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ABSTRACT

MODELING VOLATILITY DYNAMICS IN FINANCIAL

TIME SERIES: AN ANALYSIS OF ECONOMETRIC

MODELS AND MACHINE LEARNING METHODS

In this thesis we present an analysis of different volatility dynamics in financial

and cryptocurrency markets. We focus on the Borsa Istanbul stock exchange index

BIST 100 (XU100), NASDAQ index, and Bitcoin/USD exchange rate (BTCUSD). Our

aim is to understand the risk profiles of the data, forecast future risk using historical

data, and statistically analyze structural characteristics of the volatility in the markets.

In our analysis we used logarithmic returns of each financial asset we considered.

Our first step of the investigation was to determine the best fitting ARIMA

models, and analyze the parameters of these models using tools such as ADF-test, ACF-

and PACF-plots, QQ-plots, and Kolmogorov-Smirnov test. Our working hypothesis is

that if a model successfully explains the behaviour of an asset then the residual signal

must be close to white noise. However, we found significant autocorrelations in the

residuals which indicates that the ARIMA models we used did not fully capture all

underlying patterns.

In the next step, we used GARCHmodels to analyze the dynamics of the volatility

inherent in each asset. While the risk profiles of the datasets varied, the structure

coefficients of the models were consistent across all datasets. We finish the thesis by

outlining how one might expand our study using endogeneous and exegeneous data,

and different machine learning methods.
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ÖZET

FINANSAL ZAMAN SERILERINDE OYNAKLIK

DINAMIKLERININ MODELLENMESI: EKONOMETRIK

MODELLERIN VE MAKINE ÖĞRENIMI

YÖNTEMLERININ ANALIZI

Bu tezde, finansal ve kripto para piyasalarındaki farklı volatilite dinamiklerini

analiz ediyoruz. Borsa Istanbul endeksi BIST 100 (XU100), NASDAQ endeksi ve

Bitcoin/USD döviz kuru (BTCUSD) üzerine odaklanıyoruz. Amacımız, verilerin risk

profillerini anlamak, geçmiş verileri kullanarak gelecekteki riskleri tahmin etmek ve

piyasalardaki volatilite yapısının istatistiksel özelliklerini analiz etmektir. Analizimizde,

ele aldığımız her finansal varlığın logaritmik getirilerini kullandık.

Araştırmamızın ilk adımı, en iyi uyumlu ARIMA modellerini belirlemek ve bu

modellerin parametrelerini ACF ve PACF grafikleri, QQ grafikleri ve Kolmogorov-

Smirnov testi gibi araçlarla analiz etmek oldu. Çalışma hipotezimiz, bir modelin bir

varlığın davranışını başarılı bir şekilde açıklarsa, kalıntı sinyalinin beyaz gürültüye

yakın olması gerektiğidir. Ancak, kalıntılarda önemli otokorelasyonlar bulduk, bu da

kullandığımız ARIMA modellerinin tüm temel desenleri tam olarak yakalayamadığını

göstermektedir.

Sonraki adımda, her varlıkta içsel olarak bulunan volatilite dinamiklerini analiz

etmek için GARCH modelleri kullandık. Veri kümesinin risk profilleri farklılık gösterse

de, modellerin yapı katsayıları tüm veri kümelerinde tutarlıydı. Tezi, endojen ve

ekzojen verileri ve farklı makine öğrenimi yöntemlerini kullanarak çalışmamızı nasıl

genişletebileceğimizi belirterek tamamlıyoruz.
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1. INTRODUCTION

Understanding and predicting the behavior of various economic and financial

phenomena relies heavily on time series analysis. Although investors, financial institu-

tions, and policymakers assign significant importance to the prediction and estimation

of volatility and risk in financial data over time, accurate forecasting remains chal-

lenging due to the intricate temporal associations and volatility patterns observed in

financial markets. Our primary hypothesis in this thesis is that the dynamics and

subsequent risk assessment of markets, and issues of portfolio management may all be

understood better through a thorough and rigorous statistical analysis of the inherent

volatility in financial time series data.

Volatility is defined as the degree of variation and uncertainty in asset prices

or returns. Researchers and practitioners can evaluate the possible risks associated

with financial assets and decide on investment strategies, hedging techniques, and risk

management by comprehending and modeling volatility. In order to understand and

describe the dynamics and volatility of financial data, a number of time series models

have been evolved over the years. The three commonly used models for time series

are Autoregressive Integrated Moving Average (ARIMA), Autoregressive Conditional

Heteroscedasticity (ARCH), and Generalized Autoregressive Conditional Heteroscedas-

ticity (GARCH). While ARIMA models aim to structurally investigate the time series

data, the latter two classes of models aim to investigate the inherent volatility within

such time series data.

According to Box and Jenkins [1], ARIMA models are among the most well-liked

and often used methods for predicting time series. ARIMA combines several elements,

including moving average (MA), autoregressive (AR), and differencing (I), to capture

the temporal dependencies and stationary properties of a time series. While the MA

component depicts the dependence between the current observation and the lagged

error terms, the AR component models the linear relationship between the current
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observation and its lagged values. By removing trends and seasonality, the differencing

component stabilizes the series.

Financial asset returns frequently show high heteroscedasticity which is a measure

of volatility of the returns that vary across time. Engle observed that in financial time

series there is also a tendency for higher volatility to be followed by higher volatility

while lower volatility typically follows lower volatility, which is referred to as volatil-

ity clustering. In [2] he introduced ARCH models to capture this volatility clustering

phenomena. ARCH models successfully capture the time-varying volatility patterns

by allowing the conditional variance to change over time. This conditional variance

equation in ARCH models, which is a function of previous squared residuals, expands

the ARIMA framework. In [3] Bollerslev introduced GARCH models to better capture

the financial volatility through the inclusion of a lagged conditional variance factor to

the ARCH framework. By doing so, GARCH models flexibly capture any short-term

and long-term dependencies in volatility. They can also better depict the clustering

phenomena and capture the persistence of volatility shocks by taking into account the

lagged conditional variance. GARCH models are frequently used in a variety of finan-

cial applications, such as option pricing, risk management, and asset pricing. In order

to better capture of volatility clustering and the modeling of risk in financial mar-

kets, Glosten et al. developed the GARCH-M model to represents volatility dynamics

more thoroughly by incorporating both the moving average conditional heteroscedas-

ticity (GARCH) and the autoregressive conditional heteroscedasticity (ARCH) com-

ponents [4].

In this thesis, in addition to ARIMA and (G)ARCH models, we also investigated

the use of widely used machine learning models such as XGBoost and Decision Tree

Regression to model volatility since XGBoost and decision tree regression have proven

to be effective techniques in modeling financial time series and capturing complex

patterns [5, 6]. XGBoost, which is an ensemble learning method based on gradient

boosting, has gained popularity for its ability to handle large-scale datasets and deliver

high predictive accuracy, and has been successfully used in various financial domains,
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including stock market prediction and risk modeling [7]. The decision tree regression

models, on the other hand, are non-parametric models that recursively splits the data

depending on feature values, can be used for the discovery of complicated decision

boundaries. These models have been used in financial applications to model asset

prices, estimate option prices, and forecast market volatility. Regression trees first

described by Breiman et al. [6] can also handle high-dimensional data and capture

nonlinear correlations.

The main objectives of this thesis are two fold: first, to develop forecasting models

for the Borsa Istanbul 100 Index (BIST 100), the NASDAQ market index, and Bitcoin

price changes; second, to develop (G)ARCH models to analyze dynamic of volatility

of these assets and indices. However, rather than forecasting price changes, our main

focus is on modeling volatility and risk. First, we employ classical time series models

in Section 4.1 for all datasets. Then we use lagged rolling variance characteristics as

input variables into the XGBoost and Decision Tree Regression models in order to

capture the intrinsic temporal patterns and volatility dynamics in these datasets in

Section 4.3. Our models seek to enhance their comprehension and prediction of market

volatility by utilizing these lagged rolling variance features, which offer useful insights

into historical price and return volatility, allowing for a more precise evaluation of the

risks related to financial assets.
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2. DATASET

2.1. Financial Time Series Dataset

2.1.1. BIST 100

BIST100 (XU100) is the benchmark stock market index of Istanbul Stock Ex-

change (Borsa Istanbul). It consists the 100 stocks with the highest market and trad-

ing volume of the exchange that represent a diverse sectors of the Turkish economy.

BIST100 is regarded as a trustworthy indication of the performance of the Turkish

stock market, and the economy as a whole. Figure 2.1 displays a sample of the closing

price of the BIST 100 from September 18, 2014 to January 1, 2020. The composition

of the BIST 100 index is determined by the Istanbul Stock Exchange board. The ex-

change has two other indices designated as BIST30 and BIST50 along with BIST100.

The stocks in the BIST 100 index are chosen from the A and B group shares. The

most active stocks on the Borsa Istanbul exchange are in Group A. Group B is used to

evaluate shares with a modest quantity of actual circulation. BIST100 is redetermined

every 3 months by the exchange.

Figure 2.1. BIST100 closing price from September 18, 2014 to January 1, 2020.
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2.1.2. NASDAQ

NASDAQ is an American stock exchange that specializes on technology-related

listings. It was formed in 1971 and is now the second-largest stock exchange of the

world by market capitalisation, trailing only the New York Stock Exchange (NYSE).

NASDAQ Composite Index tracks 3,300 equities traded on the exchange. The term

”NASDAQ” is commonly utilized to denote the NASDAQ Composite Index. The

NASDAQ Composite is frequently regarded as a gauge of the success of the technology

sector. The NASDAQ 100 Index, on the other hand, tracks the 100 largest companies

by market capitalization traded on the NASDAQ. Although the majority of these

companies are typically associated with technology, they also contain a number of

businesses from other industry sectors. Depending on their market value, companies

might be added to or deleted from this index each year.

In this thesis we focus on NASDAQ 100 Index, and we will useNASDAQ to denote

NASDAQ 100. Figure 2.2 displays a sample of the closing prices plot for NASDAQ

index.

Figure 2.2. NASDAQ close price from September 18, 2014 to January 1, 2020.

2.1.3. Bitcoin

Bitcoin (BTCUSD) is a digital currency that was launched in 2009 by an unknown

person using the alias Satoshi Nakamoto. It was built on decentralized blockchain
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technology, which enables secure, transparent, and rapid transactions without the use

of any intermediaries such as banks, or centralized ledgers. Bitcoin is frequently referred

to as a sort of digital gold since it is supposed to be scarce, with a supply limit of 21

million coins. Figure 2.3 displays a sample of the closing prices for BTCUSD.

Figure 2.3. BTCUSD close price from September 18, 2014 to January 1, 2020.

2.1.4. Our Combined Dataset

Our dataset for this study consists of daily stock price of BIST100, NASDAQ and

Bitcoin, and was obtained from the Yahoo Finance using their API from September 18,

2014 to January 1, 2020. Each row in the dataset demonstrate a single trading day and

consists of four columns. A sample of the data for BTCUSD is shown in Figure 2.4.

We explain these columns below.

Close price: The closing price of a securities is the final price at which it is traded

on a given day. It is the final price reached by buyers and sellers before the market

shuts. Traders and investors value this price since it indicates the overall sentiment of

the market for the day.

High price: The highest price at which an asset traded during a specific time

period, such as a day, week, or month. It indicates the highest level of security need

during that time period.



5

Low price: The lowest price at which a security traded during a certain period

is referred to as the low price. It represents the lowest level of demand of the security

throughout that time period.

Open price: The first price at which a security trades at the start of a trading

session, such as a day. It is usually seen as significant since it might set the tone for

the rest of the day’s trade.

Figure 2.4. A sample of BTCUSD data.

2.2. Return Series

In this thesis, we are going to examine the time series data for the BIST100 and

NASDAQ indices, and the Bitcoin to USD exchange rates. It is crucial to emphasize

that instead of using the nominal price data, we will be focusing on the return and

logarithmic return of closing prices.
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2.2.1. Simple Return

Return is a term used in finance to describe the percentage change in an value of

an asset over a given time period. It is calculated by taking the final and initial values

of asset, dividing them by each other, and then displaying the result as a percentage.

Assume that Vt reflects the as at price of an asset at time index. The following definition

applies to the appropriate one-period simple net return, denoted as

Rt =
Vt − Vt−1

Vt−1

. (2.1)

2.2.2. Logarithmic Return

The logarithmic net return for a single period, stated as Rt, can be defined as

Rt = ln(Vt)− ln(Vt−1), (2.2)

where Vt represents the price of an asset at time index t. One can also think of the

logarithmic return as the first (discrete) derivative of the logarithm of the price series.

2.3. Variance Series

In order to apply classical machine learning algorithms such as XGBoost and

decision tree regression, we needed to generate rolling variance series for the financial

assests that we are going to investigate in this thesis. In this section, we are going to

explain how the rolling variance datasets were prepared.

Recall that the Yahoo Finance data we retrieved for the BIST100, NASDAQ,

and BTCUSD tickers from September 18, 2014 to January 1, 2020 contain closing and

opening prices. Using the opening and closing prices, as we explained in the previous

section, we calculated logarithmic return series for these assets by calculating the first

discrete derivatives of the natural logarithms of the price series. In our next step, we

calculate the rolling variances to further extract useful data from the dataset.
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Given a time series x1, . . . , xn the derived series of variation vi := Var(xi, . . . , xi+k)

over a rolling window xi, . . . , xi+k for i = 1, . . . , n − k + 1 is referred to as the rolling

variance. The rolling variance features are added to the dataset as new columns. The

rolling variances of the logarithmic returns at various time lags for k = 1, 2, 3, 4, 5 are

represented by the lagged features x1, x2, · · · , x5. A sample of the datasets can be

found in Figure 2.5 and Figure 2.6.

Figure 2.5. NASDAQ dataset with rolling variance shift.

Figure 2.6. BIST100 dataset with rolling variance shift.



8

The sample dataset shown in Figure 2.5 comprises of six columns. For the sample,

the window size for computing the variance was set at k = 10. Additionally, the fact

that we have columns x1, through x5 indicates that we took lags xt−1 through xt−5 for

the rolling variance data. On the other hand, the dataset shown in Figure 2.6 has 10

columns. In this case, we set the window size to k = 14. In addition, the columns x1

through x10 indicate that the number of lagged rolling variance features is 10.

2.4. Synthetic Time Series Dataset

The investigation and comparison of model performance on our datasets requires

the use of synthetic data. The basic idea is that one may evaluate the capacity of

models to identify and explain risk factors in financial data by making comparisons

with purely random time series. This comparison might shed light on the advantages

and disadvantages of a particular model as well as their capacity to generalize to new

data. In particular, in this thesis we investigate and assess the effectiveness of XGBoost

and Decision Tree Regression models in describing the inherent risk in financial time

series using synthetic datasets.

First, let us explain the main parameters for the samples we have taken. Brownian

motion is often used to create synthetic datasets. The volatility or diffusion rate of

the Brownian motion is determined by the Wiener process parameter denoted by δ

which we varied for the samples we have taken. This parameter controls the variation

of the sampled time series. We then selected the complete time span (abbreviated as

T ) which controls the length of the time series. The granularity of the observations is

determined by dividing the time series into a predetermined number of steps, denoted

by N . The ratio T
N

is then used to determine the time step size, or dt, which denotes

the interval between successive observations.

After setting the parameters, we created our synthetic time series. To simulate

the random variations in the time series, we iteratively calculated the value xt+1 at

each time point by adding to xt a random increment starting from an initial value.
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The random increment is produced by sampling a random number from the normal

distribution with a mean of 0 and a standard deviation determined as δ multiplied by

the square of dt. xt+1 can be defined as

xt+1 = xt + ϵt where ϵt ∼ N(0, δdt2). (2.3)

A sample of our synthetic time series for the same T , δ and N may be found in Figure

2.7.

Figure 2.7. Synthetic time series.
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3. METHODOLOGY

3.1. Machine Learning Models

3.1.1. Decision Tree Regression

When using continuous target variables in regression situations, decision tree

regression is an effective machine learning technique. It is a non-parametric technique

that develops a decision tree-like model based on the attributes of dataset. Each leaf

node of the tree represents a predicted continuous value, whereas each internal node

represents a test on a particular attribute.

By dividing the dataset into smaller subsets based on feature values, decision trees

are built iteratively. Finding the splits that effectively divide the values of the target

variable is the objective. The CART (Classification and Regression Trees) algorithm

was developed for building decision trees and was first proposed by Breiman et al. in

1984 [6]. The method determines the optimum characteristic and value for splitting by

evaluating several splitting criteria, such as the Gini impurity or information gain.

The CART simply asks yes-or-no questions. “Is credit amount greater than 200

USD?” or “Is sex female?” are two potential questions. The ideal question that

divides the data into two halves with the maximum degree of similarity is determined

by carefully examining each variable and its corresponding values using the CART

algorithm. This is known as the best split. Each of the generated data fragments is

then subjected to the same procedure once more. Furthermore, CART handles both

categorical and numerical variables with ease.
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Let the parent, left child, and right child nodes be identified as np, nl, and nr,

respectively. A variable matrix A with Q variables (aj) and R observations makes up

the learning sample. The Y class vector is made up of R observations that represent

C different classes.

A splitting rule is used to build the classification tree in an effort to segment the

learning sample into more manageable subsets. The best potential uniformity in the

divide is what is desired. The parent node, left child node, and right child node are

referred to in this context as Np, Nl, and Nr, respectively. In addition, aj stands for

the j-th variable, and aSj stands for the ideal splitting value.

The degree of homogeneity inside the child nodes is determined by the impurity

function, written as f(t).

We want to maximize the change in the impurity function, given as ∆f(t), in

order to maximize the homogeneity of both the left and right child nodes. No matter

the possible splits, aj < aSj , where j = 1, · · · , Q, the impurity of parent node,np, stays

constant. ∆f(t) is expressed as

∆f(t) = f(np)− E[f(nc)]. (3.1)

The left and right child nodes of the parent node are referred to here as tc. Assuming

Pl and Pr stand for the probabilities of the left and right nodes respectively, one can

write ∆f(t) as change in the impurity

∆f(t) = f(np)− Plf(nl)− Prf(nr). (3.2)

As a result, for each node, the CART algorithm resolves the maximization problem

argmax
xj≤xR,j=1,...,M

[f(np)− Plf(nl)− Prf(nr)]. (3.3)

In order to find the splitting question that maximizes the change in the impurity

measure, ∆f(t), with the condition aj ≤ aSj , CART evaluates all possible values for

each variable in the matrix A, according to Equation (3.3).
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Although there are various impurity functions in theory, in order to comprehend

decision tree regression, we will just focus on Gini Impurity.

3.1.1.1. Gini Impurity. In decision tree algorithms, the Gini index, also known as the

Gini splitting rule, is frequently used. The impurity function f(t), defined as

f(t) =
∑
c1 ̸=c2

p(c1|t)p(c2|t). (3.4)

Here, the class indices c1 and c2 range from 1 to C, and p(c1|n) denotes the conditional

probability of being a member of class c1 under the assumption that we are in node n.

Equation (3.5) demonstrates the change in impurity measure resulting from ap-

plying the Gini impurity function from the Equation (3.4) to the maximization problem

in Equation (3.3) where

∆f(t) = −
C∑
c=1

p2(c|np) + Pl

C∑
c=1

p2(c|nl) + Pr

C∑
c=1

p2(c|nr). (3.5)

3.1.1.2. Regression Trees. There is no classification of classes in regression trees. In-

stead, the response vector Y shows the response values for each observation in the

variable matrix A. The application of Gini impurity in the classification splitting pro-

cesses covered in Equation (3.4) is not appropriate since regression trees lack preset

classes.

The splitting method used in regression trees is based on minimizing the squared

residuals. As shown in the objective is to reduce the estimated total of variances for

the resulting nodes such as

argmin
aj≤aSj ,j=1,...,Q

[PlVar(Yl) + PrVar(Yr)] (3.6)

where the response vectors for left and right child nodes are Var(Yl), Var(Yr) respec-

tively. Here, aj < aSj , j = 1, · · · , Q is the best splitting that satisfies Equation (3.6).
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3.1.2. XGBoost

A popular and highly efficient machine learning technique is tree boosting, and a

most frequently used scalable and regularized library implementation for tree boosting

is XGBoost [5]. Model generalization capabilities of the library are enhanced by the use

of sophisticated L1 and L2 regularization. In most applications, XGBoost outperforms

Gradient Boosting in terms of performance, but the success of XGBoost is primarily

due to its scalability. On a single machine, the system operates more than an order

of magnitude faster than other tree boosting implementations, and in distributed or

memory-constrained environments, it scalable to billions of samples. Its training may

be parallelized across clusters and is extremely quick.

Through a combination of necessary system improvements and algorithmic in-

novations, XGBoost achieves scalability. One such innovation is its unique method of

tree learning, which is made to deal with sparse data. To manage instance weights dur-

ing approximate tree learning, XGBoost also uses a weighted quantile sketch technique

that is theoretically supported. Through the use of parallel and distributed computing,

which vastly speeds up model exploration, the learning process is further accelerated.

We shall explore the specifics of tree boosting in the section that follows.

3.1.2.1. Regularized Learning Objective. Additive functions f1, . . . , fK are used by a

tree ensemble model to forecast the results for a given data set D = {(xi, yi)}ni=1 where

xi ∈ Rm and yi ∈ R with n examples and m features as

ŷi = φ(xi) =
K∑
k=1

fk(xi), fk ∈ F (3.7)

where F = {f(x) = wq(x)}, q : Rm → T, w ∈ RT is the space of regression trees (also

known as CART). In this case, q stands for the structure of each tree that associates

a leaf index with an example, and T denotes how many leaves there are on the tree.

An independent tree structure q and leaf weights w is chosen for each fk. We use wi

to denote the score on the i-th leaf because, unlike decision trees, regression trees have

continuous scores on each leaf. For a particular example, we will classify the example
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into the leaves using the decision rules in the trees (provided by q), and then total the

scores in the associated leaves (provided by w) to determine the final forecast. We

minimize the subsequent regularized objective in order to learn the set of functions

employed in the model in Equation (3.8) where

L(φ) =
∑
i

ℓ(ŷi, yi) +
∑
k

Ω(fk) (3.8)

and Ω(f) = γT + 1
2
λ∥w∥2. The difference between the forecast ŷi and the goal yi is

measured by the differentiable convex loss function ℓ in this instance. The second term

Ω (i.e., the functions of the regression tree) penalizes the complexity of models. In

order to prevent over-fitting, the additional regularization term helps to smooth the

final learned weights.

3.1.2.2. Gradient Tree Boosting. Equation (3.8) can not be optimized using tradi-

tional optimization methods in Euclidean space. The model is instead trained in an

additive way. Formally, to minimize the next objective, we need to add ft, where ŷti

represents the prediction of the i-th instance at the t-th iteration. The objective is

L(t) =
n∑

i=1

ℓ(yi, ŷ
(t−1)
i + ft(xi)) +Ω(ft). (3.9)

This means that we greedily add the ft that Equation (3.8) indicates that best improves

our model. The aim can be quickly optimized in the general setting using second-order

approximation

L(t) ≈
n∑

i=1

[
ℓ(yi, ŷ(t− 1)) + gift(xi) +

1

2
hif

2
t (xi)

]
+Ω(ft) (3.10)

where gi and hi are first and second order gradient statistics respectively. At step t,

we can eliminate the constant terms to achieve the next, more straightforward goal,

which can be expressed as

L̂(t) =
n∑

i=1

[
gift(xi) +

1

2
hif

2
t (xi)

]
+Ω(ft). (3.11)

Set Ij = {i | q(xi) = j} as the leaf j instance set. Equation (3.11) may be rewritten by

extending Ω as

L̂(t) =
n∑

i=1

[
gift(xi) +

1

2
hif

2
t (xi)

]
+ γT +

1

2
λ

T∑
j=1

w2
j (3.12)



15

=
T∑

j=1

∑
i∈Ij

gi

wj +
1

2

∑
i∈Ij

hi + λ

w2
j

+ γT. (3.13)

We can calculate the ideal leaf weight w∗
j for a given structure q(x) using

w∗
j = −

∑
i∈Ij gi∑

i∈Ij hi + λ
(3.14)

and determine the related optimum value by

L̂(t)(q) = −1

2

T∑
j=1

(∑
i∈Ij gi

)2∑
i∈Ij hi + λ

+ γT. (3.15)

The quality of a tree structure q can be evaluated using Equation (3.15) as a scoring

function. The difference between this score and the impurity score for decision trees is

that this formulation can be computed for a larger variety of objective functions.

3.2. Time Series Analysis

A time series is a collection of data points that were collected over time at pro-

gressively equal intervals. The sequence of the observations is crucial because it depicts

the development of a variable or phenomenon across time. We can predict future be-

havior and patterns within a time series, spot anomalies, and gain understanding of

the underlying dynamics and causes driving the data by looking at historical behavior

and patterns within the time series. To extract important information from the data,

time series analysis offers a variety of potent tools and approaches.

In this section we are going to pay attention to time series analysis, a statistical

method for examining data points gathered over time. Numerous disciplines, includ-

ing finance, economics, meteorology, and engineering, frequently use time series data.

Making forecasts and wise decisions is made possible by the analysis of time series

data, which enables us to find patterns, trends, and relationships within the data.

In time series analysis, stationarity is a key notion. When statistical character-

istics, such as the mean and covariance of a time series remain constant across time,
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it is said to be stationary. However, in reality, weak stationarity where the mean and

covariance of time series do not change with time, so it is frequently more realistic.

Small variations around a stable mean and a constant covariance structure across the

series are permitted by weak stationarity. Weak stationarity allows us to make certain

assumptions and apply a variety of statistical techniques to efficiently examine and

model time series data.

Next, we cover the correlation and autocorrelation functions. A time series and

its lag values are measured by autocorrelation, whereas correlation measures the linear

relationship between two random variables.

In this section we also introduce the ideas of linear time series and white noise.

We will refer a series of independently distributed random variables with no correlation

as white noise. Another important concept we are going to introduce is the weighted

linear combination of lagged values of a white noise series which is referred as a linear

time series. Wold’s Theorem shows that every stationary time series is linear [8].

3.2.1. Stationarity

Let ai be a time series. We say that ai is stationary if the joint distribution

of any window (ai1 ,...,aik) and any of t-iterates (ai1+t,...,aik+t) are identical for every

t and arbitrary window size k. The joint distribution of (ai1 ,...,aik) must be time

independent to be considered stationary. This is a strong condition that is challenging

to test statistically. Thus one can often consider a weaker notion of stationarity.

Consider the case where we have actually observed N data points with an, n =

1, . . . , N . With weak stationarity, the time plot would demonstrate that the N values

oscillate constantly around a fixed level. Asset return series are frequently assumed to

be weakly stationary in financial literature.
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For example, given a time series an, the lag-autocovariance of an is the covari-

ance defined as γm = Cov(an, an−m). It has two crucial characteristics such as (a)

γ0 = Var(an) and (b)γ−m = γm. Because Cov(an, an−(−m)) = Cov(an−(−m), an) =

Cov(an+m, an) = Cov(an1 , an1−m) and n1 = n+m, the second property stays true.

3.2.1.1. Correlation. Let A and B be two random variables. The correlation between

A and B is defined as

qA,B =
Cov(A,B)√
Var(A)Var(B)

=
E[(A− µA)(B − µB)]√
E(A− µA)2E(B − µB)2

(3.16)

where the variances are presummably present and µA and µB represent the means of

A and B, respectively. This coefficient indicates how strongly random variables A and

B correlate with one another. One can show that qA,B = qB,A and that −1 ≤ qA,B ≤ 1.

A value close to 1 indicates that if A increases or decreases, then B also tends to have

same behaviour. On the other hand, a value close to −1 indicates that A and B move

in the opposite directions.

When the sample {(an, bn)}Nn=1 is provided, the correlation can be reliably ap-

proximated by its sample counterpart

q̂A,B =

∑N
n=1(An − Ā)(Bn − B̄)√∑N

n=1(An − Ā)2
∑N

n=1(Bn − B̄)2
(3.17)

where Ā =
∑N

n=1An/N and B̄ =
∑N

n=1Bn/N represent, respectively, the sample means

of A and B.

3.2.1.2. Autocorrelation Function (ACF). Let an be weakly stationary series. The

concept of correlation is expanded to include autocorrelation when it comes to the

linear relationship between an and its historical values an−i. The lag-i-autocorrelation

of an, also known as the correlation coefficient between an and an−i., is represented by

the symbol qi and, according to the weak stationarity assumption, is only a function

of i. We define

qi =
Cov(an, an−i)√
Var(an)Var(an−i)

=
Cov(an, an−i)

Var(an)
=

γi
γ0

(3.18)
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since we assume an is weakly stationary, V ar(an) = V ar(an−i). Also we get, q0 = 1,

qi = q−i and −1 ≤ qi ≤ 1 from the definition of correlation. Additionally, qi = 0 for all

i > 0, if and only if a weakly stationary series an is not serially correlated.

Let Ā be the sample mean for a given sample of returns {An}Nn=1. Then, lag-1

sample autocorrelation of an is

q̂1 =

∑N
n=2(An − Ā)(An−1 − Ā)∑N

n=1(An − Ā)2
. (3.19)

q̂1 is a reliable estimate of q1 under some general circumstances.

The lag-i-sample autocorrelation of At is usually defined as

q̂i =

∑N
n=i+1(An − Ā)(An−i − Ā)∑N

n=1(An − Ā)2
, (3.20)

where 0 ≤ i < N − 1.

3.2.2. White Noise, Linear Time Series and Unit Root

3.2.2.1. White Noise. If {at} is a sequence of independent random variables with finite

mean and variance that are all independently and identically distributed (iid), then at

is referred to as white noise. The series is referred to as Gaussian white noise if at has

a normal distribution with mean zero and variance σ2. All of the ACF values for a

white noise series are 0. In reality, we take the series to be a white noise series if all

sample ACF values are close to zero.

3.2.2.2. Linear Time Series. A time series at is called linear, if it defined as

at = µ+
∞∑
i=0

wiat−i, (3.21)

where µ is the average of at, w0 is equal to 1, and {at} is a series of random variables

that are independent and identically distributed and have a mean of zero.

3.2.2.3. Unit Root. The mathematical definition of a unit root can be expressed as

follows: Consider the following equation, which represents an autoregressive model of
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order p denoted by AR(p) in Equation (3.25):

at = α0 + α1at−1 + . . .+ αpat−p + yt, (3.22)

where α0 is constant term, yt is white noise series and α0, α1, · · ·αp are coefficients of

autoregressive terms.

We say that a unit root exists if there exist i = 1, 2, · · · , p such that |αi| = 1.

This concept is commonly used to test for stationarity in a time series.

3.3. Time Series Models

3.3.1. AR Models

3.3.1.1. Simple autoregressive model AR(1). A simple AR(1) model is

at = α0 + α1at−1 + yt (3.23)

where yt is white noise series with zero mean and variance σ2
y . Model (3.22) is called

AR(1). This model is the same as simple linear regression with dependent variable is

at, while the explanatory variable is at−1. For AR(1) model, it is worth noting that

E(at|at−1) = α0 + α1at−1 Var(at|at−1) = Var(yt) = σ2
y. (3.24)

That is, the current return is centered around α0 + α1at−1 with variability σ2
y .

3.3.1.2. AR(p) models. A generalization for AR(p) model is

at = α0 + α1at−1 + . . .+ αpat−p + yt (3.25)

where yt is white noise series with zero mean and variance σ2
y . Model (3.25) is called

autoregressive(AR) model with order p or simply AR(p).

It pays out to study fundamental features of AR models for efficient application.

We discuss the traits of the AR(1) and AR(2) models in considerable detail and then

show the results for the general AR(p) model.
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3.3.1.3. Partial Autocorrelation Function (PACF). To identify the appropriate order

p for an autoregressive model, an effective approach is to utilize the partial auto-

correlation function of a time series. The PACF is a function that is based on the

autocorrelation function. In order to provide a clear explanation of the PACF concept,

let’s consider the following examples of AR models:

at = α0,1 + α1,1at−1 + e1,t

at = α0,2 + α1,2at−1 + α2,2at−2 + e2,t

at = α0,3 + α1,3at−1 + α2,3at−2 + α3,3at−3 + e3,t

at = α0,4 + α1,4at−1 + α2,4at−2 + α3,4at−3 + α4,4at−4 + e4,t
...,

where α0,j is constant term, αi,j is the coefficient of at−i, and ϵj,t is the error term

of an AR(j) model in the Equation (3.25). The least squares method can be used to

estimate these models, which take the form of multiple linear regressions. We called αi,i

as lag-i sample partial autocorrelation of at. For instance, α1,1 is lag-1 sample partial

autocorrelation of at whereas α2,2 is lag-2 sample partial autocorrelation of at. For

example, the lag-2 partial autocorrelation α2,2 illustrates the additional contribution

of at−2 to at above the AR(1) model at = α0 + α1at−1 + e1,t in Equation (3.23), as

indicated by the definition. The lag-4 partial autocorrelation illustrates the addition

of at−4 to at over an AR(3) model, and so on.

3.3.1.4. Expectation of AR(1) Models. We start with assuming the series at is weakly

stationary. So we have E(at) = µ, Var(at) = θ0, Cov(at, at−j) = θj, where µ and θ0 are

constants. Taking expectation for both sides of the equation (3.23) we have

E(at) = E(α0) + E(α1at−1) + E(yt) = α0 + α1E(at−1) (3.26)

since E(yt) = 0, E(α0) = α0, E(α1) = α1 and E(α1at−1) = E(α1)E(at−1). Under sta-

tionarity condition we have E(at) = E(at−1) = µ. Then the Equation (3.26) becomes

µ = α0 + α1µ

E(at) = µ =
α0

1− α1

.
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As we can see the mean of at does not exists when α1 = 1 and equal to 0 when α0 = 0.

It also means that the mean of at depending on both α0 and α1.

3.3.1.5. Expectation of AR(2) Models. An AR(2) model can be defined as

at = α0 + α1at−1 + α2at−2 + yt. (3.27)

The identical method used in the AR(1) situation is used to obtain

E(at) = µ =
α0

1− α1 − α2

. (3.28)

The mean of at does not exists when α1 + α2 = 1 and equal to 0 when again α0 = 0

as same as for model AR(1). It also means that the mean of at depends on all α0, α1,

and α2.

3.3.1.6. Expectation for AR(p) Models. The broad AR(p) model in Equation (3.25)

can be easily used to generalize the results of the autoregressive models with p=1,2 in

previous sections. The mean of a stationary series is

E(at) =
α0

1− α1 − · · · − αp

, (3.29)

provided α1 + · · ·+ αp ̸= 1.

3.3.2. MA Models

We now move on to a different category of straightforward models that can be

applied to the modeling of financial return series. These models are known as Moving-

average (MA) models. MA models can be introduced in a variety of ways. An effective

approach to analyzing a model involves considering it as a direct expansion of a white

noise series. Alternatively, the model can be approached as an AR model with an

infinite order, subject to specific parameter constraints. We choose the second strategy.

We start with an AR model with infinite order as

at = α0 + α1at−1 + α2at−2 + · · ·+ yt. (3.30)

However, because it has an infinite number of parameters, such an AR model is not
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useful. Assuming that the coefficients of αi for all i ≥ 0 satisfy certain requirements

and are thus determined by a finite set of parameters is one technique to make the

model workable. A unique instance of this concept is

at = α0 − β1at−1 − β2
1at−2 − β3

1at−3 − · · ·+ yt (3.31)

when only one parameter determines the coefficients β1 with βi = −βi
1 for all i > 0.

In order to achieve stationarity in Equation (3.31), it is crucial for the absolute

value of β1 to be below one. Failing to meet this criterion will result in a non-converging

series. In simpler terms, when |β1| < 1, the value of βi
1 tends to zero as i approaches

infinity. As the value of i increases, the influence of at−i on at decreases exponentially.

The Equation (3.31) can be also written as

at + β1at−1 + β2
1at−2 + · · · = α0 + yt. (3.32)

Then the model for at−1:

at−1 + β1at−2 + β2
1at−3 + · · · = α0 + yt−1. (3.33)

Multiplying Equation (3.33) with β1 and substracting from the Equation (3.32), we get

at = α0(1− β1) + yt − β1yt−1. (3.34)

Equation (3.34) states that the the series at is constant term plus weighted average

shocks of yt and yt−1. As a result, the model is often known as an MA model of order

1 or MA(1) model. A standard form of model MA(1) is

at = c0 + yt − β1yt−1, (3.35)

where yt is a white noise series and c0 is a constant. The form of an MA(2) model that

is given in the Equation (3.36) below is also similar:

at = c0 + yt − β1yt−1 − β2yt−2. (3.36)

A general MA(q) model is

at = c0 + yt − β1yt−1 − β2yt−2 − · · · − βqyt−q, (3.37)

where q > 0.
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3.3.2.1. Expectation of MA(1) Model. In Equation (3.35), the MA(1) model is pre-

sented. Taking the expectation of the equation, we have

E(at) = E(c0) + E(yt)− E(β1yt−1) = c0 + 0− β1E(yt−1) = c0 (3.38)

since c0 is constant and yt and yt−1 are white noise series with mean 0. That means

E(yt) = 0 and E(yt−1) = 0.

3.3.2.2. Expectation of MA(2) Model. In Equation (3.36), the MA(2) model is pre-

sented. Taking the expectation of the equation, we have

E(at) = E(c0) +E(yt)−E(β1yt−1)−E(β2yt−2) = c0 + 0− β1E(yt−1)− β2E(yt−2) = c0

(3.39)

since yt, yt−1 and yt−2 are white noise series with mean zero.

3.3.2.3. Expectation of MA(q) Model. In general, we have also have same expectation

value for MA(q) model

E(at) = c0, (3.40)

which is time invariant.

3.3.3. ARMA Models

To accurately capture the dynamic properties of the data, complicated models

with many parameters must sometimes be used. When applying the AR or MA models

mentioned before, several problems arise. The idea of autoregressive moving-average

models is presented to get around this restriction. ARMA models produce a more

concise representation with fewer parameters by combining the advantages of autore-

gressive and moving average models. Although ARMA models are not frequently used

in finance to analyze return series, they are quite useful for modeling volatility.

We first study simple ARMA(1,1) model. A time series at is said an ARMA(1,

1) model if it is
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at − α1at−1 = α0 + yt − β1yt−1, (3.41)

where yt is a white noise series. The AR and MA components of the model are given

on the left and right sides, respectively, of the Equation (3.41). α0 is the constant term.

We need α1 ̸= β1 for this model to make sense; otherwise, the process degenerates into

a white noise series due to an equation cancellation.

A generic ARMA(p, q) model has the following equation

at = α0 +

p∑
i=1

αiat−i + yt −
q∑

i=1

βiyt−i (3.42)

where p and q are non-negative integers, and yt is a white noise series. The ARMA(p, q)

model includes the AR and MA models as special instances.

3.3.3.1. Expectation of ARMA(1,1) Model. Taking the expectation of (3.41) we have,

E(at)− α1E(at−1) = α0 + E(yt)− β1E(yt−1) (3.43)

µ− α1µ = α0 (3.44)

since E(yi) = 0 for all i > 0. So we get

E(at) = µ =
α0

1− α1

. (3.45)

3.4. Risk Models

In this section, we are going to examine risk models concentrating on the ARCH

(Autoregressive Conditional Heteroskedasticity) and GARCH (Generalized ARCH)

models. To comprehend volatility dynamics and capture characteristics like volatil-

ity clustering, these models use historical squared error terms.

In mathematical analysis of asset and security prices, ARCH models are used

heavily. Unfortunately, ARCH models have some drawbacks as well especially when it

comes to modeling the inherent volatility in financial asset price data. The volatility

behaviour of each financial asset is different in their responses to positive and negative
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shocks in the market. ARCH models provide a statistical explanation for conditional

variance, but they fail to explain or model what drives volatility in the first place.

As an extension of ARCH models, we present GARCH models to solve these

drawbacks. To effectively represent asset return volatility, GARCH models include

autoregressive and moving average components. As we shall see, by introducing pa-

rameters βj to quantify the effect of previous conditional variances on current volatility,

the GARCH(m, s) model, given by Equation (3.54), expands the ARCH model.

3.4.1. ARCH

Robert F. Engle introduced Autoregressive Conditional Heteroskedasticity (ARCH)

models in 1982 to address the drawbacks of conventional models and to represent the

time-varying volatility patterns seen in financial data [2] which is widely viewed as an

important innovation in econometric modeling. By using historical squared error terms

as explanatory variables, ARCH models offer an adaptable framework for understand-

ing volatility dynamics. The basic principle of ARCH models is that current volatility

depends on both the recent information found in prior squared errors as well as a

constant term. ARCH models are well-suited for capturing the stylized characteristics

commonly observed in financial time series, including volatility clustering, skewness,

and fat tails. Notably, ARCH models can effectively model volatility clustering, which

refers to the tendency for periods of high volatility to be followed by other periods of

high volatility, and similarly for low volatility periods.

On a few basic presumptions, the ARCH models are built. First, it is assumed

that the mean-corrected asset return rt is dependent and serially uncorrelated. Second,

the dependence of rt can be explained by a straightforward quadratic function of its

lagged values. In an ARCH(m) model, it is assumed

rt = σtϵt, σ2
t = b0 + b1r

2
t−1 + . . .+ bmr

2
t−m (3.46)

where ϵt is a series of independently and identically distributed (iid) random variables

with a mean of 0 and a variance of 1, with b0 > 0 and bi ≥ 0 for all i > 0 . To
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guarantee that the unconditional variance of rt is finite, the coefficients bi must adhere

to a set of regularity requirements. In practice, ϵt is frequently thought to follow a

typical Student-t distribution or the normal distribution.

From the ARCH model structure in the Equation (3.46), we can conclude that

large shock r2t−i for i = 1, . . . ,m implies large conditional variance σ2
t . This also means

that, according to the ARCH model, major shocks frequently lead to major shocks.

3.4.1.1. Properties of ARCH Models. The ARCH(1) model is given by

rt = σtϵt, σ2
t = b0 + b1r

2
t−1, (3.47)

where b0 > 0 and b1 ≥ 0. From Equation (3.47), we have

E(rt) = E[E(rt|Ft−1)] = E[σtE(ϵt)] = 0 (3.48)

where Ft−1 stands for the collection of all available information, including past obser-

vations and any relevant variables, up until the time period immediately preceding t.

Secondly, it is possible to determine the unconditional variance of rt as

Var(rt) = E(r2t ) = E[E(r2t |Ft−1)] = E(b0 + b1r
2
t−1) = b0 + b1E(r2t−1). (3.49)

Since rt is stationary, we have E(rt) = 0 and Var(rt) = Var(rt−1) = E(r2t−1). We

also have Var(rt) = b0 + b1Var(rt) and Var(rt) = b0/(1 − b1). We require 0 < b1 < 1

because the variance of rt must be positive. Higher order moments of rt are required in

some applications, therefore b1 must also adhere to extra restrictions. For instance, we

need the fourth moment of rt to be finite in order to analyze its tail behavior. Using

normality assumption for ϵt of Equation (3.47), we have

E(r4t |Ft−1) = 3[E(r2t |Ft−1)]
2 = 3(b0 + b1r

2
t−1)

2. (3.50)

If m4 = E(r4t ) and t is fourth-order stationary, then we get

m4 = 3[b20 + 2b0b1Var(rt) + b21m4] (3.51)

m4 = 3b20

(
1 +

2b1
1− b1

)
+ 3b21m4 (3.52)

m4 = 3b20
(1 + b1)

(1− b1)(1− 3b21)
. (3.53)
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Considering that the fourth moment of rt is positive, it implies that the coefficient

b1 must satisfy the condition 1 − 3b21 > 0. In particular, it is necessary for b1 to fall

within the range 0 ≤ b21 <
1
3
.

3.4.1.2. Difficulties with ARCH Models. The model, which assumes that volatility is

influenced by the squared magnitude of previous shocks, implies that both positive and

negative shocks have an equal impact on volatility. However, in practical observations,

it is well-known that the price of a financial asset tends to respond differently to positive

and negative shocks.

The ARCH model imposes a lot of limitations. For instance, if the series is to

have a finite fourth moment, b21 of an ARCH(1) model must be in the range [0, 1/3] as

we showed in Equation (3.53). Higher order ARCH models complicate the constraint.

The reasons producing fluctuations in a financial time series are not clearly iden-

tified by ARCH models. Instead, they provide a methodical explanation for conditional

variance’s behavior. Without addressing the particular variables or causes that may

contribute to such behavior, these models concentrate on the mechanics of how the con-

ditional variance behaves. As a result, the underlying causes determining the volatility

patterns seen in financial time series are not explicitly disclosed by ARCH models.

3.4.2. GARCH

Although the ARCH model is straightforward, it frequently needs a number of

parameters to accurately capture the volatility of an asset return. A helpful extension

suggested by Bollerslev (1986) is the generalized ARCH (GARCH) model. We assume

that an ARMA model can adequately explain the mean equation of the process for a

log return series rt. If rt follows to the GARCH(m, s) model

rt = σtεt, σ2
t = b0 +

m∑
i=1

bir
2
t−i +

s∑
j=1

cjσ
2
t−j, (3.54)
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where again ϵt is a sequence of iid random variables with mean 0 and variance 1, b0 > 0,

bi ≥ 0, cj ≥ 0 and
∑max(m,s)

i=1 (bi+ ci) < 1. Also we have, bi = 0 for i > m and cj = 0 for

j > s. The unconditional variance of rt is finite and its conditional variance σ2
t varies

over time by the constraint on bi+ ci. It is also important to note that Equation (3.54)

reduces to a pure ARCH(m) model if s = 0.

3.4.2.1. Properties of GARCH Model. We begin with GARCH(1,1) model in order to

understand behaviours of GARCH model. A simple definition of GARCH(1,1) is given

σ2
t = b0 + b1r

2
t−1 + c1σ

2
t−1, 0 ≤ b1, c1 ≤ 1, (b1 + c1) < 1. (3.55)

Equation (3.55) indicates that when r2t−1 or σ2
t−1 is large, it leads to an increase in

σ2
t . This relationship is responsible for the widely observed phenomenon of volatility

clustering in financial time series. In other words, a period characterized by a large

squared return (r2t−1) tends to be followed by another period with a similarly large

squared return (r2t ). This clustering of high volatility periods is a distinct characteristic

often observed in financial markets.

GARCH model forecasts can be derived using techniques similar to ARMA model

techniques. Assume that the forecast origin is time t and take into account the

GARCH(1, 1) model in Equation (3.55). For the one step ahead forecast, we have

σ2
t+1 = b0 + b1r

2
t + c1σ

2
t , (3.56)

where, at time index t, rt and σ2
t are known. Consequently, the one step ahead forecast

is

σ2
t (1) = b0 + b1r

2
t + c1σ

2
t . (3.57)

We use r2t = σ2
t ϵ

2
t for multistep ahead forecasts and rewrite the volatility equation in

Equation (3.55) as

σ2
t+1 = b0 + (b1 + c1)σ

2
t + b1σ

2
t (ϵt − 1). (3.58)

Using t = h+ 1, Equation (3.58) becomes

σ2
h+2 = b0 + (b1 + c1)σ

2
h+1 + b1σ

2
h+1(ϵ

2
h+1 − 1). (3.59)
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The equation is satisfied by the two-step ahead volatility forecast at the forecast origin

t as a consequence of the condition E(ϵ2h+1− 1|Fh) = 0 and σ2
h(2) = b0+(b1+ c1)σ

2
h(1).

In general, we have

σ2
h(m) = b0 + (b1 + c1)σ

2
h(m− 1), m > 1. (3.60)

Using several replacements in (3.60), we are able to write the m-step ahead forecast as

σ2
h(m) =

b0[1− (b1 + c1)
m−1]

1− b1 − c1
+ (b1 + c1)

m−1σ2
h(1). (3.61)

Therefore, we have

σ2
h(m) → b0

1− b1 − c1
, as m → ∞, (3.62)

provided that b1 + c1 < 1. With an increasing forecast horizon that tends towards

infinity, the GARCH(1,1) model’s multistep forward volatility projections gradually

approach and converge to the unconditional variance of rt.
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4. EXPERIMENTS

4.1. ARIMA Models

In this Section, we analyze three different financial time series datasets–BTCUSD,

NASDAQ, and BIST100–in order to test the performances of ARIMA models. One

may find the details on our datasets in Sections 2.1 and 2.3. We will specifically use the

closing prices of each dataset and compute their logarithmic returns. Our hypothesis is

that the log returns, which show the percentage change in prices over time, are going to

give us some clues on the structural characteristics of these assets to better understand

them.

4.1.1. Plots

First, we plot the log returns for each dataset to visualize their distribution and

check if they are stationarity. We plot these log-returns in Figures 4.1, 4.2, and 4.3

below.

Figure 4.1. BIST100 log return closing price.

As can be seen from the plot, the log returns follow a roughly normal distribution

with a mean close to zero. We can also see that there are a few extreme values with

large positive or negative returns. For each of the dataset we get similar distributions

and their charts for each dataset are shown below.
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Figure 4.2. NASDAQ log return closing price.

Figure 4.3. BTCUSD log return closing price.

4.1.2. Stationarity

The Augmented Dickey-Fuller (ADF) test is used in the following stage of our

study to determine whether the log returns for each dataset are stationary [9]. Specif-

ically, the ADF test is used to determine whether a time series dataset contains a unit

root. When a time series has a unit root, it is non-stationary, i.e. main statistical

characteristics like mean and variance shift over time. Our analyses are done using the

python programming language [10] and its library ecosystem. For the experiments for

this section, we use the statsmodels library. For the ADF test we used the adfuller

function from the tsa.stattools module of the library. The ADF statistic value for

each dataset are listed in the Table 4.1 below.
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Table 4.1. Augmented Dickey–Fuller test results for all datasets

Assets ADF Statistics p-value
BTCUSD -13.17 0.0002
NASDAQ -14.29 0.0001
BIST100 -10.89 0.0004

4.1.3. Autocorrelations

Next, we analyze the ACF and PACF charts for each dataset. These charts are

shown in Figure 4.4 and 4.5. The correlation between a time series and its lagged values

at various time lags is displayed on the ACF plot. The PACF plot, on the other hand,

after accounting for the effects of intermediate delays, displays the partial correlation

between the time series and its lagged values. The appropriate order of differencing d,

the order of the autoregressive term p, and the order of the moving average term q can

be determined using these charts for each ARIMA model.

Figure 4.4. ACF plots.
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Figure 4.5. PACF plots.

4.1.4. ARIMA Parameters

After creating the plots, we did a hyperparameter tuning by grid searching appro-

priate values for p, d and q on our three other datasets using the pmdarima package. [11].

The library finds the the best values for p, d and q based on the Akaike Information

Criterion (AIC). In our grid search, for the BIST100, NASDAQ, and BTCUSD, re-

spectively, we specified the maximum value for p and q as 6, and the maximum value

for m of as 5, 5, and 7 respectively since the crypto market is open 7 days including

weekends while BIST100 and NASDAQ are only open on 5 business days. We also set

the value of d to zero because there is no need for differencing in the log results. The

chosen ARIMA parameters are listed in Table 4.2 below.

Table 4.2. Augmented Dickey–Fuller test results for all datasets

Assets p d q
BTCUSD 2 0 0
NASDAQ 0 0 2
BIST100 0 0 1
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4.1.5. Analysis of Residuals

We then prepared a summary of the model parameters and diagnostics after

fitting the auto ARIMA model to each dataset. These diagnostics comprised a residuals

histogram, a Q-Q plot, a correlogram, and a residuals plot over time. These diagnostics

assist us in determining the accuracy of our model’s fit to the data and the validity

of our data-related hypotheses. Residuals plot and residuals histogram are shown in

Figures 4.6, 4.7 and 4.8 for each dataset.

Figure 4.6. Residuals and residual histogram for BIST100.

Figure 4.7. Residuals and residual histogram for NASDAQ.
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Figure 4.8. Residuals and residual histogram for BTCUSD.

In order to formally check for normality, we used the Kolmogorov-Smirnov test

(KS-test) on the residuals. The KS-test evaluates the correspondence between the em-

pirical residual distribution and normal distribution. If the p-value of the test exceeds

a significance level of 0.05, the null hypothesis stating that the residuals are normally

distributed cannot be rejected. In such cases, it is not determined that the residuals

are not normally distributed. However, if the p-value is less than or equal to 0.05, the

null hypothesis is rejected, indicating that the residuals are not normally distributed.

When we examined the residuals we observed that none of the residuals had a

normal distribution. The KS-test, which revealed that the residuals are not Gaussian

and that the null hypothesis was rejected at a significance level of 0.05, indicated this

conclusion.

To analyze normality for residuals for each dataset, we also created QQ-plots and

correlograms. The QQ-plots display the theoretical quantiles and the sample quantiles

corresponding to residuals. The autocorrelation of the residuals at various lags is

displayed in the correlograms. These QQ-plots are shown in Figure 4.9.
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Figure 4.9. QQ plots of residuals for all datasets.

The QQ-plot shows that the residuals have heavier tails than a normal distribu-

tion, which means it deviates from the normal distribution at its tails.

We determined structural AR parameters of our datasets by investigating the

autocorrelation patterns in the time series data. Strong autocorrelation is seen at lags

5 and 7 in the BIST100, negative correlation is seen at lags 2 and 8 in the NASDAQ,

and significant autocorrelation is seen at lags 6 and 10 in the BTCUSD according to

the ACF and PACF plots.

Correlogram for residuals of each dataset is shown in Figure 4.10. Correlogram

analysis of the residuals also reveals strong autocorrelation at lags 2 and 5 for BIST100,

lags 5 and 8 for NASDAQ, and lags 5, 6, and 10 for BTCUSDT, showing the existence

of underlying patterns that were not captured by the model.

Figure 4.10. Correlogram of residuals for all datasets.
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4.2. GARCH Models

In this section, our objective is to assess the performance of the Generalized Au-

toregressive Conditional Heteroskedasticity (GARCH) model on three distinct datasets:

BTCUSD, NASDAQ, and BIST100. We want to determine how well the GARCH

model recognizes the volatility for each dataset.

The log returns of each dataset, which are calculated by taking first derivative of

the natural logarithm of the closing prices, will be modeled using the GARCH model.

The distribution of logarithmic returns for each dataset was previously discussed in

Section 4.1, and the plots are shown in Figures 4.1, 4.2, and 4.3. Additionally, we

displayed the ADF test results in Section 4.1 and Table 4.1. In this experiment, the

identical outcomes from Section 4.1 were utilized.

In order to asses the GARCH models, we are going to use a different strategy. We

are going to treat these models as forecasting models and assess their performances as

such. Before, since our main objective for ARIMA models was not to forecast the log-

return series but understand structural ARIMA constants, we used a hyperparameter

tuning approach using AIC scores as the comparison measure. So, for the GARCH

models we are going to first split our data into training and test sets. We uniformly

used the data pertaining the last year in each dataset as our test set while the rest is

used for training our GARCH models. In Figure 4.11, we provide one instance of such

a separation. The training set of log returns are displayed in blue, and the test set

log returns are displayed in green. We displayed the ADF results for our datasets in

Section 4.1.2. We now display the ADF results for the training sets in Table 4.3, 4.4

and 4.5.
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Figure 4.11. NASDAQ log return train test split.

Table 4.3. Augmented Dickey–Fuller test result for BIST100 training set.

ADF Statistics -37.1894
p-value 0.0

Critical Values 1%: -3.4353
5%: -2.8637
10%: -2.5679

Table 4.4. Augmented Dickey–Fuller test result for NASDAQ training set.

ADF Statistics -10.8985
p-value 1.1749963660103428e-19

Critical Values 1%: -3.4353
5%: -2.8637
10%: -2.5679

Table 4.5. Augmented Dickey–Fuller test result for BTCUSD training set.

ADF Statistics -13.1724
p-value 1.22232195266054e-27

Critical Values 1%: -3.4338
5%: -2.8630
10%: -2.5676

Next, we investigate the autocorrelation and partial autocorrelation of the squared

log returns for each financial dataset in our training sets. There are two main reasons

why we choose squared of log returns instead of just log returns. One of them, it is
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well known that financial markets display non-linear behavior including a phenomena

known as the leverage effect. According to the leverage effect, larger negative returns

are typically accompanied by higher volatility than larger positive returns. Positive

and negative returns are included while squaring the log returns, which enables the

GARCH model to detect this non-linear relationship and adjust volatility accordingly.

Second, the squared log returns tend to exhibit better properties for stationarity and

autocorrelation compared to the original log returns. The squared log returns can often

exhibit better stationarity properties, making them more suitable for GARCH model-

ing. We use the ACF and the PACF to analyze the correlation between the squared

log returns at different lags, and plot the ACF and PACF results for the squared log

returns of each financial dataset. The results are shown in Figures 4.12 and 4.13 below.

The ACF plot for the BIST100 dataset reveals considerable positive autocorrela-

tion at lags 3 and 7, as well as significant partial autocorrelation at lags 3 and 7. Only

at lag 3 does the ACF plot for the NASDAQ dataset reveal a significant positive auto-

correlation. Significant spikes can also be seen at lag 3 in the PACF plot. Last but not

least, the ACF plot for the BTCUSD dataset reveals a strong positive autocorrelation

from lag 1 to lag 7. However, the positive autocorrelation is excessive when compared

to other lags. On the other hand, the PACF map reveals a considerable peak at lags

1, 3, and 5. Lag 1 is significantly higher than other lags for PACF once again.

Using the archmodel function of the arch library [12], we fit GARCH models

with the desired number of the moving average (q) and autoregression (p) terms. We

chose specific values of p and q based on the ACF and PACF plots of the logarithmic

returns data. As a result, we determined that a GARCH(3,3) model for the BIST100

dataset, a GARCH(3,3) model for the NASDAQ dataset, and a GARCH(5,5) model

for the BTCUSD dataset is most appropriate.
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Figure 4.12. Squared log-return train autocorrelation for all datasets.
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Figure 4.13. Squared log-return train partial autocorrelation for all datasets.
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We then evaluated the relevance of the coefficients after fitting the GARCH

model to the logarithmic returns training data for each dataset. The coefficient es-

timations show how the prior volatility shock affected the level of volatility at the

moment. The findings from the GARCH models for each dataset are shown in Fig-

ures 4.14, 4.15, and 4.16.

Figure 4.14. BIST100 GARCH(3,3).

Figure 4.15. NASDAQ GARCH(3,3).
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Figure 4.16. BTCUSD GARCH(5,5).

We noticed that several of the model coefficients are not statistically significant

after fitting the GARCH models with the initial p and q values. We made the decision

to gradually reduce the orders of p and q values by 1 until all coefficients are significant

at a 0.05 threshold in order to generate better-fitting models.

Finding the best choices for p and q that capture the volatility patterns in the

data was necessary to adapt the GARCH model to our dataset. In order to do this,

we used a stepwise method, repeatedly lowering the orders of p and q values. We

began by fitting the GARCH model to the logarithmic return training dataset using

the maximum values for p and q. Then, using a threshold p-value of 0.05, we looked

at the coefficients and eliminated any that were not statistically significant. The p and

q values were reduced by 1 each time we went through this process, doing so until all

coefficients were significant. Using this method, we were able to fine-tune the GARCH

model for each dataset and make sure that it accurately reflected the volatility patterns

in data.



44

We concluded that the GARCH(1,1) model is suitable for all dataset since all of

the coefficients appear to be meaningful in it and the results can be found in Figures

4.17,4.18 and 4.19 below.

Figure 4.17. BIST100 GARCH(1,1).

Figure 4.18. NASDAQ GARCH(1,1).
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Figure 4.19. BTCUSD GARCH(1,1).

Using these GARCH models, we try to forecast next 365 days variance. In all

cases, after some point, variance outputs of model converges. One example is shown

from BIST100 dataset for daily period in Figure 4.20.

Figure 4.20. An example of a model variance forecast result for 1 year.

We then analyze the standardized residuals and the conditional volatility derived from

fitting these GARCH models to the log returns in order to better understand the

dynamics of volatility and the behavior of the residuals over time. Residual plots for

each training dataset can be found in Figures 4.21, 4.22, and 4.23. These graphs offer

crucial data insights and can be used to spot patterns and trends in the volatility of
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three datasets. The standardized residuals plots reflect how well the model captures

patterns in the data. We expect residuals to be random, with no systematic patterns.

Yet, a model that is not well fitted will result in residuals with patterns that show poor

fit. On the other hand, annualized conditional volatility plots reflect the estimated

volatility of the data over time. These plots for our training dataset are shown in

Figures 4.24, 4.25, and 4.26. These plots help us identify periods of high and low

volatility and how it develops over time.

Figure 4.21. BIST100 residuals plot.

Figure 4.22. NASDAQ residuals plot.

Figure 4.23. BTCUSD residuals plot.
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Figure 4.24. BIST100 conditional volatility plot.

Figure 4.25. NASDAQ conditional volatility plot.

Figure 4.26. BTCUSD conditional volatility plot.

4.3. Rolling Window Models on Variance

We ran number of tests to evaluate the performance of models that we described

earlier. We trained multiple classical machine learning models on our datasets with

Lagged Variable Generation as we discussed in Section 2.4. We analyzed the inherent

volatility in our datasets using the rolling windows approach. For the ARCH models,
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each rolling window is fed to the variance model. For the XGBoost and Decision Tree

Regression models variances of each window is calculated before they are fed into the

models. To assess the efficiency of model, we used the explained variance score.

4.3.1. ARCH Models

We first start with a straight forward ARCH models on rolling windows of each

dataset. Predicted variance for log-returns and actual log-returns plotted for each

model at Figures 4.27, 4.28, and 4.29.

In this experiment we train the model on a portion of historical data that is

updated every step. In each step, we train a new model on all of the past data points

and forecast 1 day ahead. Observe that at each iteration the size of the training dataset

is increasing.

Figure 4.27. Variance forecast with rolling forecast approach - BIST100.
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Figure 4.28. Variance forecast with rolling forecast approach - NASDAQ.

Figure 4.29. Variance forecast with rolling forecast approach - BTCUSD.

To assess the accuracy of the model, we compare the predicted variance with

the actual values of log-returns. To quantify the extent to which the predicted vari-

ance captures the log returns data, we introduce the concept of the betweenness. The

betweenness is the percentage of log returns that lie in between the predicted band.

In Figure 4.30, one instance is given for visualization purposes for BTCUSD dataset

on daily period. This percentage gives an indication of how well the GARCH model

captures the variations in the log-returns and how well the model can estimate the
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volatility of the asset. We calculate that the betweenness are approximately 72%, 70%

and 79% for BIST100, NASDAQ and BTCUSD, respectively.

Figure 4.30. Betweenness - BTCUSD

4.3.2. XGBoost

In this section, we outline our experiments in modeling the variance of the

BIST100, NASDAQ, and Bitcoin datasets. To do this, we use the XGBoost method,

a well-liked and effective gradient boosting framework [5]. XGBoost are frequently

used for numerous prediction tasks, particularly those in the financial industry, usually

better represent the temporal patterns and volatility dynamics.

We first preprocessed the datasets by generating lagged rolling variance features

as we described in Section 2.3 before we started the model development. These lagged

features offer insights on the past price and return volatility of the stocks. By varying

the number of lag parameter N and the rolling window size parameter k, we produced

a number of lagged rolling variance features and we then calculated variaces of these

rolling windows of the logarithmic returns at different time intervals. The generated

datasets were used as inputs for training the XGBoost models by feeding both the

original features and the engineered lagged rolling variance features.

We evaluated model performances using a grid search and cross-validation tech-



51

niques by varying model parameters, and we choose the optimum set of parameters

that produce the maximum prediction accuracy. These parameters included the rolling

window size k and the number of lagged features N , the learning rate, maximum tree

depth, number of boosting rounds, and subsample ratio. For each dataset, this pro-

cedure is carried out independently to guarantee that the models are adapted to the

unique properties of the data. Next, to test the performance of the model with the

most optimum parameters, we divided the datasets into training and test sets main-

taining the correct temporal order. We then trained a XGBoost model on each dataset

using the most optimal parameters chosen for that dataset. The rolling variance of the

logarithmic returns served as the target variable for the supervised learning strategy

of models which used lagged rolling variance features as input variables. To determine

their predictive power, we analyzed the performance of the trained XGBoost models

using the mean absolute percentage error (MAPE) score and R2 . The results of our

experiments on our real datasets are shown in Tables 4.6, 4.7, and 4.8. Table 4.9 shows

the model performance on the synthetic dataset for comparison purposes.

Table 4.6. XGBoost model performances for BIST100 dataset.

(k,N) MAPE R2

(k = 14, N = 5) 0.26 0.8582
(k = 14, N = 10) 0.27 0.8581
(k = 14, N = 15) 0.27 0.8574
(k = 20, N = 5) 0.26 0.8764
(k = 20, N = 10) 0.26 0.8758
(k = 20, N = 15) 0.27 0.8742

Table 4.7. XGBoost model performances for NASDAQ dataset.

(k,N) MAPE R2

(k = 14, N = 5) 0.48 0.7857
(k = 14, N = 10) 0.48 0.7861
(k = 14, N = 15) 0.49 0.7804
(k = 20, N = 5) 0.31 0.8357
(k = 20, N = 10) 0.31 0.8359
(k = 20, N = 15) 0.30 0.8248
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Table 4.8. XGBoost model performances for BTCUSD dataset.

(k,N) MAPE R2

(k = 14, N = 5) 0.23 0.9244
(k = 14, N = 10) 0.22 0.9218
(k = 14, N = 15) 0.22 0.9297
(k = 20, N = 5) 0.16 0.9602
(k = 20, N = 10) 0.17 0.9611
(k = 20, N = 15) 0.17 0.9611

Table 4.9. Model performances for synthetic dataset.

(k,N) MAPE R2

(k = 14, N = 5) 0.24 0.5728
(k = 14, N = 10) 0.24 0.5660
(k = 14, N = 15) 0.24 0.5764
(k = 20, N = 5) 0.20 0.4477
(k = 20, N = 10) 0.20 0.4490
(k = 20, N = 15) 0.20 0.4502

Notice that increasing the rolling window size or the number of lags put into the

model improved the performance of the model slightly but most likely, not significantly

for BIST100. Again, the model NASDAQ series performed significantly better when we

increased the rolling window size. Bitcoin showed a similarity with BIST100 in that the

model performance improved slightly better as we increased the window size. However,

we observe that increasing the lag terms did not result in significant improvements. The

models showed the worst performance on synthetic datasets, as expected. However,

curiously, increasing rolling window size resulted in the worse results on synthetic

datasets only.

4.3.2.1. Testing autocorrelations for the XGBoost models. In addition to assessing how

well the XGBoost models predicted the future variance, we tested the significance of

various lagged rolling variance values. One can think of this analysis as the analogue

of the ACF and PACF for the XGBoost models. For this purpose we used the feature

importance analysis [13].
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The feature importance analysis might give us clues into the underlying dynamics

and temporal patterns in each dataset by assessing the relative significance of several

lagged rolling variance characteristics. We might determine which historical features

had a bigger impact on a volatility model by evaluating the relative relevance of the

lagged rolling variance features. We plot feature importance values of the best models

we selected for each dataset.

First we picked model with window size k = 20 and with N = 5 lagged features

x1, x2, . . . , x5 for the BIST100 dataset. Here, the only significant lagged term for the

model is the first lagged feature x1.

The feature significance plot for the NASDAQ dataset is shown in Figure 4.31.

For this dataset, we selected a model with the window size k = 20 and with N = 10

lagged features. Again, the first lagged feature x1 has the highest relevance score of

the chosen parameters. Additionally, we observe that x10 displayed a dramatically

lower but still significant feature relevance importance score. This suggests that the

lagged rolling variance at a further time point, shown by x10, also makes a considerable

contribution to the predictive power of the model. The other significant features x9,

x5, and x2 were also significant with relatively low relevance ratings on compare with

x10.

Figure 4.31. NASDAQ XGBoost feature importance.

The feature significance plot for the Bitcoin dataset is shown in Figure 4.32.

We selected a model with the window size k = 20 and with N = 10 lagged features
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depending on the MAPE and R2 results. Again, the first lagged feature x1 stood out

as the most important feature. Additionally, we noticed that x2 and x6 had a much

smaller but significant importance scores. Although they may have a less substantial

effect on the forecast of model than x1, they nevertheless add to our understanding of

the connection between lagged rolling variance and the target variable.

Figure 4.32. BTCUSD XGBoost feature importance.

It is really difficult to theoretically decide which model is the best fit for synthetic

dataset. For convenience, we chose the model with parameters k = 14 and N = 15

depending on R2 values. The result indicates that the only feature with significant,

but comparatively weak, importance is x1 as expected.

4.3.3. Decision Tree Regression

For our last set of experiments, we replaced XGBoost models with Decision Tree

Regression models as an alternative method for developing accurate prediction models

for rolling variances. Decision Tree Regression models are well-known machine learning

algorithm class and they make predictions using a binary tree structure and a set of

decision rules.

We preprocessed the datasets by creating lagged rolling variance features as stated

in Section 2.3, using the same rolling window sizes k and number of lagged featuresN as

we did for the XGBoost models in order to decrease complexity, and make comparison

feasable. We next use the preprocessed datasets, which include the lagged rolling

variance features as input variables, to train the Decision Tree Regression models on
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each dataset. Again, the configuration for the training and test split were the same as

in Section 4.3.2.

We carried out a rigorous hyper-parameter tuning process to identify the best

configurations for the Decision Tree Regression models. As before, we investigated a

range of parameter options, including the maximum tree depth, the bare minimum of

samples needed to divide a node, and the splitting criterion. Finding the parameter

combinations that produce the best prediction accuracy for each dataset is the goal. We

evaluated the performance of various parameter combinations and choose the optimum

set of parameters using grid search and cross-validation approaches. We assess the

performance of models after training using the R-squared (R2) score and the mean

absolute percentage error (MAPE) as we did for XGBoost models. The results are

shown in Tables 4.10, 4.11, 4.12, and 4.13.

Consistent with what we observed in XGBoost models, we again observe for the

decision tree regression models higher R-squared scores and lower mean absolute per-

centage error values by increasing the rolling window size k across the board. Again as

before, increasing the lag parameter N did not impact the performances significantly.

The change of performance is most dramatic for the NASDAQ dataset while our mod-

els for the BIST100 dataset appears not to respond in increasing the window size. The

performance gains for our models on the bitcoin dataset, on the other hand, were mod-

est at best. Again consistent with the XGBoost results, the synthetic dataset showed

the weakest model performance for the decision tree regression models, as expected.

Moreover, again as expected and as before, the performance of model was unaffected

by adjusting the number of lags N , and model performance is slightly affected when

the rolling window size k was increased.

4.3.3.1. Testing autocorrelations for the decision tree models. We use the Decision Tree

Regression models, just like the XGBoost models, to examine the feature importance of

the lagged rolling variance features to test autocorrelations similar to ACF and PACF

analysis we performed on ARIMA models. The results of this analysis determines the

effect of various lagged rolling variance values in forecasting the inherent variance of the
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Table 4.10. Decision Tree Regression model performances for BIST100 dataset.

(k,N) MAPE R2

(k=14, N=5) 0.14 0.8658
(k=14, N=10) 0.14 0.8713
(k=14, N=15) 0.13 0.8889
(k=20, N=5) 0.10 0.9141
(k=20, N=10) 0.10 0.9133
(k=20, N=15) 0.11 0.9024

Table 4.11. Decision Tree Regression model performances for NASDAQ dataset.

(k,N) MAPE R2

(k=14, N=5) 0.18 0.8460
(k=14, N=10) 0.17 0.8598
(k=14, N=15) 0.20 0.7885
(k=20, N=5) 0.08 0.9517
(k=20, N=10) 0.09 0.9269
(k=20, N=15) 0.08 0.9553

Table 4.12. Decision Tree Regression model performances for BTCUSD dataset.

(k,N) MAPE R2

(k=14, N=5) 0.22 0.9198
(k=14, N=10) 0.22 0.9176
(k=14, N=15) 0.23 0.9167
(k=20, N=5) 0.16 0.9334
(k=20, N=10) 0.16 0.9341
(k=20, N=15) 0.16 0.9286

Table 4.13. Decision Tree Regression model performances for synthetic dataset.

(k,N) MAPE R2

(k=14, N=5) 0.25 0.5460
(k=14, N=10) 0.25 0.5380
(k=14, N=15) 0.25 0.5482
(k=20, N=5) 0.22 0.4258
(k=20, N=10) 0.22 0.4281
(k=20, N=15) 0.20 0.4311
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dataset at hand. We also analyze the relative relevance of the lagged rolling variance

characteristics and plot the feature importance for each dataset.

We picked a model with window size k = 20 and with N = 5 lagged rolling

variance features for the BIST100 dataset, as we did for the XGBoost models. Again,

consistent with the XGBoost models, the only statistically significant lagged feature is

x1 for the decision tree models.

For NASDAQ dataset we choose the model with parameters k = 20 and N = 15

that we chose for the XGBoost models. x1 has the only importance score. This is

again consistent with what we have observed with the XGBoost models. However, this

time we found no other lagged variance makes a significant contribution to the rolling

variance forecast model.

Finally, for the BTCUSD dataset, we selected the model with the same parame-

ters k = 20 and N = 10 as in XGBoost models. Again, the only significant contribution

comes from the first lagged feature x1.

4.3.4. A Comparison of XGBoost and Decision Tree Regression

In this part of the section, we compare best models for each dataset.

Table 4.14. A comparison of model performances.

Dataset Model Best (k,N) MAPE R2

BIST100 XGBoost (k=20, N=5) 0.26 0.8764
Decision Tree (k=20, N=5) 0.10 0.9141

NASDAQ XGBoost (k=20, N=5) 0.26 0.8764
Decision Tree (k=20, N=5) 0.10 0.9141

BTCUSD XGBoost (k=20, N=10) 0.31 0.8359
Decision Tree (k=20, N=15) 0.08 0.9553

Synthetic XGBoost (k=14, N=15) 0.24 0.5764
Decision Tree (k=14, N=15) 0.25 0.5482
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The Table 4.14 compares the results of the model for each dataset, including

the NASDAQ index, the BTCUSD cryptocurrency pair, the BIST100 stock exchange

index, and a synthetic dataset.

Except for synthetic dataset, Decision Tree Regression is more successful than

XGBoost for other three datasets depending on both R2 values and mean absolute

percentage error metrics.

In the best models found for XGBoost and Decision Tree Regression, the variable

k is equal to 20 for all. This shows that increasing the k value gives better results for

both XGBoost and Decision Tree Regression.

4.3.5. Betweenness Comparison of ARCH, XGBoost and Decision Tree Re-

gression

For the last part of this section we calculate betweenness also for XGBoost and

Decision Tree Regression models. We choose the best models with parameter k and N

for each dataset and model as shown in Table 4.14.

In Section 4.3.1 we predicted variance with ARCH(1,1) model and defined be-

tweenness in order to understand how well the predicted variance captures volatility

in log returns. In order to compare ARCH, XGBoost and Decision Tree Regression

model, we must determine a rolling window size k and autoregression delay parameter

N for our ARCH(1,1) models. We can say that N = 1, since p = 1 in every updated

ARCH model. This means we have only one autoregressive term which corresponds

to our rolling window number N = 1. Unfortunately, since the rolling window is the

whole dataset that comes before the current point, there is no fixed length.

Table 4.15 shows a comparison of best models depending on betweenness and

parameters k,N for each datasets.
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Table 4.15. A comparison of betweenness.

Dataset Model Best (k,N) Betweenness
BIST100 XGBoost (k=20, N=5) 82.69

Decision Tree (k=20, N=5) 75.00
ARCH(1,1) (N=1) 72 .00

NASDAQ XGBoost (k=20, N=5) 80.84
Decision Tree (k=20, N=5) 73.94
ARCH(1,1) (N=1) 70.69

BTCUSD XGBoost (k=20, N=10) 95.00
Decision Tree (k=20, N=15) 93.93
ARCH(1,1) (N=1) 79.00

Synthetic XGBoost (k=14, N=15) 75.42
Decision Tree (k=14, N=15) 70.53
ARCH(1,1) (N=1) 69.00

Here it is important to note that, betweenness with high value 95 of XGBoost

model for BTCUSD dataset does not imply high success. From Figure 4.33, we see

that the reason why betweenness is high, predicted variances from XGBoost model

have much larger values than actual log returns in some high variance regions.

Figure 4.33. XGBoost-BTCUSD betweenness.
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5. ANALYSIS

The overall results we obtained in this thesis confirms that logaritmic returns of

the datasets BIST 100, NASDAQ, and BTCUSD are almost stationary with no major

trends or regular patterns.

We first consider the best-fitting ARIMA models and determined the parameters

of the best-fitting ARIMA models for each dataset using a hyper-parameter optimiza-

tion (Figure 4.2). The only significant parameters for the ARIMA models for the stock

exchange data (BIST 100 and NASDAQ) are the moving average (MA) terms. This

fact suggests that only the short-term fluctuations have significant impact on future

risk in BIST 100 and NASDAQ. On the other hand, for the Bitcoin data the only

significant term is the autocorrelation term p = 2. This means that the logarithmic

return of the BTCUSD series depends on its historical logarithmic return values. This

suggests that the persistence and autocorrelation of returns in the bitcoin market are

taken into account by the model. Short-term fluctuations in logarithmic returns does

not appear to have a substantial impact on forecasting future values according to the

absence of any MA or differencing parameters.

We then analyzed autocorrelations using ACF and PACF plots. The BIST100

dataset showed substantial autocorrelations at lags 5 and 7 according to both the ACF

and PACF plots. On the NASDAQ dataset, the ACF and PACF plots both showed

a strong negative association at delays 2 and 8. This negative correlation suggests

that the values at lags 2 and 8 have an impact on the current logarithmic return of

the NASDAQ series in a negative way. The BTCUSD dataset study of the ACF and

PACF plots found significant autocorrelation at delays 6 and 10, respectively. It is

crucial to remember that BTCUSD is a cryptocurrency pair, and unlike other datasets

that run for five trading days, its market is open 24/7. For each dataset, these various

lag values might correspond to a particular market structure.
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The risk profiles displayed by each dataset vary, reflecting the unique volatility

patterns of each market or asset. Interesting enough, the parameter values for the best

GARCH model are the same across all datasets. This suggests that the GARCH(1,1)

model accurately reflects the volatility dynamics present in each dataset due to its

constant coefficients across datasets. Table 5.1 shows alpha[1] and beta[1] coefficients

for each GARCH(1,1) model.

Table 5.1. GARCH models coefficients.

Dataset Model alpha[1] beta[1]
BIST100 GARCH(1,1) 0.05 0.93
NASDAQ GARCH(1,1) 0.034 0.9021
BTCUSD GARCH(1,1) 0.104 0.876

The GARCH(1,1) model coefficients are alpha[1] = 0.05 and beta[1] = 0.93 for the

BIST 100 dataset. The effect of the past squared residual on the conditional variance

of the BIST 100 dataset is represented by the alpha coefficient (0.05). The effect of

the historical variance on the conditional variance may be seen in the beta coefficient,

which is 0.93. A higher beta value denotes a greater persistence of historical volatility

in BIST 100 return volatility. This suggests that the BIST 100 index has a high level

of volatility clustering, when periods of high volatility frequently follow other periods

of high volatility.

The GARCH(1,1) model coefficients for the NASDAQ dataset are alpha[1] =

0.0339 and beta[1] = 0.9021. The alpha coefficient (0.0339) indicates that, when com-

pared to the BIST 100 dataset, the conditional variance of the NASDAQ returns was

substantially less affected by past squared residuals. This suggests that recent market

shocks have a smaller impact on the volatility of the NASDAQ index.

The GARCH(1,1) model coefficients for the BTCUSD dataset are alpha[1] =

0.104 and beta[1] = 0.8760. In contrast to the BIST 100 and NASDAQ datasets, the

greater alpha coefficient (0.104) indicates that the volatility of the BTCUSD returns

is more influenced by recent market shocks or extreme occurrences.
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This suggests that the bitcoin market is more susceptible to unexpected shifts or out-

liers, which can greatly affect its volatility.

The risk profiles of each dataset can be understood through the comparison of

the GARCH model coefficients. A higher level of sensitivity to recent market shocks

and a comparatively high level of volatility persistence are both seen in the BIST

100 dataset. The NASDAQ dataset shows that recent shocks have a less pronounced

effect on volatility and only little persistence. The BTCUSD dataset shows greater

reactivity to market shocks and a moderate amount of volatility persistence because it

is a cryptocurrency pair with ongoing trading. These results illustrate the distinct risk

dynamics and characteristics of each dataset, which are relevant for risk management

and forecasting.

It became clear from the residual analysis that our models were unable to identify

certain patterns in the datasets. Significant autocorrelation was seen in the residuals

for the BIST100 dataset at lags 2 and 5, pointing to the existence of underlying pat-

terns that our ARIMA model was unable to detect. Similar to this, the residuals from

the NASDAQ dataset showed high autocorrelation at lags 5 and 8, indicating depen-

dencies that the model did not sufficiently account for. Additionally, the residuals from

the BTCUSD dataset showed strong autocorrelation at lags 5, 6, and 10, indicating

enduring patterns or trends that our model was unable to fully capture. The limits

of our ARIMA models in identifying and capturing all the intricacies included in the

datasets are highlighted by these findings.

QQ-plot analysis of each dataset showed that the tails of residuals did not follow

the normal distribution. In particular, the QQ-plots for the BIST100, NASDAQ, and

BTCUSD datasets showed notable outliers in the ends, pointing to thicker tails in the

residual distribution than was anticipated. These deviations imply the presence of ex-

treme values or outliers in the residuals, which may have an impact on the performance

and assumptions of the model.
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6. CONCLUSION AND FUTURE WORK

In this thesis we examined the volatility dynamics of the BTCUSD cryptocur-

rency, the NASDAQ index, and the BIST 100 stock exchange index. Instead of the

plain price data, we used the log-returns of each time series data. We used standard

volatility analysis such as ARCH and GARCH, as well as suitable machine learning

methods on the point cloud data we generated from the delay embedding of the log

return data. Our main hypothesis in this thesis was that if a model sufficiently ex-

plained the volatility of the time series, the residual data (real values minus the model

prediction) should be as close to white noise as much as possible. However, the statisti-

cal analysis of the residuals showed considerable autocorrelations and departures from

predicted distributions. This indicates that even though our models captured some of

the underlying patterns, there are still some phenomena remained unexplained in the

signal that need to be captured.

By offering insights into volatility dynamics and risk profiles, this thesis makes

a contribution to the field of financial market analysis. In our case, the GARCH(1,1)

model consistently captures the volatility dynamics in all datasets, albeit with varying

magnitudes of coefficients, indicating unique risk dynamics for each market or asset.

The BIST 100 index displayed notable and persistent volatility and was extremely

responsive to recent market shocks. The NASDAQ index, in comparison, showed a

slightly lower vulnerability to similar shocks. In contrast, the BTCUSD dataset showed

substantially higher volatility compared to all the assets we looked at when it comes

to abrupt movements.

The volatility analyses and conclusions we made in this thesis have applications

for risk management and decision-making processes in the financial and cryptocurrency

markets, and may serve as a solid foundation for further statistical studies. One may

expand our study by using more sophisticated modeling strategies to better capture

the underlying dependencies and patterns in the datasets such as neural networks
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or ensemble models. Further research might be conducted to analyze the stochastic

structure of the series we considered using both endogeneous and exogeneous variables

to better understand the volatility dynamics and risk profiles across various markets.

One can also broaden our work by including additional financial and cryptocurrency

datasets.
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