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ABSTRACT

MODELING AND ANALYSIS OF A KIT MANAGEMENT

PROBLEM

In this study, we consider a multi-item inventory system in which customers

may order different but possibly overlapping kits. Customer demand for a kit follows a

Poisson process where there is a fixed probability for each kit to be demanded. When

the kit is formed, it is sent to the demand location for a common time and one item from

the kit is consumed. The unused items in the kit are returned to stock while an order

is placed for the consumed item. We consider two supply processes for the consumed

item. In the first supply system, replenishment lead times for each component are

independent and identically distributed random variables as in an M/G/∞ queue.

Second supply system is a load dependent system where items are processed through

an M/M/1 queue.

Firstly, we derive the joint probability distribution of outstanding orders to eval-

uate the availability of a kit to be formed when a demand arrives. Secondly, we develop

an efficient heuristic to optimize the base-stock levels of each item subject to a service

level constraint. We have conducted many numerical computations to prove the effec-

tiveness of our heuristic approach. For computations, we develop a code in MATLAB

computing program and a simulation model in Arena simulation package.



v

ÖZET

BİR KİT YÖNETİMİ PROBLEMİNİN MODELLENMESİ

VE ANALİZİ

Bu çalışmada, müşterilerin farklı fakat çakışan kitler talep ettiği bir çoklu ürün

envanter sistemi gözönüne alınmaktadır. Müşterilerin bir kite olan talebi, her kit için

belirli bir talep olasılığının bulunduğu bir Poisson dağılımını izlemektedir. Talep edilen

bir kit oluşturulduğunda, belirli bir süre için talep edilen yere gönderilmekte ve burada

kit içindeki ürünlerden biri kullanılmaktadır. Kit içindeki kullanılmayan ürünler envan-

tere geri gönderilirken, harcanan ürün için bir sipariş verilmektedir. Harcanan ürün için

iki ayrı tedarik sistemi incelenmiştir. Birinci tedarik sisteminde, her ürünün tedarik

süreleri bir M/G/∞ kuyruğunda olduğu gibi bağımsız ve aynı şekilde dağılan ras-

gele değişkenler olarak modellenmiştir. İkinci tedarik sistemi ise ürünlerin bir M/M/1

kuyruğunda işlem gördüğü bir yük bağımlı sistemdir.

İlk olarak, bir talep geldiğinde bir kitin hazır bulunma olasılığının değerlendirilmesi

için yerine getirilmemiş taleplerin birleşik olasılık dağılımı çıkarılmıştır. İkinci olarak,

bir servis seviyesi kısıtı gözönüne alınarak her ürün için temel stok seviyelerini optimize

eden deneyimsel bir algoritma geliştirilmiştir. Deneyimsel yaklaşımın geçerliliğinin is-

patı için pek çok hesaplama yapılmıştır. Hesaplamalar için, MATLAB programında bir

kod yazılmış ve Arena simülasyon paketinde bir simülasyon modeli oluşturulmuştur.



vi

TABLE OF CONTENTS

ACKNOWLEDGEMENTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii

ABSTRACT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv
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1. INTRODUCTION

Supplying product to meet customer demand profitably is a crucial objective of

all supply chains. Short delivery time and the efficient management of inventory are

two important elements that determine the competitiveness of many firms [1].

The control and maintenance of inventory are problems common to all organiza-

tions. The major goals of inventory management are to minimize inventory investment,

to maximize customer service and to assure efficient plant operation. The criterion most

frequently applied to inventory optimization models is cost minimization whereas cus-

tomer service and efficient plant operation consideration appear as constraints. It is

an objective of inventory management when to order and control the lot sizes of each

item purchased or manufactured by the organization so that the overall costs associ-

ated with the purchase or manufacture are at minimum. Inventory costs are associated

with the operation of inventory system. They are basic economic parameter inputs to

any inventory decision model. The principal costs are purchase, order/setup, holding

and stockout costs [2].

Competitive pressures in today’s marketplace are forcing manufacturers to offer

quicker response to customer needs. As a result, managers pay close attention to per-

formance measures that reflect the system responsiveness. These trends present some

new challenges in inventory management. For example, manufacturers and distributors

often manage the stocks of a huge variety of items. A customer order typically consists

of several different items in different amounts. Managing multi-item inventory systems

is hard, especially when customers order different but possibly overlapping subsets of

items and customer satisfaction is based on the fulfillment of the entire order. Manu-

facturers and distributors of multiple products face this challenge, and so do mail-order

and online retailers [3].

Customers are satisfied only if their requests are met at the time they order,

or within a short period of time. The order fill rate, probability of filling an entire
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customer order immediately from the shelf - or more generally, within a prespecified

time window- is an important service measure in industry. The issue is crucial to the

recent assemble-to-order (ATO) practice. In the movement toward improved supply-

chain management, more and more enterprises have adopted the assemble-to-order

(ATO) system. When a customer order arrives, the required components are pulled

from inventory and the end product is assembled and delivered to the customer. The

assemble-to-order (ATO) system has become a widely accepted business model espe-

cially in the electronic industry. Many firms, which face heightening customer expecta-

tions, shrinking product life cycles, increasing demand for product varieties, and rapid

technology breakthroughs, have successfully used ATO to broaden their customized

product offerings, to lower inventory cost, and to reduce time-to-market. The usual

inventory-service trade-off becomes even more prominent in the ATO system because

each customer order typically involves a large number of components, and the stockout

of any component will cause a delay in supplying the order. Hence, it is critically

important to characterize the order fill rate and the necessary inventory investment.

The analysis, however, is difficult because the production-inventory dynamics among

the components are highly correlated, driven by a common demand stream [3, 4].

This study mainly concerns the determination of optimal base stock levels and

the evaluation and analysis of order fulfillment performance measures for a multi-item,

assemble-to-order inventory system with stochastic leadtimes. Our questions driving

this study are: (1) For any given stock level of each item, what is the probability a

demand can be satisfied immediately (order fill rate or service level)? and (2) For any

given service level, what are the optimal stock levels of each item?

In our study we assume a multivariate compound Poisson demand. Each demand

requires a fixed subset (kit) of items and demands are filled on a first-come-first-served

(FCFS) basis. If there is enough on-hand inventory for all the items required by a

demand (a kit of items) upon its arrival, the demand is filled immediately. When a

demand arrives and some of its required items are in stock but others are not, the

missing items are obtained from an emergency source immediately or in a very short

time. The kit is held at the demand location for a common time applying to all items
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and only one of the items in the kit will be consumed while others are returned to

stock. If an item is consumed for a demand occurrence, a replenishment order of one

unit of the consumed item is given immediately.

Two supply processes are considered in this study. Firstly, we develop models

both for a system where replenishment lead times for each item is independent and

identically distributed random variables thus supply model is a parallel processing

system as in an infinite server queue (M/G/∞). Secondly, we have a load dependent

system where the items are produced on separate single-server production facilities

with exponentially distributed production times (M/M/1).

In our study, firstly we provide an explicit characterization of kit availability

probability. We derive the joint probability distribution of the outstanding orders to

evaluate the availability of a kit. Secondly, as the exact computation of the optimum

base-stock levels is very exhaustive, we develop a heuristic algorithm. The aim of

the study constitutes practical use of the developed model so a MATLAB code was

developed to calculate the probability a demand can be satisfied immediately and the

exact and heuristic optimal stock levels for a given service level for different system

designs.

The study also comprises a simulation framework for the described model. The

simualtion model can be used to obtain kit availability probabilities for any given base-

stock level. Additionally, this model can be used to define different distributions for

the arrival and supply processes and observe how the service levels will respond to

different distributions.

The rest of the study is organized as follows. In section 2, the results of the

literature survey are provided. At the end of section 2, we describe our model briefly

and state how our model differs from the other studies. Section 3 defines the notation,

the formulations to compute the order fill rates (service levels) for a given base stock

level and optimal stock levels with a service level constraint. This section provides a

routine to calculate the exact optimal stock levels in a greedy fashion and a heuristic to
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calculate approximately. In section 4, results of our numerical calculations are given.

Section 5 provides details of a simulation framework for the study and in Section 6

brief concluding remarks are summarized and future research directions are presented.
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2. LITERATURE REVIEW

2.1. Inventory Control

Inventory refers to stocks of anything necessary to do business. Raw materials,

goods in process and finished goods- any quantifiable item that you can handle, buy,

sell, store, consume, produce, or track- represent various forms of inventory. Inventories

constitute an important investment in all type of firms, from a merchandise distributor

to a manufacturer of products. These stocks represent a large portion of the business

investment and must be well managed in order to maximize profits [5]. Every inven-

tory lies between two activities or processes, usually called the supply process, adding

new units to the inventory, and the demand process, subtracting materials from the

inventory.

Lack of inventories could have serious negative effects in many situations. Axsäter

[6] argues that the two main reasons for inventories are economies of scale and uncer-

tainties. Lambert and Stock [7] mean that inventories serve five purposes within a firm;

they enable the firm to achieve economies of scale, they balance supply and demand,

they enable specialization in manufacturing, they provide protection from uncertainties

in demand and order cycle, and they act as a buffer between critical interfaces within

the channel of distribution.

In the production and distribution of goods, inventory is the currency of service.

An increase in service can virtually always be achieved through an increase in safety

stocks, so a supplier inevitably faces a trade-off between service levels and inventory

costs [8]. Huge quantities of materials are sometimes kept in stock to deal with pro-

ductivity constraints or to fulfill dynamic demand patterns. In this sense, it is vital to

have effective information to aid the management for the decision making process to

maximize the customer service, minimize total investment and maintain the operating

efficiency. The situation turns complex because these objectives are in conflict with

each other, and tradeoffs occur when trying to improve one of them. For example, to



6

maximize customer service, a relatively high investment in inventories is required, and

due to capital constraints, these funds could have the opportunity of better profit in

some other investment. The conflict finds its solution when applying an efficient inven-

tory control, leveling these trade-offs between investment and costs to find an adequate

policy for the operation of the business. This principle is well known and simple in

concept, however the complexity of real situations makes it difficult to apply. Most of

the real situations not only face a one item problem, but multiple items with several

periods of replenishment. These inventories are frequently managed in aggregate due

to the complexity of handling each individual item [9].

Successful inventory management involves balancing the costs of inventory with

the benefits of inventory. It plays a crucial role in the smooth and efficient running

of any organization. Reducing excess inventory and investing in the right inventories

leads to better customer service, better inventory turnover-and a healthier bottom line

[10].

The three main factors in inventory control decision making process are:

• The cost of holding the stock (e.g., based on the interest rate)

• The cost of placing an order (e.g., for raw material stocks) or the set-up cost of

production

• The cost of shortage, i.e., what is lost if the stock is insufficient to meet all demand

The third element is the most difficult to measure and is often handled by estab-

lishing a ’service level’ policy, e.g, certain percentage of demand will be met from stock

without delay [11].

2.2. Product Positioning Strategies and Assemble-to-Order Systems

The product positioning strategies that an organization selects will determine

the types of inventory to be held. For each product, a strategy must be developed for

satisfying its target market. The product positioning strategy depends on the product
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cycle time and the time a customer is willing to wait for product delivery. Inventory

requirements are derived from the product positioning strategy. An organization may

provide items in three ways: a) an anticipation of receiving an order, b) after receiving

an order, c) in some combination of the previous two.

The recognition of the need for product availability is a realization of the impor-

tance of time. The cycle time is the total elapsed time required to provide a product.

Generally, the only way a customer can obtain delivery of a product in less than the

cycle time is through the availability of inventory.

General product positioning strategies may be one or more of the following:

1. Make-to-Stock (MTS): When an order is received, the product is immediately

available from inventory and is an off-the-shelf standard item. The product is

completely produced and placed in inventory in anticipation of demand.

2. Make-to-Order (MTO): Production does not start until a customer order is re-

ceived. The customer must wait the entire cycle time for the product. Frequently

long lead time components are planned prior to the order arriving in order to re-

duce the delivery time to the customer.

3. Assemble-to-Order (ATO): When an order is received, the product is assembled

from a group of standard subassemblies already in the inventory. Finished goods

are not usually available, since the product has numerous optional features and

each customer may desire a unique configuration. The customer does not wait

the entire cycle time for the product, but only the time required to assemble the

product from its various options. The assembly lead time is usually quite short

for most products. A similar categorization applies to products that are finished

or packaged to order rather than assembled.

4. Engineer-to-Order (ETO): When an order is received, it is necessary to design

the product to customer specifications as well as to produce it. This strategy

applies to specialty products for unique customer requirements. The customer is

usually willing to tolerate a long lead time.
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With make-to-stock strategy, finished goods inventory is maintained and the cus-

tomer wait time is very short. With make-to-order, assemble to order, and engineer-

to-order strategies, no finished goods inventory is available, so the customer must place

an order and wait for its completion. In make-to-order and engineer-to-order, the cus-

tomer must wait the entire cycle time; in assemble-to-order, the customer waiting time

is less than the cycle time. It is common for organizations to have different strategies

for different products [12].

An ATO system is one in which demand is received for products, and supply is

ordered in terms of components. Stock is held only for components, and products are

assembled when an order is received [13]. To make each product requires a particular

selection of components, comprising only a subset of them, but possibly several units

of certain ones. Some or all components are shared by several products. The time to

assemble a product from its components is negligible. The time to acquire or produce

a component, however, is substantial. A product is assembled only in response to de-

mand. In other words, component and subassemblies are replenished in a make-to-stock

(MTS) fashion but finished products are assembled in a make-to-order (MTO) manner.

Such a hybrid planning approach is particularly advantageous in situations where the

assembly time of a product is considerably shorter than the procurement and/or man-

ufacturing time of its components and subassemblies; thus, making a tradeoff between

inventory holding cost, product variety, and delivery time achievable [14].

Maximizing the order fulfillment time reliability while keeping the total inventory

investment low is an objective voiced by managers of assemble-to-order manufacturing

systems [13]. ATO systems in practice help to increase product variety, while achieving

quick response times and low cost [1]. It enables a firm to shorten its response time to

its customers by staging inventory of components ahead of demand while postponing

the final assembly until demand is realized. This strategy is particularly valuable

when component supply leadtimes are long or the supply processes are capacitated.

Furthermore, by pooling component inventories, ATO can reduce the costs of offering

higher product variety, which can be useful when demand for individual end products

is variable [15].
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An assemble-to-order (ATO) system is an important business model in manag-

ing a wide-ranging class of supply chains. Examples of ATO systems can be found in

various industries producing consumer goods [14]. The best way to understand and ap-

preciate an ATO system is to consider the manufacturing and distribution of personal

computers (PCs). A PC is a complex machine, built with hundreds of components. A

PC company typically offers several lines of product which customers can select when

placing an order - different combinations of CPU, memory, hard drive, and other com-

ponents and peripherals (CD ROM, sound card, modem, monitor, keyboard, printer,

etc). Whereas each of these components takes a substantial lead time to build, the time

it takes to assemble all the components into a PC, following a specific customer order,

takes virtually no time - provided all the components are available. Hence, managing

the component inventory is of critical importance to the business: The stockout of any

component will delay order fulfillment, whereas excess inventory could easily destroy

the firm’s profit margin and diminish its competitive edge [16].

A good example for an ATO system is Dell Computer’s. Dell lets the customer

select among several processors, monitors, disk drives, etc. Thus, the number of prod-

ucts (combinations of options) is huge. This approach has been so successful that most

other makers of personal computers are adopting similar systems. Indeed, the ATO

approach has become widespread throughout the electronics industry. Also, the major

U.S. automobile companies are studying ambitious ATO systems for the assembly of

cars [17].

Another example is mail-order systems, including online retailing such as in Lands

End and amazon.com which maintain inventories of the items in its catalogue. The

items correspond to components, and a product is any combination of them [17, 18].

The assembly of a product entails picking out the items in the customer’s order and

packaging them. Also, the problem of stocking spare parts for the repair of equipment

can be another example. The parts are the components, and a product is a particular

type of repair job, requiring particular parts. The parts may be located at a central

point, where equipment needing service arrives (e.g., vehicles), or the parts may travel

to stationary equipment (as in field service of computers, copiers, and factory ma-
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chines). In either case, the part requirements of a job are usually unknown in advance

[18].

In spite of their prevalence in practice, ATO systems are however notoriously

difficult to analyze and manage. The difficulty appears to be due to several factors:

(a) demands for the different components being correlated; (b) supply leadtimes for

different components being different; and (c) order fulfillment being dependent on the

availability of multiple components. These factors make it difficult to manage compo-

nents independently. For example, continuing to produce one component when there is

a shortage of another may do little to improve the ability to fulfill demand. Similarly,

deciding to stop production of one component without considering the inventory level

of other components may not necessarily reduce overall inventory costs [15].

2.3. Multi-Item Inventory Systems and Model Description

2.3.1. Multi-Item Inventory Systems

In multi-item inventory systems, a customer order typically consists of several

different items in different amounts and different orders may have overlapping subset

of items. Optimal planning of multi-item inventory systems have been widely stud-

ied in the literature in the recent years but they differ in modeling assumptions and

approaches. Hausman [13] and Zhang [19] study discrete-time models with multivari-

ate normal demand and constant component replenishment leadtimes where Song [18]

concerns continous-review models with multivariate compound Poisson demand and

deterministic leadtimes. Song et al. [20], Glasserman and Wang [8] consider multi-

variate Poisson demand but the supply process is modeled as a single-server queue. A

parallel processing system supply model is also studied by Lu et al. [4]. Many con-

centrate on performance measures like the item and order fullfillment performances,

order-based backorders and customer waiting time.

Hausman et al. [13] study a model that maximizes a lower bound on the aggre-

gate order fill rate with an inventory budget constraint. They consider a multi-item
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system in which multivariate normal distribution is used to represent the item de-

mands. Each item’s inventory is controlled independently through a periodic review

order-up-to policy. All items have the same review cycle. The replenishment lead times

are assumed to be deterministic and non-negative multiples of the period length. The

aim of the paper is to compute the joint demand fulfillment probability within a given

time window. Additionally, a heuristic approach to maximize the joint demand fulfill-

ment probability is discussed. They concluded that even the demands are correlated;

a heuristic ignoring the correlations can give good approximate results.

A similar analysis is Song’s [3] study on the order fill rate over an entire planning

horizon in a multi-item, base-stock inventory system in which the demand process

forms a multivariate compound Poisson process and the replenishment leadtimes are

constant. Each demand requires a fixed kit of items, and the amount requested for

each item within the kit is a positive random variable. She studies a computational

procedure to compute the exact order fill rates and shows that it can be obtained

through a series of convolutions of one dimensional compound Poisson distributions.

She also utilizes lower and upper bounds on the order fill rates using item fill rates but

concludes that item fill rates are not good indicators of the order fill rate especially

when the item correlations are high.

Song [18] studies order-based backorders which can be defined as the average

number of customer orders that are not yet completely filled. It is an important

service measure because it is proportional to the average customer waiting time, so it

determines customer dissatisfaction due to delivery delays. She considers a base-stock

inventory system with deterministic lead times and uses a new approach instead of the

joint distributions to obtain a closed form expression.

In a study by Lu and Song [21], a multi-item, multi-product assemble-to-order

system is reviewed where the authors aim to determine the optimal base-stock levels by

introducing order-based backorder costs. They use an unconstrained cost optimization

formulation and compare the findings with the standard single-item, newsvendor-type

model with item-based backorder cost. They express that the findings of the single-item
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newsvendor-type model can be used as a bound for the order-based problem and can be

a starting point in searching for the optimal base-stock levels in a greedy fashion. They

also study the increase in optimal base-stock levels when lead times are stochastically

longer and the effect of leadtime variability and demand correlation in these levels.

Finally, they conclude with a formulation to obtain closed-form approximations of the

optimal base-stock levels.

Song et al. [20] study a multi-component, multi-product production and inventory

system and present a procedure to compute the item-based, order-based and system-

based performance measures, such as fill rate, service level (the probability that an

order will be backlogged and eventually served), waiting time distribution, etc. for a

system in which demand forms a multivariate Poisson process. There is a dedicated

facility with exponentially distributed processing times to process replenishment orders

for any given item and a finite buffer. The procedure relies on computation of steady

state joint distribution of outstanding orders. The occupancy in the supply system

can be modeled as a quasi birth-death process because of the structure of the demand

process.

Lu et al. [4] analyze a multi-item system where they model the supply process

as a set of queues driven by a common, multiclass batch Poisson input. They aim

to derive the joint queue-length distribution and easy-to-compute approximations and

bounds for the order fulfillment performance measures. In a similar study by Song and

Yao [16], M/G/∞ queues with a common Poisson arrival stream is analyzed. They

study the effect of lead time variability on the performance of an assemble-to-order

system and show that variability degrades the performance of the system.

While most of the studies consider a system with multiple products, Benfaajar

and ElHafsi [15] study a system of a single product consisting of m components and

n customer classes. The demand and supply process is similar to those studies as the

demand is assumed to be a Poisson process and components are produced on single-

server facilities with exponentially distributed processing times. They formulate the

model as a Markov decision process and results show that the optimal production policy
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for each component is a state-dependent base-stock policy. Additionally, they present

that the optimal inventory allocation is a state-dependent multi-level rationing policy

where the component rationing level for each class is non-increasing in the inventory

level of other components. An order from a customer class is satisfied only if the current

inventory level at each component is above a certain rationing level.

Hsu et al. [1] develop an optimization model where demand is uncertain in an

assemble-to-order environment. Their study differs from the others as they define

the price for the final product and the component costs depending on their delivery

leadtimes. They also provide solutions for the situation where the manufacturer has the

option of not delivering the full quantity, but instead takes the penalty for a delivery

shortage.

DeCroix et al. [22] employ an ATO system managed using a base stock policy

for each item over an infinite horizon where demands and returns arrive according to

Poisson process. Demands are satisfied on a FCFS basis. The unsatisfied demand

is backlogged and when an item is returned it can be used immediately to satisfy a

demand. The complexity of the system arises from the existence of the retuns. They

present methods for computing performance measures like order fill rate, fill rate within

a time window and average backorders and also include a procedure to calculate a near-

optimal base stock policy.

2.3.2. Model Description

In this study, we analyze a multi-item inventory system in which customers may

order different but possibly overlapping subsets of items (kits), such as a multi-product

assemble-to-order system. Our aim is to determine the probability a demand can be

satisfied for a given basestock level and the optimal base stock level for each item when

there is a service level constraint for the subset of items.

We model the demand process as a multivariate Poisson process. The overall

demand arrives according to a Poisson process, but there is a fixed probability that a
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demand requests particular kit of different items. Whenever a kit demand occurs, if

there is enough on-hand inventory for all the items required by a demand, the demand

is satisfied immediately. When a demand arrives and some of its required items are

available in stock but others are not, the missing items are obtained from an emergency

source immediately or in a very short time. When the kit is formed, it is sent to demand

location (site) and held on site for a common time applying to all items. Only one of

the items in the kit will be consumed while others are returned to stock after a common

time spent on site. If an item is used for a demand occurance, a replenishment order of

one unit of the used item is given immediately. The representative figure of the model

is given in Figure 2.1.

Figure 2.1. Multi-item inventory model

Our motivation for this study is to obtain order fill rates and the optimal stock

levels for hospital implants and repair toolkits where only one of the items in a kit is

used and the other items are returned to stock after a certain period of time spent on

the hospital/repair site. For example, for spinal implant products, a surgent may not

know which type of implant to use before the surgery and requests a kit of implants.

During the surgery all items in the kit are held in the hospital and one of the implants

is used. The unused implants are returned to inventory after the surgery and an order

is placed for the used implant.
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The contributions of this study and the differences from the related literature can

be listed as below:

• We consider a system with returns. The demanded kit is held in the demand

location and one of the items in the kit is consumed while others are returned to

their stocks.

• As mentioned above, only one of the items in a kit is consumed in our model.

In studies related with ATO systems, all items in the kit are considered to be

consumed, splitting of items is not studied.

• In our study, we provide an explicit characterization of kit availability probability.

We derive the joint probability distribution of the outstanding orders to evaluate

the availability of a kit (service level).

• Exact computation of optimum base-stock values of each item is very exhaustive,

so in our study we develop a heuristic which gives good results in considerably

shorter times when compared to exact values.

• The study also comprises a simulation framework for the described model. We

can obtain kit availability probabilities for any given base-stock level using this

model. The simulation model can also be used to implement different arrival and

supply distributions easily.
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3. ANALYSIS OF THE MODEL

In this section, specific model assumptions and basic notation are introduced.

We consider an inventory system of M items. Let Ω = {i = 1, 2, ..., M} be set of

all item indexes. There are K kits, (k = 1, 2, ..., K), which can be any subset of item

set Ω.

Customer orders arrive at the system following a Poisson process with rate λ.

Each order may require several items simultaneously. We assume that there is a fixed

probability Pk that an order is of kit type k,
∑
k

Pk = 1. Each order’s type is independent

of the other orders’ types and all other events. Thus the type-k order stream forms a

Poisson process with rate λk = Pkλ.

For any i ∈ Ω and kit type k (k = 1, 2, ..., K), let

λ = overall demand rate

Pk = probability that a demand is of kit type k, (
∑
k

Pk = 1)

λk = demand rate of kit type k, (λk = Pk λ)

U(k) = set of items contained in kit k

V (i) = set of kits containing item i

Γ(k) = set of kits containing any one of the items in kit k

pk,i = probability that an item is consumed in a demand for kit k, (
∑

i∈U(k)

pk,i = 1)

λi = aggregate consumption rate of item i, (λi =
∑

k∈V (i)

λkpk,i)

Demands are filled on a first-come-first-served (FCFS) basis. A kit demand is

always satisfied. If there is enough on-hand inventory for all the items required by a

kit, the demand is filled immediately. When a demand arrives and some of its required

items are in stock but others are not, the items that are unavailable are supplied

exogenously through emergency channels (by borrowing, renting from market, etc.).

As soon as a unit of that item becomes available it is returned to the exogenous source.
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The significance of this assumption is to be able to maintain a base stock level (and

not more) for each item. Alternative backlogging approaches are studied by Lu and

Song [4], Zhang [19] and Song [3].

The inventory of each item is controlled by an independent base-stock policy with

Si = the base-stock level for item i, i = 1, 2, ...,M . Even in our case the component

demands are not independent, we use an independent base stock policy because of

its simplicity, and partly because it provides a benchmark on how much inventory is

needed to provide a certain service level [4, 16].

Let Tk be the random variable denoting the holding time of the kit at the demand

location from the time of demand occurance until the return of a kit. It is a common

time applying to all the items including the one which is consumed.

Since at each kit demand a single unit of an item in that kit will be consumed,

the base-stock policy implies that every demand will trigger a replenishment order of

one unit of consumed item, regardless of whether or not there is stockout at the item

inventory. We consider two situations for the supply process. We may have a situation

where successive replenishment times of an item are dependent as in a case where an

item is supplied through a finite capacity queue (like an M/M/1 queue) or we may have

an infinite server model where the replenishment lead times would be independent (like

an M/G/∞ queue). Let τi be the time it takes to replenish an item from the supplier

if there are no other pending replenishment orders for this item. If the successive

replenishment times are independent, then the replenishment time for each item would

simply be τi. However, the realized replenishment time may be considerably higher

if there are outstanding replenishment orders of the same item due to waiting. The

orders for item i may be sent to a single machine production facility, say facility i,

in which they are processed on a FCFS basis. The processing times at facility i are

i.i.d. exponentially distributed random variables with rate µi. Thus the system can

be seen as M parallel stochastic production facilities, where facility accepts Poisson

inputs with rate λi. In any case the replenishment times and kit holding times on site

are independent random variables.
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Suppose a kit of type k is demanded. Let i be an item located in the kit. Then the

lead time for the item would be Li = Tk, if the item is not consumed and Li = Tk +τi+

possible waiting, if the item is consumed. In particular, the collection {Li, i ∈ U(k)}
is not independent. Note that Tk is common for all items in kit k. For any given time

t, let

Ii(t) = on-hand inventory for item i

Bi(t) = number of outstanding emergency supplied units for item i

Ni(t) = number of units on site and outstanding for item i

Then,

Ii(t) = (Si −Ni(t))
+ (3.1)

Bi(t) = (Ni(t)− Si)
+ (3.2)

For the number of outstanding items, these units are either at the demand lo-

cation (hospital, repair site etc.) or being replenished. Since the item lead times are

not independent, number of outstanding units for the items in the same kit are not

independent.

Let Ni, Ii, and Bi be the corresponding steady-state limits of the above mentioned

random variables (provided that they exist). Then,

Ii = (Si −Ni)
+

Bi = (Ni − Si)
+

Normally, one would expect that supplying an item from emergency channels

would be much expensive and not desirable. An objective would be to set (S1, S2, ..., SM)

in such a way that the kit-readiness probabilities (order fill rate or service level), which

is the probability that the items for a kit is available in the inventory, in the long run

is at least a prespecified level. So we are interested in computing the order fill rate
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(service level) of a kit which can be stated as;

Fk = joint probability that all items in a type k kit are available

= Pr{Ii > 0,∀i ∈ U(k)}
= Pr{Ni < Si,∀i ∈ U(k)}

We would like to set the base stock levels such that Fk would be at least a

prespecified level;

Fk = Pr {Ni < Si,∀i ∈ U(k)} ≥ αk (3.3)

Here, the key is to obtain the joint distribution of (N1, N2, ..., NM). But these are

not independent collections. Classical approach ignore the dependency of demands and

assumes Ni are independent. So under independence assumption the joint distribution

of (N1, N2, ..., NM) can be written as;

{Ni = ni,∀i ∈ U(k)} = βk =
∏

i∈U(k)

Pr {Ni < Si} (3.4)

But, due to the dependent demands, the probability that all demand will be filled

immediately cannot generally be reduced to a product form. In the next section, we

derive the joint distribution of {Ni, i ∈ U(k)} for k = 1, 2, ..., K.

3.1. Joint Distribuiton

For each component i, the number of outstanding orders Ni is exactly the number

of jobs on demand location (site) and in replenishment with Poisson arrival rate λi. Let

Yk be the number of kits at the site and Xi be the number of items at replenishment.

When we fix an item i, {Ym,m ∈ V (i)} represent the number in the system

variables for independent M/G/∞ systems with respective arrival rates λm, m ∈ V (i).
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Therefore, Ym are distributed as a Poisson random variable with mean λmE[Tm]. The

departure process of an M/G/∞ queue is independent of the number that are already

present in the system. Thus, Xi are independent of {Ym,m ∈ V (i)}.

The departures from an M/G/∞ queue is a Poisson process whose rate is the same

as the input rate λm and each departure from the queue (site) goes to the replenishment

process with probability pm,i if the item is used. Therefore, Xi is the number in

the system of a Poisson arrival queue with arrival rate
∑

m∈V (i)

pm,iλm and service time

τi. If the successive replenishment times of an item are independent (M/G/∞ type

replenishment), then Xi are distributed as Poisson with mean E[τi]
∑

m∈V (i)

pm,iλm.

Ni are only correlated because they share a common Yk. For any i = 1, 2, ...,M we can

write

Ni = Xi +
∑

m∈V (i)

Ym (3.5)

Now the joint distribution of {Ni, i ∈ U(k)} for k = 1, 2, ..., K can be expressed as

{Ni = ni, ∀i ∈ U(k)} =
⋃
Υk

(Yj = yj, ∀j ∈ Γ(k), Xi = ni −
∑

l∈V (i)

yl, ∀i ∈ U(k)) (3.6)

where,

Υk = {yj ≥ 0, j ∈ Γ(k) :
∑

j∈V (i)

yj ≤ ni, ∀i ∈ U(k)} (3.7)

For computing the outstanding orders for an item, one should consider that this

item can be demanded by other kits. So, the number of jobs on demand location is the

sum of outstanding orders of all kits containing that item. This also implies that for

all items in a demanded kit, we consider the outstanding orders of all kits containing

any one of the items of the concerning kit for computing the availability. The number

of orders for a kit on demand location can be at most minimum of the outstanding
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orders of the kits containing any of the items in demanded kit. Consider three kits

and five items with U(1) = {1, 2, 3}, U(2) = {1, 4} and U(3) = {3, 4, 5}. The first

kit is demanded. The items in the first kit can also be demanded by kits 2 and 3

because they share common components; Γ(1) = {1, 2, 3}. So while computing the

joint distribution of the number of outstanding orders on site, we write for Kit 1;

⋃
Υ1

(Y1 = y1, Y2 = y2, Y3 = y3, X1 = n1 − y1 − y2, X2 = n2 − y2, X3 = n3 − y1 − y3)

Υ1 = {y1 ≥ 0, y2 ≥ 0, y3 ≥ 0, y1 + y2 ≤ n1, y1 ≤ n2, y1 + y3 ≤ n3}

From the above equation, y1 can be at most min{n1− y2, n2, n3− y3}, where y2 can be

at most n1 and y3 can be at most n3.

Making use of independence, we can now express the joint distribution in product

form,

Pr{Ni = ni, ∀i ∈ U(k)} =
∑
Υk

∏

j∈Γ(k)

Pr(Yj = yj)
∏

i∈U(k)

Pr(Xi = ni −
∑

l∈V (i)

yl) (3.8)

If the successive replenishment times of an item are independent, the general

equation above becomes,

Pr{Ni = ni,∀i ∈ U(k)} =
∑
Υk

∏

j∈Γ(k)

e−λjE[Tj ](λjE [Tj])
yj

yj!

∏

i∈U(k)

e
−E[τi]

P
k∈V (i)

λkpk,i

(E [τi]
∑

k∈V (i)

λkpk,i)
(ni−

P
l∈V (i)

yl)

(ni −
∑

l∈V (i)

yl)!
(3.9)

When the successive replenishment times are dependent through an M/M/1 queue and

let ρi = E [τi]
∑

k∈V (i)

λkpk,i < 1, we rewrite the equation as,

Pr{Ni = ni, ∀i ∈ U(k)} =
∑
Υk

∏

j∈Γ(k)

e−λjE[Tj ](λjE [Tj])
yj

yj!
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∏

i∈U(k)

(E [τi]
∑

k∈V (i)

λkpk,i)
(ni−

P
l∈V (i)

yl)

(1− E [τi]
∑

k∈V (i)

λkpk,i) (3.10)

Below presented some examples for both independent and dependent replenish-

ment times.

Example 1: We consider a single kit containing M items and the replenishment times

are independent. The joint distribution of outstanding items is

Pr(N1 = n1, N2 = n2, ..., NM = nM) =

e
−λ(E[T ]+

MP
i=1

piE[τi])
min{n1,...,nm}∑

u=0

(λE [T ])u
M∏
i=1

(λpiE [τi])
ni−u

u!
M∏
i=1

(ni − u)!

Example 2: Same case in Example 1 but the replenishment times are dependent

through an M/M/1 queue (let ρi = λpi(E [τi]) < 1),

Pr(N1 = n1, N2 = n2, ..., NM = nM) =
min{n1,n2,...,nM}∑

u=0

e−λE[T ](λE [T ])u

u!

M∏
i=1

(1− (λpiE [τi]))(λpiE [τi])
ni−u

Example 3: We consider a case with two kits and 3 items where the replenishment

times are independent. Let

U(1) = {1, 2}, U(2) = {1, 3}, then V (1) = {1, 2}, V (2) = {1}, V (3) = {2}, Γ(1) =

{1, 2}, Γ(2) = {1, 2}.
Also,

Υ1 = {y1 ≥ 0, y2 ≥ 0, y1 + y2 ≤ n1, y1 ≤ n2}
Υ2 = {y1 ≥ 0, y2 ≥ 0, y1 + y2 ≤ n1, y2 ≤ n3}
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For the first kit, the joint distribution can be written as:

Pr(N1 = n1, N2 = n2) =

e−λ1E[T1]−λ2E[T2]

n1∑
y2=0

min{n1−y2,n2}∑
y1=0

(λ1E [T1])
y1(λ2E [T2])

y2

y1!y2!

Pr {X1 = n1 − y1 − y2}Pr {X2 = n2 − y1}

with

Pr {X1 = n} =
e−E[τ1](λ1p1,1+λ2p2,2)(E [τ1] (λ1p1,1 + λ2p2,2))

n

n!

Pr {X2 = n} =
e−E[τ2](λ1p1,2)(E [τ2] λ1p1,2)

n

n!

For the second kit,

Pr(N1 = n1, N3 = n3) =

e−λ1E[T1]−λ2E[T2]

min{n1,n3}∑
y2=0

n1−y2∑
y1=0

(λ1E [T1])
y1(λ2E [T2])

y2

y1!y2!

Pr {X1 = n1 − y1 − y2}Pr {X3 = n3 − y2}

with

Pr {X1 = n} =
e−E[τ1](λ1p1,1+λ2p2,2)(E [τ1] (λ1p1,1 + λ2p2,2))

n

n!

Pr {X3 = n} =
e−E[τ3](λ2p2,3)(E [τ3] λ2p2,3)

n

n!

3.2. Optimization

One of the objectives of this study is to find the optimal base stock level for each

item when there is a service level constraint. The problem can be defined as below:

minimize C(S1, S2, ..., SM) =
M∑
i=1

hiE
[
(Si −Ni)

+
]

(3.11)
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subject to Pr{Ni < Si,∀i ∈ U(k)} ≥ αk, k = 1, 2, ..., K (3.12)

Si ≥ 0,∀i = 1, 2, ..., M (3.13)

where hi is the holding cost per unit of item i.

To obtain the optimum values, firstly we bound the feasible set of the problem.

Let S1, S2, ..., SM be a feasible solution to the constaint set of the optimization problem.

Then a lower bound for any kit k and i ∈ U(k) can be defined as,

SL
i (k) = min{x : Pr{Ni < x} ≥ αk}. (3.14)

Thus, if all other items in kit k are abundantly available, SL
i (k) many units of item i

would be sufficient to satisfy the kit availability constraint for kit k. Define

SL
i = max

k∈V (i)

{
SL

i (k)
}

(3.15)

Then, Si ≥ SL
i (k) for i = 1, 2, ...,M is a lower bound.

The computation of lower bound is easy. The lower bound for an item can be

written as;

Pr{Ni < x} ≥ αk = Pr{Ni = Xi +
∑

m∈V (i)

Ym < x} ≥ αk}

We can calculate the number of outstanding orders easily. For example for an

M/G/∞ system, Xi is distributed as Poisson with mean E[τi]
∑

m∈V (i)

pm,iλm and Ym is

distributed as Poisson with mean
∑

m∈V (i)

λmE [Tm]. So, for a given service level one can

compute lower bound for an item using the cumulative Poisson distribution with mean

E[τi]
∑

m∈V (i)

pm,iλm +
∑

m∈V (i)

λmE [Tm].

Consider two kits and four items with U(1) = {1, 2, 3} and U(2) = {1, 4}. Let
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λ1 = 2 and λ2 = 1, and E[T1] = 0.5, E[T2] = 0.2. Item consumption probabilities

are (0.4,0.3,0.3) and (0.3,0.7) for Kits 1 and 2, respectively. Let E[τi] = 1 for all

i=1,2,3,4. If a 90% kit availability is desired for both kits, we can easily compute that

SL
1 = 5, SL

2 = SL
3 = 4, SL

4 = 3. We then conclude that for a solution to be feasible,

(S1, S2, S3, S4) ≥ (5, 4, 4, 3).

Figure 3.1 and Figure 3.2 present kit availability contours for Kit 1 and Kit 2,

respectively for the above mentioned example. Each contour in the figures represents

a level of kit probability beginning from 0.1 to 0.9. For example for the defined case,

if we have 6 units of type 1, 4 units of type 2 and 3 and 3 units of type 4 on hand,

from Figures 3.1 and 3.2 we see that a service level of 86% can be obtained for Kit 1

and 91% for Kit 2.
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We can obtain the set of optimal values for base-stock levels for each item in

a greedy fashion. Starting from the lower bound up to a defined upper bound, we

can calculate the kit availability for each combination of stock values. Then, we can

choose the stock combinations where the kit availability constraint is satisfied. From

these combinations one may calculate the cost of each combination and select the

combination which has the minimum cost. This procedure will provide us the exact

optimal values for base-stock levels for each item. But the greedy approach is difficult

and impractical. Therefore, for computing the optimal base-stock values, below we

present a heuristic method based on the ratio of increase in holding cost to increase in

kit availability.

We rewrite our objective function as below:

minimize C(S1, S2, ..., SM) =
M∑
i=1

hiE
[
(Si −Ni)

+
]

=
M∑
i=1

hi

Si−1∑

k=0

(Si − k) Pr {Ni = k}

=
M∑
i=1

hi

Si−1∑

k=0

Si−1∑

j=k

Pr {Ni = k}

=
M∑
i=1

hi

Si−1∑
j=0

j∑

k=0

Pr {Ni = k}

=
M∑
i=1

Si−1∑
j=0

hi Pr {Ni ≤ j}

So, finally we obtain our objective function as:

minimize C(S1, S2, ..., SM) =
M∑
i=1

Si−1∑
j=0

hi Pr{Ni ≤ j} (3.16)

subject to Pr{Ni < Si,∀i ∈ U(k)} ≥ αk, k = 1, 2, ..., K (3.17)

Si ≥ 0,∀i = 1, 2, ..., M (3.18)

Let S = {S1, S2, ..., SM} and let ei be the unit vector of size M with 1 at ith position.
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Then,

C(S + ei)− C(S) = hiPr{Ni ≤ Si} (3.19)

For convenience, let

gk(S) = Pr{Ni ≤ Si,∀i ∈ U(k)} (3.20)

For a given vector of base stock levels S define sets:

FS(S) = {k ∈ {1, 2, ..., K} : gk(S) ≥ αk} (3.21)

FSc(S) = {k ∈ {1, 2, ..., K} : gk(S) < αk} (3.22)

FS(S) is the set of kits for which the kit availability probabilities are satisfied. Likewise,

FSc(S) is the complementary set, those kits for which the kit availability probabilities

are not satisfied at S.

Algorithm:

Step 0. Set S ={SL
1 , SL

2 , ..., SL
M} and Ω = {1, 2, ..., M}, CM = ∞, CS = ∅, BS = ∅.

Compute C(S) and compute gk(S) for all k = 1, 2, ..., K. If FSc(S) = ∅, stop. Sh = S.

Otherwise, go to Step 1.

Step 1. For all i ∈ Ω, if i ∈ U(FS(S)) and i /∈ U(FSc(S)) (i is an item that only

belongs to one of the kits whose service level is feasible), then Ω = Ω− i.

Step 2. For all i ∈ Ω, compute C(S + ei), and gk(S + ei) for k = 1, 2, ..., K. If

FSc(S + ei) = ∅, then CS = CS ∪ {i}. If CS = ∅, go to Step 4.

Step 3. Let i∗ ∈ CS be such that C(S + ei) is minimum. If C(S + ei) < CM , then let

CM = C(S + ei∗) and Sh = S + ei∗. If CS = Ω, then stop. Otherwise, go to Step 4.

Step 4. For all i ∈ Ω− CS, if C(S + ei) < CM , set BS = BS ∪ {i}. If BS = ∅, stop.
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Otherwise, for all i ∈ BS define

R(S + ei) =
C(S + ei)− C(S)∑K

k=1 (gk(S + ei)− gk(S))
(3.23)

Let i∗ ∈ BS be such that R(S + ei) is minimum. Let S = S + ei∗ , CS = ∅, BS = ∅
and go to Step 1.

We explain how the algorithm works using an example. Consider two kits and

four items with U(1) = {1, 2, 3} and U(2) = {1, 4}. Let λ1 = 2 and λ2 = 1, and

E[T1] = 0.5, E[T2] = 0.2. Item consumption probabilities are (0.4,0.3,0.3) and (0.3,0.7)

for Kit 1 and 2, respectively. Let E[τi] = 1 for all i=1,2,3,4 and the requested service

levels for both kits are 90%.

In Table 3.1 the steps of the algorithm are presented. We begin with the lower

bound. If we satisfy the service level (kit availability) constraints for both kits, then

lower bound is the optimal solution, if not we proceed to first step where we increase

the stock level of one item in each case. For example, in Table 3.1 the lower bound is

(SL
1 , SL

2 , SL
3 , SL

4 ) = (5, 4, 4, 3), and the service level constraints are not satisfied, so in

the first step we will examine the ratio of the incremental cost to incremental availability

for the cases (S1, S2, S3, S4) = (6, 4, 4, 3), (5, 5, 4, 3), (5, 4, 5, 3) and (5, 4, 4, 4). If the kit

availability constraints for both kits are satisfied we will simply choose the one with

minimum cost. If one of the kit availability constraints is not satisfied, then for the next

step we will choose the combination with the minimum ratio. At the end of first step,

the service level constraints for both of the kits are not satisfied. The stock combination

with minimum ratio which is (6,4,4,3) with ratio 11,958 is chosen for the next step.

Another consideration here is that, if one of the service level constraints is satisfied, in

the next step we will not increase the stock level of the item which only belongs to this

kit but not any of the other kits. For the case below, in the first step the service level

constraint for the second kit is satisfied (0.911), so we do not need to increase the stock

level of item 4 which only belongs to second kit. If we increase the stock level of this

item, in the next step we are sure that the ratio will be higher and we will discard this

combination. For example we will not examine the case (6,4,4,4) because it is obvious
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that increasing the stock level of 4th item to 4 will increase the cost unnecessarily. In

the second step of the example, again the service level constraints for both kits are not

satisfied and we will choose the combination with the minimum ratio. There are two

combinations which have the same ratio, we will choose arbitrarily. Also, again for this

step we will not increase the stock level of the 4th item as the service level constraint for

the second kit is already satisfied. We choose (6,5,4,3) for the second step and proceed

to next step. In the third step, all combinations satisfy the service level constraints for

both kits, so we simply choose the one with minimum cost which is (6,5,5,3) with cost

11.733. Finally, this is reported as the optimal solution of our system obtained using

the heuristic approach.
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4. NUMERICAL COMPUTATIONS

In this section, we present the results of our numerical experiments and discuss

our key observations. The implementation of our model is carried out in stages. In

the implementation phase of the model, technical computing program MATLAB 7.0 is

employed.

Our first aim is to compute the probability a demand can be satisfied immediately

for any given stock level of each item. We derive the joint probability distribution

equation in the previous chapter. However, we need a practical way to compute the

kit availability because as the number of kits and items increase, the computations

become harder to handle manually. So, in the first stage of the computation phase we

developed a code to calculate the kit availability (service level) for a given stock level of

each item. During development stage, the calculations done by the MATLAB code is

simultaneously checked manually and with the simulation model explained in Chapter

5.

Optimizing the base-stock levels for a given service level constraint is the second

goal of this study. To accomplish this goal, we extend our code computing the kit

availability for a given stock level firstly to calculate the same figure for all combinations

of stock levels between a lower stock level and an upper stock level. This helps us to

determine the exact optimum stock levels in a greedy fashion. The code computes kit

availability and cost of all comnibations of stock levels, eliminates the ones which are

not satisfying the service level constraint and finally selecting the one with minimum

cost from the set of combinations satisfying the service level constraint. The exact

approach however is impractical as all calculations are done for each combination from

the lower stock level to the upper stock level. This is an exact but a very time consuming

method to obtain optimum base-stock levels.

In section 3.2 of the previous chapter, an algorithm for calculating the optimum

base-stock levels heuristically is presented. The heuristic approach is based on the ratio
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of increase in holding cost to increase in kit availability each time we consider a new

stock-level combination. A routine for calculating the base-stock levels heuristically is

also developed using MATLAB. MATLAB codes computing the optimum base-stock

levels both exactly and heuristically are presented in Appendix B.

To test the performance of our heuristic, we carried out a series of numerical

experiments for two systems. The first system we consider is a processing system

where replenishment lead times for each item is independent as in an infinite server

queue (M/G/∞). The second system is a load dependent system where items are

produced on separate single-server production facilities with exponentially distributed

production times (M/M/1). For all experiments, there are two kits and demands for

these kits are arrived according to Poisson process with overall arrival rate λ=1. We set

the service level constraint as 90% for both kits and obtain base-stock levels satisfying

this constraint exactly and heuristically.

For M/G/∞ experiments, the parameter values (kit probabilities (Pk), item prob-

abilities in each kit (pi,k), expected common time spent on site (E[Tk]), expected time

to replenish an item (E[τi]) and holding cost of each item (hi)) are generated randomly

using the distributions presented in Table 4.1. Number of items and items present

in each kit are also determined randomly by a code implemented in MATLAB. To-

tally, 100 experiments are conducted. The distribution of these experiments depending

on the number of items is also given in Table 4.1. As the parameters are randomly

generated, to be able to use the same parameters for the heuristic experiments, the

parameters are written into a Microsoft Excel file and for the set of heuristic runs

parameters are read from this file.

Among 100 runs conducted exactly and heuristically, results of 6 heuristic runs

differ from the results of the exact runs. Table 4.2 presents the kits, results of exact

and heuristic runs and the amount of deviation in base-stock levels and total cost. The

parameters and results of all runs are presented in Tables A.1 to A.11 given in Appendix

A. In the first two columns of these tables we see which items are included in Kit 1 and

Kit 2. In the next column, in the first part of the tables, the overlapping ratio which
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can be defined as ratio of the number of overlapping items to the number of overlapping

kits is given. This ratio is an indicator of the dependency of kits. Subsequent columns

present the parameter values for kit probabilities (Pk), item probabilities in each kit

(pi,k), expected common time spent on site (E[Tk]), expected time to replenish an item

(E[τi]) and holding cost of each item (hi) respectively. In the second part of these

tables, results of exact and heuristic runs for these parameters are displayed.

When we examine the deviated results, we observe that the maximum difference

in stock levels is 4, where it is 2.3 on the average. The percentage cost difference

between the exact and heuristic is 3.05 % on average with a minimum of 0% and a

maximum of 7.55%. These figures are demonstrated also in Table 4.1.
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We carried out similar experiments for M/M/1 system but in this case instead

of determining parameters from randomly generated data, we define two sets (I and II

in Table 4.3) for kit probabilities (Pk), item probabilities in each kit (pi,k), expected

common time spent on site (E[Tk]), traffic intensity (ρi = E [τi]
∑

k∈V (i)

λkpk,i) and item

holding cost (hi) and set up a controlled environment with combinations of each level

of these parameters. We consider two kits and three items. We study three kit com-

binations: a) U(1) = {1, 2}, U(2) = {3} b) U(1) = {1, 2}, U(2) = {1, 3} and c)

U(1) = {1, 2, 3}, U(2) = {1, 3}. We have defined the overlapping ratio as the ratio

of the number of overlapping items to the number of overlapping kits, so these cases

correspond to overlapping ratios of 0, 0.5 and 1 respectively.

We have conducted 96 experiments. Each experiment corresponds to a different

combination of the above kits and parameters. The number of heuristic runs differ from

the exact runs is 8. Table 4.4 presents the kits, results of exact and heuristic runs and

the amount of deviation in base-stock levels and total cost. The parameters and results

of all runs are presented in Tables A.12 to A.35 given in Appendix A. These tables are

presented in pairs. The first table in a pair gives the figures computed exactly and the

second table heuristically. First two columns of the tables give kit probabilities (Pk).

Subsequent columns gives item probabilities (pi,k) in each kit. In the next two columns,

expected time spent on site (E[Tk]) are presented where in the following columns item

holding costs (hi) are displayed. Last columns give the results of the experiments for

base-stock levels, total cost and service levels respectively.

Results of the experiments show that the maximum difference in stock levels is 2

where it is again 2 on the average. When we look at the figures, the percentage cost

difference between the exact policy and heuristic are relatively small. The percentage

cost difference between the exact and heuristic is 0.07 % on average with a maximum

of only 0.12%. These figures are represented in Table 4.3.
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The results of experiments for two different systems reveal that the heuristic

algorithm works quite well when compared with the exact results. The base-stock

levels obtained heuristically are good approximations to those computed exactly.

Another advantage of the heuristic method is that run-time of heuristic method

is very small when compared with run-time of exact approach. For example, a 3-item

experiment in an M/M/1 system takes about 20 minutes to compute exactly while it

takes only 20-30 seconds heuristically. The exact method examines all combinations

of stock levels in an exhaustive fashion to select the optimum level so it takes so much

time to obtain the result. As the number of items and overlapping of kits increase, the

run time also increases drastically. For a 3-item exact run, time to complete the run is

approximately 20 minutes but for a 5-item system it may go up to 6-7 hours depending

on the traffic intensity.

We may conclude that our heuristic approach is an efficient computational prac-

tice to analyze large systems in very short times with a very small error.

In the previous chapter, we derive the joint distribution of Ni. We show that

these are not independent collections. Classical approach ignores the dependency of

demands and assumes Ni are independent. In our model, by taking the dependency of

demands into account, we provide an improved procudure to calculate the base stock

levels.

To compare two approaches, we have conducted some experiments in an M/G/∞
system. Kit availability values for both systems are computed and compared for the

parameters presented in Table 4.5. The results for both systems are summarized in

Table 4.6. Here, SL1 and SL2 show the kit availability values for the system where

demands are dependent and β1 and β1 show for the system where demands are assumed

to be independent. We observe from the results of experiments that for the optimum

base-stock levels of each item if we consider dependency of demands we obtain higher kit

availability figures. This implies that if we have assumed independent demands and

solve our system according to this assumption, to obtain the same service levels we
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would hold more items in stock and this would increase the holding cost unnecessarily.
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Table 4.6. Comparison of dependence and independence assumption

Kit 1 Kit 2 S1 S2 S3 S4 S5 SL1 SL2 β1 β2

{1,2} {1,3} 7 3 6 - - 0.9316 0.914 0.929 0.9029

{1,2} {3,4} 4 5 2 3 - 0.9015 0.903 0.8777 0.8829

{1,2,3} {1,4} 6 5 3 5 - 0.9165 0.9071 0.8942 0.8945

{1,2,3,4} {1,4} 4 3 3 4 - 0.9127 0.9542 0.799 0.939

{2,4} {1,2,3,4} 4 7 4 4 - 0.9133 0.9024 0.9007 0.8264

{1,4,5} {2,3,4} 5 2 2 5 7 0.9041 0.9207 0.8566 0.9082

{1,2,3,4} {2,4,5} 3 5 4 5 3 0.9076 0.9176 0.8684 0.8871

{1,2,3,4,5} {2,4} 2 4 2 6 2 0.9128 0.9404 0.8818 0.929
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5. SIMULATION FRAMEWORK FOR THE MODEL

A simulation model which realistically reflects our research problem and supports

our calculations is developed and details of the framework are given in this chapter.

Firstly, steps of the model are presented briefly. Secondly, two cases are studied to

compare kit availabilities computed exactly by MATLAB and simulated by Arena.

Lastly, kit availabilities in systems with different processing distributions are evaluated

by simulation.

The simulation software package Arena 9.0 is used for the implementation of the

simulation model of the multi-item system studied. The system is modeled by the basic

process modules, elements and blocks of Arena 9.0. The input data of the system can

be listed as; number of kits, number of items, items present in each kit, stock levels for

each item, demand arrival distribution, kit probabilities, item probabilities in each kit,

expected common time spent on site and item processing distribution. The simulation

model is designed and developed such that arrival times and item processing times

(replenishment times) can be randomly generated based on probability distributions

defined. Kit availabilities (service level for each kit) for the given item stock levels are

obtained as the output of the model.

Figure 5.1 presents a simplified flow of our multi-item system. All items are

created at the beginning; their types are assigned immediately and are sent to a queue

which will simulate the stock of each item. Then, a kit demand is generated. Any

distribution or expression may be used to set the time between arrivals. We study a

Poisson arrival system so time between arrivals is set as exponential. When a demand

arrival occurs, a kit type is assigned according to a discrete probability distribution.

In the next step, program searches the stock whether the items in the demanded kit

are present. If all the items are present, they are removed from the stock and sent

to grouping to form the kit. If one or more of the items are missing, these items are

supplied from an emergency source by duplicating the item needed. If an item of the

type supplied from emergency source is replenished meanwhile, this item is returned
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to the source. When a kit is formed by grouping the items present in the demanded

kit, they are delayed on site for a common time and an item is selected to be used

according to a discrete probability distribution. The unused items are sent back to

the stock and the used item is ordered. The used item can be replenished through an

infinite server system, a single server system or a multi-server system where different

distributions may be used to reflect the processing period. We study an M/G/∞ and

an M/M/1 system. Finally, the item produced/supplied sent to its stock. Details of

the simulation model are presented in Appendix C.

Figure 5.1. Arena flow chart (simplified)
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The performance of our simulation model is evaluated by comparing the kit avail-

abilities computed exactly using the MATLAB routine explained in the previous chap-

ter and simulated by Arena. Two different cases are studied, one with a single kit and

the other with two kits sharing a common item. The details of the cases and the results

obtained exactly and by simulation are presented below. The system runs for 10,000

days for 10 replications.

Case 1: Consider a single kit with 3 items with consumption probabilities (0.5,

0.2, 0.3). Demand arrives according to a Poisson process with rate λ = 0.3 and

E[T ] = 0.5. Let E[τ1] = 2, E[τ2] = 1 and E[τ3] = 2. We compute kit availability

for the stock levels of (2,1,1) using both Arena and MATLAB firstly in a system with

independent replenishment times (through an M/G/∞ queue) and secondly in a system

with dependent replenishment times (through an M/M/1 queue).

Kit availability in an M/G/∞ system computed using MATLAB is 0.6519 while

it is 0.6520 when computed using Arena simulation. In an M/M/1 system the kit

availability calculated using Matlab is 0.6037 and 0.6035 when simulated by Arena.

Case 2: Consider two kits and four items with U(1) = {1, 2, 3} and U(2) = {1, 4}.
Let λ = 1, kit demand probabilities (0.6, 0.4) and E[T1] = 0.5, E[T2] = 0.2. Item

consumption probabilities are (0.4,0.3,0.3) and (0.3,0.7) for kits 1 and 2, respectively.

Let E[τi] = 1 for all i=1,2,3,4. We compute kit availabilities for kits 1 and 2 for the

stock levels of (5,5,5,5) using both Arena and MATLAB in an M/G/∞ system and in

an M/M/1 system. Table 5.1 gives kit availability for an M/G/∞ system and Table

5.2 for an M/M/1 system.

Table 5.1. Comparison of kit availabilities computed using MATLAB and ARENA in

an M/G/∞ system

MATLAB ARENA

Kit Availability 1 0.7673 0.7669

Kit Availability 2 0.7950 0.7940
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Table 5.2. Comparison of kit availabilities computed using MATLAB and ARENA in

an M/M/1 system

MATLAB ARENA

Kit Availability 1 0.6784 0.6782

Kit Availability 2 0.6948 0.6947

From the results of the above two cases, it is seen that the kit availability values

computed exactly using MATLAB are well approximated by simulation. One may

choose to evaluate the kit availability values for a given stock level by simulation

instead of using the exact computation.

This framework also provides a platform to analyze different arrival and process-

ing distributions. We consider the second case above and use different distributions

for item replenishment (exponential, deterministic, uniform and erlang) in an infinite

server and a single server system. The results of both systems are presented in Table

5.3 and Table 5.4.

Table 5.3. Comparison of different distributions in an infinite server queue by

simulation

Exponential Deterministic Erlang-2 Uniform

Kit Availability 1 0.76687 0.76835 0.58739 0.76696

Kit Availability 2 0.79403 0.79505 0.61175 0.79175

Table 5.4. Comparison of different distributions in a single server queue by simulation

Exponential Deterministic Erlang-2 Uniform

Kit Availability 1 0.67815 0.72674 0.32243 0.69935

Kit Availability 2 0.69470 0.74988 0.32496 0.72444

The results of the above examples shed light on how different replenishment

models affect the kit availabilities. The advantage of the simulation model is to obtain

the kit availabilities in varying situations easily without reconsidering how to derive kit

availability equation for these varying situations (different arrival distributions, single,

multiple or infinite server queues, various processing times etc.).
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6. CONCLUSION

In this study, we model and analyze a kit management problem. We consider

a multi-item inventory system in which customers may order different but possibly

overlapping kits. The aim of the study is to evaluate the availability of a kit to be

formed when a demand arrives, and to determine the optimal base-stock levels for the

multi-item inventory subject to a service level constraint.

Customer demand follows a Poisson process where there is a fixed probability for

each kit to be demanded. Demands are filled on a first-come-first-served basis. When

a demand for a kit is arrived, if the on-hand inventory for all the items in the requested

kit is available in the stock, the demand is filled immediately but if there are missing

items, these items are supplied from an exogenous source. The kit is then sent to the

demand location for a common time applying to all items in the kit and one of the

items is used in the demand location. The unused items in the kit are returned to

stock while an order is placed for the used item. We consider two supply processes for

the used item. In the first supply system replenishment lead times for each component

are independent random variables as in an M/G/∞ queue. Second supply system is a

load dependent system where items are processed through an M/M/1 queue.

The availability of a kit for a given base-stock level can be computed by evaluating

the joint distribution of outstanding orders. We developed a model for calculating the

joint probability of outstanding orders. In the implementation stage, we built up a

code in MATLAB technical computing program and a simulation model in simulation

package Arena. With the use of both MATLAB code and Arena model, for a given

base-stock level the probability a demand can be filled is computed easily. Arena model

also gives us the flexibility to define different arrival and replenishment distributions

without a need to derive the joint probability equation every time.

Secondly, we developed an efficient algorithm to optimize the base-stock levels of

each item heuristically. We have carried out many numerical computations to prove the
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effectiveness of our heuristic approach. The numerical examples are conducted both

in a greedy fashion to obtain exact results and by using the heuristic method. Results

of these studies indicate the heuristic approach provide efficient solutions in relatively

very shorter times when compared to exact approach.

Lastly, to present the improvement provided by our model where we take the

dependency of demands into account, we have carried out experiments for our model

and a classical model which ignores the dependency of demands. We have concluded

from the results of experiments that for obtaining the service levels provided by our

model, in a classical system more items have to be hold in stock which would lead an

increase in holding costs.

There are some points open to further research. In our model, we consider only

one item of a specific type is available in a kit. This may be extended to multiple items

of the same item type. Another approach for a further study may be to allow backorders

and obtain new performance measures like the average number of backorders for the

studied model.
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APPENDIX A: RUN PARAMETERS AND RESULTS

This appendix presents the parameters and results of the experiments conducted

for an M/G/∞ and an M/M/1 system.

Tables A.1 -A.11 show the run parameters and results of both exact and heuristic

runs for an M/G/∞ system. For all experiments, two kits are considered but the

items in the kits are randomly determined using a routine performed in MATLAB.

Parameters for M/G/∞ experiments are also randomly determined according to the

distributions presented in Table 4.1 in Chapter 4. In the tables, first two columns

represent the items in Kit 1 and 2. Subsequent columns of the first part of the table

give all the parameters which are randomly selected. In the second part exact base-

stock levels, cost and the service levels are presented firstly. These columns are followed

by the same figures computed heuristically. The tables are classified according to the

total number of items.

Tables A.12 -A.35 show the run parameters and results of exact and heuristic runs

for an M/M/1 system. A set of controlled experiments are conducted for an M/M/1

system. Experiments are conducted according to all combinations of parameters given

in Table 4.3 in Chapter 4. There are again two kits. The tables are classified according

to the items in the kits, overlapping ratio and traffic intensity and are presented in

pairs. The first table in a pair gives the figures computed exactly and the second table

heuristically. One may compare the results of the exact and heuristic runs for the same

parameters easily from these tables.
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APPENDIX B: MATLAB CODES FOR OPTIMAL STOCK

LEVELS

The programs described in this appendix was written to calculate the optimal

stock levels for a system where replenishment lead times for each item is independent

thus supply model is a parallel processing system as in a infinite server queue (M/G/∞)

and for a system with a load dependent lead times where the items are produced on

separate single-server production facilities with exponentially distributed production

times (M/M/1).

The input data of the system are items present in each kit, demand arrival rate

(λ), kit probabilities (Pk), item probabilities in each kit (pi,k), expected common time

spent on site (E[T ]), expected time to replenish an item (E[τ ]) for an M/G/∞ system

or traffic intensity (ρ) for an M/M/1 system, holding cost of each item (hi) and the

desired service level. We developed two routines; one computing the optimum stock

levels exactly by looking at all combinations of stock levels satisfying the service level

constraint and choosing the one with minimum cost and the other computing the

stock levels heuristically using the algorithm defined in Chapter 3. Both routines write

optimal stock levels, optimum cost and service levels in an Excel sheet as the output

of the runs.

B.1. Code for an M/G/∞ System

B.1.1. Exact Routine

clear;

items = [1 2 3 4];
kits = [1 2 3;1 4 0];
ServiceLevel = [0.9, 0.7];
lambda = 3;
pKit = [0.667, 0.333];
pItem = [0.4 0.3 0.3;0.3 0.7 0];
tau = [1, 1, 1, 1];
rate = zeros(size(pItem,1),size(pItem,2));
outstandingItem = zeros(1,size(items,2));
kitRate = lambda * pKit;
T = [0.5,0.2];
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h = [1, 1, 1, 1];

for i=1:size(pItem,1)
for j=1:size(pItem,2)

rate(i,j) = kitRate(i) * pItem(i,j);
end

end

% S_item = set of kits containing item i
S_item = zeros(size(items,2),size(kits,1));
for kitItemCount=1:size(items,2)

kitItemSetCount=1;
for kitCount=1:size(kits,1)

for kitCountIndex=1:size(kits,2)
if kits(kitCount,kitCountIndex)==items(kitItemCount)

S_item(kitItemCount,kitItemSetCount)=kitCount;
kitItemSetCount=kitItemSetCount+1;

end
end

end
end

for item=1:size(outstandingItem,2)
sum = 0;
for i2 = 1:size(kits,1)

for i3 = 1:size(kits,2)
if (kits(i2, i3) == item)

sum = sum + rate(i2, i3) * tau(item);
end

end
end

sum1 = 0;
for c=1:size(S_item,2)

if (S_item(item,c) ~= 0)
index = 0;
for (b=1:size(kits,2))

if (kits(S_item(item,c), b) == item)
index = b;

end
end
sum1 = sum1 + (kitRate(S_item(item,c)) * T(S_item(item,c)));

end
end
outstandingItem(item) = sum + sum1;

end

% U_kit = Set of kits containing any one of the items in kit k
U_kit = zeros(size(kits,1),size(kits,1));
for i=1:size(kits,1)

for j=1:size(kits,2)
if kits(i,j)~=0

c = (nonzeros(S_item(kits(i,j),:)))’;
for k=1:size(c,2)

U_kit(i,c(k))=1;
end

end
end

end

% M_numItemsInKit = number of items in kit k
M_numItemsInKit = zeros(size(kits,1),1);
for i=1:size(kits,1)

count = 0;
for j=1:size(kits,2)

if kits(i,j)~=0
count = count + 1;

end
end
M_numItemsInKit(i) = count;

end
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% V = |U|
V = zeros(size(U_kit,1),1);
for i=1:size(U_kit,1)

count = 0;
for j=1:size(U_kit,2)

if U_kit(i,j)~=0
count = count + 1;

end
end
V(i) = count;

end

% U_bothKits = U(l,k), items that are contained both in kit l and kit k
U_bothKits = zeros(size(kits,1),size(kits,1),size(items,2));
for i=1:size(kits,1)

for j=i:size(kits,1)
c = 1;
for k=1:size(kits,2)

for m=1:size(kits,2)
if (kits(i,k) == kits(j,m))

U_bothKits(i,j,c) = kits(i,k);
U_bothKits(j,i,c) = kits(i,k);
c = c+1;

end
end

end
end

end

lowerStock = zeros(1,size(items,2));
tmpLowerStock = zeros(1,size(items,2));
availability = zeros(1,size(items,2));

for t1=1:size(items,2)

tmpLowerStock(t1) = 0;

isProbMet = 0;
while (isProbMet == 0)

tmpLowerStock(t1) = tmpLowerStock(t1) + 1;
availability(t1)= poisscdf(tmpLowerStock(t1),outstandingItem(t1));
isProbMet = 1;
maxServiceLevel = 0;
for t3=1:size(S_item,2)

if (S_item(t1,t3) ~= 0)
if (maxServiceLevel == 0)

maxServiceLevel = ServiceLevel(S_item(t1,t3));
else

if (ServiceLevel(S_item(t1,t3)) > maxServiceLevel)
maxServiceLevel = ServiceLevel(S_item(t1,t3));

end
end

end
end

if (availability(t1) < maxServiceLevel)
isProbMet = 0;

end
end
lowerStock(t1) = tmpLowerStock(t1)+1;

end
upperStockSize = 10;
upperStock = lowerStock + upperStockSize;

display(lowerStock);
display(upperStock);
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tmpItem = items;

c = 0;
optimumRow = 0;
n = combinationsDouble(lowerStock, upperStock);
minCost = -1;
optimumStock = 0;
for i=1:size(n,1)
tmpRow = n(i,:);

kitProb = thesis(n(i,:), kits, U_kit, U_bothKits, rate, kitRate, tau,
T, S_item);
isProbMet = 1;
for i2=1:size(kitProb,2)

if (kitProb(i2) < ServiceLevel(i2))
isProbMet = 0;

end
end
if (isProbMet == 1)

cost = 0;
itemCosts = zeros(1,size(items,2));

S=n(i,:);
for i=1:size(S,2)

tmpCost = 0;
m=S(i)-1;
for j=0:m

if (j==0)
tmpCost = 0;

else
tmpCost = tmpCost+h(i)*poisscdf(j,outstandingItem(i));

end
end
cost = cost + tmpCost;
itemCosts(i) = tmpCost;

end
if (minCost == -1)

minCost = cost;
optimumStock = S;
optimumRow = [optimumStock cost kitProb itemCosts];

else
if (cost < minCost)

minCost = cost;
optimumStock = S;
optimumRow = [optimumStock cost kitProb itemCosts];

end
end
if (c == 0)

c = [tmpRow cost kitProb itemCosts];
else

c = [c ; tmpRow cost kitProb itemCosts];
end

end

end
l = zeros(1,size(c,2)-size(lowerStock,2));
l2 = [lowerStock l];
c = [c; l2];
u = zeros(1,size(c,2)-size(upperStock,2));
u2 = [upperStock u];
c = [c; u2];
c = [c; optimumRow];
display(optimumStock);
display(minCost);
display(c);
xlswrite(’MGInfinity_Exact.xls’,c);

function n = combinations(t)
m = t(1)+1;
for i=2:size(t,2)

m = m * (t(i)+1);
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end
n = zeros(m, size(t,2));
for c=1:size(t,2)

mm = 1;
if (c ~= size(t,2))

for i=c+1:size(t,2)
mm = mm * (t(i)+1);

end
end
c1 = 1;
while c1 < m

for nc=0:t(c)
for c2=1:mm

n(c1,c) = nc;
c1 = c1+1;

end
end

end
end

end

function n = combinationsDouble(lower, upper)
m = upper(1)-lower(1)+1;
for i=2:size(lower,2)

m = m * (upper(i)-lower(i)+1);
end
n = zeros(m, size(lower,2));
for c=1:size(lower,2)

mm = 1;
if (c ~= size(lower,2))

for i=c+1:size(lower,2)
mm = mm * (upper(i)-lower(i)+1);

end
end
c1 = 1;
while c1 < m

for nc=lower(c):upper(c)
for c2=1:mm

n(c1,c) = nc;
c1 = c1+1;

end
end

end
end

end

function kitProb = thesis(Stock, kits, U_kit, U_bothKits, rate, kitRate, tau,
T, S_item)
kitProb = zeros(1,size(kits,1));
for kit=1:size(kits,1)

sum = 0;
tmpStock = zeros(1,size(Stock,2));
for nc=1:size(kits,2)

item = kits(kit, nc);
if (item ~= 0)

tmpStock(1,item) = Stock(item) - 1;
end

end
n = combinations(tmpStock);
for i=1:size(n,1)

tmp = calculateKitProb(n(i,:), kit, kits, U_kit, U_bothKits, rate,
kitRate, tau, T, S_item);
sum = sum + tmp;

end
kitProb(1, kit) = sum;

end
end

function prob = calculateP(y, kit, kits, U_kit, rate, kitRate, tau,
T, n, S_item)

multiply = 1;
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for j=1:size(kits,2)
i = kits(kit,j);
if (i ~= 0)

sum1 = 0;
sum2 = 0;
for c=1:size(S_item,2)

if (S_item(i,c) ~= 0)
index = 0;
for (b=1:size(kits,2))

if (kits(S_item(i,c), b) == i)
index = b;

end
end
sum1 = sum1 + (rate(S_item(i,c), index));
sum2 = sum2 + y(S_item(i,c));

end
end
sum2 = n(i) - sum2;
if (sum2<0)

value = 0;
else

value = ( exp(-tau(i) * sum1) * (tau(i) * sum1)^sum2 )
/ factorial(sum2);

end
multiply = multiply * value;

end
end
for j=1:size(U_kit,2)

if (U_kit(kit,j) ~= 0)
value = ( exp(-kitRate(j) * T(j)) * ((kitRate(j) * T(j))^y(j) ) )
/ factorial(y(j));
multiply = multiply * value;

end
end
prob = multiply;

end

function kitProbability = calculateKitProb (n, kit, kits, U_kit, U_bothKits,
rate, kitRate, tau, T, S_item)

R = zeros(1,size(kits,1));
for l=1:size(kits,1)

if (U_kit(kit,l) == 1)
minN = -1;
for i=1:size(U_bothKits,3)

tt = U_bothKits(l,kit, i);
if (tt ~= 0)

if (minN == -1)
minN = n(1,tt);

else
if (n(1,tt) < minN)

minN = n(1,tt);
end

end
end

end
if minN < 0

minN = 0;
end
R(1,l) = minN;

end
end
sum = 0;
y = combinations(R);
for t=1:size(y,1)

tmp = calculateP(y(t,:), kit, kits, U_kit, rate, kitRate, tau, T,
n, S_item);
sum = sum + tmp;

end
kitProbability = sum;
end
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B.1.2. Heuristic Routine

clear;

items = [1 2 3 4];
kits = [1 2 3;1 4 0];
ServiceLevel = [0.9, 0.7];
lambda = 3;
pKit = [0.667, 0.333];
pItem = [0.4 0.3 0.3;0.3 0.7 0];
tau = [1, 1, 1, 1];
rate = zeros(size(pItem,1),size(pItem,2));
outstandingItem = zeros(1,size(items,2));
kitRate = lambda * pKit;
T = [0.5,0.2];
h = [1, 1, 1, 1];

for i=1:size(pItem,1)
for j=1:size(pItem,2)

rate(i,j) = kitRate(i) * pItem(i,j);
end

end

% S_item = set of kits containing item i
S_item = zeros(size(items,2),size(kits,1));
for kitItemCount=1:size(items,2)

kitItemSetCount=1;
for kitCount=1:size(kits,1)

for kitCountIndex=1:size(kits,2)
if kits(kitCount,kitCountIndex)==items(kitItemCount)

S_item(kitItemCount,kitItemSetCount)=kitCount;
kitItemSetCount=kitItemSetCount+1;

end
end

end
end

for item=1:size(outstandingItem,2)
sum = 0;
for i2 = 1:size(kits,1)

for i3 = 1:size(kits,2)
if (kits(i2, i3) == item)

sum = sum + rate(i2, i3) * tau(item);
end

end
end

sum1 = 0;
for c=1:size(S_item,2)

if (S_item(item,c) ~= 0)
index = 0;
for (b=1:size(kits,2))

if (kits(S_item(item,c), b) == item)
index = b;

end
end
sum1 = sum1 + (kitRate(S_item(item,c)) * T(S_item(item,c)));

end
end
outstandingItem(item) = sum + sum1;

end

% U_kit = Set of kits containing any one of the items in kit k
U_kit = zeros(size(kits,1),size(kits,1));
for i=1:size(kits,1)

for j=1:size(kits,2)
if kits(i,j)~=0

c = (nonzeros(S_item(kits(i,j),:)))’;
for k=1:size(c,2)

U_kit(i,c(k))=1;



82

end
end

end
end

% M_numItemsInKit = number of items in kit k
M_numItemsInKit = zeros(size(kits,1),1);
for i=1:size(kits,1)

count = 0;
for j=1:size(kits,2)

if kits(i,j)~=0
count = count + 1;

end
end
M_numItemsInKit(i) = count;

end

% V = |U|
V = zeros(size(U_kit,1),1);
for i=1:size(U_kit,1)

count = 0;
for j=1:size(U_kit,2)

if U_kit(i,j)~=0
count = count + 1;

end
end
V(i) = count;

end

% U_bothKits = U(l,k), items that are contained both in kit l and kit k
U_bothKits = zeros(size(kits,1),size(kits,1),size(items,2));
for i=1:size(kits,1)

for j=i:size(kits,1)
c = 1;
for k=1:size(kits,2)

for m=1:size(kits,2)
if (kits(i,k) == kits(j,m))

U_bothKits(i,j,c) = kits(i,k);
U_bothKits(j,i,c) = kits(i,k);
c = c+1;

end
end

end
end

end

lowerStock = zeros(1,size(items,2));
tmpLowerStock = zeros(1,size(items,2));
availability = zeros(1,size(items,2));

for t1=1:size(items,2)

tmpLowerStock(t1) = 0;

isProbMet = 0;
while (isProbMet == 0)

tmpLowerStock(t1) = tmpLowerStock(t1) + 1;
availability(t1)= poisscdf(tmpLowerStock(t1),outstandingItem(t1));
isProbMet = 1;
maxServiceLevel = 0;
for t3=1:size(S_item,2)

if (S_item(t1,t3) ~= 0)
if (maxServiceLevel == 0)

maxServiceLevel = ServiceLevel(S_item(t1,t3));
else

if (ServiceLevel(S_item(t1,t3)) > maxServiceLevel)
maxServiceLevel = ServiceLevel(S_item(t1,t3));

end
end

end
end
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%display(maxServiceLevel);
%display(availability(t1));
if (availability(t1) < maxServiceLevel)

isProbMet = 0;
end

end
lowerStock(t1) = tmpLowerStock(t1)+1;

end

tmpItem = items;
c = 0;

optimumFound = 0;
currentStock = lowerStock;
currentCost = 0;
currentKitAvailability = 0;
kitProb = thesis(lowerStock, kits, U_kit, U_bothKits, rate, kitRate,
tau, T, S_item);
for t = 1:size(kitProb,2)

currentKitAvailability = currentKitAvailability + kitProb(t);
end
S=lowerStock;
cost = 0;
for i=1:size(S,2)

tmpCost = 0;
m=S(i)-1;
for j=0:m

if (j==0)
tmpCost = 0;

else
tmpCost = tmpCost+h(i)*poisscdf(j,outstandingItem(i));

end
end
cost = cost + tmpCost;

% itemCosts(i) = tmpCost;
end
currentCost = cost;
validStock = ones(1,size(lowerStock,2));
optimumCost = 0;
optimumRow = 0;

lowerProbMet = 1;
for i4=1:size(kitProb,2)

if (kitProb(1,i4) > ServiceLevel(i4))
for i5=1:size(S_item,1)

if (S_item(i5,1) == i4)
if (size(S_item,2) == 1)

validStock(1,i5) = 0;
else

if (S_item(i5,2) == 0)
validStock(1,i5) = 0;

end
end

end
end

end
if (kitProb(1,i4) < ServiceLevel(i4))

lowerProbMet = 0;
end

end

if (lowerProbMet == 1)
optimumFound = 1;
end

optimumRow = [lowerStock cost kitProb [0 0 0]];

if (c == 0)
c = [lowerStock cost kitProb [0 0 0]];

else
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c = [c ; lowerStock cost kitProb [0 0 0]];
end
c = [c ; zeros(1,size(c,2))];

while (optimumFound == 0)
n = combinationsIncremental(currentStock, validStock);
costs = zeros(size(n,1),1);
kitProbs = 0;
kitProbSums = zeros(size(n,1),1);
incCosts = zeros(size(n,1),1);
incAvail = zeros(size(n,1),1);
ratio = zeros(size(n,1),1);
for i=1:size(n,1)

kitProb = thesis(n(i,:), kits, U_kit, U_bothKits, rate, kitRate,
tau, T, S_item);
S=n(i,:);
cost = 0;
for i2=1:size(S,2)

tmpCost = 0;
m=S(i2)-1;
for j=0:m

if (j==0)
tmpCost = 0;

else
tmpCost = tmpCost+h(i2)*poisscdf(j,outstandingItem(i2));

end
end
cost = cost + tmpCost;

end
costs(i) = cost;
for t = 1:size(kitProb,2)

kitProbSums(i) = kitProbSums(i) + kitProb(1,t);
end
if (kitProbs == 0)

kitProbs = kitProb;
else

kitProbs = [kitProbs ; kitProb];
end

end
tmpMinCost = 0;
tmpIndex = zeros(size(n,1),1);
isAllProbMet = 1;
for i2=1:size(kitProbs,1)

rowProbMet = 1;
for i3=1:size(kitProbs,2)

if (kitProbs(i2,i3) < ServiceLevel(i3))
isAllProbMet = 0;
rowProbMet = 0;

end
end
if (rowProbMet == 1)

if (optimumCost == 0)
optimumCost = costs(i2,1);
optimumRow = [n(i2,:) costs(i2,1) kitProbs(i2,:) [0 0 0]];

else
if (costs(i2, 1) < optimumCost)

optimumCost = costs(i2,1);
optimumRow = [n(i2,:) costs(i2,1) kitProbs(i2,:) [0 0 0]];

end
end

else
if (optimumCost == 0)

tmpIndex(i2) = 1;
else

if (costs(i2,1) < optimumCost)
tmpIndex(i2) = 1;

end
end

end

end
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if (isAllProbMet == 1)
optimumFound = 1;

else
incCosts = costs - currentCost;
incAvail = kitProbSums - currentKitAvailability;
ratio = incCosts ./ incAvail;
minRatio = 0;
minRatioIndex = -1;
for t1 = 1:size(ratio,1)

if (tmpIndex(t1) == 1)
if (minRatio == 0)

minRatio = ratio(t1);
minRatioIndex = t1;

else
if (ratio(t1) < minRatio)

minRatio = ratio(t1);
minRatioIndex = t1;

end
end

end

end
if (minRatioIndex == -1)

optimumFound = 1;
else

currentStock = n(minRatioIndex,:);
currentCost = costs(minRatioIndex);
currentKitAvailability = 0;
for t = 1:size(kitProbs,2)

currentKitAvailability = currentKitAvailability +
kitProbs(minRatioIndex,t);

end
for i4=1:size(kitProbs,2)

if (kitProbs(minRatioIndex,i4) > ServiceLevel(i4))
for i5=1:size(S_item,1)

if (S_item(i5,1) == i4)
if (size(S_item,2) == 1)

validStock(1,i5) = 0;
else

if (S_item(i5,2) == 0)
validStock(1,i5) = 0;

end
end

end
end

end
end

end
end
if (c == 0)

c = [n costs kitProbs incCosts incAvail ratio];
else

c = [c ; n costs kitProbs incCosts incAvail ratio];
end

c = [c ; zeros(1,size(c,2))];

end
c = [c ; optimumRow];

display(c);
xlswrite(’MGInfinity_heuristic.xls’,c);

function n = combinations(t)
m = t(1)+1;
for i=2:size(t,2)

m = m * (t(i)+1);
end
n = zeros(m, size(t,2));
for c=1:size(t,2)

mm = 1;
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if (c ~= size(t,2))
for i=c+1:size(t,2)

mm = mm * (t(i)+1);
end

end
c1 = 1;
while c1 < m

for nc=0:t(c)
for c2=1:mm

n(c1,c) = nc;
c1 = c1+1;

end
end

end
end

end

function n = combinationsDouble(lower, upper)
m = upper(1)-lower(1)+1;
for i=2:size(lower,2)

m = m * (upper(i)-lower(i)+1);
end
n = zeros(m, size(lower,2));
for c=1:size(lower,2)

mm = 1;
if (c ~= size(lower,2))

for i=c+1:size(lower,2)
mm = mm * (upper(i)-lower(i)+1);

end
end
c1 = 1;
while c1 < m

for nc=lower(c):upper(c)
for c2=1:mm

n(c1,c) = nc;
c1 = c1+1;

end
end

end
end

end

function kitProb = thesis(Stock, kits, U_kit, U_bothKits, rate, kitRate, tau,
T, S_item)
kitProb = zeros(1,size(kits,1));
for kit=1:size(kits,1)

sum = 0;
tmpStock = zeros(1,size(Stock,2));
for nc=1:size(kits,2)

item = kits(kit, nc);
if (item ~= 0)

tmpStock(1,item) = Stock(item) - 1;
end

end
n = combinations(tmpStock);
for i=1:size(n,1)

tmp = calculateKitProb(n(i,:), kit, kits, U_kit, U_bothKits, rate,
kitRate, tau, T, S_item);
sum = sum + tmp;

end
kitProb(1, kit) = sum;

end
end

function prob = calculateP(y, kit, kits, U_kit, rate, kitRate, tau,
T, n, S_item)

multiply = 1;
for j=1:size(kits,2)

i = kits(kit,j);
if (i ~= 0)

sum1 = 0;
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sum2 = 0;
for c=1:size(S_item,2)

if (S_item(i,c) ~= 0)
index = 0;
for (b=1:size(kits,2))

if (kits(S_item(i,c), b) == i)
index = b;

end
end
sum1 = sum1 + (rate(S_item(i,c), index));
sum2 = sum2 + y(S_item(i,c));

end
end
sum2 = n(i) - sum2;
if (sum2<0)

value = 0;
else

value = ( exp(-tau(i) * sum1) * (tau(i) * sum1)^sum2 )
/ factorial(sum2);

end
multiply = multiply * value;

end
end
for j=1:size(U_kit,2)

if (U_kit(kit,j) ~= 0)
value = ( exp(-kitRate(j) * T(j)) * ((kitRate(j) * T(j))^y(j) ) )
/ factorial(y(j));
multiply = multiply * value;

end
end
prob = multiply;

end

function kitProbability = calculateKitProb (n, kit, kits, U_kit, U_bothKits,
rate, kitRate, tau, T, S_item)

R = zeros(1,size(kits,1));
for l=1:size(kits,1)

if (U_kit(kit,l) == 1)
minN = -1;
for i=1:size(U_bothKits,3)

tt = U_bothKits(l,kit, i);
if (tt ~= 0)

if (minN == -1)
minN = n(1,tt);

else
if (n(1,tt) < minN)

minN = n(1,tt);
end

end
end

end
if minN < 0

minN = 0;
end
R(1,l) = minN;

end
end
sum = 0;
y = combinations(R);
for t=1:size(y,1)

tmp = calculateP(y(t,:), kit, kits, U_kit, rate, kitRate, tau, T,
n, S_item);
sum = sum + tmp;

end
kitProbability = sum;
end
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B.2. Code for an M/M/1 System

B.2.1. Exact Routine

clear;

items = [1 2 3];
kits = [1 2;3 0];
ServiceLevel = [0.9, 0.9];
lambda = 1;
pKit = [0.5, 0.5];
pItem = [0.5 0.5;1 0];
ro=[0.5 0.5 0.5];
rate = zeros(size(pItem,1),size(pItem,2));
outstandingItem = zeros(1,size(items,2));
itemOnSite = zeros(1,size(items,2));
kitRate = lambda * pKit;
T = [1.5,1.5];
h = [1.5 1.5 1.5];

for i=1:size(pItem,1)
for j=1:size(pItem,2)

rate(i,j) = kitRate(i) * pItem(i,j);
end

end

% S_item = set of kits containing item i
S_item = zeros(size(items,2),size(kits,1));
for kitItemCount=1:size(items,2)

kitItemSetCount=1;
for kitCount=1:size(kits,1)

for kitCountIndex=1:size(kits,2)
if kits(kitCount,kitCountIndex)==items(kitItemCount)

S_item(kitItemCount,kitItemSetCount)=kitCount;
kitItemSetCount=kitItemSetCount+1;

end
end

end
end

itemLambda = 0;
for i=1:size(items,2)

sum1 = 0;
for c=1:size(S_item,2)

if (S_item(i,c) ~= 0)
index = 0;
for (b=1:size(kits,2))

if (kits(S_item(i,c), b) == i)
index = b;

end
end
sum1 = sum1 + (rate(S_item(i,c), index));

end
end
if (itemLambda == 0)

itemLambda = sum1;
else

itemLambda = [itemLambda sum1];
end

end
tau = ro./itemLambda;
display(tau);

for item=1:size(outstandingItem,2)
sum = 0;
for i2 = 1:size(kits,1)

for i3 = 1:size(kits,2)
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if (kits(i2, i3) == item)
sum = sum + rate(i2, i3) * tau(item);

end
end

end

sum1 = 0;
for c=1:size(S_item,2)

if (S_item(item,c) ~= 0)
index = 0;
for (b=1:size(kits,2))

if (kits(S_item(item,c), b) == item)
index = b;

end
end
sum1 = sum1 + (kitRate(S_item(item,c)) * T(S_item(item,c)));

end
end
outstandingItem(item) = sum + sum1;

end

for item=1:size(itemOnSite,2)
sum1 = 0;
for c=1:size(S_item,2)

if (S_item(item,c) ~= 0)
index = 0;
for (b=1:size(kits,2))

if (kits(S_item(item,c), b) == item)
index = b;

end
end
sum1 = sum1 + (kitRate(S_item(item,c)) * T(S_item(item,c)));

end
end
itemOnSite(item) = sum1;

end

% U_kit = Set of kits containing any one of the items in kit k
U_kit = zeros(size(kits,1),size(kits,1));
for i=1:size(kits,1)

for j=1:size(kits,2)
if kits(i,j)~=0

c = (nonzeros(S_item(kits(i,j),:)))’;
for k=1:size(c,2)

U_kit(i,c(k))=1;
end

end
end

end

% M_numItemsInKit = number of items in kit k
M_numItemsInKit = zeros(size(kits,1),1);
for i=1:size(kits,1)

count = 0;
for j=1:size(kits,2)

if kits(i,j)~=0
count = count + 1;

end
end
M_numItemsInKit(i) = count;

end

% V = |U|
V = zeros(size(U_kit,1),1);
for i=1:size(U_kit,1)

count = 0;
for j=1:size(U_kit,2)

if U_kit(i,j)~=0
count = count + 1;

end
end
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V(i) = count;
end

% U_bothKits = U(l,k), items that are contained both in kit l and kit k
U_bothKits = zeros(size(kits,1),size(kits,1),size(items,2));
for i=1:size(kits,1)

for j=i:size(kits,1)
c = 1;
for k=1:size(kits,2)

for m=1:size(kits,2)
if (kits(i,k) == kits(j,m))

U_bothKits(i,j,c) = kits(i,k);
U_bothKits(j,i,c) = kits(i,k);
c = c+1;

end
end

end
end

end

lowerStock = zeros(1,size(items,2));
tmpLowerStock = zeros(1,size(items,2));
availability = zeros(1,size(items,2));

for t1=1:size(items,2)

tmpLowerStock(t1) = 0;

isProbMet = 0;
while (isProbMet == 0)

tmpLowerStock(t1) = tmpLowerStock(t1) + 1;
availability(t1) = 0;
for k=0:tmpLowerStock(t1)

availability(t1)= availability(t1)+poisspdf(k,itemOnSite(t1))*
(1 -(ro(t1)^(tmpLowerStock(t1)-k+1)));

end
isProbMet = 1;
maxServiceLevel = 0;
for t3=1:size(S_item,2)

if (S_item(t1,t3) ~= 0)
if (maxServiceLevel == 0)

maxServiceLevel = ServiceLevel(S_item(t1,t3));
else

if (ServiceLevel(S_item(t1,t3)) > maxServiceLevel)
maxServiceLevel = ServiceLevel(S_item(t1,t3));

end
end

end
end
%display(maxServiceLevel);
%display(availability(t1));
if (availability(t1) < maxServiceLevel)

isProbMet = 0;
end

end
lowerStock(t1) = tmpLowerStock(t1)+1;

end

upperStockSize = 10;
upperStock = lowerStock + upperStockSize;

display(lowerStock);
%display(upperStock);

tmpItem = items;

c = 0;
optimumRow = 0;
n = combinationsDouble(lowerStock, upperStock);
minCost = -1;
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optimumStock = 0;
for i=1:size(n,1)

display(i);
display(size(n,1));
tmpRow = n(i,:);
kitProb = thesis(n(i,:), kits, U_kit, U_bothKits, rate, kitRate, ro,
T, S_item);
isProbMet = 1;
for i2=1:size(kitProb,2)

if (kitProb(i2) < ServiceLevel(i2))
isProbMet = 0;

end
end
if (isProbMet == 1)

cost = 0;
itemCosts = zeros(1,size(items,2));

S=n(i,:);
for i=1:size(S,2)

tmpCost = 0;
m=S(i)-1;
for j=0:m

if (j==0)
tmpCost = 0;

else
for k=0:j

tmpCost = tmpCost+h(i)*poisspdf(k,itemOnSite(i))*(1 - (ro(i)^(j-k+1)));
end

end
end
cost = cost + tmpCost;
itemCosts(i) = tmpCost;

end
if (minCost == -1)

minCost = cost;
optimumStock = S;
optimumRow = [optimumStock cost kitProb itemCosts];

else
if (cost < minCost)

minCost = cost;
optimumStock = S;
optimumRow = [optimumStock cost kitProb itemCosts];

end
end
if (c == 0)

c = [tmpRow cost kitProb itemCosts];
else

c = [c ; tmpRow cost kitProb itemCosts];
end

end

end
l = zeros(1,size(c,2)-size(lowerStock,2));
l2 = [lowerStock l];
c = [c; l2];
u = zeros(1,size(c,2)-size(upperStock,2));
u2 = [upperStock u];
c = [c; u2];
c = [c; optimumRow];
display(optimumStock);
display(minCost);
display(c);
xlswrite(’mm1exact.xls’,c);

function n = combinations(t)
m = t(1)+1;
for i=2:size(t,2)

m = m * (t(i)+1);
end
n = zeros(m, size(t,2));
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for c=1:size(t,2)
mm = 1;
if (c ~= size(t,2))

for i=c+1:size(t,2)
mm = mm * (t(i)+1);

end
end
c1 = 1;
while c1 < m

for nc=0:t(c)
for c2=1:mm

n(c1,c) = nc;
c1 = c1+1;

end
end

end
end

end

function n = combinationsIncremental(current, valid)
n = zeros(size(current,2), size(current,2));
for i=1:size(current,2)

for j=1:size(current,2)
if (i==j)

n(i,j) = current(j)+1;
else

n(i,j) = current(j);
end

end
end
tmp = 0;
for i=1:size(valid,2)

if (valid(1,i) == 1)
if (tmp == 0)

tmp = n(i,:);
else

tmp = [tmp; n(i,:)];
end

end
end
n = tmp;

end

function kitProb = thesis(Stock, kits, U_kit, U_bothKits, rate, kitRate, ro,
T, S_item)
kitProb = zeros(1,size(kits,1));
for kit=1:size(kits,1)

sum = 0;
tmpStock = zeros(1,size(Stock,2));
for nc=1:size(kits,2)

item = kits(kit, nc);
if (item ~= 0)

tmpStock(1,item) = Stock(item) - 1;
end

end
n = combinations(tmpStock);
for i=1:size(n,1)

tmp = calculateKitProb(n(i,:), kit, kits, U_kit, U_bothKits, rate,
kitRate, ro, T, S_item);
sum = sum + tmp;

end
kitProb(1, kit) = sum;

end
end

function prob = calculateP(y, kit, kits, U_kit, rate, kitRate, ro, T, n, S_item)
multiply = 1;
for j=1:size(kits,2)

i = kits(kit,j);
if (i ~= 0)

sum2 = 0;
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for c=1:size(S_item,2)
if (S_item(i,c) ~= 0)

sum2 = sum2 + y(S_item(i,c));
end

end
sum2 = n(i) - sum2;
if (sum2<0)

value = 0;
else

value = (ro(i)^sum2) * (1 - ro(i)) ;
end
multiply = multiply * value;

end
end
for j=1:size(U_kit,2)

if (U_kit(kit,j) ~= 0)
value = ( exp(-kitRate(j) * T(j)) * ((kitRate(j) * T(j))^y(j) ) )
/ factorial(y(j));

multiply = multiply * value;
end

end
prob = multiply;

end

function kitProbability = calculateKitProb (n, kit, kits, U_kit, U_bothKits, rate,
kitRate, ro, T, S_item)

R = zeros(1,size(kits,1));
for l=1:size(kits,1)

if (U_kit(kit,l) == 1)
minN = -1;
for i=1:size(U_bothKits,3)

tt = U_bothKits(l,kit, i);
if (tt ~= 0)

if (minN == -1)
minN = n(1,tt);

else
if (n(1,tt) < minN)

minN = n(1,tt);
end

end
end

end
if minN < 0

minN = 0;
end
R(1,l) = minN;

end
end
sum = 0;
y = combinations(R);
for t=1:size(y,1)

tmp = calculateP(y(t,:), kit, kits, U_kit, rate, kitRate, ro, T,
n, S_item);
sum = sum + tmp;

end
kitProbability = sum;
end

B.2.2. Heuristic Routine

clear;

items = [1 2 3];
kits = [1 2;3 0];
ServiceLevel = [0.9, 0.9];
lambda = 1;
pKit = [0.5, 0.5];
pItem = [0.5 0.5;1 0];
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%tau = [0.5, 0.6, 0.6, 0.5];
ro=[0.5 0.5 0.5];
rate = zeros(size(pItem,1),size(pItem,2));
outstandingItem = zeros(1,size(items,2));
itemOnSite = zeros(1,size(items,2));
kitRate = lambda * pKit;
T = [1.5,1.5];
h = [1.5, 1.5, 1.5];

for i=1:size(pItem,1)
for j=1:size(pItem,2)

rate(i,j) = kitRate(i) * pItem(i,j);
end

end

% S_item = set of kits containing item i
S_item = zeros(size(items,2),size(kits,1));
for kitItemCount=1:size(items,2)

kitItemSetCount=1;
for kitCount=1:size(kits,1)

for kitCountIndex=1:size(kits,2)
if kits(kitCount,kitCountIndex)==items(kitItemCount)

S_item(kitItemCount,kitItemSetCount)=kitCount;
kitItemSetCount=kitItemSetCount+1;

end
end

end
end

itemLambda = 0;
for i=1:size(items,2)

sum1 = 0;
for c=1:size(S_item,2)

if (S_item(i,c) ~= 0)
index = 0;
for (b=1:size(kits,2))

if (kits(S_item(i,c), b) == i)
index = b;

end
end
sum1 = sum1 + (rate(S_item(i,c), index));

end
end
if (itemLambda == 0)

itemLambda = sum1;
else

itemLambda = [itemLambda sum1];
end

end
tau = ro./itemLambda;
display(tau);

for item=1:size(outstandingItem,2)
sum = 0;
for i2 = 1:size(kits,1)

for i3 = 1:size(kits,2)
if (kits(i2, i3) == item)

sum = sum + rate(i2, i3) * tau(item);
end

end
end

sum1 = 0;
for c=1:size(S_item,2)

if (S_item(item,c) ~= 0)
index = 0;
for (b=1:size(kits,2))

if (kits(S_item(item,c), b) == item)
index = b;

end
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end
sum1 = sum1 + (kitRate(S_item(item,c)) * T(S_item(item,c)) );

end
end
outstandingItem(item) = sum + sum1;

end

for item=1:size(itemOnSite,2)

sum1 = 0;
for c=1:size(S_item,2)

if (S_item(item,c) ~= 0)
index = 0;
for (b=1:size(kits,2))

if (kits(S_item(item,c), b) == item)
index = b;

end
end
sum1 = sum1 + (kitRate(S_item(item,c)) * T(S_item(item,c)));

end
end
itemOnSite(item) = sum1;

end

% U_kit = Set of kits containing any one of the items in kit k
U_kit = zeros(size(kits,1),size(kits,1));
for i=1:size(kits,1)

for j=1:size(kits,2)
if kits(i,j)~=0

c = (nonzeros(S_item(kits(i,j),:)))’;
for k=1:size(c,2)

U_kit(i,c(k))=1;
end

end
end

end

% M_numItemsInKit = number of items in kit k
M_numItemsInKit = zeros(size(kits,1),1);
for i=1:size(kits,1)

count = 0;
for j=1:size(kits,2)

if kits(i,j)~=0
count = count + 1;

end
end
M_numItemsInKit(i) = count;

end

% V = |U|
V = zeros(size(U_kit,1),1);
for i=1:size(U_kit,1)

count = 0;
for j=1:size(U_kit,2)

if U_kit(i,j)~=0
count = count + 1;

end
end
V(i) = count;

end

% U_bothKits = U(l,k), items that are contained both in kit l and kit k
U_bothKits = zeros(size(kits,1),size(kits,1),size(items,2));
for i=1:size(kits,1)

for j=i:size(kits,1)
c = 1;
for k=1:size(kits,2)

for m=1:size(kits,2)
if (kits(i,k) == kits(j,m))

U_bothKits(i,j,c) = kits(i,k);
U_bothKits(j,i,c) = kits(i,k);
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c = c+1;
end

end
end

end
end

lowerStock = zeros(1,size(items,2));
tmpLowerStock = zeros(1,size(items,2));
availability = zeros(1,size(items,2));

for t1=1:size(items,2)
tmpLowerStock(t1) = 0;
isProbMet = 0;
while (isProbMet == 0)

tmpLowerStock(t1) = tmpLowerStock(t1) + 1;
availability(t1) = 0;
for k=0:tmpLowerStock(t1)

availability(t1)= availability(t1)+poisspdf(k,itemOnSite(t1))
*(1 - (ro(t1)^(tmpLowerStock(t1)-k+1)));

end
%display(tmpLowerStock);
isProbMet = 1;
maxServiceLevel = 0;
for t3=1:size(S_item,2)

if (S_item(t1,t3) ~= 0)
if (maxServiceLevel == 0)

maxServiceLevel = ServiceLevel(S_item(t1,t3));
else

if (ServiceLevel(S_item(t1,t3)) > maxServiceLevel)
maxServiceLevel = ServiceLevel(S_item(t1,t3));

end
end

end
end
%display(maxServiceLevel);
%display(availability(t1));
if (availability(t1) < maxServiceLevel)

isProbMet = 0;
end

end
lowerStock(t1) = tmpLowerStock(t1)+1;

end

tmpItem = items;
c = 0;
optimumFound = 0;
currentStock = lowerStock;
currentCost = 0;
currentKitAvailability = 0;
kitProb = thesis(lowerStock, kits, U_kit, U_bothKits, rate, kitRate,
tau, T, S_item);
for t = 1:size(kitProb,2)

currentKitAvailability = currentKitAvailability + kitProb(t);
end
S=lowerStock;
cost = 0;
for i=1:size(S,2)

tmpCost = 0;
m=S(i)-1;
for j=0:m

if (j==0)
tmpCost = 0;

else
for k=0:j

%tmpCost = tmpCost+h(i)*(1 - (ro(i))^j);
tmpCost = tmpCost+h(i)*poisspdf(k,itemOnSite(i))*
(1 - (ro(i)^(j-k+1)));

end
end
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end
cost = cost + tmpCost;

end
currentCost = cost;
validStock = ones(1,size(lowerStock,2));
optimumCost = 0;
optimumRow = 0;

lowerProbMet = 1;
for i4=1:size(kitProb,2)

if (kitProb(1,i4) > ServiceLevel(i4))
for i5=1:size(S_item,1)

if (S_item(i5,1) == i4)
if (size(S_item,2) == 1)

validStock(1,i5) = 0;
else

if (S_item(i5,2) == 0)
validStock(1,i5) = 0;

end
end

end
end

end
if (kitProb(1,i4) < ServiceLevel(i4))

lowerProbMet = 0;
end

end

if (lowerProbMet == 1)
optimumFound = 1;
end

optimumRow = [lowerStock cost kitProb [0 0 0]];

if (c == 0)
c = [lowerStock cost kitProb [0 0 0]];

else
c = [c ; lowerStock cost kitProb [0 0 0]];

end
c = [c ; zeros(1,size(c,2))];

while (optimumFound == 0)
n = combinationsIncremental(currentStock, validStock);
costs = zeros(size(n,1),1);
kitProbs = 0;
kitProbSums = zeros(size(n,1),1);
incCosts = zeros(size(n,1),1);
incAvail = zeros(size(n,1),1);
ratio = zeros(size(n,1),1);
for i=1:size(n,1)

kitProb = thesis(n(i,:), kits, U_kit, U_bothKits, rate, kitRate,
tau, T, S_item);
S=n(i,:);
cost = 0;
for i2=1:size(S,2)

tmpCost = 0;
m=S(i2)-1;
for j=0:m

if (j==0)
tmpCost = 0;

else
for k=0:j

tmpCost = tmpCost+h(i2)*poisspdf(k,itemOnSite(i2))*
(1 - (ro(i2)^(j-k+1)));

end
end

end
cost = cost + tmpCost;

end
costs(i) = cost;
for t = 1:size(kitProb,2)
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kitProbSums(i) = kitProbSums(i) + kitProb(1,t);
end
if (kitProbs == 0)

kitProbs = kitProb;
else

kitProbs = [kitProbs ; kitProb];
end

end
tmpMinCost = 0;
tmpIndex = zeros(size(n,1),1);
isAllProbMet = 1;
for i2=1:size(kitProbs,1)

rowProbMet = 1;
for i3=1:size(kitProbs,2)

if (kitProbs(i2,i3) < ServiceLevel(i3))
isAllProbMet = 0;
rowProbMet = 0;

end
end
if (rowProbMet == 1)

if (optimumCost == 0)
optimumCost = costs(i2,1);
optimumRow = [n(i2,:) costs(i2,1) kitProbs(i2,:) [0 0 0]];

else
if (costs(i2, 1) < optimumCost)

optimumCost = costs(i2,1);
optimumRow = [n(i2,:) costs(i2,1) kitProbs(i2,:) [0 0 0]];

end
end

else
if (optimumCost == 0)

tmpIndex(i2) = 1;
else

if (costs(i2,1) < optimumCost)
tmpIndex(i2) = 1;

end
end

end

end

if (isAllProbMet == 1)
optimumFound = 1;

else
incCosts = costs - currentCost;
incAvail = kitProbSums - currentKitAvailability;
ratio = incCosts ./ incAvail;
minRatio = 0;
minRatioIndex = -1;
for t1 = 1:size(ratio,1)

if (tmpIndex(t1) == 1)
if (minRatio == 0)

minRatio = ratio(t1);
minRatioIndex = t1;

else
if (ratio(t1) < minRatio)

minRatio = ratio(t1);
minRatioIndex = t1;

end
end

end

end
if (minRatioIndex == -1)

optimumFound = 1;
else

currentStock = n(minRatioIndex,:);
currentCost = costs(minRatioIndex);
currentKitAvailability = 0;
for t = 1:size(kitProbs,2)

currentKitAvailability = currentKitAvailability +
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kitProbs(minRatioIndex,t);
end
for i4=1:size(kitProbs,2)

if (kitProbs(minRatioIndex,i4) > ServiceLevel(i4))
for i5=1:size(S_item,1)

if (S_item(i5,1) == i4)
if (size(S_item,2) == 1)

validStock(1,i5) = 0;
else

if (S_item(i5,2) == 0)
validStock(1,i5) = 0;

end
end

end
end

end
end

end
end
if (c == 0)

c = [n costs kitProbs incCosts incAvail ratio];
else

c = [c ; n costs kitProbs incCosts incAvail ratio];
end

c = [c ; zeros(1,size(c,2))];
end

c = [c ; optimumRow];
display(c);
xlswrite(’mm1_heuristic.xls’,c);

function n = combinations(t)
m = t(1)+1;
for i=2:size(t,2)

m = m * (t(i)+1);
end
n = zeros(m, size(t,2));
for c=1:size(t,2)

mm = 1;
if (c ~= size(t,2))

for i=c+1:size(t,2)
mm = mm * (t(i)+1);

end
end
c1 = 1;
while c1 < m

for nc=0:t(c)
for c2=1:mm

n(c1,c) = nc;
c1 = c1+1;

end
end

end
end

end

function n = combinationsIncremental(current, valid)
n = zeros(size(current,2), size(current,2));
for i=1:size(current,2)

for j=1:size(current,2)
if (i==j)

n(i,j) = current(j)+1;
else

n(i,j) = current(j);
end

end
end
tmp = 0;
for i=1:size(valid,2)

if (valid(1,i) == 1)
if (tmp == 0)
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tmp = n(i,:);
else

tmp = [tmp; n(i,:)];
end

end
end
n = tmp;

end

function kitProb = thesis(Stock, kits, U_kit, U_bothKits, rate, kitRate, ro,
T, S_item)
kitProb = zeros(1,size(kits,1));
for kit=1:size(kits,1)

sum = 0;
tmpStock = zeros(1,size(Stock,2));
for nc=1:size(kits,2)

item = kits(kit, nc);
if (item ~= 0)

tmpStock(1,item) = Stock(item) - 1;
end

end
n = combinations(tmpStock);
for i=1:size(n,1)

tmp = calculateKitProb(n(i,:), kit, kits, U_kit, U_bothKits, rate,
kitRate, ro, T, S_item);
sum = sum + tmp;

end
kitProb(1, kit) = sum;

end
end

function prob = calculateP(y, kit, kits, U_kit, rate, kitRate, ro, T, n, S_item)
multiply = 1;
for j=1:size(kits,2)

i = kits(kit,j);
if (i ~= 0)

sum2 = 0;
for c=1:size(S_item,2)

if (S_item(i,c) ~= 0)
sum2 = sum2 + y(S_item(i,c));

end
end
sum2 = n(i) - sum2;
if (sum2<0)

value = 0;
else

value = (ro(i)^sum2) * (1 - ro(i)) ;
end
multiply = multiply * value;

end
end
for j=1:size(U_kit,2)

if (U_kit(kit,j) ~= 0)
value = ( exp(-kitRate(j) * T(j)) * ((kitRate(j) * T(j))^y(j) ) )
/ factorial(y(j));

multiply = multiply * value;
end

end
prob = multiply;

end

function kitProbability = calculateKitProb (n, kit, kits, U_kit, U_bothKits, rate,
kitRate, ro, T, S_item)

R = zeros(1,size(kits,1));
for l=1:size(kits,1)

if (U_kit(kit,l) == 1)
minN = -1;
for i=1:size(U_bothKits,3)

tt = U_bothKits(l,kit, i);
if (tt ~= 0)

if (minN == -1)
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minN = n(1,tt);
else

if (n(1,tt) < minN)
minN = n(1,tt);

end
end

end
end
if minN < 0

minN = 0;
end
R(1,l) = minN;

end
end
sum = 0;
y = combinations(R);
for t=1:size(y,1)

tmp = calculateP(y(t,:), kit, kits, U_kit, rate, kitRate, ro, T,
n, S_item);
sum = sum + tmp;

end
kitProbability = sum;
end
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APPENDIX C: DETAILS OF SIMULATION MODEL

One of the objectives of this study is to create a functional simulation model

in order to provide a practical environment to evaluate the kit availabilities for a

given base-stock level. The simulation software package Arena 9.0 is employed for the

implementation of the system. The details of the system are presented in this chapter

by examining the steps of the simulation model.

At the beginning, entities as much as the number of item types is created. We

use the flow shown in Figure C.1. After the creation of entities, the counter block

counts the item types and for each entity assign block looks the base-stock level of that

item type and adds the stock levels together to find the total number of all items to

be created. This provides us to have a flexible system where there is no need to define

the total number of items each time we study a different system. After obtaining the

total number of items to be created, entities are disposed.

Figure C.1. Detailed Arena flow - 1

Figure C.2 shows the flow where all items are created and their item type at-

tributes are assigned. To assign the item types, firstly base-stock level of each item is

checked and the number of entities counted by the counter block is compared with this

stock level. For example, consider we keep five items of type 1. We will count the first

5 entities, assign attribute of being type 1 item and then zero the counter. For item

type 2, we will check its base-stock level and assign to the next that much amount of

entities item type 2 and continue this loop until all items have an item type attribute.

All items having an attribute are sent to a queue holding all items in the inventory.
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In the next step, demand for a kit is generated. Any distribution or expression

may be used to set the time between kit demand arrivals. We study a Poisson arrival

system so time between arrivals is set as exponential. When a demand arrival occurs,

a kit type is assigned according to a discrete probability distribution. For example,

consider a system of two kits. An expression like DISC(0.6,1,1,2) is used to assign kit

probability of 0.6 to Kit 1 and 0.4 to Kit 2. A while block is then used to define a loop

to select the items in the demanded kit. Search and decide modules check whether the

items in the demanded kit are available in the stock queue. If one of the items in the

demanded kit is not available, a new entity is created by duplicating the original entity

having the needed item type attribute. If an item of the type supplied by duplicating is

replenished meanwhile, this item is returned to the source. Figure C.3 and Figure C.4

present this flow of demand generation.

Figure C.3. Detailed Arena flow - 3

When all items are present, they are removed from the queue and sent to grouping

to form the demanded kit as shown in Figure C.5 and Figure C.6. Then, the kit is

delayed on site for a common time according to its kit type attribute. An expression

like,

(kittype == 1) ∗ expo(0.5) + (kittype == 2) ∗ expo(0.2)

is used to define exponential waiting times with means 0.5 and 0.2. Meanwhile, an item

to be used is selected according to a discrete probability distribution. Below expression

may be used for a system of two kits; first kit containing items {1,2,3} and second kit

containing {1,4}:

(kittype == 1) ∗DISC(0.4, 1, 0.7, 2, 1, 3) + (kittype == 2) ∗DISC(0.3, 1, 1, 4)
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When an item is selected to be used, the kit is splitted to its items and unused

items are sent back to the stock queue. The used item can be replenished independently

through an infinite server queue as displayed in Figure C.5 or can be produced in a

single or multiple server queue as shown in Figure C.6. For dependent replenishment,

a resource (e.g. a machine) is seized to produce the item used according to a specified

distribution. For example, for an M/M/1 system, the resource is delayed according to

an expression like:

(type == 1) ∗ expo(1) + (type == 2) ∗ expo(1, 2) + (type == 3) ∗ expo(1, 5)

depending on the item type to be processed. When the item is produced, the machine

is released and the replenished item sent to stock to be kept until a kit containing that

item is requested.
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