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ABSTRACT

ALTERNATIVE ARITHMETIC STRUCTURES USING REDUNDANT
NUMBERS AND MULTI-VALUED CIRCUIT TECHNIQUES

Arithmetic circuits play a crucial role in VLSI technology. Arithmetic blocks are
usually the most power consuming parts in a system since the switching activity is quite
high. Alternative arithmetic implementations can be a solution to reduce power

consumption and to increase the performance of the whole system.

Static CMOS digital design has robust working performance, where logic levels are
kept at the two extremes, either the ground voltage or supply voltage. However, the voltage
excursion between the supply voltage and ground at all nodes causes excessive power
dissipation. This condition also generates noise over the whole circuitry, which is not
desirable especially in mixed signal designs. Current-mode digital design techniques can
be a solution for this issue especially whenever the switching activity is high. In the first
part of the thesis, alternative current-mode arithmetic structures are built focusing on
multi-valued circuits. Together with multi-valued logic implementations, signed-digit
numbers and redundant number systems are also analyzed. The design issues of multi-
valued circuits are discussed and novel building blocks for multi-operand addition are

developed.

In the second part of the thesis, redundant arithmetic schemes for new generation
reconfigurable systems are also analyzed. These techniques proposed here can be
implemented efficiently by using recently introduced 6-input look-up table based field
programmable gate array (FPGA) systems. A redundant double carry-save mode addition
technique is proposed for the new generation FPGA devices. Using the proposed
technique, efficient multiply-accumulate operations and finite impulse response filter

structures for reconfigurable systems are developed.



OZET

YEDEKLIi SAYILAR VE COK DEGERLIi DEVRE TEKNIKLERIi iLE
GELISTIRILEN ALTERNATIF ARITMETIK YAPILAR

Aritmetik devreler tiimlesik devre tasariminda onemli bir yere sahiptir. Genellikle
aritmetik bloklar bir sistemde en ylksek gii¢ harcayan birimlerdir. Bunun nedeni, bu
devrelerin anahtarlama aktivitelerinin oldukc¢a yiiksek olmasidir. Alternatif aritmetik
uygulamalarla tiim sistemin gii¢ gereksinimi azaltilabilir ve sistem performansi

arttirtlabilir.

Statik CMOS sayisal tasarim dayanikli ¢alisma performansina sahiptir. Bunun nedeni
lojik seviyelerin iki u¢ deger olan besleme gerilimi ve toprak arasinda korunmasidir. Buna
karsilik tiim diigtimlerin besleme voltaji degeri miktar1 salinmasi yiksek gug tiketimine ve
devrelerde giiriiltiiye neden olmaktadir. Bu durum o¢zellikle karma sinyal devrelerinde
istemeyen bir durumdur. Ozellikle anahtarlama yogunlugunun fazla oldugu durumlarda
akim modlu sayisal tasarim bu duruma bir ¢6zim olabilir. Tezin ilk kisminda alternatif
akim modlu aritmetik yapilar cok degerli mantik devreleri kullanilarak gelistirilmistir. Cok
degerli mantik devreleri ile beraber isaretli sayilar ve yedekli say1 sistemleri de ele
almmustir. Cok degerli mantik devrelerinin tasarim gereksinimleri ele alinmig ve 6zgiin ¢ok

terimli toplama devreleri onerilmistir.

Tezin ikinci kisminda yeniden yapilandirilabilir sistemler i¢in yedekli say1
sistemlerinin kullanimi incelenmistir. Burada Onerilen teknikler yeni nesil 6-girisli hafizali
sahada programlanabilen kap1 dizisi (FPGA) sistemleri Uzerinde etkin olarak
gerceklenebilmektedir. FPGA sistemleri i¢in yedekli ¢ift saklamali toplama teknigi
onerilmistir. Onerilen teknik kullanilarak yeniden yapilandirilabilir sistemler iizerinde

etkili carp-topla islemleri ve sonlu dirtiilii filtre yapilar1 ger¢eklenebilmektedir.
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1. INTRODUCTION

Arithmetic design blocks play a crucial role in the digital and mixed-signal systems.
The bottleneck of digital signal processing and many other digital systems is arithmetic
blocks where addition and multiplication operations are the core units. As the VLSI
technology reduces to nanometer size devices, power dissipation reduces and device
speeds increase every year. However, silicon technology is reaching its physical limits,
where the design sizes already have reached the atomic levels. In this thesis, alternative
circuit design techniques are proposed for arithmetic systems that can help designing

analog friendly circuits; or increase performance with lower power consumption.

Addition of numbers is the most basic operation of all arithmetic systems, such as
subtraction, multiplication and division. In the basic addition structure, the addition time is
proportional to the bit size of the numbers to be added since the next output digit depends
on previous carry-out of each digit. This causes an unacceptable delay for many systems
especially when the word-length of the input operands is high. Therefore, carry signal
propagation must be eliminated in the arithmetic circuits. There have been various
techniques developed for breaking the long carry chains of the arithmetic circuits [1-3].

Basically, these techniques are based on redundant number representations.

Redundant representation means that a number is represented in more than one way
in the number system. As an example, if the number base is radix-4 (each weight of the

digit is a multiple of 4" where n represents the nth digit) and digit set is selected to be {-3,
-2, -1, 0, 1, 2, 3}, the numbers 0013, 0021, and 0121 all have arithmetic value 7. In this

representation, X represents — x for each digit. The redundancy in the number system can
provide the carry chains in the addition algorithms to be broken. This makes the arithmetic
operations independent on the bit size of the operands [1]. The details of redundant

systems and carry-free addition circuits are explained in details in the next chapter.

Redundant systems are not necessarily binary, but the numbers computed can be

encoded as binary. As a result, more than one digit is required for the representation of



redundant systems when the system is implemented in binary logic. Hence, the redundancy
in numbers means that the number structure is non-binary. Multi-valued circuit techniques

are suitable to implement the arithmetic operations with such redundant numbers.

Considering redundant number systems in the number theoretic approach, carry
propagation free algorithm development is achieved by using signed digit numbers or
using carry save arithmetic. A signed digit system can be represented as A — B, where A
represents positive digits and B represent negative digits. On the other hand, carry save
format numbers can be represented as the addition of two numbers; Z = {S, C}, i. e., sum
digits (S) and carry digits (C), respectively [4]. Shortly, carry-save mode addition
techniques may also be considered as redundant number addition techniques where
negative numbers do not exist in the digit set. The details of redundant systems are
analyzed in Chapter 2. Since the redundant systems are not binary in principle, they can be
implemented as multi-valued circuits. By multi-valued circuit techniques, carry-save mode

redundant architectures or signed digit systems can be implemented.

Multi-valued logic (MVL) has always been an alternative logic design style,
however, the circuit implementation drawbacks have been the obstacles over the years. In
general, current-mode and voltage-mode implementation of MVL is possible. Voltage
mode implementations of MVL are difficult in today’s technology, since the low voltage
design requirements do not leave enough voltage room for each logic level. Current-mode
implementations of multi-valued circuits have the advantage of dynamic range, which
gives flexibility in circuit design to have multiple logic levels on the same node. Another
point is that, addition of two or more input operands is very easy in current mode MVL [5,
9]. The addition is implemented by simply interconnecting two current carrying wires
(Figure 1.1), according to the Kirchoff’s Current Law. Since addition of two branches
needs no logic circuit and hence happens without delay in theory, it is clearly a great

advantage against voltage mode circuits.

In this work, the focus is mostly on the implementation of arithmetic circuits by
using MVL circuits. They have certain advantages over standard binary CMOS circuits.
Standard CMOS digital design has robust working performance, where each node is kept

in two extremes, either ground or supply voltage. However, the voltage excursion between
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Figure 1.1. (a) Voltage mode addition; (b) current mode addition

the supply voltage and ground at all nodes causes excessive power dissipation. Moreover,
it generates noise over the whole circuitry. This is not desirable especially in mixed-system
designs. Current-mode design techniques can be a solution for this issue especially when
the switching activity is high. In static CMOS design, the power consumption is negligible
when the circuit is not switching. Nevertheless, in current-mode designs the supply current
is not zero and power is consumed all the time. As the supply voltages scale down and
device geometry reduces to nanometer sizes, leakage current in voltage mode circuits
becomes significant, giving a chance to the current-mode design techniques [10,11]. The
significance of leakage currents for static CMOS appears at low voltage designs especially

for the geometries lower than 0.18 pum.

Another property of the current-mode design is that the switching noise of the digital
circuitry can be eliminated by using proper circuit techniques. This property is especially
important for mixed-signal systems, where digital circuit noise is an important artifact. The
current-mode circuits are driven by approximately constant current. This reduces di/dt

noise, which is generated by the inductive effect on the bonding wires of the chip.

The aim of this thesis work is twofold. The first is to implement alternative
arithmetic blocks in multi-valued style with a simple and efficient design methodology.
The second part of the research work is to implement efficient arithmetic algorithms using
redundant number techniques with alternative number representations and implementations

on reconfigurable systems for digital signal processing applications.



For the multi-valued circuit design, the efficiency metric is minimizing the area and
interconnect and obtaining lower power at high speed. The research work here on the
multi-valued circuit design is concentrated in enhancing the current comparators and the
current switching circuits. Current comparison and current switching is the main design
problem of all systems. Glitch free and fast current switching makes the system an
alternative to standard CMOS logic. In an alternative multi-valued circuit design
technique, it is also important to select a good arithmetic algorithm suitable for the
hardware. Here, the aim is to find systems where multi-valued circuits have advantages
over standard binary logic circuits. Therefore, designing with redundant numbers or signed
digit multiple valued arithmetic is focused. Multi-valued to binary conversion may be

required at the end, depending on the application of the system.

The starting point of this work has been designing high performance arithmetic
circuits using alternative multi-valued and current-mode circuit design techniques.
However, very high performance circuits can be built by binary logic by properly
arranging the device sizes or by using dynamic circuit techniques like domino logic [12].
Gigahertz range addition circuits are realizable in binary circuits and these performance
benchmarks are difficult to be beaten by current-mode multi-valued circuits. The reason
for the limitations of current-mode logic circuits is that, the performance is limited by the
current source and increasing the current to very high levels causes excessive current
dissipation. On the other hand, current mode techniques allow controlling power
consumption. Therefore, the power may be adjusted efficiently according to system

requirements.

In the first part of this thesis work, novel current-mode multi-valued circuit
topologies are developed that are especially efficient for multi-operand addition. The

circuits developed here are original and unique to the best of our knowledge.

The secondary research effort in this work is to implement efficient arithmetic
systems, especially multi-operand adders and redundant number systems on reconfigurable
architectures, i.e., Field Programmable Gate Array (FPGA) devices. FPGAS, especially
new generation high performance 6-input look-up table based structures can be used as
multiple valued input binary output devices, where efficient arithmetic structures can be



built using redundant multi-operand addition techniques. Finite Impulse Response (FIR)
filter structures are implemented on FPGAs as signal processing applications to show the

advantages of multiple valued addition schemes to achieve high operation speeds.

To summarize, Chapter 2 gives some background in the basic theory of redundant
numbers and gives a short introduction to multi-valued logic. Chapter 3 provides basic
current-mode circuits both in binary and multi-valued sense. Chapter 4 discusses the
proposed multi-valued circuits and explores the design both in circuit techniques sense and
redundant number system approach. Chapter 5 contains FPGA implementations, which are
realized by using redundant numbers. Chapter 6 is the conclusion, which summarizes the

outcome of the work done.



2. MATHEMATICAL BACKGROUND OF REDUNDANT NUMBER
SYSTEMS AND MULTI-VALUED LOGIC

In this chapter, the mathematical basis of redundant numbers is given. A short and
general introduction of multi-valued logic is also given for the analysis of various multi-

valued logic implementations in literature.
2.1. Redundant Number Systems

In redundant number systems, a number can be represented in alternative ways. The
redundancy gives extra information for representing a number. Moreover, redundancy is
required for breaking the carry propagation chains of the addition process and is very

useful when building arithmetic circuits, such as adders, adder trees, multipliers, etc.

Signed-digit numbers and carry-save arithmetic are well-known examples of the
redundant number systems. Signed-digit arithmetic was first introduced by Avizienis [13].
Signed-digit systems were conceived with the purpose of implementing totally parallel
addition [13]. Avizienis proposed an arithmetic system where carry propagation is
eliminated. Carry propagation is eliminated by making each digit of the resulting sum a
function of only two input digits. This is made possible by introducing redundancy in the
number representation. A proper intermediate representation of the operand digit
summation, x; + Y; is selected so that the final addition result can be generated using

without requiring or generating carry signals [14].

In conventional number systems, numbers can be represented as x; € {0, 1, ... r=1},

where r is the radix, x; is the ith digit of the number. In a signed digit number system, x; can
take over the values such that x; e { (r-12), (r-2) , ... 1,0,1, .. (r = 1)}. In this scheme,

(r—1) equals to - (r - 1), 1 equals to —1, etc. Each digit can have positive and negative

values. Therefore the system is named signed-digit (SD) representation [2].



Signed-digit representation gives redundancy in signal representation. As an
example, —1 can be represented as 01 or 21. In radix 10 (r = 10), a two-digit number X can

have values in the range of 99 < X < 99. Since X is a two-digit number, each digit can
have 19 (-9 to 9) different representation, where X can have 19° = 361 representations. The
number X can include 199 values (—99 to +99). Therefore, in this number system X has
361 — 199 = 162 redundant numbers, which means that X has 81 per cent (162/199)

redundancy.

The algebraic value of a signed-digit number is given by

Z :Zm:zir‘ .
i=0

In this representation, r is a positive integer called the radix, and each digit is denoted as z;.
In a redundant representation with radix r, each digit can assume more than r values. In
conventional number representations digits can assume exactly r values, i.e. z; € {0, 1, ...
(r-1)}. The values of the radix and the number digits, z;, should satisfy the condition of a
unique representation for the algebraic value Z = 0. It is then easy to prove that the
algebraic value Z is zero if, and only if, all digits of its signed-digit representation have the
value z; = 0. It is also evident that the sign of the algebraic value Z is determined by the
sign of the most significant non-zero digit. Similarly, the signed-digit representation of —Z,

the additive inverse of Z, is obtained by changing the sign of every non-zero z; digit of Z.

Figure 2.1 depicts the totally parallel addition approach in a signed-digit arithmetic
system. In the figure, u; is named as interim sum. The addition of two digits x; and y; is
totally parallel if two conditions are satisfied. First, the interim sum digit u; is only the
function of the operand digits, x; and y; [14]. Second, the carry digit to the next position c;
is function only of the operand digits, x; and y;. Totally parallel subtraction x; — y; is
realized as the totally parallel addition of x;and the additive inverse of y;, that is, Xj — y; = X
+ (- yi) . The details of the operations are given in the following sections.
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Figure 2.1. Parallel addition of two signed-digit numbers [13]

2.1.1. Generalized Redundant Number Systems

Generalized signed-digit number is a positional system with the digit set {-a, -a + 1,
w0 0, ..., =1, B} where, o > 0, p > 0, and for redundant number systems [1]:

at+p+1>r (2.1)

Here, r is the number representation radix. For the case where o + f + 1 = r results
in non-redundant number representation systems. The conventional radix-r system with a
=0 and f = r — 1 is the case for the generic r’s complement numbers and the 2’s

complement system is the most popular one. Redundancy index of a generalized signed-
digit number system is defined as:

p=a+tp+1-r (2.2)

A number can be represented as

z :Zm:ziri (2.3)



In this representation, r is the radix of the number system and z; is inside the digit set z; <

{-o,-0+1 ..0, ...,6-1 B} where,a > 0, f# > 0. Parhami classifies some special

cases inside the generalized signed-digit system [1]:

I. Binary stored-carry (BSC): r=2,a=0,8=2.
ii. Radix-r stored carry (SC): a =0, f=r.
iii. Binary stored-borrow or binary signed digit (BSB or BSD): r=2,a == 1.
iv. Radix-r stored-borrow (SB): a =1, f =r-1.
v. Binary stored carry-or-borrow (BSCB): r=2,a =1, f = 2.
vi. Radix-r stored-carry-or-borrow (SCB): o =1, =r.
vii. Minimally redundant symmetric signed-digit: r >4, 2a =28 = r.
viii. Ordinary signed-digit (OSD): r>3,1/2r < a=p<r:

a. Minimally redundant: o = = ErJH.

b. Maximally redundant: a =g = r-1.

Signed-digit systems for r > 2 are were first proposed by Avizienis [13]. Moreover,
Parhami [1] proposed generalized signed-digit number representation that explains
redundant number systems including binary case and other alternatives. Avizienis’s signed
digit system is named as ordinary signed-digit number system (OSD) in Parhami’s work.
Carry-save arithmetic is also one of the redundant number systems and has similar

properties with signed-digit systems and it is defined in the following sections.
2.1.2. Ordinary Signed-Digit Number Representation
Adding some redundancy to a number system can be beneficial in some of the

arithmetic operations; on the other hand, it is costly when it is used more than needed.

Amount of redundancy in a signed digit representation can be restricted as follows:

zie{a,a-1,..1,0,1,..a1, a}with PT_l—‘ <a<r-1 (2.4)
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where z; is the ith digit of a number. A number can be represented as in (2.3) using the
digit set of (2.4). According to the definition of the generalized redundant number systems
in Section 2.1.1, = f=a in the ordinary signed digit representation. At least r different

digits in the digit set are necessary to represent a number in a radix r system. In addition,

each digit z; should satisfy a < z< a for each digit in this representation. There are 2a + 1
alternatives for each digit in this representation. Therefore, the inequality 2a + 1 > r must
be satisfied and the lower bound in the inequality is for that issue [13, 14]. As an example,

in radix-8 representation, the value of ‘a’ is between 4 <a <7 according to (2.4).
As stated above, the main advantage of the signed-digit (SD) representation is to
eliminate the carry propagation chains in addition and subtraction. This is done by

breaking the addition into two steps [13].

Step 1: Compute an interim sum u; and carry digit c;:

Ui = Xi + Yi — IC; (2.5)
where
1 if(x+y)=a
¢, =41 if (x, +y,)<a (2.6)

0 if|x +y|<a
Step 2: Calculate the final sum:
Si = Ui + Ciq (2.7)
Consider the example where r = 10 and a = 6. Step 1 will result in
Ui = X; + Y — 10c;

where ¢; is calculated from:
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1if (x, +y;) =6
¢, =41if (x, +y,) <6

0 otherwise

If two numbers, 4536 and 1466 are added in a classical way,

4 5 36
+1 466
6 00 2

Carry propagates from the first digit through the last one. If they are added in SD

representation:

4 5 3 6

+ 1 4 6 6
01 1 1 Ci
+ 5 1 1 2 Ui
6 0 0 2 Si

As can be seen from this example no carry propagation appeared in the SD addition

scheme.

To find an SD representation of a number, the aforementioned algorithm can be used.
For example, to find the SD representation of 27956, each digit is represented as x; + y;. In

other words, here, each digit can be viewed as an interim sum of a previous addition:

Xi+ Vi 2 7 95 6
Ci 0 1 1 0 1
Ui 231 5 4

Si 321 6 4
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When implementing SD addition scheme, to guarantee that no new carry is

generated, the range of a must be selected properly. In the case where x; + y; = a, which is

the smallest value for which c; is still 1, u; = a — r < 0. Substituting |ui| =r—a into

lu;| < (a—1) yields the inequality 2a > r +1. Hence, the selected digit must satisfy:

2.1.3. Binary Signed-Digit Architecture

In binary signed-digit (SD) addition schemes, it is not guaranteed that no new carry
will be generated when computing s;. Interim sum u; and carry generations should be
revised, according to the Table 2.1 to assure that no new carry will occur in the generation
of si [15]. As can be seen in Table 2.1, interim sum and carry generations are made

according to the ith digit x;y; and the previous digit Xi_1Yi.1.

Table 2.1. Modified rules for adding binary SD numbers

XiYi 00 01 01 0L 01 11 n
Neither At least | Neither | At least
Xi-1Yi-1 | Not used _ - - _ | Not used | Not used
isl oneis 1 is 1 oneis 1
Ci 0 1 0 0 1 1 1
Ui 0 1 1 1 1 0 1

For radix-2, the arithmetic here is named as binary signed-digit (BSD) or binary
stored-borrow and the rules diverges from the ordinary SD systems. The modified rules for
adding binary SD numbers as shown in Table 2.1 is not unique. Various binary signed-
digit addition schemes can be generated [16, 17]. SD binary arithmetic implementations
can be seen in [3, 18-23].

The binary signed digit addition scheme can be analyzed using the following

example:
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1011100
+ 0110101

1101001 interim sum (u ;)
01101000 interim carry (c ;)
00000001 final sum (s )

where two SD numbers are added up based on the binary SD addition principles. The
interim sum and carry digits are generated based on Table 2.1. The final sum is calculated
by adding up the interim results. Note that, no new carry occurs in the final sum

generation.

Another issue related to redundant systems is the format conversion. For SD systems,
redundant binary to normal binary conversion is trivial. Since each number is represented
as positive digits and negative digits, subtraction of negative digits from positive digits
results the conversion to normal binary. There are other algorithmic approaches for these
implementations for speed improvement of format conversion. In order to improve the
speed of the conversion operation, other algorithmic approaches have been proposed [21,
22]. Conversion from unsigned normal binary to SD binary is also trivial, such that, all
non-zero bits of the normal binary number are equal to the positive digits of the signed
digit numbers, and all the negative digits are equal to zero. For 2’s complement binary,
sign bit is equal to the corresponding negative digit of the signed-digit number and all
other positive digits are equal to the non-zero bits of the normal binary number, same as

the normal binary case.

2.1.4. Carry-Save Arithmetic

Carry-save adder concept has been used for more than four decades. Wallace named
the classical full-adder architecture for the usage of carry-save arithmetic as pseudo adder,
since it reduces three input operands to two [24]. Wallace also designed parallel reduction
tree for the reduction of the partial products of the multiplier. Carry-save reduction has

been used in countless arithmetic applications where it is mostly used for partial product
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reduction of multipliers. Carry-save arithmetic can also be generalized as a redundant

binary system [1, 4].

Before defining the carry-save arithmetic, the most basic addition scheme, i.e. full
adder, should be mentioned here. A full adder has three input operands X, y, z and two

outputs s and c. The operation is described as
X+ Y + Cin = 2Cout +S
where, ‘+’ operation is arithmetic addition here and each X, y, z, ¢ and s €{0, 1} here. The

single bit cell of a full adder and a multi-bit ripple carry adder are depicted in Figure 2.2

(@) and 2.2 (b), respectively.

X Y C.-n cout S
000 00 1 1
001 01 X v
010 01
011 10 Cot FA Ci, 'J
100 01 r s
10 1 10
110] 10 |
111 11 FA: Full Adder
(a)
X3 Y3 X2 Yz X1 Y1 Xo Yo
| ] | ] | ] L 1 .
X Y X Y X Y X Y
Cout FA Cin Cout FA cir1 Coul.' FA Cir1 coul FA Cir1
S S S S
| | | |

Sz

Sz

81

So

(b)
Figure 2.2. (a) Full adder representation; (b) ripple carry addition using full adders

Counter circuits are used for multi-operand addition of binary numbers. The simplest
counter circuit is the (3, 2) counter which is simply a full adder. The only difference is the
application, such that, all x, y, and cj, inputs have same functionality, and, there is no carry
ripple action contrary to the situation shown in Figure 2.2 (b). A (3, 2) counter counts the
number of non-zero inputs and encodes the result into a two digit binary number. The
maximum number of non-zero input digits is 3, hence we need at least 2 output digits to
represent the result as shown in Figure 2.3 (a). The delay of the circuit is the single cell (3,

2) counter delay (single FA delay) as total, independent of the bit width of the operands.
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Figure 2.3. Carry-save adder structure: (a) normal binary inputs, (b) redundant inputs

In a carry-save system, each digit is represented as summation of two numbers, sum
and carry. However, the final binary result, i.e. addition of this sum and carry, is not
computed unless it is required. The output of the (3, 2) counter, composed of two numbers
S and C, is an example to a carry-save number. In carry-save representation, each digit is

represented as:

zi = {si, Ci} (2.8)

where the summation Z is represented as Z = {S, C}.

Carry-save arithmetic is a redundant system where the digit set is described as z;
e{0, 1, 2} and each digit of Z is equivalent to z; = s; +c;. Carry-save arithmetic also
provides carry propagation free addition similar to SD systems. Two arbitrary numbers in
carry-save format can be added up using a (4, 2) reduction scheme, seen in Figure 2.3 (b).
The (4, 2) reduction is realized by a two stage (3, 2) counter reduction scheme. Moreover,

more compact (4, 2) reduction schemes for VLSI design exist for faster performance [25].
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Carry-save arithmetic is an advantageous alternative to SD systems in many of the carry-
free arithmetic applications. It should be noted here that, it is also possible to implement

higher radix carry-save arithmetic providing less redundancy in the system [3].

Normal binary to carry-save conversion and the reverse should be noted here as well:

I. A normal binary number X can be represented as in (2.8) inawaythatS=X and
C=0.

ii. Addition of two normal binary numbers X and Y can be represented as a single carry-
save number such that: S = X and C =Y without applying any addition hardware.

iii. Three normal binary numbers can be converted to carry-save format (addition of
three normal binary numbers with the output in carry save format) as shown in
Figure 2.3 (a).

iv. And finally, a carry-save format number can be converted to normal binary by using
a two operand adder, such as a ripple carry adder, where s; and ¢; components are
added up resulting a normal binary number such that Result =S + C.

2.2.  MVL Function Representation and Logical Operators

The proposed circuits in this thesis are not based on the formal definitions of MVL
algebra. However, there are various works referenced in the thesis using MVL logical
operators and formal definitions. This section is given as an introduction to general MVL

function definitions.

Multi-Valued Logic (MVL) is a generalization of binary logic. Binary logic is a
subset of MVL [26]. Multi-valued logic is a logic system which has more values than 0

and 1 contrary to binary logic.

Boolean logic can be binary Boolean logic or multi-valued Boolean logic where in
multi-valued Boolean algebra the variable size must be a power of 2. There are other multi-
valued logic systems rather than Boolean logic. Especially chain based Post algebra is an
important research area of multi-valued logic which has functional completeness.

Furthermore, contrary to multi-valued Boolean logic, in chain based Post algebra the
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variable space need not to be a power of 2. Post algebra was first introduced by Emile Post
in 1921 [27] and has been very famous among the multi-valued logic community. A
particular set of Post algebra is the chain based Post Algebra which is functionally
complete and attained much attention and welcomed much among the multi-valued logic
research community. For the chain based Post algebra, when the variable space is

restricted to binary, it is equivalent to binary Boolean Logic. The chain based Post algebra

or chained Post algebra is defined as <M s L,0,1> [26-29], where M is a totally ordered

finite set containing m elements {0, 1, ..., m — 1}, “+’ is the “max” operator, *.” is the
“min” operator and L is the literal. Min, max and literal operators are defined in next
section. In chain based Post algebra, logical zero 0 = 0 and logical one 1 = m — 1 for an m-
valued logic system [26-28].

For the Boolean case, the logic definition is only functionally complete in the set m =

2", Vne{l,2,3..}. For chain based Post algebra, there is no restriction for functional

completeness, and, m may have any arbitrary positive integer value, i.e. it is functionally
complete where m = {1, 2, 3, ...}. This means that chain based Post algebra gives more
general view than Boolean logic. As stated above, whenever m = 2 (binary case), Boolean

algebra and chain based Post algebra are equivalent.

Multi-valued logic is studied for various intentions. For some researchers, multi-
valued logic is a mathematical concept and can be viewed as a pure mathematical research
area, which has a broad view in logic. Secondly, multi-valued logic can be used for logic
synthesis of conventional binary logic circuits. Another research area is multi-valued
circuit generation which also deals with electronics and circuit theory.

2.2.1. Basic Definitions of Multi-Valued Logic in Chain Based Post Algebra

Considering a multiple valued combinational function f(x) in chain based Post
algebra, which is m valued, where X = {xi, X2, ... , Xn}, €ach x; can take m values from the

set M = {0, 1, ... m-1}. Here, the mapping of the function is defined as f: M" — M. There

n
are m™ different functions that can be implemented. Table 2.2 shows the number of
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functions that can be implemented, depending on the radix and variable count. Basic

operations in MVL and their similar counterparts in binary logic are shown in Table 2.3.

Table 2.2. Number of combinational logic functions by MVL

n variable
radix (r) 2 3 4
2 16 256 65536
3 19683 7.63x10"% | 4.43x10%
4 429%x10° | 34x10%® | 153x10™

Definition: A min operator can be defined as:

min(ay, az, ... &) =a; Naz Nas... Nan (2.9)

where a3, @, ... ap € R={0, 1, ... r-1}. For a; = 5, a = 2, ag = 3, min(5,2,3) = 2. The

operator ‘~’ will be replaced by *.” in the following representations for simplicity [30-32].

Definition: A max operator is defined as:

max(ay, ay, ... ap) =a; Lax U... Ua, (2.10)

where a;, @, ... a, € R={0, 1, ... r-1}. For a; = 5, a; = 2, azg = 3, max(5,2,3) = 5. The

operator ‘U’ will be replaced by “+’ in the following representations for simplicity.

Table 2.3. Multiple-valued counterparts of basic MVL operations

Binary MVL

NOT Complement, Cycle
AND MIN

OR MAX

XOR SUM (mod r)
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Definition: Complement of x, is defined as:
X=(r-1)—-x (2.11)
For 4 valued-logic, if x=2, X=(4-1) -2 =1.

Definition: Cycle operator can has two definitions, y-clockwise cyclic operator (CWC) and

y-counter clockwise cyclic operator (CCWC):

y-CWC: x*~: (x +y) mod r

’ (2.12)
y-CCWC: X“: (x —y) mod r

Clockwise cyclic operator is equivalent to modular sum of the two variables. Table

2.4 shows the truth table of min, max, and modular sum operators.

Definition: The literal is defined as:

s r-1 if xeS
(2.13)

B 0 otherwise

where S M. If m =2, i.e. binary case, then we get x%=x and x%=x".I1fSisa single

element set the brackets can be omitted and x¥ can be written as x'.

Definition: The window literal or, literal is defined as:

A r-1ifa<x<b s
| 0 otherwise (2.14)
Definition: The complementary window literal is defined as:
b _ r-1ifx<aorx>b ” 15
| 0 otherwise (2.15)
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MVL unary operations can be seen in Table 2.5.

Definition: A product term, having the value of k (k < r-1) is given by

P ﬂg(xi):k (2.16)

i{0,1,2..n}

where, g(x;) refers to a unary operator such as literal, cyclic operator or any other, and, ‘~’

refers to min operator over unary operators.

Definition: A multiple-valued combinational function can be expressed in terms of

products as:

f (X % %,) =P (2.17)

where ‘U’ implies the max operator and P; represents all the products for the

implementation of the function.
Any multi-valued function has a canonical expression in chain-based Post algebra in
terms of max, min and literals, which are defined above. As an example, a two-variable, 3-

valued function shown in Figure 2.4 has the following canonical expression:

f(X, %) =1 X X0 +1- X X 4+2-X Xy +2-X - X5 +2- X %)

X1
X2 0 1| 2
0 0 10
1 2 2 | 2
2 0 10

Figure 2.4. An example multi-valued function



Table 2.4. Truth table of Min, Max and Modular Sum (Msum) operators

Min 0 1 2 r-1
0 0 0 0 0
1 0 1 1 1
2 0 1 2 2
r-1 0 1 2 r-1
Max 0 1 2 r-1
0 0 1 2 r-1
1 1 1 2 r-1
2 2 2 2 r-1
r-1 r-1 r-1 r-1 r-1
Msum 0 1 2 r-1
0 0 1 2 r-1
1 1 2 3 0
2 2 3 4 1
r-1 r-1 0 1 2X(r-1) mod r
Table 2.5. MVL unary operations
Name Notation | Definition
Cycle X (x + k) mod r
Cycle — Counter clockwise X< (X - K) mod r
Successor X+ (x+ 1) modr
Predecessor X- (x=1) mod r
Complement (negation) X' (r—=1)-x
Selection literal (literal) x° r—21ifxinS; 0 otherwise
Window literal XD r — 1 if a<=x<=b; 0 otherwise
Complementary window
literal x2P r — 1 if x<a or x>b; 0 otherwise

21
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Property 2.1: The following properties of literals hold:
X -x=0,forany i,jeM,i#j.

m-1

> X =1

For example, the function in Figure 2.4 can be represented as
f (X, %) =1-X X5 +1- X - X2 +2-%

where ‘+’ is max and ‘.’ is min operators. Here, max(a, b) = a forany a>b,a,be M . The

following rule can also be used for simplification [28].

Property 2.2: Let a and b be constants in M such that a<b. Then
a-x +b-xJ=a-(x +xj)+b-x].
Using the above property, the function in Figure 2.4 can be reduced to:
f(x,%)=1x+2-X.

Furthermore, the constant 2 can be omitted from the product terms since 2 is the unit

function (m-1 = 2) by definition. As a result the function reduces to:
(%) =1-%+X,

There are various references about multi-valued logic minimization. Some of which

appear in [33-37].
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2.2.2. Functional Completeness of Multi-Valued Logic of Post Algebra

Functional completeness is a critical issue for logic functions where, if it is provided,
any kind of logic circuit can be realized. Once a complete set of functions is defined, any
logic circuit can be constructed from the gates implementing the primitive functions from
this set. Basic definitions of functional completeness of chain based Post algebra is defined
in [28, 29].
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3. BINARY AND MULTI-VALUED CURRENT-MODE LOGIC
DESIGN

In this chapter, an introduction to current comparators and current-mode binary logic
(source-coupled logic) is given. Furthermore, some of the current mode multi-valued
circuits appearing in the literature are explored. The aim is to give a basis and comparison

for the contributions in this work.
3.1.  Current Comparator Circuits
Current comparator circuits are the most common building blocks of current mode

logic circuits. One of the simplest and most popular current comparator circuits has been

proposed in [38]. The circuit is shown in Figure 3.1.

Voo
Y
M; jl——'—|t Ms
e \.-"lTH
M, —
f L oV
|IN IIN
e s —r——0 "'l'lrll]
Vo
~NC
4
M1 i i M2 M s Mz~
(a) (b)

Figure 3.1. (a) Current comparator circuit with voltage mode output; (b) representation of

equivalent output capacitance
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Here, the input current I,y is compared to the threshold current Ity. In the circuit, the

current I,y is copied to M,. When the input current is less than the threshold current, the
output voltage will become high

High if I,y <1y,
V, = _
Low if I,y > 1,

(3.1)

The transistor M, behaves as an active loaded inverter. A large gain is desired to
provide a sharp comparator transition and greater noise margin. Assuming that the

equivalent capacitance at the output is assumed as C, the delay of the circuit is estimated
by:

Vv
tbELAY @ Cﬁ (3.2)
x T

This delay is controlled by the input current range (|Ix
equivalent input capacitance C

It]), supply voltage (Vpp) and

Another current comparator circuit is proposed in [7]. The circuit and its equivalent
is shown in Figure 3.2.

Switched
Comparators current
source
f_’_\
lx'IT

]

L

I"u"'l:ll:n @: Current source
| l ! : M:‘!
e
- v
—i[5 M1

I

(b)
Figure 3.2. (a) Threshold comparator [7]; (b) equivalent circuit
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The threshold function is defined as:

Lo ifh<l,
YU i >0 (33)

Here, the transistor M is assumed to operate in the saturation region. For multi-
valued logic design, each logic level is defined as multiples of lo unit current. The
comparator values are set between in between each logic level such as I+ = 0.5 I, to detect
logic level 1 (i.e. lg), I+ = 1.5 I, to detect logic level 2 etc. In the worst case, the difference
between the comparison current and variable current is 0.5 lp. Using (3.2) the worst case

delay of a comparator is estimated as:

VDD
0.51,

toecay o C

(3.4)

It is possible to reduce the delay by decreasing the supply voltage Vpp, or alternatively
increasing the unit current lop. However, increasing the logic level current increases power
dissipation. In the following sections, current mode binary logic and a similar scheme for

multiple-valued implementation will be explained.

3.2.  Binary Current-Mode Logic (Source-Coupled Logic) Circuits

Since current-mode multi-valued circuits will be explored, binary current mode logic
(source-coupled logic) circuits are analyzed here in order to compare the functionality of
the multi-valued circuits. In addition, it is possible to use current mode binary circuits in

some building blocks of MVL circuits when needed.

A digital circuit style that seems to be promising in both reducing power
consumption and providing an analog friendly environment is MOS Current Mode Logic
(MCML). The Source-Coupled Logic (SCL) is synonymous with MOS Current-Mode
Logic (MCML), where SCL expression is more popular in the literature. In the past, high-
speed digital ICs were often realized in Si bipolar and I11/V compound technologies.

However, as the feature sizes scales down, nowadays it is possible to realize high speed
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ICs at Gigabit/s speeds with CMOS circuits [39]. Moreover, if current mode logic (or
source couple logic equivalently) circuits are used, even higher speeds can be achieved
because of its shorter logic level voltage swing [40, 41]. While bipolar CML, a derivative
of emitter coupled logic (ECL), has been used for years in high performance applications,
it has become less desirable over time due to its high static power consumption and

reliance on bipolar processing [42].

The ideal gate implemented in source-coupled logic manner is shown in Figure 3.3.
It consists of three main parts: the pull up resistors, the pull down network switch, and the
current source. The inputs to the pull down network (PDN) are fully differential. In other
words, the true and complement of all logical inputs must be present. The PDN can
implement any logic function but must have a definite value for all possible input
combinations. In general, the design of the SCL pull down network is similar to other
differential logic styles such as differential cascode voltage switch logic (DCVSL) or

differential split-level logic (DSL).

RI ,IR

Out ¢ > Out

N0
N ——
N1 ——y © Pull

Inputs ¢ N ———) Down
Network

[ p—

| :

Figure 3.3. Binary Current Mode Logic circuit

Unlike DCVSL or DSL, the pull down network in MCML circuits is regulated by a
constant current source. The pull down network steers the current | to one of the pull up
resistors based upon the logic function being implemented. The resistor connected to the
current source through the PDN will have current | and a voltage drop equal to AV =1 x R.
The other resistor will not have any current flowing through it and its output node will be
pulled up to Vpp in the DC state. If we look at the differential output voltage, the total
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voltage swing is set exclusively by the amount of current (I) and the value of the pull up
resistance (R). This voltage swing is generally much smaller than Vpp, in the order of a few
hundred millivolts.With this simple model in mind, some basic transient properties of a
circuit composed of SCL can be derived. For simplicity, assuming that the circuit is a
linear chain of N identical gates, all with identical load capacitance C on each output node.
The total propagation delay (D), power (P), and power delay (PD) product is approximated
by [42]:

NXxCxAV

Dy = NRC :f (3.9)
PvmcemL = NxIXVpp (3.6)
PDpemL = N 2XCXAVXVpp (3.7)

For comparison, the delay, power and power-delay for static CMOS logic are given by:

D NxC XVDD
CMOS =
k (3.8)
5% (Vbp —Vr)“
1
Pevos =N xC ><VDD2 X (3.9
CMOS
PDCMOS =NxC ><VDD2 (310)

Figure 3.4 shows an inverter/buffer designed in SCL style. All SCL gates have one
current source device and two load devices. Different logic functions are implemented with
different pull down networks. The implementation of a logic function using SCL gates can
easily be determined by using a Binary Decision Diagram (BDD) [43]. One important
property to note is the relative homogeneity of gate topologies in SCL circuits. If the
leftmost gate in Figure 3.5 is explored, it can be seen that the AND, OR, NAND, and NOR
functions all have exact the same topology and hence the same sizing, delay, power, etc.
The only difference in implementing these functions is the ordering of the inputs and
outputs. This uniformity leads to more predictability in the timing and area of cells and
reduces the need for Boolean manipulation in order to transform into inverting logic [41,
42].
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Figure 3.5. Realization of Boolean functions with MOS Source-Coupled Logic (SCL)
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3.3.  Arithmetic Building Blocks of Multi-valued Logic Circuits

Current-mode circuits provide the advantage that interconnecting two of the outputs
current sources results in the addition of the currents at the interconnected nodes. This
provides great saving in the addition process and is beneficial for the generation of multi-

valued arithmetic circuit implementations.

Some of the first implementations of the current-mode multi-valued arithmetic
circuits appear in [44] and [45]. One of the first redundant binary addition applications is
presented in [46]. The circuits designed in [46] contained bi-directional current sources.
The bi-directional implementation of addition and subtraction by currents results in slower
operation, since the addition and subtraction operations for the currents are implemented at
the same node. The reason for the slow operation is that, the bi-directional connections
overload the interconnection nodes with high amount of capacitances of the active devices
by double operations of addition and subtraction at the same node. Bi-directional current
source implementations also appear in [30, 31] together with arithmetic and logic multi-
valued logic implementations. There are similar redundant binary applications in [5, 47].
An improved work for the redundant arithmetic appears in [7] where differential multi-
valued design style is employed. This application provides faster response with better noise
immunity; on the other hand, the circuit size is doubled.

An improved work of signed-digit redundant addition approach appears in [8]. Here,
redundant binary arithmetic applications are handled using differential circuit design,
similar to binary source coupled logic systems.

Besides these, Etiemble [48] presents a simple addition circuit which is applicable to
multi-operand addition as well; the circuit presented is simple and useful for the arithmetic
implementations. Another approach for multi-valued logic for arithmetic is presented by
Temel [9, 32]. Temel implements high radix addition algorithms that contain novel circuit
implementations. In the following sections of this chapter, some of the selected works of
multi-valued arithmetic circuit implementations are explained in more detail to give better
insight in current-mode multi-valued arithmetic applications. In the next section, the

methodology of this thesis work is presented for various arithmetic applications. This work
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focuses on multi-operand addition which makes it different from the aforementioned

approaches.

3.3.1. Basic Radix-4 Current Mode Adder Architecture

K. W. Current presents radix-4 current mode adder architecture in [49]. In that work,
radix-4 inputs of A and B, and binary input C; are added as currents. I, (li, = A+ B + Cj)
current is the input of the adder scheme. Since the inputs A and B are radix-4 (values
between 0 - 3) and C; is binary, 3 + 3+ 1 = 7 different current levels exist. The circuit of
radix-4 full adder is shown in Figure 3.6. Here, A, B, C and D are the outputs of the current
comparators. D output is compared whether the current value is greater than 41 (I is the
unit current corresponding to a logic value of 1). If the value is equal or greater than 4, then
D output is activated and carry output of the circuit will be active. Here, when the output D
is active, a current 4l is fed-back and subtracted from the result, so as to reduce the
comparison value. Therefore, current comparators compare the values of 0 to 4 instead of 0
to 7, by the help of the feedback circuit. Transmission gates provide the current switching
in the circuitry. The summation output is regenerated using unit currents at the output.
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Figure 3.6. Current mode radix-4 adder circuit and its logical diagram [49]



32

3.3.2. Implementing MVL Functions Using Current-Mode Logic

Current-Mode Logic (Source-Coupled Logic) can be used in multiple valued
functions as well. T. Ike et. al. proposed a new style of source coupled circuits to be used
with multiple valued logic style [8]. The common part of this new style is the multiple

valued source coupled comparator which is shown in Figure 3.7.

i 1

LB (R (A A
& d)vtoéﬁy d)v{‘lil d)v'izii vee

Figure 3.7. Multiple-valued Source Coupled comparator

Here, the current value X is converted to a voltage value and compared with four source-
coupled pair circuits to detect five different levels. Detailed analysis of this source coupled

comparator is shown in Figure 3.8.
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Figure 3.8. Analysis of Source Coupled Comparator circuit

In this circuit, Current 1(X) is converted to V(X). The variable voltage V(X) is
compared with a constant voltage level V(T). V(X) value is the drain voltage of the PMOS

transistor MP3. Since, the gate of the transistor is at ground voltage, the transistor is always



33

in linear region. The voltage V(X) is derived from the basic MOS transistor linear region

ko k2 2
V(X)=k-_|k 5 1(X) 1)

k=Vpp -Vt

equations:

where V1, S, and Vpp are the threshold voltage of MP3,the gain constant of MP3 and the

supply voltage of the comparator, respectively.

T. Ike et. al. has proposed a full adder architecture and built a 54x54 signed-digit
multiplier based on the source coupled multiple valued logic. The designed radix-2 signed-
digit full adder architecture is shown in Figure 3.9.

Logic value 2|10 |1]|2
X(i), Y (i), W(i),C(i),s(i) | - 1] lo |2la] -
Z“] 0 Ip 2'0 3|u 4|n
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comparator L comparator
AUULL AL
/ Output ::/ Output ::/
generators N generators
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S(i) S(i-1)
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Figure 3.9. Signed digit full adder architecture

In this signed digit full adder architecture, X(i) and Y(i) are input currents which are added
to produce Z(i). C(i) and W(i) correspond to the carry and interim sum, respectively. Final
sum value is S(i). The signed digit addition implemented here can be formulized below:
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Z(i) = X() + Y(i)
W(i) = Z(i) - 2C(i) or: 2C(i)+W(i) = Z(i) (3.12)
S(i) = W(i) +C(i-1)

To retain the final sum S(i) within the set {-1, 0, 1}, C(i) and W(i) are determined by Z(i-1)
together with Z(i) as follows [8]:

Ci)=1,W({i)=0 ifz(i)=2
C(i)=1,W(i)=-1 ifz(i)=1andZ(i-1)>1

C(i)=0,W(i)=1 ifz(@i)=1andZ(i-1) <1

C())=0,W(@i)=0 ifz@i)=0 (3.13)
C(i) =0, W(i) =-1 ifZ(i)=-1and Z(i-1) > 1

C(i)=-1,W(i) =1 ifz(@)=-1andZ(i-1)<1

C(i)=-1, W(i) =0 ifZ(i) = -2.

The equations above can be verified using Table 2.1.

Intermediate sum and carry functions can be implemented in source coupled multi-
valued logic as shown in Figure 3.10. In this scheme, the variable pair (N+ and N-)
represents the condition that Z(i-1) > 1 and Z(i-1) < 1.

3.3.3. High Radix Current Mode Full Adder Architecture

The addition operation is implemented by truncated difference block [32]. Truncated

difference operation is defined as [50]:

Xx—Kky iff x> ky

3.14
0 otherwise (3-14)

XEKy = {

The multi-valued min operator can be defined using truncated difference operation:

min(x,y) = xZ(x5y) = yE(x5Y) (3.15)
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Figure 3.10. Carry and sum generation for the circuit proposed in [8]
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The truncated difference operation can be realized using the circuit shown in Figure

3.11. By using the truncated difference operator, current-mode threshold operations can be

realized.
XE ky X
N y l
Slope=1
—
| N
—
XEk
1:k y
0 ky X
@ (b) (c)

Figure 3.11. Truncated difference: DC characteristics, circuit and symbol [48]

The upper and lower threshold operations for a, b, ¢, d € R are defined as:

¢ |c ifax=b

Upper-threshold, thy: a\b = 0 otherwise
_ (3.16)

c ¢ ifa<b

Lower-threshold, th;: b‘a= 0 otherwise

A robust upper threshold design based on positive feedback is shown in Figure 3.12
[32, 51]. This type of upper threshold circuit will be denoted by thy, (where ‘p’ denoting
the positive feedback). The quantity Aa is the total transition width and it is adjusted by the
aspect ratios of cross-connected transistors N3 and N4. The given aspect ratios of the
transistors ensure Aa = 2uA from 0 through 75pA. Figure 3.12 (b) shows the complete
circuit diagram. The inputs a and b are compared by the truncated difference circuit that
consists of N1 and N2.
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Figure 3.12 (a) Upper-threshold DC characteristics and two-output block diagram;

(b) circuit diagram, minimum feature size transistor aspect ratios

N2 is “on” if a>b forcing the gate of N4 to a low voltage and turn it “off”. So the
output is equal to c. Otherwise the node “A” is high which drives transistor N4 to turn
“on”, hence setting the output to “0”. The positive feedback between transistors N3 and N4
ensures the bi-stable operation (i.e. one of the transistor is “on” while the other is “off”). It
should also be noted that the topology can be configured as multi-output through the output
transistor, N,. Lower-threshold operation is achieved by interchanging inputs a and b in

upper threshold configuration.
Cyclic gates can be implemented by using truncated difference and upper threshold

circuits. They have equivalent functionality to the modular summing circuit. The cyclic

operation is defined as:
X7 = (x+y)modr: (x+y)E(x+y)|. (3.17)

By using the equation above, the circuit can be realized as seen in Fig 3.13. Here, is I is
equivalent to the lowest logic value, ‘1°, r’ is equal to (r — 0.5). The value of 0.5 represents
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here the noise margin in the circuit. With this operation, the high radix full adder circuit

can be implemented. The equation of the full adder circuit is given below:

= T - = X+ Yy +Cijy if x+y+Cy, <r' (3.18)
" X+Yy+Cj, —r otherwise '
= 0 iff Xx+y+Cj, <r' (3.19)
1 otherwise
The summing circuit is shown in Figure 3.14.
‘ lr’lb y
rlb X+y X X -
el P
X*tV__" | thy [ N y-CWC
[— —> —T
(x+y)s, 1l oY
r’lp-y rlp-y rlp x
(©)

(@) (b)

Figure 3.13. (a) y-CWC operation DC characteristics, (b) block diagram, (c) circuit

diagram

Figure 3.14. A high radix current mode full adder circuit [32]
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3.3.4. Comments on the Multi-valued Arithmetic Architectures

Throughout the sub-sections of this chapter some of the interesting multi-valued
applications are analyzed. The first multi-valued arithmetic circuit [49] explained in
Section 3.3.1 is has a very basic style of current switching. The circuit suffers from slow
switching characteristics based on the current comparator scheme implemented where the
performance metric of a current comparator has been given in Equations (3.1) through
(3.4).

The next multi-valued application [8] explained in Section 3.3.2 has novel structure
that current comparison has been made through source-coupled pairs through current-
voltage converters. The circuit has an improved performance as well as robust switching
characteristics based on differential design style employed. However, binary signed-digit
implementation is complex and many binary source-coupled logic blocks are used for

resolving the output signals.

The last design [32] explained in Section 3.3.3 has advantageous features and has
been defined using formal multi-valued logic definitions. The advantage of the system is
that the circuit is designed to work for high radix systems, such as radix-8 as given in the
example. However, high radix also means lower noise margins and the circuit application

areas may be restricted.

An important work of A. K. Jain, R. J. Bolton, M. H. Abd-EI-Barr [30, 31], should
be mentioned here for a thorough analysis of MVL and arithmetic circuits, as well as, for
better insight in MVL design principles.

It is not possible to make an in-depth analysis for all multi-valued applications.
Therefore, only some of the pioneering works for the arithmetic applications are
summarized here. The general problems in current-mode multi-valued logic are constant
current consumption of the circuits, complicated nature of the design style, slow switching
of the current comparators, lower noise margins and robustness issues of the circuits.
These are the difficulties for researchers who are interested in designing multi-valued

circuits.
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In the next chapter, various novel multi-valued arithmetic circuits are proposed,
which is the main contribution of the first part of the thesis. Multi-operand addition
schemes where advantages of multi-valued circuits can be explored are focused in the

proposed systems.
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4. MULTI-VALUED SIGNED DIGIT CIRCUITS AND COUNTER
CIRCUITS

There are numerous examples of multi-valued arithmetic implementations in the
literature [5, 7-9, 49]. Most of these blocks are based on two-operand addition. Besides,
there are very successful two operand addition schemes in binary logic based on either
redundant arithmetic techniques [15, 21] or parallel prefix addition based binary structures
[52-55]. Many of these high performance binary arithmetic blocks are analyzed together in
[56] and [2]. However, there is almost no multi-valued and multi-operand addition scheme
existing in the literature. Multi-valued and multi-operand circuits can be used to reduce
partial products in multiplier circuits as well as other multi-operand addition applications
such as fixed coefficient multiplication or similar applications. They provide small-size

arithmetic blocks for multiplication and similar operations.

When exploring the multi-valued arithmetic circuits in the literature, the addition
algorithms in [32, 48, 49] utilize single transistor switching schemes which results in
glitches in the current comparison operations. In [8], differential design technique is used,
which provides better performance with less glitch and increased noise immunity. The
design style proposed here is based on differential design techniques. Throughout this
chapter, multi-valued multi-operand addition schemes are presented. First, a multi-operand
addition scheme is presented employing a signed digit scheme for the addition of normal
binary operands, resulting with signed digit outputs. The design is suitable for adding

multiple operands in average sized multiplier circuits.

After the signed-digit implementation proposed in Section 4.1, multi-operand
addition circuits are proposed in Section 4.2, similar to the binary circuit (7, 3) counter.
Two multi-operand addition circuits are proposed in Section 4.2.1 and 4.2.2. The proposed
circuit in 4.2.2 has an advantage that the output is self restored to binary. It can be used as
an equivalent to the binary (7, 3) circuit. The proposed unique design style for multi-
operand addition here provides analog-friendly arithmetic design alternatives in circuit

design.
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4.1.  Signed-Digit Multi-Valued Implementation

Signed-digit (SD) number systems provide alternative redundant representations of
numbers that can be exploited for carry-propagation free addition algorithms [13]. In
general, SD systems are defined for two operand additions, and many of the multi-valued
logic implementations are realized for two operand additions. However, multi-operand
addition is important especially for the multipliers, where multiple input operands need to
be added up fast for efficient arithmetic operation. Here, a novel and efficient multi-
operand multi-valued addition scheme is proposed. The proposed system has six normal
binary inputs which are added up to form a signed digit output. The six inputs are labeled
as Xo ... Xs. Each input X is composed of n digits in the range of xi; € {0, 1}. The multi-
valued sum output is organized to have the value digit set of {-1, 0, 1, 2, 3} at the output.
This is the digit set of radix-4 for positive values. Each of the six input operands Xo ... Xs

are defined as:

X =2" Xy #2" X e+ 28X + 2%
n-1 (41)

To retain the value of the sum in the digit set of {-1, 0, 1, 2, 3}, carry-out digit is
transferred to two next cell as an input to carry-in. For the parallel addition of each digit of
X;, each digit is added up together and the output is processed in the following equation:

5

U; :ZXi,j —r-2¢;, (4.2)

i=0

Here, u; is called as the interim sum. Since each digit is in radix-2, r is 2. The carry-out is
transferred to the two next digit, in the application. Therefore, a constant of ‘2’ in the
equation is to make radix-4 positive digit-set be compatible to radix-2 system radix. The

sum s; and carry out Ci+1 (Cout) can be calculated as:
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5
1 if DX, >3
Ciy = = (4.3)
0 if DX <3
j=0
Si=U; +Ci4 (4.4)

The output digit set is planned to stay in the digit set {-1, 0, 1, 2, 3}. It is a mixed
radix representation where the value of each digit is defined in radix-4 and each weight of
the digits are in radix-2. As mentioned above, in this format, s; € {-1, 0, 1, 2, 3}. S is

defined as:

$=)72's (4.5)

The arithmetic operation of the signed digit multi-operand adder is illustrated in
Figure 4.1. As the decimal lines added up together, the result is:

31+30+30+26+24+24=165.

The multiple valued addition result is:
1x2° + 0x2 + (-1)x2% + 3x2°® + 3x2* + 1x2° + 1x2°
=1-4+24+48+ 32+ 64 =165.

The operation of the multi-operand adder is verified.

This new multi-operand adder circuit is designed to have an SD arithmetical
structure that allows for carry propagation free arithmetic. The proposed multi-operand
adder is based on multi-valued logic design techniques and current-mode addition

principles are applied for the addition of the currents at each step.
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X3 al 1) oy 2B
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Carry + 1 11
Result: 11 3 3 -1 01

Figure 4.1. Signed digit multi-operand adder example

Single digit of the signed-digit C
mult-operand adder "2
{ Isum :Summation current (Carry-in)
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Xo = Isum s Jou Current-Mode
' H [
X1 = Output Stage | | MV Qutput
Inpl,_ltg. for the ;‘[h< X2 7T nput Stage | - ; OQute{-1,0,1,2, 3}
digit xo .. X5 X3 (current adder)
X4 Carry
X Stage H
L A (Isum>2) —————— C; (Carry-out)

Figure 4.2. Block diagram of the signed-digit multi-operand adder

Next to the arithmetic definitions, multi-valued circuit implementation should be
described. Figure 4.2 shows the block diagram of a single digit of the system. The each
digit of the circuit is composed as an input stage, carry generation stage and output stage.
Figure 4.3 shows the input block of the adder structure. Here, Xo ... Xs are a bit slice of six
numbers of the binary inputs of the circuit. It should be noted that, here, we are considering
a single digit addition of X, ... Xs for the input block of X;, so that x;; is named as x; (a
vertical bit slice) for simplicity in the circuit diagram. The vertical bit-slice can be seen in
Fig 4.1 as each of the six input operands is circled. The voltage mode binary inputs are
converted to current values with current sources and the summation of the input currents
are accumulated over diode connected transistors. The diode connected transistors Mjy; and
Min2 conduct g and gy’ currents that are complements of each other. Here, the circuit

operates in fully differential mode. The unit current I is selected to be 5 HA. A bias current
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of 5 YA is also supplied to the input circuit for better operation over a large dynamic range.
The corresponding current values for the summation are listed in Table 4.1. The logical
values of ‘4’, ‘5’ and ‘6’ are not defined in radix-4 system, nevertheless the summation
values appear in the Ig;n node which will be subtracted in the next level. As can be seen
from Table 4.1, Is,m values increase by 5 pA steps whereas lgy,’ decrease by 5 PA steps

when the logic level increases.

Since the number set being used for each digit is in the range of {-1, 0, 1, 2, 3} and
six binary inputs are added up to have an initial sum of 6, a carry-out must be generated to
make the number system operational when the input value reaches ‘3’. Since SD
representation is used for the system, the output should be defined in the set of {-1, 0, 1,
2} so that the carry-in signal from a previous stage should not generate an extra carry-out

[2]. It should be noted here that, the carry-in is always positive in this addition algorithm.

Table 4.1. Logic levels of Ig;m and sy’ at the input stage

Current Logic Levels
Levels (LA) 0 1 2 3 4 5 6
lsum 10 | 15 20 25 30 35 40
lsum’ 35 | 30 25 20 15 10 5
lel M\nzj
-llsum |sum’l'
Xo Xo' X1 X1\ Xo X' X3 X3\ Xg X4 Xs X5
- - - - A - -

(P 2lg lo lo lo lo lo lo q,) lo

—

Figure 4.3. Input block of the signed digit multi-operand adder
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Whenever the Iy current is equal or greater than logical “3’, then the carry-out is
generated in the system. The comparison is made by complementary pairs that is in the
decision boundary where Ig,, increases from 20 pA to 25 pA and at the same time lgm’
decreases from 25 pA to 20 pA. The cross-over of the current values can be sensed by a
current comparator to sense this transition. Since the input transistors Mip; and Mip, in

Figure 4.3 are diode connected, their input resistances are equivalent to [57]:

1 1 1

+
On + 9 On \/Zﬂncm(wj 5 (4.6)
L Min1,2

Here, gn is the gate transconductance, gqs is the drain transconductance, which is smaller
compared to gm. WU, is the mobility of n-type transistor. Coy is the gate oxide capacitance. W
and L are the width and length of the corresponding transistor. The voltages generated

over the source to drain of the input transistors are:

4.7)

Similarly,

sum

Vo, = W
21un Cox (Lj
Min2

Shortly, the voltage drop over the Mi,; and Min, can be detected and compared to the
voltage difference where the cross-over occurs whenever the interim addition result

exceeds logical value of ‘3’. These voltage levels can also be observed by HSPICE
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simulations shown in Figure 4.4. For each current step, each voltage step for the source to
drain voltages is approximately 50mV. Both of the diode connected transistors accumulate
input currents and copy them to other stages through current mirrors. At the same time, the
voltage generated over the drain nodes of these transistors are fed into the differential
amplifier for sensing the carry-out condition. When this transition is fed into the
comparator, the currents are converted to voltages through diode connected transistors, i.e.
Min: and Mi,,. At the transition point, comparator senses the voltage difference and

generates differential carry-out signal.

Figure 4.4 shows the variation of currents and the voltage generated over sources
nodes of the input transistors Mi,; and Mi,2. In the figure, logic inputs are swept from ‘0’ to
‘5" (i.e. Xp to x5 are activated one after another) and corresponding changes of lsym, and lsym’
as 10 pA to 40 pA and 35 pA to 5 pA respectively are simulated. The differential currents
are useful for the protection of the logic levels since each logic level is represented by two

differential currents.

Figure 4.5 shows the carry-out circuit which is actually a differential comparator.
Mci1 and Mcy 2 transistors are used to clamp the output voltages of the carry-out and carry-
out’ in certain levels. The cross-connected load pair in the differential stage boosts the gain
for carry generation [58]. The cross-connected load transistors provide positive feed-back
in the structure and provides an adjustable gain. The load transistors have symmetrical

structure as shown in Figure 4.5. The gain of the differential pair is:

(4.8)

(4.9)
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Figure 4.5. Voltage-mode carry generation circuit
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Figure 4.6. Generation of output currents

Since the comparator is used as a switch for subtraction, the gain should be high in
order to sense small voltage difference and guarantee proper operation. o should be set to a
value below unity such as 0.8 which boosts gain by a factor of 5. The total differential gain
should be large, such as 20, to guarantee the generation of a sufficiently large voltage for
carry-out. When the carry is generated, logic ‘4’ is subtracted from the Is,m value and
transferred to output as louwo. In Figure 4.6, lsym and Iy’ values are copied from the input
block. Then, regarding to (4.2) i.e. 2r = 4, 4l is subtracted from Iy depending on the
carry-out condition. The 41, value, which is 4x5 = 20 pA here is subtracted from Igm or
lsum’ regarding to carry-out signal for complementary operation. There is still a free slot for
carry-in input. The carry-in is fed into the circuit from two previous stages, and added up
to louto. The end result appears as loy and loy” that are again complementary outputs. In
Figure 4.6, the load transistors are a combination of two diode connected transistors in

series. It provides cascode current mirror with precise current copying property that
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maintains more precise current values. For exact subtraction of 4l value from the input
stage, the gain of the comparator circuit must be high so that the 41y current flows only
from one side of the differential circuit. The current subtraction is also done by a
differential pair where Iy, and oy’ 1S generated. The circuit implementation of the output
stage is shown in Figure 4.7 (a). As it can be seen in the figure, whenever 4l is subtracted
from I,y at the same time 4l is added to Iy’ for complementary operation. In the same
circuit, there also exists a carry-in signal which is coming from two previous stages. The
current values corresponding to logical values for louo and loyo” are given in Table 4.2. A
current mode carry-out signal can easily be generated from the C,; signal of Figure 4.5 by
using the simple circuit shown in Figure 4.7 (b). The simulation results for 1(Cout) and louo
are shown in Figure 4.8. The complementary output, louo’ IS not shown in the figure for
clarity. The carry-in signal in Figure 4.8 is added up to loy Via a current mode addition
circuit and the final result is lon. It is important to point out that, new binary input
operands can be added up to the transistor Mi,3 and M, seen in Figure 4.7. Three more
binary input operands can be added up to the nodes where transistors Mi,3 and My are
connected. Then, a second stage carry generation logic must be added to the circuitry. In
this scheme, six normal binary adders can be added up together, or alternatively, three

more binary inputs can be added up with multi-valued output node.

From the Vv, From the
N DD .
input stage input stage
ety wdph e e
| .I il . '
Ioulll Isuml llsum lloutl
ICi |C| T Voo
% h
1T 1T
T T
Ci G
louto louto’
«— —>
ICout l ICout’

Z])—LTI:, Cou Mo M :]T_L(l: Cout | - Caut
HFJ:H % Htl*lﬁ or

Figure 4.7. (a) Circuit for output current generation; (b) current-mode carry-out generation

circuit
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Table 4.2. Logic levels of Iy, and loy” at the output stage

Current Levels Logic Levels
(UA) -1 |0 1 2 3
loutt 5 10 |15 |20 |25
loutr” 25 |20 |15 |10 |5

After the addition process is completed, the result can be converted to binary again in
the last stage. It was stated that the input of the system is binary. On the other hand, the
output digit set is {-1, 0, 1, 2, 3} for each digit. As a result, each digit has a weight of
radix-2 and each output is in the range of sj € {-1, 0, 1, 2, 3} which causes a mismatch in
the arithmetic. This output can be realigned to binary by converting all digits again to
binary and adding up even and odd digits by right shifting all the odd digits. In (4.5), the
output is defined and each digit can be expressed as a composition of two binary numbers.
si is denoted as s; = si"'si" where s;" and s;" are binary digits since a radix-4 number can be

represented as two digit radix-2 number. Then S can be rewritten as:

n+1 n+1 n+1

S=)2's;=> 2'st+2-) 2'sf (4.10)
i=0 i=0

i=0
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In this representation, si" € {~1, 0, 1} and s;" e {0, 1}. It should be noted here that
si- can be represented as si" = 5" — s, i.e, values of s;" = {~1, 0, 1} can be denoted as
tuples (si-" si) = {(01), (00), (10)} respectively. The corresponding values of s;" and si

for MV data are listed in Table 4.3. The logic for generating the s; values are:

Si = SiHSiL

L

s, =cmp(0)

- (4.11)
s; "~ =cmp(1)-(cmp(3) +cmp(2))

s =cmp(2)

Here, si-* can be generated using a single and-or-invert [59] gate by using De-Morgan’s
law. The corresponding values of s;" and s;" for MV data comparator outputs can be seen
in Table 4.3. The values of s; are generated from comparator circuits. Four comparator
circuits convert MV data to binary comparing the variable digit with logic 0, 1, 2 and 3.
The comparator circuits for MV to binary conversion are shown in Figure 4.9. The circuits
in Figure 4.9 compare the differential data with differential reference voltages Vt(x) and
Vi’ (x).

If the outputs are required in differential source-coupled logic mode, the circuit in
Figure 4.9 (a) is suitable. On the other case, if standard CMOS output logic is needed, this
time Figure 4.9 (b) of the comparator output is useful. These Vt(x) and Vt’(x) reference
voltages are generated for logic levels of x = 0, 1, 2 and 3. The voltage drop over M1 and
M2 transistors that contain the differential summation currents are compared to Vt(x) and
Vt’(x) voltage levels. Four of these comparator blocks are used to resolve the logic value of
each summation current. The M1 and M2 transistors can also be biased in triode region by
connecting the gate inputs to proper bias voltages. The HSPICE simulation results for the
output of the comparator circuits can be depicted in Figure 4.10 which is designed for

single ended output configuration.
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Figure 4.9. MVL to voltage mode binary comparator: (a) Differential ended; (b) Single

ended
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Figure 4.10. Comparator outputs

The addition process defined in Equation 4.11 above can be implemented by a

single full adder block without any carry propagation delay. Redundant addition of two

numbers, where one is regular, the other is signed digit can be accomplished by a single

full adder without any carry propagation [3]. Figure 4.11 shows the addition process to

have a signed digit binary output. In the end, the signed digit output can be represented as

n+1

n+1

§=22's,=2.2'(p —p)

n+1

S=>2p,
i=0

pi=(p; —p;)

where each digit of output p; € {-1, 0, 1}.

(4.12)
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Figure 4.11. Signed digit binary outputs

Table 4.3. Comparator output values and s,

s, | cmp(0) | cmp() | cmp(2) | cmp3) | S o

S.

| R R R O
| | P o o

0 0
0 0
0 0
1 0
1 1

| O] »r| Ol O
| k| O Ol O

1
0
0
0
0

w| N| | O

The multi-valued circuit proposed here is compared with a conventional binary
multi-operand carry propagate adder that is tiled for multi-operand addition with same bit
lengths and having six operands. The addition delays of six binary numbers with different
bit lengths are simulated and compared with the proposed circuit. The worst-case delay of
the proposed multi-operand adder is 3.3 ns acquired from HSPICE simulation results with
2V supply voltage. According to the simulation results, the delays of six-operand adders of
various input lengths can be seen in Table 4.4. The input to carry-out delay of a single full
adder in conventional CMOS design is 0.28 ns using a 2V supply voltage. The delay

increases proportionally to the word-length of the operands.

Single bit slice of the proposed multi-valued multi-operand adder block contains 136
transistors, including the output stage. Six-operand carry-propagate adder has 140
transistors in one bit-slice. Almost same amount of circuit elements are required for the

proposed carry-propagation free structure compared to a binary multi-operand adder. The
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binary six-operand adder average current consumption is 1.72 mA for 8-bit binary input
operands. The result is acquired by applying random inputs to the binary circuit. A
snapshot of the current consumption of the binary adder is shown Figure 4.12. For a single
bit slice of the circuit, the current consumption is approximately 215pA at the speed of 200
MHz. The current consumption of the proposed multi-valued circuit for one bit slice is
approximately 400 pA and mostly constant. The current consumption can be adjusted as
desired by changing the current levels. In this configuration, the circuit can work up to 300
MHz. The proposed multi-operand adder circuit is built in fully differential mode, which
increases noise immunity of the system. Moreover, the core circuit consumes only static

power and switching power is minimal which provides an analog friendly design.
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Figure 4.12. Six operand ripple carry adder architecture current consumption

The circuit is especially advantageous for design of constant coefficient FIR filters
and similar applications which require multi-operand addition circuits extensively. Figure

4.13 shows the layout for one-bit slice of the adder having area of 30um x 60pum.

Table 4.4. Delay of the adders for various bit lengths

Delay (ns)
8-bit | 16-bit | 32-bit | 64-bit
Proposed multi-operand redundant adder | 3.3 3.3 3.3 3.3
Conventional multi-operand adder 3.92 |6.16 10.64 | 19.6

Adder type




57

I“I"”II“"I"”II“I"'LII'"—E i
Ir

g | | |
WA ‘Tn Ry mEAl e
T |

_‘_‘+_~_ﬂi *’11 l.ﬁﬁ l__‘__"_"_ﬂ

, {:[i

A IlE JI.II. JII
W E 2Aigginnn

Figure 4.13. Single bit slice of the multi-operand adder layout



58

4.2.  Multi-operand Addition and Counter Circuits

The counter circuits are used in arithmetic circuits for multi-operand addition [2, 25].
The simplest counter circuit is a (3, 2) counter, which is equivalent to a full adder. It
reduces three input operands to two. The operation of a (3, 2) counter where the input

operands are X, Yy, z and outputs are s (sum) and c (carry) is described as:

X+y+z=2C+S (4.13)

Here, ‘+’ is the arithmetic addition operand and each variable is single-bit operands. The
(3, 2) counter has an equal functionality with a full adder, where counter circuits are
generally used for partial product reduction.

As an example, a three operand four bit redundant adder, namely, a carry-save adder
(CSA); is built using four full adders, i.e. one full adder is required for each bit. Figure
4.14 (a) shows the redundant addition scheme where four bit X, Y and Z inputs are added
up with the result S + C. In the figure, the rectangular blocks represent full adders (FA).

The redundant structures require a completion adder for getting the final result.

X3Y3Z3 X2 Y222 X1 Y121 Xo Yo Zo

X3Y3Zz X2 Y212 XtY1Z1 XoYoZo

W W W W Lz ] [ 2] [ 2] [ 2 |csa
2 2 2! 20 | CSA " :turl' - _iwi " _td |

23 2 2 20 CSA
v v v v , , , ,
V S V‘ ) vV s V‘ So ¥ d ¥ d ¥ d ¥ Y
‘ 5 “ @ 2 |l | 2 N 2 4 2t | crA
Ss Sy S3 S S1 So
(a) (b)

Figure 4.14. (a) Three operand carry-save adder; (b) four operand carry-save adder with

completion adder
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Figure 4.14 (b) shows a four-operand adder with two stage redundant adder (two-
stage CSA adder) scheme with a carry propagate adder (CPA) at the third stage [2]. Here,
four bit numbers, X, Y, Z and W are added up, with a six-bit S output. It is possible to build
counters for more than three input operands. The mostly used counter circuits are (3, 2), (7,
3) and (15, 4) counters, where first operand implies the number of inputs and the second
one is the number of the outputs. Larger counters can be built by combining smaller ones
[2, 3]. The (m, k) counter is defined as [25]:

= _ -1
252" =3 (4.14)
=0 i~0

A sample multiplier configuration is given in Fig. 4.15. The multiplier scheme given
here is a sample multiplier configuration for the implementation of counter circuits. The
empty dots are filled with ‘0’ as the inputs in the right side of the diagram. Here, the partial
products are reduced using (3, 2) counters until the operands to be added are reduced to
two. The partial products are grouped in three bits and reduced by (3, 2) counters in Figure
4.15. After that, the operands are added using carry-propagate adders. Here, (3, 2) counters
and full adders have equivalent logic function, however, (3, 2) counters are named for
partial product reduction, and, full adders are named for carry-propagate addition. The
multiplier scheme is only given for the partial product reduction methodology using
counters, here optimization of the circuit is not considered. Similar schemes can be
generated using various counter circuits, such as (7, 3) counters, (15, 4) counters etc.
Further information can be achieved from [2, 3, 25].

Ina (7, 3) counter, from (4.14), k = 3, m = 7; the inputs are Xp ... Xg and the outputs
are (S25150). Figure 4.16 represents construction of a (7, 3) counter using (3, 2) counters. FA
notation in the figure represents Full Adder, or (3, 2) counter, which can be used
interchangeably. When the linear structure is used, the critical path is four adder delays and
whenever the tree structure is used, the critical path delay reduces to three adder delays.
They both require four full adders. Both of the structures are functionally equivalent,
however the tree structure has better performance in speed. Further discussion is available
in [25].
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In Figure 4.17, an example of addition of seven operands using a series of (7, 3)
counters is shown. Here, in the first stage, each digit is fed into a (7, 3) counter, each digit
produces three digit output. The three digit outputs are tiled according to their bit weights.
This time they are fed into a (3, 2) counter for reducing the number of outputs to two. If the
regular representation of the added number is required, the output in carry save format is
fed into a ripple carry adder like in Figure 4.14 (b). In the end, conventional non-redundant
addition result is generated. In general, for building carry-save based algorithms, counter
and compressor circuits are used. Compressor circuits are a special case of counter circuits,

which are built by specially tiling the carry-save operators [25].
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Figure 4.17. Partial product reduction using (7,3) and (3,2) counters

In the next two sub-sections, i.e. Section 4.2.1 and Section 4.2.2, two different

implementations of counter circuits are proposed for the multi-operand addition:

e Counter circuit with multi-valued output

e Binary restored multi-valued (7, 3) counter
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4.2.1. Counter Circuit with Multi-valued Output

In this section, a multi-valued 7-operand addition circuit is constructed. The circuit
has binary inputs and multi-valued outputs. The general scheme for the proposed circuit
can be depicted in Figure 4.18. The circuit is similar to the binary (7, 3) counter with seven
inputs. In a regular binary (7, 3) counter, the output is composed of three bit tuple, i. e.,
(S25150). In the proposed scheme, the Carry-out signal corresponds to the third bit (s;) of
the regular (7, 3) counter, the first two bits (s1S0) are encoded as multi-valued signals as
shown as Out in Figure 4.18. It should be noted that, every signal has its complement in the

proposed circuit.

The input block of the circuit is shown in Figure 4.19. HSPICE transient response
simulation result of the input block is shown in Figure 4.20. The circuit is implemented
using TSMC 0.25 um technology with a 2V supply voltage. It should be noted that, the
performance of the circuit is mainly affected by bias currents rather than supply voltages as
long as the load transistors are in saturation region. Table 4.5 shows the addition and

corresponding currents passing through the load transistors Mi,; and M, of Figure 4.19.

< Xo—
X1 —

i —— Oute{0,1,2,3
Complementary | *2—  Multi-valued Out € }

Inouts xo .. xs 3 X3—— Counter Carry-
P o xs— (Single Digit) [ ou?/ Carry € {0, 1}

X5—

S Xf,‘—

Single digit of the multi-valued counter

Xo : lSum i
X1—— Input Sum — lout (Current Output)
" b Output Stage |

: Current
Xo——

Input Stage

X
3 (current adder) T
X4 :
X Carry —+ Carry-out
> : Stage :
X6—— (Isum>3)

Figure 4.18. Multi-valued counter block diagram
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Figure 4.19. Input block of the multi-valued 7-bit addition circuit

—

The circuit has a logic value set of {0, 1, 2, 3} at the output and radix-2 at the input.
Selection of the output levels in radix-4 i.e. in the digit set of {0, 1, 2, 3} is for
compatibility of the radix with binary system. Increasing the digit set would bring
difficulties in terms of analog design issues. As a result, radix-4 is selected for a good

tradeoff between circuit limitations and higher radix that would have enabled higher
compactness.
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Figure 4.20. The input currents lsym and sy and generated voltages over the drains of the
input transistors Mi,; and M2

Table 4.5. Logic levels of Iy, and Iy currents at the input stage

LogicLevel| O | 1 | 2 |3 |4 |5 |6 |7

lum (MA) | 5 |10 | 15|20 | 25 | 30 | 35 | 40

lsun’ (MA) | 40 | 35|30 | 25|20 [15|10| 5
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In this seven-operand binary input and four valued output addition circuit, there must
be carry-out generated from transition from 3 to 4 since the output of the circuit must retain
a value in the output digit set {0, 1, 2, 3}. The carry generation circuit is shown in Figure
4.21. The figure shows the carry-out circuit which is actually a differential comparator.
Mcr1 and Mcy» transistors are used to clamp the output voltages of the carry-out and carry-
out’ at certain levels. The cross-coupled load pair in the differential stage boosts the gain
for carry generation [58]. The gain of the differential pair is given in the previous equations
(4.8) and (4.9).

Whenever carry occurs in the circuit, ‘4’ must be subtracted from the output. The
subtraction circuit and output generation via subtraction is shown in Figure 4.22 (a). The
complementary nature of the circuit provides that whenever ‘4’ is subtracted from the lsym,
it is added into gy, Where complementary operation provides better signal immunity on
small voltage swings of multiple-valued data. The circuit in Figure 4.22 (b) is used to
simulate current mode carry-out signal where the output current Iy, and carry-out signal
simulation outputs are shown in Figure 4.23. Table 4.6 shows the Iy:and lo,” signal levels

in terms of current steps.
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Figure 4.21. Carry generation circuit
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Table 4.6. Logic levels of I, and Iy’ currents at the output

LogicLevel ] O | 1 | 2 | 3

lout (LA) 5 |10 |15 20

lou (MA) |20 | 15|10 | 5

Transistors|from the input stage T Voo

______________________________

" L|l:] 4E

COLJt

. o

Figure 4.22. (a) Output current generation; (b) current-mode carry generation
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Figure 4.23. Output current (lsym) and carry-out (Icour) Simulation results

In the proposed circuit, the output current has multi-valued (MV) output. The output
can be used as an input to a MV circuit or alternatively can be converted to binary. To
convert the MV data to binary, comparator circuits should be used as shown in Figure 4.9
(@) or Figure 4.9 (b). Conversion from MV data to binary causes time delay, and reduces

the performance of the circuit.

The next approach in Section 4.2.2 is to convert multi-valued data to binary in every
stage, and to have totally equivalent functionality as conventional binary (7, 3) counter.
The drawback of the previous designs is that, output generation requires determination of
the carry-out, which limits the system performance. The design in Section 4.2.2 alleviates
this problem by providing higher parallelism in the determination of the outputs since the

carry generation and MV to binary conversion is done in parallel.
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4.2.2. Binary Restored Multi-valued (7, 3) Counter

The principle operation of the counter circuits is explained at the beginning of
Section 4.2. Here, a novel (7, 3) counter is proposed which is designed using multi-valued
current mode design principles. The system is composed of input block, carry generation
circuit, comparator circuit and output stage. General working scheme for the proposed

circuit can be depicted in Figure 4.24.

multi-valued (7, 3) counter
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Figure 4.24. Implementation of the proposed multi-valued counter

The multi-valued counter circuit proposed here has complementary inputs and
outputs. The system is biased with constant current sources at all stages. The power
consumption is constant at all frequency ranges of the circuit and at any switching
condition. The circuit voltage supply Vpp is selected to be 1.8 V at all stages. The circuit is
implemented in 0.18 um UMC technology. The circuit has seven complementary input
operands with three complementary outputs, as the (7, 3) counter definition implies. The
input stage of the multi-valued counter circuit is shown in Figure 4.25. For the multi-
valued input stage, a constant current is set up for each logic input level. In the example
configuration, the input stage unit current Iy is selected to be 2 pA for each bit, which can
be adjusted to meet various performance requirements. In principle, the unit current defines
the performance characteristics of the circuit. However, changing unit current may affect

the circuit biasing and the transistor aspect ratios will be needed to be adjusted for
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optimum performance. Here, Xp ... Xg are one bit slice of the seven numbers that are to be
added up. X0’ ... Xg’ are the complementary inputs. lp is the current value of the simple
current source connected to each of the differential pair where the value is set to 2 pA.
Resistors R; and R; carry the input stage addition currents Iy, and lsun” respectively. These
two currents are complements of each other. Basically, ls,m and lsym” represents the addition
of seven inputs, namely X ... Xg. Here, the circuit operates in fully differential mode. The
corresponding current values for the summation are listed in Table 4.7. As listed in Table
4.7, lgum value increases by 2 pA steps whereas Iy’ decreases by 2 PA steps when the

logic level increases.

%o Po' X1_| Iif Kz_l |i2' 3‘(3_1 lisl Xd_i li“r Xii j_xbl xﬁ' IEEI

M; Mz Ms My Mg Ms My Mg Mg Mig My Mz Miz Mas
|

|_

Figure 4.25. Tnput stage of the multi-operand counter

Table 4.7. Logic levels of Isym and sy’ currents at the input stage

Logic Level | O 1 2 3| 4 5 6 7

lamWA) | 0 | 2| 3| 6|8 |10]|12]| 14

lo’ (MA) | 14 |12 10| 8 | 6 | 4| 2| 0

There are seven inputs and three outputs in the circuit. The output (s25:S0) will vary
between (000) and (111) in binary representation which corresponds to output values
between 0 and 7 in decimal. The input currents are accumulated over R; and R, resistors.
The whole addition is computed over these resistors. The input stage acts as a simple
digital to analog converter, where multi-valued output currents Iy and lsyn” are the analog

outputs of the circuit. Figure 4.26 illustrates the lsym and ls,m’ characteristics (first plot) and



69

# 10
0 ; =
: Isum |r
o2k U ...... ———Isgmbar __EF_______| .......
: 1
: : 1
................. eyl ]
0.4 : i : H
: I : :
: ! : :
;,0_5_..... T . L - ----J ......... i
& L L
3 e . : :'_.-.-....; :
z I ;
: I :
I [ L O PP
1 :
——— 5
A2k | IR S Ut TN SUPUUPUPPE RURTRURRR NUUUTRRY TR
1.2 | : :
S :
1.4 i 1 L 1
0 05 1 15 2 25 3 35 4

Voltage (V)

Figure 4.26. Current and voltage waveforms of the input circuit

generated voltage levels (second plot) on resistors R; and R, named as V; and V;’ at the
input stage in Figure 4.25.

As the output characteristics show, input currents are added up linearly as logic
levels of the inputs (Xo ... Xg) are switched in the sequence (0000000), (1000000),
(1100000), ... (1111111). The output currents lsym and lsum” agree with the characteristics as
listed in Table 4.7. At the same time, the voltage levels over R; and R, shows nonlinear
characteristics when Il and lsym” Values exceed a certain threshold. This property provides
perfect biasing of the differential input transistors, namely Mj ... My in the Figure 4.25.
Furthermore, it provides sufficient voltage headroom for multi-valued signals for the seven
total logic levels. The nonlinear resistor implementation of Ry and R, is realized using bulk
to drain connection of PMQOS pairs. The resistor implementation in this way provides high
resistance with nonlinear characteristics [60]. Nonlinear resistance R; and R, are

implemented as shown in Figure 4.27 (a). The transistor implementation is shown inside a
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dotted square. The transistor bulk is connected to drain. The figure shows the whole test

circuit for the resistance. The current and voltage characteristics of the nonlinear transistor
are shown in Figure 4.27 (b).

Since the circuit adds up seven bits, and the result is three bits, whenever the addition

value exceeds three, the third digit of the sum switches to one. From (4.14):

6
if D% >3 5=l (4.15)
i=0

In Table 4.7, whenever the logic level is greater than 3, lsym value is greater than Iy’
and V;’ is greater than V; which is also shown in Figure 4.26. To sense the transition as a
logic level it is fed into a source coupled comparator block which is shown in Figure 4.28.
Here, transistors M; and M, are diode connected. Therefore, a diode voltage drop, which
provides better biasing for the next stages, appears at the drains. The outputs Vo and Vo’

correspond to the most significant digit with its complement, s, and s;’.

ol Voo
PMOS ' A A S
Ves ‘Source M
o I ‘Bulk ol
Gate; ‘Drain Bis
: = 4]

i I i i L i L
0 0.2 0.4 0.6 0.8 1 12 1.4 16
—_— Current (A) win®

(@) (b)

Figure 4.27. Drain to bulk connected PMOS transistor used as a nonlinear resistor (a)

electrical connection; (b) current-voltage characteristics [60]
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Figure 4.28. Comparator and output generator for s,

In addition to the generation of s,, other logic levels must be generated for proper
operation. Comparator stages are required for sensing of other logic levels. Comparator
stages for sensing logic levels of only 1, 2 and 3 are required. V; and Vi’ are fed into the
comparator in a multiplexed fashion regarding to the condition that Vo is generated or not
generated. The first comparator output Vo of Figure 4.28 is fed into the comparators in
Figure 4.29 as logic inputs. In Figure 4.29, V(1), V(2) and V(3) are constant comparison
values and V’(1) = V(3), V’(2) = V(2) and V’(3) = V(1). Summation values of the inputs,
corresponding comparator outputs and required circuit outputs are listed in Table 4.8.

Using this table, so, s; and s, values are extracted by using Boolean algebra:

So = Voutt - Vourz” + Vours (4.16)
S5 =Vo (4.18)

Table 4.8. Summation and corresponding comparator outputs

Sum Vo Vour | Vourz | Vous | S25150
0 0 0 0 0 000
1 0 1 0 0 001
2 0 1 1 0 010
3 0 1 1 1 011
4 1 0 0 0 100
5 1 1 0 0 101
6 1 1 1 0 110
7 1 1 1 1 111
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Figure 4.29. Comparator sfé_ges for sensing the logic levels

To get the summation results, regarding to (4.16), only an AND - OR circuit is
required for so. The circuit implementation in SCL is shown in Figure 4.30 (a). The circuit
computes the function f=a + b . ¢’ . Other output bits s; and s, appear at the outputs of the
comparators regarding to (4.17) and (4.18). As shown in Figure 4.30 (b), outputs s; and s,
are buffered for higher driving strength at the output. The connection diagram for the
whole proposed system can be depicted in Figure 4.31. HSPICE transient simulation
results for the outputs are shown in Figure 4.32. Summation values from 0 to 7 are swept
in the simulation. Complementary outputs are shown as in three subplots. First plot
contains spand sp’, second one contains s; and s;’, third one contains s, and s;’. The output
swing is set to 0.4V as complementary outputs. The system outputs can be fed into other

source coupled systems (SCL) seamlessly.

VDD VDD
M VEml |
Sl L LU = '
v Mo My | oy
Out QOut
o—] 0

(b)

Figure 4.30. (a) Output generation for the spand s, ; (b) output buffer
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Figure 4.32. Logical outputs of the circuit

In the proposed configuration for (7, 3) counter, the transistor count is reduced. The
input stage requires 23 transistors; the first comparator circuit at Figure 4.28 requires 5,
three output comparators of Figure 4.29 requires 3x9 = 27 transistors. The And-Or circuit
to generate sp shown in Figure 4.30 (a) requires 9 transistors. The output buffers of s; and
s, in Figure 4.30 (b) is used which requires 2x5 = 10; as total, 74 transistors are needed.
For binary (7, 3) counter, four full adders are needed each needs 28 transistors [12], as total
of 4 x 28 =112 transistors. The transistor count is reduced by 34 per cent. Moreover,
current mode design provides better power control and reduced switching power. The
power consumption of the circuit is dependent on the current sources of the circuit, where
it is fixed to 2 pA at the input stage and 5 pA at all of the other stages. The circuit delay is
measured as 1.6 ns at a constant current consumption level of 50 pA. The standard CMOS

implementation of the (7, 3) counter designed in same technology consumes 93 pA at 400
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MHz. The power consumption of the standard CMOS circuit is estimated by applying
random input patterns. 46 per cent power reduction is achieved at the same operating
frequency. Since the power consumption is linear with frequency for the static CMOS
circuits, higher than approximately 200 MHz, the proposed circuit provides better power
characteristics for the same voltage supply. As a conclusion, an analog friendly current
mode multi-operand addition cell is designed. The circuit is power efficient at high
frequencies and can be used without any power penalty at 200 MHz or higher switching
frequency compared to binary standard CMOS implementation.

For detailed analysis on power consumption and energy efficiency, Figure 4.33 (a)
and (b) should be explored. The common difference between static CMOS and current-
mode logic circuits is that, in static CMQOS, energy consumption for each switching is
constant, and the power consumption is proportional with frequency. On the other hand, in
current-mode logic circuits, power consumption is always constant and it does not change
with working frequency. Therefore, energy efficiency is always higher if the circuit is run
as high as possible. Figure 4.33 (a) shows the energy versus frequency curve. The plot
contains current scaling of the proposed current-mode circuit with constant supply voltage
as 1.8 V and supply voltage scaling in standard CMQOS circuit. The plot reveals that, as
supply voltage for the CMOS circuit is scaled down to 0.9 V, the circuit consumes lower
power. Therefore the plot shows that supply voltage scaling results in better result for

lower power at low working frequencies compared to the proposed circuitry.

Figure 4.33 (b) shows Energy x Delay versus frequency curves. The plot shows that,
the proposed circuit becomes energy efficient compared to standard CMOS if it is run at
Gigahertz range. Another point is that, the CMOS circuit becomes most energy efficient if
it is run at 1.2 V supply voltage. The SCL versus the proposed design energy and delay
characteristics is almost equal, since they both have similar working characteristics. The
advantage of the SCL and the proposed current-mode design is that, current consumption is
constant all the time, however, the current consumption of the static CMQOS circuit is
variable and at its highest point at the time of starting phase at each switching activity. A
plot for CMOS current consumption characteristics has been given in Figure 4.12. Since

the current consumption is not constant in standard CMQOS, it has peak power consumption
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Figure 4.33. (a) Energy versus Frequency; (b) Energy x Delay versus Frequency
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at random points which can be dangerous whenever the current sourcing capability is
limited in a system. Moreover, in current-mode systems, much less noise is generated since
the current consumption over the power supply is constant. Another point is that, voltage
scaling is also possible for the SCL circuits and general current-mode circuitry. However,
this time all the active devices should be resized for proper operation, since the circuits are
not scalable over supply voltages or technology scale down. As a result, static CMOS
circuits seem most flexible for power consumption and scalability issues and the
advantages of the current-mode circuits appears only at very high frequencies and for the

cases that low noise digital circuits are required.
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Figure 4.34. (a) Delay vs. current consumption; (b) PDP vs. current consumption
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Figure 4.34 (a) shows the delay curve of the proposed circuit and SCL equivalent
under same current consumption configuration. The delay curves of the two equivalent
circuits are close to each other. Fig. 4.34 (b) shows the power-delay product (PDP) of the
two circuits as well. According to the figure, the proposed circuit has better PDP

characteristics if the current reduced.
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Figure 4.35. 8 x 8 bit multiplication scheme

To show an application example, an 8 x 8 bit multiplier circuit is designed using the
proposed multi-operand adder. For the partial product generation, conventional source-
coupled logic (SCL) AND gates are used. The multiplication scheme is shown in Figure
4.35. At step 1, partial products are generated for each array using AND gates. There are 8
partial products generated in step 1. However the a (7, 3) counter accepts 7 inputs.
Therefore, in the second step partial products are reduced to 7 using (2, 2) reduction by
half adder circuits. In step 3, (7, 3) reduction is done using the new multi-operand addition

circuit. The empty dots in step3 are logic ‘0’ inputs, where no input operand exists. Next,
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(3, 2) reduction is made using full adders. In last step, ripple-carry adder is used for the

addition of the products.

The current-mode multi-valued adder circuit simultaneously adds up seven operands
and is functionally equivalent to the binary (7, 3) counter circuit. The circuit in this paper is
designed for the implementation of low power mixed signal systems. The adder circuit
consumes 51-pA current in this current configuration. The worst-case delay of the
proposed circuit is measured to be 1.6 ns. An equivalent SCL (7, 3) counter circuit is built
using full adders seen in Figure 4.36. The full adders are tiled according to Figure 4.15 as
tree structure and for equivalent power consumption with our circuit each current source is

fixed to 6.5-pA. The delay of the circuit is measured to be 1.7 ns.
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Figure 4.36. Source-coupled full adder circuit: (a) sum generation; (b) carry-out

An 8x8-multiplier circuit is built using our multi-operand addition circuit. A total
number of eight of the proposed multi-operand circuit is used in the multiplier. The saving
in terms of transistor count is 176. In more complex multiplier schemes, the saving in the
transistor count would be higher. The delay of both implementations is nearly equivalent
and the design with our multi-operand adder seems slightly faster. The comparison can be

seen in Table 4.9.



Table 4.9. Comparison of the adders and multipliers

. Current
Transistor count | Delay (ns) consumption (LA)
SCL (7,3) counter 96 1.7 52
Our circuit 74 (% 23 saving) 1.6 51
Multiplier Circuit
1639 3.3 1520
(normal SCL)
Multiplier Circuit )
1463 (%11 saving) 3.2 1510

(our circuit used)
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The counter circuit proposed here can also be organized as a radix-4 adder, or

equivalently two-bit binary adder by only modifying the input stage shown in Figure 4.25.

The two-bit adder circuit can be realized by replacing the input stage of the proposed

multi-operand (7, 3) counter by only replacing the input stage seen in Figure 4.25 by the

input stage seen in Figure 4.37 (a). By cascading the comparator stage and the output stage

proposed in this section, the equivalent two-bit adder can be realized that is shown in

Figure 4.37 (b). However, this circuit requires 65 transistors, where a two-bit SCL adder

requires two full adders which require 2x24 = 48 transistors. As a result, two-bit adder is

not very efficient for multi-valued design scheme, contrary to the multi-valued (7, 3)

counter proposed here. This comparison justifies our multi-valued multi-operand design

approach throughout our work presented in this chapter.

Figure 4.37. (a) Input stage of the MV two-bit adder; (b) two bit adder representation
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5. REDUNDANT ARCHITECTURES AND FIELD
PROGRAMMABLE GATE ARRAYS

Field Programmable Gate Array (FPGA) devices are becoming more and more
popular in the current digital design market. Moreover, advanced logic block structures are
being developed for higher performance. Redundant architectures for high performance
arithmetic can be implemented efficiently on Field Programmable Gate Arrays (FPGAS)

which are being used extensively in the industry nowadays.

New FPGA families support 6-input Look-up Table (LUT) devices [61, 62] that can
be exploited for high performance arithmetic systems. In this chapter, especially carry-free
arithmetic using various redundant number representations are analyzed. The advantages
of new generation FPGA devices are analyzed and a redundant arithmetic system suitable
for 6-input LUT based FPGAs is proposed.

The basic structure of an FPGA is shown in Figure 5.1. In an FPGA, each logic block
is composed of logic modules. Logic modules are the smallest functional blocks that
contain Look-up Tables (LUTs). They are supported with registered outputs and
unregistered outputs alternatively which are used for sequential and combinational logic
functions, respectively [63].

OO0 oo oo oo — Logic

Block

voses 01 | 'y ' | [ | | |||
=R ===
== H=T=
=R ===

oo oo oo od

5.1. Basic FPGA architecture
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The LUTSs are interconnected to other logic blocks via interconnects available around
the blocks. There are various logic block structures depending on the model and producer
of the FPGA, a logic block is a combination of single or multiple logic modules. Figure 5.2
shows a logic module of an Altera Flex-8000 logic module [64] where it contains a 4-input
look-up table, fast carry logic, registered and unregistered outputs and other structures. As
the most basic element in an FPGA is the Look-up Table (LUT) Unit, LUTs can be used as
a density metric for the comparison of various FPGA types.

Cascade out

Cascade in |
data1 t
data2 S
data3 Look-up Cascade IS = LE out
datad : Table —P «
Carry in Carry . Carry out
cntrl1
set/clear
cntrl2
cntrl3

clock

cnirl4

Figure 5.2. Logic module of Altera Flex 8000

New series of FPGA families such as Xilinx Virtex-5 [62] and Altera Stratixll,
StratixIll and StratixIV [65] devices support adaptive look-up tables (ALUT) modules.
Each ALUT module can be configured as, 4-input, 5-input or 6-input LUT tables. Figure
5.3 shows two different configuration of an ALUT module which can be configured as two
4-input LUT or a single 6-input LUT module. In this chapter, especially 6-input LUT
modules are explored for high performance arithmetic. 6-input LUT devices provide multi-
operand addition efficiently. Generally, partial products of a multiplier or operands of a
multi-operand adder can be added up together vertically using counters. The details of the
counter circuits are given in Chapter 4. Especially (6, 3) counters are very suitable for the
6-input LUT structures [65].
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Figure 5.3. Adaptive six input LUT device of Stratix |1 FPGA [61]

If the architecture of the circuit is built considering the hardware structure of the
system, better performance can be achieved. There are various recent papers addressing
fast FPGA arithmetic appearing in [66-69]. However, they do not directly address the
advantages of the new 6-input LUT devices. Signed-digit representations for carry-free
arithmetic can be implemented efficiently especially with 6-input LUT structures. The
work in [70] proposes radix-4 signed digit arithmetic on 6-input LUT devices, based on
signed digit radix-4 addition scheme, which provides a carry-free fast addition structure.
Multi-operand addition using counters can also be efficiently synthesized on 6-input LUT

based devices.

pbl e L
(6, 3) reduction (6, 3) reduction (6, 3) reduction

(3-bit output)

e e e

(3, 2) reduction (3, 2) reduction (3, 2) reduction
(2-bit output)

T I

Si+1  Ciyp Si G Si1 Cia

Figure 5.4. Addition of 6 operands in the LUT structure

A multi-operand addition scheme which simultaneously adds up six input operands is
depicted in Figure 5.4. As can be seen in the figure, the six operand addition is realized

using a two stage LUT structure. Here, six operands are reduced to three using (6, 3)
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counters. Then, the redundant carry-save output is generated using a single array of (3, 2)
counters, as shown in Figure 5.4. In this scheme, for each digit, one (6, 3) counter is
synthesized using three LUT modules, which has three outputs. Each (3, 2) counter can be
synthesized into a single 6-input adaptive LUT module, where a (3, 2) counter can be
synthesized into two of 3-input LUT modules. As a result, four 6-input ALUT modules are
required for the carry-save reduction for each digit in a six-operand addition. Carry-save
arithmetic is explained in Section 2.1.4 and counter functionality has been explained in
Section 4.2 as well.

Since 6-input LUT based FPGAs are newly introduced into the electronic market,
efficient arithmetic implementations by exploiting 6-input LUT devices are not very
common. In [65], the use of (6, 3) counters are suggested for multiplier designs. A
redundant signed-digit arithmetic application on FPGAs appears in [70]. In [70] radix-4
signed-digit addition scheme is efficiently synthesized into 6-input LUT devices, where the
application perfectly fits into this structure. The addition methodology in [70] can be
explained as follows: Using the equations through (2.5) to (2.7) and selecting r = 4, interim

sum is equal to
Ui = X + Yi— 4¢;
where carry is calculatedasa = (r—1) :

1if (x, +y,)=3
c =41if (x +y)<-3

0if x,+y, <3
The summation function can be calculated as:

S;=U;, +C,,
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Figure 5.5. Addition of two signed digit numbers

The implementation structure is shown in Figure 5.5. Here, each variable x; and y;
requires three bits, two bits for the encoding of the logic value and one digit for the sign bit
(for radix-4 SD representation). As a result, six bits are required for the calculation of the
interim sum and interim carry. Interim sum u; consists of three bits, two for logic value,
and one for the sign bit. Interim carry c; requires two bits, one for sign and one for logic
value. For the first stage, five 6-input LUT structures are required at first stage, three for
interim sum, and two for interim carry generation. For the final summation, three bits are
required, which corresponds to three 5-input LUTs. The output s; is represented as three
bits same as x;j and y;. As a result, eight LUT structures are required for the generation of
each digit. The proposed system in [70] is in radix-4, which is equivalent to two bits in
radix-2. As a result, the addition process requires 8 / 2 = 4 LUT structures for each of the
radix-2 equivalent digit. The number of stages required for SD addition is two LUT delays,

as shown in Fig. 5.5.

After defining the carry-save structure in Section 2.1.4, and explaining the signed
digit redundant addition scheme in here, an extra redundant arithmetic structure will be
defined in the following sections. The defined structure is based on (6, 3) counters and
boosts the performance for especially recursive addition operations, such as multiply-
accumulate operations used in FIR filters, matrix multiplications etc. By breaking the
carry chains and fitting the extra redundancy into the new generation FPGA devices, the

number of LUT cascades is minimized.
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Multiplying Accumulator (MAC) units are the basic building blocks of variable
coefficient FIR structures, similar convolution operations and many of the signal
processing blocks and matrix multiplication applications. By optimizing MAC units,
higher data rates can be achieved in filtering applications. In the following sections,

redundant arithmetic units for fast multiply-accumulate structures are described.

5.1. (6, 3) Counter and Simultaneous Addition of Six Binary Numbers

Mostly used counter circuits are (3, 2), (7, 3) and (15, 4) counters, where first
operand implies the number of inputs and the second one is the number of the outputs.
Here, to be most compatible with 6-input LUT devices, (6, 3) counters are used. In (6, 3)
counters, six binary inputs are added up with three-bit outputs. Single bit and multi-bit

addition using (6, 3) operands are shown in Figure 5.6 (a) and 5.6 (b), respectively.

In conventional carry-save structures, the carry save result is held by two digit sets,

i.e. Z= S + C. Here, the redundant sum Z is defined as:

Sa = SO
Sp= Si1<<1
S, = Sy<<2 (5.1)
Zi = {Sai, Spi, Sci}

where “<<a” operator defines left shift by a. In this representation, each digit of the
redundant sum consists of composition of three-bit set Zj = {Sai, Spi, Sci}- As a result each
bit of Z; can have values between 0 (Sa + Spi + S¢i = 0) to 3 (Sai + Spi + Sci = 3). In this
structure, each digit is represented by three bits. In conventional carry-save system each
digit is represented by two bits. Since each result is represented by 3-bit set, two results can
be added up using one 6-input LUT device and computed in a single step. A single digit (6,
3) counter can be synthesized for single 6-input LUT using Verilog statements is given in
Figure 5.7. Here, each definition of the (6, 3) counter defined using case statements to
make compiler directly synthesize expected LUT configuration.
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Figure 5.6. (6,3) counter: (a) single bit structure (b) addition of multiple operands using

counters



module six_three (X, sum);

input [5:0] Xx;
output [2:0] sum;
reg [2:0] temp;

always @ (x)
begin
case (x)

6'b000000: temp=0;
6'b000001: temp=1;
6'b000010: temp=1;
6'b000011: temp=2;
6'b000100: temp=1;
6'0000101: temp=2;
6'0000110: temp=2;
6'b000111: temp=3;

6'n010001: temp=2;
6'n010010: temp=2;
6'n010011: temp=3;
6'n010100: temp=2;
6'b010101: temp=3;
6'b010110: temp=3;
6'D010111: temp=4;

6'n100000: temp=1;
6'b100001: temp=2;
6'b100010: temp=2;
6'b100011: temp=3;
6'0100100: temp=2;
6'0100101: temp=3;
6'0100110: temp=3;
6'b100111: temp=4;

6'b110000: temp=2;
6'b110001: temp=3;
6'b110010: temp=3;
6'b110011: temp=4;
6'0110100: temp=3;
6'b110101: temp=4;
6'b110110: temp=4;
6'b110111: temp=5;
default: temp=0;

endcase
end

assign sum = temp[2:0];
endmodule

6'001000:
6'0001001:
6'0001010:
6'0001011:
6'0001100:
6'b001101:
6'b001110:
6'b001111:

6'0011001:
6'0011010:
6'0011011:
6'0011100:
6'b011101:
6'b011110:
6'b011111:

6'0101000:
6'0101001:
6'0101010:
6'0101011:
6'0101100:
6'0101101:
6'101110:
6'b101111:

6'0111000:
6'0111001:
6'0111010:
6'b111011:
6'0111100:
6'0111101:
6'0111110:
6'b111111:

temp=1;
temp=2;
temp=2;
temp=3;
temp=2;
temp=3;
temp=3;
temp=4;

temp=3;
temp=3;
temp=4;
temp=3;
temp=4;
temp=4;
temp=5;

temp=2;
temp=3;
temp=3;
temp=4;
temp=3;
temp=4;
temp=4;
temp=5;

temp=3;
temp=4;
temp=4;
temp=5;
temp=4;
temp=5;
temp=5;
temp=6;

Figure 5.7. Verilog description of (6, 3) counter
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In this redundant representation, each digit of the redundant variable is composed of

three bits. Addition of two redundant variables with result C = A + B can also be
implemented using one stage of 6-input LUT structure as shown in Figure 5.8 (a). Each

digit in this representation consists of three bits.

an1 bpa an2 bno a b ar by a bo
——

DL TUD T T Tl

(6,3) (6,3) cee (6,3) (6,3) (6,3)
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Figure 5.8. (a) Addition of two redundant variables; (b) subtraction

As can be seen in Figure 5.8 (a), an addition of two redundant numbers can be

implemented by a single LUT sstage, consisting of three LUT units for each digit in the
operation. As a result, two numbers can be added up with a single LUT delay. The

subtraction operation is similar and can be depicted in Figure 5.8 (b).



89

5.2. Multiplying Accumulator Unit Design

By exploiting the 6-input LUT structure, a multiplying accumulator unit is designed.
Here, a 12-bit by M-bit multiplying accumulator is designed. The proposed structure is
suitable for many of the digital filtering and similar signal processing applications. In the
multiplication phase, modified Booth encoding is employed to reduce the partial products
of the multiplication [71, 72]. For modified Booth encoding, consider the multiplication of

two integer numbers A and B, where A is multiplicand (m-bit) and B is multiplier (n-bit):

n-2 )
A=-a, 2" +) a;2] (5.3)
j=0
n-2 )
B=-b,,2"" +> b2 (5.4)

i=0

In the modified Booth encoding scheme, B becomes:

n n,
2 2 .

B= Zmi 2% = Z(_szm +by; +by,)2” (5.5)
i—0 i-0

Here, by =0, mj e {-2, -1, 0, 1, 2}. According to the encoded results from B, the Booth
selectors choose -2A, -A, 0, A, or 2A to generate the partial product rows. The Booth
selection scheme is given in Table 5.1. When the A is negative, the two’s complement of A
is used (the bits of A are complemented the and the sign bit is added). The modified Booth
encoding scheme for this work is shown in Figure 5.9 (a). The most significant bits remain
all sign bits, and can be extended as shown in Figure 5.9 (a). The most significant digits are

generated by e, =b,,,, ®a,, ; where by is the sign bit of the modified Booth encoder and

am-1 is the sign bit of the multiplicand and @ is the exclusive-or operation [56, 73, 74].
Sign bit of each partial product, i.e. s; depending on the sign of A is added by the least
significant digit of each partial product. In the application here, the multiplication size is
12x12 bits. The result is 24 bits where it is sign extended to 28 bits by adding extra ones in
the most significant digits [75] as shown in Figure 5.9 (a) to prevent overflow in recursive

multiply-accumulate operations.



Table 5.1. Modified Booth Encoding

i Booth
Partial
baies | bai | b Selector
Product
Output
0 0 0 0 0
0 0 1 A a
0 1 0 A a,
0 1 1 2A a,
1 0 0 -2A a,,
1 0 1 A a,
1 1 0 -A a,
1 1 1 -0 0
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Figure 5.9. (a) Partial product generating using modified Booth encoding; (b) backward

sign extension
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Figure 5.10. Multiply-Accumulate operation by implementing (6, 3) reduction

In modified Booth encoding, the number of partial products to be added is (n/2)+1.
To reduce the products to (n/2) backward sign extension is employed in the
implementation. A diagram for 12x12 bit multiplication scheme Booth encoding and
backward sign extension is shown in Figure 5.9 (b). The sign digits are back-extended to
the one right of the least significant digit. Although the digits to be reduced are doubled in
the first digit, there is no product existing in this area. This is because the addition result
will be even, and the LSB will be zero, i.e. empty (such as [000],, [010],, [100],, [110]5).
The 12 products can be added up in two phase scheme as shown in Figure 5.10.

After Booth encoding, partial products are fed into the (6, 3) counter for reduction.
For the accumulation phase, again an (6, 3) counter is employed. As a result, multiplying
accumulation process is completed using one Booth encoding and two stage (6, 3) counter
stages each of which can be realized using single level 6-input LUT structures. The full

multiply-add operation is shown in Figure 5.10.
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Table 5.2. Performance comparison (6-input LUT)

# of # of
Design Logic Registers Speed

Units
Normal
Multiply-Add 155 52 174 MHz
Multiply-Add
with normal 273 MHz
Carry-Save 234 77 (57 %
output improvement)
(out=A+B)
Multiply-Add
with proposed 334 MHz
Carry-Save 243 107 (92 %
representation improvement)
(out=A+B+C)

The performance comparison of the proposed design and other implementations are
given in Table 5.2. The redundant output representation is converted to normal
representation by using a three operand adder as Sum = A + B + C. In an FIR filter having n
taps, the three operand addition is only required in the n-th phase and can be implemented
efficiently by adding a single pipeline stage. The working diagram of the MAC unit is
depicted in Figure 5.11 (a). The performance of the MAC unit can be analyzed by defining
an N tap finite impulse response (FIR) filter where the inputs and outputs of the filter are

defined as:
N-1
y(n) :th -X(n—K) (5.6)
k=0

For an FIR filter implementation, the filter sampling frequency is calculated as fs =
fax/n. In Figure 5.11(a), redundant numbers are represented as bold lines. Multiple-MAC
configuration of a system can be configured as shown in Figure 5.11(b). Here, for an n-tap
FIR filtering scheme, the filter sampling frequency can be calculated as:

f _ 1:clk
s —"n/M-‘ (5.7)
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Figure 5.11. Multiply-accumulate unit application: (a) Single MAC; (b) multiple MAC

Table 5.3. Performance comparison (4-input LUT)

# of # of
Design Logic Registers Speed

Units
Normal
Multiply-Add 223 | 52 97 MHz
Multiply-Add
with normal 180 MHz
Carry-Save 375 |77 (85 %
output improvement)
(out=A+B)
Multiply-Add
with proposed 182 MHz
Carry-Save 514 | 107 (88 %
representation improvement)
(out=A+B+C)

93



94

where n is the number of the taps in the filter, M is the number of the MAC units, fey is the
system clock and fs is the sampling frequency of the signal. As an example, where a 15 tap

filter with 4 MAC units is implemented with 300 MHz system clock, the throughput is

300
[15/4]

=75MHz.

The normal carry save and the proposed extra redundant carry save implementation
are also implemented on a 4-input LUT based FPGA. The comparison results are given in
Table 5.3. Both conventional and the proposed redundant implementation provides
approximately the same speed improvement in this configuration. However, the proposed
implementation provides dramatic performance increase when 6-input LUT devices are

used, as shown in Table 5.2.

In section, a speed efficient multiplying accumulator unit is designed which is
suitable for 6-input LUT based FPGA families. The multiply-add operation is handled only
in three LUT critical path delay, one for Booth encoding, one for product reduction and
one for addition with previous result. The implementation is suitable for high performance
FIR filter and similar multiply-accumulate based signal processing blocks. Simulations
show that this new implementation provides more than 90 per cent speed improvement

over conventional implementations.
5.3.  Fixed Coefficient FIR Filter Design

As mentioned in previous sections, in 6-input LUT based reconfigurable systems, (6,
3) counters are advised for the multi-operand addition schemes [65]. The counter circuits
are generally used for the multi-operand addition and reduction of the partial product trees
in the multiplier circuits. Here, each arithmetic element is based on (6, 3) counters and

dramatic performance increase is achieved with increased hardware requirement.

In the proposed structure, the integer linear programming (ILP) model is given for
the reduction of partial products for each coefficient of the filter. In each coefficient a

maximum of six non-zero binary digits is allowed. In FIR filter schemes, a sparse
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distribution of non-zero digits in each coefficient can be obtained via optimization. As a
result, quite sharp filters can be implemented efficiently [76]. If no optimization is made
over the coefficients, 12-bit coefficient word-length is also possible for the
implementation. The reason is that, in canonic signed-digit (CSD) representation for any
coefficient, number of non-zero digits in any number is at most half of the coefficient
wordlength [77].

In the proposed system, the multiplication of each constant coefficient is made
through (6, 3) counter arrays with the redundant outputs. In addition, backward sign-
extension is implemented for the removal of extra sign-bit in the system. After the
multiplication phase, the redundant addition operation is also implemented by a single
stage (6, 3) counters with redundant outputs as well. As a result, a multiply-accumulate

operation is handled in two stages.

FIR filters are used for shaping the input signal with the desired frequency response.
Discrete time domain representation for an N-tap FIR filter is given as:

N-1

y[n]=> hlk]x[n-K] (5.8)

k=0

where X, y, h are input, output and transfer function of the filter, respectively. The

frequency response H(w) of a linear-phase FIR filter with impulse response h[n] and

length N is:
H(w) = fh[n]e-im (5.9)

The requirement for a linear filter is that, the filter coefficients must be symmetric or anti-
symmetric [78]. As a result, the filter coefficients can also be written in terms of the

amplitude A(w) and phase terms as:

H (w) = A(w)e ™™ (5.10)
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where M is approximately half the length of the filter tap count. M is calculated as:
N
M {—JH (5.11)
The amplitude A(a)) is a real function of frequency given by

A(w) = leh[m]rm () (5.12)

where T,_(w) is a trigonometric function determined by the length and type of symmetry of
the filter. The values of T_(w) for the four possible types of linear phase FIR filters are

given in Table 5.4.

Table 5.4. T_(w) for different types of linear-phase FIR filters

Type N Symmetry T. ()
1 | odd | s i ! m=M-1
ymmetric 2c0s((M —m—-1)w) otherwise
_ 2c0s((M —m—-0.5)w)
2 Even Symmetric
2sin((M —m-1)w)
3 Odd | anti-symmetric
_ _ 2sin(M —m—-0.5)0)
4 Even | anti-symmetric

The transposed FIR filter minimizes the critical path of the FIR operation to a single
multiply-add operation as shown in Figure 5.12 (a). The linear phase implementation
realized by symmetric or anti-symmetric coefficients for an odd length filter can be
realized as in Fig 5.12 (b).
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The filter coefficients can be optimized for better performance in terms of both
frequency response and reduced hardware cost using optimization techniques. Using CSD
notation for filter coefficients reduces filter implementation cost the number of non-zero
digits which can be further minimized by Integer Linear Programming (ILP). If the number
of non-zero digits is limited to six in each coefficient for the synthesized FIR filter, the
multiplication where the coefficients are constant and data input is variable can be realized
efficiently using (6, 3) counters. As stated previously, (6, 3) reduction can be done at a
single stage in 6-input LUT based FPGAs.

h[N-1] BN-2] - h[0]
D Df—~-D y
(a)

Figure 5.12. FIR filter implementation: (a) Transposed form; (b) sharing the coefficients

For the synthesis of the desired FIR filter, let D(a)) be the desired frequency

amplitude response of the filter. Let 5(a)) be the approximation error of the synthesized

filter, then the synthesized FIR filter response should satisfy:

|A(@)-D(w) < 5(w) (5.13)
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where w e [O;z] and A(co) is the synthesized filter’s frequency amplitude response, as
defined previously. This formulization can be redefined for some disjoint frequency bands

Q, [0, z] with desired frequency response D, (w) and fixed error margin 6, =1, 2, ... K

such that the equation can be rewritten as:
|A(@)-D, (@) <6, () (5.14)

Between each disjoint frequency bands, there is a transition band defined. For the
transition bands, no constraints are defined. As an example, for a low-pass filter, two
frequency bands for synthesis requirements can be defined such that, pass-band frequency
defined as Q, =[0,@,] and Q, =[w,, 7 ]. There exists a transition band Q" =[w,,w,] in the
low-pass example which has no constraint and left as a relaxation for the optimization
realization. Frequency response characteristics of a low-pass FIR filter is given in Table

5.5. The frequency response of the filter is shown in Figure 5.13.

— A(w)
D(w)

Amplitude

. N ]
a=s, { \_ _~

0 o, F V@
m, Frequency @, n

Figure 5.13. Frequency response characteristics of a low-pass FIR filter
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Table 5.5. Frequency response characteristics of a low-pass FIR filter

Band (k) Q, D, (@) 5. (@)
1 [0,c] 1 )
2 @, 7] 0 %,

Any type of filter realization such as low-pass band-pass, high-pass, or any
combination of them can be modeled by adding proper frequency bands to the filter
definition. The detailed problem formulation of the FIR filter design optimization model is
given in Appendix A. The simplified FIR filter synthesis optimization definition is given

as:

M-1B-1
Minimize: > >
i=0 j=0

Such that:
|A(a))— D(w) <5(o)

[x,;|  (Number of nonzero digits in each coefficient)

B-1
Z‘x”‘s& i =0, 1, .. M—1. (Number of non-zero digits in each
=0

coefficient < 6)
Here, B is the wordlength, x;; is j’th digit in i’th coefficient.
5.3.1. Realization of Multiply-add Operation

After the filter coefficients are calculated, the multiply and accumulate operations
should be implemented according to the redundant arithmetic as defined previously. The
fixed coefficient multiplication for the generated filter coefficients are realized by properly
tiling the variables. The multiplication scheme for an example fixed 12-bit coefficient for

the 12-bit variable word-length can be depicted in Figure 5.14 (a). In the example, the
coefficient is given as (010101010101). Here, we rename each non-zero digit in the
coefficient as s; , where s,=-1, s, =1, s,=-1, s,=1, s, =1, and s, =-1 in the

example. As mentioned before, according to the optimization algorithm, at most six non-
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zero digits are allowed in any of the coefficients, which is always the general case for 12-
bit CSD coded coefficients. The s; in each line shown in Figure 5.14 (a) also represents the

sign bit of any non-zero bit for the corresponding coefficient.
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Figure 5.14. (a) Generation of the partial products; (b) backward-sign extension

The diagram in Figure 5.14 (a) is an example and is not the generalized case. In the
generalized case, the shift operations of the coefficients can be in arbitrary amounts,
depending on the positions of the non-zero digits. Arithmetic shift operation is applied to
the partial product by (n — i) times. Here, n is the coefficient word-length and i is the digit
number of the non-zero coefficient. In this scheme, ¢; is the most significant bit (MSB) of
input variable X, if the related coefficient digit is 1. On the other hand, e; is the
complement of MSB of input variable X if the related coefficient digit is —1. In other
words, € = xuss @ Si. Here, s; is the sign of the incident non-zero coefficient digit. As
shown in Figure 5.14 (a), the sign bit of the most significant digit of the coefficient
increases the number of partial products by one , i.e. seven products exist in worst case and
the partial products cannot be fed into a single stage (6, 3) counter. The problem is solved

using backward sign extension. The (6, 3) reduction is done after this operation. Figure
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5.14 (b) shows the application of backward sign extension. A verilog-like pseudo code for
the generation of partial products and backward sign extension is shown in Figure 5.15. It

should be noted that, coding of the representation in Figure 5.15 does not generate any

extra hardware, rather it tiles the input data X and X together with the sign bits of the
coefficients to their proper placements. As a result, six partial products with residue output,
representing the extra sign bits are generated. If there are less than six non-zero bit at the
related coefficient, the remaining products left as zero, as can be analyzed from the code in
Figure 5.15 as well.

The multiplication of a fixed-coefficient with input data is accomplished by
reduction of the partial products generated as shown in Figure 5.14 (b). For redundant
carry-save representation, each number is a composition of three normal binary numbers.
As a result, the six partial products should be reduced to three, to make the number
compatible with double carry representation. Since there are six partial products generated,
the multiplication with redundant outputs is accomplished as shown in Figure 5.16 (a).
When the figure is explored, it can be seen that the multiplication phase consists of a single
stage (n + 1) digit (6, 3) reduction scheme. Here, n is equal to the length of the coefficient
and length of the variable, i.e. n = (coef_wordlength + data_wordlength), which is 24 in
the given example. The + 1 in the (n + 1) definition is for the residue reduction as shown in
Figure 5.14 (b) and Figure 5.16 (a). Still after the reduction, there are residue bits existing
together with the multiplier result. The end result is obtained at the accumulation step. The
accumulation step is also an (n+1) digit (6, 3) reduction scheme. The other input for the
accumulation step comes from the previous tap of the designed filter. In the end, the total
multiply-accumulate operation is accomplished in two stages of (n+1) digit (6, 3) counter
arrays. At the multiply-add operation output, the result appears in double carry-save
format, that is composed of three binary numbers. For the case there exists three or less
than three non-zero digits in the coefficients, the multiply phase gets even simpler, as (6, 3)
reduction for the multiply phase is removed. The multiplication phase for the multiply-add
operation only consists of arithmetic shifts and sign bit padding operations which is shown
in Figure 5.16 (b). In this case, the hardware cost for the multiply-accumulate phase is
halved, which greatly reduces the hardware cost for the construction of the related filter
tap. As a result, reduction of the non-zero digits in the coefficients plays an important role
in the filter design procedure.
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Module partial_product_align
(X, Xbar, Product_0, Product_1, Product_2, Product_3, Product_4, Product_5, Residue);

I Inputs of the module

Input [data_wordlength-1:0] X;  // variable data input

Input [data_wordlength-1:0] Xbar; // inverse of variable data input
I

/I Outputs of the module

Output [coef_wordlength+data_wordlength:0] Product_0;
Output [coef_wordlength+data_wordlength:0] Product_1;
Output [coef_wordlength+data_wordlength:0] Product_2;
Output [coef_wordlength+data_wordlength:0] Product_3;
Output [coef_wordlength+data_wordlength:0] Product_4;
Output [coef_wordlength+data_wordlength:0] Product_5;
Output [2:0] Residue;

1

/I Parameterized inputs — coefficients, parameterized for each tap of the coefficient

Parameter [coef_wordlength-1:0] coefficient; /I one, if the related coefficient bit is non-zero
Parameter [coef_wordlength-1:0] coefficient_sign; // coefficient bit is (-) if sign bit is 1.

1

Reg [coef _wordlength-1:0] zero_padding = 0;
Reg signed [coef_wordlength+data_wordlength-1:0] temp_product[5] = {0,0,0,0,0,0};
Reg temp_sign[5:0] = 0;

integer i, j, k;

i=0;
for (i = 0; i<coef_wordlength; i++)

{
if (coefficient[i]==1)
{

if (coefficient_sign[i]==1) temp_product[j] = {Xbar, zero_padding};
else temp_product[j]= {X, zero_padding};

temp_sign[j] = coefficient_signli];

temp_product[j] = temp_product[j]>>>(coef wordlength-i); //arithmetic shift
for (k=0; k<i; k++) temp_product[j][K] = coefficient_sign[i]; //sign bit padding
jtH+; /I counter for the incident partial product alignment

}

Product_0 = {temp_product[0], temp_sign[0]};
Product_1 = {temp_product[1], temp_sign[0]};
Product_2 = {temp_product[2], temp_sign[1]};
Product_3 = {temp_product[3], temp_sign[1]};
Product_4 = {temp_product[4], temp_sign[2]};
Product_5 = {temp_product[5], temp_sign[2]};
Residue [2:0] = {temp_sign[5], temp_sign[4], temp_sign[3]};

endmodule

Figure 5.15. Pseudo code representation of partial product representation
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5.3.2. Filter Implementation

For the performance measurements, two similar low-pass filters F1 and F2 are
generated, the first one having tighter design requirements. The frequency response
characteristics of these filters are given in Table 5.6. The passband and stopband
frequencies are normalized to the sampling frequency in the example. The frequency

response plots of these filters are shown in Figure 5.17.

Table 5.6. Frequency response characteristics of the example filters

Filter | Passband Ripple Passband Stopband Stopband
(dB) Frequency Attenuation Frequency
F1 0.13 0.2 -60 0.3
F2 0.05 0.2 -44 0.4
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Figure 5.17. Frequency response characteristics of the example filters
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The filters are synthesized according to the filter synthesis optimization rules as
defined in Appendix A. The Filter 1 design workspace is tight and it is synthesized with 51
taps and 16 digit coefficients. The Filter 2 could be synthesized with 25 taps and 12 digit
coefficients. The synthesized coefficients for Filter 1 and Filter 2 are given in Table 5.7

and Table 5.8, respectively.

Table 5.7. Coefficients of Filter 1

COEFFICIENTS OF FILTER F2 WITH N=25, B=16
h(0)=-2°+2H + 278 + 2 h(13)=-27"-2° + 2°%- 2%
h(1)=-27-2"" (*) | h(14)=2°+2%-2"1. 2™
h(2)=-2%+2%0-28_2" h(15)=27-2"+ 2%+ 2%
h(3)=-2°-2"+2%- 2% h(16)=2°- 272" *)
h(4)=2" (*) | h(a7)=-2"+2% *)
h(5)=2%+2"% *) | h(18)=-2°-2°-2%1.2"%
h(e)=2"-2" (*) | h(19)=-2"+2°-2"+ 2™
h(7)=2"-2"1-27% (*) | h(0)=-2°-2"+2%+ 2"
h@®)=2%+2"+2" (*) | h(21)=2" *)
h(9)=-28-210+ 2221 h(22)=2*+2°%+ 2™ *)
h(10)= -2°+ 2%+ 2% (*) | h(23)=27%+2°+ 21+ 2%
h(11)=-2°+2%-2%0+ 21 h(24)=27-2°-2%0.21
h(12)=-27"+29-2" (*) | h25)=22%-2"-2%+ 2"
h(n)=h(50-n) for n=26, 27, ..., 50

Table 5.8. Coefficients of Filter 2

COEFFICIENTS OF FILTER F1 WITH N=25, B=12
h(0)=-2° *) [h(M)=2"+2%-2%+ 2"
h(1)=-2"+2" * |[h@=-2%-27-27 *)
h(2)=-2" * [hE=2%-2° B)
h@)=2°-2"-2" (*) | h(10)= 27+ 2%+ 27 *)
h(4)=2°+2° *) | h@1)=27+28+2"° *
h(5)=27+27 ™ | h(12)=2%+2"-2%+2"
h(6)=-2°-2%-27% *)

h(n)=h(24-n) for n=13, 14, ..., 24
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The representation of the multiply-accumulate operation can be depicted in Figure

5.18. As the figure reveals, the redundant output of the system is converted to normal

binary by insertion of a three operand adder circuit after the last tap of the multiply-add

operation.

X

(variable input)

To the other taps

Last Multiply
Add Stage
_________________ .
Redur:(t:lant Redundant 3-operand
muit. adder carry- propagate
adder

Redundant output
from the previous tap | & !

fs

Filter Result
(normal binary)

Figure 5.18. Representation of multiply-add operation and conversion to normal binary

The designed filters are realized by three methods, namely, using carry-propagate

arithmetic fixed coefficient multipliers, using firm multipliers, and using the proposed

method. Each of the implementations is synthesized using Altera Quartus 11 software. The

comparison of hardware cost and maximum operating speed is given in Table 5.9. The

performance comparison of the filter implementations are shown in Figure 5.19.

MHz

500
450
400
350
300
250
200
150
100

50

soft firm
multiplier multiplier

proposed

filter 1 (51-tap)

soft firm
multiplier multiplier

proposed

filter 2 (25-tap)

filter (SD)

filter 3
(16-tap)

Figure 5.19. Performance comparison of the filter implementations



Table 5.9. Comparison of filter implementation schemes
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Hardware Cost

Design Implementation ALUT + DSP | Register Maximum
Blocks Count Speed (MHz)
Filter 1 | Fixed—coefficient soft 1982 ALUT 1404 147.99
multiplier
Filter 1 | Firm multiplier 1400 ALUT + | 1428 181.26
52 DSP Blocks
Filter 1 | Proposed method 4392 ALUT 3864 331.24
Filter 2 | Fixed—coefficient soft 814 ALUT 576 188.11
multiplier
Filter 2 | Firm multiplier 576 ALUT + 600 189.54
26 DSP Blocks
Filter 2 | Proposed method 1515 ALUT 1491 446.03
Filter 3 | Method proposed in [70] | NA NA 293

In this section, a fixed coefficient filter implementation methodology suitable for 6-input

LUT based FPGAs is presented. For the arithmetic operations, double carry-save

arithmetic is suggested. Using the proposed scheme, the critical path for each multiply-add

operation is reduced to only two LUT cascades, one for multiply and the other for the

accumulate operation. The proposed implementation resulted in more than 100 per cent

speed improvement over conventional soft multiplier fixed-coefficient multiplication based

FIR filtering schemes.
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6. CONCLUSION

In this thesis, a composition of multi-valued circuits and redundant number system
implementations are presented. In the first part of the thesis, the focus has been multi-
operand addition since it is one of the basic arithmetic blocks of multipliers and general
multi-operand addition stages such as multiplier-less digital filter structures. Multi-valued
circuit solutions to these structures are given for compact arithmetic structures. Current-
mode design of the circuits provides analog friendly design opportunity and constant
power consumption which can be adjusted for low power or high performance options. The
remaining arithmetic blocks can be easily interfaced with normal binary or source-coupled

binary circuits for complete design of a total digital system.

Various multi-valued logic circuit implementations for multi-operand addition are
proposed in Chapter 4. First, signed-digit implementation of a multi-operand addition
circuit is proposed. The signed-digit system provided for simultaneous addition of six input
operands. In the end, an array of multi-valued to binary conversion is required for
interfacing the circuit with binary logic. The proposed system in Section 4.1 is unique for
implementing signed-digit multi-operand addition in multi-valued fashion. The circuit
presented in Section 4.2.1 is an alternative implementation for multi-operand addition
without signed-digit output. Another multi-valued circuit for multi-operand addition and
multiplication is the multi-valued (7, 3) counter circuit presented in Section 4.2.2. The
proposed circuit has binary inputs and binary outputs and the internal operations are made
through multi-valued circuits. The proposed circuit in Section 4.2.2 has self restored
outputs and this property provides a simpler and more compact design. The circuit has

been synthesized with less active elements compared to binary implementations.

The current-mode circuits provide alternative solution for analog friendly design and
lower power is achieved at high frequencies. However, constant current consumption is
also a drawback since the circuit consumes power all the time regardless of switching
activity. Moreover, reducing the supply voltage for static CMOS circuits also provided
lower power compared to current-mode design. As a result, power efficiency is not a clear

result for the current-mode circuits.
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Throughout the thesis, extensive search on suitable circuit topologies for multiple-
valued arithmetic circuits is accomplished. Depending on the experience of various circuit
topology simulations, it can be said that, the main obstacle of the current-mode systems is
current copying mechanisms. Copying currents from one node to another using current
mirrors resulted slower operation as well as caused increased power consumption, since
the current values are doubled in the current mirrors. The multi-operand circuit proposed in
Section 4.2.2 has superior performance to other classical multi-valued circuits since current
copying circuits are avoided. Nevertheless, multi-valued addition results are resolved using
source-coupled comparator circuits at each level, rather than copying each current to next
levels. The multi-operand addition circuit proposed in Section 4.2.2 requires less transistor
count compared to SCL equivalent. However, in the whole system design, it reveals that
the area reduction is not very significant. Therefore, from multi-valued circuit design
perspective, not much advantage is achieved compared to the conventional circuit

topologies.

The main obstacle about designing multi-valued systems in current-mode is the
speed limitation of the current-mode systems, where, the performance is limited to the
current source of the related block. In standard CMOS binary logic, the system is not
limited to a current source, and the transistors switch as fast as possible. To relax this issue,
design techniques similar to source-coupled binary logic systems is employed, where; at
least the voltage swings are limited to a defined value rather than being Vpp of the system.
Limiting the logic swing increases the performance of the system. As a result, comparable
results with binary source-coupled systems are achieved under same power consumption,
where the proposed circuits required less active elements, because of the multi-valued

design methodology.

Further study for the multi-operand multi-valued logic systems can be made in the
area of very low power systems for low supply voltage levels and nanowatt designs
providing small die size, suitable for body implants and similar applications of digital
signal processing systems.

Although some novel topologies are proposed for multi-operand addition, MVL
designs still suffer from mismatch effects, lower noise margins and complicated design
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issues. Mismatch effects will be more significant for lower geometries. The future study
should consider these problems when dealing with MVL design. The fabrication of the

proposed architectures also remains as future study.

The second part of the work presented in Chapter 5 is related to reconfigurable
computing. In this part, FPGA implementations of high performance addition and
multiplication using alternative counter circuits and redundant number implementations are
explored. An extra redundant addition scheme is proposed for the efficient redundant
arithmetic, where an addition takes only a single LUT block delay. As conventional
redundant architectures require at least two LUT delays, the proposed architecture provides
an important speed advantage. The architecture is especially advantageous for the
operations that require recursive addition, such as convolution operators in digital signal
processing or matrix multiplication blocks. A multiply-accumulate unit has been designed
using the redundant arithmetic schemes proposed. The multiply-accumulate unit provided
more than 90 per cent speed improvement over conventional carry-propagate arithmetic
structures. Moreover, the system provided 57 per cent speed improvement over

conventional carry-save based redundant applications.

Another application of the proposed redundant arithmetic for the FPGA systems was
the fixed-coefficient filter implementations. Filters coefficient are synthesized by using
ILP formulation and implemented using the proposed double carry-save arithmetic. More
than 100 per cent speed improvement has been achieved compared to conventional carry-

propagate arithmetic implementations.

For the FPGA arithmetic, various application areas should be searched wherever
redundant arithmetic is useful. As the required LUT cascades is minimized, arithmetic
applications providing very high performance with least amount of pipeline stages can be
realized using the proposed double carry-save arithmetic implementation on 6-input LUT
based FPGA systems. Highest performance can be achieved by implementing the proposed

extra redundant arithmetic design.
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APPENDIX A: PROBLEM FORMULATION OF THE FIXED-
COEFFICIENT FIR FILTER SYNTHESIS

Here, the detailed problem formulation of fixed coefficient FIR filter synthesis is
given, where the basic problem definition was given in Section 5.3. This Appendix should
be used as a supplemental for the mentioned FIR synthesis section of the thesis and the
Equations 5.8 through 5.14 should be explored for understanding the formulation presented

here.

Each coefficient h[i] of an N tap FIR filter with B-bit word-length can be written for

the CSD representation as:
hli]=>x, 27 (A1)

where x; ; €{-10,1} corresponds to the j’th bit of coefficient h[i]. In this representation, j =

0 is the most significant digit. For the ILP formulization, since in CSD representation two

adjacent non-zero digits does not exist, the constraint

‘x. |
1]

+‘X.

i, j+1

<1 (A2)

should be added in each coefficient. If the cost function is the number of the non-zero
digits in each coefficient, the cost function for each coefficient can be modeled as:

JZ;O\XH\ (A3)

The filter optimization function for efficient synthesis on 6-input LUT devices can be

modeled as:
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M-1B-1
Minimize )’ ‘x, J‘

i=0 j=0

Such that

i=0 \_j=0

ZTEH X ZjJTi ()~ D(w){ <5(w) (A4)

and

B-1
Ylxl<6,i=0,1,.. M-L.
j=0

and ‘XH‘+ X

<1 for each coefficient. For modeling the problem as a linear problem,

i,j+1

each coefficient digit x;; can be rewritten as:

Xij=Xij=Xij (A.5)
since each coefficient x, ; e{-101} and X}, X;; {0 1} The optimization problem can
be rewritten as:

M-1B-1
Minimize: )’ (x,*J
i=0 j=
Such that:
M-1( B-1 )
Z(x:j —Xifj)2*J i(a))— D(a) Sé(a)), we [O,zr] (A.6)
i=0 \_j=0

X\ X X, X, <1 forj=0,1,B-2.

B-1
. _
(xi'j +xi'j) <6.
=0

—

The absolute value operator does not harm the linear problem definition since the
constraint can be rewritten as:
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(A7)
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