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ABSTRACT

NONLINEAR OSCILLATIONS OF PROTEINS

Slow modes of proteins exhibit nonlinear characteristics. Large deformations
in proteins correspond to collective deformations. These are at relatively low energy
compared to kgTeom Where Troom is approximately 300°K. Therefore the dynamics of
slow modes can be understood through Classical Mechanical methods. In this work, we
investigate the collective frequencies of proteins to see how big the effects of the nonlin-
earity on the collective modes of proteins. To do this, we take advantage of Canonical
Perturbation Theory. We see that slow mode frequencies deviate from normal frequen-
cies by (A/RY;)? where A is a typical residue fluctuation from its equilibrium position

and R?j is the distance between residue pairs at an equilibrium state.



OZET

PROTEINLERDE LINEER OLMAYAN SALINIMLAR

Proteinlerdeki kollektif salinim hareketleri lineer olmayan 6zellikler gostermektedir.
Proteinlerdeki biiyiik deformasyonlar ayni1 zamanda kollektif deformasyonlardir. Bu de-
formasyonlar oda sicakligi enerjisi kgT,q, 've gore daha disiik enerjidedirler. Dolayisi
ile proteinlerdeki yavag salinimlar Klasik Mekaniksel metodlar yardimi ile incelenebilir.
Bu calismamizda lineer olmayan etkilerin sistemin kollektif frekanslar tizerindeki etki-
lerinin biiytkligini gorebilmek icin Hamilton-Jakobi Perturbasyon metodu yardimi ile
kollektif frekanslar i¢in genel bir ifade bulmaya calistik. Sonugta kollektif frekanslarin
sistemin harmonik frekanslarimdan (A/RY;)? ile degistigini gordiik. Burada A dengeden
uzaklagildiginda bu iki reziidii sifti arasindaki mesafeyi, R?j ise iki reziidii arasindaki

denge uzakligi gostermektedir.
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1. INTRODUCTION

Proteins are essential to the structure and functions of all living systems. They
are very high-molecular-weight, organic compounds that are made up of amino acids
joined by polypeptide bonds. A polypeptide chain protein consists of a linear sequence
of amino acid residues. There are 20 different amino acids, and typically a polypeptide
chain contains a few hundreds of these elementary units. Each protein folds into a
specific three-dimensional (3D) structure and called the native state, which determines

its biological function.

It is known that proteins do not exhibit rigid body motion in their folded state,
but instead can execute some structural deformations in the neighborhood of their
native states[1]. These can be regarded as fluctuations near equilibrium points, which

do not typically exceed several Angstroms.

Details of protein motions are usually investigated through normal mode analy-
sis and molecular dynamics simulations using all-atom empirical potentials developed
for proteins[2]. Since most proteins are giant biological systems, the use of atomic
approaches becomes computationally inefficient. However, recent studies show that
coarse-grain protein models and simplified force fields for describing the vibrational

dynamics are suitable for describing collective motions of the large proteins|3].

As a dynamics system, proteins exhibit a spectrum of frequencies from low to
high frequencies. The low frequencies usually describe the global motions of proteins,
that are important for biological function. The higher ones, on the other hand, are
responsible for the more localized motions of proteins, which may be important for

protein stability.

An important goal in the investigation of the protein dynamics is the under-
standing of the role of amplitude-dependent frequencies on the global motion of large

proteins. Many examples show that amplitude-dependent frequencies play an impor-



tant role in the global motion of large biological complexes|4].

Global motions of these complexes typically describe the rearrangements of the
domains which are essential for the function of proteins. Only such global motions
can cause some structural deformation of proteins. Many examples show that the
functionally important transition pathways of large proteins follow trajectories along

one or more slow modes[5].

One method for the investigation of protein global motions is normal mode
analysis[6]. Although normal mode analysis has important limitations such as har-
monic approximations, neglect of solvent damping, it still provides important informa-
tion about proteins dynamics. The identification of the low-frequency domain motions
can be regarded as one of the most important contributions of normal mode analysis

for the investigation of protein dynamics.

For dynamic systems, large-amplitude low-frequency motions of biomolecules are
highly anharmonic because of the the rugged energy landscapes and severe solvent
damping[7]. From statistical mechanics, at thermal equilibrium, the square of the
average amplitude of thermal fluctuation of any harmonic oscillator is kgT/w? [8]. In
reality, a ligand-induced conformational change can have a much larger amplitude than
the equilibrium thermal fluctuation. In other words, the ligand-induced conformational
transition is usually an activated not a spontaneous process. Binding of the ligand to
the biological complex brings in additional energy to the system. This process is known
as dynamic harmonic deformation of the proteins. Therefore such a process gives us
the liberty to orient each coordinates in the perturbed Hamiltonian along the direction

of the corresponding eigenvector which is obtained from normal mode analysis.

Static harmonic deformation is the other kind of deformation which takes place
in the dynamics of proteins. In this deformation the system deforms its structure
harmonically along their intrinsic normal modes, and then remain statically in this

deformed conformation locked by the interactions with their environments|9].



In our work, we are inspired by the ideas regarding the important role of low
frequencies on the global motions of proteins claimed by normal mode analysis. Because
low frequencies of large proteins are amplitude-dependent, and the square of the average
amplitude is proportional to the temperature of the surrounding environment, such

global motions have an interaction with the environment of proteins.

Since it is known that the global motion of proteins exhibits some nonlinear
characteristics, in our work we tend to keep the cubic terms and neglect the higher

ones in the expansion of the potential energy for the forthcoming calculations.

At this point it is worth mentioning some additional characteristics of these large
biological systems to decide from which point of view we should see the the dynamics
of the system,i.e., classical or quantum mechanical. As stated above, biological systems
are extremely large compared to the size of small molecules. Thus atomic details can
be neglected and low-resolution, i.e. coarse-grained models, become suitable for these

large systems.

Since these collective modes are at relatively lower frequencies compared to typical
electronic excitations, their motion has a quasi-classical character. Therefore canon-
ical perturbation method can be considered as a suitable method to find the shifted

frequencies of the system corresponding to each normal mode.



2. VIBRATIONAL DYNAMICS OF PROTEINS

The investigation of low frequency motions of proteins are of considerable interest.
It is known that the collective motions, or low frequency motions, play an important

role in the biological function of biomolecular complexes[10].

One of the most important techniques for studying the slow-mode, large-amplitude
frequencies and hence the collective motions of proteins is normal mode analysis[11].
Normal mode analysis provides a very detailed description for the vibrational dynamics

of the proteins around their minimum energy state.

Although normal mode analysis has some limitations such as harmonic approxi-
mation, neglect of solvent damping, and lack of information about the energy barriers,
it is still an efficient technique to obtain important information about the collective
motions of proteins. For dynamic systems, experiments such as neutron scattering
show that large-amplitude, low-frequency motions of proteins are highly anharmonic
on account of the rugged energy landscape and severe solvent damping[7]. Therefore
one might think that normal mode analysis is not a suitable method for investigation

of amplitude-dependent motions of proteins.

Actually, there is a difference between the amplitude of the thermal fluctuations
of the harmonic oscillator obtained from normal mode analysis and the amplitude of
biomolecular deformation that is experimentally observed. At the thermal equilibrium,
statistical mechanics states that the square of the average amplitude of thermal fluc-
tuation of any harmonic oscillator is kgT/w? where kg is the Boltzmann constant, T

is the absolute temperature, and w is an angular normal mode frequency.

At the beginning of the conformational transition of proteins, biomolecular de-
formation has a small amplitude, thus normal mode analysis is a good approximation.
It is known that after the conformational transition has been performed by the sys-

tem, the amplitude of the biomolecular deformation increases. In other words, there



appears to emerge a difference between the amplitude of thermal fluctuations of har-
monic oscillators described by normal mode analysis and the amplitude of the molecular

deformation that is is experimentally observed. So, one may ask the following question.

How far can biomolecules be extended along normal modes in a biologically cor-

rect way since large amplitude motions are likely to be anharmonic?

At thermal equilibrium, the square of average amplitude of thermal fluctuation
is kT /w?. For normal mode analysis, kgT/w? gives a small number at the room
temperature[2]. But in reality, the conformational change can have a larger ampli-
tude than thermal fluctuation at thermal equilibrium. This difference stems from the
ligand-induced binding energy brought to the system during the ligand-induced con-
formational change. The term ligand can be, for instance, enzyme substrates, protein
interacting partner[9]. Binding of a ligand to a biomolecular system brings an addi-
tional energy to the system so that its deformation be stretched along its slow mode.
Therefore one can conclude that once we know the direction of the slow modes, the

direction of the deformation the system can be predicted.

2.1. Normal Mode Analysis

To carry out normal mode analysis, we need a set of coordinates through which
the potential energy can be described. Normal mode analysis starts with the mini-
mization of the potential energy as a function of atomic cartesian coordinates. Then
by Taylor expansion[12], the potential energy is expanded at a minimum in terms of

mass-weighted coordinates, i.e:

@i = M;AT;, i1 = /MAY;), Giva = /MjAZ;



where j and ¢ stands for the N atoms and 3N the cartesian coordinates, respectively.

After Taylor expansion has been performed, the potential energy becomes

1 3N 82
= lo iqj + (2.1)
;1 dq 8 J

where N is the number of the constituent atoms. The first term in the expansion is
set to zero because it describes the value of the energy at a minimum. The second
term is also zero because it describes the force at the equilibrium. In normal mode
analysis,the potential expansion is kept up at the quadratic term and the higher terms
are neglected. The second order partial derivatives form a matrix which is called the
Hessian. Then the Lagrange equation is given by
3N 3N 92
LZ;Z‘?—lz ai(;/q] lo :4; (2.2)

=1 2,7=1
or in vector-matrix form

1 1
L:*.T.—*
qaq 9

5 ¢ Fq (2.3)

where the superscript T' denotes the transpose operation and F' is the Hessian matrix

3N 2
o 0V
a(ba%

1,5=1

(2.4)

Because F'is a symmetric matrix, there should be an orthogonal matrix which diago-

nalizes F',i.e:
WIFW =Q (2.5)
where () is a diagonal matrix, W is a matrix of order 3/N. The equation above can be

regarded as an eigenvalue equation, where each element denotes an eigenvalue associ-

ated with each column of the matrix W, the eigenvector matrix. Taking advantage of



W, a new set of coordinates can be introduced as follows

Q=W"q (2.6)
or
3N
Qi = Z Whigi (2.7)
k=1

where ); are normal coordinates. Plugging (2.7) into (2.3) and using Lagrange equation

lead to 3N decoupled equations with

Qi = A; cos(w;t) (2.8)

The Equation (2.8) states that each normal mode oscillates with an angular frequency
w;. Each normal coordinate, therefore, introduce a new set of atomic displacements

through the Equation (2.6)

qr = WiiA; cos(wjt) (2.9)

One can immediately see that in the equation above the normal coordinates are de-
scribed by the eigenvectors associated with w;. Therefore, the normal modes and their
frequencies are described by the eigenvector and the eigenvalues of the matrix F'. The

precise amplitude of a normal coordinate can be found by the initial conditions.

Equipartition theorem, from statistical mechanics, states that for a molecule at

a thermal equilibrium,

(@) =—; (2.10)



or in terms of the mass-weighted coordinates,

(@) = k:BTg’ié:l6 <VZ’;>2 (2.11)

where kp is Boltzmann’s constant and 7' the absolute temperature. Scientist in this
field use the Equation (2.11) to find the mean-square fluctuation of the atomic B-factors
in X-ray crystallography. B-factors are the experimental temperature factors and they

have the following relation with the mean square fluctuation

B; = (87%/3)(AR?) (2.12)

Additionally, one can rewrite the Equation (2.11) as follows

36 36 BN=6 1

<Zqi>= Yo (q) =ksT Y — (2.13)
i=1 i=1 k=1 Yk

From the Equation (2.13), one can easily see that the as the frequencies decrease the

fluctuation increase. In other words, for the lower frequencies, the vibrational motions

of proteins become amplitude sensitive.

The correlation function between the cartesian coordinates can be determined

from

3N—6 1
(¢iq5) = kT Y WuWj— (2.14)
k=1 Wi
or in matrix notation,
U={(qq") = kgTWQ W’ (2.15)

where the frequency eigenvalues and eigenvectors are eliminated.



2.2. Elastic Network Model

Actually normal mode analysis is a general method for scrutinizing the low fre-
quency motions of proteins. Flastic network model is a low resolution model which
examines the global motion of the system without minimization of the potential energy.
It predicts the dynamics around the dynamics around the coarse-grained minimum en-
ergy conformation with high computational efficiency. In elastic network model all pair
of nodes that are within a cutoff distance are considered to be connected by springs.
In this model each residue is represented by a node which is located at its a-carbon

position|[13].

The total potential energy for a system of N residues is the summation over all

interactions of (i,j) pairs confined to the cutoff distance, r,
Vi=(/2)> > h(re — Rij)(AR; — AR;)? (2.16)
i

where R; and AR; predicts the position and the fluctuation vectors of node i, where
i changes form 1 to N. The distance between the nodes j and i are given by the
parameter R;; in the equation above. Meanwhile, i is a step function. It takes 1 if ,

r. < R;;, and zero otherwise. The term « in the Equation (2.16) is a force constant and

ij>
is identical for all interactions [14]. Since the formulation of elastic network model is
based on the classical normal mode analysis, the Equations (2.11) and (2.12) are also
true for this method.

As an example for the global motions of the proteins, it is instructive to mention the
collective motions of bacterial RNA polymerases studied by elastic network models[15].
As is well known low frequencies play an important role in the collective dynamics of
RNAP. This role can be effectively analyzed by low-resolution model[16].

Collective motions of RNAPSs, specifically, take place during the transcription of DNA
by RNA polymerases. In 3-D the structure of RNAPs has two main parts, a conserved
core around the active site and a multifunctional clamp. As it can be seen from figure

2.1, the clamp is located on one of the pincers. The clamp is known to be a mobile

domain, exhibiting opening and closing motion.
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(a) bBRNAP (b) bRNAP
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Figure 2.1. (a)X-ray structure of bacterial RNA (bPRAP) (b) Deformation of clamp

and upper pincer (c)deformation of clamp (d)Deformation of upper pincer
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Figure(2.1) shows the collective motion of bRNAP. In part(a), the observed x-
ray structure of bRNAP is shown[17]. In part(b), the black and gray colors show the
positive and negative deformations of bRNAP around native structure. Part(c) and (d)
are the exaggerated images of clamp(f’ subunit) and upper pincer (3 subunit) after
the molecular deformation takes place. Thus, experimentally observed opening and

closing motions of the clamp can be obtained successfully by elastic network model.
2.3. Frequency of Nonlinear Periodic Systems

In this part we are going to see that there exist amplitude-dependent frequencies if
the potential of the system contains a nonlinear term[18]. A general form of a potential

energy after Taylor expansion has been performed can be given by

Loy 1og 1 4
— - = - 2.1
1% 5Ot 3ﬁ$ +4’7{E + (2.17)

where «, 3, and ~ are constants. The minus sign here included for the convenience.

So the equation of motion can be written as
i+ ax — Br* +y1° =0 (2.18)
Taking advantage of Fourier series
x = ag + by cos(wt) + by cos(2wt) + . .. (2.19)

One of the fourier coefficient, ag, can be found as follows

ao L /O%(ﬁzQ — yx3)d(wt) (2.20)

B 2o
After all the coefficients has been determined, x becomes

b b
+ 2 2.21
by cos(wt) cos(2wt) (2.21)
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Replacing the equation above into (2.18), one can find the frequency of the anharmonic
system as
3

w2:a—|—17b%—

5 623
6

(2.22)
One can realize that the frequency of this nonlinear system is really amplitude depen-
dent. This method appears to be useful in solving all the nonlinear systems but in
reality it is not. As it will be seen in the following part, this method is not suitable to
the nonlinear system in several degrees of freedom.
2.4. Periodic Solutions of Nonlinear Systems
Given the following nonlinear differential equation in one freedom|[19]

i+ w's = ef(x) (2.23)

we can try to find a solution for this system in the form of

x(t) = 2o(t) + exy(t) + Exo(t) + . .. (2.24)

In the case of autonomous systems, a complication emerge because the period of the

system is as follows
T =T+ 7(e) (2.25)
Therefore, the equation for the periodicity should satisfy

2m 2m 2m 2m
x(t—i-;—i-T):xo(t+z+7)—i—eﬁcl(t—i-;+T)+€2£U2(t+;+7')+~-- (2.26)
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Thus one can not states that
2
z(t+ —+71) = 2(t) (2.27)
w
because the parameter 7 is dependent on e. According to Krylov-Bogolibov , this
difficulty can be removed by setting

r 2 2
T = pr = "D (1t hye+ ho® +..) (2.28)
w w
where T" is the period of the solution of the Equation (2.23) by means of the substitu-

tion
t= 5(1+h16+h262+...) (2.29)

Rewriting the Equation (2.23) in terms of the Equation (2.29) gives

d*x €
Tt 2(1 4 hie + hoe> +...)% = Eﬂx)(l + hye+ hoe® +...)? (2.30)
whose period is 2.

We can now investigate the periodic solution of the Equation (2.30) in a perturbation

form
2(t) = 29(7) + erD(r) + EO(r) + .. (2:31)

Since the period is 27 and is independent of the parameter €, the constants in front
of the expansion of = are periodic functions with 27w. Plugging the Equation (2.31)
into (2.30) produces an equation of motion corresponding to each degree of freedom.

Obviously, the first differential equation is

i 420 =90 (2.32)
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The solution of this equation of motion is clearly
© = Mycost (2.33)
where M, is an arbitrary constant. The second differential equation is

1
O 4 = —2hy My cos T + —2f(MO COST) (2.34)
w

This differential equation has periodic solution if

2
/ f(MycosT)sintdr =0 (2.35)
0
and
1 2w
—2hi Mo + — / f(MgcosT)costdr =0 (2.36)
w? Jo

Observe the first differential equation determines My, and the second one, on the other

hand, determines h;. Therefore, we have the following solution for x;

T :(pl—f—Ml COST+N1 sin T (237)
where ¢ is a certain periodic function of 7 with period 27, and M; and N; are arbitrary
constants. So far we have explained Pioncare-Lindstedt method for a system in one
freedom.

Now we are going to discuss results we have obtained after this method has been

implemented to the system we are interested in. We see that the equation of the motion

for our system can be easily derived from the Hamiltonian given in AppendixA

qz + W?Qi + GFijqu-qk =0 (238)

where € is a small parameter and ¢; are normal coordinates. Imposing the following
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expansion,

T
=g = E(1+h§”e+h§”ez+...) (2.39)

then the equation of motion becomes

2
Lk

Gi + qi(1+ 2 + 220 + ) = —e=9F ggp(1+2ehY 42207 + ) (2.40)

2

Similarly, if we expand the coordinates as well
() = M. , M 2 (2)/
qi(:) = Micost; +eq; ' (13) + €°¢,” (13) + . .. (2.41)
and after solving the equation of motion we have obtained we will find some dangerous

factors in the solution of these equations of motion. At least giving the following part

of the solution may recover us from not using this method for the further calculations,

ie:
qgl) = A,(-l) + AZ(-Q) cos 27; + AE?’) cos i T; + A§4) cos Bk T; (2.42)
where
AW A (2.43)
L w? '
AP = P M7 (2.44)
L 6w? '
A9 =y LM (2.45)
(2 2 2 .
iy 20 (1= G



where

and finally

where

16

== (2.46)

FICIEN . [ (2.47)
ki) 208 (L= i)

By = L2k (2.48)

[

where M; are constants. Observe that if , by an accident, there appear some resonance

frequencies, and of course there will appear because the biological systems have finitely

many frequencies, qz(l) will blow up.

It can show the following quantities have been obtained from the solution of this

quasi-harmonic equation

and

thus ¢ becomes

=0 (2.49)
@ _ s~ 5 L) M7
h; Z 2 o (2.50)
i 5 (Diui)* M}
t:Z;(1+62—( )4 iy (2.51)
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and from the Equation (2.39), the normal frequency corresponding to i*® mode is

5 (Tii)>M?

)

Please notice that in the equation above, the shifted frequencies are amplitude depen-

dent which this coincides with the prediction made by normal mode analysis.
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3. CANONICAL PERTURBATION THEORY

3.0.1. Introduction

Many problems in classical mechanics do not have exact solutions. In such cases,
we are trying to find approximate solutions for these problems. Even if solving such
problems looks quite complicated, some properties of these problems provide relatively
easy ways towards the solution. For instance, usually in a physical problem that can
not be solved directly, the Hamiltonian contains two main parts, a leading part and
a perturbation. The leading part, the unperturbed Hamiltonian, is assumed to have
an exact solution. The perturbation Hamiltonian part, on the other hand, is only a
slight deviation from the unperturbed Hamiltonian. Addition of unperturbed hamil-
tonian and perturbation Hamiltonian is called the perturbed Hamiltonian. The way in
which perturbation theory approaches to such problems depends on the form of the
potential energy of the system. There are two main approaches in classical perturba-
tion theory, time-dependent perturbation method and time-independent perturbation
method. Time-dependent perturbation method is useful if the Hamiltonian of the sys-
tem is velocity dependent, time-independent method, on the other hand, can be taken
into account if the Hamiltonian is time-independent. Because the Hamiltonian of our

system is time-independent, we should explain this method briefly.

3.0.2. Canonical Transformations

It is known that canonical transformations may be introduced to rewrite a given
Hamiltonian in terms of new coordinates and momenta so that the problem takes a
simpler form[20]. Canonical transformations provide us a possibility to write the Hamil-
tonian in a cyclic form. Unfortunately, we can not always express the Hamiltonian in
such a way that all the coordinates are cyclic. Once we obtain the cyclic form of the

Hamiltonian in coordinates, we can introduce conjugate momenta such as

Pi = Q; (3.1)
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which are constant. Since the Hamiltonian can not be an explicit function of neither

the time nor the cyclic coordinates, it may be rewritten as

H=H(a...ap) (3.2)

So, from the Hamilton’s equations, for ¢;

= e =

4 Wi (3.3)

where the w; are functions of the «;’s only and therefore are constant in time, so we

may write

where (3;’s are constant of the integration and can be determined by the initial condi-

tions.

As it was mentioned above, canonical transformation help us construct a trans-
formed Hamiltonian in terms of a new set of coordinates and momenta (Q;, P;). In
other words, the transformation we are looking for, converts (¢;,p;) to (Q,, P;) with

invertible equation for the transformation, i.e :

Qi = Qi(qi, pis t) (3.5)

In developing Hamiltonian mechanics, only those transformations can be of in-

terest for which the new set of (@, P) is canonical coordinates. Possibility to write the
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transformed Hamiltonian as K(Q, P,t) and the equations of the motion as

. 0K

Qi = 9P, (3.7)
: 0K
P = ~90, (3.8)

are necessary conditions for a new set of coordinates (Q;, P;) to be canonical coordi-

nates.

The function K plays the role of the Hamiltonian, and therefore it can be called
transformed Hamiltonian. It is important to keep in mind that such transformations
are Hamiltonian independent transformations. In other words, what we are doing here
is nothing more than constructing the Hamiltonian under the change of the variables
in which the Hamiltonian’s equations of motion remain the same. Therefore such a

transformation is called canonical transformation.

If (Q;, P;) are canonical coordinates, they must satisfy the Hamilton’s Principle,

that is

5 [ (PG~ K(Q. Pt =0 (3.9)

This principle must also hold for the old coordinates

to
0 A (pigi — H(g, p,t))dt =0 (3.10)
The simultaneous validity of Equations (3.9) and (3.10) does not mean that the in-
tegrand must be equal to each other, but they could differ by an exact differential.

Therefore, one can conclude that there must be a generating function F' , which con-

verts old generalized coordinates and momenta (g;, p;) to new generalized coordinates
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and momenta (Q;, P;). Thus,

) . dF
piQi_H(Q7p7t) :PiQi_K(Qapvt)"'_i (3~11)

dt
Dependence of F' on the coordinates introduces specific canonical transformations. In
other words, the type of the problem determines naturally the appropriate generating
function. Since we will use specifically a generating function of the F' = Fy(q, P,t), we
should better find the canonical transformation equations generated by Fj. This can

be accomplished by plugging the following generating function F} into Equation (3.11)
Thus, plugging the Equation (3.12) into Equation (3.11) leads to

. d

, . OF, OF,  OF,
g — H =PQ; — K i
Pid Q=K+ 5+ 5, %" ap

P, = Q;P, — PQ; (3.14)

Collecting the coefficients of the right side of Equation (3.14) leads to the following

equations
OF,
i = ) 3.15
P 5, (3.15)
OF,
i 1
Q=35 (3.16)
with
OF:
K=H+-—° (3.17)

ot
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Equation(3.15) are to be solved for P, as a function of g;, p;, and ¢ to correspond
to second half of the transformation Equations (3.5) and (3.6). The remaining half of

the transformation equations is then provided by (3.6).

3.0.3. Hamilton-Jacobi Theory

The new variables ); and P; are chosen to be constant in time by requiring that

the transformed Hamiltonian, K, should be identically zero, therefore equations of

motion are[20]

op, — @i=0 (3.18)
oK .
~50, = P =0 (3.19)

Thus, K must be related to the old Hamiltonian and to the generating function by the
equation
or

and hence will be zero if F' satisfies the equation

OF

+ oo =0 (3.21)

H(q,p,t)

If F is described in terms of old coordinates, ¢;, and the new momenta, P;, then one

of the equation of the transformation is

or,
dg;

(3.22)
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where F' = Fy(q, P,t). Consequently , Equation (3.21) becomes

0F, 0F,

- it) + =0 3.23
oq 8%) (3.23)

ot

H(Qla ooy Qns

The Equation (3.23) is called Hamilton-Jacobi equation. Obviously, it contains a partial
differential equation in n+1 variables, ¢i, o, ..., ¢», and t. The solution of (3.23)
is conventionally denoted by S,which is known as Hamiltonian’s principle function.
Because the integration of Equation (3.23) provides the dependence on old coordinates
and time, it gives us a chance to choose specific momenta suitable to the system we are
interested in. Equation (3.23) has a form of the first-order partial differential equation

in n+1 variables. Suppose that the solution of Equation (3.23) is denoted by

Fy = S(q1, --Qn; 01y ooy Qg1 1) (3.24)

where the quantities ay, ..., a,11 are n+1 independent constant of integration. One of
the constants of integration , however, is in fact irrelevant to the solution, for it will be
noted that S itself does not appear in equation (3.23); only its partial derivatives with
respect to q or ¢ are involved. Hence, if S is some solution of the differential equations,
then S+4«, where a is any constant, must also be a solution. Because the additive
constant does not have any importance on solving the Hamilton-Jacobi equation, the

complete solution to Equation (3.23) must be of the form

S = S(q1y - Gn; 01y -y i ) (3.25)

Since we are free to take n constants of integration to be the new momenta we can set

the transformation equations can now be written as

9S(q, o, t)

R (3.27)
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where ¢; and « are the complete set of quantities. The other half of the equations of

transformation, which provide the new coordinates, appear to be in the form of

95(q, a, t)

Qi =06 = o,

(3.28)

Equation (3.28) can be rewritten as

q; = Qj(a,ﬁ,t) (329)

which solves the problem of giving the coordinates as functions of time and (3. Af-
ter differentiation in Equation (3.27) has been performed, Equation (3.29) may be

substituted for the ¢ ’s, thus giving the momenta p; as functions of «, 3, and ¢

pj = pjla, B,1) (3.30)

Equations (3.29), and (3.30) contain the desired complete solution of the Hamilton ’s

equations of motion.

To understand the physical meaning of S, let us take the total derivative of S

with respect to time

ds 9SS

o _ s 31
it 0T o (3.31)

since P, ’s are constant in time. By the equations 3.27 and (3.23) this relation can also

be written as

dS
i —H=1L 32
dt piq (33)

so that

S = /Ldt + constant (3.33)
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Unlike Hamilton’s principle, which is a statement about the definite integral of L,
Equation 3.33 is an indefinite integral form of the Lagrangian and it is solving the

same problem in completely different way.

3.0.4. Action-Angle Variables

There are periodic motions in many branch of physics. Usually, we are not
interested in the details of the orbit as in the frequency of the motion. A very effective
method for solving such systems is provided by Hamilton-Jacobi procedure. In this
technique, the integration constants «; appearing directly in the solution of Hamilton-
Jacobi equation are not themselves chosen to be the new momenta. Instead, new
constants, J;, are introduced to handle the problem. These new constants are known

as action variables[20].

For simplicity we shall first consider action-angle variables in one degree of free-
dom. It is assumed that the system is conservative so that the Hamiltonian can be

written as

H(g,p)=E (3.34)

where F is a constant.Solving for the momentum, we find that

p=p(q, E) (3.35)

equation (3.34) in general describe the orbit traced out by the system point in two-
dimensional phase space when the Hamiltonian is a constant of motion. What is meant
by the periodic motion is determined by the characteristics of the phase space orbit.

There are two kinds of periodic motions:

1.In the first type, the orbit is closed and the system point retraces its steps

periodically. Both ¢ and p are then periodic functions of time with the same frequency.
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2. In the second type of periodic motion, the orbit in the phase space is such that p
is some periodic function of ¢, with period qy. Equivalently, this kind of motion implies
that when ¢ is increased by qg, the configuration of the system remains essentially the

salne.

For either type of motion, one can introduce a new variable J designated to

replace E. The so-called action variable is defined as

J= 7( pdq (3.36)

where the integration is to be carried over one complete cycle. Eq.(3.34) also implies

that

E=H=H(J) (3.37)
Therefore, one can compute the Hamilton’s characteristic function as follows

W =W(q,J). (3.38)

The generalized coordinate conjugate to J, the angle variable ,w, is defined by the

transformation equation

ow
= — 3.39
W= (3.39)
Correspondingly, the equation of the motion for w is
. 0H(J)
= — .4
w 57 v(J) (3.40)

where v is a constant function of J only. Equation (3.40) has the solution

w=uvt+ [ (3.41)
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so that w is a linear function of time.

So far the action-angle variables are considered to be the transformed coordinates

and momenta to which the Hamilton-Jacobi equation follows.

Now consider the change in w as q goes over one complete cycle:

ow
Aw = a—qdq. (3.42)

By the Equation (3.39) this can also be written

W p
0q0J ¢

Aw =

(3.43)

Because J is independent of ¢, the derivative of it with respect to J can be taken

outside the integral

d [ow

d
_ 4 _ 9 _ 44
Aw=25F 5% depdq L (3-44)

Equation (3.44) states that w changes by unity as ¢ makes a complete tour through

one cycle.

To grasp the physical meaning of v, which is defined in Equation (3.40), let T be

the period for a complete cycle of ¢, then
Aw=1=vr (3.45)
Hence the constant v can be identified as the reciprocal of the period,

(3.46)

V= —
-

and is therefore the frequency associated with the periodic motion of q. The use of

action-angle variables thus provides a powerful technique for obtaining the frequency
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of the periodic motion without a complete solution to the motion of the system.

3.0.5. Time-independent Perturbation Method

Time-independent perturbation method is looking for an approximate solution of

the Hamiltonian given in the form[20]

H:H0+€H1—|—€2H2+... (347)

where the Hj is called the unperturbed Hamiltonian and we assume that Hy has an
exact solution, whereas eH; ,and €2H, are only slight shifts from the unperturbed
Hamiltonian. Time-independent perturbation method is looking for the frequencies of
the perturbed Hamiltonian H. Additionally, time-independent perturbation method
can be applied only to conservative systems in which the potential energy is velocity
independent. To find the frequencies of the perturbed Hamiltonian ,H, one should
first express the unperturbed Hamiltonian in terms of the action-angle variables deter-
mined from unperturbed Hamiltonian. Once we obtain the unperturbed Hamiltonian
in terms of action-angle variables, we can write the perturbed Hamiltonian H in terms
of new action-angle variables. This process is nothing more than a canonical transfor-
mation from the set (w, J) to (w, J) where w and J are new action-angle variables or
transformed action-angle variables. Since the transformation from (w,J) to (w, J) is a
canonical transformation, it must satisfy the properties of a canonical transformation
which are mentioned previously. At the same time, one must keep in mind that the

transformed Hamiltonian, H, must be cyclic in the new angle variables, w.

Now, we assume a set of action-angle variables (w, .J) for the unperturbed Hamil-

tonian Hy, so we now write Hy(J). The unperturbed frequency is given by

_ 0H,

= A4
V=57 (3.48)
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with
w=uvt+ [ (3.49)

Because Hy is periodic in w with period 1, from Equation (3.45), the coordinate and

momenta can be expanded in Fourier series in the form

“+oo
g= Y, Au(J)exp(2mir.w) (3.50)
with the similar expression for p. Now suppose that our perturbation Hamiltonian

contains the small change from the unperturbed Hamiltonian Hy up to the order e, i.e:
H=H,+eH (3.51)

where € is some small parameter that can be varied continuously from 0. Since the
perturbed system, H, is still periodic, for sufficiently small values of €, there must be a
new set of action-angle variables (w, J) suitable to the system, with H = H(J). Since
such a transformation is a canonical transformation, the transformed action variables
J must be constant and the transformed angle variables w must be a linear function

of time:

g
|
<
_l’_
ke

(3.52)

with the new frequency v to be obtained from H(J). Nonetheless w, J remain canon-
ical variables in the perturbed system. In other words, if we assume that H(J) is
integrable and hence has its action angle variables (w, J), there must exist canonical
transformations from the set (¢,p) to both (w,J) and(w, J). As has been empha-
sized previously, the canonical property of a transformation, and therefore such a set
of variables, is independent of the specific form of the Hamiltonian. But when we
transform J to J, in the transformed perturbation Hamiltonian, J does not remain
constant and hence w is not a linear function of time. At this point, we should notice

that the coordinates and momenta ,q and p, are still periodic function of w and from
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Equation (3.45) both w and w increase by unity as ¢ goes through one complete period
of motion. The two sets of canonical variables, (w, J) and (w, J), must be related by a
canonical transformation with some generating function Y. It is worth using the sec-
ond type of generating function which is a function of old angle variables w; and new
action variables J in this canonical transformation. Since our Hamiltonian deviates
from unperturbed Hamiltonian Hj slightly, we can use a generating function such that

it deviates slightly from the identity transformation, i.e:

Y(w,J) =w] + eYi(w, J) + Ya(w,J) + ... (3.53)

We are looking for the functional dependence of H on J so that the perturbed
frequency v can be found. If the functional dependence of perturbation Hamiltonian

H on J, and € is given by H(J,€), one can expand H(J, €) as

H(J,€) = Hy(J) + eHy(J) + € Hy(J) + ... (3.54)

Hence Hamilton-Jacobi equation can be expressed as

H(w,J)=H <w, ?;) — H(J,e). (3.55)

One can write Hamilton-Jacobi equation to second order in €* as

oY oY 2 oY
H() (au]> + €H1 <U), 811)) +€ H2 (U), a?ﬂ) - @(l) +

+eHy(J) + Ha(d). (3.50)

Meanwhile, notice that the equation linking J to J is

Loy on Lo
Jfaw—l%—eaw—i-e S (3.57)

We again expand the terms Hy, H;, Hs in Taylor series around J = J, including the
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terms € in Hy up to terms of € in H;, and with .J; replaced directly by J in H,. So the

expansions have been performed, H’s up to terms of order €2 takes the following form

oY, L0 B
oYy
H =) =

87Y
ow

(-2)

(3.58)

(3.59)

Hy(w, J) (3.60)

As was emphasized before, since unperturbed Hamiltonian, H,, has its action-angle

variables (w, J) , the transformed unperturbed Hamiltonian should be of the form

HOZVJ

which will be clarified in the next subsection. Thus,

Oy
oJ

So, Equation (3.58) becomes

Hy <J+68Y1+e
ow

Y-
2772
ow Tt

)

(3.61)
=v (3.62)
oy | ,0%
Ho(J)—{—(Gau)—"E aﬂ})V‘i‘
1( oy’ 02H,
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Furthermore, Equation (3.61) says Hy is linear in J, so the last term of Equation (3.63)

drops out

0?H,

Therefore, Equation (3.63) becomes

oY, ,0Y, - oY, 2 0Y5
Hy <J+eaw+ aw+ ) = HO(J)+<eaw+ aﬂ})u (3.65)

Collecting the powers of € in Equation (3.56) leads to the following expressions for H :

Hy(J) = Ho(J), (3.66)
Y,
Hy(J) = v+ Hi(w,J), (3.67)
_0Y,  0Y,0H
(]) = vy -+ 5 07 + Hy(w, J) (3.68)

Now, the transformation of w to w is given by

oY Y,  ,0Y,
w = j w+ € W + € 8J + . (3.69)
In order for (g, p) set to be periodic in both w and w with period 1, all the terms in

the perturbation part of the generating function ¥ must be periodic functions of w,

that is

Z Bl (J) exp(2Tik.w) (3.70)

Because the average of the first terms in Equations (3.67) and (3.68) over one complete

cycle is zero, taking the average of the Equations (3.66), (3.67), (3.68) over the period
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of w reduces these equations to

Hy(J) = Ho(J) (3.71)
Hi(J) = (Hi(w,J)) (3.72)
Hy(J) = <E;}£%}?>+<Hz(w,J)> (3.73)

Please notice that the first part of equation Equation (3.73) does not have to vanish.
It is true that the average of derivatives of Y,, with respect to (w) is zero, but it is
not guaranteed that the average of the product vanishes. Hence, to find the second-
order correction to frequency of the Hamiltonian, one needs the first-order canonical
transformation. Now it is time to apply all the theory we have reviewed so far to a

non-linear differential equation in many degrees of freedom.

3.0.6. A General Periodic Solution for Nonlinear Bimolecular Systems

In this part we are investigating the temperature dependent frequencies of the
collective motions of the proteins. We first consider protein to have N residues and
these residues are connected by springs. Because we have N residues and the motions
take place in 3-dimensions, there must be 3N — 6 degrees of freedom for vibrational

motion of the proteins.

To determine the Hamiltonian of the system, we first compute the potential
energy of system. After we have obtained the Hamiltonian of this system, we took
advantage of Taylor expansion to expand the potential energy of the system around
equilibrium points. The potential energy which we have obtained after the expansion
contains the coupled quadratic, the cubic terms, and the other higher order terms.But

for convenience, we keep system in the 3"¢ order.

After normal mode analysis has been implemented, the Hamiltonian of the pro-
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teins become(See Appendix A)

p2 Q7 2
H=3) 51 + ?zqi +e> Tijeaiqian (3.74)
i 1.,k

where ¢ < 1 and ¢; are normal coordinates. Here ¢ is put by hand to keep track
of perturbation expansion. The small term are already in I';;,. I'jj, are constants
coming naturally in front of the cubic terms in the Hamiltonian after the normal mode
analysis has been performed. From the form of the Hamiltonian, we see that I';;
could be totally symmetrized in (4, j, k) indices. Now we can start to implement time-
independent perturbation method. Remember that time-independent perturbation

method is looking for a solution for Hamiltonian of the form
H:H0+EH1+62H2+... (375)

where Hj is the unperturbed Hamiltonian, and the other parts, eH;, ¢2H, are small
deviations from the unperturbed Hamiltonian, Hy. One must keep in mind that to take
the further steps toward the solution of the perturbed Hamiltonian, the unperturbed

part should have an exact solution.

Fortunately, the equation we are interested in resembles to the Equation (3.75)

and immediately one can see that

2 2
b; Q; 2
H = S P b
Hy = Y Tintidja
ik
H, = 0 (3.76)

Now, let us investigate the exact solution of the unperturbed Hamiltonian, Hj.
We know that the unperturbed Hamiltonian is an integrable system and hence it has
its action-angle variables ,which can be denoted by the set (wj, J;). To find the action

angle-variables of the unperturbed Hamiltonian, Hy, one must construct the Hamilton-
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Jacobi equation for the system. So, from Equation (3.23) one can write Hamilton-

Jacobi equation for the unperturbed Hamiltonian as

oS oS
H . — — .
where we set p; equal to
oS
pi = D4; (3.78)

and S is Hamilton’s principle function which is to be determined later. Since the

Hamiltonian is separable, we look for a separable solution in which

N

S=>Sia) (3.79)

%

So, Hamilton-Jacobi equation for unperturbed Hamiltonian becomes

9S:\>
: 02>
(25) ot

Since the explicit dependence of S on ¢ is involved only in the last term, a solution for

(3.80) can be found in the form

05,
ot

+

1
= =0 3.80
: (3.:0)

Silai, Ei,t) = Wilg;, Ei) — Eit (3.81)

where F; is a constant. We see that the constants E; are nothing more than the energy
corresponding to each normal mode. As for W;, it is a characteristic function which
separates the coordinates and momenta from the time variable. Also notice that in
Equation (3.81), since unperturbed Hamiltonian is cyclic in time parameter, the term
E; enters into Equation (3.81) as a constant parameter corresponding to time variable.

Having proposed a type of function for the solution of Hamilton-Jacobi equation, one
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can reorganize that Equation (3.80) becomes

1| /ow;\?
Z ¢ 0242

Now one can integrate Equation (3.82) immediately to

Wi(qi, E) = /d%‘\/ 2E; — Q2¢?

= E, (3.82)

or after taking €2; out of the square root one can write the equation above as follows

2F;
Wil Bi) = [ daiy [ = (3.83)

Plugging Equation (3.83) into Equation (3.81), immediately one can see that the Hamil-

ton’s Principle function is :

2LE;

Si(gi, i t) :/inQi o

Due to the fact that the integral is an indefinite one , we do not have to carry integral
out for the future use. Let’s now turn our attention to the calculation of the action
variables ,J; , for the unperturbed Hamiltonian, Hy. Similar to action variable which
is defined in Equation (3.36), the action variables in many degrees of freedom can be

expressed as follows

To find the integrand p; in Equation (3.85), let’s find p; from the following equation

1
50+ ) = Ei (3.86)
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One can immediately find p; as a function of F; and ¢; from the equation above, i.e :

pi = \2E; — Q}q} (3.87)

Thus, the Equation (3.85) becomes

Ji = § dai2E; — 3 (3.88)

Unlike the indefinite integral in the Equation (3.84), the definite integral in the
Equation (3.88) can be found immediately. To determine the boundaries of the closed
integral in Equation (3.88), one must find the critical points of the integrand. To do

so, we set the integrand equal to zero

\2L; — 912%2 =0

Thus, we have two critical points which determine the boundaries of the integral, i.e :

2F;
0?

(2

q;i =+

So, the definite integral (3.88) with the boundaries becomes

/@ 2E;*

Ji=2 [ Vo R (3.89)
QZ Q’l

the factor 2 in the equation above enters into the calculation of the definite integral due

to the fact that the orbit of the harmonic part of the Hamiltonian is closed. Setting g;

as




and hence

2F;?

dg; = cos 0;dg;

Q;

results in

+3

Wl

4B, (13

2F;
[

)

cos? b,

= ? d; cos® 0,

Q; J-

s
2

Finally one gets immediately the action variables from the calculations above:

Ji 0,

. 27TEZ
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(3.90)

Equation (3.83) is also true for the other indexed variables. It is worth mentioning €;

here. This is angular frequency corresponding to i mode and it was obtained from

normal analysis. Now, let’s turn our attention to find the angle variables w; of the

integrable Hamiltonian, Hy. Similar to equation (3.39) the generalized coordinate con-

jugate to J; , the angle variables w; is introduced through the transformation equation

given below

ow;
w; =
dJ;
From equation(3.90) one can conclude that
Q. J:
Ei _ sz
2m

therefore equation(3.83) becomes

[ J
W. = [ dg.Q. ' g2
7 / % i3 7TQ7,‘ q@

(3.91)

(3.92)
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Replacing equation(3.92) into equation(3.92), one can find the following indefinite in-

) [

Since the J; is independent of ¢;, after the canonical transformation has been performed,

tegral

the derivative can be taken inside integral. Taking the derivative of Equation (3.93)

produces

w;

R

The solution of such an indefinite integral is well known and it is

1
w; = — arcsin
! 27 Ji
7€y

(3.94)

The Equation (3.94) can be immediately inverted to find ¢; as a function of angle

variable w;. Thus,

¢ = 7r(?2» sin 27w (3.95)

Replacing the following canonical transformation we have obtained before into
the unperturbed Hamiltonian, Hy, we can write
JiS2; Ji

CcoS 2mw;, q; =

T 7€),

P = sin 27 w;

So one can obtain
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or

Hy(J;) = - = E (3.96)

The oscillation frequencies or the equation of motion for angle variables can be
obtained from the Equation (3.40) as follows
. OHo(J;)

where v; are the frequencies of the oscillations and €2; are the eigenvalues of the matrix
M~3KM~3
Therefore, having found the action-angle variables of the integrable unperturbed Hamil-

tonian, one can express the perturbed Hamiltonian, H, in terms of these action-angle

variables, i.e:

H(w;, J;) = Z Ho(J;) + eHy (w;, J;) (3.98)

where
Ho(J;) = Z viJ; (3.99)
Hy(w;, J;) = %Fijk (%)é SIN2TW;. SIN2TW; . SIN2T Wy, (3.100)

As was explained before, J; are the action variables of the unperturbed Hamilto-
nian, whereas w; are the generalized coordinates corresponding to the angle variables,
or simply, they are action variables which are derived from the unperturbed Hamil-
tonian, Hy(J;). Meanwhile, €2; are constants corresponding to each normal mode and

they have the following relation with the frequencies of the unperturbed Hamiltonian,
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i.e;
Qi = 27TV7;

where v; are the oscillations frequencies. Because our assumption is based on the
periodicity of perturbed Hamiltonian, H (w;, J;), one can find a new set of action-angle
variables (w;, J;) so that perturbed Hamiltonian can be expressed as a function of J;
only. Let us denote the functional dependence of the perturbed Hamiltonian on J;
and € by H. Similar to the perturbed Hamiltonian which is a function of the old

action-angle variables, the transformed Hamiltonian H can be expanded as follows
H(Jie) = Y2 Hy(J) + eHy (1) + Hy () (3.101)
Observe that the perturbed Hamiltonian H is a constant of the motion due to
fact that it is cyclic in all new angle variables, w;.

Similar to the Equation (3.53), the generating function of canonical transforma-

tion from (w;, J;) to (w;, J;) is given by
Y(wy, Ji) =Y wid; + €Yy (wy, J;) + €Ya(w;, Ji) + ... (3.102)

where w; and J; are old angle variables and new action variables, respectively.

Now Hamilton-Jacobi equation is

H (w 8Y> = H(J;) (3.103)

Since the right side of Equation (3.103) is independent of the action variable w;, and

H is analytic, we can expand both sides of the equality as follows

Jw; —

)+
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+eHy () + €Ho(J;) + ... (3.104)

Similar to Hamilton-Jacobi equation in which we replaced all momenta by the
derivatives of the generating functions with respect to the coordinates, the conjugate
momenta J; are replaced by the derivatives of the generating function Y with respect
to the coordinates, w;. Thanks to this relation, we obtain the following transformation
equation

Y oy,  ,0Y,

ow; :£+68wi te ow;

Ji = (3.105)
where we take advantage of generating function given in the Equation (3.102).

Using the Equation (3.102), one can get the following forms for the left side of the
Equation (3.104)

oy, oY, oY, OH, oY, OH,
i, [ J, ) = Hy(J 9Hoy
°<J1+ani+6 ow, ) oldo) €2 Gy s Wi+ € 2 5 7 o=
102y, 0%H,
Zza 7 52 =2 (3.106)
oY, oY, 8H1
H, (wi’Ji+€8m> = Hi(w;,J; +628 EA 7= (3.107)

where we have expand the terms Hy and H; in a Taylor series around Jy = J;. Since
Hy is linear in J; the last term in the Equation (3.106) drops out. Furthermore, using
the following relation, one can immediately rewrite the Equations (3.107) and (3.106)

as follows

)%

Hy, = +EZVZ—+EQZV1

Y,

W

(3.108)

Y, 0H
H1 = Hl(wz,i)—i—eza 1@

S (3109)
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From the Equation (3.104) immediately one can see the following relations

Ho(J;) = Ho(J:) (3.110)

H\(J;) = sz +H1 (wi, J;) (3.111)

Y, L OViOH,
ML) = D Vig + 2 5000

Ji=J; (3.112)
We should take average the equations above over the period of angle variable w;

- /Hdwif(wi,...) (3.113)

Ho(Ji) = Ho(Ji) (3.114)
#(0) = (nGet)+ (1) (3.115)
Hy(Ji) = <Vzgf>+<gzlaa]§1 JZ:JZ-> (3.116)

where the averages are taken over the periods of the angle variables w;. Now, the first
set of terms in the Equations (3.115) and (3.116) can be regarded as non-effective terms

on the contribution of J; to the new transformed Hamiltonian, H(.J;). In other words,

ovi\ Jave\

The fact that Y; and Y5 have zero mean is a consequence of a general property

Y1 and Y5 have zero mean, i.e :

of the angle variables w; and w;. Suppose that the old action variable J; is held fixed

and w; increases by 1, then w; also increases by 1, or if the new action variable J; is
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held fixed and w; increases by 1, w; increases by 1.

At constant J;, let Aw; denote the change in w; when w; increases by 1. So,

1 Jw;
Aw; = = dw; 11
wi = | 0, dw; (3.117)

Since w; is equal to %, the Equation (3.117) can be modified to the following form

dw; (3.118)

Meanwhile, because J; is constant, it can be taken out of the integral, hence the

Equation (3.118) becomes

The fact that the range [0,1] describe exactly one period of motion, integration

over one complete cycle gives exactly J;, i.e :
1
0 Ji

In other words, the average of J; over one complete period of w; gives the the new

action variable J;, namely
(Ji) = Ji (3.121)

So after taking the average of the Equation (3.105), one can get

() = (J) +e<g£> +62<g£> (3.122)
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Taking the Equation (3.121) into consideration, the Equation (3.122) becomes

g oYy o [ OY2
JZ—(JZ>+6<@wi>—|-e <8wi> (3.123)

Because J; is independent of w;, one can conclude that (J;) = J;. Thus,

. )% 5 [ 0Ys
ﬂ—L+e<8wi>+e <3’wi> (3.124)

and finally one can get the following results after some cancelations of J; in the both

ovi\ e\

So, the Equations (3.115) and (3.116) become

sides of the equality

Hy(Ji) = (Hi(w;, Ji)) (3.125)

oY, 0H

i

JZ:L,Z,> (3.126)

dH,
o7 does not

Even though Y] has zero mean, the average the product of it with
have to be zero. To carry the average of the multiplication in the Equation (3.126)
out, we can find the following relation. Furthermore, with the help of the Equations

(3.98) and (3.101), one can quickly recognize that

H(J;) = (Ho(Ji)) + €(Ho(Ji)) = Ho(J) + eHo(w;, J;) (3.127)

or clearly

I/£+€<H1> = VJi+€H1 (3128)
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Taking the Equation (3.105) into consideration up to order ¢, one can get the following

result

= ' (3.129)

Using the result we have obtained in the equation above, so the Equation (3.126)

becomes

From the Equation (3.100), in terms of action angle variables, H; was

wl, i Z Fz]k

1,7,k

< JiJ; i

2
0.0, Qk) SIN2TW; . SIN2TW, . SIN2TW, (3.131)

Whatever the indices might be, the average of H; over one complete period of

w;, Wj, Wy, glves zero, l.e:
(H) =0 (3.132)

Hence, the Equation (3.130) reduces to the following equation:

—H, 0H,
v; OJZ

1) = (¥

)

J> (3.133)

or

1 OH2
0 Ji=J i> (3.134)

Hy( it §
Hy(Ji <Z 2u; 0J;
Collecting all the results we have obtained above, one can write H(J;) as follows

1 0
H(J;) = Ho(Js) — 622 g<ﬁH12

Py (3.135)
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or simply, the equation above can be rewritten as follows

H(J5) = Ho(J:) — ¢

(3.136)

Because J; is independent of w, the derivative operation commutes with the average

process and hence the Equation (3.136) can be rewritten as follows

H(J;,) = Hy(J;) — 3.137
HJ) = Ho(2) - ¢ Y 5 o7 (3.137)
Now, it is convenient to replace index i by 1, i.e:
) roy (2525 N o sin2mw, sin2 3.138
1(wy, Ji) Z Ljk P00 N SIN2TW;. SIN2TW, . SIN2T Wy, (3.138)
and hence H? becomes
1
Jl.J'.Jk.Jl/Jka/ 2
HY = > Dyl ( ;97;27967;)6
154 kk! ™ AL R AR N
X SIN2TWw;.SIN2TW; . SIN2T Wy SIN2T AWy . SIN2TW 1 . SIN2T Wy (3.139)

For simplicity, we can denote the part that contains the product of sinus functions
by 0,, and the other part by A, where p represents any particular combination of wj
’s in which the average of H? is different from zero. In the forthcoming calculation,
since we will face with different combination of w ’s, one can assign a number to
each different combination. So, depending on the combination, the index p takes the
numbers starting from 1. The different possible combination of the following set of

indices will be used to compute the averaging process:

pE {l7 ll?.j’j’? k? kl/} (3'140)
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In A and 0 notation, H? can be expressed as follows :

H} = 3,0, (3.141)

where A and 0 are

1
Jl.Jj.Jk.Jl/Jj/.Jk/ 2
A, = NN, ————————— 3.142
r ; Lk V'K (TﬁﬂleQle/Qj/Qk/ ( )
and
6, = sin2mw;.sin2mw;.siN2TwySIN2TWy . SIN2TW 1 . SIN2T W)y (3.143)

Now, we are going to take average of 6, over the periods of w;. However, before
carrying the averaging process out, we should better determine the number of the
particular combination of w; s in which 6, becomes an even function. Thus, as an

even function, 6, brings non-zero results after the averaging of it is performed.

The number of the combinations of w; ’s to obtain non-zero numbers after the
averaging process can be determined from the Equation (3.140). From the Equation
(3.140), one can easily recognize that there should be 3 different forms of the combi-

nations of w; ’s.

Obviously, one of the forms of combination in which 6, becomes an even function
is the combination of identical w; ’s in 3 different pairs. In other words,3 different
subgroups of identical w;’s in pairs result in a non-zero value. Thus, the number of

possible combinations for this case is

1 6!

319m0m] 15 (3.144)

Hence the number of possible combinations for this case is 15. The factor % is consid-

ered because each subgroup contains the same number of w;.
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In addition to possible combination of the identical w;’s in pairs, the indices can
combine in two subgroups in which one of them contains 2 identical w; ’s and the other
contains 4 identical w; ’s. Thus, one can conclude that the number of the possible

combination for this kind of gathering can be obtained as follows

6!

Tig1 = 17 (3.145)

As for the last form for non-zero results, it obviously happens if all the indices
are the same. Thus, the number of the possible combination for non-zero numbers for

this case is 1.

Finally, considering the number of all possible different combinations of w; ’s ,
there are 15+ 15 + 1 forms of combination in which the average of 0, is different from

Z€ero.

The following sets represent all the possible combination for the first case, i.e:

{a=0),0=73)Fk=F~)} (3.146)

{U=3),(k=0),(G'=K)} (3.147)

As we stated before, there are 15 different possible combination for this case. Clearly,
6 of them is of the form the Equation (3.146) and the remaining is of the form the
Equation (3.147). Denoted this possible combinations by p = 1, one can write

1

A = Z 7(6Fljkfljk + 9Fqujkk)£Jjﬁ (3148)
Likige ™SS o
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and
0, = 5in227rwl.sin227rwj.sm227rwk (3.149)
The average of 6, over the periods of w; s
1,1 g1 1
(01) = / / / dwydw;dwysin®2mwsin®2mw;sin*2mwy, = 3 (3.150)
0o Jo Jo

and therefore

1 6 9
MO = > (Tl + <Tulien) L1 S (3.151)
ikl TSUSLSl 8T 8T

Similar to the first case, the following possible combinations represent all the

possible combinations for the second case, i.e:

{l=7=k=10),0=F)} (3.152)
{l=7=7=K),(=0)} (3.153)

Similarly, there are 15 different combinations for this case as well. Clearly, 6 of
them is of the form the Equation (3.152) and the remaining is of the form the Equation
(3.153). Let us denoted this situation by p = 2, so one can write

1
A= > —orq (6Twly; +90wTu) Ji*J; (3.154)
Li(l#g) TR

and 6, is

0y = sin*2mw;.sin*2mw; (3.155)
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The average of 6y over the periods of w; is

1,1
(65) :/ / dwydw; sin*2mw;.sin*2mw; = —.. (3.156)
o Jo 16
and so the product of Ay and 0y becomes
1 18 27
Ao (f2) = Z 7r3Q2Q (16FWF1JJ + 16FZZJFJZZ)JZ Ji (3.157)

La(1#7)

In the last case, non-zero results are possible if all the indices are the same, i.e:
{l=j=k=1U=7=kK)} (3.158)
Denoted by p = 3, this case brings the following expressions
Az = Z 3193 Tl (3.159)
and 05 is
03 = sin®2rw; (3.160)

The average of 65 over the periods of w; is

15

(03) / duwysin®2 3.161
5 wSIN 2mw; = 48 ( )
and similarly, one can get the product of A3 and (f3) as follows
As{l3) = Z 1? —sLul i’ (3.162)
4873 QY

After collecting the Equations (3.151), (3.157) and (3.162), one can obtain

15 1 18 27
(HY) = 248 393Flllrlll=]l + > 0, (16Flllrlm 16Fll]F]ll)Jl Jj +
Li(I#7)
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1 6

2S00

9
Fljkl“ljk + gl“lljl“jkk)ﬁﬁﬁ (3163)
Ljk(I#£5#k)

Taking the derivative of the Equation (3.163) with respect to J; gives

0 45 36 54
H2 = zu szz FnzF'L 7Fzzrzz JzJ

251 = 2 g +”%;Z 3929 (gt T qgluwlm)dids +

1 18 27

Z 730, 92(16FJ]JF]“+ 16FjjiFijj)J +
1,5 (j#1)
1 18 27

———— (=15 — i lne) i 3.164
+i,j,k(lz7fj7ék) ”3QinQk(8 gk & g swe) Iy ( )

where we have replaced [ by j in the equation above.

Replacing the equation the Equation (3.165) into the Equation (3.136) results in

45
ﬂ(&) = Z Vi£ — ¢ Z mﬂn’ﬂn’ﬁQ -

136 54
€ —asa (el + = Tili) Jid;
6 %2&) WQQ?Qj(lﬁ i + g L) J
1 18 27
_62 Z 7(29292< GFHJF]”—I—16Fjjirijj)<]]2—
1,5 (J#1)
1 18 27
€ m’k(lz:##k) 7T2Q?Qjﬂk< 8 Jk ]k+48 j Jkk)ijik ( )

where we have used the following equations

Hy(J;) = viJ; (3.166)
and
Q
P = = 3.167
Vi= oo (3.167)

V= ~— (3.168)
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In other words, in order to find the frequency of the perturbed Hamiltonian, one should
immediately take the derivative of the Equation (3.165) with respect to J;. Thus, one

can get the shifted frequency as follows

aq 0%} Qg
Q = QO — kT — Z kBT{ 3 2—|— 1T 5 2} (3.169)
where we set € equal to 1 because it was chosen arbitrarily at the beginning of the
calculations to emphasize that the perturbation Hamiltonian, H, is a slight deviation
from the unperturbed Hamiltonian, Hy;. Meanwhile in the equation above we took
advantage of the Equation (3.90) and considered that up to a first approximation the

average energy per oscillator is
E; ~ kgT (3.170)

The factor o’s in the equation above are as follows

ap = ;iriiiriii (3.171)
Qg = ]friiirijj + 27;7Fiijrjii (3.172)
az = irjjjrjii + ;erjirijj (3.173)
ay = ]frijkrijk + ?Piijrjkk (3.174)

To see how big the effects of nonlinear terms on the normal frequencies of the sys-
tem, we consider a simplified force field describing protein dynamics[21]. The simplified

force field between nodes is considered to be of the form

iy
Vi(rij) = > cexp(— |]|,\)<|7’ij|_|R?j|)2 (3.175)
i#]
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where 7( is a cutoff distance and it is 0.3 nm[22], The factor ¢ is a constant and it has
a dimension of ﬁ. Usually the parameter A is taken typically as A = 2. R?j is the
distance between residue pairs 7 and j at the equilibrium state, and r;; is the difference
between these nodes after they deviate from the equilibrium state. Let us express r;;

in new coordinates
rig =y + Ry (3.176)

In terms of new coordinates, the potential energy becomes

|mi; + RY|?
Vi(ry) = Zcexp(—W)(m‘j + Ry;| — |RY)? (3.177)
i#]

Once we expand the potential we will obtain the following expansion equation for the

potential
02
Vij = ZcMR%)M +
i#] ’Rij|
(Uijﬁo‘) (nij-§°~)3 |]§Q‘|2
+3 k(R Pt — (142 3.178
where
k(R%) = IR 3.179
( ij) - eXp( ’TO‘Q ) ( : )

From now on we are going to replace each index by double index, i.e:

i — i (3.180)

where ¢ represents the residues and it varies between 1 and N, the index «, on the

other hand, represents the coordinates and it varies between 1 and 3. Furthermore,
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after we symmetrize the potential energy, it becomes

1
V=2 Koy gpmiatis + 3 Y- ThayGoyenMianisne (3.181)

i,5,0,0 ,0,k,0,8,7

where K is constant force matrix

Kiayis) =2 3 ck(R{(RY)a(R))s0i005 — (BY)a(RE)s) (3.182)

1,5,0,0

and I' is as follows

ck(RY;)
Cioimn) = D )
i,9,k,0,8,y

—2(RY)) 501j0300p + 2(RY)aOkidrabap + (RY) g0kidsa —
—(RY)ab;10ki0pa0ya + (RY)a(RY) 5(R) 16116400505 —

{<RO )ﬁ(sméaﬂékﬁ'yﬁ (figj)a(skﬂsvﬁ -

_B(Egj)a(Egj)ﬁ(égj)vfskﬂsﬁ + 3(R?j)a(égj)ﬂ(égj)'yékiéwa -
| R

|70/

—(R))a(RY)5(RY)0ji0ki0pa070) (1 + 2

) (3.183)
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4. CONCLUSIONS

In this thesis, we study the nonlinear characters of collective vibrations of pro-
teins. From normal mode analysis we know that slow modes are driven by small and

amplitude sensitive frequencies.

Having motivated by this idea, we tried to find a general expression for the shifted
frequencies of the system. To see how the big effects of the nonlinear on the normal
frequencies, we find I" and €2 from simplified force field and see how big shift took place

in the normal frequencies.

The general expression of shifted frequency we have obtained is of the form

Tl Tl Tl
A1) 15—t ij] 17— g
o e Tone)

Q=0 Y kgT(52
J(5#0)

(4.1)

From the expansion of the empirical potential which we have already worked out, it is

clear that the factors 2 and I' are as follows

2 Ck(jo) 50\ (D0 50\ [P0
=2 Z 7{(31‘3‘)04(3@)55@']'5% - (Rij)a(Rij)ﬂ} (4-2)
i,7,a,3 M
and
ck(RY) N
LhGon = D M;ijo {(R)01j0as0kj0y5 — (R3;)adkjdys —
i,7,k,00,8,y 2|Rij’

—2(RY;) 50043005 + 2(RY;)adkibyadas + (RY)s0kibya —
—(RY;)ad;i0ki0gadsa + (RS)a(RY)5(RY)10ii01i0a56,5 —
_S(f{?j)a(f{?j)ﬁ(ﬁgj)vékj(svﬁ + 3(§?j)a(§%)B(E?j)vékiéva -

iy (43)

|7“0|2

—(RY,)a(RY)5(RY)10i0ki0ab10) (1 + 2
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If we consider

ck(RY.) r ck(RY;)

v

0F ~ , .
M M3 |RY,|

and additionally kgT' as proportional to
kpT ~ MQ?A?

where A is a typical residue fluctuation from its equilibrium position and it is nearly 2

Angstrom. Therefore I'?kgT/2° is proportional to

kT A
~ Q)
o~ Uimg

)* (4.4)

A typical distance between residue pairs, |RY;|, is nearly 7 Angstrom. So, kT /Q°

becomes proportional to

kT 1
~Q— 4.
a5 Q10 (4:5)

Hence the shifted frequency will be of the form

1

(4.6)
Together with the Equations (4.2) and (4.3), one can conclude that the nonlinear effect
in the Equation (4.6) seem to as not negligible as it is thought by Normal Mode Analysis
and Gaussian Network Model.

In order to show that the nonlinear effects are not really negligible, we should
find a numerical solution for the result we have obtained for the shifted frequencies of

the system.



APPENDIX A: DETERMINATION OF T

o8

In general, once the potential energy of the system has been expanded around an

equilibrium point, the perturbed Hamiltonian of the system can be given as follows

1 oo 1
H = Z §Minin + Z §Kinin + Z FiijinXk:
0]

2 0,5,k

Introduce mass-weighted coordinates as

gc - (M%)cka
Thus, the Hamiltonian becomes
1. 1 1o 1 1 1
H = §Ca(M 2)aiMij (M™2) 3G + iga(M 2)ai i (M™2) 3G +

1

)ia(M™2) (M ™2)eCaoe

=

—|—szk(M_
and

1. . 1
H = z; §§aCb5ab + z; 5@@@ + 3 TapelalCe

a,b,c

so H becomes

H=Y 1l > GGt Y TaseGaGle

a,b,c

(A1)

(A.2)

(A.3)

(A4)

(A.5)

(A.6)

(A7)
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where
Kap = (M™2)0i K35 (M%) (A.8)
and
e = Dige(M™2)i0(M™2) (M2 (A.9)

Since constant force matrix K, is a symmetric matrix, there should be an orthogonal

matrix which diagonalizes it, i.e:

(O™ 1aKab(O)or = Qb1 (A.10)

At this point one can introduce normal coordinates as follows

q = (Oil>la<a (All)

Gm = (07" )mbCo (A.12)
and

dn = (O_l)ncCc (A]_S)

hence the Hamiltonian in terms of normal coordinates can be expressed as follows

L. 1
H=3% 5%2 +> §Qz2q12 + > Dinn@1Gmn (A.14)
l l

- Imn

where

1

5u$} = (O™ (M~ 3)ai iy (M%) (O (A.15)



and
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(A.16)
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