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Thesis Abstract
Serli Kiremit¢iyan, ”A Comparison of Stochastic Models of Natural Gas

Consumption: An Application for Turkey”

In this thesis, we model the dynamic behaviour of natural gas consumption using
continuous-time stochastic models to incorporate their significant advantages over the
discrete-time models into the modeling process. In addition to offering a wide set of
choices for the drift and volatility terms and yielding analytical solutions for any
forecast horizon, continuous-time models can also be used in the pricing of
contingent claims depending on natural gas consumption since they enable more
reliable forecasts at high-frequency levels. Here, we also document that the per
consumer natural gas consumption data exhibit stationarity, strong seasonality, mean
reversion, and serial correlation. Hence, we study the application of a One-factor
mean-reverting process and stochastic Gompertz diffusion model on the modeling of
daily natural gas consumption in Istanbul, Turkey that will also incorporate the
empirical observations. In the comparison of their forecasting performances which
are tested via the backtesting method at different forecast horizons, we find out that
the One-factor mean-reverting process is more advantageous than the Gompertz
diffusion process. To illustrate the pricing implications of these models, we price two
hypothetical contracts and find out that the results vary from one model to another and

hence, the choice of model becomes crucial in the real world.
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Tez Ozeti
Serli Kiremitciyan, ”Stokastik Dogal Gaz Tiiketim Modellerinin Kiyaslanmasi:

Tiirkiye Uzerine Bir Uygulama”

Bu tezde, siirekli stokastik modeller araciliiyla, dogal gaz tiiketiminin dinamik
davranig1 modellenmektedir. Burada, kesikli modellerin aksine, siirekli modellerin
sahip oldugu belirli avantajlarin modelleme siirecine dahil edilmesi hedeflenmektedir.
Siiriiklenme ve volatilite terimleri icin ¢ok sayida secenek sunmalart ve herhangi bir
tahmin periyodu icin gegerli olabilecek olan analitik ¢ézlimler 6nermelerinin yani
sira, siirekli modeller, yiiksek frekanslarda daha giivenilir tahmin yapilmasin
kolaylastirdiklarindan, kosullu yiikiimliiliiklerin fiyatlanmasinda da
kullanilabilmektedirler. Ayrica, tiiketici bagina diisen dogal gaz tiiketim serisinin
duraganlik, ortalamaya donme, yiliksek mevsimsellik etkisi ve serisel korelasyon
icerdigi de gosterilmistir. Gozlemlenen empirik 6zellikleri dahil edecek sekilde,
ortalamaya donmeli bir stokastik siire¢ ile stokastik Gompertz difiizyon modelleri
onerilmekte ve Istanbul’a ait olan giinliik dogal gaz tiiketim verilerine
uygulanmaktadirlar. Farkli tahmin periyotlari icin gergeklestirilen geriye doniik
testler araciligiyla yapilan kiyaslamalarda, ortalamaya donmeli stokastik siirecin,
stokastik Gompertz difiizyon modeline gore, daha avantajli oldugu sonucuna
varilmigtir. Burada incelenen modellerin, fiyatlama asamasindaki olas1 sonuglarini
gozlemleyebilmek adina, iki 6rnek sdzlesmenin fiyatlamasi gerceklestirilmis ve
modellere gore sonuglarin ¢ok degisken oldugu goriilmiistiir. Buna dayanarak,

fiyatlama agsamasindaki model seciminin ¢ok dnemli olacag1 sonucuna varilmisgtir.
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CHAPTER I
INTRODUCTION

Natural gas is an energy source that constitutes an increasing share in the world’s
energy resources in terms of both production and consumption figures. Since it is an
environmentally friendly fuel that can also act as a viable substitute to other
fossil-based energy sources, it is subject to major international trade flows. The recent
developments in the conventional natural gas production technologies provide even
more incentives that increase the share of natural gas in the total energy mix. As an
emerging country with growing energy needs, Turkey’s natural gas consumption has
increased rapidly over the last two decades. (EPDK, 2013).

The Turkish natural gas industry has undergone a process of reconstruction
to create a competitive natural gas market. For this purpose, a new law, the Natural
Gas Market Law, was enacted in 2001 which aimed to change the monopolistic
structure of the market and form a more competitive one by establishing an
independent regulatory authority, the Energy Market Regulatory Authority (EMRA or
EPDK in Turkish). However, it is believed that the reform has not worked out as
expected so far (Erdogdu, 2010b). Nevertheless, as the liberalization of the energy
market continues, short term forecasting and demand management of natural gas also
gain importance. Moreover, following the introduction of competitiveness, it is also
very plausible to assume that new contingent claims on the consumption amounts or
prices of natural gas will probably become available to meet the needs of market
participants.

Accurate modeling and forecasting of natural gas consumption are vital for
efficient management of resources which is also suggested by the significant amount
of research that has been conducted. A review of the literature on the modeling and

forecasting of natural gas consumption is given by Soldo (2012). The dominant



approach is to use time series models with autoregressive structure of natural gas
consumption with/without other explanatory variables such as heating degree days or
temperatures. Ediger and Akar (2007) use autoregressive integrated moving average
and seasonal moving average models to forecast energy demand in Turkey. Aras and
Aras (2004) estimate aggregate natural gas demand in residential areas of Eskisehir,
Turkey using monthly data. They estimate separate autoregressive time series models
for heating and non-heating months. Giimrah, Katircioglu, Aykan, Okumus and
Kilinger (2001) and Sarak and Satman (2003) utilize degree days to explain the
relation between natural gas demand and temperature levels. Erdogdu (2010a)
employs an ARIMA model to forecast natural gas demand using quarterly data over
the period of 1988 to 2005.

Other than the time series models, different forecasting tools such as artificial
neural networks, genetic algorithms and grey prediction models are also used. For
instance, Tagpinar, Celebi and Tutkun (2013) uses various computational methods,
such as a seasonal ARIMA model with exogenous variables (SARIMAX), artificial
neural networks and ordinary least squares, to forecast daily natural gas consumption
in Turkey. Sabo, Scitovski, Vazler and Zekic-Susac (2011) present mathematical
models of natural gas consumption that depend on exponential, Gompertz and logistic
models that aim to forecast hourly natural gas consumption on the basis of the past
natural gas consumption and temperature data. Liu and Lin (1991) employ
multiple-input transfer function models to study the relationship between natural gas
consumption, temperature and price using monthly and quarterly data for Taiwan.
Sanchez-Ubeda and Berzosa (2007) develops a flexible prediction method that aims
to capture demand patterns by estimating the seasonality and transitory components
as well as the general trend itself. Crompton and Wu (2005) utilize a Bayesian vector
autoregressive methodology to forecast the energy demand for China, including the
demand for natural gas, using real fuel prices, real GDP and population data.

In the literature, only the studies by Goncii, Karahan and Kuzubag (2013)



and Gutiérrez, Nafidi and Gutiérrez Sdnchez (2005b) (similarly, Gutiérrez, Nafidi and
Gutiérrez Sanchez (2006)) consider the use of stochastic processes driven by
Brownian motion to model natural gas consumption. Using continuous-time
stochastic models have important advantages over statistical or econometric models.
First, analytical formulas for the conditional expectation and variance can be derived
for any forecast horizon. Second, the models can be solved and any contingent claim
dependent on the path of the natural gas consumption can be priced. Third, the
empirical characteristics of the natural gas consumption data can be described via a
large choice of drift or volatility terms. Additionally, the forecasts obtained from time
series models with high-frequency data would not be reliable since explanatory
variables such as the macroeconomic variables or temperatures are difficult to predict
at high-frequency levels. All these points indicate that the current lack of focus on
continuous-time models in this framework might change and continuous time models
might dominate the future of energy modelling.

In this study, we consider the only continuous-time models in the natural gas
modeling literature, which belong to Goncii et al. (2013), that adopts the model in
Lucia and Schwartz (2002), Gutiérrez et al. (2005b) and Gutiérrez et al.(2006). Lucia
and Schwartz (2002) use a One-factor Mean-Reverting process to model the
electricity prices and power derivatives in the Nordic electricity market and power
exchange. On the other hand, Gutiérrez et al. (2005b) and Gutiérrez et al. (2006) use
a Gompertz diffusion process to model the total natural-gas consumption in Spain and
the electricity consumption in Morocco, respectively. The models that we use are also
driven by Brownian motion noise terms which are represented as stochastic
differential equations. The analytical formulas for the conditional expectations and
variances are derived which are used in the comparison of the models in terms of their
forecasting powers and capacities in capturing the empirical properties of
consumption. Finally, they are used in the pricing of new derivative contracts.

The remaining of this paper is structured as follows. In Chapter 11, we



present the empirical properties of the existing natural gas consumption data and
analyze the systematic patterns that evidently exist in the data. From Chapter 111
through VI, we present details of the proposed models, the One-Factor
Mean-Reverting Process and the Stochastic Gompertz Diffusion Model in light of the
empirical results, and the pricing of contingent claims that rely on these models.
Chapter VII presents the estimation results and compare these models in terms of
their forecasting powers and capacities in capturing the empirical properties of

consumption. Finally, Chapter VIII concludes.



CHAPTER 11
DATA ANALYSIS

The data used in this study is obtained from IGDAS, the only natural gas distributor
in Istanbul, which spans the time period between January 1, 2004 to October 18,
2011. It contains 2848 daily observations of residential and commercial natural gas
consumption in urban areas, excluding the industrial use. The dataset includes the
consumption amounts in addition to the number of consumers in this time period.
Moreover, natural gas consumption per consumer series is created to account for the

effects of the growing population in Istanbul.
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Figure 1. Per consumer daily natural gas consumption

In Figure 1, per consumer natural gas consumption is plotted for the entire sampling
period. In contrast, data points specific to warm and cold seasons are labelled in the

figure below.
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Figure 2. Per consumer daily natural gas consumption (warm and cold seasons)

Here, Figure 2 shows a seasonal pattern and mean reversion to the seasonal means
such that these effects seem to be stronger during warm seasons where the natural gas
consumption is low and deviations seem to be larger during cold seasons where the
consumption is high. Therefore, a suitable model needs to incorporate a clear
seasonality with slow mean reversion. Furthermore, as the figure below also suggests,
a holiday dummy variable should be included to observe the specific effect of

holidays on consumption.
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Figure 3. Per consumer daily natural gas consumption (workdays and holidays)



Even though the logarithm of per consumer consumption series will be our variable of
interest in the following sections, Table 1 reports the descriptive statistics for both the

consumption per consumer series and the logarithm of this.

Table 1. Descriptive Statistics

Panel A: The Entire Dataset

Series | N.Obs | Mean Min Max Std.Dev. | Skew. Kurt.
C 2848 | 3.4303 | 0.4501 | 12.078 | 2.6887 | 0.8820 | 2.6884
In(c;) | 2848 | 0.9094 | -0.798 | 2.4914 | 0.8181 | 0.1614 | 1.5729
Panel B: Warm Seasons
Series | N.Obs | Mean Min Max Std.Dev. | Skew. Kurt.
C 1224 | 1.2262 | 0.4501 | 4.5795 | 0.4584 | 2.9729 | 17.3297
In(c;) | 1224 | 0.1527 | -0.7981 | 1.5216 | 0.3047 | 0.8224 | 5.3581
Panel C: Cold Seasons
Series | N.Obs | Mean Min Max Std.Dev. | Skew. Kurt.
Ct 1624 | 5.0915 | 0.6546 | 12.0780 | 2.4694 | 0.2656 | 2.4254
In(c;) | 1624 | 1.4796 | -0.4237 | 2.4914 | 0.5890 | -0.7640 | 2.8225
Panel D: Holidays
Series | N.Obs | Mean Min Max Std.Dev. | Skew. Kurt.
c 904 | 3.2600 | 0.4501 | 11.4998 | 2.6433 | 0.8606 | 2.5968
In(c;) 904 | 0.8263 | -0.7981 | 2.4423 | 0.8639 | 0.1350 | 1.5499
Panel E: Working Days
Series | N.Obs | Mean Min Max Std.Dev. | Skew. Kurt.
Ct 1944 | 3.5095 | 0.7865 | 12.0780 | 2.7066 | 0.8905 | 2.7133
In(c;) | 1944 | 0.9480 | -0.2401 | 2.4914 | 0.7932 | 0.2060 | 1.5390

In Table 1, the dataset is divided into sections as warm/cold seasons and

holidays/working days to form an idea about the empirical properties of consumption
and log-consumption series which can be variant within different sampling periods.
Similar to the convention followed by Lucia and Schwartz (2002), warm seasons
include observations from May 1 to September 30 for every year in the sampling
period.

Both the per consumer consumption itself and the logarithm of this series
show higher daily means in cold seasons than in warm seasons. Similarly, the

standard deviations for the warm and cold seasons show significant differences such



that they are more volatile in cold seasons than in warm seasons. Since the logarithm
of per consumer consumption will be considered to be normally distributed in the
forthcoming models, the kurtosis estimates for the log-consumption series are critical.
The kurtosis estimates for the log-consumption series are lower than three under the
null hypothesis of normality, except in warm seasons which indicate that extremely
low and high consumptions are more probable in warm seasons. The skewness
estimates for the consumption series are all positive which indicate that high extreme
values are more probable than low extreme values. When the estimates for the entire
dataset are compared with the estimates from holidays/working days categories, we
observe that the moments of the entire dataset remain in between those regarding
holidays (being the lower ones) and working days (being the higher ones).
Nonstationarity tests are conducted for the consumption itself and the
logarithm of this series using Augmented Dickey-Fuller (ADF) test and
Phillips-Perron (PP) unit root test with drift. The table below shows the values of the
t-statistics under the null hypothesis of a unit root using a certain number of lags.
Both tests reject the presence of a unit root at 99% confidence level. Hence, these

series are stationary which also supports the use of a mean reverting process.

Table 2. Results of Statistical Tests for the Entire Dataset

ADF test statistics

Series | 1 lag 8lags | 151lags | 22lags | 29 lags | Critical Value
ct -6.8094 | -4.5912 | -3.5862 | -3.6698 | -3.7445 -3.4363
In(c;) | -5.4374 | -3.5713 | -3.1443 | -3.3158 | -3.7762 -3.4363
PP unit root with drift test statistics
Series | 1 lag 8lags | 151ags | 22 1lags | 29 lags | Critical Value
ct -6.0807 | -5.3601 | -4.7877 | -4.5946 | -4.7394 -3.4363
In(c;) | -5.1369 | -4.2604 | -3.8949 | -3.8996 | -4.0718 -3.4363

The entire dataset of per consumer log-consumption series displays some

predictability in the autocorrelation and partial autocorrelation functions (ACF and




PACEF, respectively).

In Figure 4, the sample partial autocorrelation function of the log-natural gas
consumption shows the existence of strong serial correlation with a highly significant

first order lag.
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Figure 4. ACF and PACF of daily, per consumer log-consumption series

In the following sections, these empirical observations will be incorporated into

continuous-time models.



CHAPTER III
PRELIMINARIES

Brownian Motion

Brownian Motion or the Wiener process,{IW;, t > 0}, is a one-dimensional Gaussian
process with continuous paths and independent increments following the necessary
and sufficient conditions that are listed below:

1) W; is continuous and W = 0 with probability one,

ii) W; ~ N(0,t) under P measure (P-Brownian Motion),

iii) W, — Wy ~ N(0,t — s) under P and is independent of the filtration {F},

1.e., the increments W; — W are stationary and independent for ¢ > s (Baxter and
Rennie, 2003, Chapter 3). When a fixed discrete time interval At > 0 is considered, a

trajectory for the Wiener process can be simulated in the following way:
W(At) = W(At) — W(0) ~ N(0,At) ~ vAtN(0,1)
and for any other increment,

W (t+ At) — W, ~ N(0, At) ~ v/AtN(0,1)

Stochastic Processes

A stochastic process X is a continuous process { Xy, t > 0} such that it can be written

as

t t
X =29+ / fudu + / o, dW, (1)
0 0

10



which can also be expressed in the differential form as
dXt = [,Ltdt + Utth (2)

where p and o are random F-previsible processes such that fot (02 + |ptu])du is finite

for all times t with probability one (Baxter and Rennie, 2003, Chapter 3).
Diffusion Processes

Diffusion processes { Xy, t > 0} solve stochastic differential equations of the form:
dX; = a(t, X )dt + b(t, X,)2dW,, Xy = xg (3)

with the non-random initial condition xy. The solution of this equation is expressed

as:
T T
X = xg +/ a(u, X (u))du +/ blu, X (u))2dW, 4)
0 0

The two deterministic functions a(t, X;) and b(¢, X;) represent drift and
diffusion coefficients of the stochastic differential equation in Equation (3),
respectively. Since Equation (4) is an Itd drift-diffusion process, these coefficients

should be measurable such that:

P {/0 sup (Ja(t, z)| + b(t, z))dt < oo} =1 5)

je|<R

11



forall T, R € [0, c0).
Assumption (Global Lipschitz): For all z,y € R and ¢ € [0, T, there exists a constant

K < +00 such that
la(t, ) — alt,y)| + |b(t, 2)'* — b(t,y)"*| < K|z — y| (6)

The following linear growth condition ensures that the solution X; does not
explode in a finite time.
Assumption (Linear Growth): For all z,y € R and ¢ € [0, T, there exists a constant

C' < +o0o such that
la(t, )| + [b(t, 2)| < C(1 + |z]) (7)

Under these assumptions (Equations (6) and (7)), the stochastic differential
equation in Equation (3) will have a unique, continuous, and adapted strong solution

such that

T
IE{/ ]Xt]th} < 00
0

The fact that the solution X is of strong type implies the pathwise uniqueness
of the result. The weak solution obtained under the local versions of the same
conditions imply that any two weak solutions X (1) and X (2) are not necessarily
pathwise identical while their distributions are, which is still enough for likelihood
inference. The following equations are the local versions of the same conditions.

Assumption (Local Lipschitz): For any N < oo, |z|, |y| < N and t € [0, 7], there

12



exist a constant L > 0 such that
la(t, ) — a(t,y)| + [b(t, 2) — b(t, y)| < Lnlz -y
and
2za(t, ) + b(t,r) < A(1 + 2?)

which is only a condition that limits the growth of the diffusion coefficient. With the

initial condition X, = x, the following condition holds for some A:

za(t, xo) + b(t, zo) < A(1 + x7)

where a(.) is locally bounded and b(.) is continuous and positive. Under this
assumption, the stochastic differential equation in Equation (3) will have a unique

weak solution (Iacus, 2008, Chapter 1).

Change of Measure and the Radon-Nikodym Derivative

Given P and Q equivalent measures and a time horizon 7', a random variable %
defined on P-possible paths that takes positive real values can be defined such that:
(i) Eo(Xr) = Ep(22 X7), for all claims knowable by time T
(i) Eq(Xr|Fs) = ('Ep(GXi|Fs), s <t <T
where (; is the process Ep(% | F5), the Radon-Nikodym derivative (Baxter and

Rennie, 2003, Chapter 3).

13



Girsanov’s Theorem

Girsanov’s Theorem is a change-of-measure theorem for stochastic processes where
the original measure is changed to an equivalent probability measure. When the
following two stochastic differential equations are considered and the probability

measures for these equations are denoted by P and QQ, respectively:

dXt = a (t, Xt)dt + b(t, Xt)1/2th

dXt = G,Q(t, Xt)dt + b(t, Xt)l/Qth

Assuming that the coefficients satisfy the assumptions in Equations (6) and
(7) with non-random initial values that equal to the same constant, the two probability
measures P and QQ are equivalent and the corresponding Radon-Nikodym derivative

becomes:

d@ o T (12(8, XS) B (11(87 Xs) 1 T a2(87 XS)2 B CLI(S7 Xs>2
0 —ew{ [ et - [P tha )
(®)

The significance of this derivative is that inferences from diffusion processes
will be carried out after obtaining the above likelihood ratio from the corresponding

Radon-Nikodym derivative (Baxter and Rennie, 2003, Chapter 3).

Kolmogorov Equations

Transformation of diffusion processes via Kolmogorov equations is of great interest

in stochastic calculus. Especially, the transformation to a Wiener process is

14



particularly important since it is used to derive transition probability density
functions. Let X; be a one-dimensional diffusion process defined on a finite or infinite
interval I where the transition density is defined from the value y at time s to value x

at time t by f(y, s|z,t) where
0
f<y78’I7t):a_yP{Xs §y7Xt:x} )

From the Markovian property of diffusion, we can define the transition
density function that satisfies the two Kolmogorov equations, which are known as the

Kolmogorov forward:

9 _ Oalt,2)f(y, sz, 1) | 1O°(b(t, ) f(y, s|z, 1))
and the Kolmogorov backward equations:
) Oyl 1 (sl )
a$f<y78|xvt) —CL(S,y) ay + 2b(87y) 6y2 (11)

where a(.,.) and b(., .) are the drift and diffusion coefficients (Iacus, 2008, Chapter 1).
One-dimensional diffusion processes whose transition probability density
function satisfies the Kolmogorov equations can be derived from the Wiener process.
The necessary and sufficient conditions as well as the conditions that ensure the
existence of such transformations are derived by Ricciardi(1976).
The required transformation that will change Equation (3) into the Wiener

process {W (t'), t' > t}}, which is defined on the interval obtained by applying the

15



following transformations on interval 7, is defined as:

' =(t,x) (12)
t' = o(t) (13)
Setting,
a 9 ! / / / / / 6 I
Fstent) = U1y S ) = ), ol ), ) )
(14)
in which case Equation (10) becomes:
0 0?
= sle,t) + 5 f (v, slv,t) = 0 (15)

ot 0y’

The most general form of transformation is expressed in Ricciardi’s

Theorem. If and only if

9b(t,y)

T 7)1/2 T co(t)b(t, el
ot = 1) e {q(m/ ()[;(ty;)]t/z o dy} 16

where ¢y (t) and c(t) are arbitrary functions with only time dependence, then there

exists a transformation as in Equation (12). This transformation is then given by:

W(t,z) = (k)"? exp [—% /0 t dm(r)} / ) WJZW
(k)" Z

t 1 T
/ drey(T) exp {——/ d@@(@)} + ko
2 to 2 0

16
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and

t T
o(t) = kzl/ dr exp {—/ dQCQ(Q)} + ks (18)
11 0

where z € I, t; € [0,00) and k;’s are arbitrary constants with only the restriction that
ki > 0.
The expression of the density function for the Wiener process, i.e. the

normal distribution function, provides the final equation (Ricciardi, 1977) :

19)

f(y, sz, t) = (2n]p(s) — @(t)])/? exp {_ [Y(s,y) —(t, )] } aqﬁ((;y, y)

2[p(s) — p(t)]

17



CHAPTER IV
ONE-FACTOR MEAN-REVERTING PROCESS

The Ornstein-Uhlenbeck process incorporates a mean reverting behaviour into a
stochastic model which is driven by Brownian motion. The one-dimensional process
{Y;, t € [0,T]} is defined as the solution of the following stochastic differential

equation:

dY; = k(0 = Y,)dt + adW,;, Yy =1y (20)

where &, 6 and o > 0 are real constants, and {IV;, t € [0, 7T} is the standard
Brownian motion defined on the probability space (2, F, P) with filtration {F; }°.
The parameter ¢ shows the long run mean reversion level which will equal to zero in
our framework. Thus, deviations from the long run level are corrected at level x and

subject to random deviations of magnitude o (Maller et al., 2009).

dY, = —rYdt + ocdW;, Yo =1y 21

where « is the speed of mean reversion and o is the volatility of the process. Contrary
to Brownian motion, this process has a finite variance for all ¢ > 0. By applying the

[td’s formula to the transformation Y;e":

d(Yie™) = Yike™dt + e dY; = oe™dW,.
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Integrating both sides:

t
Y;GM = +/ O_ensWS
0
From this, the solution of Equation (21) for any Y, = y, is obtained as:
t
Y, = ye ") 4 / e " g div, (22)

and thus, Y, ~ N <yse_”(t_3), fst e‘zﬁ(t—u)a2du>. Since the volatility of the process is

assumed to be constant (Iacus, 2008, Chapter 1) :

! (t—u) 2 o’ 2k (t—s)
—rk(t—u d u: 1_ —ZR(l—S
/se o“dW —2/46( e )

When x > 0, lim;_,, ¥; will be finite and equal to % Since W, has
stationary independent increments, Y; is a stationary Markovian process. When
r < 0, Equation (22) will not be stationary since f; e~ rt=w v, will tend to infinity

in probability as ¢ — oo (Maller, Miiller and Szimayer, 2009)
One-Factor Mean-Reverting Process with a Deterministic Function

Following the one-factor model in Goncii et al. (2013), the per consumer natural gas
consumption { X, ¢ € [0,7]} is modelled as a combination of a seasonal

deterministic component and a mean reverting stochastic process which is specified in
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the exponential form as:
X; =exp(f(t) +Y)) (23)

where f(t) is a bounded deterministic function of time and Y; follows Equation (22).

From Equation (23), we can rewrite Equation (21) as:
d(In(Xy) — f(t)) = —r(In(Xy) — f(¢))dt + odW, (24)

which shows that when In(X;) deviates from the deterministic term f(¢), it tends to
move back to it at a rate proportional to its deviation. Applying It6’s formula, the

stochastic differential equation for the natural gas consumption is derived as:
dXt = :‘i(d(t) - 1H(Xt))Xtdt + O'Xtth, (25)
where d(t) = X (%2 + dfd—(tt)) + f(t). From this, X; can be obtained as:
t
X, = f(t) +ye ") 4 / e "= g d W, (26)

Since In(X}) is is normally distributed because of the normality of Y;, X; is
log-normally distributed. Then, the conditional expectation and variance of Equation

(26) with respect to the filtration F; at time 0 < s < ¢ become equal to:
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E[X|Fy] = exp (E[ln(Xt)|]:s] + %var(ln(Xtﬂ]:s))
2 (27)
= exXp (f(t) + (111 Xs — f(g))e_”(t_s) + Z_/{(l . 6—2n(t—s)))

and

2

var (X F,) = B[ X|F)* x exp (var(In(X,)|F,) — 1)
- <2f<t> +2(In X, — f($))e™ ) 4 (1 - e—%“‘”>) <)

[exp (g(l — e—W—S))) — 1}

respectively. From these, we observe that the conditional mean converges to
f(o0) + % in the long run and the conditional variance converges to a function of the

value of the deterministic component at infinity.

The Deterministic Function

The deterministic function f(¢) aims to capture the predictable behaviour depending
on the nature and characteristics of per consumer natural gas consumption time series.
Following Lucia and Schwartz (2002), we capture the seasonality in natural gas

consumption with the specification below:

p
f(t)=Po+ GiH + Z a; sin(iwt) + v; cos(twt), (29)

=1
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where the holiday dummy variable H (¢) = 1, if date ¢ is weekend or holiday, and
H(t) = 0 otherwise, w = 27/365, and p shows the number of sine and cosine terms
in the Fourier expansion which are expected to reflect the seasonal pattern prevalent

in the data. 3y, (1, a; and ~;’s are all constant parameters.

Estimation of the One-Factor Model

Since discrete observations are used in reality, we need to express this model in the
discrete form. When we discretize Equation (21), substitute f(¢) from Equation (29)

and take the number of sine and cosine terms as p = 2, we obtain:

2
In(X,) = Bo+ 81 Hy + Z a; sin(iwt) + ~; cos(iwt) + Y,
i=1 (30)

Y, = oY1 + wy, UtNN(OaUQ)

fort = 0,1, 2,...,T with i.i.d. innovations u, that are normal random variables with

mean zero and variance 2. Equivalently, this model can be written as:

ln Xt = Zt = @(@, Vt) + €t
3D
€ = Per_1 + uy, uy ~ N (0, 02)

where © is a function of the vector of explanatory variables v, and vector of
parameters ®, and z; is the dependent variable. By rearranging, we obtain the
following Autoregressive Distributed Lag (ADL) model with lags of the deterministic

component and the first order lag of consumption:
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2t = gbzt—l + ®(®7 Vt) - G(va Vt—l) + Ut, (32)

where the parameters are estimated simultaneously by using Non-Linear Least
Squares procedure and the mean reversion parameter will be givenas &k = 1 — qg

(Goncii et al., 2013).
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CHAPTER V
GOMPERTZ DIFFUSION PROCESS

Deterministic Gompertz Model

The deterministic Gompertz model is a continuous-time model that is used to describe
diverse growth phenomena in nature. The process { X, ¢ € [0, 7]} that is known to

follow this model can be expressed as:
dX; = (a— fIn X;) Xydt, Xo= 0 (33)

where the parameter «v shows the intrinsic growth rate and 5 shows the growth
deceleration factor that need to be estimated from the realizations of X for ¢ € [0, T'].
For any X = x at any given point in time with predetermined values of « and [, the

solution of Equation (33) is:
X, = exp (1n(Xs)e—ﬁ<t—S> + %(1 — e—ﬂ“—S))) : (34)

which is also named as the "Gompertz Curve”.

The problem with the deterministic Gompertz model is that it does not take
into account random fluctuations that almost surely exist in the realizations of X; and
does not represent the heteroscedasticity prevalent in the process. Thus, an extension
of this model is necessary such that a stochastic model is obtained (Ferrante,

Bompadre, Possati and Leone, 2000).
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Stochastic Gompertz Diffusion Model

Randomness can be taken into account in a number of ways, either by assuming a
time-variant intrinsic growth rate or growth deceleration factor. We incorporate
randomness into Equation (33) by assuming a time-variant intrinsic growth rate,
while keeping the growth deceleration factor constant.

Time-variance is introduced into the intrinsic growth rate in the following

way:

0, =a—+omn 35

where a is the constant mean of #;, ¢ > 0 is the diffusion coefficient and 7, is a
Gaussian white noise process (Ferrante et al., 2000). Accordingly, the stochastic
Gompertz diffusion model can be described by the following one-dimensional

stochastic differential equation:

dX; = a(t, X;)dt + b(t, X,)\2dW,, Xy = xg (36)

where {W,, t € [0, T} is a standard Brownian motion process defined on the
probability space (€2, F, P) with filtration {F;}5°. We assume that, for all ¢ € [0, T,

each observation of X}, z; € (0, 00) (Gutiérrez, Nafidi and Gutiérrez Sanchez, 2004).

The drift coefficient a(¢, x) can be expressed with or without exogenous
factors that may also affect the behaviour of the process. The case where we do not
include exogenous factors will be referred as the stochastic ’Homogenous’ Gompertz

Diffusion Model and the opposite case will be referred as the stochastic
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’Non-Homogenous’ Gompertz Diffusion Model.

Stochastic Homogenous Gompertz Diffusion Model

In this section, the One-dimensional, Homogeneous Gompertz diffusion process is
introduced by the infinitesimal moments and the corresponding Kolmogorov
equations.

In this model, the drift coefficient a(¢, x) and the diffusion coefficient b(¢, x)

in Equation (36) are real-valued functions which are given as:

a(t,z) = ax — Bz ln(x) (37)

b(t,z) = o*z? (38)

where «, 3 and o are real-valued parameters. After substitution, we obtain the

following stochastic differential equation:

dXt = (Oé — ﬁln Xt)Xtdt + O'Xtth, XO = 29 (39)

Equation (39) has a unique solution { Xy, ¢ € [0, 7]} that is obtained by

applying the Itd’s formula to the transformation e”* In X, (Gutiérrez et al., 2004).
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1 1,1
de® In X; = B’ In(X,)dt + eﬁtEdXt - 5eﬂ'fX—tQ(dXt)2

=" (a —0?/2) dt + ”'odW,
Integrating both sides:

(a—0?/2

¢
e’n X, = e’ In(z,) + 3 )(eﬂt — &P + O'/ AW,

From this, the solution of Equation (39) for any X, = x, can be obtained as:

(o —0?/2)

X; = exp (ln(xs)eﬁ(ts) + 5

t
(1 —e P9y ¢ O’/ e’B(tT)dWT> :
(40)

The conditional expectation under this process is given by:

—g%/9
E[X¢|Fs] = exp (ln xse_ﬂ(t_s) + %(1 — e—ﬂ(t—s))>

t
E [exp (O’/ e_ﬁ(t_T)dWT)]

Since W; — Wy ~ N(0,t — s),

t t
0'/ e PN AW, ~ N (0,02/ eZﬂ(tT)dT)
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Hence,

t o2 [t
exp (0’/ e_ﬂ(t_T)dWT> ~ A (O,exp (5/ e_QB(t_T)dT))

where A indicates the log-normal distribution. We obtain the final form of the

conditional expectation function as:

—02/92 2
E[X;|Fs] = exp <ln zgePls) 4 —<O& [5’0 / )(1 — e_ﬁ(t_s)) + Z_ﬁ(l — 6_2’8(t_8)))

(41)

Analysis through Kolmogorov Equations

In this section, the Kolmogorov equations are used to derive the transition probability
density function. Hence, the One-dimensional Homogeneous Gompertz diffusion
process is introduced by the corresponding Kolmogorov equations.

The diffusion process { X;, t € [0, 7]} can be expressed by the following

density function:
0
f(y7 S’.T,t) = a_yP{Xs < y>Xt = .I'} (42)

with infinitesimal moments that are defined as in Equations (37) and (38). The
Kolmogorov equations corresponding to the defined process are expressed in the

following form:

3«&$-—5whﬂxﬁf@b5MAﬂ)4_13%0%ﬁf(%5k%tﬂ

0
af(y7s|x7t)__ ax 2 axz

(43)
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and

_ a — _ af(y’ 8‘.T,t) 1 2 202f(y7 S|$at)
557 W slz,t) = (ay — By ln(y))—ay AT v e (44)

Next, the transformation in the Ricciardi’s Theorem is applied to determine
the transition density function. The condition of Ricciardi’s Theorem is verified using
the infinitesimal moments which implies the existence of a transformation. From

Equation (16):

(45)

The Gompertz process verifies the necessary and sufficient condition of this

theorem when c¢; and ¢, are given as:

a(t) = =(a— % — BIn(z)) o

Then, Equation (45) becomes:

o2 2(a—% — Bln(2))ox T
a(t,z) = 5 + 5 - 265 (In(z) — In(2))

=azr — fln(z)

(47)

The appropriate transformations become:
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ey | [fars] [ B2 2
U(t,x) = (k)"?e p{/O dTﬁ:|/Z = 5 /thTU

(o — “; — BIn(z)) exp VO d&ﬁ} + &y

[eBlt—to) _ eBlta—to)] | g, (48)

2
—) [eﬁ(t—tO) _ eﬁ(tQ—to)]

(k)7 In(z)eft—t0) _ (ky)!/2
g g

+ (5] ln(z))eﬁ(tz_to) + ko

t T
o(t) = kzl/ dr exp(/ 26d0) + ks
T 0 (49)
_1[625(15—750) _ 625(751—150)] + ks

Since k;’s are arbitrary constants with only one restriction, i.e. k; > 0, we

can take k; = 1, t) = t; = t5 = s and equate:

2
B=hot —(a—T)— Lam() £ k=0
of 2 o
) (50)
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Hence, the transformations are obtained to be:

B(t—s) 2
bt x) = & In(z) — L7 ¢ft=9)
g g
51
Lo (51
p(t) = 5o

Therefore, we can write the transition density function using Equation (19)

in the following way:

— (9 1 1 —28(t—s) s 1
f<y,srx,t>—(w{%< e >]) « L

yo

() 20 () — o2y -]

exp { —
2 [%(1 - 625(’5*8))}

—1/2
(rlgo-])

2
[ln(y) — Pl=9) In(z) — %2/2(1 — eﬁ(t_s))}

[075(1 _ e2,8(tfs))]

(52)

exp § —

This transformation changes the state-space R into R and the transition
density function corresponds to the density of a univariate log-normal distribution that
depends on (¢ — s) which is the temporal parameter of the process (Gutiérrez,
Gutiérrez Sanchez, Nafidi, Roman and Torres, 2005a). Since X, is log-normally
distributed, In(X;) is normally distributed with N (u(s,t), 0?v2(s, t)). Then, the

expectation and variance of X, equal to:

E(X;) = exp(u(s,t) + %a2y2(s, t)) (53)
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and

2
Var(X;) = |exp(u(s,t) + %O‘QVQ(S,t)) exp(02u2(s, t)—1) (54)

We define a standard normal random variable () where o(s,t) = X;| X = x4

with mean y(s, t) and variance 0?1 (s, t) which are expressed as:

2
- 2
M<S7 t) =In l’se_ﬂ(t_s) + %(1 - e_ﬂ(t_5)>
(56)
V3(s,t) = 1 (1— 6—2B(t—s))

2p

From these, we can obtain a 100p% confidence interval for o(s, t) with the

following form:

Olower (8, t) = exp{u(s,t) — ov(s,t)}

Qupper (5,) = exp{pu(s, t) + Eov(s, 1)}

with £ = F]§(1071)(1#) where I 1;(10,1) is the inverse cumulative normal standard

distribution (Gutiérrez et al., 2005b).
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Moments

As the random variable X;| X, = x, follows log-normal distribution, we have:

2
E[X]|Fs] = exp {r,u(s, t)+ %O'QVQ(S, t)} (57)

2 2 2
Blt—s) | ra=0%/2) | -s-s) LT e2Bs) }

R )+ )
= exp{rIn xse_ﬁ(t_s)} exp {B(l — e_ﬂ(t_s))}

B
exp {%(1 — e P [p(1 4 e Al=9)) — 2]}

= exp {r Inzse™

The conditional expectation of X, is given in Equation (41) and the

conditional variance is expressed in the following way:

2
Var[X|Fs| = E[Xf]fs] — E[Xt\}'s]Q = exp{21In xse’ﬁ(t’s)} exp {Fa(l — eﬁ(ts))}

exp {_702(1 — e Pl ¢ %(1 — 625(t$))} (exp {%(1 — ew(ts))} — 1)

20 0'2
= exp{21In :L’sefﬁ(t*s)} exp {?(1 — eﬁ(ts))} exp {%(1 _ eﬁ(tS))2}

({0}

(58)

Inference on the Model

Inference on this process aims to obtain estimates of the moments. Since we do not

have continuous samples in practice, we consider approximations based on discrete
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observations. The conditional likelihood is obtained based on the transition density

function of the Gompertz diffusion process in the following way:

1=1

[ln(xj) — e P n(x;q) — z(1 6_'87—3)] (59

exp § — )

G (1 —e?m)
where y = a —o?/2and 7; = t; — t;_1.
2 1 n ‘ n
In(£) = —g In(27) — gln(;—ﬁ) ~3 ]Z:;ln(l — e 2Ti) — ]Z:;ln(ajj)
B G [ () = 0 In(eg1) = 31— o)) o
_; ; (1 _ e—267’j>

By taking the partial derivatives with respect to 7, 3 and o2 and solving

g—s =0, g—g = 0and % = 0 simultaneously, we find the likelihood estimators of the

parameters.
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op o2 = (1—e26m)
—B; — BT;
e - (5 570
2B e [ In(wy) = eIz 1) — 31— )P ©3)
o2 Z ' (1 — e—267)2 +
j=1

n e~ 2871 1 <N [ [In(z;) —e P In(a; ) — 31— e P7i)]?
28 Z 1 — =28 g2 ]Zl { (1 —e2m)

From Equations (61) and (63), we solve the estimates for v and o> where 3

is to be found numerically.

A= 1- e\ & [In(z;) — e In(z;_1)]
V=~ (Z HT) . { (1+ e—hm) (9

J=1

(65)
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S_BTjTj[ln(Ij) e In(z;_1) — %(1 — e—BTj)] {ln(x-_ﬁ _ i} _

20 —
e j=1 (1—e2m) 6
zn: 6—237{ . QAB z": oy In(z;) — e=Pi ln(xj_l? - %(1 — e‘BTj)]2 0
S (1—em) o2 S J (1 — e~20m)2
(66)

B has to be solved from the above equation using numerical methods such as

the Newton-Raphson Method. For simplicity, assuming 7; = ¢; — t;_; = 1 for

j =1,...,n, the equations for ¥ and o2 can be simplified as:
6 - 5
- Z In(z;) —e " In(x;_1) (67)

e &

52_2—3271: ln(m)—e_éln(m _i _ -B ’
A ; )= 5= (68)

- (n)(l - 6_26) j=1

Note that, as B —0, 02 converges to:

. 1 <
lim o2 = — In(z;) — In(z,_;) — ~]? 69
lim n;[ (25) = In(wj-1) = 4] (69)

As an alternative method to finding the transition probability density
function using the Kolmogorov equations, the likelihood function that will be
obtained from the Radon-Nikodym derivative that converts Equation (36) into a
Wiener process can be used to obtain the parameter estimates. In this section, the drift

parameters « and (3 are estimated from maximum likelihood based on continuous
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sampling while the diffusion coefficient o is estimated approximately from an
observed sample path { X;,t € [0, T]}. Since we cannot have continuous sampling in
practice, we have to consider discrete sampling as an approximation based on discrete
observations of the process at times ¢ty = 0, ..., %, = T' (Gutierrez et al., 2004).

Consider the following two stochastic differential equations:

dX, = a(t, X,)dt + b(t, X,)/2dW,

dX; = b(t, X,)2dW,

where a and 0 are defined as in Equations (37) and (38). If we denote the probability
measures for these equations by P and Q, respectively, the likelihood function or the

Radon-Nikodym derivative becomes:

T2(X) = exp {/OT _,,C(LS—}?S)dXS +3 /OT %ds}

T —aX,+ BX,In(X,
E—exp{/ . +fX2 B gy
0

1 /TaX —2aBX2In(X,) + B2X2In(X,)? ds}
0

02 X2

T T

-« 1 B In(X;) a

= — —dX; + dXs + ds—
exp{ o Jo X o? X 202 /0 §

b Tln(X )d5+ﬁ—2/ ln(XS)st}
0

a? Jo 202

In order to find the estimates, we solve the equations g‘: = 0 and M =0

simultaneously and find the likelihood estimators of the drift parameters, o and (5 in
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Equation (39) as (Gutierrez et al., 2005b):

(55 (o mxo2ar) = (3" =520, ) (Jy m(x)de)

&= . (70)

T ( s ln(Xt)%lt) - ( s ln(Xt)dt>

and

T ax, n(X B T In(X;) :
5 () (mexar) 1 (f75ax) o
T ( I8 ln(Xt)th> - ( I8 ln(Xt)dt>

respectively. As stated in Gutierrez et al. (2005b), the above integrals can be written
as Riemann sums by applying 1t6’s formula and evaluated numerically with the
trapezoidal rule. We also follow this approach to obtain the estimators of o and /3.

The It6 integrals in expressions (70) and (71) are calculated using the It6’s

formula:
Tax, Xr. o2
—t —m(ED) + =T
0o Xi (XO) 2
T T-1 2 2
In( X, In( X
/ In(X,)%dt = 3 In(X)? + n(Xp)? 4 In(Xr)
0 t=1 2
" n(X,) In*(X7) —In*(Xo) 02T o* ([ [T
X, = — — In(X
n(Xp) + In(X
/0 In(X;)dt = ZlnXt 0)2 (Xr)

The diffusion coefficient o is estimated through the application of Itd’s

Lemma (Katsamaki and Skiadas, 1995).

38



X Xt 2 X3
o?dt 1 —dX;
= Xyd | — 2dt
X (Xt) X
Subtituting dX, = X, — X (¢t — 1) and d(5;) = 5 — x;—; and for an approximate
value of o, the following is satisfied:
1 1 Xt-1-X,
X, [ — — = t 72
t(Xt X(t—l)) X, o (72)
Solving for o:
X —X(t—-1
X -Xe-1) o)
X X(t—1)

Appling the same value of ¢ to a set of real data from ¢ = 2 to ¢ = 7', the volatility o

1s estimated as:

1 [Xi = X(t - 1)|
: 74
-1 Z X X(t—1) 7

t=2 t

An Alternative Estimation Method

We discretize the stochastic differential equation given in Equation (39) as:
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In X1 = wo +wi In Xy + n, m ~ N(0,0°At), (75)

where 17; ~ N(0, 02At) denotes the noise component. We can consider Equation (75)

as a least-squares fitting problem where wy = oAt and w; = 1 — SAt. Rewriting:

Xt+1 — ewo-i-mX;dl (76)

and

o2 At
E[X¢1|F] = X{™ exp (WO T ) (77)

Similarly, for any forecast horizon h:

h 9 h
wh i o4 At i
E[X, | F] = X7 exp <w0 §1 Wit + 5 E-l wh 1) (78)

Stochastic Gompertz Diffusion Model: Non-Homogenous Case

In this section, the Non-Homogeneous Gompertz diffusion process is introduced by
the infinitesimal moments and the corresponding Kolmogorov equations.
We consider an extension of the stochastic Gompertz homogeneous diffusion

process by introducing exogenous factors which are time-variant functions that affect
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the drift of the process. Accordingly, the stochastic Non-homogenous Gompertz
diffusion model can be described by the following one-dimensional stochastic
differential equation for { Xy, t € [to, T ,to > 0} which takes on positive real values

and has finite infinitesimal moments:

dX, = a(t, Xy)dt + b(t, X,)2dW,, X, =z

where {W,, t € [0, T} is the one-dimensional Wiener process and z is a fixed real
number belonging to R™. Furthermore, the drift coefficient a(¢, z) and the diffusion
coefficient b(t, ) for each observation of Xy, x € (0, 00), are real-valued functions

which are given as:

a(t,z) = h(t)r — fxln(z) (79)

b(t,r) = o*z? (80)

where 5 € R, 0 > 0and h(t) = ap + Y i, ;9:(t) with g;(¢) as the exogenous
factors that are continuous functions in [ty, 7). The parameters «, § and o are
time-independent and real-valued parameters. After substitution, we obtain the final

form:

dX; = (h(t) — BIn X;) Xydt + 0 X, dW,,  Xo = 81)
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Equation (81) has a unique solution which is obtained by applying the It6’s

formula to the transformation €% In X.
de” In X; = e’ (h(t) — 0®/2) dt + e’ odW,
Integrating both sides:
t t
Pn X, = €% In(z,) + / (h(t) — 0?/2) "Tdr + a/ eATdW,

From this, the solution of Equation (81) for any Xy = x, is obtained as (Gutierrez et

al., 2006):

t

X; = exp (ln(azs)e_ﬁ(t_s) +/

s

t
(h(t) — 0?/2) e P dr + o / e—W—T)dWT) .
(82)
Since [ e PE=T)dW, ~ N(0, [ e=2’=7)dr), the conditional expectation under this

process is given by:

o2 2
@ — 5 (s N —26(t—s)
— 2 (1—¢ +—(1—c¢ :

q ¢
exp (Z Oéi/ gi(T)eﬂ(tT)(h')
i=1 s

E[X;|F,] = exp (ln(xs)eﬂ(ts) +

(83)

Analysis through Kolmogorov Equations

In this section, the One-dimensional Non-Homogeneous Gompertz diffusion process
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is introduced by the forward and backward Kolmogorov equations and the transition
probability density function is derived using Ricciardi’s Theorem in the same manner
as in the Homogeneous Gompertz diffusion process.

With infinitesimal moments defined as in Equations (79) and (80), the
Kolmogorov equations corresponding to the defined process are expressed in the

following form:

O((h(t)x — BrInx))fy, sl t)) 10%(0*2*f(y, s|x,t))

and
2 — 8f(y,s|x,t) l 2 282f(y78|1’,t>
~5ad W slz,t) = (A(s)y — By ln(y))—ay LT A v (85)

Next, the condition of Ricciardi’s Theorem is verified using the infinitesimal

moments. From Equation (16):

20%r  ox T ey(t)o?a?
a(t,x) = + o {cl(t) +/Z (;;Wdy}

o’r  ci(t)ox

W

(86)

8

+ co(t)= (In(z) — In(2))

\)

The Non-Homogenous Gompertz diffusion process verifies the necessary

and sufficient condition with c¢; and ¢, given as:
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at) = Z(h(t) - 5 — Fnz)
(87)
Cg(t) = —QB
Then, Equation (86) becomes:
o %(h(t) . fln(z))ox T
a(t,r) = 5t 2 5 — 2ﬁ§ (In(x) — In(2)) 55)

= h(t)x — fln(z)

The appropriate transformations become:

Ot 2) = (k)2 exp [ /0 t drﬂ] / ' j_z _ (’“12)1/2 /t: dT.g(h(T) _ %2 _ BIn(2))

/2 gt
_ (k) / drh(r)eP ) 4k,
o )y
= (kl)l/zﬂ hl(l') + (k1)1/2 02 B(t—to) 5(t2—t0)] (kjl)l/2

i _ _ B(t2—to)
- . e e e Bln(z)e

1/2 gt
_{k) / h(7)e T dr + ky
)

g

(89)

44



t T
p(t) = kl/ dr exp(/ 2pd0) + ks
. t1 0 (90)
_ ﬁ[QQﬁ(t—to) _ 62B(t1—to)] + ks

Since k;’s are arbitrary constants with only one restriction, i.e. k; > 0, we can take

ki = 1,1ty = t; =ty = s and equate

ky=ky—— ——In(z) =0
26 o
/ 1 2y
kg_kg %—0

Hence, the transformations are obtained to be:

B(t—s) 1 t
¢(t,$) — € 11’1(1’) + %eﬁ(té’) _ _/ h(T)eﬁ(‘rfs)dT
’ L ©2)
o(t) = 5

We find the transition density function of the process which happens to be

the density of a univariate log-normal distribution (Gutierrez et al., 2006):

—1/2
Fly.sl.1) = (% [iu - ems»D (L
_l’_

t—s 2 ?
B - 2 () + 51— 0 = L [Tt ar ]| O

o
o o 283

exp § —
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~1/2
= (27T {%(1 - e2ﬁ(ts))]) X 5

2 2
[In(y) — %6 In(a) + £5(1 — X)) — [ h(7)eT 9 dr |

exp { —

Since X, is log-normally distributed, In(X}) is normally distributed with

N(u(s,t),0%v%(s,t)) which are equal to:

2

t
u(s, 1) = In(x,)ePE) — g_ﬁ(l _ (Blt-s)) +/ h(r)eP ) dr
gy — 0_2 q t
— In(z,)e M0 4 207 T (1 A=) 1 7, / gi(r)eP="dr
/8 =1 s
2 1 ~28(1-s)
V(Syt)Z%(l—e )

where we substitute h(t) = g + >, ;gi(t).
Moments

As the random variable X;| X = z, follows a log-normal distribution with

A(u(s,t),0%v%(s,t)), we have:

2

E[X}|Fs] = exp {Tﬂ(sat) + %02V2(5>t)} = exp {rlnmse_ﬁ(t_s)

2 2

t
(1-— e_ﬁ(t_s)) + 7"/ h(T)e’B(T_S)dT + T4; (1— 6—2ﬁ(t—s))}

t
= exp{rInz,e =)} exp {T/ h(T)e’B(T_S)dT}

exp {712(1 — e P [r(1 4 e PU9)) - 2]}

ro?/2

B

(94)
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The conditional expectation of X} is given in Equation (83) and the

conditional variance is expressed in the following way:

¢
Var[X|Fs| = E[Xf|]—"5] — E[Xt|]-"s]2 = exp{21In :Ese_ﬁ(t_s)} exp {2/ h(T)eB(T_S)dT}

——02 —B(t—s) o’ —2B(t—s) o’ —2B(t—s)
exp 3 (1—e )—I—%(l—e ) exp %(1—6 )p—1
t
= exp{2In xse_ﬁ(t_s)} exp {2/ h(T)eﬁ(T_s)dT}

exp {_2—22(1 — e_ﬁ(t_s))Q} (exp {%(1 — e_%(t_s))} — 1)

95)

Inference on the Model

The parameters of the Non-Homogeneous Gompertz diffusion process are estimated
by the maximum likelihood method using the following discrete sampling of the

process(as an approximation of continuous sampling):

n

£($Oax17$27 cony T, OZ,B,CTQ) = Hf(xhtikni—l)ti—l)

i=1

n

1o fgoen]) 2

=1

2
[ln(xj) —ePTin(z; ) + %(1 — Py — j;tj ) h(0)eP0=ti-1)dp

Zaoem)]

(96)

exp

where T, = tj — tj_l.
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n

2
In(L) = —g In(27) — gln (;—B) - %Zl 1 — e 2°m) Zln ;)

J=1

B <& [ln(lﬁ)‘—'eﬁlen(wjfl)'+'%%(1 — ey — [ h(e)eﬂ(a‘w—1>d9}

j—

7

In this section, it is difficult to address the problem of estimation in the same
way as in the Homogenous Gompertz diffusion process. However, it is possible to
simplify the likelihood function so that it is analytically tractable which is

accomplished using h(t) = ag + Y7, a;g;(t) form for the exogenous factors.

Parameter Estimation

Consider a discrete sampling of the process (zo, . . . , x,,) with the initial condition
P(X(ty) = x¢) = 1. The associated conditional likelihood function has the following

form:
L(Q?(), L1y eeey Tp, A, 0'2) = H f(SCZ, ti’l’ifla tifl)

where a = (ao — "72, ai, ..., aq> if we have ¢ exogenous factors and the probability

density function of the process follows:

Un(x)-—ﬁds7ﬂ]2}

fthes, s) = [2m0° (s, 8)] 22~ exp {‘ 202025, 1)
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with p(s,t) and (s, t) are taken as in Equation (94) where equally-spaced time
intervals will be assumed ¢; —t;_; = hforj =1,... , nwithh = 1.
We will express the likelihood function in a condensed form using the matrix

notation by introducing the following variables.

1—e ¥
Y= ( )
5
o2
A(g+1)x1 = (060 - 770617 704q)
v=v"(tj-1,1;) ﬁ(l —e )

Lo = z0, 4 = v (In(z;) — e P In(x,_y))

Unx1l = (Ll, ...,Ln)/

ti t;
w=v " <fy,/ g1 (T)e’ﬁ(ti”)dr, ,/ gq(T)e’B(tiT)dT)
ti—1 ti—1

U(q+1)><n = (ub ooy un)

/

for 7 = 1, ..., n. With this notation, the likelihood function becomes:

L(t1, oy tnya, B,0%) = [210%V] 77 exp {— (v=Ua)(v = U'a) } (98)

202
We obtain the log-likelihood function as:

(v—=U'a)(v—"Ua)

202

In(L) = —g In(27) — gln(azy) - (99)

By differentiating the log-likelihood function with respect to a and o2, we obtain the

following expressions:
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Uv=UUa

no? = (v—U'a)(v—U'a)

and a third equation is obtained from the derivative with respect to 3, which

leads to the following equation when the previous two equations are used:

(ylefj[:’c — dg—g) (v—=U'a)=0

where I, = (In(zo),In(xy) ... In(x,)) and g—g is derivative of the elements in U.

We find the estimates of a and o2 as:

a=(UU)'Uv
no? = (v—U'a) (v —U'a) =v'v—v'U'a — av'v + a'U'(UU") " Uv
(100)
— (I, — U'(UU")"\U)v = o' Ho

(fle—ﬁf;, — UU’(U’U)*Z—Z) Hv=0

where H = I,, — U'(UU")~'U is an idempotent and symmetric matrix.

It is not possible to explicitly calculate the estimator of 3 from the last
equation since the components in U and H matrices are dependent on the integrals of
expressions ¢;(t) (i = 1,...,q) which are not known continuously. Hence, they are
taken as polygonal functions which are only known from the discrete observations of
data. Letting these discrete observations be denoted by z; ; for¢ = 0,...,n and

j=1,...,q, the polygonal functions are typically constructed from the observed
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values of the exogenous factors (Gutierrez et al., 2006).

gi(t) = i1+ (Tij — zic1y)(ti — tia) (101)

Hence, the integrals in matrix U become:

t;
/ g;(T)e U dr = y2,5(B) (102)
ti—1
where

B—1+4eP

A=) e

2ii(B) = wic1j + (2 — xiz1)

The Case with No Exogenous Factors - Homogenous Gompertz Diffusion Model

The parameters for the Homogenous Gompertz Diffusion Model can be obtained as a
particular case of the Non-Homogenous Gompertz Diffusion Model. When there are
no exogenous factors, g;(t) = 0 forall i = 1,. .., ¢ and the matrix U reduces to a row
vector U = yv~1(1,...,1) and v = v~ (I, — e ?J,) where

I, = (In(zg),In(xy) ... In(z,, — 1)) and J, = (In(x1),In(z2) ... In(z,))".
Furthermore, the nonlinear equation that is numerically solved to obtain /3, Equation
(100), converts into v~ te~?I’ = 0. Solving it explicitly, we find the estimate of 3

(Gutierrez et al., 2006):
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We also obtain the estimates of other two parameters as:

2
i =" W(UU) U + % 05)
L1
02 = v Hv
n

An Alternative Estimation Method

We discretize the stochastic differential equation given in Equation (81) as:

q
InX, 1 =ap+ Z a;g;(t) + B 1In Xy + ny, n, ~ N(0, 02 At) (106)
i=1
where ag = apAt, a; = a;At, b= (1 — fAt). Equation (106) can be written as

Xy = eMOAm xb (107)

and

At
Bl = X2 oxp (100 + T ) (108)
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Similarly, for any forecast horizon h:

9 h
7 2“ Y- ﬁAt)“)

h
E[X, | F] = XP2" oxp <h(t)AtZ (1 — BA) ™ +
=1 =1
(109)
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CHAPTER VI
CONTINGENT CLAIMS ON NATURAL GAS CONSUMPTION

In this section, we consider the pricing of contingent claims (futures and call/put
options) that are defined on natural gas consumption. The price of a futures contract
which depends on the future natural gas consumption level at maturity 7" and the

current consumption level X is given by:

F(Xr, X,) = Eq[Xr|F,] (110)

where the expectation is taken with respect to a risk neutral measure Q and filtration
{F:}. Similarly, the prices of European type call/put options with payoffs that are
defined as max (X7 — K, 0) or max(K — Xr,0) given the strike consumption level

K, respectively are expressed as:

Call(Xr, X,) = Egle ™™ T~ max(X; — K, 0)] (111)

and

Put(Xr, X,) = Egle """~*) max(K — X7,0)] (112)

where the prices at time 0 < s < 7" are obtained by considering the risk neutral

expectations given the risk-free rate ry.
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Pricing under the One-Factor Model

The expectations in Equations (110), (111) and (112) are taken with respect to the risk
neutral measure. Hence, we need to convert from the physical measure, which is
shown in Equation (21), to the risk-neutral measure. We introduce the market price of
risk parameter A so that the drift rate in this equation becomes equal to the risk-free

interest rate. Now, the stochastic part of the model converts into:
dY; = —k(Y: + Ao /k)dt + odW, (113)

where dW;* = dW; + A\dt with the process W;* following a Q-Brownian Motion.
Hence, the expected growth rate of Y; becomes —r(Y; + Ao /k) which should be

equal to the risk free rate . Then, the futures price will be given by:

F(Xr,Xs) = Eo[X7|F

2
(1 . e—n(T—s)) + a_(l . G—QH(T—S))

K 4K
(114)

= exp (f(T) + (In X5 — f(s))e_”(T_s) _\Z
which is similar to Equation (27).

In the pricing of European type call options, we need to derive the expression

for the expectation in Equation (111). We start with

K

where g(X7) is the probability density function of X. Since X7 is log-normally

distributed, In(X7) is normally distributed with Nt (x7); Oin(x7))- From the
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relation between normal and log-normal distributions, the expectation and variance of

X7 will equal to:

1
Eo(Xr) = exp (IU‘IH(XT) + 50-12n(XT)> (116)
and
1 2
Varg(Xr) = {exp (Mn(XT) + 501211()@))} exp(Tin(xpy — 1) (117)
From Equation (116), we find:
L,
pin(xr) = In(Eo(Xr)) = 501 xy) (118)

Using Q = 230 "#nXn) which is standard normal N (0, 1) with probability

9In(X7)

density function ¢(Q)), we can rewrite Equation (115) as:

o0

Egmax(Xr — K,0)] =

In(X)—pin(x 1)

exp(Q-Om(x,) + fin(x,))P(Q)dQ
(;:(XT) (119)
P(Q)dQ

In(X7)—Hin(xp)
In(X 1)

where X1 = exp(Q.0m(x;) + fun(x,)) from the definition of Q). Since

$(Q) = = exp(=2),
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—Q*+2 n 20
eXp( Q + QUI (2XT)+ 1 (XT))

1 —Q% + 2Q0(x7) — Jl2n(XT) ‘712n(XT)
= 7 exp ( 5 exp | Hin(xy) + 9 (120)

2
Oln(x
= &Xp (Iulﬂ(XT) + M) P(Q — JIH(XT)>

1
exp(Q-On(xr) + Hin(x7))P(Q) = Vor

2

Hence, Equation (115) becomes:

2
Oln(x o
Eglmax(Xr — K,0)] = exp (mn<xT> + = ”) kg Q@ — T JAQ—
ZIn(X)
$(Q)dQ

(X)) —bin(xp)
In(X)

(121)

As a result, the call price is found to be:

2 Oln(X7)

K (— In(K) + ulnm))]

Oln(Xr)

ol —In(K
Call(XT,Xs> — e—Tf(T—S) [eXp (/’Lln(XT) —+ M) (p < n( ) + /‘Lln(XT) + Uln(XT)>

(122)
where ®(.) denotes the cumulative distribution function. Similarly, the put price

Put(Xr, X) is found to be:

In(K) —
Put(Xrp, X,) = e "1T=9) {KCD ( n(K) — i (XT)> B

7in(xr) (123)
012n(XT) P IH(K) ~ Hin(Xr)
n(Xr
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where the variables fi,(x,) and oy, (x,) are known to equal:

pincxr) = F(8) + (I X, = f(5))e™ 7 = == (1 = e707) (124)
and
2 o’ —2k(t—s)

Pricing under Stochastic Gompertz Diffusion Model

Homogenous Gompertz Diffusion Model

Dividing the stochastic Homogenous Gompertz diffusion model given in Equation

(39) by X, we obtain:

X
% = (o — BIn X,)dt + odW,, X, =z, (126)
t

where o — (3 In X; shows the expected growth rate in X;. In the risk-neutral world,
the drift rate in Equation (126) is reduced by Ao X, factor and the expected growth
rate becomes o — 3In X; — Ao which should be equal to the risk free rate r;. Now,

Equation (126) converts into the following version:

dX,

~ = (a = BIn Xy — No)dt + odW} (127)
¢
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where dW;" = dW; + Adt. Then, the futures price will be given by:

F(Xp, X,) = Eg[Xp|F,] = exp (ln Xe A=) 4 %(1 — e PT=9))4

2 (128)

9" (1 _ —2B(T—s)
45(1 e 28(T ))

where v = a — 02/2 — Ao . Remembering Equations (111) and (115), In(X7) is
again normally distributed with N ( Hin(X7)s Oln( XT)) and the expectation and variance
of X are expressed the same way as in Equations (116) and (117). We use the same
standard normal variable () and all the rest follows in the same way until we obtain the
same call and put option pricing equations as in Equations (122) and (123). The only

differences are in the formulation of ju,(x,) and o1, (x,) which are known to equal:

fin(xy) = In(X,)e P79 4 %(1 — eAT-9)) (129)
and
2 o’ —2B8(T—s)
Oln(X7) = %(1 — ¢ ) (130)

where v = a — 0?/2 — Ao .

Non-Homogenous Gompertz Diffusion Model

Introducing the market price of risk parameter A, similar to the Homogenous
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Gompertz model, into the stochastic Non-Homogenous Gompertz diffusion model

which is given as in Equation (81), we obtain:

dX,

T = (h(t) — Ao — BlnXt)dt + O'th, Xs = Ty (131)
t

where dW, = dW; 4+ Adt. In this case, h(t) — Ao — f1n X (¢) = r;. Substituting
q

h(t) = o + Z a;g;(t), the futures price will then be given by:
i=1

F(Xr,X,) = Eg[Xr|F] = exp (In(X,)e P79+

2

9" 1 2B(T-9)y | .

IS >> (132)

q T
exp (Z 0@/ gi(T)e*@(TT)dT>

=1

2
ap — Ao — &

ﬁ (1 _ e—ﬁ(T_S)) +

where v = oy — Ao — 0% /2. Remembering Equations (111) and (115), In(X7) is
again normally distributed with N (mn( X5 Oln XT)) and the expectation and variance
of X are expressed the same way as in Equations (116) and (117). We use the same
standard normal variable () and all the rest follows in the same way until we obtain the
same call and put option pricing equations as in Equations (122) and (123). The only

differences are in the formulation of fu1,(x,) and o1, (x,) which are now expressed as:

q T
Hin(X7) = In(X,)e 7T + %(1 — e A=) 4 Z ozi/ gi(T)e PT=dr  (133)
i—1 s

and
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2
g — —S
Omn(xp) = ﬁu—e 26Ty (134)

Pricing of General Contingent Claims

A wide range of claims can be priced using the described stochastic systems in the
Monte Carlo simulation framework. When we consider a general payoff function that
depends on the path of natural gas consumption H(xs, ..., zr) in the interval [s, T,
the price of a claim becomes Egle " T=*)H(X,, ..., Xr)|F,] which will be
estimated by the Monte Carlo simulation in the absence of analytical formulas in the

following way:

N
1
—rp(T—s) _ E , .
f N H(Xsi, ..., X13)

%

e

where H (X, ..., X7,) shows the consumption process simulated over the interval

[s, T for any path i.
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CHAPTER VII
RESULTS

Estimation of Model Parameters in the One-Factor Mean-Reverting Process

In this part, the results from the One-Factor Mean-Reverting process and its
implications for the valuation of derivative securities are discussed. In this model, the
logarithm of per consumer natural gas consumption is described in terms of two
components: a deterministic trend including any kind of predictable behaviour and a
mean reverting stochastic component. The functional form of the deterministic
component in Equation (29) can also be modified to include natural gas prices.
However, since the prices are centrally determined such that they do not change
frequently in the short run, it is also possible to leave them in the stochastic part.

The estimation results for the entire sampling period (all 2848 daily

observations) are reported in the table below.

Table 3. Nonlinear Regression Results for the One-Factor Mean Reverting Process

Parameters Bo 51 o o 0] Y2
Estimates | 0.9604 | -0.1149 | 0.5083 | 0.0282 | 0.9338 | 0.0460
Upper CI | 1.0112 | -0.1056 | 0.5785 | 0.0960 | 1.0050 | 0.1137
Lower CI | 0.9096 | -0.1243 | 0.4382 | -0.0397 | 0.8627 | -0.0217

Table 3. continued.

Parameters 10} K o
Estimates | 0.9043 | 0.0957 | 0.1339
Upper CI | 0.8885 | 0.1115 | 0.1444
Lower CI | 0.9202 | 0.0798 | 0.1226

The lag structure representing the number of sine and cosine terms in the

deterministic function is determined based on Akaike and Schwarz Information
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criteria, which results in p = 2 in this case. In this model, the sign of the coefficient of
the holiday dummy variable (3; is negative since, as expected from the results in
Figure 3, per consumer consumptions are lower on holidays. The parameter ¢ that
represents the AR(1) term in Equation (32) is significant which suggests that the
reversion coefficient x is also significant.

The proposed deterministic function f(¢) and the actual consumption values
are plotted in the figure below from which we see that the function is able to capture

most of the seasonality.

Natural Gas Consumption

—— Deterministic Part

12 —

Natural Gas Consumption

Lol | . I l
I i ] / " i
““‘M.\l\.uﬂ “\\.W“‘ il My A ) f\? k‘“ / h “ﬂ' L"‘u‘

| ! I I I
0 500 1000 1500 2000 2500 3000
Sample

Figure 5. Realized per consumer natural gas consumption and the fitted deterministic
function

The residuals that are obtained from the differences between these two series follow
an autoregressive process of at least order one, as the sample autocorrelation function
suggests. Since the mean reverting stochastic process proposed in Equation (21)
corresponds to an AR(1) process in the discrete form, it seems to be a suitable choice,
as it is also suggested by Figure 6. Finally, the residuals are plotted in Figure 7 which

shows no significant serial correlation.

We need to evaluate the forecasting performance of the model by the
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Figure 6. ACF and PACEF for the differences between realized per consumer consump-
tion and the fitted deterministic function
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Figure 7. ACF and PACEF for the residuals of the One-Factor Mean-Reverting Process
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backtesting method at daily, weekly and monthly forecast horizons. In this part, we

estimate the model using only the observations from the initial two-years period and

apply the backtesting methodology for the remaining data points. The iterative

process is as follows:

(1)

(ii)

(111)

(iv)

We estimate the model using the initial two-years period, i.e. only the data from
January 1, 2004 to December 31, 2005 (730 data points)

We calculate the conditional expectations of the natural gas consumption at
each forecast horizon (h = 1,7, 30), i.e. Xt+h, such that Equation (27) converts

to the following version:

Xiin = E[Xy4n|Fi] = exp (f(t +h) 4+ (In X, — f(t)e "™ + %(1 - 62“’1))
(135)

where ¢ + h > 730. We compare these conditional expectations with the

realized per consumer consumptions at time ¢ + h.

At time t+1, we expand the estimation window by one more day and repeat

previous steps, i.e. we re-estimate the model parameters and with the updated

parameters, we again calculate the forecasts Xt+h+1.

We repeat this procedure until all the forecasts are calculated within the

backtesting sample (all 2118 data points).

We plot the realized natural gas consumptions and the forecasted values for

different horizons in the figure below. We also obtain the confidence intervals for the

point forecasts using the expressions for the conditional expectations (¢, t + h) and

variances v2(t,t + h):

1
BXeaal ] = exp (utt.t =)+ Sot (e 1)
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p(t,t+h) = exp (F(t+h) + (In X, — f(t))e ™)

V2(t,t + h)

where t +h > 730 and h = 1,7, 30.
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Figure 8. Backtesting with One-Factor Mean-Reverting process

From Figure 8, we see that the confidence intervals get wider as the forecast horizon

increases. We calculate the Relative Mean Square Errors (RMSE) as:

~ 2
RvSE— LS (&) (136)

where ¢ denotes the number of observations used in the backtesting sample and A is

the number of days in each forecast horizon.
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Table 4. Comparison of RMSE’s for the One-Factor Mean-Reverting Process

Forecast horizon
Daily | Weekly | Monthly
0.0176 | 0.1230 | 0.2194

As expected, the best forecast performance is achieved at daily forecast horizon and
the forecasting power reduces significantly at the monthly level. However, the
confidence intervals successfully represent the range of variation in natural gas

consumption.

Estimation of Model Parameters in the Homogenous Gompertz Diffusion Model

In the Homogenous Gompertz Diffusion model, the logarithm of per consumer natural
gas consumption is described by the stochastic differential equation in Equation (39)
with the functional forms for the drift and diffusion coefficients given as in Equations
(37) and (38), respectively. The likelihood estimators of these parameters are obtained
in Equations (70), (71) and (74). Alternatively, a least squares estimation is proposed
by discretizing the same stochastic differential equation. Finally, the same parameters
can also be obtained as a particular case of the Non-Homogenous Gompertz Diffusion
Model under the assumption that there are no exogenous factors.

The estimation results for the whole sampling period (all of 2848 daily
observations) are reported in the table below for all three approaches. In addition, the
sample autocorrelation and partial autocorrelation functions are drawn for the
residuals that are obtained from the differences between the logarithm of the daily

predicted and realized per consumer consumption series.
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Table 5. Estimated Parameters for the Homogenous Gompertz Diffusion Model

Likelihood Estimators

Parameters Q 15} o
Estimates | 2.0765 x 107° | 3.3486 x 10~ | 0.0040
Least Squares Estimates

Parameters o 15} o
Estimates 0.0151 0.0166 0.0040
Upper CI 0.0233 0.0233
Lower CI 0.0069 0.0100

Non-Homogenous Gompertz, Special Case

Parameters Q 15} o

Estimates 0.0155 0.0168 0.0224
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Figure 9. ACF and PACF for the residuals of the Homogenous Gompertz diffusion
model (estimated via likelihood estimators)
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Figure 10. ACF and PACEF for the residuals of the Homogenous Gompertz diffusion
model (estimated with least squares)
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Figure 11. ACF and PACEF for the residuals of the Homogenous Gompertz diffusion
model (as a special case of Non-Homogenous Gompertz)
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We evaluate the forecasting performance of these models by the backtesting method

at daily, weekly and monthly forecast horizons. The methodology that is used in this

part is explained in the previous section where Equation (41) is used to calculate the

conditional expectations at each forecast horizon (h = 1,7, 30). Remembering

Equations (53) and (56):

E(X;) = exp (u(s, t) + %0%2(5, t))

2
— 2
u(s,t) =Inze P9 4 %(1 — e Plt=9)
1
]/2(S7t) = —(1 — 6—25(t—8))

2

We calculate the Relative Mean Square Errors (RMSE) as:

Table 6. Comparison of RMSE’s for the Homogenous Gompertz Diffusion Model

Likelihood Estimators
Daily | Weekly Monthly
0.0201 | 0.1186 0.4595
Least Squares Estimates

Daily | Weekly Monthly
0.0202 | 0.1114 0.4316
Non-Homogenous Gompertz, Special Case
Daily | Weekly Monthly
0.0202 | 0.1121 0.4551
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Figure 12. Backtesting with Homogenous Gompertz Diffusion model (estimated via

likelihood estimators)
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Figure 13. Backtesting with Homogenous Gompertz Diffusion model (estimated with

least squares)
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Figure 14. Backtesting with Homogenous Gompertz Diffusion model (as a special
case of Non-Homogenous Gompertz)

Estimation of Model Parameters in the Non-Homogenous Gompertz Diffusion Model

In the Non-Homogenous Gompertz Diffusion model, the logarithm of per consumer
natural gas consumption is described by the stochastic differential equation in
Equation (81) with the functional forms for the drift and diffusion coefficients given
as in Equations (79) and (80), respectively. As opposed to the Homogenous Gompertz
Diffusion model, we use sin(wt), sin(2wt), cos(wt) and cos(2wt) as exogenous
factors to represent the seasonality in the data.

The likelihood estimators of these parameters are obtained in Equation
(100). Alternatively, a least squares method is proposed by discretizing the same
stochastic differential equation as in Equation (106). The estimation results from both
approaches for the entire sampling period (all 2848 daily observations) are reported in

the table below.
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Table 7. Estimated Parameters for the Non-Homogenous Gompertz Diffusion Model

Likelihood Estimators

Parameters o o Qo o3 y 15} o
Estimates | 0.1094 | 6.9415 | -2.5431 | 0.1965 | -0.0614 | 0.1185 | 0.0234
Least Squares Estimates

Parameters o o 0y o3 y 15} o
Estimates | 0.1028 | 6.5412 | -2.3281 | 0.1843 | -0.0541 | 0.1114 | 0.1445
Upper CI | 0.1187 | 7.5225 | -1.6315 | 0.3985 | 0.1693 | 0.1276
Lower CI | 0.0857 | 5.4858 | -2.9616 | -0.0398 | -0.2700 | 0.0936

The sample autocorrelation and partial autocorrelation functions are drawn for the
residuals that are obtained from the differences between the logarithm of the daily

realized and predicted per consumer consumption series.
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Figure 15. ACF and PACEF for the residuals of the Non-Homogenous Gompertz diffu-
sion model
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Figure 16. ACF and PACF for the residuals of the Non-Homogenous Gompertz diffu-
sion model (estimated with least squares)

We evaluate the forecasting performance of these models by the backtesting
method at daily, weekly and monthly forecast horizons. The methodology that is used
in this part is explained in the previous section where Equation (83) is used to
calculate the conditional expectations at each forecast horizon (h = 1, 7, 30).

Remembering Equations (53) and (56):

E(X;) = exp (u(s, t) + %UQVQ(S, t))

2 t
gy — U_Z q t
—n(e)e 0 + L2 (1 20 1 Y 0 [ gir)e
5 i=1 8
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1
2 —28(t—s)
t) = —(1—

We calculate the Relative Mean Square Errors (RMSE) as:

Table 8. Comparison of RMSE’s for the Non-Homogenous Gompertz Diffusion Model

Likelihood Estimators
Daily | Weekly | Monthly
0.0208 | 0.1210 | 0.2003
Least Squares Estimates
Daily | Weekly | Monthly
0.0221 | 0.1931 | 0.3782
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Figure 17. Backtesting with Non-Homogenous Gompertz Diffusion model
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Figure 18. Backtesting with Non-Homogenous Gompertz Diffusion model (estimated
with least squares)

Pricing of Contingent Claims, Numerical Examples

In this section, we consider two option pricing examples. In the first numerical
example, we assume a European option with the contract period of January 1-31,
2011 and find the price as of December 31, 2010, just before the contract period
starts. Here, the payoff of the call option is given as max(cy — K, 0), where cr is the
per consumer natural gas consumption at the maturity date, January 31, 2011. First,
we estimate the parameters using the dataset from the beginning until December 31,
2010. Then, we compare the option prices that are obtained from the pricing formulas
derived.

As a second example, we consider an arithmetic option where the underlying
variable is the arithmetic average of the natural gas consumption within the period
January 1-31, 2011. Since there is no known analytical solution for this option, we
use Monte Carlo simulation by generating 20,000 sample paths of consumption
during the same period and calculate the average discounted payoffs as estimates for

option prices.
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Table 9. Comparison of European Option Prices under Different Models (Risk Free
Rate 5%)

One-Factor Mean-Reverting Process

Strike | 4.5 5 5.5 6 6.5 7 7.5 8 8.5

Call | 2.2066 | 1.7966 | 1.4345 | 1.1249 | 0.8679 | 0.6603 | 0.4962 | 0.3690 | 0.2721

Put | 0.0822 | 0.1702 | 0.3060 | 0.4944 | 0.7354 | 1.0257 | 1.3595 | 1.7303 | 2.1313

Homogenous Gompertz Diffusion Model

Call | 1.8356 | 1.3377 | 0.8397 | 0.3422 | 0.0115 0 0 0 0

Put 0 0 0 0.0004 | 0.1677 | 0.6541 | 1.1521 | 1.6500 | 2.1480
Homogenous Gompertz Diffusion Model (Least Squares)

Call 0 0 0 0 0 0 0 0 0

Put | 0.1978 | 0.6957 | 1.1937 | 1.6916 | 2.1896 | 2.6875 | 3.1855 | 3.6834 | 4.1814

Homogenous Gompertz Diffusion Model (Non-Homogenous Gompertz, Special Case)

Call | 1.8241 | 1.3261 | 0.8284 | 0.3509 | 0.0585 | 0.0024 0 0 0

Put 0 0 0.0002 | 0.0207 | 0.2262 | 0.6681 | 1.1636 | 1.6615 | 2.1595

Non-Homogenous Gompertz Diffusion Model

Call | 1.8217 | 1.3254 | 0.8469 | 0.4422 | 0.1780 | 0.0540 | 0.0124 | 0.0022 | 0.0003

Put 0 0.0017 | 0.0211 | 0.1144 | 0.3481 | 0.7221 | 1.1785 | 1.6662 | 2.1623

Non-Homogenous Gompertz(Least Squares)

Call | 3.6815 | 3.1835 | 2.6856 | 2.1876 | 1.6897 | 1.1917 | 0.6938 | 0.1958 0

Put 0 0 0 0 0 0 0 0 0.3021
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Table 10. Comparison of Option Prices for an Arithmetic Option under Different Mod-
els (Risk Free Rate 5%)

One-Factor Mean-Reverting Process

Strike | 4.5 5 5.5 6 6.5 7 7.5 8 8.5
Call | 3.1203 | 2.6223 | 2.1244 | 1.6264 | 1.1285 | 0.6305 | 0.1326 0 0
Put 0 0 0 0 0 0 0 0.3654 | 0.8633

Homogenous Gompertz Diffusion Model
Call | 1.8179 | 1.3199 | 0.8220 | 0.3240 0 0 0 0 0
Put 0 0 0 0 0.1739 | 0.6719 | 1.1698 | 1.6678 | 2.1657
Homogenous Gompertz Diffusion Model (Least Squares)

Call | 0.6470 | 0.1491 0 0 0 0 0 0 0
Put 0 0 0.3489 | 0.8468 | 1.3448 | 1.8427 | 2.3407 | 2.8386 | 3.3366

Homogenous Gompertz Diffusion Model (Non-Homogenous Gompertz, Special Case)
Call | 2.8074 | 2.3094 | 1.8115 | 1.3135 | 0.8156 | 0.3176 0 0 0
Put 0 0 0 0 0 0 0.1803 | 0.6783 | 1.1762

Non-Homogenous Gompertz Diffusion Model
Call | 0.6565 | 0.1585 0 0 0 0 0 0 0
Put 0 0 0.3394 | 0.8374 | 1.3353 | 1.8333 | 2.3312 | 2.8292 | 3.3271
Non-Homogenous Gompertz(Least Squares)

Call | 2.7956 | 2.2977 | 1.7997 | 1.3018 | 0.8038 | 0.3059 0 0 0

Put 0 0 0 0 0 0 0.1921 | 0.6900 | 1.1880
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CHAPTER VIII
CONCLUSION

In this thesis, we aim to model the dynamic behaviour of natural gas consumption
while we capture the empirical properties that the consumption data shows and based
on these results, we want to forecast and price various contingent claims. For this
purpose, we have used continuous-time stochastic models to take advantage of the
analytical solutions that can be derived for any forecast horizon which can also be
used to make reliable forecasts at high-frequency levels. Hence, we have studied the
application of One-factor mean-reverting process and stochastic Gompertz diffusion
model in this context.

We apply our methodology to model and forecast daily natural gas
consumption in Istanbul, Turkey. A time-varying deterministic function has also been
incorporated into these models to account for the seasonal pattern that has been
derived after a thorough analysis of the data. In the specific structure of this
component, a cyclical trend and a holiday dummy variable have been used. Yet,
natural gas prices have been left out since they are centrally determined and they vary
infrequently. As the autocorrelation and partial autocorrelation functions for the
residuals suggest, the effect of leaving prices in the error terms does not cause major
problems since we do not see any striking pattern. In fact, such disturbing patterns are
not observed in any of the residuals even though they are obtained from very different
models.

When we compare these various models in terms of their forecasting powers,
it appears that the One-factor mean-reverting process is more advantageous than the
Gompertz diffusion process. From the Relative Mean Square Errors (RMSE) that are
listed in Tables 4, 6 and 8, it is visible that including sinusoidal variables as

exogenous factors improves the prediction powers of the models, especially for longer
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horizons (at the monthly horizon, 0.2194 in the One-factor mean-reverting process
and 0.2003 in the Non-Homogenous Gompertz Diffusion model). The RMSE results
for the Homogenous Gompertz Diffusion model are close to the Non-Homogenous
case, excluding only the monthly horizon. As expected, the role of deterministic
trends become more pronounced at longer horizons. Moreover, the models that are
estimated from the likelihood functions perform better in the backtesting procedure
since this method is more sophisticated than the least squares method.

The estimates that are obtained from the models are then used in the
valuation of contracts that depend on natural gas consumption. Since there are no
contracts that are actually traded in the Turkish Derivatives Exchange (TurkDex),
hypothetical contracts are priced to see the implications of the models. Nevertheless,
such derivative contracts on natural gas consumption or prices will probably become
available in the future as the efficient management of resources gains importance. In
both pricing examples, we see the expected trends: the call option prices decrease as
the strike prices increase and the put option prices increase as the strike prices
increase. The results that are estimated with least squares method show that they
usually predict lower option prices for European calls and higher option prices for
European puts than their counterparts. Moreover, the prices that are found in both
examples are very different from one model to another. Hence, the choice of model
that will be used in pricing becomes crucial.

Finally, the question of which model to use can be answered when the
specific area of application is considered. In the context of pricing, obtaining accurate
daily consumption predictions becomes highly important since daily settlement
amounts are usually used in futures contracts or options. In the context of demand
estimation which represent the aspect of gas suppliers or governmental institutions,
monthly predictions can be more important in which case the Non-Homogenous
Gompertz Diffusion model seems to perform better than the other models, especially

when likelihood estimators are used for the sample period that we have chosen.
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