KINETIC THEORY IN k=0 FRIEDMANN-ROBERTSON-WALKER
COSMOLOGY

by
Nimet Tiiliimen

B.S., Mathematics, Universitd degli Studi di Torino, 2012

Submitted to the Institute for Graduate Studies in
Science and Engineering in partial fulfillment of
the requirements for the degree of

Master of Science

Graduate Program in Physics
Bogazici University

2016



1ii

ACKNOWLEDGEMENTS

I would like to thank firstly to my thesis advisor Prof. Levent Akant for his

continuous assist and guidance.

Then my utmost thanks to all my professors (that i attendanted their class) for
the valuable knowledge which they contributed to me.

During my Master Degree education i visited more than hundred of times ” Ap-
tullah Kuran Library”, i am really grateful for their sources that they are providing to

the students.

Last but not the least a huge thanks to my classmates for their valuable friendship.



v

ABSTRACT

KINETIC THEORY IN k=0
FRIEDMANN-ROBERTSON-WALKER COSMOLOGY

In the thesis we calculated Boltzmann Equation in RW metric. After that in
the flat space-like slices we showed that for RW metric it is not possible to find any
equilibrium solutions. However we looked for the equilibrium solutions in the two
limits when mass goes to zero and when mass goes to infinity. Then we applied these
result to the Bose-Einstein and to the Fermi-Dirac statistics for finding the equilibrium
solution in the limits. Finally in the Bose-Einstein Condensation we calculated critical

temperature.



OZET

FRIEDMANN-ROBERSTON-WALKER k=0
KOZMOLOJISINDE KINETIK TEORI

Bu tezde Boltzmann denklemini RW metriginde hesapladik. Daha sonra bu
metrikte dengede bir dagilim fonksiyonu olmadigin1 gosterdik. Lakin dengede dagilim
fonksiyonuna iki limit durumunda ; kiitle sifira ve sonsuza giderken baktik. Buldugumuz
sonuclar1 Bose-Einstein ve Fermi-Dirac istatistiklerinde iki limit durumunda dengede
dagilim fonksiyonunu hesaplamak i¢in kullandik. Son olarak Bose-Einstein yogunlagma-

sinda kritik sicakhigi hesapladik.
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1. INTRODUCTION

According to the standard model of cosmology at large scales the universe is
homogenous and isotropic. In general relativity, this means that the the metric of the
space-time is the Robertson-Walker-Friedman (FRW) metric. Our aim in this thesis is
to investigate basics of statistical mechanics in such a space-time. Since FRW metric is
not stationary the time dependence of the metric implies that that we deal with a non-
equilibrium problem. The basic equation that governs the non-equilibrium statistical
mechanics is the Boltzmann equation. Thus our aim will be the construction of the
Boltzmann equation in FRW space-time. In general Boltzmann equation is composed
of two parts: the Liouville part which describes the evolution of the system of particles
which are not interacting with each other but which may however be in a given external
field and the collision term which takes into account the particle collisions. Because of
the collision term the probability density function is expected to be time dependent.
If the collisions are ignored and if the external field is time independent then the
natural solution to look for is a time independent static solution which describes the
equilibrium. However if the given external field is time dependent no such solution
may exist. Now in a cosmological background the metric of the space-time is time
dependent. This implies that the Boltzmann equation is under the influence of an
external time dependent field, namely the metric itself. Although we have a time
dependent problem we may still hope for a quasi-equilibrium solution (what we mean
by this will be explained in the text) of the Boltzmann equation. As we will see there
will be a quasi-equlibrium solution only in certain regimes defined by the mass m of
the particles comprising the system. We will consider only systems composed of a
single type of particles. More precisely we will see that the Boltzmann equation has a
quasi-static solution in the ultrarelativistic m — 0 and non-relativistic m — oo limits.
We will restrict our investigations to the case where the space-like three geometry is
flat. The other cases (i.e. spherical and hyperbolic 3-space geometries) will be studied
in the future. We will show the utility of our results in statistical mechanics problems
by considering non-relativistic Bose-Einstein condensation (BEC) in FRW space-time.

Since the analysis of BEC in general requires the thermodynamic limit to be taken the



interplay between this limit and the large scale structure of space-time is an interesting

problem to consider.

We start with chapter 2 by obtaining Boltzmann Transport equation in 3 dimen-
sion.BTE describes the rate of change and the evolution of the distribution function.
In principle the distribution function can be solved from it. In chapter 3 RW metric is
introduced. We showed that RW metric does not have timelike killing vector. So this
means in the mathematical sense it is not possible to find equilibrium solutions however
we looked the solution in the two limits.In chapter 4 we studied thermal equilibrium;
the entropy in thermal equilibrium and the equilibrium distribution function in the

limits.

In chapter 4 we also derived Boltzmann equation in RW metric. We calculated
some macroscopic quantities such as the particle current density and energy-momentum
tensor.Finally we concluded the thesis by applying our results to the Bose-Einstein

condensation.As for the units and dimensions we assumed ¢ = h = 1.



2. BOLTZMANN TRANSPORT EQUATION

Boltzmann transport equation (BTE) describes the rate of change of the density
function in phase space. BTE is really important for many transport problems in

plasma physics, hydrodynamics and condensed matter.

2.1. p-space and distribution function

[-space is a six dimensional space. A point in this space represents a state of a
particle. The motion of each particle is described by momentum and position (?, 7)
At any instant of time, the state of the entire system of N particles is represented by
N points. If we count the number of points in the cell (volumeAV'), the result is given

by definition f (7), 7, t) which is called the distribution function.

2.2. Evolution of the distribution function

The gas is enclosed inside a volume V. An external field such as gravitational or
electromagnetic, can effects the particles.

The evolution of distribution function can be examined in two parts:

e Streaming where the distribution function changes due to velocity and acceler-

ation.
e Collision

The aim of kinetic theory is to find the distribution function f(r,p,t). Firstly
we find the equation of motion for the distribution function. The distribution function
changes with time, because particles regularly enter and leave a given volume element

in phase space.



2.3. Streaming

At time t, the number of particles in the volume d®rd®p is f(r,p,t)d*rd*p and
time t+dt f(r 4 dr,p + dp, t + dt)d*r' d*p’

drdt pdt
—— P+ —— t+dt) =
o Pt dh) 1)

f(r+vdt,p+ madt,t +dt) = f(r + vdt,p + Fdt,t + dt)

f(r+dr,p+dp,t+dt) = f(r+

where F is the external force acting on particle (in the absence of collisions). For
example in the case of a particle with charge q in the presence of external electric and
magnetic fields E(r,t) and B(r,t), F is the Lorentz force ¢[E(r,t) + v x B(r,t)].

We may take dt to be a truly infinitesimal quantity. Thus all the particles contained
in a p-space element d>rd®p at (r,p) at the instant t, will all be found in an element

dr'd®p" at (v + vdt,p + Fdt).
Hence in the absence of collisions we have

f(r+vdt,p+Fdt)d®r d®*p’ = f(r + dr,p + dp)d®rd*p (2.2)

. I / . . .
Examine d3r d®p ; coordinate transfromation is

@ =+ vydt p;:px+th

y/:y+vydt p;zpy—l—th
/ / (2.3)
2 =z4+vdt p,=p,+ Fdt

o'y, 2 p, o, 1)

d3’r‘,d3 / _ JdSTd3p J|=
| | | | 0(x,y,Z,px>py>pz)

=1+ o(dt?)

Therefore, up to first order in dt we have;

&r' d®p = |J|dPrd®p = dPrd®p (2.4)



So it means

f(r+vdt,p+Fdt, t +dt)d*"' d®p = f(r,p,t)d*rd®p
f(r+vdt,p+ Fdt,t +dt) = f(r,p,t) : in the absence of collisions (2.5)

flr+vdt,p+Fdt,t +dt) — f(r,p,t) = (Af)str. =0

f(r+vdt,p+ Fdt) — f(r,p,t)

— fr+drp+dp)+ 2L vV, BV, 4 o() — f(r.p. 1) (2.6)

ot
0
—8—{+vVTf+Ffo

Define D streaming operator as D = % +vV,+FV,

Evolution equation in the absence of collisions is

Df—aa—{+vVTf+Ffo—0 (2.7)

2.4. Collision

In the presence of collisions, the evolution equation of the distribution function

becomes ;

of af
Z = 2 2.8
8t * erf + vaf 815 coll. ( )

Usually write the collision term in a form displaying its balance structure :

of of of . _
(E)CO[USZ’OH = <a>gollision + (E)Collision (29)



+

Collisiond3rd3pdt represents the mean

(90)E ision 18 the entering collision term and (%)
number of particles undergoing a collisions between time t and dt+t, one of these

particles finding itself, after the collision in the volume element d3rd®p around the

point (7, p).

(af )Cotision 1S the leaving collision term and (%)_

o Cottisiond°Td®pdt represents the mean

number of particles undergoing a collisions between time t and dt+t, one of these

particles finding itself, before the collision in the volume element d*rd®p around the

point (7, p).

Assuming that gas is extremely dilute, so that we may consider only binary colli-

sions and ignore the possibility that three or more particles may collide simultaneously.
2.4.1. Binary Collisions
Consider a collisions between two particles of respective masses m and m;.
op and 1? the kinetic momenta of both molecules before the collision.
ec and ¢ the energies of both particles before collision.
ep; and p5 the kinetic momenta of both particles after the collision.
L

ec; and € the energies of both particles after collision with ¢; = 5.

7

The collision considered as local and instantaneous. Momentum and energy con-

servation require that

P+ ];; =p1+p= P Total kinetic momentum ( )
2.10

c+¢ =€ +e=E Total energy



Introduce relative momentum

N W

- mp—mp Lo
M=———F =p"—1
m-+m

’
mm

- is the reduced mass.
m-+m

with p =

From these equations we have

!
i

—~
e
~

~—

p=

l
l

—~
e
~

~—

p:

SERSE

with M = m + m’ is the total mass.

The total energy is given by

P (P)? PP PP I

=4+ =7 = - 4 4
2m  2m’  2M  2u  2M  2u

So the condition for the momentum-energy conservation becomes

P; = P;
[TLi[= (1|

(2.11)

(2.12)

(2.13)

(2.14)

Only 1T, rotates without changing its magnitude in the collision. It is the identical

problem that the scattering of a particle by a fictitious fixed center from the origin.

If we look at the trajectory of one particles as if it were scattered by a fixed center

of force after transforming the coordinate system to the center of mass system we can

see that particle reaches to the origin with relative momentum li and will recede from

origin with the rotated momentum 1T, -



We can regulate the collision with the knowledge of 1T, and H}, as well as of
angles(the solid angle) (6, ¢) called scattering angles of IT with respect to IT; . These

angles completely determines the kinematics of the collision.
As a definition D(Q) is called the differential cross-section with D(Q) = 4.

The total cross-section area [do = X = [ D(Q)dSY is the total area of beam of
particles that is scattered by the target (origin). The incident flux is defined as the
number of particles per unit time crossing the unit area perpendicular to the incident
beam. The number of particles per unit time scattered in a direction of the solid angle
element df) is equal to product of the incident flux(I) and D(2)dS2.

Thus the transition probability per unit time is ID(£2)d€2. The knowledge of p and
]97 describes a group of collisions. We generally describes this group of collisions by
imagining a beam of particles with inital relative momentum IT; incident on the force

center. D(€) specifies all the the dynamical aspects of the collision .

Consider the collision {p, ]? } — {pi,p2} and inverse collision {pi,ps} —

{p.p'}.

Obtaining from the original collision by interchanging the inital and final states

we define :

D(Q) = D(@,p’;pi, ) for the collision {7, p'} — {p1, 3} 0.15)

D™ YQ) = D(p1, ps ;ﬁ,]? ) for the inverse collision

(2.16)

is called the microreversibility relation.



2.4.2. Leaving Collision Term

Consider a beam of particle incident on particle, regarded as the target. The
incident flux I is defined as the number of incident particles crossing unit area per

second, from viewpoint of the target.
I=f(r,p ) |v—v| (2.17)

So the number of collisions of the type {p, ];; } — {p1, p>} taking place on the particle

of interest between times t and t+dt is
f(r,p, 1)d%p |v — V| D(Q)dQdt (2.18)

We get taking into account all the particles of the considered type in number

f(r,p,t)d®rd®p and integrating over p’

8f(_)
ot

coll.

drdpdt = f(e.p OErdy [ @9 [Iv-vIDQdS e 0d (219)
Hence the leaving collision term is

af(—)

Ot catt. f(r’p’t)/dgp’/|V—V'|D(Q)df2f(r,p',t) (2.20)

2.4.3. The entering collision term

In order to compute the rate of increase of f(r,p,t) due to collisions, we focus
on the inverse colllisions of type {pi,ps} — {P, 1? }. Consider a given particle of

momentum p; and incident beam of molecules of momentum ps.
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The corresponding incident flux is

I = f(r, P2, t)d3p2‘V1 - Vz’ (2‘21)

The number of such collisions taking place on the considered particle between times t

and t+dt is

f(r, pa, )Ppy|vy — vo| D~H(Q)dQdt (2.22)

The rate of change %EZ thus verifies the equality. (Obtained by taking account all
the molecules of the considered type in number f(r, py,t)d®rd®p; and integrating over
P2)

of (+)

B d’p = f(r,p1,t)d’py /D_l(Q)dil — va|f(r, pa, )d’ps (2.23)

From energy-momentum conservation

v —V|=|vi — va (2.24)

and at given angles scattering angles

d*pd*p’ = d*pyd®p, (2.25)
In conclusion we obtained
af  ar=) , , ,
orT ot / &p / D@y — v |[fifo — fF] (2.26)
3t coll. 825 coll.

The Boltzmann equation becomes

of aft)  afc)
— + VvV, f+ vaf - acoll- B Ecoll.

£l — /d3p’ /D(Q)dQ|V —V|[fifa—ff]

(2.27)
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Note that Boltzmann equation is not time-reversal invariant.If t is changed into
-t also it must be changed the sign of the velocities. The left-hand side of the equation
changes signs however the collision part is not changing the sign.Thus f(—r, —p, —t)

is not the same as f(r, p,t).The dynamics of Boltzmann equation is irreversible.
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3. ROBERTSON-WALKER METRIC

The cosmological principal says that the universe is unchanging in space from
point to point; is and always had been homogeneous and isotropic. The metric for a
space with homogeneous and isotropic is the maximally-symmetric Robertson-Walker

metric, which can be written in the form

2

1 — kr?

ds* = —dt* + R*(t) + 72d6? + r* sin? 0dp? (3.1)

where (t, 7,0, ¢) are coordinates, R(t) is the cosmic scale factor and k can be choosen
to be 0, 1 and -1.

For Roberson-Walker Metric, metric tensor is

ISR R (1) 2002 P22 i
G = diag[—1, , R*(t)r*, R*(t)r°sin”0| (3.2)
1 — kr?

Goo =1
9oi =0
g = R*(t)g3;
Gi; =0 i#] (3.3)
1
Im =1 k2
oo =1

Jpp = 2 sin* 0

Defining Christoffel symbol as,

1
re = Egﬂ“f [0v9~6 + OsGry — O~Guo] (3.4)



The non-zero componentes are :

F?j = RRgi;

i R, i
F()j = Edj = Fm’
kr
Py = 1 — kr?

F§3 = —sinfcosf
We defined
R2(t)rS sin* 0
= —detg,, = ————
g “Iu 1 —kr?

and the volume element is

dV = \/|g|dxodxidzodas

Constant Curvature (Riemann-Christofell Tensor) is defined as,

k+ R2
R2

Ruupa = A(guugya - guagup) with A =

The general definition of R, s is,

1( 829&5 . 82957 a2goc6 829,36
2

Rapo = 0x70x°  dx0x5  0xPOxy | Oxedx?

) + gﬂU(anFg(s - Fga

Lo}

By

)

13

(3.6)

(3.7)

(3.8)

(3.9)
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and Ricel Tensor

Rp,u = R)\ = g)\URo'u/\V (310)

LAY

Non-zero components of Ricci Tensor are

i
R()() - —3E
p_ BRE+2R+2k

R ey (3.11)

Ryy = r*(RR + 2R? + 2k)
Rgs = r*(RR + 2R? + 2k) sin?

Finally the Ricci Scalar is defined as,

R=¢"R,,
R B (3.12)
R=6(0—+—==+—=
(R2 + R? * R>
Lastly we give some other definitions :
Covariant Derivative is defined as,
V,AY = 0,A" + TV, A* = AV
8 8 oA 8 (3.13)
v A
VA, =0, A, =T/ A=Ay,
Covariant divergence of Tensor is,
12 1 d puv v A
and Einstein Tensor
1
Guu = RMV - §guuR (315)
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We conclude this chapter by showing Robertson-Walker metric does not have

timelike killing vectors.

Theorem says a space-time(metric is stationary) is said to be stationary if and
only if it admits a timelike killing vector field. [3]

Stationary means there should be a special coordinate system in which the metric is

. 39;41/ _

time-independent; 7 =

If we look at the Ricci Scalar which is defined as

R=¢"R,
R = 6( K + i + R) 10
- ‘R2R2 R

One can easily sees that Ricci Tensor which is coordinate independent is related

to R(t) so this means that it is not possible to find such a coordinate system satisfies

‘?99;0“ = 0 yields that RW is stationary. So RW metric has no timelike killing vectors as

a conclusion of the metric is not stationary.



16

4. KINETIC THEORY IN FLAT SPACE-LIKE SLICES

4.1. The Boltzmann Equation

The fundamental fact in the kinetic theory is the description of a fluid of par-
ticles in the universe. We introduce the evolution of particle’s distribution function
f(zt, p*, t) is the average number of particles (fluid) with a certain momentum at each

space-time point.

"The time coordinate in Robertson-Walker metric is just the proper (or clock)
time measured by an observer at rest in the comoving frame, for example (r,0,¢) =
const. Observers at rest in the comoving frame remain at rest for example (7,6, )
remain unchanged, and observers initally moving with respect to this frame will even-
tually come to rest in it. Thus, if one introduces a homogeneous,isotropic fluid initially
at rest in this frame, the t=const hypersurfaces will always be orthogonal to the fluid
flow, and will always coincide with the hypersurfaces of both spatial homogeneity and

constant fluid density.” [1]

So if we consider a spacelike surface M at constant t, the local normal surface

element with k=0 is :

dS/i = <R3<t>dl’1dl’2d$37 07 07 0) (41)

The number of worldlines that penerates dM spacelike surface with four-momentum

p* (flux of the four current through spacelike surface) is :

dN = —R*(t) f (", p")p"'20'1) (p* + m?)dp'ds,, (4.2)

Define dP = 26t (p? + m?)dp* where ;
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5 (p? + m?) is the mass-shell condition (the particles of the gas or fluid are con-
strained to move on the mass-shell so they satisfy the Einstein-energy momentum

relation) which is

p2 — guup”p” — RQ(t)pQ o pg — _m2 _ p2<p0) < 0 (4 3)

ps = R*(t)p* + m* — py = £/ R2(t)p? + m?

0(p* +m?) = d(g(po)) = S(R*(t)p* — pg +m?) = 8(pg — (R*()p” +m?))

5(po+ O F ) 3y — VEEOD T2
_ (pO + ( )p +m ) + (pO ( )p +m ) _ 6(_)(]92 +m2) +5(+)(p2 +m2)
2|po| 2|po

(4.4)
We choose 8 (p? + m?).
Looking at the particle kinematics since we are on shell, configuration of our system
satisfies classical equation of motion.

So world-line of our particles x* obeys Lorentz-Einstein equation of motion :

o de
d
i 4 (4.5)
- = - ﬁpapﬂ 7 is affine parameter
-

The equation of geodesic motion of a particle(equation of motion for one particle) is

d2 o i
da” | po drtdv (4.6)
dr? modr dr
and Hamiltonian
H = H@" p") = ——gu 0"
’ 2m7H
dat _oH _p o
dr — Op* m '
dp* oOH 1 N
=~ = —50u9asP"p”

dr ~ OxH 2
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Variation of f(z(7),p(7)) along a worldline charaterized by an affine parameter can

be written using the above identities as

daf of dx*  Of dp"
dr 8x“ dr E)p“ dr (4.8)

This is general for all k’s.
If we look for k=0 flat space case, non-vanishing Christoffel components are

IV, = RR6;;
R
0 i
Iy, = Eaj (4.9)
I, =0

So equation (3.7) becomes

]_—\Oﬁpap,é’ _ RRp2

R
Il =20 + Tp'p" —2Rpp

4.10)
df — ,0f R LOf . L, Of (
el pVFf—2= - RRp*=L
ar ot g R P op' hip op°
of R ,,;0f ., Of , -
= 5, 45 Z_-_ — f =
En RPP o RRp 8p0) because of isotropy Vf =0

Now we look at the variation of f on the mass-shell along affine trajectory so we calculate

the integral,

_ 2 2 2
/ﬁz‘s(po R +mf) (4.11)
dr 2|pol
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/ df26(p0 — \/ R2(t)p? + m?)
2|100|

8% st R 2% [ 2 st — R

2 Of 6(po — / R*(t)p* + m?)

dpy =

—RR dpo
Ipo bo
of s B — R .0 f p? Of
_ —9 _RRE L
at (pO R (t)p +m )dp(] Rp a =+/R2p2+m? RRPO 8]90 ’p0= / R2p2 +m?2

(4.12)

Consider now the integral

6t/f5 po — \/ R2(t )p +m?2)dpy = /—5 po — / R2(t)p? + m?)dpo

95(po — /TP F 12 413
+/fzm ayp7m@0 (4.13)

I

0d(po — \/ R2(t —i—m2 Opo 00 (po — +/ R2(t)p? + m?
I—/f (po — V/R2(D)p? + m? /f po 96 (po (t)p )dpo
ot Ipo
Ipo \/ﬁ Af Opo _ 2472 2
/%[ ) o — /R o = 5 [ 5L /R )
Of RR 5 5 1RR ,0f
= [ — d
pe 70 ” 0(po — V R2(1)p* +m?)dpy = 3 o P é)polpof\/Rmimg
(4.14)
So we have
0 Of(p,t
—_— / f(S(po — \/ RQ(t)pZ -+ m2)dp0 = f(p )
ot . 13;}% o (4.15)
2(1) 2 2 _ et
/ En d(po R2(t)p? +m?)dpo 2 7o P’ Bpo P/ T2
As a conclusion using above integral identities we found that
df 8f 5 5 R ,Of
/deP 5700 — VR (O)p? +m )dpod®p — 250 o o /AT w16,
e . )
_pp?” af 8f 2R Of

T RV vy
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Dropping hat,

of R ,0f .
_ gt i 9] 4.17

Now we introduce Liouville operator L ;

of R .Of
L(f)= =L -2 p'—= 4.18
(=5~ 25755 (118
and the collisionless Boltzmann Equation is the statement that :
df 6(po — v/ R?(t)p? 2
L(f):/_f2 (po Ot +m?) g (4.19)
dr 2|pol

which means that there is no net variation of f on the mass-shell along affine trajectory.

"The quantity f, Boltzmann Equation ,is determined by microscopic behaviour of the
system; the interparticle collisions. So it is convenient to introduce the ”local momen-
tum” ;” [4]

R(t)p'= p and distribution functions becomes f(,?).

So we have ;

dpi _dpt  ,d Do AR
P _ P +p7,_ — _2Rp0p7, +pl_
dr dr dr . dr (4.20)
L o R '
= —2Rp°p’ + p'p’R = —p'p"R = —}—zplpo
in terms of local momentum Boltzmann Equation becomes ;
of R _Of
L(f) =2 - Zp; 4.21
Dropping the bars the Boltzmann equation becomes ;
of R Of
L(f) = 2L — Xy, 4.22
(f) =27~ &P 901 (4.22)
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4.2. Collision

If we consider the incident particles have states |p > with energies E(p) and
distribution f(p,t) (the occupancy of one-particle state |p > at time t ) and the
scattered particles have states [p; > with energies E(p;) and distribution f(pq,t). Let
R(p,p’, 1, P2)dt is the number of transitions per second due to collision(the number
of collisions in dt) p — p; and » — i and let R(p*,p?,p,p )dt the number of
inverse transitions for p; — p and p, — p_é.

So full Boltzmann Equation is equal to L(f)=C(E(p)) where C(E(p)) is the change due

to collision and it is equal to

C(E(p)) = /[R(pl,pz,pm/) — R(p,p, p1, P2)|d*prd*pad*p (4.23)

The microscopic transition probability per second (the transition rate) p, ];; —
pips or it is the probability density for a given particles to be in the state |p >,|p" >
and undergoes a transition to the state |p; >, |ps > is governed by by Q(p,p';pl,pQ).
From Fermi’s Golden Rule [22] [17]

Q(p,p’;p1.p2) = 2r|M(p,p'sp1,p2)|*0(E(p) + E(p) — E(p1) + E(p2)) (4.24)

Because of the unitarity of S-matrix we have [see appendix A]

/5(4) (p +p/ — D1 — pQ)W(php2;p,p/)[dp1][dp2]
(4.25)

- / S (p+p —p1r—p)W(p, 0 pr,p2)[dp1][dps)]
and we define collision probability as

W (p,p'sp1,p2) = 27| M(p,p's 1, p2) |
means (4.26)

Qp.p';p1,p2) = W(p,p'; p1.p2)3(E(p) + E(p) — E(p1) + E(p2))
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So as a conclusion

R(p7 p/7 P1, p2> = Q(pap/;phpQ)

(4.27)
=Wi(p,p;p1,p2)d(E(p) + E(p) — E(p1) + E(p2))
We can define collision term as
1 !/ !/ !/ !
5557 | (W0 s 0 02) = W o, 011 0)] dPrdPdP
where
Sy — ORI, - JEOR ),
dPidPydP" = ——" L dp, - - 2P 1 &y

2p10 QPE)

0 =06(E(p)+E(p) — E(p1) + E(p2))

For the Fermi and Bose case the collision is defined as

6 [Wf(pl)f(pa)[l F LI FFE) = WP FE)LF f)]LF fp2)]| dP
(4.29)

2E

So in general we can define collision term as follow

0 [Wf(pl)f(pz)[l Fr@ILF L)) - W) @)L F ()L F7f(ps)]
(4.30)

2F

with 7= —1,0,1 [9]

From the unitarity of S-matrix we found that :

2E1(p /// E(p) + E(p2))W (p,9'; p1, p2)
[ﬂmﬁ@ﬁ—f( <ﬂdﬂﬂ@m
1

(E(p) + E(p) = E(pr) + E(p2))W (0,9 p1,92) f (1) f (p2)dPrd Pod P’

S(E(p) + E(p) — E(p1) + E(p2))W (p, 9’ p1,02) f (p) f (p )dP1dPod P’
(4.31)
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Change of variables as p to pi, p to p, and integrating C(E(p)) we found that

/C(E(p))dP = /%dgg) =0 (4.32)

It guarantees the conservation of number current (conservation of particle number)

/C(E(p))dP = /L(f)dP =V,N'=0 (4.33)
Now if we look at the integral

/ C(E(p)E(p)dP

= /5W(p,p';p1,p2)E(p) [f(pl)f(pz) — f(p)f(p')} dP,dP,dP'dP (4.34)

1

= 5/5W(p,p’;p1,pz) [E(p) + E(p)] [f(]h)f(pz) - f(p)f(p’)} dP,dP,dP'dP

change of variables p to p’

— 5 [ W ppn) [EG) + EG)] [7005) - f0)56)] dPidPap'ap

2
(4.35)
change of variables p to p; and p’ to ps

= 1/5VV(p7p';p1,p2) [E(p1) + E(p2)] [ f(®0)f(®) — f(p1) f(p2)| dPrdPod P dP

2
(4.36)

means

1/5W(p,p';pl,pz)[E(p) +E®P)+ E(p) + E(p)][f() () — f(p1)f(p2)]dP = 0

2
(4.37)
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E(p) + E(p) + E(p) + E(p2)
#0 because of cor:srervation of energy
FO)FE) = Fp) ()

J
-~

£0
S(E(p)+ E(p) — E(p1) + E(p2))W (p,p'; p1, p2)

J

(4.38)

-~

£0
Thus

/&ﬂm+E@w4mm+E@mX

W(p.p'sprp2) BG) [ £(0)F () = F0)f(p2)]| aP = 0
(4.39)

/&mw+E@w4mm+E@mx

W(p.p':prp2) B [f() £ () = f(p1) f(p2)| P = 0

This proves the result
[ c®wymar = [ Lipmir = 9,1 <o (4.40)
As a conclusion we can introduce full Boltzmann equation

L(f) = C(E(p))
of - of A of
— 07 10 o B 1 a, B
P2 +pV [ —Toep™p R Losp™p oy
_ 1
-~ 2F

W) @)L F 7f(p)][1 F 7f(p2)]]dP

(4.41)
SW () fp2) X Frf()][1 F7f(")]



and in the flat space case (k=0)

1
o5 | SV F@) 1 G 1% 77 L 770
WP f@)LF7fp0))[L F 7 (p2)))dP
4.3. Some Macroscopic Quantities
Introduce some of macroscopic quantities.

The particle number flux vector (particle current density)

Ne = [ gprap = [ gyt EOEEI gy

Po

_ . 3 P s
= (/f(p,p,t)d p,/fpod D)

because of isotropy only non vanishing component of N* is N,

n=N"= / fd®p  is the particle number density

Calculating covariant divergence of it we find that

1
V, N* = ﬁ%(Rg / fd®p)  replacing % from Boltzmann equation
3R R of
R/fp+/ (Ndp+ 7 [ pig dp

using integration by part and than delete terms only remaining term is

~ [ L

25

(4.42)

(4.43)

(4.44)

(4.45)
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So as a conclusion we have (Condition for the conservation of total particle number)

10

VN = o () = [ L

The Energy- Momentum Tensor

6(po — /R2(t)p? + m?2 ¥
THV:/prpl/dP:/fpupy (pO ()p +m)d3pdp0:/f];p d3
0

Po

and

= / frod®p = p is called energy density

fp*
3 Po

T4 = 2 dPp=p is called kinematic pressure

From energy-momentum conservation
vV, T" =0

So calculating covariant divergence

1 0 3PP 3 _iﬁ / 3il’3

R38xl‘[/R Do dp}_Rziﬁt[ dep

o 1 a 3f03 o R 0313 af 0 13

=3E/fp°d3p+/L(f) Od3p+/ —p' fpo d*p
R R™ Op

LR / 03

—3R/fpdp+ L(f)p dp+R

We found that

Vv, = /L(f)pod?’p =0

Rplpof 3— / fo’dp / L(f)p°d*p

(4.46)

(4.47)

(4.48)

(4.49)

(4.50)

(4.51)
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As conclusion

v = [Lintds= [ cEmwes-o (4.52)

4.4. Entropy and equilibrium solutions
The entropy density current is defined as
7 pu 3
st == [(mfFF Hn £ N Gy (4.53)

upper sign : Bose- Eisntein

lower sign : Fermi Dirac

In the classical limit 4.53 becomes ;

"wo__ nf— p_u3
St = /[fl £- 115 (4.54)
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Taking covariant divergence of entropy density (because of isotropy only non-vanishing

component is S%)

10
W _ - 7 3 o 3
VS = g B [Urms - i)
1ol 3 1 01 4 3
=y {R /flnfdp}—kRgat [R /fdp
o
3R : .
= [swrdps [ Fugan- [ iy
_ 3R . of v v s
=% [rwrdps [ g -y (4.55)
_of R 9f
using  —- = C(E)+ szﬁpi
3R R of
= — In fd®p — E)[l d* — =pi=—11 1] d?
o L K Y R A P
integrate by part and cancel terms
= —/C(E) In fd®p
As a conlusuion we have
V,SH=— / C(E)In fd®p (4.56)

Now if we substitude C(E)

V5" = _/C(E) In fd®p
(4.57)
- /delta4(p+p' —p1 = )W (D, pr.p2) [f(pl)f(m) - f(p)f(p/)} o fap

and define

o = f(p) [F(p) f(p2) = F ) )]
o = () [ () (p) = S| =10 F@) [£(0)f (2) = F@)T )] = 0n

ou+ 0w = [Inf(p) + I f()] [£(20)f () = FR)F(P)] = 20
(4.58)
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So (4.48) becomes

v,5"
1 / /
= /UH of(p)f(p )WQ?;]? s D1, D2)dPydPyd P dP

f0)f®)
f(p1) f(p2)

’

=——/5f W(p.p'; pl,pz)lnl

| [0072) = £017)] ap

(4.59)
since all f’s ,W (p, p'; p1, p2) and 6(E(p) + E(p') — E(py) + E(p2)) are positive using the
relation (r —y)In(%) <0

we found that
V,.S*=VS° >0 (4.60)

which is also called Boltzmann H-Theorem.

Equilibrium solution (equilibrium distrubution) satisfies below conditions ;
V,.S* =0 and tliin f(P) = feq(D) (4.61)
—+00

from the covariant divergence of entropy

I6W<pap/;plap2) In feq(p) [feq(pl)feq(pQ) - feq(p)feq(p/)} dPldPQdP/dP =0
This is possible only if

Fog(0) fog(12) = Foa(D) foa(D) (4.62)

Putting Inf.,(p) = x(p) where ;
X(p) are called ”"summational invariants” or "additive collision invariants.” [7]

So (4.49) becomes

I fog(51) + 10 foq(15) = In fuq(B) + In fog(p) (4.63)

For ”summational invariants” we have the following theorem ; [7]

Theorem (4.1) : A continuous and differentiable function of class C* y(p®) is a sum-
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mational invariant if and only if its given by

x(p*) = A+ Byp® (4.64)

where A is an arbitrary scalar and B, an arbitrary four-vector that do not depend on

(67

p

So we found that equilibrium distribution function is

In feg(p) = a(t) + B"(t)pu
Jeq(P) = exp [a(t) + " (t)p,]

(4.65)

where
a(t) : scalar function of time
BH(t) : timelike four vector (beacuse f must be bounded for arbitrary large momenta)

From equlibrium condition
V5 = — / C(E)In fodP =0 if andonlyif C(E(p)=0=L(f) (4.66)

From the definition of L(f)

L1y (4.67)

the equilibrium case L(f.,) = 0 means

0
L(.feq) |: W_Faﬁ a ﬁ f:|feq

ozt
P [alt) + 8 (o) fg — [Thsp®p* B (1)) fog = 0

pla(t) + B (t)pop® — T p°p’ B (t) = 0

5 50
{ i exp [o(t) + B"(t)p,] — Th5p°p aﬂ exp [a(t) + 8" (t)p,] = 0 (4.68)
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means

a(t) =0
‘ (4.69)
B (t)pop” — B* ()T gp™p” =
Second equation is the killing vector equation which is
VB, + V'3, =0 (4.70)

However as we showed before in RW metric there is no timelike Killing vector.
So there is no # that can satisfy the second equation. So we cannot have any solution

as equilibrium solution.

No evolutionary cosmological models have a timelike killing vector so we can

never find equilibrium solutions to the Boltzmann Equations for these models.

So we look the equilibrium solution for the special cases in flat space with k =0

For flat space (k=0) we know that

_ Ofeg R Ofy
L(feq) - 8t - }_%p ap -
& — BE + %ﬁ(t)ﬁ (4.71)
¢ _p SOrR_,
B B(t) B R

In general there is no «a(t) and B(t) which solves this equation because of the above
discussion.

So lets look at the two limits when m — 0 and m — oo

First we look m — 0

In this case E = pc



L(fy) = e

6~ BB+ A0

The equation has a solution if

&_ o BWPR
B BER
a_ BHprR
B " ptyp R
& _ Rp
5" T Rp
ea(t)=0

e 3(t) = const.R(t) — T ~ ——

feq = Cexp [—ApR(t)]

[4] with A is constant.

Second limit is when m — oo

L po 1 py
E=m|1+=(2p2_2Z
m +2(m) 8(m) *

a@_ o Rpp

B 2m  Rpm

é pP*  Rpp
—_—m=— = ——=—

I} 2m  RpBm

means

e v — mf = constant = 2

R/B_l_>ﬁ_ B(to)

2
*Rp 2 = "

equilibrium function is

2
p
feq = exp [a — Ef] = Const. exp(—%

R 0f.,

ot RrRVap
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(4.72)
1
70 (4.73)
~m—+ %
(4.74)
Blto) 2 (1)

R(ta)
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4]
Now if we consider entropy for bosons and fermions

st == [1FmsF 07 Hln p) oy (4.75)

if we take covariant divergence of it

10 10
V“Su R AL

/flnf:F (14 f)In(1 £ f)d® /flnf:F (14 fin(1 £ f)d’p

—?/flnf:F(lif)ln(lif)d3p—/(flnf+f)d3p:F/fln(1j:f)—|—fd3p

Substituting g—{ — C(E) +Z gf

:/C(E)ln[u;f]df”p

(4.76)

So it means

V”S“:/C(E)ln{lif} /c m[ :I:l}d (4.77)

Substituding C(E) and doing the same calculations for finding the equilibrium solutions

we found that

ln{ﬁil}%—ln[%ﬁ)il]:ln[ﬁil}—l—ln{@il} (4.78)

Again putting In [f( i 1] = x(p) and using theorem (4.1) we found that

feq = alt (479)

- : bosons

+ : fermions
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Back to Boltzmann Equation L(f,,) =0

In this case substituting equilibrium function we found that

L(f) = = T —o (1.80)

So in the limits we found the solutions

Form — 0:

feqa = ! 4.81
“ exp(—ApR(t)) £ 1 (4.81)
For m— oo :
1
Jeo = ——FwEm (4.82)

eXp( 2mw) +1

4.4.1. Bose-Einstein Condensation

For the Bose case we found that equilibrium function has the following form ;

1
o = olat -~ BOET 1 459

and for the limit when m goes to infinity we have two conditions :
a =mf + Q with  is constant
B(t) = s RA(1)

R2(to)

which means
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1 1 1
Jea = expla(t) — BOE] —1  expmB+Q—BH)E]—1  exp[B(m—E)+ Q] — 1
(4.84)
We define occupation number as
Ne = ! (4.85)
7 expla(t) - B(t)e] — 1 '
and the total number of particles is defined as
1
N =2 =2 o~ pOa 1 (450
If we calculate in this limit case(when mass goes to infinity)
1 exp[=a(t) + B(t)¢]
N = o = =
2. Zexp (t)—ﬁ(t)eg]—l Zl—eXp[ a(t) + A(t)e]
:Zexp Zexp Zexpk; —Q — 5(t) Zexp kB(t)es]
k
= expk[-Q — B(t)m|Trlexp(kB(t) H)|
: 4.87)
R3(t)V (2m)3/? (
= Zk:exp k[—Q — B(t)m] (dm) 72 Bk)72
R )V (2m)3/?
ROV
N ) 3/2 .
"TVRE (4;)@)2/63/2 Liaa(2)
with z = exp[—(§2 + fm)] [see Appendix B]
So N is equal to
N — R3(t)V (2m)>/? Lizo(z) (4.88)

(47)3/2 33/
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We define Ny as the number of particles when they have the energy state ¢ = 0 which

in this case is equal to

Mo = exp[Q + S(t)m] — 1
and

N, 1 1

vV V exp[Q + B(t)m] — 1

(4.89)

(4.90)

If we look at the last equation when V goes to zero the quantity % will not go to

: 1
zero so this means s Y
exp[2 + B(t)m] goes to one. Means that Q = —f5(t)m.
This means z = exp — [ + Bm]k = 1.

So we can write N when T < T, as

R3(t)V (2m)3/% Lis5(1)

N = (47)3/233/2 + No
and now if we look N at T' > T,
N o (2m)3/2L23/2(1)
BV T (Al

From the last equation we can find the critical temperature T..

T n3/29n
T mkp(?/3(3/2)

should go to infinity and this is possible if and only if

(4.91)

(4.92)

(4.93)
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5. CONCLUSION

As a first step the Boltzmann equation is constructed in FRW spacetime. In
particular we focused on Boltzmann equation in flat 3-space(when k=0).We searched
for the equilibrium solutions in this spacetime. It is proven that in the mathematical
sense it is not possible to find equilibrium solutions because FRW cosmological model
doesn’t have timelike killing vector. However one can be looked for the equilibrium
solutions in the limits when mass goes to zero (ultrarelativistic particle) and when mass
goes to infinity (nonrelativistic particle).

After we derived the equilibrium solutions in two limits in FRW spacetime, we applied
our result to the non-relativistic Bose-Einstein Condensation. Finally, as a result of this
application we calculated non-relativistic Bose-Einstein condensation and the critical

temperature in the limit when mass goes to infinity in FRW space-time.

Further to this thesis study one can also search for the approximate equilibrium

solution which means that may search for the solution which has the form f = f.,+df.

Additionally the Boltzmann equation and its consequences can be also studied in
the remaining 3-geometries (i.e. spherical and hyperbolic 3-space geometries) which

will be our future project.
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APPENDIX A: S-MATRIX

Unitary operator S is defined as

S=1+iT and S*=1-4T" (A1)

4-momentum conservation must be involved into S-matrix. So S should contain a factor

like 6@ (p1f + p2f — P1i — p2i)- It is defined [26]

< p1yp2f|iT|pripei >= (2m)16™W (p1f + P2y — P1i — D2i)iM (p1f, Dag; Priy P2i) (A.2)

where M is invariant matrix element and it is analogous to scattering amplitude of

particle. From the unitary of S-Matrix ;

SST=1+4iT—iTT+TT =1
(A.3)
STS=14+T—iT " +T"T=1

From (B.3) we have

TT+ =TT = —i(T —T™) (A.4)

First we calculate

< p1yp2f| TT [pripa; > (A.5)
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< pryp2f| TT |pripa; >= / < p1pag|TIpip2 >< pip2| T |prp2 > [dp1][dps]

= / < p1ypay|TIp1pe >< pripei|T|pip2 > [dp:|[dp2]

(A.6)
= /5(4)(p1f + poy — D1 — p2) M (p1y, P2y P1, P2) X
6 (p1 + P2 — p1i — P2i) M (p1, D2; Pris P2:i) [dpa ] [dpo)]
Integrating over [dp;] and [dps]
= /5(4)(p1f + pag — 1 — P2)M(piy, Pagi P, p2) M* (Dig, pag; p1, p2) [dpi][dps)]
(A7)

= /5(4)(p1f + P2y — D1 —p2)\M(plf,p2f§P1>P2)|2[dp1][dp2]

As a conlusion we have

< prypas| TT  |pripa; >= /5(4) (p1y + P2y —p1 — p2)|M(P1fap2f§p1:p2)|2[dpl][dp2]
(A.8)

Doing the same calculation for < pyspas|T T |p1;pe; > we found that

< pryp2f| THT|pripai >= / 5D (piy + pay — p1 — P2)M (1, p2; prg, Poy) | *[dpi][dpo]

(A.9)
We define
W (p1i, Paii P1ss P2s) = M| (pris pai; Prg, P2g)|? (A.10)
From the unitarity of S-matrix we can see that
< prypaf|TT | pripa >=< p1ypag| T T|pripai > (A.11)
/5(4)(p1f + P2y — 1 — p2)W((p1f,p2f§plap2))[dp1][dp2]
(A.12)
= /5(4)(p1f + pag — p1 — p2)W (D1, p2; g, ay))[dpi)[dpo]
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APPENDIX B: HEAT KERNEL

Define Heat Operator L as

=N - = B.1
£ ot (B-1)

and heat equation
Eu-Au—g—?—O (B.2)

Fundamental solution to heat equation (or heat kernel) is for (x,y,t) € R" xR" x (0, c0)

(in the flat spacetime (k=0))

(g, t) = <ﬁ)n/2 cxp ("354—;9'2) (B.3)
(e, 1) = (4%)3/2 (B.4)

The heat kernel can be also written as [25]

u(r,y,t iea:p =\t (2);(y) (B.5)
j=1
So if we calculate
/(xmth /Zexp =\t ()Y (y iexp /\t/w
j=1
io:exp = Trexp|—Ht| (B.6)

J=1

with

Hipj = Ajib;
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In RW metric spacelike flat slice we have (using A.4 and A.6)

Trexp[—Ht] = /u(x,x,t)dV = / (%ﬁ)g/z dV = ﬁ (B.7)

For the calculation of the total particle number N we used heat kernel definition and

the value of Tr exp[-Ht] with H = _RB()v?

2m





