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ABSTRACT

IRREGULAR SAMPLING IN SHIFT-INVARIANT SPACES

This thesis is an exposition of the concept of localization of frames in the problem
of irregular sampling in shift-invariant spaces. The given definition of the localization
of a frame will appear to be equivalent to an off-diagonal decay of the matrix corre-
sponding to the frame operator. The proofs of some inverse-closedness theorems of
certain classes of matrices having an off-diagonal decay will be given. These theo-
rems imply the localization of the dual frame. Under these localization conditions, the
Hilbert space theory can be extended to the family of associated Banach spaces. If the
generator of a shift-invariant space satisfies necessary decay conditions, then it will be
seen that its reproducing kernel frame will be a localized frame, and the theory will be

applicable.
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OZET

OTELEMELER ALTINDA DEGISMEYEN UZAYLARDA
DUZENSIZ ORNEKLEME

Bu tezde gergevelerin bolgeselligi kavraminin, otelemeler altinda degismeyen u-
zaylardaki diizensiz 6rnekleme problemine uygulanmasi iglenmektedir. Cergeveler i¢in
tanimlanacak olan bolgesellik kavraminin, cerceve operatoriine karsilik gelen matrisin
diyagonal dis1 azalma oOzelligine denk oldugu goriilecektir. Belirli matris simiflarinda,
diyagonal dig1 azalma 6zelliginin matris tersi alindiginda korunmasiyla ilgili teoremlerin
kanitlar1 verilecektir. Bu teoremler dual ¢ercevenin de bolgesel olmasini getirir. Bu ko-
sullar altinda Hilbert uzaylari icin gegerli olan teori, ilgili Banach uzaylar ailesi i¢in
gecerli olacak sgekilde genigletilebilir. Eger otelemeler altinda degismeyen bir uzayin
doguray fonksiyonu belli azalma ozelliklerine sahipse, ¢ogaltici ¢ekirdek cercevesinin

bolgesel bir cerceve oldugu goriilecek ve s6z edilen teori uygulanabilecektir.
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1. INTRODUCTION

In his classic 1949 paper [1], Claude E. Shannon began with the following theorem:
If the Fourier transform f of a function f in L? is supported on [—2,Q)], then f can
completely be reconstructed from its samples on the set {kw/Q : k € Z} with the

following formula !

flx) =) f(kT)sinc(z/T — k), (1.1)

kEZ

. sin(7wx . . )

where T' = 7/ and sinc(z) = g The formula (1.1) is of theoretical impor-
T

tance, showing the possibility of representing continuous functions with a sequence of

numbers, the idea that lead to the the digital revolution.

It can be shown that the space of L? functions whose Fourier transforms are

supported on [—€2, Q)] can also be defined as

Bq = {Z cpsine(Qx/m —k): c € ZQ(Z)} .
kEZ
The functions in Bg have very good frequency localization: they all have compactly
supported Fourier transforms. As a result of this, their time localizations are very poor.
The function sinc decays with 1/z and this fact makes the formula (1.1) unsuitable
for numerical implementations [2, 3]. Also, in practice, almost no signal is strictly
bandlimited. This requires the signal to be filtered before the sampling process. This
filtering operation corresponds to projecting the signal into the Hilbert space Bq [1, 4,

5]. However, depending on the structure of the signals, Bg might not be the optimal

ILebesque spaces are not function spaces, but their elements are equivalence classes of functions
that agree almost everywhere. Therefore point evaluations f(z) usually do not make sense. However,
it can be shown that the functions whose Fourier transforms are compactly supported agree almost
everywhere with a continuous function. We implicitly identify this subspace of L? with the space of
continuous functions corresponding to it. We will study sampling only in continuous function spaces,
and we will implicitly identify subspaces of Lebesque spaces with spaces of continuous functions when
necessary.



space of approximation. So it would be advantageous to study sampling in a more

flexible setting.

The focus of this thesis will be sampling theorems in the so called shift invariant

spaces, which are roughly spaces of the form

Vie) = { > (e — /f)}

kezd

where ¢ = (¢x)peza comes from an appropriate sequence space. The classical sampling
set up in Bg is a particular example of this, with ¢(z) = sinc(x). We will study the
shift invariant spaces that are subspaces of the weighted LP spaces, which are denoted
by L?,, and are defined by the norm ||f||» = [[mf][,,, where m is a positive weight
function. The weight function controls the decay of the functions in the space. If
m(z) — oo as |z| — oo, then the functions in L?, will have a decaying property. If
m(z) — 0 as |x| — oo, then the functions in LP, may grow, up to some extent. The
exponent p of the space L? has also some effect on the decay of the function, but more

than that p gives a control on the norm that we wish to use on the space, and it can

be chosen in an optimal way according to the application [5].

Sampling on regular grids, i.e., sets of the form {kr : k € Z¢} for some positive
r, like in the classical sampling, is called reqular sampling. Sampling on more arbi-
trary countable subsets of R? is called irreqular sampling. Irregular sampling may be
unavoidable, or it might produce better results than regular sampling. Here are some

cases when we encounter an irregular sampling problem [5, 6]:

e Communication: When some of the data of a uniformly sampled signal is lost,
we end up with a problem of reconstruction of a function from irregular samples.

e Astronomy: Daylight periods and adverse nighttime weather conditions prevent
regular data collection.

e Medical imaging: Computerized tomography and magnetic resonance imaging

frequently use a nonuniform polar and spiral sampling sets.



Other application areas of irregular sampling include geophysics, spectroscopy, bio-
medical imaging [5]. In this thesis, we will not confine ourselves to regular sampling,
instead we will follow a general approach that will treat both regular and irregular

sampling together.

Frame theory turns out to play a key role in sampling theory. A countable set
E ={e, : © € X} in a Hilbert space H is called a frame if there exists positive constants

A and B such that

2 2 2
AP <D S e < Bl
zeX
for all f € H. From the first inequality, it is seen that £ is total in H, and the
second inequality brings a stability to the system. A frame is not necessarily a basis
however, because the members of it are not necessarily linearly independent. Frames

allow redundant representations of functions. The operator defined by

S:H—H, fHZ(f,ex>ex

TeEX

is called the frame operator. The series converges unconditionally, and the frame op-
erator is invertible. For every frame (e;),cx there exists a dual frame (€;),ex defined

by
é, = S te,,
and for every function f € ‘H we have

f=> (f&) e

reX

Although the above representation of a function f with respect to the frame is not

unique, it is minimal with the respect to the [? norm of the coefficient sequence.



Now we can briefly describe the sampling scheme in general Hilbert spaces. Let
‘H be a Hilbert space of continuous functions over some space X. A countable subset

X C X is called a set of sampling if there exists constants A and B such that

AFIP <D 1@ < BIFIP (1.2)
reX

If this condition is satisfied, then it is easily seen from the first inequality that any
function f € H is uniquely determined by its values on the set X. But (1.2) says
more: the sampling operator f — (f(z))zex is a linear, continuous, invertible mapping
from, H to the sequence space [*(X), and its inverse is also contionuous. This allows
stable sampling and reconstruction, i.e., a small variation in the sampled sequence
causes a small variation in the reconstructed signal and vice versa. This is important,
because there will always be additive noise, measurement and quantization errors on
the samples [4, 5]. That is why we will only consider sets of sampling. Observe also
that by (1.2), for a fixed point € X the mapping f — f(z) is a bounded linear
functional on H. So, by the Riesz representation theorem, for every x € X there exists
a unique K, € H such that f(x) = (f, K,) . Putting this in (1.2), we get that (K,), x

is a frame for H. Therefore we obtain the following reconstruction formula:

F=) (fK.) K,

TeEX

=Y flo)K,.

zeX

In our setting, the space ‘H will be the shift invariant space generated by a single
function ¢ with specific decay conditions. We will obtain explicit formulas for (K, )cx-
The interpolating functions K, can be computed using the inverse of the frame operator
S. That is why the inverse of the frame operator plays an important role. Then, our
objective will be to extend this Hilbert space setting to the Banach spaces, generated

by the same function, following Aldroubi and Grochenig [5].



The general shift-invariant spaces are defined as follows:

Vinlp) = {Z crp(r — k) e € l%(Zd)} ,

kezd

where the sequence space [P, (Z?) is the space defined by the norm

1/p
el za) = (Z ICkm(k‘)lp> :

kezd

Under some decay and stability conditions on ¢, it will be guaranteed that the con-
vergence will be unconditional, and the functions will agree almost everywhere with a
continuous function. With the latter property, we can identify the space with a Banach
space of continuous functions, hence the point evaluations will make sense. We can
extend the definition of a set of sampling to V? spaces as follows: a subset X C R? is

called a set of sampling for VP if there exists positive constants A and B such that

1/p
Al flly, < (Z |f(w)m(x)|p> < Blfz, - (1.3)
zeX
Under some decay conditions, we will see that we still can apply the sampling formulas
of the Hilbert space setting, and a remarkable result of Grochenig follows that a set
of sampling for V?(y) is also a set of sampling for V? for all 1 < p < oo and all
appropriate weight functions m, and the reconstruction formula of V?(y) is valid for
VP [7]. This result depends on the concept of localization of frames, which is again

introduced by Grochenig in [7].

In this thesis, we will begin with a sampling set for V?(¢), and we will keep the
problem of characterizing sampling sets out of the scope of this thesis. However we
note that the Hilbert space theory is well understood, and sharp estimates of the form

(1.2) exists for a wide class of generators [5, 7, 8].



The organization of the thesis will be as follows. In Chapter 2, we will introduce
the mathematical preliminaries such as unconditional convergence, Riesz bases and
Frames. In Chapter 3, we will prove theorems stating that some certain classes of
infinite matrices having an off-diagonal decay are closed under matrix inversion. For
the case of matrices having a polynomial decay, the proof of inverse-closedness theorem
is difficult and we will give a proof which has been discovered by Jaffard and Journé
[9]. These theorems play an important role in Chapter 4, where we will study the
concept of localization of frames. We will see that a frame is localized with respect
to a basis if and only if the matrix of the frame operator has an off-diagonal decay
of the corresponding type. The inverse closedness theorems will imply that the dual
frame has the same type of localization. For a Hilbert space H, we will define a class
of associated Banach spaces, and it will be shown that a localized frame for H will
preserve its frame properties for the associated Banach spaces. In Chapter 5, we will
study sampling in weighted shift invariant spaces, first in the p = 2, m = 1 case with a
given set of sampling X. Then we will extend the setting to the general Banach space
case, and using the theory of Chapter 4, we will see that the same set X will also be a

set of sampling, leading to a stable reconstruction formula.



2. MATHEMATICAL PRELIMINARIES

2.1. Unconditional Convergence of Series in Normed Vector Spaces

Let V' be a normed vector space, and (x,),en be a sequence of vectors in V. We
say that the series Y ° | x,, converges, if the sequence of partial sums s,, = x1+- - -+,
converges to a vector s € V with respect to the metric induced by the norm. We denote
this by > >°, x, = s. This definition depends on the order of the index set N. We
define a stronger version of convergence of series, which is independent of the order of

the index set as follows:

Definition 2.1.1 Let V' be a normed vector space, X be an arbitrary index set, and let
{ve 1t € X} be a set of vectors in V. The series Y, vy is said to be unconditionally
convergent to the vector s € V, if for every € > 0, there exists a finite subset F of X

such that

E V¢ — S

teF!

<€

for all finite subsets F' satisfying F C F' C X; and this is denoted by Y, ., vy = 5.

The following proposition contains an alternative definition for unconditional conver-

gence of countably many vectors:

Proposition 2.1.2 [10] Let V be a normed vector space and {v:} be a countable

reX

set of vectors in V. The series ), . vy converges unconditionally to s, if and only if
oo
D Vrl =

n=1

for any biyection T from X to N.



Proof. Assume that ) ,_, v; converges unconditionally to s. Let 7 be a permutation
from X into N. We want to show that Zzozl Ur(n) = 5. Let € > 0 be given. We know
that there exits a subset F C X such that for all finite sets F’ satisfying F C F' C X
we have ||>,c 7 vt — s|| < e. We choose an integer N such that F' C {r(n)}._,, then

n=1’
for all N’ > N we have HZQL Vr(n) — SH < € as desired.

For the converse, assume that ), . v; is not unconditionally convergent. This
means that for every s € V, there exists an e such that for all finite subsets F of X
there exists a finite set F' with F C F' C X satisfying ||s — D ter vt” > e. Using this,
for a given s € V we will construct a bijection 7 form N to X such that >~ 7, vy

does not converge to s.

Let (z;)ien be an enumeration of X. Let F; be any subset of X' containing {z},
and let G; be a finite subset of X such that F; C G; C X and Hs — Ztegl th > e
For k € N, having defined Fy, Fs, - , Fp and Gy, Gy, - -+, Fr, we chose Fy1 to be any
finite subset of X containing both Gy and {x1, 29, ,zr41}; and Giyq to be a finite

> €.

subset of X with Fj1; C Gxr1 € X and HS - Zteng Ut

We have obtained a collection of finite sets G; C Gy C Gz C - - - with UkeN G. = X.
We can define 7 to be a bijection from N to X such that for a given k£ € N, the image of
the set {1,2,---,|Gx|} under 7 is the set Gy, where |G| denotes the number of elements

in G,. With this 7 it is clear that 2211 vr(n) does not converge to s, as desired. O

2.2. Riesz Systems and Riesz Bases

Definition 2.2.1 Let H be a Hilbert space. Then the set {y, :t € X} for some index

set X is called a Riesz system 2 if there exists positive real numbers A and B such that

2
< BZ’CJQ

teF

AZ’CJQ <

teF

Z CtUt

teF

2The term “Riesz sequence” is used when the index set is N.



for any finite subset F of X.

Theorem 2.2.2 Let H be a Hilbert space, and {y;: t € X'} be countable a Riesz sys-
tem in H. Then for any sequence of scalars (c;)iex with Y,y |ci]* < 0o, the series

Y tex Ctyr converges unconditionally to some vector s in 'H, and it satisfies

2
<B) |al”

teXx

Z CtYt

tex

AZ’CtP <

teX

Proof. Assume (y;)icx is a square summable sequence. Let 7 be a bijection from N to
X. Then that the series 220:1 Cr(n)Yr(n) Satisfies the Cauchy condition, since we have
Hznm:k Cr(n)Yr(n) H2 < BY " |erm|? by the Riesz system assumption; hence the series

converges to a vector s € ‘H. Taking limits, we obtain the relation

00 2
A Z |Ct|2 S Z CT(n)yT(n) S B Z |Ct|2 (21)
teX n=1 teX

which is valid for any bijection 7. Now it only remains to show that the limit of

Y oo 1 Cr(n)Yr(n) 18 also independent of the bijection 7.

Let v; and vy be two arbitrary bijections from N to X'. We want to show that
series Y o7 | Coy(n)Yor(n) AN Yo | Coy(n)Yuy(n) CcONverge to the same limit. Let € > 0 be

given. There exists an Ny such that > | . |y, (m)|* < €, and there exists an Ny > N,
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such that {v1(n)}2, C {va(n)}22,. We have

0o 0o No Ny
Z Cuy(n)Yva(n) — Z Cor(n)Yuvi(n) || = Z Coy(n)Yva(n) — Z Cuy(n)Yvi(n)
n=1 n=1 n=1 n=1
+ Z Cvg(n)yvz(n) - Z Cvl(n)yvl(n)
n=Ns n=N1
N2 Nl
< Z Cus(n)Yvs(n) — Z Cuy (n)Yuy(n)
n=1 n=1
+ Z Cus(n)Yuva(n) + Z Cu1(n)Yv1(n)
n=Ns n=N1

< 3V Be,

where the last inequality is a result (2.1) and the fact that all the coefficients in all of
the three terms come from the set {c,, () : n > N}, the sum of the modulus squares of

whose elements is known to be less than e.

Since the norm of the difference can be made arbitrarily small, the two series

converge to the same limit as desired. U

Remark 2.2.3 We know that for series of compler numbers, unconditional conver-
gence and absolute convergence are equivalent. This is not the case however for series
in arbitrary normed vector spaces. We can give a counter example using the above the-
orem. Let H be an infinite dimensional Hilbert space, and let (,)nen be orthonormal
system in H. Then the series > -, %mn 18 unconditionally convergent, since the coef-
ficients are square summable and every orthonormal system is a Riesz system; while it
15 clearly not absolutely convergent. It can be shown however that absolute convergence

implies unconditional convergence.

Theorem 2.2.4 Let H be a Hilbert space. Then the set {y;:t € X'} be countable a
Riesz system in 'H if and only if the Gram matriz G indexed by X x X whose entry
(s,t) is given by g(s,t) = (ys, y:) is an invertible operator on [*(X).
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Definition 2.2.5 Let H be a Hilbert space. Then the set Then the set {y;: t € X} is
called a Riesz basis for ‘H if it is a Riesz system, and for every f € H, there exists a

sequence (¢;) € I*(X) such that f =", 5 ci.

Theorem 2.2.6 Let H be a Hilbert space and {y;: t € X} be a Riesz basis for H.
Then there ezists another Riesz basis {y;: t € X'} that satisfies

1 if s=t

<yt7gs> - . )
0 of s#t

which implies that each f in H can be represented as

f:Z<f7§t>yt:Z<fayt>ﬂt-

teXx teXx

The proofs of Theorems 2.2.4 and 2.2.6 can be found in [11, Ch 1, Thm 9].
2.3. Frames

Definition 2.3.1 Let H be a Hilbert space. A countable set € = {e, : v € X'} is called

a frame if there exists positive constants A and B such that

AFIP <D e < BISIP

reX

for all f € H.

Theorem 2.3.2 Let 'H be a Hilbert space and let € ={e, : x € X'} be a frame for H.
Then

(i) For any f € H, the series Y . (f,€s) €z converges unconditionally.



12

(ii) The frame operator S, which defined by

S:H—H, fHZ(f,ex>ez

TEX

15 an invertible operator.
(iii) The set {S7le, :x € X} = {6, : x € X} is also a frame for H, which is called
the dual frame of £, and for any f € 'H we have

f:Z<faéx>ex:Z<fvex>é:m

TeEX tex

where the series converge unconditionally.

The proof Theorem 2.3.2 can be found in any of [10, 11, 12, 13].
2.4. Weighted LP and [P Spaces

Let m be a positive weight function on R%. Let p € [1,00]. We define the norm

| ||Lfn(]Rd) as
HfHL‘,’,L(Rd) = ||mf“LP(Rd) )

and we define the space L, (R?) as the space of functions that have a finite || - || .» (RY)
norm. It can easily be verified that the L? spaces are Banach spaces. Indeed, for
p € [1,00) they coincide with the usual LP spaces when we use a weighted Lebesque

measure on R%, in which a subset £ C R? has the measure

M(E):/Em(:c) dx .

Analogously, we define the corresponding sequence space 7, (Z?) with the norm
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| |2, (za) defined for a sequence x = {xy}reza as
1/p
]l 5, (ze) = <Z (|5Ek|m(k))p> :
kezd

These spaces are also Banach spaces, and coincides with the [? spaces over the set Z%

endowed with the weighted counting measure.
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3. THEOREMS ABOUT INFINITE MATRICES THAT
ARE WELL LOCALIZED AROUND THE DIAGONAL

In this chapter we are going to study the properties of matrices that are well-
localized around the diagonal. Two classes of matrices will be examined: matrices
that have a polynomial off-diagonal decay, and matrices that have an exponential off-
diagonal decay. It will be shown that invertibility on [? implies that the inverse of the

matrix has the same type of decay.

The case for the exponential decay has been a classical result in mathematical
physics [7, 9]. Jaffard and Journé have proved the theorem for polynomial decay in [9],
using analytical arguments. Recently, Grochenig and Leinart have proved a stronger
version of the theorem using Banach algebra techniques, which is applicable to a wider
class of decay conditions [14]. In this chapter, our exposition will depend mostly on

Jaffard’s paper [9].

An infinite matrix is a function from 7" x T to C, where T is a countable set. In
order to be able to define the concept of being far away from the diagonal, a metric
on T must be defined. For our purposes, it will be enough to study the case when
T is a separated subset of R? and the metric on it will be the Euclidean metric,
d(s,t) = ||s — t||,- In the following section we will examine some properties of these

kinds of sets.
3.1. Properties of the Separated Subsets of R?
Definition 3.1.1 Let (X,d) be a metric space. A subset T of X is called a separated

t if inf d > 0.
se fo}yieT (z,9)
TFY

The following proposition shows that the separated subsets of R? are very similar

to subsets of Z¢. It will enable us to adapt proofs from Z? easily to the separated
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subsets of R?.

Proposition 3.1.2 Let T be a separated subset of RY. Then there exists a one-to-one
map T from T into Z2, and there exists positive constants A and B, such that for all

rz,ye’l

Allr(z) =7y < llz = yll, < Bllr(z) = 7). (3.1)

Proof. Since T' is separated, there exists a ¢ > 0 such that ||z —y|, > o for all

d
7 For t € Z? we define St to be the set H[rti, r(t; + 1)), which is

Vd

=1
a half-open hypercube with side length r, whose corner with the minimum coordinates

r,yeT. Let r =

is rt. Clearly U S, = R?. Also for a given t, S, can contain at most one point from T,

tezd
because the diameter of the set S; is equal to o, whereas ||z — y||, > o for all z,y € T..

So for a point x € T there exists a unique t € Z% such that x € S;; and we define
7(z) = t. This map is one-to-one by its construction. Note that r 7(z) € Z¢ is a corner
of the hypercube to which z belongs, hence ||r7(z) — x|, < o for all z € T. Also
we have ||r7(x) —r7(y)|| > o whenever x # y, because the points are the corners of
distinct hyper cubes whose diagonal lengths are equal to . Now, using these facts, we
can prove relation (3.1). The relation is trivial when z = y. When x # y, we have:

Im(z) = 7(y)ll, =

lrr(z) —z+z—y+y—r7@l,l

IN

llr () = 2lly + [l = yll, + [ly = r7(@)l,]
o+ llz = yll, + ]
llz = ylly +llz = ylly + llz = yll,]

|z —?/Hz

N
S RO e e A B

Iz =yl



and for the other direction:

Iz =yll, = llz = r7(@) +r7(@) —rr(y) +r7y) —yl,
< |lz =rr@)lly +lrr@) =rr@)l, + lr7(y) = yll,
<o+r|r(x)—71@W)|,+0o
<rllr(@) =7l + 7 [[7(x) = 7@l + 7 [[7(z) = 7(¥)ll,
= 3r|l7(z) = 7(y)ll,
= Bllr(z) =)l

as desired. O

Now we give a lemma about convergence of two series:

Lemma 3.1.3 Let d be a positive integer and r > 0. Then we have:

(i) The series Z e~"lsllz converges,
sezd
(ii) For B > d, the series Z(l +71s]l,) ™7 converges.
sezd

Proof. We will make use of the supremum norm |-||_ on Z% which is defined

lz|l, = lrga<>§|xz| It can be seen that the number of points in the set B(0, k)
_Z_

{z € Z% : ||z|, < k} is equal to (2k + 1) = O(k?). Also the number of points
S0,k)={z €z |z, =k} = B(0,k)\B(0,k — 1) is equal to

2k + 1)*— (2k — 1) = [(2k)" + (2k)" + - 4+ 1]
— [(2k)* = (2k)T" + -+ £1]

=2k - 2k F 1

16

as

n

which is less than Ck9"!, where C is a constant that depends on d. The Euclidean

norms || - ||, of the points in S(0, k) are at least equal to k, since the Euclidean norm



17

is at least equal to the supremum norm for any point in Z9. So, for the first series we

have

lls = 1
S el =3 3 s

sezd k=0 sl o=k
e k,dfl

S Z ¢ erk
k=0

k=0 €72

o
SZC”62 < 00
k=0

where C" is an upper bound for Ckile 7, Similarly, for the second series we have

- 0 k,d—l
Z(1+T||5||2) 5§20m

s€Z4 k=0

oo C/
= Z (14 rk)s—d+1 =

since we know that § —d > 0. [

We will use the following property of separated subsets of Z? frequently.

Proposition 3.1.4 Let T C R? be a separated set. Then

(i) supz e~ls=tle < o0, and

teT seT

(i) sup S (14 s — t],) % < o
teT scT

where € > 0 in the first series and 3 > d in the second.

Proof. Let 7 be a one-to-one function from 7" into Z¢ satisfying (3.1), whose existence
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was proved in Proposition 3.1.2. For a fixed ¢t € T we have

3 et < §7 il

seT seT
<Y el
x€Z4
_§ =gl
= el 2 < 00,
rEeZd

where the equality results from the fact that 7(t) € Z¢, and any shift of Z? by a point
in Z% is again Z%. Since this last sum is independent of ¢, it follows that the supremum

over T is finite.

A very similar argument works to show that sup Z(l +s—t]y) P <oo. O
t seT

3.2. Definitions of the Classes (), and £,

We will denote the classes of polynomially decaying and exponentially decaying

matrices by @), and E., respectively, where av and « are related to the order of decay.

Definition 3.2.1 Let T C R? be a separated set. The class E,(T') is defined to be the
set of all matrices A indexed by T x T that satisfy

V' <~ 3C() suchthat |a(s, )] < C(y)exp(—y"[|s —t[|,)-

Remark 3.2.2 Defining E., this way will make the class closed under matriz inversion.
We shall see that an invertible matriz which has an off-diagonal decay of order v has
an inverse which has an off-diagonal decay of order ' for all v' < ~ but not necessarily
of order . This is not the case for polynomial decay, i.e., an invertible matriz that has
a polynomial decay of order o has an inverse with an off-diagonal decay of the same

order o.
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Definition 3.2.3 Let T C R? be a separated set. Then for a > d, the class Q. (T) is
defined to be the set of all matrices A indexed by T x T that satisfy

la(s, )] < C(1+[|ls — t][,)™"

for some constant C' that depends on .

We sometimes will not write the 7" in the parentheses, and denote these spaces

by E., and @), when the context is not directly related to a specific T'.

Proposition 3.2.4 The matrices in E,(T) and in Qu(T)are bounded operators on
2(T).

Proof. This is a fact that follows from Schur’s Lemma (Theorem A.2.1) and Proposi-
tion 3.1.4. For A € E, we have

sup 3 la(s. ) < sup Y- Cexp(— s~ t],) < o0,

s€T e S€T e

Where 0 < +' < 7. In the same manner, we have supz la(s,t)| < co. Similarly, for
teT
seT
A € Q., using the second part of Proposition 3.1.4, one can show that sup Z la(s,t)]
seT
teT
and sup Z la(s,t)| are both finite, and the claim follows from Schur’s lemma.

teT s€T

3.3. The Classes (), and E, are Algebras

Theorem 3.3.1 The class E,(T) is an algebra for any separated set T C R4,

Proof. Let A and B be in E, and we shall show that C' = AB is also in E,,.
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Let 7/ < . We pick a 4" such that v/ < ~” < . We define e = 4" — +/. Then it
follows that

e(s,u)l < O la(s, O)llb(t, )|

teT
< O Y exp(=1"|ls = tlly) exp(=" It — ul,)
teT
<Y exp(—" [ls = tl) exp(— 1t = ull,)
teT
= O exp(—' |ls — tll,) exp(—e[|s — tl],) exp(— ¢ — ull,)
teT
= O3 exp(— [l = tll, + It = ull) exp(e s ~ ],
teT
< C’Zexp(—7' I|s — U||2) exp(—e||s — t”z)
teT
=C Z exp(—e||s — t”z)] exp(—'[|s — ull,) (3.2)
teT

< C'(Y) exp(="lls — ull,),

where the part in brackets in (3.2) is finite by Proposition 3.1.4. Hence AB is in E, as
desired.  [J

Now we will prove a similar result for @),. Before that, we define the norm || - ||,

on the set of all matrices indexed by T' x T' as follows:

1Bl = sup(L+ [[s = #,)*|b(s, )] (3:3)
Note that Q,(T) is the set of matrices that have a finite |- ||, norm for T C R? a
separated set and for a > d. Also note that |- ||, is a weighted supremum norm, with

the weight function (1 + ||s — t||,)*, and it is straight-forward to verify that it satisfies

the norm axioms on Q. (7).

Theorem 3.3.2 Let T be a separated subset of RY. There exists a constant C' > 0
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such that

1ABl, < C Al 1Bl

for all A, B € Qu(T); and therefore Qo (T) is closed under multiplication, hence, an

algebra.

Proof. Let A and B be two matrices in (),. Let D = AB be their product. Then we

have
[d(s,u)| = | > als, 1)b(t, u)

teT

< la(s, )| |b(t,u)]
teT

< Al U+ lls = tll) " 1B, (14 1t = ully) ™
teT

< [[All. IIBll, Yo s —tl) A+t —ully) ™

ls=tlly>5lls—ull,

0 A ls— )+t —ull,)

1
l[t=ully> 3 [ls—ully

The last inequality follows from the fact for any ¢ € T', at least one of the inequalities
|s —tlly, > 3 |ls —ull, and ||t — u, > L |ls — ul|, is always true, and all the terms in

the summations are positive. Let us examine the first term in the brackets:

1AL B, > (s = tll) (L + 1t —ully) ™

ls=tllp>5lls—ull,

1 o »
<lallsl, X (tegls-ul) 0+ le-ul)

HS_tHzZ%HS_Ullz
< Al 181,

2) (Lt —ully) ™| L+ [ls —ully)™ (3.4)

teT

= [[Allo 1Bl 25+ ls = ull,)™
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where S = sup Z(l + ||t — s|ly) ™, which we know to be finite by Proposition 3.1.4.

seT
teT
A similar analysis can be done on the second term and we get that

|d(s,t)] < C[Afl, NI Bllo (L +[[s —ully) ™,
with C' = 4S5, which means

IAB]l, < CllA[l, B, O

Corollary 3.3.3 For B € Q),, there exists an Ry such that

1B™[l4 < Hg.

Proof. By Theorem 3.3.2 we have ||B?||, < C||B|? and continuing inductively, it
follows that || B™||, < C™ ! ||BJ|" . Thus the result follows by taking

Ry = ||B]|, max{1,C*}

and noting that ||B"(|, < ||B",.

3.4. L, is Closed under Matrix Inversion

In this section we shall show that if a matrix in E(T) is invertible as an operator

on [*(T), then its inverse is also in F,(T), i.e., it has the same decay property.

Theorem 3.4.1 Let T C R be a separated set. If A € E.(T) and A is invertible on
I(T), then A~ belongs to E., as well.

Proof. We can assume that A is positive definite without loss of generality; for once

we prove the theorem for positive definite matrices, then for any invertible matrix A
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in £, we have
Afl — 14*(1414*)717

and since AA* is always positive definite and E., is an algebra, it follows that A™! € E.,.
We can also assume that ||A|| = 1, since dividing by norm has no effect on the decay

properties of a matrix.

Now, let R = I — A. Let [m, M] be the smallest interval that contains the
spectrum of A. Since A is positive definite, invertible and its norm is equal to 1, it

follows that [m, M] is a subset of (0, 1]. Hence

1R[]l = [T = Al

< sup [1—t
te[m,M]

<1,

so we can write the following Neumann Series:

ATl = Zn: R".
n=0

Now let 7' < « be given. Since E, is an algebra, R belongs to £, and we have
Ir(s,t)| < Cexp(—'||s —t|l,). Let us pick a 4" such that v/ < +” < =, and define

e =" —~'. Let us examine the nth term of the series:

|Tn(5)t)| < Z U Z |T(87 SI)HT(SD 82)| T |T’(Sn_1, t>|

Sn—1

< Z T Z c" exp(—v" ||S - 31”2) o exp(—y” ||8n—2 - 5n—1||2) eXP("Vﬂ ||Sn—1 - t”g)
S1

Sn—1

<D Crexp(=" s = sully) - exp(—y" [Isu-2 — su-ally) exp(— [lsa-1 — tll,)
S1

Sn—1
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<D Crexp(—y"lls = silly) -

S1 Sn—1
s 'eXp(_’)’H [|$n—2 — Snfluz) exp(—’y” 801 — t”z) exp(—e€|[sn—1 — t”z)

<3 S exp(—r s — 51l - exp(—" 1502 — ) exp(—¢ 15w — 1])

S1 Sn—1
=Y Y Chexp(—"[ls = silly) - exp(=7" lsna — tlly) D exp(—ellsn-1 —t],)

81 Sn—2 Sn—1
<D D) CMKexp(—" s = sully) - exp(=7" [lsn-a = t]l,)

S1 Sn—2

< C"K"exp(—" |ls — tl,)

< C"K™exp(—'[|s — t],),

where K = supZeXp(—e |s —t|l,). If CK < 1, then we have

seT teT

1
< 1-CK GXP(_V/ HS - t||2),

Zr"(s,t)

for all n, and since convergence in the {? operator norm implies pointwise convergence,
we get A™! € E,. Otherwise, if CK > 1, then we can consider 2(+KR and use the fact

that any scalar multiple of a matrix has the same type of decay. [

3.5. @), is Closed under Matrix Inversion

In this section we will prove the analog of Theorem 3.4.1 for the case of polynomial
decay, i.e., we will show that the class (), is closed under matrix inversion. Before giving
the main theorem, we will prove several lemmas. The following notations will be used

in this section:
|A|| is the norm of A as an operator on [°.

140l = sup la(s, )] (1 + |5 — £]l,)"
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Al = masx {sup, [53, las, P17 sup, [, la(s, 0]/}

Proposition 3.5.1 Let p > 1. Then there exists a constant C,, such that
1Bl < CplIBll4

for all B indezed by Z% x Z* with || B||, < oc.

Proof. We have

|b(8,t)| < ||13”d -,
Is = ¢l

hence
1/p 1 1/p
(Z |b(8,t)|p> < IBll, (Z —pd>
sezi s s — ¢l
1 1/p
= 1B, (Z )
s sl
= || B4 Cp,
and a similar analysis can be performed on the columns, so the claim follows. [l

Proposition 3.5.2 Let § > d and ¢ < 3. Then there exists a constant C' depending
on [ and € such that

3 1 1 - C
(T4 lls —ullp)? (14 flu =)o = (L4 lls = tll,)°

ueZd

Proof. We shall separate the sum into two parts, according to whether ||s —ul|, >



26

it = slly or [lu—t|l, > 3 ||t — s||,. Let us examine the first term

1 1
2 (L4 {ls = ully)? (14 [lu—2][,)

lls—ully >3 llt=sll,

< Z 1 1 1
N (L4 lIs = ully) 7= (L fls = ully)e (T4 flu =ty

ls—ully>51[t=sll,

< Z 1 1 1
N (L+[ls = ull)P= (14 5 [t = slly)e (T4 flu = #ly)°

ls—ully> L [lt=sll,

< 1 Z 1 1
T+l =slly)e S (U s = ully) P (14 flu—tly)

ucZ4

2+ [t = slly)e == (L4 [ls —ull,)? \1+ [lu—t,

ueZd

C 1
<
— (= sy ,l;Zd (14 [lull)?
Cl
(L4 = slly)e

1+ [|s — ull,

L+ [[u—t,
||ull, goes to infinity, so it is bounded as a function of w.

where we have used the fact that the function ( ) approaches to 1 as

In a similar manner, it can be seen that for the second term we have

Z 1 1 < c”
(L4 lls = ully)? (L4 [lu = tllp) ™ (14 (It = sll)

lu—tlly>3 llt—sll,

hence the claim follows. O

Lemma 3.5.3 Let B be a matriz indexed by Z* x 7%, with | B||, < oo and | B|| < oc.

Then for every p € (1,2] we have

2/p—1 —
1Bl < Clp) I|BIE" " |BII>".

Proof. In the proof of this lemma, we shall use the supremum norm || - ||, on the

index set Z¢ and use the fact, which we have shown in the proof of Lemma 3.1.3, that
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the number of points in a ball of radius r is O(r?) and in a sphere of radius r is O(r®!)

with respect to this norm.

For any finite set {ay }xes of complex numbers, it follows from Holder’s inequality

that:

Dol =) 1-jayl”

kesS kesS

(2-p)/2 p/2
Z 12/(2—17)] [Z ’ak|p(2/p)]

kesS kesS

p/2
Z ’ak"zl )

kes

<

— N(2-p)/2

where N is the number of points in S. After taking the pth roots, we obtain

1/2

1/p N
[Z|ak|p] < NP [Z |ak|2] : (3.5)

kesS

Also for N a positive integer and s running over Z%\B(0, N), it can be shown

using the standard integral estimate for p-series that

1 1
Z HSdeSZ Z Lpd
[Islloo>N 17112 k>N ||s|| =k
de—l
SZ kpd
k>N
O/
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Now we have

1/p r 7 1/p r 1/p
(z|b<s,t>|p) | S peor| +| T peop
s€L? | ls—tll . <N | | ls—t]o>N

r q1/p r ) 1/p
B
| 5 weer] o[ o]
LIs—tll <N | | l[s—tll >N

where, in the last term we have used

1By > (1 + lls = tll,)"[b(s, 0)]
> (Ils = tll,)"Ib(s, 1)

> N b(s, t)]

whenever ||s — t|l, > N. Then, using the estimates (3.5) and (3.6) on the first and the

second terms respectively, we get
1Bl < Ci(p) NP2 || Bl + Co(p) NP~V || B,

B 2
Taking an N such that N < (%) < (N + 1)% we obtain
12

2/p—1 2-2
1Bl < CO)IBIF 1B
Now observe that ||B||,2 is the supremum of the norms of the images of the canonical

basis elements of [* under B or B*. Therefore we can infer that ||Bl|, < ||B]| and

therefore

I1Bll,, < Co)|BIY" 1B 7. O

Lemma 3.5.4 Let B € Qu(Z%) with d < o < 2d. Let § be such that 0 < § < a — d,
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and let Bs be the matrix defined by
bs(s,t) = [|s — tll5™ b(s, 1).

Then there exists a p € (1,2), such that for all matrices M and N with ||M]|,, < oo

and ||N||,, < oo the inequality
[MBsN(s, )| < CBsllo [MI]p [Nl

is satisfied, where C' depends on «, d and 0.

Proof. First we will show that there exists a p € (1,2) such that the matrix Bs is a
bounded operator from 1P to I*. Here p’ denotes the number satisfying 1/p + 1 /P =1.
We have

1Bl
aca=s = IBlla h(s = 1),

|bs(s,1)] <
”3 - t||2

and the sequence

1

h(t) = ———F—
[

belongs to [? whenever g > . We will use Young’s inequality, which says that

a—d—90
if
1 1 1
L (3.7)
p q r

then ||zg * vl < |2kl lurlle - Let p, g, r satisty (3.7), with

(3.8)
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Since we have

|Bse(s)] < ) Ibs(s, t)a(t)|

tezd
1Bl
<D T —aasiz)l
i lls =t
= ||Bll, [h*x(s)]
it follows that
| Bsx|l;» < Bl 2l 2]l = C B, |2l (3.9)

1 1

where C' = ||hl|,,. We want to chose r such that —+ — =1, i.e, r = p’. Putting this in
p T

(3.7), we obtain the following relation between p and g:

(Y

Note that ¢ is a strictly decreasing function of p, and we have

d b 2d
= ————  when =—\
1= a"d=5 P= s a1y
So it i ired that p < 2 i der t t > Note that
o it is require a ——— in order to guarantee ——— . Note tha
q PS50+ 8 17 a—d+o
since d < o« — v < 2d, we have
2d
1< ——MmMm— <2
3d—a+06
2d

so we can choose p to be any number satisfying 1 < p < ———.
3d—a+06
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In the following, we use the inner product < x | y >, which is given by:

<aly>= 3 alt)yl),

and M* denotes the Hermitian of M given by

m*(s,t) = mf(t,s)".

Now, let (e,) denote the sth canonical basis element of (*(T"). We have
MBsN (s,t) =< M~ es | BsNey > .
Note that Ne; is the column ¢ of N, and since | N||,, < oo we have Ne;, € [? with
INelly < [Nl
hence BsNe, € IP" and
[1BsNewllw < C Bl [N,

by (3.9). Similarly, we have || M*e,l|,, < ||M]|,»,, and we can apply Hélder’s inequality

to conclude that

|MBsN(s,t)] =| < M*es | BsNe; > |
< ClIMIJw 1Bl 1N

as desired. O

Lemma 3.5.5 Let B € Q,(Z%), and let R > ||B||. Then there exists a constant Cg
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such that

18", < Cr R

for all positive integers n.

Proof. The coefficient (s,t) of B", which we denote by 0"(s,t), can be expanded as

(s, t) = -+ Y b(s, un)b(ug,up) - blun_, ). (3.10)

ul Un—1

Using Jensen’s inequality, and the fact that x +— ||3:||g is a convex function, it follows

that
lox -+ anlly < 5 [larlly + -+ flanlly] (3.11)

Now, using (3.10) and (3.11) we get

s = tl13 ba(s, t) < n?™!

Z T Z It — Ul”; b(s, u1)b(uy, up) - - - b(up_1,t)

Un—1

+ndt Z o Z b(s, ur) [lus — ually bur, uz) -+ b(tn-1,1t)

ul Un—1

S S b )b, ug) - [t — HI2 B, 1)

ul Un—1

n—1
= ndil Z ‘B’L BO Bniiil(s, t)| s
=0

where B is denotes the identity matrix, and By is, in accordance with the notation of

Lemma 3.5.4, defined to be the matrix whose entry (s,t) is given by

bo(s.1) = [ls — tll, (s, 1):
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Here we can apply Lemma 3.5.4 to obtain

n—1

1B"l, < =ty 1B, 18]

=0

n—i—1
1B

«@ ‘

for some p in (1,2), and C' is a constant depending on o and d. Then we apply Lemma

3.5.3 to the above inequality to get

n—1
”Ban < C’nd_l HBHa Z (”Bsz HBn—i—l}ld)Q/P*1 ||B||(n71)(2 —2/p) . (3‘12)

1=0

By Corollary 3.3.3, we have
1B"l, < Rg, (3.13)
for some Ry. Using this estimate, we get

HBan < C’I’LdR(()n_l)(2/p_1) HBH(N—U(Q—Q/I?)

n—1
— o R(()Q/p—l) ||B||(2—2/p)

= Cn® [f(Ro)]"™",
where the function f is defined by
Fla) = 2 | B2

Note that we have absorbed ||B]|, in (3.12) into the constant C', so from now on C

depends on B as well as on « and d. If we take Ry > f(Ry), then

Cn* [f(Ro)]n_l
Rt
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becomes a bounded sequence of n, so there exists a ('} such that
1B"[l, < CiRY,

for all n. Now by putting this back in (3.12) and continuing in the same way, we get that
for any Ry > f(R,), there exists Cy such that ||B"||, < CoR5, for all n. Repeating the
argument k times, we obtain that for any sequence { Ry, }xen that satisfies Ri11 > f(Ry)
and whose initial element satisfies (3.13), there exists a sequence of constants {Cj }ren

such that for any k
1B"[l4 < CrRE, (3.14)
for all n.

We can assume Ry > || B||, because if Ry < ||B]| the lemma directly follows from
(3.13) with Cr = 1. Let K > Ry and consider f(z) over the interval I = [||B]|, K.
Since we have 1 < p < 2, f(z) is of the form z¢||B||'™®, with 0 < a < 1. Using these
facts, is easy to verify that f is a contraction over I with the unique fixed point || B||,

and that f(z) <z on (||B]|, K]. Now let

It can be seen that g(z) is also a contraction over [||B]|, K] with the same fixed
point ||B]|. Also, g(z) > f(z) on (||B]|, K]. Hence, starting with Ry, if we define
Ri+1 = g(Ry), then by the Banach fixed point theorem we have

lim = [ B (3.15)
and for each k, there exists a Cj such that (3.14) is satisfied since Ry11 > f(Ry). By

(3.15), there exists a ko such that ||B]|| < Ry, < R and the lemma follows by choosing
Cr=0Cf. O
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Lemma 3.5.6 Let B € Q.(Z%) for some a > d and let R > ||B||. Then there exists a

0 > 0 and a constant Cr such that
|1B" (|45 < CrR"

for all n.

Proof. First note the that if o/ > «a then Qu C Q.. So if B € Q,(Z%) for some
a > 2d, then B € Q,(Z%) for all a satisfying d < o < 2d. Therefore we can assume

without loss of generality that d < a < 2d.

Let us pick a 6 > 0 such that d + § < a. Using Jensen’s inequality with the fact

that © — ||:17||;l+(S is a convex function, we get

s = 61 <851 [ls w24+ o = w40 -+ oty — 1]

< 02 [l = w4 g = ¥+ — 1%

Then expand the term (s,t) of B™ as

' (s,t) = -+ Y b(s,u)b(ur,ua) - - b(un_1, 1),

Un—1

so it follows that

s = ¢l 0" (s, )| < 0D o>t = wnl5 ™ [b(s, wa)|[b(un, uz) - -~ bun-1, )|

Un—1

1
02y (s, un)| fus = wally™ [b(ur, uz) - - (w1, 1)]

Un—1

Y 3 b b )bt )

ul Un—1

d
Nun—1 — t“erv |b(un—1,t)|
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n—1

=n*) " |B'B;B (s, 1), (3.16)
=0

where B appearing in the last line is the identity matrix, and Bj is the matrix whose

entry (s,t) is defined to be
bo(s,1) = lls = #lI5™ [b(s. 1),

as in Lemma 3.5.4. Then by the Lemma 3.5.4 applied to (3.16), there exists p € (1,2)

and a constant C such that

n—1
d+6 |1n 7 n—i—1
ls = ¢l57 16" (s, )] < Cn** > 1B, 1B, 1Bl

=0
= Cn**H||B|l, | BIl

< OB, IBIT

for all n; where the last inequality follows from Proposition 3.5.1. Then we pick a R’

such that || B|| < R’ < R, and it follows from Lemma 3.5.5 that

ls = tll5 ™" [b" (s, )] < Cr** || Bl (R

<C'|Bl, k",

which means that ||Bl|,, s < C"||B||, R" as desired, hence the claim follows with Cr =
C'l|Bll- U

Lemma 3.5.7 Let A € Qu(Z%) be an invertible, positive definite operator on I*(Z<)
with |A|| = 1. Then there exists a § > 0 such that A™' € Q45.

Proof. Let B = I — A. Just as in the proof of Theorem 3.4.1, we have ||B|| < 1.
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Hence we have A~' = "> ' B". We need to show that

< 0.
d+4d

||A||d+5 =

> w
n=0

But this claim is implied by Lemma 3.5.6 as follows: since we have ||B]| < 1, we can

choose an R such that ||B|| < R < 1, and we have

DR

< B"
s S B s
< CrR"

<Cg

<
1-r >

as desired. O

After these preparations, we can now prove the main theorem of this section:

Theorem 3.5.8 Let T C R? be a separated set, and o > d. Let A € Q4(T) be an
invertible operator on 1*(T). Then A~ is also in Qu(T).

Proof. We will assume that A is a positive definite matrix with [|A|| = 1 and that
T = Z%. Tt can be seen that the first assumption does not cause a loss of generality
as in the proof of Theorem 3.4.1. Also, it can be shown that if the theorem holds for
T = Z% then it also holds when T is any separated subset of R¢, using Proposition

3.1.2.

By Lemma 3.5.7 we have A~ € Q4,5 for some d > 0. It follows that

_ Cy
a7 (s,1)| < s = ¢drs’ and s —t[la(s, 1) <

&

|s — t]e—1’
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for some constants C'; and (5. Next consider the expression

= Z Z a (s, u)(u —v)a(u,v)a (v, t).

u€Z veZd

We have

1 1
lg St’<022|8 u|d+6‘u [T [u — ¢[d+o

u€Z vezZd

1
<C'—
T 14 |s—t|ot

by applying Proposition 3.5.2 twice.

Now we show that g(s,t) = —(s —t)a"!(s,t), which will imply the desired result:

— Z Z a (s, u)(u —v)a(u,v)a " (v,t)

u€Zd vezs

= Z a (s, u)u Z a(u,v)a (v, t) — Z va (v, 1) Z a (s, u)a(u,v)
ueZd veZd veZd uezd

= Z (s,u)ud(u,t) — Z va (v, t)d(s,v)
AL vEZL

—(s —t)a (s, 1)

Therefore we have

g(s,t) C’

—1
t
o sl = S T — e

which finishes the proof of our theorem.  [J
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4. LOCALIZATION OF FRAMES

In this chapter, we will study the concept of localization of frames, introduced

by Grochenig in [7].

Given a Hilbert space H, we will define an associated family of Banach spaces
HPE. following [7], and we will see that under the localization condition, a frame for H

preserves its frame properties on this family Banach spaces.

The symbols N and X will always denote two separated subsets of R? in this
chapter. A will be used to index a Riesz basis, and X will be used to index a frame
in a Hilbert space H. The letter d will always be reserved to denote the dimension of
the carrier space R? containing the index sets we use. Unlike the previous chapter, we
will donote the Euclidean norm on R? with | - |, instead of || - ||,,, since there will be no

confusion with the supremum norm.
In this and the following chapter, our development will follow two parallel lines:
sub-exponential and polynomial. Almost every definition and theorem will have one

version of polynomial decay and one version of sub-exponential decay.

Let us begin with giving a definition of a localized frame:

Definition 4.0.9 We say that the frame € = {e, : x € X'} is polynomially localized
with respect to the Riesz basis G = {g,} with decay s > 0 (or simply s-localized ), if

[ (€x,9n) | < C(L+ |z —n[)™ and | (ez, gn) | < C(1 + |z —n[)™ (4.1)

forallz € X andn € N.
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In the same manner, £ is called exponentially localized, if for some a > 0

| (ex, gn) | < Ce ="l gnd | (e, Gn) | < Ce ozl (4.2)

Note that the localization of a frame depends on a particular Riesz basis given.

It might seem peculiar that this definition of localization of a frame also depends
on the structure of the index sets N and X. However, if H is a Hilbert space of
functions on R? and if the elements of the Riesz basis G = {g,,: n € N'} are functions
whose essential supports are centered around the point that they are indexed with,
we can see that this localization of frames implies that the essential content of e, is

concentrated around z:

€x = Z <6m7§n> 9n = Z <€zagn> In-

neN neN

Observe that as the n gets far away from x the coefficients get smaller.
4.1. Preliminaries

In this and the following chapter, we will assume the weight functions to be

continuous, and to be of one of the following types: sub-exponential and s-moderate.

Definition 4.1.1 (i) Let s be a positive real number. A nonnegative, continuous func-
tion m : R? — R is called an s-moderate weight function, if there exists a constant

C > 0 such that
ml@ +1) < C(1+ [t)m(z)

forall x,t € R.
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(i) A nonnegative, continuous function m : R? — R is called a sub-exponential

weight function if there exists positive constants C,~ and 5 € [0,1) such that
m(t +x) < Cem(z)

for all z,t € R.

The following theorem will be used later in this chapter:

Theorem 4.1.2 [7, Lemma 2] Let N and X be two separated subsets of RZ.

(i) Let A be a matriz whose entry (x,n) is given by a(z,n) = (1+ |z —n|)~*~9=¢ for
some € > 0. Then A is a bounded operator from I, (N) to I2,(X) for all p € [1, 0]
and for all s-moderate weights m.

(ii) Let A be a matriz whose entry (x,n) is given by a(x,n) = e~ =  Then A
is a bounded operator from I2,(N') to I8 (X) for all p € [1,00] and for all sub-

exponential weights m.

Proof. For both parts (i) and (ii), we will prove the theorem for p = 1 and for p = co.
Then the general case will follow from the Riesz-Thorin interpolation theorem, which

we state in the appendix, as Theorem A.3.1.

(i) Boundedness on I} :

HAC“z;n(X) = Z Z a(z, n)en| m(z)
2EX |neN
<> (A |z =) e m(z)
zEX neEN

= lealm(n) Y (1 + |z — )™ [(1 + & — nf) " m(z)m(n) "]

neN TEX
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< <sup Z(l + |z — n|)_d_€> ( sup (1+ |z — n|)_5m(x)m(n)_1)

neN gy rEX nEN

x> lealm(n) (4.3)

neN

= C||C||l}n(j\/’)‘

The first supremum occurring in (4.3) is finite by Proposition 3.1.4. The second supre-

mum is also finite because m is an s-moderate weight, therefore

m(z) =m(x —n+n) <C'(1+ |z —n|)*m(n).

Boundedness on [5°:

JACl ey = 50 | 3, m)en| ()
TEX neN
<sup S (14 Jo — ) ey m()
‘TGXnEN
= sup Z(l + |z —n))"(1 + |z — n|) " |en|m(x)m(n)m(n)
zeXneN—
< < sup (14 |z — n|)_sm(x)m(n)_1) sup Z(l + |z —n])~¢
zeX neN TEX neN
« (supleaf(r))
neN
< Cllellige oy -

(ii) Boundedness on [} :

m(z)

| Aclly, 2y = D

TeEX

Z a(x,n)cy,

neN

<N el e, m(x)

2EX neN

= Z len|m(n) Z e“”'””j_"'/26_0‘”_”'/Qm(z)m(n)_1

neN zeX
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= (SUPZG‘”‘"'“>( sup G_M_"Vzm(l")m(n)_l)

neN eX rEX nEN

<3 lealm(n)

neN

=C HC”l}n(/\/’) :
The second supremum is finite, because m is a sub-exponential weight, and

m(z —n+n) < C’e”‘x_”wm(n)

S Clea|x—n\/2m(n)'

Boundedness on [5°:

Z a(x,n)cy,

neN

m(z)

[ Acllo0 2y = sup
TeX

<sup 3 el e, o)

:EEXnEN

e—oc|x—n|/26—oz|a:—n|/2

<sup Y [enlm(z)m(n)m(n) "

TEX neN
< (sup |cn\m(n)) <sup Z e—alx—n|/2€—a|x—n|/2m(x)m(n)—l)
N

ne xGXnEN

zeX neN reX
ne

< lelleo ( sup €°‘|x"|/2m(:c)m(n)1> (sup Z eaxn|/2)
N

= Clleligny - O

4.2. Banach Spaces Associated to a Hilbert Space

In this section we will define an abstract class of Banach spaces associated to a

Riesz basis of a Hilbert space, following [7].

Definition 4.2.1 Let H be a Hilbert space. Let G = {g, : n € N'} be a Riesz basis of
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H with dual basis {g, : n € N'}. Let m be a weight function of R? of polynomial or
sub-exponential type, and let p € [1,00). Let Hy C H be the subspace defined as

Hy = {Z Cngn : (cn) € P(N) ﬂlfn(/\/)} :
neN

We endow f € Ho with the norm || f|l; = |[(ca)nenllp , where f =3\ cagn. We

define the Banach space HE, to be the completion of Hy with respect to this norm.

Remark 4.2.2

(i) If »(N) C I2(N), then HP, is a dense subspace of H. The denseness results
from the fact that [P, contains all sequences with only finite number of nonzero
terms, which are dense in [*. In general, however, the Banach space HP, is not
necessarily a subset of H, indeed it might not even be a function space even if H
1s a function space. On the other hand, in the next chapter, where we will use this
theory, we will have additional conditions so that H?, will always be a function
space.

(ii) Note that the definition of HE, depends on the given Riesz basis G for H.

(iii) It can be seen that G = {g,: n € N} is an unconditional basis for HE, with a

norm equivalence.

4.3. Frames and Frame Operators

Let £ = {e, : © € X} be a frame for H and Sf = > . (f,es) e, be the
corresponding frame operator. We recall that this series converges unconditionally,

and the frame operator S is an invertible operator.

Let G = {gn: n € N'} be a Riesz basis for H. We can expand any frame element

e, with respect to G as

€y = Z (€x, Gn) Gn = Z (€x> n) Gn- (4.4)

neN neN
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We will now try to find a expression for the matrix 7' corresponding to the frame

operator S with respect to the Riesz basis G:

Sf=) (fie)e

TeEX

= Z Z Jo AGns €2) €z

TEX neEN

- Z Z Z In <gna61‘> <€za§m> 9m

z€X meN neN

=2 (Z (Z (g €2) <ex,§m>) fn) 9o

meN \neN \zeX

where we have used the fact that a Riesz basis is an unconditional basis in interchanging

the orders of summations (see Theorem 2.2.2).

Inspecting the above equation, we can see that the matrix 7' whose entry (m,n)

is given by

t(mv n) = Z <gn> em> <ez> gm) = <Sgn7 §m> ) (4'5)

zeX

will be the infinite matrix corresponding to the frame operator with respect to the

Riesz basis G.

If we define I" to be the mapping that maps f € H to its coefficient sequence with

respect to G, i.e.,
LM — PN, (Cf)n = {f:9n) - (4.6)
we get S ="' T T, which we can see with the commutative diagram in Figure 4.1.
This observation extends to the associated Banach spaces H2 , because I' is an

isometric isomorphism between H2, and [? (N'). Therefore, we see that the S on H?,

corresponds to the action of the matrix 7" on the sequence space # (N).
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H o H
I I
PN) — e PW)

Figure 4.1. Isomorphism between H and [?(N)

For the investigation of 7" on ? (N') we will use Theorems 3.4.1 and 3.5.8 .

4.4. Localization of Frames

With the following lemma, we see that if £ is a localized frame, then & C H?,
for all p € [1,00), and for all weight functions of the the type corresponding to the

localization.

Lemma 4.4.1

(i) LetH be a Hilbert space, with the Riesz basis G, and let € be an (s+d+¢€)-localized
frame with respect to G for some € > 0. Then & C HE for all s-moderate weights
m and for all p € [1,00).

(ii) Let H be a Hilbert space, with the Riesz basis G, and let € be an exponentially
localized frame with respect to G. Then £ C HP  for all sub-exponential weights

m and for all p € [1,00).

Proof. We can write e, € £ with respect to G as e; = >\ (€z, Jn) gn- It will suffice
to show that the coefficient sequence is in 2, (N). For part (i), we have | {(e;, gn)| <
C(1 + |z — n])~*79¢ by the localization condition. Since the weight function m is

s-moderate, it satisfies

m(n) =m(x +n—x)

< Cm(x)(1+ |n—z|)°



47

and using the Lemma 3.1.3, we have ({e, §n) m(n))nen € P(N) for all p € [1, 00).

The proof of (ii) is similar to part (i). O

In the rest of the chapter, (f,e,) denotes the linear functional on H?  whose

m?

restriction on ‘H N 'HP, is the usual inner product. It is well-defined, since the space

H NHE is dense in HE,.

With the following theorem, we extend the definition of frame operator from H

to HP, for localized frames:

Theorem 4.4.2 [7] Let p satisfy 1 < p < o0, s > 0, and m be an s-moderate weight.
Assume that € is a (s + d + €)-localized frame for some € > 0 with respect to a Riesz

basis G = {gn: n € N'}.

(1) Then the coefficient operator defined by Cef = ({f, €z))zex i a bounded mapping
from HP, to [P (X).

(ii) The synthesis operator defined on finite sequences by Dec = > _ . cpe, extends

rzeX

to a bounded mapping from ! (X) to HP,.

If € is an exponentially localized frame, then these statements hold for weight functions

that are sub-exponential.

Proof. We will only prove the theorem for (s + d 4 €)-localized frames. The proof for
exponentially localized frames is very similar, except that the second part of Theorem

4.1.2 will be used instead of the first part.

(i) Let f € HOHE,. Then f ="\ [nugn for some (f,)nen, and the localization



48

condition implies that

[ (frea) | = | fo{gn,€a)
neF
<CY ISl @t e —n) =t
neF

So by Theorem 4.1.2 we have

I1Ce fllg, 2y < C" N fn)nen l Bn(N) = C"[| fll 3,
Since H N'HE, is dense in ‘HE, , we can extend Cg to HE,.

(ii) We need to show that the sequence with entries (Dgc), = (3, cx Co€a, Jn)
is in 2 (N) for any finite sequence ¢. With A as in Theorem 4.1.2 and using the

localization condition, we obtain

(Dec)al <Y leall {eas Gn) |

reX

<O e+ |z —nf)="

reX

= C(A%|c|)n.
Now, using Theorem 4.1.2 with N and X interchanged, we get the boundedness of Dg:
[1Decllyg, = 1A elllig, vy < 1A Nop llellm, ) -

With this estimate, we can extend the synthesis operator D¢ to the whole space (7,

since the set of finite sequences is dense in it. [

Now, using the above theorem, we will extend the definition of the frame operator

to the associated Banach spaces H?
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Definition 4.4.3 Let H be a Hilbert space with a Riesz basis G = (gn)nen- Let € be
an (s+d+e€)-localized frame or an exponentially localied frame with respect to G. Then
the frame operator S on HE, s defined to be the composition of the coefficient operator

Ce and the synthesis operator Dg, i.e., S = DgCg, and

S HE, =M, [ Y (fen) e (4.7)

TeEX

Proposition 4.4.4 The series in (4.7) converges unconditionally.

Proof. We know that the sequence ({f,e;))zcx is in [?,. Given ¢ > 0, we choose a
finite set Xy such that [|((f,€z))ogallip, (x) < € Let X1 be a set containing Xy. Then

by the boundedness of the operators D¢ and Cg we get

Sf=Y (fre)e

reX]

< Cellop 1CS; €2) €x)ogr | < [|Cellop €
Hin

which implies unconditional convergence.  [J

Remark 4.4.5 Note that the proof of Theorem 4.4.2 shows that the operator norms of
Ce,Dg and S can be bounded uniformly by a constant that depends only on s, but not

on m nor p.

Now we investigate how the localization of a frame affects the system matrix defined

in (4.5).

Theorem 4.4.6 [7] (i) Assume that € = {e, : x € X} is polynomially localized with

respect to the Riesz basis {gn} with decay s > d. Then

[t(m,n)| < C(1+|m—n|)~° form,neN. (4.8)
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(ii) If € is exponentially localized, then for some o/ > 0

t(m,n)| < Ce™@m=" " for m,n € N. (4.9)

Proof. (i) By inserting the localization estimates in (4.1) into (4.5), we obtain

t(m,n)] < CY (L4 |z —n)) (1 + |z —m[)™

TEX

< C'(1+4|m—nl)®°.
by Proposition 3.5.2.

Part (ii) can be proved in a similar manner, using Theorem 3.3.1 in place of

Proposition 3.5.2. U

4.5. Localization of the Dual Frame

With these concepts, we are now ready to prove the main theorem about the
localization of frames and their dual frames. We recall that d is the dimension of the
“carrier” space R? and that all index sets N and X are separated subsets of R?. For

polynomial decay the conditions depend on d.

Theorem 4.5.1 [7] Assume that {e, : x € X} is a frame with polynomial decay
(s + d + €) with respect to the Riesz basis G = {g,: n € N'}for some € > 0.

(i) Then the frame operator S is simultaneously invertible on all Banach spaces HP,,
where 1 < p < oo and m s any s-moderate weight.

(i) The dual frame {é, = S7'e, : * € X} is polynomially localized with the same
decay (s +d+e€).

(iii) The frame expansion

F=Y (fiea)ea=> (fé)es (4.10)

zeX reX
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converges unconditionally in HP, for 1 < p < 0.

(iv) We have the norm equivalence

1/p 1/p
1/ I3, =< (ZI(f, 6x>lpm(x)”) = (ZM éx>|pm(rv)”> : (4.11)

reX zeX

Proof. (i) Consider the matrix 7" corresponding to the frame operator, defined in (4.5).

By Theorem 4.4.6, T has the following off-diagonal decay:
t(m,n) = O ((1+ |m —n|)~* ") (4.12)
Since the frame operator S is invertible, and T is the matrix representing S with respect

to the Riesz basis G, then T must also be invertible. So by the Theorem 3.5.8, with

a = s+ d+ € > d, we have that the inverse matrix satisfy

[t (m,n)| < C(1+|m—n|)~5 (4.13)
By Theorem 4.1.2, T~! extends to a bounded operator on all sequence spaces 7, (N)
simultaneously for all s-moderate weight functions m and all p € [1,00]. By the
isomorphism depicted in Figure 4.1, S is invertible on H?,.

(ii) By the diagram in Figure 4.1 and (4.13) we have

|t_1(m,n)| = |<S_lgna§m>| <C(+|m-— n|)_5—d—€‘



52

If we expand €, with respect to the frame, we get:

(€xs gn) = <Silex,gn>
= <6x,S_1gn>
= Z <€zagm> <§mas_lgn>

meN

= Z (€x, gm) ™1 (m, n)

meN

We now can use Proposition 3.5.2 to get the first localization estimate:

(B2 900 < C 3 (L fo = ml) ™41+ fm — )7
meN

S C/(l + ’1; o n‘)fsfdfe.
To get the second localization estimate, we repeat the steps:

<é:ﬂ7 §n> = <6$, S_lgn>

= (CarGm) (Gm» S Gn)

meN

= Z <€mu§m> t_l(m7 n)

meN

and the rest is of the proof exactly the same.

(iii) Since the series ) 4 (f, €z) €2 converges unconditionally, the series

Ch (Z (f, ex>ex> = (fres) 57 les

reX TeX

=Y (fre)

TeX

also converges unconditionally.
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(iv) Since f = S71Sf = S7(DgDgf), we have

£ ez, < NS op 1P llop, 1Ce Flli ey < 1187 1Dl I Ce £l

and this is the first norm equivalence, since the middle term is equal to a constant
times (3 e [(f, €2) " m(z)P) ? " The second norm inequality can be obtained simi-

larly, using the fact that S~'f =3 . (f,€,)é,. O

We now state the version of Theorem 4.5.1 for exponentially localized frames. In
this case the class of admissible weights can be extended to arbitrary sub-exponential

weights.

Theorem 4.5.2 Assume that € = {e, : x € X} is an exponentially localized frame

with respect to the Riesz basis {gy}.

(i) Then the frame operator S is invertible simultaneously on all Banach spaces HY,
for all sub-exponential weight functions m.

(ii) The dual frame {é, : x € X'} is also exponentially localized.

Furthermore, the frame expansion (4.10) converges unconditionally in H?, for 1 < p <

oo and all sub-exponential weights m, and the norm equivalence (4.11) holds.

Proof. The proof is similar to the proof of Theorem 4.5.1. We apply the part (ii) of
Theorem 4.4.6, and see that Theorem 3.4.1 implies that [t~ (m,n)| < Ce=®™=7l for
some o < a. Tt follows that 7! is bounded on all 12, (N) for all p € [1,00), and all

sub-exponential weights m by Theorem 4.1.2, part (ii). The rest is very similar. [
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5. SAMPLING THEOREMS IN SHIFT-INVARIANT
SPACES

5.1. Stable Generators and Weighted Shift-Invariant Spaces

The weighted shift-invariant spaces are subspaces LP that are spanned by the
integer translates of a single function ¢. See Chapter 2 for the definitions of LP and [P,

spaces. For the weight functions that we will use in this chapter, see Definition 4.1.1.

We will denote the translation operator by T, which is defined on L?(R?) by
Lip(-) =¢(- —n).

Definition 5.1.1 A function ¢ € L*(R?) is called a stable generator if {Txp};cpa is

a Riesz system in L?(R?), i.e., if there exists positive constants A and B such that

2
< fgj{:!CnV

neF

> T

neF

flji:\cnﬁ <

neF

for all finite subsets F of Z°.

Stable generators can also be characterized in the frequency domain with the
following relation, which is usually easier to check. For the proof of it, one may refer

to [15, Proposition 6.4.8] or [16, Lemma 1.8].

Proposition 5.1.2 A function ¢ € L*(R?) is a stable generator with bounds A and B

if and only if its Fourier transfrom ¢ satisfies

A< |pE+RP<B.

kezd



25

In this chapter we will always require ¢ to be a continuous, stable generator

satisfying one of the following conditions:
(i) When we are dealing with s-moderate weight functions, ¢ will satisfy
p(a)] < C(L+ |z)777 (5.1)
for some positive C' and e.
(11) When we are dealing with sub-exponential weight functions, ¢ will satisfy
|o(x)] < Cee! (5.2)
for some positive constants C' and «.

We will need the following lemma, which is a generalization of Young’s convolu-

tion relation to weighted sequence spaces:

Lemma 5.1.3 [5] Assume either that

(i) w(z) = (1+ |z|)® for some s > 0 and m is an s-moderate weight
or

(ii) w(z) = e’ for some 5 € [0,1) and v > 0 and m is a sub-ezponential weight.

Let d € 1}, and c € 7, for some p € [1,00]. Then we have

le x|, < Cllell, [1dll,,

for some constant C'.

Proof. Note that we have m(z + t) < Ciw(z)m(t) for some C; and for all x,t € R
From this it follows that m(k) = m(k — [ +1) < Cym(k — Dw(l) for all k,1 € Z¢. So
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we have

(e d)ilm(k) = > cxoidi| m(k)
<Y feralm(k — 1)ldyfw(l)

= C1(|e|m * |d|w)y.

By the assumptions, we have (|cx|m(k))x € 1P and (|d|w(k)) € I', so using the above

relation and Young’s inequality, we get that
lex dllp, < Cliellg, 1],y

for some C. O

The following theorem shows that the weighted shift invariant spaces can be well

defined.

Theorem 5.1.4 [5] Let ¢ be continuous function in L*(R?). Assume either that

(i) m is an s-moderate weight function and ¢ satisfies condition (5.1),
or

(i1) m is a sub-exponential weight function, and ¢ satisfies condition (5.2).

Let the sequence ¢ = (cg)geza be in [P (Z2). Then the series

is unconditionally convergent in LP  for all p satisfying 1 < p < oco. Moreover it
s uniformly convergent on compact sets, which implies that the series also converges

pointwise to a continuous function.

Proof. Let w be a as in Lemma 5.1.3, in accordance with types of m and ¢. Let
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¢ = (cp)peza be in [P (Z9).

Let f(z) = D jcpa cro(x — k), where the series converges pointwise because of the

decay conditions on . We will show that it also converges in LP .

Let (dj) be the sequence defined as

dy = sup |p(z)].
z€k+[0,1]¢

1

w?

We can easily see that dy € [, , as a result of the decay condition on ¢. We also see

that

111, = [ f@m(a)p do
- Z /z+[0 1]4 [F@)m(z)]" d

lezd

N Z /l+[0,1}d

lezd

<0y,

lezd

<CY m(ly (Z \ck\dl_k)

lezd kezd

p

dz

S cupla — Kym(x)

kezd

Z ckdl_km(l)

kezd

p

= "l fel = dlf, ,

and the same computation can easily be adapted for the case p = oco. Using Lemma

5.1.3, we see that
11z, < C7 Il Nell, = Caliells,

so we have that for all sequences (cx), for all p € [1, 00| and for all appropriate weight
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functions m,

Z cep(- — k)

kezd

<G ||C||z§’n : (5.3)

L,

From the above relation, we can show unconditional convergence: Let € be given.

Let F be a finite subset of Z¢ such that

1/p

S lelrmk)yr | < e/Ch

kezd)F

Then for all sets M such that F C M C Z? we have

<€,

L

D o —k) = > (- — k)

kezd keM

from which the unconditional convergence in L follows.

Note that for sequence spaces we have [?, C [ and repeating the steps above
for Ly and 59, we get that >, ;4 cro(x — k)m(z) is uniformly convergent, and since
m is continuous, it follows that ), .. cpo(z — k) is uniformly convergent on compact

subsets of R%, therefore the limit is continuous. O
Now we can give the definition of weighted shift invariant spaces:

Definition 5.1.5 Let ¢ and m be as in Theorem 5.1.4. We define the weighted shift

invariant space VP(p) as

VP(p) = {Z kT (cx) € lﬁl(Zd)} )

kezd

When m is the constant function 1, we simply will denote the space by VP(p).
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The set {T}¢},cpq, which consists of the translates of a stable generator ¢, forms

a Riesz basis for the subspace V2(p) of L2(R%). Therefore there exists a unique dual
basis {m}

kez

uniqueness, we can see that T;g/o = T, @, where ¢ is the dual element of Thp = .

; satisfying the biorthogonality relation <m,Tlg0> = 0. But from

Using the inverse closedness properties of matrices having an off-diagonal decay,
which we studied in Chapter 3, we will show that ¢ satisfies the same kind of decay

condition as . Before that, we prove a simple lemma about infinite matrices:

Lemma 5.1.6 Let B be an invertible infinite matriz indexed by Z¢ x Z¢ such that
b(s,t) is a function of s —t, that is, there exwists a function v: Z¢ — C such that

b(s,t) = (s —1t). Then B~! is also a function of s —t.

Proof. We want to show that there exists a function 3 such that b=!(s,t) = B(s — t).
Let ¢ be defined as:

1 if s=t
d(s,t) = (5.4)
0 if s#t

Let us define B(u) = b='(u,0). We claim that b=1(s,t) = B(s — t) for all s,t € Z.

We have
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from which see that §(s — t) is a right inverse, and from uniqueness it must be equal

to b~1(s,t), as claimed. O

Proposition 5.1.7 [7] Let ¢ be a stable generator in L?(RY).

(i) If ¢ satisfies |p(x)] < C(1 + |x|)™" for some r > d and a positive constant C,

then the dual generator ¢ satisfies

B(z)] < C"(A +Jz])™"

for some constant C".
(ii) If ¢ satisfies |o(z)| < Ce=ll for some a > 0 and a constant C, then the dual

generator ¢ satisfies

|¢(x)| < C"em

for some o satisfying 0 < o/ < « and a constant C".

Proof.

(i) Let G be the Gram matrix of the Riesz basis {T}¢},czq4, Whose entry (k,1) is
given by g(k,l) = (Trp, Tip) = (@, T)—rp), which is a function of k — [, and g(k,[) =
g*(1, k). Since the translates of ¢ is a Riesz basis, this matrix is invertible as an operator
on [?(Z%), and by the Lemma 5.1.6 its inverse G~! is also a function of k —I. So we

can write g(k — 1) and g~'(k — [), instead of g(k,l) and g~'(k,1). We now will show
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that GG posesses a polynomial off-diagonal decay:

lg(k = D[ = [{p, Ts-10)]

/Rd ox)p(r —k+1)de

< [ el lela—k+ D] do
< C/d<1 +la) A+ |z +k=1]) " da

_c Z/ (4 [a) (14 |o+ k — 1) da
t+[0,1]4

tezd

1 1
< !
- Z (L+t) A+ t+Ek—=1)

tezd

. 1 1
=) I+ k—t) A+ [t—1)

tezd
1
< C// 7
- A+ k=1

where the last inequality results from Theorem 3.3.2. Then it follows by Theorem 3.5.8
that the inverse of G has the same type of polynomial decay, that is |¢7*(k — )| <
Ci(1+ |k —1])~" for some constant C'.

Now, since ¢ € V%(p), we can expand it as

where b = (by) ez is a sequence in [?(Z%). Using the biorthogonality condition, we see
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that

6(0,1) = (&, Tip)

mezZa
meZzZ4

= Z g (L —m)by,
mezZd

and with a a matrix multiplication with the inverse of G*, we see that the sequence b

satisfies

el = D> (97 (k= 1))"6(0,])

= (g7 (k- 0))"
=g (k)]
<ot
- (R

We know from Theorem 5.1.4 that the series ), 4 b (2 — k) converges pointwise to

@(x), therefore

2(x)| = | brp(z — k)
kezd
<) lbellp(z — k)|
kezd
1 1
S O T T
,;Zd (L+[k])" (L + [z —K])
1
<O ——,
(1 + [=])

where in the last inequality we have used Theorem 3.3.2 again.

(i7) The proof is very similar to part (i). O
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In what follows, we will show that the weighted shift invariant spaces V2(p) are

closed subspaces of L? with equivalent norms with the corresponding sequence spaces.

Theorem 5.1.8 [5] Let ¢ be a continuous stable generator in L*(R?) satisfying one of
the decay conditions (5.1) or (5.2), and let m be a weight function of the corresponding
type, as in Theorem 5.1.4. Then for any p € [1,00) there exists constants m, and M,
such that

Z crp(- — k)

kezd

my [cll, < < My |lel, (5.5)

L

for all sequences (cy)peza. This relation also implies that VE () is a closed subspace of

P

m-

Proof. The right inequality was obtained in (5.3). We will only show the existence of
the constant m,, and the left hand inequality.

To obtain the left hand inequality, we define the operator T" to be the operator

that maps a function f € VE(p) into its coefficient sequence, i.e.,
T:VE(@) = 1B > ap(- — k) = (c)peza.

It is enough to show that 7 is a bounded operator. We can see that if f € V2(p) N

VP (), then by the dual generator ¢ we can define the action of T" as

T: f— ((f,¢(+ = k)))keza-
Let Vo(p) denote the set of finite linear combinations of the translates of ¢. Clearly
Vo CV2(p)NVP(p) and it is dense in V2(p). Therefore, if the restriction of T' on this

set is bounded, then it is bounded on the whole V().

Let w be a weight function defined according to m as in Lemma 5.1.3. First
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we will show that for a fixed z, the sequence {f(z + j):j € Z%} belongs to I (Z*)
for f € Vo(p); and the sequence {@(z — j): j € Z¢} belongs to I(Z*). For the first
claim, one can easily see that the sequence {ga(x +j):j€ Zd} belongs to [P, (Z%) for
any given z, and so does { f(z + j) : j € Z%}, because it is a finite linear combination
of this kind of sequences by the assumption that f € Vy(¢). The second claim is also
not difficult to show, because ¢ shares the same decay condition as ¢ by Proposition
5.1.7, so one can get it by plugging in the conditions (5.1) or (5.2) using the definition

of w given in Lemma 5.1.3.

Now we will show the boundedness of T on V(). Let f € Vo(p) and (cx) = T'f.
Let (di)reze be the sequence defined as dy, = sup,¢p 1)« |#(x —k)|. Again by Proposition

5.1.7 we have that (di)peza is in [2. Now we have

S (emy = Y| [z =R (k)
-3 |X [ HEE B m)
kezd | jezd Y IO 1)
/ ZZ flx+)glx+j—km (k)pd:r;

[

0,1] keZd je74

/[01 <Z'f“k ”p) <Z|¢<w—k>w<k>|p> da

kezd kezd

< Cldl, 1117, -

where we have used Lemma 5.1.3. This estimate brings the boundedness of 7" on V; (¢,

hence on V(o).

Now we have obtained (5.5), which means that V2 () is homeomorphic to [2, with
an equivalent metric. Since we know that 2, is complete, V2(y) must also complete,

and therefore closed. O
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5.2. Sampling in the Hilbert Space V?(y)

Let ¢ be a continuous, stable generator satisfying either (5.1) or (5.2). Then for

every [ € V?(ip), there exists a sequence ¢ = (¢;,) in 1?(Z%) such that

[ = Z ekl

kezd

where the convergence is in L?, and it is unconditional and uniform by Theorem 5.1.4.

Now let X be a set of sampling for V?(p), that is, let X be a countable set
satisfying

AlIFIF < Y 1f@)P < BIIfI® (5.6)

reX

for some positive constants A and B independent of f € V?(y). This also brings that
the point evaluations f + f(x) are bounded linear functionals on V?(p), as a result
of the second inequality. So the Riesz representation theorem asserts the existence of
unique kernel functions K, € V?(p) for each € X such that f(x) = (f, K,). These

kernel functions can be given explicitly with the formula

Ko=) ole— k)T,

kezd

where the series converges in L%, because the coefficient sequence {¢(x — k)},cz¢ belong
to (2(Z%) as a result of the decay conditions imposed on ¢. Let us now verify the above
formula for K,: Let f be a function in V?(). Then there exists a sequence c € [?(Z<)

such that f =3, ;4 cTip. By the Theorem 5.1.4 we have pointwise convergence, so
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we have f(x) =, 51 crp(x — k). On the other hand we have

kezd lezd

— Z Z crp(x — 1) (Tho, T1p)

kezd lezd

- S agle— b

kezd

= f(x)
as a result of the biorthogonality relation.

Replacing (f, K,) with f(z) in (5.6), we get

ANIFIF < DI P < B,

reX

which means that {K,}, ., is a frame for V?(p). We will refer to this frame as the
reproducing kernel frame. Now we will see that this frame is also a localized frame

with respect to the Riesz basis {T,¢},cza-

Proposition 5.2.1
(i) Let ¢ be a continuous, stable generator which satisfies the decay condition (5.1).
Let X be a set of sampling for V?(¢). Then the reproducing kernel frame { Ky},
is (s + d + €)-localized with respect to the Riesz basis {Tip}reza.
(il) Let ¢ be a continuous, stable generator which satisfies the decay condition (5.2).
Let X be a set of sampling for V?(¢). Then the reproducing kernel frame { Ky},

is exponentially localized with respect to the Riesz basis {Typ}yeza.

Proof.

(i) We have Typ € V?(ip) for all k, so we can use the pointwise evaluation property
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of the reproducing kernel frame:

| (K, Tep) | = lp(z — k)| < C(1+ |z — k|)75*d*5, and

(K., Tup) | = |@(x — k)| < C'(1 + |z — k)=,

as a result of the decay condition (5.1) on ¢ and also on ¢ by Proposition 5.1.7.
(11) Similar to part (i). O

5.3. Extending the Setting to Banach Spaces

Theorem 5.3.1 [7] Assume that ¢ is a stable, continuous generator, and satisfies
condition (5.1) for s-moderate weights, or (5.2) for sub-exponential weights. If X is a
set of sampling for V*(p) with the reproducing kernel frame K, then

(i) For any f € VP(p), 1 < p < 0o, we have

1/p
Allfllge, < (Zlf(zﬂpm(m)p) < B fl, -

reX

(ii) Each K, satisfies the localization estimate (for polynomial localization,)
K1) < C(L+ [t —x))™*7% forallze X, teR?,
with a constant C independent of x; or the following (for exponential localization)
|, (t)] < Ceelt=2l,

(iii) The reconstruction series
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converges unconditionally in V2 (p) for all p satisfying 1 < p < oo.

Proof. The proof depends on the theory that we studied in Chapter 4. We take
H = V?(p). Then the spaces HP, coincide with VP(¢), as a result of Theorem 5.1.8.
We have already proved that the reproducing kernel is a localized frame for V2(). So
the parts (i) and (iii) follow directly from Theorem 4.5.1 or Theorem 4.5.2.

To prove part (ii), we use the fuction evaluation property of the reproducing

kernels K,:

[Ka()] = (Ko, K0

Z <f~(x,Tk90> (T, Ky)

kezd

We have (Tyo, K;) < C(1+ |k — t|)~*"¢¢ since the reproducing kernel frame is local-
ized. Also by Theorem 4.5.1, we have that the dual frame K, have the same type of
localization as K,. It follows that <IN(x,Tkgo> < C'(1+ |z — k|)=*~%=¢. Therefore, by

Theorem 3.3.2, we have

|K.(t)] < C Z(l + o — k) + [k — )

kezd

<1+ |z —t]) =
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APPENDIX A: SOME BACKGROUND IN ANALYSIS

A.1. The Fourier Transform

This section is intended to fix the notation of the Fourier transform.

Definition A.1.1 The Fourier transform of a function f € L*(RY) is defined to be
f© = [ fla)e*r*eda.
Rd

It can be shown that the restriction of the transform f — f on L2(R%) N L*(RY) is a
bounded linear map, therefore it has a unique extension to L?(R®), which is by definition

the Fourier transform on L*(RY) [17, 18].

A.2. Schur’s Condition for a Matrix to be a Bounded Operator on [?

Theorem A.2.1 (Schur’s Lemma) Let B be a matriz defined on T X T for some

countable set T'. If there exists a positive number C' such that

Z |b(s,t)] < C foralls and Z |b(s,t)] < C for allt,

teT seT

then B is a bounded operator on [*(T) with its operator norm ||B|| less than or equal

to C.

Proof. Let x be a sequence in [*(T). Then using the conditions on B and the Cauchy-
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Schwartz inequality, we obtain

2

1Bally =) > bls, t)x(t)

<3 Z VIbGs, ) (¢|b<s,t>||x<t>|)r
<X _@w(s,m) (;w(s,wnx(wﬁ)]
< CZZ (s, 1)l (t)

<O Ie(of 3 bl 1)

<c? ; [#(®)[*.

Therefore we have ||Bx||, < C'||z|, for all « € [*(T), hence ||B|| < C.

A more general version can be found in [19, p. 30, problem 10].

A.3. Riesz-Thorin Interpolation Theorem

Theorem A.3.1 [15, Thm 3.2.6] Let (M,pu) , (N,v) be two measure spaces, and
(Po,q0), (o, qo) be two pairs of indices, where 1 < po,p1,qo,q1 < o0 with py # p1,
Go # q1- Let the operators Ag: LP°(M) — L%(N) and Ay: LP*(M) — L% (N) so that
Ao = Ay on the common domain LP°(M) N LP*(M). Let k; = [|Ail,,, .. be the respective
operator norms for i = 1,2. Let the pair (p;, q;) be defined by

1 t  1—t 1 t  1—t
—=—+4 and — = —+ .

Dt b1 Po gt q1 qo

Then there exists a linear operator Ay: LP*(M) — L%(N) that coincides with A; on
LPo(M) N LPY (M) and whose operator norm satisfies

1A, q < koK.

pt,qt
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A.4. Generalized Young’s Convolution Inequality

Theorem A.4.1 [15, Thm 3.2.0.1] Let p,q,r be real numbers with 1 < p < oo,
1<p<oo,1/p+1/qg>1 and
1 1 1
1+=-=>+-.
r p g
Let f € LP(RY, ) and g € LY(R?, ) for some measure p defined on RY. Then the
convolution f* g(x) = [pa f(y)g9(x —y) du(y) is defined p-almost everywhere, and it

satisfies

1 gl < 1Al o gl
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