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ABSTRACT

INFLUENCE OF SHEAR
DEFORMATIONS IN PLATE BENDING

The influence of shear deformations in plate bending becomes significant when the
ratio of the thickness to span is relatively large. However, the effects of transverse shear
strains are neglected normally in classical theory and therefore, Kirchhoff thin plate theory
is not adequate for providing accurate deflections, shear and bending moment values in
both static and dynamic conditions. In order to include the influence of shear strains, the
shear deformation theories, such as the first order shear deformation theory of Mindlin, is

used.

Normally, for the analyses of relatively thick plates special category of solid finite
elements incorporating the shear deformations are used. In this study, however, a new
version of Hrennikoff lattice model has been introduced for the analysis of thick plates.
The flexural stiffness properties of the individual members of the lattice model have been
appropriately modified to take into account the influence of shear deformations. Thus, the
complicated expressions and the extensive theoretical derivations involved in following the
Mindlin’s thick plate theory, are avoided. Further, the task of computer programming as

well as the speed of computations have been simpler and much faster.

For purposes of illustration, a number of thick plates of square, rectangular and
elliptical shapes and with different support conditions are analysed under the action of
UDL and point load for varying thickness to span ratios. The results of analyses
corresponding to a) the closed form solutions, b) the 2D and 3D solid finite elements, and
c) the lattice model technique have been presented in a comparative fashion. It has been
demonstrated that the newly introduced lattice model technique provides relatively very

high degree of accuracy for thick plates, by using appropriate shape factors.



OZET

PLAKLARIN EGILMESINDE
KAYMA DEFORMASYONLARININ ETKIiSi

Plaklarin  egilme hesaplarinda kayma deformasyonlarmin etkisi, plagin
kalinlik/agiklik oranlarinin nispeten biiyiikk oldugu durumlarda cok ©nemli bir rol
oynamaktadir. Bununla birlikte, klasik teoride normal olarak kayma gerilmeleri ihmal
edilmektedir. Dolayisi ile, Kirchhoff ince plak teorisi gittikce kalinlasan plaklarda statik ve
dinamik sehimlerin kayma ve egilme degerlerinin dogru degerlerini bulmakta yetersiz
kalmaktadir. Bu nedenle, kayma gerilmelerini dahil edebilmek i¢in Mindlin’in birinci
derece kayma deformasyonlar teorisi gibi kesin bir metot bu tezde temel dayanak olarak

kullanilmuastir.

Normal olarak, kalin plaklarin ¢oziimii i¢in, literatiirde kayma gerilmelerinin roliinii
g6z Oniine alan iki boyutlu sonlu elemanlar mevcuttur. Ancak, bu ¢alismada kalin plaklarin
kesin ¢Oziimii i¢in 6zel dikdortgen Hrennikoff 1zkara ¢ubuk elemanlarn gelistirilmistir.
Kayma deformasyonlarimin etkisi, 1zkara cubuklarinin egilme rijitliklerine uygulanan bazi
diizeltme faktorleri yardimi ile g6z oniine alinmistir. Boylece, Mindlin kalin plak teorisinin
karmasik formiilasyonlarina dayanan siirekli sonlu elemanlara ihtiya¢ kalmadigi gibi,

bilgisayar programlama ve niimerik ¢6ziim islemleri de ¢k basitlestirilmistir.

Onerilen metodun sagladigi avantajlari ortaya ¢ikarabilmek amaci ile, kalinligin
acikliga oram gittikce biiyliyen kare, dikdortgen ve elips seklindeki plaklar uniform ve
tekil yilikler altinda analiz edilmistir. Analiz i¢in a) ince plaklara ait kapali ¢dziim
formiilleri, b) kalin plaklar i¢in Mindlin teorisine gore gelistirilmis siirekli sonlu elemanlar

ve ¢) 0zel diizeltme faktorleri ile donatilmis 1zkara modeli cubuk elemanlar kullanilmistir.

Sonuglar gostermistir ki, bu tezde onerilen dikdortgen 1zkara ¢ubuk elemanlar ve
bunlara ait 6zel kayma diizeltme faktorleri kullanildigi zaman, en kalin plaklar i¢in bile,

biiyiik bir hassasiyetle kesin ¢éziime yaklasmak miimkiin olmaktadir.
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1. INTRODUCTION

1.1. Influence of Shear Strains

The classical Kirchoff Plate Theory is not adequate in providing accurate shear and
bending values both in static and dynamic conditions when the ratio of the thickness to
side dimensions of the plate is relatively large. This is because the effects of transverse
shear strains, which are neglected normally in the classical theory, become significant in

relatively thick plates.

In order to include the influence of shear strains, the shear deformation theories, such
as the first order shear deformation plate theory of Mindlin, may be successfully used in
these conditions. The influence of shear deformations become pronounced as the thickness
to side length ratio of the plate exceeds 1/10 and the effects of shear deformations increase

parallel to the increase in this ratio.

As an alternate approach to incorporating the transverse shear strains, the Hrennikoff
lattice model technique [1] may be used. A rectangular finite element is modelled by
means of unidimensional lattice bars as originally introduced by A. Hrennikoff. A typical
Hrennikoff lattice cell contains four unidimensional flexural bars rigidly connected to each
other at the corners. They can carry torsional moments also. The two diagonal bars,

however, can only transfer bending moments at their ends.
1.2. Conventional Methods in Plate Theory
The basic differential equation governing the deflection of thin plates was developed
by Lagrange and Sophie Germain [2] in 1811 and was the first major contribution in the

theory of thin plates to be presented.

Poisson [3], in a paper on elasticity published in 1829, set forth the investigation of

the problem of an elastic plate using general equations of elasticity. Poisson’s derivation



contains a set of boundary conditions; thus, he was able to obtain the solution for circular

plates under symmetrical loading conditions.

Kirchhoff [4], in a paper published in 1850, derived the governing equation and the
corresponding boundary conditions by using the energy principles or the principle of least
work. In this paper, Kirchhoff was able to reduce by one the number of boundary

conditions necessary to describe a free edge as proposed by Poisson.

1.3. Numerical Methods in Plate Theory

The analysis of elastic mediums by the use of a grid framework model was first
presented in 1941 by A. Hrennikoff [1] in a paper which proposed a square grid model and
utilized a constant Poisson’s ratio of 1/3. Other writers such as Newmark [5], Ang and
Newmark [6], and Yettram and Husain [7] have refined the technique by developing more
general plane framework models. In addition, the special case of Poisson’s ratio equal to

zero was investigated by Christensen [8], Lightfoot [9], and Yettram and Husain [7].

As an alternate procedure to physical lattice models, the solid type mathematical
models, called “finite elements” have been initially introduced by Turner, et. al. [10] and
later have been extensively employed in continuum mechanics and also in other fields of
engineering. The rectangular finite elements developed for the analysis of plate bending by
Adini [11], Melosh [12, 13] , Clough, et. al. [14] and Zienkiewicz and Cheung [15] , are

especially noteworthy.

It is certainly possible to utilise three dimensional finite elements, such as rectangular
prisms, hexahedra, and tetrahedra, for the analysis of thick plate bending. Many examples
of simple and complex shapes of three dimensional elements have been developed by

Melosh [16], Argyris [17], and Fjeld [18].

The behaviour of thick plates has been investigated by several researchers. Reissner
[19] derived expressions for moments and shear forces for isotropic elastic plates including
the effects of shear deformation rotatory inertia, and vertical stress o, by using a variational

principle. Later Mindlin [20] derived equations of motion for isotropic elastic plates



including the effects of shear deformation and rotatory inertia and obtained the equations

to calculate stresses of a plate.

Triangular finite elements with and without curvature have been introduced by Utku
[21], and quadrilateral elements by Clough and Felippa [22], for the analysis of thin and
thick plate bending.



2. THIN PLATE (KIRCHHOFF) BENDING THEORY

2.1. General Definitions

A plate is a structural element whose lateral dimensions are large compared to its
thickness and which is subjected to loads causing bending and stretching deformations.
Because the thickness is in most cases no greater than one-tenth of the in-plane

dimensions, it is often not necessary to model the plate by using 3-D elasticity equations.

The governing equations of plates can be derived by either using vector mechanics or
energy principles. In vector mechanics, the forces and moments on an element are summed
to obtain the equation of equilibrium or the motion. In energy methods, the principles of
virtual work or their derivatives are used, such as the principles of minimum potential
energy. Although both methods give same equations, the energy methods are advantageous

in providing information on the form of the boundary conditions.

The two-dimensional plate theories can be classified into two categories:

1) Classical plate theory where the transverse shear deformations are neglected

2) Extended plate theory where the transverse shear deformations are considered.

Plate theories are developed by assuming the form of the displacement or stress field
as linear combinations of unknown functions and the thickness coordinate. For the bending
case, lines normal to the midsurface in the undeformed geometry remain normal to this
surface in the deformed geometry. In other words, lines connecting the surfaces of the plate
and normal to the xy plane in the undeformed geometry, translate vertically as rigid lines
while maintaining the same coordinate values x and y. In addition, these lines rotate as

rigid elements as a result of bending.



2.2. Assumptions of Thin Plate Theory

If the thickness of a plate is small compared to its span, i.e. smaller than one tenth of
its span, a very satisfactory approximate theory of bending of the plate by lateral loads can

be developed by making the following assumptions:

1. There remains no deformation in the middle plane of the plate. This plane
remains neutral during bending

2. Points of the plate lying initially on a normal-to-the-middle plane of the remain
on the normal-to-the-middle surface of the plate after bending

3. The normal stresses in the direction transverse to the plate can be disregarded.

Using these assumptions, all stress components can be expressed by deflection, w, of
the plate, which is a function of the two coordinates in the plane of the plate. This function
has to satisfy a linear partial differential equation, which, together with the boundary
conditions, completely defines w. Thus the solution of this equation gives all necessary

information for calculating stresses at any point of the plate [23].

2.3. Displacements and Strains

The Kirchhoff plate theory for the pure bending case is based on the displacement
field:

ow,

u(x,y,z2)=-z (2.1a)
ox

wWx,y,2)=-2 % (2.1b)
dy

wix,y,z2)=wy(x,y) (2.1¢)

where u,v and w are displacement components along the x,y and z coordinate directions
respectively and wy is the transverse shear deflections of a point on the mid-plane (i.e.
z=0). The Kirchhoff assumption neglects both transverse shear and transverse normal

effects, it is to say that deformation is entirely due to bending and in-plane stretching [24].



Undeformed

X, Up

< lwo . 0w,

(1o, wo)

Figure 2.1. Undeformed and deformed geometries of an edge of a plate
The principle of virtual displacements has been used in the derivation of the

equilibrium equations and the boundary conditions. The non-zero linear strains associated

with the displacement field in Equations (2.1.a-c) are

0 9’
gxx = i =—Z axMZ}O (223)
2
e, = ? —— aa u (2.2b)
Yoy y
2
y 2 5 9 (2.2¢)
Yo dy  ox oxdy
Oy



Figure 2.2. Forces and moments on a plate element

where &, and &, are normal strains and ¥, is the shear strain ()%= }%. = 0 in the Kirchhoff

plate theory) .
2.4. Principle of Virtual Work and Equations of Equilibrium
The virtual strain energy U of the Kirchhoff plate theory is given by

h

&] - J:Q,, J‘_Eﬁ (G'” 58” + 6}'}' 58}'}' + O-xy 57)@' )dz:|dXdy
2



2 2 2
= _j M. J &2”0 +M J 5‘;“0 +2M 9"om, xdy (2.3)
2 ox Y9y " oxdy

where (2 denotes the domain corresponding to the mid-plane of the plate, ¢ being the

thickness of the plate, M., M,, and M,, the moments per unit length.

Mxx t Gxx
M, =210, zdz 2.4)
M, o,

The virtual potential energy oV due to transverse load g(x,y) is
SW = — j o 4%,y )Bw, dxdy 2.5)

The principle of virtual displacements requires that 6P = U + W = 0. Using

divergence theorem, the following is obtained;

- i_ |:(Mxxn!c + Mxyny) 9wy + (Mxynx + M}) dy

) 90w, }zs (2.6)

+§1— [(Mxx,x +Mxvv)n + (M +M )ny]&wods

Xy, x w,y

where a comma followed by subscripts denotes differentiation with respect to the
subscripts, i.e., My, = 0 M,/d dx, n, and n, denote the direction cosines of the unit normal
non the boundary I', and a circle on the integral sign signifies integration over the total
boundary. Also s is the coordinate measured along I'. If the unit normal vector is oriented
at an angle @from the positive x-axis, then n, = Cos@and n, = Sin6. Since dw, is arbitrary

in Q, and it is independent of d dwy/d x and 0 dwy/dy on the boundary I, it follows that



0’M M, I’'M
az”+2 e az”+q:0 in Qg 2.7)
X xXay 'y

forming the equilibrium equation of the Kirchhoff plate theory.

2.5. Boundary Conditions

For the determination of the boundary conditions, boundary integrals in Equation 2.6

will be used. On an edge parallel to x or y-axis, the boundary expression shows that

either  dw, =0 or Qn . +Qn =0 (2.8a)
N
cither o-2=0  or M. +Mn, =0 (2.8b)
x
94
either aWo =0 oo M n +M n =0 (2.8¢)
y : wih
where
Qx = Mxx,x + Mxy,y > Qy = M)')‘v)’ + MXJ'vX (29)
ow,

0
and 2% are the primary variables. The

Equations (2.8a-c) indicate that w,,—
ox dy
associated secondary variables are OQn . +Qn, M n +M nand M _n +M n,.

The specification of any primary variable constitutes as essential (or geometric) boundary

condition, and any secondary variable constitutes a natural (or force) boundary condition.

It is useful to express the slopes and moments in terms of normal and tangential

coordinates since not every edge of the plate is parallel to a coordinate axis.



10

Figure 2.3. Plate element with a curved boundary and coordinate system (n,s,z)

awo_n awo_n ow, (2.102)
ox on ’ Os A

Mo _ Mo, O

dy — on x os (2.10b)

and the boundary expression in Equation 2.6 can be expressed in terms of normal and

tangential derivatives of wy

adw, . odw, . j

fo | (0o, 0,1, oy~ ot 1, [ 50, - 25

- (Mxynx +M n )(aswa n, + 9o, nxﬂds

Ao T s

dd
(€ 0., Jow, = . 200, ,07) P2

20

s, a2 )= }ds @.11)

» ) . ) s

d 0

primary variables: Wy, &, Mo (2.12a)
on  0ds

secondary variables: o.M, M, (2.12b)

where
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Q,=0n +0n, (2.13a)
M, = Mxxni + ZMXynxny + Myyni (2.13b)
My=M, M Jnn +M (2 -3) (2.13¢)

Supposing that the material of the plate is isotropic and obeys Hooke’s Law, then the

stress strain relations are given by:

(o 1 v 0 €

__E v 1o |l (2.14)
» I—v (]—V) »
Gy 0 0 5 Ty

2 2
o°w, o°w,

M, = f_z 6,2dz= ﬁf? (exx +vew)zdz = —D( o +V P j (2.15a)

2 2
o°w, d°w,

M, =[%c,zd= ﬁjz e, +ve,)zdz = —D(v R j(Z.le)
2 2

9°w,

_— 2.15
0xdy (2-15¢)

M, = F, 6, zdz = GE Y,, zdz =—=(1-v)D
2 2

where

Eh’

b=0u3)

(2.16)

Substituting the expressions into Equation 2.7, the biharmonic equation is obtained.

4 4 4
D(aa % 42 aazgvoz + aa vzoj =g 2.17)
X X y y

DV*V’w,=q or DV'w,=g¢q (2.18)

Correct boundary conditions for the Kirchhoff plate theory are



Generalized displacements

Generalized forces

12

m”@@ (2.19)
on
V., M,, (2.20)

Thus, the boundary conditions involve specifying these variables. The edge conditions for

the Kirchhoff plate theory are

a) Free Edge

but the edge may have applied forces and moments

V.=V, M, =M

Yy Yy

b) Simply Supported Edge
w,=0, M =M

yy yy

c¢) Fixed (clamped) Edge

2.21)

(2.22)

(2.23)

(2.24)
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3. THICK PLATE (MINDLIN) THEORY

3.1 Displacements and Strains

The approximate theories of thin plates, become unreliable in the case of plates of
considerable thickness, especially in the case of highly concentrated loads. In such a case
the thick-plate theory should be applied. There are a number of shear deformation plate
theories. The simplest is the first order shear deformation plate theory or Mindlin plate

theory and based on the displacement field;

ulx, y,z) =20, (x, y) (3.1a)
v(x, y,2) =20, (x, ) (3.1b)
w(x, y, z) = w(,(x, y) 3.1¢)

where ¢, and -¢, are rotations about x and y-axes. The Mindlin plate theory extends the
kinematics of the classical theory by introducing the transverse shear term, which is
assumed to be constant on the thickness coordinate. The shear correction factors are
needed to correct the computed shear deformations with respect to the actual shear force
distributions. These shear correction factors depend not only on the geometric parameters
but also on the loading and boundary conditions [24]. The linear strain components

become

g, = Z% (3.2a)
€, =2 a;; - (3.2b)
Vo = Z[a(.j)y -+ aﬁ;j (3.2¢)
Y. =0+ My (3.2d)
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(3.2e)

the shear strains €, €,y and Yy, are linear through the plate thickness, while the transverse

shear strains are Yy, and Yy, constant.

X, Up

Where &, is contribution of (uo, wo)
shear deformation

Figure 3.1. Undeformed and deformed geometries of an edge of a Mindlin plate
3.2. Equations of Equilibrium
The equations of equilibrium are derived using the principle of virtual displacements.

OP =0dU + W =0 (3.3a)

t

SU = | N [ [2 (0.8, +0,8, +0, 8y, +0,.8y, +0,8y, )dz} dxdy  (3.3b)
2

W = —J.Q q(x, y)dw,dxdy (3.3¢)

Substituting and integrating through the thickness of the plate,
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080 950, 080 000, Jdw
0 — M X M R M X y _ 0
J Q, { oox My dy " “( dy " ox qow, + 0, ox + 99,

+0, (_aaw(, +80, H dxdy (34)
dy :

The transverse shear stresses will be constant through the thickness like the shear
strains. However, this is contradicting the fact that the transverse shear stresses are
parabolic through the plate thickness. This variation can be corrected by introducing a

parameter K; called the shear correction factor.

0, o,
{Qy} =K, j_;{% }dz (3.5)

K, is found by equating the strain energy due to the transverse shear stresses of the Mindlin
Theory with the strain energy due to transverse shear stresses of the three-dimensional

elasticity theory. Integrating by parts Equation 3.4 and using divergence theorem;

0 = J.QO [_ (Mxx,x + Mxvv - Qx)8¢x - (Mxy,x + Myy,y - Qv)aq)v - (Qx,y + Qy,y + q)SWO]dXdy
86, + M, 80, )ds (3.6)

nn

+ §F (08w, + M

where ¢, =n.0,-n ¢, and ¢, =n o, +n 0 The equilibrium equations are

. _ aQr aQ‘ —
Swo: ( =+ 5 j_ q (3.72)
Op.: - (aM” + M., J +0, =0 (3.7b)
ox dy

(BMW BMWJ
op: — =+ —1+Q, = (3.7¢)
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Primary variables: Wy, 0,, 0, (3.8a)
Secondary variables: o.M, M, (3.8b)

where
Q,=0n, +0n, (3.9

Supposing that the material of the plate is isotropic and obeys Hooke’s Law, then the

stress strain relations are given by:

(71 v 0 0 0 ]
O v I 0 0 0 €or
Oy g |00 u ;V) 0 0 ||%»
G, b= _ B T, (3.10)
O 00 0 o U ;V) ¥

i i 0
M, = ’[‘2; 6,2dz = ﬁjl(eﬂ +V8yy)zdz = D( a;j: +Vv Ej)y) j (3.11a)

M, = jzz G, zdz = ﬁ jzz e, +ve,)zdz = D(v aai;: + %"j (3.11b)
M, = 'f_;; 0,zdz= GI_;; Y, zdz = (] _ZV)D (a;; + a;;y J (3.11¢)
0, = szz 6, dz = szz Y. dz = %(q) + a(_;;” J (3.11d)
0, =K, jzz 6,d:=G jzz v, dz = %(% + aaV;" ] (3.11e)

By substituting force and moment resultants into Equation 3.7:

2 2 0
K Et (a Wy 0" w, N 90, + 9, JZCI(X’y) (3.12a)

- 2(+v) | ox? dy’ ox ady



2 ox’ dy’ 2 ox

8x+8y

D(I-v)( 9’0, 970, D(I+v) o (99, 99, K Et
i +2(]+v)

D(1-v) (90, 9°0, ) D(I+v) 9 (29, 90, K Et
" +2(1+v)

2 | o 2 ol ax oy

by introducing the moment sum M and using Laplace operator

I1+v

MEMXX-"_Myy:Da(I)XJ’_aq)y
ox  dy

R (Vzwo + %} =q(x. y)

)

~D(I=vV?0, —(1+V) aa]f + (ﬁE\f)(aat" +¢*j:0

2 oM  K.Et ( dw, 3
-D(I-vV?¢, - (1+V) 5 + (]+v)( 5 +¢},]—0

0, = KSGt(q)n + My j

on
M = D(% + %J
i on os

_ D(I _V) aq)n aq)c
o =2 B+ 5]

3.3. Boundary Conditions
The edge conditions for the Mindlin plate theory are

a) Free Edge
Qn =0, M,,=0, My;=0

17

(3.13)

(3.14a)

(3.14b)

(3.15¢)

(3.16a)

(3.16b)

(3.16¢)
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b) Simply Supported Edge (Hard type)
wo =0, My, =0, ¢3:0 (3.18)

c) Simply Supported Edge (Soft type)
wo=0, My, =0, My;=0 (3.19)

d) Fixed (clamped) Edge
wo=0, $,=0, ¢=0 (3.20)

3.4. Shear Correction Factors

Mindlin [20] pointed out that for an isotropic plate, the shear correction factor K
depends on Poisson’s ratio v and it may vary from K = 0.76 for v = 0 to K; = 0.91 for
v = 0.5. Following Mindlin’s suggestion of equating the angular frequency of the first
antisymmetric mode of thickness-shear vibration according to the exact three-dimensional
theory to the corresponding frequency according to his theory, it can be shown that the

shear correction factor is given by the following cubic equation:

(K.) - 8(K.) + 8(2]__1)1(‘* - I:gv =0 3.21)

For example, if v= 0.3, then K; = 0.86 and if v = 0.176, then K = 7/12.

On the other hand, comparing the Mindlin plate equations for the constitutive shear
forces with the ones proposed by Reissner [25], who assumed a parabolic variation of the

shear stress distribution, the implicit shear correction factor of Reissner takes the value of

K == (3.22)

Based on an analytical vibration solution of three-dimensional, simply supported,
rectangular, isotropic plate, Wittrick [26] performed a calibration of the Mindlin shear

correction factor. He proposed that the shear correction factor be given by
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K, = (3.23)

Wittrick’s shear correction factor gives a value of 0.877 for v = 0.3, which
corresponds closely to the value of 0.88. It appears that the Wittrick shear correction factor

is the best to date as it has a simple form and allows for the effect of Poisson’s ratio.

On the other hand, from the comparison of the Kirchhoff plate theory and the
Mindlin plate theory Wang et al. [24] determined that the value of the shear correction
factor K, varies between K = 14/17 and K, = 5/6.
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4. SOLUTION OF THIN PLATES BY FINITE ELEMENTS

4.1. Element Type

The 12-degrees-of-freedom flat-plate bending element, which will be considered for
the finite element analysis, is shown in Figure 4.1. Each node has 3 degrees of freedom - a
transverse displacement w in the z direction, a rotation 65 about the x axis, and a rotation 6,

about the y axis.

=

Figure 4.1. Typical plate bending finite element

The nodal displacement matrix at node i is given by

w,

1

{a.}=10, 4.1
6

yi

where the rotations are related to the transverse displacement by

6. =+3—W and 6, _

S o (4.2)

The negative sign on 0y is due to the fact that a negative displacement w is required to

produce a positive rotation to the y axis.
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The total element displacement matrix is now given by

{a}={a, a, 4, a,f 43)
4.2. The Displacement Function

Because there are 12 total degrees of freedom for the element, we select a 12-term

polynominal in x and y as follows:

w=a, +a,x+a,y+a,x’ +axy+a,y’ +a,x’ +ax’y+

ag)cy2 +a10y3 +a11x3y+a12xy3 4.4)

The constant a; through aj; can b e determined by expressing the 12 simultaneous
equations linking the values of w and its slopes at the nodes when the coordinates take up

their appropriate values [27]. First, we write

Wa I x y x> xy y° x’ X’y  xy’ y’ x’y xy’
+a—w =0 0 +1 0 +x +2y 0 +x% 4+2xy +3y*  +x°  +3xy°
Y 0 -1 0 —-2x -y 0 =3x> =2xy =-y° 0 -3x’y -y’
_ow
ox
a
a
Xqa, 4.5)
ap

or in simple matrix form the degrees of freedom matrix is

{w}=1[PKa} (4.6)

where [P] is the 3 x 12 first matrix on the right side of Equation (4.5).
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Next Equation (4.5) is evaluated at each node point as follows

2 2 32 3 3 3 3
| box oy X oxy, oy X &Y XY, Vi XYoo XD

w
6,110 0 +1 0 +x, +2y, O +)ci2 +2x,y, +3yi2 +)cl.3 +3)ciyi2
{d}: gyi :

X4 ay, “4.7)

In compact matrix form, Equation (4.7) is expressed as

{a}=[cKa} (4.8)
where [C] is the 12 x 12 matrix on the right side Equation (4.7).

Therefore, the constants (a’s) can be solved by

{a}=[c]{a} 4.9)

Equation (4.6) can now be expressed as

v =[Pllcl"{a} (4.10)

or

{w}=[NKd} 4.11)

where [N] = [P][C]" is the shape matrix.
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4.3. The Strain (Curvature)/Displacement and Stress (Moment)/Curvature

Relationships
The curvature matrix;
B o°w
2
K, gj
{k}=1x, t=1-2% (4.12)
) ay
K‘xv 2
: _20°w
0xdy
expressing in matrix form,
{x}=[0Ka} (4.13)

where [Q] is the coefficient matrix multiplied by the a’s in Equation (4.12). Using

Equation (4.9) for {a}, the curvature matrix is expressed as

{x}=[BKd} (4.14)

where

[B]=[o]lc]” (4.15)

is the gradient matrix.The moment/curvature matrix for the plate is given by

M K

y=m, L =[p}x, | =[D]BYa} (4.16)
Mxy K,

where the [D] matrix is the constitutive matrix given for isotropic materials by
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0
4.17)

S = C

0
1-v»
2

1
Er®
[D]= v
12(1—2?)
"o

4.4. The Element Stiffness Matrix and Equations

The stiffness matrix is given by the usual form of the stiffness matrix as
k1= [[[B] [D][B]dxdy 4.18)

where [B] is defined by Equation (4.15) and [D] is defined by Equation (4.17) The stiffness
matrix for the four-noded rectangular element is of order 12 x 12. When the system [K]

matrix is formed, the values of this matrix can be calculated as follows;

{F}=[xHa} (4.19)
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S. SOLUTION OF THICK PLATES BY FINITE ELEMENTS

5.1. Equations for Stress Resultants

If internal stresses are written in a matrix form; the following two equations can be

obtained.

{o}=[Ele} (5.1)

Similary, matrix E may be partitioned into;

[E}=PEJ 0 } (5.2)

0o [e]

y

in which [Ex] is of size 3x3 and [E,] is of size 2x2.

Equation (5.1) can also be written in the following form.

_ . o E, _
2 0 0 0
(1 VoV ) (1 VoV )
o Viyx E y E y £
x 0 0 0 x
O-y (l_vxyvyx) (l_vxyvyx) gy
T, N E Ve
Ty 0 0 0 24(1+v,) 0 Ve
0 0 0 0 £,
i 2.4‘1 +v,, i_

if internal bending moments are written in a matrix form;

{M}=[Dle} (5.4)
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where D, the elasticity matrix, is given as;

E, 0
D|= _ 5.5
n] {0 E} 6.5
where
3
E=Eg
(5.6)
E =kE_t

In this equation, k is a constant to account for the actual non-uniformity of the
shearing stresses. Equation (5.4) can be written in terms of the internal stresses and strains,

respectively, and it is given as;

t/2
0.7
I .
t/2 ax
MM G,z _ aq)\ €,
M —t/2 ay €
yy i/ aq) 8(1) y
Mxv = '[Txvz = [D] — + —= = [D] va (57)
‘ 2 dy ox ‘
Qx /2 aW sz
0, [z Ot o .
—1/2 ow
/2 —¢y +a—
Ty Y
_t/2~

5.2. Boundary conditions

For fixed supported plates;
Along x=—a and x=a; ¢ =0 and w, =0

Along y=-b and y=b; ¢ =0and w,=0

For simply supported plates;
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Along x=—-a and x=a; M _=0 and w, =0

Along y=-b and y=b; M _=0 and w, =0
5.3. Finite Element Formulation of the Problem

For a rectangular plate-bending element the nodal displacements can be written as

follows;

w, = {w,u,v}= {w, z¢x,—z¢‘,}= {w, z %,—z %} (5.8)
: ox 0

y

4 4
w=> hyw, u=z¢9, = zZI: hy@, vz, = —zZ]: 0., (i=1234) (5.9)

Nodal actions corresponding to the displacements in Equation (5.9) are;

pi = {pil’ pizpi3}: {pzi’Mxi’Myi (i = 12,3,4) (5.10)

Y, 5=

S =

I
2b .

S

DO 4

Figure 5.1. The finite element model for thick plate
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The symbols p,; denotes a force in the z direction, but M; and My; are moments in the x
and y directions, respectively. Note that these fictitious moments at the nodes are not the

same as the distributed moments in the vector M of generalized stresses [28].
The displacement function chosen for this element is;
w=c, +c,rt+c,s+c,rs (5.11)

which is a complete linear of four terms. From this assumption, it is possible to derive the

displacement shape function to be;
{n}={n.hy.hy. .} (5.12)
where

h;=0.25 (1+r) (1+s)
h>=0.25 (1-r) (1+s)
h3=0.25 (1-r) (1-s) (5.13)
hy=0.25 (1+r) (1-s)

The 3x3 Jacobian matrix required in this formulation is,

xr yr
X,y (5.14)
0

s

0
[7]=]0
1

where

(5.15)
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The inverse of J becomes

0 r. s,
J7' =10 r, s, (5.16)
1 0

We need certain derivatives with respect to local coordinates, which are placed into a 3x3

matrix, and it is given as;

Wr ur vr 4 i,rwi Zf‘i,r¢xi - Zf‘i,r¢yi

Ws us vs = Z i,swi Zfi,s¢xi - Zfi,s¢yi (517)
i=1

Wz uz vz l 0 fi¢xi - fi¢yi

Transformation of these derivatives to global coordinates is accomplished using the inverse

of the Jacobian matrix and this transformation is given as follows;

w,ou, v, w,ou, v,
w, o u, v = T w, u, v, (5.18)

€, u,
Ey vy
{e}=<v,=1u, +v, (5.19)
Y. u, + w.
sz v, + Wy
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Stresses corresponding to the strains are given in equation (5.3). As a preliminary
matter before formulating element stiffness matrix, matrix [B] partitioned and z factored

from the upper part as follows;

[B]= Ey } = {f} (5.20)

4

where By has three rows and B, has two rows, then the stiffness matrix for this element is

written as;

1= Jler elllay = L5 T 1] | Hﬂ }zv

(5.21)
k)= [T ]+ (BT e (3, av
Integration through the thickness yields;
k1= {5V )+ 5 2 s 522

Thus,

1= [ [E] [ - [ [B] [El[B]1s1avas (523)

-1-1

which must be evaluated numerically [22]. The matrix that shows the displacements and

rotations in the plate is given as follows;

{dy=lw, ¢! ¢'sw, 6> 975w, 97 63w, ¢ 6! (5.24)
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and the values of this matrix can be calculated as follows;

{F}=[kKa} (5.25)
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6. DEVELOPMENT OF A GRID FRAMEWORK MODEL

6.1. Introduction

In this chapter a rectangular grid framework model will be presented which will
allow the numerical solution of the partial differential governing equation of the Kirchoff
Plate Theory (Thin plates) and Mindlin Plate Theory (Thick plates). Because of the
assumptions used in developing the basic elastic plate theory, it is necessary to consider
only bending displacements in the development of the grid framework model. Therefore, a
grid framework model can be developed by equating the displacements of the grid model
to the actual displacements of a plate element subjected to bending and twisting moments.
This grid framework model consists of six members — four perimeter beams, each capable
of withstanding only out of plane bending. In this manner a rectangular grid model with

five cross sectional properties will define uniquely a rectangular element of a plate [29].
6.2. Properties of a Plate Element

Consider the rectangular elastic plate element shown in Figure 6.1-a, which has
exterior dimensions L. and oL for the side lengths and h for thickness. When this plate
element is subjected to bending moments M, as shown in Figure 6.1-b, the angular

rotation in the direction of bending is given as

aLM,
3
2

where E is the modulus of elasticity of the material. Taking Poisson’s ratio as v, the

0, = 6.1)

angular rotation in the orthogonal direction is

0, =——1_ (6.2)



(a) Dimension of elastic plate element

(b} Applicatieon of Bending Mement My

(e)

{d) Application of Twisting Moment M,

Figure 6.1. General elastic plate element

33
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Similarly, when the element is subjected to bending moments M, along the other two

edges, as shown in Figure 6.1-c, the angular rotation about the X and Y axes are given by

0, =———2_ (6.3)

and

(6.4)

Finally if twisting moments of intensity M3 are applied to all edges of the element as

in Figure 6.1-d, the resulting angle of twist will be
oM (1+v)

B

Therefore, the deformations of a general plate element subjected to bending and

6, (6.5)

twisting moments are known.

6.3. Development of the Stiffness Equation for the Equivalent Grid

An equivalent grid model of the plate element can be constructed of six members.
The physical properties of the grid members can be determined by equating the rotation of
the grid nodes with those of the same size plate element. It is important that both the plate

element and the equivalent grid structure be subjected to statically equivalent loads.

Consider, for example, a structural grid as shown in Figure 6.2-a composed of six
members. The physical dimensions of the grid are L and oL as the lengths of the edge
members and BL as the length of the diagonals. The two end members of length L have
moments of inertia about their Y axis designated as I and torsional constants designated as

GJ/E. Similarly, the two side members have moments of inertia and torsional constants
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equal to I and GJ/E respectively. The diagonal members are assumed to resist no torsion

but have a moment of inertia equal to I4.

e al

- [LT7
LTS .

ta) Dimension of equivalent grid structure

LM, Ly

g7

m T A

(b) Applications of eqniua;ent bending moments My

ELH.! alHa
-
g ——
ﬂLH:
S ——

{-3) ﬁppllcatians of uqu;valant bending moments Hz

HLH:

-u;_l' H'L/ . alM,
/ L
LMy M
T -
'/BU"[; aLM '-""-..m,
BEA — T

(d} Applications of eguivalent twisting moments M,

Figure 6.2. Equivalent grid structure
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The joint stiffness matrix for the complete system can now be formulated by
substituting the above member properties into the general grid member stiffness matrix and
then assembling all of the resulting stiffness influence coefficients into the joint stiffness
matrix. The location of the stiffness influence coefficients in the joint stiffness matrix is
determined by the number of the deformation causing the action to occur. At each joint of

the model structure, three deformations and three corresponding actions can occur.

Once the member stiffness matrices are complete, the joint stiffness matrix, and the

governing stiffness equation, can be assembled.
6.4. Solution of the Equivalent Grid Stiffness Equation

In order to obtain the physical constants of the equivalent grid framework members
such that the model represents the actions of a plate element, the deformations of the grid

framework model are equated to the corresponding deformations of the plate element.

{a}=[x KD} (6.6)
Where

{A}= Actions of the plate element
[K ] =Total stiffress matrix

{D}=Displacement and Rotations vector

The deformations of the grid model may be found by solving Equation 6.6 when
the model is alternately subjected to loads LM;/2, alLM,/2 and the twisting moments as
shown in Figures 6.2-b, 6.2-c¢ and 6.2-d. For each loading condition, two independent
simultaneous equations are formed from the matrix relationships of Equation 6.6. By
equating these independent equations, expressions are obtained for the deformations of the

grid framework model in terms of the unknown member properties as

_L’M,q y BI, +1,
2E BRI, + 1,1, +0’l,1,

6, 67)



I’M o’ I
97 = 10‘ X 3 . 3
2E BII +1,I +0o’l,I,
.- L’M,o BI, +0a’l,
s 2FE BII +1,1, +0°1,1,
L’'M,o’ 1,
9 = X 3 3
2E BII +1,0 +0o’l,I,
0 - L’M B’
10 —
GJ
2E| B’ S+ 204
and
w, =-L8,

Equating corresponding deformations, it can be seen that

LS

[

S D D D

and

0, =

37

(6.8)

(6.9)

(6.10)

(6.11)

(6.12)

(6.13)
(6.14)
(6.15)
(6.16)

(6.17)

Expanding and solving Equations (6-13) through (6-17), the final beam properties are

computed as
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(@ -v)L r

I = 6.18
" all-v?)12 (6.18)

_(-av)L r

I = 5
‘ 2l-v~) 12

(6.19)

vB°L

I, = — 6.20
T all-v?)12 (6.20)

GI, (1-3v)L '

S

E  21-v’) I2

6.21)

_ 3
GJ, _ofl 3\/2)Lt_ 622)
E 2A1-V?) 12

Using Equations (6-18) through (6-22), a plate may be idealized into an equivalent
grid framework model which, when analysed by any standard frame or grid analysis

computer program, will represent the actions of the original plate structure [29].

6.5. Influence of Shear Deformations

The influence of shear deformations is best included in a stiffness matrix, by means

of A—shear correction factors [30], which actually modify the flexural rigidities as follows:

A = AEL A, (6.23)
L
B, = 2—51 A, (6.24)
where
A =0.75e+0.25 (6.25)
Aj =1.50e-0.5 (6.26)
e =1/(1+y (6.27)

Y =24k, (1+v) I/(L*F) (6.28)
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ks = Shape factor

F = Cross-sectional area
1 = Moment of inertia
v = Poisson’s ratio,

for plates with constant thickness, the ratio I/F may be replaced by t%/12, hence,

Y =24k (1+v) /(1212 (6.29)

When the above correction factors, A, are multiplied by the appropriate flexural
stiffness values, A;, A; and B of the lattice elements, the shear deformations are duly taken
into account without any approximations [31]. Therefore, the stiffness matrix of a
rectangular element given, is ideally suitable for the flexural analysis of thick plates in

which, the thickness to span ratio exceeds 1/10.

In order to neglect the influence of shear deformations in plate bending, it is

sufficient to take the correction factor y = 0, which virtually amounts to taking € = 1.

The stiffness matrix of a grid element, as described elsewhere in detail by Tezcan [30] is
utilized with a code number technique and appropriate direction cosines to obtain the 12 by
12 master stiffness matrix of the lattice model. The appropriate lengths and rigidities for
different bars of a typical rectangular lattice model, are listed in Table 6.1. The 12 by 12
stiffness matrix of the entire lattice model is presented in three separate parts in Tables 6.2

to 6.4.

< > Li=AC=BD=fL

S TV

Figure 6.3. Typical lattice element



Table 6.1. Flexural stiffness of lattice bars

HORIZONTAL BEAMS SIDE BEAMS DIAGONALS
L= oL L= L Lq=BL
4EI 4EI
As = * i,s A = 4Ele . Ad = . A’i,d
(xL e L ie BL
2EI, 2EI 2EI
B, = Aijs B, = “N\; B, = i
oL ¢ L i BL
A +B
¢, =A*B c = AtB. ¢, = AutBs
ol L BL
D =2C. /(oL =
s ,/(aL) D, =2C,/L D, =2C,/BL
T =GJ, /oL =
. =GJ, /(aL) T =GJ,/L T, =0

A, =0.75e, +0.25

A, =158 -0.5

e, =1/(1+7,)

_ 24k(1+v) 7
il 12
L _ 1
F 12

A, =0.75¢, +0.25
A, =1.5e, —0.50
e, =1/(1+v,)

24k (1+v)

A, =075e, +0.25
A, =15¢,-0.5
e, =1/(1+7,)

24k (1+v) ¢

IR 12
1,
F, I2
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Table 6.2. Upper left portion of the stiffness matrix ( [k]; )

T
ki ks
(6x6) (6x6)
[k]XYZ =
(12 x 12)
k3 ks
(6x6) (6x6)
[kl =
D, +D, +
-C,-mC, | -IC,-C, -D, -C, 0
D
—-C,-mC, m*A, +1°T, —ImA, c B, 0
A +T, +ImT, ‘ ‘
T +I°A, +
—IC,+C, | —ImA, +ImT, | 0 0 ~T,
m'T, + A,
D, +D, +
-D, C, 0 C, +mC, C,+IC,
‘ ; D, ;
T, +m’A,
-C, B, 0 C,+mC, ImA, —ImT,
I’T, + A,
A +IPA, +
0 0 -T, C,+IC, ImA, +ImT, s
mT,+T,

[: direction cosine with respect to x-axis
m: direction cosine with respect to y-axis




Table 6.3. Lower right portion of the stiffness matrix ( [k],)

42

[kl =
D, +D, +
-C,-mC, -C,-IC, -D, -C, 0
Dd
—-C — T +m’A, +
CommCy | T ™M™ | A~ imT, C. B, 0
I’T, + A,
A +IPA, +
-C,-IC, ImA, —ImT, ) 0 0 -T.
m Td +Tv
D, +D, +
-D, C, 0 ’ C.+mC, -C,-IC,
‘ s D, s
2
. . . . . T, +m°A, + —ImA,
- +m 2
K K K d ) Td +AS _ lde
—ImA, A +1PA, +
0 0 -T, -C,-IC,
+ImT, m’T, +T,
Table 6.4. Lower left portion of the stiffness matrix ( [k]3)
(ks =
-D, 0 -C, -D, -mC, -1c,
0 -T, 0 mC, | m*B,—I’T, | ImB, +ImT,
C, 0 B, IC, | ImB,+ImT, | I’B, —m’T,
-D, mC, -1C, -D, 0 -C,
-mC, m’B, —1’T, —ImB, —ImT, 0 -T, 0
IC, —ImB, —ImT, I’B, —m’T, C, 0 B,
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Table 6.5. Direction cosines, [ and m

1 Y Bar No [ m

0
4 3 1,2 1
’ 6 | 3.4 1 0
2 5 -1/B o/B
, 6 1B o/B

A given plate bending problem, requires idealisation of the plate geometry into a
suitable assembly of small rectangular lattice models. By applying a suitable correction
factor, ks, to the idealised grid framework the shear deformations also are included in the
lattice model. After a direct stiffness method of analysis, the computer output normally

contains the direct forces and moments at the corner points of each rectangular lattice.

It is normally sufficient to add the corner forces and moments of the two adjacent
rectangles, at a particular cross section, and then to divide this sum by the tributary
distance, in order to obtain the corresponding shears and moments of the plate for a unit

strip.
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7. ILLUSTRATIVE EXAMPLES

7.1. Square Plate Model
7.1.1. Model Description

In order to utilize the influence of shear deformations in plate bending, a square plate
model is used. The plate is investigated for clamped (fixed) support and hinge support

cases around the plate.

A square plate size 8m x 8m is chosen in order to ease and simplify the calculations
and only to concentrate on shear deformations. The Poisson’s ratio v is taken as 0.3 .The
modulus of elasticity is taken as E = 3 10’ kN/m”. The analysis is conducted for the loading

cases of q =50 kN/m* uniformly distributed load and P = 3200 kN point load at the center.

Due to two way symmetry only % of the plate is analysed, decreasing the time for
solutions. The plate model is analysed for different t/L ratios to monitor the influence shear
deformations due to thickness to length ratio increase. The t/L ratio analysed starts from
t/L = 0.01 and goes up to t/L = 1. In other words keeping the plate dimensions constant

thicknesses from 0.08 m up to 8 m are analysed.

In order to analyse the plate, the LUSAS [32] package program, a general finite

element analysis program, is used for all support and loading conditions mentioned above.

Modulus of elasticity, E = 3. 107 kKN/m?
Poisson’s ratio, V = 0.3

Uniformly distributed load, g = 50 kN/m?
Point load at center: P = 3200 kN
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Figure 7.1. The square plate model

7.1.2. Thin Plate Model

The QF4 [33], 4-Node isoflex family of thin plate elements are assigned to the
model. The QF4 elements are from a family of thin plate flexure elements in 2D with
higher order models capable of modelling curved boundaries. The element formulation
takes account of varying thickness and anisotropic properties. As required by thin plate
theory transverse shearing effects are excluded. The degree of freedoms of the plate

element is w, Oy, Oy at the corner nodes.

The model is loaded by the specified loading (Uniformly distributed and point
loading at the center) to the fixed and simply supported boundary condition cases and the

corresponding transverse displacement are noted.
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Figure 7.2. Thin plate element QF4 and node numbers

center is equal to [23] :

|
=

Fa

(W)x:a/Z,y:aIZ = 0'0056

(W)x:a/Z,y:aIZ = 0'00126

Et’

T e

Pa’

qga*

=5

The central vertical deflection for the Uniform Loading Case is equal to
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Exact Solutions for the vertical deflections and the bending moments in x and
y-directions at the center of the plate are determined by means of the equations as follows:

The central vertical deflection of the fixed supported square plate for the point load at the

(7.1)

(7.2)

(7.3)
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The central vertical deflection of the fixed supported square plate for the point load

at the center is equal to:

2
(W)x:a/Z,y:a/Z = 00116 Pa (7'4)
The central vertical deflection for the uniform loading case is equal to
qa’
(W)x:a/Z,y:a/Z = 0.0406 ? (7.5)

7.1.3. Thick Plate Elements

QTFS8 element of LUSAS is a family of thick plate flexure elements based on a

Mindlin plate formulation which assumes that

i) Normal stress in the transverse stress is negligible in comparison with the in
plane stress
ii) “Normals” to the mid-surface remain straight but not necessarily normal to the

mid-surface after deformation (Figure 2.1).

Thus the elements account for the transverse shear effects associated with thicker

plates and the elements are termed “thick” plate elements.

The degree of freedoms are w, 6y, 0y at each node where 6, and 0, are the rotation of

the normals to the mid-surface and include the effect of shear deformations.

The model is run for uniformly distributed load and point load, and for fixed and
simply supported cases for the various t/L ratios and the corresponding center deflections

are noted.
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Figure 7.3. The Mindlin plate element QTF8 and node numbers

7.1.4. Grid Framework (Hrennikoff) Plate Model

The plate is also modelled using Hrennikoff grid framework method. The lattice
elements are formed by dividing the one quarter of the plate analysed to 16 equal elements.
The model obtained is given in Figure 7.4 and the lattice element properties for the thin

plate model are given in Table 7.1.

The same loading and support conditions are analysed for the varying t/L ratios as it
is done with the 2D continuum elements mentioned above and the corresponding center

displacement values are calculated.



21 2 72 2 2
togy T T % i i i *
.1\\ E &+ Ed #

-
N
24 2 =4 L] T 40
- -
- o
= RS 7, . H . i -}:'r
\\ i
5 -
-
2 }{ o5 2 i =2 gl
X,
i fio
b pe. N2 - : - ¢
+5 HEE £ =]
., ;.8
\\ \\
22 o BB e g
AT
o
N,
e AL . . . Y
i N i a3 B i 1
H
® .
-, X,
2 R o o 2
i ¥y \\
-
) E
| =S S =
Lok VA = h

Figure 7.4. Lattice model, node and element numbers,

Table 7.1. Lattice element properties for the thin plate model
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Horizontal and Side Elements Diagonal Element
vL (;:1) Area I J Area I J
(m’) (m’) (m’) (m’) (m’) (m’)
0.01 | 0.08 | 0.030 | 1.64110° | 2344107 | 0.042 | 1.989 10 0
0.05 | 040 | 0.150 | 2.05110° | 2.93010* | 0.212 | 2.487 107 0
0.1 | 0.80 | 0.300 | 1.641107% | 2.34410* | 0.424 | 1.989 107 0
02 | 1.60 | 0.600 | 1.31310" | 1.87510° | 0.849 | 1.591 10" 0
03 | 240 | 0900 | 4.43110" | 6.33010° | 1.273 | 5.371 10" 0
04 | 320 | 1.200 1.050 1.500 10" | 1.697 1.273 0
0.5 | 4.00 | 1.500 2.051 2930107 | 2.121 2.487 0
0.75 | 6.00 | 2.250 6.923 9.890 10" | 3.182 8.392 0
1 8.00 | 3.000 16.41 2.344 4.243 19.89 0
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7.1.5. Grid Framework Including Shear Deformations

The same model is used also for the grid framework plate model where shear
deformations are included. The shear deformations are included by using appropriate shear
correction factors for different loading cases. For the uniformly distributed load case the
shape factor is found to be ks, = 1.8. For the point loads, however, the appropriate shape
factor is ks, = 2.25, since in the point loading case the shear deformations are more

pronounced.
7.1.6. 3D Model

The plate is also modelled using LUSAS 3D linear hexahedral stress element HX8M.
Same loading and support conditions are applied to the 3D plate element model. Meshes
for the elements are given in Table 7.2 and for the thickness to span ratio 0.3 the mesh of

the plate model is given in Figure 7.5.

Table 7.2. Mesh sizes for square plate for 3D model

UL t x-direction | y-direction | z-direction
(m) Mesh Mesh Mesh

0.1 0.8 24 24 6
0.2 1.6 16 16 4
0.3 2.4 16 16 4
0.4 32 8 8 4
0.5 4.0 8 8 4
0.75 6.0 8 8 6
1 8.0 8 8 8
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Figure 7.5 3D model mesh for t/LL = 0.3

7.1.7. Results

The results obtained from LUSAS package program is presented for 4 different
cases; fixed support and uniformly distributed load, fixed support and point load, simply
supported and uniformly distributed load and finally simply supported and point load at the
center. The displacements of all plate models, 2D continuum thin and thick plate models,
lattice thin and thick plate models, are given in Tables 7.3 to 7.6. Also the plate is analysed

for 3D stress conditions using 3D continuum solid elements and the results are presented.

The displacements are normalized by D/qL4 for the uniformly distributed cases and
D/PL? for the point loading cases in order to show clearly the effect of shear deformations
and remove the effect of decreasing displacements in value with increasing thickness of the

plate, since the loading is kept constant.
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The displacements are also plotted for easy monitoring and given in Figures 7.6 to
7.9. The results obtained from the exact theory of thin plates are taken as basis and the
deviation from the exact theory of thin plates are plotted. In other words the displacement
values are divided by the exact theory and the ratios are plotted. From these figures it can
easily be seen that the deviation from the thin plate theory becomes significant when the

t/L ratio of the plate is bigger than 1/10.

From the Figures 7.6 to 7.9 it can be seen that, the 2D continuum element and
lattice model for thin plate is exactly matching with the exact theory. The Mindlin 2D plate
element and 3D model start deviating from thin plate theory when the t/L ratio reaches
1/10. Moreover, for the fixed case at t/L. = 0.5 the deflections are calculated as five times

bigger than the condition when the shear deflection is neglected.

From the Figures 7.6 to 7.9 it can easily be seen that the grid framework method
defined herein is perfectly overlapping with the Mindlin plate element displacements for
all loading cases and support cases with appropriate shear correction factors. With this
finding it can be stated that the thick plate model considering shear deformation theory

with complicated formulation can also be modelled with simple elements.
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Table 7.3. Midspan deflection of a square fixed plate with UDL

RO R R R

w=rD/q L i
Normalized by D/qa4

t t/L . o Mindlin . Gridwork

m (thinplte| by | Pie® | DTN | G | Thick e
0.08 0.01 0.001260 0.001261 0.001258 - 0.001294 0.001290
0.4 0.05 0.001260 0.001261 0.001327 - 0.001294 0.001352
0.8 0.1 0.001260 0.001261 0.001505 0.001511 0.001294 0.001532
1.6 0.2 0.001260 0.001261 0.002173 0.002086 0.001298 0.002203
2.4 0.3 0.001260 0.001261 0.003245 0.003117 0.001299 0.003282
32 0.4 0.001260 0.001261 0.004730 0.004620 0.001296 0.004777
4 0.5 0.001260 0.001261 0.006631 0.006565 0.001297 0.006690
6 0.75 0.001260 0.001261 0.013215 0.013902 0.001302 0.013317
8 1.0 0.001260 0.001261 0.022424 0.028571 0.001308 0.022582

' LUSAS Program QF4 Thin Plate Element
@ LUSAS Program QTFS8 Thick Plate (Mindlin) Element



Point Load = 3200 kN

wan
Table 7.4. Midspan deflection of a square fixed plate with point loading ’ ; L=8m
w=rD/PL B ) 1
Normalized by D/Pa’

(nt, ) t/L ljlxact Thin Plate™ h;;::g? 3D-FEM Gr.idwork ’[(‘}hli.l(ll(wP(:;lt(e
(Thin plate) (4x4) (dxd) Thin Plate k. =2.25
0.08 0.01 0.005600 0.005573 0.005570 - 0.005741 0.005732
0.4 0.05 0.005600 0.005573 0.006107 - 0.005743 0.006250
0.8 0.1 0.005600 0.005573 0.007637 0.009286 0.005742 0.007793
1.6 0.2 0.005600 0.005571 0.013643 0.018890 0.005775 0.013747
24 0.3 0.005600 0.005572 0.023551 0.046434 0.005769 0.023551
3.2 0.4 0.005600 0.005574 0.037363 0.053099 0.005757 0.037226
4 0.5 0.005600 0.005573 0.055100 0.094437 0.005766 0.054782
6 0.75 0.005600 0.005572 0.116653 0.289257 0.005798 0.115610
8 1.0 0.005600 0.005573 0.202816 0.664560 0.005839 0.200962

' LUSAS Program QF4 Thin Plate Element
@ LUSAS Program QTF8 Thick Plate (Mindlin) Element
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Table 7.5. Midspan deflection of a square simply supported plate with UDL 4 ; L=8m
w=rD/qa4 (n ”””f i
Normalized by D/qa4
t t/L . o Mindlin . Gridwork
m (thinplte| by | Pie® | DTN | G | Thick e
0.08 0.01 0.004060 0.003966 0.004106 - 0.004229 0.004188
0.4 0.05 0.004060 0.003966 0.004289 - 0.004229 0.004286
0.8 0.1 0.004060 0.003966 0.004617 0.004602 0.004229 0.004561
1.6 0.2 0.004060 0.003966 0.005544 0.005547 0.004236 0.005476
24 0.3 0.004060 0.003967 0.006822 0.007119 0.004258 0.006787
3.2 0.4 0.004060 0.003966 0.008457 0.008919 0.004232 0.008473
4 0.5 0.004060 0.003966 0.010465 0.012929 0.004234 0.010530
6 0.75 0.004060 0.003967 0.017208 0.026877 0.004242 0.017376
8 1.0 0.004060 0.003966 0.026490 0.053654 0.004251 0.026758

' LUSAS Program QF4 Thin Plate Element
@ LUSAS Program QTF8 Thick Plate (Mindlin) Element



Point Load = 3200 kN

wan
Table 7.6. Midspan deflection of a square simply supported plate with point loading ; ; L=8m
w=rD/Pa’ ;”“ ””‘; i
Normalized by D/Pa’

(nt, ) t/L ljlxact Thin Plate” h;;::g? 3D-FEM Gr.idwork ’[(‘}hli.l(ll(wP(:;lt(e
(Thin plate) (4x4) (dxd) Thin Plate k. =2.25
0.08 0.01 0.011600 0.011573 0.011669 - 0.012262 0.012166
0.4 0.05 0.011600 0.011573 0.012440 - 0.012265 0.007836
0.8 0.1 0.011600 0.011573 0.014286 0.016071 0.012263 0.014560
1.6 0.2 0.011600 0.011571 0.020835 0.026538 0.012302 0.021121
2.4 0.3 0.011600 0.011573 0.031172 0.055346 0.012347 0.031469
3.2 0.4 0.011600 0.011574 0.045275 0.063121 0.012280 0.045582
4 0.5 0.011600 0.011573 0.063255 0.106302 0.012294 0.063436
6 0.75 0.011600 0.011573 0.125143 0.310032 0.012329 0.124824
8 1.0 0.011600 0.011573 0.211401 0.706044 0.012376 0.210302

' LUSAS Program QF4 Thin Plate Element
@ LUSAS Program QTFS8 Thick Plate (Mindlin) Element



Relative Midspan Deflection
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Figure 7.6. Midspan deflections of a square plate for fixed case - UDL
Thin plate theory deflection is assumed unity



Relative Midspan Deflection
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Figure 7.7. Midspan deflections of a square plate for fixed case - Point Loading

Thin plate theory deflection is assumed unity

58



Relative Midspan Deflection
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Figure 7.8. Midspan deflections of a square plate for simply supported case - UDL
Thin plate theory deflection is assumed unity
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Relative Midspan Deflection
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Figure 7.9. Midspan deflections of a square plate for simply supported case -point loading
Thin plate theory deflection is assumed unity
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7.2. The Influence of Finer Mesh Size

61

The square plate model analysed is of a mesh size 4 by 4 which can be classified as

coarse mesh size. The plate is also modelled for 10 by 10 elements, medium size, and 16

by 16 elements, fine mesh, for the fixed and simply supported cases and uniformly

distributed load. Using the grid framework method with using shape factor ky = 1.8 for

uniformly distributed case, the midspan deflections are calculated and compared with the

deflections found by 2D finite elements.

From the Tables 7.7 and 7.8 it can be seen that even with the coarse mesh sufficient

accuracy can be obtained. Round of errors that can occur with fine mesh, therefore,

medium mesh size (10x10) is (even coarse mesh) is appropriate for the analyses.

Table 7.7. Results for fixed case obtained by finer mesh sizes (normalized by D / q LY.

Grid Framework

(m) /L 2D-FEM Coarse Mesh Medium Size Fine Mesh
(4x4) Mesh (10x10) (16x16)
0.08 | 0.01 0.001258 0.001290 0.001271 0.001271
040 | 0.05 0.001327 0.001352 0.001331 0.001346
0.80 | 0.10 0.001505 0.001532 0.001508 0.001522
1.60 | 0.20 0.002173 0.002203 0.002180 0.002189
240 | 0.30 0.003245 0.003282 0.003261 0.003261
320 | 040 0.004730 0.004777 0.004760 0.005174
4.00 | 0.50 0.006631 0.006690 0.006681 0.006648
6.00 | 0.75 0.013215 0.013317 0.013333 0.013234
8.00 1.00 0.022424 0.022582 0.022628 0.022445
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Table 7.8. Results for simply support case by finer mesh sizes (normalized by D / q LY.

t Grid Framework
(m) t/L 2D-FEM Coarse Mesh Medium Size Fine Mesh
(4x4) Mesh (10x10) (16x16)
0.08 | 0.01 0.004106 0.004187 0.004200 0.004217
040 | 0.05 0.004289 0.004275 0.004334 0.004375
0.80 | 0.10 0.004617 0.004542 0.004651 0.004695
1.60 | 0.20 0.005544 0.005415 0.005563 0.005602
240 | 0.30 0.006822 0.006663 0.006838 0.006862
320 | 040 0.008457 0.008269 0.008567 0.008490
4.00 | 0.50 0.010465 0.010227 0.010506 0.010496
6.00 | 0.75 0.017208 0.016726 0.017318 0.017240
8.00 1.00 0.026490 0.025627 0.026706 0.026541

7.3. Bending Moments

The bending moments obtained from thick plate model and thin plate model are
given in Tables 7.9 to 7.11 for uniformly distributed and point loading cases, fixed and

simply supported support conditions.

The errors are calculated with taking the difference between the bending moments
found from the thin plate model and the bending moments found from the thick plate
model. The tables show that with the increasing thickness to span ratio the error in bending
moments are increasing. The contours of moment values are given in Figures 7.11 to 7.12

for thickness to span ratio t/L = 0.4.

The moment values are plotted in Figures 7.13 to 7.14 for fixed and simply

supported cases, uniformly distributed and point loading.
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Figure 7.10 Mesh sizes for a quarter square plate
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Table 7.9. Bending moments for fixed and uniformly distributed case.

64

¢ L M, at B (Mid-side), kN m M, at A (Center), kN m

(m) Thin Plate | Thick Plate Error Thin Plate | Thick Plate Error

0.08 | 0.01 160.24 159.40 0.52 % 75.78 75.87 0.12 %
0.40 | 0.05 160.24 158.67 0.98 % 75.78 76.45 0.88 %
0.80 | 0.10 160.24 154.83 3.38 % 75.78 77.09 1.73 %
1.60 | 0.20 160.24 145.40 9.26 % 75.78 78.27 3.29 %
240 | 0.30 160.24 138.98 13.27 % 75.78 78.97 4.21 %
320 | 040 160.24 135.29 15.57 % 75.78 79.35 4.71 %
4.00 | 0.50 160.24 133.13 16.92 % 75.78 79.57 5.00 %
6.00 | 0.75 160.24 130.61 18.49 % 75.78 79.81 532 %
8.00 | 1.00 160.24 129.62 19.11 % 75.78 79.91 535 %

Table 7.10. Bending moments for fixed and point load case.
¢ L M, at B (Mid-side), kN m M, at A (Center), kN m

(m) Thin Plate | Thick Plate Error Thin Plate | Thick Plate Error

0.08 | 0.01 403.08 397.84 1.30 % 1011.9 1018.5 0.65 %
0.40 | 0.05 403.08 394.53 2.12 % 1011.9 1024.9 1.28 %
0.80 | 0.10 403.08 379.58 5.83 % 1011.9 1026.9 1.48 %
1.60 | 0.20 403.08 348.29 13.59 % 1011.9 1030.2 1.81 %
240 | 0.30 403.08 328.57 18.49 % 1011.9 1032.2 2.01 %
320 | 040 403.08 317.49 21.23 % 1011.9 1033.2 2.10 %
4.00 | 0.50 403.08 311.08 22.82 % 1011.9 1033.8 2.16 %
6.00 | 0.75 403.08 303.64 24.67 % 1011.9 1034.5 223 %
8.00 | 1.00 403.08 300.72 25.39 % 1011.9 1034.8 2.26 %




Table 7.11. Bending moments for simply supported model.
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Uniformly Distributed Load Point Load
t t/L M, at A (Center), kN m M, at A (Center), kN m
(m)
Thin Plate | Thick Plate Error Thin Plate | Thick Plate Error

0.08 | 0.01 153.21 157.19 2.60 % 1184.4 1193.5 0.77 %
0.40 | 0.05 153.21 160.98 5.07 % 1184.4 1206.5 1.87 %
0.80 | 0.10 153.21 165.83 8.24 % 1184.4 1217.2 2.77 %
1.60 | 0.20 153.21 174.37 13.81 % 1184.4 1235.8 4.34 %
240 | 0.30 153.21 180.84 18.03 % 1184.4 1249.8 5.52 %
3.20 | 0.40 153.21 185.47 21.06 % 1184.4 1259.7 6.36 %
4.00 | 0.50 153.21 188.74 23.19 % 1184.4 1266.7 6.95 %
6.00 | 0.75 153.21 193.37 26.21 % 1184.4 1276.5 7.78 %
8.00 | 1.00 153.21 195.55 27.64 % 1184.4 1281.1 8.16 %
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LOAD CASE = 1
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-189.842
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0

Max 8.403 st Node 1
Figure 7.11 Bending moment contours for thick plate, simply supported case and UDL
(t/L=0.4)
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Figure 7.12 Bending moment contours (M) for thick plate, fixed case and UDL (t/L.=0.4)
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7.4. Rectangular Plate Model

The grid framework method is also checked by a rectangular plate of size 6 x 10 m
and with a 4 by 4 mesh size for fixed and simple support cases and uniformly distributed
and point loads. The loading is taken as q = 50 kN/m” as uniformly distributed load and
P = 3000 kN as point load. Again the shape factor for UDL is ks = 1.8 and for point load
case k; = 2.25.

In the Figure 7.16 the uniformly distributed case results are plotted with ratios of
results obtained from thin plate theory. It can be seen from the figure that the results of grid
framework method where shear deformations are taken into account, defined herein, are
matching with 2D-FEM element for thick plate. And in Figure 7.17 the results of point
loading case are plotted, where shape factor is kg = 2.25 for point loading case. The results

give sufficient accuracy also for point loading case with k, = 2.25.

Table 7.12. Midspan deflection of rectangular plate with UDL (w=rD/q LY.

Fixed Simply supported
(t) t/L
m Thin Plate | Thick Plate . Thin Plate | Thick Plate .
>D-FEM | 2D-FEM | SAWork [ h pEM op-pEM | Orid Work

0.06 | 0.01 0.001763 0.001759 | 0.001789 | 0.006356 0.006548 0.06732

0.30 | 0.05 0.001763 0.001833 | 0.001860 | 0.006356 0.006726 0.06792

0.60 | 0.10 | 0.001763 0.002025 | 0.002129 | 0.006356 0.007067 0.07273

1.20 | 0.20 | 0.001763 0.002768 | 0.002818 | 0.006357 0.008055 0.08038

1.80 | 0.30 | 0.001763 0.003965 | 0.004024 | 0.006355 0.009457 | 0.009441

240 | 040 | 0.001763 0.005604 | 0.005675 | 0.006356 0.011270 | 0.011279

3.00 | 0.50 | 0.001763 0.007551 0.007772 | 0.006353 0.013504 | 0.013547

450 | 0.75 0.001763 0.014858 | 0.014963 | 0.006357 0.020958 | 0.021102

6.00 | 1.00 | 0.001763 0.024849 | 0.025034 | 0.006356 0.031154 | 0.031394
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Table 7.13. Midspan deflection of rectangular plate with Point Load (w=rD /P LY.

Fixed Simply supported

T | t/L

o | e Tk T oo | e Tk e T G
0.06 | 0.01 0.008877 0.008819 | 0.009063 | 0.019818 0.019900 | 0.020883
0.30 | 0.05 | 0.008877 0.009547 0.09718 0.019815 0.020810 | 0.021609
0.60 | 0.10 | 0.008877 0.011470 | 0.011628 | 0.019821 0.023008 | 0.023661
1.20 | 0.20 | 0.008879 0.019033 | 0.018923 | 0.019819 0.031005 | 0.031319
1.80 | 0.30 | 0.008877 0.031451 | 0.030783 | 0.019823 0.038201 0.043578
240 | 0.40 | 0.008879 0.048703 | 0.047209 | 0.019810 0.061319 | 0.060352
3.00 | 0.50 | 0.008877 0.070759 | 0.068140 | 0.019815 0.083620 | 0.081696
450 | 0.75 | 0.008878 0.147019 | 0.140586 | 0.019819 0.160521 0.154900
6.00 | 1.00 | 0.008880 0.253571 | 0.241758 | 0.019821 0.267445 | 0.256662
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7.5. Foundation Analysis of 53" at Third Building with Grid Framework Method

The office building located at 53" and Third Avenue in New York, USA, has an
elliptical floor plan and 39 storey height as shown in Figure 7.18. The foundation of this
building is analysed to illustrate how easily the grid framework method can be applied to

real problems.

The foundation of the building is also elliptical in shape and four meters thick. The
floor plan is given in Figure 7.19. The foundation is modelled with grid framework using
0.5 m wide elements. Again one quarter of the foundation is modelled due to two-way

symmetry (Figure 7.20).

The load at each floor is taken as q = 15 kN/m?, therefore, totalling q = 585 kN/m? at
foundation level acting from bottom to top. The foundation is 60 m long in x-direction and
30 m wide in y-direction, therefore, the foundation model is divided into 60 x 30 elements.

The nodes and the columns are shown in Figure 7.17.

The analysis is conducted with the framework method by taking into the shear
deformations where the shape factor ky = 1.8 since the loading is uniformly distributed
load. The same model is also analysed with thin plate elements to illustrate the error

introduced.

After the analysis the maximum deflection is found to be 2.015 mm for thick plate
analysis. When the same model is used for thin plate analysis where the shear deformations

are neglected, the maximum deformation is calculated as 0.896 mm.
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8. CONCLUSIONS

In this Thesis the shear deformation theory in thick plate bending problems is

studied with 2D continuum elements and also an alternative method using grid framework

models is presented. Based on the studies contained herein some concluding remarks may

be stated as follows:

1y

2)

3)

4)

The errors in deformations become significant when thickness to span ratio of
plates is greater than 0.1. The error for instance, may be as high as 375 per cent
when the thickness to span ratio is 0.4. Therefore, it is almost compulsory to
consider the thick plate theory and consequently the shear deformations when the

thickness to span ratio of a plate exceeds 0.1.

When plates are formulated in accordance with the shear deformation theory of
Mindlin, the finite elements with three degrees of freedom at each node require
extensive amounts of formulations to be handled when compared with the classical
thin plate theory. This is very time consuming especially when large systems are to
be solved. However, the specially developed grid framework method introduced

herein is easily programmable and the computation time is relatively very short.

It is seen in the illustrative examples that, with the application of appropriate shear
correction factors, the grid framework method produces very accurate results, even

for very thick plates.

The special 1D grid framework technique is very easy to program when compared
with continuous finite elements. The theory used in considering the influence of
shear deformations is not as complicated as the sophisticated solid finite elements
of Mindlin theory. Further, the execution time is considerably less, because the
entire thick plate theory is represented by means of very simple looking shear

correction factors.
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