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ABSTRACT

BACKSTEPPING BOUNDARY CONTROL OF A WAVE

PDE WITH SPATIALLY DISTRIBUTED TIME

INVARIANT UNKNOWN DISTURBANCES AND ITS

APPLICATION TO AN OVERHEAD CRANE MODEL

The aim of this thesis is to control the speed of a payload carried by an overhead

crane with the control input provided from the top end of the crane cable. It is assumed

that the only measurement available to the controller is from the top end where the

cable is attached to the crane car. The motion of the crane model is limited to one

horizontal dimension. First, a controller is designed for a simplified mathematical

model. The disturbance is assumed to be time invariant, the weight of the crane cable

is neglected and the length of the cable is normalized. The exponential stability of

this simplified model with the designed controller is proven. Then, the controller is

applied to the real crane model with the necessary transformations. Performance of

the controller in both cases is shown using numerical simulations in MATLAB. The

models are simulated using semi-discretization method for the simplified model and

Crank-Nicolson method for the crane model. Perfect reference tracking and disturbance

cancellation is achieved under constant disturbances. However, in the presence of time

varying effects, the model is stabilized but does not converge perfectly. This result is

theoretically expected.
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ÖZET

UZAYSAL DAĞILIMLI ZAMANDA DEĞİŞMEZ

BİLİNMEYEN BOZULUM İÇEREN DALGA

DENKLEMİNİN GERİ ADIMLAMA YÖNTEMİYLE SINIR

KONTROLÜ VE TAVAN VİNCİ MODELİNE

UYGULANMASI

Bu tezin amacı, bir tavan vinci tarafından taşınmakta olan yükün hızının, te-

peden uygulanan kontrol etkisiyle istenen değerde sabitlenmesini sağlamaktır. Kon-

trolcüde mevcut olan ölçümlerin, yalnızca vinç kablosunun gezici arabaya bağlandığı

tepe noktasından alındığı varsayılmıştır. Vinç ve kablonun hareketi, tek bir yatay

yönde limitlenmiştir. Öncelikle, basitleştirilmiş bir matematiksel model için kontrolcü

tasarlanmıştır. Bu basitleştirimiş modelde, bozucu etkinin zamana göre değişmediği

varsayılmış, vinç kablosunun kütlesi ihmal edilmiş ve uzunluğu normalleştirilmiştir.

Bu modelin tasarlanan kontrolcü ile üstel olarak kararlı olduğu ispatlanmıştır. Son-

rasında, tasarlanan bu kontrolcü, gerekli dönüşümler aracılığıyla, vinç modeline uygu-

lanmıştır. Kontrolcünün iki model üzerindeki performansı, sayısal çözümleme ve benze-

tim yöntemleriyle incelenmiştir. Basitleştirilmiş modelin benzetiminde yarı-ayrıklaştır-

ma metodu, vinç modeli için ise Crank-Nicolson metodu kullanılmıştır. Sabit bozulum

altında referans sinyalinin mükemmel takibi sağlanmıştır. Zamanla değişen bozulum

altında model istikrarlı hale gelmiş, fakat mükemmel yakınsama sağlanamamıştır. Bu

sonuç teoriyle örtüşmektedir.
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â Estimation of the disturbance term a
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ỹ(x, t) Observer error system

A,B,C State space representation matrices



xiii

Ac,An,Bn,Dn,

Ap,Bp,Dp Coefficient matrices and vectors for the numerical simulations

CD Drag coefficient

D Time delay between two ends of the crane rope

F j
drag(t) Drag force on jth section of the crane rope

L Observer gain vector

M Mass of the crane trolley

P (y, t) Crane cable tension

Peq Average crane cable tension

Re Reynold’s number

U(t) Simplified model input

V (t) Lyapunov function

X(t) State space vector of the output boundary

X̂(t) Estimation of the state vector X(t)

X̃(t) observer error of the state vector

Y (t) Signal of the measured states

∆t Temporal step size

∆y Spacing between spatial nodes

θ Crane cable angle for lumped model

ξ(x, t),η(x, t),ζ(x, t) Riemann variables

λi ith eigenvalue of the observer matrix (A− LC)

ν Kinematic viscosity of the fluid medium

νcable(y, t) Distributed, time-varying disturbance on the crane cable

νload(t) Time-varying disturbance on the payload

ρ Mass per length of the crane cable

ρf Density of the fluid medium

Υ(t) Norm of the closed loop system errors



xiv

LIST OF ACRONYMS/ABBREVIATIONS

1D One Dimensional

2D Two Dimensional

3D Three Dimensional

DoF Degrees of Freedom

FDM Finite Difference Method

IDA-PBC Interconnection and Damping Assignment Passivity-Based

Control

LQR Linear-Quadratic Regulator

LTI Linear Time Invariant

MoL Method of Lines

ODE Ordinary Differential Equation

PDE Partial Differential Equation

PIDE Partial Integro-Differential Equation

PSO Particle Swarm Optimization



1

1. INTRODUCTION

Cranes are utilized in almost every industry that deals with heavy payloads; port

facilities, automobile industry, nuclear power plants and construction sites to name

a few. Obviously some of these require high precision and speed in movement and

placing of the payload. This might be hard to achieve considering that still in most

crane applications, the payload is moved manually by an operator who only has access

to visual feedback. The task gets even harder, considering the fact that most of the

time the payload ends up in a swinging motion due to the motion of the crane, wind

force etc. This swinging motion ends up limiting both the precision and the speed

of the operation. Therefore a controller that is capable of rejecting the disturbances

on the payload and the crane cable and stabilizing the motion of the payload would

greatly benefit both precision and operating speed of such appliances.

1.1. Crane Modeling

The system of interest for this thesis is the overhead crane. An overhead crane

consists of a trolley moving on a bridge in one dimension with the cable and the load

hanging directly below it an example of which can be seen in Figure 1.1. The up-down

motion of the cable relative to the trolley and the back and forth motion of the trolley

on the bridge allows 2-DoF control of the payload. In many overhead cranes the bridge

itself can move on a third axis which adds up to a 3-DoF motion.
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Figure 1.1. A 10 ton overhead crane [1]

Predominantly, there are two approaches followed in modeling an overhead crane

system; the lumped-mass model and the distributed-mass model [2].

1.1.1. Lumped-Mass Model

F (t)
x

y

x(t)

m

M

θ(t)

l

Figure 1.2. Lumped-Mass Crane Model

This model combines the horizontal motion of the trolley with a pendulum-like

motion for the crane cable and the payload as seen in Figure 1.2. The equations
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of motion for this type of system are found using Lagrange Equations. Kinetic and

potential energies of the system are found as

T =
1

2
Mẋ2 +

1

2
m(ẋ+ lθ̇)2 (1.1)

V =−mgl cos(θ) (1.2)

L =T − V (1.3)

Then employing the Lagrange’s equations d
dt

(
δL
δxi

)
− dL

dxi
= Fi, the dynamics of the

system are found as

(M +m)ẍ+mlθ̈ =F (t) (1.4)

ẍ+ lθ̈ + gθ =0 (1.5)

where M and m are the masses of the trolley and the payload respectively, F (t) is

the input force, l is the cable length, x(t) is horizontal position of the trolley, and θ(t)

is the cable angle. There has been numerous control strategies developed using this

model. Some of the most occuring ones are discussed below.

Since the model dynamics have a nonlinear nature, some researchers employ

linearization strategies. For example, Moustafa and Ebeid [3] develop a nonlinear

mathematical model for 2 swing angles of an overhead crane and then linearizes it into

the state-space form in order to attenuate the swing motion through feedback control.

Later, Park et al. [4] develop a nonlinear state feedback controller to regulate vertical

and horizontal motion of the payload simultaneously through a novel partial feedback

linearization approach.

Some of the studies use adaptive control approaches to account for uncertainties

and variations in system parameters. Corriga et al. [5] design an adaptive controller

to stabilize the swing motion of the load while the cable length is changing. They

then use a Lyapunov-like theorem to find an upper bound for the rate of change of

cable length such that the crane stays stable with proposed controller. Later, Yang and
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Yang [6] achieve perfect gantry position regulation and sway damping while all system

parameters are unknown by combining a nonlinear control scheme with an adaptive

control law.

Sliding mode approach is often used for this model. Bartolini et al. [7] offer a

second-order sliding mode based control design for horizontal and vertical motion of

the payload. Kuo-Kai Shyu et al. [8] offer an anti-swing sliding mode control design

in the presence of load mass uncertainty. Then Liu et al. [9] combine the sliding mode

control with the fuzzy logic approach to design a controller that is capable of adapting

to varying system parameters. While the previous attempts relied on linearizations

of the crane model Qian et al. [10] combine the sliding mode control approach with

a fuzzy interface to regulate the control gains without linearizing the model. More

recently, Ngo et al. [11] improve upon the fuzzy sliding mode control idea by basing

the design on the non-linear model of the system.

There are also energy based approaches, to name a few; Aschemann and Schindele

[12] propose a passivity-based control scheme where the controller provides adaptive

damping to the crane load. They reformulate the system as a Post-Hamiltonian and

apply energy-shifting method and IDA-PBC approach. They also apply a nonlinear

reduced-order observer to compensate for the nonlinear friction effects. Poljak et al.

[13] design a nonlinear energy based control structure using the method of Controlled

Lagrangians. Sun et al. [14] develop a model-free, energy exchanging, dropping-based

controller using only the position and swing angle measurements as feedback.

Lastly, there are input/command shaping approaches. Hong et al. [15] offer a

command shaping control strategy that allows for both horizontal and vertical refer-

ence tracking. Then Sorensen et al. [16] achieve reference tracking on a 2D horizontal

plane by combining position, input shaping, and disturbance rejecting controllers. Re-

cently, Maghsoudi et al. [17] improve upon the input shaping control of overhead cranes

using PSO algorithm and Ramli et al. [18] propose an improved input shaping scheme

utilizing an artificial neural network in shaper design where the proposed controller

can predict and react to time-varying parameters in the crane system. Abdullahi et al.
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[19] improve upon previous output-based command shaping designs and propose an

adaptive output-based command shaping approach for sway reduction.

1.1.2. Distributed-Mass Model

F (t)
x

y

x(t)

m

M

w(y; t)

w(0; t)

P (y; t)

Figure 1.3. Distributed-Mass Crane Model

As can be seen from Figure 1.3, the main difference in this model is that the bend-

ing of the cable is considered. The governing equation and the boundary conditions

are given as

ρ
δ2w(y, t)

δt2
− δ

δy

(
P (y, t)

δw(y, t)

δy

)
= 0 (1.6)

M
δ2w(0, t)

δt2
− P (0, t)

δw(0, t)

δy
= F (t) (1.7)

m
δ2w(l, t)

δt2
− P (l, t)

δw(l, t)

δy
= 0 (1.8)

where w(y, t) is the horizontal displacement of the rope at the vertical coordinate y and

time t, M and m are the masses of the trolley and the payload, ρ is the mass per unit

length of the cable, F (t) is the input force, and P (y, t) is the cable tension calculated

as,

P (y, t) = mg + ρg(l − y) (1.9)
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This model is not studied as extensively as the lumped-mass model. Some of the

contributions in this approach are discussed below.

D’Andréa-Novel et al. [20] treat the crane system as a PDE-ODE couple. They

then implement a class of nonlinear feedback laws to stabilize the gantry position and

prove asymptotic stability using La’Salle’s Invariance Principle.

Rahn et al. [21] use this model to design a boundary control law for asymptotic

stabilization of the gantry velocity. They then go on to implement Galerkin’s method

and root locus analysis to tune control gains in order to dampen out swinging modes

of the payload.

Kim and Hong [22] manage to regulate the position of the payload while canceling

the swing of the payload. They then achieve stabilization of the sway angle as the

payload gets raised or lowered by the hoisting action of the crane cable.

He and Ge [23] design a cooperative boundary control law to stabilize the sway of

the payload and minimize the tension in the crane cable through input forces at both

trolley and the payload.

1.1.3. Problem Statement

This thesis modifies the aforementioned distributed-mass model slightly with the

addition of a spatially distributed time varying disturbance term on the crane cable

and a focused time varying disturbance term on the payload. These disturbances can

be thought as the drag effect caused by wind or a stream of water for underwater

applications. Simple harmonic functions are used to model these arbitrary disturbance

effects. The equations of motion given in Equations 1.6 to 1.8 are rewritten with these
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modifications

ρwtt(y, t)−
δ

δy
(P (y, t)wy(y, t)) =νcable(y, t) (1.10)

Mwtt(0, t)− P (0, t)wy(0, t) =F (t) (1.11)

mwtt(l, t)− P (l, t)wy(l, t) =νload(t) (1.12)

νcable(y, t) =As(t)uw(y) (1.13)

νload(t) =Abνcable(l, t) (1.14)

where νcable and νload are the unknown external effects on the cable and the payload.

uw is the velocity profile of an external fluid flow details of which is discussed in

Section 3.2.2 and As(t) is the time-varying magnitude of the flow. Lastly Ab is a scaling

factor between the payload and the cable signifying the difference in the external force

felt by the two due to their difference in shape and size. One can rewrite the governing

PDE (Equation 1.10) in its open form,

ρwtt − Py(y, t)wy(y, t)− P (y, t)wyy(y, t) = νcable(y, t) (1.15)

and see that the equation resembles the forced 1D wave equation, which is a second

order non-homogeneous hyperbolic PDE of the form

wtt(y, t)− c2wyy(y, t) = ν(y, t) (1.16)

The only difference between Equation 1.16 and Equation 1.15 is the Py(y, t)wy(y, t)

term which arises from the change in cable tension along y. The change in the tension

is due to the cable’s own weight. Therefore, for controller design, P (y, t) is assumed

constant on the basis of the cable weight being really small compared to the payload

so that the crane system can be represented as a wave equation. The advantage of

the wave equation is that there are readily available works on boundary control of the

wave equation in the literature which can be used as a stepping stone.
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The novelty of this study is that there is no backstepping control method for

the wave PDE that can reject both in-domain and boundary disturbances with limited

measurement from the input boundary. Similar problems (discussed in Section 1.2)

have been solved with full state measurement where all the states w(y, t) are assumed

known. Also, there are similar studies where control and measurement are all located

at the output boundary. The solution to the problem where the control/measurement

and the output are located at opposite boundaries and full state measurement is not

available is the contribution of this thesis.

Although this thesis only considers the application of the resulting controller

on an overhead crane model, numerous different systems can be represented with or

modified into Equation 1.16. Therefore, the controller design can be applied to regulate

any system that acts like the forced vibration equation with some simple modifications.

A few examples for these applications and some of the previous work on similar topics

are given in the next section.

1.2. Method

The stabilization of the wave equation by boundary actuation has been a topic of

interest for many years now. Such equations may arise from many physical applications

such as oil drilling [24, 25], sea and crane cables [26] and flexible strings [27].

Without an external influence or damping/anti-damping (where the damping

coefficient is negative), the wave PDE is a conservative system. The earlier stabilization

strategies for such equations are focused on adding a dissipation term to the system

so that the overall energy decreases over time. Several methods are developed for

the stabilization of wave PDE and they include; spectral methods [28], LQR (linear-

quadratic regulator) [29], multiplier technique [30], microlocal analysis [31], Lyapunov

functionals [32], and Gramian approach [33] to name a few.

In 2001, a pioneering approach is introduced. In [34], the authors develop the first

backstepping control law with infinitely many steps for a first order parabolic PDEs.
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For a while this approach was limited to parabolic PDEs. Later, in 2008, [35] applies the

backstepping boundary control technique to stabilize an unstable wave PDE. Later, the

authors in [36] achieve a methodological breakthrough as they develop a novel integral

transformation to stabilize an anti-stable (exponentially stable in negative time) wave

PDE with boundary anti-damping and give a backstepping observer design.

Since then, boundary control of the wave equation problem has been expanded in

numerous directions. To state a few; the problem of an ODE-PDE cascade where the

ODE system is attached to the output boundary of a wave/string PDE is tackled in

[37]. In [38], the author proposes the first adaptive controller for anti-stable wave PDE

in the case of unmatched parametric uncertainty with the requirement that the entire

distributed state of the system is measured. Later, [39] resolves that requirement by

introducing Riemann variables.

In more recent works; Bernard and Krstic [40] formulates an adaptive observer for

the general 1D hyperbolic PIDEs with unknown system parameters and anti-collocated

sensor. Adaptive controller for the 1D wave PDE with anti-collocated, unknown-

coefficient, harmonic disturbance is designed in [41]. In [25], a drill string is modelled as

a wave PDE and the effect caused by friction is considered as a constant disturbance in

the boundary. A boundary controller for the stabilization of the stick-slip oscillations

is given for a collocated (sensing and actuation are at the same boundary) case.

However, the topic of in-domain disturbances is fairly unexplored for second order

hyperbolic PDEs. In [42] a model-based and a robust adaptive boundary controller

for a class of flexible strings with time-varying distributed disturbance are proposed.

However, in that study, the actuator, sensor and the state to be controlled are all

located at the same boundary. Literature review revealed no study that rejects in-

domain disturbances to stabilize one boundary of the wave equation while sensing and

control are collocated on the opposite boundary.

In this thesis, an anti-stable wave PDE with time-invariant boundary and in-

domain disturbances is considered. The aim is to regulate one boundary of this PDE
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with actuation from the opposite boundary. The control is applied as the slope of the

input boundary and the sensing is collocated with the control, which, when consid-

ered in view of the Riemann variables approach, translates into an LTI system with

simultaneous input/output delay.

Then, the controller obtained for the above mentioned anti-stable PDE is applied

to the crane model with time-varying disturbances. The simulations are repeated for

a couple different disturbance models and references.

At the beginning of Chapter 2, the mathematical model in consideration is ex-

amined in detail. The controller design process is given and the closed-loop system

stability is proven in the rest of the Chapter 2. Then, the crane model and the nec-

essary transformations are explained in Chapter 3. At the end of both Chapter 2 and

Chapter 3, the numerical simulation methods are explained and the simulation results

are presented. Results and possible future work are discussed in Chapter 4.
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2. CONTROLLER DESIGN FOR THE SIMPLIFIED

MODEL

After the model in consideration is explained in detail in Section 2.1, the controller

design is handled in three parts. First, the wave equation is reformulated using a

technique called Riemann variables in Section 2.2. By expressing the wave equation

with Riemann variables, overall behavior of the system can be represented with two

separate waves traversing in opposite directions; one traveling from the input boundary

to the output boundary and the other from the output boundary back to the input

boundary. These two separate waves enable the determination of the states at the

output boundary using the measurements at the input boundary with some delay

which is considered a delayed measurement of the output boundary.

In Section 2.3, an observer is designed for the delayed measurement and the

unknown disturbance effect. The regulator based on this observer is designed in Sec-

tion 2.4. Sections 2.5 and 2.6 shows the closed-loop system and prove its stability.

Lastly, in Section 2.7, the numerical simulations are explained and the results are

presented.

2.1. Model

Control

ab
nP

i=0
aix

i

Sensor
ut(1; t)

qux(0; t)

Figure 2.1. Considered wave PDE model



12

The following wave PDE model is considered

utt(x, t) =uxx(x, t) +
n∑
i=0

aix
i (2.1)

with t > 0 and spatial coordinate x ∈ [0, 1]. The boundary conditions are given by

ux(1, t) =U(t), (2.2)

utt(0, t) =− qux(0, t) + ab (2.3)

where U(t) ∈ R is the input. The constant terms ai represent the coefficients of

in-domain unknown disturbances. The constant unknown disturbance in the boundary

is given by ab. This set of equations can be applied to numerous physical phenomena

such as oil drilling [24, 25], sea and crane cables [2], and flexible strings [27]. For the

context of this thesis and following the crane example, the in-domain and boundary

disturbances may be used to represent a steady external flow (wind, water current etc.)

on the crane rope and the load. Boundary term −qux(0, t) is the same as the restoring

effect of the weight of the payload. The control effort U(t) can be transformed into the

force input of the crane with only the measurement of horizontal acceleration of the

input boundary.

Following assumptions regarding the plant are made:

Assumption 1. The plant parameter q is known.

Assumption 2. The only available measurements for feedback are the states at x = 1.

By comparing Equation 2.3 and Equation 1.12 in view of Equation 1.9, it can

be seen that q ≡ g. Assumption 1 is not unrealistic given that the necessary transfor-

mations can be applied to the crane system. As for Assumption 2, the states that are
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going to be fed back are the angle, velocity and acceleration data from the top end of

the cable, which can be done relatively easily via commercially available sensors.

The main aim, for the time being, is to design an adaptive boundary control for

U(t) to regulate the rate of change of the state ut(0, t) at around a desired constant

rate urt despite unknown disturbances and limited measurement.

2.2. Reformulation

In this section, the problem stated before is reformulated as a control design for an

LTI system in the presence of simultaneous input/output delay and unknown constant

disturbance. However since the controller depends on past measurements of the states,

first of all two variables; upt (τ) = ut(1, τ) and upx(τ) = ux(1, τ) where τ ∈ [−1, 0] are

defined. It is assumed that the measurements upt (τ) and upx(τ) are available to the

controller which assures appropriate behavior at the moment the controller is turned

on.

Then, to reformulate the problem, the approach suggested by Bresch-Pietri and

Krstic [43] is followed and the following Riemann variables are defined

ξ(x, t) =ut(x, t) + ux(x, t) (2.4)

η(x, t) =ut(x, t)− ux(x, t) (2.5)

z(x, t) =ut(1, t+ x− 1) + ux(1, t+ x− 1)

=W (t+ x− 1) (2.6)
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The dynamics of which are given by the transport PDEs,

ξt(x, t) =ξx(x, t) +
n∑
i=0

aix
i (2.7)

ξ(1, t) =W (t) (2.8)

zt(x, t) =zx(x, t) (2.9)

z(1, t) =W (t) (2.10)

ηt(x, t) =− ηx(x, t) +
n∑
i=0

aix
i (2.11)

η(0, t) =2ut(0, t)− ξ(0, t) (2.12)

Then solving for ξ(x, t) and η(x, t), one gets the following,

ξ(x, t) =z(x, t)−
n∑
i=0

ai
i+ 1

(xi+1 − 1) (2.13)

η(x, t) =2ut(0, t− x)− ξ(0, t− x) +
n∑
i=0

ai
i+ 1

xi+1

=2ut(0, t− x)− z(0, t− x) +
n∑
i=0

ai
i+ 1

(xi+1 − 1) (2.14)

After this point, the unmeasured state at x = 0 is represented in terms of available

signals. To this end, from Equation 2.5 and Equation 2.14 the following is derived

η(1, t) =ut(1, t)− ux(1, t) (2.15)

η(1, t) =2ut(0, t− 1)− ξ(0, t− 1) +
n∑
i=0

ai
i+ 1

(2.16)
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Subtracting these two equations from each other and substituting ξ(0, t − 1) in

view of Equation 2.13 and Equation 2.6, it yields

ut(0, t− 1) =
1

2

(
ut(1, t)− ux(1, t) + ut(1, t− 2) + ux(1, t− 2)

)
(2.17)

Equation Equation 2.17 enables expression of the bottom state, delayed by 1

time step, as a function of surface states which are measured. From Equation 2.4,

Equation 2.3 is rewritten as follows

utt(0, t) = qut(0, t)− qξ(0, t) + ab (2.18)

Substituting the solution Equation 2.13 yields

utt(0, t) = qut(0, t)− qa− qz(0, t) (2.19)

where

a =
n∑
i=0

ai
i+ 1

− ab
q

(2.20)

In view of Equation 2.6, it is concluded that z(0, t) = ut(1, t − 1) + ux(1, t − 1)

and substituting it into Equation 2.19,
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utt(0, t) =qut(0, t)− qa− q (ut(1, t− 1) + ux(1, t− 1)) (2.21)

From Equation 2.2, Assumption 2 and Equation 2.17, the system Equation 2.21

can be considered as an ODE with simultaneous input/output delay and a constant

unknown disturbance.

2.3. Observer Design

In this section, the observer for both the delayed measurement and the unknown

constant disturbance are designed. The aim is to regulate ut(0, t) at a desired constant

value urt .

Adding/subtracting ±qurt into Equation 2.21,

ūtt(0, t) =qūt(0, t)− qa− q (ut(1, t− 1) + ux(1, t− 1)− urt ) (2.22)

where ūt(0, t) = ut(0, t)− urt .

Considering Equation 2.17 and noting that a is unknown but constant, the system

Equation 2.19 can be written as

Ẋ(t) =AX(t)−Bq (ut(1, t− 1) + ux(1, t− 1)− urt ) (2.23)

Y (t) =CX(t− 1) (2.24)



17

where

A =

 q −q

0 0

 , B =

 1

0

 , CT =

 1

0

 , X(t) =

 ūt(0, t)

a

 (2.25)

The delayed measurement Equation 2.17 is represented through the following

transport PDE,

yt(x, t) =yx(x, t) (2.26)

y(1, t) =CX(t) (2.27)

CX(t− 1) =y(0, t) (2.28)

Note that the pair (C,A) is observable for q 6= 0. The transport PDE repre-

sentation of the measurement delay allows the use of a backstepping method for the

observer design. Following the idea given in [44], the final observer design is as follows,

˙̂
X(t) =AX̂(t)−Bq (ut(1, t− 1) + ux(1, t− 1)− urt )

+ eAL (Y (t)− ŷ(0, t)) (2.29)

ŷt(x, t) =ŷx(x, t) + CeAxL (Y (t)− ŷ(0, t)) (2.30)

ŷ(1, t) =CX̂(t) (2.31)

where the observer gain L ∈ R2×1 is chosen so that (A− LC) is Hurwitz and the

state
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X̂(t) =
[

ˆ̄ut(0, t), â(t)
]T

(2.32)

represents the estimate of X(t).

The boundedness of the observer error and the convergence are shown in Sec-

tion 2.6 after designing the controller.

2.4. Observer Based Regulator Design

In this section, a controller for the boundary input U(t) is designed to regulate

ut(0, t) at a desired constant value urt by following the infinite dimensional backstep-

ping technique given by Krstic and Smyshlyaev [44]. The essence of the backstepping

procedure is to find an invertible state transformation so that the original systems is

transformed to a target system that satisfies the desired properties. Considering Equa-

tion 2.19 (or in terms of boundary states as given by Equation 2.21), the following

transformation is proposed,

wc(x, t) =z(x, t)− urt + â(t)−
(

1 +
k

q

)
eqx ˆ̄ut(0, t)

+ (q + k)

∫ x

0

eq(x−τ) (z(τ, t)− urt + â(t)) dτ (2.33)

where k > 0.

In Krstic and Smyshlyaev [44], the transformation is given for the case where all

states are measured and there is no unknown disturbance. Therefore, by applying the

certainty equivalence principle, the unknown states and parameters are substituted by



19

their estimates that are generated by Equations 2.29 to 2.31.

The control input is derived by setting the boundary wc(1, t) = 0 that allows

showing the stability and convergence of the equilibrium of the closed system by a

Lyapunov analysis. Substituting z(x, t) given by Equation 2.6, the controller is given

by

U(t) =− ut(1, t) + urt − â(t) +

(
1 +

k

q

)
eq ˆ̄ut(0, t)

−
(

1 +
k

q

)
q

∫ 1

0

eq(1−τ) (ut(1, t+ τ − 1) + ux(1, t+ τ − 1)− urt + â(t)) dτ

(2.34)

The stability property of the equilibrium of the closed loop system is given in the

following theorem.

Theorem 1. Consider the closed loop system consisting of the plant Equations 2.1

to 2.3, the observer Equations 2.29 to 2.31 and the controller Equation 2.34, and

defining

Υ(t) =
(
ū(0, t)− ˆ̄ut(0, t)

)2
+ (a− â(t))2 + ūt(0, t)

2

+

∫ 1

0

(
(ut(x, t)− urt )

2 + (ux(x, t)− â(t))2 + (y(x, t)− ŷ(x, t))2
)
dx (2.35)

there exist µ > 0 and µ̄ > 0 such that

Υ(t) ≤ µe−µ̄tΥ(0) (2.36)
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Theorem 1 indicates the exponential stability of the equilibrium of the closed

loop system in the sense of Υ(t)1/2.

The proof of Theorem 1 accomplished by following three main steps. Firstly, the

closed loop system represented by transformed states and a target system is obtained.

This step allows the second step which consists of proving the exponential stability

of the equilibrium of the target system. Lastly, Theorem 1 is proven by applying the

inverse transformation and obtaining the stability property in terms of the original

states.

The details of the first step is given in the next section.

2.5. Closed-loop System

Firstly, by subtracting Equations 2.23, 2.26 and 2.28 from Equations 2.29 to 2.31,

the error system for the observer is obtained

˙̃X =AX̃(t)− eALỹ(0, t) (2.37)

ỹt(x, t) =ỹx(x, t)− CeAxLỹ(0, t) (2.38)

ỹ(1, t) =CX̃(t) (2.39)

where

ỹ(x, t) =y(x, t)− ŷ(x, t) (2.40)

X̃(t) =
[˜̄ut(0, t), ã(t)

]
(2.41)
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with ˜̄ut(0, t) = ūt(0, t)− ˆ̄ut(0, t) , ã(t) = a− â(t). Employing the same idea which

is applied while finding the control input, the infinite dimensional error states ỹ(x, t)

are transformed in to a target system. The following transformation

wo(x, t) =ỹ(x, t)− CeA(x−1)X̃(t) (2.42)

transforms Equations 2.37 to 2.39 into the following target system

˙̃X(t) =
(
A− eALCe−A

)
X̃(t)− eALwo(0, t) (2.43)

wot (x, t) =wox(x, t) (2.44)

wo(1, t) =0 (2.45)

Moreover, representing z(0, t) in terms of wc(0, t) by considering Equation 2.33,

substituting it into Equation 2.19, using Equation 2.41 and recalling ūt(0, t) = u(0, t)− urt ,

the following dynamics are obtained

ūtt(0, t) =− kūt(0, t)− qwc(0, t) + [q + k, − q] X̃(t) (2.46)

Furthermore, the dynamics of transformation Equation 2.42 are given by

wct (x, t) =wcx(x, t) + [du(x), da(x)] X̃(t) + dwo(x)wo(0, t) (2.47)

wc(1, t) =0 (2.48)
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where

du(x) =(1 +
k

q
)eqx(l2 − l1)− k

q
e−ql2 (2.49)

da(x) =(1 +
k

q
)eq(x+1)(l2 − l1)(1− e−q)− k

q
(1− e−q)l2 (2.50)

dwo(x) =(1 +
k

q
)eq(x+1)(l2 − l1)− k

q
l2 (2.51)

The parameters l1, l2 are the component of the observer gain defined by

L =
[
l1, l2

]T
.

At this point, it is important to show the closed-loop system is well-posed before

the proving its stability. Using the definition Equation 2.42 and considering the fact

that the dynamics given in Equation 2.44 and Equation 2.45 are of a transport PDE,

one can see that wo(x, t) is continuous and converges to zero in finite time. Keeping

that in mind and considering that Equation 2.43 is a non-homogeneous first order

ODE, by Picard-Lipschitz theorem, it can be concluded that a unique solution exists

for X̃(t) for all X̃(0). Then the dynamics given by Equation 2.47 and Equation 2.48

can be solved to find the solution of wc(x, t) as

wc(x, t) =

∫ 1

x

([
du(σ) da(σ)

]
X̃(t+ x− σ) + dwo(σ)wo(t+ x− σ)

)
dσ (2.52)

By substituting x = 0 in Equation 2.52 one can see that wc(0, t) is well behaved.

Noting that and the previous remark about X̃(t) and then applying Picard-Lipschitz

theorem again, it can be concluded that ūt(0, t) also has a unique solution for all

ūt(0, 0). Therefore, finally, it can be concluded that the closed-loop system consisting

of Equations 2.42 and 2.48 is well-posed.

To sum up before the stability proof, the plant in consideration is Equations 2.1

to 2.3. The plant is rewritten by using Riemann variables ξ(x, t) and η(x, t) given

by Equation 2.4. It should be noted that variable z(x, t) is dependent on ξ(x, t) and

disturbances as given by Equation 2.13. Therefore, z(x, t) is used instead of ξ(x, t) to



23

make representation easier. By using the solution of Riemann variables, an expression

for ut(0, t − 1) in terms of measured states as given by Equation 2.17 is obtained.

An error variable ūt(0, t) = ut(0, t)− urt is defined and unmeasured states ūt(0, t) and

unknown disturbance a which is the effect of all disturbances on ut(0, t) are represented

by using a vectorial state X(t) given by Equation 2.25. Infinite dimensional part

of delayed measurement is denoted by y(x, t). Defining new states X̂(t), ŷ(x, t), the

observer Equations 2.29 to 2.31 is developed. The observer dynamics firstly written as

an error dynamics Equations 2.37 to 2.39 and then the system is transformed in to a

target system by using transformation given by Equation 2.42. Thus, observer states

are transformed to X̃(t), wo(x, t). Similarly, using the transformation Equation 2.33 for

mainly z(x, t) the boundary dynamics and ξ(x, t) are transformed to a target system.

Thus, ξ(x, t) firstly is represented by z(x, t) and then transformed to wc(x, t). Finally,

the closed loop system is written by the states, wc(x, t), wo(x, t), η(x, t), ū(0, t)t, X̃(t).

In the next section, the stability of the transformed states are proven. Finally,

using the inverse transformation, Theorem 1 is proven.

2.6. Stability

In order to show the stability and convergence of system states and the observers,

the following Lyapunov function is defined.

V =

∫ 1

0

(1 + x)
(
bow

o(x, t)2 + bcw
c(x, t)2

)
dx

+
1

2

(
ccūt(0, t)

2 + coX̃
T e−A

T

Pe−AX̃
)

+ bd

∫ 1

0

e1−x

(
η(x, t)− urt +

ab
q
−

n∑
i=0

ai
i+ 1

xi+1

)2

dx (2.53)



24

where the positive definite matrix P is the solution of

(A− LC)T P + P (A− LC) = −2eA
T

QeA (2.54)

with Q = QT > 0, bd > 0 and

cc =
1

k

(
bd

(
1 +

k

q

)2

+ 2b

)
(2.55)

bc =ccq
2 4

k
+
bd
2

+ b (2.56)

co =
1

λmin(Q)

(
1

2
+

4

k
cc

((
q + k

)2
+ q2

)
+ 4bc

(
d̄2
u + d̄2

a

)
+
bd
2

((
1 +

k

q

)2
+ 1
)

+ b

)
(2.57)

bo =4bcd̄wo + 2LT e−APPe−A
T

L+ b (2.58)

with b > 0 and

d̄wo = max
x∈[0,1]

|dwo(x)| (2.59)

d̄u = max
x∈[0,1]

|du(x)| (2.60)

d̄a = max
x∈[0,1]

|da(x)| (2.61)
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Taking the time derivative of Equation 2.53, noting that

η(0, t)− urt +
ab
q

=

(
1− k

q

)
ūt(0, t)− wc(0, t)−

[(
1 +

k

q

)
, 1

]
X̃ (2.62)

and applying Young’s and Cauchy-Schwartz inequalities yield

V̇ ≤− b

[
ū(t)2 + wc(0, t)2 +

∫ 1

0

wc(x, t)2 dx+ wo(0, t)2 +

∫ 1

0

wo(x, t)2 dx

+ X̃T (t)X̃(t) +
bd
2

(
η(1, t)− urt +

ab
q
−

n∑
i=0

ai
i+ 1

)2

+
bd
2

∫ 1

0

e(1−x)

(
η(x, t)− urt +

ab
q
−

n∑
i=0

ai
i+ 1

xi+1

)2

dx

]
≤− µ̄V (t) (2.63)

where µ̄ > 0. From Equations 2.53 and 2.63, the following is obtained

V (t) ≤ e−µ̄tV (0) (2.64)

Considering Equation 2.64, the exponential stability of the equilibrium of the

closed loop target system in the sense of transformed states is shown. This result

completes the second step of the proof. In the last step, the stability in the sense of

original states is shown by performing inverse transformation.
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The transformation function Equation 2.33 is written in terms of error states as

follows,

wc(x, t) =z(x, t)− urt + a−
(

1 +
k

q

)
eqxūt(0, t)

+ (q + k)

∫ x

0

eq(x−τ) (z(τ, t)− urt + a) dτ

+

[(
1 +

k

q

)
eqx

k

q
−
(

1 +
k

q

)
eqx
]
X̃(t) (2.65)

The inverse transformation of Equation 2.33 is given by

z(x, t)− urt + a =wc(x, t)− (q + k)

∫ x

0

e−k(x−τ)wc(τ, t)dτ

+

(
1 +

k

q

)
e−kxūt(0, t) +

[
−
(

1 +
k

q

)
e−kx 1

]
X̃(t) (2.66)

From Equation 2.42,

ỹ(x, t) =wo(x, t) + CeA(x−1)X̃(t) (2.67)

Adding Equation 2.4 to Equation 2.5, substituting Equation 2.13, adding and

subtracting ±ab
2q

, ±urt and considering Equation 2.20 yields

ut(x, t)− urt =
1

2
(z(x, t)− urt + a) +

1

2

(
η(x, t)− urt

n∑
i=0

ai
i+ 1

xi +
ab
q

)
(2.68)
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Similarly, subtracting Equation 2.4 from Equation 2.5, substituting Equation 2.13,

adding and subtracting ±ab
q

, ±
∑n

i=0
ai
i+1
xi, ±urt

2
and considering Equation 2.20 yields

ux(x, t) +
n∑
i=0

ai
i+ 1

xi − ab
q

=
1

2
(z(x, t)− urt + a)

− 1

2

(
η(x, t)− urt −

n∑
i=0

ai
i+ 1

xi +
ab
q

)
(2.69)

From Equations 2.66 and 2.67, there exist s1, s2, s3, s4, s5 > 0 such that

‖z(x, t)− urt + a‖2 ≤s1‖wc(x, t)‖2 + s2|ūt(0, t)|2 + s3|X̃(t)|2 (2.70)

‖ỹ(x, t)‖2 ≤s4‖wo(x, t)‖2 + s5|X̃(t)|2 (2.71)

From Equations 2.68 and 2.69 and using Equation 2.70, it is shown that there

exists s6 > 0 such that

‖ut(x, t)− urt‖2 + ‖ux(x, t) +
n∑
i=0

ai
i+ 1

xi − ab
q
‖ ≤

s6

(
‖wc(x, t)‖2 + |ūt(0, t)|2 + |X̃(t)|2 +

∥∥∥η(x, t)− urt −
n∑
i=0

ai
i+ 1

xi +
ab
q

∥∥∥2
)

(2.72)
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Considering Equations 2.35 and 2.53 and using Equations 2.71 and 2.72, it is

shown that

Υ(t) ≤ µtV (t) (2.73)

for some µt > 0.

Using Equations 2.4, 2.13 and 2.20, the following expression is obtained

z(x, t)− urt + a = (ut(x, t)− urt ) +
(
ux(x, t) +

n∑
i=0

ai
i+ 1

xi − ab
q

)
(2.74)

From Equations 2.42, 2.65 and 2.74, it is shown that there exist r1, r2, r3, r4, r5, r6 >

0 such that

‖wc(x, t)‖2 ≤r1‖ut(x, t)− urt‖2 + r2

∥∥∥ux(x, t) +
n∑
i=0

ai
i+ 1

xi − ab
q

∥∥∥
+ r3|ū(t)|2 + r4|X̃(t)|2 (2.75)

‖wo(x, t)‖2 ≤r5‖ỹ(x, t)‖2 + r6|X̃(t)|2 (2.76)

Similarly, considering Equations 2.35 and 2.53 and using Equations 2.75 and 2.76,

one can get

V (t) ≤ µoΥ(t) (2.77)

for some µo > 0. Thus, Equations 2.64, 2.73 and 2.77 yield Equation 2.36 where

µ = µoµt
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2.7. Simulations

This section starts off with a detailed explanation of the simulation method in

Section 2.7.1. Then in Section 2.7.2, for an example case, chosen model parameters,

controller gains, applied disturbances, and the results are presented.

2.7.1. Simulation Method

To simulate this system, a Finite Difference Method (FDM) scheme is developed.

Out of multiple categories of FDM schemes, semi-discretization method is chosen. This

method is also known as the Method of Lines (MoL) and has been explained in detail

previously by Sagert [45].

While the other FDM techniques require discretization on every axis of the do-

main of a PDE, semi-discretization method calls for discretization of all axes but one.

In this case, the PDE is discretized along x but the time derivatives are left as they

are. This method has some advantages as it allows different integration techniques or

commercial tools that are developed to solve ODEs. For the purposes of this thesis,

Euler integration method is used to integrate in time as seen in Equation 2.90.

To formulate this technique, the continuous problem is represented with N uni-

formly distributed nodal points (ti, xj, u
i
j). Then the derivatives in t and x are approx-

imated as

δu(xj, ti)

δx
=
uij+1 − uij−1

2∆x
(2.78)

δ2u(xj, ti)

δx2
=
uij+1 − 2uij + uij−1

∆x2
(2.79)

δu(xj, ti)

δt
=
duij
dt

(2.80)

δ2u(xj, ti)

δt2
=
d2uij
dt2

(2.81)
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Substituting Equations 2.78 to 2.81 into Equation 2.1 gives the discretization of

the governing PDE as follows.

d2uij
dt2

=
uij+1 − 2uij + uij−1

∆x2
+ a(xj) (2.82)

where a(xj) =
∑
akx

k
j .

Following the discretization suggested above, the boundary equations yield what

are called ghost nodes that are outside the domain of the system (ui0, u
i
N+1). For

the boundary conditions Equations 2.2 and 2.3, these ghost nodes need to be solved.

Rewriting the boundary condition Equations 2.2 and 2.3 in discrete form yields

U i =
uiN+1 − uiN−1

2∆x
(2.83)

d2ui1
dt2

=− qu
i
2 − ui0
2∆x

+ ab (2.84)

where the control input U i = U(ti). Solving these for the ghost nodes uiN+1, u
i
0 yields

uiN+1 =2∆xU i + uiN−1 (2.85)

ui0 =

(
d2ui1
dt2
− ab

)
2∆x

q
+ ui2 (2.86)

Plugging these equations into the discretized governing equation Equation 2.82, the

dynamics of the boundary nodes are found as

d2uiN
dt2

=
2U i

∆x
+
−2uiN + 2uiN−1

∆x2
+ a(xN) (2.87)

d2ui1
dt2

(
1− 2

q∆x

)
=

2ui2 − 2ui1
∆x2

+ a(x1)− 2

q∆x
ab (2.88)
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In the end, for all the nodes in the PDE domain, N linear equations are obtained.

These equations are then put into the following matrix form

dûi

dt
=Anû

i +BnU
i +Dn (2.89)

ûi+1 =ûi +
dûi

dt
∆t (2.90)

where

An =



0 0
. . .

. . .

. . .

. . .

0 0

1 0
. . .

. . .

. . .

0 1

−2q
q∆x2−2∆x

2q
q∆x2−2∆x

0 . . . 0

1
∆x2

−2
∆x2

1
∆x2

...

0
. . . . . . . . . 0

... 1
∆x2

−2
∆x2

1
∆x2

0 . . . 0 2
∆x2

−2
∆x2

0 0
. . .

. . .

. . .

0 0



(2.91)

ûi =



u1

...

uj
...

uN

du1
dt
...

duj
dt
...

duN
dt



,
dûi

dt
=



du1
dt
...

duj
dt
...

duN
dt

d2u1
dt2

...

d2uj
dt2

...

d2uN
dt2



, Bn =



0
...

0
...

0

0
...
...

0

2
∆x



, Dn =



0
...

0
...

0

a(x1)− 2ab
q∆x

...

a(xj)
...

a(xN)


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2.7.2. Results

10 nodes has been set for the spatial dimension in the simulation. The system

parameter q is chosen to be q = 0.65. The control gain is chosen as k = 1 and the

eigen values of the observer matrix (A− LC) are placed at −0.6 and −0.3 resulting in

L =
[

1.5500 −0.2769
]T

.

In the simulation, for t < 5, the disturbance is applied to the system and it

runs without control input and estimator updates. Then, the proposed controller is

applied at t = 5 with initial reference utr = 0. At t = 30 and t = 55 marks, the

applied disturbance and the reference value are changed in order to see the effect of

sudden changes on the closed loop system. Simulation history and the different values

of applied disturbance and utr are summarized in Table 2.1.

Table 2.1. Disturbance and reference speed values throughout simulation

time urt a0 a1 a2 a3 ab a

t = 0 0 −10 20 0 0 1 −1.54

t = 5 Controller is turned on

t = 30 3 0 40 −40 0 1.5 4.36

t = 55 −5 0 104 −312 208 −2 3.08

The initial disturbance is chosen to be first order in x. At t = 30, the disturbance

is changed to one that is second order in x and at t = 55, a third order disturbance

is applied and the boundary disturbance and reference signal utr both change direction

and increase magnitude simultaneously. Applied in-domain disturbances can be seen

in Figure 2.2.

Figure 2.3 shows the rate of change of x = 0 boundary ut(0, t) and its estimate

over time. As can be seen on the figure, the system moves under constant disturbance

until t = 5 where the controller and estimator update laws are turned on. At about

t = 20, ut(0, t) converges to the desired value of 0. At t = 30, the first transition

can be seen where the second order disturbance is applied and the reference value is

changed. Notice the visible effect on the output is due to the sudden shift in a. Lastly,
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Figure 2.2. Applied in-domain disturbances at different time marks.

at t = 55 a milder transition on ut(0, t) and the estimation can be seen . Although

both the boundary disturbance ab and the reference speed urt change directions at the

same time, the change introduced at t = 30 has a more visible impact.

It can be seen on Figure 2.4 that perfect estimation of the constant disturbance

term a is achieved as predicted in Section 2.6. This concludes the first part of this

study where the controller for the normalized target model is designed. As can be seen

from the results, exponential convergence of state estimations and tracking error has

been accomplished. This is a highly desirable result since the exponential stability is

the strongest stability result that can be achieved.

It should be noted that these results are found with constant external effects. In

the next chapter, the controller is applied to a crane model where time variant external

effects are considered. The reason behind this change is that a constant external effect

can almost never be expected in a real life application. It is expected that the controller-

observer pair will be able to accommodate slow or small changes in the external effects

such that the output will still be marginally stable around the reference value.
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Figure 2.3. Resulting speed values of the x = 0 boundary and its estimation from

numerical simulations.
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Figure 2.4. The disturbance a and its estimate â(t) from numerical simulations.
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3. CRANE APPLICATION

A boundary controller that rejects in domain disturbances is designed in the

previous section. This section discusses the ways to implement that controller into the

overhead crane model. In order to do that, certain transformations have to be made

to make the crane model given in Equations 1.10 to 1.12 similar to the wave equation

considered for the design of the controller in Equations 2.1 to 2.3. Section 3.1 explains

this transformation process and Section 3.3 presents the numerical simulation methods

and their results.

3.1. Necessary Transformations

Control

ab

nP

i=0
aix

i

Sensor
ut(1; τ)

qux(0; τ)

u(x; τ )

x

x = 0

x = 1
F (t)

y
m

M

w(y; t)

w(0; t)

P (y; t)

y = 0

y = l

Time

τ ! t
1 ! D

States

u(x; τ ) ! w(y; t)

Coordinates

x ! y
[1; 0] ! [0; l]

Figure 3.1. Transformation between the controller model and the crane model

Figure 3.1 summarizes the major transformations that are discussed in this sec-

tion. First off, the governing equations need to be transformed into each other. The
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equations in consideration are

uττ (x, τ)− uxx(x, τ) =νu(x, τ) (3.1)

ρwtt(y, t)− Peqwyy(y, t) =νcable(y, t) (3.2)

Notice there are a couple of changes to both the crane model PDE and the

controller model PDE. First, the temporal term of the first equation τ is introduced

which is needed since the wave speed and domain lengths are different between two

systems and the aim is to equate the delay time of the crane model to the unit delay

considered in the controller. Also the disturbance term in the crane model is assumed

constant for the time being. Lastly, the equivalent tension term Peq is introduced which

is calculated as Peq = P (0)+P (l)
2

. Since the wave speed on the cable depends on this

P (y) term, Peq is chosen as its average to be able to calculate the real delay time for

the crane system.

Since the controller is placed at x = 1 on the first system and the control input

of the crane model is at y = 0 and the outputs are located at x = 0 and y = l, the

transformation between spatial coordinates x and y need to map (1, 0)→ (0, l). Then

the following transformation is suggested.

y = (1− x)l (3.3)

The next goal is to equate the temporal terms of both systems. Since the wave

speed in the crane PDE is calculated as
√

Peq

ρ
, the delay in the crane system is D =√

ρ
Peq
l. The delay time in the first system was 1, so the transformation needs to equate

1 unit time passed in τ to D seconds in t. Then the following transformation is applied.

t =

√
ρ

Peq
lτ (3.4)
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In view of Equations 3.3 and 3.4, one can rewrite u(x, τ) and w(y, t) as,

u(x, τ) = w(l(1− x), Dτ) (3.5)

Then the spatial and temporal derivatives are related as

uτ (x, τ) =Dwt(y, t) (3.6)

uττ (x, τ) =D2wtt(y, t) (3.7)

ux(x, τ) =− lwy(y, t) (3.8)

uxx(x, τ) =l2wyy(y, t) (3.9)

Substituting Equations 3.6 to 3.9 into the boundary equations, the rest of parameters

and terms are transformed using the following equations.

urτ =Dwrt (3.10)

q =− P (l)D2

ml
(3.11)

νb,u(τ)

D2
=
νpayload(t)

m
(3.12)

F (t) =
P

l
U(τ) +Mwtt(0, t) (3.13)

νu(x, τ)

D2
=
νcable(y, t)

ρ
(3.14)

Now that all the required parameters and variables can be transformed back and

forth between controller and crane model, the control strategy is to take the measure-

ments w(0, t), wt(0, t), wtt(0, t), and wy(0, t) then transform them into their equivalents

u(1, τ), uτ (1, τ), uττ (1, τ), and ux(1, τ). Then calculate U(τ) using the transformed

measurements and the observer and regulator designs given in Chapter 2 and, lastly,

transform the control input U(τ) back into the trolley force F (t).
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3.2. Disturbance Model

In terms of disturbances and external effects on the system, two cases are con-

sidered in the simulations where all the effects are assumed to be the product of an

external fluid flow field. First, just a spatially distributed time varying disturbance

model is applied to the cable. In that case, external force on the payload is considered

equal to the in-domain disturbance at y = l position.

In the second case, payload force is increased by a factor of the in-domain dis-

turbance at the same position. This scaling corresponds to the rope and the payload

being subjected to the same flow but experience different forces due to their difference

in shape and size.

For the last case, drag effect is considered. Drag force on different sections of

the rope is roughly approximated, again to keep the computational difficulty at a

reasonable level.

3.2.1. Drag Force Approximation

Any object immersed in a fluid field that is in relative motion to the object will

experience drag force. Drag is the net force along flow direction [46] and it is calculated

for each section of the cable (see Figure 3.2) using the following formula.

F j
drag =

1

2
Cdρfπru

2
w(yj, ti)dy (3.15)

where, Cd is the drag coefficient of the cable, ρf is the density of the fluid, r is the

cable radius and u(yj, t) is the horizontal velocity of the jth node on the cable. The

cable radius is chosen to be 4 mm which is the same as some commercially available

crane cables on the thin end. The density values used are 1.225 kg/m3 for air and 997

kg/m3 for water. Generally speaking, the value of Cd depends on geometrical shape,

surface type of the object and the Reynold’s number for the flow.
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dy

2r
uw(y

j; t)

Figure 3.2. Cylindrical cable section subject to the flow field uw(y, t)

A couple assumptions are made when approximating the drag force. First, the

cable is assumed straight at all times, meaning any rotation is neglected and each

section of the cable is assumed to be vertical. Following the first assumption, all the

motion is assumed to be on the horizontal axis. Lastly, the Reynold’s number and

therefore the drag coefficient are assumed constant throughout the simulation for ease

of calculation.

As mentioned above, the drag coefficient depends on Reynold’s number and it is

defined as follows

Re =
vl

ν
(3.16)

where v is the relative flow speed, l is a significant length of the object, and ν is

the kinematic viscosity of the fluid. In this case, value for l is chosen to be the cable

diameter. A typical speed of v = 3 m/s is used since it is the example reference velocity

chosen for the simulations as well. The kinematic viscosity values for air and water are

1.48× 10−5 m2/s and 1 m2/s respectively. Substituting the values into Equation 3.16,

Re = 2.7× 103 is found for air and Re = 0.04 is found for water.
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Using the data given by Naval Civil Engineering Laboratory [47], drag coefficient

in the case of air as the medium is chosen to be cD = 1.2 which is an average value

for a couple different steel cables with similar Reynold’s number values. For the case

with water as the medium, a value of CD = 3 is chosen using a data set for smooth

cylinders in cross flow given by Munson et al. [46].

3.2.2. In-Domain and Boundary Disturbances

Following the assumptions and simplifications stated previously in Section 3.2.1

and Equation 3.15 , one can argue that any external force caused by the fluid flow

around the crane system is proportional to the flow speed at each section along the

cable and the payload. That is to say, since the cable is assumed uniform and relatively

straight at all times, each cross section has the same drag coefficient Cd, same radius r,

and is exposed to the same fluid density ρf , then following Equation 3.15, the disturbing

force distribution is just the flow speed distribution squared in magnitude and scaled

by a factor Cdρfπr.

h
2

uw;max

uw(y)

x

y

h
2

Figure 3.3. Viscous flow between two parallel plates

One simple flow speed distribution is chosen for the simulations. This flow profile

arises from viscous fluid flow between infinitely long parallel plates as illustrated in

Figure 3.3. This example is chosen because it has a simple polynomial solution and for

any in-door operation, the ceiling and the floor can be thought of as parallel plates.
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The solution for this problem is given by Munson et al. [46] as

uw(y) =
1

2µ

δp

δx
y2 + c1y + c2 (3.17)

where δp
δx

is the pressure gradient and considered constant and the constants c1, c2

are to be determined by imposing the boundary condition that the flow speed is zero

where the fluid touches the plates. Since the flow speed is zero at the boundaries,

Equation 3.17 can be rewritten as follows,

uw(y) =
1

2µ

δp

δx
(y − c′1)(y − c′2) (3.18)

where c′1 and c′2 are the y positions of the top and bottom plate or the ceiling and the

floor of the working area. Due to the no-slip condition on ceiling and the floor, the

flow speed will always be zero at those points. Therefore if the payload is placed at the

bottom of the work area, the boundary disturbance of the crane system will be zero at

all times. To prevent that, the work area height h is introduced and the trolley or the

top boundary of the crane is assumed to be on the ceiling. Then, substituting c′1 = 0

and c′2 = h as the boundaries, the flow profile becomes

uw(y) =
1

2µ

δp

δx
(y2 − hy) (3.19)

It can easily be seen that the extremum value of the flow velocity is at the middle

uw,max = uw(h
2
) = − 1

2µ
δp
δx

h2

4
. For the ease of scalability later in the runtime it is

desirable to have a flow shape with its peak value at uw,max = 1 so the polynomial is

normalized with a factor of − 4
h2

and the rest of the terms are grouped in to a single

time-varying parameter which can be used to set the maximum flow speed to any

desired value during simulation. Resulting flow profile is shown in Figure 3.4 for which

an exact mathematical expression is given in Equation 3.20. Notice that the region of

interest for the flow profile is only y ∈ [0, l] for the purposes of the crane system.

uw(y, t) = uw,max(t)(−
4

h2
)(y2 − hy) (3.20)
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(m
)

Figure 3.4. Flow speed distribution uw(y) direction with umax = 1 m/s

3.3. Simulations

This section first explains the method with which the real crane system is simu-

lated, then the results for an example case with a couple different disturbance types is

given.

3.3.1. Simulation Method

Unlike the first set of simulations in Section 2.7, a Crank-Nicolson scheme is

applied for the crane system. Crank-Nicolson method is known to be unconditionally

stable for diffusion or wave type PDEs [48]. This is done to ensure numerical stability

as the system parameters and the variables get larger in magnitude with respect to the

relatively small scale simulations that were done previously.
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Crank-Nicholson method calls for discretization of both spatial and temporal di-

mensions. The derivative approximations are done in what is called a ”middle step”

between two discrete temporal nodes. As the derivatives are approximated in that

middle step, the governing equation includes past and future states of the same spa-

tial node. Then, by representing the governing discretized equation in matrix form,

the future states are solved for using inverse matrices. Therefore, first, the following

approximations are defined,

wtt(yj, ti) =
wi−1
j − 2wij + wi+1

j

∆t2
(3.21)

wy(yj, ti) =
1

4∆y

(
wi+1
j+1 − wi+1

j−1 + wi−1
j+1 − wi−1

j−1

)
(3.22)

wyy(yj, ti) =
1

2∆y2

(
wi+1
j+1 − 2wi+1

j + wi+1
j−1 + wi−1

j+1 − 2wi−1
j + wi−1

j−1

)
(3.23)

Then, substituting into Equation 1.10, the governing equation is discretized as

follows,

wi+1
j (1 + 2λj) + wi+1

j+1(−K − λj) + wi+1
j−1(K − λj) = 2wij + ν(yj, ti)∆t

2

+wi−1
j+1(K + λj) + wi−1

j−1(−K + λj) + wi−1
j (−1− 2λj) (3.24)

where,

λj =
P (yj)∆t

2

2ρ∆y2
(3.25)

K =
−9∆t2

4∆y
(3.26)

Then substituting Equations 3.21 to 3.23 into the boundary conditions Equa-

tions 1.11 and 1.12 and solving for ghost nodes as described in Section 2.7.1, discretized
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boundary equations are found as

wi+1
1 (1 + 2λ1 −K1(−K + λ1)) + wi+1

2 (−2λ1) = wi1(2− 2K1(−K + λ1))

+wi−1
1 (−1− 2λ1 +K1(−K + λ1)) + wi−1

2 (2λ1)

+fg(ti)(K2(−K + λ1)) + ν(y1, ti)(∆t
2 +K2(−K + λ1)) (3.27)

where,

K1 =
−4M∆y

P (y1)∆t2
(3.28)

K2 =
4∆y

P (y1)
(3.29)

and

wi+1
N (1 + 2λN −K3(K + λN)) + wi+1

N−1(−2λN) = wiN(2− 2K3(K + λN))

+wi−1
N (−1− 2λN +K3(K + λN)) + wi−1

N−1(2λN) + ν(yN , ti) (3.30)

where,

K3 =
−4m∆y

P (yN)∆t2
(3.31)

K4 =
4∆y

P (yN)
(3.32)

Following these steps, N linear difference equations are obtained. Then these

equations are expressed in matrix form,

Anŵ
i+1 = Apŵ

i−1 + Acŵ
i +Bcfg(ti) +Dc(ti) (3.33)



45

where,

An =



1 + 2λ1 −K1(−K + λ1) −2λ1 0
. . . . . . . . .

(K − λj) (1 + 2λj) (−K − λj)
. . . . . . . . .

0 −2λN 1 + 2λN −K3(K + λN)


(3.34)

Ap =



−1− 2λ1 +K1(−K + λ1) 2λ1 0
. . . . . . . . .

(K + λj) (−1− 2λj) (−K + λj)
. . . . . . . . .

0 2λN −1− 2λN +K3(K + λN)


(3.35)

Ac =



2− 2K1(−K + λ1) 0

2
. . .

2

0 2− 2K3(K + λN)


(3.36)

ŵi =



w(y1, ti)
...

w(yj, ti)
...

w(yN , ti)


, Bc =



K2(−K + λ1)

0
...
...

0


, Dc(ti) =



ν(y1, ti)
...

ν(yj, ti)
...

ν(yN , ti)


(3.37)
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Then, at each time step, the values of w(y, t) in the next time step w(yj, ti+1) are

calculated using,

ŵi+1 = A−1
n Acŵ

i + A−1
n Apŵ

i−1 + A−1
n Bcfg(ti) + A−1

n Dc(ti) (3.38)

3.3.2. Results

5 nodes are set along y direction. The crane parameters are chosen as follows;

mass of the trolley M = 75 kg, mass of the payload m = 1500 kg, nominal length mass

of the cable ρ = 6 kg/m, and the cable length l = 3 m. The control parameters are

chosen as the control gain k = 0.05 and the eigenvalues of the observer system A−LC,

λ1 = −0.0550, λ2 = −0.0275. The reason for such low controller parameters is again

the overall numbers getting larger as the scale gets larger. Although the numerical

solution of the open-loop PDE is unconditionally stable, the closed-loop system may

become numerically unstable with higher controller or observer gains in which case the

simulations have to be done with much smaller time steps and that would increase the

computational cost.

The system is simulated for 75 seconds. For the first 35 seconds of the simulation,

the reference payload velocity is set to be wrt = 3 m/s. Then at t = 35, the reference

velocity is set to wrt = 0.

Several types of external conditions are applied to the system in simulations.

The variables are in-domain disturbance, boundary disturbance, drag caused by the

cable’s own motion, and the fluid medium. The controller is tested against several

combinations of these and two cases with constant flow speed are shown as a proof of the

controller’s performance in canceling constant disturbances. Values of all parameters

except the fluid properties are the same for each case, the effects are just activated

or inactivated depending on the case studied. Following subsections cover each case

separately. Please note that the drag referred to in case titles is meant as the drag force

in response to the system’s motion not the drag caused by external flow. In-domain
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and boundary disturbances are still calculated through the drag caused by fluid flow.

(i) Case 0: Open-loop simulation : Before testing the controller, an open-loop sim-

ulation is shown in this section for comparison. In this case, the medium is

chosen as air and the wind distribution has the shape shown in Figure 3.6 but

the maximum wind speed function is chosen to have no bias term but have the

same sinusoidal component as other cases. The resulting maximum wind speed

is found as

uw,max(t) = 5 sin(0.05πt) (3.39)

This disturbance model is chosen so that the swaying motion caused by the

harmonic disturbance can be seen more clearly. Also, the drag effect caused by

the crane motion is considered. It can be seen in Figure 3.5 that time varying

disturbance causes up to 0.78 m/s deviation from the 0 m/s line with no control

input.
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Figure 3.5. Horizontal velocity of the payload and its estimation for Case 0



48

(ii) Case 1: Time varying in-domain disturbance without boundary disturbance or

drag (air) :
(m
)

Figure 3.6. Time progression of the flow speed distribution

In this case, the system is subject only to an external airflow. The disturbance

scaling (discussed in Section 3.2) at the payload boundary is not considered. Time

varying air flow is calculated using Equation 3.20 with the maximum wind speed

at any given time uw,max(t) is chosen as follows.

uw,max(t) = 10 + 5 sin(0.05πt) (3.40)

The resulting wind speed distribution has a time varying maximum wind speed

that oscillates between 5 − 15 m/s and has a period of 40 s. This average wind

speed of 10 m/s is placed at the higher end of a Fresh Breeze, close to a Strong

Breeze by Beaufort Scale [49]. The exact value of the wind speed at each section

in a given time step ti is calculated as follows and the distribution at several time
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points are shown in Figure 3.6.

uw(yj, ti) =
4yj(yj − l)

l2
(10 + 5 sin(0.05πti)) (3.41)

Figures 3.7 to 3.9 show the resulting payload velocity wt(1, t), disturbance a(t),

and the input force fg(t) values versus time. It can be seen on Figure 3.7 that

convergence to the reference velocity is achieved almost perfectly. There is an

oscillatory period initially when the system is just turned on or when the ref-

erence velocity is changed. However that behavior depends heavily on the con-

trol/observer gain values for the given case. It has been seen in other simulations

that the payload velocity can act like an over-damped or critically-damped sys-

tem depending on external effects and the gain values. Such examples can be

seen in Cases 7 and 8.

Figure 3.7. Horizontal velocity of the payload and its estimation for Case 1

It can be seen on Figure 3.8 that the estimation of the disturbance effect is

achieved relatively successfully. There seems to be a phase shift between the

estimation signal â(t) and the disturbance signal a(t) which is expected as the
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observer design assumes the disturbance effect to be constant.

Figure 3.8. Real value of the disturbance term a and its estimate for Case 1

Change of the force input to the crane trolley over time is shown in Figure 3.9.

It can be seen that at peak values the force goes up to about 30 kN of magnitude

really fast. That is not desirable in a real application. Two of the possible ways

to overcome this problem is; trying to optimize the control gains and/or feeding

the controller output to a low-pass filter to filter out those quick and erratic

changes in force magnitude. Otherwise the force values seem to have an order of

magnitude below 103 N which is achievable.

(iii) Case 2: Time varying in-domain and boundary disturbance without drag (air) :

In this case, the disturbance is changed slightly as the boundary disturbance is

now taken as a scaled up version of the in-domain disturbance value at y = l.

The scaling factor is chosen as 25. All other parameters are the same as Case 1.

Figures 3.10 to 3.12 show the resulting payload velocity, disturbance and input

force values and their estimations.

Comparing Figures 3.7 and 3.10, one can see that the payload velocity has a more

visible oscillation about reference velocities. This is expected as the boundary

disturbance scaling is relatively high and this makes it harder to be canceled since
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Figure 3.9. Input force fg(t) for Case 1

the observer doesn’t assume a time varying disturbance. Still, the oscillations

about the reference velocity has a magnitude about ∼ 0.035 m/s. Compared

to the 0.78 m/s deviation in open-loop case, this is a satisfying result. This

corresponds to a decrease of about 95% in sway speed.

Disturbance term a(t) and its estimate â(t) are shown in Figure 3.11. It can be

seen that the phase shift observed in Case 1 is still there but also a relatively

large bias error exists in the estimation. It is not clear why this is the case but

one possible reason might be the constant tracking error present in wt(1, t) due

to the time varying external effects.

(iv) Case 3: Time varying in-domain and boundary disturbances with drag (air) : In

this case, additional to the previous cases, the drag effect caused by the mo-

tion of the cable is added. The implementation of this effect is straightforward.

Previously, the external force due to the external flow was being calculated as

F j
drag =

1

2
Cdρfπru

2
w(yj, ti)dy (3.42)
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Figure 3.10. Horizontal velocity of the payload and its estimation for Case 2

However, the drag force can be defined as the result of relative motion of an

object to the fluid medium it is in. Therefore, for this case, the drag force is

calculated as follows.

F j
drag =

1

2
Cdρfπr (uw(yj, ti)− wt(yj, ti))2 dy (3.43)

Figures 3.13 to 3.15 show the resulting payload velocity, disturbance, and input

force and their estimations for this case. It can be seen on Figure 3.13 that

reference tracking is accomplished with drag effect as well. The sway about

reference values in this case is ∼ 0.037 m/s. Similar to the previous case, this is

considered a success when compared to the open-loop result.

The disturbance term a(t) and â(t) are presented in Figure 3.14. There is a

visible shift in the mean value of both the real disturbance and the estimation.

This is probably due to the overall decrease in the speed of the crane cable. Since

wind speed and the cable speed act opposite to each other, when the crane moves

in positive direction it negates the effect of the wind speed to some degree. At
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Figure 3.11. Real value of the disturbance term a and its estimate for Case 2

t = 35 s however, the reference speed value is set to 0 m/s so it results in an

overall decrease in crane cable speed and an increase in net drag force.

(v) Case 4: Time varying in-domain disturbance without boundary disturbance or

drag (water) : Cases 4, 5, and 6 are exact replicas of Cases 1, 2, and 3 respectively

except the medium is changed with water. Therefore the only parameters that are

changed are the fluid properties and the drag coefficient CD. What is expected

to be seen in these cases is that due to the increased density and viscosity of

the medium, same flow distribution will result in a larger external force. This in

turn should result in a faster varying disturbance since the separation between

the highest and lowest magnitudes of the disturbing force is much larger although

the frequency of the disturbance is the same.

Figures 3.16 to 3.18 show the payload velocity, disturbance, the input force,

and their estimations. It can be seen on Figure 3.16 that the controller really

struggles in this case. It is observed during simulations that even with water,

higher control gains show promising results. However, setting the gains too high

results in numerical instability of the simulations. With the current settings

no successful combination of gain values have been found. Some of the more



54

Figure 3.12. Input force fg(t) for Case 2

promising results either become numerically unstable over time or take too long

to converge to the reference values.

(vi) Case 5: Time varying in-domain and boundary disturbances without drag (water)

: In this case, similar to Case 2, the boundary disturbance scaling factor is taken

as 25. Therefore the boundary disturbance term ab(t) is calculated as

νpayload(ti) = 25νcable(l, ti) (3.44)

Figures 3.19 to 3.21 show the payload velocity, disturbance, the input force, and

their estimations. It can be seen from the figures that similar problems to the

Case 4 exists for this case as well. This is expected since the only difference is

that the disturbance at the payload boundary is amplified.

(vii) Case 6: Time varying in-domain and boundary disturbances with drag (water) :

In this case the drag force caused by the motion of the system is considered. Sim-

ilar to Case 3, the external force is calculated using Equation 3.43. Figures 3.22

to 3.24 show the payload velocity, disturbance, input force and their estimates. It
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Figure 3.13. Horizontal velocity of the payload and its estimation for Case 3

can be seen that the drag effect actually helps reduce the erratic swaying. How-

ever, still the time variance of the external effect is too much for the controller

to handle.

(viii) Case 7: Constant in-domain and boundary disturbances without drag (water) :

This case is studied to show that the convergence problems actually arise from

the time varying effect not from the magnitude of the disturbance. The ap-

plied flow speed is set to a constant value for this case. Maximum flow speed

which was previously calculated as uw,max(t) = 10 + 5 sin(0.05πt) is now set to

uw,max = 10 m/s. Again, all other parameters are the same as the ones before and

the drag caused my system motion is not considered. Figures 3.25 to 3.27 show

the payload velocity, disturbance, input force and their estimates. As predicted

by the results of Chapter 2, the controller achieves exponential convergence with

constant external effects.

(ix) Case 8: Constant in-domain and boundary disturbances with drag (water) : This

case again considers constant flow speed similar to Case 7. However this case

also considers the drag force caused by crane motion. Figures 3.28 to 3.30 show
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Figure 3.14. Real value of the disturbance term a and its estimate for Case 3

the payload velocity, disturbance, input force and their estimations. As might be

expected, the additional drag effect highly increases the convergence time. In fact,

to show that the system actually converges to the reference speed, the simulation

time has been increased to 200 seconds. It can be seen from Figure 3.28 that the

payload velocity tends to the reference value but it does so relatively slowly. This

behavior resembles an over-damped response and, again, increasing the control

gains can probably solve this issue.
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Figure 3.15. Input force fg(t) for Case 3

Figure 3.16. Horizontal velocity of the payload and its estimation for Case 4
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Figure 3.17. Real value of the disturbance term a and its estimate for Case 4

Figure 3.18. Input force fg(t) for Case 4
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Figure 3.19. Horizontal velocity of the payload and its estimation for Case 5

Figure 3.20. Real value of the disturbance term a and its estimate for Case 5
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Figure 3.21. Input force fg(t) for Case 5

Figure 3.22. Horizontal velocity of the payload and its estimation for Case 6
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Figure 3.23. Real value of the disturbance term a and its estimate for Case 6

Figure 3.24. Input force fg(t) for Case 6
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Figure 3.25. Horizontal velocity of the payload and its estimation for Case 7

Figure 3.26. Real value of the disturbance term a and its estimate for Case 7
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Figure 3.27. Input force fg(t) for Case 7
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4. CONCLUSIONS

The aim of the thesis was to design a regulator for a wave PDE with constant

unknown in-domain and boundary disturbances using backstepping boundary control

approach where the control input and the measurements are collocated on one boundary

and the output signal is on the opposite boundary, then test the controller on a crane

model where the disturbance terms vary with time relatively slowly. To this end, the

problem is reformulated as control of an ODE with simultaneous input and output

delay and constant unknown disturbance. Then an estimator for both the output state

and the unknown disturbance effect is designed and a regulator for this estimator is

given. The stability and exponential convergence of this controller on a wave PDE

with constant disturbances is proven and the performance is shown using numerical

simulations, the results of which agree with the mathematical proof. This is the first

instance of a backstepping boundary controller being designed for a wave PDE with

unknown in-domain and boundary disturbances and limited measurement. Then the

controller is applied to an overhead crane model with some necessary transformations.

The model is simulated using numerical methods and the results show that slow

variances in external effects (as seen in Cases 1 to 3) can be canceled rather successfully

even with the constant disturbance assumption in the controller model. In those cases,

the controller has provided about 95% decrease in sway after reference tracking has

been accomplished.

However when the fluid that the crane operates in is changed for a denser and

more viscous one, larger magnitude of the external effects pose a serious problem. A

proper convergence could not be obtained for any of the cases with time varying effects

and water as the medium (Cases 4, 5, 6, and 8). However when all the external effects

are constant, the controller achieves exponential stability even in water (as seen in

Case 7) which is expected since the controller is proven to be exponentially stable with

constant disturbance effects.
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The inability to achieve convergence in water with time varying effects seems to

be largely caused by limitations of the numerical simulations. As the gains are pushed

to the limits of numerical stability, the results for those cases get more and more

promising. Those limitations and possible future work are discussed in Section 4.1.

4.1. Limitations of the Study and Future Work

One of the main limitations of this study has been the numerical stability of the

simulations, especially for the crane model. Although, as stated earlier, the Crank-

Nicolson method is shown to be unconditionally stable for the types of PDEs this

thesis deals with, the control/observer scheme requires numerous time integrations of

the states. It has been observed that when the simulations are not done with small

enough time increments, the control input gets unstable which in turn results in erratic

behavior of the system. To avoid this, the time increments were adjusted by trial and

error over time and that resulted in total runtime of each simulation to get longer and

longer. As a result the number of studied cases are very limited. Many of the future

work suggested below expand upon that idea as they require more cases to be studied.

• During trial simulations with simpler cases, it has been observed that observer

and controller gains directly affect the convergence behavior of the system. With

smaller gains, convergence takes longer but the output resembles that of an over-

damped linear system with no overshoot. On the other hand, with relatively

higher gains the output converges faster but with more swaying and overshoot.

Therefore it seems there is still some room for optimization in the controller

through adjustment of the gains. However, as mentioned above, the long run

times of the simulations makes it harder to try lots of different values of control

gains for each and every case. Hence, as future work, the optimization of the

control/observer gains might be studied.

• As discussed in Chapter 1, there are many control schemes developed for different

modifications of the system considered in this thesis. The suggested controller

needs to be compared with its peers to see advantages and disadvantages of this

controller against others.
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• Although numerical simulations have their advantages as they are fast, easier to

set up and can cover lots of different cases with minimal modifications, at the

end of the day, they still assume ideal conditions and have their inaccuracies and

limitations. For the controller suggested in this thesis to be used in any real life

application it should be tested on a prototype first. Also, since the control unit

in a real life application would not be burdened by the simulation of the system,

much lower time increments for the input force calculation can be achieved. This

might allow higher control gains for more difficult environments like water.

• The control model given in Equation 2.1 is a general wave equation and it can

be applied to numerous physical phenomena. Crane application done in this text

is just one example of its areas of use. The spectrum of applications for the

controller can be broadened to vibrating strings, flexible robot arms, oil drills or

any mechanical component that can be approximated with an undamped wave

PDE.

• The controller model includes an unknown but constant disturbance effect and

the observer estimates the value of it. However, in simulation models time vary-

ing disturbances are used since a real life situation where the external effects

stay constant is very unlikely. Although it is shown that slowly varying distur-

bance effects with lower magnitudes can still be mostly canceled, as seen in water

simulations, the controller struggles with large magnitude variations in the dis-

turbance. Incorporating time varying disturbance dynamics and drag/damping

effects into the controller model would highly increase the performance of the

controller.
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