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ABSTRACT

PERFORMANCE BOUNDS ON THE LOCALIZATION OF
CELLULAR PHONES USING RSS MEASUREMENTS
WITH UNKNOWN PATHLOSS EXPONENTS

In this thesis, performance of an Received Signal Strength (RSS) based location
estimation model, which incorporates the antenna radiation pattern information into
log-normal path loss the signal model is evaluated. Performance bounds evaluated with
most common technique called Cramer-Rao Lower Bound(CRLB) which puts a lower
bound on the variance of a parameter estimate that can be achieved by any unbiased
estimator. Being able to place a lower bound on the variance of any unbiased estimator
proves to be extremely useful in practice. It provides a benchmark against which we
can compare the performance of any unbiased estimator. Furthermore, it alerts us to
the physically impossibility of finding an unbiased estimator whose vairance is less than

the bound.

The Performance analyzing is done under various scenarious and solutions sho-
wed that this model is very robust against the variations in the signal propagation

characteristics and it can be very useful in radio planning of cellular networks.



OZET

YOL KAYBI USSELERININ BILINEMEDIGI
DURUMLARDA RSS OLCUMLERI ILE
KONUMLANDIRMA PERFORMANS SINIRLARINI
BELIRLEME

Bu calismada, standart log-normal yol kayb1 modeline anten 1g1nim ortintiisiini
dahil ederek Sinyal dl¢iimlerine (RSS) dayanan konum belirleme modelinin performans
sinirlart hesaplanmigtir. Bu modelin performansi en yaygin teknik olan Cramer-Rao
alt sinir1 (CRLB) ile degerlendirilmigtir. CRLB yansiz bi kestirici ile elde edilebilecek
parametrenin varyansi iizerinde en diigiik alt sinir1 verir. Yansiz bir kestiricinin varyansi
tizerine en diigiik alt sinir1 verebilmek pratikte oldukca faydali olmaktadir. Bagka bir
kestirici performansi ile kiyaslama yapabilmesi onem kazanmaktadir. Ayrica, fiziksel
olarak verilen simirdan daha diisiik bir varyansi verebilecek yansiz bir kestirinicinin

bulunma ihtimalinin imkansizligini otaya koyar.

Sinyal modelimizin performansi gesitli senaryolar altinda analiz edilmis ve ortaya
konulan sonuglara dayanarak, gelistirilen modelin ortam parametrelerindeki degisimlere
kargi dayanikli oldugu ve anten 1g1mim bilgisinin hiicresel iletigim aglarinin radyo plan-

lamasinda kullanilmasinin yararh olacag1 gosterilmistir.
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1. INTRODUCTION

Recently, location estimation has been among the most active research topics
in the cellular communication systems. In a next-generation cellular phone, there is
greatly a possibility that the service associated with the position information on a
cellular phone will be developed. Therefore, the location estimation method using the
cellular phone has been extensively studied. In the case of the system of a network base,
location aware computing concept has gained considerable attention where devices are

located or locate themselves and get services based on the location information.

With accurate position estimation, a variety of applications and services such
as emergency services, monitoring and tracking for security reasons, location sensitive
billing, fraud protection, asset tracking, fleet management, intelligent transportation
systems, mobile yellow pages, and even cellular system design and management can
become feasible for cellular networks [1]. These potential applications of wireless posi-
tioning have also been recognized by the IEEE, which set up a standardization group
802.15.4a for designing a new physical layer for low-data rate communications combi-
ned with positioning capabilities [2]. Also, the Federal Communications Commission
(FCC) in the US has required wireless providers to locate mobile users within tens of

meters for emergency 911 calls [3].

In fact, the Global Positioning System (GPS) is widely used for location es-
timation which is based on signals transmitted from satellites. Currently the best
positioning acccuracy in cellular systems are provided by A-GPS(Assisted-GPS) at the
cost of significant increase of network and handset complexity [4]. However, still GPS
may not provide accurate result in urban areas, like Istanbul. This is because satellite
signals are often reflected, deflected or blocked by high rise buildings and thus causing
inaccurate estimations. In addition, in a city or a building there is often no direct
line of sight between GPS satellite and terminal, which causes a severe degradation of
accuracy. On the other hand, cellular radio network have good coverage in most of the

populated areas. Hence using existing cellular network for location estimation could



be an alternative method for mobile location estimation and is a more economical as
well as relatively less complex solution. Moreover, using existing cellular network can
be used in such a case where GPS method cannot be applied, i.e. indoor positioning,

but generally with a degradation in the accuracy.

Improving the accuracy of location estimation systems based on the existing
cellular network infrastructure is the main goal of the positioning techiques which are
widely discussed in literature [5], including time of arrival (TOA),time difference of
arrival (TDOA), enhanced observed time difference (EOTD), angle of arrival (AOA),
assisted global positioning system (AGPS), and received signal strength (RSS), where

many of them are based on timing information [6-12].

Time-based solutions measure either the absolute or relative arrival times of se-
veral signals, backsolving the location of a handset through triangulation. Time-based
solutions require precise synchronization for all base station clocks. Both TDMA and
GSM (the most often deployed wireless system in the world) do not include the precise
time synchronization of measurement in their original air interface standards. Thus,
additional equipment is required for each base station. Because of the new hardware
requirements, the deployment of time-based and angle-based schemes would cost at
least several million dollars for a metropolitan area like istanbul. Furthermore, these
schemes require a line-of-sight (LOS) link from the base station antenna to the handset
in order to work well. In rural areas, these technologies have difficulty reaching enough
base stations to perform triangulation; in urban areas, the absence of LOS degrades

the performance of this technology [13].

Angle-based solutions use the precise measurement of the direction along the line
of maximum signal strength at two or more base stations to triangulate the location
of a handset. These techniques require high signal fidelity for super-resolution array
processing. Therefore, sophisticated and expensive antenna array hardware is required

for each base station.

RSS-based solutions use RSS measurements of the forward control channel, trans-



mitted by all base stations to find handsets. In TDMA (IS-136) systems, the mobile
station can measure the power of up to 24 neighboring control channels. Unlike voice
channels, the forward control channel is transmitted at a constant power and yields
a reliable, repeatable measurement. In GSM systems, handsets report the measured
powers of the six strongest control channels. In an RSS location scheme, no additional
base station hardware is required because RSS measurements are all the information
needed from the handset hardware. Furthermore, the RSS signature method does not
require the existence of a LOS signal, which makes it an excellent solution for suburban,

urban, and indoor environments.

The positioning method used in this thesis is based on received signal strength
measurements and the main goal of this thesis to derive Cramer-Rao lower bound
for performance evaluation of RSS positioning model and also compare with accuracy
results given in [14], which claims that it resolves major shortcomings of the existing
techniques which are assuming a perfect free space channel or known as a priori the
channel conditions [15-20] and gives better accuracy in positioning evaluation, So, The
CRLB results will be a key performance measure in positioning and give ideas about

location accuracy evaluation.

In the first chapter, a short introduction to cellular location services is given. We
presented the main forces for implementing location services and briefly discuss variety
of applications that can be feasible for cellular networks. In chapter 2, wireless positi-
oning methods are discussed and we describe most common existing location estimation
technologies. In Chapter 3, it is presented the detailed literature survey on RSS based
positioning. In chapter 4, RSS based location model is given with pathloss log-normal
model as well as antenna radiation model. In chapter 5, which is main contribution of
the thesis, Cramer-Rao bound analysis is presented and derivation for accuracy measu-
rement given analytically. In Chapter 6, numerical analysis of Cramer-Rao bound and
performance evaluation are given for different scenarious. The conclusions remarks are

given in the last chapter.



2. AN INTRODUCTION TO LOCATION SERVICES

Location related services are described as the next revolution on services and

functionality in the cellular network. A variety of applications such as [1]:

Location emergency services

Driving directions and assistance

Location sensitive billing

Tracking (packages, cars, people, asset etc.)

Mobile yellow pages

Cellular system design and management

can be feasible for cellular networks. The quality of services will all depend on the
accuracy of the location estimates. This accuracy depends on the location technologies
used, and on the network topology. However not all services requires the same accuracy

on the location estimate.

This chapter will focus on the two main forces for implementing location services

for the operator, government requirements and commercial services.

2.1. Government Requirements

Some regulations have accelerated the research of the location technologies.

2.1.1. Enhanced 911

The Enhanced 911(E-911) regulative by the US Federal Communications Com-
mission (FCC) pushes location technologies in the USA [3]. In a series of orders since
1996, the FCC has taken action to improve the quality and reliability of 911 emergency
services for wireless phone users, by adopting rules to govern the availability of basic

911 services and the implementation of E-911 for wireless services.



The Federal Communications Commission has several requirements applicable to

wireless or mobile telephones [3]:

e Basic 911: All 911 calls must be relayed to a call center, regardless of whether
the mobile phone user is a customer of the network being used.

e E911 Phase 1: Wireless network operators must identify the phone number and
cell phone tower used by callers, within six minutes of a request by a PSAP.

e E911 Phase 2: Wireless carriers are required to provide Automatic Location
Identification(ALI) as part of phase IT E-911 implementation October1,2001 [21],

as detailed given in Table 2.1.

Table 2.1. Accuracy required for locating mobile terminals in PIT E-911
Solutions 67% of calls | 97% of calls

Handset based 50 m 150 m
Network based 100 m 300 m

2.1.2. Enhanced 112

In Europe, the European Commission in 1998 established a universal 112 call
number to support emergency services to both landline and mobile users. 112 calls
will enable wireless and landline telephone callers in countries that are members of
the European Union (EU) to dial a single number, 112, for fire, medical, and police
emergencies. 112 calls are the European equivalent of the US 911 call. On July 12,
2000 the Commission of European Communities issued a proposal for a directive on
universal service and users’ rights relating to electronic communications networks. The
proposed requirements for location accuracy in E-112 is given in Table 2.2. The caller’s

position must be available within 30 seconds of call initiation.

Table 2.2. Proposed requirements for location accuracy in E-112

Highways Rural Suburban | Urban Indoor

Caller can provide | 100-500 m | 100-500 m | 50-500 m | 25-150 m | 10-50 m

general information,




2.2. Location Based Services

A location-based service (LBS) is an information and entertainment service, ac-
cessible with mobile devices through the mobile network and utilizing the ability to

make use of the geographical position of the mobile device [22].

2.2.1. Safety

A wide range of safety solutions open up by use of location technology:

e Emergency alert services, In public safety, a location system needs to track the
emergency calls, provide the emergency dispatch team accurate location informa-
tion, and send the team to its task quickly and safely.

e Roadside assistance, in the same way as with emergency alert services, if your
car has a breakdown, it would be very useful to know exactly where the car is
placed, saving both time and money.

e Safety alarm, social workers, watchmen and alone-working people like forestry
workers, can send out a distress signal with an exact position, just by using the

MS.

2.2.2. Location Based Charging

Location based charging allows a subscriber to be charged different rates depen-
ding on the subscriber’s location or geographic zone, or changes in location or zone.
The rates charged may be applicable to the entire duration of the call, or to only a
part of the call’s duration. This service may be provided on an individual subscriber
basis, or on a group basis. E.g. when provided on an individual basis, this service
could apply reduced rates to those areas most often frequented by the subscriber by
taking into consideration the subscriber’s daily route and life style. Different rates may
be applied at country clubs, golf courses, or shopping malls. E.g. a "home” zone may
be defined centred around a user’s home, an agreed larger area, work or travel corridor

or some unrelated zone. Additionally, different rates may be applied in different zones



based on the time of day or week.

In addition to being applicable on an individual basis, this service may be appli-
cable on a group basis, which may be desirable e.g. for business groups. Locations may
be defined for business groups to include corporate campuses, work zones or business
zones with different charging rates. Individual and group subscribers should be notified
of the zone or billing rate currently applicable, and be notified when the rate changes.
Location based charging may be invoked upon initial registration. A charging zone
would then be associated with the subscriber’s location. When the subscriber moves

to a different zone, the subscriber would be notified.

2.2.3. Fleet and Asset Management / Tracking Services

Fleet and asset management services allow the tracking of location and status of
specific service group users. Examples may include a supervisor of a delivery service
who needs to know the location and status of employees, parents who need to know
where their children are, animal tracking, and tracking of assets. The service may be
invoked by the managing entity, or the entity being managed, depending on the service

being provided.

Fleet management may track the location of vehicles (cars, trucks, etc.) and use

location information to optimize services.

Asset management services, for example, may range from asset visualisation (ge-
neral reporting of position) to stolen vehicle location and reporting of location when
an asset leaves or enters a defined zone.

2.2.4. Military Applications

In military applications, a geolocation system can help troops locate the enemies,

provide maps for making attack plans, and navigate troops [23].



2.2.5. Traffic Monitoring/Tracking

Mobiles in cars could be anonymously sampled to determine average velocity of

vehicles and detect and report congestion.

Congestion, average flow rates, vehicle occupancy and related traffic information
can be gathered from a variety of sources including roadside telemetric sensors, roadside

assistance organisations and ad-hoc reports from individual drivers.

2.2.6. Enhanced Call Routing

Enhanced Call Routing (ECR) allows subscriber or user calls to be routed to the
closest service client based on the location of the originating and terminating calls of
the user. The user may optionally dial a feature or service code to invoke the service.
In addition to routing the call based on location, ECR should be capable of delivering
the location information to the associated service client. For example, this capability
may be needed for services such as Emergency Roadside Service. This could be used
for the purpose of dispatching service agents for ECR service clients that can make use

of this information.

2.2.7. Location based information services

Location based information services allow subscribers to access information for
which the information is filtered and tailored based on the location of the requesting
user. Service requests may be initiated on demand by subscribers, or automatically
when triggering conditions are met, and may be a singular request or result in periodic

responses. Examples of location based information services are described below [22].

City sightseeing: This would enable the delivery of location specific information
to a sightseer. Such information might describe historical sites, providing navigation
directions between sites, facilitate finding the nearest restaurant, bank, airport, bus

terminal, restroom facility, etc.



Location dependent content broadcast: The main characteristic of this service
category is that the network automatically broadcasts information to terminals in a
certain geographical area. The information may be broadcast to all terminals in a
given area or only to members of a specific group (perhaps only to members of a specific
organization). The user may disable the functionality totally from the terminal or select
only the information categories that the user is interested in. An example of such a
service may be localized advertising. E.g. merchants could broadcast advertisements

to passers-by based on location information.

Mobile Yellow Pages. The Internet has also changed how people find phone
numbers. Instead of thumbing through the yellow pages or calling directory assistance
you simply could go online and search the number. Wireless takes this one step further
by adding the location of the subscriber to the search. Now the phone number of the
nearest location can be ascertained as opposed to all locations within the nearest area.
Mobile Yellow Pages services provide the user with the location of the nearest service
point, e.g. Italian restaurant. The result of the query may be a list of service points
fulfilling the criteria (e.g. Italian restaurants within three kilometres). The information
can be provided to the users in text format (e.g. name of the restaurant, address and
telephone number) or in graphical format (map showing the location of the user and

the restaurants).

Finding friends: Friend finders services are now available that allow users to
find the locations of their friends or family. The service uses Short Message Services
(SMS), it operates in Europe and Southeast Asia and has become extremely popular.
The service automatically notifies a user when a selected person (who also has a wireless
device) is nearby or has entered into a specified area. Such a service could be designed

to notify a parent when a child has arrived at home, school, or other specified location.

Driving directions and navigating: Another industry that is working at exploiting
location technology is the automotive market. An application can be dynamic route

guidance.
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Dynamic route guidance can be described as a ’traffic-aware’ turn-by-turn navi-
gation system. A dynamic route guidance system would incorporate information or
knowledge of road conditions in order to provide instructions on the quickest route
to an end destination. Many factors can affect road conditions such as road closures,
accidents, lane closures, construction, heavy congestion, major events, etc, and this
information could be used by the system. Another alternative approach to providing
dynamic route guidance would be to use speed information as the most important
information element. Vehicle speed or how fast vehicles are travelling on a particular
segment of a highway would be very useful in determining the shortest travel time
to a destination and the availability of speed information would make a system more

traffic-aware.
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3. WIRELESS POSITIONING METHODS

Positioning systems operate by measuring radio signals traveling between a set
of fixed stations and a mobile station. The mobile station’s position is derived from
known geometrical relationships of fixed stations, and measurements of the direction
and/or length of the radio paths. In self-positioning techniques a positioning receiver
placed in the mobile station makes the appropriate signal measurements and uses these
measurements to determine its position. In remote-positioning methods a transmitter
for the mobile station is required and receivers at more locations measure a signal from
the object to be positioned. These measurements are collected at a central site where

an estimate of the position of the object is determined.

Finding the position of a mobile device in relation to its cell site is a way to find
out the location of a user. The cells in mobile radio communications vary considerably
in size and shape. Their size can be up to 35 km radius in rural areas with good line-
of-sight (LOS) between the base station and mobile users. In urban areas microcells
have been proposed with some few hundred of meters in radius, sometimes covering

only a small segment of a highway, a street along the side of a city block or a part of

the park.
Table 3.1. Different cell types and dimensions
Cell type Cell radius (m)
Large macrocell 3000-30000
Small macrocell 1000-3000
Microcell 100-1000
Picocell 10-100
Nanocell 1-10

The presence of LOS has a deep effect on radio propagation characteristics, and
the size and shape of the cells should be adapted to ensure acceptable quality of com-
munication in the whole area. Table 3.1 presents different types of cells, and their sizes.

Various methods are adopted to determine the location of the mobile user [24]- [25].
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Network based positioning relies on various means of triangulation of the signal from

cell sites serving a mobile phone.

Positioning technologies of the mobile device can be divided into three main
categories: Network and handset based technologies, and hybrid technology. In this
chapter these three categories are briefly discussed, and important capabilities are
identified and evaluated. This is done in order to give the reader an overview of the

most common methods.

The position of a user can be determined using various techniques:

Cell identification (CI)
Angle of Arrival (AoA)
Time of Arrival (ToA)
Enhanced Observed Time Difference (E-OTD)
Assisted GPS (A-GPS)

3.1. Network Based Technologies

Network based technologies have the advantage that they can be used with old
mobile terminals. All the required updates for these methods to work, will be in the

network.

3.1.1. Cell Identification and TA

Cell identification (CI) is the basic positioning method to start offering LBS,
since all handsets support this technology. CI uses the network base transceiver station
(BTS) to identify the user in the cell area. CI positioning can support all mobile users.
CI can be used alone, or together with timing advance (TA) and network measurements
reports, to improve the performance. GSM employs a timedivision multiple access
(TDMA) scheme, and the successful operation requires that all signals arrive at the

base station at the appropriate time. The time at which the signal from the handset is
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sent must be varied depending of the distance to the base station. This is achieved by
having each base station sending to each handy connected to it a timing advance (TA)
report. TA is the amount by which the mobile station (MS) must advance the timing
of its transmission to ensure that it arrives in the correct time slot. TA is reported in
units of a bit period, which equates to an accuracy of 554 m [26].

Table 3.2. Accuracy of CI positioning

Rural Suburban Urban Indoor
Accuracy | 1 km- 35 km 1 km - 10 km 500 m - 5 km 10 m - 50 m
typically 15 km | typically 5 km for macro cells, for pico cells
50 m - 500 m for microcells

The accuracy is dependent on cell size [24], [27] and it can be up to 250 m for an
urban area to 35 km in rural areas, where network transmitters are widely separated,
as shown in Table 3.2. The measurement only puts the user in a particular cell’s circle
of coverage. If the user is within reach of more than one cell, the ambiguity of position
can be significantly reduced. Although the accuracy is not high, it is popular amongst
the operators, as it does not require any modifications in the handset or the network.
For that reason it is comparatively cheap to deploy. Figure 3.1 shows the positioning

performance with cell identification and timing advance.

As in cellular systems handsets make measurements on the air interface and send
them to the network for hand-over decisions, these measurement reports contain the
estimated power level at the handset [24]. The power level can be used to estimate
the distance between the base station and a handset, based upon simple propagation
models and network planning tools. Accuracy is dependent on cell density, network
configuration and radio environment. Enhanced cell identification performs poorly
indoors and in rural areas with low base station density. The accuracy of the enhanced

CI technique is presented in Table 3.3.

Especially in case of macro cells, there is a very poor positioning performance
compared to other radio navigation techniques. Applying multisector antennas at the

base station can improve the performance reducing the ambiguity of the position within
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Figure 3.1. CI positioning with timing advance
Table 3.3. Accuracy of Enhanced CI positioning
Rural Suburban Urban Indoor

Accuracy | 250 m - 35 km | 250 m - 2,5 km | 50 m - 550 m | variable

the cell.

3.1.2. Angle of Arrival

Angle of Arrival Method (AoA) is a technique that calculates the angles (directi-
ons) at which a signal arrives at two base stations from a handset, using triangulation
to find the location [26], [28]. AoA requires a complex antenna array at each cell site.
These antennas in principle work together to determine the angle relative to the cell
site, from which a cellular signal originated. Simple geometric relationships are then
used to determine the location by finding the intersections of the lines-of-position, if

at least two base stations are able to determine the AoA of the signal.

AoA technique is more suitable for macrocells with higher elevations of antennas,

reducing the problem of scattering environment. AoA method works poorly in ur-
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Figure 3.2. Angle of Arrival Method

ban settings with multipath reflections of the radio signals, where buildings and other

obstacles interrupt radio signals.

3.1.3. Time of Arrival

Time of Arrival Method (ToA) is an enhanced positioning method. ToA technique
measures the time of arrival of the signal from the mobile user to a number of base
stations located at quite accurately known positions. Usually, the clock of the mobile
station is not synchronized with the network stations. ToA method requires timing
information obtained from the signals transmitted by a M'S, which may be implemented
in different ways for each cellular system. From measuring the time it has taken a
signal to travel from transmitters to the user (self-positioning) or vice versa (remote-
positioning), the range between those points can be determined and the user position
can be calculated. The ToA technique requires a high degree of synchronism within
the network of base stations, and the transmitted signals have to be time-tagged to
enable range measurements. Where very accurate synchronisation of the network can
be achieved, this technique can offer accuracy of location of around 125 to 200 m [27].
The cost benefit analysis is not very much in favour of the usage of this technology,
as the cost of implementing this is very high as compared to the enhancement in the
performance. It is expensive because of the large number of location measurement units
(LMUs) required. The accuracy of ToA is definitely better than CI, but it is dependent

on the visibility of the transmitter at LMU sites, as non-line-of-sight propagation with
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signal reflections has a significant influence on the accuracy.
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Figure 3.3. Time of Arrival Method

3.2. Handset Based Technologies

Handset based technologies have the best accuracy, but need new or upgraded

mobile terminals.

3.2.1. Assisted GPS

Assisted GPS Method (A-GPS) is an advanced positioning method combining
mobile technology and GPS. This technology is expensive for the endusers, as they
have to invest in a GPS-equipped handset. Adding GPS functionality has a high
impact on the handset with new hardware and software required. By itself, GPS can
achieve the most accurate positioning, but this technology is often enhanced by the
network. GPS receiver needs to be in sight of four or more satellites to estimate a
three-dimensional position. Its implementation is therefore difficult in urban areas and
indoor, where people spend most of their time. A-GPS uses techniques that enhance
the sensitivity of the GPS receiver when it operates under unfavourable conditions
(under foliage, in urban canyons or even inside a building) [27]. The process of getting
the first fix from a GPS receiver - Time to First Fix (TTFF) - after it has been out of

sight of any satellites for more than about three hours can take more than 10 minutes.
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During this initial period the receiver has to acquire the signal and then download the
navigation message with ephemeris data. The navigation message is transmitted at 50
bit/s, and the complete message is sent within a 12.5 minute period. If there is any
fading of the signal during this period, it may be necessary to wait until the part of
the message is broadcast again before the user’s receiver obtains the satellites” accurate
positions. In a poor reception area a GPS receiver could be unable to decode the vital
part of the message if there are some interruptions in the received signal. In A-GPS
technology a GPS reference receiver should be used connected to the network in such
a way as to make available the ephemeris data from all of the satellites in view. This
transmitted information brings improvements in time to first fix and battery life, as the

handset no longer needs to search for and decode signals from each satellite. Accuracy

of the A-GPS technique is shown in Table 3.4.

Table 3.4. Accuracy of Assisted GPS
Rural | Suburban Urban Indoor

Accuracy | 10 m | 10 m - 20 m | 10 m - 100 m | variable

MS(with GPS) |
Assistance |
Information

satellite dish = |Assistance Information
Satellite dis

(With GPS)

MPC
A-GPS Compatible

Figure 3.4. A-GPS Positioning

3.2.2. Received Signal Strength

RSS (Received Signal Strength) method is also known as signal-attenuation met-
hod to estimate the distance. As signals are prone to attenuation, signal attenuation-

based methods attempt to calculate the signal path due to propagation. It is known
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that the RSS value is directly related to the distance between MS and BS given by stan-
dart log-normal propagation model [1]. Since each radial distance estimate represents
a circle with the corresponding BS in the center, intersections of the circles obtained
from RSS measurements are chosen as candidate MS locations. More information will

be found in Chapter 4 about RSS based positioning method.

3.3. Hybrid Technologies

3.3.1. Enhanced Observed Time Difference

Enhanced Observed Time Difference (E-OTD) is also an enhanced positioning
method. This technique is a modification of the ToA method, and in E-OTD the
handset measures the differences of arrival time of signals transmitted from at least
three synchronized base stations. This time measurement capability is a new function
in the handset. Timing measurements made by the handset are transfered to the
Serving Mobile Location Center (SMLC). The measurements returned are related to
the distance from each Base Transceiver Station (BTS) to the mobile station [24]. If
the network is not synchronized the base station transmission time must be measured
using a network with separate location receivers overlaid on the cellular network as
location measurement units (LMUs) placed in fixed positions with the capability to
perform E-OTD measurements and return them to the SMLC. Each of these LMU has
an accurate timing source. Typically, one LMU is needed per 3 to 5 base stations [28].
When a signal from at least three base stations is received by an E-OTD software
enabled mobile and the LMU, the time differences of arrival of the signal from each
base station at the handset and the LMU are calculated. These time differences are
combined to produce intersecting hyperbolic lines from which the location is estimated.
E-OTD requires significant network investment and also requires specific software to
be installed within the mobile station. The accuracy is dependent on cell density, cell
plan, noise, interference, multipath, LMU performance and cell position accuracy, as
shown in Table 3.5 [24]. The accuracy does not degrade much indoors, but has poor

performance in rural environments with low BTS density [29].
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Table 3.5. Accuracy of Enhanced-OTD positioning
Suburban Urban Indoor

Accuracy | 50 m - 150 m | 50 m - 150 m | 10-50 m

Figure 3.5. Time Difference Of Arrival

The timing measurements in a GSM network are only possible in units of a bit
period, as with timing advance TA and observed time difference OTD the resolution
is 1 bit. These measurements can be additionally degraded by multipath effects, and
therefore the accuracy could be far worse than that indicated by the GSM specification.
The accuracy requirement was determined by the needs of voice and data communica-
tion services, not for positioning. Both TA and OTD could be used for more precise
positioning if the resolution would be increased and multipath rejection algorithms are
used, to avoid measurements affected by late-arriving multipath signals.

In UMTS systems with spread-spectrum signalling techniques the main error source
(multipath, nonline- of-sight propagation) is strongly reduced compared to GSM. Ob-
served Time Difference Of Arrival (OTDOA) method with network configurable idle

periods will offer positioning error typically 50 m or better.
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4. RECEIVED SIGNAL STRENGTH IN LITERATURE

The power, or energy, of a signal traveling between two nodes is a signal parameter
that contains information related to distance between those nodes. This parameter,
commonly referred to as RSS, can be used together with pathloss and shadowing model
to provide a distance estimate. Therefore, in the error-free-case, an RSS estimate
at a node determines the position of the other node on a circle for two-dimensional

positioning as shown in Fig. 4.1.

Figure 4.1. One node measures the RSS and determines the distance d between itself

and the other node, which defines a circle of uncertainty

It is known that the RSS value is directly related to the distance between MS
and BS given by standart log-normal propagation model [1]. Since each radial distance
estimate represents a circle with the corresponding BS in the center, intersections of

the circles obtained from RSS measurements are chosen as candidate MS locations.

The RSS based localization techniques can be divided into two categories: the
distance estimation based and the RSS profiling based techniques. The path loss expo-
nent (PLE) is a key parameter in the distance estimation based localization algorithms,
where distance is estimated from the RSS. The PLE measures the rate at which the
RSS decreases with distance, and its value depends on the specific propagation en-
vironment. Existing techniques on PLE estimation rely on both RSS measurements
and distance measurements in the same environment to calibrate the PLE. However,

distance measurements can be difficult and expensive to obtain in some environments.
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With using directional antennas in cellular networks, measured RSS values also
depend on the direction of transmission. A data fusion approach to mobile location
estimation based on ellipse propagation model within a cellular radio network is given
in [20]. Since BSs have directional transmission properties, i.e, the antenna transmits
the largest power in one direction, while transmits small or none power in other direc-
tions, the contour line of the signal strength assumed is an ellipse instead of a circle.
A statistical estimation of minimum mean square error (MMSE) estimator has been

derived.

RSS measurements can be used to construct statistical methods to estimate di-
rectly MS location instead of extracting radial distance between the MS and the BS.
RSS measurements are used to construct a probability distribution function of the MS
location with given RSS observations in [18]. In addition, radiation pattern informa-
tion of the sectors are included to the signal model to gain benefit from directivity of
the antennas and a Maximum Likelihood(ML) estimate of the position is found with
Bayesian update scheme as given in in [15]. And in [19], RSS measurements are used
in conujunction with the information of MS velocity to obtain the ML estimate of the
MS position. The velocity information is used to estimate the relative position of the

MS for each RSS measurement.

Correct knowledge of propagation parameters in the path loss model leads accu-
rate estimates of MS by using RSS measurements. In fact, in most of work done in
previous researches assumes that propagation parameters are known priori or can be
found by performing a training period. In [16], ML estimates of propagation parame-
ters are obtained by employing a training period and measured RSS data is referred
as incomplete since the reported RSS measurements are either truncated or quantized.
In order to find estimate that minimizes the ML function using incomplete RSS me-
asurements, an algorihtm named Expectation Maximization(EM) is employed in the

proposed method.

However, propagation parameters can change depending on MS location or se-

asonal variations. So, to minimize these errors, propagation paramaters need to be
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calibrated in real time. Three environments are classified as urban, suburban and ru-
ral in [30]. In the proposed algorithm a neural network scheme is used to estimate
environment type and set the parameters of Hata propagation model according to the
estimated environment type. Nevertheless, the algorithm is not able to overcome the

need for a training period for each base station.

A location estimation problem that is similar to cellular communication networks
exits in sensor networks. Generally, sensor networks are deployed randomly. Position of
the sensor nodes need to be estimated using the RSS measurements in order to obtain
a general picture of the network. In [31], some of the sensor nodes with known location
in the network are responsible for obtaining the PLE in log normal path loss model
using distance and measured RSS information for indoor localization of mobile nodes.
To be able to apply this algorithm to cellular networks, some of the BSs are needed
to be elected for PLE calculation. In [32], the PLE and the coordinates of the target
node in a sensor network are calculated in real time by using the RSS measurements.
Assuming that the number of the RSS measurements are larger than the number of
unknowns, both the PLE value and the coordinates of the target node can be estimated
simultaneously. An interesting result from this work is that the CRLB for unbiased
estimators is outperformed because the proposed algorithm finds a biased estimator
of the PLE. Although the algorithms proposed in [31] and [32] aim to adapt the PLE

values in real time, they ignore the fact that PLE values for each channel can differ.

Since propagation parameters depend on the environmental characteristics, they
can be different for every channel between an MS and BSs located at distinct locations.
Thus, it is more appropriate to assume that propagation parameters are different for

each channel to mitigate the errors due to errors in propagation parameters.

An algorithm that incorporates different PLEs for each link is proposed for sensor
networks in [33]. This algorithm tries to find different PLEs for each channel and the
position of the node that minimizes the root mean square (RMS) of the residuals
between the measured RSS values and the estimated mean RSS values with a brute

force algorithm. However, when the search area for the position of the node becomes
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larger, time that is consumed to and a position estimate becomes considerably large.

In [34] it is proposed several techniques for online calibration of the PLE in WSN
without relying on distance measurements. In fact, these techniques were proposed
which are based on different assumptions about knowledge of distance information,
i.e., such as assuming the probability distribution of distance between neighbouring
sensors is known, and using some geometric constraints associated with planarity in a
wireless sensor network. This technique gives an accurate estimate of a when there is no
noise in power measurements, which is not a good assumption in wireless environment,

since it has always noise in communication channel.

In [35] it is evaluated the feasibility and quality of self-localization that can be
obtained using received signal strength (RSS) measurements from arrays of directional
antennas on each sensor node. A suboptimal estimator that using angles of arrial as

an intermediate statics has been derived.

Although directional antennas offer many potential performance advantages for
sensor networks:e.g., decreased power consumption, reduced intereference, increased
range, spatial reuse, and geographic routing. Many of these advantages come at the

cost of increased complexity in communication.

Proposed method [36] is based on solving a nonconvex constrained weighted least
squares problem. In this method, the propagation path losses from the mobile station
(MS) to the BSs are measured, which are then converted to distances between them.
For two dimensional positioning, eah RSS measurment will provide a circle centered at
the corresponding BS, on which MS lie. In the absence of measurement error, the MS
position is given by the intersection of circles from at least three BSs in order to resolve
ambiguties from multiple crossings of the lines of position. In practical situation when
RSS measurements are in errors, nonlinear LS in appropriate but computatianaly in-
tensive approach for MS positioning. The main idea of the proposed algorithm is to
transform the nonlinear equations relating the RSS measurements to the MS location

into a set of linear equations by introducing an extra range variable. The linear equ-
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ations are then solved by weighted lest squares (WLS) subject to the relation between
the range parameter and the MS position coordinates. In fact, there is also assumption
made here that a non-line-of-sigth (NLOS) detection algorithm has first been employed
to eliminate the measurements with large errors. So, all the measurments that willl be

utilized for the MS location assumed come from LOS propagation.

The method [37] relies on the assumption that there is a one-to-one mapping
between RSS measurements and location. RSS measurements of the forward control
channels, transmitted by cellular base stations, are implemented in IS-136, IS-54B, and
other standards (IDEN) as part of mobile assisted (MAHO) procedure. The mobile
station can measure the RSS up to 24 forward control channels(IS-136). However,
even if the method can be implemented without any hardware requirements, the FCC
requirement is not likely met. On the other hand, the mapping of location to RSS
measurments needed to be find by calibration runs or by RF engineering tools and

these data should be stored in database to find a minimal cost function.

When the statics of the RSS measurement error is known , the Maximum Li-
kelihood (ML) estimator asymtotically optimal. However; due to the nature of the
localization problem itself, the formed ML estimator is nonceonvex, causing search for
the global minimum very difficult. In addition, its performance highly depends on the
initial point provided if a local optimization method is applied to find the solution.
To circumvent this problem, it is applied the Semidefinite Programming (SDP) rela-
xation technique to the RSS based localization problem [38]. The reformulation and
relaxation results a convex SDP estimator. Thus, the selection of initial point is not
important since any local minimum is also its global minimum. Even it outperforms by
means of initial point selection, in case if number of hearable BS resources are greater
than 4, the ML estimator gives better location estimation. And it this is the drawback

of SDP estimator, since it cannot benefit from resources.

RSS measurements can also be used in conjunction with TAO or TDOA for
enhanced estimation accuracy. In [39], two different hybrid schemes: TOA/RSS and
TDOA/RSS have been analyzed, the Cramer Rao Bound are derived. It is clearly seen



25

that the benefits of the use of RSS measurements in conjucntion with TOA and TDOA,
are evident for communication ranges below 30 m, which are characteristics for WSN.
For longer rangers, hybrid schemes perform esssentialy the same as TOA and TDOA.,

which means it is not useful for longer rangers such as cellular networks.

An alternative approach derived in [40] to the location estimation problem. In
this approach, signal properties, such as received power, angle of arrival, and / or
propagation delay, are treated as random variables which are statistically dependent
on the locations of the transmitter, the receiver, and the propagation environment.
Log normal mathematical model has been used for the transmitter. Firstly, estimate
the parameters using maximum likelihood and bayes rule applied and maximum a
posterior value selected for location estimation. Even though the estimation results
are encouraging, the work does not take into account the effect of the heterogeneity of

the propagation environment.

A cooperative mobile positioning algorithm, based on the RSS measurements,
is proposed in [41]. It is used a nonlinear least square optimization procedure to
calculate the location of the mobile station with and without cooperation. It indicated
that cooperation provides more accuracy. The standard log normal path loss model is
also considered for MS-MS links addition to MS-BS links. This technique increases the

complexity and computational cost and needs more effective data processing methods.

A two step location estimation method based on signal strength and wave scat-
tering models is given in [42]. The Received Signal Level (RSL) method is first used
in combination with Maximum Likelihood Estimation (MLE) and triangulation to ob-
tain an estimate of the location of the mobile. Then, scattering 3D multipath channel
model of Aulin is employed together with Extended Kalman Filtering (EKF) to obtain
improved location estimates with high accuracy. The EKF is initialized at the MLE
obtained from the RSL method. In realistic NLOS and multipath conditions the met-
hod does not perform well. In addition, it is given that estimation accuracy does not
improve as the number of BSs used for triangulation increased, due to Kalman Filter

sensitivity.
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Another technique that employs RSS measurements is fingerprinting. In fingerp-
rinting methods, a database, which consist of RSS measurements and the corresponding
coordinates that the measurements are taken, is used. For indoor and outdoor environ-
ments, methods to construct the RSS database differs. For instance, a sliding window
is applied on measurements for outdoor database collection, while RSS measurements
are averaged for indoor database collection in [7]. Also fingerprinting methods differ
on how they apply fingerprint matching. Among fingerprinting methods various signal
difference norms are applied to find a match in the database [7]. In [8] a method that
uses power delay profiles of CPICHs in UMTS is presented. Power delays of the visible
CPICHs are compared with the power delay profiles in the database and the position
that corresponds to the highest correlation with the measured signal is chosen as the
position estimate. In [10] a database method is combined with a Bayesian method.
Employing appropriate measurement models, MS motion models and maps of the pre-
dicted average received signal strength over the search area MS position is estimated
with a recursive Bayesian Filter. Another method in [4] constructs the database by
dividing the search area into grids and storing the most probable situation for visibility
of CPICHs with corresponding results of RSCP measurements for each grid location.
The method simply calculates the sum of squared residuals between measured values
of the pilot carriers and values stored in the database for each grid. As a result, the

grid that minimizes the sum of squared residuals is chosen as the MS location.

Among all these methods mentioned above, database techniques give the most
accurate results. However the need for substantial amount of training data for each
cell make them impractical. On the other hand, accuracy of other methods suffer from
misleading propagation parameters. Most of the algorithms disregard the fact that
propagation parameters of each channel can be different. Even if a training period is
employed, propagation parameters vary depending on the position of the MS. Thus,
a method that calibrates the propagation parameters for each channel in real time
will significantly improve the accuracy of positioning with RSS measurements. More-
over, such an algorithm will not need preliminary work on site such as training data

collection.
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5. RSS-BASED LOCATION ESTIMATION MODEL

The received-signal-strength (RSS) based techniques have been proposed by many
researches as a low-cost, low-complexity solution for location estimation in wireless
networks since the measurement of the RSS is readily available in most of wireless

systems without additional hardware components.

Reliable location estimation based on the RSS depends on accurate modeling of
the pathloss characteristics of radio propagation channels, that is, the functional rela-
tionship between the received signal power and the distance between transmitter and
receiver. In the most of existing studies of the RSS-based location estimation techni-
ques in the literature, the channel model is assumed known a priori; that is, the pathloss
characteristics of coverage area consider known either by assuming the environment is
perfect free-space or by extensive measurement and modeling prior to deployment of
location estimation systems. However, the PLE is environment dependent. Even in
the same environment, the propagation charactristics may change considerably over
a long period of time due to seasonal changes and weather changes [43].Therefore, a
reliable wireless network needs to have a capability to accomodate and to adapt to the

environment changes.

In this work we study the performance bounds (CRLB) on an RSS based location
estimation scenario. In this scenario, the classic narrowband radio propagation model
is used together with lognormal path-loss and shadow fading. At least three base-
stations are assumed to measure RSS values from an MS. The BSs in this scenario

each have three sectors with directional antennas with a known antenna pattern.

In an earlier study [14], the ML estimator that corresponds to this location sce-
nario is implemented and its performance is measured. Note that this ML estimator
produces biased estimates and the CRLB of the this work measures the best achievable

performance for unbiased estimator. Therefore the MLE RMSE of [14] can be lower

than corresponding CRLB in some cases.
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In this chapter, short summary of system model is given. Path loss model, An-

tenna model, and problem formulation will be explained respectively.

5.1. Path Loss Model

Path loss (or path attenuation) is the reduction in power density (attenu-
ation) of an electromagnetic wave as it propagates through space. Path loss is a major

component in the analysis and design of the link budget of a telecommunication system.

Path loss may be due to many effects, such as free-space loss, refraction, diff-
raction, reflection, aperture-medium coupling loss, and absorption. Path loss is also
influenced by terrain contours, environment (urban or rural, vegetation and foliage),
propagation medium (dry or moist air), the distance between the transmitter and the
receiver, and the height and location of antennas. The propagation losses may be ca-
used by the natural expansion of the radio wave front in free space (which usually takes
the shape of an ever-increasing sphere), absorption losses (sometimes called penetra-
tion losses) when the signal passes through media not transparent to electromagnetic
waves or diffraction losses when part of the radiowave front is obstructed by an opaque

obstacle, and losses caused by other phenomena.

In wireless communications, path loss can be represented by the path loss expo-
nent, whose value is normally in the range of 2 to 4 (where 2 is for propagation in free
space, 4 is for relatively lossy environments and for the case of full specular reflection
from the earth surface-the so-called flat-earth model). In some environments, such as
buildings, stadiums and other indoor environments, the path loss exponent can reach
values in the range of 4 to 6. On the other hand, a tunnel may act as a waveguide,

resulting in a path loss exponent less than 2 [44].

The path loss in a cellular communication system shows an increasing trend with
distance from the BS. There are various path loss models in the literature, however,
these models differ on how they incorporate the environmental characteristics into the

model.



29

As a common approach, Hata model is used for signal prediction in macrocellular
environments. This model is valid for the frequency range of 100-1500 MHz, distance
of 1-20 Km, base station antenna height in between 30-200 m, and vehicular antenna
height of 1-10 m [45,46]. However, Hata model does not address the many new gene-
ration communication systems [e.g., UMTS, WiMAX, LTE] that feature smaller cells,
shorter base station antenna heights, and higher frequencies. So, there are some mo-
difications to this model and a suitable propagation model hs been given for the real

time calibration of propagation parameters is given in Watt units as:

R(z,y) = LOZIO_”/10 (5.1)
)

where R(x,y) is the received signal strength and P is the total power being transmitted
by the BS on one channel. dj is the free space reference distance and d(zx,y) is the
distance between MS and BS at point (z,y). Variable « is the PLE and it describes
how quickly the signal attenuates as a function of distance (i.e. a slope or a steepness
of the path loss curve). Variable v is the random variable describing the shadow fading
deviation from the mean path loss value (in dB) which is present due to the fact that
two spatially different locations having the same MS-BS separation may experience
totally different kinds of radio paths. Therefore, measured signals may differ greatly in
their mean predicted signal levels. Fast fading is not incorporated in the model since
such effects are assumed to be averaged out in the measurements reported by MSs.

Finally, £ is found from intercept and calculated with the Equation 5.2 [47]:

5= (y 52

where A\ = ¢/ f is the wavelength in meters. For GMS and UMTS operation frequencies
are considered 900 Mhz and 2100 Mhz respectively, ¢ is speed of light and dy is chosen

as 1m considering microcell environment [45].
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Figure 5.1. Free space propagation loss for both GSM and UMTS cases

The basic stating point for loss calculations is the free space loss, as this represents
minimum possible loss. In log-normal propagation model of Eq.5.1, when o = 2, it
reduces to free-space loss which is 201og;,(47d/)). As it is seen in Figure 5.1, the loss
in UMTS is greater than the loss in GSM because of operational frequencies they use.
The figure shows the phonomenon since RF energy reduces with distance as Maxwell’s

equations states.

Taking the logarithm of Equation 5.1 and defining received signal power in dB format:

R(z,y) = 10logy, <g) — 10alog;, (@) -, (5.3)
0

5.2. Antenna Radiation Model

A directional antenna or beam antenna is an antenna which radiates greater power
in one or more directions allowing for increased performance on transmit and receive

and reduced interference from unwanted sources [48]. Power distribution of an antenna



31

in every direction is given by the radiation pattern. Radiation pattern information for

an antenna is obtained from the manufacturer [49).

If base stations are used in conjunction with directional (in azimuth) antennas,
one base station may serve three cells by using three directional antennas over the
designated area. This kind of schemes are commonly applied in GSM and UMTS sys-
tems [50]. In this way a better coverage of an area compared to a centrally located
base station can be provided. The directivity of a base station antenna provides addi-
tional discrimination against signals for neighboring cells, therefore reducing adjacent
and co-channel interference. Thus, the accurate knowledge of radiation pattern which
can be used to estimate the signal level at every direction is needed to validate the
assumptions made in the planning process regarding the coverage area [51]. It is assu-
med that the network consists of BSs that are operating in a three sector configuration

with known radiation patterns where each sector is serving for one cell.

Cellular and point-to-multipoint wireless communication systems commonly use
fan-beam antennas for sector coverage from the central station. An approximate for-
mula describing the normalized azimuth radiation pattern of the fan-beam antenna

using three parameters is given as [52]:

A(¢) = exp|—asap( )] (5.4)

¢HBW

where azqp, ®gpw and 7 are used to adjust the pattern shape. asgp determines the
pattern value at |¢| = ¢ypw and ¢ypw is chosen to determine half power bandwidth.
Thus,

1
asqp = —ln(%) = 0.3465 (5.5)

7 is used to match the pattern to a second field value, v, at |¢p| = |¢,| where 0 < v < 1



32

as in Equation 5.6

—In(v)
ln( a3dB )
In(12)

®$3dB

T =

(5.6)

Then, A(¢,) = v. So, the Front-to-Side of the pattern set by an appropriate choice of v
and ¢,. In the proposed algorithm, 7 is evaluated at |¢, | = 7/2, the value of v is chosen
as 0.006 that is the inverse of the front-to-side (F/S) ratio of the normalized pattern
and ¢ppw = 7/3 as recommended in [52] according ETSI EN 301 215-2 Class CS 2
requirement in a Local Multipoint Distribution Service (LMDS) point-to-multipoint

application.

Normalized Radiation Pattern for a 3 Sectored BS Configuration

270

Figure 5.2. Normalized radiation patterns of a 3 sector BS configuration in

Magnitude with ¢ypw = 7/3 and F/S = —44dB

In Figure 5.2, the radiation pattern with the corresponding parameters is shown
for a sectoral BS configuration that employed in the signal model to approximate the

radiation pattern of each sector.

Since multi-sector BSs are commonly used in cellular networks, amount of the

transmitted power at a direction changes according to the radiation pattern. Therefore,
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the path loss model given in previous section can be improved by adding the radiation
pattern information which depends on the direction of transmission and antenna cha-

racteristic as shown in Equation 5.7.

PGA; (z,y)
/B (dk,id(mﬂg) > @
0

Where, k and s represent the base station index and the corresponding sector index

Rio(z,y) = 10~ Vk.s/10 (5.7)

respectively. Each base station has 3 sectors and each transmitting cell represents one
sector. Ay s(x,y) is the normalized radiation pattern that belongs to the base station
k and sector s. G is the antenna gain in the azimuth direction and it is assumed that
it does not change with each BS. Ay s(¢) is represented as Ay (z,y) since it is possible
to determine ¢ with the knowledge of MS and BS coordinates. Taking the logarithm

of Eq.5.7, we have:

d(x,y)
dy

PG
Ry s(x,y) = 10log,y —— — 10alogy, (

/8 ) + 20 10%10 Ak,s(xa y) — Ug,s, (58)

Here, it is assumed that P,G and 3 are known a priori and the received signal strength

measurement into dB unit has been obtained.
5.3. Problem Formulation

It is supposed a target node is located at some unknown location (x,y) and n

reference nodes are located at the known locations (g, yx), 1 < k < n.

The problem of RSS-based location estimation is to estimate the unknown loca-
tion coordinates of the target node from RSS measurements of the radio signals
transmitted from reference nodes to target node.

The unknown location coordinates can be estimated based on distance measurements

by solving for the system of nonlinear equations [1].

Ve —a)?+@y—w)?=d, 1<k<n, (5.9)
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where d}, is the measured distance between the target node and the kth reference node.
The nonlinear equations for distance measurements-based location estimation can be
related to RSS through the classic narrowband radio propagation pathloss model [53]
and the path loss model can be improved by adding the radiation pattern information
which depends on the direction of transmission and antenna characteristic A(¢) as it

was given in previous section. Thus,

L, = Lo + 10alog,, d — 20log,y A(¢) + v (5.10)

where Lg is the signal power loss in dB unit at 1m distance and, L, is the signal power
loss at a distance d (d > 1m), the parameter « is the distance power gradient (Path
Loss Exponent, PLE), v is a Gaussian random variable representing log-normal shadow

fading effects in multipath environments.

In radio propagation channel studies, the random variable v is considered zero-
mean, i.e.,~ N(0,02), while its standard deviation o2 depends on the characteristics

of a specific environment [53].

For a given wireless system, Ly can be calculated or measured during the system
calibration period and L, = P, — P, = 10log,, (PG/S) — 10log,y, R(x,y) can be de-
termined real-time at receiver node by measuring the received signal power P, if the
transmit signal power P; is known.

A(¢) can be written explicitly in terms of base station and sector identifiers, k& and s

respectively. And since angle ¢ is only dependent on target location (z,y):

[Adks(,y)]
PHBW

Ap,s(z,y) = exp[—azap( )]

where A¢y s(z,y) = f*(or(z,y) — ¢r.s), function f* wraps the angle between —7 and
7 and is defined with following notation f(x) = (x + T)mod2r — 7.

¢r:angle defined between kth base station and mobile station,

¢k s:angle of initial sectoral orientation with respect to the ”"x” axis).

and angle ¢ notation can be seen explicitly in Figure 5.3.
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Figure 5.3. Angle ¢ definition on diagram

¢r(x,y) is the equivalent of four quadrant-arctangent given below:

(

35

arctan(y/x), ifx>0
7+ arctan(y/x), ify>0,2<0
—m +arctan(y/z), ify<0,z2<0
atan2(y, x) = (5.11)
/2, ify>0,2=0
-7/2, ify<0,2=0
unde fined, ify=0,z=0
\
Thus angle ¢ can be expressed analytically as:
Ons(2,y) = arctan(2=25) + msgn(y — yp)U(zx — ), where sgn is the signum function,

and U is unit step function.

If we define p = L, — Ly which is observed pathloss in dB from 1m distance to

d. By substituting (5.9) into (5.10), the system of nonlinear equations for location

estimation can be rewritten as:

Pks = gk,s(e) + v,

where g s(0) = 10alogydr —

1<k<n,and1<s<3

(5.12)

201log;y Ax.s(¢) and unknown vector paramater 6 =
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01, 05,057 = [x,y,a], k is the index identifying the base stations while s is the index
representing the antenna sector. For each base station k, there are three antenna

sectors s = 1,2, 3.

In vector form, it is going to be defined as follows:

p=g(0)+v (5.13)

where p = [p1,..pa]", 8(0) = [91(0), ...g,(0)]" and v = [v1, ..v,]"
This is the signal model of the problem of RSS based location estimation for a system

of BSs with three sector antennas.

In the next chapter it is derived the Cramer-Rao Lower Bound of the problem.
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6. CRAMER-RAO BOUND ANALYSIS

6.1. Cramer-Rao Lower Bound

6.1.1. Introduction

The Cramer-Rao Lower Bound(CRLB) places a lower bound on the variance of
a parameter estimate that can be achieved by any unbiased estimator. Being able to
place a lower bound on the variance of any unbiased estimator proves to be extremely
useful in practice. First, it allows us to assert that an estimator is the MVU (Minimum
Variance Unbiased) estimator. This will be the case if the estimator attains the bound
for all values of the unknown parameter. Second, it provides a benchmark against which
we can compare the performance of any unbiased estimator. Furthermore, it alerts us
to the physically impossibility of finding an unbiased estimator whose vairance is less
than the bound. Although many such variance bounds are exist, the Cramer-Rao lower
bound is by far the easiest to determine [54]. Also, the theory allows us to immediately
determine if an estimator exists that attains the bound. If no such estimator exists, then
all is not lost since estimators can be found that attain the bound in an approximate

sense. For these reasons we restrict our discussion to the CRLB.

6.1.2. Derivation of CRB

The CRLB for RSS estimation depends on the strength of signal, Gaussian ran-
dom variable and pathloss exponent. In radio propagation channel studies, the random
variable v in the pathloss model (5.10), which represents shadow fading effects in multi-
path environments, is considered a zero-mean Gaussian random variable, i.e., N (0, d?),
while its standard deviation ¢ depends on the charasteristics of a specific environ-

ment [53].

Then the pathloss observation pj defined in (5.13), has probability density func-
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tion:

f(pr,s;0) = —\/%a exp(— (Ps _2?;’5(0))2) (6.1)

which is parameterized by unknown vector parameter ¢. If we assume that py s, 1 <
E < n1 < s < 3, are statistically independent observations, joint distribution of

observation vector p becomes
Fo;0) = [T 11/ ors:0) (6.2)

The CRB on the covariance matrix of any unbiased estimator 6 is defined as (in the

positive semidefinite sense):

where F = —E[Ag(AgIn f(p;0))7] is the Fisher information matrix [54].

Given the joint distribution of the observation vector p in Eq.(6.2), equivalent

log-likelihood function can be defined as (see Appendix A.1)

n 3
20_2 ZZ Pk,s — gks 2 (64)

UV k=1 s=1

1)

and the Fisher information matrix can be derived as ( see Appendix A.1):

021(6) |
06,00,

Fy = [Fly = — (6.5)

3 0 [ L )
0'_13 ZZ:I Zs:l( gg’;z( ))2 lf 1 =7,
3 Ogks(0) Ogr,s(0) e 4
ng 22:1 23:1 9’591. gggj if i # .

Since, g;(0) is defined as g s(6) = 10alog,y d, — 201log,y Ak s(¢) and unknown vector
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parameter § = [0, 0,,03]7 = [x,y, a]. The gradients of g;(f) can be extracted as given:

Ogrs(0)  10a up, 20 Oln Ay 5(x,y)

ox __lnlod_k_lnlo or
Ogr,s(0) 100 ugy 20 OlnAgs(z,y)

dy ~ Inl0d, 1Inl0 dy
agk,s<9) o 10

dao Inl0 I

(6.6)

|A¢k,s(m7y)| )7‘]

where ug, and uy, are defined %, =Y respectively and Ay s(z,y) = exp|—asas( e

dy,

Log-Likelihood of Radiation Pattern, In(;
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Figure 6.1. Plot of Log-Likelihood of Radiation pattern in field of [-50 50] m

As it is seen from the Fig.6.1, Log likelihood of radiation pattern is continuous

but fails to be differentiable on the line which MS lies on direction of sector, since the



40

tangent slopes do not approach the same value from the left as they do from the right
[Appendix C.1]. To avoid these cases, we make sure that MS is not in this locations:
Taking into account that ¢y s(z,y) = arctan(4=2) and definitions

4[jt]) = & = sgn(t), L(arctan(t)) =

1
Il ) dt 1+2°

Thus, the partial derivatives of Ay s(x,y) can be expressed as follows:

aln Ak,s<x7y) o |A¢k,s(x7y)‘7— (_%)

Ox =D A¢k,s(x7 Z/) dy (6.7)
Oln Ak,3<x7y) o |A¢k,s(x7y)‘7— (_%)

dy =P A¢k,s($, y) dy (6.8)

(¢uBW)™ "

where D = asqp

6.2. Accuracy Measures

Let (Z,y) be any unbiased location estimator. Then CRB in Eq.(6.3) gives lower

bound on the variance of the unbiased estimator (z,y); that is,

E((@ — )" > [F~']u, El(y —y)’] = [F ]z, (6.9)

In location estimation applications a more meaningful performance measure of location

estimators is based on the geometric location estimation error € = \/(Z — )2 + (§ — yx)2.

The mean-squared error (MSE) of any unbiased location estimator is lower bo-

unded as Eq.(6.9) describes:

2 = El > [Fy + [F s (6.10)

rms

where €,,,,5 is defined as the root-MSE (RMSE) of location estimators.

Thus, from Eq.(6.10), we can determine the lower bound on the MSE of any unbiased
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location estimator,

s > (FaoFsy — Foy + Fii Fis — F) /| F| (6.11)

where |F| is the determinant of the Fisher information matrix. In the same way, we can
determine the lower bound on the variance of any unbiased estimator of distance-power

gradient « as:

0z > (FuFan — Ffy)/|F| (6.12)

So, the Fisher information matrix (3x3) is represented as follows:

Fi Fip I3
F= Fy Fyy Iy
Fy F3p I3

Since the FIM matrix is symmetric, Fio = F5, Fi3 = F3 and Fy3 = Fjo; so, the
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members are defined as:

Fae b3y (2

”klsl

n 3 2
1 100 upy 20 Oln Ay (x,y)
_Ezz(lnlo dp  In10 Ox

UV k=1 s=1
(3915;(9)> (391(;;(9)>

—10cvuy, 20 OlnAgs(z,y) [(—10auy, 20 Jln Ay (z,y)
In10 dg In 10 ox In10 dg In 10 dy

1
Fa=5Y
Ty k=1
n

(3915;(9)> (agg;(e)>

1 —10cvuy, 20 Oln Ay s(x,y) 10 lnd
S o2~ = \Inl0 d W10  Ox 1o "
F21 - F12
R R 2 (0gis(0)\?
n= 227y

8915; (9)> (Q@;@))

—10cvug, 20 8lnAk7s(x,y)) ( 10 lndk>

! 10cr g 20 Oln Ay (z,9)\>
_0322(11110 O

i In10 dr  In10 dy In10
F31 = Fi3
F39 = Fb3
n 3
1 09r,s(0)\ [ Ogrs(9)
ra= 305 (%) (Y
k=1 s=1
n 3 2
1 10
= ——Ind
o2 Z (ln 10 k)
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To evaluate RMSE

rms —

e > (FyoF33 — F223 + P Fs3 — F123)/‘F|

we have to find each multiplication and determinant of FIM matrix. However, the
computation complexity can be reduced if we derive the interpretation of accuracy
measures by utilizing the definitions of cross product and dot product of geometric

vectors.

Given two geometric vectors a = a,ux + a,u, and b = buy + byuy, the cross

product of two vectors can be written as:

axb=(asb, — ayb,;)u,
Where u, = ux X uy is the unit vector in the direction of z axis. If we further define
the angle of a vector, denoted by ¢, as the angle measured from z axis in counter-
clockwise direction as in polar coordinate system, the cross product and dot product

of two vectors becomes:

a x b = |a||b]| sin ¢4pu,

a e b = [al[b] cos g

where ¢, = ¢p — du, ¢, and ¢, being the angles of vectors a and b.

Applying these definitions to two vectors, u; = u;;ux + U0y and vj = ujzux +

Ujy Uy, we can derive that

Ui X U5 = (Uipljy — Uiylljz ) Uy = SN Gaplly,

ujeu; = (inij + uiyujy) = COS ¢7ﬁj

After some tedious derivation, the lower bound on the accuracy measures defined in
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6.10 can be written as (see Appendix B.1)

€rms > (04/a)>.GDOP2, (6.13)

rms

Where GDOP,,,, is the geometric dilution of precision [32] and it is given as:

n—1 n nd; ndg nd: In
GDOPzy.u In101 oy oty (e — ez 4 olndinde (1 cos gy )] + ETerms«
[t P n n—1 n Ind,)? . n—1 n nd;Ind,, . . .
BUEE A\ D DN ) Sy DA (1o e )2 did?) sin® g + > 21 Sy ld%’dlldi sin ¢p sin @] + ETerms
(6.14)

In fact, by defining GDOP, it will be easy to analyze the effect of environmental para-
meter, o and o,, and the geometric parameters, di and ¢y.

Actually, since ETerms in GDOP is difficult to simplify with pure ¢ parameter, we will
not analyse the angular distribution of Base stations on field. But numerical analyses

will be in our study.

6.2.1. Accuracy Measures for Distinct PLE

In previous sections, we assumed that the Path loss exponent value is same for
all base stations in our coverage area. However, in most cases, this assumption does
not usually hold because of the environment dependency of PLE value. Thus, we are
going to evaluate the performance of the model considering a scenario where each base

station has a different PLE value.

In the general case, g;(6) is defined as gi s(0) = 10ay log,q di — 201ogy A ()

Unknown vector paramater = [0y, 0y, ....0,]T = [z, y, a1, g, ...,ap]T.  The gradients
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of g;(0) can be extracted as given:

Ogr,s(0) 100y, up, 20 Oln Ags(z,y)
or —_lnl()d_k_lnl() ox

(9gk 3(9) . 10ak Uky 20 Oln Ak75 (.CE, y)
" Inl0 dp Inl0 oy

10

agk s

8041 - (ln 10 = d1> %1
8gk‘8 o 10
8&2 B (ln 10 = d2> Oz
89]{8 10
Inds )4
das (lnl() " 3) s
Agis(0) 10
’ = Ind 1
D o ™) (6.15)

where uy, and uy, are defined %, Y=Y respectively and Ay s(z,y) = exp|—asqp(

dy, PHBW

So, the size of fisher information matrix increases to k42, and it can be represented as

follows:

Fi. Fa - Fiip
Fop  Fhy oo Fypgo
Friokio = _ _
Frionr Frioo  Friogto

In case if number of base stations are 3, the FIM matrice reduces to 525 and unknown

vector paramater is given as = [x,y, a1, a9, as]” .

The mean-squared error (MSE) of any unbiased location estimator is lower bo-

unded as rewritting the equation (6.9) describes:

F1,1)  F2,2)
_l_
det(F)  det(F)

s = B[] 2 [F 1y + [F ']y =

rms

(6.16)

We assume that path loss exponent value for each base station is independent of each

other. Thus, FIM matrix elements include multiplicaton of partial derivatives of diffe-

|A¢k,s(x7y)|

)]
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rent o reduces to zero. Fis an (k + 1)X(k + 1) matrix obtained by deleting the first
or second row and the first or second column of F, and it can be decomposed into

matrices of a special sructure:

a fi fi f3 o fa
€1 dl 0 0 0
F=|e¢ 0 d 0 --- 0
e, 0 0 -+ 0 d,

The computation complexity can be greatly reduced if we take advantage of the follo-

) (6.17)

After some algepraic manipulation, [F'~1];; and [F~!]y, are expressed as:

wing relation:

N N f
detF = H d,,. (a — Z ;en
n=1 n=1 n

[Ffl]n = (FaFs3FyFss — F223F44F55 - F224F33F55 - F225F33F44)/\F\

[F Yoy = (F11 F33FuaFss — FoyFuaFys — F FsgFss — FiFy3Fyy)/|F (6.18)

where |F| is the determinant of the Fisher information matrix and €., is defined as

the root-MSE (RMSE) of location estimators. Thus each member of the FIM matrix



can be given as:

O,s(
= o2 ZZ gk
Tv =1 =1
B —100qf Uk 20 Oln Ay s(x,y) 5
N 05 ;Z In10 di, Inl10 ox )
8gk‘s agk,s(g)
Fiz = o2 Z Z dy )
Ty k=1 s=1
B ZZ —100 gz~ 20 8lnAkﬁs(x,y))(—10ak%
T o2 c= 4= 1nl0 d, Inl0 Ox In10 dy,
59k:s agk,s(g)
Fs = o2 Z Z ox Oay )
U gp=1 s=1
—100; uq, 20 0ln A 4(z,y),, 10
_ = e _ ’ Ind
o2 Z( W10 4 Wi or i %)
agks agk,s(0>
F14 T o2 Z Z 8062 )
U k=1 s=1
g <—1Oaku2x 20 8111Ag7s(x,y))( 10 &)
T 24 10 dy  Wl0 oa m1o )
n 3
1 agks agk,s(g)
s = 52 Z Z Oas )
U k=1 s=1
1 <, —10asus, 20 OlnAs(z,y)., 10

v

. 1 —10akuky
N 02;2( In10 dj

Eszl In10 dy

010 9r o™ ds)

20 Oln Ay (z,y) )2
In10 dy

20 0ln Ay (2, y)

A7

~ In10

dy

)
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gkzs 591:,5(9)
F23 - Z Z aOék )
—100 u 20 Oln A 4(x, 10
:_Z( lﬂ_ 1, ( y))( lndl),
o2 In10 d; In10 y In 10
8glcs agk,s(e)
Fy = — Z Z o s )
v k=1 s=1
3
1 —10as u 20 01ln Ay 4(x, 10
== ( 2 %2y 2, ( y))( lndg),
o2 In10 dy In10 dy In 10
n 3
1 agkzs 8gk,s<9)
Iys = 52 Z Z dais )
U k=1 s=1
1 <~ —10asus, 20 9lnAg,(z,y). 10
== — - ’ ) (o Inds),
oy = In10 d3 In10 dy In10
F31 = F13
F39 = Fo3

Fiyy— — ’
) YL
3
1 10
S (I dy)?
o? ‘ (lnlo ndi)
F5y=0,F35 =0
Fy = Fuiy, Fag = Foy
n 3
1 Ogi sw) Ogi 8<9)
F —_ )
44 322( Ay Ocvs )
k=1 s=1
3
1 10
= — — 1 2
o2 4 (1o 10 d2)
Fy3=0,F;5=0
F51 = Fis, Isy = Fos
Fs3=F35=0,F54 = Fy5 =0
agks agk 3(9)
F —_ i
= 3 ZZ aag S
=1 s—1
3
1 10
= — (—lndg) ,

ln 10
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The multiplications for CRLB evaluation are not given explicitly here, thus having

only member is enough for numerical solution with MATLAB tool.

6.2.2. Smooth CRB Analysis

In GSM and UMTS, minimum detectable threshold value of received signal st-
rength is —110 dBm and —120 dBm respectively. If received signal power is below the
—110 dBm or —120 dBm , the data under threshold is not taking into computations.
The probability X > —110 dBm with Q-function definition is performed to simulate
this threshold.

In statistics, the Q-function is the tail probability of the standard normal distri-
bution. In other words, Q(x) is the probability that a standard normal random variable
will obtain a value larger than x. Other definitions of the Q-function, all of which are
simple transformations of the normal cumulative distribution function, are also used

occasionally.

If we have a normal variable X N(u,0?), the probability that X > a:

P(X >a)=Q(L ey 17H

O Og

_2

where Q-function is defined as Q(x) = \/LQ? [ exp(=

)dz, using the relation,

Qz) =31 —erf (ﬁ)), we are going to use following relation for our computations,

P(X >a)=1+lerf (ﬂﬂ——)

where p can be extracted from the our propagation model given in Eq.5.8, thus:

d(x,y)
dy

PG
t.s(x,y) = 101logy, <7> — 10alog,, ( ) +201ogo Ak.s(x,y), (6.19)

When MS lies under coverage area of n BSs, there are 3n possible RSS measurements
that corresponds to the data point py, 5 of sector s of BS k that can be used to estimate

location. But any of the 3n data points pj s could correspond to a power level less the
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the sensitivity threshold a, which here is taken to be -110 dBm, in that case py, 5 is an

invalid RSS measurement.

To describe each possible case of the validity of measurments, define the validity

matrix V, where

1, if prs >a
V- P, (6.20)
0, it prs < a

Since there are 3n entries in V which only take on values 1 and 0, these are 23" possible
V' configurations.
For each configuration, i.e., each MS point, , it is possible to calculate the CRB which

is a lower bound for the RMSE (variances) of any unbiased estimator.

Therefore the expected value of the RMSE of any unbiased estimator will satisfy,
B0 0)*10 = (x,9)] = Y CRBIO = (x,y), VIP[V = Vil = (x,y)]  (6.21)

where the index i spans all the 23" possible states of V. And P is given as:
M 3
P(V = ‘/z|6 = (l',y)) = H Hp(k7 S, 97 [‘/Z]k,s)
k=1 s=1
assuming that each measurement is independent

P(pk,s Z a\@), if [‘/i]k,s =1

p(ka S, 97 [V;}k’,s) =
11— P(pk,s Z (l|0), if [‘/i]k,s =0

For each validity configuration case the CRB has been evaluated as given below:

M 3
CRB(0 = (z,y),V;) = [ [ [ FIM 1 = A(k, 5,0, [Vi]1..)

k=1 s=1



o1

where A(k, s, 0, [Vi].) is defined as:
- Ags, if [Vilgs =1

A(ka S, 07 [V;]k,s) =
Ak,s = 07 if [%]k,s =0

In numerical results as given in next chapter, it is clearly seen that smooth CRB

shows better performance as compared with conventional CRB method.
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7. CRB NUMERICAL ANALYSIS and PERFORMANCE
EVALUATION

The performance lower bounds of any unbiased RSS location estimator depends
environmental parameters, o and o,, as well as geometric parameters d and ¢. MAT-
LAB tool has been used throughout our work to analyze the performance of the for-
mulation in previous chapter. In this chapter, various simulation environments have

been implemented and performance bounds are analyzed and presented.

7.1. Performance Comparison

CRB versus RMSE

7.1.1. Global Parameters

It is assumed that all BSs in the network (7.1) have three sector configuration
where each sector belongs to a cell with identical coverage area and transmit power,

the input parameters are given in Table 7.1

Radiation Patterns and MS Coverage Area
2000 T T T T T

1750 .

1500 - o

1250~ .

1000 - n

Y[m]
-
3

T
i

500 - .

250 '\ .

-250 n

-500 I I I I I I I I
-500 -250 0 250 500 750 1000 1250 1500 1750 2000

X[m]

Figure 7.1. Radiation Pattern and Simulation Area



Parameter Name Parameter Value Unit
No of BSs 3 -

No of sector per BS 3 -
Min measurable RSS Value | -110(UMTS) dBm
BS-1 Location x=0,y=0 m
BS-2 Location x=1500,y=0 m
BS-3 Location x=0,y=1500 m
BS First sectoral orientation | 7/4, 3w /4 and 0 rad
BS RF Tx output power 50 dBm
Antenna HBW 27/3 radians
Antenna Gain 25 dBi
Oz 6 dBm
T 6.639 -
Path Loss Exponent 3 -
Mobile Station Position Uniform in coverage | m

area with [0 1000] m

Table 7.1. Environment and Input Parameters for Analysing

23



7.1.2. Algorithm RMSE Results and CRLB Evaluation

RMSE
1000 ——= . :

y(m)

0 100 200 300 400

500 600 700 800
x(m)

Figure 7.2. ALGORITHM RESULT: RMSE When RSS value is > —110dBm [Error

in Meter]

There is a transition seen from inside of quarter circle to outside which is caused

of initialization of algorihtm done according to serving BS area restriction.

CRLB

y(m)

0 100 200 300 400 500 600 700 800 900 1000
X(m)

Figure 7.3. Cramer Rao Bound When RSS value is > —110dBm [Error in Meter]
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As it is seen from figures performance degrades up to 450 m in RMSE error,
400 m in CRB. CRB shows better performance in generally speaking. Moreover, it is

clearly seen that Radiation Pattern has significant contributions to location estimation.

Three lines which are drawing on the images[Red,Yellow,Black| are taken for

sampling to compare of CRB and RMSE as it is given figures below:

RMSE versus CRLB on Diagonal, ~ 174

500 T T T T T T

— RMSE
— CRLB

CRLB, RMSE [m]
= N N
wu o u
o o o

=
o
(=}

al
o

1 1 1 1 1 1 1 1 1
0 100 200 300 400 500 600 700 800 900 1000
X[m], Y[m]

Figure 7.4. Plot of RMSE and CRB when MS is on the diagonal, as seen on diagonal

line
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RMSE versus CRLB on X=~245 line
300 T T T T T

— RMSE
— CRLB

CRLB,RMSE [m]

50 1 1 1 1 1 1 1 1 1
0 100 200 300 400 500 600 700 800 900 1000

Y [m]

Figure 7.5. Plot of RMSE and CRLB when MS is on x=245 m line

RMSE versus CRLB on Y=~245 line
240 T T T T T

220

200

CRLB, RMSE [m]

1 1 1 XL’JX

1 1 1 1
0 100 200 300 400 500 600 700 800 900 1000
X [m]

40

Figure 7.6. Plot of RMSE and CRLB when MS is on y=245 m line

Cramer-Rao Bound shows lower bound for algorithm RMSE in most cases . Thus,
usually CRB gives better performance comparing RMSE of algorithm. There are some
sharp transitions in CRB plot which is because of probability to decision signal strength

threshold.
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7.1.3. Smooth Transition Results

As it is stated in previous subsection, in CRB results there are sharp transitions
in figures. Because, only one probability of sectoral existence taken in evaluation
formulation for each MS[x,y] location in uniform area. However, if take all possibilities
in our computation, there will more smooth transition betweenn edges. For instances,
in our case, 3 base stations and 3 sectors for each, existence of one sector in one location

may have 2° = 512 possibilities. So, following this idea we got the results given below:

CRLB

1250

1200

y(m)

0 100 200 300 400 500 600 700 800 900 1000
x(m)

Figure 7.7. Smooth CRB When RSS value is > —110d Bm-ALL CASES [Error in
Meter]

The error decreases by 50 m comparing with sharp transition given in Fig.7.3.
And it is easily seen that RMSE (Fig7.2)and CRB(Fig7.7) almost seem identical com-

paring figure overlay.
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RMSE versus CRLB on Diagonal, ~ 174

500 T T T T T

CRLB [m], RMSE [m]

1 1 1 1 1 1 1 1 1
0 100 200 300 400 500 600 700 800 900 1000
X[m], Y[m]

Figure 7.8. Plot of RMSE and CRB when MS is on the diagonal, as seen on diagonal
line

RMSE versus CRLB on X=~245 line
300 T T T T T T

— RMSE
— CRLB

200 b

150

CRLB [m], RMSE[m]

50 L L L L L L L L L
0 100 200 300 400 500 600 700 800 900 1000

Y [m]

Figure 7.9. Plot of RMSE and CRLB when MS is on x=245 m line
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RMSE versus CRLB on Y=~245 line
240 T T T T T

— RMSE
— CRLB
200
180

160~ b

140 4

CRLB [m], RMSE [m]

80 b

60 b

40 1 1 1 1 1 1 1 1 1
0 100 200 300 400 500 600 700 800 900 1000

X [m]

Figure 7.10. Plot of RMSE and CRLB when MS is on y=245 m line

CRB always follows the RMSE of algorithm and smoothly gives better perfor-

mance in comparision.

7.1.4. Results for 4 BSs

In this section, our network consists of 4 Base Stations and radiation pattern
given in Fig.7.11. The first sector of each BS [BS1 = n/4,BS2 = 3n/4,BS3 =
—m /4, BS4 = —37/4] is directed to central point where MS lies.
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Radiation Patterns and MS Coverage Area
2000 T T T T T

1750~ .

1500 - .

1250 - .

1000 - .

750 - -

Y[m]

500 .

BS1 BS2

=250 n

~500 I I I I I I I I I
-500 -250 0 250 500 750 1000 1250 1500 1750 2000

X[m]

Figure 7.11. The Network Schema and Sectoral Orientation of BSs

CRLB, with unknown a where average is = 145 m

250

200
1000

150

Y[m]

500 100

X[m]

Figure 7.12. CRB Results: The sectoral orientation of BS#1 is 45 deg

It is clearly seen the symmetry of image in Fig.7.12 which naturally result of BSs
location and sectoral planning in network. CRB values are poor in central areas and

gives better where sectoral orientation of BSs intersects in boundary areas.
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7.1.5. The Pure Pathloss Model Results/Omnidirectional Case

In this scenario, for a square field with sidess of Lenght 1500 m, the four BSs
are placed at the corners of the field with some margin A=1. In this simulation
scenario, positioning accuracy of the RSS based positioning algorithm which has only
omnidirectional and does not have any directional antenna configuration [32] has been
considered. From the results we can observe CRLB is small in the center of the field

and becomes large as target node moves toward boundary areas.

CRLB, with unknown a where average is = 320 m

Y[m]

0 500 1000 1500
X[m]

CRLB, with unknown o where average is = 320 m

St

i I

i - R

. “‘\\R‘\\;{\‘\}‘{{\\x}{{\ i i
iyt

i

it

i

it

i

i N
L
L

sl
S
i

1500

Yim] Xim]

Itis clearly seen that the average CRLB Error for pure Log-normal pathloss model
is 320 m while 145 m for our radiation pattern model from Figure 7.12. And additi-
onally, the maximum error where worst case occur at boundary areas decreases in our

model and gives better performance.
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7.1.5.1. Effect of Base Station Sectoral Orientation. To analyse the sectoral orienta-

tion of BSs in CRB results, BS#1 is chosen as reference sample for testing. The sectoral

direction of all BS are unchanged except BS#1 as starting [0, 15, 30, 45, 60, 75, 90]deg.

CRLB, with unknown a where average is = 137 m and SC1=0 deg

Y[m]

1000
500 '
.
0 500 1000 1500
X[m]

Figure 7.13. The sectoral orientation of BS#1 has been changed as 0 deg

CRLB, with unknown a where average is = 147 m and SC1=1v12
T

1200

1150

100

50

0

L
0 500 1000 1500

Figure 7.14. The sectoral orientation of BS#1 has been changed as 15 deg
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CRLB, with unknown « where average is = 148 m SC1=x/8

1500 g 300

250

F 200

100
50

Figure 7.15. The sectoral orientation of BS#1 has been changed as 30 deg

1000

500 =

0 500 1000 1500

CRLB, with unknown a where average is = 144 m SC1=1v3

Y[m]

X[m]

Figure 7.16. The sectoral orientation of BS#1 has been changed as 60 deg
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CRLB, with unknown « where average is = 143 m and SC1=5=n/4
T ]

1500 gm

1000 7

0 500 1000 1500

Figure 7.17. The sectoral orientation of BS#1 has been changed as 75 deg

CRLB, with unknown o where average is = 135 m SC1=1/2

1200

4150

100

50

0

0 500 1000 1500

Figure 7.18. The sectoral orientation of BS#1 has been changed as 90 deg

It is clearly seen that sectoral orientation of BS#1 affect the image overlay of

CRLB. As sectoral direction changes, the blind area where CRB worst shifts.
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7.1.6. A Sample Scenario: Boshphorus and Affect of Different PLE

In previous sections, particularly, channels used by the cells that are served by
the same BS are assumed the same PLE and this PLE is not necessarily the same
for other channels. In addition, we assumed that PLE value of each base station is
the same. However, in most cases channels used by the distant BSs have different
propagation characteristics. Thus, in this section we consider the divergent PLEs in
the signal model for channels that are used by the different BSs and evaluate CRLB

for a particular scenario given in Fig.7.19.

Radiation Patterns and MS Coverage Area
2000 T T T

1750 - n

1500 - n

1250 n

1000~ 3

750 - n

Y[m]

500 3

s =

Il Il Il Il Il
-250 0 250 500 750 1000 1250
X[m]

-500

Figure 7.19. CRB Results for sample case: different PLEs

It is assumed that 4 BSs are located in the opposide side of bosphorus, the
distance between BSs located on the edge is 1500m and distance 1000m is between
BSs located on the same side. The PLE values of BS:1 and BS:2 are chosen as 3.2 and
2.7 for BS:3 and BS:4.
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CRLB, with unknown a where average is = 119.6554 m
1500

1000 l
500

0 100 200 300 400 500 600 700 800 900 1000

Figure 7.20. CRB Results

The Figure 7.20 shows us that CRB results where they are worst, i.e center area,

gets better as BSs are getting closer and the area reduces.

CRLB, with unknown a where average is = 46.9413 m
120 T T T T T T

— 10[m]

100

80

60

40

20

L L L L L L L L L
0 100 200 300 400 500 600 700 800 900 1000

Figure 7.21. CRB Results

If MS is moving from BS:1 to BS:2 on the bank and taking different roads away
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from straight line between BS:1 and BS:2, we got results given in Fig:7.21. The average
error CRB shows is about 45m and it is quite acceptable for 1000m distance between
both BSs. The fluctuation near the BSs are expected results since the values are very
close to BS have significant bias, that is why CRB does not show real performance

there.

7.1.7. Affect of Number of Base Station

To study the effects of the number of reference nodes which has significant effects
on the performance of location estimators, the circular deployment of BS nodes has

been considered in this section.

Evenly distribution of Reference nodes on circular, when n=3 to n=10

1500 T T T T T
% If number of BSis 3
O If number of BS is 10
1000 ® B
O O
500 [ Radius r = 1000 m =
o o
E ok (0,0) 7
>
o o
-500 * * ]
o o
-1000 o B
-1500 1 1 1 1 1
-1500 -1000 -500 0 500 1000 1500
X [m]

Figure 7.22. Circular Deployment of Reference Nodes in Simulations

In the circular deployment scheme, Base Stations are evenly spaced on a circle;
the inside of the circle is considered as deployment field for Mobile Station. The center
of the field is fixed at (0, 0) and the radius of the field is set to 1000m. Random
target node locations are uniformly sampled in the field. At each random location, it

is determined CRB has been evaluated.
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Figure 7.23 shows simulation results at two randomly selected Mobile Station
locations (2, 0) and (200, 900), one close to the center of field and the other close to
the edge.

CRLB, with unknown a where avr is = 220 m
T T T
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T T T
1 1
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CRLB, with unknown o where avr is =80 m
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I I
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Number of BSs

Figure 7.23. CRB versus Number of Base Station

It is clear that at location (2, 0) CRB performance increases as number of BS inc-
reases. That is expected result since log-normal model tells that as more measurement
gives better result for location estimation. On the other hand, CRB result for the MS
close to edge shows that there is no direct linear relation between number of BS and
CRB. That is because, on the edge the sectoral orientation has significan contribution
to CRB performance evaluations and correct information included on locations close
to BS. From the Fig:7.23, location estimation close to BSs lower-bound under 100m

comparing the location sample on the center which results 150m even with 10 BSs.

In order to exam the effects of noise level on the performance evaluation, we vary
the standard deviation of log-normal fading variable o,, while Mobile station location
is at (0,2) and (200,900) m. The sectoral antenna configuration model is compared to
omnidirectional pure pathloss model as given in [32]. The results presented in Figure

7.24 show that the value of o, has significant effect on the center field while it does not
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CRLB, with unknown a where avr is = 118 and 540 m

I I
1000 T~ CRLB-Sectoral Antenna
—©- CRLB -OmniDirectional Antenna

CRB Error[m]
o
o
o
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6 8 12 14
o, for MS location = [200, 900] m

CRLB, with unknown a where avr is = 358 m

I I
1000 T =" CRLB-Sectoral Antenna
—©- CRLB -OmniDirectional Antenna

CRB Error[m]
o
o
o
T

14

o, for MS location = [0, 2] m

Figure 7.24. RMSE versus log-normal shadow fading variable o,[dB]

effect much at boundary area. In addition, it is observed that in center field sectoral
antenna does not contribute in positioning accuracy as comparing with pure-pathloss

model.
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8. CONCLUSIONS

In this thesis, we have studied the performance bounds of RSS based localization
using cramer-rao lower bound method. By using Cramer-Rao bound we have expressed
a lower bound on the variance of estimator of the deterministic parameter in our

location estimation model.

Throughout the study, we have concentrated on the RSS based positioning model
which can be implemented in cellular networks with simple modifications in the exis-
ting infrastructure. This model is based on RSS mesurements which is easily can be
obtained in cellular networks. This approach assumes path loss exponent value as an
unknown variable, thus this assumption take the the model close to real environment
where channel conditions can vary frequently. The most important part of the mo-
del is it incorporates the antenna radiation pattern information to supply additional

improvement in positioning accuracy.

The estimation problem is first formulated into system of nonlinear equations and
then performance of estimator studied based on CRB analysis and simulation results.
Quantitative espressions of accuracy measures have been derived. Furthermore, smooth

CRB is presented and compared to conventional CRB bound results.

The CRB results have been obtained under different scenarious and also compared
the RMSE results obtained in an earlier study [14] uses RSS-MLE(Maximum Likelihood
Estimation) method. It is obviously observed that CRB in most cases put lower-bound
as comparing RMSE results. Based on CRB analysis, we have shown that the sectoral
antenna planning has significant effect on location estimation error evaluation. With
accurate sectoral planning on site, the estimation results where observed high can be
eliminated. Moreover, Pure-Pathloss model is more sensitive to lognormal shadow

fading variable than our sectoral RSS model.
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APPENDIX A:

A.1. Fisher Information Matrix Derivation

Given the Joint distribution of observation in Equation 6.2 and propability density

function in Equation 6.1

f(pr,s:0) \/%U eap(— P 2?;5(9))2)
F@:0) =TT 1]/ (prs: )
k=1 s=1

Rewritting the equation above:

(s — gr.s(0))?
0= [T o, eont- 2200

Considering the natural logarithm of the PDF:

n 3
(pk’,s - gk,s(e))2
In f(p;0) =In [HH\/_% +1In kli[ls[[lexp(— 202 )]
1 "o (Phs — rs(6))?
:111(—\/%%)3 +1n exp(;;— P 2?;} )
= K = 57 303 (ks ~ 90.(0))

where K = In( \/%U )3" and constant value, does not involve in derivative equations.
v

Thus, we get the log-likelihood function in Equation 6.4:

n 3
l( - 20_2 ZZ Prs — gk:s

UV k=1 s=1



Recalling (6.5):

0%1(6) |
06,00,

Differentiating the log-likelihood function with respect to 6:

8
: R —
1 6gks(9)

if © = j, so the second derivative:

B =~ 2 g ke — O+ = 0 =)
:_%;2[(@2@59))2“% s (0))( 0 %ké%w))]

if ¢ # j, so the second derivative:

a Z Z 20, (Pr,s — Gk 5(9))(_893259)) + (Prs — gk,s(e))(_a gg@;ﬁﬁ )]
- —}z > S 20) 1 gt Z )

72



Taking the negative expected value yields,

=] EZ ¥

n 3

62l(9) . 1 agks agks 9)
-k [aeiej} B a?zz

U k=1 s=1

and we get the result in Equations 6.1.2.

if i = j;

if i j
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APPENDIX B:

B.1. Lower Bound Accuracy Measures Equations

The lower bound on the accuracy measures defined in 6.10, so the multiplications

of members are given as follows:

n n

FyoFss = 9C Z a? ky (Ind,)?) +ExtraTerms;

kltl

J/

o

F3y =9C ; ;(Ogﬁ Indy Ind,;) +EztraTermssy

2

~ ukxutw
Fi1F53 =9C Z Indg Ind,) +ExtraTermss
k=1 t=1 )
25
F2 9Ci - ukmut:rl di 1

13 = wIndy) +ExtraTermsy

kltl

J/

c4

Where C' = (;lioo)‘L and ExtraTerms are multiplication of terms coming from

radition pattern and path-loss terms.

Thus, FxtraTerms can be explicitly given as:
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n n 3
EatraTerms; — _SCZ Z Z( a%aln Ag;(xa y) . (aAkg?(J$7y))2>(ln dt>2
k=1 t=1 s=1

In A
ExtraTerms; = —3C222auky lndklndt—an gz(x,y)
Y
k=1 t=1 z=1

_3CZZZQ lndklndt—alnASZ(x7y)

k=1 t=1 s=1

+czzz

3 (’“)lnAkﬁ(x,y) alnAt,z(x7y)

dy dy

In dj, In d;
1

— s=1 z=

1
3
ExtraTermss = —3C Z Z Z 2a Uz O1n Ak S(x y) (3/1;@75(35, y) )3 (Ind;)?

k=1 t=1 s=1 dy, dx

In A
EzxtraTermsy, = —3C Z Z Z a% Ind In dta nA.(z,y)

k=1 t=1 2=1 Oz

- 302 Z Z a% In dy In 4, 20 Ak (T 9) Ag;(x’ v)

k=1 t=1 s=1

3

k=1 t=1 s=1 z=1

So, FyFy3 — Fiy + Fy1 F33 — F2 can simplified as follows and also verified in [32]:

=9C(c1 — ca + ¢3 — ¢4) + ExtraTermsx (B.1)

lnd Ind Ind;Ind
=9Ca? ;t;d L — k) + Qdic—dtk(l — cos )| + Extralermss (B.2)



Similarly, detF is

|F| = +F11 FooFs3 — Fi1 o3 F3o
+FioFo3F3 — FioFy Fs

+Fi3F5 Fag — FiglyFy

So, the multiplications are:

2
021n; 0 — =
nS U Oln Ay . (z nS
Z(—a%Jr—gs v) Y (nd)?
k=1 s=1 k Yy k=1 s=1

=27B Z ot Lk Ty ) 2d,, +ExtraTermss

(. J

Fo oo F _an:i auﬁ_'_alnAk,s(may))Q
11472314732 dk; 0x

=1 s=1
n 3
i % 8lnAk,s(xay)
Zz_:( ozdk +—8y )

n 3
(4 8 In Ak,s (l’, y)

= 97B Z « zﬁg%lmd Ind; +FExtralermsg

[\ J/
-~

c7
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3
Uge  Oln Ay 4(z, U dln Ay, (x,
FioFy3F3 = BZZ(—QL + M)(—Ogﬂ + k—7(y)

k=

,_.
w
Il

-

=278 Z a4uk2—;:ky UZZ:“T Ind,, Ind; +Extral erms;

n »  OlnAp(x, Oln Ap (z,
F12F21F33 :B[Z (_aui_i_ﬂk—,(l’y))(_a%+nk—7(:cy)

=278 Z ot Wk Uy Wmy U In%d, + ExtraTermss

2 2
klm=1 dj, dz,
co
n 3
Uke  Oln Ag (z,9)
FigFy Fy = B Z(—ad—k o) ndy
k=1 s=1
n 3
Uy Jln Ak s(x7y> Uky Oln Ak S(x,y)
: a2 I (Y T T
kz_; ;( dy, ox ) dy, dy )
n 3

Oln A 4(z,
SIPPCH I Hg—,y@% In dy
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" u  0lnAg (1, 2)

D) (—a—F + — ) Ind,
dl 8y

S Uy (‘9111Am5(x,y))2

.Z:Z(—oz i + 8(1;

m=1 =1
_ u?, wu
=278 Z at dr;by (l;dkx Ind;Indy, +ExtraTlerms
10k
k,l,m=1
cn

As the same way we derived the numerator, we get the following analytical rep-

resentation for determinant and already verified the first part [32].

|F| = 27Ba*(cs — ¢7 + cg — cg + c10 — c1it) + ExtraTerms™ (B.3)

L Indnd,,

- " (Ind,, . ”
= 27Ba* Z Z Z d2kd2l n? okl + Z Z d2dl sin ¢g; sin G| + ExtraTerms

m=1 k=1 t=k+1 k=1 =1

(B.4)

Thus, ExtraTerms* can be explicitly given as:
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ulyﬁlnAlZ(m Y) Ol Ay (z,y),,

ExtraTermss = 3B Z Z a? ’“l 2d,, (—2a ( )%)
k,l,m=1s,2=1 dl 8y 8y
Uke 01n Ay 5(z, y) O A (7,Y) 97, 2
+ 3B Z Z 2a— > + ( > ) 1In? d,y,
k,l,m=1s,z=1
[& uly _2a/uly Jln Al,z<may) (8111 Al,z(xvy))Q]

uy, 0In A, g(x
ExtraTermsg = Bkg;lszzﬁ:lof kz Ind, Ind,,[—« dlly 8;( y)

o Uy OlnAy,(v,y) OlnA.(z,y) 0InAy,s(z, y)]
i dy Iy dy

n 3
InA In A
+ B Z Z 1Hdtlndm[(—2aukxa n k,s(xay) +((9 1 k,s(l"y))Q)

Oz Oz
k,,m=1s,z,=1
Cauy | OlnAL(zy), Uy | OlnAys(x,y).,
(-2 PREEy (D IR B D)

uxu U alnAm Z,
ExtraTerms7—Bk%:lszzB:1 o3 ke ky lyl d,Ind,, a;( y)

B Z Z ukwukyalnAlz(x Y)

k,,m=1s,z,=1 ay
Uy Oln Ay s(2,y) o Ly Oln Ay (x, y) Oln Ay s(x,y) 0ln Ag s(z,y) )
dk dy dk ox ox oy

gy Ooln A ,(z,y) Uy Oln A, 5(z,y)
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n 3
\ OlA, (.
ExtraTermss = 3B Z Z o2 Yhalky 2 dy[— u nAp.(z,y)

a
k,,m=1s,z,=1 dz dm ay
Umy OIN A,y (2, y)  OlnA,, ,(z,y) 0ln A, (2, y)
“ dpm ox B Ox dy )
a. OlnAys(r,y) o OlnAgs(z,y)
+3Bk§ls§1m d[(— s g )
N Oln Ay s(x,y) 0ln Ay 4(z, y)
ox Jy
(_a2umwumy _iumxaln A (z,y) Qi Oln A, .(x,y) n
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APPENDIX C:

C.1. Need for Four-Quadrant Inverse Tangent

The tangent function has a period of =, i.e. tan(¢ + 7) = tan(¢). Consequently
the inverse of the tangent function is not uniquely defined. However if we restrict the
domain of tan to the interval between —7/2 and 7/2 it becomes a continuous one to
one map onto the real line. This makes it convenient to restrict the range of the inverse
function to the interval between —7/2 and /2. This gives a continuous function that

is one to one on the whole real line. This inverse is called arctan.

Even though arctan is a convenient function it cannot give us the angular coordi-
nate for some points in plane. For example consider the points (1, 1) and (-1,-1). They
are collinear with the origin and the slope of this line is 1. We can substitute this slope
into the arctan function to get the angular coordinate of (1, 1) (i.e. the angle that the
ray starting at the origin and passing through (1, 1) makes with the positive x-axis).
This angle is 7/4 = arctan(1). However the angular coordinate of (-1,-1) is 37w /4 (or

5 /4) which is outside of the range of arctan.

One way to avoid this problem is to define a function which makes use of both
the horizontal and vertical coordinates of the point. That is the purpose of the atan?2
function. Its range is the interval between —7 and 7 along with the value m. The

atan2, equivalently arctang, function can be defined in terms of arctan as follows:

(
arctan(y/z), ifx>0

™+ arctan(y/x), ify>0,2 <0
—m + arctan(y/z), ify<0,2<0
arctanyg(y, ) = (C.1)
/2, ify>0,z=0
—7/2, ify<0,x=0

unde fined, ify=0,2=0

\
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arctanyg is left undefined for the point (0, 0). Note that it is conventional to put the
y coordinate before the x coordinate in arctansg(y, z), but for easy use we will use in

straight forward in our equations.

The diagram below show 3D view of arctansg(y, x) over a region of the plane.

a mﬂZ(% f)

Figure C.1. 3D view of arctanag

C.2. Limits and Continuity of Four-Quadrant Arc-Tangent

To discuss continuity of arctan,Q(z,y), lets look the values of the neighbourhood

of the points given in the figure C.2.

jly

Figure C.2. continuity check points

Llz=0, y>0




2.

e Right hand limit and Left hand limit:

lim arctanyg(z,y) = lim arctan(y/x), since x>0,y >0

z—0t z—0t

= lim arctan(u)
u—>—+00

=7/2

lim arctansg(z,y) = 7+ lim arctan(y/x),
z—0~ z—0~

=r+ lim arctan(u)
U—>—00

=m—7/2

=7/2

since x <0,y >0

So, right hand limit and left hand limit are equal. Therefore,

arctansg(x,y) is continuous at z =0, y > 0. /

r=0, y<0

e Right hand limit and Left hand limit:

lim arctansg(z,y) = lim arctan(y/x), since x>0,y <0

z—0t z—0t

= lim arctan(u)

uU——00
= —7/2
lim arctansg(z,y) = —m + lim arctan(y/x),
z—0~ z—0~

= —m+ lim arctan(u)
U—>—+00

=—m+7/2

= —m/2

Thus, arctansg(x,y) is continuous at z = 0, y < 0. /

r<0, y=0

since x <0,y <0

83
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e Right hand and Left hand limit:

lim arctanyg(z,y) = 7+ lim arctan(y/z), since y > 0,2 <0
y—0t y—0t

=+ lim arctan(u)
u—0"

=T

lim arctansg(z,y) = —m + lim arctan(y/z), since = <0,y <0
y—0— y—0—

= —7+ lim arctan(u)
u—07t

= -7

So, right and left hand limit are not equal. Hence,

= lim arctanyg(z,y) = —m =7 = lim arctanyg(z,y) for = <0
y—0~ y—0+t

Thus, arctansg(x,y) is discontinuous at y = 0, z < 0.

C.3. Further Discussion: Continuity of Derivation of arctan,g

C.3.1. The Definitions:

s 1
t — = — d = — -
an(@) = u cosgp’ andcose sqrt(1 + u?)

Taking derivative of u respect to ¢, we get:

du  sin/¢cosp — cos'gsing  cos*p + sin’¢

do cos%¢p cos%¢
du 1 do 1
DA — 2 B

dp  cos?¢ Tu = du 1+ u?

Thus, replacing u with £, and derivative against =, and y respectively:
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—arctcm(g) - (__y) - Y
oz z° 1+ (y/x)?" 22 22 + 12
Y 1 1 x
—arctan(Z) = ——— (Zy= —~
ay """ ) = Tw (y/x) Y y?

Therefore, the partial derivatives of x and y are continuous functions of x and y

except at . =y = 0.

C.3.2. Partial Derivatives of arctan wrt =

Llz<0, y>0

ox
Y
x? 4 y?

0 0 Y
B (arctanyg(z,y)) = —(m + arctcm;)

2.lx>0, y>0

-y

0
o (arctangg(z,y)) = m



z=0, y>0

0
= (aret veo = i t Az,y) — arct 0,
5 (arctanag(z,y)|z=o Mlir%)+ (arctangg(Ax,y) — arctanyg(0,y))

= lim L (arctan(y/Ax) — 7 /2)

Az—0+ Ax
1 —y
_ i [ TOBE GeE
Az—0t 1
L -y . —1 o~
= Acbor Y2 + (Az)? Ao+ y oy v

= lim (arctansg(Az,y) — arctanyg(0,y))

Ax—0—
1
= i — t Ax) —m/2
i L (arctan(y/Ax) — 7/2)
1 -y
2 2
— lim (H—(ll/Ax) (Ax)>
Azr—0— 1
— —1 —1
= lm —2 — = Lm —=—

Ar—0- Y2+ (Ax)2 Azt y Y

Therefore for x =0, and y > 0

0 -1
—(arctanyg(x, y)|s=0 = m

ox

exists and is continuous at x =0, y > 0.

z=0, y<0
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ﬁ(arctam@(x, Y)|z=o = lim (arctansg(Azx,y) — arctanyg(0,y))

Az—0t
1
= Aiiir%ﬁ Ao (arctan(y/Ax) — (—m/2))
1 —y

_ i [ TOBE GeE

Az—0t 1

: —Y | 1

- lm - im ==

Ars0+ y? + (Ax)? Ars0+ y y\/

= lim (arctanyg(Az,y) — arctansg(0,y))

Az—0~
1
= A}Cii%_ N (arctan(y/Ax) — (—7/2))
1 —y
C o [ TFW/EE G
Az—0~ 1
. —Y =1 1
- lm -7 m ==
Ars0- y? + (Ax)? Arso+ Y y\/

Therefore for x =0, and y < 0

8( t ( )| !
—larctan T -0 = ——
:>8x 4Q\ L5 Y )|z=0 "

exists and is continuous at x =0, y < 0.

y=0, <0
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0 0
— (arctanaq(z,y)|y=0 = 5-[7 + arctan(y/z)]|y=o

ox ox
0
= %[W + arctan(y/z)]|,=o

also for ¢y <0, <0

0 0
— (arctansg(x,y)|y—o = w=[—m + arctan(y/z)]

ox ox
Yy
x2 4 y?
so for x < 0
lim 2 (arctansg(e, v)ly-o = 1
1m —(arctan X —0) = 1m
Ay—0- Ox WY ly=0= - 22 1 y?

0
= B (arctangg(y/z)|y=o

=0

Therefore 2 (arctansg(y/z) exists and is continuous and exists at
y=0,z<0.

2 (arctansg(y/x) does it exist everywhere, and is it continuous?

C.3.3. Partial Derivatives of arctansg wrt y

Liz=0, y>0
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0 .1
8—y(a7’ctan4Q(x, Y)|e=0 = Al;rilo Ay (arctanyg(0,y + Ay) — arctanyg(0,y))

0
lim —arct = lim —arct
lim ya’rc anyg(z,y) lim yarc an(y/x)

x
= lim — =0
z—0+ 12 + y?

0
xll)%l_ _ya/rctan4Q (l" y) = ]}i}gl_ a—y(ﬂ' + a?“Ctan(y/x))
x
ILI(I)l* x2 + y2

= %arctanm(x, y) exist and is continuous at z = 0, y > 0.

r=0, y<0

0 ) 1
a—y(arctam@(x, V)| oo = Algl;IEO Ay (arctanyg(0,y + Ay) — arctanyg(0,y))

— lim —(—n/2 — (—7/2)

Ay—0 Ay
=0
lim 3ow“ctarmg(x,y) = lim 3cn"ctan(y/a:)
a—0t Oy z—0+ Oy
— lim ——— =0

a—0t+ 12 + y?

0 0
IIH(I)I, a—yarctamQ(x, y) = whjél a—y(—ﬁ + arctan(y/x))
x
xi)%l— x? + y2

= a%arctam@(x, y) exist and is continuous at =0, y < 0.

y=0, <0
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a%arctanm(x, y) undefined because arctanag(z,y) is discontinuous wrt y.

But,

0
Jlim a—yarctamcg(ﬂ?, y) = i, a—y(ﬂ + arctan(y/z))

1
“im ot
y—ot 22+ 9% x

0
lim a—arctam@(a:,y) = lim —(—m + arctan(y/z))

y—0— OY y—0— 83/

T 1
y—0- 22+ 1y

C.3.4. Continuity points of Log-Normal Model

Mean of our log-normal formula:
fi,s(%,y) = Lo + 10alogyg dys(x,y) — 201ogy Ak,s(2, y)

where
Aprs(z,y) = [ (r(z,y) — drs)
I (x) = ((x + 7T)mod27r - 7")

Aps(z,y) = exp <_a3dB(M)T>

¢HBW

More compact form of radiation pattern Ay s(z,y):

In Ak,s (.CE, y)
In 10

20 [ ags -
~ In10 ( (¢HBW)T|A¢k78(x,y)| )

20logy Ag.s(z,y) = 20

let A, = ;2

éaBW)"

In Ak,s(x; y) = _AC‘A¢]€,S($7 y)‘T
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let f(u) = —Ac(|ul)”

= f'(u) = —Aclu|™ sgn(u)

since 7 > 1, f'(u =0) =0 and f’(u) is continuous at u = 0.
= f'(u) = —A.7|u|""tsgn(u) is continuous everywhere.

In case ¢y s(2,y) = arctanag(r — v,y — Yi)

f*(¢) - (¢ + W)mod27r - T

VA VARye

Panth J

Figure C.3. f function definition

(f*(¢)) =1 everywhere except at ¢ =7 + k27, ke Z

Taking the derivatives of radiation pattern (A ) wrt z and y:

0
ox

0
—In Ay s(2,y) = —AcT|A¢p s (2, y)| " sgn(Ady s (z, y)) (f* (¢n(z,y) — ¢k,s))/%aTCtan4Q($ — Tk, Y — Yk)
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0 )
aiy In Ak}s(l’, y) = _ACT|A¢’€,S(‘T7 y)|T_lsgn(A¢k,s(x7 y))(f*(¢k(xa ?J) - (bk’s))/afyarctanw(x — Tk, Y — yk)

— What happens at y —y, =0, v — 2, <0 7,
— What happens at ¢g(x,y) = ¢ps + 7 7
Conclusions:
e Discontinuities in derivatives wrt = and y exist because of the term sgn (¢ s(z,y))
in both partial derivatives.
e Discontinuties in partial derivatives are on the line
602 ) — drol =
e On the same line partial derivatives may not exist since

[*(pr(z,y) — ¢rs)) does not have a derivative.
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