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ABSTRACT

DESIGN AND ANALYSIS OF NON-ORTHOGONAL
MULTIPLE ACCESS IN COMMUNICATION SYSTEMS

Non-Orthogonal Multiple Access (NOMA) has emerged as a promising technique
to satisfy the high demand of users in future wireless networks. The NOMA literature
is heavily based on Power-Domain NOMA (PD-NOMA), which inherently needs a
power imbalance between superposed user signals. Another technique is based on
using two sets of signal waveforms and is referred to as Waveform Domain NOMA
(WD-NOMA). One of the forms of WD-NOMA is NOMA-2000 which does not need
any power imbalance and avoids the outage floors typically encountered in PD-NOMA.
In this thesis, we provide theoretical analyses of both PD-NOMA and NOMA-2000
using the performance metrics such as the outage probability and channel capacity.
In NOMA literature on capacity calculations generally perfect successive interference
cancelation (SIC) is assumed, which is not realistic due to the error floors in bit-
error and outage performances. Therefore, we consider capacity under the imperfect
SIC approach which basically is based on the assumption that if a user is in outage,
its signal cannot be cancelled perfectly with SIC. The analysis is first presented for
Rayleigh fading channels and then enhanced to generalized fading channels described
by the k-p fading model. Our analysis not only shows that compared to PD-NOMA
and Orthogonal Multiple Access (OMA), NOMA-2000 has superior performance but
also indicates that NOMA-2000 can reach analytical lower /upper bounds in most cases.
Overall, our analysis and results confirm that NOMA-2000 represents a very attractive

multiple access technique for future wireless networks.
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OZET

HABERLESME SISTEMLERINDE DIKGEN OLMAYAN
COKLU ERISIMIN TASARIM VE ANALIZI

Dikgen-Olmayan Coklu Erisim (DOCE) gelecek nesil haberlesme aglaridaki
yiksek kullanici talebi icin iimit vaadeden bir teknoloji olarak goriilmektedir. DOCE
literatiirii agirlikli olarak, kullanici sinyalleri arasinda yiiksek miktarda ayrim gerek-
tiren Giig-Diizleminde DOCE (GD-DOCE) iizerinden olusturulmustur. Bir alternatif
yontem ise iki farkli dalga formu kullanan Dalga Formlar1 Diizleminde DOCE (DFD-
DOCE). Bir DFD-DOCE formu olan NOMA-2000’de, kullanicilar arasinda giig fark:
gereksinimine o kadar ihtiyag duymaz ve GD-DOCE’de kargilagsan hatalarin oniine
gecebilir. Bu tezde, kesinti olasiligi ve kanal kapasitesini temel alan teorik analizleri sun-
maktayiz. DOCE literatiiriinde kapasite hesaplar1 genellikle kusursuz Ardigik Girigim
Giderici (AGG) varsaymmi altinda yapilmakta, fakat sabit hatadan otiirii gergekgi bir
yaklagim degil. Bu sebepten, biz kapasiteyi miikemmel olmayan AGG varsayimi altinda
hesaplamaktayiz, bu varsayima gore bir kullanici kesintiye ugruyorsa, o kullanicin
sinyali AGG ile giderilemez. Caligmalarimiz ilk olarak Rayleigh sontimlemeli kanal-
lar i¢in sunulmusg, daha sonra k-p sontimlemeli kanallar olarak ifade edilebilen daha
genellegmis soniimlemeli kanallar icin ifade edilmistir. Analizlerimiz gostermektedir
ki, NOMA-2000 GD-DOCE ve Dikgen Coklu Erisim (DCE)’den daha iyi bir perfor-
mansa sahip olmakla kalmayip ayni zamanda teorik alt/{ist limitlere de gogu zaman
ulagabilmektedir. Sonug alarak, galigmalarimiz NOMA-2000’in gelecek nesil haberlesme

aglarinda kullanilabilecek ¢oklu erigim sistemi olmaya ¢ok uygun oldugunu yansitmakta-

dir.
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1. INTRODUCTION

Non-Orthogonal Multiple Access (NOMA), seen as a key enabling technology to
realize the data rate requirements envisioned for the next generation networks, relies
on allocating multiple user signals on each resource block at the transmitter side which
are decoded by using successive interference cancellation at the receiver. A variety
of techniques such as the use of different codebooks, waveforms, modulation types or
power levels have been used to differentiate these superimposed user signals from each
other as summarized in [1,2]. Among these approaches, power-domain NOMA (PD-
NOMA) has attracted the most attention in the literature where multiple Orthogonal
Frequency Domain Multiple Access (OFDMA) users are assigned to the same frequency
block and at the receiver, the received messages are decoded in an order depending on
the channel gains by applying Successive Interference Cancellation (SIC) [3]. Notice
that despite its ease of implementation and potential to achieve improved data rates,
PD-NOMA encounters two essential drawbacks in practice: First, because the power
differentiation among different users means either a trade-off with the provided qual-
ity of services (QoS) for the users with the weak signal or alternatively the need to
employ elaborate resource block and/or power allocation algorithms. Second, because
superimposed user signals are detected with a single-shot SIC receiver, it may cause
error floors or a significant error degradation can be observed unless there is significant

power difference among different user signals.

An attractive alternative to PD-NOMA, another NOMA technique where dif-
ferent user groups use different waveforms, namely waveform-domain NOMA (WD-
NOMA), is proposed as discussed in [4]. One of them was proposed in [5-7] to alleviate
the drawbacks of PD-NOMA, is called NOMA with orthogonal multiple waveforms or
NOMA-2000 because it is based on a NOMA concept first introduced in 2000 (see [8]
and [9]). For multi-carrier systems envisioned for 5G and beyond 5G wireless com-
munications standards, it can be described as follows: The first group of user signals

are assigned to orthogonal frequency-division multiple access (OFDMA) subcarriers as



in the conventional multi-carrier Orthogonal Multiple Access (OMA) schemes. Then
unlike PD-NOMA where the second group of user signals are also assigned to the same
subcarriers with one more user signal per subcarrier principle, in NOMA-2000 signals
of second group of users are transmitted with multi-carrier code-division multiple ac-
cess (MC-CDMA) waveforms where each user signal is spread over all subcarriers with
an orthogonal spreading code. Notice that this spreading introduces an inherent power
imbalance between the first group and the second group of user signals which is some-
thing that has to be imposed explicitly in PD-NOMA. Resource allocation schemes of
both NOMA are summarized in Figure 1.1.

Power A Power ?F h

AR

} ’
Uy
»

Frequency Frequency

v e

(a) (b)
Figure 1.1. Resource allocation on a) PD-NOMA and b) NOMA-2000.

At the receiver side, NOMA-2000 architecture lends itself to the use of iterative
SIC making it possible to significantly reduce and in some cases virtually eliminate
the bit error rate (BER) degradation generally observed in PD-NOMA and increase its
coverage performance. Notice that the advantage of NOMA-2000 over PD-NOMA in
terms of average BER performance has been shown in [5] for ideal Gaussian channels
and in [7,10] over fading channels where both static and dynamic channel assignment

strategies are considered.

Then in [11], analytical expressions for the outage probability performances of
NOMA-2000 and PD-NOMA are obtained for Rayleigh fading channels where both
analytical and also simulation results show that NOMA-2000 has better outage per-

formance than PD-NOMA in all channel and overload conditions. It is also worth



noting that in that work, the remaining interference power after the first iteration was

modeled and calculations were made under this assumption.

As a result of being the most popular NOMA technique, there are plenty of works
investigating PD-NOMA performance using different metrics and scenarios. Shannon’s
capacity is one of the metrics, and in [12] the use of NOMA instead of OMA is proven to
increase the capacity region in terms of this metric. In [13], power allocation algorithms
are proposed for the average rate, weighted sum rate and minimum rate. In [14-17],
more sophisticated resource allocation schemes including user pairing, subcarrier and
power allocation are analyzed. All of these works have defined the capacity under
the assumption of perfect SIC. On the other hand, in [18-23] the residual interference
caused after imperfect SIC has been taken into account for capacity. In these works,
this interference power is expressed as proportional to a static variable in the range
of 0 to 1. While, 0 indicates perfect SIC, 1 means that the interference power is not

removed at all.

The outage probability performance of PD-NOMA has been studied in works such
as [24-27] but all with the simplifying assumption of independence of outage events
corresponding to different users. Unfortunately, the inherent signal superposition in
NOMA makes this assumption invalid, causing relatively big mismatches between the
analytical derivations and the simulated performances. For this reason, in works, this
dependence is taken into consideration where exact derivations for the single-user case
are obtained in [28] and outage probability expressions for multi-carrier PD-NOMA
and NOMA-2000 are obtained in [11]. While in [11] analytical calculations of the
outage performance in the first iteration have been performed, in this thesis we extend

this work for further iterations.

In [29], it is shown that Rician fading, Nakagami-m fading and Rayleigh fading
can be expressed with the parameters of the k — u fading. Furthermore, in [30] statis-
tical characteristics of the k — u shadowed fading are discussed, and it is implied that

k — p fading and Rician shadowed fading are specific cases of kK — p shadowed fading.



Moreover, in [31], fluctuating Beckmann fading is proposed by implying that it is a
more generalized version of kK — p shadowed fading. Rician fading, Nakagami-m fading,
Rayleigh fading and « — p fading can be expressed as a mixture of Gamma distribution
(MGD) in [32,33]. In [34], kK — u shadowed fading with integer parameters are ex-
pressed as an MGD. In [33], the MGD approximation has been used for the analytical
calculations of a wireless channel. In [32], these analyses are adopted to NOMA sys-
tems. There exist alternative formulations for real-valued parameters, however these
formulations include infinite sum in [35,36]. In [37], the outage probability, capacity

and bit error rate are calculated without MGD approximation.

As illustrated by the aforementioned references, the literature is rich in the anal-
ysis and optimization of PD-NOMA performance in terms of capacity and the outage
probability. On the other hand, as interest in NOMA-2000 is relatively recent, studies
on its performance are not many. Particularly, the capacity analysis of NOMA-2000
is not investigated at all. To partially close this gap in the literature, we investigate
uplink NOMA-2000 and PD-NOMA systems in which users experience Rayleigh fading
and more generalized fading channels. During all analysis, we assume the use of a sim-
ple user grouping strategy in order to satisfy the power imbalance between user groups.
In this regard, the outage probability calculations are derived by taking into account
the interference remained after SIC and the dependency between outage events for
both user groups. Second, we define the capacity of NOMA-2000 and PD-NOMA with
generally accepted SNR/SINR definitions. Furthermore, we define new SINRs for both
NOMA schemes with the interference caused by imperfect SIC. This interference is
related to the outage performance of the system and we provide analytical calculations
for the capacity with these new SINR definitions. Finally, we extend all derivations
to generalized fading channels which are useful in describing x — p shadowed fad-
ing, K — u fading, Rician fading, Rician shadowed fading, Nakagami-m fading channel
models. The overall contribution of this thesis is the comparison of NOMA-2000 and
PD-NOMA performances in terms of common performance metrics outage probability
and capacity over various channel scenarios. We demonstrate with both analytical

derivations and simulation results that NOMA-2000 forms an attractive alternative to



conventional PD-NOMA in almost all the considered performance metrics.

The rest of this thesis is organized as follows: In chapter 2 the system model
has been introduced. In Chapter 3 analyses have been derived for the Rayleigh fad-
ing channel model. In Chapter 4, previous derivations have been extended to more
generalized fading channel models. Finally, the thesis has been concluded in Chapter

d.



2. Non-Orthogonal Multiple Access Techniques

In this chapter, basic principles of uplink NOMA are introduced with a simple
2-user case. Then, the system model is expanded to the multi-carrier case. Finally,

a user grouping strategy that satisfies the fundamental requirement for multi-carrier

NOMA is discussed.
2.1. Single Carrier NOMA

We consider an uplink system model where two users share the same resources

to send their signals. Transmitted signals for user 1 and user 2, respectively, are

ty = \/Flafa ty = \/sz, (2.1)

where a and b are information bits, P, transmitted power of users, € is the power

imbalance coefficient 0 < e < 1. In the BS, the signal is received as

T =1 Plhla—i—\/ P2h2b+2, (22)

where z is the additive white Gaussian noise (AWGN) with zero mean and variance o2,
N (0,0?), and h; is the channel coefficient for user i = 1,2. Each channel coefficient
can be expressed as h; = g;/l;, where [; is the large-scale path loss and g; is the small-
scale channel fading coefficient, which we assume to have a Rayleigh distribution. The
random variable V = |g;|?, called “channel gain,” has the exponential probability

density function (PDF)

fv(w) =5—e 21, v=0. (2.3)

In conventional communication systems, user powers are determined so as to
compensate for the effect of path loss (see [38]). Specifically, as shown in [24], the

power assignment to user 1 and user 2 can be done respectively, so as to generate a



power imbalance for NOMA as
P, = B2, P, = eRl3, (2.4)

where P, is the target received power and € € (0,1) is a system parameter that deter-
mines the amount of power imbalance. This enables our analysis to depend primarily

on the small scale fading coefficients.

Now, we assume that channel gain of user 1 is higher than user 2, in other words,

lg1|* > |g2|?. BS detects the signal of the user 1, G, under the interference of the user
2, and it is extracted from the received signal. This procedure is called SIC. After SIC,

the remaining signal can be expressed as

T = AV Plhl(a—d)+ \V4 P2h2b+2. (25)

Notice that, when the signal of the first user is decoded correctly, user 2 detects its
signal from the remaining signal, 7 = +/Phsb + z. The decoding scheme and its

difference from OMA are summarized in Figure 2.1 in [39].

Power OMA Power NOMA

User2

Frequency’ Frequency

o A User 1 - A
. l Decode Remove Decode
signal of signal of signal of
User 2 User 1 user 1 user 1 user 2

Figure 2.1. Transmitting and decoding scheme of uplink OMA and NOMA.

Then, we can express the signal to noise ratio (SNR) and the signal to noise plus

interference ratio (SINR) for user 1 and user 2, respectively, as

__ PlaP
ebi gl + 0’

eP|go?

Sl 52 =

(2.6)

o2



Channel Gain

Channel Gain

b

2.2. Multi Carrier NOMA

[ Channel Gains of U,
[ Channel Gains of U,
7=0.22314

[ Channel Gains of U,
[ Channel Gains of U,
7=0.55962

4.5

Channel Gain

4

[ Channel Gains of U,
[ Channel Gains of U,

7=0.40547

[ Channel Gains of U,
N Channel Gains of U,
7=0.69315

Channel Gain

() (d)

Figure 2.2. Channel gains of both user groups which are divided and corresponding

threshold 7 values a) OF=25%, b) OF=50%, ¢) OF=75% d) OF=100% .

In this section we present the basic principles and system models of the uplink

NOMA systems under investigation. We investigate a multicarrier system with N
subcarriers and K > N users. We define M = K — N as the number of excess users
and the overloading factor (OF) as the ratio % of the excess users to the total number

of subcarriers. Notice that we can partition the users into two groups, say U; and Us.



In order to satisfy the fundamental assumption of the NOMA, users from U,
should have higher channel gains than users from U;. To achieve that, the users with
the N highest channel gains are assigned to the group U;, while the remaining M
users are assigned to the group U,. The strategy can be summarized as follows: If

|gn|? > |gm|?, then User n € U; and User m € Us.

In order to calculate performance metrics, we first need to define the PDF's of user
groups separately. First, we define random variables X and Y correspond to channel
gains of users in U; and U,, respectively. Then, we assume a threshold 7 which is
smaller than the channel gains of all users in U;, but greater than the channel gains of

users in Uy, The value of 7 can be calculated as
M * 1 —532 M
/ —e€ 2“ dv —/T 2—H26 42 7= 2u% In(1 + N) (2.7)

Finally, we can express the PDFs of random variables X and Y by using the
PDFs in (2.3) as

( x
4 9,2
—e “Hdx, x>T,
fx(z) = 2442 , (2.8)
0, T <T,
\
r Yy
G g,
fr(y) = 21 ’ (2.9)
L0, Y27

respectively, where C} and Cy are normalization constants which makes [ fx(x)dr =

[ fy(y)dy = 1. Explicitly, they can be calculated, respectively, as

o0 1 1 K

T 1 1 K

C! v)dv =1, (Cy= = = — 2.11
|| e v e Rl gy Bl
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Notice that X and Y are jointly independent and

/OT /Too Ixy(x,y)dxdy = /OT /Too fx (@) fy(y)dzdy = 1. (2.12)

In Figure 2.2, some examples are illustrated on realizations for different overloading
factors. With these realizations, we can verify the assumption that channel gains of all
users from U; are higher than the threshold value 7. Finally, power assignment scheme

in (2.4) can be modified as

Ptli?, 1€ Uy,
P = (2.13)

EPtl,?, 1 € U,

for multi-carrier NOMA.
2.2.1. PD-NOMA

We first consider the uplink PD-NOMA signal model. In PD-NOMA each sub-
carrier is either assigned to a single user from Uy, or to two users, one from U; and the
other from U,. To distinguish between these two cases, we also partition U; into two

subgroups U, and Uy, where U; includes the users not sharing the subcarrier.

If users n € Uy and N + n € U, are assigned to subcarrier n, the superimposed
signal r, received on subcarrier n can be written, for user n in U; and user N + n in

U,, as

Tn =\ Pohnan + \/ PNinhninbn + 20, (2.14)

where P, and P,y are the powers of the two users on subcarrier n, h, and h, .y are
their channel coefficients, a,, and b, are the information symbols transmitted by these

two users, and z, is an additive white Gaussian noise (AWGN) term with variance o2

The BS decodes users’ signals with their power order by treating interfering sig-

nals as noises. After the first signal is decoded, the interference affecting the first-user
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signal is subtracted from the superimposed signal before the detection for the second-
user signal starts in the SIC operation. In the Figure 2.3, the channel gains of U; and
the interference powers caused by U, are illustrated for different overloading factors
and € values. It can be observed that for high e values, some subcarriers may suffer
from relatively higher interference. The consequences of this situation will be discussed

in the subsequent chapters.

The corresponding SINR for the first group of users (strong signal users) and the
SNR for the second group of users (weak signal users) can be written, respectively, at

each subcarrier as

P,|h,|? n Pronlhninl? .
on] S :%, n e U. (2.15)

g ’
o PN+n|hN+n|2+02

On the other hand, if user k in U; is the single user in a subcarrier, the received signal

rr can be expressed as

e =/ Pehgar + 2, (2.16)
and the corresponding SNR is
) Pellwl? ~

Lemma 2.1. A single shot SIC procedure is the optimum decoding way equivalent to
Maximum Likelihood detection for PD-NOMA, thus any iteration cannot increase the

system performance.

Proof. We consider the simplest case where h; = 1 for © = 1,2 and P, = 1. Then we

can express the received signal in (2.5) as

r=a-+eb+z. (2.18)

Now, we assume that a and b are binary phase-shift keying (BPSK) modulated signals

for user 1 and user 2, respectively.
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Il Channel Gains of U,
B Interference Power

Channel Gain

0 20 40 60 80 100 120
Subcarriers

(a)

Il Channel Gains of U
B Interference Power

1

Channel Gain

0 20 40 60 80 100 120
Subcarriers

(b)

Il Channel Gains of U,
I Interference Power

IS

Channel Gain
= n w
(9] n o w [$,]

o
o

0 20 40 60 80 100 120
Subcarriers

(c)
Figure 2.3. Channel gains of users on U; and interference powers on their subcarrier
for PD-NOMA, N=128 Subcarriers, a) OF=100% and € = 1.0, b) OF=100% and
e = 0.5, ¢) OF=50% and € = 1.0.
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Then, an Maximum Likelihood (ML) detector should minimize the metric:

arg min ||r — a — €b|2, (2.19)

over all combinations of a = +1 and b = +1.

| |
| |
e acn boain
-1 | b=+1 b1 | A
| |
| |
- - i - - 4> - - 1 - —p
1 M 0 1-e  +
| |
| |
| |
| |
| |

Figure 2.4. ML Detection Regions for the Superposed NOMA Signal.

We can visualize the detection regions in Figure 2.4. In this figure, dashed lines
divide the detection regions, circles and crosses represent the modulation points for
the first and second user, and a and b represent detected symbols of user 1 and user 2,
respectively. To express mathematically, detection should be done for information bits

a and b, respectively, as

+1 r >0,

a = (2.20)
-1 r<Q,

. +1 r>1, OR —-1<r<Q0,

b = (2.21)
-1 r<—-1, OR 0<r<+l1.

Now, we can perform the single-shot SIC detection. For the a, we can rewrite

the same detection method can be written as

+1 r>0,
i = (2.22)

-1 r<0.

For l;, detection is done after cancellation. In other words, b is detected with the signal



14

h—= (2.23)
-1 r—a<Q.

If (2.22) is plugged into (2.23), b detection rule can be obtained as,

+1 (r>1 OR —-1<r<0) = r—a>0,

<
I

(2.24)
-1 (r<-1 OR 0<r<+l) = r—a<0o,

which is equivalent to (2.21). This shows that SIC detection is the optimum detection
method. This proof can be easily extended to other modulation types, or multiple

users and multi-carriers. O

2.2.2. NOMA-2000

Following [5-7,40], the uplink system model for NOMA-2000 can be described
as follows. In NOMA-2000 two sets of orthogonal signal waveforms are utilized: while
OFDMA forms the first signal set, and MC-CDMA is used as the second signal set.
The first NV users operate in OFDMA mode with one subcarrier assigned to each
of them, while the additional M users are assigned to one MC-CDMA waveform by
spreading their signals using a length-N Walsh-Hadamard (WH) code. As with PD-

NOMA, we assume that users are grouped according to the method described in [7].

The corresponding signal on subcarrier n (n =1,2,..., N) can written as
Tn =\ Pohnan + Ly 0 + 20 (2.25)

Here I,, denotes the interference on subcarrier n, given by

M
1

Iyyn = —= Z V Pryi(winhy )b, (2.26)
NS

where w,,,, is the n-th chip of the WH sequence associated with user m. The factor

1/ VN is included for energy normalization. Because of the spreading, MC-CDMA
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users interfere less with OFDMA users, and the OFDMA user signals can be decoded
under this interference. After that, the decoded signal a,, n € U;, is subtracted from
the superimposed signal. By using the multi-user MC-CDMA detection method in [41],
the signal of the m-th MC-CDMA user can be decoded from the signal

TAm = 1/ PN+th+mbm + [U2’m + U, (227)

where u,, is an AWGN term with the same statistics as z,. Iy, is the interference

caused by the spreading of the OFDMA signals, and can be expressed as

1 & .
Tyym = N ; V Pi(w;mh;)(a; — a;). (2.28)

Interference cancellation is done iteratively. The detected OFDMA symbols at each it-
eration are used to synthesize and cancel their interference on MC-CDMA symbols, and
new decisions are made on these symbols. This operation is repeated until convergence

occurs.

The peak interference power may cause a full closure of the eye diagram and the
occurrence of a BER floor. To prevent that, a decoding method namely soft decision
interference cancellation is used in [8,10,11]. Assuming that both user groups use

quadrative phase-shift keying (QPSK), soft decisions at the first iteration use
a, = P®R(ry)) +i® (S(rn)), (2.29)

respectively, where ®(-) denotes an approximation to the hyperbolic tangent function,

defined as

B(x) 22/, —A<z <A (2.31)
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where ) is a parameter that can be optimized to achieve the best performance. This
detection method is easily adapted for other modulation types and further iterations.

The decoding scheme for NOMA-2000 is illustrated in Figure 2.5.

Serial to Discrete
Paralel Fourirer
Converter Transform

Walsh- + Y
Hadamard N

Spreading

Received Removal
Signal Cyclix Prefix

Y

Walsh-
Hadamard
Despreading

Symbol
Detecion

Detection

Symbols
of U2 of U1

Symbols

Figure 2.5. Decoding scheme of NOMA-2000.

In Figure 2.6, the channel gains of U; and the interference powers caused by U,
are illustrated for different overloading factors and e values. It can be observed that
the interference power on each subcarrier is equal. The interference power is caused by
spreading and depends on the overloading factor and € value. The final SINR value of
the n-th OFDMA user and the SNR value of the m-th MC-CDMA user can be written,

respectively, as

gwD _ P, |hy)? QWD _ M (2.32)
! S Panlhin2+02 " o

2.2.3. No-interference and OMA bounds

In order to show the system performance, all performance metrics are also com-
pared with an ideal case when each user uses its subcarrier solely, thus is not affected

by any interference.
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Figure 2.6. Channel gains of users on U; and interference powers on their subcarrier
for NOMA-2000, N=128 Subcarriers, a) OF=100% and ¢ = 1.0, b) OF=100% and
e = 0.5, ¢) OF=50% and € = 1.0.
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We can call this case as no-interference case and express SNR values of users as

D[

NI __
gyt — Zmloml

ke{l,..,M+N}. (2.33)

g

Notice that since in OMA users do not share their frequency resources, their bandwidhts

. . N
are normalized with the factor gyl
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3. Design and Analysis of Non-Orthogonal Multiple Access
over Rayleigh Fading Channels

In this chapter, we provide analytical expressions for the system models discussed
in Chapter 2. We first define the outage probabilities and provide analytical calcula-
tions. Then, we provide analytical expressions for Shannon’s capacity by using the
SNR/SINR definitions provided in the previous chapter. Notice that these SNR/SINR
definitions assume perfect SIC for U, in any case. In order to reach a more realistic
capacity definition, we finally investigate capacity under imperfect SIC, and we use the

outage events as a condition for SIC.

3.1. Outage Probability

In this section, we define the outage events and derive the outage probabilities for
NOMA users. We start with the simplest case of a single carrier and two users, next we
extend our calculations to multicarrier NOMA. For PD-NOMA the coverage events for
both users are defined, and the outage probabilities are derived by using the dependency
between these two events. For NOMA-2000, we calculate the interference powers for

each iteration are calculated separately in the deviation of the outage probabilities.

3.1.1. PD-NOMA

Based on the system model of Chapter 2 in which user n € Ul and user N+n € U,
share the same subcarrier, EI'” and E}?, are defined as the coverage events where
user n has an SINR level higher than the target SINR and user N + n has an SNR
level higher than a target SNR after SIC, respectively. The outage of user n is defined
when EI'P does not occur. On the other hand, user N + n is in outage if neither E7'P
nor E4P occurs, in which case the BS cannot decode the signal of user N +n because

it fails to decode the signal of user n.
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The corresponding events can be written, respectively, as

Dol
2 2 — ¢
PN+n|hN+n| +o

PD
En

Pl2

n'N+n

PN ?’Ln
‘gn - L ’gN-i-n‘ + 51}

19a]* = algnal® + ﬁl} (3.1)

EJI\DIEn _ {PN+n‘hN+n| >¢}

= PN+n|hN+n’ > gbo— } - {|9N+n|2 > 62}: (32)
EPD N EN+n = {|gn > algnnl® + B, [gnnl? > 52} (3.3)
where 3, £ —0 o EJ a2 e o= (QR —1) and R is the target rate. Then the

outage probabilities of users n and N + n can be formulated, respectively, as
Proout = 1—Pr(EP), (3.4)
PTNJrn,Out = 1- PT<EPD N E]I\ng-)n) (35)

In some works (e.g., [24-27]), the events EF'” and EL,, are assumed to be independent,
which leads to Proygnin = 1 — Pr(ELP)Pr(ELY,). However, it can be seen that the
random variable |gy,|* is common to both events, and therefore these are generally
not independent. Starting with the simplest case where N = 1 and K = 2, outage
probabilities of the events Ef'P? EFP and EFP N EFP can be computed, respectively,

in closed form, using equations (3.1), (3.3), (3.4) and (3.5), as

PT(E{DD) = 2/00 /OOJrB fv1<vl)fv2(l)2>dvldv2
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B ai1exp(—51/2ﬂ2)y (3.6)
Pr(ELP) = /ﬁ T2 ()1 - Fo()dv = exp(—fa/i?),  (37)

Pr(EfD N EfD) = 2/ / fvi (01) fvy (v2)dvyduy
B2 Java+p1

Oé—2|—1 eXp{_m;r—;)Bz}eXP(—ﬁlﬂuQ). (3.8)

Notice that the independence assumption is only valid when o = 1, which makes

Pr(EPP N EPP) = Pr(EFP)Pr(EFP).

Next, we consider the general case of N subcarriers and K users. The outage

probability of users who share their subcarriers with an excess user, denoted PrgDout,
1,

can be found as
P PD

"o out = 1 —Pr <|gn‘2 > a|gm|2 + 61||gn|2 > T, |gm|2 < T)

= 1—-Pr(z>ay+5)

= 1- /OT /o:;m fx(z) fy (y)dzdy

max(O,T;EI) oo
-1 [ rxta) s )dady
0 T
- [ @y
max(O,%) oy+P1

max (0
. /
0

= 1- <—C’267#>

T—PB1
7T)

iy — [ T @) fr(y)dedy
[

maac(O,iT_jl) ay+61

T;ﬂl ’0)
& / —e? fy (y)dy
0 max(%,(])

_maz((),%) _ B T 02 _ (a+l)y
= 1-Cy|1—e 2u — Chre 22 —e 27 dy

maz(0, %) 2M2

max(

o0}

ay+p1
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T

7081
_maz(Oyia ) C O _ B _ (a4)y
= 1-Cy|1—e 2u? B N T
a+1

max(O,%)
_maz((),%)
— 11— 2
C.Cy 8 [ _(o4maa@ L) (et
— ?e 2;L2 e 2,u2 — e 2;L2
«
_Bil _(a+1)7‘
1_%6 2u? 1—e 2u” 3 51273

a+1

- 1B coon —2 [ _ethiE—s) _(atD)r (3.9)
1-Cy|l—e 2% ) —2de 22 (e 2 —e 27 | [ <7

The integral is divided into two parts because when the secondary users have channel
gain lower than %, the primary users on the same subcarrier are always in coverage.
In order to exclude the negative borders of the integral, p is defined as p = 1 when

b1 < 7, otherwise 0. Additionally, the outage probability for the users who are the sole

dwellers of their respective subcarriers, denoted Prngout, can be derived as
priP o= 1-Pr({lal? > 5}) =1- / gy TN
max(7,01

= 1—exp (-W) . (3.10)

The outage probability of U; can be found as

M N—-—M
PD PD PD
Pl = 5 (PreP,) + ~ (Pre2,) (3.11)
and for U, as
Prgfout = 1-—Pr (‘ng > [3a, ‘gnP > O“ng + ﬂlylgn‘Q > T, ‘gm’2 < T))

= 1—Pr(y> fs,z>ay+ p1)

- 1_/mm(ﬁm /ﬁ Fx () fy (y)dady. (3.12)
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Notice that when [, > 7, it means that no users from U, can reach the threshold

to satisfy the minimum rate condition, thus its outage probability will be 1. the other

case, the integrals can be calculated as

PD
PTUz,outhST

- | 2 / Ity

T—81

maz(B2,— ) 00
- | [ rxta) s )dady

[ sy

maz(B2, L) Jay+4

@

T—PB1 )

maz(B2,—;
-
2

1— <—02€_#>

Ty (y)dy — /maz(ﬁg,‘r_‘fl)/ay—i-ﬁl Ix (@) fy (y)dzdy

maz( T;BI ,B2)

2;12 — e 2;12

T—081
0102 _ B _(om‘»l)maz(B%T) _(atD)7
S : (3.13)
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Finally, we can express the outage probability for U, as

(
1, 62 > T,
5 _(e4DBy (et -
1 — %}f’lze 2; <€ o2 2 o 22 > : > ﬁ2 > T 517
PD
PTUg,out — _ Bo _7__[_}1 (314)
1—-Cy (e 2% — e m)
_Ci1C0s L12 _(a+1)(277ﬁ1) - <a+12)7— B < T = 51
=€ € 2uZa —e 2 , .
\ a+1 2 = a
Then, PD-NOMA outage probability can be expressed as
P PD NPTUl out+MPrU20ut 1
rost = NN : (3.15)

3.1.2. NOMA-2000

As discussed in Chapter 2, SIC is performed iteratively in NOMA-2000. There-
fore, we can assume that if a user is in coverage, its signal can be decoded correctly
and it does not cause an interference for other user groups. Then, we can calculate

interference power of each user group iteratively, until it convergences.

For the first iteration, the interference power for Uy, pY

T, that is equal to sum-

mation of received powers per subcarrier, that is given as

eP,
Py == Z |gnnl?. (3.16)

Then, we can calculate SINR for U; in the first iteration as

2
(WD _ Pt’gn‘
Iy, +o

The BS, on the other hand, performs SIC before decoding signal of U;. Then, the

interference power and the SINR are calculated, respectively, by taking the received
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powers of U; in outage into account, as

by

1
Py = 5 ST ol (3.18)
neRSfyn<R
Pilgn+nl®
WD N—+n
e = == (3.19)

PI(IZ L2

Notice that n € RU1 < R represents the indices of users who cannot satisfy the
minimum rate condition and P((]? represent the interference power caused by these U,

users.

Now, we can define the coverage events in each iteration separately. For user
n € U it is denoted as E[(Jil)’ZVD and for user m € U, it is denoted as E[(JZQ)WVZD Now, the
outage probabilities for the n-th user in U; and for the m-th user in U; in iteration ¢

can be defined, respectively, as

PSP (U n) = 1—Pr(Eg)) ") =1-Pr (|gn|2 > %P( + By ) (3.20)
Priv P (Us,m) = 1= Pr(Eg")=1-Pr (|gN+m|2 > %P + 6, ) (3.21)

In order to make analytical derivations, we first define a new random variable Z =
N1 224:1 Y. modeling the interference on each subcarrier caused by the signals from
Us. Invoking the central limit theorem, we approximate Z with a Gaussian random
variable. The following relations hold between the channel gains of the MC-CDMA

users and the interference:

E[Z] = %E[Y], (3.22)
E[Z%] = ( ZYk +ZZYk )
k=1 j#k
M . M—M_ .,
= BV = BT (3.23)
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M M
Var(Z) = mE[YQ] - mE[Y]?, (3.24)
where E[Y] = 2 Cop2—Che” 22 (1+22), and E[Y?] = 8 Cop—Cae” 2 (72 + drp® + 8%).
Z — g
0z

~ N (0,1). We hasten to observe that, since Z

Moreover, following [42], we approximate the probability distribution of as a

Z — g
0z
is a finite sum of non-negative random variables, this approximation becomes less and

normal random variable, i.e.,
less valid when the tails of the distribution are involved in the calculations.

Notice that, for normalized channel gains (2u? = 1) making uz > 0%. As aresult,
Pripuz(1—90) < Z < puz(1+40)} =~ 1 for small § values. Then, outage probability for

U users in first iteration can be derived as

¢

ppOWD
P,

U1 ,out = 1- PT(X > Pl(éi +51>

= 1—Pr(¢eZ + 1) =1 — Pr(X > ¢euy + B1)

N 7max(¢6uz + [, 7)
= 1- / fx(@)de =1—Cye 2 . (3.25)

max(pepz+B1,T)

Signals of U, can decoded under the interference caused by the imperfect SIC
of users in U; thanks to spreading. Similarly, we can model the interference in first
iteration, PI%;, with a new random variable P,IWW = Pl(ii Then, the outage probability

of Us in the first iteration is equal to

CQ — CQ €xXp <_52;‘y—#‘év¢’>7 BQ Z T,
Prijo = o (3.26)

1, 52<7'.

where py is the mean value of the interference caused by OFDMA users in outage in

first iteration, which can be calculated as

(2) maX(/Bl +oepz ,7—)
ty = / fx(x)dx

max(81+¢epz,T)

= 6%‘%(2/UL2 +7)—e 267 (20% + max(By + gepz, 7). (3.27)
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For the next iterations, interference power and outage probabilities can be calcu-
lated by taking account of received power of previous iterations. In other words, values

of pz, pw, PTU1 out D and Prmztw can be calculated for i-th iteration, respectively, as

0 min(¢ (i~ 1)+,31 T)
WG =t/‘ yfy (y)do (3.28)
0

. (25 (’L
'+ B, :
_ C’QILLQ B C2 exp (_mln( MW ﬁl 7—)) (mln(qs,ug/v )+ /61, )+ 2,[,62),

22
- max(gepy)+B1,7)
Ly = / xfx(z)dz
(%)
— T 2 max(B; + pepiy , T)
o () 0 ) oo ( 29
<2,u2 + max(f; + nge,ug), 7')) : (3.29)
~max(¢epy + B1,7)
Prifos  =1-Che 2 , (3.30)
(%)
i),WD . T Bty ®)
Pr(U;OUt = 02 - CQ exp <_ mln(2,u2’ €2N‘;V : (331)

Finally, the average outage probability can be written as

e NPrSf;ZZ? + MPri? .
M+ N ’ (3.32)

Pr

3.1.3. No-interference and OMA Bounds

In order to show the performance of NOMA-2000 a theoretical lower bound Pr!
is also derived by using (2.33). This lower bound indicates the outage performance

when there is no interference or decoding dependency. It is calculated as

max (81, T) min (B2,
PriT - — = / y)dy + — / dx (3.33)
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Furthermore, an OMA bound can be calculated similarly. Because bandwidth

is normalized with the factor of %, the threshold values ; and [ turn into 51 =
o? <2R% — 1> and [, 2 "—: (23% — 1), respectively. Then, the OMA bound can be

expressed as

max(f1, 7') min(Jz,7)
ProMa — K/ dy+—/ dx (3.34)

T maX(Bl, T) min(BQ, 7)
N 5 2 T o5 2 M T o5 2
= ECl e 217 ¢ 242 + ECQ l1—e 24

3.2. Capacity

In this section, we derive the capacity expressions for the PD-NOMA and NOMA-
2000 by using the SNR/SINR values in Chapter 2. However, these definitions assume
perfect SIC for U,. Therefore, we also derive the capacity expressions under imperfect

SIC assumption in the next section.
3.2.1. PD-NOMA

In this part, we first obtain the individual user rates and then we use them to
obtain the average sum rate for PD-NOMA. Following [13], the data rate of the k-th

user measured in bits/s/Hz is defined as
REP 2 logy(1+ SPP), ke U Uy, (3.35)

where SI'P denotes the SINR or SNR depending on whether user k belongs to U; or

Us, given in equation (2.32).
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To calculate the average sum rate, the average rate of each user is estimated first
and then the average rate of each user group is evaluated. Starting with the users in

group U,, the average rate can be written as
T eP,
Ry, = / log, (1 + U—;y) fy(y)dz. (3.36)
0

dv
Using integration by parts with the variables u = logy(1 4 ax) and — £ Cybe " for

dz
P, 1 T T :
a2 Standpa —, equation (3.36) can be rewritten as Ry, = uv‘ — fo vdu which
o? 2442 0

can be expressed as

RiP = —Cylogy(1+ar)e™™ + 16;2(62; (Ei (—bT — é) — E <_é>> : (3.37)

a a
where E; is the exponential integral function which can be expressed as Ej(z) =

[r. <dt.

Now, we can perform similar steps for users on U, and U. Starting from Uy, the

average rate can be expressed as

’ > P C(1 T Cg Y
R = loga(1 t — ) eap(— =L )dady. (338
Uy /0 /T 0g2(1 + o2 +€Pty)2,u26xp( 2M2)2M26xp( 2M2) xray ( )

Gy I
B I lack iabl = — L S— -
y using slack variables a, 50 42 o ePtY’a3 o

the outer integral can
24

be computed as

Rng = / &exp(—i)/ aj logy (1 4 asz) exp(—agx)dx | dy
0 LJT

242 242
TGy y [ @ agy ., 043
- 2 -7 BEi(==2 =
A o (= 515) | (S Bi( = 2 — aga)
a1

exp(—agz)log(1 + asx)

Jo

T

azIn(2)

T Oy Yy ay as ., as
— _— _—— — _ E _— =
| o3| - o en (B2~ ar)

3]
azIn(2)

exp(—as7)log(1 + a27—):| dy, (3.39)
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which is equal to

TGG Pr
PD 1“2 f Y
T : 5 py)e(—5.5)d 4
RU1 /0 212 exp(— 2u2) 0g2(1 + 02+€Ry)exp( 2’u2) Y (3.40)
|GG o g T _ Oy (1—e)y
Y T TN . |
/o 2 n(2) "V F1gm ~ga T g P g )

By using indefinite integrals in Table 3.1, equation (3.41) can be expressed as

0, WGXP(—Q—N?) (1) —I,

C1Cy o 7 S R EL O R EL
— _ln(2)2,u2 exp <_2_'u? I, ™ u? o 2u? ( >_Il iz w2 2p? (0) _

On the other hand, Rng correspond to rate of users who use their subcarriers solely

and it can be expressed as

REP = /Too log, (1+ — >fy( )dx (3.42)

The integral is similar to the integral in equation (3.36) with different limits. Using

d A P
integration by parts with the variables u 2 log,(1 + ax) and d_v £ Cibe b for a £ ;
x o
1 o0 oo : .
and b = — it can be rewritten as REP = wv| — [ vdu which equivalent to
2/ub2 Ui T T
Cies b
PD _ —br e
Ry~ = Cilogy(l+ar)e™™ — n(2) E; (—bT — a) . (3.43)
Finally, the average rate of U; and all users on PD-NOMA can be expressed as
M N-—-M
PD PD | PD
Ry, NRU N Ry, (3.44)
M N
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3.2.2. NOMA-2000

In this part, we will repeat the previous calculations done for PD-NOMA for
NOMA-2000. The data rate of the k-th user measured in bits/s/Hz is defined as

RVDP &2 10g,(1+SVP),  keU UU,, (3.46)

where SJVP denotes the SINR or SNR depending on whether user k belongs to U; or
Us, given in equation (2.32). To calculate the average sum rate, the average rate of
each user is estimated first and then the average rate of each user group is evaluated.

Starting with the users in group U,, the average rate can be written as

7 eP,
RV = / log, <1 + O—;y) fy (y)d. (3.47)
0
d
Using integration by parts with the variables u 2 log,(1 4+ ax) and d_v £ Cybe " for
x
P, T -
a= % and b = 2_,“2’ equation (3.47) can be rewritten as Ry, = uv . Jy vdu which

can then be expressed as

Chea b b
WD _ _ —br 2 N T T
Ry,” = —Calogy(1 4+ ar)e™™ + n(2) (E1 ( bt ) E; ( a)) : (3.48)

a

For the users in group Uy, the average rate can be expressed by the double integral

0o 0O P

Notice that, for normalized channel gains (2u? = 1) making pz > 0%. As a result,
Pripuz(1 —=96) < Z < uz(1 4+ 0)} ~ 1 for small ¢ values. Then, we can make the
following approximation

o Px
WD~ logy (14— dz. :
RUI /T 082 ( + o2 + EBE[Z] fw(l‘) x (3 50)



Table 3.1. Table of indefinite integrals in Chapter 3.
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d
Then using the same steps as above with u 2 log,(1 + ax), d_v £ Cybe " and
x
P,
— A t

0% + €Pijizg
be evaluated as

T fTOO vdu which can

T

, RyP can be approximated as Rj}” ~ wv

e C et b
RIP ~ Cylogy(1+ar)e ™ — 1111(2) E; (—bT — 5) . (3.51)

Finally, using the average user rates obtained as given above, the average sum

rate can be computed as

NRWP + MRYP

RWD:
M+ N

(3.52)

3.2.3. No-interference and OMA Bounds

Similar to outage probability, we can define the no-interference and OMA bounds
for capacity. Note that, the SNR definitions for both cases are identical. However, the
entire bandwidth is shared for K users in OMA, the relation between capacities of OMA
and no-interference bounds is ROMA = %RN I Finally, the analytical calculations can

be expressed, respectively, as

> x
Ryl = / log, (1 + ;) fx(x)dx

2

Pr\ 53 Cheha? T o?
= 1 1421 )e 2w -2 B (-—— - —— :
Ch ogQ( + = ) e n(2) ( 22 Pa) (3.53)
! y
Ry = [ 1oy, (14 %) srlw)iy (354)
0

o2

.
I
= —Cylog, (1+€ tT)e 2p°

02
P22 2 2
I 5 N B (R |
In(2) 2u?  P2u? P2u?

NRJ! + MRJ!
NI __ Uy Uz
R = M+N (3:55)
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3.3. Capacity under Imperfect SIC

In previous sections, we have calculated analytical expressions of outage proba-
bilities and capacity for both NOMA schemes. During these calculations, it is assumed
that BS can perform perfect SIC to decode signals of U, and U; experiences full in-
terference. However, in NOMA-2000 an iterative SIC scheme has been proposed which
means BS can also use SIC in order to decode the signal of U;. Furthermore, if U
experiences high interference, SIC cannot be performed perfectly for signals of Us;. In
this section, we investigate the capacities of PD-NOMA and NOMA-2000 under the
imperfect SIC. During these calculations, we assume that if a user is in outage, its

signal cannot be decoded and BS cannot perform SIC to signal of this user.

3.3.1. PD-NOMA

For PD-NOMA, the capacity under imperfect SIC assumption is defined as fol-

lows:

e Because BS decodes signal of U; without any SIC, its capacity does not change
under this assumption.

e When a user from U; in outage, we assume that its signal cannot be decoded,
thus, SIC cannot be performed for that user.

e Therefore, capacity of Us; depends on the outage probability of U;. We assume
that if a user from U; is in coverage, the BS decodes signal of another user from

Us on the same subcarrier under the interference of its signal.

The capacity expressions can be redefined, respectively, as

Pi|gn|? )
Ry,. = log, 1+ : 3.56
Uy, g2 ( EPt‘gn+N’2 +0_2 ( )

6Ptlgn-i-N|2
o2

‘Epwt’grLJer2

Bilgnl* + 0®

1Og2 <1 + 3 |gn|2 2 a|gn+N|2 + 67

Ruy,n = (3.57)

log, <1+ ) 9n|? < a|gnan|* + B
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- = X=max(a Y + 3,7)
[ IX<aY+g
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y=0 y=rla-Gla y=r1

Figure 3.1. Integral regions for equation (4.30).

Because the capacity definition does not change for U;, we only calculate the
capacity for U in this section. By using equation (4.30), the average value can be

expressed as

x )
Y PY\ C; 532Cy, —5 2
R :/ / oe: (He : )2 se 2 e A dudy
0 Jmax(ay+p1,7) g H 1%

+B8,7 L y

max(ay Py Cy 9,2 Co 75,2
] 1 B 22 0 207 dady. 3.58
/ / 0g2< +Px+02) 202 5,.2°¢ 2M26 ray (3.58)

In Figure 3.1, the rate conditions according to X and Y are illustrated. The red area
corresponds to the rate that Us can perform perfect SIC because U; is in coverage, the

first integral in the (3.58), which can be calculated as

ePY\ 4 x Cy Y
log, ( 1 P 2 e (=L ) dad
/ /max(ay—‘rﬂl T) 082 ( " 02 ) 2:” P ( QMZ) 2/JJ2 P 2M2 v

EPtY C'2 Y
_ /0 log, (1 + ) [1 — Fx(max(ay + 41, 7))] 2,2 &P <—2—uz) dy




(225 S 2
max(*52.0) 0102 erRY _% Y
/ lg(l—l— )e Nexp(——)dy
0 22
b
—|—/ 0102 log, (1 + EPtY) 6_2_u2 exp (__(a;/—ﬂl)y) dy

1
ePy
C,C, T (1) -8 (”2’2/12)
12 N G A AT R A N 0
2,&2 1n(2) (eXp ( 2M2> ( 0 ( ) 0 ( )

(67
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(%, a“) (9%,28) 17—

«

On the other hand, the blue area corresponds to the rate that Us cannot SIC because

U, is in coverage, the second integral in equation (3.58), which can be calculated as

X

Y
max(ay+3,7) GPty Cl 53 02 -5 3
1 1 2u 20 dyd
[/ OgQ( ! Pt:c+o—2) g2t gt T

C,Cy Y - ;P €y , o? € T
— 2 4 Ei(— S
2p* In(2) /max(fﬁmeXp( 2u2) - teXp(?/ﬂ) i 2u2F, 22" 2u2)

o2 o? T T P, e
—eh Fi(———— — —) — exp(—ﬂ) In (1+ —ty) dy

et
© 2u21n(2)

o? T (-9 o? B (a+e)
I 202 fi(——mo — — —— — 2 )d
P (2M2Pt) /maxwﬂ,o) ¢ B 2wk 2pr 2p? )y

[

o? ) /T (1—¢) o’ T €
e exp(- DT T
(2M2Pt max(7=20) 2p 2urhy 2p% 2p?

0.2 ) /‘r y . 0.2 Bl Qa
— exp exp(—==—)FE" — — y)dy
(Q,uQPt max(7=2 0) ( 2u2) (- 2P, 2u? 2u? )
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o2 >/T Y o2 T
+exp | —— exp(—=——=)FE1i(— — —)d
p (Q,UQPt e (7=2.0) p( 2012 ) ( 212 P, 2,u2) Y

. /
g

IV

51 /T _(atD) ePy
+exp| ——= e 2% In|1+ d
P ( 202 ) Jmax(7=2 o) o?+ Pp+aPly Y

J/

v
T ! y ePy
— — ———)In|{14+——=")dy]|. 3.60
exp( QMQ) /max(TaB’O)exp( 2MQ) n( U2+Pﬂ) gi] (3.60)
VI

By using indefinite integral definitions in Table 3.1, we can conclude our analysis by

calculating all terms in equation (3.60), respectively, as

( (1—267 0'22 /81 a+6) (17267 0'22 + /’3127a+2e)
112u 24 Pt ( ) . :Z:12u 2uc Py 2p 2 max (7’;6’ 0) € # 1
S PRIy e ) (361)
Il 2u=Py - 2p4 7 2p ( ) I 2u<Pp  2p47 2p max ( —ﬂ’ O) € = 1
\ «
( (ﬁ’2:—22Pt 2;; 2;;2) (ﬁ’mf;Pt 2;; 2u2) T—
7 (1) -1, ax (=5,0) e#1
I = ((7272+L2 1) ( 022 +-75, 1) ’ (362)
F\ou2py ' 2u272p F\ou2py ' 2u272p T— _
7 (1) -1, max (Z=£,0) e=1

2 Bl o 2 B1 _«
777774»777) 777774»777) T /8
202°2.2°9.2P, T 2,279,2 202°2.2°9.2P, T 2,2°2,2
[II = Z,™ = 2o e i) — 7 7 el s e max( ,0],(3.63)

«
(L5500 5% +502) (3 5z e, ) T—8
IV = 1_2 L (T)_IQ S " max 70 ) (364)
(0%
eP, 7U2+P/87L+170¢P eP; 0 +P67 7aP -
vV = I; "y 8552 t)(T)_I?() t 257 t)maX (T 570), (3.65)
0%
(r—<Pr_ 1) (r,—<Ft_ 1) —
VI = 1, Prrto? 2.2 (7_) ~ 1, Pyr+02 2,2 max <T 670) (366)
«

3.3.2. NOMA-2000

In this part, we calculate the average capacities under the imperfect SIC assump-

tion for both user groups. Previously, capacity has been defined and calculated with
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the SINR/SNR definition in Chapter 2 which is based on the assumption that BS can
perform SIC perfectly when decoding signals of U; and U;. However, in the previous
section, we have calculated the interference values caused by imperfect SIC in each
iteration, and have calculated outage probability by using them. In this section, we
also provide the average capacity of NOMA-2000 under the imperfect SIC assumption
by using the calculated interference values. To calculate the average sum rate, the
average rate of each user is estimated first and then the average rate of each user group

is evaluated.

Starting with the users in group Uj, the average rate can be written as

o P,
o = [+ ) s

PIUl +0'2

/ h log, (1 + L) Fx(z)d, (3.67)
T €Lt

P, /L(Zlm) + o2

Q

d P,
where u £ log, (1 + ax), =2 Cibe™ and a £ t (last)’

— ., Ry, can be approxi-
dx 0% + ePpy,

— fTOO vdu which can be evaluated as

T

mated as Ry, ~ uv

C b
RP ~ Cylogy(1 +ar)e ™" — %;)(a) E; <—b7‘ — é) . (3.68)

For users in group U,, the average rate can be expressed

WD ! Ly
RUz - /0 1Og2 (1 + P[U + 0_2) fY(y)dy (369)
2
o ePy

~ / log, 1+W Iy (y)dy. (3.70)

T Py, + o2
_ ) A B dv Cbe — A
Then using the same steps as above with u = log,(1 + az), i Cobe " a =

T

el

0%+ Pt,ug;m)

1 o0 0o .
and b = 2.2 Ry, can be approximated as Ry, ~ uwv| — fT vdu which
% T
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can be evaluated as

RP = —Chlogy(1+ar)e™™

n 512(622 (Ei (—br - 2) _E (—2)) . (3.71)

Finally, using the average user rates obtained as given above, the average rate can be

computed as

B NRJP + MR[P

RWD
M+ N

(3.72)

3.4. Numerical Results

In this part, we validate our analysis and compare the two NOMA schemes using
computer simulations. For all simulations, the overload factor and number of subcarri-
ers (V) were selected as 100% and 1024, respectively, unless otherwise was mentioned.
During simulations, 10° realizations were performed and average values are illustrated.
In the outage probability simulations for NOMA-2000, the maximum number of iter-
ation was chosen as 6. In addition, for all simulations, normalized channel gains were
used, i.e., we set (2u? = 1). In all simulations, we use OMA bounds as a benchmark

and no-interference bounds as theoretical limits for NOMA schemes.

3.4.1. Outage Probability

Figure 3.2 shows the outage probabilities for the single-carrier case. Simulations
are repeated for different target rates. It is seen that the simulation results for all users
and situations validate equations (3.6) and (3.8). On the other hand, we show that
there is a significant difference between simulation results and the analytical results
in [24] for a target rate 2.0 bit/s/Hz. This difference disappears when the target rate is
1.6 bit/s/Hz, because this value makes the value of o become close to 1, thus making

events I; and Fy approximately independent.
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In Figure 3.3, Figure 3.4 and Figure 3.5 it can be seen in all these figures
that the analytical derivations and the simulation results are in tight agreement for
both NOMA systems. Additionally, we can observe that the outage probability of
PD-NOMA reaches an error floor at SNR> 15 dB in most cases. This effect is due to
the fact that some subcarriers experience relatively higher interference, which limits
the performance as the power imbalance coefficient or target rate increases. On the
other hand, in NOMA-2000 the interference is spread through all subcarriers, causing
the outage probabilities to decrease dramatically as SNR increases. Moreover, with
iterative decoding signals for both user groups may be canceled. Thus, we observe that
NOMA-2000 reaches the no-interference bound in high SNR. It means that both users
can perform SIC perfectly in that region.

Outage Probability

User 2 (2.0 bits/s/Hz O  User 2 Analytical Result
= == User 2 (1.6 bits/s/Hz ®  User 2 Analytical Result (according to [2]) So
User 1 (2.0 bits/s/Hz) O User 1 Analytical Result
= = :User 2 (1.6 bits/s/Hz
1 0-2 I I I I I I I I I |
0 2 4 6 8 10 12 14 16 18 20

SNR level in dB

Figure 3.2. Outage performance of the single carrier case.
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Figure 3.3. Outage probability comparisons between PD-NOMA and NOMA-2000

when target rate is 1.2 bits/s/Hz a) ¢ = 0.5, b) € = 1.0.
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Figure 3.4. Outage probability comparisons between PD-NOMA and NOMA-2000
when target rate is 1.5 bits/s/Hz a) ¢ = 0.5, b) € = 1.0.
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3.4.2. Capacity

In Figure 3.6, we provide a comparison for both NOMA schemes in terms of
the achievable ergodic rates for all three power allocation strategies. Notice that these
calculations are based on the SNR/SINR definitions in Chapter 2. In these definitions,
it is assumed that signals of U; can be removed perfectly by SIC for both NOMA
schemes. Unlike NOMA-2000, in PD-NOMA, the average capacity seems to increase
monotonically with the interference power on the subcarrier even though in practice
reliable communication is not possible at large interference values and thus these rates
(despite being useful in serving as benchmarks) are never achievable. Moreover, for
NOMA-2000 iterative SIC has been proposed, it means that BS can perform SIC to
signals of U, after decode their signals. In the next subsections, we provide capacity

results by considering all of these.

3.4.3. Capacity with Imperfect SIC

We provide a comparison of both NOMA schemes in terms of the achievable
ergodic rates in Figure 3.7, Figure 3.8 and Figure 3.9 for different target rates and
power imbalance factors with our assumption of imperfect SIC. When target rates are
low, we can see that both NOMA schemes can reach to no-interference bound, because
their outage performances also reach that bound. However, as target rates and power
imbalance factors increase, more users stay in coverage for PD-NOMA. On the other
hand, because NOMA-2000 can reach the no-interference bound even with high power

imbalance factor for the outage probability, its rate also reaches that bound.

Furthermore, in Figures 3.10 and 3.11 the capacity performance for both NOMA
schemes with different € values in certain SNR values. As consistent with the results
in Figure 3.7, Figures 3.8 and 3.9, we can observe that NOMA-2000 can work better
with higher € values in high SNR regions. Working with high e values have two cer-
tain advantages: first, although the average results may not be affected dramatically,

individual rates of users from Us are much better with € values close to 1.
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Figure 3.6. Capacity comparisons between PD-NOMA and NOMA-2000 when a)
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Figure 3.7. Capacity comparisons between PD-NOMA and NOMA-2000 when target
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Figure 3.8. Capacity comparisons between PD-NOMA and NOMA-2000 when target
rate is 1.5 bits/s/Hz and a) ¢ = 0.5, and b) there is no power imbalance (e = 1.0).



48

9 —
< PD-NOMA (Imperfect SIC,sim)
8 H=— PD-NOMA (Imperfect SIC,anly)
O PD-NOMA (Perfect SIC,simulation)

7 H= = 'PD-NOMA (Perfect SIC, analytical
O NOMA-2000 (simulation)
6 r|=—=—=NOMA-2000 (analytical)

§ ............. OMA Bound
~ %
2 51]= - = *No-Interference Bound 2
3 S/ .
o 4r s Y L
= Y
u‘:" 5 A
e /S
3r o A e
e O &N T
"
A - #_ EE L
2r - e P S
1L g e
0 ) | | | | | |
0 5 10 15 20 25 30
SNR in dB
(a)
10
< PD-NOMA (Imperfect SIC,sim)
9  ———PD-NOMA (Imperfect SIC,anly)
O PD-NOMA (Perfect SIC,simulation)
8 = = 'PD-NOMA (Perfect SIC, analytical
2L O NOMA-2000 (simulation)
NOMA-2000 (analytical)
’,\T 6 | e OMA BOUnd
I
B = = = *No-Interference Bound
- (o]
(2] -
z
2
©
o

SNR in dB

(b)
Figure 3.9. Capacity comparisons between PD-NOMA and NOMA-2000 when target

rate is 1.8 bits/s/Hz and a) ¢ = 0.5, and b) there is no power imbalance (e = 1.0).



3 —
28 IR R
26 _---"
24 -7
_-
—_ -
To2
=
Q
B g gt gl et el g
s
P < PD-NOMA - Imperfect SIC (sim.)
T 1.8 H PD-NOMA - Imperfect SIC (anl.)
o O PD-NOMA - Perfect SIC (Simulation)
== == +PD-NOMA - Perfect SIC (Analytical)
1.6 ©O NOMA-2000 (Simulation)
NOMA-2000 (Analytical)
1.4 H OMABound et
“U|[= = = rNo-Interference Bound | e
1210 e
1 1 1 1 1 1 1 1 1 1
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
€
(a)
45
4r - - a .
- - - - 1
-
_-
-
35 Fae
—_ -, -
N
I L7
L
v
2 4l
2 0060000
(0]
& <{'  PD-NOMA - Imperfect SIC (sim.)
25 PD-NOMA - Imperfect SIC (anl.)
. O  PD-NOMA - Perfect SIC (Simulation)
== ==+ PD-NOMA - Perfect SIC (Analytical)
O NOMA-2000 (Simulaion) |
NOMA-2000 (Analytical) |
2 ............. OMABound  feeseseeenee®
= = = +No-Interference Bound
1 5 1 1 1 1 1 1 1 1 1
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
€

Figure 3.10. Capacity comparisons between PD-NOMA and NOMA-2000 when

(b)

target rate is 1.5 bits/s/Hz a) in 10 dB and b) in 15 dB.

49



20

3 —
28 IR R
26 _---"
2.4 -
-
_-
—_ -
Loz
=
©
£
5 2006668855E
Py <] PD-NOMA (Imperfect SIC,sim)
T 18 PD-NOMA (Imperfect SIC,anly)
o O  PD-NOMA (Perfect SIC,simulation)
== == +PD-NOMA (Perfect SIC, analytical
1.6 ©O NOMA-2000 (simulation)
NOMA-2000 (analytical)
1.4 pf OMABound
. = = = No-interference Bound | ettt
1210 e
1 1 1 1 1 1 1 1 1 1
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
€
(a)
45
4r - - -
- - - . T
_-
- -
35 Fae
—_ -, -
N
I L7
L
v
2 4l
2 © 600 000060060000
(0]
S < PD-NOMA (Imperfect SIC,sim)
25 PD-NOMA (Imperfect SIC,anly)
’ O PD-NOMA (Perfect SIC simulation)
== == PD-NOMA (Perfect SIC, analytical
O NOMA2000 (simulation) | e
NOMA-2000 (analytical) | e
2 ------------- OMA Bound .............
- * No-Interference Bound
1 5 1 1 1 1 1 1 1 1 1
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
€

(b)

Figure 3.11. Capacity comparisons between PD-NOMA and NOMA-2000 when
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Figure 3.13. Capacity comparisons between PD-NOMA and NOMA-2000 when €

A

values are selected to maximize capacity and target rates are a)R = 1.8 bits/s/Hz
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Second, it implies a system with low design complexity because it works well even there
is no power imbalance between user groups. It is worth noting that in all mathematical
calculations, our main assumption is that users from U; have higher channel gains than
the value of 7. However, when egbpg) + 02¢ ~ 7 for any iteration 4, this assumption

causes a disagreement between the analytical derivations and simulation results.

Finally, in Figures 3.12 and 3.13, we compare both NOMA schemes with the € val-
ues which maximize their capacities. Notice that while outage probability is dominated
by U,, the average capacity is dominated by U;. Therefore, for PD-NOMA under the

imperfect SIC, the e value which guarantee that U; reaches the no-interference bound

also maximize the capacity. This e value is equal to max(0, T;fl ). On the other hand,

NOMA-2000 can reach the no-interference bound with an € value in all target rates as

it reaches in coverage probability.

3.4.4. Analysis

In this chapter, the analytical derivations for PD-NOMA and NOMA-2000 are
carried out assuming Rayleigh fading. As discussed in Chapter 2, we only assume a
simple and random pairing scheme in order to satisfy the basic principle of NOMA
for multi-carrier. Our numerical results have shown that NOMA-2000 can reach the
theoretical bounds with this strategy but PD-NOMA may need more sophisticated

pairing and power allocation method.

We have derived analytical expressions for the outage probability, the channel
capacity under perfect SIC assumption, and the channel capacity under imperfect SIC
assumption. In order to use as benchmarks, we also have derived an OMA and no-
interference bounds. While OMA bound represents the state of the art performance of
existing schemes, no-interference bound indicates the analytical lower/upper bounds a

system with K users can reach.

For the outage probability, our simulations have shown that while PD-NOMA
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experiences an error floor in high SNR, NOMA can remove all interference and reaches
no-interference bounds. On the other hand, we have observed the superiority of PD-
NOMA for the channel capacity under perfect SIC. However, assuming perfect SIC
to decode signals of U, is not realistic, and this assumption also does not include
performance gains of iterative decoding on NOMA-2000. Therefore, we have defined
a new capacity under imperfect SIC. According to this assumption, the BS cannot
perform SIC to the signal of a user if it is not in coverage. When we test this new
definition with simulations, we have seen that in NOMA-2000 the BS can eliminate all

interference thus can reach no-interference bound in high SNR.

In the next chapter, we will extend these works for k — p shadowed fading, xk —
fading, Rician fading, Rician shadowed fading, Nakagami-m fading channel models. To
achieve that, we will use the MGD approximations of these channel models. Finally,

we will compare NOMA schemes for different channel models and scenarios.
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4. Design and Analysis of Non-Orthogonal Multiple Access

over Generalized Fading Channels

In this chapter, we extend the previous calculation to generalized fading channel
models. We investigate x— u shadowed fading, k —p fading, Rician fading, Rician shad-
owed fading, Nakagami-m fading as well as Rayleigh fading channel models. During
analysis of these fading models, we use their MGD approximations. In order to show
the performance gains obtained by the NOMA schemes, analytical no- interference and

OMA bounds are also derived as in the previous chapter.
4.1. Mixture of Gamma Distribution Approach

The common feature of the generalized fading channel model, that is considered in
this chapter and that is applicable to a number of fading scenarios, is that the channel
gains can be expressed or approximated by the Mixture of Gamma Distribution (MGD)
with the PDF of

L L
fr(v) =Yy wifite) = xw" " exp(=Tiw), (4.1)
=1 =1

i
where fi(v) = %’U“_le_ﬂ” is the PDF of a standard GD with shape parameter ¢

and scale parameter 7;. Moreover, w; = XlF(tl)Tl_tl

is the weighting coefficient which
yields equation Y7 w; = 1 where x, = 0,(3N_, 6, T(t,,)T )=, T(.) and T(.,.)
are Gamma function and upper incomplete Gamma function. Other parameters are
summarized in Table 4.1 for fading models with standart deviation of A. Because
Rician fading and Rician shadowed fading are special cases of k — p fading and x — p
shadowed fading for u = 1, respectively, their parameters are skipped in that table.
Furthermore, during calculations we have encountered some integrals which include
Gamma function or the PDF of Gamma function. In Table 4.2, these integrals are

given.
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The CDF of the MGD is equal to

E(y) =Y am (D) = Dt m)) = Y wiki(y). (4.2)

For integer valued parameters, the CDF of the MGD can be interpreted as Fj(v) =
T, A
T S LI 1)
7!
Notice that we have defined random variables X and Y as the channel gains of
U, and Us, respectively. We can express the PDFs of random variables X and Y,

respectively, as

Cy Y, file), x>,

0 T <T,
\

(02 Lfl ) T,
Fely) = Yo hiy), y< (4.4)

0 y>T.

\

where C} and Cy are i and N respectively. Threshold value, 7, can be calculated
M
M+ N

by using lookup table of the Gamma function from Fy (1) =

In order to illustrate the consistency of the MGD model, the PDFs of the fading
models which are considered in this thesis and their MGD approximations are illus-
trated in Figure 4.1. For Rician fading (K = 2) and x — p fading (k = 2, = 2), it
is observed that the MGD approximation converges the original PDF when L=8 and
L=12, respectively.

4.2. Outage Probability
In this section, we extend our outage probability derivations for Rayleigh fading

channels in the previous chapter to the generalized fading channels.and our calculations

in the outage probability for generalized fading channels.



Table 4.1. Mixture of Gamma Distribution representations of some fading models.

Fading L MGD parameters
Rayleigh fading 1 xi=1t1=1T7,=1
Nakagami-m fading (m) 1 X1 = e ti=m1T,=m
I'(m)
2n+pu—3
<(/@+1)) 2
+1 1
O0n = ( 2& a |7tn::U’+n_17Tn:lu( +KJ)
k — p fading (k, p) L>pu exp (ur)Xz D(p+n—1)(n—1)! A
( 1+k
p—m-—I>l+1 0>1>pu—m %; 0>1< p—m,
w>m | p = ] < T0=3 mp(1 + w) <
k — p shadowed fading (k, p, m) Gt poms<bzp (uk +m)\’ g o
(
_qym (=2 L—m—iHL—m—Hl’ 0<i<pu—nm,
B (G e i e <
mti=2y M ippmerp MR i <<
\( i—1 )[M"‘f—i‘m]l [IMJFm] 1 ) pL—m <1< U,
i— m—p—i— t
- m s 7 : my(l + k)
m<p|m—putl|x= (""" L g1, T = TR
- ! . (z‘l)hwrm} {uwrm} T(t) L (prtm))




Table 4.2. List of integrals involving Gamma function or the PDF of Gamma distribution.

Jy C'log(1 + uv) fy(v)dv
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(1 —C)logy(1+ur) + Tifv

(&

I3 (Cou)

[ Clog(1 + uw) fi(v)dv

v

1 1
0gy(1 +ur) + n(2)

Ztl 1ZT1 0 <7})Trll

rl

Ti/v

(&

(5) (=17, Tifu + Tir)
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T2
k1,k2,k k l _ t r—ri r—
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Table 4.2. List of integrals involving Gamma function or the PDF of Gamma distribution — continued from previous page

(T, — k)T [(~(t, Tix)
['(ti+s) ( (z) 1) ['(ks, b1z + ko)

Tky g ()

-e k1 Z?l:lo k;! Zi;:o (Z;)(_kQ)Sl_SQ ]fl 7& Tl
ks+s2, 2k +1

Z1<1 T )(lﬁx + ko) + constant,

k1,k2,k3,ka,ks ke 1 —(T,—
I{ 1[ 2,83,74 6)(1,) fl,k5+k6 16 (Tl kl)m
zhitke

5)— (ks+1tp)
S D ks, (ks + k) + ke + k) — (athal Ot

ks+1;

Zﬁi—gtl (k;5—|—tl)(_k2 o k4)k‘5+tl—v kl — fljl

v

F(kg), (kl + kg)l’ + kz + k4)d.ﬁl§
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Figure 4.1. Agreement with the MGD Approximation and the exact PDF's of

generalized fading channel models.

4.2.1. PD-NOMA

As discussed in the system model, U, represents users who share the subcarrier
with a user from U,. Therefore, in order to calculate the outage probability, expecta-

tions with respect to X and Y should be taken as

Prgfout = 1-Pr(z>ay+p)=1- /0 /ay+51 fx(z) fy (y)dzdy

)

min(7,max(0,—
-1 v o)y
0

-/ / T @) () dedy

min(T,max(O,T_ai)) y+051

TPy

= 1 — Fy(min(7, max(0,
a

L L

—0102 Z Z wllleI&lth (61, miH(T, HlaX(O, T_—Bl», 7'), (45)

(0]
I1=11l2=1
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where the integral of multiplication of the PDFs [ [*° o fy; (vi,) fui, (vi,)dvy, duy, is
defined as Zg;, 5, and given in Table 4.2. Users from [71, on the other hand, use a

subcarrier solely and their outage probability is calculated as

Prgll,)out = /OO fx(x)dx =1 — Fx(max(f,7)). (4.6)

max(51,7)

Then, the outage probability for users in U; is computed as

PD PD
pyPD o Mprﬁl,out (N - M)Prﬁl,out A7
Tout = N + N ) (4.7)
and for PD-NOMA as
#PD pyrPD
PD __ Uy, out Us,out
Prout = e + K2 . (4.8)

Moreover, in order for a user from U, to be in coverage, the user from U; sharing
the same subcarrier should also be in coverage. Notice that the outage probability of
the U, is given in equation (4.5) that is also dependent on the channel gain of the user

in Uy. The outage probability of U, can be calculated similarly as follows:

Prﬁfont = 1—=Pr(y > Ba,z>ay+ [)
_ [ h dad
/m . / @y
= 1—u(r — B) | Fy(min(r, max(0, - ;51))) + Fy(Bs) (4.9)

L L
— 10, Z Z wy, wi,Le 1y 1, (Bl, min <((7’, max(0, T _Oéﬁl>> ,7'> ] )

lh=11l2=1
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4.2.2. NOMA-2000

We revisit the outage event and the outage probability definitions in equation

(3.21), which were and note that the interference powers were defined, respectively, as

Proy (Unn) = 1= Pr(Eg), ") =1-Pr (|gn|2>%P§;{+51), (4.10)
t

Proy " (Upm) = 1= Pr(By, ") =1 Pr (|gN+m|2 > Pl 52) (411)
t
and notice that we have defined interference powers as B,W® £ P :] and eP,Z(" £ PI(U)

for iteration 7. Therefore, in order to calculate the outage probability we first calculate
variables W® and Z® for each iteration. Starting from the first iteration, the variables

can be defined, respectively, as

L
M [T M T

pny = —/ ny(y)d?J:—Z/ yfy (yr)dyi
N Jo N — Jo

T

L
= —Z/ Coaylte T dy = __CQZCLZ —h F(tl—I—l Tiy)
0

1= 0

L
M o
= & ?_0 o, " (Dt +1) =Dt + 1,Tir)), (4.12)

) max(fS1+pepz,T) L
W=/ wfx(0)de = S Vifx (o),
T =0

N
= Oy wi(max(By + eply), 7)(Fy(max(By + deply, 7)) — 1) = 7(F,(7) — 1)
=L

t—1
1

+ T (F(s +1,Ty7) = T(s + 1, Tymax (B + depiz, 7). (4.13)
l

Similarly, for further iterations they can be expressed, respectively, as

-1) -1)
; M min( +B1,7) M min( +B1,7)
uy = / yfy(y / yify (i) dy;
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L
M i
= YT 1) D+ 1 Tmin Sl 4 5 7))), (414)
=1

) maX(¢6uz>+ﬁ1 T)
= o fx(w)d =

N

= 00w (max(By + genl, ) (Fy (max(8: + genl), 7)) = 1)

=L

— 7(Fy(r)—1)+ % Z % (F(s +1,77)

s=0
— TI'(s+ 1,7, max (51 + ¢epu., T))) . (4.15)

Finally, the outage probabilities for both user groups are defined, respectively, as
Préf I)/[l/ltD = Fx(max(auz + f1,7)), (4.16)

Priyon = Fy (mm(ﬁz + ¢”TW, T)) : (4.17)

4.2.3. No-interference and OMA Bounds

When there is no interference, an analytical lower bound can be derived as

NI max (T, ,6’1) min(7,32)
Pr = K/ x)dx + K/ fy(y)dy

= Fy(max(r, (1)) — Fy(7) + Fy(min(7, £2)). (4.18)

For OMA bound, target rate should be normalized with the factor of %, and threshold
values (; and (5 turn into Bl £ 52 <2R% — 1) and Bg = "?2 (2}%% — 1). Then, OMA

bound can be expressed as

oMA max (T Bl) min(7 Bg
Pr = % / z)dr + — e / fu(y)dy
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= Fy(max(r, £1)) — Fy(7) + Fy (min(r, 5,)). (4.19)

4.3. Capacity

In this section, we express the capacity expressions for both NOMA schemes by

using the SNR/SINR definitions in equations (2.15) and (2.32).
4.3.1. PD-NOMA

The capacities of users for PD-NOMA can be defined by using SNR/SINR def-
initions in equation (2.15) as R{D, = logy(1 + SP'P) and R{;D, = log,(1 + SP), re

spectively. Starting from Us,, the average capacity can be calculated by using equation

in Table 4.2 as

L
i eP, P,
RiP = / log,(1 + U—;y)fy(y)dy = wId" ((12, eg—;) (4.20)
0

=1

The average capacity for U;, on the other hand, is much more complex because of

dependency on the channel gains of U,. Its analytical calculation can be expressed as

e N R I

PX
= OQZ / W) T3 =(Cr, ) dy

ePY + o2
Pr. < eb, eb,
= log,(1 L —t T Tt
0gy(1+ +Zw{ 5,1 Pt7'+02) 5,0 (02)

=1

t;, —1

1 ro(r R
Wy, Wiy Z (;1|) (—I)T’TI (I;’ll;f 1By lerrl)(T)
=0 r1=0 :

o) L L
) 2 2

2
(’1111 67,11ll %707n1 7—77"77‘1)
v’ t ).

—Zy,, (4.21)
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On the other hand, for users which belong to Uj, the capacity can be calculated
P,
as Rng = SF wI77(Cy, =), and finally we can express the average capacity for

o2
PD-NOMA as

M N—M M
oP 4+ QRQD + —RiP. (4.22)

PD __
R Uy K K

K

4.3.2. NOMA-2000

Capacities of users for NOMA-2000 can be defined as
RyD =log,(1+5)P) ke U UUs. (4.23)

Because for both NOMA-2000 and PD-NOMA we assume perfect SIC for users U,
their average capacities are identical as Rgf = R}’ZD . On the other hand, by using

equations in Table 4.2, the average capacity for U; can be described as

L
o0 P, P,
RWD:/I 1+t dr = e, ———). (4.24
Uy T OgQ( + o2 $)fx<x> Z ;wl 5,1 1, o2 + €y ( )
Finally, we can express the average capacity for PD-NOMA as
N M
RYP = 2R+ 2= R (4.25)

4.3.3. No-interference and OMA Bounds

Similar to the previous chapter, we can define the no-interference and OMA
bounds for capacity. Notice that, the SNR definitions for both cases are identical.
However, the entire bandwidth is shared for K users in OMA, the relation between ca-
pacities of OMA and no-interference bounds is ROM4 = %RN . Finally, the analytical

calculations can be expressed, respectively, as

L
h 2k oo P
szyf = /T log, (1 + J—;x)fx(x)dx = lzlwzll - (C’l, O—;), (4.26)
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P,
Rgzl :/0 logg( )fY dy = ZWZIl (02,60_—;), (427)

NR)'+ MR}!

RNI:
N+ M

(4.28)

4.4. Capacity under Imperfect SIC

In this section, we repeat the calculations on previous section for generalized

fading channels by using the MGD approach.

4.4.1. PD-NOMA

Notice that we have defined capacities under imperfect SIC for users of PD-

NOMA, respectively, as

REP = log, (1+ Blgnl ) (4.29)
" Pl gnin|? + 0

eP|gnin?

Ef)t|gn+N|2 )
log, [ 14+ —222E% ) 0 g,12 < algnan]? + 5.
gQ( -Pt|gn|2+0-2 ’g | |g +N| 5

Rgfn (4.30)

Because there is only one shot decoding for Uy, capacity definition and average rate
of U; do not change. However, in this section we calculate the average rate of Uy by

assuming that if a user in outage, BS cannot perform SIC on its signal.
Integral regions on Figure 3.1 also valid for generalized fading models. Integrals

in equations (3.59) and (3.60) can be calculated with the same approach discussed in

Chapter 4.3.1. as

T  poo cPY
Ry = [ f g (14 T ) () )y
0 max(ay+p61,7)

PY
//maxawﬂlogz< 2:th> fx (@) fy(y)dedy.  (4.31)
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Starting from the first integral,

T ePY
|/ log; <1+ : )fx<a:>fy<y>dxdy
0 max(ay+51,7) o

-G S w, / (1 N Epfy) (1= By (A1) fu(n)dy

l1=11=1
¢ - A2 ePy
= oz L EE Y [+ Ty
C’ C eP,
) >3 w / In(1+ =55) (1= Py + 5u)) fu(y)dy
l1=112=1
0102 E{,Pt 1) ( 2,1715127T12)
= o Zw (Iu (82) = Tr7 <o>)
2=

Ol Cy (ate 61-&-&,(1,[31) (a+e,ﬁ1+£,a,ﬂ1)
Y Z Z wllwb( sit 0 (M) =Ty, T (A ), (4.32)
lhi=112=1

where A; = max(ay + (1, 7) and Ay = min(7, max(0, T;m )). The second integral is a

much more complex one as it was also the case in Rayleigh fading, and its calculations

can be given by

ay+p1
/A / In (1 + ;ft?];g )fX@)fY(y)dxdy
ay+ B +ey+ % ) . )y

0102 /
wy, Wy, (F,(ay+ p1) — 1 5
ZZ LW I ( 1) ) In ( ozy—i—ﬁl—i—%

l1=112=1

~(FO-DYw, [ In (%) )y

o2 o?
(F (rlaﬂﬂ——}_ﬂley—f—j—hf) -r (Tlaﬂl(ay + Bl) + E1€y +T}1?> )
t t
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4.4.2. NOMA-2000

In Section 4.2, interference powers caused by users in outage have been calculated
as equations (4.14) and (4.15). By using the integral definitions in Table 4.2, the average
capacity for NOMA-2000 and user groups can be calculated, respectively, as

RT(/]VID — /Oolog2 (1+—a:) fx(z)dz

L
T—00 IDt
— Zwl o (01,—2 (last)), (4.34)
=1

L
T eP, T P
Ry, = /O10%2(1+02—/;mmy)fy(y)dyzzwﬂ§f (CQ,eJ—;), (4.35)

NRWD MRWD
RYVP = v+ M, (4.36)
M+ N
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4.4.3. No-interference and OMA Bounds

When there exists no interference, we cannot talk about perfect or imperfect SIC.

Therefore, calculations in Section 4.3.3 are also valid for this section.

4.5. Numerical Results

In this section, we provide computer simulations in order to compare NOMA
schemes and validate our derivations. As in Chapter 3, overload factor and number
of subcarriers (N) are selected as 100% and 1024, respectively, unless otherwise was
mentioned. During simulations, 10° realizations were performed and average values are
illustrated. In the outage probability simulations for NOMA-2000, maximum number
of iteration was chosen as 6. In addition, for all simulations, normalized channel gains

are used.

4.5.1. Outage Probability

In Figures 4.2 and 4.3 we compare PD-NOMA and NOMA-2000 in terms of
outage probability for different fading models and € values. Besides, in Figures 4.4 and
4.5, we also compare fading models with each other. Because each fading model has
different OMA and No-interference bounds, these curves are not shown in that curve
for the sake of readability. Our first observation is that while NOMA-2000 experiences
an outage floor only in two cases (Nakagami-m (m = 3),e = 1.0 and k — p shadowed
(k = 3,0 =2,m = 2),e = 1.0), PD-NOMA experience same floor in almost all
cases except two of them (Rayleigh,e = 0.5, Rician shadowed (K = 3,m = 2),e =
0.5). Furthermore, it can be observed from Figures 4.4.a-4.5.a and the PDF's of fading
models in Figure 4.1 that while channel models become more deterministic, the outage
performances of PD-NOMA decrease. The reason behind this is that in channels there
is less difference between channel gains of U; and channel gains of U; which causes
inevitable interference and performance degradation. However, thanks to iterative SIC

and spreading on NOMA-2000, it is not affected in most cases.
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Figure 4.2. The outage probability of Rician shadowed fading (K = 2,m = 2) when

target rate= 1.8 bits/s/Hz, a) e = 0.5 and b) € = 1.0.
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Figure 4.3. The outage probability of x — p shadowed fading (k = 3, u = 2,m = 2)
when target rate= 1.8 bits/s/Hz, a) ¢ = 0.5 and b) ¢ = 1.0.
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Figure 4.4. The outage probability of generalized fading channel models when target

rate= 1.8 bits/s/Hz and ¢ = 0.5 for a) PD-NOMA and b) for NOMA-2000.
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Figure 4.5. The outage probability of generalized fading channel models when target
rate= 1.8 bits/s/Hz and there is no power imbalance (e = 1.0) for a) PD-NOMA and

b) for NOMA-2000.
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4.5.2. Capacity
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Figure 4.6. Capacity of Rician shadowed fading (K = 2,m = 2) when target

rate= 1.8 bits/s/Hz, a) e = 0.5 and b) € = 1.0.

In Figures 4.6 and 4.7 we compare PD-NOMA and NOMA-2000 in terms of
outage probability for different fading models and e values. Besides, in Figures 4.9 and
4.8, we also compare fading models with each other. With the SNR/SINR definitions
in Chapter 2, PD-NOMA slightly outperforms in terms of capacity.
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Figure 4.7. Capacity of k — pu shadowed fading (k = 3, u = 2, m = 2) when target
rate= 1.8 bits/s/Hz, a) e = 0.5 and b) € = 1.0.
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Figure 4.8. Capacity under perfect SIC assumption comparisons between PD-NOMA

and NOMA-2000 when a)e = 0.5, b) € = 1.0.
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Figure 4.9. Capacity comparisons under imperfect SIC between PD-NOMA and
NOMA-2000 when target rate is 1.8 bits/s/Hz and a)e = 0.5, b) € = 1.0.
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However, in Figure 4.9 we compare both NOMA schemes under the imperfect SIC
assumption, different power imbalance factors and different channel models. As we
have shown in Figure 4.4 and Figure 4.5, NOMA-2000 reaches low outage probabilities
which makes its capacity higher.
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Figure 4.10. Capacity comparisons between PD-NOMA and NOMA-2000 for

Nakagami-m fading (m = 3) when € values are selected to maximize capacity and

A A

target rates are a) R = 1.5 bits/s/Hz, and b) R = 1.8 bits/s/Hz.
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Figure 4.11. Capacity comparisons between PD-NOMA and NOMA-2000 for Rician

shadowed fading(K = 2, m = 2) when € values are selected to maximize capacity and
target rates are a) R = 1.5 bits/s/Hz, and b) R = 1.8 bits/s/Hz.
In Figures 4.10, 4.11, 4.12 and 4.13 the power imbalance factors are chosen to

maximize their capacities under the imperfect SIC assumption for different target rates

and fading models.
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Figure 4.12. Capacity comparisons between PD-NOMA and NOMA-2000 for x — p
shadowed fading(rx = 3, u = 2, m = 2) when € values are selected to maximize

~

capacity and target rates are a) R = 1.5 bits/s/Hz, and b) R = 1.8 bits/s/Hz.

It can be seen that the channel capacity of PD-NOMA is limited with the capacity
with perfect SIC assumption. It reaches this bound with an e value such that does not

cause an error floor.
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Figure 4.13. Capacity comparisons between PD-NOMA and NOMA-2000 when ¢

values are selected to maximize capacity and target rates is R = 1.8 bits/s/Hz for a)

k — p fading(k = 2, u = 2) and b) Rician fading (K = 2).

On the other hand, NOMA-2000 can reach the no-interference bound with an e value

in most cases. When the target rate is large enough and the channel model is deter-

ministic, it may not reaches the no-interference bound, however, it still manages to
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reach values close to this bound.

4.5.3. Analysis

In this chapter, the analytical calculations of PD-NOMA and NOMA-2000 were
repeated for more generalized fading channels. In order to calculate more generic
derivations for these fading models, we have used the MGD approximations of them

instead of their original PDF's.

Notice that the analytical calculations of PD-NOMA require double integrals
since they depend on both channel gains. Since each PDF is expressed as an MGD,
double integrals are required to compute the cross terms. It makes analytical cal-
culations for PD-NOMA for generalized fading channel models more complex than

NOMA-2000 and Rayleigh fading.

In the last section of the chapter, we have shown numerical results for differ-
ent cases. We have observed that as the channel models become more deterministic,
the interference power becomes stronger which makes a performance degradation for
PD-NOMA. On the other hand, NOMA-2000 shows a more robust performance for
eliminating the interference power. While the outage probability can reach the no-
interference bound in almost all cases in NOMA-2000, PD-NOMA most likely experi-
ences an outage floor. The superiority of PD-NOMA for the channel capacity under
perfect SIC assumption continues. However, when we adopt the new capacity defi-
nition which takes into account the imperfect SIC, PD-NOMA loses its advantages.
On the other hand, when the optimal e values are chosen, the capacity under imper-
fect SIC performances becomes very close to no-interference upper/lower bounds for
NOMA-2000. Our numerical results have shown that NOMA-2000 can reach theoreti-
cal bounds with a simple and random pairing scheme but PD-NOMA may need more

sophisticated pairing and power allocation.
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5. Conclusion

NOMA is a promising technology because it enables the use of the same resources
by multiple users. In literature, it is generally referred to as PD-NOMA which a
single subcarrier can be used more than one user with different power levels. Another
alternative is NOMA-2000 where two waveforms (OFDMA and CDMA in this thesis)
are used by two user groups. The main advantage of NOMA-2000 is that the signals
for each user group are spreaded and thus they do not experience a high level of
interference. Furthermore, in NOMA-2000 each user group also uses SIC which makes

it possible to reach the analytical bounds when there is no interference.

In this thesis, the uplink performance of NOMA-2000 and PD-NOMA has been
investigated with different performance metrics. Notice that, during all analyses, only
a basic user grouping has been assumed in order to satisfy the power imbalance between
user groups. While it has been observed that NOMA-2000 can reach the analytical
upper/lower bounds with this grouping strategy, PD-NOMA may need more sophis-
ticated user pairing. First, the outage probability has been investigated and it has
been concluded that while NOMA-2000 can reach no-interference bound in high SNR,
PD-NOMA suffers an outage floor because of the high interference in some subcarriers.
Then, an analysis of the average rate has been presented. In this part, it is assumed
that the BS can perform perfect SIC to decode signals of U, and cannot perform any
SIC to decode signals of U; for both NOMA schemes. However, they are not realistic
approaches thus we define new rates which consider imperfect SIC when decoding sig-
nals of U, and iterative SIC on NOMA-2000. The main assumption is that if a user is
in outage, its signal cannot be decoded and the BS cannot perform SIC on it. With this
definition, it can be seen that while the rate of PD-NOMA decreases, NOMA-2000 can
reach no interference bounds. Lastly, this analysis has been extended to generalized
fading channels. It can be conclude that as the channel gets closer to a deterministic
one, PD-NOMA performance is much worse than that of NOMA-2000 because of the
improvement of the channel gains of Uy. NOMA-2000, on the other hand, shows more



84

robust performance thanks to the spreading and iterative SIC. Notice that all these
analyses have been performed under the assumption of a simple and random pairing

scheme in order to satisfy the basic principle of NOMA for multi-carrier.

The accuracy of the developed analytic results and approximations were con-
firmed by computer simulations. Extensive comparisons between NOMA-2000, PD-
NOMA, and OMA using these metrics confirm the superiority of NOMA-2000 in terms
of outage probability and capacity. Together with the fact that NOMA-2000 avoids
the error floor encountered with PD-NOMA and can reach theoretical bounds in most
cases, this technique turns out to be a very attractive alternative for use in future

wireless networks.

As future work, similar derivations can be done with other performance metrics
like the BER, fairness or the age of information. Specially, a novel fairness has been
defined recently for NOMA in [43] which can be also adapted for NOMA-2000. In this
thesis, we show the optimum power imbalance parameters with exhaustively search,
but a closed form solution can be derived with optimization. Moreover, the literature
is not as rich in works on NOMA-2000 as it is on PD-NOMA. Considering its superior
performance compared to PD-NOMA, we believe that NOMA-2000 may deserve more
attention. For this reason, MIMO-NOMA-2000, NOMA-2000 with the Internet of
Things or NOMA-2000 in Backscatter channels are among interesting applications and

possible research areas for this attractive NOMA technique.
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