o a1 »‘“‘"i
B poa . R BRI A A
S

B f 0 ® ERENC E \ -
. )
T @C~A¢f‘f4“)*»HP~HOOM ““wi
‘?"m‘;w"'“ v B “W’\l"“m“‘ﬁ“"ﬂ‘«-

BOUNDARY INTEGRAL ELEWENT ANALYSIS
o OF |
STEADY-STATE HEAT COMDUCTION PROBLEMS

by
Cemal TUNALI

B.S.-in'M.E., Bogazigi University, 1982

Bogazici University Library

llII MR-

Subm1tted to the Institute for Graduate Stud1es in.
Sc1ence and Eng1neer1ng in part1a1 fu]f111ment of
the requ1rements for the degree of
Master of Science
in

Mechanical Engineering

Bogazigi University
- 1984



i

ACKNOWLEDGEMENTS

I would Tike to express my gratitude to my:thesis supervisor,
Prof.Dr. A. Tezel, for his adviée and tactful criticisms that have

been valuable in all parts of this work.

Special thanks are due to Dog.Dr, F. Borakband Dr;'V, Ké]en-

~ deroglu for their interest in this work.

. : ‘ " - ' ‘ '
- My sincere appreciation goes to A. Ozmen for his invaluable

help.

Special thanks must finally go to M. Kalenderoglu for her

patience and diligence in typing.

_Cema] TUNALI



iv -

ABSTRACT

In this study, the boundary integral element method is used
for analysis of steady-state heat conduction prob]emé. The method
is general for two-dimensional regions with arbitrary boundary shapes.
The development is generalized to include thebfirst, second, and
third kind of boundary conditions as well as nonlinear condffions;
A variety of problems are analyzed with this method and their solu-
tions are compared to those obtained ana]ytica]ly; A comparison
between the present method and the f1n1te d1fference pred1ct1ons is
also made. Moreover, two-dimensional regions with three k1nd of
boundary conditions, 1rregu]ar shaped boundaries and‘reg1ons‘w1th
more than one sufface are used to i11ustrate the versati]ity of the

technique as a computationa] procedure.



OZET

Bu calismada, sabit rejimde 1s1 11étimi'prob1em1erini cozmek
icin sinir integral elemanlari yontemi ku]ian11m1$tir, Bu yontem
alelade sinir sekillerine sahip iki boyutlu bélgeler icin geneldir.
Yontem birinci, ikinci ve liclincl tiir sinir kosu]lar1 ve ayn1 zaman-
da lineer olmayan sinir kosullarinda genellestirilmistir. Cesitli
problemler bu metodla analii edilmis ve analitik cszmTerle karsi-
lastirilmistair. ‘Ayn1 zémanda, bu yontemle elde edilen coziimlerle
sonlu farklar coziumleri aras1ndaki kar$T1a$t1rma da yapiimistir.

Oc cesit sinir kosullarina, diizensiz sekilli sinirlara ve birden
fazla ylizeye sahip iki boyutlu problemler, yontemin ¢ok ybn]ﬁiﬁgﬁnﬁ'

orneklemek icin kullanilmistir.
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I. INTRODUCTION

Integral methods for formulating governing fieid equations have
been a subject of interest to many investigators for éeveral years.

Some exact and approximate solutions for the 1ntegrélvequations, akising
in the above mentioned integral methods, were obtained.

A fundamental method employed in the classical potential theory -
is the userf Green's functiohs for solving the integral equation asso;
ciated with the Laplace equation as given by Morse and Feshbach [1].

In spite of the generality of this method, it is limited to those prob-
lems having simple geomefries. The Timitations are due to the mathe-
matical comp]exity in the conStruction of ‘the required Green's functions
for obtaining the solution to the associated integral equation. |
A modified version of the method, which is studied by Jawson [2]
and MacMillan [3], is based on the use of Green's functions together
with fhe Green's’second formula and "has been found to be more pracfical
and less comb]ex. The basic idea of this modified version is to cast
the field differential equation into a boundary integral equation.
Although the major properties of differential equations were'well es-

tablished by the nineteenth century, the first rigorous invéstigation.



of the classical kinds of integral equet%ons was pﬁb]ished by Fredholm
at 1905. Since then they have been studied intenéively, particularly
in connection with field theory.

A major eontribution to the formal understanding of integral
equations has been made more recently by Mikhlin [4-6]. He discusses’
such equations with both scalar and vector (multidimensional) integrands
and, in particular, those with singularities and diseohtinuties within
the range of integration. Despite of the great advances that have been
made in the classification and analysis of the properties of integral
equations, none of the major authors who deals with applied mathematics
appear to have considered the possibility that a general numerical al-
gorithm for'so1ving a wide'rangevbf practical problems might be based
on the integra]‘equatibns. The impetus for suéh a development has been
provided by the high-speed digital computers and as a result the boun- |
dary integral element method has been deQe]oped.

Applications of the boundary'integra] e]emeht method to heat
conduction problems have received less attention as compared to those
problems in solid mechanics. This is due to the Timitation of the
boundary integral element method to the problems subject to Tinear
boundarylconditions. ‘Certain papers [7-10] have appeared in the
literature which show the application of the method to the solution
of conduction problems where both the temperature and flux at the boun-
daries are constant.

In many aspects, the boundary integral element method for solving
“boundary value problems proves to be edvantageoqs over the cenventional

numerical methods of finite difference and finite elements. Since the



technique uses only the boundary data in fhe solution, this in turn
reduces the size‘of numerical calculations. In addition, the solution
at any interior point is easily obtained with a resolution and without'
further inQo]vement of the other points. Furthérmore, the method does
not require any modifications or Specia] handling of points near the
domain boundaries, ‘unlike the case of finite differences.'_This parti-
cu]ér feature makes the boundary integral element method well-suited,
as it is the case in finite element method, to those problems with
irregular shaped boundariés.

In this investigation, the boundary integral element numerical
method is modified to bevapplied as iterative technique. ~This modifi-
cation enables the method to solve numerically steady-State heat con-
duction problems with no restrictions imposed on its boundary conditions.
This technique is app1icab]e‘f0r two-dimensional problems with nonlinear
boundary conditions resulting from radiation at the boundary. ,A]so; the
problems with more than one surfacé, such as the case of hollow cylinder,

are investigated.



IT. THEORY anp PRINCIPLES

When an engineer constructs a mathematical model of almost

any kind of a system, he usually starts by establishing the beha-
viour of an infinitesimal differential element of it. This estab-
Tishment is based on assumed relationships between the major variables
involved. This leads to a description of the system in the form of
a set of differential equations. Once the bésic model has béen con-
structed and the properties of the particular differential equation
is understood, subsequent efforts afe.then directed'towards obtaining
a solution of the equations within the region of interesf. The re-
gions are often of very complicated shapes in where various conditions
are specified on the boundaries.

- The numerical mefhods most widely used ét present deal with
the differentia] mathematical manipulation in one of two ways: ‘EITHER
by approximating the differentia] opérators’in the equations by simpler.
localized algebraic ones valid at a series of nodes within the region
OR by representing the region itself by noninfinitesima] (i.e., finite)
e]ements‘which are assembied to provide an apprbximation to the real

region.



An obvjous alternative approach‘to solve the set of differen-
tial equations would be to attempt to integrate them éna]ytica]]y
in some way befbre either proceeding with any discretizatibn scheme
or introducing any approximations. We are, of course, attempting
to integrate the differential equations to find a solution whatever
method we use, but the essence of boundary integral equation techniques?
is the transformatibn of the differenfia] equations into equivalent
sets of integral ones as the first step in their solution.

However, the numerical methods are predominantover the analytic
methods in respect of pfob]em solving ability. It is also a fact that
further improvements in computer techno]ogy will enhance the improve-

ment and applicability of numerical methods.

2.1  DEFINITION-OF THE PROBLEM

In this study, the temperature distribution in simply and mul-
tiply connected regions under the inf]uenCé of steady-state conduétion
heat transfer with heat generation and constant thermal conductivity N
is explored.

The’gdverningﬁfield equation is shown to be
1nit .A
V2.u +.g_K_= 0 ) ‘ : o ’ (2.].1)

in the domain of interest where u is the temperature, q'" is the
volumetric heat generation and K is the thermal conductivity.
Due to the Timited availability of analytic solutions of the

above equation for a given set of boundary conditions effort has



been spent on,uti]izing boundary integ}al element method, which is
one of the numerical approaches, to broaden the range of pfob1ems
which can be solved.

The boundary conditions of cohcern whfch can be grouped as
follows. |

-  Boundary conditions of the first kind in which the value

of temperature is prescribed at the boundary.

- - Boundary condition of the second kind in which the value

of flux is prescribed at the boundary.

- Boundary condition of the third kind in which convective
heat transfer into a medium at a prescribed temperature

occurs at the boundary.

- The nonlinear boundary condition in which the fOrmu]atidn
of this kind of boundary condition involves a power of
temperature. In our study, the fourth power model of

radiation boundary condition will be considered.

2.2 BOUNDARY INTEGRAL FORMULATION

The aim of an approximate solution scheme is to reduce a govern-
ing equation (or set of equations) and boundary conditions to a‘sys-
tem of a]gebraic.equations. This is usually done by subdividing the
continuum into a number of cells or elements and assumingvovervéach
of these a known variation of the approximating ahd»weighting’func—

tions [21, p.8]. Consider the Poisson's boundary vé]he‘prob]em

Veu, + p = 0 in D SRR (2.2.1)



where Uo indicates the exact solution. " The corresponding bodndary

conditions are of the following two types:
-  Temperature is prescribed on the boundary, i.e.,
Uy = u ' : (2.2.2)

where u is its value on the boundary S1-

~ = Flux is prescribed on the boundary, i.e.,

qy = q - : (2.2:3)
where,
. u .
_ o]
9% = 57 (2,2.4)

‘which is the normal derivative of the exact so]ution-uo'and q is its
va]ﬁe on the boundary 52'

The total boundary of the domain D is
S=5,+5,

~as shown in Figure 2.2.1. |
The exact so]ﬁfion u, can be found only for a few and simple
cases and, generally, the solution will have to be approximated.
This can be done by using a set of known linearly independent func-
tions by and unknown coefficients Y; SO as to construct the approxi-

mating function u of the exact solution u_. Hence the approximating

0
function u is the linear combination of the linearly independent

function ;s



n

Domain D

Boundary S

~ Figure 2.2.1 - Schematic diagram of the domain D and its
boundary S. .

Due to its nature, sUbstitution of the approximating function u in-
stead of the exact solution uj will not satisfy the Eq. (2.2.1) so
that, a residual will be produéed subsequently. The procedure is

as follows:
V2u+p#0 .

It is seen that this yields an inequality. However, the approximating

function u is taken to be satisfying the boundary conditions, i.e.,



- -and

u-T-= 0 ' | - on S]  ,
9-9=0 - on S, .
Letting
=R - (2.2.5)

v2u + p
where R is the residual, the inequality is transformed into an equality.

We try to minimize this residual. The residual is normalized with res-

pect to properly chosen weighting function w.

. (R’w)D =0 'y

or »
S RwdD = 0 (2.2.6)
D .

where,
R=v2u +p

so. that _
J (v2u + pludD = O . » e (2.2.7)
D _

We are trying to minimize the reSidua]bby distributing it all over
the domain so as to force it to be zero in an average sense.

" The Green's second identity [11, p. 451] is given as follows;

7 (av?b - by2a)dD = f (a gb - b yas (2.2.8)
D S n noo .

From Eq. (2.2.7), we obtain.

S (V2u)wdD = - f pudD . | | - (2.2.9)
D D A .
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App]ying the Green's second idehtity to the left hand ‘side of the
Eq. (2.2.9), we get ' | -

J (V2u)udD = S W2edD + /o Y ds - s u —@%—-ds . (2.2.10)
D D

S on S d

Hence,

-f pudD = / uWPwdD + f wglods - u 2 _ds - (2.2.11)

_ n an

D D S S

and, rearranging the above equation, we have
- uwwedd = So-$Y-ds -y u B ods sy opudd . (2.2.12)
D s °n s N D |

- Now, it remains to find and insert the weighting function w into
Eq. (2.2.12).' Utilizing the reproducing propérty of Dirac delta
function [12, p. 315] |

rusdD =u | | (2.2.13)

D v ) | , . -
we see that there is a possibility of‘éimp1ifying thé lTeft hand side
of the Eq. (2.2.12). |
- Letting |

L=ve - o (2.2.14)
SO that'we canvwrite the Poiésoh's equation as

u=-p . | | | | (2.2.15)
Eq. (2.2.9) then takes the form

(w,Lu)y = (w,-p)p - (2.2.16)
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Further man1pu1at1on on the left hand side of Eq. (2.2. 16) by lntro-

duc1ng the adjoint L* of the operator L results in -
@u,Lu)D = (u,Lﬁ»)D o | | (2.2.17)

where 1 denotes the boundary integral terms appearing as surface
integrals in Eq. (2.2.12). Since the operator L is formally self
adjoint [13, p. 247], we have, |

L*=1L . . ' , - (2.2.18)

We use the reproduc1ng property of Dirac delta function to s1mp11fy

the (u, L w)D term in the Eq. (2.2.17). Thus, 1ett1ng

Viw = -8 , . _ (2.2.19)
or |

L = -6 o | | (2.2.20)
we obtéin from Eq. (2.2.17)

(us8)p = -(w, Lu)b +mT . » | | }(2.2.25)
Using}Eq. (2.2.13),

u-= —(w,Lu)D + ﬁ | - (2.2.22)

we obtain the GREEN's Formula.

| We also note that in}arriving the boundary integral equation,
the weighting function ¢ is defined as the solution of Eq. (2.2;]9).
This kind of weighting function ié known as the unit singu]ar solu-
tion [14, p. 58] or tundamental solution denoted by u* for an infinite

domain and the associated flux is
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' éu*
k=
- an

Thus, choosing u* as the weighting function w enables us to simplify |
Eq.‘(2.2.12) as |

u =S u*qdS - S uq*dS + S pu*dD . S (2.2.23)
S 'S D , ‘ :

Comparing with Eq. (2.2.12), it may be seen that Eq. (2.2.23) is _.
the proper form of Green‘s formula. In this'formu1a; it should be
noted-that the function‘u* is a function of two points: the 'source’
pbint X3 at which we have the'singularity of»de]ta'function; and the
'observation' pbint X which is the variable invoTvéd_in'our diffé-

~rential equation. The fundamental solution is a function only of -

the distance betweenbtﬁe 'source’ point A and the 'obsérvation' pbint

B as shown in Figure 2.2.2. We denote this distance by

= x - x| - | B (2.2.24)
Yy
A
'Observation' point
/B
r
X ' .
~ A 'Source' point
i

0 > x

Figure 2. 2.2 - Schemat1c diagram for definition of the
fundamental solution.
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~ The fundamental solution u* is found to be

u* = é; n(1/v) ' g R (2.2.25)

for two-dimensional case, where the solution is giveh in Appendix A.

Green's Formula on the Boundary

Equation (2.2.23) is valid for any point in the open domain.
We need to find the formulation of Green's formula on the boundary
[15, p. 48] so as to find the u values at the boundary.points. - This
is done in a simple way. Consider a semi-circle on the_boundary of

a two-dimensional domain as shown in Figure 2.2.3.

. Domain D

Boundary

Figure 2.2.3 - I1lustration of the point 'i' at the
 neighbourhood of the boundary.
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The point 'i' is Tocated at the center of the semi-circle. As the
radius 'e' ié reducgd ﬁo zero, the point bécomes a boundary point.

We take the second integral at the right'hénd side of Eq.v(2.2.23).v
It is evaluated only near the surface S. In order to evaluate the

integra1 at the boundary, considef thevsurface in two partitions, i.e.,
S=5S'+S R o . (2.2.26a)
where Se-is thé semi-circle surface and
$t=S-5, | : | S (2.2.26b)
‘fs thé remaining part of the whole surface. .Thus,

S uq*dS = f ugq*dS + [ ug*dS . o (2.2.27)

Now, taking the limit we get

Tim(s ug*ds) = Vim (s u(-1/2re)ds)

e>0 Sé : : e->0 Se | »
= Tim (-(u/2mne)(we))
e>0 - _
R ' .
=7 u . (2.2.28)

Note that as e goes to zero, Se approaches zero in the 1limit. There-

fore, -
S'sS o,
and
S ug*dS
Sl

in-the domain is equal to



- 15

Juq*ds
S
at the boundary. Thus,
Juq*ds
S
in the domain is equal to
#d 1
sug*ds - T\U
S
at the boundary.
For the first integral of the right hand side of Eq. (2.2.23),
Ju*qdS
S
we perform a similar analysis by sp]itting S into tWo parts and
writing the above equation as follows. |
© ju*qdS = J u*qdS + f u*qdS . T (2.2.29)

] .
S _ S Se

Substitutihg the expression for u* we have

fu*qdS = S q ; n(1/e)ds . (2.2.30)
S S il : - . .
e e ) .

Now taking the limit

Tim(s q
e-+0 Se

o Tn(1/e)ds) = 0 | (2.2.31)

and noting that as e goes to zero

St+S,
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we have

S ug*dS
st

in the domain equal to
Juqg*ds
S
at the boundary. Thus,
sug*ds
S
in the domain is equal to
Jug*ds
S
at the boundary. As we take the Timit as e QQES to zero, the u value
in Eq. (2.2.23) approaches}the'u value at the boundary point. So we

have

U = Ju*qdS - [ugrdS + ——u + rpu*dD . (2.2.32)
s 3 D | |

Rearranging the Eq. (2.2.32) we obtain

- u = JurqdS - fug*dS + JpurdD . (2.2.33)
s S D - - o

Equation (2.2.33) is known as the GREEN's BOUNDARY FORMULA or
BOUNDARY INTEGRAL EQUATION [15; p.51].
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2.3 MATRIX FORMULATION

The boundary element technique can be interpreted in matrix

form. Let us consider the boundary'integra] equation (2.2.33)

a-u= fu*qdS - rug*dS + fpu*dd . . | -~ (2.3.1)
2 s 5 D D |

Let us assume that the body is two-dimensional énd its boundary
is divided into n 'segments' or 'boundary elements', as shown in-
Figure 2.3.1. The points where the unknown values ére considered -
are called 'nodes'. The elements 6n which u and q are constant are
called 'const;nt‘ elements in which the nodes are in the middie of
each e]ement (ngure 2.3.1a). The elements on which u and q vary
linearly are ca]]ed '11hear' elements and the nodes drebat_the inter-

section of the elements (Figure 2.3.1b).

i. Constant Elements

The 5oundary is divided into ﬁ'elements. The»values of u and
q are assumed to be constantyon each element and equal to the values
at the mid-node of the element.

Before the application of any boundary conditions, Ed. (2.3.1)

can be discretized as given below.

n
-I(PU*) dD + —— u + Z (f U, q*dS) >

* )

J=1

It should be noted

u* = u{x,x4)



Element

Nodes

Element

 (b)

Figure 2.3.1 - Boundary elements: (a) constant,
“(b) Tinear.
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and
a* = q*(x,x;)

Here, | X} is the distance to the_jth

element and |x,| is the distance
to the node 'i' Wheke the disténces are from the 6rigin of a prescribe
coordinate system. |

Equati0n<(2;3.2) app]ies for a particular node 'i'. Thé uj and

q‘j values cah_be taken out of the integrals as they are assumed to be

constant over each element. This gives

—f(pu*) .dD + —l—-u1 + Z (r Q*dS)u

"
5 I (/ uxds)g; . (2.3.3)
‘ j=18S. j=1 S. . .

J J

The ‘integrals sq*dS kelate the 'i' node with the boundary ele-
ment_'j;,over which the integra]'is’carried oﬁt. We shall call these
integrals gij‘ }A]so, we shall denote the integrals Su*dS on the '

right hand side of Eq. (2.3.3) as G,

i3 Hence, we can write Eq. (2.3;31

as follows.

~ n
]H1JuJ = Z]G1an . (2.3.4)

0N~ s

1
-f(pu*).dD + —— u, +
D i 2 i j

We can rearrange the Eq. (2.3.4). ‘Let us now define

y when i#j
J . . o (2.3.5) |
ij+ —5 when i=j S :

i3

pus o
I
s mib S a4

Equation (2.3.4) can now be written as follows.

n __ : ,
B; + I H.ou, = ¢ G..q. _ - (2.3.6)
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where,

B, =f6(pu*)idD.

~ The whole set of equations can also be expressed in matrix

form as given below.

{8} + [H] {u} = [6] (@} . . ‘; (2.3.7)

nx1  nxn nx1  nxn nxl

It should be noted that there are ﬁ'unknowns in Eq. (2.3.7).

Evaluation of the Integrals

The integrals ﬁij and Gij can be ca]cplated using the simp1e
* Gauss quadrature rule [16; p.420] for all pointé, except the one
corresponding to the node under consideration. Let us choose the new

coordinate system (Figdre 2.3.2) as follows. |

ds = |rqde S (2.3.8)
where o v .
leql = drl - | (2.3.9)

We - then have

#]

Gij = ;{},u$lr]|dg R ' _ | (2.3.10)
. + o S
Hyg = _{ a¥[rylde . D ; (2.3.17)

For the element 'j',.We-can take



2,\]
2

Then the Eqs

o
1

1J

o i
il

iJ
By using the

G_ij =

[f]l .
.(2.3.10) and (2.3.11) respectively reduces to

+1 .
s ut(et/2)de

-1

a0 ,
! q¥(ed/2)dg .

simple Gauss quadrature rule, we can write

tm _ ) 2J' .
T 2 u*(XsaXy ) —5—
=1 ‘t 21 ~t. 2

Nodal value
of u or g

Figure 2.3.2 - Constant element codrdinates. _

21

(2.3.12)

(2;3.13)_

(2.3.14)

v(2;3.15)



22

~ tm 2j - - -
- N o v
Hig = 2 Ze@* (%) 5 (2.3.16)
t=1 *
Here, Z, are the Gauss weighting coefficients. lxil is the distance
to the node 'i' and |x,| is the distance to the integration point 't’
where the distances are from the origin of a prescribed coordinate

system. tm is the total number of integrétion points on each 'j' ele-

ment. It shoU]d be noted that

. |
gu (2.3.17)

q*'=

an
~5y— cos(n,r) | - (2.3.18)
where, '
_d ‘
cos(n,r) == (2.3.19)
as shown in Figure 2.3.3. Thus,
g+ = - 4 (2.3.20)
27r?

For the particular case of constant elements, however, the

ﬁii and Gii integrals cah be easily computed ana]ytica]]y. The ‘ﬁii

term, for instance,vis identically zero for fundamental solutions

with no S dependence, i.e.,

Hig = L 439s
i
au¥*
_ 1 ar
- é ( or on )dS

=0 : | (2.3.21)
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This is due to the»factvthat n and r are orthogoda] over the element.

Element 'j'

-3 X

0

~ Figure 2.3.3 - The angle between the vectors n and t.
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The G;; integral can be calculated aha]ytica]]y as follows.

i1
Gii = é u?dS
,i .
== sy . | (2.3.22)
a5 '

1

With the use of the homogeneous cookdinate £ over an element (Figure
2.3.2) we get A | o
1 <2>

.. = —=— f In(1/r)dS
11 2T <>

o
1]

<2> ' o '
S In(1/r)dS . , o - (2.3.23)
<0> : :

3

On transforming the coordinate system as given below

ds = [r,|dg
we get _
ol 1 v
Gii = —7;—[1n(]/|r]|) + 6 In(1/8)dg] . - (2.3.24)

Noting that :the lastintegral is equal to 1 we have

6y = ]T lr]l[m(l/lr“) +11] . (2.3.25)
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17, Linear Elements

Let us consider a linear variation for u and q (Figure 2.3.4).
The nodes are now considered to be at the intersection‘between two
stkaight elements such as those shown in Figure 2.3.1b .

Consider the Eq. (2.3.2)

I
!

1
B+TU+

nmM~M s

- ,
j (f u.q¥dS) = = (s q-u:ds) ) (2.3.26)

1S, U N 5 J
The integrals in the above equation are now more difficult to evaluate
than in the constant element case because u and q varyflinear1y over
the element. |

| The values of u and q at any point on the element can be defined
in terms of their nodal values and two linear interpolatfon functions
denoted as ¢, and ¢2. Here, both ¢1 and ¢, are functions of the coor-

dinate £ so that,

u(g) = o,up+ o uy R | (2.3.27a)
U-l . . .
= [¢,0,] (2.3.27b)
1u,
and.
a(€) = 6,q; + 9,9, B  (2.3.281)
e |
= [¢,0,] (2.3.28b)
. q2 o

The dimensionless cobrdinate £ is given as follows.

£ = x/((1/2)2) .
_BU‘GMQ UNIVERSITESE KUTUPHANESS |
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Nodal value
of uorgq

Nodal value
of u or q

Figure 2.3.4 - Lincar element coordinates.

The functions 9, and ¢2 are givén as stated below.

6= (1 - £) | - (2.3.29)
and

5, _%_(1 rE) . | o - (2.3.29b)

The integra]s‘a]ong an element 'j', that appears oh the left hand

side of the Eq. (2.3.26) can be written as follows.

S u(g)axds = / [4,9,1q%dS § (2.3.30a)
S, S, u ‘
J i 12 L -

U
(2.3.30b)

~

- 1 2 .
= [hi; h3sd

us



Here,

=
i

2
hij

J
S{¢2q$d5
J
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(2.3.31a)

© (2.3.31b)

The h?j are influence coefficients defining the interaction between the3

point '1' under consideration and a particular node 'm' on an element

'j'-

Similarly, for the integrals on the right hand side of the

Eq. (2.3.26), we can write

g.q(g)uﬁds = g.[¢:¢2]“$d5

J

where,

gl

2

J .
= [ql. g2.
[giJ 91J]

g ¢1u§dsv s

£.¢2u$ds
J .

%

eh)

(2.3.32a)

(2.3.32b)
.(2.3.33af

(2.3.33b)

_The’g?j are influence coefficients defining the interaction between

the point 'i' under consideration and a particular node 'm' on an

element 'j'.

To write the equation corresponding to node ‘i inLdiscrete

form we need to sum up the contributions from two adjoining elements,

'j-1" and 'j', into one term defining the nodal coefficient. This

wfl] give the fo]]owing equation.
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_]_ ) "N A R u a o oL , q ) .
By * gy [HyHyp Mgl c2 0= [646,,7 "G50 2 (223,
- -
Here,
He. = hi. + h2,. | 5.35)
His = Mg+ h5e5-0) - (2.3.35)
The same applies for Gij’ i.e.,
= 1 2 )
Gij = 93 * %iG-1) - (2.3.36)

Hence, Eq. (2.3.34) represents the assembled equation for node 'i'

and it can be written as fo]Tows.

bty jgl ﬁiiuj i 3E]Gijqj (2.3.37)
or, more simply,
n n |
b jilHijuj ) jE]Gijqj \ | | R (2.3.38)
where,
Hyj when i # j |
his ” | (2.3.39)

T Co s
Hij+ 5 when i = j

When all the nodes are taken into consideration,'Eq. (2.3.38) produces

a nxn system of equations which can be represented in matrix form as

follows.

(8} + [W] u} = [6] {a} . - o (2.3.40)

nx1 nxn nxl1  nxn nxl
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We.Can calculate the diagdnal terms of [H] by using the fact
that when a uniform potential is applied on the whole boundary the

values of q must be zero. Let us also assume that there is no heat

generation, i.e.,

m = . | S o »’(2.3.41)
Under these cond{tioné Eq. (2.3.40) produ;es

[H1{u} = {0} -  }' o o (2-3-42)

Equation (2.3.42) indicates that the sum of all the elements of [H]
in a row ought to be zero, hence, the values of the coefficients in
the diagonal can be easily calculated once the off-diagonal coeffi-

cients are all known, i.e.,
n _ ,
Hee == T H.o. . - (2.3.43)

The result derived above is app]icab]e for thé general case, becausé
[G] and [H] do not depend on the boundary conditions or heat geﬁeratfon.
| In order'to integrate the_Bi integrals we need to’d15cretize
the domain D into a series of ‘cells’ or 'interior elements' as shown
in Figure 2.3.5. The procedure is similar to.that of the fihite ele-
ment method, but conceptually it is different because we do not deal
with the u and q values at the interior points. |

Let's consider m interior elements. We can then write

B, = - f(pu*).dD o - (2.3.48)
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&

0

Figure 2.3.5 - Interior cell k and integration point t.

m : S
= 3 (s (pu*)idD) . ' . (2.3.45)
k=1 D, o '

" QOver each element a numerical integhation formula can then be applied

as follows.

m tn :

B.=- z(z Z -p;-u (x Xy ). detﬂm]) . (2.3.46)

i t° k :
k=1 t=1 ~ -

Here, t is the 1ntegrat1on point, Zt is the weighting funct1on tn

is the total number of integration points on each cel] K, |x | is
the distance to the node 'i', and [x | is the d1stance to the integ-

rat1on point 't' where. the distances are from the origin of a pre-

scribed system.

It should be noted that

det[d] = 2(Area)triangu1ar cell
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With the use of Eq. (2.2.23) we can calculate the u value at

any interior point as follows.

u = éu*qu - sug*dS + fpu*dD . (2.3.48)
S D »

The u values can be obtained directly from Eq. (2.3.48) by discretizing

as follows.
n n . : '
Uu; = ¥ q.6,. - % u.H.. - B. . : (2.3.49)
i j=1 Jij 3=1 Jid i | .
| Here,
= - *
Bi . 6(pu )idD

and definitions for Gij and ﬁij are given in Egs. (2.3.10) and (2,3.]1)

_ respectively.

2.4 BOUNDARY CONDITIONS
The general matrix equation was found as given below.

[G] {q} = [H] {u} + {B} . . o (2.4.1)

nxn nx1  nxn nx1  nxl ‘ ' '
We can rearrange the equation (2.4.1) as follows.

[A] (X} = {F} . | o (2.4.2)

nxn nx1  nx1 ' :
Now, let us analyse the boundary conditions involved and the forms

which the matrix [A] and vectors {X} and {F} take, respectively.
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1. The bbundary cqnditions are a]]bofvthe first kind, i.e.,
(= (@ on S . (2.4.3)
Inserting the'bouhdary gonditionvinto Eq. (2.4.1) we obtain -
[Cltay = [H{u} + (B) . - (2.4.4)

Here, it is easily seen that we can rearrange Eq. (2.4.4) by

lTetting o
[6] = [A] o . (2.4.5)
{q} = {X} | (2.4.6)
and ; = |
[HIgu} + (B} = {(F} . (2.4.7)
Thus, the Eq. (2.4.3) becomes
[Al(X} = {F} . R S (2.4.8)
Formally, the sb]ution is
= AR - (2.4.9)
2; ' The boundary conditions are all of the second kind, i.e.;

the flux is known on the boundary S. We can show this as

follows.
{q} = (@ S S . (2.800)

On applying the boundarycondition to Eq. (2.4.1) we obtain

[61a} = [Hltu} + (B} . O (2.8a1)



Reakranging the above equation as

-[H}uwy = -[61{ar + (B} - (2.4.12)

and letting

W] = [A] ., | s (2.4.13)

fuy = Xy o  (2.4.14)
and | | ' |

-[61(T} + (B} = {F} | | - | (2.4.15)

we again have a simple matrix formulation of the problem as

[AJ(X} = (F}

The boundary condition is of the third kind, i.e., there is
convective’héat transfer on the boundary which can be formulated

as follows.

(q) = wl(g} - ) on S (2.8.16)

Here [o] is a diagonal matrix and {8} is a vector and both of
them are known quantities.. Applying this bdundary condition

to Eq. (2.4.1), we get

[610o] ({8} - u}) = [HI(u} + (B} C (2.4.07a)
or |

. -([H]}+ [61[e]){u} = -([G][al){g} + {B} - (2.4,j7b)
‘Further, if we 1et»

-([H] + [61[a]) = [A] e © (2.4.18)
fu} = X} - | | © (2.4.19)
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and

-([6)ad)8) + 18 = () R (2.4.20)

we obtain, from Eq. (2.4.17b),
ALy = {Fy . o o (2.4.21)
We can solve the Eq. (2.4.21) for {X}, i.e.,

{u} = {X} ‘ , _
I VY Rt W | o (2.4.22)
g can fhen be dbtainéd from Eq. (2f4.16).
Radiation boundéry conditions can be jmposed by requiring»that
q?ﬁ%mg-wx R (2.4.23)

on the boundary S, where ¢ is the Stefan- Bo]tzmann constant
and w, is the amb1ent temperature As it can be seen from |

(2 4. 23), this k1nd of boundary cond1t1on is non]1near
For s1mp11c1ty, we shall try to linearize it.

Let us consider the nonlinear function

Cf(u) = u* . o T (2.4.24)

We can approximate this function with a Tinear expression

(Figure 2.4.1),
Py(u) = Flup) + (u - upglupeuy) 0 (2.4.25)

with,
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f(uz) - f(u])

g(uysuq) = (2.4.26)
U2 - U-I
which is the siope of the line P1(u). Hence,
f(u) = P, (u) + R o - (2.4.27)

where R] is the remainder arising from the above stated approx-

imation.

l
l
l
|
|
|
|
|
|

|
|
1
|
|
|
|
|

-

0 | u] S - }“2

Figure 2.4.1 - Linear approximation to the nonlinear function f(u)
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Meanwhile, we can make use of the mean-value theorem

[17,p.13] by choosing a point ug between'u] and u, SO that

fu,) - F(u,)

f'(u,) = (2.4.28)
Uz = Yy
By evaluating thevderivat1Ve of f(u) at the point us we get
f'(ug) = 4ul , (2.4.29)
= glup,uy) (2.4.30)
Hence; the Tinear function P](u) becomes

Py(u) = Flup) + (u - upddud »  S (zasn)
By substituting it into the Eq. (2.4.27) we obtain

flu) = flug) + (u - up)dud + Ry . (2.4.32)
If we evaluate the function at the poiht ug, we get

= - 1y '

f(us) f(u]) + (uS u])4uS *+ R, _(2.4.33)

or, | -
=l - 3 o /

u; u3 *—-‘(uS u])4us + Ry _ (2.4.34)
Thus,

o4 g R ' '

Ry =ug - uj+ (uS u])4uS . _ . (2.4.35)
Substituting the above expression for R] into the Eq. (2.4.32),
we get

f(u) = 4ui.u - 3ug : - (2.4.36)
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which is the linear apprOximaté expression for f(u). Applying
the above approximation to Eq. (2.4.23), we obtain ’

q =G (u + uy - (4ui)u) . - (2.4.37)

Thus, the linear form of the boundary oondition can be written

as follows.

q=alg-u) -  (2.4.38)
Here,
. 3u,§ + _ . » . o
B=——— ' | (2.4.39)
by | - | v o
and
a =5 (4uz). : .  (2.4.39b)

The Eq. (2.4.38) is of the same form.as the fhird kind of
boundary condition except ug which 1is notvknown. In finding
the values of u, we will use an iterative prooedure [18], which
stérfs by taking ug equé] to u_. Aftor selecting the'us value
we calculate the values of o and g from the Eqs. (2.4.39). Then
we find.the‘n value using the procedure forbthe third_kind of
boundary condition. We denote this value of u as u(i) and
assign it as the new value of Ug- Thé'same prOcedure is reoeate

(2)

and a new va]ue of u is found and denoted as u The-new Va1L

(2)

of ug can be chosen as u'“’, and the procedure is repeated as

before until a convergence criterion in the form
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reaches a certain value.

The problems which have various types of nonlinear boundary
cqnditions,can be solved in the same way. An example ié‘the
case in which the convective heat transfer boefficient h0 is

the function of the temperature u, i.e.,

h, (u).
(u -u) . - (2.4.40)
K [e2] .

q:

The boundary conditions are 'mixed'. In this case, more than
one kind of boundary conditions prevail on the boundafy; One
can meet various versions of this kind. An example will be

given to show how théy.are treated.

 Example

Consider a triangular plate as shown in Figuré 2.4.2 on
which'the boundary conditions are imposed as follows.

u=u “on S1 s

q=q on S, ,
and

q = alB - u) on S,

where the boundary S is‘the sum of S], 52 and 33. The problem
fs to find the temperature u on 52 and S3 and the flux on S]
and S3. | | :

We consider S], S2 and S3 as constant elements with nodes
1, 2 and 3 in thé middle of each of them respectively. Consi-

dering the boundary integral equation
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Figure 2.4.2 - An illustration for the boundary cond1t1ons of the
'mixed’ k1nd ’

nmzl

i n
G..q. = I H,.u. + B,

j=1 W9 5o

where 'i' and 'j' denote nodes and elements, respectively.

We insert the boundary conditions for each node.’vThus, for

i=1

61997 + 610, + By30a(Bs - ug) = Hyquy + “12“2 * “13 3t

(2.4.4])
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Rearranging the Eq. (2.4.41), we get
Gp19y - Hyguy - (Hyg + Gygos)ug

Similarly, for i = 2

62197 = Hoply = (Hyg + Gogas)uy = Hypuy
and for i = 3
G31a7 - Hypuy - (Hyg + Gyga Jug = Hyqu,

If we write in matrix form, we have

Gy -Hyp  -(Hig*6yg05))fay]  [Hyqup-G
Gy -Hyy  =(HygtByza ) fusl = |Hyqup-6
1637 -H3p -(Hgg#Gzga,)[{uz]  [H3yuq-6

Hence, we can solve for the unknown quantities Gys Uy and u

NUMERICAL PROCEDURE

229787323638,

40

= Hyquy - Gypdp * GygaaBs + By -

(2.4.42a)

- 6550, - Gy30383 * By

(2.4.42b)

- G32q2 - 633(1383 + B3 .

(2.4.42c)

129276130385 %8,

32%977633036:783

3°

Numerical procedure for the boundary integral element method may

be outlined as follows.-

STEP(1): Discretization of the boundary.

STEP(2): Division of the domain into interior cells. (if p#0)

STEP(3): Interpolation of the temperature u and the flux q

over the boundary elements.

(2.4.43



STEP(4):
STEP(5):

STEP(6):

STEP(7):

STEP(8):

STEP(9):

41

Evaluation of the influence matrices [G] and [H].

Introduction of the boundary conditions. -

Decomposition of the modified influence matrix [A]

into the triangular form by Gaussian Forward

v E]imination.

Evaluation of the source .vector {B} and the right
hand side vector in the system of algebraic equations

[AT{X} = {F}

Solution of the algebraic equations for the unknown .

values of u and q on the boundary.

Evaluation of the internal temperature values.



42

IIT. SAMPLE PROBLEMS

In this section, 5 sample problems are solved and their reﬁu]ts
are given on tables. The second and third problems involve internal
heat generatioh whereasvthe others don't‘have internal heat genera-
tion. The cross-section of an inddstria]bfurnacé is considered in
‘the probiem 3. The foUrth problem inVo]ves fadiafidﬁ boundary condi-

tion. Finally, the case of hollow cylindér is solved in problem 5.

Sample Problem 1

Consider “the steady-state heat conduction in a square region,
without heat generation. The mathematical formulation of the heat

conduction problem 1is

Viu = 0 in 0<x<1, 0<y<]i

Find the temperature at the internal and boundary points, and

the flux at boundary’points for each of the cases shown below.




(a) 'd

Figure 3.1 - Boundary cbnditions for the problem la.

(b)

o<

q = (h /K) (u-u)

q = 0°C/m o u = 0°¢

1 > x
0 = o° C/m

F1gure 3.2 - Boundary cond1t1ons for the prob]em 1b.

43
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TABLE 3.1 - Results for the Probiem la.

BIEM: 20 Linear Boundary Elements (CPU+ = 3.902 sec)
COORDINATES TEMPERATURE o roxtt o
BounDARY | M | u (F0) q = su/an  (°C/m)
NODES - :
' X Y EXACT | BIEM  EXACT BIEM
(App.B) | -
1 -0.001{ 0.000 | 0.001 | o0.001 -1.000 | -1.018
3 0.500} 0.000 | 0.500 | 0.500 ~0.000 0.000
5 ' 0.999 0.000 | 0.999 | 0.999 11.000 1.018
7 1.000| 0.250 | 0.750 | 0.750 0.500 | 0.492
9 1.000} 0.750 | 0.250 | 0.250 © -0.500. -0.492
11 0.999| 1.000 | 0.001 | 0.007 -1.000 -1.018
13 0.500| 1.000 | 0.500 | 0.500 0.000 | 0.000
15 0.001| 1.000 | 0.999 | 0.999 1.000 1.018
17 0.000] 0.750 0.750 0.750 |  0.500 0.492
19 0.000{ 0.250 | 0.250 | 0.250 - -0.500 -0.492
COORDINATES TEMPERATURE
INTERNAL (m) -~ u ()
POINTS
X Y EXACT. | BIEM
] 0.250 | 0.250 0.375 | 0.375
3 ©0.750 | 0.750 0.375 | 0.375
5 0.500 | 0.500 0.500 | 0.500

For 1b, the convective heat trénsfer coefficient ho’ o

thermal conductivity K and ambient temperature u_ are given as follows.

t Central Processor unit timé for UNIVAC 1106.
tt |

Flux is '+' when there is heat input to the region.
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20 W/m2.%C

1 W/m.OC .

1 %

.

3

TABLE 3.2 - Results for the Problem 1b.
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BIEM: 20 Linear Boundary Elements (CPU = 5.437 sec)
FDM : 81 Grid Points (CPU = 1.459 sec.) o
COORDINATES | . TEMPERATURE FLUX
~ [BOUNDARY (m) u (°c) q = au/an  (°c/m)
NODES 1y Vv | Exact | Fom | BIEM | ExacT BIEM
(APP.B) |(APP.D)| '
1 0.001 | 0.000| 0.467 | 0.466 | 0.464 | 0.000 0.000
3 0.500 | 0.000| 0.339 | 0.339 | 0.338 | 0.000 0.000
5 0.999 | 0.000| 0.001 | 0.000 | 0.004 | 0.000 0.000
7 1.000 | 0.250| 0.000 | 0.000 | 0.000 [ -0.858 -0.771
9 1.000 | 0.750| 0.000 | 0.000 | 0.000 | -2.164 10.399
1 0.999 | 1.000|.0.018 | 0.000 | 0.216 | 19.640 15.691
13 0.500 | 1.000| 0.930 | 0.936 | 0.938 | 1.400 1.245
15 0.001 | 1.000] 0.956 | 0.957 | 0.959 | 0.880 0.821
17 | 0.000| 0.750{ 0.756 | 0.754| 0.756 | 0.000 - 0.000
19 0.000] 0.250| 0.500 | 0.499| 0.496 | .0.000 0.000
COORDINATES TEMPERATURE
0
INTERNAL (m) u ()
POINTS X Y EXACT BIEM
1 0.250 | 0.250 0.467 0.465
3 0.750 | 0.750 0.444- 0.437
5 0.500 | 0.500 0.464 0.463
7 0.781 | 0.969 0.782 0.792
9 0.844 | 0.969 0.715 0.783
11 Jo.781 | 0.781 0.439 0.427




(c) y
A
. q =(h,/K) (u -u)
u = 100°C o Ju=10%
0 q-= 0°c/m > X

Figure 3.3 - Boundary conditions for the probTem lc.

In this case, the convective heat trahsfer coefficient ho’
thermal conductivity K and ambient temperature u_ are given as

follows.
hy = 50 wm2.%c
K =1 W/m.OC .
- and
u = 209

46



TABLE 3.3 - Results for the Problem lc.

a7

BIEM: - 16 Constant Boundary E]ements (CPU = 2.012 sec)

FDM : 81 Grid Points (CPU = 0.915 sec)
v COORDINATES - TEMPERATURE FLUX
BOUNDARY (m) u (9c) g = 93u/don_(°C/m)
NODES X Y " FOM BIEM BIEM
(APP.D) | . - :
1 0.125 |0.000 87.239 | 87.945 ~0.000
3 0.625 0.000 40.407 | 40.385 £0.000 -
5 1.000 {0.125 10.000 | 10.000 | -83.223
7 1.000 |0.625 10.000 | 10.000 | - -59.829
9 0.875 - |1.000 19.027 | 19.253 137.356
1 0.375 |1.000 22.221 | 22.040 -101.982
13 0.000 |0.875 100.000 |100.000 434.079
15 0.000 |0.375 100.000 -} 100.000 111.574
INTERNAL COOR?;?ATES_ TEﬁP%§é§URE
POINTS _
X Y FDM BIEM |
1 0.250 0.250 73.748 74.039
3 0.750 | 0.750 | 23.442 23.359
5 0.500 | 0.500 | 45.999 46.062
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Sample Problem 2

Consider the steady-state heat conduction in a square region
with heat generation. The mathematical formulation of the heat

conduction problem is

ni R
v2y + HK_ = 0 in 0<x<1 , 0<yc<]

where "' is the volumetric heat generatioh and K is the thermal

conductivity.

F1nd the temperature at the 1nterna1 and boundary po1nts and

the flux at boundary points for each of the cases shown below.

= (hy/K) (u,-u)

= 100°¢ o ' u = 10°C

Y
o

= 0°C/m | 1

Figure 3.4 - Boundary conditions for the_probiem 2a.



In this case, the Convective heat transfer éoefficient ho’ thermai

conductivity K, ambient temperature u and volumetric heat generation

q"' are given as follows.

Ry

K

50 W/me.°C , u =20 ,

TABLE 3.4 - Results for the Problem 2a.

4 Wm.° , and q"' =100 000 W/m

Elements (CPU = 8.396 sec)
FDM : 81 Grid Points (CPU = 1.189 sec)

BIEM: 20 Linear Boundary Elements and 32 Internal Triangular

COORDINATES ~ TEMPERATURE FLUX
BOUNDARY (m) ' “u (0C) q = su/an (°c/m)
NODES X Y " FDM BIEM BIEM
. (APP.D) |
1 0.001 | 0.000 |  100.0 165.4 0.0
3 0.500 | 0.000 2246.0 | 2963.5 0.0
5 0.999 | 0.000 ~10.0 76.6 0.0
7 1.000 | 0.250 10.0 10.0 -11471.9
9 1.000 | 0.750 | - 10.0 10.0 - 8938.7
11 0.999 | 1.000 10.0 35.1 -188.7
13 0.500 | 1.000 . 634.6 645.8 - 7823.1
15 0.001 | 1.000 100.0 111.7 - 1146.1
17 0.000 | 0.750 100.0 | - 100.0 - 8847.3
19 0.000 { 0.250 100.0 100.0 -11307.9
COORDINATES TEMPERATURE
INTERNAL (m) u (°C)
POINTS
X Y |  FDM BIEM
1 0.250 | 0.250( 2203.2 |2189.0
3 0.750 | 0.750] 1519.0 | 1528.6
5 ‘ 0.500 | 0.500 2604.3 2605.5
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(b) y
A
q = OOC/m '
.
u =0 o q = (hy/K)(u,-u)
0. q = 0°C/m X

1

Figure 3.5 - Boundary Conditions’for the problem 2b.

In this case, the convective heat transfer coefficient ho’
- thermal conductivity K, ambient temperature u_ and volumetric heat

~generation q"' are given as follows.

hé = 0.1 wm.%
K =1 wmn%
Uoo':']oc ‘9

and q"'= 10 W/md

It shou]dvbe notéd that linear boundary elements are used for
. boundary 1ntegré] element method so1ution. This problem is‘so1ved
vfof 12 different configurations as ShOWn in Figure 3.6. The number
at each cornér in each of the configuratibn'is lTocated on the side

where to the node is assumed to belong.



ii.

iii.

iv.

50 internal cells

2 3 4 S
20 elements

(a)

F1gure 3.6 - The alternative forms of
' for the problem 2b.

20 elements

(b)

Internal , Boundary and Internal Nodes
Triangular Cells 6 :
7 6 5
7 L o 5 S
5 7
6 8
8 9 by 8 m
1 3
2 L
~ 1 . 3 o
. 1 2 3
8 internal cells 2
. 8 elements 8 elements
) 10 9 8 7
10 I 7 . .
11 .
. 4 6 11¢ 6
129 5 12s¢ 5
1 o - 4 > .
) 2 3 o 1 2 3 4
18 internal cells 12 elements 12 elements
12 11 10 12 12 11 10 39
13 —_— £l *
lk‘ 6 14 "
15) 715 7
164 6 16 6
1 -~ 5 . .
‘ 2 3 [N 2 3 )
32 1"te”“a‘ cells 16 elements 16 elements
15 14 13 12 16 15 14 13 12 11
16 bttt 11
17 10 Y7 10
////// 18
/// 1 19 18 9
’// 13 8 19 8
::: 20 7 20 17
1 . 6 -
1 2 3 4 5 &6

18

10

11

12

16
174

1 9¢

5]

2 3
12 elements

1 2 3 L
16 elements

15 14

20

1

19
20

21

22
23
2y

N—

1 2 3 4 5

20 elements

8 17 16 15 14

Y

12 3 4 5 ¢
24 elements
(c)

the nodes and the internal cells

13 12 11




~ TABLE 3.5 - Results for the Problem 2b.

- COORDINATES " TEMPERATURE
NODES (m) - ~u (%)
| X Y EXACT
(APP.B)
1 0.25 0.25 " 2.10
2 0.75 0.25 4.41
3 - 0.75 0.75 4.41
4 0.25 0.75 - 2.10
5 0.50 ©0.50 3.57
6 0.50 0.00 3.57
7 1.00 0.50 4.64
8 0.50 - 1.00 - 3.57
TEMPERATURE
NODES . u_ (9¢)
BIEM. i-a. BIEM. i-b. BIEM. i-c.
CPU= 1.771 sec.] CPU= 1.799 sec. | CPU= 3.087 sec.
1 " 3.47 1.88 2.05
2 5.74 3.91 4.26
3 5.74 3.91 4,26
4 - 3.47 1.87 2.05
5 4.81 3.15 3.41
6 1 4.92 3.06 3.46
7 5.89 4.08 4.42
8 4.92 3.06 3.46
TEMPERATURE
0
NODES u_(°C) .
BIEM. ii-a. BIEM ii-b. BIEM. ii-c.
CPU= 4.297 sec.| CPU= 4.373 sec. | CPU= 5.477 sec.
1 2.70 1.93 2.04
2 . 5.02 4,12 4.32
3 5.01 . 4.11 4.31
4 2.71 1.94 2.05
5 4.16 3.37 . - 3.52
6 4.11 3.16 3.38
7 5.24 4.34 4.54
8 4.11 3.16  3.38
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Table 3.5 continued...

TEMPERATURE
u (9c)
NODES
BIEM. iii-a. BIEM. iii-b. BIEM. {iii-c.
CPU= 7.032 sec.] CPU= 6.331 sec. | CPU= 7.797 sec.

T - 2.42 1.99 2.07

2 4.75 4.23 4.36

3 4.75 4.23 4.36

4 2.42° 1.99 2.07

5 3.88 3.43 3.53

6 3.93 3.42 3.54

7 - 4.97 4.45 : 4.58

8 3.93 3.42 3.54

TEMPERATURE
u (9c)
NODES
: BIEM. iv-a. - BIEM. iv-b. BIEM. iv-c.
CPU= 11.890 sec.|CPU= 10.543 sec. CPU= 12.112 sec.

1 2.29 2.02 2.08

.2 4.64 - 4.28 4.38

3 4.63 4.28 4.38

4 2.30 | 2.02 2.08

5 3.78 ' 3.48 3.55

6 3.76 3.41 3.50

7 4.86 4.51 4.60

8 3.76 3.41 3.50
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Sample Problem 3

Consider the steady-state heat conduction with heat generation
in part of a crqss—section‘of an industrial furnace shown in Figure

3.7 is considered. The mathematical formulation of the problem is
AUl .
v2u +9K—=0

Surfaces AB and DE are:thermally insulated. There is heat éxchange
.on surfaces AF and FE by convection with medium having temperature of
U, = 500°K. The convective heat transfer coefficient h0, thermal con-
ductivity K and vo]umetric heat geﬁeratfon q"' are assumed to be

constant and given as follows.

h, = 40 w/m2,°K , and Q"' = 2x10° W/m3.
K =2 Wmn° |, | |
|
y 1
} . }
) |
o 1
q = 0%/m
8
| A .
. | T (hy/K) (u,-u)
u = 300%K |
4 ‘
q = OOK/m
C | D X
0 4 u = 3000k g

Figure 3.7 - Boundary conditions for the problem 3.



TABLE 3.6 - Results for the Problem 3.
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BIEM: 23 Linear Boundary Elements and 28 Internal Triangular
Elements (CPU = 9.951 sec) :
FDM : 75 Grid Points (CPU = 0.470 sec)
| COORDINATES TEMPERATURE FLUX
: v (m) u (9K) q = su/dn (°K/m)
BOUNDARY ‘
NODES X 4 FDM BIEM BIEM
(APP.D) |
1 0.001 | - 0.000 300.0 | 300.0 -433.4
3 4.000 { ©.000 300.0 300.0 -2162.8
5 8.000 | 0.000 300.0 ©300.0 -2013.6
7 10.000 | 0.001 | * 300.0 391.2 0.0
9 10.000 3,999' 596.5 686.0 0.0
1 8.000 | 4.000 | 596.7 595.1 ~1902.4
13 4.000 | 4.000 645.7 678.4 -3568.8
15 4.000 | 7.999 597.0 605.5 -2110.4
17 . 2.000 | 8.000 | 2467.0 2507.6 0.0
19. 0.000 | 7.999 300.0 300.0 -2236.3
21 0.000 [ 4.000 300.0 | 300.0 -2168.5
23 0.000 | 0.001 300.0 300.0 - 433.4
" COORDINATES TEMPERATURE
‘ v (m) u (9K)
INTERNAL —
POINTS X Y FDM BIEM
1 2.000 | 6.000 2491.0 2448.2
3 2.000 | 2.000 2450.0 2483.2
5 6.000 | 2.000 2489.0 2477.1
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Sample Problem 4

Consider the steady-state heat conduction ina square region
withoqt heat generation. The mathematfca] formulation of the prob]em
is |

.»V2u=0 in 0<x<1 > O<y< 1.

Find the temperature at the internal and boundary points and

the flux at the boundary points for each of the cases as shown below.

A
(a)
q = 0°K/m
:
q = 1000°K/n | | : q = (o/K) (u’ -u)
- —» X
0 q = 09%/m a \

Figure 3.8 - Boundary conditions for the problem 4a.

In this case, Stephan-Boltzmann cdnstant'g, thermal conductivity
K and the ambient temperature u_ are given as follows.

5.6697x10°°  W.m2/°K* ,

o

K=1 W/m. %K s

and u_ =350 °K



TABLE 3.7 - Results for the Problem 4a.
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BIEM: 20 Linear Boundary Element (CPU = 15.725 sec)
Iteration Number = 4
COORDINATES TEMPERATURE FLUX
BOUNDARY (m) u (%K) q = du/3n (“K/m)
NODES - v
X Y EXACT BIEM EXACT BIEM
(APP.B) |
1 0.001 | 0.000 1424.0 | 1418.6 0.0 0.0
3 0.500 | 0.000 925.0 | 924.4 0.0 0.0
5 0.999 | 0.000 426.0 430.1 0.0 0.0
7 1.000 | 0.250 425.0 | 425.1 |-1000.0 |-1000.7
9 1.000 | 0.750 425.0 425.1 {-1000.0 | -1000.7
11 0.999 | 1.000 426.0 430.1 0.0 0.0
13 0.500 | 1.000 925.0 924.4 0.0 0.0
15 0.001 | 1.000 1424.0 | 1418.6 0.0 0.0
17 | 0.000 | 0.750 1425.0 | 1423.6 | 1000.0 | 1000.0
19 0.000 | 0.250 1425.0 | 1423.6 | 1000.0 | 1000.0
COORDINATES TEMPERATURE
INTERNAL (m) u (OK)
POINTS
X Y EXACT BIEM
1 . 0.250 | 0.250 1175.0 1173.9
3 0.750 | 0.750 675.0 674.8
5 0.500 | 0.500 925.0 924.4
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q = 0%K/m

4=(h /K (u_-u) | o= a0 g)

0  q=0%/m 1

Figure 3.9 - Boundary conditions for the problem 4b.

" In this case, Stephan-Boltzmann constant o, thermal conduc-
tivity K, convective heat transfer coefficient h0 and the ambient

temperature u_ are given as follows.

5.6697x10° W.m2/°%k*

0’:
K=1  Wm°x ,
h=20 Wm2% ,
v 0
and
0 _
600°k at x =0
300°%k at x =1




TABLE 3.8 -~ Results for the Problem 4b.
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BIEM: 20 Linear Boundary Elements (CPU = 15.573 sec)
Iteration Number = 4 |

COORDINATES TEMPERATURE FLUX
BOUNDARY (m) u (9K) q = su/an (°K/m)
NODES ¢
X Y EXACT BIEM | EXACT | BIEM
(APP.B)
1 0.001 0.000 587.1 586.1{ 0.0 0.0
3 0.500 | 0.000 | 461.1 461.1 0.0 0.0
5 0.999 0.000 335.0 336.1{ 0.0 0.0
7 1.000 0.250 334.8 334.8 | -252.6 -253.1
9 1.000 | 0.750 334.8 334.8 | -252.6 -253.1
1 0.999 | 1.000 | 335.0| 336.1] 0.0 0.0
13 0.500 1.000 | 461.1 461.1 0.0 0.0
15 0.001 | 1.000 { 587.1| 586.1| 0.0 0.0
17 0.000 | 0.750 | 587.4 | 587.3| 252.6 253.1
19 0.000 0.250 | 587.4 587.3| 252.6 253.1
| | COORDINATES TEMPERATURE
INTERNAL (m) - u (0K)
POINTS _
X Y EXACT BIEM
1 .250 | 0.250 524.2 524.2
3 .750  |0.750 397.9 397.9
5 .500 . |0.500 461.1 461.1




i<

q =>00K/m '

u = 20273%] B q = (o/K)(u*-u")

_ .
q = 0%K/m :

Figure 3.10 - Boundary conditionS'fbr’the problem 4c.

In this case, Stephan-Boltzmann constant o, thermal conduc-

tivity K and the ambient temperature u_ are given as follows.

5.6607x10™° W.m2/°K*  ;

g

K=1 Wm°k

and

u_ = 273%

60 .



TABLE 3.9 - Results for the Problem 4c.
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BIEM: 20 Linear Boundary Elements (CPU = 40.112 sec)

Iteration Number = 10
COORDINATES TEMPERATURE FLUX
BOUNDARY (m) u (°K) q = du/an (°Kk/m)
NODES 1 Y EXACT BIEM | - EXACT BIEM
1 0.001 | 0.000 20253.0 | 20173.7 0.0 0.0
3 10.500 | 0.000 | 10517.9 | '10521.1 0.0 0.0
5 0.999 | 0.000 1782.3 868.4 0.0 0.0
7 1.000 | 0.250 - 762.8 769.4[-19510.2 |-19555.0
9 1.000 | 0.750 762.8 | . 769.4|-19510.2 |-19555.0
n 0.999 | 1.000 782.3 868.4 0.0 0.0
13 0.500 1.000 | 10517.9 | 10521.1 0.0 0.0
15 0.001 |1.000 | 20253.0 | 20173.7| 0.0 0.0
17 0.000 ( 0.750 |  20273.0 20273,0. 19510.2 | 19558.0
19 0.000 | 0.250 |  20273.0 | 20273.0| 19510.2 | 19558.0
COORDINATES TEMPERATURE
INTERNAL (m) v (K
POINTS 1y Y CEXACT | BIEM
1 0.250 | 0.250 15395.4 | 15395.1
3 0.750 | 0.750 5640.3 5647.1
5 '0.500 0.500 10517.9 | 10521.1
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Sample Problem 5

Consider the steady-state heat conduction without heat genera-

tion in a hollow cylinder as shown in Figure 3.11, where the domain

is given as follows.
1<r<2
Find the steady-state flux at the boundaries while the boundary

surfaces at ry = Tm and ro = 2 m are kept at uniform temperatures

up = 100°C and u, = 20°C, respectively.

Figure 3.11 - Boundary conditions and boundary elements for
the problem 5.



TABLE 3.70 - Results for the Problem 5.

BIEM: 16 Constant Boundary Elements
(CPU = 2.623 sec)
| COORDINATES FLUX .
BOUNDARY (m) q = du/an - (7¢/m)
NODES X Y EXACT BIEM -
(APP.B)
1 0.707 | -1.707 | -62.463 -58.352
4 0.707 | 1.707 | -62.463 -58.352
7 21.707 | -0.707 | -62.463 -58.352
10 -0.854 | 0.354 124.925 120.243
13 0.854 | 0.354 124.925 120.243
16 -0.354 | -0.854 124.925 120.243
COORDINATES TEMPERATURE
INTERNAL (m) u (°C)
POINTS X Y EXACT  BIEM
1 1.386 | -0.574 '53.203 | 44.888
3 0.574 | 1.386 53.203 | 44.888
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IV, DISCUSSION OF THE RESULTS

In formulation of the steady-state heat conduction in the =
domain, the interha] heat generation is an importént term, since
it causes to také the internal elements into consideration because
of the domain integral which exists only in thi§ case. However, if
should be a]so‘remembered that the internal elements are regarded
Just becaﬁse of a numerical technique that simplifies the evaluation
of the domain integral easi]yf‘ Thus, the internal heat generatidn
does not create complexity. | |

Severa] ﬁrob]ems were solved to test the validity and perfor-
‘mance of our study'where avai]ab]é exact sb]utions were.ﬁsed for
some problems whereas the remaining problems were solved by finite g
‘difference technique. It may be seen tﬁat the results obtained by
tHe boundary integral e]ement.mefhod-aré in»good agreement with the
corresponding results obtained by exact solution and finite differ-
ence method, at the boundaries. However, this ié not the case at
interior}points near the boundary. Af these 1ocations, thé résults.
are less accurate than ‘the resd]ts on the boundary nodes. This is

due to the fact that the numerical accuracy decreases as the distance

v between the isource' point and the 'observation' point goes to zerp;
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~ If Tinear boundary e]emehts are used, unfortunately the corner
points can have two values for the'temperature or flux depending on

the side under consideration as shown in Figure 4.1.

y
A -
4 @ 5
® ®
1 C) » -
Element No. - Node No.
> X

O .

Figure 4.1 - The nodes at the corners.

A simpTe way to avoid the'cornér prob]em is to aésumé that
there are tﬁo points very near to each other but which belong to
differeht sides as shown in Figure 4.2. The two points hear the
corner are joined by a 1ine‘segment which‘is cdnsidered as one of
the elements approximating the boundary contour. It should be nqted
that the ]ength of the line segment is taken to be too small to let

the nodes to have different resu]ts, The results obtained by this
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method show a good agreement with thé exact results.

y
A
\.6 /__® 51
7\(él\__<:) (:>“;_,;>>G
(:) - Element no.
®
) L/
8/: f—“,’ (:}——\ ?
(:)‘—“/( Noéz no.

0 X

Figure 4.2 - The nodes near the corners.

: For.the case of kadiati&e boundary conditions, one dimensional
problems of simple squafe plate are selected in order to make a com—
parison to exact so]ufions. The nonlinearity of fhis kind of bqun- 
dary condition creates difffcu1ty. However, this difficulty is over-
come by a linearizing technique. There was no problem of convekgency,
and an error of 10 percent in temperature is observed in the case of‘
sample problem (5c), which is the largest error with respect to the

errors of other two cases (5a) and (5b).
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The method was also used to sthdy problems with more than one
surface, such as the case of hollow cylinder. The résu]ts at interior
points‘are less accurate than the results at the bOundary nodes. It
should be noted'that this inaccukacy is a result of the.approximation

of the actual boundary contour by finite segments.
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V. CONCLUSIONS Anp RECOMMENDATIONS

The solutions for thé examp]es indicate thaf the present bouhé
dary integral element methdd is accurate and general for solving mdst‘
of the conduction problems of practical importance.‘

7 TheviteratiVe bodndary integral element method ﬁas been»shdwh
to be appropriate for use in numerically so]ving é variety of steady-
state heat conduction problems. ‘

The boundary intégra] element method in its pbesenf.form has
no inherent limitations as to the geometric complexity, kind of
boundary condition. | '

The method is most suitable for calculating temperature and
flux at the system boundaries and at a‘few individual interior
points. This feature makes the method superidr fn this respeﬁt to
available numerica]lﬁethods, whére the solution involves all interibr |
points. | |

As in most of the practica] calculations of heat transfer, boun-
dary f]uxes>and temperatures are the only needed information. However,

complete temperature distribution is directly obtainable with minimum

effort.
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Another primary advantage of using theboundahyfntegra1 equatioa
for the numerica] solutions rather than the original differential equa-
tion is the space reductﬁoh of thé probiem. If the problem 1is threé-
dimensiona]lih space, the boundary integral equation is a twb—dimensiona1
one which requires Tess effort and time for its soTutioﬁ.

It should be mentioned here that temperatures calculated at
interior points near the boundary are generally not very accurate.
This, of course, does ndt represent a drawback for the method, since
‘temperatures and fluxes at the boundaky are obtainable directly without
reference to the interior point.‘ |

CIf linear elements are used in the boundary, the corner probTlem
appears. This problem is solved by'as$uming that there are two points
very near each other but which be]ong.to different sides.

Although fhe examp]és cited in the present‘work are all of a
v fwo-dimensiona] nature, the method is also suitable for fhreeadimen-v
sijonal cases. |

Finally, if the present méthod can be extendéd tb include the
transient heat conduction problems and to some Specific brob]ems of
convective heat transfer, this will in turn make thé boundary integra]'
e]ement}method a more compétitive numerical technique over the already

. existing methods.
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APPENDIX A
~ FUNDAMENTAL SOLUTION

The fundamental solution, u*, is the solution of the equation

: 0 . -when r>0 :
L*u* = ‘ (A.T1)
' -8 when r=20 s - _
where r is the distance from thé point of appTication of the unit
potential to the point under consideration as shown in Figure 2.2.2.
For r > 0, taking symmetry into consideration, the Laplace

equation in polar coordinates becomes

1 d , du*

- wrg) =0 L (A2)
or,
* o ' . :
' Ji (r gg y=0 . - (A3)

Integrating the Eq. (A.3) twice, we get

u* = C;Inr +Cy . . | (A.4)

1

Now, let us seek C] and C2 by integrating the equation
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Lk = (A.5)

over a disk qf arbitrary small radius.'e' centered at (x,y) as shown
in Figure A.1.

—> <

Figure A.1 - Point surrounded by a disk.

Then, the Eq. (A.1) can be written as follows.
V2u* = -§ | (A.6)

for r < e. Integrating the Eq. (A.6) over De’ we get
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J v?u*dD = -y ¢dD . ] - | (A.7)
D, D,

By using Green's first identity [11, p.451],

f(va.yb + ay2b)dD = s a —§9-d5 R , : (A.8)
D~ ~ | s on | L

the right hand side of the Eq. (A.7) can be written as follows.
© f v2urdD = g (du*/dr)dS . R - (A.9)

De Se

Then, the left hand side of the Eq. (A.7) becomes

De

From the property of the Dirac delta function,

S 6dD =1 . ~ (A.11)
D, :

the Eq. (A.10) becomes

s [du*/dr] _ds = -1 , (A.12)
S .
. _

By using the Eq. (A.4), the Eq. (A.12) can be written as follows.
fo—ds=-1 . ~ (A.13)

From Figure A.1;_we can see that

Se

Thus, the constant C] is found as follows.

-7 6dD = £ (du*/dr)dS . L (Aa0)
e

rds = 2me . - | (A.14)
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(A.15)

The other constant C2 remains arbitrary and therefore we can

set it equal to

o
n

1
2 2T In1

Thus, the fundamental solution becomes

u* = —é%— In(l/r)'

A

for two-dimensional Laplacian operator [15, p.48].

(A.16)
(A.]?)

(A.18)
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'APPENDIX B
EXACT SOLUTIONS

Exact solution of the problem (la)

'The mathematical formulation of the problem is

2 2 A . |
gl 3. in 0<x<1 , 0<y<1 (B.1)

9x%  3y? -7 - T

u=y ’ at x=0 , (B.2a)
u=1-y at x=1 | (B.2b)
u = X at y=0 |, _ (B.2c)
u=171-x at y=1 . (B.2d).
For simplicity, let

u= C]x + Czy + C3xy . , | : (B.3)

It can be shown that the above expression for u satisfies the

Laplace equation.

We can use the boundary conditions to find the unknown cons- .

tants. The first boundary condition was

u(0,y) =y - » ’ (B.4)
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Thus, inserting the Eq. (B.4) into Eq. (B.3) we get

y = czy' . (B.5)
So, '
C2 =1 . o (B.6)

Similarly, using the second boundary condition,

u(loy) =1-y S (8.7)
we get _

1-y-= C; +y(1 +C4) . | | (B.8)
S0, |

;=1 (8.9)
and , | »

Cg=-2 . o - (8.10)

Once the constahts are found, one'can write the complete

expression for u, i.e.,
Uu=x+y-2xy . _ . (B.]T)

It can be shown that the above expression for ubsatisfies

the other boundany‘conditions, e.g. for the third boundary éohdition

u(x,0) = x . | (B.12)
we have |
X=X+0 - 2(0)X
= X

Also, for the fourth boundary condition
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Exact solution of the problem (1lb)

The mathematical formulation of the prbb]em is

27U 3% . in 0 0<x<1 , O0<y<]
axz. ay? - - -7
u=20 at X =1 .

su/ax = 0 . at x=0 |,

dufey = 0 | - at y=0 ,

du/ay = 20(1 - u) at y=1

Let us use 'Separation of Variables' method [19,p.91] ,

u(x,y) = X(x)¥(y)
‘then the Eq. (B.T1) becomes

.S
X Y

We can write
X"/X = =A%
and

YUY = -2

The solution of the Eq. (B.18a) is
X(x) =_C]sinAn(x) +.C2cosxn(x) ;_
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(B;13) .

(B.
(B.
(B.
(B.

(B.

(B.

(B.

(B.

.14)

15a)
15b)
15¢)
15d)

16)

17)-

]8a)

18b)

19)
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Applying the new forms of the boundary condftioné (B.15a) and (B.15b),

X(1) =0 o | ~ (B.20a)
and

X'(0) =0 | ~ (B.20b)
we get | v

X(x) = Czcosxnx ’ (B.21)
where

o . v
An = (-ILE;JOW n=0,1,2,... . (B.22)

The solution of the Eq. (B.18b) is
Y(y) = Cysinmy + Cpcosay . (8.23)
Applying the new form of the boundary condition (B.15¢) , -

Y'(0) =0  (B.24)
we get

Y(y) = C4coshAny
Then, the solution of the Eq. (B.14) is

z

u(x,y) =
_ n=0

Ancoshxnycosxnx . | (B.25)
Using the boundary condition (B.15d), we get

40sin) |
A, = _ ' . . (B.26)
An(xns1nhkn + 20coshxn)(1 + (1/2An)s1n2kn)

Then the exact solution of the probiem is
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P (40simy_)cosx _ycosx x
u(x,y) = 3z [ ——1 n n 1. (B.27)
n=0.xn(xns1nhxn‘+ 20coshxn)(1 + (172 )sin2y )
Here,
| - ¢2n + 1 _
Ay = =) n=0,1,2, .
Ekact solution of the problem (2b)
The mathematical formulation of the problem is
2 ‘ o .
%4990  in 0<x<1 , O<y<1 (B.28)
dx2 ‘ - = - =
u=0 . at x=0 ., "~ (B.2%)
du/dx = 0.1(1 - u) at x=1 . (B.29b)

Let us integrate the Eq. (B.28) two times. Then, the Eq. (B.28)

becqmes

u = -5x2 +'c]x‘+ C, | o (B.30)

Applying the ‘boundary conditions (B.29a) and (B.29b), we get

(]
]

Q= 106/11° ' (B.31a)

and

1]
o

Cy (B.31b)

Then the exact solution of the problem is

u = -5x2 +TX . ‘ o (B.32)
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Exact solution of the probiem (4a)

The mathematical formu]ation.of the problem is

u _ in- 0 < x i 0 1 (8.33)
= : < X< s < .
dx2 - - i‘y__
du/dx = 1000 at x=0 v ' _ (B.34a)bl
du/dx = 5.7x107°%(350% - w*) at x=1 . . (B.34b)

Let us integrate the Eq. (B.33) two times. Then, the Eq. (B.33)

becomes -

u = C] + C2x . S (B.35)

Applying the boundary conditions (B.34a) and (B.34b), we get

C, = 1425 | . ~ (B.36a)

and

C, = -1000 . o (B.36b)
Then the exact solution of the problem is

u = 1425 - 1000x . | -~ (B.37)

‘ Exéct_solution of the problem (4b)

The mathematical formulation of the problem is

d*u . g in 0<x<1 , 0<y<] (B.38)
dx? o :

du/dx = 20(600 - u) at  x=0 -, (B.39a)
du/dx = 5.7x10°°%(300% - u*)  at  x =1 . (B.39b)
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Let us integrate the Eq. (B.38) two times. Then, the Eq. (B.38)

becomes

R o (B.40)

Applying the boundary conditions (B.39a) and (B.39b), we get
C, =587.37 | - | (B.41a)

“and

-252.58 . | (B.41b)

Co
Then the exact solution of the problem is

u = 587.37 - 252.58x = . , (B.42)

Exact solution of the problem (4c)

The mathematical formulation of the problem is

?u_ g in 0<x<1 , 0<y<1 (8.43)
dx2 : - - - =

u = 20273 ‘ at x =0 s | (B.44a)
du/dx = 5.7x107°(273% - u*) at x=1 . (B.44b)

Let us integrate the Eq. (B.43) two times. Then, the Eq; (B.43)

becomes |
u=CpFCx | - o (8.a5)
Applying the boundary conditions (B.44a) and (B.44b), we get
¢y = 20273 L - (B.46a)
and | _
= -19510.22 . (B.46b) -

Cs
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Then the exact solution of the problem is

u = 20273 - 19510.22x ) (B.47)

Exact solution of the problem (5)

The mathematical formulation of the problem [19,p.44] is

l ' Ji‘{r gg ] = 0 in T<r 5;2 ' (B.48)
u=20 at r=2 s (B.49a)
u =100 at r=1 . (B.49b)

Let us integrate the Eq. (B.48) two times. Then, the Eq. (B.48)

becomes
u=Cinr+¢C, . : | ~ (B.50)

Applying the boundary conditions (B.49a) and (B.49b), we get

¢, = -80/In 2 | (B.51a)

and

c, =100 . . | (B.51b)
Then the exact solution of the problem is

6= 100 - (80/1n 2)Inr . - (B.52)
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~ APPENDIX C
COMPUTER PROGRAM FOR BOUNDARY
INTEGRAL ELEMENT METHOD

This computer program solves the'two-djmensioha]_Poisson's
equation (y2u + p = 0) using constant or linear elements. Flow-
chart for the cdmputer program can be seen in Figﬁre C.].

| The main program defines the max imum dimensionstof the system
of equations which in this case is 40. It also allocates the inp&t
channel 5 and the output channel 6 for the Fortran statémént; It

calls the 11 following subroutines,

INPUT : Reads the program input.

%gﬁékLC) Computes GQ and HH matrices for ]inear (constant)

I elements.

GHPCAL : Evaluates GGP and HHP matrices by reorderihg GG and HH
matrices aCéording to the type of the boundary condition
at node ‘'i'. | |

BCAL : Calculates BB(I) for the source point (XSRCE, YSRCE).

INTE : Computes the integrals along a Tinear (constant) element

(INTEC) .
' which does not include the node under consideration.




MAIN PROGRAM

| Figure C.1 - Flowchart for the computer program.

v
INPUT
For Constant E1. /)&\‘For Linear EI.
e |
GHCALC GHCAL
L J
!
GHPCAL )
¥
BCAL
For Constant E].A/}\\For Linear ET.
INTEC INTE
! 4
~INLOC INLO
1 &
INTEFC INTEF
i) J
INTERC INTER
| ; J
DECOMP
¥
SOLVE
1}
OUTPUT
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INLO , o L o
( INLOC) : Computes the integrals along a linear (constant) element

including the node under consideration.

INTEF Lo S
(INTEFC) ° Writes matrices GELEM (AH) and HELEM (BG) onto disc file

(10) for internal points.

INTER

(INTERC) * Computes the temperature value at internal points for
Tinear (constant) elements.
ggES?P and: Almost any computef library has subroutines based on

variants of Gaussian elimination with partial pivoting
for solving systems of simultaneous linear equations.
The details of implementation of various subroutines

' avai]able are quite different. These details can have
important effects on the executibn‘time of a particular
subfoutine, but if the suBrbutine is proper1y written,
they shou1d have 1ittle effect on its accuracy.

Wé can describe two such subroutines, DECOMP and SOLVE; DECOMP
carrieslout that part of Gaussian‘elimination which depends only oﬁ
the matrﬁx. It save§ the mu]tipliers.ahd the pivot infofmatidn.

. SOLVE.usés fheée results tb obtain the solution for any right hand
side.

DECOMP also returns an estimate of the condition of the matrix.
Such an estimate is a much moré re]iab]é and useful measure of near-
ness to»éingu]arity than quantities such as the determinant'or the
Sma]]est pivot. ‘ o o -

The estimate is a Tower bound fpr the actual condition, but it

is computed in such a way that it is almost always within a factbr
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of n of the actual condition, and it is usually much closer. In

other words, for almost all matrices, DECOMP returns a quantity

COND with

cond(A

- < COND f_cond(A)

In those situations where COND < cond(A)/n, it still measures the
sensitivity of solutions for most right hand sides. _

Roundoff error usua]]y‘prevenfs.DECOMP, or any other Gaussian
elimination subroutine, from determining Qhether or not the input
matrix is singular. If an exact zero pivot‘occurs during’the élimi_
nation, DECOMP sets COND to 1632 to signal that it haS‘detected sin-
gularity. The value 1032 is betWeen BETAT and BETAU on all current
floating-point systems, so it is between the reciprocal of the machine
acCuraCy and. the ovérf]ow level. |

Howevek, the occurrence of a zero pivof does not necessarily
" mean that the matrix is singular, nor does a singuTarvmatrix neces-
sarily prodUcé‘a»zero_pivot. In fact, the most common source of
; zero pivots is some kind of bug in the calling program.

It should be_rea]ized that, with partial pivoting, any matrix
has a triangular factorization. DECOMP actually works faster when
zero pivots dccur. The only difficulty with a zero pivot is that
SOLVE W1i1 divide by it during the back substitution. So SOLVE
should not be used whenever DECOMP has Set COND to a value much
.]arger than BETAT. |
Somé of the subroutines avaf]ab]e in computer libraries incor-

porate a technique as iterativelimprovement or iterative refinement.
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vThis is a pfocess which involves computation of the resﬁdual using
high precision arithmetic and solution of a system of equations with
the residual as the right hand side to obtain a correction for the
computed so]utfon. ‘The corrected result often has a smaller error
but dqes not necessarily haye a sma]ler.residUaT. Furthermore, the
size of the correction is another measure of the sensitivity of the:

“solution to errors in the data and the computation. |

We detfde againét inc]uding an iterative fmproyement program
for several reasons. First, the solution obtained without improve-
ment. is satisfactory for most applications. Second, the errors in
- the input data usually affect the solution mofe than the round-off
introduced during its éomputation. Third, our condition estimator
supplies the'same kind of information available from the siie of
the correction. Finally, and possibly most important, the évai]abi]ity
and use of the required high precision arithmetic varies from computer
fo cbmputer. A general Tlinear equafidn solver which efficiently in-
corporates iterative improvement cannot be written in standard Fortran.

To commeﬁt upon some details in DECOMP and SOLVE, we need to
examine how Fortran systems storé matrices. If a program contains
statement,

DIMENSION A(3,5)
then .
3%5 =15

locations will be reserved in memory for the e]eménts of A.. .They
‘will be stored in the following order, | |

A(1,1) A(2,1) A(3,1) A(1,2) A(2,2) ........
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In other words the e]ements of each co]umn are stored together.

~ The e]ements of each row are seperated from each other by a number

of locations equal to the first subscript in the dimension statement.
| Mény of the common matrix operations are host naturé]]y deS-

cribed in terms of rows. For example, in Gauss1an e11m1nat1on a

‘multiple of one row is subtracted from another row. When implemented

in Fortran, such operations typically have the 1nnermost 160ps varying
the second indax of.arrays. This has two potentially adverse effects
- on program efficiency. Subscr1pt calculations may be more costly
because they 1nvo]ve information conta1ned in the d1mens1on statement.
Operating systems which automatica]]y move data between high speed and
secondary memory units during computation may have to do an excessive
amount.of work.l For these reasons, we have»ihp]emehted Gaussian eli-
mination in a somewhat unconventional manner with all the inner loops
©varying the first ihdex. Such an implementation can be siénificant]y
more efficient,with certain types of operating systems. .

Most, but not all, Fortran dialects have provfsion for variabTe
| dfménsions on arrays which are subroutine parameters. In a main .
program, one may specify

_ DIMENSION A(40,40)

but intend to actually work with an N by N matrix'where N may vary
from problem to prob]eh. Subroutines such as DECOMP and SOLVE need
both N, the actual working order, and the quantity 40 used in the
dimension statement bécause that is the memory increment between

successive elements of a row. This dimension information is called

NDIM in DECOMP and SOLVE [20, p.48].
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OUTPUT : . Outputs the resu]ts. 

TERMINOLOGY

.The general variables used by the program, together with their

meaning are given below.

M . Number of different surfaces.
NC(K) Last nodes in these surfaces.
LMICMI : Indicates the type of the elements. LMICM = 1 means

‘that constant boundary elements are used. >LMICMI =2
- means that linear boundary e]emehts are used.
NONL : Indicates the fypé of boundary conditions at the
 element nodes. NONL = 1 means thaf there are nonlinear
boundary conditions at the element nodes. NONL =0

means that linear boundary conditions at the element

_ nodes. |
EPSMAX : Maximum tolerance for the iteration procedure;
NST : The first node which has nonlinear boundary conditioh.
NLA' K The last node which has nonlinear boundary condition.
THC © Thermal conductivity.
N : Numberiof nodes.
KODE(I) : Indicates the type of boundary conditions at the element
| nodes.
If KODE(I) = 1; then ALPHA(I) = 0, BETA(I) = value of
'temperature'. |
If KODE(I) = 2; then ALPHA(I) = 0, BETA(I) #_value'of

Flux'.




KODEP

KODEI
LINT
~ NPOIN
CX, CY

X, Y
NELEM

EXISP,ETASP:
WEIGP
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If KODE(I) = 3; then ALPHA(I) = value of heat transfer

coefficient, BETA(I) = ambient temberature. Note that
f]qx is '+' if there is»heat input to the région.

Check the source (heat generation) term. If KODEP = O,
then there is no source term. If KODEP = 1, then there
is source term. |

Checks if internal temperature needed.

Number of internal points where thekfuntion is calculated.

Number of points for internal elements.
Internal point coordinates where.the value of u is
required.

Coordinates of the extremé-points of the boundary

~elements.

Number of internal elements. _
Numericé] integration points for internal triangles.

Weights for internal triangles.
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‘ **************k************************k************************1
PROGRAM R1EM ’

SOLVES ?-DIM 1STONAL POISSONIS EQUATI
A5/ OREl> ov PoTSSos ealhTIon

LAPLACIAN (U ) + P = g

LINFAR OR CONSTAMT VARIATION '
ALoNG THE SEGMENTS

elslalelslnls slslsininalnlnls)

COMMONM/BEM1 /X ( u&)'
C8MM8H/BFMé/G fME&
S

Cau e 7R
4

COMMOH/BEMG/WORK('
COMMO I/ BEMT /66D (40
COMMOMN/BEMB/EFT (41

ML AR RZAT 19, F PROSRAM P ABAMETERS
Laki2 fnpms oy 0 ?HE EYAYEN 0B EauaTTONS

i
e
GP(7)
)+ COOR
ND, MON
) * ALPH

641)
5%&?
U)TL
Yrip
40y,

’
H
A
M

1PV

Yo Hi

%
7
n
0
’
)
I

NDIM=1,0 -

ASSIGN DATA SET HUMBER FOR INPUT,NI AND OUTPUT,NO
No=8

INPUT

CALL TNPUT

CHECK NONL. IF ANY HOMLINEAR pOUNDARY COMDITIOHN
IS PRESENT .

IF(NOML.ME+1)GO TO 7

A ITERATIVF >cHEME CcAM BE USE T0 QOLVE THE PROBLEMS
wHCIH POS srﬁs NOML. THEAR BOUNDARY c0N01T10N9 .

EPSMAY=MAYX IMUM TOLLRANCE

THE_ITERATION PROCEDURE STARTS BY TAKING
EFT(JK)STAMB (AMBLENT TEMP,)

NST=THE FIRST HODE WHICH 1IAS NONLINEAR B.C.
NLA=THE LAST tHODE wHICH HAS HONLINEAR B,C,

THC= THERMAL cOMDUCTIVITY

80 ggRRéq{gPZQ PPMAX AMH NSTIHLA'THC

WRIT 58ﬁg *AM 1 NST, NlA THc
81 FORMAT //pﬁXr, PS MAX~'1F5 3'5 P TAMBZ ' FSe195X2 o MNST=1
,I%rSX,:NLA—:rIS:SXrfTHC—rpFS 2:/7)

YOO OO OO OO0OOOOD ONONO OO0 OO0 OO0

c KK=NST
HAT WE _cAN WRITE
¢ NOTE, THAT RE-GEY, LA
c INGTEAD OF
c KKENST
C .
3 %%ggf?TFR+l
: KK HNELNSTYIGO TO 1
%EfITFR—1)1v2.1
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_GOLD=71AMRB

GO TO 16
GOLD=F1I (KK)
CONTINuE

THE Nrw FORM" OF THE MOMLINEAR UOUHDARY CONDITIONg

0 = -
BE‘? Hh T TolE POTTES STHARMARO T2 4T (r e

CONTINUE

CHFCK M D LPICMI IF IT 1S CcONSTAMT/LIMEAR
¢10N ALONG - THE - SECMEN TS LINEA

IF(M=1)31,31,32 ‘
IF(LM}CMI 1143532, 33
EVALUATE GG AnD HIH MATRICE; FOR COMSTANT ELEMEMNTS

CALL alicaLcC x
CALL dlicaLc o

EVALUATF GG AmMD HH MATRICE FOR LINEAR ELEMENTS
CALL GcHCAL

EVALUATE GGP AMD HHP MATRICES (BY REARRANGING)
CALL GHPCAL

DECOMPOSE GG MATRIX BY USING DECOMP

CALL DECOMP (1 DIMs N+ GGPrCOMDy IPVT? WORK)
PRINT THE CONpITION MO, OF THE COEFFICIEMT MATRIX
(NQ 9 '
UBHEE L8133 Cone
DP1 £G.CoND) WRITE (110,932)
IF (co DP1 EQ.COHID) STOP
CLEAR THE BB VECTOR FOR THE SOURCE TERM

UO 5609 I=iM
B(17 20,

CHECK KODEP IF AMY SOURCE TERM IS PRESENT
IF (KoDEP,EQ,p) GO TO 778

) CTOR OF THE SOURCE TERM_ '
ngSLBEETH$H?BBXENSARY NOSES EO [ CONSTANT/LINEAR ELEMENTS
DO 510 I=1¢N '

I) BB(I))

-

L nCAL ¢ X¢I)» Y(I)4BB(I))
ITINUE

an
o>
=
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160

10

2

3

0

0

250

y

42

i

1

cT
A R

OTNOTIO T
Dt e

+HHP(Ivd)*BETA(J)

l(/)’ OCTOUO »—=m

FOR THE UNK?

ov
BY BACK-SUBSTITU ION)

CALL SOLVE (MNpIM,N,GGP,DFI, IPVT)

REORDER DET VECTOR TO 0BT In

F1 =ROUNDARY POTENTIAL (TEMP. )

DF 1=BOUNDARY POTENTIAL DERTWATT
88 $8°(IzléN 0) rKODE (1)

10420 KODE (1

FI(1)=BETACT) o 'O
DFI(1)=DF (1)
GO TO 250

i

QBNT ”UELéHA(I)*(BETA(I)-FI(I))

CHECK KOPEI WHETHER TO EVALUATE AT
IF (KQDEI.EQ.q) GO TO 790

tEtR CMl ?*&%ouzoqs

FOR COMSTAMT pLEMENTS

CALL TMTEFC

gALL I?TERC

3

790

9

13

9

1ot

jve Vo]

1

2

NP

FOR LIMEAR ELEMENTS -
CALL IMTEF

CALL TMTER

COMTIHUE

IF (NOML,ME.1)GO TO 12

BHEERRSIPHI e

R

(M0»101) 1 TER:CPS

ME Ovw=mIOe
—

SO OMMIVOTO

PRINT THE RESIILTS

CONTINUE,
CALL OUTPUT

ORMA (?x,.coNDI
EORMA$ (2X+ 1 MATRI

£ E%x¥€ e
Y& SOHTR! C0N¥H§HR¥HEOCAI
N
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KoDEP=0 *NO SOURCFE TERM
KODEP=1 +SOURCE TFRM

IF (KoDEP,EQ,n) GO TO 999

ITS FOR INT RMAL ELEMENTS
r ERNAL ELEMENT EME

OO0 OO0ONO

__ READ (NI+510) MPOININE
510 FORMAT (415) NP HELEM

WRITE Nporn AHD HELEM

} ' N (0]V)
5[5 FORMAI (!HO'{)X"MPOI'\ —"I3'5x"NEL[M —'lIS)

READ AMD wRITE _MNUMERIGCAL INTEGRATION PO
D Wl BT TERNONERRCAL INTEGRATION POINTS

onoo

(alelgle]

560 yg %T w?Hg 9X'0EXICP"10X17ETASP"10X'1WEIGP')

565 HRABOTEEEZ 33 E%ﬁw%‘%ewég,t:gwﬂ?eusgwﬁyfemewég)

570- FORMAT (3F15

READ AND wRITr THE TPIANGULAR INTERNAL ELEMENT
NODAL COMHECTIONS

[glglele el

(N
T (
(nf

(i

D AMD W
THF In

2

H

520
‘ L
5
'

—~ADN=x
m>m
O~ MO

M

03
a3
J

TH
MAL TR

e -

WR1 520)
FgR gﬁgx L
~ Rea oy LiPEE
525 WRI 510) JE
KEA RITE THE
FOR TER

[elnlnlelgl

. WRITE (N01530)
530 FORMAT (1HO+6Xr +HODE? ¢ 6 X o X~ COORD!rlOerY COORD, )

DO 535 JPOIN=1/NPOIN
-READ (NIvSQO) IPOINo(COORD(IDIMErJPOIN)vIDIME 1,2)

535 WRITE (NO,540) JPOIN'(COORD(IDIMErJPOIN),IDIME=1s2)
540 FORMAT (I10/2F15,5)

~ READ AND WRITE THE INTERNAL NODAL SOURCE VALUES,PTERM(I)

omo

O

) vrPTERM:)

B8X
PTERM )
PTER M AIN)

(
(

f

o

90
it
5)

~23
< QUiZoOE

A~ 11 XN

’
N
?
N?

METCONE
240D

E
A
5
E
A

—.ZHLHZ
=00~ T

6 )
14
0 1
5
1555)
1 1

SNUI==UN

RI
OR
)
R1
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’
’
I
5

T

o0

999 RETURHN
END
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‘DO %oo }: ' N
GGPTI,JUl=GG(1,J)
100 HHP(I,J)=hH(T, J)
G0 TO 250 "
20 DO 20n I=1'N
GGPTI,JI==HH( 1+ J)
200 HHP(I,J)=-GG(]rJ)
GO TO' 250
30 80 300 ;:1'q :
GP(I,J :-Hi(Ird)-GG(I'J)*ALPHA(d)
300 HHP(I,Jd)=-GG(]rJ) *ALPHA(J)-
250 COMTINUE o
RETUR}
ENID
********* oK ok ok o sk ok K KK kK K ok ok ok ok ok Ko A K * *
208RO ”f ne BCAL (XSRCFTYSREETH§REE§** o K Rk K okok Kok R ok F kA kK ok ok R
COMMON/BEMLI/X (41),Y(41),Cx(9) cY(é) SOL(9),BB(40) ,M,NC(5)
cgmmgujnfmajné{aoéqe%ﬁnﬁgqo.86)6K00éf80)éFi24{).551?41)
< NPOTM,NELEM .
EOMMOH/BFM /FQIG#(?).E;ASAKV):gﬁ?gﬁi§)?§M?u0)fY&(Eb§
COMMOH BEM S/PTERM(“O)fb009563'JO)'COORD‘Z'“O’ :
OMNSJ/REM%/¥9p%f“°A') Mhp (a8 GONDRNIOHL A LMICMT )
pl (AN r
GIMENSTORN LﬁﬂﬁF(i?ﬁxﬂouﬁ(s).9&685(3).FNOBE(ﬁ)?EHA58(3)
THIS %UBROUTI”E C %“% TES BB(IL) '
£OR TIiE _SOURC poIRT rRsk2er¥drle)
RSRCEREB (1) & ¢ E
" LOOP OVER INTERNAL TRIANGULAR ELEMENTS
B RCE=0
515 1ELEM 1PNELEM
DO S20_ INODE=1 s
Uittt r=Lides Tiopes e
)= '
XOBE L 1NOBE ) ZE00RB 5 HoBE {INSBE)
520 PNODE ( INODE ) =pTERM (LLMODE ( TNODF.) )
CALCULATE DETERMINANT OF JACORIAN MATRIX
'DJACB=(XHODE () = XNODE(1))*(YNODE(S)-YNODE(1))—(YNODE(2)-.
YNODE(l))*(XHODE(3)-XNODt(1))
LOOP OVER GAUSS INTEGRATION POINTS |
QUINTIC INTEGRATION' MGAUS=7
uo 525 IGAUJ-1r7 ‘
CALCULATE SHAPE FUNCTIONs AT INTEGRATION POINT .
[ o4
SHARE é;~éx§gr§€é£GAv 5) - ETASP(IGAU%)
ér E(3) ETAR[(IGAUJ
CALCULATION AT INTEGRATION POINT
PGAUS=0, - i
XGAUS=0. o
YGAUS=0, .
DO 530 IMODE=q+¢3
PGAUS= PGAUS+§H PF(INODE)*PNODE(INODE)
XGAUSZXGAUS+SIAPE (INODE ) *XHODE { INODE)
530 YGAUS= YGAUS+ uArC(INODE)*YNODF(IMODt)
CALCULATE DISTANCE BETWEEN. I AND INTEGRATION POINT
RAZSQRT ( (XGAUG=XSRCE) #+2+ (YGAUS- YSRCE) #%2)
CALCULATE BSRCE=BB(I) ‘
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CIEGI [0 3 JRULE LNV OO 0
OON00 00

. L 100
BSRCE:BSRCE+DJACB*WEIGP(IGAUS)* ALOG (1/RA) *PGAUS

C
c
525 CONTIMNUE
515 CONTIMNUE
999 EFTURH
c
C*******************************************************************
c SUBROUTIMNE INTE (XpeYPiX19Y10X2,Y2+GELEM/HELEM)
¢ THIS sU ROUTIE ‘OMPUT THE INT GRALG LONG LINEAR ELEMENT
% WE DIq %” MC ng&Q f%HF Bl HVOUE FHDEQ?Q ﬁé&R % &é PTHE BOUND .
E EGRC o, QOIN§9 IN THE nEUNDA<Y ELEMENTS
C
¢
IMFNCION GrL M(2)'HFLFM(2) '
blaion foo R o
pOIA, OH 9)3&5854é5. 0,3&%@5&&5, 3 88214%9 088214508,

BX= (xp+x1)/2
CAY=(Y5-Y1)/2
BY=(v2+Y1)/2

[glg]

10

58

31
32
%0 1

AX) 10720,10
Y/AX
= 3ABS((TA*XP ~YPHY1=TA%X1)/ SQRT(TA**2+1))

nin
D>~
o

= TA
(1 AQ3 5078 6y - (xa- Xp) ¥ (Y1=YP)
518 K1vades

5153

O—=NOO O

[
)
e =}
=4t
nesn
T

YP=YCO(I))%%2)
QRT (AXK¥2+AY %%2)
+AY*£2’/RA**2

2

(9]
N
1]
>
e
o
D
Z>

>
-

=
e m Kt S

MMM~ OFe «
OO ¥ O 4 +

T~
——— 0033

PO\ oy
o %
HHIIO
MM g~ ~
P++ 1 NZT<x
R M)
NN

wo H

[glp)

RETURH

£N
************************************+*****************************t
SUBROUTIME IO (X1eY1:X2,Y2)GELEM)

THIS SUBROUTINE COMPUTES THE INTEGRALS ALONG A LINEAR ELEMENT
lNCLUDING THE MODE UMDER CONSIDERATION

OIMENSION GELeM (2)
ps g 2-81)

SE RT_((¥2
RELEM(TInEpsiTL5
CELEM{2)Z2ERx {60281

o000 00

***********************************Q*x****************************4

SUBROYTINE INTEF
FOR IMT RNAL _pOINTS:

; G[EEM AND . HELEM ONTO DISC FILE(10)
COMMON/BEML/X (41) ,Y(41) ,CX(9),CY (D) ,S0L(9) ,BB (40) ,M,NC(5)
commom/nrmz/oé(qo$401,uﬁ(qo,ub),KODé(uol.Fi(ul).né11u1)
COMMON/BEM3/MOTIM, Ny LIMNT NI+ MO, KODET s KODEP ¢ NPOINMELEM
COMMON/BEMU/ZEXISP(7) 1 ETASP (7) yWEIGP(7) 1 XM(40) , YM(40)
COMMON/BEMS/PTERM (40} »LNODS (3,50) » COORD(2+40)
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101

E8AM8 REH/HABEL8028 MRS 08 8ABN Eh] B cuo

DIMENSION GELEM(Q),HELEMtz)'
PREPARE DISC pOR WRITING

REWIMD 10
LOOP OVER THE INTERNAL POINTS

DO 20 K=1,LIMNT
LOOP OVER THE RBOUNpARY ELEMENTS

Do ;o J=1/N |
 CALL NTE (CX(K)yCY(K):X(J)oY(J)'X(J+1)'Y(J+1).GELEMrHELEM)
WRITE ONTO DIsC FILE(10)

 WRITE ( GELEMy HELEM
30 ONTI}U&O) SRR E

LEBURN

*****{*****#***************************t**************************t
SURROLY INE INTER

THIS qUBROUTI“E COMPUTES THE POTENTIAL VALUE AT INTERNAL POINT

OO0 A O0O0O O0N00 0NN 00

OO OO0 O

COMMOH/BFMI

-
~—
-

Zox
B

DIO—
=

—~=
<Z>=

FO~NT- O
O=Gi~0& =

A~ XDNZ

NN
S S ORNY £

ie] m\\\\\\\

-~ ro=7um

u MOOAXTD —~
TN~
—OLFm~Ze -
TE~O~O ~
MO = s e
Tt [T}
g'trﬂﬂ
~THONZ~O

= NTV~T T~ X
TN O -~

0) FOR READI
REWIND 10
LOOP OVER THE INTERMAL POINTS

DO 40 K= lrLINT
sSoL(K)=0

OO0 O00

CHFECK KODEP
IF (KODEP.EQ.g) GO TO 998

EBE KFEAEREEX (K # Cy (K 4 BSRCE)
LOOP. OVER THE BOUNDARY ELEMENTS

998 DO 30 J=1,M
READ DISC FILE(10)
READ (10) GELEMyHELEM -

OO0 OO0 OO0 . O 000

?FI(J+1)*GELEM(2)-
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*
VLOTING TV —
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102

RETURM
END

C

c****************************************** Kok K o ok 0K K K ok ok K K ¥ R Kk ok ok ¥
SURROUTIMNE DEcOMP (NDIMsNyA»COND»IPVT  WORK)

(o

DIMENSION ANDIM,N) #HORK (1)
INTEGFR IPVT(”

ECOMPOSE 2 ATR USSTIAN EL TMINATION
NG FErThATAS R AE MBnnT¥1BY SAVZREAMAGKININATI
SE SOLVE TO COMPUTE SOLUTIONS TO LINEAR SYSTEMS
M {iDM=DECLARED ROXTgIMENSION OF THE ARRAY CONTAINING A

M=ORDER 6F THE M X
ATMATRIX TO BE TRIANGULARIZED.

OUTPUT '
rTAzn% AN UPPER TRI/NOULAR MATRIX U AND A PERMUTED
VEPSION OF LOWER TRIANGULAR MATRTIX I-LISo THAT
(PERMHTATION MATRIX)*¥A=L*U)

~C >

QT FTRNTE QT SOPHIIRNGEE o avo

H A A* CHAHM 1 A AN

fny ChosElCHARGES Lo M RBs SUMIRRRe X

" IF ConD+1.,0.EqQ.ConDe A IS SIHGULAR TO WORKING PRECISION
COND 15 SET To 1.0E+32 IF EXACT SINGULARITY 1S DFTECTED

IPVT=THE PIVOT _VECTOR
TV E (RTLOTEVEREEX OF THE k=TH PIVOT ROW
IPVT(N): ~1)*%(NO, OF INTFRCHANGE‘) _
WORK SPACE

THE. VEC K MUST BE DECLA AMD INCLUDED_ IN THE CALL
ITS Inpu? om?EN g ARE “IGHORE 5 11aMoutPGT cSNTEdTg ARE
USUALLY UNIMPORTAN _ ‘ L

THE REFRRYIUAVT (R A (A4 0R (REATUED, O, QUTRYE) BY

O OO0 OO0 0 O 0O OOONOOONONNCKNO OO0

VT(N)=1
ILH.EQ W1) Go TO ao

Ip
1F
NM
' COMPUTE 1~-MNORM OF A
NORM: 0
18 1

o000

co
e

M

'N .
(A (Ird))

=0
M _
.ANORM) ANORM=T

OHO-iO—lC>
oOTOoHON

Z >
coOCol
M—-mneE

5
+
T
(
L

e

N
(,AUS

It
T
It
S

ANl ELIMINATION WITH PARTIAL PIVOTING

(slalglel
—~

DO 35 K=1sMM1
KP12K+1

FIND pIVOT

[glglgle!

|

XN -

15

Y e (W
ARRZIZX~r

X ~~{IMUoTON
TV v e

- RI> <Z

aO0nn
w



103

> -
Z Un—
-
| ePa s
<}~ >
ol
<= =
[@]ae JVOL]
L =
==-0=T
[e o v
O =3
22> 11O
1 N
—C X0
: <
W u> Wi~
= OV LW >
= -2
> L) >l
s HL_J OO —_
o <CCW -~
[§) = S NUCE |
(e Slad >
>~ Hi—% O %
ool Vil ~ZZ2 —
ywint g [ -
Wl RO — o —~ < -~ o
- UTO O~ - oz - .
< CHOTN LW o — o - —
0 = [T ~CO R C~ 1l . = [ = ~— s
) —t M % * oz N > o X X -~ X xo
: = - >0l * n e - o o < o4 o=
[o I Vs S O X <L~ = ~OX : O [e] -~ o ZO
- @ - [ - UG- O Wi — i ~ — = P = =z >Q
Ll [15] - [T} ed %) e} — H~< X o ~ -~ ~ o N
Q -~ - Q - Au<COX O - ~ X ON ~ = wn = 9] . S~
O N0 < = - x o Lo W oem X - [oe} - [ea] - xo
c —~ = + I -C v C [+ OoF 4 C . X < @] < — [e )
~ I €« Z o~ 2~ s+ O —HO ~ o4 T =C O~ - < c. et
(= -« - T O« C—-1n 1 < = o0CXx -= X -+ g + pad N e
o - li = = o= ey TR o B o 4 < ~ X% sl - — ¥ -~ == > == o * b=
[= R o~ O O X oG~ 1000~ = - - e~ O e~ a~ X O [ I il - (@) sJ
o = Y < Z X . e~ — T e e o~ 1 i YY e~ e~ X [« ] N> O —iQ .
(o} HiWw < N~<+—OII<ttIL] ~SAde-ld < I C Il - FXitwe HeWHXOZ W el * . HZW W (o] &)
W w == T TOuNuU=iSS>S  HHHASCHR — X WebtD _Je~DY -2 L~~~ D oD < o OoO—ND = I
L ~ U am~ 0 AT X ThEC ] —ZOXXZT C 4+ wZXb oXITNYIZ Il HZ w n_ iz < <C
| ' OX I X OO D IS ICUS W [} YOL i s OO NC -~ 2> T X —~ SIS W SOZ - X Ho
~ Neal W Meesewapk=E O Ul > N ~F+he<IXP0 ] o IN+FXYE - O XX RfORw.ll > . e e CINR & C~
. —Z <ZX —ZZZ =< S O w -ZH ~EZ ZOw FZg— ToeZ O o JJ | c _cZ =.
u o C~C & Cll~—-lLC~0OCO V=l U1 O cliLzoncxiuoooliiacitoCiiL HocCcoc Z0Z2C O < ZO0ZC W\ cu.
~ O OO =~ QFI~O<OV0 Wwog<ul n Ol Y= O L - SOAX X AFOIEZ A= TT0 >0 N (@] NOoONO W O
=) o on o Te} o wn o
N NI T Ty n O o) ~
O LVLLL oVO (XS SIS SIS B S S]S]8] : ’ S ] LOLLL LVLO QO O
O ~N\M SO QOO A OUM FWNOH OO0 i AN NCH COO AN IO SO O CIMHACC O O—N M I U OO CO-0M IO NQO O SN N ONCOOH |
AN AN N AT ) ) MMM IS 3 3 I3 333 2N DINNNN KIN NN OO 00 00 . IDO- D SISISISS M NSNS AO0GR0Q QDD 0o e hoo
O T R N T N D T P E O (A () 00 CXY O 0D C LN T 7 GO0 (1YY (VA 071 (YY) (9 (0 ) (o 0 1V £ 5o (PP O 19 AP 0N AN PP AP i O o e i = om o o= o o= =



[SexVe Vol
oo
F O

O PO PONVINON ATV DO IS bt et prappt=s et ot = OO OO ©
OO ~NOUIE LWV O QO ~NICURR GIN- OV NN DY

O R NN NNNNNNNNO GO C OO O C O OOV NS EEE £ EFFFEWWWOBNWLIWD

PNPIP RTINS NS TC NI oIV o201V Xo NoXVo t¥o (Yo TVo Xvo Ve o kYo 1Yo Vo o 2o o (Vo 1Yo 1V o 1V Ta NG I TVa N Ta Yo Vo o IV BT T TNo Io JXo 0 T¥e JVo JVe Vo o Vo [V T Vo Vo R0 TUs JU0 1o 1N0 YWa X Vo JUo o Yo Jrotte Vo Vo o e
A= DD D DL N OO DG PIE GIFI = CnD O~ FAPI= O] 03 ~J TN FAI-OD D d D CLE G

104

RETURM
1-BY~-1

(e1glgle]

80 COND=1,0 =
IF ?A%lol),NE.o.o) RETURM

EXACT SINGULARITY o
90 EOND 1+0E+32

aO00

ROURN

E*******a ¥ s * ok
C

kg Rk K ook ok e ok Ko o ook KR K K o K A KOR K R kK
DININI AT B TIBYE) .

Y
Y+ B(IN)

 DIMENSION A
INTEGER 1pV

(
SOLUTTON OF LI R SYSTEM, AxX
n FIOT USE 1F DECOMP HAS DtTECTED STMGULARITY
ow
IX

A
D
iDéMDEEcBéRﬁRTg W DIMENSION OF ARRAY CONTAINING A

A= TR&ANGULA 1ZED MATRIX OBTAINED FROM DEcCOMP
R=RIGHT HAMp SIDE VECTOR
TPVTZPIVOT VECTOR ORTAINED FROM DECOMP

OUTPU
SOLUTION VECTORr X

FORWARD ELIMINATION

[glpielelslalsisislisisieTalslasinininisl

Q.1) Go TO JO
1'NM1
)
)

jag e N AHXFT

IET]]

X X
dolt!
+%
St

~~
=~

O ~O~~111 ICEN
-
=

"

—{

Zrt XZTD—t =
HHEHO N T2 RAZE

ZZ3I —3=+

b=
[onfen ]
O
o
p=d
—
[
m

BACK CUBSTITUTION
K T1e0My

(el 9!

(6,2 &)
[=]ale]
MOTOOTOT~TRX

*******S***?****g**ﬁﬁ*********************************************t
UBROUTINE J
E MMOH/BEMl/X( 9 CY(9):SOL(9);BB(40) M,NC(s)
COMMON/BEM G ONE(40)F1 ).DFI( 41)
%OMMOH/BEMS/tn N.IELFM.
OMMO}/BEMY /E Y YM(uQJy
TE
0
56

EOMMON/ EM6/w

C
¢
c

O
O~ (N—~O L~
-mn s eO-
LONEZXR~
-O~GW‘
>> = () D=
-t b=

rZC—~-
Fel
- OO0 TU~C

0
)
R
N
H

e~ O~
SO~NIZ-
OOOmO‘
UOOQX

§??k;g.//2X;'82UNDAPY NODES-//ZX

o'l

1p00 FO MA '12
0 ."ﬁ E:" ' I'

.1vaAPP. POT



105

- ~— *
* <& *
-~ (o] +*
“ W) - »
* e~ - *
- * (e = »
x * I .- *
o * e~ — — *
[o¥] * T=_O o bt +
- * el = I *
- * ACIT— o~ = *
= #* O~sF < w0 - *
- % 3~ = = ~ *
- # i s & X *
> * CIC~—~ITD L X €
[o] * DRSSO -~ X -~ *
- + eI~ ~ — -
- ¥ U e—sT O b hp] * o~
09} #* O L TN ul - -~ *O
— [} % LD~ - — —t *0
— C « JcC-Cl< = e ~ * -
[ = * CC~CZTT = X ) *
bt~ - * U-YINCOo < x ¢ *
W~ -~ * oL ~~0OIT 4 .o - -~ iy
T = * ~CwL O s S oy =< -~ *CJ
o~ W o~ - ¥ CClLRS~O « = NN -~ X >~
—~. Qa -~ N -~ * LT~ O PR ~ ¥ A
TR ~ e * > ~CLITCO L PR - X oy
-~ o~ . - ~—— * (IO —ted ~ ~ +3<
> - " EEER =T N S et + + > > * -
L~ ~ %2} o~ * A~ 2O~~~ O —_— -~ - ot
- = UJ — V) e * O T W o o e — — %* o=
—~ L e = ez * O I~ [SN{oV AN T | D X ¥ -
- e X — —~ #* Xl O—- W NN kY - X * i
B T ™~ o Xl * OQeZNCHHT W —~—~ N x X * <
P e ~ QL — - ® o aZIID>T OO _— O - -~ * o
> o~ M) N~ >  ~Thm D s —-——t 2 — = *0
s > - - en ¥ oA eTlisme~ e o [ ¥ =
- - N~ (@] < -~ « Tmran— s O - O x> XK~ - — -
M) 4~ e - T~ )~ * —C O~ < NN+ =z 7 o
M o= = P % e ANTO ~ T ~— e~ foy ol S 3¢
.- T o~ e e ~~ * % «oZl~—zxO ~— o~ o~ — o -~ > P,
o X X W (O] e X e e XD LT~ T ——t e XX - - -~ ~Z *
— o~ e e Z0 VT -~ * A TN L~ T o e < —t —_ o~y *Q
O~ = =~ X ~ Lo S B o] Lol o e ol OO0 LU > [o¥] C~ C o
— = C ~s XL~ * - OSSO C ~———-— = — - - =~ * —
aM o~ e~ . e Qe T~ O ATXCTLEEZC D PV SN -C Co—t - X * =
Z =~ 0 oM™ C OXLHCXKXO - FUIONNNNNNN < ++NIX— XK>TZ O N+ N~ > *
« Mel O C o LD MNCUCOONW & 0 ¥ A0S PR PO S NNONONDS, ~NPLPN i~ = [ - *
e L S 3 T 0 e e = #USTTTTTT O N NI R e - o~ — U U *
Il At ada X C = CON i oxQO =~ FTLLLLILLILS O s et A~ O~ (] O i oax! clLocem * =
- MIZ CCcOlW— O W =N ~HOm T~ *#QC DI XK= XK o~ [ [~ o~ 7D — o~ MO L N =2 * -
~Q TN~ X O XU~ HENONONNNNN L I It et Y ~ 0 > NTH A AT~ *
L e d™ Q b e T kSTl T ~em e~~~ CC - = o) = W= =TT = » =
O 11X Woum<g ¥ ¥ W<ActlClIgCE *CCCCocee 2 e ] O OMIO QO 1 | ~CIZOT) ! o - o *C
N Zd kbSO~ T eNRFZRZID ¥ CSESEZITT OO L L P Xt g L Z DU DI Lo I o [ * 2
i e P S ™ — s R -C ¥ ST IZTZEITE T T o = — ¥ X ZX —__1 d=Z HC  *Z
O Ll FOoxCO I W XMC>-CECHCUZ*#ZCCCCCCC © - CIZIZUTZCETZCO L L XCQXOCX L< C<ZO W= *D
O == TOIVL U = Tu D H.tWFREMSCLCCCCC o > > XK >t X -2 XD — O OHND WY —O VOV >l u.s
-
O M~ . c @ occhk~o * - o M M~ O+ D mnc 9 I *
N - OO o anNCecho * - e - et e O (e NN N o *
[sV]a¥ e} T M - *
. *
v O (@] VLUV O (@) (S 81819} [SHS1S] (S]9) OO VU O

NCHhCCOANMINNCSCC CHOUIMFIUIIOMNCC CHOMIIENCO CH M T NSO O-AM T NITS SO C AN OO O NS COQ MM LN
QDIDTVID TP N POOCO OO0 D OO D et ettt I AL O AN A MM T M T + F 23323 TN D DN N33 3D
OO COCCC OO0 CCOOOCOOOOOOOCCOCOCOOCHD CCO OOOO00000OOMD OO0 OOCCOCORCCO OCOOCO0O0OC O
vt o st ol o v o o et o] bt Y o i wmbomd of b et vk o] o oA v bt v o vt ol ettt d vt et A vt o o et A bl et



106

#* *
> % *
— * *
o * . * P
| g ~ »* %2} * [Ve]
<z N * B * ——~
0 ot * pd * (ST
— o * 7] * v bk~ o
O —tr * = * = syt~ —~
O D * ut * = SR _JO o
o [eaX V] ¥* << * W LSURTSE. =g
co cwn *  Zw * = ~CZ> =
=Z W 0 * Q * W (=R <
<}— M e * - * 1 o~ -
= - * < #* [T e LI 1Y)
T o - * - e * DO ~~ED
I 1~ - C#* co * > MO~ . 000V «
W< ey + * ub * o @ ~le— eXO
T ouwn N L * Io * [ =0 ZTNJT
= — —t * ~Q * (3a00] * = et T P S
fodt i * —~C\ * * * D Jod -~
ST cQ < SEX * -~ * O OO~ 22T
o= o - * # <L *  OZ ¥* ©C ~ W~XM~ROOoO
-] ~0 ~ ¥* >~ * << * O alde—OZ_l
[V2 g oSN . | o~ ~N\ * [ 78 ol #* el A0 O s
Ll ~ . o c ~ 4~ * |18 9] * =Z =~ OCWo -0«
S wo o > - *~ * < Ul ~XOH~Z~
o = - wn t — % * *O P * ' ] >=aQuUOOO
<< [ Ny! - O % * *#O <O # N = OAYZNODT (0]
>\ - —iCs ~ > Ox> * o> * T U eOassaa -
= ~M)F -~ -~ L <L #0\ o ¥* (o] ~TO~—~QO - v pd
W< o 210 — * I~+ #> Lo ¥* O O OO - L
—Wtn ~—mao = -~ o ooV ¥ W -~ * UVl —O s~ prd =
L * c > * *N . * L = Xm0 OO0 - ul
Z O < x< ~ O * ¥* < > - * I Q LV=ZNoKrFZ (o] |
N> M — ] +UNX * - U + * - T 2> C© G (N3
LWIAS o~ » 1 [8Y] N < = L —~ * Q ~ZT k-1t~ Z )
= w2 e - b3 3 ¥~ *#>- C. * & b He U e~ = | >-
Vg ~o > ~ ¥* o~ *e =< ~U] * C Z Smiea~eO - < [ 48
LW O = + t —~ e - O awn * U O ~OI~O~F P <
== TSNy a - -~ ~~ *X = *\ * VI > O~ o o
Ol  >exC > o bt ian 19103] $~ CO * . *  NHD «saZ—-—tO0 = ] z
= L 0Y-d ] o QOT~—= * WD =i WO HIZL - ~O S E—t | ]
W ~0mn o ~IMm + +O0O * *O . <~ *lL — -FTNX XY~ X p=d =3
Wl o - X O - ~ %~ *O  wld +O M WOC S~ mmbucc | O - [ve]
P ¥ ¥ B ¥ XA D~ 4 == aNC ¥ 20T ~COXPQC L . =
H Z QOeid eoecs e o< -0 ettt B St L o S L #Z = << XOT LWL Q¢ L < W
=_J0 oumMmaaiN N = L% - -0 L) ¥ = CJOIR < ¥t - NN NNNNN O = - T ]
S<O XM oSN\ - = Do~ FOOXNE * Dl NS\ X~ * DCI AL | o I o <
o= ¢ O o~ ~OAMp- -~ ¥R O #Ul OO ~—~<L * #) OZ<C ZIESZZIZTITZT M - -
ECOL ZON\ mreir - o own =IO ¥ & -0 *Z g wiwwtliwe o o - -
COIT ONLDSOK>>- preel =loel N1 HIIHO = NN ¥ (AN XX #— LN QCC@OET - ow it
S<= =S4+ AL D O =iinxown O W= T iyl ¥ D ld NN L > X > O
U noCan N XN Pt ] —~—CI_ I + 12 = UV ANCH *> VNI 2SI & C C (@]
co = DK D= <>~ 1Ot~ {1 e oL O #O Ll > e *O -t COOOOCCO <« = (=] o
N 2 WG wdb il OO g OIS #X VE ~~IIl D ¥ NN X ZIZTSEITSET L - (VI « T o)
OO I b [ H2 B 2l O To R T ] ] 00:::. o xa =Wl =0 #C X ZZTITITETITZ W = O (@]
U OO . Ol OUZOOUSKNN OTWZ¥*D A >xUo W2 *#D TO oCC OO uw C o O O
FO < oQowo<n ~FOQOONHO ODTAX>-XOT O =W<<ing cul *»N =L QUOLLLOLL QA x J o 4 Q
* : * o
(] 0O - o (= * * :
— a0 T * *
¥ »
* *
U owww (8] UL O LLO VLLULL VULLU VLUV LU

LO LU : (OS] (S L o

OO O IO DO~ F OO O AN N O SO OO MO O AN 2 (NI O N 2 DO~ SO OANMIFNONS QOO ANM I TNO
D.0:0 W0 MSPASS SN AMOD BVD BADR D0 OO N O O OO M OO © OO OO Al e b e b ot A AIOKNN AN N AN NIt 33 T T T .
COOO0OCOOCOOOOOCEOOOOOOOOOODOCOO O O O O wirt o vttt v o] vdod omd o et el b v mlemtet o wird ot o vl v vt et e b et et e e e el e d



107

*
*
*
*
* R | wn
P, #* z Ot
L * x I3z .
o * Ll - -~
- T % = D [}
X * Z sz =&
< * -~ ~
- * ’ Q- <
—_ * | T~ -
' * < et
X * CIO~~Z
x * J T -
~ * = Ll == g
> +* - ~L - T O
- * < [oa3 s - AVESE,
— ¥* > e T G g
¥ * n, ool
X * = O30~
v * <& N=E-O00
- * L sW~-OZ )
> * = ~0O0LOo~g
- * ZW OCub ~QO -
- * W1 =N~
) * u - CUicoo =
~ * @] O NS %2} <
> * o> «lS e o o - * —
- * Y IO~ w . —~ =z ~
-~ * W OO0t O = W L N~
=, * IO ~O~Nt~ = =z (8] -2 ~Q0
— * == X300~ - — . e - Ld —Q
> * D O=-20-T O O [co] %) p wo
- - ¥* N0 I <Z>5T < o o [e0] 18} 1w
-~ O * LIS ~ITH0 - ) o)) - O
Y * - — e~ i —~ > ool
- ¥* D= It~ «O . < o X (o %* i
PV > u * oZ —aro~z © = F = =« Jul
o N S * S< > HTFO~ O o > o M
e - - * Ob- & ZwerdO I ] o Q = ~ ~ *
- -l -~ * O W) ~O 8T = (L) -~ 2 (=} e
[eo] o N4 : * @ Z N~ - =z -~ O, -t waod
et - -~ 0 O ¥ LW Lo bt o — -~ X [oe] L O~
R et X W o *¥ = DO ~COXKECY o~ - < ~ w e +\
- N+ O - ¥ Z HNKUZLL . =C -~ WJ = o > Ll -l S~
Ded 2~ - O I ¥ 0 ONNNNNN O I - (] (8173 S - e XX
ot ] : < * ZO  —ITEUWL W = c W -~Q Z W I e
Dokl AV N | O . O ¥ W OU ITESSSTITFE o+ . - [N] . @ - < 4
L HXx w. = ~ * = WLLLLLILL © O & e C Q. IS 1 7) B o ot - Q o QO
e ) I~eemnld - Z oWl ¥ = ON COmSEIe - W Ho O W < W v~ U
~0O NXO~-NDA Z O w232 ¥ = S ONDNNNNNN W > Xl X QA O > DO =0 N -
-z 20 Z+ . ~l - *¥ T VD Thcwm— & C C —~ < LT~ C C A~ Jras
11 —ON1 Z0—7) W Lo 24 * O Ll OO0 <« = oX ¥ X X o - XX
S U =1 = b pw ¥ & WVE SIIZEITIT OO L3~ O o~ - O M O Q- D
4 ~Y  ZX o =2 O ¥ C LW EISS5STIT W o=E C© g w S dd O « < _JJ -G
LuXOoouXOCX < ox xCcC W % 2O T OCcCCCO @ W © ©O0 I w <Q O O W w oo we
Y OQ-XY OO0 X O = 200 o M VN =L OO0 O X J O O - ON 1 Oxx uan s 41Y]
[ > o 2 o A NENE o I 4 ViVo] 112 oo * [+0] o0
L R I A VR S VO oL (18} * o Mt
] .." o
QLU VL QO QLL VLV UL LOLL VOV VO CLL LLL L (S8

CON OO S URCIS C OO —OIM O O © —ACIMN RO OOOCIMHN O INEC O NONO OO AN 3 IO NI O M TN O
F . ONNNNNNINNGN-ID 3-0:0 0 000 .0 ISP MNNO0000 D QDI OO NI N0 00O O OO rdd rdomfrd d vt
L e B L L e e L Lt Lo L L D R e B P e L B o R e L e L B o D oo o s v i U put e ol W DR RPN PENT ¥ PN [ oF T oV TV I Q¥ FaVT Q¥ 0¥ OV oVToN JVE AV {aV[oVEaVToN
vt od o ededv v el el b e e s e T e i e et e e b v e et e d e ef vl ot ot et e



108

“DATA AND RESULTS FOR PROBLEM (1c)

=0

NONL

=1

LMICMI

M=1

16

N= 16 KODEI

NC(K) ¢

=0

KODEP

=1

COORDINATES OF THE EXTREME POInTS OF THE gOUNPARY ELEMENTS

QOCHAAA~OOD
CO0CCoo0oCo
ooCcCoo00o0o
T Ry
OO0 OOOOCooOO000
occooccoccoccccecoocec
CCOOCOOOCOOCOns

ol wlwlelelelalelelolnlelslelels e

COTOO0QOCOOCOTOOOD
COCOOONOOcOoOONON
COO O CONI I v et - N O

®® ® & 48 0 0 0000000 0

OO O del =i T O
COOCOoCoCcCo
coocccocoocceco
+h bt
OCOOoOOoOCoCCcoCcooCe
coocococccocococcc
COO0O0OOCCOCCOCOCOOO
XOOOOOCODIDOOOOIIDO0O

COO0QCOOOCOOOCOOS

ancurocoocarancoce
NN et e NN OO0 O

®e © & 20 0 % e s e o e e oo

NN TN ISDTO~NIMFN D
Arfed rdedvd ot

POTINT

BOUNDARY COMDITIONS

: )0000000000000000

AL NI M IS 1)
occocoocococooe
cCcoccoCoCoCo
T

~HOCCCOCOOOQOOOCOCCOQO
~00O000OO0OO0OCOODOQO
= iwlolelolololelelo]ololwlolo el
—O0CO00DOCOLOOOCO
LOOOOOO0OOOO0QOOO00.
COCCCOCrivitemt O QALCU e et

cJa AN

[ov]un fowlen]

(o] en o Jan

+ 4+ 4+
~OO000000CODO0OO00
HOQOCOOOOCCCCOCOOC
—Cocccoocoococcococ
<<OOCoOOCCOOOCOCOOC
TO0CCCOOCCOOOQOOO
Dr COO00CCCOOOCOLOCOCOOM

OO0 COONNININOOOOO

< oo ® vo s e vs0 s s O

Y
~
[}
p]
o
ot [ )
[TORNE
=] .
C OO N A ot AN P b e o =t
X
1l
o
Z
) =
~ (@]
J -
QNI D ONDRO~ANIFT N D=
C Db e L L L L U]
=z Q
=
o
(&)

.*******$*********************$*******************l************it**************

RESULTS

BOUNDARY NODES

AN M)
aYolal=lotatolaYa YY)
oY= t=t={=t=1=1=Y=t=P=0
rgrprrrrlrr ey
cCOOCI~ 151 A AN OF (IS
FCCOCRC COMNAMEC —r O
O COOSNMCSLAN O OIS 1N

DERIV, |

LOOCOON NI OM CrInM

OOCONT L NM At I D
COCOMN —OO N OOMM O
foCCO M OMM AT T et

C oo e 00 00 29008009 00

< [0 I I ] LI T

S U U AU LS VU UM 1) 13 1)
T oo 0Co00000COCO00
e OO0 O000CO000C000
e e R
C LN O0OCTNIM COOO

L A A~ O OO0 I —HOOC S

NI 00OONMON L CO0O
VN DOONIN L D000
L.OCNT OOOONN OO0CO0 0
arMMmctococt o ccoc
LD T ~Arted A AN N e

®P® o 00 00 " 09 s a2 oo

COCCHAH~OOOO |
CO0ODOOCSOOo .

OCOODO00IDODO
e

OOt OO00CoODCGO 0
0000 COO0O0000000
cCCCCoOCOCOOCCOCo
cCccoccococccoCccocCc
ccoansnitlt ocoaunt it

OOoOoONMNAN QOOoOC-AINA -

COCCTE I vl vt O 7

e 9 ® ®8 &6 8 8 60 0 0 0o o o
\

CCOCHHA—-—CCCO
[ol=lelelelwle]lw]olelole]
o000
FEFF+F P+ E
oo COCCOCOCCOOO
KOOCOCCOOCOOCOOOOO
CoCOOoOOoCcCOoOOOOCOC o
[wlelelelelo]lelelelole lelele ol o]
[toTe]lslief=TalalwioliolislioNalalea) =]
A~ QA CooC-aANAN cCCoo
IO DN A st =~ O LA ODO0 O

LJ

[ay

018,.—3“—.0,07 OO O NI
ol o -t et ot

INTERNAL POINTS

00000
coooc
conoo
T
»>000CO
ccoco

T Ccocco

. coCcCco
OO Co
Lo
NN

[ol=Yo Yot}
o l=t=Y=t=]
ccoco
++ +++
coocco
[=l=t=t=1=

XV COo o0

ocooCco
[l len Yo e}
nmenno
ar~~aun

O 1D



109
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APPENDIX D
* FINITE DIFFERENCE METHOD

In the finite difference approach the pdrtia] differentfa]
eduation of the heat conduction is approximated by a set of algeb-
raic equations for temperature at a number of‘grid'points over the
région. Therefore, the first in the ana]ysis is the finite differ-
ence fepresentation or the transformation into a set of algebraic
equations of the differential equation of heat conduction [19, p.128].
The second in the analysis is the solution of a system of simulta-
neous equatiohs with the temperaturesbas the unknowns. The Géuss-
Seidel iterative process is one method fréquent]y_uéed [17; p. 486].
To start, a temperature is assumed everywhere at the b]ate. The
process of iteration through all grid point is repeated until
further iterations would produce, it is hoped, very little change
in_the computed temperatures. The fo]]oyingbprograms stop if the
sum EPS, over all grid points,>of the absolute values of the devia-
tions of the temperatures from their previously computed values, falls
beTow a smaT]’quantity EPSMAX. Computations will also be discohtinued
if the number of comp]ete’iterations, ITER, exceeds an upper limit,

ITMAX.



115

oOC oo U EE E S S R oo B

D 00 I~ NN NN OO OO

1
i SO FEERENCE MENIOD o puate
5y & | ARIZRIALE YGAL GRNQY C;} NI A
6. & FOR PROBLEM (1b)
g. , DIMENSION T(3030)
192 §  H:l0, OF aRIp POINTS T X—_ AND Y=-DIRECTIONS
11, I'ﬂ' X M/\XlMUR 110« OF %TE?&ATI() “, E IONS
12. ¢ EPSMAX= HAyIMUM DEVIAT[OH OF THE TEMPERATURES
15, ' N=9 v
15. ITMAX=100¢
6. EPSMAX=0.001
igi' ¢ INITIAL GUESSES FOR TEMP
30. DO 1 I=irn
51+ DO.1 J=1rp) -
53: 1 T(IrJ3=0.p
s € '
55: € CALCULATE JuccsssxvsL BFTTER 'APPROXIMATIONS FOR TEMP,
26, C AT ALL PoINTS,I TF2ATI IG UNTIL SATISFACTORY
27s ¢ CONVERGLHCE 5 ACHTEVED
29, C
31, 3 ITFR ITLR+1
350 ¢ Eps= '

. voL AT GENERAT Ol )k LME SH STIZF*%2) /THERMAL CON
g & PEsYkarVER T VE ﬁ T NERY R LARERRAC T B R D+
3. € HAZ H*AMBIENT TEMP ¢ ; ,

Be G= Dek%2) /1.
39, H-2 X 61 rla%//l

0. . HAS( xS .

%Z g ALONG THE X=-AXIS

4. DO 5 I= 2'n'} o

5. oy DT=T{1 }

bo T(Yr1)= 1r1)4T(I=1 1)42.,0¥T(112)46) /4,
[CR EPS:EPS+An:(T(Irl -HOLDT)

g: ¢ ALONG THE Y=AXIS

1. DO 6 J=2rt-1

2. HOLDT=T (1 ,J) ' :

3 TOL T (T lrus 1) +T(Lr1U=1)42,0%T(2+J)+6G) /U,
b. 6 EPSSEPS+ARS (T (1¢J)=HOLDT) :
9! ¢ ALOHG THE Y=1 LINE

8. Do .7 1= '”“

a, HoLDTZT (1,1

0. TCIet=(2) 0%T 'N-1)+T(I 1:N)+T(I+1 N)+J+HA)/(H+4
1. 7 EPSzEP S+An9(T( s H)=HOLDT

3' g FOR CnRMNER POTNTs

. HOLDT=T{1,1) B

?- 701 )=i%'*T(2 )42 %7 ( V4Gl /4,
3 Eo LEpS R L TT1 311 200] D+3?
8. HOLDT=T (1,11
9. T{LetN=(2 *T(2,)N) 42, %7 (* =1 ) HGHHAY / (H4y )
0, EPS=EPS+ARS(T (1, t SRoLn , - :
é: £ FOR InTERIOR POINTS ,
e Do 8 1 -
LN MR ENEC AN,
5o HOLDTETTT, )
7. T(I )= X(I:d+1)+I(Ivd—1)+T(I+1-J)+T(I 1:J)+G)/u.
B c A EPSZEPS+ARS(T (I rJ)}=HOLDT)
8: C STOP ITEPATIONS IF COMPUTED VALUES SHOW LITTLE FURTHER
;. E CHANGE O IF THE HO,., OF ITERATIONS IS TOO LARGE
3. IF(ITER.GE ITMAX)GO TO 1u
e IF (EPS=EPcMAX) 140303 :
| -
86 G PRINT MO. OF ITERATIONQ(ITER)rTHE LAST DEVIATION(EPS)
57, € AHID THE TEMPERATURES
88, -
89. 14 WDITF(ﬁvﬁn})ITER'FPS
3?‘ 11 9011%(5:2 (T(Isd)r1=1

- PITE ’ T(I» v 1=1,11)

92, 201 FoRMAT(ln? /// 30x, ¢ ITCR =1, 15, /// 30Xo'FPS SryEll.9)
93. 202 FORMAT(7/,2 x'9513. 2]

on. o sTOP



RESULTS:

.9574618+qg00

.8522030+000

. 15437124000
.6;80469+000
,5958?73+006
,5392708+000
.4987379+000
474532340900

LU6648n94nnn

.0553752+000
.84B84980+000
74863384000
.6609é36+000
5881268400,
«5312463%00
.Q907166+000
1604925+000

OQSBQ?9“+Onn

CITER = 188

EPg =.991735607~003

«95259376+000
.8367870+000
«7306913+000

.6391956+(00

«3644283+g00n

050691684000
«4663925+900
«44234954000

4343763+000

+9465947+90¢

.8150270+000

.6981658+000

06006954+000.

.5235068+009
W4656418+400
42563484000
«4021888+000

«3944609+000

.93556Q2+000
« 7786557+000
«6U626424000

«S419356+g00

.Q632914*000

.40654Q6+000

03683569+000

«34635u9+000 .

+3391627+000

.916273l+000
.7177713+000
«56631144+700
«45750904000

038120234000

.3289167+0d0

« 294926149090

«275T473+g00

«2695397+0400

«8753595+¢00
.6098476+000
+4437095+000
.3405995+060
027510é2+000
23351464000
.ZC670754000
+1921949+g00

+ 18754574000

« 74227334000
24025513+000

¢ 25808444000

+1860780+009

.1&56304+000

«1067088+00¢g

.9879492-001

+9628111=001

«0000000
0000000

+0000000

+0000000

+C000000
+0000000
+0000000 -
+0000000

+0000000

9Ll



117

=100
20,901

1

1
9
ITMAX

'FINITE DIFFERENCE METHOD FOR PROBLEM (3)

DIMEMSION T(90,90)

N

M
_EPSMAX

T - L 4
—_ - = -+
= T ~ ~N
+ R ) - -~
. - [La) (L]
= o + +
L] - — — L] Ll
= =3 ~ ~ — —~ - o)
~ ~ L~ -~ I X - -
-~ -~ (L) O + + - -
(L] (L] + -+ S . o 1
+ + < < = = = —
i) - + + ~ ~ - -
- 1 —~ — — — -+ -+
- = =+ - < < — e~
h - - - = I ) p)
~— L - - + R - -
~ ~— -~ ~ ) (L} - it
- - | o = + + B +
* * »* % - — — -
- [ ) - . -—f = —~— —~—
N (3Y) [4Y) 9V} ] - L [ and
+ + + + = = + +
~ e~ —~ —~ ——— -e — — —~e—~
—t P Tel o —= D= == - -
1 O - - +3 0 -0 * = 1C 10O 1
o —tJ - nd -_J ol nJd aJd O -
- 10 + 0O -Q * O ANO O O = -
=z — T nx eI +Z — = Mmwn
-~ 1 =1 ~ 1 ~ 1 [V Ce~1 ~ ~1 O« .~
Lokl Ll e~ = + ~ i~ | Sy - Cru 2
+7J += + 0 B ~= -~ +9 +7) ~ea o
L~ -~ - - o~ - -~ - M - i - — - — - XMWR —
= Ze L —0 - [=d -t -kt L] ~—
.o -+ - -~ f~— o~ =~ -~ o T e
—0 ) o - = o D ~ - ~ D — Db X~
* N\ ~ ~ b e | o~ o mpenr e e e a o~ o N
° = P Ty I - TV R 7o SN Vs B [Te T Vo B2 R 7o WERToR 2VORNNS [N TT VRS - 2T Vs MR - Vo7 o |
-t el aa~—l T e - e - of" - N T e -« o S LIVIC o
* XD A< OIS o< NS NN TSNS s e QOIS O S o
o oX 1t o=t Nt e b e QNS 3 4 sl e}l -
OO » DY =L -V DRV FHY FII HHFIWL =TI 00
s OO 1~ IHH~D A~ C H~2 '~ e~ =D~ HW~C WU~ ~
| O*O FOW O oW ML RZL oW FOWw <CCHDW Ol
[ae TRV 9 60“: SOl Maj]l ~Cell Gl Tl CCOQl AHA-Q 1l et
ol P bug 7p) =1un R Ve R (7o 1 Vo RS [To [V RN bud ¥, 0 LV et o B
—+C :.FA.. CC—LC CC~0l CcC~[L CC~L C~L C~C COC~0 CCC-{ LlpxCr
WO T O L CT-W W O TR I-W GOTHW ORIFW =meExCE
O Yo] ~ ~ < -9 T
Lasl - - — e
Q o (&) (&) (&) (&) o (8 o

00000 0000 0° 00 Ps SO DD SLLET S LG PO 0 0SS see st see .
N IO AN FNOSC O C M FINONSCOO NN DO CO C—AUMINONTC OO AN
1111&.,1&/._222222220&3333333333“u.qh.qu.nﬂnwu.u.rJSbSrJrJngstO(DzD

1¢5)
}ER:.'Isv///rzox:.EPsz.vElu.e’



RESULTS:

.Bbbd+003
«3000+003
_;3odu+003
© +3000+003
+3000+003
+3000+003
*3geo*o03

+3000%003

» 30004003

ITER=

60

FP5=,862121582-003

.1887+gql
1889404
«1899+g0H
;1915;004
.;931+004
.1908+g0#
‘.1731*'00u
.1265+004

«3000+003

. 2L6T7+004

L2UT72+0048

024914004

L2600+004
.2570400“
.2u50+004
«1731+q04

+3000+003

»2037+004

2042+004
«2062+004
- 21164004
«2271+004
.272g+004
«2669+gq4
«1908+004

+300n*003

«5970+003

«5973+003

+5982+003

.601f+003
.6457+003
«227g+g04
'.2600+004
.19314004

«3000+003

+6017+003
.éi16+004
«253g*g04
«191t4+g0l4

.3000+003

59824003
«2060+00Y4%
.éu89+004
18974404

«3000+003

.S971+603
«2039+004
-é468+004
.1887+00u

+3000+003

.5957+003‘
.2030+004
,2u58+004
.1881+gqk

.3000%003

«5965+003
.2026+004
2454+l
.187B+dou

«3000+003

«5965+003
+2025+00%
«2u52+904
.1877+604

+3p00%003

8LL



	Tez5477001
	Tez5477002
	Tez5477003
	Tez5477004
	Tez5477005
	Tez5477006
	Tez5477007
	Tez5477008
	Tez5477009
	Tez5477010
	Tez5477011
	Tez5478001
	Tez5478002
	Tez5478003
	Tez5478004
	Tez5478005
	Tez5478006
	Tez5478007
	Tez5478008
	Tez5478009
	Tez5478010
	Tez5478011
	Tez5478012
	Tez5478013
	Tez5478014
	Tez5478015
	Tez5478016
	Tez5478017
	Tez5478018
	Tez5478019
	Tez5478020
	Tez5478021
	Tez5478022
	Tez5478023
	Tez5478024
	Tez5478025
	Tez5478026
	Tez5478027
	Tez5478028
	Tez5478029
	Tez5478030
	Tez5478031
	Tez5478032
	Tez5478033
	Tez5478034
	Tez5478035
	Tez5478036
	Tez5478037
	Tez5478038
	Tez5478039
	Tez5478040
	Tez5478041
	Tez5478042
	Tez5478043
	Tez5478044
	Tez5478045
	Tez5478046
	Tez5478047
	Tez5478048
	Tez5478049
	Tez5478050
	Tez5478051
	Tez5478052
	Tez5478053
	Tez5478054
	Tez5478055
	Tez5478056
	Tez5478057
	Tez5478058
	Tez5478059
	Tez5478060
	Tez5478061
	Tez5478062
	Tez5478063
	Tez5478064
	Tez5478065
	Tez5478066
	Tez5478067
	Tez5478068
	Tez5478069
	Tez5478070
	Tez5478071
	Tez5478072
	Tez5478073
	Tez5478074
	Tez5478075
	Tez5478076
	Tez5478077
	Tez5478078
	Tez5478079
	Tez5478080
	Tez5478081
	Tez5478082
	Tez5478083
	Tez5478084
	Tez5478085
	Tez5478086
	Tez5478087
	Tez5478088
	Tez5478089
	Tez5478090
	Tez5478091
	Tez5478092
	Tez5478093
	Tez5478094
	Tez5478095
	Tez5478096
	Tez5478097
	Tez5478098
	Tez5478099
	Tez5478100
	Tez5478101
	Tez5478102
	Tez5478103
	Tez5478104
	Tez5478105
	Tez5478106
	Tez5478107
	Tez5478108
	Tez5478109
	Tez5478110
	Tez5478111
	Tez5478112
	Tez5478113
	Tez5478114
	Tez5478115
	Tez5478116
	Tez5478117
	Tez5478118

