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ABSTRACT

THE ORDINARY COMPONENT OF /(-ISOGENY GRAPH
OF ELLIPTIC CURVES

In this thesis, our aim is to understand ¢-volcanoes which are ordinary compo-
nents of /-isogeny graphs of elliptic curves over finite fields under certain conditions.
In 1996, the structure of isogeny graphs of elliptic curves described by David Kohel
in his PhD thesis [1]. Later, in 2002 Mireille Fouquet and Francois Morain extended
Kohel’s work by defining isogeny volcanoes [2]. Firstly, we give some basic definitions
and tools as used throughout this thesis. Then we study the Kohel’s theorem and give

a 3-volcano of depth 2 over Fyp9 as an example.



OZET

ELIPTIK EGRILERIN (-IZOJENI CIZGELERININ
SIRADAN BILESENLERI

Bu tezde, amacimiz sonlu cisimler tlizerinde tanimh eliptik egrilerin /¢-izojeni
¢izgelerinin siradan bilegenlerini anlamaktir. Bu yapiya ¢-volkan denir. 1996 yilinda
eliptik egrilerin izojeni ¢izge yapisi David Kohel tarafindan doktora tezinde tanimlandi
[1]. Daha sonra 2002 yilinda Mireille Fouquet ve Francois Morain, Kohel’in galigmalarini
geligtirip izojeni volkan tanimi yaptilar [2]. Ik olarak, tez boyunca kullanacagimiz baz
temel tanim ve kavramlardan bahsedecegiz. Daha sonra Kohel’in teoremini anlayip,

F 409 Uzerinde iki derinlikli 3-volkan ornegini verecegiz.
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1. INTRODUCTION

Volcanoes are undirected graphs whose names come from the geological term. For
prime /¢, isogeny volcanoes are the ordinary components of (-isogeny graphs of elliptic
curves. The aim of this thesis is to understand the construction of isogeny volcanoes

by using the article [3]. The thesis is organized as follow :

In Chapter 2, we will study on elliptic curves. Some basic definitions and tools
will be given which are required to define an isogeny volcano. Most of them are cited

from the book “The Arithmetic of Elliptic Curves” [4].

In Chapter 3, we will explain orders in a quadratic number field K, especially in
an imaginary quadratic field. We will focus on ideals of an order in a quadratic field

by giving definitions and relations between them.

In Chapter 4, our aim is to express elliptic curves over C as quotients C/A for some
lattice A C C. The given definitions and results are mostly referred to [4-6]. Moreover,
by defining the CM action we will show that there is a one-to-one correspondence
between the ideal class groups and the isomorphism classes of elliptic curves with

complex multiplication by an order in an imaginary quadratic field. [7].

In Chapter 5, we want to show that every elliptic curve with CM by an order in an
imaginary quadratic field K is defined over an algebraic extension of Q [5]. Moreover,
there is an injective group homomorphism between Gal(L/K) and CI(O) where L is
the splitting field of the Hilbert Class Polynomial [8].

In Chapter 6, our aim is to show that the injective homomorphism between
Gal(L/K) and CI(O) is also surjective. So we need to define some notions from the

algebraic number theory. Most of them are referred to [8-11].



In Chapter 7, we will define an isogeny volcano and state Kohel’s Theorem [3].

Then we will give a proof of the theorem.

In the last chapter, we will give an explicit example of a 3-volcano of depth 2

over ]F409 .



2. ELLIPTIC CURVES

2.1. Algebraic Varieties and Curves
In this section, some basic notions and facts about algebraic geometry will be
given. They will be used to study elliptic curves. Our main reference for this chapter

is “The Arithmetic of Elliptic Curves” [4].

Let K be a field and K be its algebraic closure.

Definition 2.1. Affine n-space over K is the set of n-tuples

A"(K)=A"={P = (z1,...,2,) : 2; € K}.

The set of K-rational points A" is the set

A"(K)={P = (zo,...,x,) € A" 1 z; € K}.

Definition 2.2. Let K[X] = K[X1,...,X,] be the polynomial ring in n-independent

variables and let I C K[X] be an ideal. For each ideal I, we have

Vi={PeA": f(P)=0 forall f €1}

Any set of the form Vi is called an affine algebraic set.

Definition 2.3. If V' is an algebraic set, then the ideal of V' is the set

I(V)={f € K[X]: f(P)=0 forall P€V}.

When 1(V') is a prime ideal in K[X], then the affine algebraic set V is called an affine

variety.



Definition 2.4. Let V be an affine variety, P € V be a point and fi, ..., fm € K[X]
be a set of generators of I(V'). Then V is nonsingular (or smooth) at P if the m X n

matriz

Afi . :
<i< < i<
<8Xj(P)> for1<i<mandl1<j<n

has rank n— dim(V'). Here dim(V) is the transcendence degree of K(V) over K. If V

is nonsingular at every point, then V is called nonsingular (or smooth).

Definition 2.5. The projective n-space over K, denoted by P™(K)
P"(K) = (A"(K)\ (0,0,...,0))/ ~
with the equivalence relation

(Toy -y xn) ~ (Yo, -+ yn) <& IXNE K" such that x; = \y; for all i.

A polynomial f € K[X] = K[X, X1,..., X,] is homogeneous of degree d if
fAXo, ..., AX,) = M f(Xo,...,X,) forall A € K. (2.1)

An ideal I C K[X] is homogenous if it is generated by homogeneous polynomials. A

projective algebraic set is any set of the form
Vi={P e P"(K): f(P)=0 for all homogeneous f € I} (2.2)

for a homogeneous ideal I. If V' is a projective algebraic set, the homogeneous ideal of

V', denoted I(V) is the ideal of K[X] generated by

{f € K[X]: f is homogeneous and f(P) =0 for all P € V}. (2.3)



A projective algebraic set is called a projective variety if its homogeneous ideal I(V)

is a prime ideal in K[X].

Definition 2.6. Let Vi, Vo C P™ be projective varieties. A rational map from Vi to Vs

is @ map of the form

¢:‘/1—>‘/27 ¢:[f0a"'7fn]7

where functions fy, ..., fn € K(V1). Note that for all i € {0,1,...,n}, f; has the
property that for every point P € Vi at which fy, ..., f, are all defined,

O(P) = [fo(P), ..., [n(P)] € V2.

A rational map

Qb:[fo,,fn]m—)‘/g

is regular at P € Vy if there is a function g € K (V1) such that

(i) each gf; is reqular at P;
(ii) there exists i in {0,1...,n} such that (gf;)(P) # 0.
A rational map which is reqular at every point is called morphism.

Definition 2.7. A (affine/ projective) curve is one dimensional (affine/projective)

variety.

2.1.1. Maps Between Curves

In this section, a curve means a projective curve.

Theorem 2.8. [}, Theorem 2.3.] Let ¢ : C; — Cy be a morphism of a curves. Then

¢ s either constant or surjective.



Definition 2.9. Let Cy — C5 be a map of curves defined over K. If ¢ is constant,
then we define the degree of ¢ to be 0. Otherwise, we say that ¢ is a finite map. Let
¢* : K(Cy) — K(C1) be a map of function fields induced by rational map of curves
satisfying ¢* f = f o ¢. Then we define its degree to be

degp = [K(Ch) : " K(Cy)].

Moreover, ¢ is called separable, inseparable or purely inseparable if the field ex-
tension K(Cy)/¢* K (Cs) has the corresponding property. The notation of the separable

and inseparable degree of the extensions are degs¢ and deg; ¢, respectively.

2.1.2. Frobenius Map

Assume that char(K) = p is prime and ¢ = p" where r € Z*. Let f € K[X] be
an arbitrary polynomial. Then f? is the polynomial obtained by raising each of the
coefficients of f to the power g. Then for any curve C over K, we can define a new curve
C% over K such that its homogeneous ideal I(C?) is generated by {f?: f € I(C)}.

The ¢'*- power Frobenius morphism is a natural map from C to CY, given in [4], by

¢:C — (1, d([xoy ...y xn]) = [xd, ..., 2] (2.4)
Note that
fU(@(P)) = fU(aG; - - - z7)
= (f(zo,...,xp))? since char(K) = p
= since f(P) = 0.
So for each point P = [zg,...,z,] € C the image ¢(P) is a zero of each generator f?

of I(C?). Therefore ¢ maps to C' to C.



Proposition 2.10. /4, Proposition 2.11.] Let K be a field of characteristic p > 0
and let ¢ = p". let C be a curve over K and ¢ : C — C9 the ¢"" power Frobenius

morphism. Then

(1) ¢"K(C7) = K(C)1 ={f*: f € K(C)},
(i1) ¢ is purely inseparable,
(111) degp = q.

Corollary 2.11. /4, Corollary 2.12.] Every map 1 : C; — Cy of smooth curves over

a field of characteristic p factors as
6 g A
Cl — Cl — CQ (25)

where q = deg;(v), the map ¢ is the ¢"-power Frobenius map, and the map \ is

separable.

2.2. Elliptic Curves

Definition 2.12. An elliptic curve is a smooth projective curve with a base point. It

has an equation of the form
Y2Z 4+ a XY Z +asY Z* = X3+ ayX*Z + ay X 7* + as Z° (2.6)

with coefficients ay, . ..,as € K. The base point is the point at infinity O = [0,1,0].

Consider the nonhomogeneous coordinates © = X/Z and y = Y/Z, we can write

Equation 2.6 for an elliptic curve E as
E:y® +awwy + azy = 2° + aza® + ayr + ag. (2.7)

This equation is called the Weierstrass equation of E.



As in [4] when the characteristic of a field K is not 2, by using the change of

variables (z,y) — (z,3(y — a1z — ag)), we get

B y* = 42% + byx® + 2byw + bg (2.8)

where

b2 = a% + 4@4, b4 = 2&4 + ajas, b6 = ag -+ 4(16.

Moreover, when charK# 2,3 and by using the substitution (z,y) — (%, T05), we

get

E:y* =% — 27cur — Bdeg (2.9)

where

Cy = b% - 24b4, Cg = —bg + 36b2b4 - 216[)(5

Define the quantities as :

by = a%ag + daqag — a1a3a4 + a2a§ — ai,
A = —b2bg — 8b3 — 27b2 + 9babybs,
j=ci/A.

Definition 2.13. The quantity A is called the discriminant of a Weirstrass equation,

the quantity j is called the j-invariant of an elliptic curve.

Remark 2.14. Let E be an elliptic curve given by the Weierstrass equation

E:y? + aay + asy = ° + azx® + asx + ag. (2.10)



Let P = (x0,40) be a point on E. Then the polynomial
f(x,y) = y° + ey + agy — 2° — aga® — aur — ag (2.11)

satisfies f(P) = 0.

The point P is a singular point given by f(z,y) if and only if%(P) = %(P) = 0.

Otherwise, P is called a nonsingular point given by f(x,y).
Taylor expansion of a function f(x,y) at a point P = (xq,yo) is

F,3) = IG0.) + 5 (o) = 20) + G0}~ 0

02 af o0
31 [ 5o e = 20 +250 L (w0, ) = 20)y = o) .
+ ...

Consider that P is nonsingular, then we have
F(a,y) = f(@o,90) = ((y = y0) — el — 20))((y = yo) — Bz — 20)) — (v — 29)° (2.12)

for some a, 3 € K.

Definition 2.15. The singular point P is called a node if a« # 3. The lines
y—yo=alr—1x9) and y—yo=PB(z— o)
are tangent lines at P. If a« = [, then P is called a cusp. The tangent line at P

Y—Y = Q(I—$o)~
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Remark 2.16. Any two Weierstrass equations for an elliptic curve E are related by a

change of variables of the form

r=u*r"+r and y=1u Y +suPy +1t (2.13)

where u,r,s,t € K and u # 0.

After substituting change of variables to the Weierstrass equation, we have

u?A'=A and j =3 (2.14)

Let char K be different than 2 and 3. Let E be an elliptic curve given by the Weierstrass

equation of the form

E:y* =2+ Az + B. (2.15)

Then the only change of variables preserving the Equation 2.15 is

v=ur’ and y=u*y for someu €K . (2.16)

Proposition 2.17. [}, Proposition 1.4.]

(i) Two elliptic curves are isomorphic over K if and only if they both have the same
j-invariant.
(i4) Let jo € K. There exists an elliptic curve defined over K (jo) whose j-invariant

15 equal to jg.

Proof. (i) Assume that two elliptic curves E; and E, are isomorphic over K. By

Equation 2.15 , we have j(E)) = j(E2). Conversely, let E; and Es be two elliptic
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curves such that j(E)) = j(FEy). The corresponding Weierstrass equations are

B,y =2+ Av + B,

Ey:y?* =2+ A2+ B.

By the formula of j-invariant, since j(£;) = j(F>), we have

(44 (44')
AA3 + 2782~ 4AB +27B72 (2.17)
So,
A*B® = A°B? (2.18)

There are 3 cases :

Case 1. If A =0, then we have j = 0. Then B # 0 since A # 0. So A’ = 0. We get
an isomorphism by v = (B/B)"/S ¢ K .

Case 2. If B =0, then we have j = 1728. Then A # 0, since A # 0. It gives B’ = 0.
Taking u = (A/A")"/* € K", we obtain an isomorphism.

Case 3. If AB # 0, then j # 0,1728. Then A'B’ # 0. Taking u = (A/A)Y/* =
(B/B)Y/% € K" we have the isomorphism.

(ii) First, choose jo # 0,1728. Then

36 1
$ —
Jo—1728"  jo — 1728

E:y*+oy=2°— (2.19)
is defined over K (jo). Calculating the discriminant and j-invariant, we get A # 0
and j = jo.

For the case jo = 0, we can take the elliptic curve as F : y> +y = 2. It has
discriminant A = —27. For the case j, = 1728, consider E' : y?> = 2® + z with
A = —64. Both E and E’ are defined over K. Therefore we get the result.
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2.2.1. The Group Law

Let E be an elliptic curve given by the Weierstrass equation

E: flx,y) =y* +axy + azy — 2° — asx® — ayx — ag = 0. (2.20)

The Composition Law : Let P,) € E(K) be given and let Lpg denote the line
through P and (). Then P + @) can be found by these 2 steps :

(1) LPQ A E(F) = {Pv QvR}

(ii) Lpo N E(K) ={R,0,P +Q}.

Note that for any P, @ € E(K), Lpg intersects E(K) at three points by Bézout’s
Theorem. For the proof of the theorem, see [12, 1.7.8. page 54].

Observe that F(K) is an abelian group with an identity element O [4, Proposition
2.2.].

2.2.2. Isogenies

Definition 2.18. Let E; and E, be two elliptic curves. An isogeny from FEy to Es is

a morphism

¢ Fy — By satisfying ¢(Og,) = Og,.

Two elliptic curves E1 and Es are isogenous if there exists an isogeny from Ei to Fs

with ¢(Ey) # {0},

Theorem 2.19. [4, Theorem 3.6.] Let ¢,v : By — Es be two morphisms of elliptic

curves By and Fy. Then ¢ + 1 is also a morphism of elliptic curves E; and E.
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Moreover, if ¢,91,19 : E —> E are endomorphisms of an elliptic curve E, then

o (1 +1g) = (Ppohy) + (P ohe) is also an endomorphism of E.

Since F(K) has an abelian group structure, then
Hom(E,, Ey) = {isogenies from E; to Es} (2.21)

is also group satisfying (¢ + )(P) = ¢(P) + (P) where ¢, € Hom(FE1, Ey) and
P € FE;. The addition + on the right hand side of the equation is a group operation

on EQ.

Thus End(E) = Hom(FE, F) is a ring with addition law given before and multi-

plication law as composition

(@Y)(P) = ¢(4(P)). (2.22)

The ring End(F) is called the endomorphism ring of E.

Definition 2.20. Let m € Z. Then there is a natural isogeny

m]: E — FE

P+— [m]P

which is called the multiplication-by-m map. If m > 0, then [m|(P) =P +---+ P. If

m—times
m <0, m|(P)=—P—---—P. Ifm=0, then [0]P = O.
—— ——

m—times
Definition 2.21. Let E be an elliptic curve and m € Z with m > 1. The m-torsion
subgroup of E is the set of points of E of order m denoted as

Elm] = {P € E : [m]P = O}.

Note that Elm| is also the kernel of the multiplication-by-m map.
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We have an injection Z — End(E) taking m € Z to [m] € End(E). So we
always have Z C End(FE). When Z # End(E), we say that F has complex multiplica-
tion(CM). [4, Remark 4.3.]

Theorem 2.22. [/, Theorem 4.10.] Let ¢ : Ey — E5 be a nonzero isogeny. Then :

(1) For every Q) € E,

671(Q)] = degs (2.23)

where degs¢ s the separable degree of the map ¢.
(ii) Suppose that ¢ is separable. Then

|ker¢| = dego (2.24)

and K (E,) is a Galois extension of ¢* K (Ey).

Proposition 2.23. [4, Proposition 4.12.] Let E be an elliptic curve and ® be a finite

subgroup of E. There exist a unique elliptic curve E' and a separable isogeny
¢: E— FE' satisfying kerg = ®. (2.25)

Remark 2.24. [4, Corollary 5.4.] Let E be an elliptic curve over K and m € Z.
Assume that m # 0 in K. Then the multiplication-by-m map on E is a finite separable

endomorphism.

Theorem 2.25. [/, Theorem 6.1.] Let ¢ : Ey —> FEy be a non-constant isogeny of

degree m. There exist a unique isogeny
¢: By — Ey satisfying ¢ o¢=[m). (2.26)
Definition 2.26. Let ¢ : E; — E5 be an isogeny. The dual isogeny of ¢ is the isogeny

~

gb:Eg—}El
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given by Theorem 2.25. Observe that if ¢ = [0], then we set b= [0].

Fact 2.27. [}, Theorem 6.2.] Let ¢ : E; — E5 be a non-constant isogeny.

(i) Let m = deg¢p. Then we have its dual b satisfying ¢ o ¢ = m] on Ey. Also,
bod=[m] on E.
(ii) Let \ : Ey — E3 be another isogeny. Then m =do
(i1i) Let 1) : By — Ey be another isogeny. Then qﬂ—\w = o+
(iv) For allm € Z, [/77;] = [m] and deg[m] = m>.
(v) degd = dego.

(vi) =0¢

Corollary 2.28. [/, Corollary 6.4.] Let E be an elliptic curve and m € Z with m # 0.
(1) If m # 0 in K, i.e. if either char(K) =0 or p = char(K) >0, p{m, then
E[m] = Z/mZ x Z/mZ. (2.27)
(i1) If char(K) = p > 0, then one of the followings is true :

(a) E[p] ={0O} foralle=1,2,....
(b) Elp¢] =Z/p°Z for alle =1,2,....

Proof. (i) For all djm and d # 0, we have [d] is separable by Corollary 2.24. Tt
implies that |E[d]| = |ker[d]| = d*. Recall that E[d] is subgroup of all elements of
order d. We have an element of order d at maximal. By the fundamental theorem

of finitely generated abelian groups, we have

E[m] =Z/mZ x Z/mZ. (2.28)
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(i) Let ¢ be the p'* Frobenius map

|Ep°]| = degs[p°] by Theorem 2.22
= (degs((,if 0 @) since (ﬁ o ¢ = [p|
= (degsﬁg)e by Theorem 2.10

and also degp = p = deggﬁ. So,
(a) If degy = 1, i.e. ¢ is inseparable, then we have |E[p¢]| = 1 for all e. Thus

we have
E[p?l={0} foralle=1,2,.... (2.29)

(b) If degs = p, i.e ¢ is separable, then |E[p¢]| = p° for all e. By the funda-

mental theorem of finite abelian groups,

7
E[p¢] = 7 foralle=1,2,... (2.30)

]

Remark 2.29. For any prime { # charK, we have E[l] = Z/{Z x Z/VZ. So there
are (¢ + 1)-many cyclic subgroups in E[l| of order {. Fach of which is the kernel of
a separable (-isogeny by Propositon 2.23. Since there are (> — 1(= ({ — 1)({ + 1))-
many elements except identity and ¢ — 1 1s the number of non-identity elements in the

subgroup of order {, it gives us { + 1 cyclic subgroups of order £. [3]

Definition 2.30. Let A be an abelian group. A function
d: A— R

is a quadratic form if it satisfies the following conditions:
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(i) d(a) = d(—a) for all a € A,
(i) The pairing

AxA—R
(a,8) ¥ d(a+ B) — d(a) — d(B),

is bilinear.

A quadratic form d is positive definite if the followings are satisfied:
(i1i) d(a) >0 for all « € A,
(iv) d(a)) = 0 if and only if a = 0.

Corollary 2.31. [4, Corollary 6.3.] Let Ey and Es be two elliptic curves. The degree

map
deg : Hom(Ey, Ey) — Z (2.31)

is a positive definite quadratic form.

Proof. (i), (i11), (iv) are obviously satisfied. We will show that the pairing
Hom(Ey, Ey) x Hom(E,, Ey) — Z satisfying (¢, ) = deg(¢ + ) — deg(¢) — deg ()
is bilinear for any ¢, 1» € Hom(E,, E5). We have an injection | |:Z — End(FE).

(¢, 1)) = [deg(¢+ )] — [deg ()] — [deg(1))]
=@+ P)o(s+v)—dop—toy
=(@+)o(¢+¢)—dop—toy
=do(¢p+ ) +vo(p+1)—dogp—or
= (o) + (o).
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Then we have

~ —

(@, 01 +1h2)] = o (Y1 +1h2) + (Y1 + 1) 0 @
:$0¢1+¢30¢2+1§20¢+¢A10¢
= (¢, 1) + (¢, 12).

Similarly, we can show that [((¢1 + ¢2), V)] = (¢1, %) + (P2, ). So, it is bilinear. [

Lemma 2.32. Let E be an elliptic curve over K. For any m € End(E), we have
7+ 7 =1+ degm — deg(id — 7).

Proof. Take m € End(FE). Then we have

[deg(id — )] = (id — 1) o (id — 7) = (id — %) o (id — 71) = (id — #) 0 id — (id — 7)o 7
=[]—-(r+7)+7om

= [1] = (& + 7) + [degm].

So we have m + m = [1 + degm — deg(id — 7)]. The map 7 + 7 is multiplication-by-n

map for some n € Z. O

Definition 2.33. Let K be a Q-algebra that is finitely generated over Q. An order R
of K is a subring of K that is a finitely generated Z-module such that R @z Q = K.

Theorem 2.34. [}, Theorem 9.3.] Let R be a ring of characteristic 0 having no zero

divisors. Assume that R satisfies the following :

(1) R has rank at most four as a Z-module.

(i1) R has an anti-involution o — & satisfying

—

a+pB=a+0, O/JB:BOA(, &, da=a for somea €Z C R (2.32)

(i1i) For a € R, the product a& is nonnegative, and a& = 0 if and only if a = 0.
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Then R is one of the following:

a. R~17,
b. R is an order in an imaginary quadratic extension of Q,

c. R is an order in a quaternion algebra over Q.

Corollary 2.35. [/, Corollary 9.4.] The endomorphism ring of an elliptic curve E/K
is either 7. or an order in an imaginary quadratic field or an order in a quaternion

algebra.

Proof. Notice that

(i) End(E) is a free Z-module rank at most 4. For the proof see [4, II1.7.5. page 91].
(ii) End(E) has anti-involution ¢ — ¢ satisfying

qb—i—w:(%—i—iﬂ, ¢w:1@q§, <2:<;5, a = a for some a € Z C End(E) (2.33)

by Fact 2.27.
(iii) For ¢ € End(E), ¢ o ¢ = 0 if and only if ¢ = 0 by Corollary 2.31.

Then Theorem 2.34 implies the desired result. O
Definition 2.36. The endomorphism algebra of E is End’(E) := End(E) @z Q .

Theorem 2.37. [4, Theorem 5.1.] Let K be a field of characteristic p and E/K an

elliptic curve. For each integer r>1, let
¢p:E— E” and ¢ : B — E (2.34)

be the p"- power Frobenius map and its dual.
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(i) The followings are equivalent:
(a) E[p"] =0 for all r>1.
(b) &, is (purely) inseparable for all v > 1.
(¢) The map [p] : E — E is purely inseparable and j(E) € F .
(d) End(FE) is an order in a quaternion algebra.

(i1) If the equivalent conditions in (i) do not hold , then
Elp"| =Z/p"Z for allr > 1. (2.35)

If further j(E) € F,, then End(E) is an order of a quadratic imaginary field.

Proof. (i) (a) = (b) : Assume that E[p"] = 0 for all r>1. Since Frobenius map is
purely inseparable, deg,[p] = degy(6, o &) = deg,(3,)
Also we have deg;[p"] = (degs[p])” = (degs((fﬁ))’" where ¢ is dual isogeny of p'-
power Frobenius map.
It gives us ker[p"] = E[p"], since E[p’] = {P € E : [p']|P = O}. We know
that the order of the kernel of an isogeny is equal to its separable degree. So,
deg,[p"] = |ker[p]| = |E[p]| = 0. Therefore we get ¢, is purely inseparable for
all » > 1.
(b) = (c) : Assume that ¢, is (purely) inseparable for all » > 1. Since deg,(¢,) =
degs[p"] = (degs[p])", we have deg[p] = 1.
By Corollary 2.11 , ¢ factors as

G N (2.36)

where p = deg;(¢), the map 7 is the p'"-power Frobenius map, and the map
¢ has degree one. Since the map v is isomorphism, j(E) = j(E"") = (j(E))%
Therefore j(E) € Fpe.

(¢) = (d) : Suppose that the map [p] : E — FE is purely inseparable and
Jj(E) € Fp2. We want to show that End(E) is an order in a quaternion algebra.
Assume, to the contrary, that End(F) is a number field, i.e. End(F) ®zQ ~ Q
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or End(E) ®; Q ~ Q(v/d) where d < 0 and d is squarefree.

Let E’ be an elliptic curve which is isogenous to E and ¢ : E — E’ be an isogeny.
Let [p|g denote multiplication-by-p map from E to E. Since ¢ o [p|g = [p|g o ¥,
degilp]r = degi[p]r. Hence, [p|g is purely inseparable and |E'[p]] = 1. By
(a = b= c), j(E') € Fp. This implies that there are finitely many elliptic
curves which are isogenous to E (up to isomorphism).

Let ¢ € Z be a prime such that ¢ # p and ¢ remains prime in End(E’). So we
have E[("] = Z/0"Z x Z/¢"Z. Therefore we can get a chain of subgroups of E
such that

b, CdyC---CE where &,=7Z/("Z. (2.37)

Since each @, is a finite subgroup of E, there exists a unique elliptic curve
E, = E/®, and a separable isogeny ¢, : E — E, such that ker¢, = ®, by
Proposition 2.23. There are finitely many E,, (up to isomorphism), so i, j > 0 can
be chosen as E; ~ E;, ;. Then we get a natural projection 7 : F; — F;; ~ E;
with kernel ®;;/®; which is cyclic of order .

Note that for the element 7 of the ring End(E,,), N(r) = 77 = degr ' . So 7
factors as u o [(7/2] for some u € Aut(E;) and j must be even. But the kernel
of [¢7/?] is ZJ01/?7 x Z/#/*Z which is not cyclic. So, we get a contradiction.
Therefore End(FE) is an order in a quaternion algebra.

(d) = (b) : For the proof, see in [4, Teorem 3.1.].

We already showed that if (a) does not hold, then we have

Elp"| =7Z/p"Z for all r > 1. (2.38)

Assume that j(E) € F, and the equivalent conditions in (i) are not satisfied. Let
E’ be an elliptic curve over Fpr which has the same j-invariant of F, i.e F ~ £’
Let ¢, be p"-power Frobenius endomorphism of E such that the isomorphic image

of ¢, in Z. When we consider the degree of ¢,., we get ¢, = [p'/?]. Since Frobenius

1See Remark 4.13
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map is purely inseparable, |ker E[p’/?]| = |E[p"/?]| = deg.¢, = 1 By part (i), we
have a contradiction, then End(E") # Z. Moreover, End(E’) is not an order in a
quaternion algebra by assumption part (7). Therefore End(E’) is an order in an

imaginary quadratic field by Corollary 2.35.

]

Definition 2.38. Let E be an elliptic curve over a field K with charK = p > 0. If
Elp] = Z/pZ, then E is called ordinary. If E[p] = {O}, then E is called supersingular.

Theorem 2.39. [13, Theorem 14.1.] Let ¢ : Ey — Ey be an isogeny. Then FEj is

supersingular(ordinary) if and only if Ey is supersingular(ordinary).

Proof. Let [p|g, € End(E)) and [p]g, € End(E,) for some p € Z. Then we have

[P, 0 = ¢o[plg,
degi([p]Eg ° Cb) = degz’(¢ © [p]El)
degi([p|m,)degi(¢) = degi(¢)degi([p]s,)

degi([ple,) = degi([p]e,)-

This implies that deg;([p]) g, = deg;([plg,) = 1 if and only if | Ey[p]| and | Es[p]| are both
equal to the degree of multiplication-by-p map, i.e. E; and E, are both ordinary. The

same proof works for supersingular case. O
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3. ORDERS

In this chapter, we will study orders in a quadratic number field K, especially
imaginary quadratic field and ideals of an order. These are mostly cited from the
book “The primes of the form 22 + ny? : Fermat, Class Field Theory, and Complex
Multiplication” [6], the book “Solving Pell Equation” [14], and lecture notes [7].

Definition 3.1. An order O in a quadratic field K is a subset O C K such that
(1) O is a subring of K containing 1,

(11) O is a finitely generated Z-module,
(i1i) O contains a Q-basis of K.

Remark 3.2. Let O be an order and K be its field of fraction. The ring of integers
Ok is called a maximal order. Since Ok and O are free Z-modules of rank 2, we have

Ok : O] < 00. The index [Of : O] is called the conductor of O.

Definition 3.3. Let o — & be the nontrivial automorphism of K. Suppose O = [« []
is any order of K. The discriminant A(Q) of O is

A(0) = — (o - aB)2

Lemma 3.4. [6, Lemma 7.2.] Let O be an order in a quadratic field K of discriminant
dg. Then O has finite index in Ok. If we set f =[Ok : O], then

O =7+ fOx =1, fwgl, (3.1)

where Wi = dKJrT VK

Proof. Let f =[Ok : O]. Then we get fOx C O. So Z + fOxr C O. Observe that
Z+ fOk =[1, fwg] and also it has index f in Og. Hence, the result follows. ]
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Observe that the discriminant of an order O does not depend on the integral basis
a and § of O. By Lemma 3.4, we can write O = [1, fwg]. Then we get A(O) = f2dk.
Since the discriminant dgx of quadratic number field K is congruent to 0 or 1 modulo

4, so0 is A(O).
Every nonzero ideal a of O has finite index. The norm of a nonzero ideal a of an
order O is defined as N(a) = |O/a| < .

Definition 3.5. An ideal a of O s proper if

O={BcK:BacCal.

Remark 3.6. Principal ideals are always proper.

Definition 3.7. A fractional ideal of O is a subset of K which is of the form aa, where

o € K*and a is an O-ideal.

A fractional O- ideal b is proper provided that

O={8€K:pBbcChb).

Definition 3.8. Let O be an order in a quadratic field K and a,b be two fractional
O-ideals. Then a and b are said to be equivalent if ya = 0b for some v, 6 € O. If a
is a fractional ideal O-ideal, then [a] denotes the set of all fractional O-ideals that are

equivalent to a. It is called the ideal class of an ideal a.

Definition 3.9. A fractional O-ideal a is invertible if there is another fractional O-

ideal b such that ab = [O].

Lemma 3.10. [6, Lemma 7.5.] Let K = Q(7) be a quadratic field, and ax® + bx + ¢ be
the minimal polynomial of T where a, b and c are relatively prime integers. Then [1, 7]

is a proper fractional ideal for the order [1,at] of K.
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Proof. Observe that at € K satisfies a polynomial 22+bxz+ca. It is an algebraic integer.
So O :=[1,ar] is order of K. Then we need to show that [1,7] is a proper fractional

ideal for the order [1,a7] of K, it means that [1,a7] = {a € K : o[l,7] C [1,7]}.

Clearly, [1,a7] C {a € K : a[l,7] C [1,7]}. Let @ € K such that ofl,7] C [1,7].

Then we get a € [1,7] and a1 € [1,7]. Since « € [1, 7], there exist m,n € Z such that

a = m +nt. Since az? + bz + c is the minimal polynomial of 7, we get 72 = %_I’T
Substitute 72 to ar = m7 + n7? and get
—cn —bn
arT=——+(—+m| T (3.2)
a a

We know that at is an algebraic integer, it implies that n must be divisible by a since
(a,b,c) = 1. Then « can be written as m + k(ar) where n = ak for some k € Z.

Therefore « € [1, ar] [6, Lemma 7.5.]. O

Proposition 3.11. /6, Proposition 7.4.] Let O be an order in a quadratic field K and

a a fractional O-ideal. Then a is proper if and only if a is invertible.

Proof. Assume that a is invertible. So there exists a fractional O-ideal b satisfying

that ab = 0. We want to show that a is proper. Obviously, O C {« € K : aa C a}.

Let « € K and aa C a, then

aO = afab) = (aa)b C ab = 0. (3.3)

So we get « € O. It shows that {a« € K : aa C a} C O. Therefore O = {a € K :

aa C a}.

Conversely, assume that a is a proper fractional O-ideal. Note that a is a Z-
module of rank 2. We can write it as a = [«, ] where o, € K. Then a = ofl, 7]
such that 7 = 8/a. Let az? + bx + ¢ be the minimal polynomial of 7. Then by Lemma

3.10 ,[1, 7] is proper fractional ideal for O = [1,ar|. Let a — & be the nontrivial
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automorphism of K. Take another root of ax?® 4+ bz + ¢ as 7, we get @ = @[1, 7] which

is a proper fractional ideal for O = [1,a7] by Lemma 3.10. Then

aaa’ = aad'[1, 7][1, 7]

= N(a)a[l, 7,7, 77'] since N(a) = ad’
= N(a)[a,ar,—b,c] since 7+ 7 = —b/a and 77" = ¢/a
= N(a)[1,ar] since (a,b,c) =1
= N(a)O.
Choose b = = 0. So a is invertible.
Therefore a is proper if and only if a is invertible. O

Definition 3.12. The ideal class group Cl(Q) is the multiplicative group of equivalence
classes of proper fractional O-ideals. The class number of O is the order of ideal class

group Cl(O). It is denoted by h(O).

Cl(0) = {non-zero proper fractional O-ideals}

{non-zero principal fractional O-ideals}’

Theorem 3.13. [6, Theorem 25.5.] Let E be an elliptic curve defined over k with CM
by an order O1 in an imaginary quadratic field K. Suppose that there exist a prime
degree (-isogeny ¢ : E — E'. Then E' has CM by an order Oy in K, and one of the
followings holds:

(i) O1 = Oy,
(Z’L) [Ol . 02] = g,
(iii) [Os: O] = L.

Proof. Let ¢ : E' — E be the dual isogeny of . For every 7 € End(E), we have an
isogeny v = poT1o@ € End(E’). Since End(E'") is a ring, we can find the degree and
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trace of 7. The degree of 7 is

degy = deg(p o 0 ) = (degyp)*degr. (3:4)

And the trace of 7 is

Tr(y) =7+7 = poTop+po 7o ¢ = poTop+potop = po(r+7)op = (degp)I'r(r).
(3.5)
We can conclude that « and (degy)T are the roots of the characteristic polynomial

22 — (Tr)z + deg.? So Q(v) ~ Q((degp)T) ~ Q(7) and End’(E) C End°(E').

Similarly, take an arbitrary 7 € End(E’). There is v/ = ¢ o7’ 0o p € End(E’)
with degy’ = (degp)?degr’ and Tr (') = (degp)Tr(7'"). Hence, we have Q(v) ~ Q(7')
and End’(E') C End’(E). Thus End’(E) = End’(E’) = K. Then E’ has CM by O,
in K.

Now, consider Oy = [1,7] and Oy = [1,7’] for some 7,7" € H. Then po7o0op =
[¢T] € End(E'’) since [r] is multiplication map and ¢ o ¢ = [(]. Also ¢T € O, since
End(E'") ~ O,. By the same way, we have ¢ o 7' o = [(7'] and ¢7" € O,. This implies
that [1,07] C Oy = [1,7] and [1,¢7'] C O; = [1,7]. Thus we have

[1,0%7] C [1,67) C [1,7]. (3.6)

Note that the index [[1,7] : [1,£%7]] is 2. So there are three cases for the index of
[1,¢7'] in [1,7] which are 1, ¢ or £%. If the index is 1, then [Oy : O;] = . If the index
is £, then O; = O,. If the index is ¢2, then [O; : Oy] = /. O

Definition 3.14. Let ¢ : E — E' be a prime degree (-isogeny of elliptic curves E
and E' with CM by orders Oy and Oy in an imaginary quadratic field K, respectively.
Then

2See Remark 4.13



(i) we say that ¢ is horizontal isogeny if O = Oy,
(11) we say that ¢ is vertical(descending) isogeny if [Oy : Og] = ¢,
(111) we say that ¢ is vertical(ascending) isogeny if [Og : O1] = L.

28
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4. COMPLEX MULTIPLICATION

In this chapter, our aim is to express an elliptic curve over C as a quotient C/A for
some lattice A C C. Given definitions and theorems are mostly from [4-6]. Moreover,
we will show existence of a one-to-one correspondence between ideal class groups and

isomorphism classes of elliptic curves by CM action given as in [7].

Definition 4.1. A lattice A C C is an additive subgroup A = Z\ +7Z\s of C generated
by R-linearly independent complex numbers Ay and X\y. It is denoted by A = [A1, \a].

Definition 4.2. If Ay is a sublattice of Ay such that the group As/Ay is cyclic, then

we say that Ay is a cyclic sublattice of As.

Lemma 4.3. [8, Lemma 21.2.] Let A = [1,7] be a lattice with 7 € H. The cyclic
sublattices of A with a prime index € are the lattice [1,07] and the lattices [(,T + k]
where 0 < k < /.

Definition 4.4. Let A C C be a lattice. The Weierstrass p-function (relative to A )is
defined by the series

The Eisenstein’s series of weight 2k (for A )is the series

Gor(A) =) w™,
wEA
w#0

Remark 4.5. [, Remark 3.5.1.] There is a relation between p(z) and ¢'(z) such that

0 (2)? = 4p(2)* — 60G4(N)p(z) — 140Gs(A)  for every z € C — A. (4.1)
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We define g and g3 as

Proposition 4.6. [/, Proposition 3.6.] Let go = g2(A) and g5 = g3(A) be the quantities
associated to lattice A C C. The polynomial f(x) = 43 — gow — g3 has distinct roots,

so its discriminant A(A) = g3 — 2743 is nonzero.

Definition 4.7. The j-invariant of the lattice A is defined as

RO s

J(A) = 172892(A)3 — 27g3(A)? AN

Remark 4.8. Note that since A(A) is not equal to 0, j-invariant is always well-defined.

Let A; and A, be lattices in C. Assume that a € C such that aA; C Ay. By

multiplication- by-a map, we get an induced map

¢a : C/A; — C/As, ¢a(2) = az(mod As). (4.3)

Let z1, 20 € Ay such that z; = z5. Then we get

&(z1) = azi(mod As) = azo(mod Ay) = ¢(22). (4.4)

So ¢ is well-defined. Let z1, 2o € C/A;. Then

d(z1+22) = a(z1+22)(mod Ay) = azi(mod Ag) +aze(mod Ag) = ¢(z1) +¢(22). (4.5)

So induced map is a well-defined group homomorphism.
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Theorem 4.9. [}, Theorem 4.1.] With notation as above,

a. the association

holomorphic maps

{OéGCICYAl CAQ}—) ¢C/A1—>C/A2 } (46)
with ¢(0) =0
(0% — ¢a (47)

15 a biyjection.
b. let Ey and Ey be elliptic curves corresponding to lattices Ay and As, respectively.
We have E; : y? = 42 — go(A1)x — g3(A1) and Fy : y* = 42° — go(A2)z — g3(As).

Then the natural inclusion

holomorphic maps
{isogenies ¢ : By — Ey} — ¢ ¢ : C/A; — C/A, } (4.8)
with ¢(0) =0

15 bijection.

Theorem 4.10 (Uniformization Theorem). [4, Theorem 5.1. | For every elliptic curve

E/C, there exists a lattice A C C and an isomorphism

f:C/A — E(C) (4.9)
2 [p(z;A), (M), 1] (4.10)

The corresponding elliptic curve is denoted by Ey : y* = 2% — go(A)x — g3(A) where
g2(A) = 60G4(A), g3(A) = 140G6(A).

Corollary 4.11. [4, Corollary 4.1.1.] Let E,/C and E,/C be elliptic curves corre-
sponding to lattices Ay and As, respectively. Then Ey and Fy are isomorphic over C

if and only if A1 and Ay are homothetic, it means that there exists some a € C* such

that A1 = OéAQ.
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Proof. First, assume that A; and Ay are homothetic lattices. There exist an o € C*

satisfying Ay = aA;. Then

92(A2) = ga(aly) = 60G4(al) =60 Y w ™ =600 Y wt =atg(A) (411)

weal weA
w#0 w#0

and

g3(A2) = gs(al) = 140Gs (o) = 140 Z w % = 140a~* Z w % =a % (A).

weal weEA
w#0 w#0
(4.12)
So
. g2(N2)? a 2gy(Ay)? :
Ay) = 1728 = 1728 = j7(Ay).
JWa) =178 — 21— P e gy ()P — a-22rg (A O

Since j-invariants are equal, we can deduce that elliptic curves F; and F, are isomor-

phic.

Conversely, assume that F; and E, are isomorphic, it means that they have the
same j-invariants. So lattices Ay and Ay satisfy j(A;) = j(Ay). By using the definition

of j-invariant, we can choose a € C* such that

at = g2(A) and ab = gs(A) (4.13)
92(A2) 93(A2)
It implies that Ay = aA;. Thus A; and A, are homothetic lattices. O

Theorem 4.12. [}, Theorem 5.5.] Let E/C be an elliptic curve. Let Ay and Ay be
generators for the lattice A associated to E by the Uniformization Theorem. Then one

of the following is true:

(i) End(E) =Z.
(i) The field Q(A2/A1) is an imaginary quadratic extension of Q and End(E) is
isomorphic to an order in Q(Ay/)\1).
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Proof. By the Uniformization Theorem, there exists a lattice A = [\, Ao] where

A, A € C. Let 7= 3\\—3 Then we get
A= [)\1,)\2] = )\1[1,7’]. (414)

Since \; € C*, A and [1, 7] = Z + 7Z are homothetic. Therefore we may consider A as
[1, 7] instead of [A1, Ao]. Define

O={aeC:al CA}, (4.15)
By Theorem 4.9, O ~ End(E). For all « in O, the inclusion a[l,7] C [1, 7] gives us

a=a+br and ar=c+dr forsome a,b,c,de Z. (4.16)

c
a—d’

When we write 7 = we get o? — (a + d)a + ad — be = 0. So O is an integral

extension of Z.

Assume that O # Z and take an element « in O — Z. Since a = a + b1, b can

not be zero. So we can get rid of « in the above equations. Then the equation

br? —(a—d)T —c=0 (4.17)

holds. Since 7 ¢ R, we have that Q(7) is an imaginary quadratic extension of Q. Since
every a € O is also an element of Q(7), we have the inclusion O C Q(7) and also O is

integral over Z. Therefore O is an order in Q(7). O

Remark 4.13. Let A be lattice in C. Assume that o € C satisfying oA C A. We have

an induced map

0o : C/A — C/A, balz) = az(mod A). (4.18)

where C/A ~ E 1is the elliptic curve over C by the Uniformization Theorem.
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Then ¢o gives an isogeny and also there exists its dual isogeny ¢4 : C/A — C/A.
Both ¢o and ¢4 are in End(C/A). By Theorem 4.12, we have End(C/A) ~ O for

some O = [1,7] in an imaginary quadratic field K where 7 € C. Then

O = End(C/A)
r=a-+br— 1

~

r=d —-br—

where a,b € Z and v be the conjugate of r. Therefore we can conclude that the conjugate

element of 1 in the ring End(C/A) corresponds to the dual isogeny of 1. So N(¢) =
) = degy).

If Z C End(E) ~ O is satisfied Theorem 4.12; then we say that E has complex

multiplication by the order O in the imaginary quadratic field Q(7).

The natural question is that how can we construct an elliptic curve which has

CM by O if O is a given order in an imaginary quadratic field K. [7]

Let K be an imaginary quadratic field and O an order in K. If a is a proper
fractional ideal of O, then a can be seen as a lattice in C. By the Uniformization

Theorem, we get the corresponding elliptic curve F, whose endomorphism ring is

End(E,) ~{ae€C:aaC a} by the Uniformization Theorem
={a€eK:aaCa} since a C O
=0 since a is a proper fractional O-ideal.

Definition 4.14. Given an order O in an imaginary quadratic field K. Let So(k) be
the set of all elliptic curves over k of which endomorphism rings are isomorphic to O.
Let By, Ey € So(k). We say Ey is equivalent to Ey (denoted Ey ~ Ey) if By and Fy

are isomorphic elliptic curves over k. Then Ello(k) denotes So(k)/ ~.
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There is a one-to-one correspondence between homothetic lattices and isomor-
phism classes of elliptic curves which are obtained from these lattices, it means that
A and aA for some o € C* give the same elliptic curve in Ellp(C). We will denote

C-isomorphism class of elliptic curves which are obtained by the lattice A by {F,}.

Let O be an order in an imaginary quadratic field K. Take an arbitrary proper
fractional O-ideal a with generators « and 3, i.e. a = [a, 3]. Observe a C C, so a is a

lattice.

Consider a lattice A = [1,7] and an order O = [1,w] in an imaginary quadratic
field K with End(E,) ~ O. By Theorem 4.9, End(E)) ~ {a € C: aA C A} = O.

Since w € O, we have w € A such that w = a + br for some a, b € Z. Observe that

bA = [b,b7] = [b,w — a] = [b, w] (4.19)

since b(w—a)+ab = bw € [b,w—a] and b € [b,w—a|. So w must be in [b, w—a]. Observe
that [b,w] is an O-ideal since [b,w] C O and O[b, w] C [b,w]. Denote a = [b,w]. The
equality gives us that A is homothetic to an O-ideal a.

Therefore we can conclude that when a and b are proper fractional O-ideals, a and b

are equivalent in C1(Q) if and only if they are homothetic as lattices in C.

Proposition 4.15. Let O be an order in an imaginary quadratic field K. Then there

1S a bijection

CL(O) — Ello(C)

[a] — {EL}-

Proof. Let [a] = [b] in C1(O). Observe that a and b are equivalent proper fractional
ideals of O. Then they have the same j-invariant. Therefore {E,} = {E,} and also

the map is well-defined.
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Consider [a], [b] € Cl(O) with {E,} = {Ey}. By Corollary 4.11, a and b are

homothetic as lattices. So the map is injective.

Let FE € Ellp(C). By the Uniformization Theorem there is a lattice A such that
E ~ C/A. So for some proper fractional O-ideal A = a up to homothety. Then the
map is also surjective. This implies a one-to-one relation between the ideal class group

Cl(0O) and the isomorphism class of elliptic curves Elln(C). O

4.1. The CM action

Let E be an elliptic curve over C and O be an order in an imaginary quadratic
field K such that End(E) ~ O. By the Uniformization Theorem and Remark 4, there
is a proper fractional O-ideal b such that £ ~ Fy,. There is a map

Cl(O) x Ello(C) —s  Ell(C)

([, {Eo}) = [a] * {Eo} = {Ea-1e}.

Take ([a],{Ey}) = ([0'],{Ew}) in CI(O) x Ello(C). This gives us that [a] = [a/] and
{Ep} >~ {Ey}. Then we have {Ey-1p} >~ {E, -1, }.

If a is a principal fractional O-ideal, whose class represents the identity element
in Cl(O), then for any {Fy} € Ello(C), we have [a] * {Ey} = {Ey-15} = {FEs} since b

and a~'b are homothetic.

Let a, b, and ¢ be arbitrary proper fractional O-ideals. Then

[a]  ([0] * {Ec}) = [a] ¥ {Ep1e} = {Eato-1e} = {Epa)-1e} = {Ear)-1c} = [ab] + { £}
(4.20)
Therefore we can conclude that there is a group action of C1(O) on Elln(C).
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Theorem 4.16. The action of Cl1(O) on Ello(C) is transitive and free.

Proof. Let a and b be any proper fractional O-ideals. Take a proper fractional O-ideal
¢ = ba~!. Then

[c] ¥ {E} = [ba™ '] % {Ey} = {Ew-16} = {E,}. (4.21)

Thus the ideal class group C1(O) transitively acts on Ellp(C). [7]

Moreover, take ¢ € CI(QO) satisfying [¢] x {Ep} = {Fs} for any {E,} € Ello(C).
Then {E.-1} = {Ep}. This implies that ¢ 'b and b are homothetic. So ¢ is principal

fractional O-ideal. Therefore the action is also free. [7] O

Remark 4.17. The ideal class group CI(O) is a finite group. (For the proof see
in [9, Corollary 2.].) Since there is a bijection between Cl(O) and Ello(C), we have
|CI(O)] = |Ello(C)].

Let a and b invertible @-ideals. Then we have an inclusion b C a='b and an

induced isogeny ¢q : Ey — Eq-1, = [a] % Ej.

Definition 4.18. Let E be an elliptic curve over C satisfying End(E) ~ O where O
is an order in an tmaginary quadratic field K. Take an arbitrary invertible O-ideal a.

We define

Elaj={Pe€ E:aP =0 foradlac a}.

It is called the group of a-torsion points of E.

Proposition 4.19. [7, Theorem 18.11.] Let E be an elliptic curve over C with
End(E) ~ O where O is an order in an imaginary quadratic field K. For any arbitrary

invertible O-ideal a, we have a natural isogeny ¢, : E — [a] x E with the action * of

Cl(O) on Ello(C). Then the followings hold :
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(i) Ela] is the kernel of the natural isogeny E — [a] x E.
(i) The natural isogeny E — [a] * E has degree Na.

Proof. (i) Let b be a proper fractional O-ideal corresponding to E, i.e. E = Ej.

There is an isomorphism C/b — Ejy. Then

Ela]={z€C/b:[a]z =0 for all a € a}
={ze€C:azecbforallaca}l/b
={ze€C:zaCb}/b
=a'b/b since zO Ca'b
= ker(C/b Z—5 C/a"'b)

= ker(E — [a] x E).

(ii) First, observe that deg(¢,) = |F|a]|. We want to show that [a='b: b] = [b : ab].
Take any 2 + b in a='b/b where € a™'b and x ¢ b. Then we have xa C b. For
any a € a, we have ax € b. Since z ¢ b, we also have ax ¢ ab . So we get a
nonzero element ax 4 ab € b + ab.

Similarly, now take an arbitrary element = 4+ ab in b/ab where x € b and z ¢ ab.

1

Then we have za™! C a~'b. For any a € a~!, we have axz € a~'b. Since z ¢ ab,

we also have ax ¢ b. So we get a nonzero element ax + b € a~'b/b. So

|Ela]| = [a~"b/b] =[a b : b] = [b: ab] = [0 : a0] = Na. (4.22)
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4.2. Ordinary Elliptic Curves over Finite Fields

Let k be the finite field with q elements. Let E be an elliptic curve with CM by

an order O in an imaginary quadratic field K. Denote ¢'"-Frobenius map as 7g [3].

Let P = (X,Y) € E(F,) with 7g(P) = (X9,Y9) = (X,Y) = P. So we have
mg(P)— P = 0. It gives (rg — id)(P) = O. Conversely take an arbitrary element P
in ker[rg — id]. Then we have 7g(P) — P = 0. So P € E(F,). Thus

|E(Fy)| = |ker(mg — id)]
= deg(mp — id) since (7 — id) is separable
= (5 — id) (15 — id)

:7ATE7TE — (ﬁE—l-?TE)—Fl
where Tpmg = N(7mg) = q and (g + 7g) =t := Tr(ng).
Then 7g satisfies the characteristic polynomial 7% —tmz+¢q = 0. Since End(E) is
isomorphic to O, there is an algebraic integer with trace ¢t and norm ¢ which corresponds

to mg. So

4qg =t> —v*Dyg  where v = [Ok : Z[rg]] and disc(Og) = Dg. (4.23)
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5. THE HILBERT CLASS FIELD

Our aim is to show that every elliptic curve with CM can be defined over an
algebraic extension of Q [5]. Let O be an order in an imaginary quadratic field K with
discriminant D. We will define the Hilbert Class Polynomial Hp(X) and the splitting
field L of Hp(X) over K. Then we will observe that both C1(O) and Gal(L/K) act
on the roots of Hp(X). Moreover, there is an injective group homomorphism between

Gal(L/K) and CU(O) [8].

Proposition 5.1. [5, Proposition 2.1.]

(i) Let E be an elliptic curve over C. Let and o : C — C be any field automorphism
of C. Then

End(E) ~ End(E°). (5.1)

(i) Let E be an elliptic curve over C with CM by an order O in an imaginary

quadratic field K. Then j(E) € Q.
(iii)

Ellp(C) ~ Ellp(Q). (5.2)

Proof. (i) Let ¢ : E — E be an endomorphism and o € Aut(C). Then o acts on
the Weierstrass coefficients of elliptic curves such that E° : y? = 23+0(A)+o(B).
Taking arbitrary ¢, ¥ € End(FE), we have ¢7 : £ — FE? with the following
properties (¢ + )7 = ¢ + 17 and (¢ 01)? = ¢7 0)?. Thus we have an induced
map o : End(F) — End(E?) which is a ring homomorphism. Hence, o has an
inverse 0! : End(E’) — End(F) implying that End(E) ~ End(E°).

(ii) By part (i), we can say that £ has also CM by O. We have j(E) = j(E?) =
J(E)?. The first equality holds by Proposition 2.17 and the second equality holds

since the j-invariant is a rational combination of coefficients of a Weierstrass
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equation. Since j(E?) € Ellp(C) and there are finitely many j(E) € Ellp(C),
every o € Aut(C) permutes elements of the isomorphism class of an elliptic curve.
Therefore [Q(j(E)) : Q] < h(O) < co. Hence, j(E) is an algebraic number.

(iii) We have Q C C. We want to show that there is a bijection between Elln(Q) and

Ello(C). Define a natural inclusion map as

v : Ello(Q) — Ellp(C). (5.3)
Let E; and E5 be representatives of two isomorphism classes in Ell@(@) such
that v(E1) = v(E,). This equality gives us j(E;) = j(F2). By Proposition 2.17 |
we get Fy ~ E, over Q. So the map is injective.
Take an arbitrary element E € Ellp(C). By part (i7), j-invariant of F is in
Q. By Proposition 2.17 part (i), there exists an elliptic curve E’ defined over
Q(j(E)) such that j(E') = j(F). By Proposition 2.17 part(i), E ~ E’ over C.
So v(E') = E, the map is surjective. Therefore the map is bijective.

]

Fact 5.2. [8] Let O be an order with discriminant D in an imaginary quadratic field
K. The elements of Ello(C) are algebraic integers. The all elements have the same

manimal polynomial over K such that

HpX)= ][ (xX-j®E)ezX]. (54)

J(E)eElo(C)

It is known as the Hilbert class polynomial of discriminant D. This implies that every
elliptic curve E over C with CM by O is defined over a number field K(j(E)) where

J(E) is an algebraic integer.

Theorem 5.3. [8, Theorem 21.3. page 2] For all j1, jo» € C, we have the modular
polynomial @ (j1,j2) = 0 if and only if j1 and j are the j-invariants of elliptic curves

over C that are related by a cyclic isogeny of degree N.
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Let O be an order in an imaginary quadratic field K with discriminant D and F;
be an elliptic curve with CM by O. Then Gal(K/ K) acts on Ellp(Q) via the action
described in Proposition 5.1. Take an arbitrary ¢ € Gal(K/K). Then we already
showed that EY has CM by O. There exists a proper fractional O- ideal a satisfying
EY = [a] x E; since the action is transitive by Theorem 4.16. From Section 4.1, we

know that there is a C1(O)-action on Ellp(Q). For some proper fractional O-ideal b,
we have Fy = [b] * E; which is an elliptic curve with CM by O. Observe that

E3F = ([b] * £1)°

= [6°] « E° 11.2.5. in [5]
= [b] x EY since b C K
= [b] * ([a] * Ex)

= [a] = ([6] * Ex)

= [a] * Fs.

Then there is a group homomorphism

Gal(L/K) — CIL(O)

o —  [q]

where E? = [a]* E and L is the splitting field of Hp(X). The identity automorphism in

Gal(L/K) is the only automorphism acting on Ellp(Q) trivially. Moreover, we know

that C1(O)-action on Ellp(Q) is a free action by Theorem 4.16. So we have an injective

group homomorphism.
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6. ALGEBRAIC NUMBER THEORY

In the previous chapter, we showed that there is an injective group homomorphism
between Gal(L/K) and Cl(O) where O is an order in an imaginary quadratic field K
and L is the splitting field of Hp(X). The purpose of this chapter is to show that
the homomorphism is also surjective. First, we need to define some notions from the

algebraic number theory. Most of them can be found in [8-11,15].

A number ring is a subring of a number field. Number rings are not always unique
factorization domains. Number rings have three special properties which will be stated
in the Definition 6.1, and that any integral domain with these properties also has the

unique factorization of ideals.

Definition 6.1. A Dedekind domain is an integral domain R such that

(i) Every ideal is finitely generated,
(ii) Fvery nonzero prime ideal is a mazimal ideal,

(i1i) R is integrally closed in its field of fractions.

Theorem 6.2. [9, Theorem 14.] Every number ring is a Dedekind domain.

Let K be an imaginary quadratic number field and L a finite extension of K.

Moreover, let Ok and O be the ring of integers of K and L, respectively.

Let p be a prime ideal of Ok. Since Oy, is a Dedekind domain, the ideal in pOy,

factorizes uniquely. Then the factorization of a prime ideal p of Ok in Op is given by

pOL =qi'q5° ... q;7 (6.1)

in which g;’s are distinct primes of Op containing p. The integer e; is the ramification

index of q; over p. We have also a residue field extension Oy /q; of Ok /p and the inertia
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degree of q; over p is f; = [Or/q; : Ok /], see [6, page 100].

Fact 6.3. When L is a Galois extension of K with Galois group Gal(L/K), then the
ramification index of q; over p are all equal to e for all i and the inertia degree of q;
over p are all equal to f for all i. In this case, we say the ramification index of p is e.
Similarly the inertia degree of p is f. Moreover, Gal(L/K) acts on the primes lying over
p transitively. If there are r-many primes lying over p, then [L : K| =n = efr. [10,
Theorem 3.34]

Definition 6.4. Let L be a Galois extension of K. Let p be a prime ideal of O and

q be a prime ideal of O containing p.
The decomposition group of q over p is defined as

Dy ={o € Gal(L/K) : 0(q) = q}

={o € Gal(L/K) : o(a) = 0(mod q) <> a = 0(mod q)Va € O}
The inertia group of q over p is defined as
I, ={0 € Gal(L/K) : o(a) = a(mod q) for all « € O}.
Observe that o(a) =0 (mod q) if and only if & = 0(mod q). Hence we have
I, < Dy < Gal(L/K). Since o(q) = q and 0(Op) = Oy, o induces ¢ : Op/q — O /q
is an automorphism which fixes Ok /p. Therefore & € Gal((’)L/q/(’)K/p).

Consider the map

fiDy — Gal((’)L/q/OK/p)

o— 0.
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The map f is group homomorphism whose kernel is /;. Any element o of I; satisfies

o(x) —x € q for all z € Oy, [6, page 101-102].
6.1. The Frobenius Automorphism

Let L be a Galois extension of K with Galois group Gal(L/K). Let p be an

unramified prime in L, i.e. e = 1. Then I; = {1} and we have an isomorphism
Dy — Gal(Oy/q / O /p). (6.2)
So Gal(Or/q / Ok /p) is generated by the special automorphism & such that
G(z) =Pl forall z € O /q (6.3)
where || p || denotes the index Np. The corresponding automorphism o, € D, satisfies

oq(a@) = alPl(mod q)  for all a € Oy.. (6.4)

It is called the Frobenius automorphism of q over p. We denote o, by [L/TK} [9].

Remark 6.5. If ¢’ is another prime lying overp in Oy, then there exists 0 € Gal(L/K)
such that o(q) = q'. Let 7 € Dy. We have

o(q) =d' =7(q) = 7(o(q)). (6.5)
This implies that ¢ = o~ '70(q) and o~ *ro € Dy. Thus T € 0Dyo .
Let T € 0Dyo™ !, then o~ ‘1o € D,. It implies that o~ '70(q) = q. Then
q = o(q) = 7o(q) = 7(q), (6.6)

hence T € Dy and aDq0*1 = Dy
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Simalarly, we have Iy = ol,o™ .

Let o be the Frobenius automorphism of q over p. Let oy be the Frobenius auto-

morphism of q' over p where 7(q) = q' for some T € Gal(L/K). Then

Tog(a) = T(aHp”)(mod Tq)

= 7(a®(mod ¢').

Since every element in Oy, can be expressed in terms of 7' (a), we have

To,m () = 7'(7"104)”’“”)( mod q')

oy (@) = alPl( mod q')  for alla € Oy,
This shows that Frobenius automorphisms are conjugate to each other in Gal(L/K).
[16, Proposition 8.2.2.]

Definition 6.6. When L is an unramified abelian extension of K, conjugates of the
Frobenius automorphisms are all equal to oq. A unique Frobenius automorphism o, is

determined by an unramified prime p of K. The map

p—0

sends unramified primes p to the o, where o,(a) = alPl( mod q) for all « € Op. It is

called the Artin map.

We will use the Artin map to prove that ¥ : Gal(L/K) — Cl(O) is surjective,

hence an isomorphism [8].

Theorem 6.7. [11, Theorem 22.1.] Let O be an imaginary quadratic order of discrim-
inant D and let L be the splitting field of Hp(X) over K = Q(v/D). The map

U : Gal(L/K) — CIl(O)
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which sends 0 € Gal(L/K) to the unique o € CI(O) for which j(E)? = j([a] x E)
holds for all j(E) € Ello(L) is a group isomorphism that commutes with the actions
of Gal(L/K) and Cl(O) on Ellp(L).

Theorem 6.8. [11, Theorem 22.3.] Let O be an order in an imaginary quadratic field
K = Q(vV/D) with discriminant D and L the splitting field of Hp(X) over K. Let p be

a prime not diwviding D. The followings statements are equivalent:

(1) p is the norm of a principal O-ideal,
(i1) (%) =1 and Hp(X) splits completely in F,[X],
(11i) p splits completely in L,
(iv) 4p = t* — v2D for some integers t and v with t # 0(mod p).

Proof. Let K = Q(v/D) and Ok = [1,wg] be its ring of integers where wy = %
and D = A(Ok). Let O = [1, fwk] be an order in O where f = [Of : O]. Then
the discriminant of O is D = f?Dy.

(1) = (iv) : Assume that p is the norm of a principal O-ideal (\). Then we have
(A) C [1,\]. Observe that [1,A] is a suborder of O with the index v = [O : [1, A]] for
some v € Z. Since |O/(\)| > |O/[1, A]| we have v < p. By Lemma 3.4 the discriminant
of [1, )] equals to v?D. Then let t :== X\ + A, we have a minimal polynomial of A such
that 22 — tx + p. The discriminant of the polynomial is > — 4p = v2D. So we get
4p = t? — v2D for some integers ¢t and v with ¢ # 0(mod p).

(iv) = (i) : Let 4p = t* — v2D for some integers ¢ and v with ¢ #Z 0(mod p).
Take a = % and b = v. Then set A := a4+ bfwg = %. If D is odd, then
t = v(mod 2). If D is even, then t = fDg(mod 2). In both cases, we have A € O.

Moreover, it has norm p.

(i) = (i) : By (i) = (iv), we assume that 4p = t* —v?D for some integers ¢
and v with ¢ # 0(mod p). Then 4p = t>*—v?D = 0(mod p) implies that D = C(mod p),

ie. (%) = 1. If p is a principal O-ideal of norm p, then pO is unramified in L since
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L is a maximal unramified abelian Galois extension of K. Then [p] acts trivially on
Ellp(L). By Theorem 6.7 0, acts trivially on the roots of Hp(X). Since Np = pp = p,
the roots of Hp(X) is in Ok /p = F,. Hence, Hp(X) splits completely in F,[X].

(i) = (ii7) : Let (%) = 1. Then D = O(mod p) has solution, i.e p splits into

distinct primes of norm p in Ok as p = pp. So Ok /p ~ F,. Now assume Hp(X) splits
completely in [F,[X]. Then Hp(X) splits completely in Ok /p . Moreover, the roots of
Hp(X) are all fixed by o,. It implies [O1/q : Ok/p] = 1 since norm of ideals q equal
to p for every prime q lying above p. So, p splits completely in L.

(1i1) = (1) : Let p split completely in L, i.e. pOp = q1qz . .. q, where q; distinct

primes of norm p in Op. Take p be any prime in Ok lying over p, then pOp divides
pOp. It implies that there exist a prime q in Oy lying over p dividing pOr. So we get
F, € Ok/p C Or/q. Then F, = Ok/p and p has norm p. Therefore the Frobenius
automorphism in Gal(L/K) is trivial, i.e o, = id. By Theorem 6.7, the corresponding
ideal class [p N O] € Cl(O) is a principal O-ideal. [11, Theorem 22.3.] O

Lemma 6.9. [17, Lemma 23.5.] Let E be an elliptic curve over k with CM by an order
O of discriminant D in an tmaginary quadratic field K. Let { be prime different than
chark. If 0 divides [Of : O], then there are no horizontal (-isogenies from E, and

otherwise the number of horizontal {-isogenies is 1 + (%) € {0,1,2}.

Proof. Let O = [1,7] and O = [1, fr] where f is the conductor of O. Assume
{|[Ok : O]. Then there exist n > 0 satisfying f = nl. So O = [1,¢n1]. Consider cyclic
sublattices of O with index £. They are of the form Oy = [1,>n7] and Oy = [(, InT + k]
for 0 < k < /¢ by Lemma 4.3. Since {nt & Oy, O; is not an ideal of O. Suppose that
O, is an ideal of @. Then ¢*n7 must be in Oy. Hence, {({nT + k) — *nT = (k € O,.
So k,tnt € Oy. We get Oy = [(,¢n1] = ([1,n7], but nT ¢ O. It gives us that Oy can

not be a proper O-ideal. Therefore there are no horizontal /-isogenies from FE.

Suppose £ { [Ok : O] = f,ie. (¢, f) = 1. Take a as an Og-ideal with norm ¢.

Then it gives an O-ideal a N O with norm ¢ since f and ¢ are prime to each other.
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Moreover, the inverse of aNQ is $(aNO) since (aNO)7(@N0O) = ;({OxNO) = O. The
last equality holds because ¢ is prime to [Ok : O]. So anNQO is a proper O-ideal. To the
contrary, assume that a is a proper O-ideal of norm ¢. So aOx + fOx = (a+ fO)O =
OO0k = Og. Since |O/a| is prime to f, we have the second equality. So aQk is an
Og-ideal of norm ¢. Therefore the number of proper O-ideals of norm ¢ is the number

of Ok-ideals of norm ¢, which is 1 + <%) [17, Lemma 23.5.]. O

Remark 6.10. Every horizontal (-isogeny corresponds to the CM action of a proper
fractional O-ideal U of norm (. In the split case, we have (%) =1 So(l) =1L
Then l-orbits of Ello(C) corresponds to the cosets of ([I]) in C1(O). For more details
see [17, page 3].
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7. ISOGENY VOLCANO

In this chapter, we will define an isogeny volcano and state Kohel’s Theorem.

Given definitions and theorems are mostly from [3,17]

Figure 7.1. A volcano.

Definition 7.1. An (-volcano V' is a connected undirected graph whose vertices are

partitioned into one or more levels Vy, ..., Vg such that the following hold :

(i) The subgraph on Vi (the surface) is a regular graph of degree at most 2.
(i) For i > 0, each vertex in V; has exactly one neighbor in level V;_y, and this
accounts for every edge not on the surface.

(i1i) Fori < d, each vertex in V; has degree { + 1.

Figure 7.2. A 3-volcano of depth 2 .
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An /-volcano allows self-loops, which is an edge whose vertices are the same, and
multi-edges, which are two or more edges with the same two vertices. The depth of a
volcano is notated as d. As you see in the Figure 7.2, we have a 3-volcano of depth 2.
The degree of the subgraph of level surface 1} is the number of edges of a vertex in
Vo. Also depth d equals to 2. For all 1 < 2 each vertex in V; has degree 4 which is the

number of edges of a vertex in V.

Definition 7.2. The (-isogeny graph Gy(k) is the graph whose vertices are the iso-
morphism classes of elliptic curves over k and whose edges are (-isogenies between the

curves corresponding to the vertices.

Observe that when chark is prime p, depending on the p-torsion subgroup Flp],
we have either an ordinary or a supersingular elliptic curve. If E is supersingular
(ordinary), then any elliptic curve isogenous to E is also supersingular(ordinary) by
Theorem 2.39. That is the reason Gy(k) involves ordinary and supersingular compo-
nents. Our aim is to show that ordinary component of G,(FF,) gives an ¢-volcano.
The vertices of G4(F,) are j-invariants an ordinary elliptic curves and its edges are

(-isogenies.

Theorem 7.3 (Kohel). [3, Theorem 7.] Let V' be an ordinary component of Gy(F,)
that does not contain 0 and 1728. Then V' is an {-volcano for which the following hold:

(1) The vertices in level V; all have the same endomorphism ring O;.
i) The subgraph on Vi has degree 1 + (22), where Dy = disc(Oy).
[
i) If (B2) >0, then |Vy| is the order of [I] in Cl(Oy); otherwise |Vy| = 1.
[
(iv) The depth of V is d = v,((t* — 4q)/Dy) /2, where t* = (T'r(wg))?* for j(E) € V.
(v) L1410k : Op] and [O; : Oi4q] =L for 0 < i < d.

Proof. Let V be an ordinary component of G¢(F,). Every vertex of V' determines an
ordinary elliptic curve and every edge of V' is an /(-isogenies. In each level V; of V|
the orders Q; differ by powers of ¢ by Theorem 3.13, i.e [O; : O;11] = £. Assume that

¢ is the largest power. Then we have Vj, Vi, ...,V as a partition of V' and in each
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V; we have orders Oy, Oy, ..., Oy satisfying ¢ 1 [Of : O] and [0, : O;] = £*7 where
d>1i>j >0 by Lemma 6.9. So part (i) and (iv) are done. By Lemma 6.9 we also
have (47). Consider Cl(Op)-action on Ello,(F,). Let E be an elliptic curve with CM
by Op and (22) > 0.The CM action of [I] on Ello,(F,) gives [[] * E = E’. Then E’ is
an elliptic curve with CM by O, and horizontal ¢-isogenous to E. So the order of [[]
gives |Vp|. When (£2) =0, then |V;| =1 by Remark 6.10.

By Theorem 6.8, if 4¢ = t?> — v2Dy, where 7 is ¢'" Frobenius map for an elliptic
curve E with CM by O; and t* = (T'r(7g))?, then Hp,(X) splits completely in F,[X].
So Ellp,(F,) # 0 but Elle,,, (F;) = 0 since v is related to the index [O : O;] by Lemma
3.4, i.e. 14 v. Finally, by Theorem 5.3 the degree of modular polynomial for level ¢
gives us each vertex in V; has degree ¢ + 1. Therefore V' is an ¢-volcano [17, Theorem

23.2. page 8. O
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8. EXAMPLE

In this chapter, our aim is to construct a 3-volcano with depth 2 over [Fygq.
We start with a field K = Q(y/—5). The 3-volcano with depth 2 contains levels Vj,
Vi, and V5. Each vertex in each level of the volcano has same endomorphism ring
which is isomorphic to an order in an imaginary quadratic field. We will construct
that the surface Vj contains vertices which are elliptic curves with endomorphism ring
isomorphic to the ring of integers Ok of K. Then we want to find a prime p which splits
in the ring of integers Ok of K and satisfies the condition in the Kohel’s Theorem.

After we will determine elliptic curves defined over F, in each levels Vj, Vi, and V5.

Observe that the maximal order of K is O = Z[v/—5] with the discriminant
Do = —20. Then calculate the class number of the maximal order which is the number

of elliptic curves with CM by Og. In our example, there are 2 elliptic curves with CM
by OK.

Hp,(X) represents the Hilbert Class Polynomial for discriminant —20 which is
Hp,(X) = 2* — 12640002 — 681472000. (8.1)
We want to find a prime which splits in the splitting field of Hp,(X). Since we want
to find a 3-volcano with depth 2, we can choose the prime p as 409. Observe that 409
can be written as

4.409 = 4% 4 32 20. (8.2)

So by Theorem 6.8, p = 409 splits in Ok and also Hp,(X) splits completely in Fyqq.
Then the roots of Hp, mod 409 gives us the j-invariants of the elliptic curves with CM
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by Ok. The j-invariants and corresponding elliptic curves are :

j1=209  Ey:y*+ay=2"+27z+40

J2 =390  Ey:y®+axy =2+ 100x + 90.

Note that E; and E5 are both ordinary elliptic curves and 3-isogenous over Fgg.

Here are Magma codes that gives us the computation.

K:= QuadraticField(—5);
O:=MaximalOrder(K);

ClassNumber(O);

h < x >:=HilbertClassPolynomial(—20);

IsSplit (409, O);

S < & >:=PolynomialRing(GF(409));

h := S'h;

Roots(h);

Factorization(h);
E1:=EllipticCurveFromjInvariant(G F'(409)!209);
E2:=EllipticCurveFromjlnvariant(G F'(409)!390);
IsOrdinary(F1);

IsOrdinary (E2);

Figure 8.1. Algorithm for detecting 3-isogenous elliptic curves defined over Fyo9 with

the endomorphism ring Z[v/—5].

After that our aim is to show that roots of modular polynomial for level 3 over
Fu9 gives us j-invariants of 3-isogenous elliptic curves over Fy9 by Theorem 5.3. We
already found F; and E, which are on the surface since they have the same endomor-
phism ring Og. Let’s see how we can decide elliptic curves in level V; and V5. Elliptic
curves in level V; and V5 have the same endomorphism rings isomorphic to O; and Os,

respectively. The index [Of : O;] is 3" for each i = 1, 2.
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Here is the calculation using Magma :

f < z,y >:=ClassicalModularPolynomial(3);
R < z,y >:=PolynomialRing(GF'(409), 2);
f:=R\f;

for ¢ in GF(409) do

for 7 in GF(409) do

r:=Evaluate (f, [i, j]);

if r eq O then print 7,5;

end if;

end for;

end for;

Figure 8.2. Algorithm for detecting j-invariants of 3-isogenous elliptic curves defined

over Fyq9.

Observe that E; with j = 209 is 3-isogenous to elliptic curves with j-invariants
125, 196, 390. Moreover, Fy with j = 390 is 3-isogenous to elliptic curves with j-
invariants 209, 315, 326. So we can deduce that elliptic curves F3, E;, E5 and Fg with
J = 125, 196, 315 and 326 have same endomorphism ring which is isomorphic to an
order O satisfying [Ok : O] = 3. Similarly there are elliptic curves E;, Eg, Eq with
j-invariants are 22, 222 and 388 which are 3-isogenous to F3. Moreover, we can find
9 more j-invariants of an elliptic curves, each three of them, respectively, 3-isogenous
to E4, E5 and Fg. Also all E; for 7 < ¢ < 18 have same endomorphism ring that is
isomorphic to Oy satisfying [Ok : Oy] = 9. Therefore it gives us a 3-volcano of depth

2 over F409.

Our example can be visualized by the figure below. It is originated from the
Figure 7.2. The numbers of each vertices represent the j-invariants of elliptic curves

E; for 1 <7< 18.
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22 105
222e ®233
SR 300

129

53
214e 0264
367 356

Figure 8.3. A 3-volcano of depth 2 over F .
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9. CONCLUSION

Volcanoes are graph-theoretic terms. Isogeny volcanoes are the ordinary compo-
nents of /-isogeny graphs of elliptic curves. In this thesis, we firstly gave some basic
notions about elliptic curves and orders in an imaginary quadratic field, then we showed
that there is a one-to-one correspondence between the ideal class group and the iso-
morphism classes of elliptic curves with CM by an order in an imaginary quadratic
field. In a further step, we showed that every elliptic curve with CM by an order in
an imaginary quadratic field is defined over an algebraic extension of QQ. Afterwards,
we defined the Hilbert class polynomial of discriminant D as Hp(X) which is the min-
imal polynomial of the j-invariants of the elliptic curves with CM by an order in an
imaginary quadratic field with discriminant D. By Theorem 6.8, we saw that if £ = I,
with 4p = t? — v2D and t # 0(modp) then Hp(X) splits into distinct linear factors
in F,[X] and its roots are the reductions of j-invariants of elliptic curves defined over
the splitting field of Hp(X). Lastly, we stated the main Theorem 7.3, which is that,
except for the components of 0 or 1728, the ordinary components of ¢-isogeny graphs
of elliptic curves over finite fields are /-volcanoes. Also, we gave an explicit example of

3-volcano of depth 2 over Fqq.
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