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ABSTRACT

GEOMETRIC FORMULATION OF LAGRANGIAN
MECHANICS AND SYMMETRIES

We start the thesis by covering the geometric formulation of time-independent
and time-dependent Lagrangian mechanics and the concept of dynamical symmetry.
Then we give two applications. First we review and tie together the results given
between alternative Lagrangians, constants of motion and symmetries using Cartan
2-forms. Then it is followed by theory of connections and geometric mechanics applied

to the Dirac monopole problem.



OZET

SIMETRI VE MEKANIGIN GEOMETRIK
FORMULASYONU

Bu teze, zamana bagiml ve zamandan bagimsiz Lagrange mekanigi ve simetri
konseptinin geometrik formiilasyonlarini agiklayarak bagliyoruz. Daha sonra bunlarin
iki uygulamasini veriyoruz. Once Cartan 2-formlarim kullanarak alternatif Lagrange
fonksiyonlar1, dinamik sistem sabitleri ve simetriler arasindaki iligkileri inceliyoruz.
Bunu takiben baglanti teorisi ve geometrik mekaniginin Dirac monopol problemine

uygulamasini veriyoruz.
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1. INTRODUCTION

1.1. Introduction

Until Newton, study of mechanics (except perhaps celestial mechanics) could not
much enjoy the frutation of a relationship with mathematics. Unlike optics and celestial
mechanics, mechanics was heavily under the influence of more philosophical arguments
rather than mathematical and experimental treatment. Newton however has not only
formulated laws of mechanics as differential equations but also developed the necessary
tool of Calculus to study these systems. These laws were expressed in coordinates and
seemingly changed form from coordinates to coordinates. With the work of Euler,
Lagrange and Hamilton however (perhaps in an attempt to address Hilbert’s 6th ques-
tion) a more geometric Language of mechanics where laws were formulated in more
invariant laws such as that of Lagrangians, Hamiltonians, Euler-Lagrange equations
and Action principle were developed. In fact the concept of a Lagrangian and action
principle has found applications in even modern branches of physics such as quantum
field theory and seems to have more fundamental ties to physics rather than just be-
ing invariant descriptions of mechanics. Lagrangian and Hamiltonian formulation of
mechanics also inevitably lead to treatment of physics with differential geometric tools
leading to symplectic geometry. On the other hand thermodynamics with Boltzmann
bore Ergodic Theory which lead to the branch of topological dynamics. More than
these, geometric approaches to differential equations was initiated by the work of Lie
and his results opened up tremendous amount of research areas in mathematics. With
Lie’s geometric treatment of differential equations and symmetries, geometry was in-
evitably being seated at the heart of physics. Finally with Einstein’s special relativity
it became quite clear that geometry was not only the language of classical physics but it
was also the language of modern physics. Following that geometry has penetrated deep
roots into physics in fields such as quantum field theory, gauge theory, string theory
so much so that ideas from physical systems lead to mathematical discoveries. Much
like the ancient Greeks were right about some atomic structures making up matter,

they were also confirmed by these developments on their idea that geometry was the



language of nature.

From classical to modern, physics is generally interested in forces and interactions
that result from these forces. Newton’s second law crudely tells us that classically
(where there are no relativistic effects and wave character of particles is neglectable) the
forces that regulate the motion of the particles are second order differential equations
of position or equivalently first order differential equations of velocity. That is in fact
pretty much the definition of force as given in the axiom 1 of chapter 1.2. In that section
we will review the geometric formulation of Lagrangian mechanics and write some of
the classical results such as Helmholtz conditions (which are conditions required to
show the existence of Lagrangians describing dynamical systems) [1] in this geometric

language.

In the second chapter we move to applications of this construction. In section
1 we talk about symmetries. It is well known that there is a relationship between a
certain class of symmetries, so called Noether symmetries, and conserved quantities of
a dynamical system due to Noether’s Theorem proven by Emmy Noether in 1918 [2].
However Noether symmetries are not the only type of symmetries available. There is
also a class of more general symmetries called dynamical symmetries. The relationship
between dynamical symmetries, constants of motion and alternative Lagrangians were
extensively studied around 1980-1984 by Prince, Crampin and Sarlet [6-8,10-13] using
differential geometry. The aim of section 2.1 is to utilize the geometric formulation of

mechanics given in the introduction to present these results.

Finally in section 2.2 we will talk about magnetic monopole. Magnetic monopoles,
also called Dirac monopoles, are idealized single magnetic poles that are not yet ob-
served in nature. They are sometimes idealized as the one end of an infinitely long and
infinitesimally thin dipole rods. They are interesting in the sense that although their
mechanics can be described using classical mechanics, the singular potential imposes a
non-trivial topology on the problem. The U(1) bundle structure of phase freedom and
a quantization condition on magnetic charges pop out of these topological obstructions

(which are concepts that are usually seen in quantum mechanics and quantum field



theory). We will formulate this problem using the geometric language of mechanics.
We will see that a global description of this problem in the configuration space is not
possible due to certain exactness requirements of 2-forms describing the mechanics. As
we will explain the theory of connections, principal bundles and calculus of variations
on the space of paths on the configuration space can be utilized to give us global action

principles.

1.2. Geometric Formulation of Mechanics

We first need to fix some conventions regarding three types of spaces that describe
the motion of particles or systems under forces. The configuration space for our system
is denoted as Q which is usually R™ with coordinates (z!,z?, ..., 2™). This space might
contain information about the positions of many particles, not just one. So for the case
of m particles each of which is in R? the whole configuration space is R3™. The velocity
space of our system, which also contains the tangent vectors to the configuration space,
is denoted as TQ = TR™ with coordinates (x!,2?, ...,2", v* v? ...,o") . And finally
the extended velocity space is denoted as £ is given by 7Q x R with coordinates

n oot w2 o™ t) where the last variable is time. Unless indices are required

(2t 22, .. x
we will denote these respectively as (z,v) and (z,v,t). And finally if a function f €

C>°(€) depends only on positions we will denote the function as f(x) etc.

The study of mechanics is in fact study of the differential equations that regulate
the position of our system in the configuration space. The simplest configuration curve
is the physical trajectory of a single particle in R?. However physical trajectories are
not the only type of trajectories we can have. Consider a set of n particles. Then we
denote the position of this system in R3" composed of n copies of R? (one copy for each
particle). So we also need to give some definitions regarding configuration and phase
curves. Phase curves can crudely be seen as curves that contain both the configuration
and the velocity of the each particle in our system and time as the final component.
So for n particles the phase curve generally lies in R®*! with for instance coordinates

1,1 .1

(xl,yl,zl,vm,vy,vz, ...,x",y",z”,vg,vg,Ug,t). Denote the curve in the configuration

space as Y(t) : R — Q. Then we define the phase curves:



Definition 1.1. Let v(t) : R — Q (where dim(Q) = n) be the configuration curve of

)
our system with coordinates y(t) = (x(t),...,x"(t)). Then the phase curve is defined
as the curve 4(t) : R — T Q x R with coordinates 4(t) = (¢'(t),...q"(t), v (t), ..v"(¢), 1)

satisfying two conditions:

o moA(t) = (t) orin coordinates x*(t) = q'(t) where w : TQ — Q is the projection
o LW vi(t)Vt € R

So from now on we denote our phase curve as 4(t) = (x(t),v(t),t). By an abuse
of notation t will both be used as the parameter of curves in the extended phase space
and the coordinates for the R part of the evolution space £ = T M x R. Note that not
every curve in & is a phase curve. So we have {phase curves} C {curves in £} . We

will generally be interested in this subset of curves. It is important to notice that only

da®
dt

on these curves we will have v'(t) =
Example 1.2. As a simple example we give the free falling particle under the gravita-
tional force field (0,0, —g). It is phase curve will be in R x R given as (o, yo, 20+ vit —
gt?,v¥ vl vi — gt,t). The specific curve can be determined by the initial conditions

vi=vy =08 =0and xg=12",y0 =y, 20 = 2.

And finally we start with the following axiom which is the seed of mechanics:

Axiom 1.3. Newton’s Second Law There exists n functions F7(z,v,t) € C*(€) (or a
function F': £ — R") with j = 1,2,...n such that they determine the configuration of

our system as a second order differential equation: dd; = FI(z,v,t)|,) where v(t) is

the trajectory of the system in the configuration system.

Here we take masses as unity for simplicity. Their inclusion in the calculations is
merely carried out by multiplying the left side with a diagonal matrix whose diagonal
entries are the masses of each particle. One remark is in order at this stage. It might
be possible to formulate the above axiom in terms of an equality on 1-forms and vector
fields on our configuration space where then F(z,v,t) become the components of the

tensor fields, and in fact we will do that. And so the solution curve for a mechanical



system (with some force function F' : &€ — R") is a phase curve in £ (so it satisfies
definition 1.3) and whose projection to Q solves the differential equation in axiom 1
for the given force. Thus we have {solutions} C {phase curves} C {curves in £}. Most
of our equations will be valid on these solution curves (such as the Euler-Lagrange

equation) and it is an important point to keep in mind.
We now give an equivalent formulation [3] for the conditions above in cartesian
coordinates for solution curves:

Theorem 1.4. Given a mechanical system with force F' : € — R", a curve (t) in
E with tangent vector field X, is a solution curve for this mechanical system iff its

tangent vectors nullify the 1-forms in A(E) given below:

o 0 = dxt —vidt
o i = dv' — Fidt

and satisfies dt(X,) =1

Proof. Let the tangent vector field to 4(t) be (dxg)i, dvé:)i,T(t» i=1,...n. The last

condition ensures 7(¢) = 1. Then it nullifies the forms above iff we have the equalities

dx(t)?
dt

= v(t)" and %pi = Fi(x(t)). So this curve satisfies definition 1.3 and has the

properties described in Newton’s second law. O

Hence any curve in £ whose tangent vectors nullify the forms given above is in fact
the phase curves that are the solutions of the system with force F. We will call them
as either solutions or dynamical curves. This formulation is basically the geometric
formulation of time-dependent Lagrangian mechanics. There are also specific names
for the vector fields belonging to different kinds of curves. Vector fields of phase curves
are called second order differential equation fields. Those vector fields that nullify
the first 1-forms 6; (and so are the vector fields to the solutions) are called dynamical
vector fields (or Euler-Lagrange vector fields if they can be obtained from a Lagrangian,

see section 1.3). Thus we have {Euler-Lagrange fields} C {Second order differential



equation fields} C x(€). We will later on derive some other time-independent and
time-dependent geometric formalisms using respectively symplectic forms and Cartan

2-forms.

Example 1.5. As an example to dynamical vector fields, consider the last example of
free falling object. Then we have [' = % — gt% — ga% which indeed has the properties

described above.

Now we given an inverse to Theorem 1.4.

Theorem 1.6. Let v be the solution curve (to a dynamical system with force F) with
the vector field T = & +v'2: + F'2. Let S C N () be the subset of 1-forms that

nullify T'. Then if « € S we have o = ay)’ + bb".

Proof. First note that 6, ¢* and dt are 2n+1 independent 1-forms so at each point
on the manifold they form a basis for the cotangent bundle at that point. Evidently
then a = a;0" + by)' + cdt. But if a(T') = 0 we have a(v' — v') + b(F' — F') + ¢ =
0= c¢c=0. So we have o = a'0" + biy)*. During this proof it is essential to note
that the decomposition < 6%, 1" > @ < dt > is a well defined decomposition (i.e it is

compatible with coordinate changes) for the tangent bundle. O

In this formulation it is very easy to show that Newton’s equations are diffeomor-
phism covariant and also it is possible to derive Euler-Lagrange equations in a very
constructive manner (where one is usually either given the Euler-Lagrange equations
and shown that it is equivalent with Newton’s equations of motions or it is shown that

Euler-Lagrange equations are equivalent to D’Alembert’s principle).

Theorem 1.7. Newton’s laws given above are diffeomorphism covariant.

Proof. Using the construction in theorem 1.4, let the extended phase curve be ()
with tangent vectors field X;. Let F be any diffeomorphism of £. Then the equations

of mechanics written as in theorem 1.4 in the new coordinates are:



F7Y0/(F*X,) = F, o F7'0/(X,) = 0°(X,)

F7YWWH(F*X,) = F, o F7WWH(X,) = vi(Xy) [l

Hence Newton’s laws are globally valid. This is essentially the nature of differ-
ential equation systems expressed in terms of differential forms. Hence the diffeomor-
phism covariance property is an inheritance hidden in the first axiom which states that
laws of mechanics are basically derived from differential equations. Before we derive

Euler-Lagrange equations we give a definiton:

Definition 1.8. The forces requlating the motion are called conservative if they can

be expressed as the gradient of a position dependent potential function V(z): Fi(x) =

—dv

— since we work on Riemannian

=AV.5i5 (we will from now on denote =25 as
dxJ dxI

manifolds).

Theorem 1.9. For conservative forces, the Newton’s equations in a coordinate system
(z,v,t) are equivalent to Euler-Lagrange equations in any coordinates (q,u,t) where

FEuler-Lagrange equations are given as

4oL, oL
dt out’  Oqgi

and the Lagrangian L € C>°(€) is L=, (U;)2 —V(x).

Proof. We will use a different notation just for this proof, to make the calculations more
transparent. Let the extended phase curve be 4(t) = (y(¢), (), t) with tangent vectors
field X; and F be a conservative force such that F* = —% for a potential V' (z). Let
T be the lifted diffeomorphism of the base manifold s.t that it is compatible with the
structure of the tangent bundle (i.e a lift of coordinate transformation on Q s.t: T :

(z,v,t) = (T(z) = q(x), T(x,v) = u(x,v),t) which satisfies u’ = g—:‘j}ivk). Let the image



of the curve under this diffeomorphism be 5(t) = (T o y(t),T o 3(t),t) = (B(t), B(t), 1)

dt 7 dt?

with tangent vectors X| = ( 1) i=1,....,n. Then under the diffecomorphism we

have:

PNy oxt  dp’ ;1A d(z'o y
E 0D =05 o]y Tl = ot 0T 0 (0 » L2 = 51,
ot dpgi vt dpi o’ oV

(T 9'(X) =0=

= ——

9 90 g 1 g 0 g It = T gglrrent g lao

d(vi o )

—|t

dt

_o¢, oV,
= _%H(t)a_qﬂg(t)

The first equation simply makes the new curve a phase curve. Looking at the
second equation, if the Jacobian of the transformation ¢(x) of the base manifold is
J then the right side is simply J? composed with a vector. Then %hm = JJ The
inverse to JT is (J71)T, so by multiplying both sides with (J~ 1)L = gTzIHB(t) we get:

drt d(vio ) oV

Zia—qk|ﬁ(t) 7 |t=—5kja—qj|ﬁ(t)

But since under a diffeomorphism of the base manifold, the tangent manifold

we get % = % and similarly %f]i = gf;,. given this is a

k

transforms as u’ = 22y
ozk

diffeomorphism. Then putting back this in the equation



' dwofB),. IV
A e Ul wi 10
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which is valid on j3 (t). Using the laws of one-dimensional calculus valid on the

domain of the curve we have:

d . o A o oaod O

(g 0 B 0 BB = (v 0 B) [ © At
d. 0 1, .90 2 . aod 01 )%
= Ei%[m(i(v )7) o B()] — (v o 5)5[&]1@ o B(t)] = _a_qk|ﬁ(t)
Now [4, %] vanishes when it acts on z* so the two derivatives commute and we
arrive at:

d. 0 1, .o > i\2 _ R
21@[@(5(0) ) o B(t)] — a—qk[—(v) o] = _a_qk|ﬂ(t)

Note that kinetic energy of the system at point on the curve is given by K =

Si(i(v)? o 3) and that the potential is independent of velocity. Then we arrive at

Euler-Lagrange equations:
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where the calculations clearly portray the role of the dynamical trajectory in

interpreting the Euler-Lagrange equations:

for all ¢ L

Theorem 1.10. Fuler-Lagrange equations are diffeomorphism covariant.

Proof. Given the Fuler-Lagrange equations evaluated on the phase curves %(gfi) =

OL — _O°L yj 4 882L ul | O°L (where partial derivative with respect to t is added for

oq* Ou'dqI wioul Ot + Ouot
generality) one simply uses the chain rule for the transformation (q, u, t) — (x(q), v(q,u),t)

- d(dLY _ oL
to arrive at (5%) = 5. O

Thus we have shown that for position dependent conservative forces, Newton’s
equations are equivalent to Euler-Lagrange equations under arbitrary coordinate changes.
We have made the distinction of position dependent conservative forces which is a
common type of force seen in nature. However there is a very important type of ve-
locity dependent force which is the electromagnetic force (with q=1) given as F; =
[Ei(x,t) + (v x B);(x,t)] where E and B are respectively the electric and magnetic
fields such that E;(z,t) € C®°(R™ x R) and B;(z,t) € C*(R" x R). By a choice of
special Lagrangian for this type of force the above theorem again becomes valid. As
an example to a Lagrangian problem with velocity dependent potential, as an example

we will now examine electromagnetic systems.
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Example 1.11. Let the electromagnetic force be (q=1, m=1, c=1); F" = E(x,t)" +

(v x B(z,t))}, st B = —g;’; — % and B; = (V x A); for the electric potential

¢(x,t) and vector potential A(z,t). Then we will show that the Lagrangian function
L=>", # — oz, t) + Ai(z,t)v" produces the equations of motion of a charged

particle in an electromagnetic field through the Euler-Lagrange equations given above.

Let (z(t),v(t),t) be the phase curve of the particle. Then forces regulating the

motion are given by the Lorentz Law: F* = E'+ (v x B)'. Then using the above
oL 0A;

Lagrangian %(g—i) = ddf + dﬁi and 7= = —g—£+8—vaj. Then Euler-Lagrange equations
imply dd—‘f = —(dﬁi + %c% — %vj ). Writing the time derivative explicitly one simply

arrives at @ = Fi = F' 4+ (v x B)".

One remark can be made. A modified Euler-Lagrange equation for the elec-

n (Uz‘)Q

tromagnetic field with the classical Lagrangian Ly = )., *5

— ¢(x,t) can also be

written as:

d oL 0L DA, 04, A,
7\ 9o ~ g = Bt — 5y where By = 55— 5

In our case (for the Dirac monopole in chapter 2) where the vector potential will

0A;
ot

be independent of time, the last term vanishes. More details on this electromagnetic
setup and its geometric manifestation is given in the second part of chapter 2. It is
instructive to realize that the above construction can be applied to velocity dependent

dissipative systems with suitable modifications.

It is also useful to make a comparison between change of coordinates and embed-
ded submanifolds. We derived Euler-Lagrange equations from a change of coordinates
on the geometric formulation of mechanics given in Theorem 1.4. This change of co-
ordinates can also be seen as the restriction of the motion to a submanifold of £ (see
figure 1.1). For instance consider a system whose configuration is constrained to the
unit sphere (of dimension n — 1) in Q. Then the velocity space of this system is this

sphere with its tangent space. If this surface is given by holonomic constraints, it is
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Figure 1.1. Restriction of motion to a submanifold

simply an embedded manifold. Therefore its coordinates can be given as slice charts
which correspond to again first a local change of coordinates on the original charts
and then the intersection of these new charts with the surface. Thus Euler-Lagrange
equations are again valid for this submanifold and in fact just as would be expected
the number of equations we have to solve decreases from n to n-1 (if this was a m-
dimensional submanifold then the number of equations would be n-m), where the extra

degrees of freedom disappear when the pullback of the embedding is applied.

1.3. Geometric Formulation of Lagrangian Mechanics

We now give an alternative formulation for time dependent Lagrangian formu-
lation of mechanics based on 2-forms and using these definitions derive some results

which will be used in the following sections.

Definition 1.12. Given a Lagrangian for a dynamical system with coordinates (x,v,t)
we define the 1-form 0 = Ldt +
15 defined as wy, = dfy,.

AL pi
570"

Then Cartan 2-form for this dynamical system

2 . . .
IL_ s q non-singular matriz at
81)7;8’Uj

Theorem 1.13. If a Lagrangian is reqular (that is

each point) then Cartan 2-form has a 1 dimensional kernel 'y at each p € ~(t) C €.

These vector fields are given in the form:

for a, F' € C>=(&)
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Proof. Let ' = a% -+ bi% +c"%. The above equation requires I'udf;, = I'y(dL A dt) +

Lo(d(25) A0+ 55 d0") = T (L)dt—a(dL)+T(9%)6") — (b'—v'a)d( % )+ 9% (adv' —cdt) = 0.

To find the components of this vector field we contract it by the basis vectors. First

9%L
OvtovI

%)

o = 0 which implies b = v’a. Then

we get —(b' — v'a)

contracting it with

contracting it with either % or % and using the above equality yields the identical

result: T'(2%) = ag%. Since this 2-form was evaluated on the dynamical curves of

oL
vt

the system the right side by E-L equations is equal to a4 (2%) which in turn means

dvt 9L? __ i OL?
dt Ovtovs — 7 Ovtov "

: : i dvt _
It follows from the regularity of Lagrangian that ¢' = <~ = F".

In fact we get no more conditions from this equality. The proof ends by noticing that
the matrix of (dfL), is in fact fact has a non-singular 2n x 2n upper block (see remark
after Theorem 1.17) due to the regularity of Lagrangian. Then it follows that the kernel
of df;, can be at most one dimensional and the computation above gives that vector

space. ]

Using Cartan 2-form one can give an equivalent definition of the Lagrangian

mechanics.

Definition 1.14. Given a dynamical system with Lagrangian L, the solution 7 to this
system are the family of curves whose tangent vector field I' belong to the ker(wr)|s

and satisfies the normalization dt(T") = 1.

The family of curves satisfying the conditions above has tangent vector field

% + ' a?:i + [ 21-. This vector field vanishes on 1); and 6; hence is the solution as
required. The normalization condition is added to ensure the fact that time is an
absolute homogenously flowing entity in non-relativistic mechanics. It also reduces the
1-dimensional vector space at each point to a single vector therefore giving us a vector
field on £ and thus a family of curves associated with it. The vector fields satisfying
the above conditions are also called Euler-Lagrange fields for this dynamical system.
This is called the geometric formalism of Lagrangian mechanics because if the equality
(7)(dfr) = 0 is written in coordinates with Euler-Lagrange fields given, we get exactly

Euler-Lagrange equations. From now on we denote the element of the ker(wy) with

the property dt(y) =1 by I.
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If the reader is acquainted with the symplectic geometry of time-independent
mechanics with the canonical 2-form w, then it is useful to note that here (dwr,) plays
the same rule except being singular (since it has a kernel). We now give an important
convention. We will say that a 2n x 2n matrix is maximal if it has a zero dimensional
kernel and (2n 4 1) x (2n + 1) matrix is maximal if it has one dimensional kernel (see

section 3.1). It is useful to study the range of the Cartan 2-form:

Proposition 1.15. Let L be a reqular Lagrangian with the Cartan 2-form dfy. Seeing
dwr, as a map from x(€) to A(E), let im(dwy) = R C x(E). Then R is the set of

1-forms a s.t 'ua =0

Proof. a € R if and only if there exists X € x(&) such that X idw;, = «. Then
Fia = dwr (T, X) = 0. O

So the range of our Cartan 2-form is the set of 1-forms that nullify I'. Since
ker(dfr) = hI' we have that TE,/ < T, >~ {a, € R}. Now we give a geometric form
of Helmholtz conditions [4], which will be of great use to us in investigating alternative
Lagrangians. But we first note; a second order differential equation field is a Euler-
Lagrange field if there exists a Lagrangian and so a Cartan 2-form associated with it
of the form df;, whose only kernel is < I', >. And also a 2-form w on an odd/even
dimensional manifold will be called maximal when w|, evaluated at each point is a

matrix with at most 1-dimensional /0-dimensional kernel.

Theorem 1.16. Helmholtz Conditions Given a second order differential equation field

r = % + Uia?gi + F’b% on & s.t F' € C(&), T is an Euler-Lagrange field iff there

exists a 2-form w of maximal rank s.t

o w(Vi,V;) =0Vi,j
o du=20

e ' w=0

where V; €< % > is an element from the vertical space at each point. In such a case

we have w = df, where L is the Lagrangian giving the Euler-Lagrange field T'.
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For the proof we refer the reader to [4]. Also maximality condition may be
loosened for non-regular Lagrangian but then of course the kernel may be greater than
1-dimensional at each point. For other geometric versions equivalent to this the reader
may also look at [5]. Thus here finding the maximal two-form satisfying the conditions
above is equivalent to finding a Cartan 2-form for the system. We note here that the
space V; =< %_ > transforms well under coordinate changes. That is under coordinates
changes vertical spaces are transformed to vertical spaces. We finally give the time-

independent formulation of mechanics [6] which is based on a symplectic 2-form on

£.

Theorem 1.17. Let L be a time-independent, reqular Lagrangian. Let T Q be the

velocity space of the dynamical system with coordinates (x,v). Define a 2-form for the

system as wy, = d(gfi dx'). This is a symplectic 2-form for our system and more over

the phase curves of our system are the curves with the tangent vector field I' which

satisfy

F_IWL =dF

where E € C®(T Q) is given as E = §%v' — L

Proof. The proof simply proceeds by writing the above equation in coordinates. Let

I'=a2+b2+e2. ThenTowy = 520 (— 92 gy 20 goi) 4 SOL (o] gyi_dat 1y and

ozt v OvI Ov® Oz3 Hvt

—dE = (2L _ i 2L \dpi — (v 2L\ pi i
dE = (55 — v 5057 )da? — (v' 5555 )dv’. Now evaluating these on the phase curves

and equating the dz’ components one arrives at the Euler-Lagrange equations. O]

One instructive exercise is to write wy, and df;, in components to see how their

maximality is associated to the regularness of the Lagrangian. We have:
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L 2L
wi|, = | v’ A 9ui Gt/
p 0%L
m)nxn (O)nxn »
0L 0*L OF
g Gl g
dfr|, = (W)nxn (0)nxn (%)Mn)
CO B
8Ii nx1 avi nx1 1x1

Note that we no more have the time coordinate attached to 7 Q in the case of
time-independent mechanics. Thus the main tool of time-independent Lagrangian (as
well Hamiltonian mechanics) is symplectic geometry. It is also instructive to see two

facts about this symplectic form. First of all if the differential is computed explicitly we

gL-) A dz* whose pullback to the cotangent bundle 7*Q of positions and

'UZ

have wy, = d(
momentum (x,p) is exactly equal to the canonical symplectic form w = "7 | dp* A dz".
The second fact is that the 2-form w;, — dE A dt is equal to the Cartan 2-form of
time dependent Lagrangian mechanics (where in this case (wr), is to be seen as a
(2n + 1 x 2n + 1) matrix with the upper n x n block equal to the (wy), of time
independent mechanics and has zeros for the last row and column and dF A dt is seen

as a (2n + 1 x 2n + 1) matrix with upper 2n x 2n block being 0).
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2. APPLICATIONS

2.1. Alternative Lagrangians, Symmetries and Constants of Motion

We first introduce the types of symmetries of dynamical systems. Since dynamical
vector fields and cartan 2-forms totally describe a dynamical system, we will from now

on denote dynamical systems as (I", df;).

Definition 2.1. Let (I',df;) be a dynamical system and ~(t) be its flows or the so-
lutions. If ¢ is a diffeomorphism of £, then it is a symmetry iff it takes solutions to

solutions that is @ o y(t) is a solution.

While we have given this definition for any diffeomorphism, we will mainly be
interested in 1-parameter group of diffeomorphism and there are two equivalent defi-

nitions of symmetry for such diffeomorphisms;

Theorem 2.2. Let the dynamical system be as above. If p. is a I-parameter group
of diffeomorphisms of € generated by X € x(E) for e € R, then it is a symmetry iff
[X,[] =R for h € C*=(E).

Proof. (<) Let X satisfy [X,['] = hI'. Then ¢, is a symmetry iff ¢, o y(t) is a solution
i.e its tangent vector field nullifies the 1-forms 6; and v; given in the last section. The
tangent vector field to the new curve is given as I'* = (. ).I" which can be expanded
as IS =T, + ¢[X, T, + 3€2[X, [X,T]], + ... = T}, + hel', + 3h%€’L', + ... This obviously

nullifies #; and v; since I' does.

(=) Let ¢, be a 1-parameter group of diffeomorphism such that it is a symmetry
i.e ¢.0(t) is a solution. Then I'* = (¢,).I" nullifies #; and ;. By theorem 1.13 we
know then that I, belong to one dimensional vector space < I', > at each point p as
I = h(e)Ty. Then we have T, = T, + €[X, '], + 3*[X, [X,T]], + ... = h(e)[,. Since
this equality is valid for all € in our domain, taking the derivative at e = 0 gives us the

infinitesimal condition. O
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Since we know I" we can try to find restrictions on symmetries using the conditions

above. Let X = 72 + -5 + -2 be a symmetry. Then [X,I'] = hl' = —I'(1) = h ,

n' —T(8%) = hv' and X (F?) — T'(n*) = hF". The first two conditions are interesting in

the sense that they determine ° and we have X = T% + 3 aii + (T(BY) — F(T)Ui)a?}i.

The last condition simplifies to the relation X (F") = I'?(f") — I'*(7)v".

Also looking at the above condition we see that in fact, every symmetry defines
an equivalence class of symmetries. That is if Y is a symmetry so is Y 4 al’ and two
symmetries are in the same class if they differ by a multiple of I". Thus from each class
of symmetries we can find a representative such that Y’.dt = 0 which can be formed

by Y/ =Y — (Y,dt)l.

For the second equivalent condition, we define Z, for p € £ as the subspace over
C>(€) spanned by the 1-forms 6°, 1" defined in the previous section (i.e 1-forms given
as al'+by" for a,b € C*°(&), for more detailed discussion regarding generalized versions

of this as differential ideals see [7]). Then;

Theorem 2.3. Let the dynamical system be as above. If ¢, is a 1-parameter group of

diffeomorphisms of € generated by X € x(&), then it is a symmetry iff Lx0;, Lx; € L.

Proof. Let ¢. be a 1-parameter group of diffeomorphisms generated by X. Then (by
Theorem 1.6) Lx0;, Lx1; € T iff Lx6;(T") = 0 and Lx;(I') = 0 iff 6;(LxI") = 0 and
i(LxT) = 0 (since for example Lx60;(I') = X (6;(T")) — 0;(LxT)). But this is iff Ve
(LxT') = hI' which is iff ¢, is a symmetry (by Theorem 2.2). O

We will from now on mean by a symmetry, 1-parameter group of diffeomorphisms
satisfying the conditions above. Then symmetries can be classified into two general
classes. But before that we need to give the definition of a prolongation. Note that
a vector field in @ X R (or only Q) can be extended to a vector field in £ in infinite
ways. However for each given dynamical vector field I" it is possible to define a unique

extension called the prolongation of this vector field;
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Definition 2.4. Let X € x(Q X R) be a vector field with components T% + 5%‘;

where 3,7 € C*(Q x R). Then its prolongation to TE is defined as the vector field:
T% + 5iaii + ([(BY) — F(T)Ui)a‘zi

If X is a vector field in x(Q) then the 7 component is taken zero. Note that
since time and position components does not depend on velocities, application of I' to
these components does not produce partial derivatives with respect to velocities. This
condition is chosen so that in fact if X is any prolongation it automatically satisfies the

)
d

% and 57> components of the equality given in Theorem 2.2 as shown by the calculation

following the theorem.

Definition 2.5. A Lie symmetry is a 1-parameter group of diffeomorphisms of the
configuration space Q generated by a vector field X € x(Q x R) s.t its prolongation
X satisfies the conditions above. A dynamical symmetry is a 1-parameter group of
diffeomorphisms of € generated by a vector field Y € x(E) s.t it satisfies the conditions

above (From now on by a Lie symmetry generator, we will mean the prolonged version).

The calculation after Theorem 2.2 shows that velocity components of a dynamical
symmetry also satisfy the form given in the prolongation definition. However since now
the time and position components also depend on velocities, application of the vector

field I" to these components also produce partial derivatives with respect to velocities.

Now, we give two particulary important subtypes of these symmetries:

Definition 2.6. A Noether/Cartan symmetry is a Lie/Dynamical symmetry whose

generator satisfies Lxdf = 0.

In fact any vector field satisfying the conditions above is automatically a symme-
try generator. Consider such a X with the 1-parameter diffeomorphism ¢. Then if I is
a Euler-Lagrange field we have df(¢.I') = ¢*dfL(T") = df(T") since Lxdf, = 0. This
means that the flows of a Noether or Cartan symmetry exactly preserve the Cartan

2-form for the system. It is useful to note that since Lxdf; = d(Lx L) = 0 we (at least
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locally) have Lx6; = df for a real function on €. For Noether and Cartan symmetries
it is well known that they produce the following constants of motion (i.e real valued

functions g such that I'(g) = 0):

Theorem 2.7. If X generates a Noether/Cartan symmetry such that Lx0;, = df for
feC=(€&) (if € is simply connected this is guaranteed) then f — 0,(X) is a constant

of motion.

Proof. It Lx0, = df then by Cartan’s magic formula I' sdf = I'ud(0.(X))+df,(X,T) =
Lud(f —0L(X)) =0 O

We will now move onto general results concerning Lie and Dynamical symme-
tries. Our first task is to build new Lagrangians using diffeomorphisms. Consider a
diffeomorphism ¢ of the evolution space £. We would like to establish the cases when
these diffeomorphisms take the existing Cartan 2-form to other Cartan 2-forms for
the same system, thus possibly giving us new Lagrangians (note that Noether/Cartan
symmetries did not change the Cartan 2-form so they already trivially give the same
Cartan 2-forms as diffeomorphism). This new 2-form, given as ¢*df;, must first of all
satisfy the Helmholtz conditions to imply the existence of a new Lagrangian. It can
easily be seen that closedness and maximal rank property are automatically satisfied

and the other properties reduce to the following theorem [8]:

Theorem 2.8. Let (I',df) be a dynamical system and ¢ : € — & a diffeomorphism.
@ generates a new Cartan 2-form @*dfy iff @ is a symmetry of this system and ¢ maps

the vertical subspaces of TE to a submanifold of TE on which dfy vanishes.

Proof. (=) Given ¢ suppose it generates a new Cartan 2-form. Then T'up*df;, =
0= w.l'udf, = 0 = p,I' = hl' Since ¢,I" nullifies the Cartan 2-form, building the
curves associated to this new vector field we see that ¢ takes solutions to solutions.
The condition involving vertical subspaces follows from the fact that ¢*df.(V;,V;) =
401 (. Vi, .V) = O,
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(<) If we have a 2-form of maximal rank, then we can try to find the new La-
grangian by satisfying the Helmholtz conditions. Since ¢ is a symmetry, by definition
it is a diffeomorphism. Then rank of df, is equal to rank of ¢*df, so this is the candi-
date Cartan 2-form. The vanishing of the new Cartan 2 form on vertical vector fields
is automatically satisfied by the second assumption. It is also closed since pushforward
commutes with exterior differentiation. Finally I'i(¢*df) = w.I'a(df;) = hI'u(dbr)
since ¢ is a dynamical symmetry. So since Helmholtz conditions are satisfied, af-
ter this diffeomorphism we can find a new Lagrangian L’ whose Cartan 2-form is

Thus we see that to satisfy the Helmholtz conditions, this diffeomorphism must
be a symmetry. If we have one-parameter group of diffeomorphisms ¢, with a generator

X € TE& then the following theorem can be proven [3,8]:

Theorem 2.9. Let (I',df) be a dynamical system and ps : E — E be one-parameter
group of diffeomorphisms and a dynamical symmetry with generator X. Then (i).
Lx0p =0 +df and (11) df, = Lxdf, satisfies all the properties of being a Cartan 2-
form except mazimality (i.e it gives at least a non-reqular Lagrangian) iff d0.,([ X, Vi], V;)+
df.(Vi, (X, V;]) = 0 (vanishing condition). The new Lagrangian (possibly non-degenerate)
is given as L' = X(L) +I'(f) + LI'(7) (Remark: Lie symmetries and more generally

any prolongation automatically satisfies the last condition)

Proof. First note, ' xLxd0;, = Lx(I'udfr) — [X,T]ad0, = [X,T]udf;. This is zero
since X being a dynamical symmetry we have [X,I'] = hl'. Similarly £xdf;, is closed
since Lie derivative commutes with differential. Now Lxdf.(V;,V;) = X (d8.(V;,V;)) —
dor (X, Vi, V;) —doL(Vi,[X,V;]). By dfy, being a Cartan 2-form, Lxdf.(V;,V;) = 0 iff
dOr([X, Vi, Vi) + dOr(V;, [X,V;]) = 0. We will now solve Lx60;, = 67 + df to finish the

proof. Suppose X = 72 + 812 + (D(8") — v'I'(7)) 7% be a dynamical symmetry and

ot
_ 0 i 0 i 0




But

Lx0' = X,df' +d(XL0") = (C(r)v" —T(B))dt + 7dv' + d(B" — Tv")

op" 1862 ; op" B or o
[Gxi Tt 81:3]0 —A ovJ +A 8vﬂdt+ c%ﬂd 8v3d

And finally Ldr can be written as

otau , , Ot ;0T ;0T
L(T(7)dt + o dx" + 51 ! (‘iﬂd -T 5

dv’)

Putting these back into the equation we get

B oL 0B ;0T or oL .. .
Lx0p =[X(L)+T(7)]dt + [8vi(8a7j —v 83;3') + L@xﬂ' X(é?vj)]
or OL 0B 87’ Y
+[L% * 3xi(0vj av g (V) = Adt)
On the other side of the equality we have
/ 7 oL’ af i
9L+df—Ldt+a (dx’ dt)—|—£d
L0 OF i oL Of v 1 OF 00 i
at —dt + 5 dv' = [L' 4+ T'(f)]dt + ((%i + 8wi)9 + [8vi](dv A'dt)

Noting that (dt, 6%, 1") form an orthonormal basis and comparing the dt component of

the equality we get

(i) X(L)+ LT'(r) = T'(f) = L'

0L 8f . or or oL, oL of
() 550w ~ Vo) Vo T X G0) = 5 t 5

22
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- or oL .o or.  of
W) Las + 50w~ Vaw) = aur

Now the first condition is simply the definition of L. The solvability of (ii) and
(iii) both depends on the function f and so they must be compatible. It can be shown

that the vanishing condition given above guarantees this [3,8]. O]

Thus this establishes the construction of an alternative Lagrangian from a dy-

namical or Lie symmetry if the given condition is satisfied.

Example 2.10. As an example we can look at the two-dimensional Kepler problem.

The Lagrangian for the kepler problem is given as L = >, 4(v%)* + £ where r =

(Zz(xl)Q)% The Euler-Lagrange equations produce dd—”; = —ii; 2and SO
ng—i—vi 8’ - lmli
ot oxt 3 Qv
. Denoting F* = —’;—g, the Cartan 2-form associated with the problem is
oL

= (F'dx’ Ndt+v'dv' Adt + dv' A" — v'dv’ A dt)

i

= Fidz® A dt + dv' A dxt — vidot A dt

In terms of ¢ and 6, df, has the form Y, ¢ A 6. It is known that this problem has

the following symmetries (given as prolongations) [3] :



24

9 2.0 1.9
ZW =t— 4 Sat
i T 3% a0 3V au

The first two are Noether symmetries since

Lyxwdoy, = d(Y (—F'da’ + v'dv')) =

7

(xydy A dx + zydx A dy) =0

Tl £

LyedOy = d(—F*ydt + F¥zdt) = 0

So their corresponding constants of motion can be obtained from G = f — X _.df;, and

they are found to be:

L = zv¥ — yv*(Angular momentum)

The constant associated to the third symmetry along with the others is Runge-Lenz
vector which is given as w’ = 2/(4)? — ¢'(r - €) — k2 This third symmetry is not a

Noether symmetry but since [Z(1) V] = %1 8%- it satisfies the above condition by the

vanishing of Cartan 2-form on vertical vector fields. Then we know that it can generate

a new Lagrangian by the method above. We first need to compute Lx6;;

S 2 2 .. 1 . 1 . . 2 .. .
Lx0p, = —F'tdz' +v'tdv' + gFledt — ga:’dv’ + g(v’)th — ngQd:v’ +d(Lt+ §$ZU2 —v't)

-1 . 2 . 92 1
= ?vzdx’ + (L + ngF’ - g(vZ)Q)dt = §0L =0, +df
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So we have df = 0 and f is a constant. By simply noting df;, = df;, we have L' = é,

so we get that the new Lagrangian is trivially related to the old one.

If for a dynamical symmetry X € TE the above condition is not satisfied, then it
is still possible to obtain a new Lagrangian under certain conditions [9]. Let ¢, be the
1-parameter group of flows of our symmetry. One first normalizes the symmetry by
X = X —dt(X)I so that [X,I'] =0 (i.e the symmetry has no 2 component). Given
any solution v among the family of solutions one then constructs the submanifold M
in £ of dimension 2 generated by the action of the 1-parameter group of flows on ~.
Call the projection of M to Q, §. Then X is projected to this manifold with the
resulting vector field Y. It is basically done by first evaluating X on M and then
projecting it to Q by the pushforward of the tangent bundle projection map 7 i.e by

deleting a?ﬂ components. Then it can be shown that the prolongation of Y, Y(!) satisfies

[V T] =0 on M so that it a symmetry of the trajectories there. More over since it
is a prolongation it also satisfies the vanishing condition give above. Then ,C(Y(l))dGL
is a new Cartan 2-form for the solutions in M with the corresponding lagrangian given

as before.

Now we move to building symmetries out of alternative Lagrangians. It is possible

to construct four symmetries with two alternative Lagrangians for a given system [10]

Lemma 2.11. Let (I',df;) and (I',df1/) be identical dynamical systems (in the sense
of having the same Euler-Lagrange fields) given by the two Lagrangians L, L'. If there
exists a Y = 7'% + Bia%i + nia% € TE satisfying Ly0r = 07 + df (and so also the

condition Ly dlr, = db} ) then Y is a dynamical symmetry and Y satisfies:

0?L

( oG
8217; 8vj

ovt

N — v'r) = -

I'(G) = —L with G=f—Y_0,
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Proof. We will show that [Y,T'| = hl'. [Y,T]udf;, = Ly (Tudf;)+T 2Ly (db) = Tadd;, =

0. This characterizes Y as a dynamical symmetry. Consider now the equation

Ly0p = d(Y 0.)+Y d0p = 0, +df = Y d0y, = 0 +d(f—Y .0,). Defining G =

f=Y 6, we have I'(G) = df,(I,Y) — 6., (') = —6,,(T). But using 6, = Ldt+ 256" we

have I'(G) = —L'. Also looking at the dv’ component of the equality Y .df;, = 0, +dG

(i.e contracting it with 8‘21-) we have (afjaLuj )BT —viT) = —gg. O

Thus the aim is to find the vector field Y satisfying this equation by first finding

the function G satisfying the second condition.

Theorem 2.12. Given two alternative Lagrangians L,L° and G be a solution to the
equation T'(G) = —L'. Define u* = B° — vt and set n* = ['(8") — u'l'(1) Then Y =
T% —i—/ﬁ'% —|—ni% s a symmetry associated with these alternative Lagrangians through

the equation Ly 0 = 0, + df .

Proof. Since I'4(6) +dG) = L' + T'(G) = 0, by thereom 1.11 there exists a vector field

Y =78 + B2+ i st Yo, = (0, + dG).

First of all, Ly0, = d(Y10,) + 0 +dG = 0 + d(G + Y J01). So by the lemma

above Y is a symmetry.

Also contracting this equality with ;% we obtain (32 3U )(B — viF) = -5

By the lemma above then (57 — vi7) = (ﬂj —v/7). This also leads to the equation
(D(F) — N7 — oIT(F)) = (I(B7) — M7 — 0IT(7)

Since Y is a dynamical symmetry we have Y = %g + 5’ 8 -+ (3 — T (7
But then Y =Y —(7—7)" = 78t+(ﬁ’—rv +70) 2+ (T (B — 'U’F( )— TAZ—I—TAZ) =
at + (8" —u'r) z, + (B —u 7)% by the equatlons derived above. O

Although we have shown the existence of symmetries due to alternative La-

grangians, solutions to the equation I'(G) = —L might not be unique. But even
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in that case two symmetries so obtained differ only by a Noether symmetry:

Theorem 2.13. The symmetry obtained by two alternative Lagrangians with the method

above differ by a Noether symmetry

Proof. Consider G; and Gy as two solutions to I'(G) = —L yielding two symmetry
generators Y; and Y;. Then by the equalities Y;1df;, = dGy and Y51df;, = dG5 we have
(Y1=Y3)d0r, = d(G1—G2) = Liyi—vy)0r = d(G1—Ga+(Y1—Y2)10L) = Ly, —y)dfr =0
which makes Y; — Y5 a Noether symmetry by definition. O

Since it is also possible to pick L’=L, then out of two Lagrangians we can get
four pairs of Lagrangians: (L, L), (L,L"), (L', L"), (L', L). Using the method above we
get four symmetries from these pairs. It should however be noted that symmetries

constructed using these pairs need not be independent.

Corollary 2.14. Given two Lagrangians L and L’ we obtain four dynamical symme-

tries by I'(G) = —L and I'(G") = —L from the pairs (L, L), (L, L"), (L', L"), (L', L)

Associated to these Lagrangians and symmetries we also have constants of mo-

tions:

Corollary 2.15. Associated to the symmetries X and Y we have the constants of
motion ' = XY 1df;, and F' =Y 12X .d0;,.

Proof. F(F) = (ﬁrX)JYJdQL -+ XJ(,CFY)JdQL -+ XJYJ(,CFdQL)

= h 'Y 2dOr, + X ohol'2dfr, = 0 ]

Note that these constant of motion are locally given as F' = X 1Y .df;, = X J(Ly0,—
d(Y0r) = Xu(0p + dH) where dH = d(f + Y J0r).

Example 2.16. Too see how the procedure works, we examine the example given

in [10] the following Lagrangians:
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produce the equations of motion dd—”: = —ax! — bz? and dd—’f = —ax? + bx'. Now if we
try to solve
_ 0G| 0G 120G 2 9G4, 12, Lo 1\2

I'G) = E—H} %—(ax +bx )w—(ax —bx )@ = —vvitar x —1—5((1) ) —((v)?))
Then a possible solution is seen to satisfy

oG oG o, 0G ., 0G 1, 0G 1,

_— = —_— = —_— = _— = — =0 _— = =0

ot R T 022 Toowt 277 w2 277

This is straightforward to integrate and it gives G = —%(v?z! + v'2?). Similarly G’
can be calculated to be G’ = $(v?2® — v'z'). Then solving the equations given in the

theorem we have

oL _6G ;1
81}28112# 2 N

Then if for instance f' — v'7 = 22 we have 7 = 0 and then n' = T'(3') and the

symmetry is

1 0
X = —(2?
2($ ox! 0x? ov! v o0v?

Similiarly the other symmetry can be found as

T T )
2(96 oxl o 0x? Tt ovt v 81}2)
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And the other two symmetries found by picking the same Lagrangian are trivial i.e
X'=—X and Y’ =Y. Note that second symmetry is the scaled rotation generator.

Finally we calculate one of the constants of motion associated:

dfy, = (—az' — ba®)dz' A dt + (az® + ba')dz® A dt + v'dv' A dt

—v?dv? A dt 4 (da' — v'dt) A do' 4 (da® — vtdt) A do?
and we have
1
doL(X,Y) = X45(v2dvl +oldv') =0

The other constant of motion is similarly trivial.

Example 2.17. We now apply this method to a real system i.e the 2D harmonic

oscillator. Two Lagrangians for the 2D harmonic oscillator are given as:

L= 30 -

L' =v'? —wizy

with equations of motion and Euler-Lagrange field

dv |

di__“ﬂxl

g ;0 5 ; 0
P= 5t aw " s

Then solving I'(G) = —L’ just as above we obtain the same conditions
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00, 06 060G, oG
ot oozt T 0x2 7 ot T o2 ’
so that G = v2%x! + v'2z?. Then pu! = —22%, ! = —% and p? = —at, n! = —% and

the symmetry is

z? 0 + v )
ox! 0x? ov! o0v?

X =~

This symmetry generates exponential homogenous scaling. The other solution is G' =
T(v'z! + v22?) with its symmetry being only half of the previous one. Thus again the

associated constant of motion is zero.

Finally we give the relationship between alternative Lagrangians and constants of
motion [11]. In theorem 2.7 we showed how to construct constants of motion associated
to Noether or Cartan symmetries. The association of a closed form of a constant of
motion to two alternative Lagrangians (and so to arbitrary dynamical symmetries) is

a bit more complex. We need the following theorem:

Theorem 2.18. Let (I',df;) be a dynamical system and S a (1,1) tensor such that
LrS =0 then tr(S™) are constant among the flows of I' (for any n).

Proof. Letting (z') denote the coordinates on &, tr(S)(p) = S(dz’, 5%)

(LrS)(da?, 32) |, +S (S dat, 22)

0. So tr(S) is a constant of motion. Similiarly since LpS™ = (LrS) o S" 1 + S o

» = Lo(tr(S)) =

o) ) ; _—
p=S(da, Gt le) = S(Gieda’, )l —S(da', Gt 5lx) =

(LrS) o S"2 4 ... = 0 since LrS = 0 and by the same calculation above we have
L(tr(S™) =0 []

Then if we have two Cartan 2-forms df;, and df’ arising from two Lagrangians,

we have the following result;

Theorem 2.19. The (1,1) tensor A uniquely defined for any vector field X € (&)
as; (AM(X))audlp = X dlr and s.t A(X)adt = 0 satisfies the property in theorem 2.18

(hence giving constants of motion).
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Proof. First we will show that A is indeed well defined. Since I'.X 1df;, = 0 there
exists a vector field YV s.t Y.idf, = X .df;,. Note however this Y is arbitrary up to
addition of a multiple of I" since it is in the kernal of df;. So to satisfy the last condition
for A we set Y/ =Y — (Y 1dt) so that we have Y'(t) = 0. Thus we have A(X) =Y’ for

a unique Y.

We will now show it satisfies the properties of being a tensor. Suppose (A(X))1dfy,
X adfp and (A(Y))udfr, =Y 2dOp st A(X) = X and A(Y) =Y. Now (X'+Y")dl,, =
(X+Y)udipy = AX+Y)=(X"+Y')=AX)+ AY). Also if (A(fX)) =Y then
Yadoy = fXadfr = (if f #0)F0d0r = X dfp. Then fA(X) = f% =Y.

Now we will show that £rA = 0. For this consider Lr(A(X)1dfr) = Lr(X 1db})
Now using Lrdf;, = Lrdf, = 0 we have Lr(A(X))idf, = Lr(X)idf, But by
definition of A this is equal to A(LrX)adf,. So Lr(A(X))odfr = (LrA)Xodog, +
ALrX)ud, = AN(LrX)udf, = (LrA)Xdf, = 0 = (LrA)X = fI'. Since now
dt(I') = 1 we have B(X) = (LrA)(X)udt. But we have (LrA)(X)adt = Lr(A(X)adt) —
A(X)a(Lrdt) Using A(X)adt = 0 and Lrdt = 0 we have (LrA)(X) = 0 for all X. Now

using theorem 2.18 we have our result. [

Hence we have shown that we can associate constants of motions and dynami-
cal symmetries to alternative Lagrangians as well as we can associate alternative La-
grangians (and therefore constants of motion) to dynamical symmetries. It is also
known that constants of motion produce Cartan and Noether symmetries thus linking
the cycle. Starting from dynamical symmetries we can build alternative Lagrangians
and from alternative Lagrangians we can build constants of motion. Starting from alter-
native Lagrangians we can build symmetries and constants of motions. Finally starting
from constants of motion we can build symmetries and so alternative Lagrangians. We
thus have; given a dynamical system (I", dfl ), there are dynamical symmetries iff there
are alternative Lagrangians iff there are constants of motion. However this statement is
not as useful as it sounds since as we have seen in examples alternative Lagrangians are

always possible by either gauge transformations and scaling and constants of motion
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are always available as simply constants.

Example 2.20. We again use harmonic oscillator to demonstrate the procedure. We

first need to calculate the Cartan 2-forms for each Lagrangian. They are given as:

df; = Fidx' A dt + dv' A da® — v'do® A dt

do), = F*dz® A dt + F2dat A dt — v*do' A dt — v'dv? A dt
Then we calculate the effect of A on each basis vector and get:

0 0 0 0 0 0 0 0
027 A<@>a—@ Agpr) Maz) =g,

~a2 Mg = g

0 0 0
N — 2 1 Y 2 Y 1 Y
Agp) U8x1+vaaz2+FaF1+Fax2

Then the matrix of A at each point is calculated as

01 0 0 0
1 0 0 0 0
Ab=10 0 0 —-10
0 0 -1 0 0
v2 oot F?2 OFY 0

The trace of this matrix and any of its powers are independent of v?,v!, F2, F'! since

the last column is zero. So we again get trivial constants of motion.

2.2. Geometric Formulation of Dirac Monopole Problem

One could, using the geometric formulation of mechanics, also produce the action

functionals in a geometric setting. This formulation can even be applied to certain
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problems where the forces are velocity dependent, such as those of electromagnetic
nature. But there are certain exactness requirements for a global formulation of the
action principle in such cases. Dirac monopole problem is a case where global exactness
is not possible in the configuration space Q. However in this chapter we will explore a
natural principle bundle structure on Q, the U(1) bundle which removes this problem
hence making it possible to write globally valid action principles [12]. Also defining
an appropriate connection we arrive at the topological quantization scheme [13] where
it is seen that magnetic charge, if it exists, should be quantized. This is essentially
a time-independent problem so we use the symplectic formalism of time independent

mechanics on 7 Q.

We first describe the geometric formulation of action principle. It is known that
if a Lagrangian exists for a dynamical system, then the dynamical trajectory of a
mechanical system is the path on which the variational derivative of the functional

®[y] = [, Ldt is zero, i.e the path that extremizes the functional.
g

Theorem 2.21. Hamilton’s Action Principle Given a dynamical system (I',dfr), a
path v(t) in Q (with two conditions y(t1) and ~(ts) known) is the trajectory of the

system in the configuration iff it extremizes the action functional
®h) = [ Lig.u.t)i
g

Proof. Given a small variation to the trajectory the new trajectory is (¢)+dv(t) where
07(t) = en(t) for a small real number e. The variation also satisfies 6y(t1) = 07(t2) = 0.
Then the lift of the trajectory to the tangent bundle (such that it is still a phase curve

doy

7). The functional derivative of the action functional

see definition 1.1) is (y+d7, 2+

is calculated as:

d oL OL._
00 = | —[=—— — —]d7'dt
/Wdt[f)uZ 8q1} 7

oL OL ]

The functional derivative is zero iff & is zero for all §y which is true iff %[ bu — bg

everywhere on the path of the integration which is iff (by theorem 1.9) the path we
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integrate over is the trajectory of the system. O

We also have the following result:

Proposition 2.22. If an exact 1-form df is added to Ldt the equations of motion

calculated from the action principle remain invariant

Proof. We have; ®[y] = fﬂy[L(q,u,t) + Z—J;]dt. Then if we denote the coordinates as

§= (xiv Ui7 t),

C[doL oL, d.of .. ofd.
5@—/@%@' S Ghaca -+ 2L e

But the last term vanishes after an integration by parts and we have the same equations

of motion. n

The Hamiltonian analogue of this is given by the Legendre transformation: ®[(] =

Jo A= Hdt where A = p;da* € A'(T*Q) is called the canonical 1-form and the sym-
plectic form is given as w = —dA € A*(T*Q). Here the trajectory ¢ is the trajectory
of the system in 7*(Q). Application of variational principles to this action functional
oH _ dgt

produces the Hamilton’s equations of motion: 2~
Di dt

ol _dpi

H o .
o0 = —di where the time

and

derivatives are taken on the trajectory (. In this chapter we will also use Hamilton’s
equation of motion. We accept that Hamilton’s equations of motion are equivalent
to Lagrange’s equations of motion which was in chapter 1 shown to be equivalent to
Newton’s equations of motion in a geometric setting. For the momentum coordinates

of the phase space we use lower indices as p;.

In any electromagnetic problem with electric potential ¢ = 0 and magnetic field
B , if the magnetic field is derivable as the curl of a vector potential that is B = V x ff,
then the generalized momentum is p} = pig—;"" with the Hamiltonian H = W.

Considering the magnetic field two form B =* (B;dx’) (where x is the Hodge star

dual), the geometric condition that B is derivable from a vector potential is equivalent
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to B = dA where A = A;dx® which is equivalent to the condition above. For instance
in three dimensions for the magnetic field two form we have B = B,dy A dz + Bydz A

dxr + B.dx A dy. Note here that B; and A; are components of the magnetic field and

DA, 0AL
81’9 Oxt *

vector potential. If a vector potential for this problem exists we have B;, =

Theorem 2.23. Let A be the canonical 1-form defined as A = p;dx* + A;da’ where
A;dz’ is the vector potential 1-form and B be the magnetic field 2-form for an electro-
magnetic system with Hamiltonian H. Then the action functional ®[(] = fCA — Hdt

produces Hamilton’s equations of motion for the system.

Proof. First we show that indeed the action functional given above gives Hamilton’s
equations of motion. Let ¢ be the path and §¢ be the variation. The coordinates of

the phase space are given as £ = (x,p). Then

5 = /A (& +68)d (g+55~-/H§+55dt+/A /Hdt

¢+46¢

t2

d OA 7 om
— 185 66) e Spzpar - [ s S

t1

t2
:/ SE*[(dA) Ccli + gTH]dt = 0 for all §¢ where (dA),, = wp,.

Then this is equivalent to Hamilton’s equations of motion on the dynamical curve

agv

x(t) are wy, 5 H \here it is easy to see that

agu
(Bjk)nxn _]Inxn
w =
]ITLXTL O'fLXTL
So this is explicitly % = % and % = aH ;T Bjk o Then by the Legendre transfor-
J
mation L(z,v) = v/p;(x,v) — H(z, p) we have gg = aﬂ and p; = ava Using these

ddL _ AL _ dp _
to write the Euler-Lagrange equations we have 5% — 2= = 7= + 2 dx] = Bjv*. This
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is equivalent to the modified Euler-Lagrange equations given for the electromagnetic

system in the remark following example 1.11 (note we have % = 0) where since we

used the classical Hamiltonian H =), %(vi)2 + V the Lagrangian is also the classical

one L=31(v")? -V O

Note that the construction of this action relied on the existence of a 1-form A
such that A = dB i.e the exactness of the magnetic field 2-form.In the case of Dirac
monopole problem the above method is not directly applicable due to a singularity in
the magnetic field form. In this problem a magnetic monopole is fixed in origin and
we look at the dynamics of a charged particle under the influence of the magnetic field
created by the monopole. The magnetic field form is given in cartesian coordinates as
B = Y (x1da® N da® — xada® A dxt + xsda’ A do?)(where we have explicitly denoted
magnetic and electric charge as we will later on explore quantization) which is closed
but not exact. Note that we can only define this form in R\ {0} due to the singularity

at the origin.

Theorem 2.24. The magnetic potential 2-form for the Dirac monopole problem in

R3\ {0} is not exact

Proof. Consider the embedding of a sphere in R3\ {0} i : § < R3\ {0}. The magnetic
field two form in polar coordinates is B = egsin(f)df A dy . Then the sphere is a

compact manifold without boundary in R? {0}. The integral is

™ 2
/ d@/ dpsind = —4meg
0 0

But Stoke’s theorem implies that the integral of every exact form over a compact man-
ifold without boundary is zero i.e if there exists a compact manifold without boundary
such that the integral of a form over that surface is non-zero, then that form is not

exact. ]

Removing a ”Dirac string” is a known method to make this form locally exact. In

this method the dynamics is defined in the space R?\ {z — axis} where then a 1-form



37

A can be calculated such that A = dB (see below). For a topological approach to this,
note that the origin is removed to avoid the singularity in the magnetic field. So our
domain is no more star shaped and we no longer can get exactness of our closed form
B by Poincaré’s theorem. However it is possible to remove the positive or negative z
axis (or any other) completely which removes both the singularity and keeps the star
shape property of our domain and Poincaré’s theorem is applicable in this case. So
this is a topological proof that removing a Dirac string makes B exact by Poincaré’s
theorem. But when we remove a Dirac string we can define our dynamics using at least
two coordinate charts, where on each a half-axis is removed. Note also that, if one tries
to calculate a magnetic potential form by Ad-hoc calculation as egsin(0)dd Adyp = dA,
it also comes with a singularity at positive z-axis; A = df — egcos(6)dyp where df is

a closed form. Depending on the choice of df A becomes singular at certain axes.

1 zdy—ydz

V(@2 g1 22) 1z and A is singular at positive

For instance for df = +dp we have A =
and negative z-axis, making it necessary to define the dynamics locally. However for
instance these two forms agree on overlaps up to a total differential factor which is
2dp. Such terms do not alter action functionals and thus are gauge transformations.
This gauge transformation introduced in an ad-hoc manner can be put into the form of

a transition function on an appropriate principal bundle resulting in global dynamics

rather than local.

To realize the idea explained above, we will use the machinery developed in
Appendix 3.2. Classically for the monopole problem two A forms are defined as above
for domains with north and south Dirac strings removed where the base manifold is
taken to be sphere (where they are multiplied by % to make them lie algebra valued
1-forms so our corresponding magnetic field 2-form is assumed to be multiplied by %,

since in calculating the variational equations we only use form components in fact this

generalization does not have an effect on equations of motion);

At = % ® (1 — cos(01))dp™
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A= % ® (=1 —=cos(07))de™

These 1-forms are lie-algebra valued where the lie algebra is u(1) whose generator is i.
They differ by a total differential making them connections on the base manifold. Also
their differential gives the same magnetic field 2-form (or the curvature), but they do
not agree on the overlaps (for instance polar coordinates). So they are local connection
forms. We will define our coordinates using two charts. The first chart U™ is the R?\ 0
in polar coordinates with the positive z-axis removed given by the local coordinates
(r*,6%, ¢%). The second chart U? is the R*\ {0} in polar coordinates with the negative
z-axis removed with the local coordinates (r—, 07, ™). The transitions in the overlaps
are simply (rt =r7,0" =07, ot = ¢7). Accepting that a U(1) principal bundle can
be constructed over this space [12], it is then completely by the transition function in
the overlaps. We define the transition function as n* = n~ — ip where €” is the local
coordinates of the U(1) bundle over each chart. These transitions functions trivially
satisfy the cocycle conditions. Now we define the corresponding 1-forms over the U(1)

bundle as A = 1A + dn so in coordinates:

At =i®dyt + % ® (1 — cos(0))dp" € AL (nL(UT))

A" =1®@dn + % ® (=1 —cos(§7))de™ € A (mH(U™))
Theorem 2.25. The A form given above is globally defined and are connection 1-forms

on the U(1) bundle over the configuration space R3\ {0}.

Proof. We will first look at the kernels of the 1-forms. Let H, = a% + b% + c% +
da% € T,€. Then if A(H,) = 0 we have i(d + b(1 — cos(6))) = 0. So H, = a +
b2 + c% + b(cos(8) — 1)8%. The vertical vector fields are given by fa%' At each
point the kernel is three dimensional and the vertical vector field is one dimensional.
More over their intersection requires b = 0 = f = 0. So indeed they are direct sum

decomposition of 7,€. Moreover L 2 A = 0. So we have the smooth distribution
n
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satisfying the requirements given in definition 3.4. They are globally defined since
under the transition functions n*t = 7~ —ip the 1-forms transform as dn* = dn~ —idy

and in the overlaps At = A~. O

And it is seen that the curvature form defined on the principal bundle by B = dA
is in fact the pullback of the magnetic field 2-form B on Q to the principal bundle P
by the projection map. We see that it is not possible to construct a globally defined
A in Q such that B = dA however in the principal bundle we have a globally defined
connection such that B = dA. This is a specific example to Theorem 3.11. Also
defining a constant section o over UT and U~ we get an example to Theorem 3.6.
The quantization comes into play once we realize that magnetic 2-form is in fact a
curvature form. The generalized Gauss-Bonnet theorem tells us that the integral of
the curvature form over any 2-surface in a Riemannian manifold is 27n where n is a
characteristic dependent on the surface [14]. Now taking the surface to be a 2-sphere

in U(1) dependent on the coordinates ¢, ¢ we get the quantization rule eg = 7.

Now we move the action principle on the U(1) bundle. It was shown that exact-
ness of B is required if we are to construct an action functional for the system in the
classical way. But in fact the globally exact connection we have just defined can be

used to build up an equivalent action principle.

Theorem 2.26. An equivalent action principle on U(1) bundle for the electromagnetic

problem s

where A = p;dx’ + A

Proof. Simply applying the variational methods as in Theorem 2.23 will give us the
same equations of motions since 7* H has the same components as before and only total

differential are added to our vector potential 1-forms which are gauge transformations.

]
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Now we will explore another method which will pave the way to understanding
the U(1) nature of our principal bundle that we just built. It will also have ties to
path integral formulations. In the cases where an exact form B is not available, it is
possible to write an equivalent action functional on an area piece (rather than a curve)
on Q using the 2-form B instead of A. Fix a point gy with coordinates (g)? in the
configuration space. Given a trajectory v : ¢/(t) for t; < t < t, and a continuous
family of curves, 37(t, o) for each 0 < o < 1 such that 57(0,t) = ¢ and £7(1,t) = ¢/ (t)

sweep the surface S, then we have

Theorem 2.27. Define the functional given below:

:/B+/Ldt
S ol

where S is the area swept by the contraction of the trajectory v (given above) to a single
point not on the trajectory and B is the magnetic field 2-form. If S is chosen such that
under the variation of this functional leaving the points ty,ts, 5(0,t1), 5(0,t2) and the
edges (o, t1),B(0,ta) fized (see figure 2.1) the value of the functional is unchanged
then ~ 1is the dynamical trajectory of our system and so this defines an equivalent

action principle.

Proof. For the local coordinates of S we use (o,t) with 8(t, 1) = x(¢), 5(t,0) = z¢ and
(5ﬁ](t1) == (55](252) = O

)
J k
/B+/Ldt /dt/dB]k aﬁa; /Ldt

t1

Then

to 1

to
0B ;0B Op* op7 855k 0637 o oL, _
5®:/dt/ [aﬂﬂlk’ 53 " + Bjpr—— 90 of +Bjk—at W]_'—/[&fl]ég dt

t1 0 t1
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( 03k
90 ote

k

051 do ot Ot Do o]

1 t t

s om0+ [anmn R+ [ (G

0 t1 t1

using

B(t, 1) = a(t), B(t,0) = zg and 7 (t1) = 63 (ta) = 0

B 0By & ;05 98k 9 85 apk. . ..
_/dt/ [85]2 B o ar ~ i Pk )W—_(Bﬂk_)‘w

t1 0

to

+ [ dtBvtox’ + oL §¢ldt =0
J ag

t1 t1

Then equating the coefficients of §3'andd&® = (dz?, dv?)to zero we have two equations:

aBJk% a_@k 550 OB 0P 00" o OB 05 08* o,
OB 0o 0B ot do 0B 9o Ot
;0p7 0B
= 05!~ 0B+ OBy + 0;B] = 0

t2

I / d[Byton + (08 = L 5en =

t1

The first equation is automatically satisfied by B being closed. The second equa-
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Figure 2.1. The area piece and its variation in Theorem 2.25
tion leads to the FEuler-Lagrange equations given in Theorem 2.23:

doL OL .
- T — = kU
dt ovt  Oxt

It is important to note that in this setup the area S becomes a trajectory in F;
the space of paths in Q. It is also possible to build the Hamilton-Jacobi formalism of
this action where it reduces to normal Hamilton-Jacobi equations if the action principle
is restricted to dynamical trajectory. Thus upon writing the action over the space of

paths in configuration space, we no longer need B to be exact.

As mentioned before we now explore an idea presented in [12]. We have seen
that defining the action principle over either the U(1) bundle or area pieces on the
configuration space rather than paths resolves the problem of exactness of B. The
problem stems from the fact that our potential forces our configuration space to have
a non-trivial topology of H*(C') # 0. That is not every two surface is contractible.
In such cases the area form sin(0)df A dy is an invariant for classifying the surfaces.

For instance the integral of this 2-form over the 2-sphere enclosing origin is 47. To
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demonstrate the relationship between U(1) bundle and the non-triviality of the path
space one has to pass to the wave function formalism as such non-trivial topologies are
axiomatized to have effect on only non-classical systems. But instead of the classical
wave function picture, wave functionals depending on the choice of paths are adopted
motivated by the calculations above. We now present the equivalence relation on the
space of paths F given in [12]. In that paper it is shown that the quotient space of F

under this equivalence is a U(1) bundle.

Fix a point zo and let P be the space of paths starting at that point and ending
some other point x. Define the projection map 7© : P = Q such that if v is a path
ending at the point x, then n(y) = z. Thus F = (J,.o 7 '(z). Now for two paths
~ and 4 that start at zo and end at z, let S(v,7’) be any surface bounded by these
paths and define the integral A(vy,") = exp( / B) where B is. Then we have
~v ~ " if they start and end at the same poinf(gggi if A(v,7) = 0. Suppose 7,7
and ~" are homotopic paths. Then we have A(y,v) = 0, A(y,7) = —A(Y/,7) and

A(y,7) +AM ")

Now using this idea of space of paths F, we study a mathematical motivation
to this heuristic introduction of U(1) bundle. It is shown in [12] that by building a
natural relation «~~ on F, then F/ ~ becomes a principal U(1) bundle over Q. So
the construction of wave-function formalism as functionals defined on paths in F/ ~
naturally leads to a U(1) bundle structure and definition of wave functions up to a
phase difference. This construction starts with picking a 2-form B. Now given two
paths v, (i.e points in F) and a surface = bounded by the two, let the surface be
parameterized by the local coordinates 37(t,0) for t; < t < ty and 0 < ¢ < 1 one

defines the quantity

IRV op’ op*
A(%v’):/:Bzé/t dt/o daBjkaiaa—ﬁt

Now this quantity will denote a phase difference between paths depending on the

topology of the surrounding manifold. However we expect that this quantity is invariant
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of the surface bounding the two paths. So it should first of all remain invariant under

small deformations leaving the borders unchanged i.e

1
0837 9p"
A(y,7) = / dt / dm}zjk(ﬁ)aﬁo_a—ﬁ25 Then
0

to 1 . . .
- OBy, . 0f 6" 037 95" 9557 0"
M_/dt/d"[ o5 " 90 ot TP ot TP 0e o)

t1

[en]

1
= /dt/dadBjk(Sﬁjéﬁk = 0 (see Theorem 2.27)
0

=dB =0

So we require this form to be closed for physical consistency. Our choice for this
form will evidently be the magnetic field 2-form which is closed and not exact so that
there is a S? centered around the origin on which the integral of B is 47 and of course
any other surface continuously deformable to S2. This also evident from the fact that
B is in fact the area area form on the sphere. Now since the Hamilton-Jacobi theory
mentioned in the previous parts regarding extremization over surfaces depended not
only on the configuration but also the paths that lead to the configuration, we consider
the generalization of this to wave functionals i.e wave functions ¢ (x,v) that depend on
paths as well configuration. In this setup the path v is considered to start at a fixed

zo and end at x. Then in [12] following consistency condition is introduced:

Y(x,y) = exp[F A(y,¥)(z,v)

That is changes in v leaving q fixed should be a phase factor so that |1 (z,~)|? is
independent of path since it is the probability distribution for finding the state v at

q. The factor exp[+A(y,7")] is generally introduced in path integral formulations on
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topologically non-trivial spaces motivated by such results as Berry phase and Aharonov-
Bohm effect. It has the motivation that it should be a universal quantity dependent on
the topology of the space alone and not the states . It has ties to homotopy theory
where fundamental groups describing the topology of the space are characterized by
an invariant integral described as above. We finally implicitly require that for two
paths starting and ending at the same points, there is always a surface bounded by the
two. And since we are working in a space greater than 2, we have that the paths are

homotopic to each other. In this case we have the following results [12]:

d A(777/) = _A(f}/77)
o A(7,7") = A(v,7) + AV, ")

where 7,7 and +" are paths that start and end at the same points. Now defining
the equivalence relation on F as, 7 ~ 7/ if they start and end at the same points and
A(v,v") = 0. By the properties above this is indeed a equivalence relation. So in fact
through A(7,~") wave functional and phase differences depend on equivalence classes
{B},{B'}. Hence rather than working in the huge and unwieldy space F, it is much
more convenient to work in F\ ~. In [12] it is shown that this space is equivalent to a
U(1) bundle on Q and that the transition functions between local trivialization of the
bundle are simply phase differences; hence wave functionals differ from each other up

to a phase difference.
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APPENDIX A: SYMPLECTIC GEOMETRY

We first give an introduction to finite dimensional symplectic manifolds and ge-

ometry, assuming knowledge of basic rudiments of manifold theory.

Definition A.1. A symplectic manifold is smooth manifold (M",w) equipped with a

non-degenarete, closed 2-form w.

Then this 2-form takes the form of a n x n nonsingular matrix at each p € M denoted
as wp. Actually there is a requirement that the manifold should have even dimension
should it be equipped with such a form. By the definition of differential forms, (w,);;
= —(wp);i- Then suppose that the manifold is of odd dimension 2n + 1 i.e the matrix
wp is a (2n + 1) x (2n + 1) matrix that is non-singular by assumption. So |w,| # 0 but
wp = —w, and this implies |w,| = |w!| = | — wp| = —1""*!|w,| = |wp| = 0 and this
contradicts the assumption that w is nonsingular. So from now on we take that M
has dimension 2n. This property makes tangent bundles (TM) and cotangent bundles
(T* M) likely candidates for symplectic manifolds. In fact it is possible to equip T*M
with such a form canonically using only geometric structures that belong to 7% M while

one requires differentials of certain functions to equip 7'M with such a geometry.

Theorem A.2. (Darboux) Let (M™,w) be a symplectic manifold. Then¥p € M, there
are smooth coordinates (x',x? ..x" p',p*, ..p") such that the symplectic form locally

can be given as: w =y ., dp' A dx'.

Note that these local coordinates do not necessarily form a compatible atlas. However
in the case of T*M, it can be shown that there exists a globally defined symplectic

form given as above with the use of local coordinates of T*M [15].

It is useful to realize that same structure can only be defined using vector spaces,
where a vector space becomes a symplectic vector space whenever it is equipped with a
non-degenerate alternating 2-tensor. This leads to study of symplectic linear algebra,
whose results can then be applied to geometry of symplectic manifolds since w, acts

on the vector spaces T, M
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Note that this 2-form can be seen as a map between T'M and T*M. That is
when it is contracted with a tangent vector, it produces a cotangent vector by the
assignment w : X — X w|X w :Y — w(X,Y). By virtue of w, being nonsingular,
then w; becomes a isomorphism between T'M and T"M. That is, it becomes an

isomorphism between a vector space and its dual.
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APPENDIX B: PRINCIPAL BUNDLES AND
CONNECTIONS

For completeness sake, in this chapter we will give some knowledge concerning
principal bundles and connections on principle bundles which will be used in the section

2.2.

Definition B.1. A principal G-bundle P is a fiber bundle with the projection map
w: P — M (where M is the base manifold and G is the structure Lie group) equipped
with a continuous action P x G — P which is free,transitive and onto on each fiber F.

We denote a principal bundle by P(M,G) or P.

We denote the right action by a € G as R,. Due to properties of the G-action we
can essentially say that fibers are identical to the group G, though one has to choose

an identity for the fiber to give it a group structure.

Two common examples for a principal bundle are the U(1) bundle over S™ (or
over suitable base manifolds) with structure group G = U(1) and the frame bundle.

We now define Ehresman connections:

Definition B.2. Let P(M,G) be a principal bundle. For each uw € P denote V, as
the vertical subspace of T,P which tangent to the fiber at u (i.e it lies in the tangent
space of T,P). Then an Ehresmann connection on P(M,G) is a smooth distribution

H, (called the horizontal subspace) such that:

e T.P=H,oV,YueP
e (R,).H, = Hy,, where a € G,u € P

Note that first condition means each vector field can be decomposed into hori-
zontal and vertical components and the second condition means horizontal fibers are
preserved under the pushforward of right action. It is also possible to define connections

using projection 1-forms [16]:
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Theorem B.3. Let V), be the vertical subspace of T, P and let o be a 1-form such that:

Yu € P. Then « is called a connection 1-form and it defines an FEhresmann

connection by ker(a,) = H,.

For the existence and uniqueness of connections on principal bundles, we refer

the readers to [17]. We now have the following theorem [18]:

Theorem B.4. Let P(M,G) be a principle bundle with Lie group G and Lie algebra g.
If {U;} is an open covering of M with local sections {o;} and {A;} are locally defined g

valued 1-forms on M then there exists a connection w on P(M,G) such that (0;)*w = A,

These {A;} are called local connections for the base manifold and since {U;} is
just a covering, not an atlas, they do not necessarily transform well in the overlaps.
Note that by the theorem w is globally defined on all of P(M,G) and this brings the

following restriction:

Theorem B.5. Let {A;} and {0;} be defined as above, if 3 i,j s.t Uy NU; # 0 then in
the overlap A; = ti_leitij +t;;dt;; where t;; € G are the transition functions that relate

the sections in the overlaps: o; = o;t;;

We finally explain curvature. Note first that any g (dim n) valued n-form a can
be written as = > | o' ®e; where ¢; is a basis for g and o’ is a basis for the n-forms.
Then the exterior derivative of «v is given as daw = Y, (do') ® e;. We define covariant

derivative using Ehresmann connections.

Definition B.6. Let a € A"(M) ® g be a Lie algebra valued n-form. For any vector
fields X1, X, ..., X,, (denoting their horizontal components as X, ..., XH) the covari-

ant derivative of a is defined as:
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Da(X1, Xo, .y X)) = da(XH, ..., XH)

n

Then,;

Definition B.7. Curvature 2-form ) of a principal bundle is the covariant derivative

of the connection 1-form w

We have the following very useful result:

Theorem B.8. Curvature form satisfies the following relation:

QX,Y) = dw(X,Y) + [w(X),w(Y)]

This has the consequence that if the tangent space of our manifold supports
orthogonal frames then curvature form is simply dw(X,Y") i.e it is exact. Now if M
is a Riemannian surface then it is possible to find an open cover {U;} of M where
each cover supports an orthonormal frame. Then it can be shown that the curvature
form is globally defined on M by € = dA; [14]. However since A; does not necessarily
transform well in the overlaps, this curvature form is not globally exact on M. But we
have the following important result (for which an example with physical significance is

given in section 2.2) [14]

Theorem B.9. Let M be a Riemannian surface and P(M,G) a principal U(1) bundle
over M. If A; are local connection 1-forms on M with globally defined but locally exact
curvature form 0 = dA;, then the curvature form defined on P(M,G) as © = (7)*dA; =
d((m)*A;) = dw is globally exact. In this setup where €" is the local coordinates of the
the connection 1-form on P(M,G) becomes A = w*A; + dn which is globally defined.
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