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ABSTRACT

THE ORDINARY COMPONENT OF `-ISOGENY GRAPH

OF ELLIPTIC CURVES

In this thesis, our aim is to understand `-volcanoes which are ordinary compo-

nents of `-isogeny graphs of elliptic curves over finite fields under certain conditions.

In 1996, the structure of isogeny graphs of elliptic curves described by David Kohel

in his PhD thesis [1]. Later, in 2002 Mireille Fouquet and Francois Morain extended

Kohel’s work by defining isogeny volcanoes [2]. Firstly, we give some basic definitions

and tools as used throughout this thesis. Then we study the Kohel’s theorem and give

a 3-volcano of depth 2 over F409 as an example.
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ÖZET

ELİPTİK EĞRİLERİN `-İZOJENİ ÇİZGELERİNİN

SIRADAN BİLEŞENLERİ

Bu tezde, amacımız sonlu cisimler üzerinde tanımlı eliptik eğrilerin `-izojeni

çizgelerinin sıradan bileşenlerini anlamaktır. Bu yapıya `-volkan denir. 1996 yılında

eliptik eğrilerin izojeni çizge yapısı David Kohel tarafından doktora tezinde tanımlandı

[1]. Daha sonra 2002 yılında Mireille Fouquet ve Francois Morain, Kohel’in çalışmalarını

geliştirip izojeni volkan tanımı yaptılar [2]. İlk olarak, tez boyunca kullanacağımız bazı

temel tanım ve kavramlardan bahsedeceğiz. Daha sonra Kohel’in teoremini anlayıp,

F409 üzerinde iki derinlikli 3-volkan örneğini vereceğiz.
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1. INTRODUCTION

Volcanoes are undirected graphs whose names come from the geological term. For

prime `, isogeny volcanoes are the ordinary components of `-isogeny graphs of elliptic

curves. The aim of this thesis is to understand the construction of isogeny volcanoes

by using the article [3]. The thesis is organized as follow :

In Chapter 2, we will study on elliptic curves. Some basic definitions and tools

will be given which are required to define an isogeny volcano. Most of them are cited

from the book “The Arithmetic of Elliptic Curves” [4].

In Chapter 3, we will explain orders in a quadratic number field K, especially in

an imaginary quadratic field. We will focus on ideals of an order in a quadratic field

by giving definitions and relations between them.

In Chapter 4, our aim is to express elliptic curves over C as quotients C/Λ for some

lattice Λ ⊂ C. The given definitions and results are mostly referred to [4–6]. Moreover,

by defining the CM action we will show that there is a one-to-one correspondence

between the ideal class groups and the isomorphism classes of elliptic curves with

complex multiplication by an order in an imaginary quadratic field. [7].

In Chapter 5, we want to show that every elliptic curve with CM by an order in an

imaginary quadratic field K is defined over an algebraic extension of Q [5]. Moreover,

there is an injective group homomorphism between Gal(L/K) and Cl(O) where L is

the splitting field of the Hilbert Class Polynomial [8].

In Chapter 6, our aim is to show that the injective homomorphism between

Gal(L/K) and Cl(O) is also surjective. So we need to define some notions from the

algebraic number theory. Most of them are referred to [8–11].
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In Chapter 7, we will define an isogeny volcano and state Kohel’s Theorem [3].

Then we will give a proof of the theorem.

In the last chapter, we will give an explicit example of a 3-volcano of depth 2

over F409.
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2. ELLIPTIC CURVES

2.1. Algebraic Varieties and Curves

In this section, some basic notions and facts about algebraic geometry will be

given. They will be used to study elliptic curves. Our main reference for this chapter

is “The Arithmetic of Elliptic Curves” [4].

Let K be a field and K be its algebraic closure.

Definition 2.1. Affine n-space over K is the set of n-tuples

An(K) = An = {P = (x1, . . . , xn) : xi ∈ K}.

The set of K-rational points An is the set

An(K) = {P = (x0, . . . , xn) ∈ An : xi ∈ K}.

Definition 2.2. Let K[X] = K[X1, . . . , Xn] be the polynomial ring in n-independent

variables and let I ⊂ K[X] be an ideal. For each ideal I, we have

VI = {P ∈ An : f(P ) = 0 for all f ∈ I}.

Any set of the form VI is called an affine algebraic set.

Definition 2.3. If V is an algebraic set, then the ideal of V is the set

I(V ) = {f ∈ K[X] : f(P ) = 0 for all P ∈ V }.

When I(V ) is a prime ideal in K[X], then the affine algebraic set V is called an affine

variety.
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Definition 2.4. Let V be an affine variety, P ∈ V be a point and f1, . . . , fm ∈ K[X]

be a set of generators of I(V ). Then V is nonsingular (or smooth) at P if the m × n

matrix

(
∂fi
∂Xj

(P )

)
for 1 ≤ i ≤ m and 1 ≤ j ≤ n

has rank n− dim(V ). Here dim(V ) is the transcendence degree of K(V ) over K. If V

is nonsingular at every point, then V is called nonsingular (or smooth).

Definition 2.5. The projective n-space over K, denoted by Pn(K)

Pn(K) = (An+1(K) \ (0, 0, . . . , 0))/ ∼

with the equivalence relation

(x0, . . . , xn) ∼ (y0, . . . , yn) ⇔ ∃λ ∈ K∗ such that xi = λyi for all i.

A polynomial f ∈ K[X] = K[X0, X1, . . . , Xn] is homogeneous of degree d if

f(λX0, . . . , λXn) = λdf(X0, . . . , Xn) for all λ ∈ K. (2.1)

An ideal I ⊂ K[X] is homogenous if it is generated by homogeneous polynomials. A

projective algebraic set is any set of the form

VI = {P ∈ Pn(K) : f(P ) = 0 for all homogeneous f ∈ I} (2.2)

for a homogeneous ideal I. If V is a projective algebraic set, the homogeneous ideal of

V , denoted I(V ) is the ideal of K[X] generated by

{f ∈ K[X] : f is homogeneous and f(P ) = 0 for all P ∈ V }. (2.3)
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A projective algebraic set is called a projective variety if its homogeneous ideal I(V )

is a prime ideal in K[X].

Definition 2.6. Let V1, V2 ⊂ Pn be projective varieties. A rational map from V1 to V2

is a map of the form

φ : V1 −→ V2, φ = [f0, . . . , fn],

where functions f0, . . . , fn ∈ K(V1). Note that for all i ∈ {0, 1, . . . , n}, fi has the

property that for every point P ∈ V1 at which f0, . . . , fn are all defined,

φ(P ) = [f0(P ), . . . , fn(P )] ∈ V2.

A rational map

φ = [f0, . . . , fn] : V1 −→ V2

is regular at P ∈ V1 if there is a function g ∈ K(V1) such that

(i) each gfi is regular at P ;

(ii) there exists i in {0, 1 . . . , n} such that (gfi)(P ) 6= 0.

A rational map which is regular at every point is called morphism.

Definition 2.7. A (affine/ projective) curve is one dimensional (affine/projective)

variety.

2.1.1. Maps Between Curves

In this section, a curve means a projective curve.

Theorem 2.8. [4, Theorem 2.3.] Let φ : C1 −→ C2 be a morphism of a curves. Then

φ is either constant or surjective.
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Definition 2.9. Let C1 −→ C2 be a map of curves defined over K. If φ is constant,

then we define the degree of φ to be 0. Otherwise, we say that φ is a finite map. Let

φ∗ : K(C2) −→ K(C1) be a map of function fields induced by rational map of curves

satisfying φ∗f = f ◦ φ. Then we define its degree to be

degφ = [K(C1) : φ∗K(C2)].

Moreover, φ is called separable, inseparable or purely inseparable if the field ex-

tension K(C1)/φ∗K(C2) has the corresponding property. The notation of the separable

and inseparable degree of the extensions are degsφ and degiφ, respectively.

2.1.2. Frobenius Map

Assume that char(K) = p is prime and q = pr where r ∈ Z+. Let f ∈ K[X] be

an arbitrary polynomial. Then f q is the polynomial obtained by raising each of the

coefficients of f to the power q. Then for any curve C over K, we can define a new curve

Cq over K such that its homogeneous ideal I(Cq) is generated by {f q : f ∈ I(C)}.

The qth- power Frobenius morphism is a natural map from C to Cq, given in [4], by

φ : C −→ Cq, φ([x0, . . . , xn]) = [xq0, . . . , x
q
n]. (2.4)

Note that

f q(φ(P )) = f q(xq0, . . . , x
q
n)

= (f(x0, . . . , xn))q since char(K) = p

= 0 since f(P ) = 0.

So for each point P = [x0, . . . , xn] ∈ C the image φ(P ) is a zero of each generator f q

of I(Cq). Therefore φ maps to C to Cq.
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Proposition 2.10. [4, Proposition 2.11.] Let K be a field of characteristic p > 0

and let q = pr. let C be a curve over K and φ : C −→ Cq the qth power Frobenius

morphism. Then

(i) φ∗K(Cq) = K(C)q = {f q : f ∈ K(C)},

(ii) φ is purely inseparable,

(iii) degφ = q.

Corollary 2.11. [4, Corollary 2.12.] Every map ψ : C1 −→ C2 of smooth curves over

a field of characteristic p factors as

C1
φ−→ Cq

1
λ−→ C2 (2.5)

where q = degi(ψ), the map φ is the qth-power Frobenius map, and the map λ is

separable.

2.2. Elliptic Curves

Definition 2.12. An elliptic curve is a smooth projective curve with a base point. It

has an equation of the form

Y 2Z + a1XY Z + a3Y Z
2 = X3 + a2X

2Z + a4XZ
2 + a6Z

3 (2.6)

with coefficients a1, . . . , a6 ∈ K. The base point is the point at infinity O = [0, 1, 0].

Consider the nonhomogeneous coordinates x = X/Z and y = Y/Z, we can write

Equation 2.6 for an elliptic curve E as

E : y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6. (2.7)

This equation is called the Weierstrass equation of E.
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As in [4] when the characteristic of a field K is not 2, by using the change of

variables (x, y) −→ (x, 1
2
(y − a1x− a3)), we get

E : y2 = 4x3 + b2x
2 + 2b4x+ b6 (2.8)

where

b2 = a2
1 + 4a4, b4 = 2a4 + a1a3, b6 = a2

3 + 4a6.

Moreover, when charK 6= 2, 3 and by using the substitution (x, y) −→ (x−3b2
36

, y
108

), we

get

E : y2 = x3 − 27c4x− 54c6 (2.9)

where

c4 = b2
2 − 24b4, c6 = −b3

2 + 36b2b4 − 216b6.

Define the quantities as :

b8 = a2
1a6 + 4a2a6 − a1a3a4 + a2a

2
3 − a2

4,

∆ = −b2
2b8 − 8b3

4 − 27b2
6 + 9b2b4b6,

j = c3
4/∆.

Definition 2.13. The quantity ∆ is called the discriminant of a Weirstrass equation,

the quantity j is called the j-invariant of an elliptic curve.

Remark 2.14. Let E be an elliptic curve given by the Weierstrass equation

E : y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6. (2.10)
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Let P = (x0, y0) be a point on E. Then the polynomial

f(x, y) = y2 + a1xy + a3y − x3 − a2x
2 − a4x− a6 (2.11)

satisfies f(P ) = 0.

The point P is a singular point given by f(x, y) if and only if ∂f
∂x

(P ) = ∂f
∂y

(P ) = 0.

Otherwise, P is called a nonsingular point given by f(x, y).

Taylor expansion of a function f(x, y) at a point P = (x0, y0) is

f(x, y) = f(x0, y0) +
∂f

∂x
(x0, y0)(x− x0) +

∂f

∂y
(x0, y0)(y − y0)

+
1

2!

[∂2f

∂x2
(x0, y0)(x− x0)2 + 2

∂f

∂x

∂f

∂y
(x0, y0)(x− x0)(y − y0) + . . . ]

+ . . . .

Consider that P is nonsingular, then we have

f(x, y)− f(x0, y0) = ((y − y0)− α(x− x0))((y − y0)− β(x− x0))− (x− x0)3 (2.12)

for some α, β ∈ K.

Definition 2.15. The singular point P is called a node if α 6= β. The lines

y − y0 = α(x− x0) and y − y0 = β(x− x0)

are tangent lines at P . If α = β, then P is called a cusp. The tangent line at P

y − y0 = α(x− x0).
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Remark 2.16. Any two Weierstrass equations for an elliptic curve E are related by a

change of variables of the form

x = u2x′ + r and y = u3y′ + su2y′ + t (2.13)

where u, r, s, t ∈ K and u 6= 0.

After substituting change of variables to the Weierstrass equation, we have

u12∆′ = ∆ and j′ = j. (2.14)

Let charK be different than 2 and 3. Let E be an elliptic curve given by the Weierstrass

equation of the form

E : y2 = x3 + Ax+B. (2.15)

Then the only change of variables preserving the Equation 2.15 is

x = u2x′ and y = u3y′ for some u ∈ K∗. (2.16)

Proposition 2.17. [4, Proposition 1.4.]

(i) Two elliptic curves are isomorphic over K if and only if they both have the same

j-invariant.

(ii) Let j0 ∈ K. There exists an elliptic curve defined over K(j0) whose j-invariant

is equal to j0.

Proof. (i) Assume that two elliptic curves E1 and E2 are isomorphic over K. By

Equation 2.15 , we have j(E1) = j(E2). Conversely, let E1 and E2 be two elliptic
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curves such that j(E1) = j(E2). The corresponding Weierstrass equations are

E1 : y2 = x3 + Ax+B,

E2 : y′2 = x′3 + A′x′ +B′.

By the formula of j-invariant, since j(E1) = j(E2), we have

(4A)3

4A3 + 27B2
=

(4A′)3

4A′3 + 27B′2
. (2.17)

So,

A3B′2 = A′3B2 (2.18)

There are 3 cases :

Case 1. If A = 0, then we have j = 0. Then B 6= 0 since ∆ 6= 0. So A′ = 0. We get

an isomorphism by u = (B/B′)1/6 ∈ K∗.

Case 2. If B = 0, then we have j = 1728. Then A 6= 0, since ∆ 6= 0. It gives B′ = 0.

Taking u = (A/A′)1/4 ∈ K∗, we obtain an isomorphism.

Case 3. If AB 6= 0, then j 6= 0, 1728. Then A′B′ 6= 0. Taking u = (A/A′)1/4 =

(B/B′)1/6 ∈ K∗ we have the isomorphism.

(ii) First, choose j0 6= 0, 1728. Then

E : y2 + xy = x3 − 36

j0 − 1728
x− 1

j0 − 1728
(2.19)

is defined over K(j0). Calculating the discriminant and j-invariant, we get ∆ 6= 0

and j = j0.

For the case j0 = 0, we can take the elliptic curve as E : y2 + y = x3. It has

discriminant ∆ = −27. For the case j0 = 1728, consider E ′ : y2 = x3 + x with

∆ = −64. Both E and E ′ are defined over K. Therefore we get the result.
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2.2.1. The Group Law

Let E be an elliptic curve given by the Weierstrass equation

E : f(x, y) = y2 + a1xy + a3y − x3 − a2x
2 − a4x− a6 = 0. (2.20)

The Composition Law : Let P,Q ∈ E(K) be given and let LPQ denote the line

through P and Q. Then P +Q can be found by these 2 steps :

(i) LPQ ∩ E(K) = {P,Q,R}.

(ii) LRO ∩ E(K) = {R,O, P +Q}.

Note that for any P , Q ∈ E(K), LPQ intersects E(K) at three points by Bézout’s

Theorem. For the proof of the theorem, see [12, I.7.8. page 54].

Observe that E(K) is an abelian group with an identity element O [4, Proposition

2.2.].

2.2.2. Isogenies

Definition 2.18. Let E1 and E2 be two elliptic curves. An isogeny from E1 to E2 is

a morphism

φ : E1 −→ E2 satisfying φ(OE1) = OE2 .

Two elliptic curves E1 and E2 are isogenous if there exists an isogeny from E1 to E2

with φ(E1) 6= {O}.

Theorem 2.19. [4, Theorem 3.6.] Let φ, ψ : E1 −→ E2 be two morphisms of elliptic

curves E1 and E2. Then φ+ ψ is also a morphism of elliptic curves E1 and E2.
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Moreover, if φ, ψ1, ψ2 : E −→ E are endomorphisms of an elliptic curve E, then

φ ◦ (ψ1 + ψ2) = (φ ◦ ψ1) + (φ ◦ ψ2) is also an endomorphism of E.

Since E(K) has an abelian group structure, then

Hom(E1, E2) = {isogenies from E1 to E2} (2.21)

is also group satisfying (φ + ψ)(P ) = φ(P ) + ψ(P ) where φ, ψ ∈ Hom(E1, E2) and

P ∈ E1. The addition + on the right hand side of the equation is a group operation

on E2.

Thus End(E) = Hom(E,E) is a ring with addition law given before and multi-

plication law as composition

(φψ)(P ) = φ(ψ(P )). (2.22)

The ring End(E) is called the endomorphism ring of E.

Definition 2.20. Let m ∈ Z. Then there is a natural isogeny

[m] : E −→ E

P 7−→ [m]P

which is called the multiplication-by-m map. If m > 0, then [m](P ) = P + · · ·+ P︸ ︷︷ ︸
m−times

. If

m < 0, [m](P ) = −P − · · · − P︸ ︷︷ ︸
m−times

. If m = 0, then [0]P = O.

Definition 2.21. Let E be an elliptic curve and m ∈ Z with m ≥ 1. The m-torsion

subgroup of E is the set of points of E of order m denoted as

E[m] = {P ∈ E : [m]P = O}.

Note that E[m] is also the kernel of the multiplication-by-m map.
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We have an injection Z −→ End(E) taking m ∈ Z to [m] ∈ End(E). So we

always have Z ⊆ End(E). When Z 6= End(E), we say that E has complex multiplica-

tion(CM). [4, Remark 4.3.]

Theorem 2.22. [4, Theorem 4.10.] Let φ : E1 −→ E2 be a nonzero isogeny. Then :

(i) For every Q ∈ E2,

|φ−1(Q)| = degsφ (2.23)

where degsφ is the separable degree of the map φ.

(ii) Suppose that φ is separable. Then

|kerφ| = degφ (2.24)

and K(E1) is a Galois extension of φ∗K(E2).

Proposition 2.23. [4, Proposition 4.12.] Let E be an elliptic curve and Φ be a finite

subgroup of E. There exist a unique elliptic curve E ′ and a separable isogeny

φ : E −→ E ′ satisfying kerφ = Φ. (2.25)

Remark 2.24. [4, Corollary 5.4.] Let E be an elliptic curve over K and m ∈ Z.

Assume that m 6= 0 in K. Then the multiplication-by-m map on E is a finite separable

endomorphism.

Theorem 2.25. [4, Theorem 6.1.] Let φ : E1 −→ E2 be a non-constant isogeny of

degree m. There exist a unique isogeny

φ̂ : E2 −→ E1 satisfying φ̂ ◦ φ = [m]. (2.26)

Definition 2.26. Let φ : E1 −→ E2 be an isogeny. The dual isogeny of φ is the isogeny

φ̂ : E2 −→ E1
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given by Theorem 2.25. Observe that if φ = [0], then we set φ̂ = [0].

Fact 2.27. [4, Theorem 6.2.] Let φ : E1 −→ E2 be a non-constant isogeny.

(i) Let m = degφ. Then we have its dual φ̂ satisfying φ̂ ◦ φ = [m] on E1. Also,

φ ◦ φ̂ = [m] on E2.

(ii) Let λ : E2 −→ E3 be another isogeny. Then λ̂ ◦ φ = φ̂ ◦ λ̂.

(iii) Let ψ : E1 −→ E2 be another isogeny. Then φ̂+ ψ = φ̂+ ψ̂.

(iv) For all m ∈ Z, [̂m] = [m] and deg[m] = m2.

(v) degφ̂ = degφ.

(vi)
ˆ̂
φ = φ

Corollary 2.28. [4, Corollary 6.4.] Let E be an elliptic curve and m ∈ Z with m 6= 0.

(i) If m 6= 0 in K, i.e. if either char(K) = 0 or p = char(K) > 0, p - m, then

E[m] = Z/mZ× Z/mZ. (2.27)

(ii) If char(K) = p > 0, then one of the followings is true :

(a) E[pe] = {O} for all e = 1, 2, . . . .

(b) E[pe] = Z/peZ for all e = 1, 2, . . . .

Proof. (i) For all d|m and d 6= 0, we have [d] is separable by Corollary 2.24. It

implies that |E[d]| = |ker[d]| = d2. Recall that E[d] is subgroup of all elements of

order d. We have an element of order d at maximal. By the fundamental theorem

of finitely generated abelian groups, we have

E[m] = Z/mZ× Z/mZ. (2.28)
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(ii) Let φ be the pth Frobenius map

|E[pe]| = degs[p
e] by Theorem 2.22

= (degs(φ̂ ◦ φ)e since φ̂ ◦ φ = [p]

= (degsφ̂)e by Theorem 2.10

and also degφ = p = degφ̂. So,

(a) If degsφ̂ = 1, i.e. φ̂ is inseparable, then we have |E[pe]| = 1 for all e. Thus

we have

E[pe] = {O} for all e = 1, 2, . . . . (2.29)

(b) If degsφ̂ = p, i.e φ̂ is separable, then |E[pe]| = pe for all e. By the funda-

mental theorem of finite abelian groups,

E[pe] =
Z
peZ

for all e = 1, 2, . . . (2.30)

Remark 2.29. For any prime ` 6= charK, we have E[`] = Z/`Z × Z/`Z. So there

are (` + 1)-many cyclic subgroups in E[`] of order `. Each of which is the kernel of

a separable `-isogeny by Propositon 2.23. Since there are `2 − 1(= (` − 1)(` + 1))-

many elements except identity and `− 1 is the number of non-identity elements in the

subgroup of order `, it gives us `+ 1 cyclic subgroups of order `. [3]

Definition 2.30. Let A be an abelian group. A function

d : A −→ R

is a quadratic form if it satisfies the following conditions:
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(i) d(α) = d(−α) for all α ∈ A,

(ii) The pairing

A× A −→ R

(α, β) 7−→ d(α + β)− d(α)− d(β),

is bilinear.

A quadratic form d is positive definite if the followings are satisfied:

(iii) d(α) ≥ 0 for all α ∈ A,

(iv) d(α) = 0 if and only if α = 0.

Corollary 2.31. [4, Corollary 6.3.] Let E1 and E2 be two elliptic curves. The degree

map

deg : Hom(E1, E2) −→ Z (2.31)

is a positive definite quadratic form.

Proof. (i), (iii), (iv) are obviously satisfied. We will show that the pairing

Hom(E1, E2)×Hom(E1, E2) −→ Z satisfying 〈φ, ψ〉 = deg(φ+ ψ)− deg(φ)− deg(ψ)

is bilinear for any φ, ψ ∈ Hom(E1, E2). We have an injection [ ] : Z −→ End(E).

[〈φ, ψ〉] = [deg(φ+ ψ)]− [deg(φ)]− [deg(ψ)]

= (φ̂+ ψ) ◦ (φ+ ψ)− φ̂ ◦ φ− ψ̂ ◦ ψ

= (φ̂+ ψ̂) ◦ (φ+ ψ)− φ̂ ◦ φ− ψ̂ ◦ ψ

= φ̂ ◦ (φ+ ψ) + ψ̂ ◦ (φ+ ψ)− φ̂ ◦ φ− ψ̂ ◦ ψ

= (φ̂ ◦ ψ) + (ψ̂ ◦ φ).
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Then we have

[〈φ, ψ1 + ψ2〉] = φ̂ ◦ (ψ1 + ψ2) + (ψ̂1 + ψ2) ◦ φ

= φ̂ ◦ ψ1 + φ̂ ◦ ψ2 + ψ̂2 ◦ φ+ ψ̂1 ◦ φ

= 〈φ, ψ1〉+ 〈φ, ψ2〉.

Similarly, we can show that [〈(φ1 + φ2), ψ〉] = 〈φ1, ψ〉+ 〈φ2, ψ〉. So, it is bilinear.

Lemma 2.32. Let E be an elliptic curve over K. For any π ∈ End(E), we have

π + π̂ = 1 + degπ − deg(id− π).

Proof. Take π ∈ End(E). Then we have

[deg(id− π)] = (îd− π) ◦ (id− π) = (îd− π̂) ◦ (id− π) = (id− π̂) ◦ id− (id− π̂) ◦ π

= [1]− (π̂ + π) + π̂ ◦ π

= [1]− (π̂ + π) + [degπ].

So we have π̂ + π = [1 + degπ − deg(id − π)]. The map π̂ + π is multiplication-by-n

map for some n ∈ Z.

Definition 2.33. Let K be a Q-algebra that is finitely generated over Q. An order R

of K is a subring of K that is a finitely generated Z-module such that R⊗Z Q = K.

Theorem 2.34. [4, Theorem 9.3.] Let R be a ring of characteristic 0 having no zero

divisors. Assume that R satisfies the following :

(i) R has rank at most four as a Z-module.

(ii) R has an anti-involution α 7→ α̂ satisfying

α̂ + β = α̂ + β̂, α̂β = β̂α̂, ˆ̂α, â = a for some a ∈ Z ⊂ R (2.32)

(iii) For α ∈ R, the product αα̂ is nonnegative, and αα̂ = 0 if and only if α = 0.
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Then R is one of the following:

a. R ' Z,

b. R is an order in an imaginary quadratic extension of Q,

c. R is an order in a quaternion algebra over Q.

Corollary 2.35. [4, Corollary 9.4.] The endomorphism ring of an elliptic curve E/K

is either Z or an order in an imaginary quadratic field or an order in a quaternion

algebra.

Proof. Notice that

(i) End(E) is a free Z-module rank at most 4. For the proof see [4, III.7.5. page 91].

(ii) End(E) has anti-involution φ 7→ φ̂ satisfying

φ̂+ ψ = φ̂+ ψ̂, φ̂ψ = ψ̂φ̂,
ˆ̂
φ = φ, â = a for some a ∈ Z ⊂ End(E) (2.33)

by Fact 2.27.

(iii) For φ ∈ End(E), φ ◦ φ̂ = 0 if and only if φ = 0 by Corollary 2.31.

Then Theorem 2.34 implies the desired result.

Definition 2.36. The endomorphism algebra of E is End0(E) := End(E)⊗Z Q .

Theorem 2.37. [4, Theorem 3.1.] Let K be a field of characteristic p and E/K an

elliptic curve. For each integer r≥1, let

φr : E −→ Epr and φ̂ : Epr −→ E (2.34)

be the pr- power Frobenius map and its dual.
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(i) The followings are equivalent:

(a) E[pr] = 0 for all r≥1.

(b) φ̂r is (purely) inseparable for all r ≥ 1.

(c) The map [p] : E −→ E is purely inseparable and j(E) ∈ Fp2.

(d) End(E) is an order in a quaternion algebra.

(ii) If the equivalent conditions in (i) do not hold , then

E[pr] = Z/prZ for all r ≥ 1. (2.35)

If further j(E) ∈ Fp, then End(E) is an order of a quadratic imaginary field.

Proof. (i) (a) =⇒ (b) : Assume that E[pr] = 0 for all r≥1. Since Frobenius map is

purely inseparable, degs[p
r] = degs(φr ◦ φ̂r) = degs(φ̂r)

Also we have degs[p
r] = (degs[p])

r = (degs(φ̂))r where φ̂ is dual isogeny of pth-

power Frobenius map.

It gives us ker[pr] = E[pr], since E[pr] = {P ∈ E : [pr]P = O}. We know

that the order of the kernel of an isogeny is equal to its separable degree. So,

degs[p
r] = |ker[pr]| = |E[pr]| = 0. Therefore we get φ̂r is purely inseparable for

all r ≥ 1.

(b) =⇒ (c) : Assume that φ̂r is (purely) inseparable for all r ≥ 1. Since degs(φ̂r) =

degs[p
r] = (degs[p])

r, we have degs[p] = 1.

By Corollary 2.11 , φ̂ factors as

Ep π−→ Ep2 ψ−→ E (2.36)

where p = degi(φ), the map π is the pth-power Frobenius map, and the map

ψ has degree one. Since the map ψ is isomorphism, j(E) = j(Ep2) = (j(E))2.

Therefore j(E) ∈ Fp2 .

(c) =⇒ (d) : Suppose that the map [p] : E −→ E is purely inseparable and

j(E) ∈ Fp2 . We want to show that End(E) is an order in a quaternion algebra.

Assume, to the contrary, that End(E) is a number field, i.e. End(E)⊗Z Q ' Q
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or End(E)⊗Z Q ' Q(
√
d) where d < 0 and d is squarefree.

Let E ′ be an elliptic curve which is isogenous to E and ψ : E −→ E ′ be an isogeny.

Let [p]E denote multiplication-by-p map from E to E. Since ψ ◦ [p]E = [p]E′ ◦ ψ,

degi[p]E = degi[p]E′ . Hence, [p]E′ is purely inseparable and |E ′[p]| = 1. By

(a ⇒ b ⇒ c), j(E ′) ∈ Fp2 . This implies that there are finitely many elliptic

curves which are isogenous to E (up to isomorphism).

Let ` ∈ Z be a prime such that ` 6= p and ` remains prime in End(E ′). So we

have E[`n] = Z/`nZ × Z/`nZ. Therefore we can get a chain of subgroups of E

such that

Φ1 ⊂ Φ2 ⊂ · · · ⊂ E where Φn = Z/`nZ. (2.37)

Since each Φn is a finite subgroup of E, there exists a unique elliptic curve

En = E/Φn and a separable isogeny φn : E −→ En such that kerφn = Φn by

Proposition 2.23. There are finitely many En (up to isomorphism), so i, j > 0 can

be chosen as Ei ' Ei+j. Then we get a natural projection π : Ei −→ Ei+j ' Ei

with kernel Φi+j/Φi which is cyclic of order `j.

Note that for the element π of the ring End(Em), N(π) = ππ̄ = degπ 1 . So π

factors as u ◦ [`j/2] for some u ∈ Aut(Ei) and j must be even. But the kernel

of [`j/2] is Z/`j/2Z × Z/`j/2Z which is not cyclic. So, we get a contradiction.

Therefore End(E) is an order in a quaternion algebra.

(d) =⇒ (b) : For the proof, see in [4, Teorem 3.1.].

(ii) We already showed that if (a) does not hold, then we have

E[pr] = Z/prZ for all r ≥ 1. (2.38)

Assume that j(E) ∈ Fp and the equivalent conditions in (i) are not satisfied. Let

E ′ be an elliptic curve over Fpr which has the same j-invariant of E, i.e E ' E ′.

Let φr be pr-power Frobenius endomorphism of E such that the isomorphic image

of φr in Z. When we consider the degree of φr, we get φr = [pr/2]. Since Frobenius

1See Remark 4.13
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map is purely inseparable, |kerE[pr/2]| = |E[pr/2]| = degsφr = 1 By part (i), we

have a contradiction, then End(E ′) 6= Z. Moreover, End(E ′) is not an order in a

quaternion algebra by assumption part (i). Therefore End(E ′) is an order in an

imaginary quadratic field by Corollary 2.35.

Definition 2.38. Let E be an elliptic curve over a field K with charK = p > 0. If

E[p] = Z/pZ, then E is called ordinary. If E[p] = {O}, then E is called supersingular.

Theorem 2.39. [13, Theorem 14.1.] Let φ : E1 −→ E2 be an isogeny. Then E1 is

supersingular(ordinary) if and only if E2 is supersingular(ordinary).

Proof. Let [p]E1 ∈ End(E1) and [p]E2 ∈ End(E2) for some p ∈ Z. Then we have

[p]E2 ◦ φ = φ ◦ [p]E1

degi([p]E2 ◦ φ) = degi(φ ◦ [p]E1)

degi([p]E2)degi(φ) = degi(φ)degi([p]E1)

degi([p]E2) = degi([p]E1).

This implies that degi([p])E1 = degi([p]E2) = 1 if and only if |E1[p]| and |E2[p]| are both

equal to the degree of multiplication-by-p map, i.e. E1 and E2 are both ordinary. The

same proof works for supersingular case.
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3. ORDERS

In this chapter, we will study orders in a quadratic number field K, especially

imaginary quadratic field and ideals of an order. These are mostly cited from the

book “The primes of the form x2 + ny2 : Fermat, Class Field Theory, and Complex

Multiplication” [6], the book “Solving Pell Equation” [14], and lecture notes [7].

Definition 3.1. An order O in a quadratic field K is a subset O ⊂ K such that

(i) O is a subring of K containing 1,

(ii) O is a finitely generated Z-module,

(iii) O contains a Q-basis of K.

Remark 3.2. Let O be an order and K be its field of fraction. The ring of integers

OK is called a maximal order. Since OK and O are free Z-modules of rank 2, we have

[OK : O] <∞. The index [OK : O] is called the conductor of O.

Definition 3.3. Let α 7→ ᾱ be the nontrivial automorphism of K. Suppose O = [α, β]

is any order of K. The discriminant ∆(O) of O is

∆(O) =

∣∣∣∣∣∣α β

ᾱ β̄

∣∣∣∣∣∣
2

= (αβ̄ − ᾱβ)2.

Lemma 3.4. [6, Lemma 7.2.] Let O be an order in a quadratic field K of discriminant

dK. Then O has finite index in OK. If we set f = [OK : O], then

O = Z + fOK = [1, fwK ], (3.1)

where wK = dK+
√
dK

2
.

Proof. Let f = [OK : O]. Then we get fOK ⊂ O. So Z + fOK ⊂ O. Observe that

Z + fOK = [1, fwK ] and also it has index f in OK . Hence, the result follows.
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Observe that the discriminant of an order O does not depend on the integral basis

α and β of O. By Lemma 3.4, we can write O = [1, fwK ]. Then we get ∆(O) = f 2dK .

Since the discriminant dK of quadratic number field K is congruent to 0 or 1 modulo

4, so is ∆(O).

Every nonzero ideal a of O has finite index. The norm of a nonzero ideal a of an

order O is defined as N(a) = |O/a| <∞.

Definition 3.5. An ideal a of O is proper if

O = {β ∈ K : βa ⊂ a}.

Remark 3.6. Principal ideals are always proper.

Definition 3.7. A fractional ideal of O is a subset of K which is of the form αa, where

α ∈ K∗and a is an O-ideal.

A fractional O- ideal b is proper provided that

O = {β ∈ K : βb ⊂ b}.

Definition 3.8. Let O be an order in a quadratic field K and a,b be two fractional

O-ideals. Then a and b are said to be equivalent if γa = δb for some γ, δ ∈ O. If a

is a fractional ideal O-ideal, then [a] denotes the set of all fractional O-ideals that are

equivalent to a. It is called the ideal class of an ideal a.

Definition 3.9. A fractional O-ideal a is invertible if there is another fractional O-

ideal b such that ab = [O].

Lemma 3.10. [6, Lemma 7.5.] Let K = Q(τ) be a quadratic field, and ax2 + bx+ c be

the minimal polynomial of τ where a, b and c are relatively prime integers. Then [1, τ ]

is a proper fractional ideal for the order [1, aτ ] of K.
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Proof. Observe that aτ ∈ K satisfies a polynomial x2+bx+ca. It is an algebraic integer.

So O := [1, aτ ] is order of K. Then we need to show that [1, τ ] is a proper fractional

ideal for the order [1, aτ ] of K, it means that [1, aτ ] = {α ∈ K : α[1, τ ] ⊂ [1, τ ]}.

Clearly, [1, aτ ] ⊂ {α ∈ K : α[1, τ ] ⊂ [1, τ ]}. Let α ∈ K such that α[1, τ ] ⊂ [1, τ ].

Then we get α ∈ [1, τ ] and ατ ∈ [1, τ ]. Since α ∈ [1, τ ], there exist m,n ∈ Z such that

α = m + nτ . Since ax2 + bx + c is the minimal polynomial of τ , we get τ 2 = −c−bτ
a

.

Substitute τ 2 to ατ = mτ + nτ 2 and get

ατ =
−cn
a

+

(
−bn
a

+m

)
τ. (3.2)

We know that aτ is an algebraic integer, it implies that n must be divisible by a since

(a, b, c) = 1. Then α can be written as m + k(aτ) where n = ak for some k ∈ Z.

Therefore α ∈ [1, aτ ] [6, Lemma 7.5.].

Proposition 3.11. [6, Proposition 7.4.] Let O be an order in a quadratic field K and

a a fractional O-ideal. Then a is proper if and only if a is invertible.

Proof. Assume that a is invertible. So there exists a fractional O-ideal b satisfying

that ab = O. We want to show that a is proper. Obviously, O ⊂ {α ∈ K : αa ⊂ a}.

Let α ∈ K and αa ⊂ a, then

αO = α(ab) = (αa)b ⊂ ab = O. (3.3)

So we get α ∈ O. It shows that {α ∈ K : αa ⊂ a} ⊂ O. Therefore O = {α ∈ K :

αa ⊂ a}.

Conversely, assume that a is a proper fractional O-ideal. Note that a is a Z-

module of rank 2. We can write it as a = [α, β] where α, β ∈ K. Then a = α[1, τ ]

such that τ = β/α. Let ax2 + bx+ c be the minimal polynomial of τ . Then by Lemma

3.10 , [1, τ ] is proper fractional ideal for O = [1, aτ ]. Let α 7→ ᾱ be the nontrivial
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automorphism of K. Take another root of ax2 + bx+ c as τ̄ , we get ā = ᾱ[1, τ̄ ] which

is a proper fractional ideal for O = [1, aτ̄ ] by Lemma 3.10. Then

aaa′ = aαα′[1, τ ][1, τ ′]

= N(α)a[1, τ, τ ′, ττ ′] since N(α) = αα′

= N(α)[a, aτ,−b, c] since τ + τ ′ = −b/a and ττ ′ = c/a

= N(α)[1, aτ ] since (a, b, c) = 1

= N(α)O.

Choose b = aa′

N(α)
such that ab = O. So a is invertible.

Therefore a is proper if and only if a is invertible.

Definition 3.12. The ideal class group Cl(O) is the multiplicative group of equivalence

classes of proper fractional O-ideals. The class number of O is the order of ideal class

group Cl(O). It is denoted by h(O).

Cl(O) =
{non-zero proper fractional O-ideals}
{non-zero principal fractional O-ideals}

.

Theorem 3.13. [6, Theorem 23.3.] Let E be an elliptic curve defined over k with CM

by an order O1 in an imaginary quadratic field K. Suppose that there exist a prime

degree `-isogeny ϕ : E −→ E ′. Then E ′ has CM by an order O2 in K, and one of the

followings holds:

(i) O1 = O2,

(ii) [O1 : O2] = `,

(iii) [O2 : O1] = `.

Proof. Let ϕ̂ : E ′ −→ E be the dual isogeny of ϕ. For every τ ∈ End(E), we have an

isogeny γ = ϕ ◦ τ ◦ ϕ̂ ∈ End(E ′). Since End(E ′) is a ring, we can find the degree and
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trace of γ. The degree of γ is

degγ = deg(ϕ ◦ τ ◦ ϕ̂) = (degϕ)2degτ. (3.4)

And the trace of γ is

Tr(γ) = γ+γ̂ = ϕ◦τ ◦ϕ̂+ ˆϕ ◦ τ ◦ ϕ̂ = ϕ◦τ ◦ϕ̂+ϕ̂◦ τ̂ ◦ϕ = ϕ̂◦(τ+ τ̂)◦ϕ = (degϕ)Tr(τ).

(3.5)

We can conclude that γ and (degϕ)τ are the roots of the characteristic polynomial

x2 − (Tr)x+ deg.2 So Q(γ) ' Q((degϕ)τ) ' Q(τ) and End0(E) ⊆ End0(E ′).

Similarly, take an arbitrary τ ′ ∈ End(E ′). There is γ′ = ϕ̂ ◦ τ ′ ◦ ϕ ∈ End(E ′)

with degγ′ = (degϕ)2degτ ′ and Tr(γ′) = (degϕ)Tr(τ ′). Hence, we have Q(γ′) ' Q(τ ′)

and End0(E ′) ⊆ End0(E). Thus End0(E) = End0(E ′) = K. Then E ′ has CM by O2

in K.

Now, consider O1 = [1, τ ] and O2 = [1, τ ′] for some τ, τ ′ ∈ H. Then ϕ ◦ τ ◦ ϕ̂ =

[`τ ] ∈ End(E ′) since [τ ] is multiplication map and ϕ̂ ◦ ϕ = [`]. Also `τ ∈ O2 since

End(E ′) ' O2. By the same way, we have ϕ̂ ◦ τ ′ ◦ϕ = [`τ ′] and `τ ′ ∈ O1. This implies

that [1, `τ ] ⊆ O2 = [1, τ ′] and [1, `τ ′] ⊆ O1 = [1, τ ]. Thus we have

[1, l2τ ] ⊆ [1, `τ ′] ⊆ [1, τ ]. (3.6)

Note that the index [[1, τ ] : [1, `2τ ]] is `2. So there are three cases for the index of

[1, `τ ′] in [1, τ ] which are 1, ` or `2. If the index is 1, then [O2 : O1] = `. If the index

is `, then O1 = O2. If the index is `2, then [O1 : O2] = `.

Definition 3.14. Let ϕ : E −→ E ′ be a prime degree `-isogeny of elliptic curves E

and E ′ with CM by orders O1 and O2 in an imaginary quadratic field K, respectively.

Then

2See Remark 4.13
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(i) we say that ϕ is horizontal isogeny if O1 = O2,

(ii) we say that ϕ is vertical(descending) isogeny if [O1 : O2] = `,

(iii) we say that ϕ is vertical(ascending) isogeny if [O2 : O1] = `.
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4. COMPLEX MULTIPLICATION

In this chapter, our aim is to express an elliptic curve over C as a quotient C/Λ for

some lattice Λ ⊂ C. Given definitions and theorems are mostly from [4–6]. Moreover,

we will show existence of a one-to-one correspondence between ideal class groups and

isomorphism classes of elliptic curves by CM action given as in [7].

Definition 4.1. A lattice Λ ⊂ C is an additive subgroup Λ = Zλ1 +Zλ2 of C generated

by R-linearly independent complex numbers λ1 and λ2. It is denoted by Λ = [λ1, λ2].

Definition 4.2. If Λ1 is a sublattice of Λ2 such that the group Λ2/Λ1 is cyclic, then

we say that Λ1 is a cyclic sublattice of Λ2.

Lemma 4.3. [8, Lemma 21.2.] Let Λ = [1, τ ] be a lattice with τ ∈ H. The cyclic

sublattices of Λ with a prime index ` are the lattice [1, `τ ] and the lattices [`, τ + k]

where 0 ≤ k < `.

Definition 4.4. Let Λ ⊂ C be a lattice. The Weierstrass ℘-function (relative to Λ)is

defined by the series

℘(z; Λ) =
1

z2
+
∑
w∈Λ
w 6=0

(
1

(z − w)2
− 1

w2

)
.

The Eisenstein’s series of weight 2k (for Λ)is the series

G2k(Λ) =
∑
w∈Λ
w 6=0

w−2k.

Remark 4.5. [4, Remark 3.5.1.] There is a relation between ℘(z) and ℘′(z) such that

℘′(z)2 = 4℘(z)3 − 60G4(Λ)℘(z)− 140G6(Λ) for every z ∈ C− Λ. (4.1)
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We define g2 and g3 as

g2 = g2(Λ) = 60G4(Λ) and g3 = g3(Λ) = 140G6(Λ). (4.2)

Proposition 4.6. [4, Proposition 3.6.] Let g2 = g2(Λ) and g3 = g3(Λ) be the quantities

associated to lattice Λ ⊂ C. The polynomial f(x) = 4x3 − g2x − g3 has distinct roots,

so its discriminant ∆(Λ) = g3
2 − 27g3

3 is nonzero.

Definition 4.7. The j-invariant of the lattice Λ is defined as

j(Λ) = 1728
g2(Λ)3

g2(Λ)3 − 27g3(Λ)2
= 1728

g2(Λ)3

∆(Λ)
.

Remark 4.8. Note that since ∆(Λ) is not equal to 0, j-invariant is always well-defined.

Let Λ1 and Λ2 be lattices in C. Assume that α ∈ C such that αΛ1 ⊂ Λ2. By

multiplication- by-α map, we get an induced map

φα : C/Λ1 −→ C/Λ2, φα(z) = αz(mod Λ2). (4.3)

Let z1, z2 ∈ Λ1 such that z1 = z2. Then we get

φ(z1) = αz1(mod Λ2) = αz2(mod Λ2) = φ(z2). (4.4)

So φ is well-defined. Let z1, z2 ∈ C/Λ1. Then

φ(z1 +z2) = α(z1 +z2)(mod Λ2) = αz1(mod Λ2)+αz2(mod Λ2) = φ(z1)+φ(z2). (4.5)

So induced map is a well-defined group homomorphism.
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Theorem 4.9. [4, Theorem 4.1.] With notation as above,

a. the association

{α ∈ C : αΛ1 ⊂ Λ2} −→

{ holomorphic maps

φ : C/Λ1 → C/Λ2

with φ(0) = 0

}
(4.6)

α 7−→ φα (4.7)

is a bijection.

b. let E1 and E2 be elliptic curves corresponding to lattices Λ1 and Λ2, respectively.

We have E1 : y2 = 4x3 − g2(Λ1)x− g3(Λ1) and E2 : y2 = 4x3 − g2(Λ2)x− g3(Λ2).

Then the natural inclusion

{isogenies φ : E1 → E2} −→

{ holomorphic maps

φ : C/Λ1 → C/Λ2

with φ(0) = 0

}
(4.8)

is bijection.

Theorem 4.10 (Uniformization Theorem). [4, Theorem 5.1. ] For every elliptic curve

E/C, there exists a lattice Λ ⊂ C and an isomorphism

f : C/Λ −→ E(C) (4.9)

z 7−→ [℘(z; Λ), ℘′(z; Λ), 1]. (4.10)

The corresponding elliptic curve is denoted by EΛ : y2 = x3 − g2(Λ)x − g3(Λ) where

g2(Λ) = 60G4(Λ), g3(Λ) = 140G6(Λ).

Corollary 4.11. [4, Corollary 4.1.1.] Let E1/C and E2/C be elliptic curves corre-

sponding to lattices Λ1 and Λ2, respectively. Then E1 and E2 are isomorphic over C

if and only if Λ1 and Λ2 are homothetic, it means that there exists some α ∈ C∗ such

that Λ1 = αΛ2.
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Proof. First, assume that Λ1 and Λ2 are homothetic lattices. There exist an α ∈ C∗

satisfying Λ2 = αΛ1. Then

g2(Λ2) = g2(αΛ1) = 60G4(αΛ1) = 60
∑
w∈αΛ1
w 6=0

w−4 = 60α−4
∑
w∈Λ1
w 6=0

w−4 = α−4g2(Λ1) (4.11)

and

g3(Λ2) = g3(αΛ1) = 140G6(αΛ1) = 140
∑
w∈αΛ1
w 6=0

w−6 = 140α−4
∑
w∈Λ1
w 6=0

w−6 = α−6g2(Λ1).

(4.12)

So

j(Λ2) = 1728
g2(Λ2)3

g2(Λ2)3 − 27g3(Λ2)2
= 1728

α−12g2(Λ1)3

α−12g2(Λ1)3 − α−1227g3(Λ1)2
= j(Λ1).

Since j-invariants are equal, we can deduce that elliptic curves E1 and E2 are isomor-

phic.

Conversely, assume that E1 and E2 are isomorphic, it means that they have the

same j-invariants. So lattices Λ1 and Λ2 satisfy j(Λ1) = j(Λ2). By using the definition

of j-invariant, we can choose α ∈ C∗ such that

α4 =
g2(Λ1)

g2(Λ2)
and α6 =

g3(Λ1)

g3(Λ2)
. (4.13)

It implies that Λ2 = αΛ1. Thus Λ1 and Λ2 are homothetic lattices.

Theorem 4.12. [4, Theorem 5.5.] Let E/C be an elliptic curve. Let λ1 and λ2 be

generators for the lattice Λ associated to E by the Uniformization Theorem. Then one

of the following is true:

(i) End(E) = Z.

(ii) The field Q(λ2/λ1) is an imaginary quadratic extension of Q and End(E) is

isomorphic to an order in Q(λ2/λ1).
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Proof. By the Uniformization Theorem, there exists a lattice Λ = [λ1, λ2] where

λ1, λ2 ∈ C. Let τ = λ2
λ1

. Then we get

Λ = [λ1, λ2] = λ1[1, τ ]. (4.14)

Since λ1 ∈ C∗, Λ and [1, τ ] = Z + τZ are homothetic. Therefore we may consider Λ as

[1, τ ] instead of [λ1, λ2]. Define

O = {α ∈ C : αΛ ⊂ Λ}, (4.15)

By Theorem 4.9, O ' End(E). For all α in O, the inclusion α[1, τ ] ⊂ [1, τ ] gives us

α = a+ bτ and ατ = c+ dτ for some a, b, c, d ∈ Z. (4.16)

When we write τ = c
α−d , we get α2 − (a + d)α + ad − bc = 0. So O is an integral

extension of Z.

Assume that O 6= Z and take an element α in O − Z. Since α = a + bτ , b can

not be zero. So we can get rid of α in the above equations. Then the equation

bτ 2 − (a− d)τ − c = 0 (4.17)

holds. Since τ /∈ R, we have that Q(τ) is an imaginary quadratic extension of Q. Since

every α ∈ O is also an element of Q(τ), we have the inclusion O ⊂ Q(τ) and also O is

integral over Z. Therefore O is an order in Q(τ).

Remark 4.13. Let Λ be lattice in C. Assume that α ∈ C satisfying αΛ ⊂ Λ. We have

an induced map

φα : C/Λ −→ C/Λ, φα(z) = αz(mod Λ). (4.18)

where C/Λ ' E is the elliptic curve over C by the Uniformization Theorem.
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Then φα gives an isogeny and also there exists its dual isogeny φα̂ : C/Λ −→ C/Λ.

Both φα and φα̂ are in End(C/Λ). By Theorem 4.12, we have End(C/Λ) ' O for

some O = [1, τ ] in an imaginary quadratic field K where τ ∈ C. Then

O ∼−→ End(C/Λ)

r = a+ bτ 7−→ ψ

r̄ = a′ − b′τ 7−→ ψ̂

where a, b ∈ Z and r̄ be the conjugate of r. Therefore we can conclude that the conjugate

element of ψ in the ring End(C/Λ) corresponds to the dual isogeny of ψ. So N(ψ) =

ψψ̄ = degψ.

If Z ⊂ End(E) ' O is satisfied Theorem 4.12, then we say that E has complex

multiplication by the order O in the imaginary quadratic field Q(τ).

The natural question is that how can we construct an elliptic curve which has

CM by O if O is a given order in an imaginary quadratic field K. [7]

Let K be an imaginary quadratic field and O an order in K. If a is a proper

fractional ideal of O, then a can be seen as a lattice in C. By the Uniformization

Theorem, we get the corresponding elliptic curve Ea whose endomorphism ring is

End(Ea) ' {α ∈ C : αa ⊂ a} by the Uniformization Theorem

= {α ∈ K : αa ⊂ a} since a ⊂ O

= O since a is a proper fractional O-ideal.

Definition 4.14. Given an order O in an imaginary quadratic field K. Let SO(k) be

the set of all elliptic curves over k of which endomorphism rings are isomorphic to O.

Let E1, E2 ∈ SO(k). We say E1 is equivalent to E2 (denoted E1 ∼ E2) if E1 and E2

are isomorphic elliptic curves over k. Then EllO(k) denotes SO(k)/ ∼.
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There is a one-to-one correspondence between homothetic lattices and isomor-

phism classes of elliptic curves which are obtained from these lattices, it means that

Λ and αΛ for some α ∈ C∗ give the same elliptic curve in EllO(C). We will denote

C-isomorphism class of elliptic curves which are obtained by the lattice Λ by {EΛ}.

Let O be an order in an imaginary quadratic field K. Take an arbitrary proper

fractional O-ideal a with generators α and β, i.e. a = [α, β]. Observe a ⊂ C, so a is a

lattice.

Consider a lattice Λ = [1, τ ] and an order O = [1, w] in an imaginary quadratic

field K with End(EΛ) ' O. By Theorem 4.9, End(EΛ) ' {α ∈ C : αΛ ⊂ Λ} = O.

Since w ∈ O, we have w ∈ Λ such that w = a+ bτ for some a, b ∈ Z. Observe that

bΛ = [b, bτ ] = [b, w − a] = [b, w] (4.19)

since b(w−a)+ab = bw ∈ [b, w−a] and b ∈ [b, w−a]. So w must be in [b, w−a]. Observe

that [b, w] is an O-ideal since [b, w] ⊂ O and O[b, w] ⊂ [b, w]. Denote a = [b, w]. The

equality gives us that Λ is homothetic to an O-ideal a.

Therefore we can conclude that when a and b are proper fractional O-ideals, a and b

are equivalent in Cl(O) if and only if they are homothetic as lattices in C.

Proposition 4.15. Let O be an order in an imaginary quadratic field K. Then there

is a bijection

Cl(O) −→ EllO(C)

[a] 7−→ {Ea}.

.

Proof. Let [a] = [b] in Cl(O). Observe that a and b are equivalent proper fractional

ideals of O. Then they have the same j-invariant. Therefore {Ea} = {Eb} and also

the map is well-defined.
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Consider [a], [b] ∈ Cl(O) with {Ea} = {Eb}. By Corollary 4.11, a and b are

homothetic as lattices. So the map is injective.

Let E ∈ EllO(C). By the Uniformization Theorem there is a lattice Λ such that

E ' C/Λ. So for some proper fractional O-ideal Λ = a up to homothety. Then the

map is also surjective. This implies a one-to-one relation between the ideal class group

Cl(O) and the isomorphism class of elliptic curves EllO(C).

4.1. The CM action

Let E be an elliptic curve over C and O be an order in an imaginary quadratic

field K such that End(E) ' O. By the Uniformization Theorem and Remark 4, there

is a proper fractional O-ideal b such that E ' Eb. There is a map

Cl(O)× EllO(C) −→ EllO(C)

([a], {Eb}) 7−→ [a] ∗ {Eb} = {Ea−1b}.

Take ([a], {Eb}) = ([a′], {Eb′}) in Cl(O) × EllO(C). This gives us that [a] = [a′] and

{Eb} ' {Eb′}. Then we have {Ea−1b} ' {Ea′−1b′}.

If a is a principal fractional O-ideal, whose class represents the identity element

in Cl(O), then for any {Eb} ∈ EllO(C), we have [a] ∗ {Eb} = {Ea−1b} = {Eb} since b

and a−1b are homothetic.

Let a, b, and c be arbitrary proper fractional O-ideals. Then

[a] ∗ ([b] ∗ {Ec}) = [a] ∗ {Eb−1c} = {Ea−1b−1c} = {E(ba)−1c} = {E(ab)−1c} = [ab] ∗ {Ec}.

(4.20)

Therefore we can conclude that there is a group action of Cl(O) on EllO(C).
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Theorem 4.16. The action of Cl(O) on EllO(C) is transitive and free.

Proof. Let a and b be any proper fractional O-ideals. Take a proper fractional O-ideal

c = ba−1. Then

[c] ∗ {Eb} = [ba−1] ∗ {Eb} = {Eab−1b} = {Ea}. (4.21)

Thus the ideal class group Cl(O) transitively acts on EllO(C). [7]

Moreover, take c ∈ Cl(O) satisfying [c] ∗ {Eb} = {Eb} for any {Eb} ∈ EllO(C).

Then {Ec−1b} = {Eb}. This implies that c−1b and b are homothetic. So c is principal

fractional O-ideal. Therefore the action is also free. [7]

Remark 4.17. The ideal class group Cl(O) is a finite group. (For the proof see

in [9, Corollary 2.].) Since there is a bijection between Cl(O) and EllO(C), we have

|Cl(O)| = |EllO(C)|.

Let a and b invertible O-ideals. Then we have an inclusion b ⊂ a−1b and an

induced isogeny φa : Eb −→ Ea−1b = [a] ∗ Eb.

Definition 4.18. Let E be an elliptic curve over C satisfying End(E) ' O where O

is an order in an imaginary quadratic field K. Take an arbitrary invertible O-ideal a.

We define

E[a] = {P ∈ E : αP = O for all α ∈ a}.

It is called the group of a-torsion points of E.

Proposition 4.19. [7, Theorem 18.11.] Let E be an elliptic curve over C with

End(E) ' O where O is an order in an imaginary quadratic field K. For any arbitrary

invertible O-ideal a, we have a natural isogeny φa : E −→ [a] ∗ E with the action ∗ of

Cl(O) on EllO(C). Then the followings hold :
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(i) E[a] is the kernel of the natural isogeny E −→ [a] ∗ E.

(ii) The natural isogeny E −→ [a] ∗ E has degree Na.

Proof. (i) Let b be a proper fractional O-ideal corresponding to E, i.e. E = Eb.

There is an isomorphism C/b −→ Eb. Then

E[a] = {z ∈ C/b : [α]z = O for all α ∈ a}

= {z ∈ C : αz ∈ b for all α ∈ a}/b

= {z ∈ C : za ⊆ b}/b

= a−1b/b since zO ⊆ a−1b

= ker(C/b z 7−→ z−−−−→ C/a−1b)

= ker(E −→ [a] ∗ E).

(ii) First, observe that deg(φa) = |E[a]|. We want to show that [a−1b : b] = [b : ab].

Take any x+ b in a−1b/b where x ∈ a−1b and x /∈ b. Then we have xa ⊂ b. For

any a ∈ a, we have ax ∈ b. Since x /∈ b, we also have ax /∈ ab . So we get a

nonzero element ax+ ab ∈ b + ab.

Similarly, now take an arbitrary element x+ ab in b/ab where x ∈ b and x /∈ ab.

Then we have xa−1 ⊂ a−1b. For any a ∈ a−1, we have ax ∈ a−1b. Since x /∈ ab,

we also have ax /∈ b. So we get a nonzero element ax+ b ∈ a−1b/b. So

|E[a]| = |a−1b/b| = [a−1b : b] = [b : ab] = [O : aO] = Na. (4.22)
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4.2. Ordinary Elliptic Curves over Finite Fields

Let k be the finite field with q elements. Let E be an elliptic curve with CM by

an order O in an imaginary quadratic field K. Denote qth-Frobenius map as πE [3].

Let P = (X, Y ) ∈ E(Fq) with πE(P ) = (Xq, Y q) = (X, Y ) = P . So we have

πE(P ) − P = O. It gives (πE − id)(P ) = O. Conversely take an arbitrary element P

in ker[πE − id]. Then we have πE(P )− P = O. So P ∈ E(Fq). Thus

|E(Fq)| = |ker(πE − id)|

= deg(πE − id) since (πE − id) is separable

= ̂(πE − id)(πE − id)

= π̂EπE − (π̂E + πE) + 1

where π̂EπE = N(πE) = q and (π̂E + πE) = t := Tr(πE).

Then πE satisfies the characteristic polynomial π2
E−tπE+q = 0. Since End(E) is

isomorphic toO, there is an algebraic integer with trace t and norm q which corresponds

to πE. So

4q = t2 − v2DK where v = [OK : Z[πE]] and disc(OK) = DK . (4.23)
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5. THE HILBERT CLASS FIELD

Our aim is to show that every elliptic curve with CM can be defined over an

algebraic extension of Q [5]. Let O be an order in an imaginary quadratic field K with

discriminant D. We will define the Hilbert Class Polynomial HD(X) and the splitting

field L of HD(X) over K. Then we will observe that both Cl(O) and Gal(L/K) act

on the roots of HD(X). Moreover, there is an injective group homomorphism between

Gal(L/K) and Cl(O) [8].

Proposition 5.1. [5, Proposition 2.1.]

(i) Let E be an elliptic curve over C. Let and σ : C −→ C be any field automorphism

of C. Then

End(E) ' End(Eσ). (5.1)

(ii) Let E be an elliptic curve over C with CM by an order O in an imaginary

quadratic field K. Then j(E) ∈ Q.

(iii)

EllO(C) ' EllO(Q). (5.2)

Proof. (i) Let φ : E −→ E be an endomorphism and σ ∈ Aut(C). Then σ acts on

the Weierstrass coefficients of elliptic curves such that Eσ : y2 = x3+σ(A)+σ(B).

Taking arbitrary φ, ψ ∈ End(E), we have φσ : Eσ −→ Eσ with the following

properties (φ+ ψ)σ = φσ + ψσ and (φ ◦ ψ)σ = φσ ◦ ψσ. Thus we have an induced

map σ : End(E) −→ End(Eσ) which is a ring homomorphism. Hence, σ has an

inverse σ−1 : End(Eσ) −→ End(E) implying that End(E) ' End(Eσ).

(ii) By part (i), we can say that Eσ has also CM by O. We have j(E) = j(Eσ) =

j(E)σ. The first equality holds by Proposition 2.17 and the second equality holds

since the j-invariant is a rational combination of coefficients of a Weierstrass
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equation. Since j(Eσ) ∈ EllO(C) and there are finitely many j(E) ∈ EllO(C),

every σ ∈ Aut(C) permutes elements of the isomorphism class of an elliptic curve.

Therefore [Q(j(E)) : Q] ≤ h(O) <∞. Hence, j(E) is an algebraic number.

(iii) We have Q ⊂ C. We want to show that there is a bijection between EllO(Q) and

EllO(C). Define a natural inclusion map as

γ : EllO(Q) −→ EllO(C). (5.3)

Let E1 and E2 be representatives of two isomorphism classes in EllO(Q) such

that γ(E1) = γ(E2). This equality gives us j(E1) = j(E2). By Proposition 2.17 ,

we get E1 ' E2 over Q. So the map is injective.

Take an arbitrary element E ∈ EllO(C). By part (ii), j-invariant of E is in

Q. By Proposition 2.17 part (ii), there exists an elliptic curve E ′ defined over

Q(j(E)) such that j(E ′) = j(E). By Proposition 2.17 part(i), E ' E ′ over C.

So γ(E ′) = E, the map is surjective. Therefore the map is bijective.

Fact 5.2. [8] Let O be an order with discriminant D in an imaginary quadratic field

K. The elements of EllO(C) are algebraic integers. The all elements have the same

minimal polynomial over K such that

HD(X) =
∏

j(E)∈EllO(C)

(X − j(E)) ∈ Z[X]. (5.4)

It is known as the Hilbert class polynomial of discriminant D. This implies that every

elliptic curve E over C with CM by O is defined over a number field K(j(E)) where

j(E) is an algebraic integer.

Theorem 5.3. [8, Theorem 21.3. page 2] For all j1, j2 ∈ C, we have the modular

polynomial ΦN(j1, j2) = 0 if and only if j1 and j2 are the j-invariants of elliptic curves

over C that are related by a cyclic isogeny of degree N.
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Let O be an order in an imaginary quadratic field K with discriminant D and E1

be an elliptic curve with CM by O. Then Gal(K/ K) acts on EllO(Q) via the action

described in Proposition 5.1. Take an arbitrary σ ∈ Gal(K/K). Then we already

showed that Eσ
1 has CM by O. There exists a proper fractional O- ideal a satisfying

Eσ
1 = [a] ∗ E1 since the action is transitive by Theorem 4.16. From Section 4.1, we

know that there is a Cl(O)-action on EllO(Q). For some proper fractional O-ideal b,

we have E2 = [b] ∗ E1 which is an elliptic curve with CM by O. Observe that

Eσ
2 = ([b] ∗ E1)σ

= [bσ] ∗ Eσ
1 II.2.5. in [5]

= [b] ∗ Eσ
1 since b ⊂ K

= [b] ∗ ([a] ∗ E1)

= [a] ∗ ([b] ∗ E1)

= [a] ∗ E2.

Then there is a group homomorphism

Gal(L/K) −→ Cl(O)

σ 7−→ [a]

where Eσ = [a]∗E and L is the splitting field of HD(X). The identity automorphism in

Gal(L/K) is the only automorphism acting on EllO(Q) trivially. Moreover, we know

that Cl(O)-action on EllO(Q) is a free action by Theorem 4.16. So we have an injective

group homomorphism.
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6. ALGEBRAIC NUMBER THEORY

In the previous chapter, we showed that there is an injective group homomorphism

between Gal(L/K) and Cl(O) where O is an order in an imaginary quadratic field K

and L is the splitting field of HD(X). The purpose of this chapter is to show that

the homomorphism is also surjective. First, we need to define some notions from the

algebraic number theory. Most of them can be found in [8–11,15].

A number ring is a subring of a number field. Number rings are not always unique

factorization domains. Number rings have three special properties which will be stated

in the Definition 6.1, and that any integral domain with these properties also has the

unique factorization of ideals.

Definition 6.1. A Dedekind domain is an integral domain R such that

(i) Every ideal is finitely generated,

(ii) Every nonzero prime ideal is a maximal ideal,

(iii) R is integrally closed in its field of fractions.

Theorem 6.2. [9, Theorem 14.] Every number ring is a Dedekind domain.

Let K be an imaginary quadratic number field and L a finite extension of K.

Moreover, let OK and OL be the ring of integers of K and L, respectively.

Let p be a prime ideal of OK . Since OL is a Dedekind domain, the ideal in pOL
factorizes uniquely. Then the factorization of a prime ideal p of OK in OL is given by

pOL = qe11 qe22 . . . qerr (6.1)

in which qi’s are distinct primes of OL containing p. The integer ei is the ramification

index of qi over p. We have also a residue field extension OL/qi of OK/p and the inertia
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degree of qi over p is fi = [OL/qi : OK/p], see [6, page 100].

Fact 6.3. When L is a Galois extension of K with Galois group Gal(L/K), then the

ramification index of qi over p are all equal to e for all i and the inertia degree of qi

over p are all equal to f for all i. In this case, we say the ramification index of p is e.

Similarly the inertia degree of p is f . Moreover, Gal(L/K) acts on the primes lying over

p transitively. If there are r-many primes lying over p, then [L : K] = n = efr. [10,

Theorem 3.34]

Definition 6.4. Let L be a Galois extension of K. Let p be a prime ideal of OK and

q be a prime ideal of OL containing p.

The decomposition group of q over p is defined as

Dq = {σ ∈ Gal(L/K) : σ(q) = q}

= {σ ∈ Gal(L/K) : σ(α) ≡ 0(mod q)↔ α ≡ 0(mod q)∀α ∈ OL}

The inertia group of q over p is defined as

Iq = {σ ∈ Gal(L/K) : σ(α) ≡ α(mod q) for all α ∈ OL}.

Observe that σ(α) ≡ 0 (mod q) if and only if α ≡ 0(mod q). Hence we have

Iq ≤ Dq ≤ Gal(L/K). Since σ(q) = q and σ(OL) = OL, σ induces σ̃ : OL/q −→ OL/q

is an automorphism which fixes OK/p. Therefore σ̃ ∈ Gal(OL/q
/
OK/p).

Consider the map

f : Dq −→ Gal(OL/q
/
OK/p)

σ 7−→ σ̃.



45

The map f is group homomorphism whose kernel is Iq. Any element σ of Iq satisfies

σ(x)− x ∈ q for all x ∈ OL [6, page 101-102].

6.1. The Frobenius Automorphism

Let L be a Galois extension of K with Galois group Gal(L/K). Let p be an

unramified prime in L, i.e. e = 1. Then Iq = {1} and we have an isomorphism

Dq −→ Gal(OL/q
/
OK/p). (6.2)

So Gal(OL/q
/
OK/p) is generated by the special automorphism σ̃ such that

σ̃(x) = x‖p‖ for all x ∈ OL/q (6.3)

where ‖ p ‖ denotes the index Np. The corresponding automorphism σq ∈ Dq satisfies

σq(α) ≡ α‖p‖(mod q) for all α ∈ OL. (6.4)

It is called the Frobenius automorphism of q over p. We denote σq by
[
L/K
q

]
[9].

Remark 6.5. If q′ is another prime lying over p in OL, then there exists σ ∈ Gal(L/K)

such that σ(q) = q′. Let τ ∈ Dq′. We have

σ(q) = q′ = τ(q′) = τ(σ(q)). (6.5)

This implies that q = σ−1τσ(q) and σ−1τσ ∈ Dq. Thus τ ∈ σDqσ
−1.

Let τ ∈ σDqσ
−1, then σ−1τσ ∈ Dq. It implies that σ−1τσ(q) = q. Then

q′ = σ(q) = τσ(q) = τ(q′), (6.6)

hence τ ∈ Dq′ and σDqσ
−1 = Dq′.
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Similarly, we have Iq′ = σIqσ
−1.

Let σ be the Frobenius automorphism of q over p. Let σq′ be the Frobenius auto-

morphism of q′ over p where τ(q) = q′ for some τ ∈ Gal(L/K). Then

τσq(α) ≡ τ(α‖p‖)(mod τq)

≡ τ(α‖p‖)(mod q′).

Since every element in OL can be expressed in terms of τ−1(α), we have

τσqτ
−1(α) ≡ τ(τ−1α)‖p‖)( mod q′)

σq′(α) ≡ α‖p‖( mod q′) for all α ∈ OL.

This shows that Frobenius automorphisms are conjugate to each other in Gal(L/K).

[16, Proposition 8.2.2.]

Definition 6.6. When L is an unramified abelian extension of K, conjugates of the

Frobenius automorphisms are all equal to σq. A unique Frobenius automorphism σp is

determined by an unramified prime p of K. The map

p −→ σp

sends unramified primes p to the σp where σp(α) ≡ α‖p‖( mod q) for all α ∈ OL. It is

called the Artin map.

We will use the Artin map to prove that Ψ : Gal(L/K) −→ Cl(O) is surjective,

hence an isomorphism [8].

Theorem 6.7. [11, Theorem 22.1.] Let O be an imaginary quadratic order of discrim-

inant D and let L be the splitting field of HD(X) over K = Q(
√
D). The map

Ψ : Gal(L/K) −→ Cl(O)
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which sends σ ∈ Gal(L/K) to the unique α ∈ Cl(O) for which j(E)σ = j([α] ∗ E)

holds for all j(E) ∈ EllO(L) is a group isomorphism that commutes with the actions

of Gal(L/K) and Cl(O) on EllO(L).

Theorem 6.8. [11, Theorem 22.3.] Let O be an order in an imaginary quadratic field

K = Q(
√
D) with discriminant D and L the splitting field of HD(X) over K. Let p be

a prime not dividing D. The followings statements are equivalent:

(i) p is the norm of a principal O-ideal,

(ii)
(
D
p

)
= 1 and HD(X) splits completely in Fp[X],

(iii) p splits completely in L,

(iv) 4p = t2 − v2D for some integers t and v with t 6≡ 0(mod p).

Proof. Let K = Q(
√
D) and OK = [1, wK ] be its ring of integers where wK = DK+

√
DK

2

and DK = ∆(OK). Let O = [1, fwK ] be an order in OK where f = [OK : O]. Then

the discriminant of O is D = f 2DK .

(i) =⇒ (iv) : Assume that p is the norm of a principal O-ideal (λ). Then we have

(λ) ⊂ [1, λ]. Observe that [1, λ] is a suborder of O with the index v = [O : [1, λ]] for

some v ∈ Z. Since |O/(λ)| > |O/[1, λ]| we have v < p. By Lemma 3.4 the discriminant

of [1, λ] equals to v2D. Then let t := λ + λ̄, we have a minimal polynomial of λ such

that x2 − tx + p. The discriminant of the polynomial is t2 − 4p = v2D. So we get

4p = t2 − v2D for some integers t and v with t 6≡ 0(mod p).

(iv) =⇒ (i) : Let 4p = t2 − v2D for some integers t and v with t 6≡ 0(mod p).

Take a = t−vfDK

2
and b = v. Then set λ := a + bfwK = t+vf

√
DK

2
. If D is odd, then

t ≡ v(mod 2). If D is even, then t ≡ fDK(mod 2). In both cases, we have λ ∈ O.

Moreover, it has norm p.

(i) =⇒ (ii) : By (i) =⇒ (iv), we assume that 4p = t2− v2D for some integers t

and v with t 6≡ 0(mod p). Then 4p = t2−v2D ≡ 0(mod p) implies that D ≡ �(mod p),

i.e.
(
D
p

)
= 1. If p is a principal O-ideal of norm p, then pOK is unramified in L since
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L is a maximal unramified abelian Galois extension of K. Then [p] acts trivially on

EllO(L). By Theorem 6.7 σp acts trivially on the roots of HD(X). Since Np = pp̄ = p,

the roots of HD(X) is in OK/p = Fp. Hence, HD(X) splits completely in Fp[X].

(ii) =⇒ (iii) : Let
(
D
p

)
= 1. Then D ≡ �(mod p) has solution, i.e p splits into

distinct primes of norm p in OK as p = pp̄. So OK/p ' Fp. Now assume HD(X) splits

completely in Fp[X]. Then HD(X) splits completely in OK/p . Moreover, the roots of

HD(X) are all fixed by σp. It implies [OL/q : OK/p] = 1 since norm of ideals q equal

to p for every prime q lying above p. So, p splits completely in L.

(iii) =⇒ (i) : Let p split completely in L, i.e. pOL = q1q2 . . . qn where qi distinct

primes of norm p in OL. Take p be any prime in OK lying over p, then pOL divides

pOL. It implies that there exist a prime q in OL lying over p dividing pOL. So we get

Fp ⊆ OK/p ⊆ OL/q. Then Fp = OK/p and p has norm p. Therefore the Frobenius

automorphism in Gal(L/K) is trivial, i.e σp = id. By Theorem 6.7, the corresponding

ideal class [p ∩ O] ∈ Cl(O) is a principal O-ideal. [11, Theorem 22.3.]

Lemma 6.9. [17, Lemma 23.5.] Let E be an elliptic curve over k with CM by an order

O of discriminant D in an imaginary quadratic field K. Let ` be prime different than

chark. If ` divides [OK : O], then there are no horizontal `-isogenies from E, and

otherwise the number of horizontal `-isogenies is 1 +
(
D
`

)
∈ {0, 1, 2}.

Proof. Let OK = [1, τ ] and O = [1, fτ ] where f is the conductor of O. Assume

`|[OK : O]. Then there exist n > 0 satisfying f = n`. So O = [1, `nτ ]. Consider cyclic

sublattices of O with index `. They are of the form O1 = [1, `2nτ ] and O2 = [`, `nτ+k]

for 0 ≤ k ≤ ` by Lemma 4.3. Since `nτ 6∈ O1, O1 is not an ideal of O. Suppose that

O2 is an ideal of O. Then `2nτ must be in O2. Hence, `(`nτ + k) − `2nτ = `k ∈ O2.

So k, `nτ ∈ O2. We get O2 = [`, `nτ ] = `[1, nτ ], but nτ 6∈ O. It gives us that O2 can

not be a proper O-ideal. Therefore there are no horizontal `-isogenies from E.

Suppose ` - [OK : O] = f , i.e. (`, f) = 1. Take a as an OK-ideal with norm `.

Then it gives an O-ideal a ∩ O with norm ` since f and ` are prime to each other.
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Moreover, the inverse of a∩O is 1
`
(ā∩O) since (a∩O)1

`
(ā∩O) = 1

`
(`OK∩O) = O. The

last equality holds because ` is prime to [OK : O]. So a∩O is a proper O-ideal. To the

contrary, assume that a is a proper O-ideal of norm `. So aOK+fOK = (a+fO)OK =

OOK = OK . Since |O/a| is prime to f , we have the second equality. So aOK is an

OK-ideal of norm `. Therefore the number of proper O-ideals of norm ` is the number

of OK-ideals of norm `, which is 1 +
(
D
`

)
[17, Lemma 23.5.].

Remark 6.10. Every horizontal `-isogeny corresponds to the CM action of a proper

fractional O-ideal l of norm `. In the split case, we have
(
D
`

)
= 1. So (l) = l̄l.

Then l-orbits of EllO(C) corresponds to the cosets of 〈[l]〉 in Cl(O). For more details

see [17, page 3].
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7. ISOGENY VOLCANO

In this chapter, we will define an isogeny volcano and state Kohel’s Theorem.

Given definitions and theorems are mostly from [3,17]

Figure 7.1. A volcano.

Definition 7.1. An `-volcano V is a connected undirected graph whose vertices are

partitioned into one or more levels V0, . . . , Vd such that the following hold :

(i) The subgraph on V0 (the surface) is a regular graph of degree at most 2.

(ii) For i > 0, each vertex in Vi has exactly one neighbor in level Vi−1, and this

accounts for every edge not on the surface.

(iii) For i < d, each vertex in Vi has degree `+ 1.

Figure 7.2. A 3-volcano of depth 2 .
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An `-volcano allows self-loops, which is an edge whose vertices are the same, and

multi-edges, which are two or more edges with the same two vertices. The depth of a

volcano is notated as d. As you see in the Figure 7.2, we have a 3-volcano of depth 2.

The degree of the subgraph of level surface V0 is the number of edges of a vertex in

V0. Also depth d equals to 2. For all i < 2 each vertex in Vi has degree 4 which is the

number of edges of a vertex in Vi.

Definition 7.2. The `-isogeny graph G`(k) is the graph whose vertices are the iso-

morphism classes of elliptic curves over k and whose edges are `-isogenies between the

curves corresponding to the vertices.

Observe that when chark is prime p, depending on the p-torsion subgroup E[p],

we have either an ordinary or a supersingular elliptic curve. If E is supersingular

(ordinary), then any elliptic curve isogenous to E is also supersingular(ordinary) by

Theorem 2.39. That is the reason G`(k) involves ordinary and supersingular compo-

nents. Our aim is to show that ordinary component of G`(Fp) gives an `-volcano.

The vertices of G`(Fp) are j-invariants an ordinary elliptic curves and its edges are

`-isogenies.

Theorem 7.3 (Kohel). [3, Theorem 7.] Let V be an ordinary component of G`(Fq)

that does not contain 0 and 1728. Then V is an `-volcano for which the following hold:

(i) The vertices in level Vi all have the same endomorphism ring Oi.

(ii) The subgraph on V0 has degree 1 +
(
D0

`

)
, where D0 = disc(O0).

(iii) If
(
D0

`

)
≥ 0, then |V0| is the order of [l] in Cl(O0); otherwise |V0| = 1.

(iv) The depth of V is d = ν`((t
2 − 4q)/D0)/2, where t2 = (Tr(πE))2 for j(E) ∈ V .

(v) ` - [OK : O0] and [Oi : Oi+1] = ` for 0 ≤ i < d.

Proof. Let V be an ordinary component of G`(Fq). Every vertex of V determines an

ordinary elliptic curve and every edge of V is an `-isogenies. In each level Vi of V ,

the orders Oi differ by powers of ` by Theorem 3.13, i.e [Oi : Oi+1] = `. Assume that

`d is the largest power. Then we have V0, V1, . . . , Vd as a partition of V and in each
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Vi we have orders O0,O1, . . . ,Od satisfying ` - [OK : O0] and [Oj : Oi] = `i−j where

d ≥ i ≥ j ≥ 0 by Lemma 6.9. So part (i) and (iv) are done. By Lemma 6.9 we also

have (ii). Consider Cl(O0)-action on EllO0(Fq). Let E be an elliptic curve with CM

by O0 and
(
D0

`

)
≥ 0.The CM action of [l] on EllO0(Fq) gives [l] ∗ E = E ′. Then E ′ is

an elliptic curve with CM by O0 and horizontal `-isogenous to E. So the order of [l]

gives |V0|. When
(
D0

`

)
= 0, then |V0| = 1 by Remark 6.10.

By Theorem 6.8, if 4q = t2 − v2D0, where πE is qth Frobenius map for an elliptic

curve E with CM by Oi and t2 = (Tr(πE))2, then HD0(X) splits completely in Fq[X].

So EllOi
(Fq) 6= ∅ but EllOd+1

(Fq) = ∅ since v is related to the index [O : Oi] by Lemma

3.4, i.e. `d - v. Finally, by Theorem 5.3 the degree of modular polynomial for level `

gives us each vertex in Vi has degree ` + 1. Therefore V is an `-volcano [17, Theorem

23.2. page 8].
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8. EXAMPLE

In this chapter, our aim is to construct a 3-volcano with depth 2 over F409.

We start with a field K = Q(
√
−5). The 3-volcano with depth 2 contains levels V0,

V1, and V2. Each vertex in each level of the volcano has same endomorphism ring

which is isomorphic to an order in an imaginary quadratic field. We will construct

that the surface V0 contains vertices which are elliptic curves with endomorphism ring

isomorphic to the ring of integers OK of K. Then we want to find a prime p which splits

in the ring of integers OK of K and satisfies the condition in the Kohel’s Theorem.

After we will determine elliptic curves defined over Fp in each levels V0, V1, and V2.

Observe that the maximal order of K is OK = Z[
√
−5] with the discriminant

D0 = −20. Then calculate the class number of the maximal order which is the number

of elliptic curves with CM by OK . In our example, there are 2 elliptic curves with CM

by OK .

HD0(X) represents the Hilbert Class Polynomial for discriminant −20 which is

HD0(X) = x2 − 1264000x− 681472000. (8.1)

We want to find a prime which splits in the splitting field of HD0(X). Since we want

to find a 3-volcano with depth 2, we can choose the prime p as 409. Observe that 409

can be written as

4.409 = 42 + 3(2.2).20. (8.2)

So by Theorem 6.8, p = 409 splits in OK and also HD0(X) splits completely in F409.

Then the roots of HD0 mod 409 gives us the j-invariants of the elliptic curves with CM
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by OK . The j-invariants and corresponding elliptic curves are :

j1 = 209 E1 : y2 + xy = x3 + 27x+ 40

j2 = 390 E2 : y2 + xy = x3 + 100x+ 90.

Note that E1 and E2 are both ordinary elliptic curves and 3-isogenous over F409.

Here are Magma codes that gives us the computation.

K:= QuadraticField(−5);

O:=MaximalOrder(K);

ClassNumber(O);

h < x >:=HilbertClassPolynomial(−20);

IsSplit(409, O);

S < x >:=PolynomialRing(GF (409));

h := S!h;

Roots(h);

Factorization(h);

E1:=EllipticCurveFromjInvariant(GF (409)!209);

E2:=EllipticCurveFromjInvariant(GF (409)!390);

IsOrdinary(E1);

IsOrdinary(E2);

Figure 8.1. Algorithm for detecting 3-isogenous elliptic curves defined over F409 with

the endomorphism ring Z[
√
−5].

After that our aim is to show that roots of modular polynomial for level 3 over

F409 gives us j-invariants of 3-isogenous elliptic curves over F409 by Theorem 5.3. We

already found E1 and E2 which are on the surface since they have the same endomor-

phism ring OK . Let’s see how we can decide elliptic curves in level V1 and V2. Elliptic

curves in level V1 and V2 have the same endomorphism rings isomorphic to O1 and O2,

respectively. The index [OK : Oi] is 3i for each i = 1, 2.
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Here is the calculation using Magma :

f < x, y >:=ClassicalModularPolynomial(3);

R < x, y >:=PolynomialRing(GF (409), 2);

f := R!f ;

for i in GF (409) do

for j in GF (409) do

r:=Evaluate (f, [i, j]);

if r eq 0 then print i,j;

end if;

end for;

end for;

Figure 8.2. Algorithm for detecting j-invariants of 3-isogenous elliptic curves defined

over F409.

Observe that E1 with j = 209 is 3-isogenous to elliptic curves with j-invariants

125, 196, 390. Moreover, E2 with j = 390 is 3-isogenous to elliptic curves with j-

invariants 209, 315, 326. So we can deduce that elliptic curves E3, E4, E5 and E6 with

j = 125, 196, 315 and 326 have same endomorphism ring which is isomorphic to an

order O1 satisfying [OK : O1] = 3. Similarly there are elliptic curves E7, E8, E9 with

j-invariants are 22, 222 and 388 which are 3-isogenous to E3. Moreover, we can find

9 more j-invariants of an elliptic curves, each three of them, respectively, 3-isogenous

to E4, E5 and E6. Also all Ei for 7 ≤ i ≤ 18 have same endomorphism ring that is

isomorphic to O2 satisfying [OK : O2] = 9. Therefore it gives us a 3-volcano of depth

2 over F409.

Our example can be visualized by the figure below. It is originated from the

Figure 7.2. The numbers of each vertices represent the j-invariants of elliptic curves

Ei for 1 ≤ i ≤ 18.
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Figure 8.3. A 3-volcano of depth 2 over F409.
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9. CONCLUSION

Volcanoes are graph-theoretic terms. Isogeny volcanoes are the ordinary compo-

nents of `-isogeny graphs of elliptic curves. In this thesis, we firstly gave some basic

notions about elliptic curves and orders in an imaginary quadratic field, then we showed

that there is a one-to-one correspondence between the ideal class group and the iso-

morphism classes of elliptic curves with CM by an order in an imaginary quadratic

field. In a further step, we showed that every elliptic curve with CM by an order in

an imaginary quadratic field is defined over an algebraic extension of Q. Afterwards,

we defined the Hilbert class polynomial of discriminant D as HD(X) which is the min-

imal polynomial of the j-invariants of the elliptic curves with CM by an order in an

imaginary quadratic field with discriminant D. By Theorem 6.8, we saw that if k = Fp
with 4p = t2 − v2D and t 6≡ 0(modp) then HD(X) splits into distinct linear factors

in Fp[X] and its roots are the reductions of j-invariants of elliptic curves defined over

the splitting field of HD(X). Lastly, we stated the main Theorem 7.3, which is that,

except for the components of 0 or 1728, the ordinary components of `-isogeny graphs

of elliptic curves over finite fields are `-volcanoes. Also, we gave an explicit example of

3-volcano of depth 2 over F409.
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