be used carefully and mechanical interpretations
should be avoided.

o Dealing with transfer issues: Continue to refer to logical principles as they come up

naturally in mathematical contexts.

The role of everyday language in reasoning is also the focus of the study of
Schliemann and Carraher (2002), where they contrasted formal mathematics instruction
with informal mathematical practices and conceptions children develop by themselves out-
of-school contexts. They point out that cognitive performance can differ significantly

across contexts. They cite research that show children may perform differently in multi-
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casual reasoning and syllogistic reasoning. They report from their own studies that similar
results are found in case of mathematical reasoning. Different relations, representations
and approaches are evoked by contexts, social goals and values related to activities the
children are involved. As they continue school, tensions arise between their everyday
experience and problems they come across in mathematics classroom. Authors suggest
that, over time, they learn to overlook realistic concerns and concentrate on mathematical
relations. It is stated that, in order to understand how mathematical reasoning develops, one
needs to analyze “how children learn as they participate in cultural practices, as they
interact with teachers and peers in the classroom, as they become familiar with
mathematical symbols and tools, as they deal with mathematics across a variety of
situations”. Taking these points into account, authors indicate that design of classroom

activities should require:

e Considering children’s previous understanding and intuitive ways of making sense
and representing relationships between physical quantities and between mathematical
objects,

e Providing opportunities for children to participate in novel activities that will allow
them to explore and to present mathematical relations they would otherwise not
encounter in everyday environments,

e Exploring multiple, conventional and non-conventional ways to represent
mathematical relations,

e Constantly exploring matches and mismatches between rich contexts and the

mathematical structures being death with.

Finally the authors add that, in classrooms that they used such activities, the
discourse was closer to an everyday problem solving situation rather than a traditional
mathematics lesson based on transmission and application of basic rules. But the students

still had access to the new representations that the instructors introduced.

Holvikivi (2007) also mentions that reasoning is very affected by context and
content; that it is difficult for humans to separate a reasoning task from surroundings and
focus on only the given premises. The author also refers deductive reasoning as

“unnatural” and is difficult process because one has to “ignore most thinking”. The study
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analyses the responses to four logic questions, asked as a part of a larger survey conducted
to engineering students and teaching staff in international and national degree programs in
a university in Finland. The four questions were syllogisms taken from a study of D’ Andre
(1995, as cited in Holvikivi, 2007). A syllogism is “an inference in which one proposition
(the conclusion) follows of necessity from two others (known as premises)”. The
statements were not of mathematical content. The results showed that the participants
often applied pragmatic reasoning although they had formal training in mathematical logic.
Pragmatic reasoning refers to arriving at plausible conclusions that does not necessarily

follow from the premises.

As a teacher-researcher, Zack (1999) examined the discussion in a fifth year
mathematics classroom, where three students were trying to convince another two that
their position is could not be true. The focus is the interplay between everyday and
mathematical knowing and speaking. It was observed that the students were talking as if
something was obvious without putting justification into words. While describing the
culture of the classroom, the author the students are part of a “problem solving culture”,
where they are accustomed to solving cognitively demanding tasks throughout the
curriculum. They have been constantly encouraged to engage in conversation about ideas.
In this classroom, different mathematical meanings of proof emerge. One is “an assertion
that an answer is correct and can be shown to be correct”; while another is “a pattern is
correct and will continue as such forever”. Patterns to the solution of the problem emerged
from inductive reasoning and informal deductive reasoning. Students used these patterns to
evaluate evidence, to explain and to convince. Daily and emerging academic discourse co-
existed in their talks; they went back and forth between ‘I’ll bet you’ and the act of
proving. The conversation topic centered and closely linked to propositions and challenges.
The logical connectives ‘if...then’ and ‘but’ were not used explicitly but they were
implied. Author adds that the children are at ease when they are arguing and trying to
convince another, and sometimes it sounds like they are bantering in the schoolyard but
there is actually a complex mathematical structure in their conversations. She concludes
with saying that she aims to attain the balance between promoting students’ informal ways
of thinking and speaking and helping them to develop their formal mathematical

competence. She believes it is important to explicitly encourage them to keep in touch with
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their personal meanings as they become more competent in doing formal ways of doing

mathematics.

The gap between formal and informal proof can be overcome using some
technological aids. Visualization can be effective tool for teaching proof and logical
reasoning. There are some studies that focus on teaching proof and logical reasoning using
software technology to high school students (Oner, 2008a, 2008b) and to university
students (Eysink et al., 2002; Huertas, 2007; Perez-Lancho et al., 2007).

Mathematical logic and proof are important in higher education, not only for
mathematics majors, but also for computer science and engineering students. An example
from higher education is the study of Roberts (2003), who proposes a way to motivate
engineering students to do mathematical proofs. He states that even though engineering
students take quite a lot of mathematics courses, they “do not learn the art of doing
mathematical proofs”, which will help them to have a deeper understanding of the course
material, develop creative solutions, and be more aware of the errors. He proposes to
present them a case study where the result can be proven in a number of ways using
different techniques. This enables the students to compare different approaches and see
their advantages and limitations. As an example, the author gives twenty different proofs
of the known identity 1 + 2+ 3+ ... + n=n(n + 1) / 2. The students are invited to prove a

similar identity by modifying as many of the given proofs as they can.

As the above review demonstrates, students across all grades have difficulties in
understanding and constructing proofs, and struggle with switching between formal logical
reasoning and everyday informal reasoning. The following sections describe and report the
results of the study conducted to investigate the situation in a state university in Istanbul,
Turkey, regarding proof in mathematics education. Specifically, the aim is to observe
students’ proof schemes when they enter the teaching mathematics and mathematics
programs as high school graduates, and when they graduate as candidates to teach

mathematics to future generations.
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3. STATEMENT OF THE PROBLEM

Importance of proof, justification and reasoning in school mathematics is emphasized
both in the current high school curriculum and various recent research studies (e.g. Hanna,
2000) as mentioned in the previous section. Therefore, high school graduates, prospective
mathematics teachers and prospective mathematicians should be sufficiently competent in
this regard. The aim of this study is to explore this competency in a particular setting. More
precisely, to investigate the following:

e Freshmen and senior Mathematics, Primary and Secondary Education Teaching
Mathematics students’ attitudes and beliefs regarding proof in school mathematics,
and types of proof methods and reasoning they use while proving mathematical
arguments (their proof construction practices),

e Senior students’ evaluation process of given mathematical arguments generated by

freshmen students (their proof evaluation practices).

The target population consists of the students from Primary Education (Teaching
Mathematics Program), Secondary School Science and Mathematics Education (Teaching

Mathematics Program) and Mathematics Departments in Bogazici University, Istanbul.

The reason for conducting the study in this group of students is that, they are
prospective mathematics teachers and mathematicians; therefore important figures who
will shape high school and university students’ conceptualizations related to mathematical
concepts in the future. Participants of the study were newly graduated from various high
schools -freshmen students- and students who were about to graduate from university to
become mathematicians and mathematics teachers. These characteristics give an idea about
the basic tendencies of conceptualizations on proof in high school and university
graduates. Therefore, this study is an important step for understanding and comparing
mathematicians’ and prospective mathematics teachers’ proof patterns at the time of
starting the program and finishing it. Clarification of these proof patterns will be helpful in
developing instructional implications for teaching mathematics programs as well as being

helpful for high school mathematics teachers and instructors of freshmen mathematics
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courses in terms of showing some of the tendencies proof patterns seen in high school

graduates.
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4. RESEARCH QUESTIONS AND OPERATIONAL DEFINITIONS

The research questions that have been posed in relation with the aims of the study

and the operational definitions of the research variables are listed in the following sections.

4.1. Research Questions

The questions related with the study listed below are grouped into four themes:
students’ attitudes and beliefs, students’ proof construction practices, students’ proof

evaluation practices, and relationships between them.

Research Question 1:

e What are freshmen Mathematics, Primary and Secondary Education Teaching
Mathematics students’ attitudes and beliefs regarding proof in school mathematics?

e What are senior Mathematics, Primary and Secondary Education Teaching
Mathematics students’ attitudes and beliefs regarding proof in school mathematics?

e Are there any significant differences between freshmen and senior Mathematics,
Primary and Secondary Education Teaching Mathematics students’ attitudes and
beliefs regarding proof in school mathematics?

e Are there any significant differences between students from Mathematics, Secondary
Education Teaching Mathematics and Primary Education Teaching Mathematics

programs, with respect to their attitudes and beliefs regarding proof?
Research Question 2:
e What are the proof practices of freshmen Mathematics, Primary and Secondary

Education Teaching Mathematics students, when they are asked to prove

mathematical statements?
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e What are the proof practices of senior Mathematics, Primary and Secondary
Education Teaching Mathematics students, when they are asked to prove
mathematical statements?

o Are there any differences between freshmen and senior students’ proof practices that
are observed, when they are asked to prove mathematical statements?

o Are there any differences between students from Mathematics, Secondary Education
and Primary Education Teaching Mathematics Programs, with respect to the proof

practices that are observed, when they are asked to prove mathematical statements?

Research Qusetion 3:

e How do senior Mathematics, Primary and Secondary Education Teaching
Mathematics students decide what constitutes a mathematical proof, when they are
asked to evaluate freshmen students’ mathematical arguments?

e Are there any differences between senior students from Mathematics, Secondary
Education and Primary Education Teaching Mathematics Programs, with respect to

their proof evaluation practices?

Research Question 4:

o Are there any relationships between freshmen and senior Mathematics, Primary and
Secondary Education Teaching Mathematics students' proof construction practices
and their attitudes and beliefs regarding proof?

e Are there any relationships between senior mathematics Mathematics, Primary and
Secondary Education Teaching Mathematics students' proof construction practices
and their evaluation of freshmen students’ arguments?

e Are there any relationships between senior Mathematics, Primary and Secondary
Education Teaching Mathematics students' attitudes and beliefs regarding proof and

their evaluation of freshmen students’ arguments?
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4.2. Operational Definition of VVariables

As mentioned before, in this study, the term proof or mathematical proof refers to a
deductive, valid argument that establishes the truth of a mathematical proposition.
Variables used in this study are as follows:

Attitudes and beliefs regarding proof: Scores obtained from Attitudes and Beliefs
Scale (ABS), which is a 25 item likert type scale with four sub dimensions: background,
attitude, self efficacy and beliefs. Average scores for each sub dimension range from 1 to 5,

where total maximum score is 20.

Proof construction practice: Students’ proof construction practices consist of:

e The score obtained from Proof Exam (PE), which contains four items measuring
students proof construction abilities, each having a score between 0 and 3. Therefore
score range for this item is between 0 and 12.

e Categorization of participants’ responses to PE, with respect to the proof methods

they attmpt to use.

Proof evaluation practice: Score obtained from Proof Evaluation Exam (PEE), which
contains arguments that are claimed to prove (or disprove) the mathematical statements
given in PE. There are five arguments each for statements 1 and 2, and four arguments
each for items 3 and 4; and all items are scored between 0 and 3. Hence the total score for
PEE range from 0 to 54.

More detailed explanation about each instrument and their scoring is given in Section
5.3. (See Page 31.)

These variables are analyzed by using grade (freshmen and senior students) and
department (Mathematics, Primary Education Teaching Mathematics and Secondary

Education Teaching Mathematics Programs) as grouping variables.
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5. DESIGN OF THE STUDY

5.1. Sample

There are two groups of participants. These groups consist of freshmen and senior
students from the following departments: Primary Education (Program of Teaching
Mathematics - PRED), Secondary School Science and Mathematics Education (Program of
Teaching Mathematics - SCED) and Department of Mathematics - MATH. Numbers of

participants in each group are given in Table 5.1.

Table 5.1. Sample characteristics

MATH PRED SCED Total
Female 22 23 18 63
Freshmen
Male 17 8 5 30
_ Female 13 15 12 40
Seniors
Male 10 15 17 42
Total 62 61 52 175

The reasons for selecting these groups are; to be able to compare and analyze the
mathematical reasoning skills and conceptions about the nature and role of proof in school
mathematics of students who have just finished high school (freshmen) and students who
are about to become mathematics teachers and mathematicians (seniors), and to use the
data gathered from freshmen students for instrument development (Proof Evaluation

Exam) in order to collect data from senior students.

Mathematics program is a four year program leading to a bachelor’s degree in
mathematics, which is designed to prepare students for graduate study in mathematics or in
related areas of the natural or social sciences or engineering. The program provides a
foundation for those who wish to pursue careers in related areas of science, technology,

business, or government where mathematics is important. Primary Education Teaching
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Mathematics Program is a four year program leading to a bachelor’s degree in mathematics
education, where the graduates teach mathematics in primary schools grades 5 through 8.
Secondary Education Teaching Mathematics Program is a five year program that leads to a
master’s degree without thesis (M. Ed.), where graduates teach years 9 through 12. Details
of all three programs are given in Appendix D. (See Page 189.)

5.2. Procedure

The study is conducted in three phases: Instrument development (Beliefs and
Attitudes Scale, Proof Exam); data collection from freshmen students and further
instrument development (Proof Evaluation Exam); data collection from senior students and

data analysis.

5.2.1. Phase One

For the first phase of the study, two instruments were developed. Attitudes and
Beliefs Scale (ABS) consists of items asking about the participants’ background and views
about proof in school mathematics. In Proof Exam (PE), which is the second instrument,

the participants are asked to prove some mathematical statements.

In the 2008-2009 spring semester, a pilot study was conducted to develop and test
these two instruments. Another study for further developing ABS was conducted before
the instruments took their last form. Details about the instruments and pilot studies are

explained in Section 5.3. (See Page 31.)

5.2.2. Phase Two

After the first instrument development phase was completed, ABS and PE were
finally used in order to collect data from freshmen students in the first week of 2009-2010
fall semester; in order to ensure that the participants gave their responses according to their
high school knowledge and experiences. Instruments were conducted in paper-pencil
format. The reason for conducting the instrument in paper-pencil format is to be able to

select students that use different types of reasoning and proof techniques, in order to obtain



31

enough material for the development the third instrument, Proof Evaluation Exam (PEE).
Different types of freshmen’s responses to PE were selected to form items for this
instrument. The purpose of this instrument is to see how seniors evaluate and categorize

these student-generated proofs.

5.2.3. Phase Three

Third phase of the study was to collect data from senior students. In 2009-2010 fall
and spring semesters, all three instruments were administered to Senior Mathematics,

Primary and Secondary Education Teaching Mathematics students.

Finally, all data gathered from freshmen and seniors were analyzed in accordance
with the research questions. Details of this process can be found in Section 7. (See Page
43.)

5.3. Instrument Development

Three instruments were developed for this study. Attitudes and Beliefs Scale (ABS)
consists of 25 likert type items and one open ended question which measures participants’
attitudes, beliefs, and background regarding mathematical proof. Second instrument is
Proof Exam (PE), in which the participants are asked to prove some simple mathematical
statements, in order to understand their proof construction practices. Proof Evaluation
Exam (PEE) is an instrument where only senior participants are asked to evaluate
mathematical arguments (student responses from PE). Details of how each of these

instruments was developed are explained below.

5.3.1. Attitudes and Beliefs Scale (ABS)

This instrument was developed in order to collect information about: (i) how much
the students think they were exposed to proof in high school mathematics lessons, (ii) their
opinion about importance and incorporation of proof in mathematics lessons, (iii) their
personal experiences and feelings towards proof, (iv) their understanding of proof. First

version of this scale was prepared as 15 open ended questions, but before conducting the
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pilot study, (upon expert suggestion) the instrument was redesigned as a likert-type scale
with 16 items in order to make data collection more efficient. The item “What does
mathematical proof mean to you? Explain briefly” was asked separately as an open ended
question. The five response categories for the scale ranged and scored as follows: Strongly
Disagree (1), Disagree (2), Neutral (3), Agree (4), and Strongly Agree (5). Items reflecting
negative attitude were scored in reverse order. Expert opinion was taken to make

adjustments to wording of the items.

The following were considered during the development of items in the instrument:

e Literature: Instruments used in the studies that investigate participants’ beliefs and
attitudes towards proof were examined (Almeida, 2000; Knuth, 2002; Jones, 2000;
Morris, 2002; Healy and Hoyles, 2000, Mingus and Grasl, 1999).

e Expert opinion: Opinions and suggestions a professor and an associate professor
from faculty of education, working in the field of measurement and evaluation were
taken into consideration during item development process, in order to ensure content

validity.

As a pilot study, this version of the scale was administered to two groups in spring
2009 semester: freshmen students from Department of Primary Education Teaching
Science and Mathematics program (n=40) and seniors from Department of Secondary
Education Teaching Mathematics program (n=19). Data were collected during lecture
session with the presence of the instructors and the researcher. Freshmen were in the
middle of the second semester of their program; therefore they had taken math courses in
university. Most of the seniors students were about to graduate at the end of that semester.
None of the students who took part in this pilot study were included in the sample of the

main study.

Analysis of the responses revealed that reliability of the scale was moderate
(o = 0.60). Bartlett's test of sphericity yielded a score of 214.74 (p=0.00 < 0.05). KMO
measure of sampling adequacy was 0.63. This measure is represented by an index ranging

from 0 to 1. A value less than 0.50 indicates that factor analysis will not reveal a
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meaningful result (Spicer, 2005). Therefore it can be assumed that the sample was suitable

for factor analysis.

Thus, factor analysis over 16 items were performed. As a result, five factors were
extracted, four of which were interpretable (one of the components had only one item).
Table 5.2 shows component means, standard deviations and alpha coefficients. Details of

the pilot studies can be found in Appendix C. (See Page 171.)

Table 5.2. Mean, standard deviation and reliability coefficients of the extracted factors,

first pilot study

Component Mean | Standard Deviation | Cronbach Alpha | Number of Items
Background 2.73 0.92 0.76 4
Importance 3.25 0.81 0.73 3
Belief and Experience | 3.35 0.64 0.63 5
HighSchool/University | 3.63 0.70 0.31 3

In view of the results of the first pilot study, alterations were made to the scale.
Expert opinion was taken and some items were discarded or rewritten while new items
were added to the scale to ensure a more accurate measurement. This revised version had
25 likert type items and one open ended question, and was tested on a sample of freshmen
students (n = 94), enrolled in a calculus course in Bilgi University (second pilot study).
Reliability analysis showed a high Cronbach’s alpha score (o = 0.88). KMO measure of
sampling adequacy was 0.80 and Bartlett's test of sphericity yielded a significant result
(p=0.00 < 0.05); confirming that factor analysis can be performed. Factor analysis resulted
in seven components, which did not yield an interpretable result. There were items
appearing in more than one component and a component had less than three items. Since
the pilot study resulted in four factor components, and the scale was expected to measure
four sub dimensions, factor analysis was repeated with the restriction of four components.

Results can be found in Appendix C.1. (See Page 171.)
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Final version of ABS had 25 open likert type items and one open ended question,
which is given in Appendix A. (See Page 108.) Response categories for the scale ranged
from strongly disagree to strongly agree and scored as follows: Strongly Disagree (1),
Disagree (2), Neutral (3), Agree (4), and Strongly Agree (5). Items reflecting negative
attitude were scored in reverse order. For the open ended item in the attitude scale, the

responses are analyzed qualitatively to form categories.

Reliability analysis showed a high Cronbach’s alpha score (a = 0.85). KMO measure
of sampling adequacy was 0.81 and Bartlett's test of sphericity yielded a significant result
(p=0.00 < 0.05); confirming that factor analysis can be performed. Six components were
obtained from the initial factor analysis; however two of the components had less than
three items with low reliability, therefore they were not interpretable. Factor analysis was
repeated with the restriction to four components. This time one item did not appear in any
components, hence discarded. Another item was discarded because it did not fit in with rest

of the items in the component, as seen below.

The first component, labeled background, consists of items about how students
perceive proof content in high school mathematics. Items are as follows:

e In our high school mathematics textbook, there were exercises about proofs

¢ In high school, we had proofs in mathematics lessons

¢ In high school, I was expected to do simple proofs in mathematics lessons and
exams.

¢ In high school, our mathematics teachers encouraged us to do proofs.

¢ In high school, our mathematics teachers never talked about the importance of proof.

¢ | think knowledge and skills I gained in high school mathematics lessons is/will be

useful for me in university.

Items in the second component are about whether participants think that proofs are
enjoyable, boring, difficult, and important; hence this component is labeled attitudes. Items

in this component are listed below:
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¢ Proofs make mathematics enjoyable.

¢ Proofs are important only for mathematicians.

e Incorporating proofs in high school mathematics lessons may make it difficult for the
students.

¢ In high school, proof should be used to explain a mathematical concept.

¢ A high school student should be expected to do mathematical proofs.

¢ In mathematics, proofs are usually confusing.

¢ | find dealing with proofs boring.

Next component consists of items regarding participants’ beliefs about the nature of
proof and its place in mathematics, and it is labeled as beliefs. Contributing items are as

follows:

| feel confident that | can do mathematical proofs.

I can use mathematical language efficiently while doing proofs.

I believe that my mathematical knowledge is adequate for doing simple mathematical

proofs.

I usually have difficulty in understanding proofs.

I do not have too much experience in doing proofs.

Finally, the component including items regarding participants’ perceptions about
their competency in doing proof is labeled as self efficacy. Perceived self efficacy is
defined as “people’s judgments of their capabilities to organize and execute courses of
action required to attain designated type of performances” (Bandura, 1986). Bandura
distinguishes between judgments of personal efficacy and response-outcome expectations.
While self efficacy is judgment of one’s capability to accomplish a certain level of
performance, outcome expectation is the judgment of likely consequence of that behavior.

Items contributing to this component are as follows:
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¢ In order to comprehend a mathematical statement, | try to understand its proof.

¢ In order to decide whether a mathematical statement is true, | have to check that it is
true for all cases.

e Proof is a vital part of mathematics.

e It is not compulsory to be able to do proofs to be successful in mathematics lessons.

e We do not need to know the proof of a mathematical result in order to understand

why that mathematical result is true.

The following items are discarded because they did not fit into any components:

e More emphasis should be given to proofs in university mathematics lectures than in
high school.
¢ | think mathematics instruction is/will be different in lectures in the university than in

high school.

Factor loadings for the items in each component can be seen in Table 5.3. Table 5.4
shows the reliability coefficients and the number of contributing items for each subscale.



Table 5.3. Factor loadings for four components

item 1o Component

Background | Attitude | Self efficacy | Beliefs
8 0.84 0.10 0.08 -0.06
9 0.83 0.19 0.02 0.00
11 0.82 0.10 0.05 0.05
10 0.76 -0.08 -0.00 0.08
7 0.73 -0.09 0.06 -0.19
13 0.60 0.11 -0.00 0.20
21 0.01 0.81 0.12 0.14
15 0.15 0.71 0.21 0.10
24 0.03 0.66 0.01 0.07
23 0.06 0.66 0.10 0.16
22 0.05 0.64 0.26 0.14
4 -0.01 0.07 0.69 0.07
16 -0.01 0.33 0.68 0.07
6 0.02 0.31 0.67 0.00
5 0.03 0.12 0.64 0.27
2 0.18 0.32 0.62 0.36
3 0.04 -0.14 0.61 0.04
19 0.08 0.40 0.52 0.35
18 0.07 0.24 0.14 0.74
17 0.12 0.03 0.00 0.72
20 -0.14 0.04 0.17 0.71
25 -0.07 0.40 0.21 0.56
1 0.18 0.31 0.34 0.51

37
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Table 5.4. Reliability coefficients and contributing items

Scale Cronbach’s Alpha Number of items
Background 0.86 6
Attitude 0.81 7
Self Efficacy 0.77 5
Beliefs 0.68 5

From Table 5.4, it is seen that, Crohanbach’s alpha coefficients of the subscales

indicate good reliability of internal consistency.

5.3.2. Proof Exam (PE)

This instrument was designed to collect information about participants’ proof
construction practices, types proof techniques they use, and how efficiently they can use it.
The students were asked to prove the given mathematical statements. Data were collected

in paper-pencil form.

To develop the PE, initially, 13 mathematical statements were produced / selected.
The selection process for the items is described in detail below. These items were
examined by experts to determine which are most suitable for the target population (level
of students) and aim of the study. Adjustments were made accordingly. The following

were considered during the development of items in the instrument:

e Literature: Instruments used in the studies that investigate participants’
mathematical reasoning and proof techniques were examined (Almeida, 2000, 2003;
Miyazaki, 2000; Morris, 2002; Ozer and Arikan, 2002; Selden and Selden, 2003;
Stylianides and Al-Murani, 2010; Stylianides et al., 2004, 2007; Recio and Godino,
2001; Healy and Hoyles, 2000).
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e Books on mathematical proof: Typical examples that can be found in books about
methods of mathematical proof (Cupillari, 2001; D'Angelo and West, 2000; Solow,
2005) were considered in item development.

e Mathematical Content: Content knowledge required for the items were aimed to be
kept at minimum, so that the participants’ reasoning is not obstructed by the lack of
knowledge in a certain mathematical subject.

e Curriculum: Content covered by the items is included in the high school curriculum
(MEB, 2005): properties of natural numbers and integers, divisibility (grade 9,
subject: algebra/numbers). All types of proof methods mentioned in the curriculum
for grade 9, subject of logic (MEB, 2005) are covered by the items. No other proof
method is needed, though may be used by the participant.

e Alternative solutions: All items can be proved in several ways using alternative proof
methods.

e Expert opinion: To ensure content validity, opinions and suggestions of several
people including a high school teacher, two instructors from Department of
Mathematics, an instructor and a graduate student from Program of Teaching
Mathematics, were taken into consideration.

o Difficulty level: Items that have different levels of difficulty have been selected in

order to ensure a more accurate idea about participants’ reasoning skills.

In the pilot study the students were asked to prove some mathematical statements.
There were ten items in total asked to three groups. Freshmen students were divided into
two groups (group 1A and group 1B) and asked different items, since there were time
constraints and the main purpose was to collect as diverse data as possible for further
development of the instrument. Group 2 consisted of senior students. Each item was asked
to at least two groups: For group 1A and 1B, six questions were asked and they were
expected to answer four (3 + Choose 1 from 3). Students in group 2 were asked all ten
items, expected to answer 6 (5 + Choose 1 from 5).

Results of the pilot study were used to develop the rubric for PE and to develop PEE.
Rubric was developed in the following manner: First, responses were categorized with
respect to the method (type of proof) used. In addition to the researcher, two graduate

students (one from teaching mathematics and one from mathematics programs) coded the
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data from PE (graduate students were given a sample of student responses). Results from
these three coders were organized to form the final categorization. For each item, scores

between 0 and 3 were given according to the following criteria:

e Incoherent response, no basis for a valid proof construction, no attempt at
generalization: O points

e Attempt at generalization; complete use of known formulas and information without
any justification; correct idea with insufficient explanation; presenting a valid
general argument that does not prove the given statement: 1 point

e Presenting a valid general argument but missing steps, needs more clarification or
some justification; some use of mathematical language and symbols: 2 points

e Presenting a valid general argument with sufficient explanation and clarity; good use

of mathematical language and symbols: 3 points

More explanation regarding the scoring process can be found in Section 7. (See Page
43.)

PE administered to freshmen and senior prospective secondary school teachers were
identical. In order to collect data more efficiently, senior prospective primary school
teachers and prospective mathematicians were given a shortened version. This version of
PE has only the items that were selected for PEE. Data analysis was carried out on items
common to all versions of PE. Versions of PE conducted to freshmen and seniors are given
in Appendices A.1 (Page 114) and A.2 (Page 116).

5.3.3. Proof Evaluation Exam (PEE)

This instrument was developed in order to collect information about senior students’
proof evaluation practices. Items (mathematical statements) of PE with most diverse
responses provided by freshmen students were selected and alternative arguments for each
of these items were included in PEE. These arguments range from empirical-inductive to
formal-deductive forms, similar to the selection process of Healy and Hoyles (2000). The
approach taken during item development was to use student generated arguments similar to

the study of Selden and Selden (2003) rather than partly or all expert generated ones, as
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used in the studies of Stylianides et al. (2004) and Healy and Hoyles (2000); because
student generated arguments are more authentic, they better represent the type of
arguments the participants will have to make sense of as mathematics teachers/instructors

in the future.

For each alternative argument (proof), participants were asked to choose one of the
following and explain the reason for their choice: “A. The proof shows the statement is
true for in some cases”, “B. The proof shows the statement is always true”, “C. The proof

is false”, “D. I have no opinion”.

First version of the instrument, administered to prospective secondary school
teachers, was the long version. In order to collect data from senior prospective primary
school teachers and prospective mathematicians more efficiently, the PEE was shortened in
the following way: while the statements in the instrument remained the same, number of
alternative proofs provided for each statement was decreased by eliminating proofs that
were similar in a way to another proof given, or the proofs that majority of the prospective
secondary school teachers categorized the same way. In order to form the rubric, first the
instrument was given to two teaching assistants and an instructor working in mathematics
department. Their responses were used for the development of the rubric. The following

criteria were used in scoring:

¢ \Wrong choice (A or C) without any explanation or incorrect explanation: 0 points

e Wrong choice but reasonable explanation or correctly indicates a mistake or a
missing step: 1 or 2 points

e Correct choice without any explanation: 1 point (for A and C), 3 point (for B, if the
given response is a full proof)

e Correct choice but insufficient or irrelevant explanation: 1 or 2 points

o Correct choice with sufficient explanation: 3 points

Final version of the rubric was examined and approved by an associate professor
from mathematics department. Details of how the rubrics are developed can be found in
Sections 7.2 (Page 49) and 7.3 (Page 63). Rubrics for PE and PEE are given in Appendices
B1 (Page 124) and B2 (Page 133).
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6. DATA COLLECTION

For the main study, data were collected from the freshmen (from all departments)
and senior Secondary Education Teaching Mathematics students in the first week of 2009-
2010 fall semester. ABS and PE were conducted to freshmen students during lecture
sessions of the course named “Introduction to Mathematical Structures”, which is mostly
about introduction to doing and writing mathematical proofs. Students from Mathematics,
Primary and Secondary Education Teaching Mathematics Programs all take this course
together. Data were collected especially in first week of fall semester, so that freshmen’s
responses would solely reflect their high school knowledge and experiences. During data

collection, researcher and the instructor of the course were present.

Data were collected from senior Secondary Education Teaching Mathematics
students in 2009-2010 fall semester, during lecture sessions of the course “Teaching
Methods in Mathematics” in the following manner: First ABS and PE were administered
(identical to the instruments given to freshmen). After that, students were given the PEE.

All data were collected with the presence of the researcher.

In 2009-2010 spring semester, ABS and shortened versions of PE and PEE were
administered to Primary Education Teaching Mathematics and Mathematics students
during lecture hours, with the presence of the researcher and the instructor. Because of

time constraints, PEE was given in a separate session the following week.
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7. DATA ANALYSIS AND RESULTS

Results of the analysis of data collected by the three instruments are reported in the
following sections. Sample sizes in some sub-groups are small, so Shapiro - Wilk
normality test have been conducted for each subgroup. In cases where normal distributions
could not be assumed, non-parametric tests were carried out instead of parametric tests to
ensure that interpretable results could be obtained.

7.1. Student Beliefs and Attitudes Regarding Proof in School Mathematics

Data collected by ABS were analyzed to examine student beliefs about and attitudes
towards proof, in order to answer research question RQ1: “What are freshmen and senior
Mathematics and Teaching Mathematics students’ attitudes and beliefs regarding proof in
school mathematics and are there any significant differences between students’ attitudes
and beliefs regarding proof in school mathematics, with respect to grade (freshmen and
seniors) or department?”. Response categories were scored as follows: Strongly Disagree
(1), Disagree (2), Neutral (3), Agree (4), and Strongly Agree (5). Items reflecting negative
attitude were scored in reverse order. Mean values and standard deviations for scores of the
four subscales, Background, Attitude, Self Efficacy and Belief are given in Tables 7.1, 7.2,

7.3 and 7.4 respectively.

Table 7.1. Means and standard deviations, background subscale (number of items: 6)

PRED | SCED | MATH
Mean 3.13 | 342 3.11
Freshmen | Std.Dev. | 0.87 | 0.78 0.84

n 31 22 39
Mean 288 | 2.70 3.03
Seniors | Std.Dev. | 0.87 | 0.87 1.09
n 28 29 15




Table 7.2. Means and standard deviations, attitude subscale (number of items: 7)

PRED | SCED | MATH
Mean 330 | 3.21 3.27
Freshmen | Std.Dev. | 0.77 | 0.55 0.73
n 27 22 39
Mean 3.78 | 3.61 3.59
Seniors | Std.Dev. | 0.55 | 0.63 0.51
n 28 27 15

Table 7.3. Means and standard deviations, self efficacy subscale (number of items: 5)

PRED | SCED | MATH
Mean 3.01 | 290 2.99
Freshmen | Std.Dev. | 0.53 | 0.54 0.60
n 28 21 39
Mean 3.76 | 3.33 3.81
Seniors | Std.Dev. | 0.68 | 0.59 0.71
n 28 29 14

Table 7.4. Means and standard deviations, beliefs subscale (number of items: 5)

PRED | SCED | MATH

Mean 3.59 3.73 3.68

Std.Dev. | 0.66 0.50 0.61
Freshmen

n 31 22 39

Mean 3.69 3.78 4.29

] Std.Dev. | 0.71 0.64 0.45
Seniors

n 28 29 15
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It can be observed from these means that, while freshmen students from all
departments have higher background scores than seniors, the situation is reverse for
attitude, self efficacy and beliefs scores; in all departments, seniors have higher means than

freshmen.

Shapiro - Wilk test conducted to check normality yielded significant results for
attitude scores of freshmen Mathematics students (W = 0.93, p = 0.03 < 0.05), as well as
senior prospective secondary school teachers’ background (W =0.91, p = 0.03 < 0.05) and
beliefs (W = 0.92, p = 0.04 < 0.05) scores. Background scores of freshmen (W = 0.97,
p = 0.04 < 0.05); beliefs scores of freshmen (W = 0.96, p = 0.01 < 0.05) and seniors
(W = 0.95, p = 0.01< 0.05) were also significant. Therefore, for these groups normal
distribution cannot be assumed and corresponding non parametric tests should be carried
out. Since some of the groups were normally distributed, comparisons among them can be
done using necessary parametric tests. Results for both parametric and corresponding non

parametric tests for all subgroups are reported.

GLM analysis has been conducted to determine whether there are any significant
differences between means of the subscales with respect to grade and department. Results
of multivariate test indicate that there are significant differences between subscale scores
with respect to grade, F(4, 143) = 16.71, p = 0.00 < 0.05 and department, F(8, 286) = 2.70,
p = 0.01. Tests of between subject effects show that mean scores differ significantly among
freshmen and seniors in the following subscales: attitude (p = 0.00 < 0.05), self efficacy
(p =0.00 < 0.05) and beliefs (p = 0.02 < 0.05).

In order to further investigate the mean differences with respect to departments; One
way ANOVA was performed for freshmen and seniors separately. Results show that there
are no significance differences between departments in any subscales among freshmen
students, however, significant mean differences are observed between senior prospective
primary and secondary school teachers’ self efficacy scores (p = 0.04 < 0.05). It is also
observed that senior prospective mathematicians’ belief score means significantly differ
from prospective primary school (p = 0.03 < 0.05) and secondary school (p = 0.01 < 0.05)
teachers.
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Corresponding non parametric Kruskal Wallis test also indicates no significant
differences between departments among freshmen students, in any subscale. Among senior
students, significant results occur in self efficacy and beliefs subscales: *(2, N=71) = 7.71,
p = 0.02 < 0.05 and %*(2, N=72) = 9.72, p = 0.01 < 0.05 respectively. Pair wise
comparisons among departments were done using Mann-Whitney U test, which revealed
that these significant differences of mean ranks are among beliefs scores of prospective
primary school teachers and mathematicians (U = 98.50, p = 0.00 < 0.05, r = 0.44) and
prospective secondary school teachers and mathematicians (U = 108.50, p = 0.01 < 0.05,
r = 0.41), both in favor of mathematicians. In addition, significant results were obtained in
self efficacy subscale between prospective mathematicians and secondary school teachers
(U =123, p = 0.04 <0.05, r =0.32), in favor of mathematicians and between prospective
primary and secondary school teachers (U = 250, p = 0.01 < 0.05, r = 0.33), in favor of
prospective primary school teachers.

Significant differences are also observed between freshmen and senior students in all
subscales: background y?(1, N=164) = 6.98, p = 0.01 < 0.05, attitude x*(1, N=158) = 13.58,
p = 0.00 < 0.05, self efficacy ¥*(1, N=159) = 31.35, p = 0.00 < 0.05 and beliefs
¥*(1, N=164) = 5.48, p = 0.02 < 0.05. For background scores, significant results are in
favor of freshmen students, while for the self efficacy, beliefs and attitude subscales,

significant results are in favor of seniors.

ABS also included the open ended question “What does proof mean to you? Explain

briefly”. Responses were categorized as follows:
(@) To verify a statement is true, remove doubt, believable, convincing, acceptance.

(b) Generality of the results, showing for all cases, proof process, use of symbolic

language, consistency.

(c) Explain where the facts (information, theorems) we know and use comes from,
deeper understanding, easier to remember information, no need for memorization,

makes you think.
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(d) Essential part of mathematics, we must know it to understand our profession,

(e) Affect: Boring, exciting, interesting, enjoyable, fun, scary, hard to understand,

difficult, complicated, requires hard work, it is important, necessary.

(f) Self concept: I do not know anything about proof, I cannot do it, I do not know how

to do proofs, I am not successful at doing proofs.

(9) Helps to solve related problems, discover new theorems: Warrant to use information

(we cannot use it unless we know for sure it is true).

(h) High school background: We did not do any proof-we did very little proof, the
teacher wrote proofs on the board, but did not explain.

(i) How proof should be thought: In a way that would be exciting to understand it (in

algebra course)

e Proofs should be motioned, repeated more often

e Variety of proof types (from all directions) should be thought

e The system in high school depends on memorization; no student will be
interested in proof

e | can understand [proof] if it is thought well

e Itisintroduced to the students in a very late stage (in Turkey)

Number and percentage of freshmen and senior students who responded to this item,
in each department (response rates) are shown in Table 7.5, while Table 7.6 shows the
frequency and percentage distributions of responses in each category. Since multiple

coding was used, sum of percentages may exceed 100.



Table 7.5. Response rates for the open ended item in ABS

Seniors
Freshmen
PRED | SCED | MATH | Total
n 42 19 12 34
Percentage 40.8 10.1 | 67.9 63.2 | 47.1
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Table 7.6. Frequency and percentage distributions of open ended item responses, with

respect to categories

Categories a b C d e g h [
n 12 4 21 1 18 3 6 5
Freshmen
percentage | 286 | 95 | 50 | 24 (429 | 48 | 7.1 | 143|119
n 0 0 3 0 1 1 0 0
PRED
percentage | O 0 100 O |333 333| 0 0
n 7 4 12 2 6 1 0 1
Seniors | SCED
percentage | 36.8 | 21 |63.2|105|316|105| 53 | 0 | 53
n 3 4 1 6 1 2 0 0
MATH
percentage | 25 [ 33.3| 83 | 50 | 8.3 16.7| 0O 0

It is observed from the responses that the majority of participants (freshmen and

seniors alike), mentioned the explanatory aspect of proof: that it helps them to understand

why the statement is true which leads to better understanding. Next popular response was,

from mostly freshmen students, that proofs are used to verify a statement is true. While

equal number of freshmen and seniors found proofs enjoyable and fun, participants who

found it difficult to understand were mostly freshmen students.
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7.2. Proof Construction Practices

Data collected by PE were analyzed to answer research question RQ2: “What are the
proof construction practices of freshmen and senior Mathematics and Teaching
Mathematics students, when they are asked to prove mathematical statements and are there
any differences in students’ proof construction practices that are observed when they are
asked to prove mathematical statements, with respect to grade (freshmen and seniors) and

department?”.

In order to examine participants’ responses to PE, a rubric was developed in the
following manner: First, responses were categorized with respect to the method (type of
proof) used. In addition to the researcher, two graduate students (one from teaching
mathematics and one from mathematics programs) coded the data from PE (graduate
students were given a sample of student responses). Results from these three coders were
organized to form the final categorization. Then each response was given a score between
0 and 3 according to the following criteria (similar to the scorings of Regio and Godino,
2001; Healy and Hoyles, 2000; Stylianides and Stylianides, 2009):

e Incoherent response, no basis for a valid proof construction, no attempt at
generalization: O points

e Attempt at generalization; complete use of known formulas and information without
any justification; correct idea with insufficient explanation; presenting a valid
general argument that does not prove the given statement: 1 point

e Presenting a valid general argument but missing steps, needs more clarification or
some justification; some use of mathematical language and symbols: 2 points

e Presenting a valid general argument with sufficient explanation and clarity; good use

of mathematical language and symbols: 3 points

In addition, types of proof methods that freshmen and seniors provided for the PE
were categorized. For each item, letters A, B, C, D, E and G were assigned to different
types of proof (type of proof these letters represent vary from item to item). Through all

items, letter F is assigned if the participant attempted the proof but could not provide a
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meaningful argument, and NA stands for no attempt. For each item, tables displaying
frequencies for types of proofs and PE scores are given (Tables 7.7 through 7.14). In
addition, two figures per item (Figures 7.1 through 7.8) show frequency distributions of
scores for freshmen and seniors. For scoring and examples of each type of response, see
the rubric for PE in Appendix B. (See Page 118.)

Participants’ responses to the first item of PE; “Prove that the statement is true: If the
square of a natural number is even, then that number must be even” were categorized, with

respect to the proof methods they attempted to use, as follows:

e Proof 1A: If n was odd, then its square would be odd (proof by contrapositive).

e Proof 1B: If n is even then its square is even (this proofs the converse of the given
statement; not equivalent to the original statement).

e Proof 1C: Assume that n is odd but n? is even. If n is odd then n? will be odd (proof
by contradiction).

e Proof 1D: Assume n?is even ...then n must be even (direct proof).

e Proof 1E: The square of an even number is even, the square of an odd number is odd.
Hence, if the square of a number is even, then that number should be even (proof by

cases).

Most attempted proof types by freshmen students for this item are direct proof (20.4
per cent) and proof by cases (22.6 per cent). 21.5 per cent of freshmen students attempted
to prove the converse of this statement: “if n is even then its square must be even”. Even
though it is a true proposition, it does not prove the given statement. More interestingly,
senior prospective secondary school teachers (20.7 per cent) and prospective primary
school teachers (46.7 per cent) also made the same mistake. No senior prospective

mathematicians provided this type of response.
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Table 7.7. Frequencies for PE response type, item 1

Proof Type Item 1
Total
A B C D E F | NA

n 3 4 0 4 7 0 5 23

SCED
percentage | 13.0 (174| 0 |174|304| 0 |21.7| 100
n 3 5 2 6 7 5 3 31

PRED
percentage | 9.7 |16.1| 6.5 [19.4|22.6|16.1| 9.7 | 100

Freshman

n 2 11 | 0 9 7 2 8 39

MATH
percentage | 5.1 [28.2| 0 |23.1|179| 5.1 |20.5| 100
n 8 | 20 | 2 19 | 21 | 7 16 | 93

Total
percentage | 8.6 [21.5| 2.2 [204|226| 7.5 |17.2| 100
n 6 6 1 7 9 0 0 29

SCED
percentage | 20.7 | 20.7 | 3.5 |24.2|31.0| O 0 | 100
n 4 | 13 | 3 2 4 2 0 28

PRED
) percentage | 14.3 |46.4|10.7| 7.1 |143| 71| 0 | 100

Senior

n 3 0 10 | 2 0 0 0 15

MATH
percentage | 200 0 [66.7]13.3| O 0 0 | 100
n 13 |19 | 14 | 11 | 13 | 2 0 72

Total
percentage | 18.1 | 26.4|19.4|153(18.1| 28 | 0 | 100

When scores for the first item are examined, it is seen that 42 per cent of freshmen
students did not receive any points and only 7.5 per cent were given maximum points.
Amount of seniors who received minimum and maximum points are 13.9 per cent and 34.3
per cent respectively. Figures 7.1 and 7.2 show the distribution of scores for freshmen and

senior students by departments.



Table 7.8. Frequencies for PE score, item 1

Proof Score
ltem1l Total
01|23
SCED |10| 5|7 | 1| 23
PRED (12| 6 |10| 3 | 31
Freshman
MATH|20| 8 | 8 | 3 | 39
Total |42 (19 |25| 7 93
SCED | 4 | 7 (11| 7 | 29
_ PRED | 6 [11] 6 | 5 | 28
Senior
MATH| 0 | 1] 2 |12| 15
Total |10]19|19 (24| 72
60,0
50,0
40,0 +—
SCED
30,0 +—
PRED
20,0 +— = MATH
10’0 | F I
0,0 T T T l_\
0 1 2 3

Figure 7.1. Percentage frequencies of freshmen scores for PE, item 1
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Figure 7.2. Percentage frequencies of senior scores for PE, item 1

Participants’ responses to item 2a; “Prove or disprove: the equality 1+ 3 + 5 + ... +

2n-1 = n? is true for all integers n >1 were categorized as follows:

e Proof 2a_A: By formula: Sum = number of terms x (last term + first term)/2.

e Proof 2a B: Using Gauss’ method (writing the same sum in reverse and adding up
the terms).

e Proof 2a_C: By induction.

e Proof 2a_D: Using the equality 1+2+3+...+n = n (n+1)/2.

e Proof 2a_E: By giving numerical examples.

Majority (67.7 per cent) of freshmen either did not attempt this item or failed to
provide a coherent response. Among the rest, most commonly observed (9.7 per cent)
response was to use a known general formula (without justification) which verifies that the

statement is true.

This statement is one of the common examples used explaining proof by
mathematical induction. While 66.7 per cent of seniors used mathematical induction, only

4.3 per cent of freshmen attempted to prove the statement with this method.
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Table 7.9. Frequencies for PE response type, item 2a

Proof Type Item 2a
Total
A B C | D| E F | NA

n 1 1 0O |0 | 4 4 |13 | 23

SCED
percentage | 43 | 43 | 0 | 0 [17.4]17.4|56.5|100.0
n 4 0 3 12| 2 3 17 | 31

PRED
percentage | 129| 0 | 9.7 [6.5| 6.5 | 9.7 | 54.8|100.0

Freshman

n 4 4 1 12| 2 1 | 25| 39

MATH
percentage | 10.310.3| 26 [5.1| 5.1 | 2.6 | 64.1|100.0
n 9 5 4 | 4| 8 8 | 55 | 93

Total
percentage | 9.7 | 54 | 43 |[4.3| 8.6 | 8.6 |59.1|100.0
n 2 3 19 | 2 1 1 1 29

SCED
percentage | 6.9 |10.3|655(69| 3.4 | 3.4 | 3.4 |100.0
n 0 2 17 | 2 | 4 0 3 28

PRED
) percentage| O | 7.1 |60.7(7.1(143| 0 |10.7|100.0

Senior

n 0 2 12 (1] 0 0 0 15

MATH
percentage | 0 |13.3|80.0|6.7| O 0 0 |100.0
n 2 7 | 48 | 5| 5 1 4 72

Total
percentage | 2.8 | 9.7 |66.7(69| 6.9 | 1.4 | 5.6 | 100.0

According to the frequencies in table 7.10, the scores for this item indicate that 78.5
per cent of freshmen and 13.9 per cent of seniors received minimum score. Maximum
score was received by 5.4 per cent of freshmen and 54.2 per cent of seniors. Distributions

of scores for freshmen and seniors are given in Figure 7.3 and Figure 7.4 respectively.



Table 7.10. Frequencies for PE score, item 2a

Proof Score
Item 2a Total
0 1|1/23
SCED |21 1|01 23
PRED | 23 |3| 4 | 1 31
Freshman
MATH| 29 |4| 3| 3 39
Total | 73 /8| 7 | 5 93
SCED | 3 |3| 6 |17| 29
) PRED | 7 | 3|10 8 28
Senior
MATH| O (0|1 |14| 15
Total | 10 | 6 |17 (39| 72
100,0
90,0
80,0
70,0
60,0
SCED
50,0
20,0 PRED
30,0 = MATH
20,0
10,0 .
0.0 | | N B
0 1 2 3

Figure 7.3. Percentage frequencies of freshmen scores for PE, item 2a
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Figure 7.4. Percentage frequencies of senior scores for PE, item 2a

Categorization of the responses to item 2b of PE; “Prove or disprove: Given any

three consecutive integers, one of them is always divisible by three” is given below:

e Proof 2b_A: Direct proof

e Proof 2b B: Let a, a + 1, a + 2 be three consecutive integers. If a = 3k, then a is
divisible by three. If a = 3k + 1 then a + 2 is divisible by three. If a = 3k + 2 then
a + 1 is divisible by three. In any case, one of them will be divisible by three (proof
by cases).

e Proof 2b_C: Showing that the sum is divisible by 3. (This does not prove the
statement is true: if the sum of three numbers is divisible by 3, it cannot be
concluded that one of them is divisible by 3.)

e Proof 2b_D: Giving counter-example to show that the statement is false: “0 is not
divisible by 3” (the statement is not false, the counter-example is not valid because 0
is divisible by 3).

e Proof 2b_E: By giving numerical examples

e Proof 2b_G: Proof by contradiction



Table 7.11. Frequencies for PE response type, item 2b
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Proof Type Item 2b
Total
A B C |D| E F | G|NA

n 3 4 12| 3 O 0| 9 23

SCED
percentage | 13.0 | 8.7 |17.4|8.7]13.0| O 0 [39.1100.0
n 5 1 4 | 3| 5 5 | 0| 8 31

PRED
percentage | 16.1 | 3.2 | 129|9.7|16.1|16.1| 0 |25.8|100.0

Freshman

n 3 2 2 | 3| 4 1 |]0] 24| 39

MATH
percentage | 7.7 | 5.1 | 51 |7.7]10.3| 26 | 0 |61.5|100.0
n 11 | 5 10 | 8 (12 | 6 | 0| 41 | 93

Total
percentage | 11.8 | 5.4 | 10.88.6 129 | 6.5 | 0 |44.1|100.0
n 5 16 1 1 1 1 |12 2 29

SCED
percentage | 17.255.2| 3.4 |34 | 34 | 34 |69 6.9 |100.0
n 0 8 8 |0 | 2 5 10| 5 28

PRED
percentage| O [28.6|286| 0 | 7.1 [179| 0 |17.9|100.0

Senior

n 0 12 | 0 |1 O 0 1 1 15

MATH
percentage| O [(80.0] 0 [6.7] O 0 |6.7] 6.7 |100.0
n 5136 | 9 2| 3 6 | 3| 8 72

Total
percentage | 6.9 [ 50.0|125|28| 4.2 | 83 |4.2|11.1|100.0

As seen from Table 7.11, 50.6 per cent of freshmen did not provide a meaningful

response. Most common response type was to show the statement holds by giving

numerical examples (no generalization). One commonly made mistake by freshmen (8.6

per cent) was to falsely assume that O cannot be divided by 3, hence concluding that the

statement is false. Showing that the sum of 3 consecutive integers is divisible by 3 was

another common mistake (10.8 per cent freshmen, 28.6 per cent senior prospective primary

school teachers). This is a true proposition but it cannot be used to prove the statement.



Table 7.12. Frequencies for PE score, item 2b

Proof Score Q2b
Total

01|23
SCED |16 |2 |4 |1 23
PRED |23 |53 | 0| 31

Freshman
MATH |31 |3 |3 |2 39
Total | 70 |10(10]| 3 93
SCED | 8 | 2|8 11| 29
PRED |20 | 0| 2 | 6 28
Senior

MATH | 1 112 |11 15
Total | 29 | 3 (13|28 72
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Scores for this item indicate that, according to frequencies in Table 7.12, 75.3 per

cent of freshmen and 40.3 per cent of seniors (most of which are prospective primary

school teachers) received no points. Maximum points were taken by 3.2 per cent of

freshmen and 38.9 per cent of seniors. Figures 7.5 and 7.6 below show the distribution of

scores received by freshmen and seniors.

90,0
80,0
70,0
60,0
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40,0
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m MATH

Figure 7.5. Percentage frequencies of freshmen scores for PE, item 2b
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Figure 7.6. Percentage frequencies of senior scores for PE, item 2b

The third item of PE is: “Show that, in a party of n people (n > 2), we can always
find at least two people with the same number of friends”. The responses are categorized as

follows:

Proof 3_A: Using pigeonhole principle.

Proof 3_B: Using mathematical induction.

Proof 3_C: Graph theory (trying to represent the problem as a graph).

Proof 3_D: Trying all possibilities for small n (no generalizations).
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Table 7.13. Frequencies for PE response type, item 3

Proof Type Item 3
Total
A B|C| D F | NA

n 0O |00 3 1 19 | 23

SCED
percentage | 0O 0| 0 |13.0| 4.3 |82.6|100.0
n 2 |0 0| 5 4 | 20 | 31

PRED
percentage | 6.5 | 0 | 0 |16.1|12.9|64.5|100.0

Freshman

n 1 0|0 2 1 |35 | 39

MATH
percentage | 26 | 0 | 0 | 5.1 | 2.6 |89.7|100.0
n 3 /01010 | 6 | 74| 93

Total
percentage | 3.2 | 0 | 0 |10.8| 6.5 | 79.6 | 100.0
n 11 |0 | 1| 2 2 13 | 29

SCED
percentage | 37.9| 0 |3.4| 6.9 | 6.9 | 44.8|100.0
n 6 |20 | 4 2 14 | 28

PRED
) percentage [ 21.4 7.1 0 |14.3| 7.1 |50.0|100.0

Senior

n 7 1110 1 5 15

MATH
percentage | 46.7 | 6.7 |6.7| 0 | 6.7 |33.3|100.0
n 24 | 3| 2| 6 5 |32 | 72

Total
percentage | 33.3 4.2 28| 8.3 | 6.9 |44.4|100.0

This was the least attempted item among all participants (no attempt by 79.6 per cent
freshmen, 44.4 per cent seniors). This statement can be proven by using pigeonhole
principle. Mathematical induction can also be used, although it is difficult to apply in this
situation. Trial for small n values (without generalization) were the most common response
type among freshmen (10.8 per cent), while 33.3 per cent of seniors used pigeonhole
principle.
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Table 7.14. Frequencies for PE score, item 3

Proof Score Q3
Total

0123
SCED |22 1|00 23
PRED | 27 |2 |0 | 2 31

Freshman
MATH |37 |1]1]0 39
Total | 86 |4 |1 | 2 93
SCED | 18 |2 |3 | 6 29
) PRED |24 (2|1 |1 28
Senior

MATH| 8 |1]1]|5 15
Total | 50 | 5|5 |12| 72

Most participants (92.5 per cent of freshmen and 69.4 per cent of seniors) did not
receive any points for this item. Maximum score was received by 2.2 per cent of freshmen
and 16.7 per cent of seniors. Distribution of freshmen scores are given in Figure 7.7.

Figure 7.8 shows the seniors’ score distribution for the third item.

120,0
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Figure 7.7. Percentage frequencies of freshmen scores for PE item 3
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Figure 7.8. Percentage frequencies of seniors score for PE item 3
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Means for the total PE score with respect to grade and department are given below in

Table 7. 15. Maximum score for PE is 12, while minimum score is 0.

Table 7.15. Means and standard deviations of PE total score

PRED | SCED | MATH

Mean 2.19 1.74 1.79
Freshmen | Std.Dev. | 2.32 1.84 2.09
N 31 23 39

Mean 4.07 6.66 9.40
Seniors | Std.Dev. | 2.75 2.88 1.77
N 28 29 15

Shapiro - Wilk test was conducted to check normality and yielded significant results

for PE scores of freshmen prospective mathematicians (W = 0.82, p = 0.00 < 0.05),

prospective primary school (W = 0.84, p = 0.00 < 0.05) and secondary school teachers
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(W =0.85, p = 0.00 < 0.05). Significant results were also observed for senior prospective
mathematicians (W = 0.88, p = 0.048 < 0.05) and freshmen students as a whole (W = 0.86,
p = 0.00 < 0.05). Therefore, since normal distribution cannot be assumed for most
subgroups, non parametric tests are carried out to see whether there are significant
differences between total PE scores with respect to grade and department.

Kruskal-Wallis test conducted on PE scores, revealed no significant results among
freshmen prospective mathematicians, primary and secondary school teachers. However,
significant results were observed among seniors: y2(2, N=72) = 27.42, p = 0.00 < 0.05).
Mann-Whitney tests were conducted to make pair wise comparisons among departments.
Tests yielded significant results between prospective primary and secondary school
teachers (U = 210, p = 0.02 < 0.05, r = 0.42), in favor of prospective secondary school
teachers; between prospective mathematicians and secondary school teachers (U = 92.50,
p = 0.02 < 0.05, r = 0.47), and prospective mathematicians and primary school teachers
(U=23,p=0.00<0.05, r =0.73), both in favor of prospective mathematicians. PE scores
also differ significantly among freshmen and seniors (U = 964.50, p = 0.00 < 0.05,
r = 0.62) and they are in favor of seniors.

7.3. Proof Evaluation

In order to examine how senior students evaluated student generated proofs, PEE
was conducted. Data collected were analyzed to answer research question RQ3: “How do
senior Mathematics and Teaching Mathematics students decide what constitutes as a
mathematical proof, when they are asked to evaluate freshmen students’ mathematical
arguments? Are there any differences between senior students from Mathematics,
Secondary and Primary Education Teaching Mathematics Programs, with respect to their

proof evaluation practices?”

In this instrument, there are four mathematical statements with alternative proofs
(student responses). For each alternative proof, students were asked to choose one of the
following and explain the reason for their choice: “A. The proof shows the statement is

true for in some cases”, “B. The proof shows the statement is always true”, “C. The proof
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is false”, “D. I have no opinion”. Full responses and scoring are presented in the rubric for
PEE, which can be found in Appendix B. (See Page 118.)

In order to form the rubric, first the instrument was given to two teaching assistants
and an instructor working in mathematics department. Their responses were used for the

development of the rubric. The following criteria were used in scoring:

e Wrong choice (A or C) without any explanation or incorrect explanation: 0 points

e Wrong choice but reasonable explanation or correctly indicates a mistake or a
missing step: 1 or 2 points

e Correct choice without any explanation: 1 point (for A and C), 3 point (for B, if the
given response is a full proof)

o Correct choice but insufficient or irrelevant explanation: 1 or 2 points

o Correct choice with sufficient explanation: 3 points

Final version of the rubric was examined and approved by an associate professor
from mathematics department. Items, alternative proofs and responses are given below.
Tables 7.16 through 7.55 show response and score frequencies for each alternative proof as

well as mean scores for each item.

The first item of PEE was: “If the square of a natural number is even, then that
number must be even”. The participants were asked to evaluate five alternative proof

attempts (arguments provided by freshmen students) for this statement.

Proof 1A was the first argument to evaluate: “If n is odd, n = 2k + 1, then

n® =2k +1)®> =4k* + 4k +1 is odd (even + even + odd). If n is even, n = 2k, then

n? = (2k)? = 4k? + 4k even (even + even). Since n? is even, n must also be even.” This

argument correctly proves the statement (proof by cases); there is one calculation mistake
which does not affect the generality of the argument. Therefore, the correct choice here is
B. While most students indicated the correct choice (63.6 per cent), some students
concluded that the proof is false (23.6 per cent) or only shows the statement is true for
some cases (12.7 per cent) because of the calculation mistake or claiming that the
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argument shows the converse of the statement. As a result, 60 per cent of participants

received maximum score.

Table 7.16. PEE response types, item 1A

Response 1A

A| B | C |D|NA|Total
SCED |5|17]4 |0 O 26
PRED 2|7 |6|0]| O 15
MATH |0 |11|{ 3 |0| O 14
Total |[7]35(13|0| O 55

Table 7.17. PEE score, item 1A

Score 1A
0 |1]2]| 3] Total
SCED | 5 |4 |2 |15| 26
PRED | 7 |1]0]| 7 15
MATH| 3 | 0|0 |11 14
Total | 15 | 5|2 33| 55

Second argument to evaluate was proof 1B: “Assume n is odd. (2k +1)*= 2m,

4k* +4k +1 = 2m. Left hand side is odd, right hand side is even. Contradiction. This
means n must be even.” This is an attempt a proof by contradiction. While the argument
proves the statement, the wording can be a bit confusing, it could have been clearer. Again

the correct choice is B and 61.8 per cent of students correctly identified it.
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Table 7.18. PEE response types, item 1B

Response 1B
A| B |C |D|NA|Total
SCED (2158 (1| O 26
PRED {2 8|4 |0]| 1 15
MATH|1(11|2 |0| O 14
Total |5(34(14|1| 1 55

Table 7.19. PEE sores, item 1B

Score 1B
0 |1]2]| 3| Total
SCED | 9 |11 |15| 26
PRED | 2 |33 | 7| 15
MATH| 0 | 3|0 |11 14
Total | 11 | 7| 4 |33| 55

Third alternative proof attempt was proof 1C: “n

2

=n-n=2k . Here k must be even

because 2k is a whole square: k = 2m, n? =4m, \/F =+4m , n=2y/m, hence n is even.”

There are missing steps in this argument; the premise “k must be even because 2k is a

whole square” should be justified because it is the essence of the proof. It would also

explain Why\/E must be a whole square. 18.2 per cent of the students pointed out this

missing step (choice A of B) and received full points.
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Table 7.20. PEE response types, item 1C

Response 1C

A|B|C |D|NA|Total
SCED | 7|8 |6 4| 1 26
PRED |4 | 5|5|1]| O 15
MATH| 4 8|2 |0] O 14
Total [15|21|13|5| 1 | 55

Table 7.21. PEE scores, item 1C

Score 1C
0 |1]2]3|Total
SCED | 11 (10| 2| 3 | 26
PRED | 5 |4 |51 15
MATH| 1 |6 |16 14
Total | 17 {20 8 |10| 55

Next argument was proof 1D: “Assume n = 2k. Then n? = 4k, which is even.” This
argument proves the converse of the statement. The mistake here is proving the truth of the
implication g — p instead of p — q. These two propositions are not equivalent. Therefore
the correct choice is C. Another correct interpretation observed in responses is that the
proof is incomplete; the case where n is odd should also be checked (with choice A). Then

it would be valid proof (proof by cases). Both responses received full points.
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Table 7.22. PEE response types, item 1D

Response 1D
A | B | C |D|NA|Total
SCED |6 |6 |14|0| O 26
PRED | 29|40 O 15
MATH| 3 {0 (11|0| O 14
Total [1115/29|0| O 95

Table 7.23. PEE scores, item 1D

Score 1D
0 |1]2]| 3| Total
SCED | 5 |4 |2 |15| 26
PRED | 10 | 3|0 2| 15
MATH| 0 | 0|0 (14| 14
Total | 15 | 7|2 31| 55

Last proof attempt for the first item was proof 1E: “Even = {2, 4, 6,8 ..}. If n> = 4
then n =2, n?>=16then n = 4, if n? = 36 then n = 6 .... n® = 114 then n =12.” Here, the

truth of the statement is verified for only a couple of values of n. Therefore the correct

choice is A. Since there is no generalization, this cannot be accepted as a valid proof.

Students who stated that giving examples is not a proof (choice C) also received full points

(69.1 per cent).



Table 7.24. PEE response types, item 1E

Response 1E
A [B| C |D|NA|Total
SCED (10|13 |13|0| O 26
PRED | 8 |07 |0] O 15
MATH| 7 |0 70| O 14
Total [25|3(27|0| O 55

Table 7.25. PEE score, item 1E

Score 1E
0 |1]2]| 3| Total
SCED | 4 |04 18| 26
PRED | 3 |3|0]9 15
MATH| 0 | 3|0 |11 14
Total 7 | 6]4]38| 55
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The percentage frequency distributions of evaluation scores for proofs 1A through

1E are given in Figure 7.9.
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Figure 7.9. Percentage frequencies of scores for item 1

Mean scores for Item 1 for each department is given in Table 7.26 below. It can be

observed from the table that, from proof 1A through 1E, prospective mathematicians have

highest mean scores, prospective primary school teachers have lowest mean scores in

proofs 1A, 1D, 1E and for 1B and 1C, the mean scores of prospective secondary school

teachers are the lowest.

Table 7.26. Mean scores and standard deviations, PEE item 1

Item 1A | 1B | 1C | 1D | 1E
Mean |2.04|1.85|0.88|2.04 | 2.38

SCED
Std.Dev. | 1.25| 143|099 |1.25|1.10
Mean |1.47|2.00|1.13|0.60 | 2.00

PRED
Std.Dev. | 1.51 | 1.13 | 0.99 | 1.06 | 1.31
Mean |2.36 | 2.57 | 1.86 | 3.00 | 2.57

MATH
Std.Dev. | 1.28 | 0.85 | 1.10 | 0.00 | 0.85
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For the second item in PEE; “1 + 3 + 5 + ... + 2n-1 = n? holds for all integers n >17,
five alternative proof attempts were given. The arguments and participants’ responses are

given below.

Proof 2A was the first argument to evaluate: “Let ST denote the last term, IT the first

term, and Am the increment. Then S

+1 gives the number of terms. According to

1=n%." This is a

this, the sum will be: ST+IT'(ST—1T+1JZ2n—1+1‘2n—1—1+

2 Am 2 2
general formula to find sums, and it is correctly used here to verify the statement is true.
However, there is no explanation about why this formula is true or why it is applicable in
this case. Students who stated that the proof would be valid if the formula was also proved

received full points.

Table 7.27. PEE response types, item 2A

Response 2A
A| B |[C| D |NA|Total
SCED |4 |15|12(5 ] 0 26
PRED {3 | 5|15 1 15
MATH |19 (3|1 0 14
Total |8(29|6 (11| 1 55

Table 7.28. PEE scores, item 2A

Score 2A
0 (1|23 |Total
SCED | 4 |13|7 |2 | 26
PRED | 7 | 7|10 15
MATH| 2 |7 |4 |1 ]| 14
Total | 13 |27 (12| 3 | 55
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(2n-1)-2n

Second argument was proof 2B: “Since 1 +2 + 3+ ..+ 2n-2+2n -1 = 5

(2n-1)-2n —2(1+2+..+ 2n

—2 =2n’—n—(n-1)n=n?”
2

the required sum is:

Here, first the sum from 1 to 2n-1 is calculated, and then sum of even numbers in this
range is subtracted from the total to find the sum of odd numbers. This shows the statement
is true for all cases, however, the fact that sum of integers from 1 tonisn (n +1) / 2 is used

without proof. 50.1 per cent of the participants gave this explanation.

Table 7.29. PEE response types, item 2B

Response 2B
A| B |C | D|NA|Total
SCED |2 |16 2 |4 | 2 26
PRED |2 |4 |4 |4 ]| 1 15
MATH| 0|8 |4|2]| O 14
Total | 4281010 3 55

Table 7.30. PEE scores, item 2B

Score 2B
0 |1]|2]| 3] Total
SCED | 6 |2 |2 |16| 26
PRED |11 |0 |0 | 4 15
MATH| 4 |2]0| 8| 14
Total | 21 | 4|2 (28| 55
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Proof 2C was the third argument: “S(n) =1+ 3+ 5 +..+ 2n-1 =n? S(nh+1)=1+3
+5 +...+ 2n-1 + 2n+1 = n® + 2n +1 S(n) + 2n+1 = (n+1)?, which means the statement is
true.” This is an attempt at proof by mathematical induction. The missing step is the
induction basis: It would prove the statement is true for all cases if it was checked that the
equality holds for n = 1. But since it is missing, it cannot be proved that the statement is
true for any n. Hence the correct choice is C. 30.1 per cent of the students pointed out the
missing step but failed to give the correct choice. Only 12.7 per cent of the students

concluded that the missing step would make the proof invalid.

Table 7.31. PEE response types, item 2C

Response 2C
A|B|C |D|NA|Total
SCED | 6 |15 3 |0| 1 | 26
PRED |3 |7 (3(2]| 0 15
MATH| 2 | 5|7 0] O 14
Total |11|27(13|2 | 1 55

Table 7.32. PEE scores, item 2C

Score 2C
0 (1|23 |Total
SCED | 4 | 9|9 |3 | 26
PRED | 6 |72 |0 15
MATH| 1 |2 |6 |5 ]| 14
Total | 11 |18 17| 8 | 55
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n n
Next proof attempt was proof 2D:  “» 2k-1= n? 2> k=D 1= n?,
k=1

n n 2 n-(n+1) 2 2 ]
ZZk—len , Z-T—n:n +n—-n=n*" Here, 1 is subtracted from each
k=1 k=1

even number from 2 to 2n, which gives us the terms of the desired sum. But, again it
should be noted that in order to find the sum of even numbers, the fact that sum of integers
from 1 tonisn (n +1) / 2 is used without proof. Another point to mention is that the
notation used is misleading; it seems as though the proof starts with the assuming equality
that is required to be proved is true. Still, the correct choice is B and 61.8 per cent of the
students received full points for this response.

Table 7.33. PEE response types, item 2D

Response 2D
A| B |C|D|NA|Total
SCED [2|19|1|2| 2 26
PRED (0|8 |04 3 15
MATH|O0| 7 (43| 0 14
Total |2 |34|5]9] 5 55

Table 7.34. PEE scores, item 2D

Score 2D
0 |1]2]| 3| Total
SCED | 4 |12 19| 26
PRED | 7 |0]0| 8| 15
MATH| 2 |41 |7 | 14
Total | 13 |53 |34| 55
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Last argument for the second item, proof 2E is given as follows: “Consider the sum:
1+3+5+.+2n-1=S
+2n-1+2n-3+2n-5+...+1 =S

2n + 2n+ ... + 2n =2S Therearenterms:n.2n=2S,S=n?.” Thisisa simple,
valid proof which does not use any previously known formulas or facts; the terms of the
sum are written in reverse order and the first term is added to the last, second term is added
to the second one from the last etc. Each these sums are equal to 2n, and if we add them all

up we get 2n?, which is twice the sum we are looking for.

Table 7.35. PEE response types, item 2E

Response 2E
A| B |C|D|NA|Total
SCED (1184 |2 1 26
PRED |39 |03 | 3 15
MATH|2|10(2|0| 2 14
Total (6 (37|6|5| 6 | 55

Table 7.36. PEE scores, item 2E

Score 2E
0 |1]2]| 3] Total
SCED | 5 |11 18| 26
PRED | 5 |0]1]9 15
MATH| 2 | 0|2 (10| 14
Total |12 |1 |4 |37| 55

Figure 7.10 shows percentage frequency distributions of the scores for proofs 2A
through 2E.
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Figure 7.10. Percentage frequencies of scores of item 2

When mean scores for item 2 in Table 7.37 are examined, it is seen that prospective
primary school teachers have the lowest score from proof 2A through 2E. Highest mean
scores are observed by prospective mathematicians in proofs 2A, 2C and 2E, and by

prospective secondary school teachers in proofs 2B and 2D.

Table 7.37. Mean scores and standard deviations, PEE item 2

Item 2A | 2B | 2C | 2D | 2E
Mean | 1.27|2.08|1.44|2.38 |2.28

SCED
Std.Dev. | 0.83 | 1.30 | 0.92 | 1.10 | 1.20
Mean | 0.60 | 0.80 | 0.73 | 1.60 | 1.93

PRED
Std.Dev. | 0.63 | 1.37 | 0.71 | 1.55 | 1.44
Mean |1.29|1.86|2.07|1.93 243

MATH
Std.Dev. | 0.83 141|092 |1.21|1.10
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The third item of PEE; “Given any three consecutive integers, one of them must be

divisible by three” had four alternative proofs.

The first argument was proof 3A: “n+ n+1+ n+2 = 3n +3 = 3(n+1). Since their sum is
divisible by three, one of them must be divisible by three.” The sum of three integers being
divisible by three does not imply that one of them is divisible by three. Therefore, even
though it is true that the sum of three consecutive integers is divisible by three, it cannot be
used in the proof of this statement. This argument does not prove the statement; the correct

choice here is C. 55.5 per cent of the students pointed out this fact and received full points.

Table 7.38. PEE response types, item 3A

Response 3A
Total
A[B|C|D|NA
SCED | 6 |2|14(3| O 25
PRED |4 |64 |1| 0 15
MATH| 1 |0(12|1| O 14
Total [11|8(30|5| O 54

Table 7.39. PEE scores, item 3A

Score 3A
Total
0123
SCED | 2 |92 |12| 25
PRED| 6 | 3|06 15
MATH| 2 |0 |0 |12]| 14
Total | 10 12| 2 |30| 54
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Next argument is proof 3B: “The statement is false: none of the numbers -1, 0, 1 is
divisible by three.” While giving counter example is a valid method to disprove a
statement, it is not applicable here. The counter example is inappropriate because zero is
actually divisible by three. The argument does not disprove the statement as intended, as
74.1 per cent of the students indicated.

Table 7.40. PEE response types, item 3B

Response 3B
A|B| C |D|NA|Total
SCED (2|0 201 2 25
PRED |1|3|11/0| O 15
MATH|0|0|14{0| O 14
Total |3 |3 (45|11 2 54

Table 7.41. PEE scores, item 3B

Score 3B
Total
01123
SCED | 4 |2|0|19| 25
PRED | 4 [ 3|0/ 8 15
MATH| O | 1|0 |13| 14
Total 8 |6[0|40| 54
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Proof 3C was the third argument for this item: “Multiples of three are obtained by

adding three to the previous one. When we write down consecutive integers, we see that

there are two numbers between multiples of three: n n+1 n+2 n+3 n+4 n+5 n+6, where

n+l n+2 n+3 are any three numbers.” This is a valid argument but it needs to be

expressed in a clearer manner. From the notation it is understood that n is assumed to be

divisible by three, which makes it true for only some cases.

Table 7.42. PEE response types, item 3C
Response 3C
A | B |[C|D|NA|Total
SCED | 2 |13|5|5| 0 | 25
PRED | 6 |4 [3|2| 0 | 15
MATH| 7 | 5|11 O 14
Total {15/22(9|8| 0 | 54

Table 7.43. PEE scores, item 3C

Score 3C
0 |1]2]|3]|Total
SCED | 7 |11|7 | O 25
PRED | 6 |4 |5 |0 15
MATH| 1 |4 |7 |2 14
Total | 14 |{19|19| 2 | 54
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Last argument is proof 3D: “Let x, x+1, x+2 be three consecutive integers. When x is
divided by three, the remainder is 0, 1 or 2. If the remainder is O, then x is divisible by
three, if it is 1 then x + 2 is divisible by three, and if it is 2 then x +1 is divisible by three.”
This argument proves the given statement, the correct choice is B and 79.6 per cent of the
students gave the correct response.

Table 7.44. PEE response types, item 3D

Response 3D
A| B |C|D|NA|Total
SCED (222|110 O 25
PRED |68 1|0 O 15
MATH|1(13{0(0| O 14
Total |943(2]0] O 54

Table 7.45. PEE scores, item 3D

Score 3D
0 |1]2]| 3] Total
SCED | 3 |0|0 (22| 25
PRED | 7 |[0]0| 8| 15
MATH| 0 | 0|1 (13| 14
Total | 10 | 0|1 43| 54

Figure 7.11 below shows the percentage frequency distributions for proofs 3A
through 3D for item 3.
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Figure 7.11. Percentage frequencies of scores for item 3
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From Table 7.46 below it can be observed that prospective primary school teachers

have the lowest score means and prospective mathematicians have highest score means for

item 3 in all cases.

Table 7.46. Mean scores and standard deviations, PEE item 3

Item 3A | 3B | 3C | 3D
Mean [1.96|2.36|1.00| 2.64

SCED
Std.Dev. | 1.10 | 1.20 | 0.76 | 0.99
Mean |1.40|1.80|0.93|1.60

PRED
Std.Dev. | 1.40 | 1.37 | 0.88 | 1.55
Mean |257|286|1.71]2.93

MATH
Std.Dev. | 1.09 | 0.54 | 0.83 | 0.27
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Last item of PEE is: “Suppose there are n people at a party (n > 2). Prove that there
are at least two people who have the same number of friends in this party.” Four alternative

proof attempts are given to the participants to evaluate.

First proof attempt proof 4A: “Consider two people who have no friends but each
other. Say they saw the party by coincidence while walking down the street. This way, at
least two people (each other) have one friend, which means the same number of friends.”
This is only one case. There is no generalization here and it cannot as be accepted as a
proof. Students who indicated that the proof is incomplete because it deals with only one
possible situation and who said that the argument does not prove the statement received the

maximum score (64.8 per cent).

Table 7.47. PEE response types, item 4A

Response 4A
Total
A[B|C |D|NA
SCED | 9 |0|13|2| 1 25
PRED [ 8 |23 |1 1 15
MATH| 3 |0]10(0| 1 14
Total [20|2(26|3| 3 54

Table 7.48. PEE scores, item 4A

Score 4A
Total
0 |1|2]3
SCED | 3 |02 |20| 25
PRED | 4 |0 4|7 15
MATH| 1 0| 5| 8 14
Total 8 |0(11|35| 54
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Second argument was proof 4B: “If n = 2 either they know each other or they are
strangers. In both cases, they have the same number of friends. If n = 3, either no one
knows each other or everybody knows each other or there are two people who know each
other. In all cases, there are at least two people with the same number of friends. Assume
the statement is true for n-1 people and one more person attends the party. If this person
does not know anybody in the party, the statement is still true because there are at least two
people who know each other. We can go on like this.” Proof by mathematical induction is
attempted but could not be completed here. Since the possibilities are checked for some

values of n, the correct choice is A and 25.9 per cent of students got maximum scores.

Table 7.49. PEE response types, item 4B

Response 4B
A | B |C|D|NA|Total
SCED |5 |12|4|3| 1 25
PRED |6 |2 |14 2 15
MATH| 7 |4 |11 1 14
Total |[18|18|6 (8| 4 54

Table 7.50. PEE scores, item 4B

Score 4B
0 |1|2]3]|Total
SCED | 7 |94 |5 ]| 25
PRED | 7 |4 2|2 | 15
MATH| 3 |3 |1 |7 | 14
Total | 17 |16| 7 |14 | 54




84

Proof 4C was the next argument: “If n > 2 and n is even, we can find two people
with the same number of friends. For n = 3 it is not true.” This is not a valid argument. It
says the statement is true for even values of n, but no justification is provided. In addition,

the statement is not false for n = 3.

Table 7.51. PEE response types, item 4C

Response 4C
A|B|C |D|NA|Total
SCED (10221 1 25
PRED (0|18 |51 15
MATH| 0|0 |12/1| 1 14
Total |[1|1(42|7| 3 54

Table 7.52. PEE scores, item 4C

Score 4C
0 |1]2] 3] Total
SCED | 2 |1 |5 |17] 25
PRED | 7 |06 |2 | 15
MATH| 2 |0] 0 (12| 14
Total | 11 |1 (11|31| 54

Proof 4D was the last argument given for the fourth item: “If we consider that
everyone has at least one friend and let 1, 2, 3, ...,n denote the people in the party. First
person can have 1, second person can have 2, third person can have 3, ..., (n-l)th person
can have n-1 friends but n™ person can have at most n-1 friends (we exclude
himself/herself). Hence n™ person must have the same number of friends with one of the
other n-1 people.” This is a direct proof using the pigeonhole principle, the correct choice
is B. Some students indicated that the case where a person has no friends in the party must

also be examined, which can be shown using exactly the same reasoning as explained
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above. 55 .6 per cent of the students got maximum score for this item. Figure 7.12 shows

the percentage frequency distribution of scores for item 4.

Table 7.53. PEE response types, item 4D

Response 4D
A| B |C|D|NA|Total
SCED (2191|211 25
PRED |14 |54 | 1 15
MATH |3 |6 [1[3| 1 14
Total |[6|29|7]9] 3 54

Table 7.54. PEE scores, item 4D

Score 4D
0 |1]|2]| 3] Total
SCED | 3 |21 |19| 25
PRED |10 |0 |0 | 5| 15
MATH| 4 |13 |6 | 14
Total | 17 | 3|4 30| 54
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Figure 7.12. Percentage frequency of scores for item 4

Examining the mean scores displayed in table 7.55, one can see that once again,
prospective primary school teachers have the lowest scores in all cases. Prospective
secondary school teachers have highest means for proofs 4A and 4D, while for proofs 4B
and 4C, prospective mathematicians have the highest mean scores.

Table 7.55. Mean scores and standard deviations, PEE item 4

Item 4A | 4B | 4C | 4D

Mean |2.56 |1.28 |2.48 | 2.44
SCED | Std.Dev. | 1.00 | 1.10 | 0.92 | 1.09
Mean |1.93]0.93|1.20]|1.00
Std.Dev. | 1.28 | 1.10 | 1.21 | 1.46
Mean |243|1.86|257|1.79
Std.Dev. | 0.85 | 1.29 | 1.09 | 1.31

PRED

MATH
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Table 7.56 shows the means of total scores for each item and total PEE score.
Maximum possible scores for item 1 and item 2 are 15, for item 3 and item 4 are 12. Total

maximum possible score is 54.

Table 7.56. Mean scores and standard deviations for each PEE item

Iteml | Item 2 | Item 3 | Item 4 | Total Score

Scores

(15) (15) (12) (12) (54)
Mean 9.19 9.64 7.96 8.76 35.56

SCED
Std.Dev. | 2.73 2.72 2.56 2.85 6.84
Mean 7.20 5.67 5.73 5.13 23.73

PRED
Std.Dev. | 3.36 3.52 3.35 3.27 8.55
Mean 12.36 | 9.57 | 10.07 | 8.64 40.64

MATH

Std.Dev. | 2.34 | 3.78 | 1.77 | 3.50 8.12

Shapiro - Wilk test did not reveal any significant results for any sub group, therefore

normal distributions can be assumed and parametric tests are carried out.

One way ANOVA was performed for seniors’ total PEE score. Results show that
there are significant differences between mean scores with respect to department:
F(2, 51) = 19.11, p = 0.00 < 0.05. Post hoc analysis revealed that prospective primary
school teachers have significantly lower mean score than prospective secondary school
teachers (p = 0.00 < 0.05) and mathematicians (p = 0.00 < 0.05). Mean score difference

between prospective mathematicians and secondary school teachers is not significant.
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7.4. Relationships between Attitudes and Beliefs Regarding Proof, Proof

Construction and Evaluation

In order to answer the research question RQ4: “Are there any relationships between:
freshmen and senior Mathematics and Teaching Mathematics students’ proof construction
practices and their attitudes and beliefs regarding proof; senior Mathematics and Teaching
Mathematics students’ proof construction practices and their evaluation of freshmen
students’ arguments; and senior Mathematics and Teaching Mathematics students' attitudes
and beliefs regarding proof and their evaluation of freshmen students’ arguments?”,
Pearson Correlation test was conducted to see whether there are significant correlations
between students ABS, PE and PEE scores. Results indicate significant positive
correlations between ABS and PE scores (r = 0.28, p = 0.00 < 0.01), and between PE and
PEE scores (r = 0.52, p = 0.00 < 0.01). No significant correlation is found between ABS
and PEE scores (r = 0.15, p = 0.35 > 0.05). Meaning that positive significant correlations
are found between students proof construction practices and their attitudes and beliefs.
Also significant is the positive correlation between proof construction and proof evaluation
practices of seniors. However, seniors’ attitudes and beliefs do not seem to be related with

their proof evaluation practices.

When subscales of ABS are taken into consideration, positive significant correlations
are observed between PE score and subscales attitude (r = 0.27, p = 0.00 < 0.01), self
efficacy (r = 0.40, p = 0.00 < 0.01) and belief (r = 0.29, p = 0.00 < 0.01). Correlation
between background and PE was not significant (r =-0.11, p = 0.18 > 0.05).

When correlations for freshmen and seniors are considered separately, it is seen that,
for freshmen, there is a positive significant correlation between ABS and PE scores
(r = 0.24, p = 0.03 < 0.05). When subscales of ABS are taken into consideration,
significant relationships are observed between PE score and subscales attitude (r = 0.27,
p = 0.01 < 0.05), self efficacy (r = 0.30, p = 0.005 < 0.01) and belief (r = 0.31,
p = 0.00 < 0.01). Relationship between background and PE was not significant (r = 0.03,
p =0.80 > 0.05).
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For seniors, a positive significant correlation is observed between PE and PEE scores
(r =0.52, p =0.00 < 0.01). No significant relationship is found between ABS and PEE
scores: background (r = 0.07, p = 0.66 > 0.05), attitude (r = -0.07, p = 0.66 > 0.05), self
efficacy (r =0.11, p = 0.47 > 0.05) and belief (r = 0.24, p = 0.12 > 0.05).

In this section; results of data analysis with respect to the research questions about
freshmen and senior students coming from three different departments, related with their
attitudes and beliefs regarding proof, their proof construction practices and senior students
proof evaluation practices are reported. These results are discussed in the following section
in detail, with conclusions and comments given regarding implications for teaching and

further research.
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8. CONCLUSION

The role and importance of proof in mathematics education has been discussed in
many recent studies (e.g. Mariotti, 2006; Brown et al., 2008; Hanna and Barbeu, 2008).
Janke (2007) points out that findings of studies suggest “many school and university
students and even teachers of mathematics have only superficial ideas on the nature of
proof”. To investigate the situation in a particular setting, this study was conducted with
the aim of examining freshmen and senior students’ beliefs, attitudes towards proof, and
their proof construction tendencies as well as senior students’ proof evaluation practices.
The sample consisted of students coming from Mathematics, Primary and Secondary
Education Teaching Mathematics Programs in Bogazigi University. Instruments developed
for the study were administered to freshmen students at the very beginning of their
programs; hence their responses reflect their high school knowledge and experiences.
Hence the findings of this study give an idea about high school graduates’ and prospective
mathematicians’ and mathematics teachers’ conceptualizations and practices regarding

proof.

Results of the study indicate that there are no significant differences between
departments among freshmen regarding their attitudes and beliefs, as well as their proof
construction abilities. Considering that the instruments were conducted to freshmen at the
very beginning of their first semester in the university, which means their responses reflect
their high school knowledge and experiences, this is an expected result; it can be assumed
that students have more or less the same exposure in high school regarding proof. Attitudes
and Beliefs Scale has four sub dimensions labeled background, attitude, self efficacy and
beliefs. Significant differences are observed between freshmen and seniors in all subscales.
An interesting result is that freshmen have higher background scores than seniors while in
all the other subscales, seniors’ scores are higher. One interpretation for freshmen having
higher background scores is that, since they have not yet been exposed to formal proof as
seniors have; what they perceive as proof may be more empirical-inductive. Seniors might
have responded to these items comparing their high school and university experiences.
This interpretation is backed with the result that freshmen predominantly responded to the
question “what does proof mean to you” by saying “explaining where a result comes

from”, indicating a broader sense of justification. In addition, they could not provide valid
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general arguments in most cases. Another interpretation is that recent changes made in the
high school curriculum and the central university entrance exam might be the cause of this
difference, but further research is needed to back this claim. Seniors having higher scores
in other subscales suggests that they developed a more positive attitude towards proof
throughout their university education. Highest scores are observed in belief subscale (close
to 4, out of 5), both for freshmen and seniors. In this subscale, there are items highlighting
the importance of proof in mathematics lessons and its explanatory aspect, which was also

emphasized in their responses to the open ended item in the Attitudes and Beliefs Scale.

When responses to the open ended item “What does proof mean to you? Explain
briefly” are examined, it is seen that 50 per cent freshmen and 46 per cent of seniors
mention the explanatory aspect of proof: that it helps them to understand why the statement
is true, which leads to better understanding. They report that knowing where a result comes
from prevents memorization. Next most observed response type for freshmen is the affect
category (42.9 per cent). While there are students who find it enjoyable and fun, most
responses in this category declare that proofs are complicated, difficult and require hard
work. Participants also mention the importance of proof and report that it is necessary in
mathematics. Second most observed response for senior students (29 per cent) mention
conviction: that proof verifies the statement is true and removes any doubt that it may be
false. 28.6 per cent of freshmen responses are also in this category. When we look at
departments, it is observed that 50 per cent of mathematics seniors emphasize that the
proof is an essential part of mathematics, therefore understanding it is important for their
profession. 33.3 per cent of Mathematics students also mentioned the process and the
generality of results. Most common response for seniors from Primary and Secondary
Teaching Mathematics Programs is again the explanatory aspect of proof (100 per cent and

63 per cent respectively).

From these responses it can be seen that the explanatory aspect of proof is
highlighted by both freshmen and seniors. While freshmen students also focus on the
affective aspects, seniors mention that proof removes doubt and verifies a statement is true
(what proof is) and explain the proof process (how it is done). Freshmen participants, as
people who chose mathematics and teaching mathematics as future professions, are aware

of the importance of proof in mathematics, and that they will dealing with proofs in
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university. However, they do not have much experience with proof yet (as can be seen
from their responses to Proof Exam) and find it difficult and complicated. Senior students,
who are more experienced, focus more on technical aspects of proof and have a better idea
of what proof is and how it is done. Mathematics students emphasize that proof is an
essential part of mathematics and therefore important for their profession, but rarely
mention the explanatory aspect. One explanation for this may be the following: while other
participants see proofs as an aid to understand mathematics or be successful in their

mathematics courses, Mathematics students see it as a part of their everyday practice.

Senior prospective secondary school mathematics teachers have significantly lower
self efficacy scores than prospective primary school mathematics teachers and prospective
mathematicians, while beliefs scores of prospective mathematicians were significantly
higher than prospective primary secondary school mathematics teachers. Mathematics
students have more experience with high level proofs than the students in teaching
mathematics programs. Students from Secondary School Teaching Mathematics Program
take more mathematics courses than the students from Primary School Teaching
Mathematics Program, like algebra and complex number theory, which are more
theoretical; but still they do not have the experience with proofs as much as Mathematics

students. This may be the reason for their relatively lower self efficacy score.

Examining the scores of Proof Exam, which was developed to investigate
participants’ proof construction practives, it is observed that freshmen have an average
score of 1.92, where maximum possible score is 12. No significant differences are
observed between departments among freshmen. Seniors’ average scores are 4.07, 6.66,
and 9.40 for prospective primary and secondary school teachers, and mathematicians
respectively. These results are significantly higher than freshmen, but not sufficient; when
it is considered that the items in the instrument consist of high school level problems.
Mean differences between all departments are significant. Here, again we see that while
there are no differences among freshmen students, seniors’ scores differ significantly with
respect to department. Regardless of their scores, seniors were able to recognize the need
to use certain proving methods, such as proof by mathematical induction, proof by
contradiction, direct proof and contra-positive method. To look at the proof constructing

practices of the students, responses to the specific items below are examined.
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The first item in the Proof Exam, “if n? is even then n is even”, can be proven by
using various methods, and the responses of both freshmen and seniors reflect that. As
mentioned in Section 7.2, among the most attempted proof types by freshmen students are
proof by cases (22.6 per cent) and direct proof (20.4 per cent). Most mathematics seniors
(66.7 per cent) used proof by contradiction, and 20 per cent used proof by contrapositive.
Among senior prospective secondary school teachers, most preferred proof method was
proof by cases (31 per cent), followed by direct proof (24.2 per cent) and proof by
contrapositive (20.7 per cent). 14.3 per cent and 10.7 per cent of senior prospective

primary school teachers attempted proof by contrapositive and contradiction respectively.

This item is one of the common examples of proof by contradiction or
contrapositive, and these indirect proof methods were mostly used by mathematics seniors
and some of the seniors from Teaching Mathematics Programs. With the exception of
mathematics seniors, most participants preferred direct approaches such as direct proof and
proof by cases. According to Antonini and Mariotti (2008) studies regading indirect proof
report that “students’ difficulties with indirect proof seem to greater than those related with
direct proof”, and assuming that what needs to be proved is false may be mentally
demanding and false hypotheses and contradictions make it harder to follow the deductive

steps of the proof.

One important observation is that 21.5 per cent of freshmen, 20.7 per cent of senior
prospective secondary school mathematics teachers and 46.7 per cent of senior prospective
primary school mathematics teachers proved the converse of this statement: “if n is even
then its square must be even”. While this statement is true, it is not logically equivalent to
the original statement. No senior mathematics student provided this type of response.
Inability to distinguish between a statement and its converse indicates a poor understanding
of logical implication. Such difficulties were also reported in the study of Hoyles and
Kiichemann (2002). When scores for this item are examined, it is seen that 42 per cent of
freshmen students did not receive any points and only 7.5 per cent were given maximum
points. Amount of seniors who received minimum and maximum points are 13.9 per cent

and 34.3 per cent respectively. When we look at departments, it is seen that 80 per cent of
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mathematics, 24.1 per cent of secondary education and 17.9 per cent of prospective

primary school teachers were given maximum points.

Even though freshmen’s proof scores are low, they produced a more variety of
approaches than seniors, which was especially apparent in their responses to the item
“prove or disprove: the equality 1 +2 + ... + 2n +1 = n? is true for all integers n > 1. This
equality is one of the classic examples of proof by mathematical induction, and expectedly,
majority of seniors attempted to use this method. Freshmen however, attempted other
methods which could be considered as more creative. Mingus and Grassl (1999) found a
similar result. In addition, among the students who attempted mathematical induction, a
common mistake observed was to omit the basis step of induction, which was also
observed by Stylianides, et al. (2007). While 66.7 per cent of seniors used mathematical
induction, only 4.3 per cent of freshmen attempted to prove the statement with this method.
Mathematical induction was the most commonly attempted proof method by seniors from
all departments (60.7 per cent from Primary Education Teaching Mathematics, 65.5 per
cent from Secondary Education Teaching Mathematics and 80 per cent from Mathematics
programs). The scores for this item indicate that 78.5 per cent of freshmen and 13.9 per
cent of seniors received minimum score. Maximum score was received by 5.4 per cent of
freshmen and 54.2 per cent of seniors (93.3 per cent of prospective mathematicians, 58.6
per cent of prospective secondary school and 28.6 per cent of prospective primary school

teachers).

Next item in the Proof Exam was: “prove or disprove: given any three consecutive
integers, one of them must be divisible by three”. 50.6 per cent of freshmen did not provide
a meaningful response for this item. Most common response type for freshmen was to
show the statement holds by giving numerical examples with no generalization (12.8 per
cent) and direct proof (11.8 per cent). One common mistake made by freshmen (8.6 per
cent) was to falsely assume that zero cannot be divided by three, hence concluding that the
statement is false. Showing that the sum of three consecutive integers is divisible by three
was another common mistake done (by 10.8 per cent of freshmen, 28.6 per cent of senior
prospective primary school teachers). This is a true proposition but it cannot be used to
prove the statement. When we look at seniors’ responses, it is observed that most

attempted proof type was proof by cases (80 per cent of prospective mathematicians, 55.2
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per cent of prospective secondary school and 28.6 per cent of prospective primary school
teachers). Second common response type for prospective secondary school teachers is
direct proof, but no prospective mathematicians or primary school teachers gave this
response. Scores for this item indicate that 75.3 per cent of freshmen and 40.3 per cent of
seniors (most of which are prospective primary school teachers) received no points.
Maximum points were taken by 3.2 per cent of freshmen and 38.9 per cent of seniors (73.3
per cent of prospective mathematicians, 37.9 per cent of prospective secondary school and

21.4 per cent of prospective primary school teachers).

The item “in a party of n people show that at least two people have the same number
of friends”, was the most challenging both for freshmen and seniors. It can be proved using
“pigeonhole principle” which was explained in Section 2.1.2. While it can be expected for
freshmen to be unfamiliar with this principle, it is a simple observation that they could
have come up with themselves. Seniors also had difficulties with this item, even though it
can be assumed that they are familiar with the concept. The reason for these difficulties
probably arises from the nature of the problem. While it has a simple solution which can be
easily understood by high school graduates, it may not look like a typical mathematical
problem they’ve come across in their high school mathematics or calculus courses.

This was the least attempted item among all participants (no attempt by 79.6 per cent
freshmen and 44.4 per cent seniors). Trial for small n values (without generalization) were
the most common response type among freshmen (10.8 per cent), while 33.3 per cent of
seniors used pigeonhole principle (46.7 per cent of prospective mathematicians, 37.9 per
cent of prospective secondary and 21.4 per cent of prospective primary school teachers).
Most participants (92.5 per cent of freshmen and 69.4 per cent of seniors) did not receive
any points for this item. Maximum score was received by 2.2 per cent of freshmen and
16.7 per cent of seniors (33.3 per cent of prospective mathematicians, 20.7 per cent

prospective secondary and 3.6 per cent of prospective primary school teachers).

To summarize, it can be observed from participants’ responses to Proof Exam that
empirical methods are usually preferred by freshmen students. Seniors attempt to use
general arguments, but they (mostly prospective primary and secondary school teachers)

have difficulty in distinguishing the difference between a proving statement and its
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converse, prefer direct proof approaches eventhough indirect approaches could have been
conveniently applied, and omit the basis step in the mathematical induction method. All
participants had difficulty in proving a statement that was relatively unfamiliar to most

participants.

In addition to freshmen and senior students’ proof construction practices, proof
evaluation practices of senior students were also examined in this study. For this purpose,
Proof Evaluation Exam was administered to senior students, where participants were given
alternative proof attempts related to each of the items in the Proof Exam, and were asked to
evaluate these “proofs”. For each alternative proof, participants were asked to choose one
of the following and explain the reason for their choice: “A. The proof shows the statement
is true for in some cases”, “B. The proof shows the statement is always true”, “C. The
proof is false”, and “D. I have no opinion”. The results of data analysis of Proof
Evaluation Exam reveal that most senior students were successful at differentiating
between inductive and deductive arguments and stated that giving specific examples
cannot be accepted as proof. They also were good at for each alternate proof pointing out
the arguments that did not check the truth of the statement for all cases. Nonetheless, proof
evaluation scores of seniors showed significant differences between primary and secondary
education students, and primary education and prospective mathematicians. To get a better
understanding of the results of Proof Evaluation Exam, responses are examined item by

item in the following paragraphs.

For the item “if n? is even then n is even”, seniors were asked to evaluate five
alternative attempts. Proof 1A was an example of proof by cases, with minor calculation
mistake, which did not affect the generality of the result. Therefore, the correct choice
would be B: the proof shows the statement is true for all cases. 78.6 per cent of prospective
mathematicians, 57.7 per cent of prospective secondary school, and 46.7 per cent
prospective primary school teachers received maximum points for this item. Some students
concluded that the proof is false (23.6 per cent) or only shows the statement is true for
some cases (12.7 per cent) because of the calculation mistake or claiming that the

argument shows the converse of the statement.
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Proof 1B was constructed using the contradiction method, even though it could have
been expressed better. Therefore, it showed the proof is true for all cases and 78.6 per cent
of mathematicians, 57.7 per cent of prospective secondary school and 46.7 per cent of
prospective primary school teachers received maximum score for the evaluation of this

argument.

An attempt at direct proof was given in proof 1C, with a missing justification.
Students who correctly identified the missing step (42.9 per cent from mathematics, 11.5
per cent from secondary school teaching mathematics and 6.7 per cent from primary school
teaching mathematics programs) received full points. As these percentages indicate, this

argument was harder to evaluate because no obvious mistakes stood out.

The proof of converse statement “if n is even then n? is even” was given in proof 1D.
As mentioned before, this is a valid argument but does not prove the given statement.
Correct choice should be C. Another interpretation emerged is that the proof is incomplete,
and the case where n is odd should also have been examined (choice A), then it would be
proof by cases. Both interpretations were given full points. Percentages of students who
received maximum points are 100 per cent, 57.69 per cent and 13.34 per cent for
mathematics, secondary and primary school teaching mathematics programs respectively.
It is also worth noting here that 64.29 per cent of prospective primary school teachers
thought the argument proves the given statement for all cases. As mentioned above,
majority of prospective primary school teachers provided this type of proof for the

corresponding item in the Proof Exam.

Finally in proof 1E, truth of the statement is verified for only a couple of values of n.
Therefore the correct choice is A. Since there is no generalization, this cannot be accepted
as a valid proof. Students who stated that giving examples is not a proof (with choice C)
also received full points. As a result, 78.6 per cent of prospective mathematicians, 69.23
per cent of prospective secondary and 60 per cent of prospective primary school teachers
got full points. 18.3 per cent of seniors thought the argument showed the statement is true
for all cases. While majority of students correctly detected that this cannot be accepted as a

proof, one would expect that the percentages would have been higher, since this argument
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Is the most apparent example in the Proof Evaluation Exam where the statement is not

proven for all cases.

When mean scores for each argument related to this item are examined (see Table
7.26), it is observed that, from proof 1A through 1E, prospective mathematicians have
highest mean scores. Prospective primary school teachers have lowest mean scores in
proofs 1A, 1D, 1E; and for proofs 1B and 1C, the mean scores of prospective secondary
school teachers are the lowest. While prospective secondary school teachers and
mathematicians have lowest means for proof 1C (0.88 and 1.86 respectively), prospective
primary school teachers’ lowest mean (0.60) is for proof 1D. Mathematicians’ highest
mean score (3.00) is achieved in proof 1D. Prospective secondary (2.38) and primary
school (2.00) teachers’ highest scores come from proof 1E. To summarize, it can be said
that prospective mathematicians were best at correctly distinguishing between a statement
and its converse, while prospective primary school teachers had the most difficulty with it.
Prospective secondary and primary teachers were best in recognizing that giving a finite
number of numerical examples cannot be accepted as a valid proof (where the domain of
discourse is infinite). Prospective secondary school teachers and mathematicians had the
most difficulty with proof 1C, where there was a crucial step needed to be justified.

There were also five arguments in the Proof Evaluation Exam for the item “prove or
disprove: the equality 1 +2 + ... +2n +1 = n? is true for all integers n > 1”. In proof 2A, a
general formula to find sums is correctly used to verify the statement is true. However, no
explanation about why this formula is true or why it can be used in this particular case is
given. Students who stated that the proof would be valid if the formula was also proved
received full points. 52.73 per cent of students chose B. 7.69 per cent of prospective
secondary school teachers and 7.14 per cent of prospective mathematicians received full

marks. No prospective primary school teachers received maximum points.

In proof 2B, first the sum from 1 to 2n-1 is calculated, and then sum of even numbers
in this range is subtracted from the total to find the sum of odd numbers. This shows the
statement is true for all cases, however, the fact that sum of integers from 1 to n is
calculated by the formula n (n +1) / 2 is used without proof. 50.1 per cent of the

participants gave this explanation. Looking at departments, it is seen that 61.5 per cent of
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prospective secondary school teachers, 57.1 per cent of prospective mathematicians and

26.7 per cent of prospective primary school teachers received full marks.

Proof 2C is an attempt at proof by mathematical induction. The missing step is the
induction basis: Truth of the statement for all cases would be shown if it was also checked
that the equality holds for n = 1. But since it is missing, it cannot be proved that the
statement is true for any n. Hence the correct choice is C. 30.1 per cent of the participants
pointed out the missing step but failed to give the correct choice. Only 12.7 per cent of the
participants concluded that the missing step would make the proof invalid. As a result, 35.7
per cent of prospective mathematicians and 11.5 per cent of prospective secondary school
teachers and no prospective primary school teachers received maximum points. When
compared with the responses of Proof Exam, it is seen that majority of senior students
preferred induction, and much higher percentage of them received maximum points. This
result indicates that while most students did not make this mistake in their own proofs, they
do not consider omitting the basis step of induction as a major mistake. One reason for this
can be that usually checking that the smallest number satisfies the condition is trivial but
showing that if the statement is true for n, then it would also be true for n + 1 is the

challenging part of the proof.

The argument presented in proof 2D, shows that if 1 is subtracted from each even
number from 2 to 2n, the resulting numbers give the terms of the desired sum. But, again it
should be noted that in order to find the sum of even numbers, the formula n (n + 1) / 2,
which gives the sum of integers from 1 to n is used without proof. Another point to
mention is that the notation used is misleading; it seems as though the proof starts with the
assuming equality that is required to be proved is true. Still, the correct choice is B and
73.1 per cent of prospective secondary school teachers, 53.3 per cent of prospective
primary school teachers and 50 per cent of prospective mathematicians received full points
for this response. Some prospective mathematicians were skeptical about the notation,

therefore preferred choice C.

Proof 2E is a valid proof which does not use any previously known formulas or facts.
Here the terms of the sum are written in reverse order and the first term is added to the last,

second term is added to the second one from the last etc. Each these sums are equal to 2n,
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and if we add them all up we get 2n? which is twice the sum we are looking for. 71.4 per
cent, of mathematics, 69.2 per cent of prospective secondary school teachers and 60 per

cent of prospective primary school teachers received maximum points.

When mean scores for item 2 of Proof Evaluation Exam (which were given in table
7.37) are examined, it is seen that prospective primary school teachers have the lowest
score from proof 2A through 2E. Highest mean scores are observed by prospective
mathematicians in proofs 2A, 2C and 2E, and by prospective secondary school teachers in
proofs 2B and 2D. Lowest scores for all departments are achieved in proof 2A
(mathematics 1.29 prospective secondary school teachers 1.27 and prospective primary
school teachers 0.60). Highest scores for prospective primary school teachers (1.93) and
mathematics (2.43) are seen in their responses to proof 2E. Highest mean score for
prospective secondary school teachers (2.38) is achieved from proof 2D. This means,
students from all departments had difficulties evaluating the argument where the result is
obtained by using a formula, which should not have been used here without proof.
Prospective primary school teachers and prospective mathematicians were most successful
in evacuating the proof where the result is obtained simply by adding the terms of the
required sum in reverse order, and prospective secondary school teachers were most
successful in evaluating the argument where the terms of the sum is obtained by

subtracting one from each even number from 2 to 2n.

Next item in Proof Evaluation Exam is “prove or disprove: given any three
consecutive integers, one of them must be divisible by three”. Four arguments were given
to seniors for evaluation. Proof 3A is the claim that since the sum of three consecutive
integers is divisible by three, one of them must be divisible by three. This argument does
not prove the statement; the correct choice here is C. 55.5 per cent of the students pointed
out this fact and received full points. Percentages of maximum scores with respect to
departments are as follows: mathematics 85.7 per cent, prospective secondary school
teachers 48 per cent, and prospective primary school teachers 40 per cent.

Proof 3B claims the statement is false by giving a counter example: -1, 0, 1 are three
consecutive integers none of which are divisible by three. While giving counter example is

a valid method to disprove a statement, it is not applicable here because since 0 is actually
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divisible by three. The argument does not disprove the statement as intended, as 74.1 per
cent of the students indicated. Percentages of students with maximum scores are 92.9 per
cent from Mathematics, 76 per cent from Secondary Education and 53.3 per cent from

Primary Education Teaching Mathematics Programs.

The argument given in proof 3C is a valid argument which needs to be expressed in a
clearer manner. It was written using a notation such that it is understood that n is assumed
to be divisible by three, which makes it true for only some cases. 40.7 per cent participants
chose B, and 27.8 per cent chose A. Only 14.3 per cent of prospective mathematicians

received maximum scores.

Proof 3D is valid argument using proof by cases examining the remainders when the
integers are divided by three. The correct choice is B and 79.6 per cent of the students gave
the correct response. Maximum scores with respect to departments are as follows:
mathematics 92.9 per cent, prospective secondary school teachers 88 per cent and

prospective primary school teachers 53.3 per cent.

Mean scores for proofs 3A, 3B, 3C and 3D were given in Table 7.46. Examining
these scores, it can be observed that prospective primary school teachers have the lowest
and prospective mathematicians have the highest means in all cases. Proof 3C have the
lowest means for all departments (0.93 for prospective primary school teachers, 1.00 for
prospective secondary school teachers and 1.71 for prospective mathematicians). Highest
means for prospective secondary school teachers (2.64) and mathematics (2.93) are
achieved in proof 3D. For prospective primary school teachers, highest mean (1.80) is

observed in proof 3B.

The last item in Proof Evaluation Exam is “in a party of n people show that at least
two people have the same number of friends”. Four arguments are presented to the
participants for evaluation. Proof 4A is a response which deals with only one case. There is
no generalization here and it cannot as be considered as proof. Students who indicated that
the proof is incomplete because it deals with only one possible situation and who said that

the argument does not prove the statement received the maximum score (prospective
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secondary school teachers 80 per cent, mathematics 57.1 per cent and prospective primary

school teachers 46.7 per cent).

Proof 4B is an argument that attempts mathematical induction, but it could not be
completed. Since the possibilities are checked for some values of n, the correct choice is A
and 25.9 per cent of students got maximum scores. Looking at departments, it is seen that
50 per cent of mathematics, 20 per cent of prospective secondary school teachers and 13.3

per cent of prospective primary school teachers received maximum scores.

The argument of proof 4C is not valid. It says the statement is true for even values of
n, but no justification is provided. In addition, it is claimed that the statement is false for
n = 3, which is not true. 77.8 per cent of participants chose C. Maximum score distribution
is as follows: prospective mathematicians 85.7 per cent, prospective secondary school
teachers 68 per cent, and prospective primary school teachers 13.3 per cent.

Final argument for this item is proof 4D. This is a direct proof using the pigeonhole
principle; hence the B is the correct choice, as 53.70 per cent of participants indicated.
Some students (mostly from mathematics department) indicated that the case where a
person has no friends in the party must also be examined, which can be shown using
exactly the same reasoning as explained above. 76 per cent of prospective secondary
school teachers, 42.9 per cent of mathematicians and 33.3 per cent of prospective primary

school teachers received maximum points.

Mean scores for proofs 4A, 4B, 4C and 4D were given in Table 7.55. From these
scores it can be seen that prospective primary school teachers have the lowest scores in all
cases. Prospective secondary school teachers have highest means for proofs 4A and 4D,
while for proofs 4B and 4C, prospective mathematicians have the highest mean scores.
Lowest mean scores for all departments are observed in proof 4B (0.93, 1.28 and 1.86 for
prospective primary school teachers, prospective secondary school teachers and
prospective mathematicians respectively). Highest scores are observed in primary (1.93)
and prospective secondary school teachers (2.56) in proof 4A, and for prospective
mathematicians (2.57) in proof 4C. This item was the most challenging for freshmen and

seniors alike in Proof Exam, and they also had difficulties evaluating the related arguments
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probably since they did not have too many ideas on how to prove the statement themselves.
Proof 4B is an attempt at proof by induction, and it looks like a valid argument but it is
unfinished. Since the argument obviously uses a “legitimate” proof method, students failed

to accurately evaluate it.

It can be seen from the results summarized above that, students were better at
accurately evaluating arguments that prove the statement is true for all cases, or arguments
that clearly do no prove the statement, like the incorrect counter-example in proof 3B or
giving numerical examples instead of a general proof, like in proof 1E. They do have
difficulties in evaluation when there is not an obvious mistake in the argument, but some

steps are missing or a crucial piece of information is given without justification.

Findings of the study indicate that while there are no significant differences between
departments among freshmen regarding their attitudes, beliefs and proof construction
practices; significant differences among departments were observed in the case of seniors.
This suggests the differences occur as a result of their university education. It is seen from
the findings that prospective mathematicians have the highest scores, especially in Proof
Exam and Proof Evaluation Exam, and prospective primary school teachers’ scores are the
lowest in most cases. One explanation for this situation is that prospective primary school
teachers do not take as many math courses as prospective secondary school teachers and
prospective mathematicians. Students in education departments enroll to mathematics
courses given by the Mathematics Department, together with Mathematics students.
Hence, their content knowledge is formed by the courses that they take from Mathematics
Department. Comparing Primary and Secondary Teaching Mathematics Programs, it is
seen that the additional courses prospective secondary school teachers take are Discrete
Mathematics, Linear Algebra and Introduction to Complex Analysis. For both prospective
primary and secondary school teachers, the compulsory mathematics courses taken are first
and second year courses. Secondary School Teaching Mathematics Program has additional
six elective mathematics courses, which can be of third or fourth year. However, available
elective mathematics courses differ from year to year and not all students choose the same
elective courses. Prospective primary school teachers also have elective course options in
their program, where they may choose mathematics courses, but it is not compulsory.

Details of departmental programs and descriptions of mathematics courses can be found in
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Appendix D. (See Page 189.) While it can be argued that higher level content knowledge is
required for prospective secondary school teachers, more exposure to university level

mathematics may increase students’ ability to construct and evaluate proofs.

Results of the study revealed significant positive correlation between freshmen
students’ beliefs and attitudes towards proof and their Proof Exam score. Correlations
between affective constructs and achievement were found in numerous studies, some of
which are reported in Schoenfeld (1989). It is interesting to note that, while significant
positive correlations were observed between Proof Exam scores and beliefs, attitude and
self efficacy subscales, relationship between background and Proof Exam scores were not
significant for either freshmen or seniors. This may be because of the result that even
though freshmen have significantly higher background scores than senior students; their
proof scores are significantly lower, as stated above. Hence freshmen’s perceived
background regarding proof is not backed up by their performance in constructing proofs.
In addition, since background items were related to students’ high school experiences; it
makes sense that seniors’ proof constructing performance is not related with their
background scores. Beliefs and attitude scores of senior students were not significantly
related to their Proof Exam scores either. As prospective mathematicians and mathematics
teachers, seniors are aware of the importance and role of proof in mathematics, as can be
seen from their responses to Attitudes and Beliefs Scale, but they still have some
difficulties in constructing proofs. A significant positive relationship is observed however,
between Proof Exam and Proof Evaluation Exam scores of seniors. The item by item
examination of responses to these two instruments above also reveals the parallels between

them.

As can also be seen from the results of this study, senior students, while being aware
of the necessity of generalization of their arguments, still resort to inductive methods when
they cannot think of any other way, as seen in the third item of Proof Exam. Martin and
Harel (1989) reported that inductive and deductive proof schemes exist simultaneously in
the student. Healy and Hoyles’ (2000) study revealed that while students chose deductive
arguments as the ones their teacher would give the best mark, they chose inductive ones as
the arguments which they would adopt as their own approach. This suggests while the

students know the proofs need a formal deductive approach, it does not come naturally to
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them. Bastiirk’s (2010) study revealed that lack of proof in high school practices results in
an abrupt introduction to proof in university level, which is the prominent cause students’
difficulty in proof at the university level. Epps (2003) and Carraher (2002), also emphasize
the difficulty of students’ transition from informal reasoning to formal deductive reasoning
and use of symbolic language. Designing specifically introductory mathematics courses in
the university considering the points mentioned above will help students to be better
acquainted with proof. Hanna (1991) states that a teaching activity that includes formal and
informal reasoning is valued to the degree that it supports higher understanding. Starting
point of a naive mathematical idea should be everyday experience. Then this idea is
developed and made clear. Hanna also asserts that clarification needs a degree of
formalism. Creation of a language, definitions of symbols, specification of rules of
manipulation is required in order to achieve greater generality. Almeida (2003) suggests
that the flow theorem — proof — examples generally used in advance level mathematics
instruction should be replaced by either with examples — theorem — proof or examples —

proof — theorem; while carefully selecting examples that illustrates the theorem.

As prospective mathematics teachers, the courses that these students take from
mathematics department are aimed to cover their content knowledge. The question of how
to teach proof is a matter of pedagogical content knowledge, hence the responsibility of
education departments. Hence it is essential to design the bridge courses in these
departments in a way that facilitates creating learning environments that involves proof
activities. Mathematicians’ proof processes involve inductive reasoning; intuition, trial and
error lead to a conjecture and then formal proof practices requiring deductive methods
follows. As mentioned above, most participants mentioned explanatory aspect of proof;
how proofs can help them understand why a result is true, which leads to a deeper
understanding. In addition, since one function of proof is convincing oneself and others,
including the conjecture development in the proof process in classrooms, allowing the
students to form their own conjectures and urging them to convince others that their
conjecture is true may result in a deeper understanding of the subject and decrease the risk
of students seeing proof as a topic to be learned, instead of as a process that is in the

essence of mathematics.
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To overcome gap between formal and informal proof, some technological aids can be
used. Visualization can be effective tool for teaching proof and logical reasoning in
mathematics courses for all levels. Dynamic geometry software, for example, enables
students to take active participation in doing proofs in geometry, by facilitating
experimenting and conjecturing so that students can reason about the generality of their
hyphotheses (Oner, 2008a, 2008b; Eysink et al., 2002; Huertas, 2007; Perez-Lancho et al.,
2007).

It must also be kept in mind that, mathematical statements used in the study were
chosen so that they could be proven using high school knowledge and experience; these
students come across more complex mathematical tasks involving proof in their university
courses. Future studies can focus on students’ difficulties regarding proof used in specific
mathematical topics and designing appropriate proof activities. In addition, these
statements in the instruments were typical examples used, when the notion of proof is
introduced in mathematics courses. So the senior participants were familiar with these
problems, probably with the exception of the last item in Proof Exam, as the responses
suggest. In further studies, presenting students with proof problems that they are not
familiar with can give an idea whether they can transform their knowledge into unfamiliar

situations.

As a result, findings in this study give an idea of the conceptions and practices
regarding proof of high school graduates and prospective mathematicians and mathematics
teachers in Bogazigi University. High school graduates (freshmen) who have participated
to this study are students who chose to continue their careers as mathematicians or
mathematics teachers and they succeeded in a central national test to be able to enter a
prestigious state university in Turkey. While they may not accurately represent typical high
school graduates, their poor performance in constructing proofs in this study gives an idea
about the situation regarding proof in high schools in general. One must keep in mind that
the questions in the Proof Exam were chosen from high school curriculum. Not only high
school graduates achieved a very low average score, seniors’ scores, while being
significantly higher than freshmen, are not as high as one would expect. Considering the
difficulties that teaching mathematics majors, especially prospective primary school

teachers have regarding proof suggests that being introduced to proof at this late stage in
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their educations causes them to struggle in university. Further studies should be conducted
to investigate the situation in high schools. Attitudes and practices of high school teachers

and textbooks and curriculum materials can be examined.

The instruments developed for this study, which are given together with their rubrics
in the appendices, can be used in future studies involving both high school and university
students’ conceptions regarding proof. Teachers in high school and instructors of
introductory courses in university can also use them in classrooms as assessment tools. A
toolkit for mathematics school teachers and university instructors can be developed to help
them evaluate arguments students have generated, as well as to help students evaltuate

their own proofs.
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APPENDIX A: INSTRUMENTS

Al. Attitudes and Belief Scale (Tutum ve inan¢ Olcegi)

Sevgili Ogrencimiz,

Bu o6lcek Bogazigi Universitesi Orta Ogretim Fen ve Matematik Alanlar1 Egitimi
Boliimiinde yiiriitiilmekte olan, matematiksel ifadelerin ispatina yonelik yaklasimlar1 konu
alan bir arastirma kapsaminda hazirlanmistir.  Olgege vereceginiz yanitlar arastirmaya
katki saglayacak, veriler yalnizca arastirma amaci ile kullanilacaktir.

Olgek iki boliimden olusmaktadir. Birinci boliimde matematiksel ispat ve matematik
derslerinde ispatin yeri ve dnemi ile ilgili diisiinceleriniz sorulmaktadir. ikinci boliimde ise
bazi matematiksel ifadelerin ispatin1 yapmaniz beklenmektedir. Birinci bdliimde
isaretleyeceginiz secenegin gercegi yansitmasi, ikinci boliimde ise cevaplarinizi miimkiin
oldugu kadar aciklamaniz arastirma sonuglarinin giivenilirligi bakimindan Onemlidir.
Isminiz arastirmacida sakli kalip, arastirmanin higcbir asamasinda kullanilmayacaktir.
Gerek gorlisler, gerekse ispata verdiginiz yanitlar dogru veya yanlis olarak
degerlendirilmeyecektir. Cevaplariniz sadece bu konudaki goriis ve yaklagimlarinizi
yansitmasi agisindan onemlidir.

Degerli katkilariniz i¢in tesekkiir ederiz.

c
Boliim 1: Asagida matematiksel ispata yonelik tavriniz § g § . s | € c
ve deneyimleriniz ile ilgili ifadelere yer verilmistir. 3 9 S g g N
. . . o . — = = o
Her ifade i¢in bes segenekten kendinize en uygun £ E g £ %‘ =
olanini isaretleyiniz. é’" E 5 5 5 % E

1. Matematiksel bir ifadeyi (teorem, 6zellik, esitlik vs)
kavrayabilmek i¢in ispatin1 anlamaya ¢aligirim.

2. Ispatlar matematigi zevkli hale getirir.

3. Ispat sadece matematikgiler icin dnemlidir.

4. Lise diizeyinde matematik derslerinde ispatlara yer
verilmesi 0grencileri zorlayabilir.

5. Lisede matematiksel bir kavrami agiklarken ispattan
faydalanilmalidir.

6. Bir lise Ogrencisinden matematiksel ispat
yapabilmesi beklenmelidir.
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7. Lise matematik kitabimizda ispata yonelik alistirmalar vardi.

8. Mezun oldugum lisede matematik derslerinde ispata yer
veriliyordu.

9. Lisede matematik derslerinde veya sinavlarda basit ispatlar
yapmam bekleniyordu.

10. Lisede matematik 6gretmenlerimiz ispatin dneminden hig
s0z etmiyordu.

11. Lisede matematik O6gretmenlerimiz bizi ispat yapmaya
tesvik ediyordu.

12. Universitedeki matematik derslerinin islenis tarzi agisindan
lise matematik derslerinden farklar1 olacagini diisliniiyorum.

13. Lisede matematik derslerinde 6grendigim bilgilerin ve
edindigim  becerilerin  {iniversitede  faydali  olacagini
diisiiniiyorum.

14. Matematiksel bir ifadenin dogru olduguna karar vermek
icin ifadenin biitliin durumlarda gecerli oldugunu kontrol etmem
gerekir.

15. Matematiksel ispat yapma konusunda kendime
giiveniyorum.

16. Matematikte ispatlar genelde kafa karistiricidir.

17. Matematiksel bir sonucun neden dogru oldugunu anlamak
icin ispatin1 bilmemiz gerekmez.

18. Ispat matematigin ayrilmaz bir pargasidir.

19. Ispatla ugrasmak bana sikic1 geliyor.

20. Matematik dersinde basarili olmak i¢in ispat yapabilmek
sart degildir.

21. Ispat yaparken matematiksel dili etkili bir sekilde
kullanabilirim.

22. Ispatlar1 anlamada genellikle zorlantyorum.

23. Ispat yapma konusunda fazla deneyimim yok.

24. Matematik bilgimin basit ispatlar yapmak i¢in yeterli
olduguna inantyorum.

25. Universitede matematik derslerinde ispata lisedekinden

daha ¢ok yer verilmelidir.

Matematiksel ispat sizin i¢in ne ifade ediyor? Kisaca agiklayimiz.
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A2. Proof Exam (Ispat Smavr)
A2. 1. Freshmen

Boliim 2: Bu béliimde bazi matematiksel ifadeleri ispatlamaniz istenmektedir.

Cevaplarinizi miimkiin oldugu kadar aciklamaniz arastirmanin amact igin onemlidir.

1. “Bir dogal saymin karesi ¢ift say1 ise kendisi de bir c¢ift sayidir” ifadesinin

dogrulugunu ispatlayimiz.
2. Asagidaki ifadelerin dogrulugunu veya yanlisligini ispatlayimiz.
a.1+3+5+..+2n-1= n’esitligi, n >1 tamsayilar1 igin dogrudur.

b.Herhangi 3 tane ardigik say1 icerisinde her zaman lige béliinebilen bir sayi

vardir.
c. n’+ (n+ 1) = (n + 2) esitligi tiim dogal sayilar i¢in dogrudur.
d.n?+ (n + 1) = (n + 2)? esitligi tiim dogal sayilar igin yanlistur.

3. n kisinin katildig bir parti diisiinelim (n > 2). Bu partide ayni sayida arkadasi olan en

az iki kisi bulunacagini ispatlayiniz.

4. Asagidaki ozelliklerden/teoremlerden hangilerini  biliyorsunuz? Isaretleyiniz.

Bildikleriniz iginden bir tanesini ispatlayiniz.
a. () Bir iiggenin i¢ agilar1 toplami 180 derecedir.
b. () Diizlemde birbirlerine dik iki dogrunun egimlerinin ¢arpimi -1°dir.

c. () Bir dik iiggende, dik kenarlarin uzunlugu a ve b, hipoteniisiin uzunlugu c

ile gdsterilsin. O zaman a®+ b® = ¢ dir (Pisagor teoremi).
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d.( ) A, B ve C herhangi ii¢ kiime olmak {iizere,
AN(BUC)=(ANB)UANCQ).

e. () (a, b) ve (c, d) diizlemde herhangi iki nokta olsun. Bu iki nokta arasindaki

uzaklik y/(a—c)2 +(b—d)? dir.
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A2. 2. Seniors

Boliim 2: Bu boliimde bazi matematiksel ifadeleri ispatlamaniz istenmektedir.

Cevaplarinizi miimkiin oldugu kadar agiklamaniz arastirmanin amact igin é6nemlidir.

1. “Bir dogal saymin karesi ¢ift say1r ise kendisi de bir ¢ift sayidir” ifadesinin

dogrulugunu ispatlayiniz.
2. Asagidaki ifadelerin dogrulugunu veya yanlisligini ispatlayiniz.
a. 1+3+5+..+2n-1= n? esitligi, n >1 tamsayilari i¢in dogrudur.

b. Herhangi 3 tane ardisik sayi icerisinde her zaman tige boliinebilen bir say1

vardir.

3. n kiginin katildig1 bir parti diigiinelim (n > 2). Bu partide ayn1 sayida arkadasi olan en

az iki kisi bulunacagini ispatlayiniz.
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A.3. Proof Evaluation Exam (ispat Degerlendirme Sinavi)

Asagida bazi matematiksel ifadeler ve onlarin degisik ispatlari verilmistir. Ispatlarda
bazi hatalar olabilir. Liitfen ispatlarin her biri i¢in A, B, C, D seceneklerinden birini se¢ip,

kisaca seciminizin nedenini agiklayiniz.

A. Ifadenin bazi durumlar igin dogru oldugunu gésterir C. Ispat yanhstir

B. ifadenin tiim durumlar igin dogru oldugunu gésterir D. Bir fikrim yok

Ifade 1. Bir dogal sayinin karesi ¢ift say ise kendisi de bir ¢ift sayidir.

Ispat 14: ntek sayrise: n = 2k + 1, n? = (2k +1)2 = 4k? + 4k +1 tek say1 (ift+gift+tek)

n ¢ift sayr ise: n = 2k, n? = (2k)2 = 4k? + 4K ¢ift say1 (cift+¢ift). n ¢ift olduguna gore n
de ¢ift olmak zorunda.

Se¢im:

Neden:

Ispat 1B: n tek say1 olsun. (2k +1)2: 2m , 4k? +4k +1 = 2m. Sol taraf tek say1, sag taraf

cift. Celiski elde ettik. Demek ki n ¢ift olmali.
Se¢im:
Neden:

Ispat 1C: n? =n-n=2k . Burada k cift say1 olmak zorunda ¢iinkii 2k tam kare: k = 2m,

n?=4m , \/n_2 =+/4m , n= 2Jm , dolayist ile n ¢ift olur.
Secim:.
Neden:

Ispat 1D: n = 2k olsun. O zaman n? = 4k? ¢ift.
Secim:.
Neden:



Ispat IE:C={2,4,6,8,..}

n“=4isen=2, n=16isen=4,n*=361isen=6... n> = 114 ise n =12.
Secim:
Neden:

1. ifade Ispat No

En ¢ok aciklayici / ikna edici ispat(lar)

En az aciklayici / ikna edici ispat(lar)

Ifade2: 1+3+5+ .. +2n-1= n esitligi, n >1 tamsayilari i¢in dogrudur.

. . . ) . ST )
Ispat 24: ST: son terim, IT: ilk terim, Am: artis miktar1 ise +1 terim sayisl.

) ST +IT (ST -IT 2n—-1+1 (2n-1-1 5
Buna gore toplam . +1|= . +1|=n"olur.
2 Am 2 2
Se¢im:
Neden:

(2n-1)-2n

Ispat 2B:1+2+3+.+2n2+2n-1= dir, o halde istenen toplam da:

w_2(1+2+...+ 2n2_2) =2n —n—(n-Yn=nolur.

Secim:.
Neden:
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Ispat 2C: S(N) =1+3+5+.+2n-1=n?, S(n+1)=1+3+5+.+2n-1+2n+l=n*+2n

+1, S(n) + 2n+1 = (n+1)?, yani ifade dogrudur.
Secim:.
Neden:
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n n n n n
I'spatZD:ZZk—lznz,ZZk—lenz,ZZk— 1=n?
k=1 k=1 k=1 1

k=1 k=

2

Z.M_nznZ_pn—n:n
2
Secim:
Neden:

Ispat 2E: 1+ 3 + 5 +
+2n-1+2n-3 + 2n-5+

2n + 2n+
Se¢im:
Neden:

...+2n-1=S
...+ 1 =8
+2n=2S n tane terim var: n.2n=2S, S= n2

2. Ifade

Ispat No

En cok agiklayici / ikna edici ispat(lar)

En az agiklayici / ikna edici ispat(lar)

Ifade 3: Herhangi 3 tane ardisik

sayi igerisinde her zaman tice boliinebilen bir sayi vardir.

Ispat 34: n+ n+1+ n+2 = 3n +3 = 3 (n+1). Toplamlar iice béliindiigiine gore aralarinda

mutlaka tige boliinebilen bir say1 olmali.

Se¢im:
Neden:

Ispat 3B: Ifade yanlistir. -1, 0,1 sayilarinin higbiri iige boliinmez.

Secim:
Neden:
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Ispat 3C: Ugiin katlar1 olan sayilar oncekine 3 eklenerek bulunur. Ardisik sayilari
yazdigimizda iige boliinenler arasinda iki say1 kalacagini goriirtiz. n n+l n+2 n+3 n+4
n+5 n+6. n+1 n+2 n+3 herhangi {i¢ say1.

Secim:

Neden:

Ispat 3D: x, x+1, x+2 ii¢ ardisik say1 olsun. x iice béliindiigiinde kalan 0, 1 veya 2 olur.
Kalan 0 ise x ii¢e boliiniir, 1 ise x + 2 {ice boliiniir, 2 ise x +1 {ice boliiniir.

Secim:

Neden:

3. Ifade Ispat No

En ¢ok aciklayici / ikna edici ispat(lar)

En az agiklayici / ikna edici ispat(lar)

Ifade 4. n kisinin katildig1 bir parti diisiinelim (n > 2). Bu partide ayn sayida

arkadas1 olan en az iki kisi bulunacagini ispatlayiniz.

Ispat 44: Mesela iki kisi diisiinelim ve birbirlerinden baska arkadaslar1 olmasin.
Tesadiifen yoldan gecerken partiyi gordiiklerini diisiinelim. Bu sekilde en az iki kisinin
birer arkadasi (birbirleri) yani ayni sayida arkadasi vardir.

Secim:

Neden:

Ispat 4B: n = 2 ise iki kisi ya birbirini taniyor ya da tanimiyor. Iki durumda da
arkadas sayilar1 esit. n = 3 ise ya kimse birbirini tanimiyordur, ya herkes birbirini
tantyordur, ya da birbirini tantyan iki kisi vardir. Her durumda arkadas sayis1 ayni olan en
az iki kisi var. Ifadenin n-1 kisi icin dogru oldugunu diisiinelim ve son bir kisi partiye
gelsin. Eger kimseyi tanimiyorsa hala dogru olacak ¢linkii birbirini tantyan en az iki kisi
var. Bu sekilde devam edebiliriz.

Secim:

Neden:
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Ispat 4C: Eger n>2 ve n bir ¢ift say1 ise ayn1 sayida arkadas1 olan iki kisi bulunabilir.
N =3 durumunda dogru olmaz.

Secim:

Neden:

Ispat 4D: Bir kisinin en azindan bir tane arkadas1 oldugunu diisiiniirsek ve kisileri 1,
2, 3, ...,n ile gosterirsek birinci kiginin 1, ikinci kisinin 2, ti¢lincii kiginin 3, ..., n-1. kisinin
n-1 arkadasi olabilir ama n. kisinin en fazla n-1 arkadasi olabilir (kendisini ¢ikartiriz).
Dolayisi ile n. kisinin arkadag sayisi diger n-1 kigiden birininkiyle ayni olmak zorundadir.

Secim:

Neden:

4. Ifade Ispat No

En c¢ok aciklayici / ikna edici ispat(lar)

En az agiklayici / ikna edici ispat(lar)
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APPENDIX B: RUBRICS

B.1. Rubric for PE

Tim maddeler i¢in, 6grencinin soruya yanit verdigi ama anlamli bir argiiman ortaya

koyamadig1 durumlar F harfi ile temsil edilmistir.

1. “Bir dogal sayimin karesi cift say ise kendisi de bir ¢ift sayidir” ifadesinin

dogrulugunu ispatlayiniz.
Ispat 14: n tek olsaydi karesi de tek olurdu. (Olmayana ergi/Proof by contrapositive)

Puan: 1
e Tek sayinin karesi ¢ift olamaz (agiklama yok)

e Eger x=T, mesela: 3, 3%=9 cift degil.

Puan: 2
e a’nin tek say1 oldugunu varsayalim. O zaman a’nin karesini alirsak a’ de tek sayidir.

Ciinki 1ki1 tek saymin ¢arpimi daima tek sayidir. (Tersten giderek.)

Puan: 3
e "P=2k ->n=2m n=2k+ 1, olsaydi n? = (2k +1)? = 4k? + 4k +1 olurdu (gift +
cift + tek = tek)

Ispat 1B: n ¢ift say1 ise karesi de ¢ifttir. (Bu dogru bir dnermedir fakat verilen énermenin

tersini ispatlar, ona denk degildir.)

Puan: 0
e Iki ¢ift saymnin garpimu ¢ift olacagindan karesi her zaman cifftir. Daha fazla islemle

aciklayamam.
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Eger karesi ¢ift olmayan bir ¢ift say1 bulursam ifadeyi ¢iiriitmiis olurum. Bdyle bir
deger de olmadigi i¢in bu ifade dogrudur.

e a’=4n?olsun. O zaman a = 2n’dir.

Puan: 1
e n=2kolsun. O zaman n® = 4k* ¢ift.
e n=2(k+1) olsun. ...n? = 2 (2k?*+4k+2) ¢ift. ifade dogrudur.

Ispat 1C: n’in tek say1 ve n? ‘nin cift say1 oldugunu varsayalim. Ama n tek ise karesi de
tektir, bu da varsayimimizla celisir. Demek ki bastaki varsayimimiz yanlis; n ¢ift olmali.

(Celiski metodu ile ispat/proof by contradiction)

Puan: 2
e a’ nin ¢ift say1 oldugunu kabul edelim ve a’nin tek say1 oldugu durumu inceleyelim.
atekise, a x a=T x T tek say1 olmas1 gerekirdi. Buldugumuz bu sonu¢ kabul

ettigimiz dogru ile celistigi icin a ¢ift say1 olmali.

Puan: 3

e Leta€ Nsuchthata®=0mod 2. Thena=0mod2ora=1mod2. Assume a =1
mod 2. Thena?=a.a= 1.1 =1 mod 2, which is a contradiction.

e Eger a bir dogal say1 ve a.a = 2.k (k dogal say1), yani a.a ¢ift ise, a = 2t, t dogal say1.
Ciinkii 2 asal say1 oldugundan, eger a’nin asal ¢arpanlara ayrilmis hali a = p1 pa...pn
icinpi#2,Vi=1,2, ..., nisea? = p;? p2...ps° icin hicbir p?#2 — a*# 2k. Bu bir
celiskidir— a = 2t.

IspatlD: n’ ‘yi ¢ift kabul edip n’nin ¢ift oldugunu gostermek. (Dogrudan ispat/ direct
proof).

Puan: 0
e n?=n-n=2k, n% k=2thatis n.nis a power of 2, so n is even.
o y2=n—x2=m.2n=@2m) ..y = 4m’, y = (2m)* /y= 2m = x (ifadenin dogru

oldugunu var sayarak baslamis).
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e C={2,4,6,8 .}n°=4isen=2, n>=16isen=4,n*=36isen=6...n> = 144
ise n =12,

e n%*=2xise n=+/2x .2X’in ¢ift olmasin saglayan her X degeri i¢in v 2x cifttir.

Puan: 1
e Bir saymin ¢ift olabilmesi i¢in n’in iginde 2 carpani olmali. Yani karenin g¢ift

olabilmesi i¢in n’de de iki ¢arpani olmali. Bu yiizden n mutlaka cifttir.

Puan: 2

e Dogal sayilarda ¢arpmanin sonucunun ¢ift olmasit i¢in ¢arpanlarin en az biri ¢ift
olmalidir. Bir sayinin karesinin ¢arpanlari o saymin kendisi ve ¢arpanlaridir. Dolayisi
ile say1 c¢ift olmaldir ki c¢arpanlart ¢ift olsun. (Karesini alirken ayni sayiyi
carptigimiza gore X cift ise X de ¢ift olur.)

2

e n bir dogal say1 olsun.n“ =n-n=2k . Burada k ¢ift say1 olmak zorunda ¢iinkii 2k tam

kare: k =2m, n®>=4m, \/n_2 =+/4m , n= 2\/E, dolayist ile n ¢ift olur.

Ispat 1E: n ya tek ta ya cifttir. n tek ise karesi tek, cift ise karesi ¢ift olur. Bu durumda

karesi ¢ift olan bir sayi ¢ift olmalidir. (Durum analizi/proof by case analysis)

Puan: 0

o x=2—x*=4(saglad), x=4 — x*= 16 (sagladi) , x = 6 — x* = 36 (saglad), x = 3
x* =9 (X)

e 12=1,22=4,3"=9, 5% =25 8 =64 Aksine bir 6rnek bulamadigimiza gore

dogrudur.

Puan: 1
e CxC=C:2x2=4,4x4=16;TxT=T3x3=9

Puan: 2
e Tek say1 X tek say1 = daima tek sayi, ¢ift say1 X ¢ift say1 = daima ¢ift say1. Tiim dogal

sayilar i¢in gegerlidir. Oyleyse iki ¢ift saymin carpimi da daima bir ¢ift say1 olur.
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Puan: 3
o n teksaytise: n =2k +1, n? = (2k +1)? = 4k? + 4k +1 tek say1 (cift+cift+tek)

N cift say1ise: n = 2k, n? = (2k)2 = 4k? + 4k cift say1 (cift+cift)

n’ ¢ift olduguna gére n de ¢ift olmak zorunda.
2a)1+3+5+ .. +2n-1= n esitligi, n >1 tamsayilari i¢in dogrudur.
Ispat 2a_A: Formiil kullanarak:

Puan: 1

Z. .S
e ST:son terim, IT: ilk terim, Am: artis miktari ise

+1 terim sayisi.
Am

+1=n?olur.

) ST+IT (ST—IT 2n-1+1 2n-1-1
Buna gore toplam . +1|= .

2 Am 2

Ispat 2a_B: Gauss’ metodunu kullanarak:

Puan: 2

e 1+ 2n-1, 3 +2n-3, ... bu ikililerin toplam1 2n dir. n terim var, o zaman bu ikililerin

sayist % dir. O halde toplam 2n g = n?dir.

Puan: 3
° 1+ 3+ 5+.+2n-1=S
+ 2n-1+2n-3+2n-5+...+1 =S

2n+2n+..+2n=2S nMNHMMHmnnzn:ZS,S:nZ



122

Ispat 2a_C: Tiimevarim ydntemi

Puan: 1

. 14+3+5+...42(n+1)-1 = (n+1)?

14345+, + 2n-1 = n?

2(n+1)-1= (n+1)?- n?

0=0 Sagladigindan dogrudur

Puan: 2
e S(N)=1+3+5+.+2n-1=n% S(+1)=1+3+5+.+2n-1+2n+1l=n’+2n+1
S(n) + 2n+1 = (n+1)?, yani ifade dogrudur.

Puan: 3

e Temeladm: n=1,1=1°, P(n) dogru olsun. P(n+1)” in dogru oldugunu gosterelim:
P(N)=1+3+5+.+2n-1=n°
P(n+1) =1+ 3 +5+...+ 2n-1 + 2n+1 = n® + 2n +1 = (n+1)* dogru.

Ispat 2a_D: 142+3+...4+n = n (n+1)/2 esitligini kullanarak

Puan: 2
n n n n n
. ZZk—lznz,ZZk—lenz,ZZk—21:n2
k=1 k=1 k=1 k=1 k=1
Z.W_nznZ_pn—n:nz

e 1 +3+5+.+2n-1=n? teyandan 2+4+6+..+2n=2(1+2+3 +..+n)

+1+1+ 1 +.+ 1 =n =n.(n+1) = n% +n

24446+ .+2n=n?+n

e 2-1+4-1+6-1+..+2n-1=2+4+6+..+2n-nl1=n(n+l)-n=n (n+1-1) = n?
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e 1+1+2+1+2+3+3+4+. ..42n-1=n% 2(1+2+...+n)=n’+1

Z-E;%;£2:n2+1,n2+1:n2+1
o 1+2+3+4+5+. . .+2n2+2n-1= (2n—21)-2n
1+3+5+.42n1= CNTD2N 5 gy 4 2N72
:Zﬁ—ﬂ—thglﬂznz

Ispat2a_E: Sayisal 6rnek vererek:

Puan: 0

e n=lisel=1%dogru.n=2ise | +3=4dogrun=5isel+3+5+7+9=25
dogru. O halde ifade dogrudur.

e 1+3+5+7+9+11=36=n;11=2n-1,n=6,n?=36

2.b) Herhangi 3 tane ardisik sayi igerisinde her zaman tice boliinebilen bir sayr vardir.

Ispat 2b_A: Dogrudan ispat

Puan: 2

e n n+l n+2. Uce boliinen sayilar her ii¢c sayida bir tekrar eder. Uc ardisik sayida
mutlaka tice bdliinen bir say1 olmalidir.

e Tiim tamsayilar iicerli gruplara ayirdigimiz zaman her grupta {igiin kat1 vardir ¢iinkii
tice boliinen her iki ardisik say1 arasinda iki say1 vardir. 3 4 5 6 gibi.

e Uciin katlar1 olan sayilar &ncekine ii¢ eklenerek bulunur. Ardisik sayilari
yazdigimizda tige boliinenler arasinda iki say1 kalacagini goriiriiz.

n n+l n+2 n+3 n+4 n+5 n+6; N+l n+2 n+3 herhangi ii¢ sayu.

Ispat2b B: a, a+1, a+2 ii¢ ardisik tam say1 olsun. a = 3k ise a iige boliiniir. a= 3k+1 ise
a+2 tige boliiniir. a=3k+2 ise at1 {ige boliiniir. Her durumda tige boliinen bir say1 vardir.

(Durum analizi)
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Puan: 2
e Dogrudur. Eger ilk dogal say1 bdliinmiiyorsa kendine 1 veya 2 eklediginde iigiin kati

olmak zorundadir ve boliintr.

Puan: 3
e X x+1 x+2 ii¢ ardisik say1 olsun. X lice boliindiiglinde kalan 0, 1 veya 2 olur. Kalan 0
ise X tie boliiniir, 1 ise X + 2 lige boliiniir, 2 ise X +1 ti¢e boliiniir.
e Uc durum var:
X =0 mod 3 ise ifade dogrudur,
X=1mod 3 ise X+ 2 =0, dogru.

X=2mod 3 ise x+1 =0, dogru. Her durumda ifade dogrudur.

Ispat 2b_C. Toplamin iige boliindiigiinii gostermek. (Onermenin dogru oldugunu

ispatlamaz.)
Puan: O
e n+n+l + n+2 = 3n +3 = 3 (n+1). Toplamlart tlice boliindiigiine gore aralarinda
mutlaka tlige boliinebilen bir say1 olmali.

Ispat 2b_D: Onermenin yanlis oldugunu gdstermek igin karsit 5rnek vermek.

Puan: 1

e ifade yanhstir. -1, 0,1 sayilarinmn higbiri iige boliinmez.
Ispat 2b_E: Sayisal &rnekle ispat.
Puan: O

e 0,1,21se0/3=0;1,2,31se3/3=1; 8,9, 101se 9/3 =3 dogru.

e a,a+l, a+2. a'yadeger versen bile kanitlanir :)
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Ispat 2b_G: Celiski yontemini kullanmak

Puan: 3
e Aksini varsayalim ve sayillarimiz x-1, X, X + 1 olsun. O zaman iki tanesi lice
boliinlince aymi kalan1 verecek ve farklar1 da iice bdoliinecek. Halbuki ikiser ikiser

farklar1 1 veya 2.

3. n kisinin katildig1 bir parti diistinelim (n > 2). Bu partide ayni sayida arkadast olan en

az iki kisi bulunacagini ispatlayniz.

Ispat 3_A: Giivercin yuvasi prensibini kullanmak

Puan: 2
¢ n kisiden herhangi biri en fazla n-1 kisi, en az 2 kisi tantyordur. Kisi sayis1 n, tanisma
kiimesi elemani n-3. Herkes farkli sayida olamaz Ciinkii n kisi olmasina ragmen n-3

tanigma sayisi var.

Puan: 3

e n kisiden herhangi birinin en fazla n -1 arkadasi olabilir. Simdi herkesin arkadas
sayisinin digerlerinden farkli oldugunu varsayalim.
1 .kisi 2.kisi ... n. kisi
1 arkadas 2 arkadas n arkadas
Herhangi birinin en fazla n -1 arkadasi olacagi igin varsayimimiz yanlistir. Boylece
ayni sayida arkadasi olan en az iki kisi bulunabilecegini giivercin yuvasi prensibi ile
ispatladik.

¢ Bir kisinin en azindan bir tane arkadasi oldugunu diisiintirsek ve kisileri 1, 2, 3, ...,n
ile gosterirsek birinci kisinin 1, ikinci kiginin 2, {i¢iincii kisinin 3, ..., n-1. kisinin n-1
arkadas1 olabilir ama n. kisinin en fazla n-1 arkadasi olabilir (kendisini ¢ikartiriz).
Dolayist ile n. kisinin arkadas sayisi diger n-1 kisiden birininkiyle ayni olmak

zorundadir.
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Ispat 3_B: Tiimevarim yontemi

Puan: 2

e n =2 ise iki kisi ya birbirini tan1yor ya da tanimryor. Iki durumda da arkadas sayilari
esit. N = 3 ise ya kimse birbirini tanimiyordur, ya herkes birbirini taniyordur, ya da
birbirini tantyan iki kisi vardir. Her durumda arkadag sayisi ayn1 olan en az iki kisi
var. Ifadenin n-1 kisi i¢in dogru oldugunu diisiinelim ve son bir kisi partiye gelsin.
Eger kimseyi tanimiyorsa hala dogru olacak ¢linkii birbirini tantyan en az iki kisi var.

Bu sekilde devam edebiliriz.

Ispat 3_C: Graf (¢izge) teorisi kullanarak (problemi bir graf ile temsil ederek):

Puan: 1
e Her noktayr farkli sayida baglantiyla rastgele bir noktaya gotiiren kapali bir ag

tasarlanamaz.

Ispat 3_D: Genelleme yapmadan kiigiik n’ler icin denemek.

Puan: O

e Mesela iki kisi diisiinelim ve birbirlerinden bagka arkadaslari olmasin. Tesadiifen
yoldan gegerken partiyi gordiiklerini diigiinelim. Bu sekilde en az iki kisinin birer
arkadasi (birbirleri) yani ayni sayida arkadasi vardir.

e Eger n>2 ve n bir ¢ift say1 ise ayni sayida arkadasi olan iki kisi bulunabilir. n = 3

durumunda dogru olmaz.

Puan: 1
e n =2 ise bu iki kisi birbirini taniyordur.
n =3 ise bunlardan biri parti sahibi digerleri ya sadece parti sahibini ya da birbirlerini

biliyorlardir...
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B.2. Rubric for PEE

Not: Yamitlarin yaminda parantez igindeki sayilar 6grenci numaralarini

gostermektedir.

Ifade 1. Bir dogal sayimn karesi ¢ift say ise kendisi de bir ¢ift sayidir.

ISPAT 1A: n tek say1 ise: n = 2k + 1, n? = (2k +1)2 =4k? +4k +1 tek say1
(¢ift + gift + tek)

n ¢ift sayiise: n = 2k, n? = (2k)2 = 4k? + 4k cift say1 (gifttcift)

n’ ¢ift olduguna gére n de ¢ift olmak zorunda.

Secim A (ifadenin baz1 durumlar i¢in dogru oldugunu gdsterir)
Nedenler:
Puan: 0

e Agiklama yok. (178)

e n=2k ¢ifti dogruladi. n=2k+2 i¢in de yapmaliydi. (156)

e Bize sorulan soruda n® ¢ift ise n’in ¢ift oldugudur. Ama ispatta n gift ise n® cifttir
ispatlanmis. (6)

Puan: 1

e Ispatin birinci kism1 dogru ¢iinkii p—q ile —q——p ayn1 seydir. Yani onu gostermek
yeterlidir (n tek ile baslayarak). Ama n’i ele alarak n?’ye ulasip test etmesi her zaman
dogruyu sdylemez. (12)

e Once n’i tek say1 olarak se¢cmis p—q olarak sorulani —q—~p olarak bulmus yani
dogru. n’i ¢ift olarak se¢mis dogru bir ispat se¢imi olmuyor, zaten ispatlamaya
calistig1 n’in ¢ift oldugu. (14)

e n tek say1 diye basladigr yer yeterlidir. n’i ¢ift say1r olarak kabul ederek ispata
baslayamayiz bu soru i¢in. (26)

Puan: 2
e Her iki durumda da dogrudur. Tek ve ¢ift kombinasyonunda basladig1 i¢in sonug

cifttir ama k’nin Z’den bir say1 oldugunu belirtmesi gerekir. (21)
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Secim B (ifadenin tiim durumlar i¢in dogru oldugunu gosterir)
Nedenler:
Puan: 1

e ifade bu soru i¢in dogru agiklanmus fakat yapilan ispat n tek ise n? tektir, n ¢ift ise n’
cifttir’in ispatidir. (13)

Puan: 2

e Ispatta hem olaymn kendisinin dogru oldugu, hem de tersinin dogru oldugu
gosterilmistir. (15)

Puan: 3

e Aciklama yok. (151, 174, 132, 182)

e ikna oldum. (143)

e Dogrulugunu direk gosteriyor. (22)

¢ nile saymin farkli degerler alabilecegi ve tiim durumlarda gecerli oldugu gosterilmis.
(154)

e lspat dogru ve genel terimlerle yapilmis. (163)

e ifadede genel terimler kullanildig: igin ve biitiin sayilari sagladigini kabul ettigi igin.
(170)

e Tim durumlari incelemis. n tek ise ¢eligski bulacagimizi da gostermis. (138)

e n tek ya da cift olabilir, iki durum da incelenmis. (149)

e Bir dogal say1 ya tek, ya ¢ift oldugundan, tek sayilarin karesinin tek, ¢ift sayilarin
karesinin ¢ift oldugunu gostermek soru i¢in yeterlidir. Sadece ciftin karesi ¢ift bir
sayidir. (186)

e Tiim durumlari incelemis. (181, 185)

e Durum analizi dogru yapilmis. (183)

e Her iki case’i de igermis, daha matematiksel. Digerleri zaten X cifttir diye basliyor.
(184)

e Tiim durumlar incelemis. (10)

e Tek saymin karesinin ¢ift olamayacagini géstermis. Biitiin sayilar ya tektir, ya cifttir.
Sanki her sayiya tek tek bakmig gibi. (7)

e Tiim durumlar itina ile incelemis (8)
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e Iki durum i¢in de incelemis. Sonucta n? ¢ift ise n hakkinda teklik/ciftlik belirtmesi
gerekiyordu. Bunu yapmis. Sadece tek oldugu durum bile yeterli. (p—q = —q—p)
(9)

e n sayisint her iki durum igin de incelemis. (11)

e Cok aciklayici tek tek neden boyle oldugu gdstermis. (1)

e Bir dogal say1 ya tektir ya cifttir. 3. Secenek yok fakat A—B ddemek B—A demek
degil her zaman fakat bu soruda B—A. (18)

e Bir say1 tek ya da ¢ift olabilir. Burada iki yolun sonuna gidip sonucu gdstermis. (19)

e (iinkii case analysis yapilmis ve olabilecek tiim durumlar denendiginde cevap
bulunmustur. (20)

e Her iki durum da degerlendirilmis. (23)

e n tek veya cift sayidir. Her iki durumu da ele almis. (24)

e n’i tek say1 sectigimizde n? sadece tek olabiliyor. n'i ¢ift say1 sectigimizde n? sadece
cift olabiliyor. Bu nedenle n ¢ift olmak zorunda. (25)

e p—q ifadeler (difrect proof) p’yi kabul edip q’nun dogrulugunu ispatlariz. Ya da
—q’yu assume edip —p’yi de gosterebiliriz. Bu iki durum gayet iyi yapilmis. (17)

o Cift say1 x ¢ift sayi/tek sayi=¢ift say1. (179)

e Yapilan ispatta bir hata yok. Sadece (2k)> =4k’ +4k da 4k fazla ama bu sonucu
degistirmiyor. n? ¢ift — n ¢ift oluyor. (173)

e Fakat (2k)? = 4k’ olacak, bir yanlis yapmus. (135)

¢ Kk’nin nasil bir say1 oldugu belirtilmemis k € ? gerisi dogru. (4)

Secim C (ispat yanlistir)
Nedenler:
Puan: O
o (2k)? =4k?* +4k yazilmis. (2k)* =4k? olmaliydi. (161,162,164,176)
e (2k)*= 4k? dir. Bu asamada hata yapilmistir. (2, 5, 16)
e ikinci kisimdaki 4k fazla. (167)
e (2k)? = 4k? olmali. +4k nerden geldi? (187)

e Aslinda tersten diislinse dogru olabilirmis ama islem hatas1 da var (2k)2 # 4K* + 4k

(3)
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e Ispatta eksiklik var. k tanimlanmamis. K tamsay1 ise dogru diyebiliriz. k=1/100 igin
cift tek denilemez. keZ demeliydi. (177)

e n cift ise N’in ¢ift oldugunu degil, n ¢ift ise n? nin ¢ift oldugunu gostermis. Her
zaman dogru olma mecburiyeti yok. Yanlis. (145)

e Ispatta n sayisin1 tek ve ¢ift olarak ayirmamali, ispata “n? ¢ift ise” diye baslamali.

(180)

ISPAT 1B: n tek say1 olsun. (2K +1)2: 2m , 4k? +4k +1 = 2m. Sol taraf tek sayl, sag
taraf ¢ift. Celiski elde ettik. Demek ki n ¢ift olmali.

Secim A (ifadenin baz1 durumlar i¢in dogru oldugunu gosterir)
Nedenler:
Puan O:
e lspat eksiktir, n ¢ift secilerek dogrulugu gosterilmelidir. (15)
Puan 1:
e Bu soru ¢eliski yontemi ile yapilmaz. (184)
Puan 2:
e Proof by contradiction’dan ispatlamis tersinin dogru olabilecegini sdyleyip ¢eligki
elde etmis. Dogrudur ama m ve k’nin tamsay1 oldugunu belirtmesi gerekir. (21)
e Ispatta eksiklik var. k, m tanimlanmamus. k, m € Z gibi bir tanimlama olmaliydi. Bu
ispat celiski elde edilerek yapiliyor. Ama celiski elde ettik, demek ki n tek say1
olamaz kismi dogru. (177)

e Her durum i¢in dogrudur. (156)

Secim B (ifadenin tim durumlar i¢in dogru oldugunu gosterir)
Nedenler:
Puan: 2
e Yapilan ispatta yanlighk yok. “Counter example” vererek kanitlamaya caligmis.

(173)
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Puan: 3

Aciklama yok. (174, 178, 179, 132, 135, 182)

Ifadede genel terimler kullanmldig1 i¢in ve biitiin sayilar1 sagladigini kabul ettigi igin.
(170)

Ikna oldum. (143)

Dogru gibi geliyor. (16)

Dogru (esasen k, m’nin dogal say1 oldugu belirtilmeli). (187)

Kullanilan yol ve yapilan islem dogru ama k hala eksik. (4)

n i¢in iki durum s6z konusu; ya tek ya ¢ift. Tek sayiy1 saglamadigina gore (islemde),
n gifttir. (5)

Ispat teknigi uygulamus. (11)

Bir c¢eligki bulunarak ilk durumun yanlis oldugu gosteriliyor. Boylelikle diger
durumun dogrulugu ortaya ¢ikiyor. (163)

Tersi kabul edilip ¢eliski elde edilmis. Ispat dogrudur. (164)

Celiski dogru bulunmus. (176)

Celiski yolu ile ispat yapilmis, gerci baslangici daha diizglin yazilabilirdi. Ayrica
eger n ¢ift olsaydr durumun dogru olacagi da belirtilmeliydi. (138)

Celiski yoluyla dogru ispat yapilmis. (145)

Celiski elde etmek, matematiksel ispatlarda sik¢a kullanilan dogru ve pratik bir
yontemdir. (149)

Proof by contradiction (186, 180)

Contraposition yapmak istemis, ama contradictionla bitirmis. Metodlar1 karigtirmis.
(185)

Celiski ile ispatlamis 1A ile benzerlik gosteriyor. (10)

Tersini kabul ettigimizde sonug yanlis ¢ikarsa asil ifademiz dogru olur. (2)

Bu ispatta tek saymin karesinin ¢ift olamayacagi ispatlanmis. Yani bir sayinin karesi
ciftse kendisi de ¢ift olmak zorundadir. (6)

Bu bir prof yontemi (contradiction). (8)

Celiski yolu ile ispatlamis ama biraz agiklamasi eksik (basta ve sonda). (9)

Burada aslinda ¢eliski elde etmis. Yani basta assume etmesi gerekirdi (n tek ve onun
karesi ¢ift diye). (12)
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n ya tektir ya cifttir. Tek olamayacagina gore cifttir seklinde agiklamis. Dogrudan

(13)

e p—q sorulurken —q (assume etti) kabul etti ¢eliski buldu. Assume edilen sey yanlistir
dedi ispat dogru. (14)

e Ciinkii zittinin dogru oldugunu varsaydik fakat sonug yanlis ¢ikt1 onun igin —(—A)=A
degilinin degili yani kendi (bastaki) 6nerme dogru. (18)

e (eliski yontemi de uygun. (22)

e (eliski yontemi ile ispatlanmis. (23)

Secim C (ispat yanligtir)
Nedenler:
Puan: O
e Aciklama yok. (7, 17, 20, 25)
e Tek saymin karesinin ¢ift oldugu kabul edilmis. Bu yanlis. (161)
e Tek saymin karesinin tek say1 oldugunu ispat ediyor ama karesi ¢ift say1 olan saymin
cift say1 oldugunu ispat etmiyor. (3)
e Bir Onceki ispattan yararlanirsak ispatin veya temel iddianin yanlis oldugunu bilir.
(19)
e n’nin tek oldugu durumu almis. Buradan ¢ifte gecemeyiz. (24)
Puan: 1
e (eliski yontemi ile ispat tam olarak bu degildir. (26)
e ifadeler tam olarak iyi tanimlanmamus. (183)
e Tek sayi1 olarak secilen n hi¢ kullanilmamus. (151)
e Kabul ettigimiz ‘n tek say1 olsun ifadesi ispatin hi¢bir yerinde kullanilmamais. (162)
e n’den bahsediyorsunuz, m’e gegiyorsunuz. Anlamadim. (167)

e Yazimda hata var. n’in ne oldugunu anlamak ¢ok giic. (181)

Secim D (bir fikrim yok)
Nedenler:
Puan: 0

e n’inerede kullandigini anlamadim. (1)
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ISPAT 1C: n? =n-n=2k . Burada k cift say1 olmak zorunda ¢ilinkii 2k tam kare:
k=2m, n2 =4m, \/n_2:\/4m , N= 2\/5, dolayist ile n ¢ift olur.

Secim A (ifadenin baz1 durumlar i¢in dogru oldugunu gosterir)
Nedenler:

Puan: 0

e Olabilir, neden olmasin? (4)

e k=2m i¢in dogru. k=2m+2 igin de denemeliydi. (156)

e (Ciinkii 2k’nin tam kare olmasina gerek yok. (17)

e n’in tek oldugu durum gosterilmemis. (23)
Puan: 1

e Aciklama yok. (154)

e kbazi durumlarda tek say1 da olabilir. Ciinkii ¢ift X tek ¢ifttir. (163)

e mM’in tamsay1 oldugunu sdylemesi gerekirdi. (13)

e n=07(182)
Puan: 3

e m=1/81 i¢in dogru degil. Ayrica m pozitif sekilde tanimlanmamis ve kareden
¢ikabilmesi i¢in tam kare olmasi1 gerekiyor. m tam kare ve pozitif ise dogru. (177)

e 4|n*- 2|ndese daha iyi olur. (132)

e Kift say1 olmak zorunda kismu yeterince agik degil, o zaman neden v'm ? (149)

e Eksik. “Burada k ¢ift say1 olmak zorunda ¢iinkii 2k tam kare” ciimlesi bir kanita
dayandirilmamis. (181)

e n=2Jm dem tam kare olmayabilir, dolayist ile n irrasyonel olabilir. (5)

e Ciinkii N nin gift olmadigy, tek oldgu durumlarda n’ = 2k’ya esit olmaz n’ cift oldugu
zaman bu ispat dogru fakat birseyler eksik. (18)

e +/m sayis1 tam olmayabilir, o zaman n dogal say1 olmaz. (25)
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Secim B (ifadenin tiim durumlar i¢in dogru oldugunu gosterir)
Nedenler:

Puan: 0

e Negatif sonug ¢ikabilir. (22)
Puan: 1

e OK.n =0 durumu ayr diisiiniilmeli sanki. (187)

e n, m, k sifir olabilir. Sifir ¢ift kabul edilirse dogrudur. (184)

e Zor yolu tercih etmis. (185)

e Kk bir ¢ift say1 olmak zorunda ifadesi dogru degil, ama bunun disinda ispat dogru. (3)

e Benim diger kagitta anlattigim ispat. (21)
Puan: 2

o Aciklama yok. (12, 16, 145, 161, 164)

e Dogrudan ispatlamis. (24)

¢ Direct proof. (186)

e Mantikli bir agiklama. p’yi kabul ediyor q’ya ulasiyor. (14)

e Teori dogru ama yontem yanlis bence. Cilinkii m=3 olursa is sakata gelir. (19)

e Yapilan ispatta bir sorun yok. 2k tam kare olabilmesi i¢in k’nin ¢ift olmas1 gerekiyor.
(173)

e 2 ile carpilmasi gerektigi sonucun ¢ift oldugunu gosteriyor. (176)

e n tek ise # 2K ¢ift say1 dolayisiyla n ¢ift olmak zorunda n ¢ift ise ¢ift X ¢ift = 2 x ¢ift
olur. (179)
Puan: 3

e m'in tam kare olmasi agikca ifade edilmemis. (135)

o Fakat mile ilgili bir sey soylenmemis. (138)

e Giizel, belki 2 v/m > in tamsay1 olacag belirtilse daha giizel olurdu. (143)

Secim C (ispat yanlistir)
Nedenler:
e Aciklama yok. (20, 178)
e Kabulleri yanlig almis. (183)
e 3%=3.3=9, 9=2k, k=9/2 ¢ift say1 degil. (167)
e k¢ift olmak zorunda degil. (174)
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e Tam olarak yapmak istedigini anlamadim ama 2k’nin tam kare olmasi k’nin ¢ift
olmasini gerektirmez. (9)

e Kk’nin ¢ift olusu m’in ¢ift olusuna bagl ki boyle bir bilgimiz yok. (15)

e  “m” ne oldugunu belirtmemis. (151)

e Kk gift say1 olmak zorunda degildir, Ciinkii 2K ¢ift ise k tek olabilir. (162)

e 2+/m gibi bir ifade her zaman ¢ift olmaz. (6)

e Kk ¢ift olmak zorunda mi? Zaten soru o degil mi bir yerde? (7)

e Burada m’nin tam kare olup olmadig1 hakkinda fikrimiz yok. m eger tam kare degilse
n dogal say1 olmaz. (26)

e n? = 2k cift ise K ¢ift olmak zorunda degildir. Ciinkii k tek ise de n? ¢ifttir. (180)

Secim D (bir fikrim yok)
Nedenler:
Puan: 0
e Aciklama yok. (8, 11, 170)
e Ne yapmaya ¢alistigin1 anlamadim. (10)
Puan: 1

e k’nin neden ¢ift olmak zorunda oldugunu anlamadim. (1)

ISPAT 1D: n = 2k olsun. O zaman n” = 4k* ¢ift.

Secim A (ifadenin bazi durumlar i¢in dogru oldugunu gosterir)
Nedenler:
Puan: O

e N € Z olmak zorunda diye bir sey dememis. (156)

Puan: 1
e ikna edici degil. (22)

Puan: 2
e Cift sayilarin karesinin de ¢ift oldugunu gostermis, bu dogru degildir. (7)

Puan: 3
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e N sayisinin tek olmasi durumu ihmal edilmistir. (11)

e Ispat eksik, n® nin ¢ift oldugu ama n’in tek oldugu durumlarin olmadig: ispatlanmali.
(15)

e n=2k+1 durumu da incelenmelidir. (5)

¢ Bizim istedigimiz tam tersini bulmak. Yani n ciftse n gifttir. (6)

e n’in tek oldugu durumlar incelenmemis. (149)

o 2k de gift say1 olacaktir ve bir tek saymn karesi olabilir. Bu durum incelenmenmis.
(164)

e Sadece ¢iftse dogru oldugunu gosterir. (183)

e n tek say1 olabilir. (185)

Secim B (ifadenin tiim durumlar i¢in dogru oldugunu gosterir)
Nedenler:
Puan: 0
e Aciklama yok. (2, 151, 161, 167, 179)
e Her zaman dogru. (154)
e Kabul edilen ile sonug tutarli. (162)
o Cift x Cift = Cift oldugu icin dogru. (163)
e 4k? ifadesi, k ¢ift ya da tek olsun her zaman cifttir. (173)
e 4 ile carpildig ¢ikmis. (176)
e Kk degerleri igin dogrudur. (1)
e Dogrudan ispat k €? Gerisi idare eder. (4)
e Dogru gibi geliyor. (16)
e Tabii ilk ispattan yararlanarak var olan iki yoldan gidersek dogru olur her zaman.
(19)
Puan: 1

e Ispati sonlandiramamis ama yol dogru bence. (3)
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Secim C (ispat yanlistir)
Nedenler:

Puan: 1

e Agciklama yok. (20)

e Boyle bir ispat yolu yok. (8)

e Tam olarak bir ispat olmadigini diistiniiyorum. (170)

e Yine k tanimlanmamis. spat degil gosterim yapilmus. (177)

¢ Genellemesi miimkiin degil. (178)
Puan: 2

e Ispat eksik. (23)
Puan: 3

o Karesi ¢ift say1 ise kendisinin de ¢ift oldugunu gosterecegiz. Bu ispat ¢ift saymnin
karesi ¢ifttir sonucunu gosterir. (174)

e Ispat yapmay bilmiyor. (132)

e ifadenin kendisini degil, mantiksal olarak tersini gdstermis. (135)

e Bu bir ispat olmamis. Sandigimiz durumun gosterilmesi gereken kismini kabulle
baslamis. Fakat herhangi bir aciklayici bir ifade yok. (138)

¢ Yani aslinda C segenegi uygun degildi, ama en yakini oydu. Bu ispat degil. (143)

e 1A’daki gibi hata. (145)

o ~p —= ~q # p — q (denk degildir). (186)

e Onermenin tersini ispatladi. ¢ = p nin dogru olusu p — g yu gerektirmez ki! (187)

e n sayisini ¢ift kabul etmis, halbuki bunu bulmak istiyoruz. (180)

e Bu ifade cift saymnin karesinin ¢ift oldugunu gosteriyor. Karesi ¢ift olan sayi ¢ifttir
ifadesini degil. (181)

e ifade tersten zorlaniyor. (182)

e Itis nota proof. (184)

e n ciftse n? ifttir diyemesin. n ¢ift degilse n? de cift degildir diye ispatlarsan olur. (9)

e Bu ispat ‘n ¢ift oldugunda n? de cifttir’ in ispatidir. (13)

e Zaten n’in 2k oldugunu ispat etmeye calisiyoruz. Onu 2K olsun diye varsayamayiz.
(10)

e Bu onun ispat1 degildir. Contrapositive kullanilmadi yanlis oldu. (12)
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e Soruda sorulan zaten n’in ¢ift oldugunu ispatlamak. p—q soruluyor bunu q—p diye
ceviremeyiz. Boyle yapabilseydi soru soyle olurdu: p<>q (14)

e (Cilinkii p—q ifadesi ispatlanirken sadece p’yi assume edip q’yu gosterebiliriz. Tersini
gostermek i¢in —q’yu assume edip —p’yi gosteririz. (17)

e Cilinkii n=2k+1 oldugu zamanda n? ¢ift midir degil midir sorgulamiyor ¢iinkii karesi
cift olan say1 tek de olabilir sorgulamak lazim. (18)

e Ispatta assume edecegimiz kisim karesinin ¢ift olduguyla baslamamiz gerekiyor. (21)

e p—q Onermesi q—p diye ispatlanamaz. (24)

¢ n sayisinin neden tek olamayacagini gostermesi gerekir. (25)

e N’nin ¢ift oldugunu kabul ederek ispat yapamayiz. n® in ¢ift oldugunu kabul
edebiliriz. (26)

ISPAT1E:C={2,4,6,8, ..}
n=4isen=2, n>=16isen=4,n’=36isen=6... n> =114 ise n =12.

Secim A (ifadenin bazi durumlar i¢in dogru oldugunu gosterir)
Nedenler:
Puan: 0
e n? =144 yerine n’ = 114 yazilnus. n # 12. (154)

e Tek sayilarda da incelenmelidir. (5)

Puan: 1

e n’ =114 ise n = 12 yazilmus. n* = 144 olmahyd1. Ancak diger drnekler icin dogru.
(161)

e (C kiimesi i¢in dogru ama negatif tam sayilar kiimesini icermiyor. (163)

¢ n negatif de olabilir. (179)

e Gostermis. (143)

e Dogru ancak tam degil. (145)
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Puan: 3

e Zaten bir ispat degil. Baz1 sayilar i¢in dogru oldugunu gosterir. (151)

¢ Bu sayi i¢in saglanmis ama her durum i¢in dogruluguna bakmak gerekir. Genelleme
yapilmamis. (170)

e Her durum i¢in dogru olabilmesi i¢in biitiin sayilarin denenmesi lazim. Bu da
imkansiz gibi duruyor. (173)

e Dogru oldugu bir durum gosterilmis. (178)

e Tim cift sayilar i¢in gostererek genelleme yapmasi gerekirdi. Ona da bu sekilde
deneyerek ulasamaz. (2)

¢ Biitiin kiime i¢in ispat yapilmamis. (3)

e Tiim n’ler i¢in gostermek gerekir. (4)

e Bazi kare sayilar1 karekoklerinin de ¢ift olabilecegini goriiyoruz. (7)

e Tiim sayilar incelenmemis. (8)

e ispat degil bu, genelleme yapamaz. (12)

e Bu da sadece verilen ifadeyi algilamaya yarayan gézlemlerdir. (17)

¢ Yine burada tiim dogal sayilar hakkinda bir fikir elde edemeyiz. (26)

e Sadece li¢ tam say1 i¢in sonucu kontrol etmis. (135)

e Tiimevarim yapmaya ¢aligsmis ancak yontemi bilmediginden sanirim olmamuis. (138)

e Her cift say1 i¢cin dogrulugundan emin olmaliy1z. (186)

e Sadece dort say1 i¢in denemis. Genellendiremez. Tiimevarim da yapmamis. (187)

e Soylenen durumlar i¢in dogru oldugunu gosterir. Ama 1468.... Gibi bir say1 i¢in

hicbir sey soylemez. (181)

Secim B (ifadenin tiim durumlar i¢in dogru oldugunu gosterir)
Nedenler:
Puan: 0
e Tiimevarim kullanilmais. (1)
¢ Bir ¢ift saymin karesi ¢ifttir. (16)

e Eveet. Clinkii ¢6ziim kiimesi dogal sayilari igeriyor. (19)
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Secim C (ispat yanlistir)
Nedenler:
Puan: 0
o n’=114ise n=/114 #12. 12°= 144. (156)
e ispatta hem n?=2 ifadesi yer almiyor hem de n°=114 ise n=12 olmaz, n’=144 ise
n=12 olur. (162)

Puan: 1
e n?=27(182)

Puan: 2
e Aciklama yok. (20, 22, 23)
e Bu ispatta da n ¢ift ise n? ¢ifttir ispat: yapilmis. (13)

Puan: 3

e Bu bir ispat degildir. Farkli durumlar incelenmis ancak tiim durumlar incelenmemis.
(164)

e Ispat boyle olmaz ki. (167)

e Her say1 i¢in dogru mu? Anlayamayiz. (174)

e Genel bir ispat degil. Ornek iistiinde durulmus. (176)

e ispata bu sekilde devam edip genelleme yapilmaliydi. n=15 igin nedir? Ayrica n’=4
ise n=+2 olur. (177)

¢ Yalnizca birkag¢ durum. (9)

e Yine sadece birka¢ durum degerlendirilmis. Tiim sayilar1 tek tek incelemeli, ki
imkansiz. O ylizden ispat dogru degil. (10)

e Deger vererek ispatlanamaz. Tiim dogal sayilar goz oniine alinmali. (11)

e Sonsuz sayida cift say1 var, genelleme yapmamus. (14)

e Tiim sayilar i¢in dogrulugu ispatlanmadik¢a ki n—oo oldugundan yapilamaz, dogru
degil. (15)

e n’=114"den sonraki kareli ifadelerin karekokiiniin tek oldugunu géstermiyor, bu tarz
bir ispatin olmasi i¢in kiimedeki biitiin elemanlar i¢in géstermemiz lazim. (18)

e Ispatta 6rnege yer yok. (21)
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e 1D ile ayni. (24)

e Ornek vererek ispat yapilmaz. (25)

e Boyle ispat olmaz. (132)

e Orneklerden genelleme yapilmaz. (149)
e Bir sonuca ulasilmamistir. (180)

e Ispat degil bu. (183)

e Itisnota proof. (184)

e Ornek verilerek ispat olmaz. (185)

Ifade2: 1+3+5+... +2n-1= n esitligi, n >1 tamsayilari i¢in dogrudur.

ISPAT 2A: ST: son terim, T ilk terim, Am: artis miktar1 ise 5

+1 terim sayist.
Am

+1=n?olur.

) ST+IT (ST-IT 2n—-1+1 2n-1-1
Buna gore toplam . +1]|= .

2 Am 2

Secim A (ifadenin baz1 durumlar i¢in dogru oldugunu gdsterir)
Nedenler:
Puan: 0
e Agciklama yok. (174)
e Genellenebilir. (178)

Puan: 1
e Daha matematiksel digerlerine gore. Boyle yapmaya c¢alisirdim. Lisede de bdyle

ogrenmistim. (184)

Puan: 2

e Eger 6grenci liniversite dgrencisi olsaydi ispat yanlis derdim. Ama lise 0grencisi
tiimevarim metodunu bilmiyorsa bu tiir bir yol izlemesi dogaldir. (20)

e Formiille ispat ¢oziilmez. Formiil (zaten?) ispatin sonucundan ¢ikan bir sonugtur.
(21)

e Formiille ispat olmaz. (22)

e Formiil kullanilmamaliyds, aciklayict degil. (25)
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Secim B (ifadenin tiim durumlar i¢in dogru oldugunu gosterir)
Nedenler:
Puan: 1

e Aciklama yok. (26, 154, 162, 164, 170, 179, 187, 180, 185)

e Ispat genel kavramlar kullanilarak dogru olarak yapilmus. (163)

e Metot kullanmis yapmus. (138)

e Olmus. (143)

o Sikca kullanilan bir toplam formiilii kullanilmis. (149)

e Olabilir, neden olmasin? (4)

¢ Biitilin kosullarda sagladigi i¢in dogrudur. (5)

e Formiille ¢6ziim, dogru. (10)

e Sorunun sordugu sey ispatlanmistir. (11)

e Ortalama . terim sayisi1 olarak ifade etmis, dogrudur. (13)

e (Cocuk ona 6gretilen en genel yoldan gitmeye ¢alismis. (14)

ST+IT

e (linkii ortalama bir terim demektir. +1 kag terimin oldugunu

gosterir. ST ;IT -(STA;nIT +1j de genel toplamu verir. (17)

e (Ciinki kullanilan formiil dogrulugu ispatlanmis bir teorem. Teorem kullanarak ispat
yapilabilir. Uygulandiginda dogru oldugu ortaya ¢ikiyor. (18)

¢ Genel bir formiilii kabulle yapmis ama olsun. (19)

e Formiil kullanarak ispat tam sonucu vermis. (23)

Puan: 2

e B verdim ama ispattan ziyade formiil uygulamasi yapmis. (132)

e Toplamin neden

ST+IT -(ST -7 +1j ifadesiyle verildigi belirtilmese de dogru bir
2 Am
kanit. (135)

ST —1IT
Am

e Ama

+1 in ispat1 verilmis ise dogru. (181)

e Formiiller {izerine kurulu ispat agiklayici olmayabilir. (2)

e Lisede 6grendigi formiilii uygulamis. (8)
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Puan: 3

e Formiil bilgisini kabul edersek islem dogru ama islem yapabilme yetenegi dl¢iilmiis
oluyor, ispat yapabilme degil. (7)

e Yaptigr sey formiil ¢ikarmak aslinda ispat degil. (24)

Secim C (ispat yanlistir)
Nedenler:
Puan: O
e Dogru degil. (145)
e n(n-1) #n% Different and wrong. (16)

Puan: 2
e Kabul ettigi seyin nerden geldigini sdylememis. (151)
T-IT

e Ispat gerektiren paketler kullanmus. (S +1j ? (186)

e Ispat yok bildiklerini kabul etmis, genel formiil yazmis. (183)

e Sonug olarak varilan say1 n (n+1) # n’. Ayrica formiiliin ispati yok. (3)

Secim D (bir fikrim yok)
Nedenler:
Puan: O
e Agiklama yok. (15, 156, 161, 176, 182)
e Formiiliin toplam degeri verip vermedigini ¢ikartamadim. (173)

ST +IT

neyi ifade ediyor anlayamadim. (1)

e (Cok karmagik geldi bu sekilde ispatlamak. (11)

Puan: 1
e Sadece yapmis ama niye yapmis hi¢ aciklama yok. (6)
e Formiiliinii anlamadim. Zaten bu yolla ispat yapmak dogru degil. (9)
e Formiil kullanilarak yapilmis. Yalniz bu formiil kuraldan 6nce mi sonra mi1 emin

degilim. Kontrol etmem lazim. Temel ispat ilkelerine gore degil. (177)
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(2n-1)-2n

ISPAT2B:1+2+3+..+2n-2+2n-1= dir, o halde istenen toplam da:

(2n-1)-2n —2A+2+...+ 2n-2

)=2n* —n—(n-1)n=n’olur.

Secim A (ifadenin bazi durumlar i¢in dogru oldugunu gosterir)
Nedenler:
Puan: O
e Aciklama yok. (170,178)

Puan: 2
e Formiiliin nereden ¢iktigin1 da bilmek gerekir. (22)

e Formiil kullanilmis, aciklayici degil. (25)

Secim B (ifadenin tiim durumlar i¢in dogru oldugunu gosterir)
Nedenler:
Puan: 3
e Aciklama yok. (161, 164, 174, 187, 180, 182)
¢ Yalniz yine n€ Z denilmemis. Ama artis miktarindan anlagilabiliyor. Diger kisimlar
dogru bir ispat. (177)
e Siiper ispat. (132)
e Kanit dogru fakat daha acik ifade edilebilir. (135)
e Dogru tiim toplamdan ciftlerin toplamini ¢ikarmis. (138)
e Ayni ispatin [2A] daha basit ifade edilisli gibi zaten. (143)
e Sikca kullanilan toplam formiillerinin varyasyonlari kullanilmis. (149)
e Aciklama yok. (2, 11, 26)
e Dogrulugu gosteriyor ama ilk basta esitlige nereden ulasildigi yok. (3)
e Sade matematik islemlerle dogru sonug elde edilmis. (5)
e Genel toplamdan ¢ift sayilarin toplamimi ¢ikararak tek sayilarin toplamini bulmus.
Ama yine de ¢ift sayilarin toplamini yazarken islemlerini biraz daha agiklamali. (6)

e 2A yine: islem yapabilme! (7)
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e Bildigi bir formiilii kullanarak yapmis ama iyi bir yontem degil. (9)

e Tiim durumlardan giftleri ¢ikarmis, dogru. (10)

e 2n-1’c kadar olan sayilardan ¢iftleri ¢ikarmis. (13)

e Tiim sayilarin toplamindan ¢ift sayilart ¢ikarmis. Bildigi yontemi kullanmais. (14)

e Tiim sayilar i¢in dogrudur. (15)

e Ciinkii tiim sayilardan cift sayilarin toplamini ¢ikariyor. Bu da bize tek sayilarin
toplamini verir. (18)

e Formiil kullanilarak tam sonug elde edilmis. (23)

¢ Yine formil ¢ikartmislar. (24)

Secim C (ispat yanligtir)
Nedenler:
Puan: O
e Aciklama yok. (20, 154, 185)
e Aciklama yok. (154)
e Terimler toplam1 yanlis uygulanmais. (156)
2n-2

o (1+2+..+ ) Yani bu ifade son terimden 6nceki sayilarin toplamini ¢ikarmak

icin kullanilir. Sonug negatif bir say1 ¢ikar bu durumda. (162)
e Artis miktar1 1 oldugu igin. (163)
e Bu proof bile degil. (184)

Puan: 1

¢ Yine formiil kullanilarak yapilmis. (21)

.m?n=1+2+m+nd®@mmmmmmuxw®

¢ Bagska bir kabullenmeden faydalanmis. (183)

Secim D (bir fikrim yok)
Nedenler:
Puan: 0
e Aciklama yok. (145, 181, 151, 176, 179)
e Nasil yapildigini anlamadim. (173)
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Ben bile anlamadim. (4)

Fikrim yok. (8)

Ispat1 anlamadim. (19)

Puan: 1
2n-2

2(1+2+...+ ) olan bolimii neden yaptigini anlatmiyor. (1)

[SPAT2C: S(n)=1+3+5+.+2n-1=n? S(h+1)=1+3+5+.+2n-1+2n+1=n°+2n
+1 S(n) + 2n+1 = (n+1)?, yani ifade dogrudur.

Secim A (ifadenin baz1 durumlar i¢in dogru oldugunu gosterir)
Nedenler:
Puan: 0
e S(n+1)i¢in de demeli. (156)

Puan: 1
e Aciklama yok. (170,174)
o Aciklama yetersiz. (22)
e Belli sayilar i¢in dogrulugunu gostermis. (151)
e Temel basamag1 yapmasi gerekirdi. (185)

Puan: 2

e n=1 (induction basis) kontrol edilmemis. (149)

¢ Induction yapmaya ¢alismis. Olabilir. (184)

e Sadece (n+1) i¢in de dogrulugunu gosteriyor. (1)

e Eksik ifadeler var, biitiin kosullar degerlendirilmemis. (5)

e Eksiktir, n=1 i¢in dogru oldugunu da gostermeli. (15)

e {lk basta 1 icin 2 i¢in de saglayip saglamadigina baktiktan sonra S(n)’e baksayd: tam
dogru olacakti. (20)

e Ispatin biraz daha genis olmasi gerekmekte. Ornegin dnce 1 icin dogru mu degil mi

ona bakmamiz gerekmektedir. (26)
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Secim B (ifadenin tiim durumlar i¢in dogru oldugunu gosterir)
Nedenler:
Puan: 0
e Aciklama yok. (2, 161, 162, 164)
e ifadenin dogrulugunu kanitlamak icin ifadeyi kullanmis. (3)
e OK. (145)
e Detayli bir sekilde durumlar 6zetlenmis. (176)

Puan: 1
e Ik durumu koruyup ikinci durumda da dogrulugu kanitlanmus. (163)
¢ Bir ifade dogruysa dizideki baska bir terim i¢in de dogru olmali. (177)
¢ Induction- timevarim. (179)
e T.V.[Tiimevarim ] (132)
e Matematiksel bir yolla agiklamis. (24)
e nigin dogrulugunu kabul ederek n+1 i¢in dogrulugunu gostermis. (6)
¢ Ben de boyle yapmistim (induction method). (8)
e Tiimeverim kullanilmistir. (11)
¢ Burada induction yapilmis ve dogrudur. (12)
e Tiimevarim ile yapmaya caligsmis, Hos, giizel. (19)
e Tiimevarim yontemi ile ispat yapilmistir. (23)

e Timevarim’1 kullanmis, dogru. (25)

Puan: 2

e Tiimevarim bana sorunlu geliyor. Her ne kadar bu sekilde ispat gosteriliyorsa da!
Kismen dogrulugunu gosterir bence, daha gok. (B- -A) (7)

e Ama agiklamasi biraz eksik, ben de kagidimda bu yolla ispatlamaya c¢aligmistim. (9)

e Tiimevarimla ispatlamig ama basinda 1 i¢in de dogru oldugunu ispatlamaliydi. (13)

e Ispat dogru ama P(1) igin de ispatin dogru oldugunu gdstermeli. (14)

e Tiimevarim yontemiyle ispatlanmis (temel adim eksik). (17)

e Timevarim kullanmis. Tek eksiklik hipotezin dogrulugunu kabul ettigini sOylemesi
ve n=1 i¢in dogrulugunu gostermemis olmasi. (138)

e Induction kullanmis. Ama 1 i¢in de gostermeliydi. Yazim eksik. (181)
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e Tiimevarim, ilk step eksik. (182)

Secim C (ispat yanlistir)
Nedenler:

Puan: 2

e Aciklama yok. (154,178, 187, 180)

Puan: 3

e Induction’a benziyor ama eksiklik var. Daha iyi ifade edilmeli. Basic step’i yok.
(10)

e B eksik ispat. Onun i¢in se¢im C. n i¢in dogru oldugunu kabul eder, n+1 icin de
dogru oldugunu gosterir isek ispat olur. Fakat en kiiclik eleman olan 1 i¢in dogru
oldugunu gostermek gerekiyor (basis step). n—n+1 gosterdigimiz i¢in 1’in dogru
olmasi 2 i¢in dogru, 2—3, 3— sonsuza kadar gider. (18)

e induction’a benziyor ama ilk ana stepi yapilmamus. 1 icin dogru oldugunu
gostermemis. (21)

e Aslinda kanit yanhs degil eksiktir. Tiimevarim adimi kapali bir sekilde ispatlanmis
fakat ‘induction basis’ e deginilmemis. (135)

¢ 1 i¢in dogru oldugunu goéstermeliymis. Burada n i¢in dogru ise n+1 i¢in de dogrudur
diyoruz. (143)

e Induction basis gosterilmemis. (186)

e Timevarim hatasi. Baz adim agiklanmamus. (183)

n n n n n
ISPAT 2D: > 2k —1=n?, Y2k~ '1=n? 2> k- Y 1=n?
k=1 k=t kL k=1 k=1

Z.w_nznz_yn—n:nz

Secim A (ifadenin baz1 durumlar i¢in dogru oldugunu gosterir)
Nedenler:
Puan: 2
e Formiil ispat1 matematikte pek ispat sayilmaz. (22)

e Formiil kullanmis, agiklayici degil. (25)
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Secim B (ifadenin tiim durumlar i¢in dogru oldugunu gosterir)
Nedenler:
Puan: 3
e Aciklama yok. (2, 6, 11, 26, 132, 149, 187, 180, 181, 154, 162, 164, 170, 174)
e Dogru. (156)
e Giizel, mantikli bir ispat. (177)
e Toplam sembolii ile gayet agiklayici. (179)
o “ler [virgiiller] <> olarak goriiliirse dogrudan bir ispat verilmis. (135)
¢ Bu esitlik soruluyor, kabul ederek baslayamayiz. (182)
e lslemleri acik acik yaparak sonucunun neden dyle ¢iktigini gosteriyor. (1)
e ¥ formiillerini hatirlamiyorum ama ifade dogru. (3)
e Olur. (4)
e Farkli ama dogru yontemle (toplam isareti) dogru islem. (5)
e lslem yapabilme. (7)
e Bu yontem de dogru. (9)
e Dogru. (10)
e Boyle bir ispat diisiinmemistim ama mantikli gériindii. Dogru olmali. (12)
e Toplam formiiliinii dogru kullanmis. (13)
e Mantikli. (14)
e Tiim sartlarda dogrudur. (15)
¢ Straightforward, do not see anything wrong. (16)
e Toplam sembolii ve kurallar1 kullanilarak toplam dogrulanmais. (17)
e Yapilan yontem dogru, ispat gecerli yapilan islemler matematikte kullandigimiz
islemler. (18)

¢ Yine bir hos yol. Yalniz toplama isareti bazen kata karistirici olabilir. (19)

Secim C (ispat yanlistir)
Nedenler:
Puan: 1
e Olmasi istenen duruma uygun kosullar yazip toplamis. Ancak bir ispat yontemi degil.
(138)

e Gostermek istedigimiz kullanilmis. (186)
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e Bagka genel formiilleri kullanmus. (183)
[ J Z k =

¢ Yine formil kullanmis. (21)

n(n+1)

> oldugunu nereden biliyoruz? (185)

Secim D (bir fikrim yok)
Nedenler:
Puan: 0
e Aciklama yok. (20, 24, 145, 161,163)
e Fakat eger yapilan ispat dogru ise, en ikna edici “proof” budur derim. (173)
e Parcalara ayrilarak islemler detaylandirilmis. (176)
e Y isaretini bilmeden bdyle ¢6ziilmez. Kisitli bir kesim bunu anlar. Bunu segmezdim.

(184)

Puan: 2
e Aslinda ispat var ama bastan esitlik dogruymus gibi bir notasyon kullanmak onu

matematiksel olarak yanlis hale getirmis. (143)

ISPAT 2E: 1+ 3 + 5 +...+2n-1=S
+2n-1+2n-3+ 2n-5+...+1 =8§
2n + 2n+ - +2n =2S

n tane terim var: n.2n =2S, S = n?

Secim A (ifadenin baz1 durumlar i¢in dogru oldugunu gdsterir)
Nedenler:
Puan: 0
e Aciklama yok. (154)
e Sadece iki ifadenin toplami bulunarak bir genelleme yapilmaz diye diisiiniiyorum.

(173)
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Puan: 2
e n tane terim oldugunu gostermeli. (22, 180)
e Gauss gibi yapmaya ¢alismis. (184)
e Dogru. (156)

Secim B (ifadenin tiim durumlar i¢in dogru oldugunu gosterir)
Nedenler:

Puan: 3

e Acgiklama yok. (2,7, 11, 15, 19, 26, 161, 162, 164, 170, 174, 132, 149, 187, 181)

e ki ifadenin toplamindan yola ¢ikilarak birinin toplamina ulasilmis. (163)

e Gauss ispati. (176)

e Hic aklima gelmeyen, mantikla aciklanabilen bir ispat. (177)

e N tane terim i¢in dogru. (179)

¢ Biitiin sayilar i¢in ispatliyor. (3)

e Basit aritmetik iglemlerle dogru sonuca ulasilmais. (5)

e Cok mantikl. Ispat 2B’de de benzer durum sz konusu. Sadece anlatimi farkl
yapmislar. (8)

e Gayet anlasilir ve acik. (9)

¢ Gayet mantikli bir sekilde aciklamis. (12)

e 2B’deki ispatin hemen hemen aynisi. (13)

e Good and simple proof. (16)

e Gauss’un asil formiil buldugu mantikla ¢oziilmiis. Modern olmayan ispatin ta
kendisidir. (17)

e Tiim n’ler i¢in gegerli, mantik hatasi (yanlis islem) yok. (18)

e Giizel bir sekilde agiklamis. (21)

e 2Bile ayni. (24)

e Aciklayici, dogru. Formiil yok. (25)

e Basit bir kanit. (135)

e Bravo. (138)

o (Cok giizel. (143)

o Acikea gosterilmis. Gauss’un yaptigi gibi. (186)

e Dogru, acik ve 6z sekilde verilmis. (183)
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e Ispat dogru. (185)

Secim D (bir fikrim yok)
Nedenler:
Puan: 0
e Aciklama yok. (151)
o Fazla karisik, agiklayici degil. (1)
e Ne yapmaya c¢alistigint anlamadim. (10)
e Ne yapmak istedigini anlamadim. (14)
e Aciklama yok. (145)
e =S [ikinci satir] Anlamadim? (182)

Puan: 1

n tane terim oldugu aciklanmali. (6)

Ifade 3: Herhangi 3 tane ardisik say1 icerisinde her zaman iice boliinebilen bir sayi vardr.

ISPAT 3A: n+ n+l+ n+2 = 3n +3 = 3 (n+1). Toplamlan iice béliindiigiine gore

aralarinda mutlaka tice boliinebilen bir say1 olmali.

Secim A (ifadenin baz1 durumlar i¢in dogru oldugunu gdsterir)
Nedenler:
Puan:0
e Siiper. Bunu yapmaya c¢alisirdim. Ardisik sayilar1 n, n+l1l, n+2 seklinde yazip
toplamak mantikli. (184)

Puan: 1
e Aciklama yok. (178)
e Her zaman dogru olmayabilir. (5)

e Yetersiz agiklama. (22)
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Puan: 3

Soru isareti birakiyor, ikna edici degil, toplamlarinin 3’e bdliinmesi o sayilarin
boliinmesini gerektirmez. (161)

Toplamlarin tice boliinmesi icinde en az bir tane iice boliinen sayr olacagin
gostermez. (2+2+2).

-1, 0, 1 i¢in olmaz. (179)

Ardisik iki sayinin toplami 3’°e boliinseydi bu iki sayidan tige mi boliinecekti? (2)
‘Toplamlar1 tige boliindiigii i¢in {lige boliiniirler’ sonucu, acik¢a, dogru degil. (7)
Yapilan cikarim yanlhis. 1+4+7 = 12 3’e boliinlir ama bu sayilardan higbiri {ice
boliinmez. (13)

Toplami iigce boliinen her sayinin i¢inden 3’°e boliinen bir say1 ¢ikmaz. (19)

Secim B (ifadenin tiim durumlar i¢in dogru oldugunu gosterir)

Nedenler:

Puan: 0

Aciklama yok. (14, 16)

3(n+1) de, 3 sayist 3’e boliinebildigi i¢in dogrudur. (163)

Aslinda ardisik “dogal say1 desek dogru olur, sadece say1 dersek olmaz. (167)
n ¢ift ya da tek olsun, ayni tiir ifade elde edileceginden dogrudur. (173)

3’lin kat1 olmasi1 her durum i¢in gegerli. (176)

Puan: 1

n=-1 aldiginda durum gerceklesmez. (154)

Se¢im C (ispat yanligtir)

Nedenler:

Puan: 1
Aciklama yok. (3, 17, 20, 24)
Ispat eksik. (15)
Aciklayici degil. (25)
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Puan: 3

Istenilen cevabi degil, baska bir sorunun cevabini vermis. (151)

n, n+1, n+2’den biri 3’e boliinmek zorunda degil. (156)

Ispat degil. (170)

Ne alakasi var anlamadim. (174)

n'in tanimlanmasi eksik. N€Z. Boyle bir seyle ispatlayamayiz. (177)

Sagmalamis sanki. Boyle bir kural yok ki! (8)

“Toplamlar1 iice boliindiigline gore aralarinda mutlaka iice boliinebilen bir sayi
olmali.” Bu ciimle yanlis. 1+1+1=3 (bu da ters 6rnegi). (9)

‘Toplamlar1 3’e boliinliyor diye mutlaka 3’e boliinebilen bir say1 olmali’ ifadesi ne
kadar dogru? (10)

Toplamlarinin {ige boliiniiyor olmasi aralarindan bir tanesinin iice bdliindiigii
anlamina gelmez. (11, 18)

Toplamlar1 béliinebilir ama kendisi 6nemli. Bizim i¢in bagintt olmadigim
diisiiniiyorum. 2+2+2’de 3’e boliiniir ama 2 boliinmez. (21)

Dayanaksiz bir iddia ortaya atmis. (23)

Toplamlar1 {lice boliinen sayilarin i¢inde 3’e bdliinen bir say1r bulunmak zorunda
degildir. (26)

Sa¢cma. (132)

Yanlis bir varsaym. Or: 1 + 1 4+ 1=3 toplamlari iige boliinen higbiri 3’e béliinmeyen
ti¢ say1. (135)

Yazdigi climleye kars1 6rnek verilebilir. 1+1+1=3 ama 3 [bolmez] 1. Fakat ciimleye
ardisik 3 saymin toplami tige boliindiigline gore ... diye baslasaydi boyle bir 6rnek
bulamazdik. (138)

Kars1 Ornek: 1+1+1=3 ama 3 biri bdlmez. (143)

4+2 = 6 4, 2 boliinmez 6 boliiniir, ifada yanlis. (145)

Uce boliinmeyen bir a sayisi i¢in 3a iige boliiniir ama bu a’nin iice boliindiigiinii
gostermez. Ayrica a-2, a-1, a+l, a+2, ... gibi sayilar hakkinda bir sey sOylemez.
(149)

3|3 ama 1+;+1 = % + % + § 1 (b6lmez) 3. Ardisiklik ifadesi kullanilmamis. (186)

“Toplamlar1 iice boliindiigiine gore aralarinda mutlaka iice boliinebilen bir sayi

olmal1” ifadesi yanlistir. (180)
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Zaten bu climle ispat bekliyor. (181)
2+2+2=6 3 (bolmez) 2. (182)

Toplamin boliinmesi tige boliinen bir say1 igerdigini soylemez. (183)

Toplamin tige boliinmesi bir sey ifade etmez. (185)

Secim D (bir fikrim yok)
Nedenler:
Puan: 0
e Aciklama yok. (162, 187)

Puan: 1

e Bu her zaman dogrulugu gostermez. (12)

Puan: 2

e Toplamlarmin boliinmesi, aralarinda boliinebilen bir sayr oldugu anlamina geliyor
mu bilmiyorum. 1+2 =3 ama 1 de 2 de 3’e boliinmez. (1)

e Teori iginden teori ¢ikarmis. Toplamlari iice boliiniiyor diye sayilardan biri de {ige

boliinmek zorunda degil. (6)

ISPAT 3B: ifade yanhstir. -1, 0,1 sayilarinm higbiri iige boliinmez.

Secim A (ifadenin baz1 durumlar i¢in dogru oldugunu gosterir)
Nedenler:
Puan: O

e Aciklama yok. (154)

Puan: 1
¢ Bu 6rnek i¢in, ifadenin yanlis oldugunu gosteriyor. (1)

e (), iice tam boliiniir ¢ilinkii kalan 0’dir. 0/3=0 (10)
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Secim B (ifadenin tiim durumlar i¢in dogru oldugunu gosterir)
Nedenler:
Puan: 0
e Ornek verilerek ispatlanmis. (163)
e Agiklama yok. (174,179)

Secim C (ispat yanlistir)
Nedenler:
Puan: O

e Toplamlar1 boliinebilmeli, soru yanlis anlasilmis. (15)

Puan: 1
e Insafya. (132)
e ispat degil. (170)
e Ispat yapilmamus, direkt yargi var. (176)
e Agiklama yok. (20, 178)
e Yanlis. (138, 145)

Puan: 3

e Sifir lige boliiniir. (2, 5, 7, 8, 17, 21, 23, 25, 151, 162, 164, 173, 177, 135, 143, 149,
186, 187, 180, 182, 184, 185)

e 0/3=0. (156, 161,167)

e 0’ boliinebilirligi yanls. (181)

e Kars1 6rnek vererek dogru olmadigini séylemek istemis ama 0 kotii bir segim. (183)

e Ifadenin n>1 olmasi gerektigini gosteriyor. Ayrica 0/3=0. (3)

e () tlice boliiniir (tiim sayilara boliiniir). (9)

e Karsit 6rnek verilmistir. Ancak “0” 3’e boliiniir. (11)

e () lice tam boliinebilen bir sayidir. (13)

e 0/3=0 (16, 22)

e 0 ii¢e boliiniir. Onerme yanlis. (18)

e 0 boliiniir gibi goziikiiyo :) (19)

e Ornekleme ydntemi sonunda dogru kullanilmig ama 0 iige boliiniir. (24)
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e Bu sayilardan sifir tige boliiniir. (26)

Secim D (bir fikrim yok)
Nedenler:
Puan: 0

e Dogal sayilar i¢in ele almamus. (12)

ISPAT 3C: Ugiin katlar1 olan sayilar éncekine 3 eklenerek bulunur. Ardisik sayilari

yazdigimizda tige boliinenler arasinda iki say1 kalacagini goriiriiz. n n+l n+2 n+3

n+4 n+5 n+6; n+l n+2 n+3 herhangi ii¢ say1.

Secim A (ifadenin baz1 durumlar i¢in dogru oldugunu gosterir)
Nedenler:
Puan: O
e 3B’deki ifadeyi aciklamiyor. (163)
e Sadece pozitif sayilar i¢in dogrudur. (1)

Puan: 1
e Aciklama yok. (154, 184)

Puan: 2
e Diger durumlar1 da gostermesi gerekirdi. (151)
e Genelleme yapilmamis, her durum icin gecerli degil. (156)
e Her durum icin gegerli degil. (161)
e Onceki say1 ne? 3’iin kat1 m1 acaba? (176)
e Yani az ¢cok dogru. (132)
e Aslinda A sikki da degil. Agiklamada eksikler var. (138)
e Pek olmamis. (145)
e Tam olarak iyi ifade edilmemis. (183)

e Tiim sayilar i¢in gosteremiyoruz. (26)

Puan: 3

e N her zaman tige boliiniir mii? Dizi nereden bagliyor? (182)
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e Mantik var, agiklama yetersiz bence. Eger n ve n+3’ koyulastirarak 3’e boliinenin n
oldugunu ima etmeseymis daha giizel olurmus. (143)
Secim B (ifadenin tiim durumlar i¢in dogru oldugunu gosterir)
Nedenler:
Puan: 1
e Aciklama yok. (2, 3,7, 14, 164, 177, 185)
e Dogru. (179)
o Aferin. (187)
e 3D ispati ile ayni. (6)
e lspat 3A ile ayni. (8)
e Dogrudur. (5)
e Bilemiyorum. Her zaman dogru ama ispat ¢ok sikici. (19)
o @iizel bir ispat. Herhangi n sayis1 yaptig1 i¢in tutarl bir ispat. (21)
e Mantikli. (22)

Puan: 2

e Tam olarak bir ispat degil. (170)

e Yeteri kadar agik olmayan bir kanit. (135)

e Biitiin n’ler i¢in dogru. N’in {igiin kat1 oldugunu iddia etmis. n+3’iin de ii¢lin kat1
oldugunu daha iyi agiklayabilirdi. (149)

e Ama ifadeden ne dedigi anlagilmiyor hemen. (181)

e Diisiincesi dogru ama tam olarak anlatamamus. (9)

e Dogru mantik. (10)

e 3D’ye benzer bir agiklama ama ikna edici. Genellemis. Sadece 6rnek vermemis. (12)

Secim C (ispat yanlistir)
Nedenler:
Puan: O
e Agiklama yok. (20, 174)
e 3’lin katlar1 ile ilgili ispat istenilmiyor. Ardisik sayilar soruluyor. (162)

e 3’lin katlar ii¢ eklenerek bulunmaz. 5+3 =8 tigiin kat1 degil. (167)
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Puan: 1
e Ortada ispat yok. 3D’dekinden bir farki yok. (13)
e Eksik. (15)
e [n+1 n+2 n+3 herhangi {i¢ say1] Bu assumption ilk basta yapilmali. (186)

Puan: 2
e n+l n+2 n+3 segmek zorunda degilim. Bunlar 3’e boliinecegi kesin degil. (18)

o FEksik bilgi var, ispatin daha genel olmasi gerek. (23)

Secim D (bir fikrim yok)
Nedenler:
Puan: 0
e Aciklama yok. (11, 16, 24, 178, 180)
e Higbir fikrim yok. (173)
e Fikrim yok. (17)

o Ne yazmak istedigi bile anlagilmamas. (25)

ISPAT 3D: X, x+1, x+2 ii¢ ardisik sayr olsun. X {ige boliindiigiinde kalan 0, 1 veya 2

olur. Kalan 0 ise x tige boliiniir, 1 ise X + 2 tige boliiniir, 2 ise X +1 tige boliiniir.

Secim A (ifadenin bazi durumlar i¢in dogru oldugunu gosterir)
Nedenler:
Puan: O

e Aciklama yok. (154,178)

e Her durum i¢in gecerli degil. (156)

e 3B’deki ifadeyi agiklamiyor. (163)

e X’i bilmememiz lazim. (176)

e X=2 i¢in dogru olmaz mesela. (177)

e Sadece pozitif sayilar i¢in dogrudur bu aciklama. (1)

¢ Biitiin kosullarda sagladig1 gosterilmedi. (5)
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Puan: 2

e Modiiler aritmetik, her sayi i¢in ¢aligir. (184)

Secim B (ifadenin tiim durumlar i¢in dogru oldugunu gdsterir)
Nedenler:
Puan: 3
e Agciklama yok. (2,3,7,9,10,11,24,26,132, 180, 182, 185, 151,161,162,164)
e Ispat aslinda cok zekice ama ispat gibi yazilmamis. (167)
¢ Genelleme yapilmis. (170)
e Temel matematik ispati yok ama mantikta yanlislik yapilmamis. (173)
e Dogrudur. (179)
¢ Durum incelemesi kullanan dogru bir kanit. (135)
e Dogru. (138, 145)
e Tamamdir. (143)
e B/A.Iddia dogru ama yeterince agik degil. (149)
e Tiim durumlar agiklanmis. (186)
e Bravo vallahi, ben bile diistinemedim. (187)
e Dogru bir ispat. Olacak durumlari agikca belirtmis. (181)
e Dogru. Durum analizi ispat1 gergekliyor. (183)
e 3E ile ayni. (6)
e X’i genel olarak aslinda mod’u kullanarak ¢6zmdis. (8)
e 3E’ye benzer bir aciklama, sadece yaziyla agiklamis. (12)
e 3E’dekinin aynist. (13, 16)
e Gayet agiklayici. (14)
e Metematiksel olarak sdylenenin yazilmasi gerekir. (17)
e Tiim durumlar1 incelemis, hepsi i¢in dogru. (18)
e 3E ispatin aynis1 gibi geldi bana. (19)
e (ase analysis 1yi incelenmis. (20)
e Benim yaptigim mod mantiiyla 3E’ye benziyor. Case’lere ayirarak bulmus. (21)
e Mantikli. (22)
e Her iic durum da g6zoniine alinmais. (23)

o Aciklayict. (25)
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Secim C (ispat yanlistir)
Nedenler:
Puan: 0
e Acgiklama yok. (174)
e Eksik. (15)

Ifade 4: n kisinin katildigi bir parti diigiinelim (n > 2). Bu partide aym sayida arkadas:

olan en az iki kisi bulunacagint ispatlayniz.

ISPAT 4A: Mesela iki kisi diisiinelim ve birbirlerinden baska arkadaslart olmasin.
Tesadiifen yoldan gecerken partiyi gordiiklerini diistinelim. Bu sekilde en az iki kisinin

birer arkadas1 (birbirleri) yani ayni sayida arkadas1 vardir.

Se¢im A (ifadenin bazi durumlar i¢in dogru oldugunu gdosterir)
Nedenler:
Puan: 2
e Aciklama yok. (16, 177)
e Yetersiz bilgi. (5)

Puan:3

e Genelleme yok. (156)

e ki kisinin birbirlerinden baska arkadaslari oldugu durumlari agiklamiyor. (163)

¢ Genelleme yapilmamistir. (164)

e iki kisi i¢in dogru mantik. Ciinkii birbirlerini taniyorlarsa her ikisinin bir,
tanimziyorlarsa her ikisinin de partide 0 arkadasi vardir. Ama say1 arttirildigr zaman
ayni mantik igler mi bilemeyecegim. (173)

¢ Genellemiyor (tek 6rnek). (176)

e Dogru bir durum 6rnegi vermis. (178)

e Herkes i¢in yani hi¢ boyle kimse bulunmayabilir. (179)

e Genelleme yapmaliydi. (2)

e Ornek vermis sadece ama kesinlik yok. (6)

e Ya tek basina gecen bir kisi olursa? (7)
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e 2’den fazla arkadas i¢in gegerli olmali. (15)

e Garip bir yaklasim. ifade giizel ama bu her n >2 i¢in saglandig1 anlamina gelmez.
(20)

e Kismen dogru, genelleme yapilmamais. (22)

e iki kisi degil de teasdiifen yoldan gegerken partiyi goren bir kisi oldugunu
diistindiiglimiizde ayn1 sonuca ulagamayiz. (26)

e Sadece iki kisi i¢in gostermis, anlatmis durumu. Aslinda burada bir ispat yok. (138)

e “Tesadiifen yoldan gecgerken partiyi gordiiklerini diisiinelim ” hikdye kismi. Bu ispat
degil. (143)

e Ornek vermis. (185)

Secim B (ifadenin tiim durumlar i¢in dogru oldugunu gosterir)
Nedenler:
Puan: O
e Orneklerle giizel agiklamis. (154)
e Aciklama yok. (161)

Secim C (ispat yanlistir)
Nedenler:
Puan: 2
Aciklama yok. (149, 182, 151, 170, 174)
Cok komik. (132)
Absiirt. (135)
Bariz. (145)
Puan: 3

e Ornekle proof olmaz. (178)

e Kabul yapmis kafadan, kabulii yanlis olabilir. Bir durum sadece. (179)

e Bu boyle olabilir diyor. Ama bulunmasi kesin demiyor ki. Yoldan gecerken
girmedilerse, bu ifade yanlis olmus oluyor. (181)

e Argiiman hayali tahminlere dayanmamali. (183)

e Boyle tesadiifen proof olmaz. (184)

e Higbir matematiksel anlatim yok. Ispat degildir. (1)
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Ispat degil. (3)

Partinin i¢indeki insanlardan bahsederken biraz tuhaflastirmis soruyu. Gergi ben hig
yorumlamadim bu soruyu. Fikir beyan etmesi de glizel gene de. (8)

Sorunun sordugu seyi ispatlamamustir. (11)

Sadece bir durum i¢in incelemis. (13)

Zorlamis ispatt. Sorunun dogru olduguna inandig1 i¢in sadece sonucu uydurmus. (14)
Assume edilen durum yanlis olabilir. Bunlar disardan arkadas olmayabilir. (17)
Tesadiif. Her durumu temsil etmiyor. (18)

Isi sansa birakmis. (19)

Ornekle ispat olmaz. (21)

Tesadiifler lizerinde ispat yapamayiz. 2 i¢in dogru olabilir ama daha genel ¢oziim
gerek. (23)

Ya boyle birileri varsa partide? Ornekle ispat olmaz. (24)

Agciklayicr degil. (25)

Secim D (bir fikrim yok)

Nedenler:

Puan: 0
Aciklama yok. (10, 162)
Cok anlayamadim. (12)

var.

ISPAT 4B: n =2 ise iki kisi ya birbirini taniyor ya da tanimiyor. Iki durumda da arkadas
sayilar1 esit. N = 3 ise ya kimse birbirini tanimiyordur, ya herkes birbirini taniyordur, ya

da birbirini tantyan iki kisi vardir. Her durumda arkadas sayis1 ayni olan en az iki kisi

[fadenin n-1 kisi icin dogru oldugunu diisiinelim ve son bir kisi partiye gelsin. Eger

kimseyi tanimiyorsa hala dogru olacak ciinkii birbirini taniyan en az iki kisi var. Bu

sekilde devam edebiliriz.

Secim A (ifadenin baz1 durumlar i¢in dogru oldugunu gdsterir)

Nedenler:

Puan: 1
Aciklama yok. (145, 154, 161)
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Puan: 2
e Genelleme yapamayiz. (164)
e Ayni sekilde [3A ile] mantik dogru ama matematiksel bir ispat yok. (173)
e Yaklagmis. (132)

Puan: 3

e n bulup oradan n+1°de gostermesi gerekir. (151)

e Tek durum genellemeler igin yeterli veri yok. (176)

¢ n sayida kisiye kadar incelemesi gerekir. 2 ve 3 kiside dogru oldugu bize n kiside de
dogru olacagi anlamini vermez. (11)

e ifade sadece verilen sayilar igin dogru olabilir. (17)

e Bu da olmaz. Disaridan gelen kisi ya sayisi esit olanlardan birini taniyorsa bu
durumda o iki kisi artik esit olmaz. (24)

e Eksik. Timevarimi tamamlamali. (25)

e Ispat yarim kalmis durumda. (26)

e Durumlarin hepsi diisiiniilmemis, ayrica sona erdirilmemis. (138)

e Ya birden fazla kisi taniyorsa? Ayrica n=3 durumunda bir kisi iki kisiyi taniyip
[climle tamamlanmamus]. (143)

e A C.n’e gelene kadar dogru, n kism1 dogru incelenmemis. (149)

e Belirli sayida kisiler i¢in incelemis. Inductionin amaci bu zaten. (186)

e [Eger kimseyi tanimiyorsa] —bazilarini taniyorsa? (182)

Secim B (ifadenin tiim durumlar i¢in dogru oldugunu gosterir)
Nedenler:
Puan: 0
e Aciklama yok. (2, 14, 162)
e Dogru sanki. (187)

Puan: 1
e Timevarim yontemi iyi kullanilmis. (183)
e Giizel bir proof olmus. Biitiin case’leri igeriyor. Induction gibi gitmis. Hos. (184)

e Evet, timevarim yoluyla ispatlamis. (179)
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Tatmin edici ispat. (5)

Induction kullanarak ac¢iklamis ve dogru. (12)

Induction. (16)

Tiimevarim prensibi iglenmeye ¢alisilmis ve metod dogru. (20)
Y 6ntemi dogru, timevarim yapmis. (22)

Tlimevarim. (23)

Puan: 2

Tiim durumlari incelemis anlatmas. (8)

Her durum incelenmis. (10)

Dogru yolda ama tlimevarimi tamamlayamamais. (13)
Bu yol dogru ama pek agiklayici degil. (19)

Induction yapmis. Biraz daha agiklamasi gerekirdi ama. (181)

Secim C (ispat yanlistir)
Nedenler:

Puan: 0

Aciklama yok. (174)
Ispat degil. (3)

Pek anlamadim. (6)

Puan: 2

Onermeyi ilk elden dogru kabul ederek diisiinmiis. Sondan ikinci ciimlesi tamamen
yanlis. (7)

“Her durumda arkadas sayis1 ayni olan en az iki kisi var.” Ispata muhtag, dogru

oldugunu nerden biliyoruz. (18)

Puan: 3

Timevarim kullanilmaya c¢alisilmis. Fakat n-1’den n’e ge¢is dogru yapilmamis.

(135)
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Secim D (bir fikrim yok)
Nedenler:
Puan: 0

e Aciklama yok. (15, 21, 156, 163, 170, 178, 185)

Puan: 1

e Tiim degerler i¢in dogru mu bilinmez. Bence bu ispat degildir. (1)

ISPAT 4C: Eger n>2 ve n bir cift say1 ise ayn1 sayida arkadasi olan iki kisi bulunabilir.

n =3 durumunda dogru olmaz.

Secim A (ifadenin baz1 durumlar i¢in dogru oldugunu gosterir)
Nedenler:
Puan: 1

e Yetersiz bilgi. (5)

Secim B (ifadenin tiim durumlar i¢in dogru oldugunu gosterir)
Nedenler:
Puan: O

e Aciklama yok. (10, 154)

Secim C (ispat yanlistir)
Nedenler:
Puan: 2
e Acgiklama yok. (7, 15, 19, 20, 24, 151, 156, 170, 174, 177, 181)
e ifadede en az iki kisi dedigi icin yanlistir. (163)

Puan: 3
e N=3 durumu agiklanmamais. (164)
e n=3 oldugunda herkes birbirini taniyor olabilir mesela (handikap var). (176)
e Yanls. (132)
e Hem yanlis hem de agiklamasiz bir ifade. (135)
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e Herhangi bir ispat yok aslinda. (138)

e Aciklama yok. n = 3 ile ilgili yorum da dogru degil. (143)

e Boyle olmak zorunda degil. (145)

e Yanlis bir iddiada bulunmus ve agiklanmamis. (149)

e Proof degil. (186)

e Yanls. Ucii de arkadastir mesela. (187)

e Ispat degil. (182)

e Kismi dogru ama ispat degil. (183)

e n tek ise ifade yanlistir. (184)

e n =3 te de dogrudur ¢linkii 3. kisi 2 kisinin de arkadasi olabilir. (1)
e Biri i¢in gecerli olan arkadas sayis1 arkadasi i¢in de gecerli olabilir. (2)
e Ispat degil. (3)

e N> 2 ise biitlin n’ler i¢in dogrudur. (6)

e Nasil bir iliski kurulmaya ¢alisilmis anlayamadim. (8)

e Eksik bir ispat. (10)

e Ispat tamamlanmamustir. (11)

e Diger durumlar diistinmemis. Yanlstir. (12)

e Herkesin 1’er tanidig1 olabilir. (n = 3 i¢in) (13)

o Kendi ispatin1 agiklamamis, yanlis zaten. (14)

e Saymin ¢ift ya da tek olmasina bagl degildir. (17)

e Varsayim bunlar, ispat1 gerekli dogrulugu kanitlanmamas. (18)
e 3’ii gdstermek yetmiyor. Ispatta say1 olmaz. (21)

e lspat 4A’da acgiklamis. (22)

e Spesifik 6rnek ve yanlis ispat. (23)

e n =3 iken de dogrudur. Yanlis. (25)

¢ Bu soru i¢in ispat olmaya ¢ok uzak bir aciklama. (26)

Secim D (bir fikrim yok)
Nedenler:
Puan: 0
e Aciklama yok. (16, 161, 162, 178, 185)
e Mantig1 anlamadim. Kurgulayamadim. (173, 179)
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ISPAT 4D: Bir kisinin en azindan bir tane arkadas1 oldugunu diisiiniirsek ve kisileri 1,
2, 3, ...,n ile gosterirsek birinci kisinin 1, ikinci kisinin 2, tgilincii kisinin 3, ..., n-1.
kisinin n-1 arkadasi olabilir ama n. kisinin en fazla n-1 arkadasi olabilir (kendisini
cikartiriz). Dolayist ile n. Kisinin arkadas sayis1 diger n-1 kisiden birininkiyle ayni

olmak zorundadir.

Secim A (ifadenin baz1 durumlar i¢in dogru oldugunu gosterir)
Nedenler:
Puan: 1

¢ Emin olamamakla beraber dogru oldugunu diistintiyorum. (8)

Puan: 2
e Diger durum, 1 kisinin hi¢ arkadasi olmamasi incelenmemis belki o durumda

saglamayabilir. Her zaman dogru oldugunu gostermez. (18)

Secim B (ifadenin tiim durumlar i¢in dogru oldugunu gdsterir)
Nedenler:
Puan: 3
e Aciklama yok. (2, 3, 6, 10, 22, 26, 132, 145, 154, 170)
¢ n. Kisinin en fazla n-1 arkadasi olmasi1 durumu (n-1). kisiyle uyusuyor. (163)
e Durum giizelce anlatilmis. (164)
e Boyle bir simetri olabilir, sonugta birinin arkadasi varsa, o da tanidiginin arkadasidir.
(179)
e Bazi kisilerin hi¢ arkadasi olmadig1 durum da incelenmelidir. (135)
e “Pigeonhole Principle” kullanilarak ispatlanmis, daha acik yazilabilirdi ama zaman
sikintis1 vs. dogru bir ispat. (149)
e Pigeonhole principle. (186)
e Eksik ama dogru gibi. (181)
e Matematiksel olarak agiklamis ve ikna edici. (1)
e Tam ispat, her kosulda saglar. (5)
e Bence dogru her ne kadar arkadas sayilar1 sorunlu goziikiiyorsa da (hi¢ arkadasi

olmayan bir kisi katarsak gruba sorunlu olabilir). (7) B-A
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e Ben de bdyle yaziyordum kagidima ancak tam olarak ne soruyor anlamadim. O
yiizden bu kategoriyi bos birakiyorum. (9)

e Pigeonhole kullanilmistir. (11)

e Gayet mantikli bir agiklama. Benim kafamdan gegen ama acgiklayamadigim ispat.
(12)

e Giivercin yuvasi prensibini uygulamais. (13)

e Dogru aciklayici olmus. (14)

¢ Pigeonhole principle kullanilarak agiklanmais. (17)

e Iste ispat budur. (19)

e Pigeonhole prensibi dogru bir sekilde islenmis. (20)

e Case’lerle diisiinmiis en bastan zaten hepsini farkli diistinmiis. (21)

o Qilizel bir ispat olmus. Anlasilir ve basit. (24)

e Dogru. (25)

Secim C (ispat yanlistir)
Nedenler:
Puan: 0
e Aciklama yok. (151,161,174)
e Zorunluluk olmasi i¢in tersi bir durum olmasi gerekir. Farkli sayida arkadasi olabilir.
(176)
e (n-1). kisi igin de kendisini (n-2) ¢ikaririz. (177)

Puan: 1
e ( arkadas durumunu hesaba katmamis. En kotli durumu diisiinerek gitmis ama bu
ispat degil. (143)

e Kimse birbirini tanimiyor olabilir. Ya da 1. kisinin n-1 arkadas1 olabilir. (23)

Secim D (bir fikrim yok)
Nedenler:
Puan: 0
e Aciklama yok. (15, 16, 156, 162, 178)

e Eger dogru ise en matematiksel ispattir. (173)
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e Diisiinmem lazim ama tisendim. (187)
e Bir fikrim yok. (183)
e Aciklama yok. (185)



171

APPENDIX C: PILOT STUDIES

C.1. Pilot study for Attitudes and Beliefs Scale
The following are the detailed of the results of the first pilot study, as mentioned in
Section 5.3. In this version of ABS, there were 16 items. Factor analysis yielded four

interpretable components. Table C.1. shows the factor loadings for each component.

Table C.1. Factor loadings for the first version of ABS,

Component

1 2 3 4 5
12 0.81 |-0.13| 0.06 | -0.01 | -0.07
11 0.81 | 0.11 |-0.01|-0.09 | -0.05
10 0.70 |-0.06 | -0.05| 0.02 | 0.03
9 0.65 [-0.01| 0.12 | 0.46 | 0.06
6 0.07 | 0.83 | 0.19 | 0.04 |-0.03
5 0.06 | 0.81 | 0.14 | 0.05 | -0.05
8

4

Item no

-0.21| 0.68 | 0.04 | -0.07 | 0.08
-0.33|-0.05| 0.72 | -0.03 | 0.17
15 0.17 | 0.26 | 0.65 | -0.22 | -0.07
16 0.08 | 0.06 | 0.57 | 0.47 | 0.06
1 -0.08 | 0.49 | 0.52 | -0.15| 0.38
2 0.08 | 0.20 | 0.45 | 0.10 |-0.07
3 -0.03 | 0.00 | -0.06 | 0.88 | 0.00
14 0.28 [-0.32| 0.15 | 0.09 | 0.72
13 -0.15| 0.11 | -0.45| 0.15 | 0.65
7 -0.21| 0.24 | 0.11 |-0.31] 0.51

Labels, means, standard deviations and reliability coefficients of the components, as

well as the corresponding item numbers are given in Table C.2.
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Table C.2. Mean, standard deviation and reliability coefficients of the extracted factors

Component Mean Standard Cronbach Alpha Number of
Deviation Items
Background 2.73 0.92 0.76 4
Importance 3.25 0.81 0.73 3
Belief and Experience | 3.35 0.64 0.63 5
High School/University | 3.63 0.70 0.31 3

First component, labeled as background, consists of items about background
information; how much the students were exposed to the concept of proof in high school.

Contributing items are as follows:

¢ In high school, we had proofs in mathematics lessons.

e In high school, | was expected to do simple proofs in mathematics lessons and
exams.

¢ In high school, our mathematics teachers never talked about the importance of proof.

¢ In high school, our mathematics teachers encouraged us to do proofs.

The items in the second component, labeled as importance, are about the importance

and use of proof in high school mathematics:

e Incorporating proofs in high school mathematics lessons may make it difficult for the
students.
¢ In high school, proof should be used to explain a mathematical concept.

¢ A high school student should be expected to do mathematical proofs.
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Third component consists of items about students’ personal beliefs and experiences

regarding proof and it is labeled as Beliefs and Experience:

¢ In order to comprehend a mathematical statement, I try to understand its proof.

¢ In order to decide whether a mathematical statement is true, | have to check that it is
true for all cases.

¢ In mathematics, proofs are usually confusing.

e | am not confident that | can do proofs.

o | feel compotent that | can do proofs. (I feel adequate in doing proofs)

In the last component, High School/Uinversity, there are items about the differences

between high school and university:

e It is sufficient for a high school student to be able to apply a mathematical
property/theorem in different situations.

¢ | think mathematics instruction is/will be different in lectures in the university than in
high school.

e | think knowledge and skills I gained in high school mathematics lessons is/will be

useful for me in university.

The following item did not fit in any component, therefore discarded:

¢ | use examples to explain a mathematical statement to a student or to a friend.

Attitude scale also included the open ended question: “What does mathematical

proof mean to you? Explain briefly”. Response rates are given in Table C.3 below:

Table C.3. Response rates to open ended item

Grade Responded | n | per cent
Science 6 12 50
Freshmen
Math 9 26| 34.6
Seniors 11 19| 579
Total 25 57 43.9
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The following categories emerged from the responses:

Definition of proof:

Asserting that the statement is true for all cases. Everyone should reach the same
conclusion under the same conditions.

Mathematics is the language of science, explains science with its own system.

Tool for convincing the students the theorem is valid. Proof is the point where
science convinces us.

System of logical relationships that helps us to understand when and why a statement
is true.

Consistent within itself, not contradictory.

Uses of proof : We use proof to
Achieve deeper, better understanding, to prevent route learning.
Learn to use information better, learn how to use concepts.

Prepare for mathematics courses we’ll take in university.

Uses of proof:
Broadens our views and perceptions.
Help us to think.

Increases interest to the topic, exciting, enjoyable, it is like solving a puzzle.

Role of proof in high school mathematics:

We cannot teach everything using proof. Using proof in every topic can be
discouraging.

Teaching some proofs can be difficult and not useful for students who are under
certain level.

In some topics teaching without proof is impossible.

Proof should be thought in high school, otherwise we cannot learn properly in
university.

Proof is not the only way to teach/learn.
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e |f the students do not understand where a theorem comes from, then it will be

difficult for them to apply it, they will just memorize.

Table C.4. Factor loadings for the ABS

item 1o Component

1 2 3 4 5 6 7
4 0.74 | 0.01 | 0.21 | 0.04 | -0.06 | 0.03 |-0.37
1 0.71 | 0.16 | 0.09 | -0.01| 0.34 | 0.26 | 0.04
5 0.70 |-0.12| 0.24 | 0.16 |-0.10 | 0.01 | 0.22
3 0.64 |-0.07|-0.01| 0.18 | 0.03 | 0.42 | 0.26
6 0.63 | 0.17 | 0.13 |-0.11| 0.13 | 0.08 | 0.51
25 0.57 | 0.30 | 0.10 | 0.07 | 0.31 |-0.08 | 0.20
18 055|036 |-0.04| 0.03 | 0.24 | 0.31 | 0.14
19 0.54 |-0.08| 0.30 | 0.54 | 0.20 | 0.12 | 0.04
16 045|029 | 0.09 | 0.23 |-0.01 | 0.38 | 0.09
21 0.12 | 0.82 |-0.04 | -0.03 | -0.19 | 0.02 |-0.06
24 -0.07| 0.77 | 0.13 | 0.04 | 0.27 | 0.07 | -0.04
14 0.03 | 067|030 | 0.03|0.16 |0.19|0.18
15 0.19 | 0.47 |-0.15| 0.40 | 0.45 |-0.13| 0.23
10 | 0.12 | 0.10 | 0.83 |-0.04 | -0.02 | -0.05 | 0.06
12 1 0.19 | 0.11 | 0.68 | 0.28 | 0.00 | 0.30 | -0.01
9 0.28 | 0.08 | 0.67 | 0.24 |-0.14| 0.33 | 0.16
23 | 0.00 |-0.03| 0.11 | 0.85 |-0.09 | 0.07 |-0.12
22 0.29 | 042 | 0.08 | 0.57 |-0.18 |-0.11| 0.10
2 0.28 | 0.05 |-0.05|-0.08 | 0.69 | 0.03 | 0.34
13 |-0.06 | 0.21 |-0.19 (-0.30| 0.66 | 0.17 |-0.14
20 054 (-0.21| 0.25 | 0.16 | 0.57 |-0.12| 0.01
8 0.09 | 0.12 | 0.31 |-0.15| 0.02 | 0.71 | 0.06
17 0.42 | 0.04 |-0.06 | 0.26 | 0.28 | 0.57 | 0.13
11 0.05 003|041 | 046 |-0.12| 0.47 | 0.15
7 0.14 | 0.02 | 0.14 | 0.01 | 0.09 | 0.18 | 0.84




Second version of ABS, administered to 94 freshmen calculus students in Bilgi
University had 25 items. Initial factor analysis yielded seven components, as shown in

Table C.4 above. Items in these components were as follows:

Component 1
e In order to comprehend a mathematical statement, | try to understand its proof.
¢ Proofs make mathematics enjoyable.

¢ Proofs are important only for mathematicians.
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e Incorporating proofs in high school mathematics lessons may make it difficult for the

students.
¢ In high school, proof should be used to explain a mathematical concept.
¢ In mathematics, proofs are usually confusing.
e Proof is a vital part of mathematics.

¢ | find dealing with proofs boring.

e More emphasis should be given to proofs in university mathematics lectures than in

high school.

Component 2

¢ | think knowledge and skills I gained in high school mathematics lessons is/will be

useful for me in university.
o | feel confident that | can do mathematical proofs.

¢ | can use mathematical language efficiently while doing proofs.

¢ | believe that my mathematical knowledge is adequate for doing simple mathematical

proofs.

Component 3

¢ In high school, we had proofs in mathematics lessons

¢ In high school, | was expected to do simple proofs in mathematics lessons and

exams.

¢ In high school, our mathematics teachers encouraged us to do proofs.
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Component 4
¢ In high school, our mathematics teachers never talked about the importance of proof.
¢ | find dealing with proofs boring.
¢ | usually have difficulty in understanding proofs.

¢ | do not have too much experience in doing proofs.

Component 5

e In order to decide whether a mathematical statement is true, | have to check that it is
true for all cases.

¢ | think mathematics instruction is/will be different in lectures in the university than in
high school.

e It is not compulsory to be able to do mathematics to be successful in mathematics

lessons.

Component 6
¢ In our high school mathematics textbook, there were exercises about proof.
¢ In high school, our mathematics teachers never talked about the importance of proof.
e We do not need to know the proof of a mathematical result in order to understand

why a mathematical result is true.

Component 7

¢ A high school student should be expected to do mathematical proofs.

Seven factors did not yield an interpretable result. There were items appearing in
more than one component and one component had less than three items. Since the first
pilot study resulted in four factor components, and the scale was expected to measure four
sub dimensions, factor analysis was repeated with the restriction of four components.

Factor loadings can be seen in Table C. 5.



Table C.5. Factor loadings for four components

item 1o Component
1 2 3 4
1 0.78 0.16 0.17 -0.04
20 0.73 -0.04 -0.13 0.09
6 0.69 0.25 0.15 -0.15
3 0.69 0.29 -0.06 0.11
25 0.65 0.02 0.32 0.04
2 0.64 -0.12 0.17 -0.36
19 0.63 0.25 -0.02 0.49
18 0.63 0.15 0.38 -0.06
17 0.61 0.24 0.13 0.04
5 0.60 0.27 -0.17 0.28
4 0.50 0.14 -0.07 0.32
16 0.45 0.33 0.29 0.19
7 0.39 0.36 0.06 -0.24
9 0.26 0.76 0.05 0.27
12 0.20 0.68 0.11 0.30
8 0.16 0.65 0.11 -0.25
11 0.13 0.63 0.07 0.35
10 0.07 0.62 0.04 0.10
24 0.03 0.10 0.80 -0.07
21 -0.05 0.08 0.75 0.07
14 0.12 0.37 0.68 -0.08
15 0.43 -0.24 0.58 0.16
23 0.04 0.10 0.05 0.78
22 0.20 0.09 0.42 0.61
13 0.20 -0.24 0.30 -0.52
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Items corresponding to each component are given below:
Component 1

e In order to comprehend a mathematical statement, | try to understand its proof.

e In order to decide whether a mathematical statement is true, | have to check that it is
true for all cases.

e Proofs make mathematics enjoyable.

e Proofs are important only for mathematicians.

¢ Incorporating proofs in high school mathematics lessons may make it difficult for the
students.

¢ In high school, proof should be used to explain a mathematical concept.

¢ A high school student should be expected to do mathematical proofs.

¢ In mathematics, proofs are usually confusing.

e Proof is a vital part of mathematics.

¢ | find dealing with proofs boring.

e More emphasis should be given to proofs in university mathematics lectures than in
high school.

e It is not compulsory to be able to do mathematics to be successful in mathematics
lessons.

e We do not need to know the proof of a mathematical result in order to understand

why a mathematical result is true.

Component 2

¢ In high school, we had proofs in mathematics lessons

¢ In high school, | was expected to do simple proofs in mathematics lessons and
exams.

¢ In high school, our mathematics teachers encouraged us to do proofs.

¢ In our high school mathematics textbook, there were exercises about proof.

¢ In high school, our mathematics teachers never talked about the importance of proof.
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Component 3

I think knowledge and skills | gained in high school mathematics lessons is/will be
useful for me in university.

| feel confident that | can do mathematical proofs.

I can use mathematical language efficiently while doing proofs.

I believe that my mathematical knowledge is adequate for doing simple mathematical

proofs.

Component 4
I usually have difficulty in understanding proofs.

I do not have too much experience in doing proofs.

Discarded item:
I think mathematics instruction is/will be different in lectures in the university than in

high school.
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C.2. Pilot Study for the Proof Exam

The results of the Proof Exam used in the pilot study are presented below. For each

item, types of proofs that the students attempted are given.
Item 1: “If the square of a natural number is even, then that number must be even.”

e Proof 1A: If n was odd, then its square would be odd. (Proof by contrapositive)

e Proof 1B: If nis even, then its square will be even. (This proofs the converse of the
given statement; not equivalent.)

e ProoflC: Assume that n is odd but n? is even. If n is odd then n? is be odd. This
contradicts our assumption. (Proof by contradiction)

e ProoflD: Direct proof: Assume n?is even ...then n must be even.

e Proof 1E: The square of an even number is even, the square of an odd number is odd.
Hence, if the square of a number is even, then that number should be even. (Proof by
cases)

e Proof 1G: Giving numerical examples without generalization.

e Proof 1F: There is no meaningful argument.

e NA: Not attempted.

Most used (valid) proof was proof by contradiction in both groups. Commonly made
mistakes were proving that the square of an even number is even, and showing the
statement is true by giving numerical examples without generalization. Frequencies of the

proof types are given in Table C.6.

Table C.6. Proof types by groups, item 1

Type NA|A|B|C|D|E|F|G|Total
Group|1B| 1 [ 9|6 |1|2|3|0|3] 25
2|1 |5]4|3(4|1(1/,0] 19

Total 2 11411046413 | 44
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Item 2: True or false: “The equality 1 +3 + 5 + ... + 2n-1 = n? is true for all integers

n>1.”

e Proof 2_A: Using Gauss’ method (writing the same sum in reverse and adding up the
terms).

e Proof 2_B: By mathematical induction.

e Proof 2_C: Using the equality 1+2+3+...+n = n (n+1)/2.

e Proof F: There is no meaningful argument.

e NA: Not attempted.
Most participants in both groups attempted proof by induction. Common mistakes

made here were not showing the basis step in induction (mostly seen in group 1) and

calculation errors. Frequencies of the proof types are given in Table C.7.

Table C.7. Proof types by groups, item 2

Type |[NA[A]B|[C|F]|Total
Groups |1A| 8 |0 0[0] 15
2 |1 |2(14(1]1| 19

Total 9 |2(21|1|1| 34

Item3: True or false: “Given any three consecutive integers, one of them is divided

by three.”

e Proof 3_A: Direct proof: Explanations such as: When we group the numbers by
three, there is a number in each group that is divisible by three.

e Proof 3 B: Leta, a+ 1, a+ 2 be three consecutive integers. If a = 3k, thena is
divisible by three. If a= 3k+1 then a+2 is divisible by three. If a=3k+2 then a+1 is
divisible by three. In any case, one of them will be divisible by three (proof by
cases).
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e Proof 3_C: Showing that the sum is divisible by three. (This does not prove the
statement is true: if the sum of three numbers is divisible by three, it cannot be
concluded that one of them is divisible by three.)

e Proof 3_D: Giving counter-example to show that the statement is false: “0 is not
divisible by three” (the statement is not false, the counter-example is not valid
because 0 is divisible by three).

e Proof 3_E: Giving numerical examples without generalization.

e Proof 3_G: Using the divisibility rule: a number is divisible by three, if and only if
the sum of its digits is divisible by three.

e Proof F: There is no meaningful argument.

e NA: Not attempted.

Most common proof for this item was proof by cases (using remainders). Most
participants in group 1 did not attempt this item. All participants who attempted this item
in group 2 used proof by cases. Common mistakes were; showing the statement is false by
claiming that 0 is not divisible by 3, showing their sum is divisible by 3, showing the
statement is true by giving numerical examples without generalization. Frequencies of the

proof types are given in Table C.8.

Table C.8. Proof types by groups, item 3

Type NA|A|B|C|D|E|G|Total

1B| 10 | 2 21251 25
Group

2|12 (0117|0000 19

Total 12 12120122 |51 | 44

Item 4: True or false: “(a) n? + (n + 1) = (n + 2)? is true for all natural numbers

(b)n? + (n + 1)* = (n + 2) is false for all natural numbers”

e Proof 4_A: Solve for n: n = -1, n = 3 ; the statement is true for only the natural

number 3.
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e Proof 4 _B: By giving counter-examples
e Proof 4_C: By giving counter-example for part a, concluding that part b must be true.

e NA: not attempted

This was a common item that was asked to all groups, and most correctly answered
item. Two different proofs were given to this statement: Solving for n to find for which
values of n this equality is true and giving counter examples for both statements.

Frequencies of the proof types are given in Table C.9.

Table C.9. Proof types by groups, item 4

Type |[NA|A|B Total

C
11 9 |18(12|1| 40

0

1

Group

211|315 19
Total 10 | 21| 27 59

Item 5: “In a party of n people (n > 2), there exists at least two people who has the

same number of friends.”

e Proof 5_A: General case (pigeonhole principle).

e Proof 5_B: General case (induction).

e Proof 5_C: Trying possibilities for small n (no generalizations).
e Proof F: There is no meaningful argument.

¢ NA: Not attempted.

This was one of the least correctly responded items in all groups. The valid solution
is using the Pigeonhole Principle, but even the senior students (Group 2) had problems
with this item and only a few students gave a full proof. Most students who attempted to
give a proof just experimented with small values of n, unable to generalize. Frequencies of

the proof types are given in Table C.10.
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Table C.10. Proof types by groups, item 5

Type NA| A B |C|F|Total

1A 11 12 |0]2|0] 15
Group

2| 518312 19

Total 16 (103 |3 |2| 34

Item 6: Sum of the interior angles of a triangle is 180°.

e Proof 6_A: Draw a line parallel to one of the sides; showing/using without proof that
one of the exterior angles is the sum of the other two interior angles.

e Proof 6 B: Draw a circle around the triangle (circumcircle); 20+2p+2y = 360°,
o+B+y = 180°. Length of the arc corresponding to an interior angle is twice the size
of that angle.

e Proof 6_C: Draw a parallel to the base, sum of the two alternate interior angles and
the third interior angle gives 180.

e Proof 6_D: Using the fact that sum of exterior angles is 360 (with or without proof).

e Proof 6_E: Proving the statement for right triangles (specific case).

e Proof F: There is no meaningful argument.

e NA: Not attempted.

This is the second item common in all groups. Common mistakes were using rules,
properties which can be proved using this statement. Frequencies for the proof types are

given in Table C.11.

Table C.11. Proof types by groups, item 6

Type |NAJA[B|C|D[E][F][Total
Group[1] 25 [4[4[41[1[1] 40

2|15 [1[1]2]ofofo] 19
Total |40 |5(5|6|1[1[1] 59
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Item 7: Product of the slopes of two perpendicular lines on the plane is -1.

e Proof 7_A: By giving examples

This was the least chosen item in both groups, and no one gave a valid proof.

Frequencies are given in Table C.12.

Table C.12. Proof types by groups, item 7

Type NA | A | Total

1B| 22 | 3| 25

Grade
4 119 0| 19
Total 41 | 3| 44

Item 8: Pythagoras’ theorem: In a right triangle, where ¢ is the hypotenuse, and a and

b are the legs, the following equality holds: a2+ b? = ¢?

e Proof 8_A: Using Cosine theorem: ¢?= a®+ b? — 2ab cos €, m(C) = 90°, cos C = 0,
c?=a’+ b?

e Proof 8_B: Using the equality sin“a + cos?a =1

e Proof 8 C: Draw a square for each edge. Sum of the area of the two squares is equal
to the area of the third square: a?> + b? = c® (There is a diagram but no other
explanation.)

e Proof 8_D: Draw a square with side length a+b. Place four right triangles with sides
a, b, and c inside the square. In the middle, there is square with side length ¢. Sum of
the areas is c® + ab, which is equal to the area of the big square: (a+b)? = c? + 2ab,
a’+b”+2ab = ¢? + 2ab; a’ + b* = ¢,

¢ NA: Not attempted.
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Common mistakes here were using rules, properties which are actually results of this
statement, hence cannot be used in the proof. Frequencies of proof types are given in Table
C.13.

Table C.13. Proof types by groups, item 8

Type | NA[A[B[C|D|T
Group|1B| 21| 2|1|1]|0]|25

2 16/ 010 2|1|19
Total 371 211|3| 1|44

Item 9: Let A, B and C be arbitrary sets. Then, AN (BUC)=(ANB)UANC).

e Proof9 A:x€ AN(BUC) &>x € Aand X« BUC+«+ x< Aand (X € Borx
€C)e (x € Aand x € B)or(x € Aand x €C)« X € (ANB) orx € (AN C)
-~ XEANB)UANC)—AN(BUC)=(ANB)U(ANC).

e Proof 9 B: Follows from distribution property. (They are asked to prove the
distribution property.)

¢ NA: Not attempted.

While most people used the correct approach in this item, students in group 1 made
mistakes such as using = or — (if...then) instead of < (if and only if). Frequencies of

proof types are given in Table C.14.

Table C.14. Proof types by groups, item 9

Type NA | A |B | Total
1A| 8 | 5 15
2 1109 19
Total 18 |14 34

Group

N O DN
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Item 10: Let (a, b) and (c, d) be two points in the plane. The distance between these

points is \/(a_c)z +(b—d)?

e Proof 10_A: Using Pythagoras’ theorem:
A= (a,b), B = (b, c) (forms a right triangle with vertices A, B and C).

|AB| = J|AC|® +|CB|* =/(b—d)? + (a—c)?

All participants who attempted this item used provided this proof, which they know

well from high school. Frequencies are given in Table C.15.

Table C.15. Proof types by groups, item 10

Type NA | A | Total
1B 19 | 6 | 25
2 113 |6 19
Total 32 12| 44

Group

These results were considered during the development of the final form of the
Proof Exam, and Proof Evaluation Exam, as well as the preparation of the rubrics for these

instruments.
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Participants of this study are enrolled to the following programs offered by Bogazici

University, Istanbul.

D1. Primary Education Teaching Mathematics Program

First Semester
Course Code
MATH 101
MATH 111
PHYS 101
ED 101

AE 111/- - -

Second Semester
Course Code
MATH 102
PHYS 102

ENG 101

PRED 154

AE112/---

Third Semester
Course Code
MATH 201
PHYS 201

ED 211

TK 221

ED 221

Course Name

Calculus |

Int. Mathematical Structures
Physics |

Introduction to Education

Advanced English | or HSS Elective

Course Name

Calculus 11

Physics 11

Introduction to Computers

Academic Orientation for Math and Science
Teachers

Advanced English Il or Complementary Elective

Course Name

Matrix Theory

Physics 111

Educational Psychology
Turkish 1

Fundamentals of Guidance and Counseling

Credit
4
4
4
3
3
Total: 18

Credit
4
4
3

3
3

Total: 17

Credit
4

4
3
2
3

Total : 16



Fourth Semester
Course Code
MATH 202

ED 282

Fifth Semester
Course Code

PRED 310

PRED 350
PRED 371

HTR 311

Sixth Semester
Course Code
CET 360
PRED 348

PRED 354

PRED 372

HTR 312

Course Name

Differential Equations

Principles and Methods of Instruction
Specified elective

HSS Elective

Turkish 11

Course Name

Special Education in Primary Math and Science
Education

Teaching Geometry
Teaching Mathematics |
Complementary Elective
Unrestricted Elective
History of the Turkish Rep. |

Course Name

Instructional Techniques and Material Development
Community Service

Teaching Probability and Statistics for Primary
Education

Teaching Mathematics 11

Complementary Elective

Complementary Elective

History of the Turkish Rep. Il
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Credit

3
2
Total: 15

Credit

N W W W w

Total: 17

Credit

w w w w

2
Total: 19



Seventh Semester
Course Code
PRED 460
PRED 461
PRED 465
PRED 470

ED 401

Eighth Semester
Course Code
PRED 462
PRED 466
PRED 468

Course Name

Research Methods in Math and Scince Education
Computer Assisted Mathematics Teaching

School Experience in Teaching Math and Science II
Assessment in Math and Science Education

Classroom Management

Course Name
Applied Research in Math and Science Education
Practice Teaching in Mathematics
Seminar on Practice Teaching in Math
Unrestricted Elective

Complementary Elective
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Credit
4

3

3

3

3
Total: 16

Credit

4

4

4

3

3
Total: 18

Overall Total
Credits: 136



D2. Secondary Education Teaching Mathematics Program

First Semester
Course Code
MATH 101
MATH 111
PHYS 101**
SCED 103
AE 111%*/---

Second Semester
Course Code
MATH 102
MATH 162

PHYS 130

ENG 101
AE 112*/---

Third Semester
Course Code
ED 101
MATH 201
PHYS 201
PHIL 131

TK 221

Course Name

Calculus |

Introduction to Mathematical Structures
Physics |

Orientation to Science and Math. Education
Advanced English / HSS Elective

Course Name

Calculus 11

Discrete Mathematics

Thermodynamics, Waves, Optics and Modern
Physics

Introduction to Computers

Advanced English Il / HSS Elective

Course Name
Introduction to Education
Matrix Theory

Physics 111

Logic |

Turkish |

Credit

w = s~ b

Total: 16
Credit

4
4

Total: 18

Credit
3

4
4
3
2

Total: 16
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Fourth Semester
Course Code
MATH 202
MATH 224

Fifth Semester
Course Code
ED 213

ED 221

HTR 311

Sixth Semester
Course Code
MATH 232
ED 262

HTR 312

Course Name

Differential Equations

Linear Algebra

Area Elective

Humanities and Social Sciences Elective
Turkish 11

Course Name

Development and Learning

Fundamentals of Guidance And Counseling
MATH Elective

MATH Elective

Area Elective

Ataturk’s Principles and History of Turkish

Revolution

Course Name

Introduction to Complex Analysis

Planning and Evaluation of Instruction
MATH Elective

SCED, ED, PRED or CET Elective

MATH Elective

Ataturk’s Principles and History of Turkish

Revolution

Credit

4

3

3

3

2
Total: 15

Credit

w w w w

2
Total: 17

Credit

w w w s

2
Total: 18
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Seventh Semester

Course Code
CET 360

SCED 420

Eighth Semester
Course Code
SCED 340

SCED 450

Nineth Semester
Course Code
SCED 404
SCED 431

SCED 451

Course Name

Instructional Technologies and Material
Development

Teaching Methods in Science and Mathematics
MATH Elective

MATH Elective

Area Elective

Course Name

Science, Technology and Society

School Experience in Teaching Mathematics
and Science |

Classroom Management

SCED, ED, PRED or CET Elective

Unrestricted Elective

Course Name

Applied Research in Science Education
Teaching Methods in Mathematics

School Experience in Teaching Mathematics
and Science Il

MATH Elective

Area Elective

Credit

w W W w w

Total: 15

Credit
3

3

3

3

3
Total: 15

Credit

3

3

3
Total: 16
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Tenth Semester

Course Code

SCED 408

SCED 416
SCED 432

Course Name

Text Analysis in Science and Mathematics
Education

Seminar on Practice Teaching in Mathematics
Practice Teaching in Mathematics
Unrestricted Elective

Philophy or History of Science Elective

Credit

w w s~ b W

Total: 17
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*Students who pass the preparatory year with an English proficiency level of C are
required to take AE 111 and AE 112.

**Students with strong background can take "PHYS 121-PHYS 201-PHYS 202"
instead of "PHYS 101-PHYS 130-PHYS 201 ".



First Semester
Course Code
MATH 131
MATH 111
PHYS 101**

AE 111* / HSS

Second Semester
Course Code
MATH 132
MATH 162
PHYS 130

CMPE 150
AE 112* HSS

Third Semester
Course Code
MATH 201
MATH 231
PHYS 201
PHIL 131

TK 221

D3. Mathematics Program

Course Name

Calculus for Math Students |
Int. Mathematical Structures
Physics |

Unrestricted Elective

Humanities or Social Sciences

Course Name
Calculus for Math Students |1

Discrete Mathematics

Thermodynamics, Waves, Optics and

Modern Physics
Int. to Computing

Humanities or Social Sciences

Course Name

Matrix Theory

Calculus for Math Students IlI
Physics 111

Logic |

Unrestricted Elective

Turkish
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Credit

3
3
Total: 18

Credit
4
4

4
3
3
Total: 18

Credit
4

4
4
3
3

2
Total: 20


http://www.math.boun.edu.tr/index.php?option=com_content&task=section&id=12&Itemid=228#math131
http://www.math.boun.edu.tr/index.php?option=com_content&task=section&id=12&Itemid=228#math131
http://www.math.boun.edu.tr/index.php?option=com_content&task=section&id=12&Itemid=228#math111
http://www.math.boun.edu.tr/index.php?option=com_content&task=section&id=12&Itemid=228#math111
http://www.math.boun.edu.tr/index.php?option=com_content&task=section&id=12&Itemid=228#math132
http://www.math.boun.edu.tr/index.php?option=com_content&task=section&id=12&Itemid=228#math132
http://www.math.boun.edu.tr/index.php?option=com_content&task=section&id=12&Itemid=228#math162
http://www.math.boun.edu.tr/index.php?option=com_content&task=section&id=12&Itemid=228#math162
http://www.math.boun.edu.tr/index.php?option=com_content&task=section&id=12&Itemid=228#math201
http://www.math.boun.edu.tr/index.php?option=com_content&task=section&id=12&Itemid=228#math201
http://www.math.boun.edu.tr/index.php?option=com_content&task=section&id=12&Itemid=228#math231
http://www.math.boun.edu.tr/index.php?option=com_content&task=section&id=12&Itemid=228#math231

Fourth Semester
Course Code
MATH202
MATH 232
MATH 224
HSS

TK 222

Fifth Semester
Course Code
MATH 321
MATH 331
MATH 343
HSS

HTR 311

Sixth Semester
Course Code
MATH 322
MATH 332
MATH 336
HSS

HTR 312

Seventh Semester
Course Code
MATH 431

Course Name

Differential Equations

Int. to Complex Analysis
Linear Algebra |

Humanities or Social Sciences
Science Elective

Turkish

Course Name

Algebra |

Real Analysis |

Probability

Humanities or Social Sciences

History of Turkish Revolution

Course Name

Algebra Il

Real Analysis 11

Numerical Analysis
Humanities or Social Sciences

History of Turkish Revolution

Course Name
Complex Analysis |
Math Elective

Math Elective
Unrestricted Elective

Science Elective
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Credit
4

3
3
3
3

2
Total:18

Credit
4
4
4
3
2
Total: 17

Credit
4
4
4
3
2
Total: 17

Credit
4

3
3
3
3

Total: 16/17


http://www.math.boun.edu.tr/index.php?option=com_content&task=section&id=12&Itemid=228#math202
http://www.math.boun.edu.tr/index.php?option=com_content&task=section&id=12&Itemid=228#math202
http://www.math.boun.edu.tr/index.php?option=com_content&task=section&id=12&Itemid=228#math232
http://www.math.boun.edu.tr/index.php?option=com_content&task=section&id=12&Itemid=228#math232
http://www.math.boun.edu.tr/index.php?option=com_content&task=section&id=12&Itemid=228#math224
http://www.math.boun.edu.tr/index.php?option=com_content&task=section&id=12&Itemid=228#math224
http://www.math.boun.edu.tr/index.php?option=com_content&task=section&id=12&Itemid=228#math321
http://www.math.boun.edu.tr/index.php?option=com_content&task=section&id=12&Itemid=228#math321
http://www.math.boun.edu.tr/index.php?option=com_content&task=section&id=12&Itemid=228#math331
http://www.math.boun.edu.tr/index.php?option=com_content&task=section&id=12&Itemid=228#math331
http://www.math.boun.edu.tr/index.php?option=com_content&task=section&id=12&Itemid=228#math343
http://www.math.boun.edu.tr/index.php?option=com_content&task=section&id=12&Itemid=228#math343
http://www.math.boun.edu.tr/index.php?option=com_content&task=section&id=12&Itemid=228#math322
http://www.math.boun.edu.tr/index.php?option=com_content&task=section&id=12&Itemid=228#math322
http://www.math.boun.edu.tr/index.php?option=com_content&task=section&id=12&Itemid=228#math332
http://www.math.boun.edu.tr/index.php?option=com_content&task=section&id=12&Itemid=228#math332
http://www.math.boun.edu.tr/index.php?option=com_content&task=section&id=12&Itemid=228#math336
http://www.math.boun.edu.tr/index.php?option=com_content&task=section&id=12&Itemid=228#math336
http://www.math.boun.edu.tr/index.php?option=com_content&task=section&id=12&Itemid=228#math431
http://www.math.boun.edu.tr/index.php?option=com_content&task=section&id=12&Itemid=228#math431
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Eighth Semester

Course Code Course Name Credit
Math Elective 4
Math Elective 3
Math Elective 3
Unrestricted Elective 3
HSS Humanities or Social Sciences 3
MATH 480 Seminar 2

Total: 17/18

Minimum Credit Hours:
141/143 Credits

*Students who pass the preparatory year with an English proficiency level of C are
required to take AE 111 and AE 112.

**Students with strong background can take "PHYS 121-PHYS 201-PHYS 202"
instead of "PHYS 101-PHYS 130-PHYS 201 ".


http://www.math.boun.edu.tr/index.php?option=com_content&task=section&id=12&Itemid=228#math480
http://www.math.boun.edu.tr/index.php?option=com_content&task=section&id=12&Itemid=228#math480
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D.4. Course Descriptions

The following are the descriptions of the compulsory mathematics courses that the
participants of the study take, all of which are offered by Mathematics Department. Note
that there are special Calculus courses for Mathematics students only. Students from other
departments, including Priamry and Secondary Education Teaching Mathematics
Programs, take Math 101 and Math 102. Other than those, the courses Teaching
Mathematics students take are common with Mathematics students.

Math 101 Calculus 1 (4+2+0) 4

Functions, limits, continuity, differentiation and applications, integration, fundamental
theorem of calculus, techniques and applications of integration, improper integrals and

series, Taylor polynomials, power series, basic transcendental functions.

Math 102 Calculus 11 (4+2+0) 4

Vector calculus, functions of several variables, directional derivatives, gradient, Lagrange
multipliers, multiple integrals and applications, change of variables, coordinate systems, line

integrals, Green's theorem and its applications.

Math 111 Introduction to Mathematical Structures (4+2+0) 4

Propositional logic, quantification, methods of proof, sets, relations, functions and

operations, equivalence relations, cardinality, introduction to algebraic structures.

Math 131  Calculus for Mathematics Students | (4+2+0) 4

Fundamental properties of real numbers, sequences and subsequences, Bolzano-Weierstrass
theorem, limits of functions, continuity, intermediate and extreme value theorems,

differentiation and its applications, mean value theorems.
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Math 132  Calculus for Mathematics Students 11 (4+2+0) 4

Riemann integration, fundamental theorem of calculus, techniques and applications of
integration, improper integrals, basic transcendental functions, infinite series, convergence

tests, Taylor polynomials, power series.

Math 162 Discrete Mathematics (4+2+0) 4

Introduction to basic problems, sums and recurrences, elementary number theory, properties

of binomial coefficients, special numbers, discrete probability theory, generating functions.

Math 201 Matrix Theory (4+2+0) 4

Matrix algebra, determinants, Gaussian elimination, Cramer's rule, inverses, systems of

linear equations, rank, eigenvalues and eigenvectors, introduction to linear programming.

Math 202 Differential Equations (4+2+0) 4

First-order differential equations, linear equations, homogeneous and non-homogeneous,
series solutions, the Laplace transform, systems of first-order linear equations, boundary

value problems, Fourier series.

Math 224 Linear Algebra | (3+2+0) 3

Vector spaces, linear transformations, rank and nullity, change of basis, canonical forms,
Euclidean spaces, Gram-Schmidt orthogonalization process.

Math 231 Calculus for Mathematics Students 111 (4+2+0) 4

Vector calculus, functions of several variables, directional derivatives, gradient, vector-
valued functions, divergence and curl, Taylor's theorem, Lagrange multipliers, multiple

integrals, change of variables, line integrals, Green's theorem.
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Math 232 Introduction to Complex Analysis (3+2+0) 3

The field of complex numbers, the extended complex plane and its topological properties,
series of complex functions, M-test, power series, analytic functions, elementary functions

and their mapping properties.

Math 321 Algebra | (4+2+0) 4

Introduction to group theory, subgroups, Lagrange's theorem, factor groups, permutation
groups, group homomorphisms, isomorphism theorems, introduction to ring theory, ideals,

ring homomorphisms, divisibility, polynomial rings, field of rational functions.

Math 322 Algebra ll (4+2+0) 4

Vector spaces over an arbitrary field, linear independence and bases, linear transformations
and matrices, fields, field extensions, algebraic extensions, Kronecker's theorem, finite
fields.

Math 331 Real Analysis | (4+2+0) 4

Metric spaces, convergence, completeness, continuity, compactness, connectedness,

contraction mapping principle.

Math 332 Real Analysis 11 (4+2+0) 4

Sequences and series of functions, Arzela-Ascoli theorem, Stone-Weierstrass theorem,

Fourier series, inverse and implicit function theorems, integration.

Math 336 Numerical Analysis (4+2+0) 4

Solutions of nonlinear equations, Newton's method, fixed points and functional iterations,
LU factorization, pivoting, norms, analysis of errors, orthogonal factorization and least
square problems, polynomial interpolation, spline interpolation, numerical differentiation,

Richardson extrapolation, numerical integration, Gaussian quadratures, error analysis.
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Math 343 Probability (4+2+0) 4

Sets and counting, probability and relative frequency, conditional probability, Bayes
theorem, independence, discrete and continuous random variables, binomial, Poisson and
normal distributions, functions of random variables, law of large numbers, generating
functions, characteristic functions, moments, compound distributions, central limit

theorems, Markov chains and their limiting probabilities.

Math 431 Complex Analysis | (4+2+0) 4

Complex differentiation, Cauchy-Riemann equations, holomorphic functions, conformal
mappings, contour integration, Cauchy's theorem, Taylor and Laurent series, open mapping

theorem, maximum modulus principle, applications of the residue theorem.
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