
ERROR MITIGATION IN NEXT GENERATION NAND FLASH MEMORIES

by

Mahmood Reza Alizadeh Ashrafi

B.S., Electrical and Telecommunications Engineering, University of Tabriz, 2009

M.S., Electrical and Electronics Engineering, Boğaziçi University, 2012
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ABSTRACT

ERROR MITIGATION IN NEXT GENERATION NAND

FLASH MEMORIES

The rapid developments and deployments in the global market of digital con-

sumer electronics in the last decade have stimulated the universal research on the dig-

ital storage technologies. NAND flash memory, fabricated based on the floating gate

transistor cells, has become the ubiquitous storage technology, dominating the market

at tens of billion dollars annually, due to its advantageous properties including very

fast operation, low cost, significant scalability potentials, and low power consumption.

However due to its complex structure, flash memory suffers from several complicated

non-stationary error sources, namely inter-cell interference, retention error, and ran-

dom telegraph noise, which degrade its reliability and integrity. Recent advances in the

next generation flash memories aiming to fabricate smaller and denser cells, specifically

with introduction of multi-level cell technology capable of storing more than one bit

of data per cell, result in amplified error sources, which critically limit the lifespan of

the device. In this dissertation, error sources are analyzed and an accurate statistical

model for the erroneously sensed threshold voltage of 2-level cells is derived, which

enables us to compute the error rates of the flash memory channel in closed-form ex-

pressions. Furthermore, a novel two-dimensional equalization technique is proposed to

mitigate the effect of the channel induced inter-cell interference. Derived expression are

later extended to general cases, where the number of storage levels and interferers can

arbitrarily be chosen. Finally, a novel machine learning based approach, based on both

unsupervised and supervised learning mechanisms, is proposed, which can potentially

tackle the non-stationarity of the channel to mitigate the corresponding error rates.
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ÖZET

GELECEK NESİL NAND FLASH DEPOLAMA

SİSTEMLERİNDE HATA AZALTMA

Son yıllarda tüketici elektroniğinin küresel pazarındaki hızlı gelişim ve dağıtımlar,

dijital depolama teknolojileri üzerine yapılan araştırmaları canlandırdı. Kayan kapılı

transistör hücrelerine dayanan NAND flash bellek, çok hızlı çalışma, düşük maliyet,

önemli ölçeklenebilirlik potansiyelleri ve düşük güç tüketimi gibi avantajlı özellikleri

sayesinde, her yıl onlarca milyar dolarlık pazarlara hitap eden, her yerde bulunan

depolama teknolojisi haline gelmiştir. Bununla birlikte, karmaşık yapısından ötürü,

flash bellek, aralarında hücre içi girişim, tutma hatası ve güvenilirlik ve bütünlüğünü

bozan rastgele telgraf gürültüsü olmak üzere birkaç karmaşık hata kaynağından muz-

dariptir. Hücre başına birden fazla veriyi depolayabilen çok seviyeli hücre teknolo-

jisinin tanıtılmasıyla daha küçük ve daha yoğun hücrelerin üretilmesini amaçlayan yeni

nesil flash belleklerdeki son gelişmeler, bu cihazların kullanım ömrünü ciddi ölçüde

sınırlandıran yükseltilmiş hata kaynaklarıyla sonuçlanır. Bu tez çalışmasında, hata

kaynakları analiz edilmiş ve 2-seviyeli hücrelerin hatalı algılanan eşik voltajı için kesin

bir istatistiksel model elde edilmiştir. Bu model flash bellek kanalının hata oran-

larını kapalı biçimde ifade ederek hesaplamamızı sağlar. Ayrıca, kanalın yol açtığı

hücre içi etkileşimin etkisini hafifletmek için yeni bir iki boyutlu dengeleme tekniği

önerilmiştir. Türetilmiş ifade daha sonra genel durumlara genişletilmiş, depolama

seviyesi ve müdahale edenlerin sayısı isteğe bağlı olarak seçilebilecek biçimde elde

edilmiştir. Son olarak, denetimsiz ve denetimli öğrenme mekanizmalarına dayanan yeni

bir makine öğrenimine dayalı yaklaşım önerilmiştir; bu yaklaşım, ilgili hata oranlarının

azaltılması için kanalın durağanlaşmama olasılığını ortadan kaldırabilmektedir.
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1. INTRODUCTION

With the exponential increase in the amount of digital contents, which is mostly

due to the ever-growing use of portable electronic devices, the demand for storage media

is also increasing. For instance, it is estimated that by 2025, the humanity’s accumu-

lated digital data will increase to 163 Zettabytes (163 trillion gigabytes) [2]. Therefore,

there has been a huge amount of industrial research interest in next-generation storage

technologies to meet the overwhelming demand. Storage systems are generally divided

into two categories: volatile and non-volatile memory (NVM). Stored data in volatile

memory, e.g., random access memory (RAM), can be changed or refreshed, but it is

lost when the power source is switched off. On the contrary, the most fundamental

property of the NVM device, e.g. read only memory (ROM), is its capability to re-

tain the stored data, even when the power source is shut off. Early versions of ROMs

were fabricated with permanent data storage, i.e. it was not possible to later mod-

ify the content. Invention of programmable ROM (PROM) allowed users to program

different contents via silicon/metal fuses. To program the data, corresponding fuses

were blown, however this operation could only be performed once. In early 1970s,

semiconductor-based erasable programmable ROM (EPROM) technology was intro-

duced, which made the data erasing option possible via the ultraviolet light exposure.

Since EPROM was based on solid-state electronics, compared to other available NVM

technologies, it rendered high density and low-cost fabrication. However, the main

breakthrough happened in early 1980, when the electrically erasable programmable

ROM (EEPROM) was invented. The early generation of EEPROMs were bulky and

slow, however they paved the way for the further developments, i.e. the introduction

of faster and more scalable flash memories [3]. The name flash was given to this class

of EEPROM, as the device is able to erase the whole chip data, similar to flash which

lightens in a camera [4].

It is estimated that flash memories’ global market will exceed $60 billions in

2020 [5], which clearly shows the importance of research on the properties and reliability

improvements of next generation flash memories. Currently, flash memories are getting
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smaller in dimensions faster than Moore’s Law. However, due to the ultra-high density-

scaling in the next-generation flash memory, several reliability issues have arisen, which

may potentially jeopardize their future.

Deriving the statistical model of the flash memory’s storage channel and necessary

probability distributions, which basically generates essential prior information for de-

tection and decoding and therefore directly affecting the reliability of the data storage,

has been an important research subject in the relevant literature [1,6–11]. However, a

more accurate yet realistic model is still needed to be investigated, as previous studies

fail to establish a proper approach, which simultaneously incorporates the full nature of

various error sources. The goal of this dissertation is to establish an accurate statistical

model of the flash memory’s storage channel and to deal with serious challenges of the

next-generation flash memory technology through demonstrating novel state-of-the-art

approaches to overcome them.

1.1. Contributions of This Dissertation

This dissertation mainly focuses on the statistical modeling of the NAND flash

memory’s storage channel, to consequently propose novel signal processing based ap-

proaches for error mitigation in the storage channel. The main contributions of this

work can be divided into three categories:

(i) An analytical approach to estimate the probability distribution of the flash mem-

ory’s threshold voltage in an interference channel is carried out. These results are

then extended to general cases, where the effect of all major error sources are in-

corporated and distributions and error probabilities are computed in closed-form

expressions.

(ii) Novel efficient two-dimensional (2D) low-complexity equalization techniques are

proposed to tackle the major interference problem.

(iii) Novel machine learning based approaches are proposed to tackle the non-stationarity

of the flash memory’s storage channel in a more intelligent manner.
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In the remainder of this chapter, basics of the flash memory’s structure are re-

viewed, in which the floating gate (FG) transistor and its operation principle are

introduced. Different types of flash memories are described and their data storage

mechanisms are discussed. Then, the reliability issues and major error sources in flash

memory channel are reviewed in details. The focus point of the Chapter 2 is on the

interference problem in flash memories, and to this end, first an analytical approach

to estimate the probability distribution of the flash memory’s threshold voltage is car-

ried out, and later novel 2D equalization techniques, both hard detection and sequence

detection based, are proposed and their performance efficiency is corroborated via ex-

tensive computer simulations. Furthermore, basics of error correcting coding (ECC)

schemes for flash memories are reviewed and performance of new class of codes, i.e.

spatially-coupled codes, are examined in the storage channel. Chapter 3 presents the

extended results for the probability distribution of the sensed threshold voltage, where

the effect of all major error sources are incorporated. In Chapter 4, novel machine

learning based approaches are proposed to tackle the non-stationary nature of the

flash memory’s storage channel. The error sources of flash memories exhibit strong

non-stationarity, which is dependent on several factors including number of usage cy-

cles and retention time of the device. Operation temperature also affects the device’s

performance. Therefore, solely relying on the derived static statistical model is not

adequate to fully analyze the system’s behavior throughout its lifespan. Thus, by em-

ploying some basic techniques of machine learning, a periodic learning mechanism is

proposed, which aims to mitigate the flash memory’s erroneous effects in an intelli-

gent way, and preliminary results corroborate the efficiency of the proposed methods.

Finally, Chapter 5 concludes the dissertation.

1.2. NAND Flash Memory

A flash memory is a 2D structure consisting of many FG MOSFET transistors,

which are similar to conventional MOSFET transistors, except there are two gate

terminals instead of one, and the additional gate is called the floating gate [12]. Figure

1.1 shows the schematic of a FG transistor. By applying appropriate bias voltages,
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Figure 1.1. Schematic of the FG MODFET transistor.

electrons in the source-drain tunnel can pass through the oxide layer to reach the

FG, and when the bias voltage is cut off, electrons are trapped in the FG. A similar

procedure can be performed to sweep the trapped electrons in the FG back into the

substrate tunnel. These actions causes the threshold voltage of the transistor (Vt) to

change, and therefore different threshold voltage values can be quantized to represent

different data.

Flash memories have been produced in two major fabrication architectures: NOR

and NAND. NOR flash memory is relatively slow to write, however due to its fast

random reads, it is mainly used for the BIOS data storage and code execution of

operating systems. On the other hand, NAND flash memory, similar to the logical

NAND gate, has serially-structured cells, which due to the less contacts per cell, results

in improved density and therefore lower fabrication cost. However, their sequential

structure results in an increased read latency. NAND flash memories are convenient

for miscellaneous digital data storage, e.g. portable music players or cameras. However,

their main utility is NAND flash based solid-state drives (SSD), which have recently

become the viable storage media for portable computer, due to their high and very

fast performance, low power consumption, low noise, and shock resistance capabilities,
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Table 1.1. A comparison between different characteristics of NAND and NOR flash

memories.

NOR NAND

Access Random Serial

Program latency High Low

Erase latency High High

Read latency Low High

Capacity Low High

Cost per bit High Low

Active power High Low

Standby power Low High

Endurance Low High

Cell size Large Small

which are conclusively replacing the obsolete hard disk drives (HDD).

The first commercial flash memory chip of NOR type was produced by Intel in

1988. The first NAND-type flash memory delivering a higher density, was manufac-

tured by Toshiba in 1987. Initially, the growth of flash memory industry was relatively

slow due to reliability and fabrication problems, however from early 2000 a consider-

able improvement has been continuously occurring in the manufacturing process and

reliability aspects of flash technology. For instance, the fabrication technology in early

1990s was 700 nanometer (nm), which has currently scaled down to 1X nm (10 − 19

nm) [13,14]. Due to higher capacity of NAND flash memories and their less expensive

fabrication, they has become the primary memory elements. Hence, this dissertation

mainly focuses on the NAND flash memories. Table 1.1 summarizes the comparison

between key characteristics of NOR and NAND flash memories [15]. Figure 1.2 shows

the circuit level structure of the NAND flash memory. Each row and column are con-

nected through wordline and bitline, respectively. Each row consists of one or more

pages and each column is referred to as the string. A flash block is made of multiple

pages, which is isolated from other block through a buffer page as shown in Figure 1.3.
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Figure 1.2. Circuit level schematic of the NAND flash memory block.

Each block usually has 64 to 128 wordlines and 2 KB to 8 KB bitlines. Each flash

memory die consists of thousands of block.

Flash memory has three main functionality: erase, program (write), and read

(sense). The programming basically controls the threshold voltage of the memory

cell, which is achieved by the channel hot electrons (CHE) injection or the Fowler-

Nordheim (FN) tunneling. The former approach is mainly used in NOR flash, while

the latter one is employed in NAND flash [16]. In the CHE method, MOSFET is

appropriately biased in drain and gate resulting in a large current flow through the

cell, which energizes electrons in the channel to pass through the gate oxide barrier

to the FG. FN tunneling is technically similar to the CHE injection, however only

drain of transistor is biased, which produces smaller programming current. When the

bias source shuts off, trapped electrons in the FG can no longer return to the channel,

since they do not have enough energy to pass through the oxide barrier. Therefore,

the presence (and amount) of electron charges in the FG can be employed as the data
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Figure 1.3. Hierarchy in the flash memory block.

indicator. The reverse operation can be applied to sweep electron off the FG back to the

channel, which is referred to as the erasing the memory cell. Note that, FN tunneling

is utilized for erasing in both NAND and NOR flash memories. Due to the different

bias technique of the CHE and FN tunneling, power consumption and endurance of

NAND and NOR flash memories are different, i.e. the CHE injection requires higher

currents (in the order of milliAmpere), while the FN tunneling uses much less current

per cell for programming (in the order of nanoAmpere). Also note that, since NAND

flash memory uses FN tunneling for both erasing and programming, which is less likely

to quickly degrade the MOSFET’s oxide layer, its endurance is much better compared

to the NOR flash memory [12].

The stored data can be read by sensing and measuring the threshold voltage of

the FG transistor. To this end, current driven by the cell at a fixed gate bias is read.

Different data values exhibit different threshold voltages Vt, which is proportional to

the amount of electron charges trapped in the FG [12,16].
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Previous flash memories were based on the single level cell (SLC) technology,

which as the name implies, can store one bit per memory cell. However, with the

recent improvements of transistor scaling and reduced cost of manufacturing, the usage

of multi-level cell (MLC) memory technology has grown quite dramatically, in which

more than one bit of data can be stored via programming the threshold voltage Vt of a

memory cell into one of the several non-overlapping voltage windows. In other words,

data storage in an l-level-per-cell NAND flash memory, in which we can store logl2 bits

per cell, is achieved by programming the threshold voltage Vt of each memory cell into

one of L non-overlapping voltage windows [12,17].

The initial phase in a flash memory is the block erase operation, i.e., erasing

the whole memory block before programming the memory cell. The erase opera-

tion is performed by setting the threshold voltage Vt to the lowest voltage level Ve,

which is assumed to follow the Gaussian probability density function (PDF), i.e.,

Ve ∼ N (µe,σ
2
e) [1, 17]. In order to program a cell into a desired data value, its thresh-

old voltage should be increased, which is achieved via the incremental step pulse pro-

gram (ISPP), or program-and-verify technique [18], where the verification voltage of

the target programming state is denoted by VP . During each program-and-verify cy-

cle, threshold voltage Vt is initially increased by a fixed voltage step ∆V , and then

compared with the target voltage VP . The procedure continues until Vt reaches VP

creating multiple flat voltage levels. This operation is illustrated in Figure 1.4. Due

to the uniform nature of ISPP, programmed levels follow the uniform distribution over

the interval [VPi : VPi + ∆V ], for l-bit MLC where i = 1, 2, . . . , 2l− 1. Figure 1.5 shows

the histogram of the written data in a 4-level (l = 2) flash memory, in which Gaussian

distribution corresponding to the erased state and three different uniform intervals re-

lated to the rest of programmed states are depicted. As mentioned, programming is a

page-oriented operation, therefore, erasing operation is much more costly and slower.

Table 1.2 show the characteristics of three operations of flash memory, and as can seen,

erasing is much slower [19].
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Table 1.2. Characteristics of flash memory operations.

Operation Unit Latency

Erase Block 2000 µSec

Program Page 100-200 µSec

Read Page 25-50 µSec

Figure 1.4. Memory cell programming by the ISPP.

Figure 1.5. Simulated error-free cell-threshold voltage histogram for l = 2-bit MLC.
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1.2.1. Programming Methods

As can be seen in Figure 1.2, each memory cell is surrounded by eight immediate

neighbor cells. The threshold voltage of a specific cell can fluctuate based on its

neighbors’ stored data, which is due to the inter-cell interference (ICI) [20]. However,

note that only few surrounding neighbors are actually considered as interferers, More

clearly, only immediate neighbor cells, which are programmed after the victim cell, are

assumed to interfere withe the victim cell. The next section covers the more detailed

analysis of the ICI.

There are two architectures for programming flash memories. The first one is

called even/odd bitline architecture (or shortly even/odd), in which cells on a page are

divided into even and odd bitlines (strings). During the programming cycle, the cells

at even bit-lines are written at the same time instant, and then the cells at odd bit-lines

along the same word-line are programmed at the next time instant [17]. In this method,

electronics components can be shared and reused, which brings several advantages

including smaller, simpler, and cheaper fabrication circuitry. Considering the even/odd

programming method, we realize that even-numbered cells and odd-numbered cells in

a specific world-line have different number of interfering neighbors. This is illustrated

in Figure 1.6. As can be seen from the figure, each even-numbered cell suffers from 5

interfering cells, while each odd-numbered cell has 3 interferers. Thus, they experience

different levels of interference. The second emerging programming architecture is called

the all-bitline method, in which all cells on a page are simultaneously written [9]. This

improves the error performance of the flash memory, since each cell will suffer from

three interferes. However on the other hand, it requires more complex and expensive

circuitry. Note that in this dissertation, all-bitline programming has been assumed as

the programming architecture of the flash memory.

Similar to conventional even/odd technique, another programming method called

advanced even/odd is also proposed, in which, at the first page, cells at even bit-lines

are written first and then, odd bitlines are programmed. Then, an entire page is

skipped over and the third page is written. In other words, odd-numbered pages are
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Figure 1.6. Schematic of the victim cell (black) and interferer cells (shaded) for (a)

even cells and (b) odd cells in even/odd programming method.

programmed and when they are completely finished, the even-numbered pages are

programmed. Thus, not only there is differentiation between even and odd bitlines,

but also even and odd word-lines are also discriminated. In this algorithm, number of

interferer cells for different positions within the block can be given as

Nij =



8 i = 2k + 1, j = 2k, k ∈ N,

6 i = 2k + 1, j = 2k + 1, k ∈ N,

2 i = 2k, j = 2k, k ∈ N,

0 i = 2k, j = 2k + 1, k ∈ N

(1.1)

where Nij shows the number of interfering cells for the victim cell located at the ith

page and jth bit-line.

In the proposed advanced all-bit programming, all bits inside a page are pro-

grammed at once, which is similar to the conventional all-bit architecture. However,

even-numbered pages are programmed only after all odd-numbered pages have already

been programmed. A careful observation shows that in this method, cells in odd-

numbered pages are affected by six interferer cells, while cell on an even-numbered

page suffer from no ICI.
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It is clear that the error rate of the all-bit programming outperforms the even/odd

method, which is the result of programming order, in which, cells in the latter method

experience higher levels of ICI on average. It also has been shown that the proposed

advanced programming algorithms under severe ICI channel considerably outperform

their conventional counterparts [21]. This is because of the fact that under a severe

ICI environment, which is the likely case for the next-generation flash memories where

the cell size considerably shrinks and thus ICI drastically increases, the data stored

in all victim cells with interferer cells around, regardless of the number of interferers,

is corrupted by intense ICI. However, in the proposed programming algorithms, some

portion of the data can still be retained intact, since those cells experience no ICI.

It is an important observation to note that the considerable improvements error per-

formance is achieved with no extra computational complexity and circuitry burden,

which make the proposed programming methods desirable to be implemented in the

next-generation flash memories.

1.3. Error Sources

Flash memory cells deteriorate, while undergo continuous program/erase (PE)

cycles. Repeated FN tunneling to write or erase data on/off the memory cell makes

the oxide layer to accumulate charge holes and degrade. Therefore, trapped electrons

in the FG can easily leak into the tunnel resulting in poorer data retention capability,

more sensitivity to neighboring interference, and consequently prone to errors. As

a result, all flash blocks experience a gradual and increasing error rate, as the PE

cycle increases. Note that, vendors usually specify a specific block endurance for their

products in terms of PE cycles, where the device is considered highly unreliable beyond

this limit.

During the past decade, capacity of commercial flash memories has been increased

thousands of times, which is due to the down-scaling fabrication and introduction of

MLC technology. On the other hand, this enhancement results in the amplified circuit-

level noises and errors, which severely threaten the reliability and endurance of the flash

memory, and limits the lifespan of the device. With ongoing advances in the fabrication
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of smaller and denser memory cells, new challenges appears, which may decelerate

the production process. For instance, modern flash memories are capable of storing

roughly 100 electrons per cell [22], and quantizing the extremely small threshold value

in several data windows needs a complex circuitry. On the other hand, losing only a

couple of electron over the time may change the threshold voltage largely and degrade

the error performance of the memory. Therefore, MLC memories have much shorter

lifespan compared to their older SLC counterparts. For instance, the endurable PE

cycles of MLC flash memory under the fabrication technology of 5X-nm (50-59 nm) is

about 10000, which has dropped to about 3000 for 2X-nm technology [23]. This limited

lifespan is the main concern for developing a fully flash memory based enterprise storage

systems.

There are several error sources in the MLC flash channel memory, among which

three issues are the dominant ones: inter-cell interference, retention error, and random-

telegraph noise (RTN). The following subsections analyze these error sources and their

statistical characteristics in details.

1.3.1. Inter-Cell Interference

ICI originates from parasitic capacitance coupling effects among the neighbor

cells and results in the threshold voltage shift of the target cell while its interferers are

being programmed [24, 25]. Interference ratio is defined as the ratio of the parasitic

capacitance between the interferer and the victim cell, and the self-capacitance of the

victim cell. As the fabrication technology continues to scale down, memory cells are

packed closer to each other, and therefore the parasitic coupling capacitance between

neighbor cells amplifies resulting in larger ICI. In fact, it has been shown that ICI is the

major concern for the reliability of the next-generation NAND flash memories [26,27].

Coupling takes place through the interference ratio γij defined as γij =
Cij
Ci

, where

Cij is the parasitic capacitance between the interferer and the victim cell and Ci the

capacitance of the victim cell itself.
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Note that, the target cell is affected by interferers, which are programmed after

the victim cell making the channel non-causal. It is assumed that immediate neighbors

of a victim cell can affect the target cell, since the parasitic coupling quickly diminishes

as the distance among cells grows [17].

As mentioned, in this dissertation all-bitline programming has been utilized, in

which all cells on a page are programmed simultaneously, and each cell suffers from

three neighbor aggressors located in the next page [28]. Hence, the total ICI comes

from one vertical (V) and two diagonal (D) interferers. In general, the interfering

effect of diagonal aggressors is assumed to be weaker compared to immediate vertical

neighbor. Under this setup, the ICI of the victim cell is given as

zij =
1∑

k=−1

(xi+1,j+k − Vei+1,j+k
)γi+1,j+k (1.2)

It is observed that the ICI induces memory onto the flash storage channel. Note

that, if the symbol stored in any of interfering cells is zero, there will be no interference

toward the victim cell, as its voltage does not change from the erased level. Interference

ratio, γ is assumed to comply with the truncated Gaussian distribution, due to the

fact that only immediate interfering cells were considered as aggressor cells. Thus,

γ ∼ T N (µγ, σ
2
γ, ω), where ω determines the symmetric bound domain, i.e., PDF of γ

is nonzero over the domain µγ ± ω. Also, σγ and ω are assumed to be proportional to

µγ [17].

It is also worth mentioning that characteristics of γ tend to moderately fluctuate

due to PE cycles [25]. For the sake of comparison among variety of ICI ranges, latter

values are scaled with ICI strength factor S. For instance, if µγ = β, it is modified into

µγ = βS. Note that, higher values of S correspond to a more severe ICI, as intuitively

expected.
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1.3.2. Retention Error

The main functionality of the flash memory is to retain the stored data. However,

due to the gradual and contiguous charge leakage into the tunnel, the threshold voltage

gradually reduces, and hence stored data noticeably degrades over time [29]. As flash

memory cell size shrinks with the next generation fabrication technologies, the number

of trapped electrons decreases, and therefore the retention error begins to considerably

dominate the read performance. Furthermore, this issue becomes more severe as the

cell wears out under several PE cycles over time. The retention error voltage is typically

modeled through a Gaussian PDF [30], that is

fνr(ν) =
1√

2πσ2
r

exp

(
−(ν − µr)2

2σ2
r

)
(1.3)

Retention induced error voltage depends not only on PE cycles, but also on the

programmed value, which makes it a data-dependent noise. Therefore, at a reference

temperature, µr and σr can be modeled as follows [8]

µr = −Cr(VP − µe)Nα
PE

(
ln (1 +

Tr
Tr0

)
)
,

σr = C ′r|µr|
(1.4)

where Cr, C
′
r, and α are technology-related constants depending on the material prop-

erties and fabrication process of the memory cell, VP denotes the initial programmed

voltage of the cell. NPE shows the number of PE cycles. Tr is the retention time, and

Tr0 is the unit time set to 1 hour.

Note that, a very strong correlation between retention time and the operation

temperature has been reported, which can be formulated via Arrhenius law [29]. This

law calculates the acceleration factor, i.e., the number of times that the retention time
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Figure 1.7. Retention time under various temperatures.

under the initial temperature decreases in the new temperature, which is given by

af = exp

(
Ea
KB

( 1

tK1

− 1

tK2

))
(1.5)

where Ea is the charge detrapping energy usually set to 1.1 eV for conventional flash

memories, KB = 8.61733× 10−5 eV
K

is the Boltzmann constant, and tK1 and tK2 show

the initial and the final operation temperatures in Kelvin, respectively [31].

As an illustrative example, let us assume that the guaranteed retention time of

a specific MLC device is one year (8760 hours) at 20◦C (tK1 = 293.15◦K). Figure 1.7

shows the drastic decline of retention time of the same device under higher range of

temperatures according to the Arrhenius model.

1.3.3. Random Telegraph Noise

RTN originates from random fluctuations in the MOSFET’s drain current or

threshold voltage, which is caused by electron capture and emission events at a charge

trap site near the interface, and therefore is a major source of instability in flash

memories [32]. The amplitude of RTN depends on fabrication and bias conditions, e.g.

trap position and the channel area and the doping process of the substrate [33], and
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recent fabrication advances in the shrinkage of cell dimensions has amplified the RTN

related degradation [34, 35]. Therefore, an accurate performance analysis of the next

generation flash memories without integration of the RTN in the underlying model is

not conceivable.

Based on a series of empirical experiments, it has been shown that the fluctua-

tion magnitude follows the exponential decay. Therefore PDF of the threshold voltage

fluctuation due to RTN is modeled as the symmetric exponential distribution, cen-

tered around zero Volt [36]. It is not hard to realize that this symmetric exponential

distribution is indeed a zero-mean Laplace distribution with the PDF of

fνt(ν) =
1

2λ
exp

(
−|ν|
λ

)
(1.6)

where

λ = CtN
α
PE (1.7)

and Ct is a technology-related constant. It is clear that the RTN exhibits a non-

stationary behaviour through lifespan of the flash memory, as its intensity is correlated

to the PE cycle of the memory.

1.4. Flash Translation Layer

In addition to solid state hardware implementations, flash memories usually in-

clude a software based mechanism, which is referred to as the flash translation layer

(FTL). The main functionality of FTL is to establish a mapping between the physical

storage system and the logical storage environment. In other words, FTL manages the

logical block addresses of the stored data and the physical location of the data in flash

chip. Therefore, FTL is capable of allocating the written data to an arbitrary location

on a flash block. As discussed, memory blocks degrade over PE cycles, and therefore

it is not desired to consecutively write data on a specific block while other blocks are
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constantly kept blank. Thus, FTL tries to spread programmed data out across the

available flash space to improve the wear out leveling of different flash blocks.

As mentioned, flash memory based SSDs have become the primary storage de-

vices. In addition to flash memory chips, they contain the controller chip, which is a

high performance embedded processor unit. The SSD’s FTL is located in the drive’s

controller, which includes software algorithms to create the synchronization interface

between different flash memory chips and the disk requirement in the computer system.

To this end, controller is responsible for efficient data storage to prolong the lifespan of

the memory blocks via wear out leveling and bad block management, maximizing data

transfer speed, and maintaining data integrity and device reliability through handling

the ECC implementation [37].
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2. TWO-DIMENSIONAL EQUALIZATION

Various studies have shown that among several error sources in multi-level cell

memories, ICI is the most significant one. Therefore, to mitigate the devastating effect

of the interference, simple, feasible, and yet efficient equalization techniques become es-

sential for achieving desired data reliability. In this chapter, first a thorough analysis on

deriving the distribution of the interference-free and interference-affected stored data is

carried out. Then, novel low-complexity equalization methods are proposed, and their

beneficial complexity-performance trade-offs compared to existing techniques are illus-

trated, where simulation results are presented to show that the proposed algorithms

considerably improve the error performance, while maintaining the low-complexity con-

straints.

2.1. Error Probability Analysis

The channel model for the final sensed voltage of a cell is considered as

yij = xij +
1∑

k=−1

(xi+1,j+k − Vei+1,j+k
)γi+1,j+k + νij

= xij + zij + νij

(2.1)

where xij, i = 1, . . . , I, j = 1, . . . , J , denotes the target voltage of the cell located on ith

wordline and jth bitline, representing equiprobable non-binary symbol sij ∈ {0, 1, 2, 3},

and γij is the interference ratio. Note that, if the symbol stored in any of interfering

cells is zero, there will be no interference toward the victim cell, as its voltage is not

changed from the erased level. Currently for simplicity, the erroneous effects of all

other deviating sources, e.g. retention noise and RTN, are lumped into the zero-mean

additive white Gaussian noise samples νij. Note that, the next chapter presents a more

comprehensive error analysis. It is also worth mentioning that all of these parameters

are random variables coming from different continuous distributions, which are assumed

to be mutually independent. As previously indicated, the intended programmed cell
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voltage of input data has a mixture distribution consisting of four PDFs as given in

fX(x) =
n−1∑
i=0

ΩifXi(x) (2.2)

where n and Ωi denote the total number and weight of each individual PDF in the

mixture model, respectively. Mean and variance of such a mixture model can be

written as [38]

µX =
n−1∑
i=0

Ωiµi,

σ2
X =

n−1∑
i=0

Ωiσ
2
i +

n−1∑
i=0

Ωi(µi − µX)2

(2.3)

In the scenario of 4-level MLC flash memory, there are four PDFs present in the

mixture, in which, fX0(x) has the Gaussian distribution governing the erased state

voltage (Ve), and the rest follows the uniform PDFs, which is illustrated in Figure 1.5.

Due to equiprobability assumption on the input data sequence, mixture weights can

be safely presumed to be Ωi = 1
4
.

As the initial step, we first analyze the ICI-free scenario, in which the sensed

voltage simply becomes yij = xij + νij. It is well known that the PDF of the sum of

independent random variables is the convolution of their marginal PDFs [39]. As a

simpler case, summation of two independent Gaussian random variables from fX0 and

the zero-mean noise process ν results in the PDF f
′
Y0

∼ N (µe, σ
2
e + σ2

ν), where µe and

σ2
e show the mean and variance of the erased state, respectively. The calculation of

the rest of PDFs f
′
Yi
, i ∈ {1, 2, 3} requires convolution of the Gaussian and uniform

distributions, which results in

f
′

Yi
(y) =

1

∆V

(
Q
(y − (Vpi + ∆V )

σν

)
−Q

(y − Vpi
σν

))
=

1

2∆V

(
erf
(y − Vpi√

2σ2
ν

)
− erf

(y − (Vpi + ∆V )√
2σ2

ν

)) (2.4)
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Table 2.1. Simulation parameters.

Parameter Value Parameter Value

VP [2.55, 3.15, 3.75] volts µγV 0.08S

∆V 0.3 σγV 0.3µγV

µe 1.1 ωγV 0.2µγV

σe 0.35 µγD 0.006S

σν 0.03 σγD 0.3µγD

I , J 128, 2× 104 ωγD 0.2µγD

where Q(ξ) = 1√
2π

∫∞
ξ

exp (−t
2

2
) dt = 1

2
− 1

2
erf( ξ√

2
) and erf represents the error function.

Detection thresholds for reading are then simply calculated by finding the inter-

section points of these four PDFs, i.e., τ = [τ1 τ2 τ3]. Therefore, the probability of

symbol error can be derived as

P (e) =
3∑
i=0

P (e|f ′Yi)P (f
′

Yi
)

=
1

4

( ∫
y 6∈(−∞,τ1)

f
′

Y0
(y)dy +

∫
y 6∈(τ1,τ2)

f
′

Y1
(y)dy +

∫
y 6∈(τ2,τ3)

f
′

Y2
(y)dy +

∫
y 6∈(τ3,∞)

f
′

Y3
(y)dy

)

=
1

4

(∫ ∞
τ1

f
′

Y0
(y)dy +

∫ τ1

−∞
f
′

Y1
(y)dy +

∫ ∞
τ2

f
′

Y1
(t)dy

+

∫ τ2

−∞
f
′

Y2
(y)dy +

∫ ∞
τ3

f
′

Y2
(y)dy +

∫ τ3

−∞
f
′

Y3
(y)dy

)
(2.5)

The calculation of the first integral is straightforward, thus, we focus on the integration

of the erf function. Utilizing the technique of integration by parts, the integral is

derived as

∫
erf

(
t− a
b

)
dt = (t− a) erf

(
t− a
b

)
+ b

exp
(
− ( t−a

b
)2
)

√
π

+ C (2.6)

where C ∈ Z.
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Figure 2.1. Conditional PDFs and ML detection thresholds for noisy but ICI-free

channel (S = 0).

By employing the parameters listed in Table 2.1, the maximum likelihood (ML)

optimal threshold values for ICI-free state are computed as τ = [2.44 3.00 3.60], which

is depicted in Figure 2.1. Therefore error probability becomes P (e) = 1.7561 × 10−5,

which represents the ICI free SER in the introduced flash channel under the employed

parameters. Note that, in this section, the resolution of voltage sensing is limited to

two decimal fraction digits.

The same analysis can be applied for the ICI channel. Note that, deriving the

exact PDF of the channel output in Equation (2.1), in addition to summation, in-

volves product of random variables, which can generally be computed via Mellin trans-

form [40]. However, any attempt to compute the corresponding closed-form formula

yields an analytically infeasible problem under the given setup, which originates from

intractable integrals along with the presence of truncated Gaussian random variables.

Thus, utilizing approximation tools to relieve the problem is inevitable. Here, Gaussian

approximation (GA) is appropriately applied to the ICI term.
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As discussed, the total ICI consists of three components, one vertical and two

diagonal interferers, z = zV + zD1 + zD2 , where zD1 and zD2 exhibit the same statistical

characteristics. As mentioned earlier, if the interferer cell is programmed with zero,

it does not interfere toward the victim cell, as its voltage does not change from the

erased voltage floor. Thus, the effect of each interferer is either zero or a voltage shift,

which we assume to follow the Gaussian distribution due to GA. Thus, it constructs a

mixture model as

fZF(z) =
1

4
δ(z) +

3

4
√

2πσ2
F

exp(
−(z − µF)2

2σ2
F

) (2.7)

where F ∈ {V,D1, D2}, δ(z) is the Dirac delta function, and

µF = (µX′ − µe)µγF ,

σ2
F = (σ2

X′ + σ2
e)σ

2
γF

+ (σ2
X′ + σ2

e)µ
2
γF

+ (µ2
X′ − µ2

e)σ
2
γF

(2.8)

Note that here, distribution fX′ is a mixture of three uniform distributions as the

erased state is previously excluded and separately handled. Therefore, parameters µX′

and σ2
X′ can be computed according to Equation (2.3).

µX′ =
1

3

3∑
i=1

µX′i =
1

3
(VP1 + VP2 + VP3 +

3∆V

2
),

σ2
X′ =

∆V 2

12
+

1

3

3∑
i=1

(µX′i − µX′)
2

(2.9)

Consequently, PDF of the total ICI can be written as

fZ(z) = fZV (z) ∗ fZD1
(z) ∗ fZD2

(z) (2.10)

where ∗ denotes the convolution operator. Deriving the convolutions results in a mix-

ture of Dirac delta function along with several Gaussian PDFs with different parameters
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Figure 2.2. Conditional PDFs of the sensed voltage derived from CS and described

GA process, where ICI strength factor is set to S = 1.

and different weights, that is,

fZ(z) = w0δ(z) +
∑
j

wj√
2πσ2

j

exp(−(z − µj)2

2σ2
j

) (2.11)

where µj and σ2
j include sum of all possible combinations in sets {µV , µD1 , µD2} and

{σ2
V , σ

2
D1
, σ2

D2
}, respectively. The total number of sum of combinations in the set S is

2|S| − 1, where |S| is the set’s cardinality. Therefore, the total number of Gaussian

terms in our expression is seven as the set contains three elements. Weight coefficients

are calculated to be in the set wj ∈ { 1
64
, 3
64
, 9
64
, 27
64
}, j = 0, 1, . . . , 7. In other words,

Equation (2.11) in a more appropriate form is given as

fZ(z) =
8∑
j=1

3b
j+1

3
c

64
√

2πvj
exp (−(z −mj)

2

2vj
) (2.12)



25

Figure 2.3. Conditional PDFs of the sensed voltage derived from CS and described

GA process, where ICI strength factor is set to S = 2.5.

where b·c is the floor function, and

m =



0 0 0

1 0 0

0 1 0

0 0 1

1 1 0

1 0 1

0 1 1

1 1 1



×


µV

µD1

µD2

 = P×


µV

µD1

µD2

 ,

v = P×


σ2
V

σ2
D1

σ2
D2



(2.13)

Note that, for j = 1 in Equation (2.12), the mean and variance of the resulting Gaus-

sian distribution equal to zero meaning that it tends to the Dirac delta function.
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Now to derive the PDF of the final sensed voltages, considering the relation given

in Equation (2.1), the resulted ICI PDF has to be convolved with the PDF of the noise

and the input data voltage, that is,

fY (y) = fZ(z) ∗ fX(x) ∗ fν(ν) (2.14)

Since the input data voltage can either follow the Gaussian or uniform distribution,

we have to separately analyze these cases. Probability distribution of f(y|s = 0) is

the convolution of two Gaussian PDFs with fZ , which results in a mixture of several

Gaussian PDFs with different weights and parameters, where the mean and the vari-

ance of each component is now the summation of the mean and the variance of the

corresponding component of fZ with those of the fY0 and fν .

f(y|s = 0) =
∑
j

wj√
2πσ2

j

exp(−(y − µj)2

2σ2
j

) (2.15)

On the other hand, PDF of f(y|s = i), i = {1, 2, 3} results in a mixture of erf functions

described in Equation (2.4) with different weights and parameters.

To visualize the effect of approximation on the PDF of the sensed voltages, a

comparison of four conditional PDFs is illustrated in Figure 2.2 and Figure 2.3, in

which one set is derived from the flash channel computer simulation (CS), while the

other is based on the Gaussian approximation procedure described above. As can be

seen, the presented method renders an accurate and efficient estimation approach.

After deriving the PDF of the final sensed voltage, computing the optimal thresh-

old values is straightforward, and therefore symbol error probability of the ICI channel

can be determined in a closed-form rule according to Equation (2.5) and Equation

(2.6), as each of conditional PDFs for the sensed voltage is either a weighted sum of

the Gaussian or erf expressions with different parameters.
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Figure 2.4. SER comparison under CS and GA.

Figure 2.4 demonstrates the comparison between SER values of the channel for

various ICI strength factors (S), which are computed based on computer simulations

(CS) and the afore-discussed approximation method, GA. SER of the ICI free channel

is also presented.

2.2. Equalization

As discussed earlier, there are several error sources in the MLC memory chan-

nel, however, ICI has been determined to be the most critical one [20]. Due to the

sophisticated 2D structure of memory arrays, classical equalization techniques, as the

conventional approach to tackle the ICI, cannot be readily utilized. Therefore, deeper

understanding of the flash channel and several modifications to available equalization

techniques are inevitable. There have been several researches in the literature address-

ing the ICI problem in the flash memory channel to reduce the error rate. Authors

in [41] and [28] have investigated the effect of different architectures of memory cir-

cuits and programming sequences on the improvement of error rates. Although these

approaches indeed ameliorate the error performance of the flash memory, they have

become insufficient as the research to design newer generations of flash memories with

smaller yet denser cell sizes continues. Therefore, in addition to exploit the physical
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structure of the flash memories, more intelligent detection approaches have to be con-

sidered. Authors in [42], [43], and [44] have evaluated different methods to basically

estimate the amount of threshold voltage shift caused by the ICI, and hence retrieve

the original written data from the sensed voltage. However, their approaches lacks the

realistic channel model, in which threshold voltage distribution under distinct voltage

windows differs. In [17], a post-compensation (PC) method has been introduced and

analyzed over a realistic flash channel. However, error performance of this approach

deteriorates under severe ICI. All in all, to further improve the error performance,

utilization of aforementioned hard-detection based approaches have to be surpassed.

On this scope, there have been studies in the literature to investigate the sequence-

detection algorithms over the 2D oriented channels [45,46]. However, the fundamental

assumption lies on the separableness of the 2D channel, which basically means that

the 2D channel response matrix can be differentiated into the product of two vectors,

and hence allows the equalizer to handle the 2D ICI as the concatenation of two com-

ponents: the one-dimensional (1D) row ICI and column ICI. Therefore, utilization of

aforesaid method on the flash channel is not implementable, as the flash channel does

not need to be separable.

Dealing with continuous random variables as the channel’s input, along with the

2D structure of the memory block gives rise to a challenging problem of reliable data

retrieving. As an optimal solution, a ML based equalization technique can be adopted

in this scenario; however, designing the 2D ML equalizer is an NP-hard problem [47].

Therefore, simpler and feasible approaches should be investigated. As mentioned,

in [17], the estimate of the ICI is computed and then subtracted from the sensed

voltage to derive the estimation of the original written data voltage. The estimate of

the ICI term is derived as

ẑij =
1∑

k=−1

(yi+1,j+k − µe)µγi+1,j+k
(2.16)

It is seen that Ve and γ are estimated with their expected values. Therefore, the

estimated programmed voltage can be written as x̂ij = yij − ẑij.
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The final phase after equalization is the demodulation, that is, mapping equalized

voltages to discrete non-binary values based on demodulation thresholds. The first ap-

proach is to calculate optimal ML thresholds τopt, assuming access to training data to

derive conditional PDFs via extensive computer simulations. These derived values are

then assumed to be utilized through some embedded lookup tables. This path is conve-

nient to demonstrate the theoretic potential of different equalization schemes; however,

it does not seem practical enough in realistic implementations due to the probable lack

of the training data. Therefore, a feasible approach, unaided demodulation, is also

taken into consideration, in which threshold values are fixed at τu = [2.44 3.00 3.60]

(tail intersection points of noisy but ICI-free PDFs discussed in the previous section).

Note that, based on the physical structure of flash memories, we can safely as-

sume that the last page of a block will not suffer from interference, as there is no other

page to be programmed afterwards (buffer page). This observation is important, be-

cause it enables an immediate demodulation of the original written data without any

equalization process. This confident information can then be fed into the equalizer as

the starting step. Thus, our proposed modified PC (MPC) equalizer begins the ICI

estimation from the I − 1th page, as the values of interfering cells from the last page

can readily be utilized. Therefore, estimating xij from the sensed voltage yij is much

more accurate than PC, and as each of lower pages feed their confident information to

upper rows, a better error performance is achieved by MPC.

Figure 2.5 shows the SER of both aforementioned equalization techniques under

optimal and unaided demodulations. ICI free SER is also demonstrated. It is seen that

the MPC considerably improves the SER compared to the PC method, even though

under the unaided demodulation, their error performance extremely declines. There-

fore, to move beyond the hard-detection scope, the powerful low-complexity sequence-

detection-based equalization method, as the main contribution of this section, is pro-

posed.

The main emphasis is to initially reduce the channel into 1D judiciously, in order

to address an analytically tractable problem. This is achieved by equalizing the effect
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Figure 2.5. SER of the PC and the proposed method MPC.

of weaker diagonal aggressors through the PC method to produce a 1D signal [48].

Therefore, the resulting coarse-equalized 1D signal, assuming a perfect equalization of

the diagonal ICI, is of form

yij = xij + (xi+1,j − Vei+1,j
)γi+1,j + νij (2.17)

Thus, column index can be simply neglected, that is, yi = xi + (xi+1 − Vei+1
)γi+1 + νi,

which means that each bitline of a data block is individually processed. Note that, this

equation describes a non-causal system. However, without loss of generality and for

the sake of concordance, we can apply index flipping to build a causal system as

yi = xi + (xi−1 − Vei−1
)γi−1 + νi (2.18)

For this 1D causal interference channel, the channel state according to Equa-

tion (2.18) is ST = {sisi−1}. Therefore, state transition probability is P (yi|ST) =

P (yi|sisi−1). Now, let us assume the ML sequence-detection equalizer analogous to the

Viterbi algorithm [49], which we here refer to as Seq. 1. The relation between the path
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metric and branch transition metrics between two states on the trellis in this equalizer

is derived as

P (yiyi−1 . . . y1|sisi−1 . . . s1) = P (yi1|si1)

= P (yi|yi−11 si1)P (yi−11 |si1)

= P (yi|sisi−1)P (yi−11 |si−11 )

=
I∏
i=1

P (yi|sisi−1)

(2.19)

Note that, the third equality in Equation (2.19) comes from the fact that in our causal

model, yi is only dependent on si and si−1. For now, let us assume that probabili-

ties P (yi|sisi−1) are derived (trained) via extensive computer simulations, and can be

readily employed. Starting from the end of a column, which is assumed to be at the

confident state si = 1, for each of four emerging paths all the way to the first page,

metrics are calculated, and the survivor path carrying the maximum metric is selected.

Note that, unaided cases, in which no prior information on the transition probabilities

exists, is also considered for sequence-based equalizations. To this end, all 16 tran-

sition probabilities P (yi|si, si−1) are computed via analytical Gaussian approximation

method, in which different PDF cases can be categorized as follows.

P (yi|si = j, si−1 = k)
j=0,k={1,2,3}

=
1√

2π(σ2
e + σ2

zk
+ σ2

ν)
exp

(
−

(
y − (µe + µzk)

)2
2(σ2

e + σ2
zk

+ σ2
ν)

)
,

P (yi|si = j, si−1 = k)
j,k∈{1,2,3}

=
1

2∆V

(
erf
(y − (Vpj + µzk)√

2(σ2
ν + σ2

zk
)

)
− erf

(y − (Vpj + ∆V + µzk)√
2(σ2

ν + σ2
zk

)

))

(2.20)

Parameters µzk and σzk can be calculated as

µzk =

(
VPk +

∆V

2
− µe

)
µγV ,

σ2
zk

=

(
∆V 2

12
+ σ2

e

)
σ2
γV

+ σ2
γV

(
VPk +

∆V

2
− µe

)2

+

(
∆V 2

12
+ σ2

e

)
µ2
γV

(2.21)
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Figure 2.6. An illustration of the trellis based low-complexity equalizer. Starting

state and decisive demodulated states are shown in blue and red, respectively.

As discussed earlier, k = 0 means that there is no interference, and therefore

P (yi|si = j, si−1 = k)
j=0,k=0

=
1√

2π(σ2
e + σ2

ν)
exp

(
− (y − µe)2

2(σ2
e + σ2

ν)

)
,

P (yi|si = j, si−1 = k)
j∈{1,2,3},k=0

=
1

2∆V

(
erf
(y − (Vpj)√

2σ2
ν

)
− erf

(y − (Vpj + ∆V )√
2σ2

ν

)) (2.22)

To reduce the equalizer’s delay and complexity, another sequence-detection-based

equalization scheme (Seq. 2 ) is proposed, in which the target symbol is demodulated

at each time instant resulting in the noticeable reduced delay due to the fact that Seq.

2 does not wait for the whole sequence to be processed for selecting the most likely

sequence. Starting from the last row, whose corresponding symbol is readily demod-

ulated to 1, the path having the maximum of four possible transition probabilities

P (yi|sisi−1) is assumed to connect the currently-demodulated state (symbol) to the

next one, which is then similarly demodulated, and the process continues as

ŝi+1 = argmax
si+1

P (yi+1|si+1ŝi) (2.23)

This procedure is illustrated in Figure 2.6.

The comparison results of these two methods, under both prior knowledge as-

sumption and GA (unaided), is given in Figure 2.7.
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Figure 2.7. SER of the Seq. 1 and the proposed method Seq. 2.

Carefully observing the curves, it is seen that Seq. 1 negligibly outperforms

Seq. 2 ; however, comparing computational complexity and the delay of the former

method, employing the latter approach presents a very advantageous trade-off. Another

important observation is the significant improvement of Seq. 2, specifically under the

realistic unaided scenario, over PC and MPC techniques, which makes Seq. 2 an

effective low-complexity equalization technique for the flash channel.

To verify the eminence of the proposed equalization method, a very severe channel

is generated based on the modification to some of simulation parameters in Table 2.1,

i.e. VP = [2.55, 2.85, 3.15], ∆V = 0.15, and γµV = 0.12S. It is seen that the

ISPP-based programming states have been narrowed and compressed close to each

other, moreover the vertical interference has been enhanced to model a drastic channel

environment. Figure 2.8 shows the SER results under this sever channel. As can

be observed, Seq. 2 still closely performers to the optimal equalizer Seq. 1, while

noticeably outperforms the hard-detection based equalizers.
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Figure 2.8. SER of aforementioned equalization schemes under the severe channel.

2.2.1. Delay Analysis

Page reading (access) latency is an important flash memory characteristic, which

is typically η ≈ 25 µSec for current MLC flash technologies [19]. Note that during the

equalization process, not only the target page, but also other interfering pages has to be

read, which results in more reading latency and overheads. For instance, the described

PC method requires two consecutive page reads to equalize one specific page in the

current setup, that is, page equalization latency is 2η. Note that, if the whole block is

consecutively read, the resulting latency is equal to Iη, as previously read pages can

be reused for the equalization of upcoming pages.

For the proposed MPC and sequential-based equalizer however, the read latency

for a single page is larger, as equalization is initiated from the last page and moves

toward the first page. While the read delay is η for the last page, it becomes Iη for

the first page. Therefore, the average read latency for a single page can be written

as ( I+1
2

)η. However, the accumulated reading latency for the whole block is still Iη

for aforementioned methods. Considering the size of the current digital content to be

written on flash memories, it is highly probable that the whole block (or at least a large

portion of it) is consecutively programmed and read [17]. Therefore, under proposed
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equalization methods, a considerable error performance gain is achieved, while the

read latency does not differ from that of the PC. Furthermore, if the content to be

stored requires a single page programming/reading, to reduce the read latency, it can

be written on the bottom pages, that is, the FTL can prioritize single-page contents

to be written on lower pages.

As discussed, the hard-detection equalizers simply subtract the amount of esti-

mated ICI induced voltage from the sensed voltage, that is, for each cell three estimated

ICI voltages coming from two diagonal and one vertical interferes are subtracted from

the output voltage, which results in a low-complexity equalization process. The pro-

posed equalizer Seq. 2 initially employs hard-detection method to equalize the weaker

diagonal interferes to setup 1D equalization, and since the symbols are instantly de-

modulated according to Equation (2.23), it exhibits a low-delay characteristics com-

pared to the viterbi-like sequence detection method Seq. 1. As discussed, transition

probabilities can either be derived via extensive commuter simulations or simplified

approximations, which then can readily be used from the stored lookup tables.

2.3. Error Correcting Codes for NAND Flash Memories

As a result of MLC technology and continuous shrinkage in the cell fabrication

size, endurance and reliability of the next-generation flash memories degrades very

quickly without consideration of additional techniques to compensate for these erro-

neous effects. As discussed in the previous section, equalization is an immediate signal

processing tool to tackle the ICI as a major error source. However to achieve superior

error performance, implementation of ECC techniques is inevitable. ECC schemes are

capable of detecting and correcting errors at the cost of extra parity bits, and they

currently have become an integrated segment of the flash memory’s hardware archi-

tecture [50]. Early SLC NAND flash memories were equipped with simple single bit

error-correction Hamming codes, to protect the data integrity, as SLC structure was

robust enough against error sources [51]. For achieving a better error performance,

flash vendors invested in Bose–Chaudhuri–Hocquenghem (BCH) codes, which render

arbitrary level of error correction, along with being efficient in hardware implementa-
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tion. This family of codes enjoys a relatively smaller parity data requirement, essential

for production cost and processing latency, for achieving a certain error threshold,

and they exhibit a guaranteed error-correction capacity t. For binary BCH codes of

information and codeword lengths of (k, n), the following relations hold [52].

n = 2β − 1 β ∈ N, β ≥ 3

n− k ≤ βt

dmin ≥ 2t+ 1

(2.24)

These ECC schemes are based on hard information and decision, which often limit their

correction capability. Specifically, with introduction of MLC technology, capability of

BCH codes has become seriously inadequate for data storage reliability. Therefore,

it is highly motivated to implement more powerful ECC schemes, e.g., low-density

parity-check (LDPC) codes, to further improve the reliability of flash memories [53,54].

Note that, unlike BCH codes, there is no known deterministic algorithm to compute

the minimum distance of a particular LDPC codes due to their random structure,

and therefore their error-correction capacity cannot be readily determined [55, 56].

The major issue in developing such sophisticated codes in flash memories is the soft

information extraction. Although it has been shown that hard-information LDPC codes

can outperform the corresponding BCH codes [57], their outstanding error performance

directly relies on the soft information. To produce soft information, multiple sensing is

required, which results in an increased read latency. Establishing a reasonable trade-off

between the error performance of ECC schemes and read latency of flash memories is

a major ongoing research in the industry.

2.3.1. LDPC Block Codes

Just like any other type of linear block codes, an LDPC block code of rateR = k/n

can be fully defined by the parity-check matrix H which has n columns and m ≥ n−k

rows as there may be some linearly-dependent rows. However, this parity-check matrix

H has low density. It means that in a binary LDPC code, number of 1s in the parity-

check matrix H is very small compared to number of 0s. Another condition for sparsity
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of parity-check matrix H is that the number of 1s should be very small compared to

m and n.

There are two types of LDPC block codes: regular and irregular codes. In regular

codes, number of 1s is constant in each row and column of parity-check matrix H while

in irregular codes, this number can vary for different rows and columns. An LDPC

block code is said to be (J,K)-regular if there are exactly K 1s in each row and J 1s in

each column of the parity-check matrix H. J and K are called column and row weight,

respectively. For such codes, we can verify that m×K = n× J .

An LDPC block code can be illustrated by means of a graphical representation

called the Tanner graph which sets a convenient basis for iterative decoding algorithm.

A Tanner graph is a bipartite graph with two types of nodes: variable (bit) nodes and

check nodes [58]. A variable node corresponds to the components of codewords and

check node represents the set of parity-check equations.

There is a one-to-one correspondence between parity-check matrix H and the

Tanner graph representation. If the variable node vj (j = 1, 2, . . . , n) is connected

to the check node ci (i = 1, 2, . . . ,m), then Hij = 1, otherwise Hij = 0. Sparse

structure of LDPC codes enables an efficient iterative decoding to be performed on

them. Iterative decoding is based on message-passing algorithm. As the name implies,

certain messages are exchanged iteratively along the connecting edges between variable

nodes and check nodes in the Tanner graph and at each round of iteration, messages

are updated. These messages can be either hard-decision information such as binary

values of 0 and 1 or soft information such as probabilistic values P0 and P1, which

indicate probability of the certain bit being 0 and 1, respectively. Log-likelihood ratio

(LLR) is also a suitable soft information which is defined as

LLR(vi) = log
P (vi = 0)

P (vi = 1)
, i = 1, 2, . . . , n (2.25)
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Figure 2.9. SER curves under different ECC schemes of (k, n) tuple and error

correction capacity (t).

There are different algorithms based on message-passing including bit-flipping al-

gorithm [59], belief-propagation (BP) [60], and min-sum which is the simplified version

of BP [61]. Bit-flipping algorithm is based on hard-decision messages which results

in less effective performance. Because of the trade-off between simplicity and perfor-

mance of the algorithm, min-sum algorithm performs weaker than BP. For the sake of

comparison, SER under three scenarios, no ECC scheme, BCH, and hard-information

LDPC-coded data in the flash channel were carried out by computer simulation, which

are shown in Figure 2.9. Note that for these set of simulation, non-binary data is

first converted into binary sequence for encoding process, and then reconverted back

to non-binary to pass the channel. Therefore, (K,N)-tuple represents the lengths of

binary sequences. For the data reading, the reverse operation is applied. It is clear

that ECC schemes considerably enhance the SER. Furthermore, we observe that by

employing more powerful ECCs (larger t) error performance also improves. The em-

ployed LDPC code is a regular-(3, 6) code, meaning parity of 50% which is a major

drawback, specifically in the storage technology.

Topology of the Tanner graph is the key factor for message-passing-based de-

coding. A Tanner graph with a closed path (cycle) between some of variable nodes
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leads to failure of message-passing decoding. There several problematic concepts such

as stopping set, trapping set, absorbing sets, and etc., which have to be taken into

consideration to result a code with high performance.

The most common message-passing algorithm is the BP algorithm which is also

known as the sum-product algorithm. The basic structure of the BP algorithm is the

same as the bit-flipping algorithm, where messages are exchanged between variable and

check nodes along the connecting edges of the Tanner graph representation iteratively.

However, in BP, soft information (LLR values) are being exchanged. Similarly, there

are two types of exchanged messages: a message from check node ci to variable node

vj (qij) and the message from variable node vj to check node ci (rji). These messages

can be calculated as

qij = log
1 +

∏
j′∈N(i)\j tanh(rj′i)

1−
∏

j′∈N(i)\j tanh(rj′i)
, j ∈ N(i) (2.26)

rji = LLRj +
∑

i′∈N(j)\i

qi′j, i ∈ N(j) (2.27)

In Equations above, N(i) and N(j) denote the neighbors of the node i and j, respec-

tively. Symbol ”\” denotes the exclusion operation. For instance, N(j)\i means all

neighbors of node j excluding node i. Initially, variable nodes send their received LLR

values from the discrete channel to the connected check nodes, meaning that messages

coming from check nodes are assumed to be zero. Then at each round of iteration,

every check node collects messages from its connected variable nodes to calculate the

response qij according to the Equation (2.26). Based on the received messages from

different connected check nodes, each variable node calculates another message rji ac-

cording to Equation (2.27) and sends it back to the interacted check nodes. This

procedure takes place iteratively until the maximum number of iterations is reached.

At this point, binary values of variable nodes (which indicate the bits of the codeword)

are extracted by performing thresholding on the resulting LLR values.
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Figure 2.10. Copy-and-permute-operation.

2.3.2. Protograph Based SC Codes

The convolutional counterparts of LDPC block codes are called LDPC convolu-

tional codes. LDPC convolutional codes are similarly defined by sparse parity-check

matrices that also enable decoding using iterative message-passing algorithms [62].

Their main difference compared to LDPC block codes is the ribbon-shaped nonzero re-

gion in their parity-check matrices. This allows them to be used to construct a family

of codes with variable frame lengths and low-complexity encoding/decoding properties.

In this section, we consider a specific class of terminated LDPC convolutional codes,

described by a parity-check matrix of the form

H[L] =



H0(1)

H1(1) H0(2)
... H1(2)

. . .

Hms(1)
...

. . . H0(L)

Hms(2)
. . . H1(L)

...

Hms(L)


(2.28)

The parity-check matrix structure given in Equation (2.28) is a representation of an

LDPC convolutional code which has been terminated after L time instants and has

a finite length. These codes are also called spatially-couple (SC) codes, due to the

fact that they can be viewed as replacing a small LDPC block code and spatially
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coupling them. This introduces a memory among the small LDPC block codewords

to be transmitted, which is called the code memory and is denoted by ms. Since the

elements of the matrix H[L] are time dependent, the matrix will have time-varying

properties.

This coding scheme has gained considerable research interest recently. Starting

with introduction of LDPC convolutional codes in [63], there has been considerable

attention paid to their high error performance. The research led to [64], where the

authors reported higher iterative decoding threshold of these codes compared to those

of the underlying LDPC block codes.

It was shown that SC code ensembles exhibit the so-called “threshold satura-

tion” phenomenon, which means that their error performance, assuming BP decod-

ing, can reach the ML decoding performance over the different communications chan-

nels [65], [66], and [67]. For this reason, a communication system that employs SC

codes is expected to have high error performance, while exploiting several desirable

characteristics.

A protograph is a small bipartite graph from which a larger graph can be obtained

by a simple copy-and-permute procedure [68]. First, the protograph is copied M times,

and then the edges of the individual copies are permuted to obtain a single large

bipartite graph, referred to as the derived graph. The parameter M is called the

expansion factor. If a protograph has NP variable nodes and MP check nodes, then

the derived graph consists of n = NP ×M variable nodes and m = MP ×M check

nodes. Figure 2.10 demonstrates this copy-and-permute operation for a simple example

with NP = 3, MP = 2, and M = 3.

A protograph can be represented by an MP ×NP biadjacency matrix, B, which

is called the base matrix of the protograph. Each entry in the base matrix, Bi,j,

i = 1, . . . ,MP , j = 1, . . . , NP , is the number of edges between the corresponding check

node ci and variable node vj. This is a non-negative integer and since parallel edges

in protographs are allowed, it can be greater than one. SC codes can be constructed
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using protographs with base matrices in the form

B[L] =

L︷ ︸︸ ︷

B0

B1 B0

... B1
. . . B0

Bms

...
. . . B1

Bms

. . .
...

Bms


(2.29)

where ms is the code memory, each entry is a J ′ ×K ′ submatrix, and for an asymp-

totically (J,K)-regular SC code family, the parameters J ′ and K ′ are obtained us-

ing J ′ = J/ gcd(J,K) and K ′ = K/ gcd(J,K). The corresponding protograph has

NP = LK ′ variable nodes and MP = (L+ms)J
′ check nodes, resulting in a code rate

of

RL = 1− L+ms

L

J ′

K ′
= 1− (1 +

ms

L
)(1−R) (2.30)

where R = 1− (J ′/K ′) is the rate of the unterminated LDPC convolutional code [69].

An example for the base matrix with B0 = [2 2] and B1 = [1 1], which is

referred to as ensemble B [70], can be given as

B[L] =



2 2

1 1 2 2

1 1 2 2
. . .

. . .

1 1 2 2

1 1


(2.31)
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Another example with B0 = [2 2], B1 = [0 1], and B2 = [1 0] which is called

ensemble D, is given as

B[L] =



2 2

0 1 2 2

1 0 0 1 2 2

1 0 0 1 2 2
. . .

. . .

1 0 0 1 2 2

1 0 0 1

1 0



(2.32)

Note that while the code memory for the ensemble B is ms = 1, ms = 2 for ensemble

D.

For a base matrix in this form, the copy-and-permute operation is equivalent to

replacing each entry Bi,j, i = 1, . . . ,MP , j = 1, . . . , NP , in the base matrix with a sum

of Bi,j permutation matrices of size M ×M . As a result, in (2.31) and (2.32), each of

the entries 1 and 2 is replaced by an M ×M matrix such that each column (and row)

contains only 1 and 2 ones, respectively. Each 0 entry is replaced with an M ×M zero

matrix. The resulting matrix after this procedure represents the parity-check matrix

H[L] of the code, with size of

H[L] ∼ (L+ms)M × 2LM (2.33)

Constraint length of an SC code is also defined as

ν
SC

= (ms + 1)K ′M (2.34)

In other words, constraint length ν
SC

shows the row width of the non-zero region in the

parity-check matrix H[L] [71]. Note that decoder-complexity-wise, the performance of
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Figure 2.11. Sparsity visualization of the parity-check matrix of a regular block

LDPC code (top), and regular SC code (bottom).

an LDPC block code is fairly comparable to its SC counterpart of constraint length

ν
SC

[72].

The ribbon-shaped structure of the parity-check matrix of the SC code, as il-

lustrated in Figure 2.11, results in several observations. The first one relates to the

degrees of the check nodes that are placed in the first and last ms positions. Due to the

special structure of the matrix, these check nodes have fewer connections to variable

nodes, which, in turn results in a special irregularity of the row weights. This slight

irregularity of SC codes resulting from the termination of the underlying LDPC con-
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volutional code has been shown to be the main reason for SC codes having better BP

decoding thresholds compared to corresponding block code ensembles [66].

This structure also can possibly allow SC codes to be decoded via a low-delay

decoding scheme called window decoding [69]. In contrast to a block decoder, the

window decoder does not need to wait for the entire frame to arrive at the receiver

before starting the decoding process, which considerably lowers the decoding delay. In

other words, it can start the decoding process once a small portion of the codeword is

received at the decoder.

As mentioned, LLR is the key component for soft information based signal de-

tection and decoding. For simpler channels, LLR values can easily be calculated in

closed-form expressions. However, in our case, the problem is not that straightfor-

ward.

Figure 2.12. Different SER curves under various ECC schemes.

Note that, the flash channel output represents a non-binary symbol due to its

MLC nature. Therefore, non-binary LLRs can be defined and employed in our analysis.

However, for the sake of lower complexity (specifically in the ECC phase), it is preferred

to continue in the binary LLR terminology. In our 4-level memory cell scenario, for

each symbol two binary LLRs are calculated representing each of its binary bits. Let
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Figure 2.13. Different SER curves under various equalization-ECC schemes.

the binary tuple for a non-binary symbol be si = (α2i−1 α2i), where si ∈ {0, 1, 2, 3}

and α ∈ {0, 1}. LLR values are then calculated according to

lα2i−1
= log

P (yi|si = 0) + P (yi|si = 1)

P (yi|si = 2) + P (yi|si = 3)
,

lα2i
= log

P (yi|si = 0) + P (yi|si = 2)

P (yi|si = 1) + P (yi|si = 3)

(2.35)

As discussed earlier, probabilities P (yi|si) can be derived via extensive computer sim-

ulations or analytic Gaussian approximation approach.

The results for SER simulations are presented, in which two different ECC schemes,

block LDPC and SC codes, have been employed. The parity-check matrices of two dif-

ferent block LDPC codes employed in our analysis are of sizes H ∼ (998 × 2000) and

H ∼ (2998×6000), respectively. For SC codes, we have utilized three different realiza-

tions of the ensemble B with parameters (L = 25,M = 50), (L = 25,M = 150), and

(L = 25,M = 300), respectively. Number of decoding iterations (BP algorithm) is set

to 100.
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The curves in Figure 2.12 are produced via both hard and soft information in-

put decoding, while channel LLRs are calculated according to Equation (2.35). As

expected, soft input decoding considerably outperforms its hard information counter-

part. Also, it is seen that larger code lengths result in better error performance.

To illustrate the error performance of the system, where both equalization and

ECC are utilized, preliminary results in Figure 2.13 are presented. Equalization in

based on the 2D hard-detection methods, and LDPC block code is chosen as the ECC

scheme. It is seen that, the proposed low-complexity MPC equalizer can considerably

improves the error rates. Furthermore, as presented earlier, soft-information based

decoding crucially ameliorate the error rate of the system. However, extracting the

soft information considering the latency requirements of the flash memory is still a

challenging research area.
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3. DISTRIBUTION OF THE THRESHOLD VOLTAGE

To compute the optimal detection thresholds and consequently estimate the error

rate of the MLC flash channels, the time-varying PDF of the threshold voltage has to

be accurately determined. However, due to the sophisticated two-dimensional chan-

nel characteristics and various complex error sources, there has not been any explicit

channel modeling and derivation of the exact statistics of the flash channel [73].

Although few notable studies in the literature have been conducted to this end,

they fail to capture the full essence of different distributions of various error sources si-

multaneously. For instance, [8] focuses on the retention noise analysis. In [9], effects of

retention and RTN are not considered and a simple single-interferer ICI model is ana-

lyzed. Authors in [74] and [10] assume that the voltage distribution of each level follows

the Gaussian PDF, while in [11], all noise sources, including ICI, are simply assumed

to comply with Gaussian PDFs. Similar to analyses in the previous chapter, authors

in [1] have assumed that the erroneous effect of all types of degradation, excluding

ICI, can be represented by the zero-mean additive white Gaussian noise with a fixed

variance. Moreover, the ICI definition has also been modified to ease the arithmetic

tractability. All in all, an accurate and more comprehensive analysis of the distribution

of the sensed voltage is still untouched and needs to be explored.

The similar analysis to the one in the previous chapter is considered here as

well. However, a more complex hence accurate case is assumed, in which the erroneous

effects of retention and error and the RTN, instead of the zero-mean fixed-variance

additive Gaussian noise, are also taken into consideration. Therefore, the equation for

the sensed voltage can be given by

yij = xij + zij + νrij + νtij (3.1)

where xij, i = {1, . . . , I}, j = {1, . . . , J}, denotes the target voltage of the cell located

on ith wordline (row) and jth bitline (column) of the block, representing non-binary
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symbol sij ∈ {0, 1, . . . , L − 1}. The ICI and retention error are represented by noise

samples zij and νrij , respectively, and νtij is the RTN sample. It is worth mentioning

that all of these parameters are random variables drawn from different continuous

distributions assumed to be mutually independent. As mentioned earlier in Section 2.1,

the distribution of the L-level cell memory can be given as fX(x) =
∑L−1

i=0 ΩifXi(x),

where Ωi denotes the weight of each individual PDF in the mixture. Corresponding

mean and variance can be computed as [38]

µx =
L−1∑
i=0

Ωiµi,

σ2
x =

L−1∑
i=0

Ωiσ
2
i +

L−1∑
i=0

Ωi(µi − µx)2
(3.2)

Due to the equiprobability assumption on the input sequence, mixture weights are

assumed, without loss of generality, to be Ωi = 1
L

. The following focus on the charac-

teristics of the ICI, retention error, and RTN in detail.

3.1. Preliminaries

As mentioned previously, ICI originates from parasitic capacitance coupling ef-

fects among the surrounding cells, which makes the final threshold voltage of the target

cell change while its interferer cells are being programmed [20]. Note that the target

cell is affected by interferers, which are programmed afterwards. It is assumed that

only immediate neighbors of a victim cell can affect the target cell, since the parasitic

coupling quickly diminishes as the distance among cells grows.

Similar to [1] and [9], all-bitline programming has been utilized, in which all cells

on a wordline are written simultaneously, and thus each cell generally suffers from

several neighbor interferers located on the next row [28]. The general interference

model of the victim cell is therefore given as

zij =

bK/2c∑
k=−bK/2c

(xi+1,j+k − Vei+1,j+k
)γi+1,j+k (3.3)
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where K represents the total number of interferers, b·c shows the floor function, and γ

is the interference ratio, Each interferer show different level of strengths (γ) based on

its distance to the target cell.

It is seen in Equation (3.3) that if the symbol stored in any of interfering cells

is zero, no interference will be acted upon the victim cell, as its voltage does not

change from the initial erased level. As mentioned, γ is assumed to comply with

the truncated Gaussian distribution, as a limited number of neighbors on the next

wordline is identified as interferers. Thus, γ ∼ T N (µγ, σ
2
γ, ω), where ω determines the

symmetric bound domain, and generally, σγ and ω are assumed to be proportional to

µγ [17]. For the sake of comparison among a variety of ICI ranges, the latter values

are scaled with ICI strength factor S.

Deriving the exact closed-form PDF of the interference in Equation (3.3) yields an

analytically infeasible problem under the given setup, which originates from intractable

integrals along with the presence of truncated Gaussian random variables. Thus, it is

inevitable to resort to appropriate approximations to relieve the derivation problem.

As discussed, the total ICI consists of K components from different interferers on

the next wordline. For an L-level flash memory, the effect of each interferer is either

zero (zero-symbol programming generates no interference) or a voltage shift, which we

assume to approximately follow the Gaussian distribution. This yields a mixture model

for each of individual interferers as

fZi(z) =
1

L
δ(z) +

(L− 1)

L
√

2πσ2
i

exp(
−(z − µi)2

2σ2
i

) (3.4)

where i = {1, . . . , K}, δ(z) is the Dirac delta function, and for a dummy random

variable X
′

µi = (µx′ − µe)µγi ,

σ2
i = (σ2

x′ + σ2
e)σ

2
γi

+ (σ2
x′ + σ2

e)µ
2
γi

+ (µ2
x′ − µ2

e)σ
2
γi

(3.5)
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where distribution fX′ is the mixture of L− 1 uniform distributions, corresponding to

programmed states, as the erased state is previously excluded and separately handled.

Therefore, parameters µx′ and σ2
x′ can be computed according to Equation (3.2) as

µx′ =
1

L− 1

L−1∑
i=1

µx′i =
1

L− 1

(
L−1∑
i=1

VPi +
(L− 1)∆V

2

)
,

σ2
x′ =

∆V 2

12
+

1

L− 1

L−1∑
i=1

(
µx′i − µx′

)2 (3.6)

Consequently, the PDF of the total ICI can be written as

fZ(z) = fZ1(z) ∗ fZ2(z) ∗ . . . ∗ fZK (z) (3.7)

where ∗ denotes the convolution operator. Plugging Equation (3.4) into Equation

(3.7) and performing convolutions result in a mixture of Dirac delta function along

with several Gaussian PDFs of different parameters and weights. The closed form

expression can be written as

fZ(z) =
2K∑
j=1

wj√
2πvj

exp

(
−(z −mj)

2

2vj

)
(3.8)

where wj, mj, and vj are vector entries of w, m and v, respectively, as defined next.

Note that for j = 1 in Equation (3.8), the mean and variance of the resulting Gaussian

distribution equal to zero, meaning that it tends to the Dirac delta function.

To compute w according to the binomial theorem, let us define uh = (L−1)h
LK

,

h = {0, 1, . . . , K}. Then, weight vector w is built by sequentially repeating each

element of uh,
(
K
h

)
times. For instance for L = 4 and K = 3, the weight vector is
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w = { 1
64
, 3
64
, 3
64
, 3
64
, 9
64
, 9
64
, 9
64
, 27
64
}. Furthermore,

m = P


µ1

µ2

...

µK

 , v = P


σ2
1

σ2
2

...

σ2
K

 (3.9)

where

P =


(0)2

(1)2
...

(2K − 1)2

 (3.10)

In other words, P is the matrix of size 2K ×K containing all distinct binary vectors of

length K.

As previously discussed, gradual and continual trapped charge leakage from the

cell reduces the threshold voltage, and hence retained data severely degrades over

time. The PDF of the data-dependent retention error, fNr(νr), can be modeled via a

Gaussian, where its mean and standard deviation are given by [8, 75],

µri = −Cr(VPi − µe)Nα
PE

(
ln (1 +

Tr
Tr0

)

)
, σri = C ′r|µri | (3.11)

in which i = {1, 2, . . . , L − 1} and Cr, C
′
r, and α are technology-related constants

depending on the material properties and fabrication process of the memory cell. NPE

shows the number of PE cycles, Tr is the retention time, and Tr0 is the unit time set

to one hour.

RTN originates from random fluctuations in the MOSFET’s drain current or

threshold voltage, where the PDF of the voltage fluctuation due to RTN has been

empirically modeled as a symmetric exponential distribution centered around zero [36],
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i.e. zero-mean Laplace distribution with the PDF of

fNt(νt) =
1

2λ
exp

(
− |νt|

λ

)
(3.12)

where λ = CtN
α
PE and Ct is also a material-related constant.

3.2. Error Probability Analysis

From Equation (3.1), we immediately realize that the PDF of the erroneously

sensed voltages should follow

fY (y) = fX(x) ∗ fZ(z) ∗ fNr(νr) ∗ fNt(νt) (3.13)

Assuming the initial state is erased, the conditional PDF of the final voltage as a result

of the convolutions can be shown to be of the form

fY |S(y|s = 0) =
2K∑
j=1

wj
4λ

(
exp

(2λ(y − (µe +mj)) + (σ2
e + vj)

2λ2

)
(

erf(
λ(−y + (µe +mj))− (σ2

e + vj)√
2λ2(σ2

e + vj)
) + 1

)
+ exp

(2λ(−y + (µe +mj)) + (σ2
e + vj)

2λ2

)
(

1− erf(
λ(−y + (µe +mj)) + (σ2

e + vj)√
2λ2(σ2

e + vj)
)
))

(3.14)

where erf(ξ) = 2√
π

∫ ξ
0

exp (−τ 2) dτ is the error function.

To derive PDFs conditioned on other potential inputs, i.e., fY |S(y|s = i), i =

{1, . . . , L − 1}, a more complex convolution with the inclusion of the uniform dis-

tribution has to be computed. This can be solved via integration by parts. Let

us define the function given in Equation (3.15). Then, we have fY |S(y|s = i) =
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Figure 3.1. An illustration of the PDF of zero-mean normal and Laplace

distributions, where λ = 0.02.

h(y,∆V, ηi, θi)− h(y, 0, ηi, θi), where ηi = (VPi + µri) and θi = (σ2
ri

+ λ2), respectively.

h(y, t, ηi, θi) =
2K∑
j=1

wj exp
(
− t+y+ηi+mj

λ

)
4∆V

(
exp

(4λ (t+ ηi +mj) + θi + vj
2λ2

)
(

1− erf
(λ (t− y + ηi +mj) + θi + vj

λ
√

2(θi + vj)

))

− exp
(4λy + θi + vj

2λ2

)(
erf
(λ (t− y + ηi +mj)− θi − vj

λ
√

2(θi + vj)

)
+ 1

)

+ 2 exp
(t+ y + ηi +mj

λ

)
erf
(t− y + ηi +mj√

2(θi + vj)

))
(3.15)

It is important to note that derived conditional probabilities above may not yield

stable results for very small values of λ (e.g., in the vicinity of λ = 0.01), which is likely

for a large portion of the flash’s lifespan according to Equation (3.12). Therefore for

simplicity and to relieve the problem under small values of λ, we assume that the zero-

mean Laplace distribution is approximated with the reminiscent zero-mean Gaussian

distribution of the standard deviation of λ, which is depicted in Figure 3.1. This
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modification is justified as for smaller λ values, both of theses symmetric distributions

approach the Dirac delta function. Thus, Equation (3.14) becomes

fY |S(y|s = 0) =

(
2K∑
j=1

wj√
2π(σ2

e + vj + λ2)
exp

(
− (y − (µe +mj))

2

2(σ2
e + vj + λ2)

))
(3.16)

The rest of the conditional probabilities are also simplified to

fY |S(y|s = i) =
2K∑
j=1

wj
2∆V

(
erf
( y − ηi −mj√

2(θi + vj)

)
− erf

(y − (∆V + ηi +mj)√
2(θi + vj)

))
(3.17)

where i = {1, 2, . . . , L− 1}.

Read (detection) thresholds τ = [τ1 τ2 . . . τL−1] and corresponding domains are

then simply computed numerically by finding the intersection points of these L PDFs.

Therefore, the general probability of symbol error can be written as

P(e) =
L−1∑
i=0

P(e|s = i)P (s = i) =
1

L

( ∫
y 6∈(−∞,τ1)

f(y|s = 0)dy

+

∫
y 6∈(τ1,τ2)

f(y|s = 1)dy + . . . +

∫
y 6∈(τL−1,∞)

f(y|s = L− 1)dy

) (3.18)

Integrations of the conditional PDFs in Equation (3.16) and Equation (3.17) can

be evaluated analytically by the technique of integration by parts, resulting in closed-

form expressions given below.

∫
f(y|s = 0) dy =

2K∑
j=1

wj
2

erf

(
y − (µe +mj)√
2(σ2

e + vj + λ2)

)
+ C0 (3.19)
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Table 3.1. Simulation parameters for the general case.

Parameter Value Parameter Value

VP [2.55, 3.15, 3.75] volts µγV 0.08S

∆V 0.3 σγV 0.3µγV

µe , σe 1.1 , 0.35 ωγV 0.2µγV

I , J 128 , 2× 104 µγD 0.006S

Cr 2.35× 10−4 σγD 0.3µγD

C
′
r 0.4 ωγD 0.2µγD

Ct 2.52× 10−4 α 0.62

∫
f(y|s = i) dy =

2K∑
j=1

wj
2∆V

(
(y − ηi −mj) erf

( y − ηi −mj√
2(θi + vj)

)
+

√
2(θi + vj)

π
e
−(y−ηi−mj)2

2(θi+vj) −
(

(y − ηi −mj −∆V )

erf
(y − ηi −mj −∆V√

2(θi + vj)

)
+

√
2(θi + vj)

π
e
−(y−ηi−mj−∆V )2

2(θi+vj)2
))

+ Ci

(3.20)

where i = {1, 2, . . . , L− 1} and constants C0, Ci ∈ Z+.

3.3. Results and Discussions

Presented simulation results in this section are based on the 4-level MLC flash

memory channel (L = 4), where similar to [9], the number of interferes is set to K = 3,

namely one vertical (V ) and two diagonal (D) interferers. Parameters employed in our

computer simulations, also used in [17,75], are listed in Table 3.1.

Figures 3.2 and 3.3 present four conditional PDFs calculated through computer

simulations along with the evaluation of their analytically-driven counterparts under

two different sets of channel parameters. It is observed that the analytical approach

(based on aforementioned approximations) provides an extremely close match to the

underlying simulated PDFs, in which distributions of γ and RTN are simulated to
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Figure 3.2. Conditional PDFs of the sensed voltage derived from simulations (Sim.)

and described analytical (Anlt.) process, where S = 1, NPE = 100, Tr = 50.

follow the truncated Gaussian and Laplace distributions, respectively. For the sake

of comparison, resultant PDFs are compared to ones in [1], in which a similar setup

for channel modeling has been assumed, and results are shown in Figures 3.4 and 3.5.

It is clearly observed that in the latter model, in which the ICI and aforesaid noises

have been modified for tractability purposes, they largely deviates from the underlying

realistic distributions.

Moreover, Figure 3.6 shows the simulated and aforementioned analytical SER

evaluations under different channel parameters for a range of ICI strengths (S). As can

be seen, the corresponding analytical results for error rates closely follow the simulated

SERs, which confirms the accuracy and importance of the derived analytical PDF and

SER expressions.

To demonstrate the robustness and reliability of derived expressions, another set

of SER experiments has been carried out, in which ICI ratios of the channel in Table

3.1, have been aggravated to µγV = 0.12S and µγD = 0.01S, i.e., the interference is

artificially amplified. The resulting SER curves are presented in Figure 3.7, and as can

immediately be noticed, SER values have been degraded compared to the Figure 3.6
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Figure 3.3. Conditional PDFs of the sensed voltage derived from simulations (Sim.)

and described analytical (Anlt.) process, where S = 2.5, NPE = 500, Tr = 100.

due to a more severe interference. However, simulated and theoretic SER expressions

are still in a very close match.

Altogether, deriving an accurate PDF of the sensed threshold voltage is essential

for precisely reading off the cell values and implementing error control coding schemes.

Previous studies did not consider the full integration of various dominant error sources

and their realistic characterizations. However in this work via accurate approximations,

generalized closed-form analytic expressions for conditional PDFs of the sensed voltages

and system’s error endurance performance are presented. Computer simulations of

both PDFs and SERs confirm that the derived formulas substantially match with the

underlying PDFs and can be employed in further theoretical analysis and practical

development of the MLC flash channel.
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Figure 3.4. Conditional PDFs of the sensed voltage derived from our simulations and

the corresponding model in [1], where S = 1, NPE = 100, Tr = 50.

Figure 3.5. Conditional PDFs of the sensed voltage derived from our simulations and

the corresponding model in [1], where S = 2.5, NPE = 500, Tr = 100.
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Figure 3.6. Analytical and simulation based SER of the flash channel under different

parameters.

Figure 3.7. Analytical and simulation based SER of the aggravated channel under

different parameters.
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4. A MACHINE LEARNING APPROACH

Machine learning attempts to teaches machines and computers to operate in way

that seems natural to humans, i.e. learning from previous experiences. Machine learn-

ing algorithms use computational methods to learn information directly from the given

data without relying on predetermined models and descriptive equations. The algo-

rithms adaptively improve their performance as the number of samples available for

learning increases. Machine learning algorithms find natural patterns in data that gen-

erate insight to improve the decision making and predictions. The goal of machine

learning is to program machines and computers to solve a given problem via optimiz-

ing a performance criterion using example data and past experience, which has already

been successfully utilized in many applications including medical diagnosis, stock trad-

ing, energy forecasting, video and language processing, and marketing and advertise-

ment [76]. The root of machine learning lies in the statistics, however it complements

statistical approaches by focusing on algorithmic issues, computational efficiency, and

data engineering. It is important to note that, machine learning is utilized in the

sort of problems, where robust solutions cannot be developed through pure rule-based

mathematical-statistical techniques. There are enormous problems, in which the final

solution depends on a large number of governing factors, and therefore due to the com-

plexity of accurately tracking and modeling these factors and their inter-relations, the

problem indeed becomes infeasible. Another issue is the large scale of some problems,

which results in a tedious and inefficient statistical model building. Therefore, in such

scenarios, employing machine learning techniques is an advantageous option [77].

The learning process has two steps, training and testing. In the former phase,

available samples are input to the machine and parameters are learned and the learning

model is constructed. In the test phase, the learned model is employed to perform

prediction on the new data set. Machine learning algorithms are divided into two types:

supervised learning, which trains a model on known input and output data so that it can

predict future outputs. In other words, during the training phase, sample observations

and their corresponding labels are input to the learning machine. In unsupervised
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learning however, only the sample observations are given to the machine and it finds

hidden patterns or intrinsic structures in input data. An important application of

supervised learning is the data classification, in which the goal is to classify observations

into the given set of distinct categories, while clustering is the main functionality of

the unsupervised learning.

It was inferred from previous discussions that the derived channel model is non-

stationary and its characteristics may drastically change with number of usage (PE

cycles), retention time, and operation/environment temperature. Although the corre-

sponding information of some of these factors, e.g. the number of PE cycle, may be

tracked and recorded by the controller section of some advanced devices to be utilized

in channel model adaptations, some controlling data are impractical to be perpetu-

ally collected and utilized. Therefore, relying solely on the mathematical/probabilistic

channel model derived in previous section to accurately specify the decision bound-

ary regions, even though it represents a very accurate model with respect to PDF

derivations, cannot guarantee a reliable error performance due to the non-stationarity.

Thus, as the main contribution of this chapter, we focus on the adaptive estimation of

the channel parameters through application of machine learning in the aforementioned

scenario.

Learning process can be divided into two main groups: supervised and unsuper-

vised learning. In supervised learning, in contrast to the unsupervised approach, it is

assumed that some prior knowledge on inputs and their corresponding outputs (labels)

are available, from which machine learning tool initially tries to learn the underlying

relation. This step is referred to as the training phase. Next, in the test (prediction)

phase, the learned relation is applied on new observations to complete the process.

4.1. Kernel Density Estimation

As discussed in previous chapters, various error sources degrade the MLC mem-

ory performance, including ICI, retention error, and RTN. Accurate integration of

these error sources into the analytical model to optimally derive the governing proba-
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bility distributions and consequently the detection thresholds to minimize error rates

lie at the heart of MLC research. Nevertheless, utilizing static derivations will not

be addressing the detection problem through the entire memory’s lifespan, as afore-

mentioned error sources exhibit a strong non-stationary behavior that is correlated

to the data retention time and the utilization patterns of the flash memory. In this

section, a novel low-complexity implementation of an non-parametric learning mecha-

nism, kernel density estimation, shall be used to periodically estimate the underlying

probability distributions and hence approximate the optimal detection performance for

time-varying all-bitline MLC flash channel.

In this section, an alternative approach is proposed to extract the underlying

channel model and its necessary information to be utilized in the corresponding signal

processing systems via a learning mechanism based on the kernel density estimation

(KDE). In this technique, we periodically learn the data distribution from a finite

set of training samples. This learning process results in the dynamic estimation of

conditional probabilities necessary for near-optimal sequence detection of the stored

data values. This periodic estimation process provides adaptivity and approximation

to the non-stationary nature of the flash channel which is not addressed by previous

literature.

Given the sample observation (training) data, estimating the unknown under-

lying probability density function is an important class of statistical problems. An

elementary approach as the foundations of a variety of estimation procedures is the

histogram-based density estimation, which is not a suitable choice in many of practical

scenarios. The main disadvantage of histograms is the discrete nature of the plot, in

which for a fixed number of observations, several bins may end up with no observa-

tion, ultimately resulting in a bumpy and discontinuous density estimate. The most

common approach however, to produce a more smooth probability estimate, is the use

of non-parametric kernel density estimation [78]. KDE is a nonparametric density es-

timator, which requires no prior knowledge and assumption of the underlying density

function or the family it might belong to. KDE automatically learns the shape of the

density from the data, and due to this nonparametric nature of the KDE, it is a very
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popular approach for data drawn from an unknown or complicated distribution.

Let {x1, x2, · · ·xn} be independent and identically distributed random variables

drawn from an unknown distribution f . The 1D KDE of the distribution f can be

expressed as

f̂n(x) =
1

nh

n∑
i=1

K(
x− xi
h

) (4.1)

where h is called the smoothing bandwidth and K is the kernel function. Therefore,

direct evaluation of Equation (4.1) at m evaluation points, which is governed by the

sensing resolution, for n data sample involves O(mn) kernel evaluations and O(mn)

multiplications and additions [79]. Therefore, to reduce the implementation complexity,

the size of the training set and also quantization level of the threshold voltage sensing

should decrease, which clearly results in a poorer density estimation.

For problems, in which the underlying distribution is conjectured to follow (or

close to) the Gaussian form, Gaussian kernel (zero-mean and unit variance) is chosen.

Note that however, selecting other common types of kernels do not significantly de-

grade the resulting density estimate [80]. In contrast to the kernel selection, bandwidth

choice, similar to the bin width choice in histograms, is crucial and has been a widely-

addressed problem in the relevant literature, and yet no procedure has been considered

universally the best. A very small bandwidth produces too detailed curvature and thus

causes an estimation with small bias and large variance. In contrast, larger h values

result in a low variance at the cost of larger bias. The mean integrated square error

(MISE), similar in spirit to the mean square error, is the most applied error measure-

ment for the KDE and is defined as
∫

E
(
f̂n(x)− f(x)

)2
dx. The optimal bandwidth

minimizing the MISE can be mathematically obtained, however in practical compu-

tations, another useful distance measure between the estimator and the true density

is used, which is asymptotically the same as the MISE, asymptotic mean integrated
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squared error (AMISE) defined as [81,82]

AMISE = σ4
kh

4R(f 2)

4
+
R(K)

nh
(4.2)

where

R(L) =

∫
L2(x)dx,

σ2
k =

∫
x2K(x)dx

(4.3)

Minimizing the AMISE, results in

h =

(
R(K)

nσ4
kR(f 2)

) 1
5

(4.4)

Note that, the resulted optimal bandwidth value is impractical to use, since it is still a

function of the unknown distribution f through R(f 2). Therefore to solve the problem,

the unknown distribution can be replaced with a known reference distribution. For

instance, in the general case of (close to) Gaussian assumption of the underlying density

and kernel function, a very low-complexity rule-of-thumb for the optimal bandwidth,

referred to as the Silverman’s rule-of-thumb, which is adaptive to the underlying data

through its variance, is given as [78,80]

h = 1.06σ̂n−0.2 (4.5)

where σ̂ is the sample standard deviation of the training data.

In Figures 4.1 and 4.2, effects of the data length and the bandwidth on the perfor-

mance of the KDE are shown, where the underlying PDF is a normal distribution with

mean and standard deviation of 1 and 0.5, respectively. As can be seen, larger sample

sizes result in a smoother density estimation. Furthermore, it is clearly inferred that

the bandwidth selection is vital, as larger h values produce over-smoothed estimates,

while very smaller h values render intolerably under-smooth probability densities.
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Figure 4.1. Illustration of the data length on the performance of the KDE.

In our flash channel model, all the required conditional probabilities, which are

used to compute the thresholds and error rates, are calculated via the KDE method.

For instance, for l = 2-bit MLC flash channel, we have sixteen conditional probabilities

employed in the sequence detection method that shall be derived via the KDE on the

provided training data samples in our simulations. More specifically, to derive the

probability P (yi|sisi−1), i = 1, 2, . . . , I, one has to access prior data symbols on two

pages (rows), and yi i.e., the channel output.

4.1.1. Results and Discussions

Accurate analytical analysis of the flash channel including deriving necessary

PDFs once for all and optimal detection thresholds require real time access to govern-

ing parameters of the channel. For some parameters, e.g., the PE cycle, this might be

realized, however it is impractical for the rest. Therefore, extracting the underlying

PDFs from a set of available training data renders an appropriate approach. However,

this approach comes at the cost of extra computational burden and delay due to pro-

cessing. Therefore, we seek an acceptable trade-off between the error performance of

the flash channel versus the overall computational complexity and delay.
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Figure 4.2. Illustration of the bandwidth selection on the performance of the KDE.

Note that, the list of employed values for different parameters in our computer

simulations are shown in Table 3.1. From discussion and computer simulation results

presented in the Chapter 2, the inferior performance of the symbol-by-symbol detec-

tion/equalization has been be clearly observed, particularly at high ICI ratios (large

S). Therefore, experiments in this section only consider the Viterbi-like sequence de-

tection/equalization method for achieving a better error performance.

Figure 4.3 shows the SER curves of the sequence detection under different sensing

resolutions. It is clearly seen that higher sensing precision, e.g. 8 bits, clearly improve

the error performance. In order to obtain Q bits of reading resolution, a flash cell has

to be read Q times, each time with a different threshold voltage. However, it results

in a higher sensing latency, which may be intolerable for the overall utility of the flash

device, as the throughput of storage systems and its data transfer speed is limited.

On the other hand, each round of reading, produces higher level of soft information,

which is necessary for a modern and better equalization and ECC schemes. Therefore,

establishing a optimized fashion in the read latency for the soft information generation

is still a major focus point of the flash memory’s research community [9]. Note that,

for the rest of computer simulations to show the potentials of the proposed intelligent
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Figure 4.3. SER of the sequence detection equalization under different sensing

resolutions, where NPE = 100 and Tr = 50.

method, sensing resolution is assumed to be Q=8 bits.

To demonstrate the error performance degradation utilizing the static prior chan-

nel information (offline training) (e.g., conditional PDFs), we assume a scenario in

which the prior information is derived at a fixed condition (for instance and without

loss of generality NPE = 100 and Tr = 50) and is repeatedly used throughout a large

portion of the memory usage, i.e., NPE is increasing under a fixed retention time as-

sumption. Note that, the proposed periodic update scheme of the channel information

can be extended to more realistic cases, in which the retention time fluctuates. How-

ever for deriving preliminary results, retention time is simply assumed to be fixed. The

family of curves corresponding to different NPE values are illustrated in Figure 4.4,

which clearly justifies the advantage of the periodic update of the channel information

(online training).

Establishing a good trade-off between the error performance and the system’s

constraints via an optimal training interval is key to the design. To decrease longer

overheads, redundancies, and KDE’s complexity, we can decrease the training length
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Figure 4.4. SER of the sequence detection equalization utilizing offline training under

different NPE values, i.e., NPE = 100, 125, 150, . . . , 400, where Tr = 50. Note that, to

avoid confusion, only three legends are shown.

(TL), which is illustrated in Figure 4.5. TL of 8000 symbols means an approximate

data redundancy of 0.781% that shrinks to 0.048% for a TL of 500 symbols. However

as can be seen from the figure, utilizing a training set with large TL (=8000) gives

around half an order better SER than the short overheads such as TL=500.

The second parameter to control the system’s computational complexity as well

as reliability is the training interval (TI) selection. In other words, a reasonable scheme

should lie between the offline and fully online training schemes, in which for every P/E

cycle, the channel is learned and PDFs are updated. To analyze this case, the channel

at a fixed ICI strength S = 1.5 is selected and the SER is evaluated under four different

cases, as given in Fig 4.6. Note that this specific value of ICI strength (and lower values)

results in an equalized SER performance below 10−3, which is an acceptable rule of

thumb input error rate for reliable error correction decoding. It is observed that read

errors increase by the NPE, as expected. However the discontinuities in performance

curves, i.e., where the SER curve suddenly drops, show the specific set of PE cycles in

which the training is performed, PDF tables are subsequently updated, and therefore

SER performance is pulled down. It is observed that periodic updates, at even distant
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Figure 4.5. SER of the sequence detection equalization under different training

lengths, where NPE = 100 and Tr = 50.

PE cycles, can considerably improve the SER performance compared to the offline prior

information. This result clearly demonstrates how important the proposed adaptive

scheme could be for maintaining a reliable operation and ensuring the longevity of the

MLC flash drives.

In conclusion, packing more bits into a given MLC memory cell leads to vari-

ous error types which are hard to model, analyze, and combat against using conven-

tional techniques. Thus, a periodic learning technique based on KDE to adapt to

non-stationary all-bitline MLC flash channel is proposed, in which the system periodi-

cally learns the dynamically changing statistical properties of the channel from a finite

set of training samples to be used in the near-optimal sequence detection of stored

data. This periodic estimation and detection scheme can prolong the lifetime of the

MLC flash drive or for a given lifetime, it can allow adaptive rate error control coding

and hence allow more raw user data to store.
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Figure 4.6. SER of the sequence detection equalization under different training

intervals, where S = 1.5 and Tr = 50.

4.2. Support Vector Machine

In this section, the basic concept of support vector machines (SVM) is reviewed

and later the potential aspects of its implementation in the flash memories to tackle

the non-stationary nature of corresponding error sources are discussed. Let us first

assume that, there is a large or perhaps infinite number of observations or patterns,

which should be classified into several classes. The main problem is that there is no

known algorithm or rule, possibly due to the very complex nature of the problem, to

perform the classification task. However, a finite sample of observations with known

class labels are available (training dataset). The goal is to teach the classification

system by the available labeled observations, so that it learns the underlying rule to

classify the remaining observations of the set (test dataset), while achieving the the

minimum classification error.

SVM is a powerful supervised machine-learning-based binary classification algo-

rithm, i.e. separating the data set into two distinct classes. Note that, the idea can

be extended to multicalss problems, which will also be discussed. The fundamental

idea behind SVM is to find the hyperplane, which linearly separates data points of two
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Figure 4.7. An illustration of the maximal margin classification.

classes with the maximal margin [83]. Thus, SVM performs the optimization by si-

multaneously minimizing the classification error and maximizing the geometric margin

between the classes. The points located on the margin of the separating hyperplane

are the support vectors specifying the decision function.

Beginning with linearly-separable SVM, let {(x1, y1), (x2, y2), . . . , (xn, yn)} be the

training dataset, where xi ∈ Rd is the multi-dimensional observations and yi ∈ {−1,+1}

represents labels of two classes. Therefore based on available training data features

x ∈ Rd×n, the goal is to classify given test observations x′ ∈ Rd×m into one of the

binary classless +1 or −1 by finding a separating hyperplane with the largest margin

possible. The margin of the hyperplane is defined as the shortest distance between the

positive and negative samples closest to the hyperplane illustrated in Figure 4.7. As

can be seen, there might be infinite hyperplanes that perfectly separates data points of

two classes, but only one hyperplane guarantees the optimal margin. Assume that all

points in the vector x lie exactly on the separation hyperplane, therefore wTx+ b = 0,

where w is the normal weight vector to the hyperplane and b is the interceptor (bias)

term. Therefore, any data point above the decision boundary should belong to the
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class +1, and similarly points below the separating hyperplane belong to the class −1.

wTxi + b > 0, for yi = +1,

wTxi + b < 0, for yi = −1
(4.6)

Thus, yi(w
Txi + b) ≥ 0,∀i. By rescaling the boundaries, it can be written as

yi(w
Txi + b) ≥ 1,∀i. (4.7)

The shortest distance between the two boundaries is 2
‖w‖ . Thus, the classification

problem becomes

min .
‖w‖2

2

subject to yi(w
Txi + b) ≥ 1

(4.8)

which is an optimization problem with a convex quadratic objective and linear con-

straint functions, and its solution is the optimal margin classifier. To solve this convex

optimization problem, Lagrangian approach is set up as

L(w, b, α) =
‖w‖2

2
−
∑
i

αi
(
yi(w

Txi + b)− 1
)

(4.9)

where αi is the Lagrangian multiplier. Taking derivative of L(W, b, α) with respect to

w and b results in

w =
∑
i

αiyixi,∑
i

αiyi = 0
(4.10)
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Figure 4.8. An illustration of the kernel trick in the SVM classification.

The dual problem can therefore be written as

max .
∑
i

αi −
1

2

∑
i,j

αiαjyiyjx
T
i xj

subject to αi ≥ 0 and
∑
i

αiyi = 0

(4.11)

which is also a quadratic programming problem and can be solved by the QP solver.

Note that, the corresponding computer simulations in this research were carried out by

LIBSVM (library for SVM) [84]. Once the optimal Lagrange multipliers αi are found,

parameters w and b can be calculated and the optimal hyperplane is constructed, and

the classifier function (predictor) is therefore

f(x) = sign(wTx + b)

= sign

(∑
i

αiyix
T
i x + b

)
(4.12)

Note that The discussion above focuses on the cases, where a perfect linear classifica-

tion was feasible. However there are occasions, where error-free linear separation is not

possible, and thus classification error is inevitable. To this end, by introducing a slack

variable εi ≥ 0 to control the intensity of misclassification, the quadratic optimization
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becomes

min .
1

2
wTw + C

∑
i

εi

subject to yi(w
Txi + b) ≥ 1− εi,

(4.13)

where C is the cost regularization constant. The corresponding dual problem is given

as

max .
∑
i

αi −
1

2

∑
i,j

αjαiyiyjx
T
i xj

subject to 0 ≤ αi ≤ C and
∑
i

αiyi = 0

(4.14)

The strength of the SVM is its ability to also classify the non-separable (not

linearly separable) data. To this end, SVM maps the input data into another space,

in which the data points may become linearly separable, to successfully classify non-

separable data. In other words, the original training data points in Rd are mapped to

a new feature space H via the mapping Φ, in which the maximum margin hyperplane

separating the transformed data is computed [76,85]. This concept is illustrated in Fig-

ure 4.8. Note that in Equation (4.11), the input data points are utilized in the inner

product form. Therefore, if the inner product of the mapped data can be computed

in the feature space H, the mapping is not explicitly required. The kernel function is

defined as k(xi,xj) = Φ(xi)
TΦ(xj). It is observed that the kernel in Equation (4.11) is

the linear kernel exclusively computed as the inner product of input data. In non-linear

scenarios, SVM solves the following quadratic optimization problem

min .
1

2
wTw + C

∑
i=1

εi

subject to yi
(
wTΦ(xi) + b

)
≥ 1− εi

(4.15)
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where the corresponding dual problem is

max .
∑
i

αi −
1

2

∑
i,j

αiαjyiyj

k(xi,xj)︷ ︸︸ ︷
Φ(xi)

TΦ(xj)

subject to 0 ≤ αi ≤ C and
∑
i

αiyi = 0

(4.16)

The prediction function of the class label is as the following function

f(x) = sign
(
wTΦ(x) + b

)
= sign

∑
i

αiyi

k(xi,x)︷ ︸︸ ︷
Φ(xi)

TΦ(x) +b

 (4.17)

There are several non-linear kernel functions, each of which trade-offs different levels

of the classification performance and complexity, although in this work, we choose to

work with the popular linear kernel and also Gaussian radial basis function (RBF)

kernel defined as k(xi,xj) = exp(−γ‖xi − xj‖2) [85].

As mentioned, SVM is inherently a binary classification algorithm, however there

are several methods available to extend the idea to multiclass classifiers. We utilize

the one-versus-one (OVO) multiclass SVM, in which one binary SVM for each pair

of classes is constructed. Therefore, by assuming that there are Cl different classes,

Cl(Cl−1)
2

binary classifiers are initially trained to distinguish the samples of one class

from the samples of another class. Classification decision is finalized according to the

majority voting [86].

Training complexity is the major drawback of the standard SVM algorithm, that

is, it suffers from a cubic order time complexity, in the worst case for the kernel method,

and a space complexity of O(n2), where n shows the number of training samples [87].

Therefore, the immediate remedy is to utilize smaller training samples. In the next

section, corresponding trade-offs are illustrated via computer simulations.
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Figure 4.9. SER curves for SVM classification under linear and RBF kernels, where

NPE = 100 and Tr = 50. The training dataset is x1.

4.2.1. Results and Discussions

In this section, preliminary computer simulation results for the implementation

of SVM in the flash memory system are presented, where simulation parameters in

Table 3.1 have been employed. In the 2-bit MLC setup, there are 4 different class

labels indicating the discrete stored symbols and the multiclash classification is per-

formed via OVO method. Based on the interference structure of the flash channel,

the first training vector is constructed as x1
j = {yi,j, yi+1,j, yi+1,j+1, yi+1,j−1}, where i

and j denotes the corresponding page and string (bitline) index of the training ob-

servation, respectively. To maintain a minimal computational complexity, the size of

the training data is limited to only one page of the block and without loss of gen-

erality, channel output observations (sensed threshold voltages) in the first page are

employed as the training data, i.e. i = 1. Note that, yj = {s1,j}, as the corresponding

class labels of the observation in the first page, are also provided to the SVM. To fur-

ther investigate the impact of different features, the second training data set is chosen

as x2
j = {y1,j, y2,j, y2,j+1, y2,j−1, y3,j}. Moreover, x3

j = {y1,j, y2,j, y2,j+1, y2,j−1, y3,j, y4,j},

x4
j = {y1,j, y1,j−1, y1,j+1, y2,j, y2,j+1, y2,j−1}, and x5

j = {y1,j}. Note that, the last training
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Figure 4.10. SER curves for linear SVM classifications under different training sets,

where NPE = 100 and Tr = 50.

set includes only the cell output without its interferers, which can support the impor-

tance of properly training the machine based on the underlying channel structure.

Figure 4.9 shows the simulation results for the SVM classification, where the

first training set has been employed. As can bee seen, SVM considerably improves

the detection performance compare to the symbol detection, in which ML detection

thresholds have been utilized. However, when the interference strength is low, clas-

sification performance of the SVM does not further improve, which might be due to

the fact that training observations become more uncorrelated, that is independent in-

put samples to the flash channel remain unrelated through the weak interference, and

therefore the SVM model exclusively built on the observations’ relation thorough in-

terference starts to degrade. Another important remark is that the performance of the

RBF SVM negligibly outperforms the linear kernel SVM in the simulated flash channel,

which ameliorates the system’s complexity requirement by employing the linear kernel.

Thus, the rest of experiments have utilized the liner kernel SVM.
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Figure 4.11. SER curves for linear SVM classifications under different sensing

resolutions, where NPE = 100 and Tr = 50. The training dataset is x2.

Figure 4.10 shows the SER curve comparisons of different training data selections.

As can be seen, considering the ICI model for the training set largely improves the

classification performance compared to the case, when only the observation (without

its interferers) is fed for training the classifier. On the other hand, considering a proper

application of prior knowledge of the channel model to the training set construction,

different training sets can render negligibly different classification performance. Similar

to the experiment in the previous section, Figure 4.11 presents the classification of SVM

under different sensing resolution. It is clear that higher sensing resolution results in

a better classification, however the system’s latency requirement has also to be taken

into consideration, as finer sensing resolutions result in higher reading delays, due to

the multiple reading attempts.

Employing SVM classification in the flash memory storage systems enables them

to adaptively learn and adjust essential parameters according to the latest state of

the storage channel, as it is directly trained with observation data, which results in

a better error performance. However, important implementation aspects, including

computational complexity and read latency have to be considered.
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5. CONCLUSION

This dissertation has focused on NAND flash memories, which are currently the

ubiquitous and dominant NVM elements. Their main utility is to produce very fast

SSDs, which are completely remodeling the disk drives for computers. With recent

advances in the area of solid state fabrication, smaller and denser MLC flash memories,

with decreasing manufacturing costs, are produced. However, these developments come

at the price of lower data reliability and shorter lifespan of the device.

Three main error sources crucially affect the reliability of the MLC NAND flash

memory, which are inter-cell interference, retention error, and random telegraph noise.

Incorporating their individual effect in a realistic setup to derive a probability dis-

tribution model of the erroneously sensed threshold voltage of the memory cell is an

important research problem, which directly leads to better detection and error correc-

tion performance, thus improving the reliability of the stored data. In this work, first

a simplified model of the 4-level cell flash memory, which mainly concentrates on the

ICI, was established and the probability distribution of the ICI free and ICI affected

threshold voltages were derived. Furthermore, symbol error rate of the aforementioned

flash channel was computed in a closed-form expression, which has been corroborated

via extensive computer simulations. Furthermore, a very efficient hard-detection based

equalization method is proposed to mitigate the ICI problem in the flash channel.

To move beyond the scope of simple hard-detection algorithms, a probabilistic setup

for the 2D sequence-detection based equalization technique was constructed, which

considerably improves the error performance of the storage system. With some mod-

ifications, a low-latency and low-complexity 2D sequence detection equalizer has also

been proposed.

To build a more accurate probabilistic model for the general MLC flash channels,

in which the number of cell levels and interferers can arbitrarily be chosen, erroneous

effects of retention and random telegraph noises are combined with the ICI, and condi-

tional PDFs for the sensed threshold voltages were derived in closed-form expressions.
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Consequently, error rates of the flash channel have also been computed, which can

immediately be utilized in the implementation of superior soft-information based error

correcting coding schemes.

A major issue, which has not been previously addressed in the literature, is the

strong non-stationarity of error sources in the flash channel, which can largely deviate

through time, number of PE cycle, and operation temperature. Thus, relying solely

on the derived expressions for the probability distributions and error rate estimations,

renders an increasing inaccuracy in the system’s performance. To this end and to cope

with the non-stationary channel, novel machine learning based intelligent approaches,

based on both unsupervised and supervised learning techniques, have been proposed,

which periodically learn the underlying probabilistic model of the channel and extract

necessary prior information to be utilized in the detection phase. Preliminary computer

simulation results have shown that periodic machine learning based algorithms can

substantially reduce the error rate, and therefore extend the longevity of the flash

device. Furthermore, since they are trained directly from the observations, they can

constantly and periodically track the dynamic nature of the channel to adjust the

system’s performance according to the most recent parameters.
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