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ABSTRACT

GEOMETRIC FORMULATION OF LAGRANGIAN

MECHANICS AND SYMMETRIES

We start the thesis by covering the geometric formulation of time-independent

and time-dependent Lagrangian mechanics and the concept of dynamical symmetry.

Then we give two applications. First we review and tie together the results given

between alternative Lagrangians, constants of motion and symmetries using Cartan

2-forms. Then it is followed by theory of connections and geometric mechanics applied

to the Dirac monopole problem.
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ÖZET

SİMETRİ VE MEKANİĞİN GEOMETRİK

FORMÜLASYONU

Bu teze, zamana bağımlı ve zamandan bağımsız Lagrange mekaniği ve simetri

konseptinin geometrik formülasyonlarını açıklayarak başlıyoruz. Daha sonra bunların

iki uygulamasını veriyoruz. Önce Cartan 2-formlarını kullanarak alternatif Lagrange

fonksiyonları, dinamik sistem sabitleri ve simetriler arasındaki ilişkileri inceliyoruz.

Bunu takiben bağlantı teorisi ve geometrik mekaniğinin Dirac monopol problemine

uygulamasını veriyoruz.
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1. INTRODUCTION

1.1. Introduction

Until Newton, study of mechanics (except perhaps celestial mechanics) could not

much enjoy the frutation of a relationship with mathematics. Unlike optics and celestial

mechanics, mechanics was heavily under the influence of more philosophical arguments

rather than mathematical and experimental treatment. Newton however has not only

formulated laws of mechanics as differential equations but also developed the necessary

tool of Calculus to study these systems. These laws were expressed in coordinates and

seemingly changed form from coordinates to coordinates. With the work of Euler,

Lagrange and Hamilton however (perhaps in an attempt to address Hilbert’s 6th ques-

tion) a more geometric Language of mechanics where laws were formulated in more

invariant laws such as that of Lagrangians, Hamiltonians, Euler-Lagrange equations

and Action principle were developed. In fact the concept of a Lagrangian and action

principle has found applications in even modern branches of physics such as quantum

field theory and seems to have more fundamental ties to physics rather than just be-

ing invariant descriptions of mechanics. Lagrangian and Hamiltonian formulation of

mechanics also inevitably lead to treatment of physics with differential geometric tools

leading to symplectic geometry. On the other hand thermodynamics with Boltzmann

bore Ergodic Theory which lead to the branch of topological dynamics. More than

these, geometric approaches to differential equations was initiated by the work of Lie

and his results opened up tremendous amount of research areas in mathematics. With

Lie’s geometric treatment of differential equations and symmetries, geometry was in-

evitably being seated at the heart of physics. Finally with Einstein’s special relativity

it became quite clear that geometry was not only the language of classical physics but it

was also the language of modern physics. Following that geometry has penetrated deep

roots into physics in fields such as quantum field theory, gauge theory, string theory

so much so that ideas from physical systems lead to mathematical discoveries. Much

like the ancient Greeks were right about some atomic structures making up matter,

they were also confirmed by these developments on their idea that geometry was the
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language of nature.

From classical to modern, physics is generally interested in forces and interactions

that result from these forces. Newton’s second law crudely tells us that classically

(where there are no relativistic effects and wave character of particles is neglectable) the

forces that regulate the motion of the particles are second order differential equations

of position or equivalently first order differential equations of velocity. That is in fact

pretty much the definition of force as given in the axiom 1 of chapter 1.2. In that section

we will review the geometric formulation of Lagrangian mechanics and write some of

the classical results such as Helmholtz conditions (which are conditions required to

show the existence of Lagrangians describing dynamical systems) [1] in this geometric

language.

In the second chapter we move to applications of this construction. In section

1 we talk about symmetries. It is well known that there is a relationship between a

certain class of symmetries, so called Noether symmetries, and conserved quantities of

a dynamical system due to Noether’s Theorem proven by Emmy Noether in 1918 [2].

However Noether symmetries are not the only type of symmetries available. There is

also a class of more general symmetries called dynamical symmetries. The relationship

between dynamical symmetries, constants of motion and alternative Lagrangians were

extensively studied around 1980-1984 by Prince, Crampin and Sarlet [6-8,10-13] using

differential geometry. The aim of section 2.1 is to utilize the geometric formulation of

mechanics given in the introduction to present these results.

Finally in section 2.2 we will talk about magnetic monopole. Magnetic monopoles,

also called Dirac monopoles, are idealized single magnetic poles that are not yet ob-

served in nature. They are sometimes idealized as the one end of an infinitely long and

infinitesimally thin dipole rods. They are interesting in the sense that although their

mechanics can be described using classical mechanics, the singular potential imposes a

non-trivial topology on the problem. The U(1) bundle structure of phase freedom and

a quantization condition on magnetic charges pop out of these topological obstructions

(which are concepts that are usually seen in quantum mechanics and quantum field
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theory). We will formulate this problem using the geometric language of mechanics.

We will see that a global description of this problem in the configuration space is not

possible due to certain exactness requirements of 2-forms describing the mechanics. As

we will explain the theory of connections, principal bundles and calculus of variations

on the space of paths on the configuration space can be utilized to give us global action

principles.

1.2. Geometric Formulation of Mechanics

We first need to fix some conventions regarding three types of spaces that describe

the motion of particles or systems under forces. The configuration space for our system

is denoted as Q which is usually Rn with coordinates (x1, x2, ..., xn). This space might

contain information about the positions of many particles, not just one. So for the case

of m particles each of which is in R3 the whole configuration space is R3m. The velocity

space of our system, which also contains the tangent vectors to the configuration space,

is denoted as T Q = T Rn with coordinates (x1, x2, ..., xn, v1, v2, ..., vn) . And finally

the extended velocity space is denoted as E is given by T Q × R with coordinates

(x1, x2, ..., xn, v1, v2, ..., vn, t) where the last variable is time. Unless indices are required

we will denote these respectively as (x, v) and (x, v, t). And finally if a function f ∈

C∞(E) depends only on positions we will denote the function as f(x) etc.

The study of mechanics is in fact study of the differential equations that regulate

the position of our system in the configuration space. The simplest configuration curve

is the physical trajectory of a single particle in R3. However physical trajectories are

not the only type of trajectories we can have. Consider a set of n particles. Then we

denote the position of this system in R3n composed of n copies of R3 (one copy for each

particle). So we also need to give some definitions regarding configuration and phase

curves. Phase curves can crudely be seen as curves that contain both the configuration

and the velocity of the each particle in our system and time as the final component.

So for n particles the phase curve generally lies in R6n+1 with for instance coordinates

(x1, y1, z1, v1x, v
1
y , v

1
z , ..., x

n, yn, zn, vnx , v
n
y , v

n
z , t). Denote the curve in the configuration

space as γ(t) : R → Q. Then we define the phase curves:
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Definition 1.1. Let γ(t) : R → Q (where dim(Q) = n) be the configuration curve of

our system with coordinates γ(t) = (x1(t), ..., xn(t)). Then the phase curve is defined

as the curve γ̂(t) : R → T Q×R with coordinates γ̂(t) = (q1(t), ...qn(t), v1(t), ...vn(t), t)

satisfying two conditions:

• π ◦ γ̂(t) = γ(t) or in coordinates xi(t) = qi(t) where π : T Q → Q is the projection

• dγi(t)
dt

= vi(t)∀t ∈ R

So from now on we denote our phase curve as γ̂(t) = (x(t), v(t), t). By an abuse

of notation t will both be used as the parameter of curves in the extended phase space

and the coordinates for the R part of the evolution space E = T M×R. Note that not

every curve in E is a phase curve. So we have {phase curves} ⊂ {curves in E} . We

will generally be interested in this subset of curves. It is important to notice that only

on these curves we will have vi(t) = dxi

dt
.

Example 1.2. As a simple example we give the free falling particle under the gravita-

tional force field (0, 0,−g). It is phase curve will be in R6×R given as (x0, y0, z0+v
z
0t−

gt2, vx0 , v
y
0 , v

z
0 − gt, t). The specific curve can be determined by the initial conditions

vz0 = vy0 = vx0 = 0 and x0 = x′, y0 = y′, z0 = z′.

And finally we start with the following axiom which is the seed of mechanics:

Axiom 1.3. Newton’s Second Law There exists n functions F j(x, v, t) ∈ C∞(E) (or a

function F : E → Rn) with j = 1, 2, ...n such that they determine the configuration of

our system as a second order differential equation: d2γj

dt2
= F j(x, v, t)|γ(t) where γ(t) is

the trajectory of the system in the configuration system.

Here we take masses as unity for simplicity. Their inclusion in the calculations is

merely carried out by multiplying the left side with a diagonal matrix whose diagonal

entries are the masses of each particle. One remark is in order at this stage. It might

be possible to formulate the above axiom in terms of an equality on 1-forms and vector

fields on our configuration space where then F j(x, v, t) become the components of the

tensor fields, and in fact we will do that. And so the solution curve for a mechanical
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system (with some force function F : E → Rn) is a phase curve in E (so it satisfies

definition 1.3) and whose projection to Q solves the differential equation in axiom 1

for the given force. Thus we have {solutions} ⊂ {phase curves} ⊂ {curves in E}. Most

of our equations will be valid on these solution curves (such as the Euler-Lagrange

equation) and it is an important point to keep in mind.

We now give an equivalent formulation [3] for the conditions above in cartesian

coordinates for solution curves:

Theorem 1.4. Given a mechanical system with force F : E → Rn, a curve γ̂(t) in

E with tangent vector field Xp is a solution curve for this mechanical system iff its

tangent vectors nullify the 1-forms in Λ1(E) given below:

• θi = dxi − vidt

• ψi = dvi − F idt

and satisfies dt(Xp) = 1

Proof. Let the tangent vector field to γ̂(t) be (dx(t)
i

dt
, dv(t)

i

dt
, τ(t)) i=1,...,n. The last

condition ensures τ(t) = 1. Then it nullifies the forms above iff we have the equalities

dx(t)i

dt
= v(t)i and dv(t)i

dt
= F i(x(t)). So this curve satisfies definition 1.3 and has the

properties described in Newton’s second law.

Hence any curve in E whose tangent vectors nullify the forms given above is in fact

the phase curves that are the solutions of the system with force F. We will call them

as either solutions or dynamical curves. This formulation is basically the geometric

formulation of time-dependent Lagrangian mechanics. There are also specific names

for the vector fields belonging to different kinds of curves. Vector fields of phase curves

are called second order differential equation fields. Those vector fields that nullify

the first 1-forms θi (and so are the vector fields to the solutions) are called dynamical

vector fields (or Euler-Lagrange vector fields if they can be obtained from a Lagrangian,

see section 1.3). Thus we have {Euler-Lagrange fields} ⊂ {Second order differential
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equation fields} ⊂ χ(E). We will later on derive some other time-independent and

time-dependent geometric formalisms using respectively symplectic forms and Cartan

2-forms.

Example 1.5. As an example to dynamical vector fields, consider the last example of

free falling object. Then we have Γ = ∂
∂t
− gt ∂

∂z
− g ∂

∂vz
which indeed has the properties

described above.

Now we given an inverse to Theorem 1.4.

Theorem 1.6. Let γ be the solution curve (to a dynamical system with force F) with

the vector field Γ = ∂
∂t

+ vi ∂
∂xi + F i ∂

∂vi
. Let S ⊂

∧1(E) be the subset of 1-forms that

nullify Γ. Then if α ∈ S we have α = aψi + bθi.

Proof. First note that θi, ψi and dt are 2n+1 independent 1-forms so at each point

on the manifold they form a basis for the cotangent bundle at that point. Evidently

then α = aiθ
i + biψ

i + cdt. But if α(Γ) = 0 we have a(vi − vi) + b(F i − F i) + c =

0 ⇒ c = 0. So we have α = aiθi + biψi. During this proof it is essential to note

that the decomposition < θi, ψi >
⊕

< dt > is a well defined decomposition (i.e it is

compatible with coordinate changes) for the tangent bundle.

In this formulation it is very easy to show that Newton’s equations are diffeomor-

phism covariant and also it is possible to derive Euler-Lagrange equations in a very

constructive manner (where one is usually either given the Euler-Lagrange equations

and shown that it is equivalent with Newton’s equations of motions or it is shown that

Euler-Lagrange equations are equivalent to D’Alembert’s principle).

Theorem 1.7. Newton’s laws given above are diffeomorphism covariant.

Proof. Using the construction in theorem 1.4, let the extended phase curve be γ̂(t)

with tangent vectors field Xt. Let F be any diffeomorphism of E . Then the equations

of mechanics written as in theorem 1.4 in the new coordinates are:
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F−1
∗ θi(F ∗Xt) = F∗ ◦ F−1

∗ θi(Xt) = θi(Xt)

F−1
∗ ψi(F ∗Xt) = F∗ ◦ F−1

∗ ψi(Xt) = ψi(Xt)

Hence Newton’s laws are globally valid. This is essentially the nature of differ-

ential equation systems expressed in terms of differential forms. Hence the diffeomor-

phism covariance property is an inheritance hidden in the first axiom which states that

laws of mechanics are basically derived from differential equations. Before we derive

Euler-Lagrange equations we give a definiton:

Definition 1.8. The forces regulating the motion are called conservative if they can

be expressed as the gradient of a position dependent potential function V(x): F i(x) =

−dV
dxj δ

ij (we will from now on denote −dV
dxj δ

ij as −dV
dxi since we work on Riemannian

manifolds).

Theorem 1.9. For conservative forces, the Newton’s equations in a coordinate system

(x, v, t) are equivalent to Euler-Lagrange equations in any coordinates (q, u, t) where

Euler-Lagrange equations are given as

d

dt
(
∂L

∂ui
) =

∂L

∂qi

and the Lagrangian L ∈ C∞(E) is L =
∑n

i=1
(vi)2

2
− V (x).

Proof. We will use a different notation just for this proof, to make the calculations more

transparent. Let the extended phase curve be γ̂(t) = (γ(t), γ̃(t), t) with tangent vectors

field Xt and F be a conservative force such that F i = −dV (x)
dxi for a potential V (x). Let

T̂ be the lifted diffeomorphism of the base manifold s.t that it is compatible with the

structure of the tangent bundle (i.e a lift of coordinate transformation on Q s.t: T̂ :

(x, v, t) → (T (x) = q(x), T̃ (x, v) = u(x, v), t) which satisfies ui = ∂qi

∂xk v
k). Let the image
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of the curve under this diffeomorphism be β̂(t) = (T ◦ γ(t), T̃ ◦ γ̃(t), t) = (β(t), β̃(t), t)

with tangent vectors X ′
t = (dβ

i

dt
, dβ̃

i

dt
, 1) i=1,...,n. Then under the diffeomorphism we

have:

(T̂−1)∗θi(X ′
t) = 0 ⇒ ∂xi

∂qj
|β̂(t)

dβj

dt
|t = vi ◦ T̃−1 ◦ β̂(t) ⇒ d(xi ◦ β)

dt
|t = γ̃i|t

(T̂−1)∗ψi(X ′
t) = 0 ⇒ ∂vi

∂qj
|β̂(t)

dβj

dt
|t +

∂vi

∂uj
|β̂(t)

dβ̃j

dt
|t = −∂q

j

∂xi
|T−1◦β̂(t)

∂V

∂qj
|β̂(t)

⇒ d(vi ◦ β̂)
dt

|t = −∂q
j

∂xi
|γ̂(t)

∂V

∂qj
|β̂(t)

The first equation simply makes the new curve a phase curve. Looking at the

second equation, if the Jacobian of the transformation q(x) of the base manifold is

J then the right side is simply JT composed with a vector. Then ∂qj

∂xi |γ̂(t) = JT
ij The

inverse to JT is (J−1)T , so by multiplying both sides with (J−1)Tki =
∂xi

∂qk
|β̂(t) we get:

Σi
∂xi

∂qk
|β̂(t)

d(vi ◦ β̂)
dt

|t = −δkj
∂V

∂qj
|β̂(t)

But since under a diffeomorphism of the base manifold, the tangent manifold

transforms as ui = ∂qi

∂xk v
k we get ∂qi

∂xk = ∂ui

∂vk
and similarly ∂xk

∂qi
= ∂vk

∂ui given this is a

diffeomorphism. Then putting back this in the equation
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Σi
∂vi

∂uk
|β̂(t)

d(vi ◦ β̂)
dt

(t) = −∂V

∂qk
|β̂(t)

which is valid on β̂(t). Using the laws of one-dimensional calculus valid on the

domain of the curve we have:

Σi
d

dt
[(
∂vi

∂uk
◦ β̂)(vi ◦ β̂)(t)]− (vi ◦ β̂) d

dt
[
∂vi

∂uk
◦ β̂(t)]

= Σi
d

dt
[
∂

∂uk
(
1

2
(vi)2) ◦ β̂(t)]− (vi ◦ β̂) d

dt
[
∂xi

∂qk
◦ β̂(t)] = −∂V

∂qk
|β̂(t)

Now [ d
dt
, ∂
∂qk

] vanishes when it acts on xi so the two derivatives commute and we

arrive at:

Σi
d

dt
[
∂

∂uk
(
1

2
(vi)2) ◦ β̂(t)]− ∂

∂qk
[
1

2
(vi)2 ◦ β̂] = −∂V

∂qk
|β̂(t)

Note that kinetic energy of the system at point on the curve is given by K =

Σi(
1
2
(vi)2 ◦ β̂) and that the potential is independent of velocity. Then we arrive at

Euler-Lagrange equations:
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Σi
d

dt
[
∂

∂uk
((
1

2
(vi)2 − V (x))) ◦ β̂(t)] = ∂

∂qk
[
1

2
(vi)2 − V ] ◦ β̂(t)

where the calculations clearly portray the role of the dynamical trajectory in

interpreting the Euler-Lagrange equations:

d

dt
(
∂L

∂ui
◦ β̂(t)) = ∂L

∂qi
◦ β̂(t)

for all t

Theorem 1.10. Euler-Lagrange equations are diffeomorphism covariant.

Proof. Given the Euler-Lagrange equations evaluated on the phase curves d
dt
( ∂L
∂ui ) =

∂L
∂qi

⇒ ∂2L
∂ui∂qj

uj+ ∂2L
∂ui∂uj

∂uj

∂t
+ ∂2L

∂ui∂t
(where partial derivative with respect to t is added for

generality) one simply uses the chain rule for the transformation (q, u, t) → (x(q), v(q, u), t)

to arrive at d
dt
( ∂L
∂vi

) = ∂L
∂xi .

Thus we have shown that for position dependent conservative forces, Newton’s

equations are equivalent to Euler-Lagrange equations under arbitrary coordinate changes.

We have made the distinction of position dependent conservative forces which is a

common type of force seen in nature. However there is a very important type of ve-

locity dependent force which is the electromagnetic force (with q=1) given as Fi =

[Ei(x, t) + (v × B)i(x, t)] where E and B are respectively the electric and magnetic

fields such that Ei(x, t) ∈ C∞(Rn × R) and Bi(x, t) ∈ C∞(Rn × R). By a choice of

special Lagrangian for this type of force the above theorem again becomes valid. As

an example to a Lagrangian problem with velocity dependent potential, as an example

we will now examine electromagnetic systems.



11

Example 1.11. Let the electromagnetic force be (q=1, m=1, c=1); F i = E(x, t)i +

(v × B(x, t))i, s.t Ei = − ∂φ
∂xi − ∂Ai

∂t
and Bi = (∇ × A)i for the electric potential

φ(x, t) and vector potential A(x, t). Then we will show that the Lagrangian function

L =
∑n

i=1
(vi)2

2
− φ(x, t) + Ai(x, t)v

i produces the equations of motion of a charged

particle in an electromagnetic field through the Euler-Lagrange equations given above.

Let (x(t), v(t), t) be the phase curve of the particle. Then forces regulating the

motion are given by the Lorentz Law: F i = Ei + (v × B)i. Then using the above

Lagrangian d
dt
( ∂L
∂vi

) = dvi

dt
+ dAi

dt
and ∂L

∂xi = − ∂φ
∂xi

+
∂Aj

∂xi v
j. Then Euler-Lagrange equations

imply dvi

dt
= −(dA

i

dt
+ ∂φ

∂xi
− ∂Aj

∂xi v
j). Writing the time derivative explicitly one simply

arrives at dvi

dt
= F i = Ei + (v ×B)i.

One remark can be made. A modified Euler-Lagrange equation for the elec-

tromagnetic field with the classical Lagrangian L0 =
∑n

i=1
(vi)2

2
− φ(x, t) can also be

written as:

d

dt
(
∂L

∂vi
)− ∂L

∂xi
= Bikv

k − ∂Ai

∂t
where Bik =

∂Ai

∂xk
− ∂Ak

∂xi

In our case (for the Dirac monopole in chapter 2) where the vector potential will

be independent of time, the last term ∂Ai

∂t
vanishes. More details on this electromagnetic

setup and its geometric manifestation is given in the second part of chapter 2. It is

instructive to realize that the above construction can be applied to velocity dependent

dissipative systems with suitable modifications.

It is also useful to make a comparison between change of coordinates and embed-

ded submanifolds. We derived Euler-Lagrange equations from a change of coordinates

on the geometric formulation of mechanics given in Theorem 1.4. This change of co-

ordinates can also be seen as the restriction of the motion to a submanifold of E (see

figure 1.1). For instance consider a system whose configuration is constrained to the

unit sphere (of dimension n − 1) in Q. Then the velocity space of this system is this

sphere with its tangent space. If this surface is given by holonomic constraints, it is
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V

γ(t)M

Figure 1.1. Restriction of motion to a submanifold

simply an embedded manifold. Therefore its coordinates can be given as slice charts

which correspond to again first a local change of coordinates on the original charts

and then the intersection of these new charts with the surface. Thus Euler-Lagrange

equations are again valid for this submanifold and in fact just as would be expected

the number of equations we have to solve decreases from n to n-1 (if this was a m-

dimensional submanifold then the number of equations would be n-m), where the extra

degrees of freedom disappear when the pullback of the embedding is applied.

1.3. Geometric Formulation of Lagrangian Mechanics

We now give an alternative formulation for time dependent Lagrangian formu-

lation of mechanics based on 2-forms and using these definitions derive some results

which will be used in the following sections.

Definition 1.12. Given a Lagrangian for a dynamical system with coordinates (x, v, t)

we define the 1-form θL = Ldt+ ∂L
∂vi
θi. Then Cartan 2-form for this dynamical system

is defined as ωL = dθL.

Theorem 1.13. If a Lagrangian is regular (that is ∂2L
∂vi∂vj

is a non-singular matrix at

each point) then Cartan 2-form has a 1 dimensional kernel Γp at each p ∈ ˆγ(t) ⊂ E.

These vector fields are given in the form:

a
∂

∂t
+ avi

∂

∂xi
+ aF i ∂

∂vi

for a, F i ∈ C∞(E)
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Proof. Let Γ = a ∂
∂t
+ bi ∂

∂xi + c
i ∂
∂vi

. The above equation requires ΓydθL = Γy(dL∧dt)+

Γy(d( ∂L
∂vi

)∧θi+ ∂L
∂vi
dθi) = Γ(L)dt−a(dL)+Γ( ∂L

∂vi
)θi)−(bi−via)d( ∂L

∂vi
)+ ∂L

∂vi
(advi−cdt) = 0.

To find the components of this vector field we contract it by the basis vectors. First

contracting it with ∂
∂vi

we get −(bi − via) ∂2L
∂vi∂vj

= 0 which implies bi = via. Then

contracting it with either ∂
∂t

or ∂
∂xi and using the above equality yields the identical

result: Γ( ∂L
∂vi

) = a ∂L
∂xi . Since this 2-form was evaluated on the dynamical curves of

the system the right side by E-L equations is equal to a d
dt
( ∂L
∂vi

) which in turn means

dvi

dt
∂L2

∂vi∂vj
= ci ∂L2

∂vi∂vj
. It follows from the regularity of Lagrangian that ci = dvi

dt
= F i.

In fact we get no more conditions from this equality. The proof ends by noticing that

the matrix of (dθL)p is in fact fact has a non-singular 2n× 2n upper block (see remark

after Theorem 1.17) due to the regularity of Lagrangian. Then it follows that the kernel

of dθL can be at most one dimensional and the computation above gives that vector

space.

Using Cartan 2-form one can give an equivalent definition of the Lagrangian

mechanics.

Definition 1.14. Given a dynamical system with Lagrangian L, the solution γ̂ to this

system are the family of curves whose tangent vector field Γ belong to the ker(ωL)|γ̂
and satisfies the normalization dt(Γ) = 1.

The family of curves satisfying the conditions above has tangent vector field

∂
∂t

+ vi ∂
∂xi + F i ∂

∂vi
. This vector field vanishes on ψi and θi hence is the solution as

required. The normalization condition is added to ensure the fact that time is an

absolute homogenously flowing entity in non-relativistic mechanics. It also reduces the

1-dimensional vector space at each point to a single vector therefore giving us a vector

field on E and thus a family of curves associated with it. The vector fields satisfying

the above conditions are also called Euler-Lagrange fields for this dynamical system.

This is called the geometric formalism of Lagrangian mechanics because if the equality

(γ)y(dθL) = 0 is written in coordinates with Euler-Lagrange fields given, we get exactly

Euler-Lagrange equations. From now on we denote the element of the ker(ωL) with

the property dt(γ) = 1 by Γ.
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If the reader is acquainted with the symplectic geometry of time-independent

mechanics with the canonical 2-form ω, then it is useful to note that here (dωL) plays

the same rule except being singular (since it has a kernel). We now give an important

convention. We will say that a 2n× 2n matrix is maximal if it has a zero dimensional

kernel and (2n+ 1)× (2n+ 1) matrix is maximal if it has one dimensional kernel (see

section 3.1). It is useful to study the range of the Cartan 2-form:

Proposition 1.15. Let L be a regular Lagrangian with the Cartan 2-form dθL. Seeing

dωL as a map from χ(E) to Λ1(E), let im(dωL) = R ⊂ χ(E). Then R is the set of

1-forms α s.t Γyα = 0

Proof. α ∈ R if and only if there exists X ∈ χ(E) such that XydωL = α. Then

Γyα = dωL(Γ, X) = 0.

So the range of our Cartan 2-form is the set of 1-forms that nullify Γ. Since

ker(dθL) = hΓ we have that T Ep/ < Γp >≃ {αp ∈ R}. Now we give a geometric form

of Helmholtz conditions [4], which will be of great use to us in investigating alternative

Lagrangians. But we first note; a second order differential equation field is a Euler-

Lagrange field if there exists a Lagrangian and so a Cartan 2-form associated with it

of the form dθL whose only kernel is < Γp >. And also a 2-form ω on an odd/even

dimensional manifold will be called maximal when ω|p evaluated at each point is a

matrix with at most 1-dimensional/0-dimensional kernel.

Theorem 1.16. Helmholtz Conditions Given a second order differential equation field

Γ = ∂
∂t

+ vi ∂
∂xi + F i ∂

∂vi
on E s.t F i ∈ C∞(E), Γ is an Euler-Lagrange field iff there

exists a 2-form ω of maximal rank s.t

• ω(Vi, Vj) = 0 ∀i, j

• dω = 0

• Γyω = 0

where Vi ∈< ∂
∂vi

> is an element from the vertical space at each point. In such a case

we have ω = dθL where L is the Lagrangian giving the Euler-Lagrange field Γ.
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For the proof we refer the reader to [4]. Also maximality condition may be

loosened for non-regular Lagrangian but then of course the kernel may be greater than

1-dimensional at each point. For other geometric versions equivalent to this the reader

may also look at [5]. Thus here finding the maximal two-form satisfying the conditions

above is equivalent to finding a Cartan 2-form for the system. We note here that the

space Vi =<
∂
∂vi

> transforms well under coordinate changes. That is under coordinates

changes vertical spaces are transformed to vertical spaces. We finally give the time-

independent formulation of mechanics [6] which is based on a symplectic 2-form on

E .

Theorem 1.17. Let L be a time-independent, regular Lagrangian. Let T Q be the

velocity space of the dynamical system with coordinates (x,v). Define a 2-form for the

system as ωL = d( ∂L
∂vi
dxi). This is a symplectic 2-form for our system and more over

the phase curves of our system are the curves with the tangent vector field Γ which

satisfy

ΓyωL = dE

where E ∈ C∞(T Q) is given as E = ∂L
∂vi
vi − L

Proof. The proof simply proceeds by writing the above equation in coordinates. Let

Γ = a ∂
∂t
+b ∂

∂xi+c
∂
∂vi

. Then ΓyωL = ∂2L
∂vj∂vi

(−dxi

dt
dvj+ dvj

dt
dxi)+ ∂2L

∂xj∂vi
(dx

j

dt
dxi− dxi

dt
dxj) and

−dE = ( ∂L
∂xj − vj ∂2L

∂xj∂vi
)dxj − (vi ∂2L

∂vj∂vi
)dvj. Now evaluating these on the phase curves

and equating the dxi components one arrives at the Euler-Lagrange equations.

One instructive exercise is to write ωL and dθL in components to see how their

maximality is associated to the regularness of the Lagrangian. We have:
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ωL|p =

∣∣∣∣∣∣∣
(
∂2L

∂vj∂xi
)n×n (

∂2L

∂vj∂vi
)n×n

(
∂2L

∂vj∂vi
)n×n (0)n×n

∣∣∣∣∣∣∣
p

dθL|p =

∣∣∣∣∣∣∣∣∣∣
(
∂2L

∂vj∂xi
)n×n (

∂2L

∂vj∂vi
)n×n (

∂E

∂xi
)1×n

(
∂2L

∂vi∂vj
)n×n (0)n×n (

∂E

∂vi
)1×n)

(−∂E
∂xi

)n×1 (−∂E
∂vi

)n×1 01×1

∣∣∣∣∣∣∣∣∣∣
p

Note that we no more have the time coordinate attached to T Q in the case of

time-independent mechanics. Thus the main tool of time-independent Lagrangian (as

well Hamiltonian mechanics) is symplectic geometry. It is also instructive to see two

facts about this symplectic form. First of all if the differential is computed explicitly we

have ωL = d( ∂L
∂vi

) ∧ dxi whose pullback to the cotangent bundle T ∗Q of positions and

momentum (x,p) is exactly equal to the canonical symplectic form ω =
∑n

i=1 dp
i∧ dxi.

The second fact is that the 2-form ωL − dE ∧ dt is equal to the Cartan 2-form of

time dependent Lagrangian mechanics (where in this case (ωL)p is to be seen as a

(2n + 1 × 2n + 1) matrix with the upper n × n block equal to the (ωL)p of time

independent mechanics and has zeros for the last row and column and dE ∧ dt is seen

as a (2n+ 1× 2n+ 1) matrix with upper 2n× 2n block being 0).
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2. APPLICATIONS

2.1. Alternative Lagrangians, Symmetries and Constants of Motion

We first introduce the types of symmetries of dynamical systems. Since dynamical

vector fields and cartan 2-forms totally describe a dynamical system, we will from now

on denote dynamical systems as (Γ, dθL).

Definition 2.1. Let (Γ, dθL) be a dynamical system and γ(t) be its flows or the so-

lutions. If φ is a diffeomorphism of E, then it is a symmetry iff it takes solutions to

solutions that is φ ◦ γ(t) is a solution.

While we have given this definition for any diffeomorphism, we will mainly be

interested in 1-parameter group of diffeomorphism and there are two equivalent defi-

nitions of symmetry for such diffeomorphisms;

Theorem 2.2. Let the dynamical system be as above. If φϵ is a 1-parameter group

of diffeomorphisms of E generated by X ∈ χ(E) for ϵ ∈ R, then it is a symmetry iff

[X,Γ] = hΓ for h ∈ C∞(E).

Proof. (⇐) Let X satisfy [X,Γ] = hΓ. Then φϵ is a symmetry iff φϵ ◦ γ(t) is a solution

i.e its tangent vector field nullifies the 1-forms θi and ψi given in the last section. The

tangent vector field to the new curve is given as Γϵ = (φϵ)∗Γ which can be expanded

as Γϵ
p = Γp + ϵ[X,Γ]p +

1
2
ϵ2[X, [X,Γ]]p + ... = Γp + hϵΓp +

1
2
h2ϵ2Γp + .... This obviously

nullifies θi and ψi since Γ does.

(⇒) Let φϵ be a 1-parameter group of diffeomorphism such that it is a symmetry

i.e φϵ ◦ γ(t) is a solution. Then Γϵ = (φϵ)∗Γ nullifies θi and ψi. By theorem 1.13 we

know then that Γϵ
p belong to one dimensional vector space < Γp > at each point p as

Γϵ
p = h(ϵ)Γp. Then we have Γϵ

p = Γp + ϵ[X,Γ]p +
1
2
ϵ2[X, [X,Γ]]p + ... = h(ϵ)Γp. Since

this equality is valid for all ϵ in our domain, taking the derivative at ϵ = 0 gives us the

infinitesimal condition.
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Since we know Γ we can try to find restrictions on symmetries using the conditions

above. Let X = τ ∂
∂t
+ βi ∂

∂xi + ηi ∂
∂vi

be a symmetry. Then [X,Γ] = hΓ ⇒ −Γ(τ) = h ,

ηi − Γ(βi) = hvi and X(F i)− Γ(ηi) = hF i. The first two conditions are interesting in

the sense that they determine ηi and we have X = τ ∂
∂t

+ βi ∂
∂xi + (Γ(βi)− Γ(τ)vi) ∂

∂vi
.

The last condition simplifies to the relation X(F i) = Γ2(βi)− Γ2(τ)vi.

Also looking at the above condition we see that in fact, every symmetry defines

an equivalence class of symmetries. That is if Y is a symmetry so is Y + aΓ and two

symmetries are in the same class if they differ by a multiple of Γ. Thus from each class

of symmetries we can find a representative such that Y ′ydt = 0 which can be formed

by Y ′ = Y − (Y ydt)Γ.

For the second equivalent condition, we define Ip for p ∈ E as the subspace over

C∞(E) spanned by the 1-forms θi, ψi defined in the previous section (i.e 1-forms given

as aθi+bψi for a, b ∈ C∞(E), for more detailed discussion regarding generalized versions

of this as differential ideals see [7]). Then;

Theorem 2.3. Let the dynamical system be as above. If φϵ is a 1-parameter group of

diffeomorphisms of E generated by X ∈ χ(E), then it is a symmetry iff LXθi,LXψi ∈ I.

Proof. Let φϵ be a 1-parameter group of diffeomorphisms generated by X. Then (by

Theorem 1.6) LXθi,LXψi ∈ I iff LXθi(Γ) = 0 and LXψi(Γ) = 0 iff θi(LXΓ) = 0 and

ψi(LXΓ) = 0 (since for example LXθi(Γ) = X(θi(Γ)) − θi(LXΓ)). But this is iff ∀ϵ

(LXΓ) = hΓ which is iff φϵ is a symmetry (by Theorem 2.2).

We will from now on mean by a symmetry, 1-parameter group of diffeomorphisms

satisfying the conditions above. Then symmetries can be classified into two general

classes. But before that we need to give the definition of a prolongation. Note that

a vector field in Q × R (or only Q) can be extended to a vector field in E in infinite

ways. However for each given dynamical vector field Γ it is possible to define a unique

extension called the prolongation of this vector field;
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Definition 2.4. Let X ∈ χ(Q × R) be a vector field with components τ ∂
∂t

+ βi ∂
∂xi

where βi, τ ∈ C∞(Q× R). Then its prolongation to T E is defined as the vector field:

τ ∂
∂t
+ βi ∂

∂xi + (Γ(βi)− Γ(τ)vi) ∂
∂vi

If X is a vector field in χ(Q) then the τ component is taken zero. Note that

since time and position components does not depend on velocities, application of Γ to

these components does not produce partial derivatives with respect to velocities. This

condition is chosen so that in fact if X is any prolongation it automatically satisfies the

∂
∂t

and ∂
∂xi components of the equality given in Theorem 2.2 as shown by the calculation

following the theorem.

Definition 2.5. A Lie symmetry is a 1-parameter group of diffeomorphisms of the

configuration space Q generated by a vector field X ∈ χ(Q × R) s.t its prolongation

X(1) satisfies the conditions above. A dynamical symmetry is a 1-parameter group of

diffeomorphisms of E generated by a vector field Y ∈ χ(E) s.t it satisfies the conditions

above (From now on by a Lie symmetry generator, we will mean the prolonged version).

The calculation after Theorem 2.2 shows that velocity components of a dynamical

symmetry also satisfy the form given in the prolongation definition. However since now

the time and position components also depend on velocities, application of the vector

field Γ to these components also produce partial derivatives with respect to velocities.

Now, we give two particulary important subtypes of these symmetries:

Definition 2.6. A Noether/Cartan symmetry is a Lie/Dynamical symmetry whose

generator satisfies LXdθL = 0.

In fact any vector field satisfying the conditions above is automatically a symme-

try generator. Consider such a X with the 1-parameter diffeomorphism φ. Then if Γ is

a Euler-Lagrange field we have dθL(φ∗Γ) = φ∗dθL(Γ) = dθL(Γ) since LXdθL = 0. This

means that the flows of a Noether or Cartan symmetry exactly preserve the Cartan

2-form for the system. It is useful to note that since LXdθL = d(LXL) = 0 we (at least
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locally) have LXθL = df for a real function on E . For Noether and Cartan symmetries

it is well known that they produce the following constants of motion (i.e real valued

functions g such that Γ(g) = 0):

Theorem 2.7. If X generates a Noether/Cartan symmetry such that LXθL = df for

f ∈ C∞(E) (if E is simply connected this is guaranteed) then f − θL(X) is a constant

of motion.

Proof. If LXθL = df then by Cartan’s magic formula Γydf = Γyd(θL(X))+dθL(X,Γ) ⇒

Γyd(f − θL(X)) = 0

We will now move onto general results concerning Lie and Dynamical symme-

tries. Our first task is to build new Lagrangians using diffeomorphisms. Consider a

diffeomorphism φ of the evolution space E . We would like to establish the cases when

these diffeomorphisms take the existing Cartan 2-form to other Cartan 2-forms for

the same system, thus possibly giving us new Lagrangians (note that Noether/Cartan

symmetries did not change the Cartan 2-form so they already trivially give the same

Cartan 2-forms as diffeomorphism). This new 2-form, given as φ∗dθL, must first of all

satisfy the Helmholtz conditions to imply the existence of a new Lagrangian. It can

easily be seen that closedness and maximal rank property are automatically satisfied

and the other properties reduce to the following theorem [8]:

Theorem 2.8. Let (Γ, dθL) be a dynamical system and φ : E → E a diffeomorphism.

φ generates a new Cartan 2-form φ∗dθL iff φ is a symmetry of this system and φ maps

the vertical subspaces of T E to a submanifold of T E on which dθL vanishes.

Proof. (⇒) Given φ suppose it generates a new Cartan 2-form. Then Γyφ∗dθL =

0 ⇒ φ∗ΓydθL = 0 ⇒ φ∗Γ = hΓ Since φ∗Γ nullifies the Cartan 2-form, building the

curves associated to this new vector field we see that φ takes solutions to solutions.

The condition involving vertical subspaces follows from the fact that φ∗dθL(Vi, Vj) =

dθL(φ∗Vi, φ∗Vj) = 0.
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(⇐) If we have a 2-form of maximal rank, then we can try to find the new La-

grangian by satisfying the Helmholtz conditions. Since φ is a symmetry, by definition

it is a diffeomorphism. Then rank of dθL is equal to rank of φ∗dθL so this is the candi-

date Cartan 2-form. The vanishing of the new Cartan 2 form on vertical vector fields

is automatically satisfied by the second assumption. It is also closed since pushforward

commutes with exterior differentiation. Finally Γy(φ∗dθL) = φ∗Γy(dθL) = hΓy(dθL)
since φ is a dynamical symmetry. So since Helmholtz conditions are satisfied, af-

ter this diffeomorphism we can find a new Lagrangian L’ whose Cartan 2-form is

dθ′L = φ∗dθL.

Thus we see that to satisfy the Helmholtz conditions, this diffeomorphism must

be a symmetry. If we have one-parameter group of diffeomorphisms φs with a generator

X ∈ T E then the following theorem can be proven [3, 8]:

Theorem 2.9. Let (Γ, dθL) be a dynamical system and φs : E → E be one-parameter

group of diffeomorphisms and a dynamical symmetry with generator X. Then (i).

LXθL = θL′ + df and (ii) dθL′ = LXdθL satisfies all the properties of being a Cartan 2-

form except maximality (i.e it gives at least a non-regular Lagrangian) iff dθL([X,Vi], Vj)+

dθL(Vi, [X,Vj]) = 0 (vanishing condition). The new Lagrangian (possibly non-degenerate)

is given as L′ = X(L) + Γ(f) + LΓ(τ) (Remark: Lie symmetries and more generally

any prolongation automatically satisfies the last condition)

Proof. First note, ΓyLXdθL = LX(ΓydθL) − [X,Γ]ydθL = [X,Γ]ydθ′L. This is zero

since X being a dynamical symmetry we have [X,Γ] = hΓ. Similarly LXdθL is closed

since Lie derivative commutes with differential. Now LXdθL(Vi, Vj) = X(dθL(Vi, Vj))−

dθL([X,Vi], Vj)− dθL(Vi, [X,Vj]). By dθL being a Cartan 2-form, LXdθL(Vi, Vj) = 0 iff

dθL([X,Vi], Vj) + dθL(Vi, [X,Vj]) = 0. We will now solve LXθL = θ′L + df to finish the

proof. Suppose X = τ ∂
∂t

+ βi ∂
∂xi + (Γ(βi)− viΓ(τ)) ∂

∂vi
be a dynamical symmetry and

Γ = ∂
∂t
+ vi ∂

∂xi + Λi ∂
∂vi

. Then

LXθL = X(L)dt+ Ldτ +X(
∂L

∂vi
θi) +

∂L

∂vi
LXθ

i
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But

LXθ
i = Xydθi + d(Xyθi) = (Γ(τ)vi − Γ(βi))dt+ τdvi + d(βi − τvi)

= [
∂βi

∂xj
+ vi

∂τ

∂xj
]θj − Λj ∂β

i

∂vj
+ Λj ∂τ

∂vj
dt+

∂βi

∂vj
dvj − ∂τ

∂vj
dvj

And finally Ldτ can be written as

L(Γ(τ)dt+
∂tau

∂xi
dxi +

∂τ

∂vi
− vi

∂τ

∂xi
dxi − Γi ∂τ

∂vi
dvi)

Putting these back into the equation we get

LXθL = [X(L) + Γ(τ)]dt+ [
∂L

∂vi
(
∂βi

∂xj
− vi

∂τ

∂xj
) + L

∂τ

∂xj
+X(

∂L

∂vj
)]θj

+[L
∂τ

∂vj
+
∂L

∂xi
(
∂βi

∂vj
− vj

∂τ

∂vj
)](dvj − Λjdt)

On the other side of the equality we have

θ′L + df = L′dt+
∂L′

∂xi
(dxi − vdt) +

∂f

∂xi
dxi

+
∂f

∂t
dt+

∂f

∂vi
dvi = [L′ + Γ(f)]dt+ (

∂L′

∂xi
+
∂f

∂xi
)θi + [

∂f

∂vi
](dvi − Λidt)

Noting that (dt, θi, ψi) form an orthonormal basis and comparing the dt component of

the equality we get

(i) X(L) + LΓ(τ)− Γ(f) = L′

(ii)
∂L

∂vi
(
∂βi

∂xj
− vi

∂τ

∂xj
) + L

∂τ

∂xj
+X(

∂L

∂vj
) =

∂L′

∂xj
+
∂f

∂xj
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(iii) L
∂τ

∂vj
+
∂L

∂xi
(
∂βi

∂vj
− vj

∂τ

∂vj
) =

∂f

∂vj
.

Now the first condition is simply the definition of L’. The solvability of (ii) and

(iii) both depends on the function f and so they must be compatible. It can be shown

that the vanishing condition given above guarantees this [3, 8].

Thus this establishes the construction of an alternative Lagrangian from a dy-

namical or Lie symmetry if the given condition is satisfied.

Example 2.10. As an example we can look at the two-dimensional Kepler problem.

The Lagrangian for the kepler problem is given as L =
∑

i
1
2
(vi)2 + k

r
where r =

(
∑

i(x
i)2)

1
2 . The Euler-Lagrange equations produce dvi

dt
= −kxi

r
3
2
and so

Γ =
∂

∂t
+ vi

∂

∂xi
− kxi

r
3
2

∂

∂vi

. Denoting F i = −kxi

r
3
2
, the Cartan 2-form associated with the problem is

dθL = d(Ldt− ∂L

∂vi
θi)

=
∑
i

(F idxi ∧ dt+ vidvi ∧ dt+ dvi ∧ θi − vidvi ∧ dt)

= F idxi ∧ dt+ dvi ∧ dxi − vidvi ∧ dt

In terms of ψ and θ, dθL has the form
∑

i ψ
i ∧ θi. It is known that this problem has

the following symmetries (given as prolongations) [3] :

X(1) =
∂

∂t



24

Y (1) = −y ∂
∂x

+ x
∂

∂y
− vy

∂

∂vx
+ vx

∂

∂vy

Z(1) = t
∂

∂t
+

2

3
xi

∂

∂xi
− 1

3
vi

∂

∂vi

The first two are Noether symmetries since

LX(1)dθL = d(
∑
i

(−F idxi + vidvi)) =
3k

r
5
2

(xydy ∧ dx+ xydx ∧ dy) = 0

LX(2)dθL = d(−F xydt+ F yxdt) = 0

So their corresponding constants of motion can be obtained from G = f −XydθL and

they are found to be:

E =
∑
i

(vi)2

2
− k

xi
(Energy)

L = xvy − yvx(Angular momentum)

The constant associated to the third symmetry along with the others is Runge-Lenz

vector which is given as wi = xi(dr
dt
)2 − vi(r · dr

dt
) − k xi

r
. This third symmetry is not a

Noether symmetry but since [Z(1), V i] = −1
3

∂
∂vi

it satisfies the above condition by the

vanishing of Cartan 2-form on vertical vector fields. Then we know that it can generate

a new Lagrangian by the method above. We first need to compute LXθL;

LXθL = −F itdxi+vitdvi+
2

3
F ixidt− 2

3
xidvi+

1

3
(vi)2dt− 1

3
vi2dxi+d(Lt+

2

3
xivi−vit)

=
−1

3
vidxi + (L+

2

3
xiF i − 2

3
(vi)2)dt =

1

3
θL = θL′ + df
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So we have df = 0 and f is a constant. By simply noting dθL′ = dθL we have L′ = L
3
,

so we get that the new Lagrangian is trivially related to the old one.

If for a dynamical symmetry X ∈ T E the above condition is not satisfied, then it

is still possible to obtain a new Lagrangian under certain conditions [9]. Let φϵ be the

1-parameter group of flows of our symmetry. One first normalizes the symmetry by

X = X − dt(X)Γ so that [X,Γ] = 0 (i.e the symmetry has no ∂
∂t

component). Given

any solution γ among the family of solutions one then constructs the submanifold M

in E of dimension 2 generated by the action of the 1-parameter group of flows on γ.

Call the projection of M to Q, S. Then X is projected to this manifold with the

resulting vector field Y . It is basically done by first evaluating X on M and then

projecting it to Q by the pushforward of the tangent bundle projection map π i.e by

deleting ∂
∂vi

components. Then it can be shown that the prolongation of Y , Y (1) satisfies

[Y (1),Γ] = 0 on M so that it a symmetry of the trajectories there. More over since it

is a prolongation it also satisfies the vanishing condition give above. Then L(Y
(1))dθL

is a new Cartan 2-form for the solutions in M with the corresponding lagrangian given

as before.

Now we move to building symmetries out of alternative Lagrangians. It is possible

to construct four symmetries with two alternative Lagrangians for a given system [10]

.

Lemma 2.11. Let (Γ, dθL) and (Γ, dθL′) be identical dynamical systems (in the sense

of having the same Euler-Lagrange fields) given by the two Lagrangians L,L′. If there

exists a Y = τ ∂
∂t

+ βi ∂
∂xi

+ ηi ∂
∂vi

∈ T E satisfying LY θL = θ′L + df (and so also the

condition LY dθL = dθ′L) then Y is a dynamical symmetry and Y satisfies:

(
∂2L

∂vi∂vj
)(βj − vjτ) = −∂G

∂vi

Γ(G) = −L′ with G = f − Y yθL
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Proof. We will show that [Y,Γ] = hΓ. [Y,Γ]ydθL = LY (ΓydθL)+ΓyLY (dθL) = Γydθ′L =

0. This characterizes Y as a dynamical symmetry. Consider now the equation

LY θL = d(Y yθL)+Y ydθL = θL′+df ⇒ Y ydθL = θL′+d(f−Y yθL). Defining G =

f−Y yθL we have Γ(G) = dθL(Γ, Y )−θL′(Γ) = −θL′(Γ). But using θL = Ldt+ ∂L
∂xi θ

i we

have Γ(G) = −L′. Also looking at the dvi component of the equality Y ydθL = θL′ +dG

(i.e contracting it with ∂
∂vi

) we have ( ∂2L
∂vi∂vj

)(βj − vjτ) = − ∂G
∂vi

.

Thus the aim is to find the vector field Y satisfying this equation by first finding

the function G satisfying the second condition.

Theorem 2.12. Given two alternative Lagrangians L,L’ and G be a solution to the

equation Γ(G) = −L′. Define µi = βi − viτ and set ηi = Γ(βi) − uiΓ(τ) Then Y =

τ ∂
∂t
+µi ∂

∂xi
+ηi ∂

∂ui
is a symmetry associated with these alternative Lagrangians through

the equation LY θL = θL′ + df .

Proof. Since Γy(θ′L + dG) = L′ +Γ(G) = 0, by thereom 1.11 there exists a vector field

Ỹ = τ̃ ∂
∂t
+ β̃i ∂

∂xi
+ η̃i ∂

∂vi
s.t Y yθL = (θ′L + dG).

First of all, LỸ θL = d(Y yθL) + θL′ + dG = θL′ + d(G+ Y yθL). So by the lemma

above Ỹ is a symmetry.

Also contracting this equality with ∂
∂vi

we obtain ( ∂2L
∂vi∂vj

)(β̃j − vj τ̃) = − ∂G
∂vi

.

By the lemma above then (β̃j − vj τ̃) = (βj − vjτ). This also leads to the equation

(Γ(β̃j)− Λj τ̃ − vjΓ(τ̃)) = (Γ(βj)− Λjτ − vjΓ(τ))

Since Ỹ is a dynamical symmetry we have Ỹ = τ̃ ∂
∂t
+ β̃i ∂

∂xi
+ Γ(β̃i)− viΓ(τ̃) ∂

∂vi
.

But then Y = Ỹ −(τ̃−τ)Γ = τ ∂
∂t
+(β̃i− τ̃ vi+τvi) ∂

∂xi
+(Γ(β̃i)−viΓ(τ̃)− τ̃Λi+τΛi) ∂

∂vi
=

τ ∂
∂t
+ (βi − uiτ) ∂

∂xi
+ Γ(βi − uiτ) ∂

∂ui
by the equations derived above.

Although we have shown the existence of symmetries due to alternative La-

grangians, solutions to the equation Γ(G) = −L might not be unique. But even
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in that case two symmetries so obtained differ only by a Noether symmetry:

Theorem 2.13. The symmetry obtained by two alternative Lagrangians with the method

above differ by a Noether symmetry

Proof. Consider G1 and G2 as two solutions to Γ(G) = −L yielding two symmetry

generators Y1 and Y2. Then by the equalities Y1ydθL = dG1 and Y2ydθL = dG2 we have

(Y1−Y2)ydθL = d(G1−G2)⇒ L(Y1−Y2)θL = d(G1−G2+(Y1−Y2)yθL) ⇒ L(Y1−Y2)dθL = 0

which makes Y1 − Y2 a Noether symmetry by definition.

Since it is also possible to pick L’=L, then out of two Lagrangians we can get

four pairs of Lagrangians: (L,L), (L,L′), (L′, L′), (L′, L). Using the method above we

get four symmetries from these pairs. It should however be noted that symmetries

constructed using these pairs need not be independent.

Corollary 2.14. Given two Lagrangians L and L’ we obtain four dynamical symme-

tries by Γ(G) = −L and Γ(G′) = −L from the pairs (L,L), (L,L′), (L′, L′), (L′, L)

Associated to these Lagrangians and symmetries we also have constants of mo-

tions:

Corollary 2.15. Associated to the symmetries X and Y we have the constants of

motion F = XyY ydθL and F ′ = Y yXydθL′.

Proof. Γ(F ) = (LΓX)yY ydθL +Xy(LΓY )ydθL +XyY y(LΓdθL)

= h1ΓyY ydθL +Xyh2ΓydθL = 0

Note that these constant of motion are locally given as F = XyY ydθL = Xy(LY θL−

d(Y yθL) = Xy(θL′ + dH) where dH = d(f + Y yθL).

Example 2.16. Too see how the procedure works, we examine the example given

in [10] the following Lagrangians:
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L1 =
1
2
((v1)2 − (v2)2)− 1

2
a((x1)2 − (x2)2)− bx1x2

L2 = v1v2 − ax1x2 − 1
2
((v2)2 − (v1)2)

produce the equations of motion dv1

dt
= −ax1 − bx2 and dv2

dt
= −ax2 + bx1. Now if we

try to solve

Γ(G) =
∂G

∂t
+vi

∂G

∂xi
−(ax1+bx2)

∂G

∂v1
−(ax2−bx1) ∂G

∂v2
= −v1v2+ax1x2+1

2
((v2)2−((v1)2))

Then a possible solution is seen to satisfy

∂G

∂t
= 0,

∂G

∂x1
= v2,

∂G

∂x2
= v1,

∂G

∂v1
= −1

2
x2,

∂G

∂v2
=

1

2
x1,

This is straightforward to integrate and it gives G = −1
2
(v2x1 + v1x2). Similarly G’

can be calculated to be G′ = 1
2
(v2x2 − v1x1). Then solving the equations given in the

theorem we have

∂L

∂v1∂v1
µ1 = − ∂G

∂v1
⇒ µ1 =

1

2
x2

∂L

∂v2∂v2
µ2 = − ∂G

∂v2
⇒ µ1 =

1

2
x1

Then if for instance β1 − v1τ = 1
2
x2 we have τ = 0 and then η1 = Γ(β1) and the

symmetry is

X =
1

2
(x2

∂

∂x1
+ x1

∂

∂x2
+ v2

∂

∂v1
+ v1

∂

∂v2
)

Similiarly the other symmetry can be found as

Y =
1

2
(x1

∂

∂x1
− x2

∂

∂x2
+ v1

∂

∂v1
− v2

∂

∂v2
)
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And the other two symmetries found by picking the same Lagrangian are trivial i.e

X ′ = −X and Y ′ = Y . Note that second symmetry is the scaled rotation generator.

Finally we calculate one of the constants of motion associated:

dθL = (−ax1 − bx2)dx1 ∧ dt+ (ax2 + bx1)dx2 ∧ dt+ v1dv1 ∧ dt

−v2dv2 ∧ dt+ (dx1 − v1dt) ∧ dv1 + (dx2 − v1dt) ∧ dv2

and we have

dθL(X,Y ) = Xy1
2
(v2dv1 + v1dv1) = 0

The other constant of motion is similarly trivial.

Example 2.17. We now apply this method to a real system i.e the 2D harmonic

oscillator. Two Lagrangians for the 2D harmonic oscillator are given as:

L =
∑
i

1

2
(vi)2 − 1

2
(ωxi)2

L′ = v1v2 − ω2xy

with equations of motion and Euler-Lagrange field

dvi

dt
= −ω2xi

Γ =
∂

∂t
+ vi

∂

∂xi
− ω2xi

∂

∂vi

Then solving Γ(G) = −L′ just as above we obtain the same conditions
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∂G

∂t
= 0,

∂G

∂x1
= v2,

∂G

∂x2
= v1,

∂G

∂v1
= x2,

∂G

∂v2
= x1,

so that G = v2x1 + v1x2. Then µ1 = −x2, η1 = −dx2

dt
and µ2 = −x1, η1 = −dx2

dt
and

the symmetry is

X = −(x2
∂

∂x1
+ x1

∂

∂x2
+ v2

∂

∂v1
+ v1

∂

∂v2
)

This symmetry generates exponential homogenous scaling. The other solution is G′ =

1
2
(v1x1 + v2x2) with its symmetry being only half of the previous one. Thus again the

associated constant of motion is zero.

Finally we give the relationship between alternative Lagrangians and constants of

motion [11]. In theorem 2.7 we showed how to construct constants of motion associated

to Noether or Cartan symmetries. The association of a closed form of a constant of

motion to two alternative Lagrangians (and so to arbitrary dynamical symmetries) is

a bit more complex. We need the following theorem:

Theorem 2.18. Let (Γ, dθL) be a dynamical system and S a (1,1) tensor such that

LΓS = 0 then tr(Sn) are constant among the flows of Γ (for any n).

Proof. Letting (xi) denote the coordinates on E , tr(S)(p) = S(dxi, ∂
∂xi )|p ⇒ LΓ(tr(S)) =

(LΓS)(dx
i, ∂

∂xi )|p+S( ∂Γi

∂xkdx
k, ∂

∂xi )|p−S(dxi, ∂Γk

∂xi
∂

∂xk ) = S(∂Γk

∂xi dx
i, ∂

∂xk )|p−S(dxi, ∂Γk

∂xi
∂

∂xk ) =

0. So tr(S) is a constant of motion. Similiarly since LΓS
n = (LΓS) ◦ Sn−1 + S ◦

(LΓS) ◦ Sn−2 + ... = 0 since LΓS = 0 and by the same calculation above we have

Γ(tr(Sn)) = 0

Then if we have two Cartan 2-forms dθL and dθ′L arising from two Lagrangians,

we have the following result;

Theorem 2.19. The (1,1) tensor Λ uniquely defined for any vector field X ∈ χ(E)

as; (Λ(X))ydθL = XydθL′ and s.t Λ(X)ydt = 0 satisfies the property in theorem 2.18

(hence giving constants of motion).
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Proof. First we will show that Λ is indeed well defined. Since ΓyXydθL′ = 0 there

exists a vector field Y s.t Y ydθL = XydθL′ . Note however this Y is arbitrary up to

addition of a multiple of Γ since it is in the kernal of dθL. So to satisfy the last condition

for Λ we set Y ′ = Y − (Y ydt) so that we have Y ′(t) = 0. Thus we have Λ(X) = Y ′ for

a unique Y ′.

We will now show it satisfies the properties of being a tensor. Suppose (Λ(X))ydθL =

XydθL′ and (Λ(Y ))ydθL = Y ydθL′ s.t Λ(X) = X ′ and Λ(Y ) = Y ′. Now (X ′+Y ′)ydθL =

(X + Y )ydθL′ ⇒ Λ(X + Y ) = (X ′ + Y ′) = Λ(X) + Λ(Y ). Also if (Λ(fX)) = Y then

Y ydθL = fXydθL′ ⇒ (iff ̸= 0)Y
f
ydθL = XydθL′ . Then fΛ(X) = f Y

f
= Y .

Now we will show that LΓΛ = 0. For this consider LΓ(Λ(X)ydθL) = LΓ(Xydθ′L)
Now using LΓdθL = LΓdθL′ = 0 we have LΓ(Λ(X))ydθL = LΓ(X)ydθL′ But by

definition of Λ this is equal to Λ(LΓX)ydθL. So LΓ(Λ(X))ydθL = (LΓΛ)XydθL +

Λ(LΓX)ydθL = Λ(LΓX)ydθL ⇒ (LΓΛ)XydθL = 0 ⇒ (LΓΛ)X = fΓ. Since now

dt(Γ) = 1 we have β(X) = (LΓΛ)(X)ydt. But we have (LΓΛ)(X)ydt = LΓ(Λ(X)ydt)−
Λ(X)y(LΓdt) Using Λ(X)ydt = 0 and LΓdt = 0 we have (LΓΛ)(X) = 0 for all X. Now

using theorem 2.18 we have our result.

Hence we have shown that we can associate constants of motions and dynami-

cal symmetries to alternative Lagrangians as well as we can associate alternative La-

grangians (and therefore constants of motion) to dynamical symmetries. It is also

known that constants of motion produce Cartan and Noether symmetries thus linking

the cycle. Starting from dynamical symmetries we can build alternative Lagrangians

and from alternative Lagrangians we can build constants of motion. Starting from alter-

native Lagrangians we can build symmetries and constants of motions. Finally starting

from constants of motion we can build symmetries and so alternative Lagrangians. We

thus have; given a dynamical system (Γ, dθL), there are dynamical symmetries iff there

are alternative Lagrangians iff there are constants of motion. However this statement is

not as useful as it sounds since as we have seen in examples alternative Lagrangians are

always possible by either gauge transformations and scaling and constants of motion
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are always available as simply constants.

Example 2.20. We again use harmonic oscillator to demonstrate the procedure. We

first need to calculate the Cartan 2-forms for each Lagrangian. They are given as:

dθL = F idxi ∧ dt+ dvi ∧ dxi − vidvi ∧ dt

dθ′L = F 1dx2 ∧ dt+ F 2dx1 ∧ dt− v2dv1 ∧ dt− v1dv2 ∧ dt

Then we calculate the effect of Λ on each basis vector and get:

Λ(
∂

∂x1
) =

∂

∂x2
Λ(

∂

∂x2
) =

∂

∂x1
Λ(

∂

∂v1
) = − ∂

∂v2
Λ(

∂

∂v2
) = − ∂

∂v1

Λ(
∂

∂t
) = v2

∂

∂x1
+ v1

∂

∂x2
+ F 2 ∂

∂F 1
+ F 1 ∂

∂x2

Then the matrix of Λ at each point is calculated as

Λ|p =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 1 0 0 0

1 0 0 0 0

0 0 0 −1 0

0 0 −1 0 0

v2 v1 F 2 F 1 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
p

The trace of this matrix and any of its powers are independent of v2, v1, F 2, F 1 since

the last column is zero. So we again get trivial constants of motion.

2.2. Geometric Formulation of Dirac Monopole Problem

One could, using the geometric formulation of mechanics, also produce the action

functionals in a geometric setting. This formulation can even be applied to certain
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problems where the forces are velocity dependent, such as those of electromagnetic

nature. But there are certain exactness requirements for a global formulation of the

action principle in such cases. Dirac monopole problem is a case where global exactness

is not possible in the configuration space Q. However in this chapter we will explore a

natural principle bundle structure on Q, the U(1) bundle which removes this problem

hence making it possible to write globally valid action principles [12]. Also defining

an appropriate connection we arrive at the topological quantization scheme [13] where

it is seen that magnetic charge, if it exists, should be quantized. This is essentially

a time-independent problem so we use the symplectic formalism of time independent

mechanics on T Q.

We first describe the geometric formulation of action principle. It is known that

if a Lagrangian exists for a dynamical system, then the dynamical trajectory of a

mechanical system is the path on which the variational derivative of the functional

Φ[γ] =
∫
γ
Ldt is zero, i.e the path that extremizes the functional.

Theorem 2.21. Hamilton’s Action Principle Given a dynamical system (Γ, dθL), a

path γ(t) in Q (with two conditions γ(t1) and γ(t2) known) is the trajectory of the

system in the configuration iff it extremizes the action functional

Φ[γ] =

∫
γ

L(q, u, t)dt

Proof. Given a small variation to the trajectory the new trajectory is γ(t)+δγ(t) where

δγ(t) = ϵη(t) for a small real number ϵ. The variation also satisfies δγ(t1) = δγ(t2) = 0.

Then the lift of the trajectory to the tangent bundle (such that it is still a phase curve

see definition 1.1) is (γ+δγ, dγ
dt
+ dδγ

dt
). The functional derivative of the action functional

is calculated as:

δΦ =

∫
γ

d

dt
[
∂L

∂ui
− ∂L

∂qi
]δγidt

The functional derivative is zero iff δΦ is zero for all δγ which is true iff d
dt
[ ∂L
∂ui − ∂L

∂qi
]

everywhere on the path of the integration which is iff (by theorem 1.9) the path we
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integrate over is the trajectory of the system.

We also have the following result:

Proposition 2.22. If an exact 1-form df is added to Ldt the equations of motion

calculated from the action principle remain invariant

Proof. We have; Φ[γ] =
∫
γ
[L(q, u, t) + df

dt
]dt. Then if we denote the coordinates as

ξ = (xi, vi, t),

δΦ =

∫
γ

d

dt
[
∂L

∂ui
− ∂L

∂qi
]δγidt+

d

dt
[
∂f

∂ξi
]δξidt+

∂f

∂ξi
d

dt
[δξi]dt

But the last term vanishes after an integration by parts and we have the same equations

of motion.

The Hamiltonian analogue of this is given by the Legendre transformation: Φ[ζ] =∫
ζ
A − Hdt where A = pidx

i ∈ Λ1(T ∗Q) is called the canonical 1-form and the sym-

plectic form is given as ω = −dA ∈ Λ2(T ∗Q). Here the trajectory ζ is the trajectory

of the system in T ∗Q. Application of variational principles to this action functional

produces the Hamilton’s equations of motion: ∂H
∂pi

= dqi

dt
and ∂H

∂qi
= −dpi

dt
where the time

derivatives are taken on the trajectory ζ. In this chapter we will also use Hamilton’s

equation of motion. We accept that Hamilton’s equations of motion are equivalent

to Lagrange’s equations of motion which was in chapter 1 shown to be equivalent to

Newton’s equations of motion in a geometric setting. For the momentum coordinates

of the phase space we use lower indices as pi.

In any electromagnetic problem with electric potential φ = 0 and magnetic field

B⃗, if the magnetic field is derivable as the curl of a vector potential that is B = ∇× A⃗,

then the generalized momentum is p′i =
pi−eAi

2m
with the Hamiltonian H = (p⃗−eA⃗).(p⃗−eA⃗)

2m
.

Considering the magnetic field two form B =∗ (Bidx
i) (where ∗ is the Hodge star

dual), the geometric condition that B is derivable from a vector potential is equivalent
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to B = dA where A = Aidx
i which is equivalent to the condition above. For instance

in three dimensions for the magnetic field two form we have B = Bxdy ∧ dz + Bydz ∧

dx + Bzdx ∧ dy. Note here that Bi and Ai are components of the magnetic field and

vector potential. If a vector potential for this problem exists we have Bik =
∂Ai

∂xk − ∂Ak

∂xi .

Theorem 2.23. Let A be the canonical 1-form defined as A = pidx
i + Aidx

i where

Aidx
i is the vector potential 1-form and B be the magnetic field 2-form for an electro-

magnetic system with Hamiltonian H. Then the action functional Φ[ζ] =
∫
ζ
A − Hdt

produces Hamilton’s equations of motion for the system.

Proof. First we show that indeed the action functional given above gives Hamilton’s

equations of motion. Let ζ be the path and δζ be the variation. The coordinates of

the phase space are given as ξ = (x, p). Then

δψ =

∫
ζ+δζ

Aµ(ξ + δξ)d(ξ + δξ)µ −
t2∫

t1

H(ξ + δξ)dt+

∫
ζ

A−
∫
Hdt

=

t2∫
t1

[Aµ
d

dt
(δξµ)− δξυ

∂Aµ

∂ξυ
pµ]dt−

t2∫
t1

δξµ
∂H

∂ξµ
dt

=

t2∫
t1

δξµ[(dA)µν
dξ

dt

υ

+
∂H

∂ξµ
]dt = 0 for all δξ where (dA)µν = ωµν .

Then this is equivalent to Hamilton’s equations of motion on the dynamical curve

x(t) are ωµν
dξ
dt

ν
= ∂H

∂ξµ
where it is easy to see that

ω =

∣∣∣∣∣∣ (Bjk)n×n −In×n

In×n 0n×n

∣∣∣∣∣∣
So this is explicitly

dxj

dt
= ∂H

∂pj
and

dpj
dt

= −∂H
∂qj

+Bjk
∂H
∂pk

. Then by the Legendre transfor-

mation L(x, v) = vjpj(x, v)−H(x, p) we have ∂H
∂xj = − ∂L

∂xj and pj = − ∂L
∂vj

. Using these

to write the Euler-Lagrange equations we have d
dt

∂L
∂vi

− ∂L
∂xi =

dpi
dt

+ ∂H
∂xj = Bjkv

k. This
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is equivalent to the modified Euler-Lagrange equations given for the electromagnetic

system in the remark following example 1.11 (note we have
∂Aj

∂t
= 0) where since we

used the classical Hamiltonian H =
∑

i
1
2
(vi)2 + V the Lagrangian is also the classical

one L =
∑

i
1
2
(vi)2 − V

Note that the construction of this action relied on the existence of a 1-form A

such that A = dB i.e the exactness of the magnetic field 2-form.In the case of Dirac

monopole problem the above method is not directly applicable due to a singularity in

the magnetic field form. In this problem a magnetic monopole is fixed in origin and

we look at the dynamics of a charged particle under the influence of the magnetic field

created by the monopole. The magnetic field form is given in cartesian coordinates as

B = eg
r3
(x1dx

2 ∧ dx3 − x2dx
3 ∧ dx1 + x3dx

1 ∧ dx2)(where we have explicitly denoted

magnetic and electric charge as we will later on explore quantization) which is closed

but not exact. Note that we can only define this form in R3 \{0} due to the singularity

at the origin.

Theorem 2.24. The magnetic potential 2-form for the Dirac monopole problem in

R3 \ {0} is not exact

Proof. Consider the embedding of a sphere in R3 \ {0} i : S ↪→ R3 \ {0}. The magnetic

field two form in polar coordinates is B = egsin(θ)dθ ∧ dφ . Then the sphere is a

compact manifold without boundary in R3 {0}. The integral is

∫ π

0

dθ

∫ 2π

0

dφsinθ = −4πeg

But Stoke’s theorem implies that the integral of every exact form over a compact man-

ifold without boundary is zero i.e if there exists a compact manifold without boundary

such that the integral of a form over that surface is non-zero, then that form is not

exact.

Removing a ”Dirac string” is a known method to make this form locally exact. In

this method the dynamics is defined in the space R3 \ {z − axis} where then a 1-form
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A can be calculated such that A = dB (see below). For a topological approach to this,

note that the origin is removed to avoid the singularity in the magnetic field. So our

domain is no more star shaped and we no longer can get exactness of our closed form

B by Poincaré’s theorem. However it is possible to remove the positive or negative z

axis (or any other) completely which removes both the singularity and keeps the star

shape property of our domain and Poincaré’s theorem is applicable in this case. So

this is a topological proof that removing a Dirac string makes B exact by Poincaré’s

theorem. But when we remove a Dirac string we can define our dynamics using at least

two coordinate charts, where on each a half-axis is removed. Note also that, if one tries

to calculate a magnetic potential form by Ad-hoc calculation as egsin(θ)dθ∧dφ = dA,

it also comes with a singularity at positive z-axis; A = df − egcos(θ)dφ where df is

a closed form. Depending on the choice of df A becomes singular at certain axes.

For instance for df = ±dφ we have A = 1
r

xdy−ydx
±
√
(x2+y2+z2)+z

and A is singular at positive

and negative z-axis, making it necessary to define the dynamics locally. However for

instance these two forms agree on overlaps up to a total differential factor which is

2dφ. Such terms do not alter action functionals and thus are gauge transformations.

This gauge transformation introduced in an ad-hoc manner can be put into the form of

a transition function on an appropriate principal bundle resulting in global dynamics

rather than local.

To realize the idea explained above, we will use the machinery developed in

Appendix 3.2. Classically for the monopole problem two A forms are defined as above

for domains with north and south Dirac strings removed where the base manifold is

taken to be sphere (where they are multiplied by i
2
to make them lie algebra valued

1-forms so our corresponding magnetic field 2-form is assumed to be multiplied by i
2
,

since in calculating the variational equations we only use form components in fact this

generalization does not have an effect on equations of motion);

A+ =
i

2
⊗ (1− cos(θ+))dφ+
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A− =
i

2
⊗ (−1− cos(θ−))dφ−

These 1-forms are lie-algebra valued where the lie algebra is u(1) whose generator is i.

They differ by a total differential making them connections on the base manifold. Also

their differential gives the same magnetic field 2-form (or the curvature), but they do

not agree on the overlaps (for instance polar coordinates). So they are local connection

forms. We will define our coordinates using two charts. The first chart U+ is the R3 \0

in polar coordinates with the positive z-axis removed given by the local coordinates

(r+, θ+, φ+). The second chart U2 is the R3\{0} in polar coordinates with the negative

z-axis removed with the local coordinates (r−, θ−, φ−). The transitions in the overlaps

are simply (r+ = r−, θ+ = θ−, φ+ = φ−). Accepting that a U(1) principal bundle can

be constructed over this space [12], it is then completely by the transition function in

the overlaps. We define the transition function as η+ = η− − iφ where eη is the local

coordinates of the U(1) bundle over each chart. These transitions functions trivially

satisfy the cocycle conditions. Now we define the corresponding 1-forms over the U(1)

bundle as A = π∗A+ dη so in coordinates:

A+ = i⊗ dη+ +
i

2
⊗ (1− cos(θ+))dφ+ ∈ Λ1(π−1(U+))

A− = i⊗ dη− +
i

2
⊗ (−1− cos(θ−))dφ− ∈ Λ1(π−1(U−))

Theorem 2.25. The A form given above is globally defined and are connection 1-forms

on the U(1) bundle over the configuration space R3 \ {0}.

Proof. We will first look at the kernels of the 1-forms. Let Hp = a ∂
∂r

+ b ∂
∂θ

+ c ∂
∂φ

+

d ∂
∂η

∈ TpE . Then if A(Hp) = 0 we have i(d + b(1 − cos(θ))) = 0. So Hp = a ∂
∂r

+

b ∂
∂θ

+ c ∂
∂φ

+ b(cos(θ) − 1) ∂
∂η
. The vertical vector fields are given by f ∂

∂η
. At each

point the kernel is three dimensional and the vertical vector field is one dimensional.

More over their intersection requires b = 0 ⇒ f = 0. So indeed they are direct sum

decomposition of TpE . Moreover L ∂
∂η
A = 0. So we have the smooth distribution
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satisfying the requirements given in definition 3.4. They are globally defined since

under the transition functions η+ = η−− iφ the 1-forms transform as dη+ = dη−− idφ

and in the overlaps A+ = A−.

And it is seen that the curvature form defined on the principal bundle by B = dA

is in fact the pullback of the magnetic field 2-form B on Q to the principal bundle P

by the projection map. We see that it is not possible to construct a globally defined

A in Q such that B = dA however in the principal bundle we have a globally defined

connection such that B = dA. This is a specific example to Theorem 3.11. Also

defining a constant section σ over U+ and U− we get an example to Theorem 3.6.

The quantization comes into play once we realize that magnetic 2-form is in fact a

curvature form. The generalized Gauss-Bonnet theorem tells us that the integral of

the curvature form over any 2-surface in a Riemannian manifold is 2πn where n is a

characteristic dependent on the surface [14]. Now taking the surface to be a 2-sphere

in U(1) dependent on the coordinates θ, φ we get the quantization rule eg = n
2
.

Now we move the action principle on the U(1) bundle. It was shown that exact-

ness of B is required if we are to construct an action functional for the system in the

classical way. But in fact the globally exact connection we have just defined can be

used to build up an equivalent action principle.

Theorem 2.26. An equivalent action principle on U(1) bundle for the electromagnetic

problem is

Φ(γ′) =

∫ t2

t1

[A− π∗H]dt

where A = pidx
i +A

Proof. Simply applying the variational methods as in Theorem 2.23 will give us the

same equations of motions since π∗H has the same components as before and only total

differential are added to our vector potential 1-forms which are gauge transformations.
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Now we will explore another method which will pave the way to understanding

the U(1) nature of our principal bundle that we just built. It will also have ties to

path integral formulations. In the cases where an exact form B is not available, it is

possible to write an equivalent action functional on an area piece (rather than a curve)

on Q using the 2-form B instead of A. Fix a point q0 with coordinates (q0)
j in the

configuration space. Given a trajectory γ : qj(t) for t1 < t < t2 and a continuous

family of curves, βj(t, σ) for each 0 < σ < 1 such that βj(0, t) = qj0 and β
j(1, t) = qj(t)

sweep the surface S, then we have

Theorem 2.27. Define the functional given below:

Φ[S] =
∫
S
B +

∫
γ

Ldt

where S is the area swept by the contraction of the trajectory γ (given above) to a single

point not on the trajectory and B is the magnetic field 2-form. If S is chosen such that

under the variation of this functional leaving the points t1, t2, β(0, t1), β(0, t2) and the

edges β(σ, t1), β(σ, t2) fixed (see figure 2.1) the value of the functional is unchanged

then γ is the dynamical trajectory of our system and so this defines an equivalent

action principle.

Proof. For the local coordinates of S we use (σ, t) with β(t, 1) = x(t), β(t, 0) = x0 and

δβj(t1) = δβj(t2) = 0

Φ[S] =
∫
S
B +

t2∫
t1

Ldt =

t2∫
t1

dt

1∫
0

dσBjk(β)
∂βj

∂σ

∂βk

∂t
+

t2∫
t1

Ldt

Then

δΦ =

t2∫
t1

dt

1∫
0

dσ[
∂Bjk

∂βi
δβi∂β

j

∂σ

∂βk

∂t
+Bjk

∂βj

∂σ

∂δβk

∂t
+Bjk

∂δβj

∂t

∂σk

∂t
] +

t2∫
t1

[
∂L

∂ξi
]δξidt
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=

t2∫
t1

dt

1∫
0

dσ[
∂Bjk

∂βi
δβi∂β

j

∂σ

∂βk

∂t
− ∂

∂t
(Bjk

∂βj

∂σ
)δβk − ∂

∂σ
(Bjk

∂βk

∂tσ
)δβj]

+

1∫
0

dσ(Bjk
∂βj

∂σ
)δβk|t2t1 +

t2∫
t1

dt(Bjk
∂βk

∂t
)δβj|σ=1

σ=0 +

t2∫
t1

[
∂L

∂ξi
]δξidt

using

β(t, 1) = x(t), β(t, 0) = x0 and δβj(t1) = δβj(t2) = 0

=

t2∫
t1

dt

1∫
0

dσ[
∂Bjk

∂βi
δβi∂β

j

∂σ

∂βk

∂t
− ∂

∂t
(Bjk

∂βj

∂σ
)δβk − ∂

∂σ
(Bjk

∂βk

∂σ
)δβj]

+

t2∫
t1

dtBjkv
kδxj +

t2∫
t1

[
∂L

∂ξi
]δξidt = 0

Then equating the coefficients of δβiandδξi = (δxi, δvi)to zero we have two equations:

I.
∂Bjk

∂βi

∂βj

∂σ

∂βk

∂t
δβi − ∂Bjk

∂βi

∂βj

∂t

∂βk

∂σ
δβk − ∂Bjk

∂βi

∂βi

∂σ

∂βk

∂t
δβj

= δβi∂β
j

∂σ

∂βk

∂t
[∂iBjk + ∂kBij + ∂jBki] = 0

II.

t2∫
t1

dt[Bjkv
kδxj + [

∂L

∂ξi
]δξi] = 0

The first equation is automatically satisfied by B being closed. The second equa-
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q
0

β(σ,t )1
β(σ,t )

2

β(1,t ) β(1,t )
1 2

β(1,t ) = γ(t)

Figure 2.1. The area piece and its variation in Theorem 2.25

tion leads to the Euler-Lagrange equations given in Theorem 2.23:

d

dt

∂L

∂vi
− ∂L

∂xi
= Bikv

k

It is important to note that in this setup the area S becomes a trajectory in F ;

the space of paths in Q. It is also possible to build the Hamilton-Jacobi formalism of

this action where it reduces to normal Hamilton-Jacobi equations if the action principle

is restricted to dynamical trajectory. Thus upon writing the action over the space of

paths in configuration space, we no longer need B to be exact.

As mentioned before we now explore an idea presented in [12]. We have seen

that defining the action principle over either the U(1) bundle or area pieces on the

configuration space rather than paths resolves the problem of exactness of B. The

problem stems from the fact that our potential forces our configuration space to have

a non-trivial topology of H2(C) ̸= 0. That is not every two surface is contractible.

In such cases the area form sin(θ)dθ ∧ dφ is an invariant for classifying the surfaces.

For instance the integral of this 2-form over the 2-sphere enclosing origin is 4π. To



43

demonstrate the relationship between U(1) bundle and the non-triviality of the path

space one has to pass to the wave function formalism as such non-trivial topologies are

axiomatized to have effect on only non-classical systems. But instead of the classical

wave function picture, wave functionals depending on the choice of paths are adopted

motivated by the calculations above. We now present the equivalence relation on the

space of paths F given in [12]. In that paper it is shown that the quotient space of F

under this equivalence is a U(1) bundle.

Fix a point x0 and let P be the space of paths starting at that point and ending

some other point x. Define the projection map π : P ⇒ Q such that if γ is a path

ending at the point x, then π(γ) = x. Thus F =
∪

x∈Q π
−1(x). Now for two paths

γ and γ′ that start at x0 and end at x, let S(γ, γ′) be any surface bounded by these

paths and define the integral A(γ, γ′) = exp(

∫
S(γ,γ′)

B) where B is. Then we have

γ ∼ γ′ if they start and end at the same point and if A(γ, γ′) = 0. Suppose γ, γ′

and γ′′ are homotopic paths. Then we have A(γ, γ) = 0, A(γ, γ′) = −A(γ′, γ) and

A(γ, γ′) + A(γ′, γ′′)

Now using this idea of space of paths F , we study a mathematical motivation

to this heuristic introduction of U(1) bundle. It is shown in [12] that by building a

natural relation v on F , then F/ ∼ becomes a principal U(1) bundle over Q. So

the construction of wave-function formalism as functionals defined on paths in F/ ∼

naturally leads to a U(1) bundle structure and definition of wave functions up to a

phase difference. This construction starts with picking a 2-form B. Now given two

paths γ, γ′ (i.e points in F) and a surface Ξ bounded by the two, let the surface be

parameterized by the local coordinates βj(t, σ) for t1 < t < t2 and 0 < σ < 1 one

defines the quantity

A(γ, γ′) =

∫
Ξ

B =
1

2

∫ t2

t1

dt

∫ 1

0

dσBjk
∂βj

∂σ

∂βk

∂t

Now this quantity will denote a phase difference between paths depending on the

topology of the surrounding manifold. However we expect that this quantity is invariant
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of the surface bounding the two paths. So it should first of all remain invariant under

small deformations leaving the borders unchanged i.e

A(γ, γ′) =

t2∫
t1

dt

1∫
0

dσBjk(β)
∂βj

∂σ

∂βk

∂t
Then

δA =

t2∫
t1

dt

1∫
0

dσ[
∂Bjk

∂βi
δβi∂β

j

∂σ

∂βk

∂t
+Bjk

∂βj

∂σ

∂δβk

∂t
+Bjk

∂δβj

∂σ

∂βk

∂t
]

=

t2∫
t1

dt

1∫
0

dσdBjkδβ
jδβk = 0 (see Theorem 2.27)

⇒ dB = 0

So we require this form to be closed for physical consistency. Our choice for this

form will evidently be the magnetic field 2-form which is closed and not exact so that

there is a S2 centered around the origin on which the integral of B is 4π and of course

any other surface continuously deformable to S2. This also evident from the fact that

B is in fact the area area form on the sphere. Now since the Hamilton-Jacobi theory

mentioned in the previous parts regarding extremization over surfaces depended not

only on the configuration but also the paths that lead to the configuration, we consider

the generalization of this to wave functionals i.e wave functions ψ(x, γ) that depend on

paths as well configuration. In this setup the path γ is considered to start at a fixed

x0 and end at x. Then in [12] following consistency condition is introduced:

ψ(x, γ) = exp[ i
h
A(γ, γ′)]ψ(x, γ′)

That is changes in γ leaving q fixed should be a phase factor so that |ψ(x, γ)|2 is

independent of path since it is the probability distribution for finding the state ψ at

q. The factor exp[ i
h
A(γ, γ′)] is generally introduced in path integral formulations on
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topologically non-trivial spaces motivated by such results as Berry phase and Aharonov-

Bohm effect. It has the motivation that it should be a universal quantity dependent on

the topology of the space alone and not the states ψ. It has ties to homotopy theory

where fundamental groups describing the topology of the space are characterized by

an invariant integral described as above. We finally implicitly require that for two

paths starting and ending at the same points, there is always a surface bounded by the

two. And since we are working in a space greater than 2, we have that the paths are

homotopic to each other. In this case we have the following results [12]:

• A(γ, γ′) = −A(γ′, γ)

• A(γ, γ′′) = A(γ, γ′) + A(γ′, γ′′)

where γ, γ′ and γ′′ are paths that start and end at the same points. Now defining

the equivalence relation on F as, γ ∼ γ′ if they start and end at the same points and

A(γ, γ′) = 0. By the properties above this is indeed a equivalence relation. So in fact

through A(γ, γ′) wave functional and phase differences depend on equivalence classes

{B}, {B′}. Hence rather than working in the huge and unwieldy space F , it is much

more convenient to work in F\ ∼. In [12] it is shown that this space is equivalent to a

U(1) bundle on Q and that the transition functions between local trivialization of the

bundle are simply phase differences; hence wave functionals differ from each other up

to a phase difference.
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APPENDIX A: SYMPLECTIC GEOMETRY

We first give an introduction to finite dimensional symplectic manifolds and ge-

ometry, assuming knowledge of basic rudiments of manifold theory.

Definition A.1. A symplectic manifold is smooth manifold (Mn, ω) equipped with a

non-degenarete, closed 2-form ω.

Then this 2-form takes the form of a n×n nonsingular matrix at each p ∈ M denoted

as ωp. Actually there is a requirement that the manifold should have even dimension

should it be equipped with such a form. By the definition of differential forms, (ωp)ij

= −(ωp)ji. Then suppose that the manifold is of odd dimension 2n+ 1 i.e the matrix

ωp is a (2n+ 1)× (2n+ 1) matrix that is non-singular by assumption. So |ωp| ̸= 0 but

ωp = −ωT
p and this implies |ωp| = |ωT

p | = | − ωp| = −12n+1|ωp| ⇒ |ωp| = 0 and this

contradicts the assumption that ω is nonsingular. So from now on we take that M

has dimension 2n. This property makes tangent bundles (TM) and cotangent bundles

(T ∗M) likely candidates for symplectic manifolds. In fact it is possible to equip T ∗M

with such a form canonically using only geometric structures that belong to T ∗M while

one requires differentials of certain functions to equip TM with such a geometry.

Theorem A.2. (Darboux) Let (Mn, ω) be a symplectic manifold. Then ∀p ∈ M, there

are smooth coordinates (x1, x2, ...xn, p1, p2, ...pn) such that the symplectic form locally

can be given as: ω =
∑n

i=1 dp
i ∧ dxi.

Note that these local coordinates do not necessarily form a compatible atlas. However

in the case of T ∗M, it can be shown that there exists a globally defined symplectic

form given as above with the use of local coordinates of T ∗M [15].

It is useful to realize that same structure can only be defined using vector spaces,

where a vector space becomes a symplectic vector space whenever it is equipped with a

non-degenerate alternating 2-tensor. This leads to study of symplectic linear algebra,

whose results can then be applied to geometry of symplectic manifolds since ωp acts

on the vector spaces TpM
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Note that this 2-form can be seen as a map between TM and T ∗M. That is

when it is contracted with a tangent vector, it produces a cotangent vector by the

assignment ω : X 7→ Xyω|Xyω : Y 7→ ω(X, Y ). By virtue of ωp being nonsingular,

then ω∗
p becomes a isomorphism between TM and T ∗M. That is, it becomes an

isomorphism between a vector space and its dual.
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APPENDIX B: PRINCIPAL BUNDLES AND

CONNECTIONS

For completeness sake, in this chapter we will give some knowledge concerning

principal bundles and connections on principle bundles which will be used in the section

2.2.

Definition B.1. A principal G-bundle P is a fiber bundle with the projection map

π : P → M (where M is the base manifold and G is the structure Lie group) equipped

with a continuous action P ×G→ P which is free,transitive and onto on each fiber F.

We denote a principal bundle by P(M,G) or P.

We denote the right action by a ∈ G as Ra. Due to properties of the G-action we

can essentially say that fibers are identical to the group G, though one has to choose

an identity for the fiber to give it a group structure.

Two common examples for a principal bundle are the U(1) bundle over Sn (or

over suitable base manifolds) with structure group G = U(1) and the frame bundle.

We now define Ehresman connections:

Definition B.2. Let P(M,G) be a principal bundle. For each u ∈ P denote Vu as

the vertical subspace of TuP which tangent to the fiber at u (i.e it lies in the tangent

space of TuP ). Then an Ehresmann connection on P(M,G) is a smooth distribution

Hu (called the horizontal subspace) such that:

• TuP = Hu ⊕ Vu∀u ∈ P

• (Ra)∗Hu = Hua where a ∈ G, u ∈ P

Note that first condition means each vector field can be decomposed into hori-

zontal and vertical components and the second condition means horizontal fibers are

preserved under the pushforward of right action. It is also possible to define connections

using projection 1-forms [16]:
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Theorem B.3. Let Vu be the vertical subspace of TuP and let α be a 1-form such that:

• α2
u = αu

• im(αu) = Vu

∀u ∈ P . Then α is called a connection 1-form and it defines an Ehresmann

connection by ker(αu) = Hu.

For the existence and uniqueness of connections on principal bundles, we refer

the readers to [17]. We now have the following theorem [18]:

Theorem B.4. Let P(M,G) be a principle bundle with Lie group G and Lie algebra g.

If {Ui} is an open covering of M with local sections {σi} and {Ai} are locally defined g

valued 1-forms on M then there exists a connection ω on P(M,G) such that (σi)
∗ω = Ai

These {Ai} are called local connections for the base manifold and since {Ui} is

just a covering, not an atlas, they do not necessarily transform well in the overlaps.

Note that by the theorem ω is globally defined on all of P(M,G) and this brings the

following restriction:

Theorem B.5. Let {Ai} and {σi} be defined as above, if ∃ i,j s.t Ui ∩ Uj ̸= ∅ then in

the overlap Aj = t−1
ij Aitij + tijdtij where tij ∈ G are the transition functions that relate

the sections in the overlaps: σj = σitij

We finally explain curvature. Note first that any g (dim n) valued n-form α can

be written as α =
∑n

i=1 α
i⊗ei where ei is a basis for g and αi is a basis for the n-forms.

Then the exterior derivative of α is given as dα =
∑n

i=1(dα
i)⊗ ei. We define covariant

derivative using Ehresmann connections.

Definition B.6. Let α ∈ Λn(M) ⊗ g be a Lie algebra valued n-form. For any vector

fields X1, X2, ..., Xn (denoting their horizontal components as XH
1 , ..., X

H
n ), the covari-

ant derivative of α is defined as:
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Dα(X1, X2, ..., Xn) = dα(XH
1 , ..., X

H
n )

Then;

Definition B.7. Curvature 2-form Ω of a principal bundle is the covariant derivative

of the connection 1-form ω

We have the following very useful result:

Theorem B.8. Curvature form satisfies the following relation:

Ω(X, Y ) = dω(X,Y ) + [ω(X), ω(Y )]

This has the consequence that if the tangent space of our manifold supports

orthogonal frames then curvature form is simply dω(X, Y ) i.e it is exact. Now if M

is a Riemannian surface then it is possible to find an open cover {Ui} of M where

each cover supports an orthonormal frame. Then it can be shown that the curvature

form is globally defined on M by Ω = dAi [14]. However since Ai does not necessarily

transform well in the overlaps, this curvature form is not globally exact on M. But we

have the following important result (for which an example with physical significance is

given in section 2.2) [14]

Theorem B.9. Let M be a Riemannian surface and P(M,G) a principal U(1) bundle

over M. If Ai are local connection 1-forms on M with globally defined but locally exact

curvature form Ω = dAi, then the curvature form defined on P(M,G) as Θ = (π)∗dAi =

d((π)∗Ai) = dω is globally exact. In this setup where eη is the local coordinates of the

the connection 1-form on P(M,G) becomes A = π∗Ai + dη which is globally defined.
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