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ABSTRACT

HEAT KERNEL METHODS IN MANY BODY PROBLEMS

The main goal of this thesis is to construct a non-perturbative renormalization
for several models in quantum mechanics and field theory by means of the heat kernel
in two or three dimensional Riemannian manifolds and study their spectral properties
with several approximation and heat kernel techniques. All models investigated here
are formulated in terms of a finite well defined operator, including all the information
about the interaction, and it is called the principal operator. As a first model, a parti-
cle interacting with finitely many Dirac delta potentials in two and three dimensional
manifolds is considered and the problem is renormalized with two different methods.
The relation between the self-adjoint extensions and the renormalization approach to
the same problem is emphasized via a kind of Krein’s formula that we obtain. We
then give a comparison theorem between the bound state energy of N and N + 1 point
interactions. The estimate of the bound state energies in the tunnelling regime is cal-
culated by applying the perturbation theory. Moreover, the pointwise upper bounds
on the wave function corresponding to the bound states are obtained and the existence
of the Hamiltonian operator from the resolvent is established. Using Gersgorin the-
orem, the ground state energy is proven to be bounded from below for compact and
Cartan-Hadamard manifolds. In addition to these, non-degeneracy and uniqueness of
the ground state is found as a simple consequence of the Perron-Frobenius theorem.
The renormalization group equations are also derived and the [ function is exactly
calculated. In the second model, the renormalization of the non-relativistic Lee model
in two and three dimensional manifolds is constructed and its ground state energy is
proven to be bounded from below for compact and Cartan-Hadamard manifolds. Then,
a kind of mean field approximation is applied to the model in two and three dimensions
separately. Finally, the construction of the renormalization of the non-relativistic limit

of A¢* model in two dimensional manifolds is given.



OZET

COK PARCACIKLI PROBLEMLERDE ISI CEKIRDEGI
YONTEMLERI

Bu tezin ana amaci iki ve li¢ boyutlu Riemann katmanl uzaylarinda 1s1 ¢ekirdegi
araciligiyla kuantum mekanigi ve alan teorisindeki ¢esitli modellerin pertiirbasyon dist
bir renormalizasyonunu kurmak, ve baz1 yaklagiklik ve 1s1 cekirdegi teknikleri kulla-
narak ele aliman modellerin spektral ozelliklerini ¢aligmaktir. Burada incelenen tiim
modeller, etkilesim hakkindaki biitiin bilgiyi igeren sonlu ve iyi tanimlhi bir opera-
tor cinsinden formiile edilmistir ve bu operator esas operator olarak adlandirihr. Ik
model olarak iki ve ii¢ boyutlu katmanlh uzaylarda sonlu sayida Dirac delta poten-
siyeliyle etkilegen bir parcacik ele alinmigtir ve problem iki farkli yontemle renormalize
edilmigtir. Kendi-eglenik genigleme yaklagimi ile renormalizasyon yontemi arasindaki
iliski buldugumuz bir gesit Krein formiilii vasitasiyla vurgulanmistir. Daha sonra, N ve
N+1 tane Dirac delta potensiyeli iceren sistemlerin baglanma enerjisini karsilagtiran bir
teorem verilmigtir. Tiinelleme rejimindeki baglanma enerjisi pertiirbasyon teorisi kul-
lanarak hesaplanmigtir. Ayrica, bagh hallere kargilik gelen dalga fonksiyonlarmin tist
limitleri elde edilmis ve ¢ozen yardimiyla Hamilton operatoriintin varligi gosterilmigtir.
Gersgorin teoremi kullanilarak, taban durum enerjisinin tikiz ve Cartan-Hadamard kat-
manl uzaylar i¢in asagidan sinirli oldugu ispat edilmistir. Bunlara ek olarak, Perron-
Frobenius teoreminin basit bir sonucu olarak taban halin yozlagmasinin olmadigi ve tek
oldugu gosterilmistir. Renormalizasyon grup denklemleri ayrica tiiretilmis ve 3 fonksiy-
onu tam olarak hesaplanmistir. Ikinci modelde, iki ve {i¢ boyutlu katmanh uzaylarda
goreceli olmayan Lee modelinin renormalizasyonu olusturulmus ve taban durum ener-
jisinin tikiz ve Cartan-Hadamard katmanl uzaylari i¢in asagidan siirlh oldugu ispat
edilmigtir. Daha sonra, bir cesit ortalama alan yaklagimi iki ve ii¢ boyutlu durumlarda
ayr1 olarak modelimize uygulanmistir. Son olarak, iki boyutlu katmanl uzaylarda A\¢*

modelinin goreceli olmayan limitinin renormalizasyonu verilmigtir.
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1. INTRODUCTION

There are particularly simple and instructive examples of regularization and
renormalization in standard quantum mechanics. One such example is the two and
three dimensional Dirac delta potentials (which are also called zero range, contact or
point interactions, or Fermi pseudopotentials in the literature). The studies of Dirac
delta interactions in quantum mechanics date back to the work of Kronig and Penney
[1] who introduced the periodic point interactions describing the non-relativistic elec-
trons moving in a one dimensional fixed crystal lattice and it is one of the few periodic
potential Hamiltonians completely solvable in quantum mechanics. The studies of the
point interaction in higher dimensions started with the study of Bethe and Peierls
[2]. Although it was Thomas [3] who pointed out that the problem of point interac-
tions in three dimensions could not be physically acceptable due to the ultra-violet
divergences, Thorn [4] realized that we did not have to abandon these interactions
and physical results could be obtained after the so-called regularization and renor-
malization procedures. The detailed historical development of point interactions has
been given extensively in the monograph [5]. There are large amount of works on
the renormalization of point interactions in the literature from several point of views:
Regularization schemes can be performed either in coordinate space [6, 7, 8, 9] or in
momentum space [4, 10, 11, 12, 13, 14, 15, 16]. The path integral approach of the
two dimensional case has been also investigated in [17]. The two dimensional delta
potentials are additionally interesting since it is an explicit example of the dimensional
transmutation and quantum mechanical symmetry breaking or anomaly. This can be
seen as follows: Consider the two dimensional Dirac delta potential in natural units

(h=2m =1 in which all dimensions can be expressed in terms of lengths),

—V2(x) = A (x)u(x) = Bi(x) (L1)

then, the standard dimensional analysis for estimating the energy of the system do not
work since there is no intrinsic scale for the problem (the coupling constant \ is dimen-

sionless). Without any quantity with the dimension of length, we can not determine



the bound state energy (for attractive case) and it will give an infinite result which
can be seen from the variational principle: Let E[Y)] = [o, d*z |Vi(x)]* — A¢(0)[?
be the expectation value of the Hamiltonian with the normalized wave function ¥ (x).
If we define a new normalized wave functions v,(x) = ap(ax), we can find another
energy functional E[i,] associated with the scaled wave function 1, (x). Then, one
can easily show that E[¢,] = o?E[]. This tells us that if we have a negative en-
ergy with a square integrable wave function in the problem, we must also admit the

2 is positive and arbitrary, there is no reason to keep

scaled energy solutions. Since «
the energy bounded from below: E — —oo. These puzzles can be resolved by means
of the regularization and renormalization procedures. What renormalization does is
to introduce a scale into this problem by hand, thus breaking the scale invariance of
the classical Hamiltonian. This phenomenon is known as the anomaly in quantum
mechanics or quantum mechanical symmetry breaking [11, 18] and is an example of a
dimensional transmutation [4, 10, 19, 20, 21], which occurs when a dimensionless quan-
tity (the coupling constant) is traded in for a quantity with a dimensional parameter
(the experimentally measured bound state energy). The concept of renormalization
is associated with a function, called § function, whose zeroes correspond to the fixed
points of the theory. However, in most situations in quantum field theory, this function
can only be calculated perturbatively. It would therefore be interesting to find simple
examples where the function can be calculated in a nonperturbative way and its zeroes
can be determined explicitly. Point interactions in quantum mechanics again provides
a nonperturbative solution to this problem and it has been discussed in [6, 16, 17]
and the  function has been calculated exactly, in which the theory has been found
as asymptotically free in two dimensional Euclidean spaces. A rather simple prob-
lem constitutes an analytical example for several field theoretical concepts such as
regularization, renormalization, dimensional transmutation, quantum anomaly, exact
nonperturbative solutions to renormalization group equations, etc. Therefore, work-
ing on this elementary example may help us to understand the several ideas in the

renormalization in a more elementary context rather than field theory.

There is another treatment of the two and three dimensional point interactions,

which is first developed by Berezin and Faddeev [22] for three dimensions. In this



approach, the Hamiltonian of the system is rigorously written as a self-adjoint operator
derived by Krein’s theory of self-adjoint extensions of symmetric operators [23] and a
detailed exposition of this subject has been discussed in the monograph [5]. There
are two different approaches to the definition of self-adjoint operators describing point
interactions: the first one is based on the von Neumann formula, the second one uses
a relation called Krein formula, which we will shortly discuss in 4.4. The result of
self-adjoint extension method is identical to that of the renormalization method if a
certain relation between the parameter in the extension and the renormalized (or bare)
coupling constant is satisfied [11]. Let us note that the two dimensional Dirac delta
potential and the equivalent self-adjoint extension has been discussed in the context of
point particle dynamics in (2+1) dimensional gravity [24] and in Chern-Simons gauge
theory (Aharonov-Bohm/Ehrenberg-Siday interaction)[25]. In this thesis, we approach
the point interactions from the renormalization point of view without going into the

details of self-adjoint extensions.

A new nonperturbative renormalization method has been proposed by S.G. Ra-
jeev [26] that can be applied to some simple problems in quantum mechanics and some
field theories with the hope for applying these ideas to more realistic situations, like
QCD. The basic idea in [26] is based on finding a well defined finite expression of the
resolvent operator of the Hamiltonian in terms of new operator, called principal op-
erator ®(F). It is free of divergences and can be determined explicitly (usually as a
matrix or an integral operator) and is quite simple in almost all cases. There are no
subtleties in the definition of its domain as in the self-adjoint extension method. The
main advantage of this method is that, the renormalization is performed without actu-
ally solving the dynamics in contrast to the usual perturbative treatment of quantum
field theory. Once we have a finite expression of the principal operator, the spectral
information can be obtained exactly or by approximation methods. The complete in-
formation about the system is hidden in the resolvent and the interaction is described
by a term in the formula for ®(FE). The eigenvalues of energy are given by the solutions
to ®(F)A = 0 and the scattering amplitude is determined by the inverse of ®(E). No
matter how complicated it is, the standard approximation methods can be applied,

such as variational principles or perturbation theory to the principal operator, since



now we have a finite formulation of the problem. What seems more remarkable is that
the systems need not be exactly solvable in order to do renormalization. The method
has wide applicability, such as quantum mechanical model with singular potentials,
some many body problems and non-relativistic field theories. We shall give the details

when we shall consider our problems in this context without reviewing.

Our main goal in this thesis is to extend the novel approach of Rajeev, which
is developed for the renormalization of some simple models in quantum mechanics
and some non-relativistic field theories in flat spaces, onto the Riemannian manifolds.
However, there is no direct way to do it and there is no trivial way of removing the
singular part of the dynamics, so we need a new mathematical tool which allows us to
perform the renormalization of the problem on manifolds. It is well known that the
essential tool is the heat kernel [27], which plays very important role in mathematical
physics [28], geometric analysis [29, 30], quantum field theory [31]. For example, it has
been successfully applied to the analysis of the structure of ultra-violet divergences and
the calculation of the quantum effective action in the presence of background fields [31]
(such as gravity background). Therefore, it is natural to ask whether the same tool
can also be applied to our problem. Following the original ideas developed in [26], we
try to extend it to the several other models onto the Riemannian manifolds with the

help of heat kernel techniques:

(i) Two and three dimensional point interactions in quantum mechanics,

(ii) Two and three dimensional non-relativistic Lee model (a short review of the

subject in flat spaces will be given in the relevant chapter of the thesis),

(iii) Non-relativistic limit of A¢* model in (2+1) dimensions.

With these attempts, we hope that the nature of renormalization on general

curved spaces can be understood better.

We shall now describe the content and the organization of this thesis:



In Chapter 2, we first summarize the one dimensional Dirac delta potential with
emphasizing the two equivalent way of solving the problem. Then we show that the
same method developed for one dimensional Dirac delta potential problem do not work
in higher dimensions. The new idea or methods which are needed are regularization
and renormalization. Without going into details of the renormalization of the point
interactions in the current literature, we just review the idea of S. G. Rajeev on the
nonperturbative renormalization of the point interactions in quantum mechanics by
means of a new operator, called principal matrix [26]. This operator will be very useful
when we try to extend it to Riemannian manifolds and many body systems. Most of
results given in this chapter can be found in [26, 32] and it would be useful for the
reader to read the details through the paper [26]. Despite the simplicity of the model,

the findings of this chapter constitutes one of the essential part of this thesis.

In Chapter 3 we give some basic definitions and relevant theorems (for our own
calculations) about the heat kernel defined on Riemannian manifolds without proving
them. All proofs can be found in the mathematics literature [30, 33, 34]. Section 3.1
contains the definition of the Laplace operator in Riemannian manifolds. The spectral
theorem is explained in Section 3.2 and the definition of the heat kernel on Riemannian
manifolds is presented in the subsequent section. Afterwards, some crucial properties of
the heat kernel are briefly summarized and the scaling property of the heat kernel under
the scaling of the metric is derived. In Section 3.5, we have compiled the short-time
asymptotics of the heat kernel for different cases. At the end of the chapter, we give a
brief exposition of the upper and lower bounds on the heat kernel for two topologically
different class of manifolds, namely compact and Cartan-Hadamard manifolds. Some
bounds are directly taken form the mathematics literature, whereas the others are the

simplified versions of existing results.

Chapter 4 is devoted to our studies [35, 36] of the point interactions on two and
three dimensional Riemannian manifolds by generalizing the method, developed by S.
G. Rajeev [26], for the flat spaces. In Section 4.1, we indicate how the quantization on
manifolds could be performed and state our point of view. In Section 4.2 we present a

heuristic renormalization of the model in which a non-relativistic point particle living in



two or three dimensional Riemannian manifolds interacts with finitely many Dirac delta
potentials located on the manifold. This preliminary work is established in analogy
with the same model in flat spaces. A rigorous construction of the model is given
in Section 4.3 by means of the heat kernel. The resolvent of the Hamiltonian of the
system is expressed in terms of the heat kernel and the divergence in two and three
dimensions can be removed using the substraction of the short-time asymptotic of the
heat kernel (even in the case where we have not an explicit expression for it). The
resolvent is then finite and well-defined expression given in terms of the heat kernel.
Then, we finally express the wave function for the bound states in terms of the well-
defined finite expression including the heat kernel. Since the resolvent includes all the
information about the spectrum, we give the equation in order to determine the bound
state energies. At the end of this section, we briefly mention that our problem can also
be considered as a dimensional transmutation. In Section 4.4, we briefly sketch the self-
adjoint extension form Von Neumann and Krein’s point of view and show heuristically
that our problem can also be considered as a self-adjoint extension. Section 4.5 is
intended to carry our investigation of the point interactions in Riemannian manifolds
to the many body problems. We alternatively construct the same problem but for n
bosons living in two and three dimensional Riemannian manifolds interacting with N
external Dirac delta interactions. This construction is motivated by the work [26] in
which the many body version of this problem is renormalized non-perturbatively in
flat spaces. This can be accomplished by extending our original Fock space by defining
new creation and annihilation operators. After establishing the finite formulation of
the problem, we show that the result is consistent with the previous section for one
particle boson sector. In section 4.6, we find the wave function for the bound states in a
more elegant way and show that the ground state energy of N + 1 center case is smaller
than the IV center case using Cauchy interlacing theorem. Since the system can not be
exactly soluble, the bound state energies in the tunnelling regime is calculated using
a version of perturbation theory in Section 4.7. Section 4.8 presents pointwise bounds
on the wave function using the upper bounds of the heat kernel given in the previous
chapter and it is shown that the result is consistent with the classical result found in
the standard quantum mechanics. This Section ends with another supporting idea that

the problem can be heuristically considered as a self-adjoint extension of a formal free



hamiltonian by calculating the expectation value of the free Hamiltonian between the
bound state energy that we have found. After that we are concerned with the proof of
the existence of the self-adjoint densely defined closed Hamiltonian is explicitly given.
Section 4.10 establishes the lower bound of the ground state energy by using Gersgorin
theorem. The proof is given for compact and Cartan-Hadamard manifolds separately,
including some explicit examples: S?, H? and H3. Then, in section 4.11, non-degeneracy
and positivity of the ground state is proven with the help of Perron-Frobenius theorem.
A simple proof of the theorem is also included. Finally, we proceed with the study of

the renormalization group equations and the 3 function is calculated exactly.

In Chapter 5, we examine the many body or field theoretical models by following
the same approach developed in the previous chapter. Section 5.1 is devoted to our
studies on the non-relativistic Lee model on Riemannian manifolds. Before the con-
struction of the model, we introduce the original relativistic Lee model and discuss the
non-relativistic Lee model in R?, and we give the analogy between the Lee model and
two level atom - field systems. In Subsection 5.1.4, we establish the renormalization of
the non-relativistic Lee model on two and three dimensional Riemannian manifolds in
Fock space formalism and is mainly based on our work [37]. Subsection 5.1.5 provides
a detailed analysis on the proof that the ground state energy is bounded from below
after the renormalization in two and three dimensions. We proceed with a kind of mean
field approximation for large number of bosons in two and three dimensional manifolds
separately. Section 5.2 deals with the construction of the non-relativistic A¢* model
in two dimensional Riemannian manifolds based on the similar approach developed in

4.5.

Conclusion is given in Chapter 6 with some comments, future directions and open

problems.



2. POINT INTERACTIONS IN EUCLIDEAN SPACES

2.1. A Single Point Interaction in One Dimensional Euclidean Space

The time-independent Schrodinger equation of a particle interacting with a Dirac
delta potential at the origin in one dimension is
h? d?

—o gz~ M@)| v(z) = By(z) (2.1)
where m is the mass of the particle and A, the so-called coupling constant, is the
free positive parameter which determines the strength of the Dirac delta function, .
The location of the interaction can generally be any point in the real line but we can
always shift the coordinate system such that the location of the point interaction is at
the origin for simplicity. One can then directly solve the bound state energy and the
scattering problem by going to the momentum space since the calculations there are
relatively simpler. For the bound state problem, we write down the equation (2.1) in

2

momentum space and parametrize the bound state energy £ = —v~, so that we get

the integral equation for the momentum space wave function

(ﬁ + uz) b(p) = A/_Oo Y =0, (2:2)

2m Oo%

where 1(z) = [* 32 ¢/l (p). Then the above equation implies that

—oo 2mh

~ C
Y(p) = IR (2.3)
om TV
where C' can now be determined from the normalization condition. Substituting the

solution (2.3) into the definition of C', we arrive at a consistency condition:

V[t (2.4)

w2ﬂh%+y2



After evaluating the integral in (2.4), we easily find that there exists one bound state

2 mA2

= —%fr. From the normalization condition in

and its energy is given by E = —v
momentum space, we find C' = /mA3/h? and then taking the inverse Fourier transform

of the wave function ¥ (p), we obtain

W(x) = ”;—je—mklx/ﬁz . (2.5)

For the scattering problem, Lippmann-Schwinger equation in momentum space gives

the scattering solution

9{p) = (e —po) + ————0(0) (2:6)

and then it is easy to find the reflection and transmission coefficients by returning
to the coordinate space wave function: R = 1/(1 + %) with 7" = 1 — R. Since
Dirac delta functions are generalized functions defined as the limit of a sequence of
ordinary functions [38], one may naturally ask: “Would we get the same result for
the above problem if we had started with a chosen sequence of Dirac delta function
and took the limit after solving the problem?” Answer is not so obvious due to the
non-commutativity of integration and limiting procedures in general. Let us take the
simplest possible family of the sequence of Dirac delta functions: the well potential.
We may consider the well potential whose width is 2a centered at the origin and
whose depth is —Vj and start to solve bound state and scattering problem for that.
The solution is a standard elementary textbook question which can be found in any
elementary quantum mechanics textbook [39]. Interesting point is that if we take the
zero range limit a — 0 in such a way that the area 2aV} is kept constant (getting deeper
and narrower wells), we obtain exactly the same result for the bound state energy and
scattering data (R, T) if we had started directly with the Dirac delta potential (see
problem 2.31 in [39]). Therefore, it makes no difference whether we had directly started

with Dirac delta potential or its finite range sequences in one dimension.
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2.2. A Single Point Interaction in Two Dimensional Euclidean Space

We may wonder whether the conclusion drawn at the end of the previous section
is still true in higher dimensions? To find the answer, one may first mimic the direct
method described above. Therefore, following the same steps, one obtains the same
integral equation (2.2) written in two dimensions and formally the same solution to the
momentum space wave function given in (2.3), whereas the constant C' is now defined

as

c-r %M . (2.7)

The problem immediately appears when we substitute the solution @/;(p) into the above

equation. The consistency equation becomes:

d?p 1
A =1. 2.8
/R2 (27h)? B 4 2 28)

If we express the integral in polar coordinates, the integrand goes as 1/p for large
values of p so that the integral is logarithmically divergent for large values of p, which
puts us into trouble. Note that the problem is still divergent when we go to the higher
dimensions ' . Since the integral is divergent for high values of momenta, we call
this ultra-violet divergence, which is coming from the terminology of quantum field
theory. Indeed, this problem occurs also for Aharonov-Bohm potential [7], the one
dimensional inverse square potential [41], and even more general class of potentials in
quantum mechanics, called singular potentials [42]. At this stage, one may argue that
there is no point interactions whatsoever, since all known interactions in nature has
finite range so that the infinity that appear in the problem must not be a fundamental
problem. On the other hand, the zero range potentials can well be used as a physical
model when de Broglie wavelength of the particle is large compared to the range of

the potential. Therefore, we should not dismiss the infinite result and say that the

problem is physically artificial to work with. Furthermore, since we have the complete

1One can possibly extend the Dirac delta potentials to higher dimensions without worrying about
the infinities by preserving its one dimensional structure, i.e., radially symmetric potentials [40].
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solution of the same problem in one dimension, we must at least understand the puzzle

of divergence that we have encountered in two or higher dimensions, as well.

In Section 2.1 we have solved problem in two ways: first directly or secondly
by choosing a sequence of the Dirac delta function and taking the zero range limit in
an appropriate way at the end. It seems that the direct solution, that is, trying to
use the zero range potential formally in the Schrodinger equation does not work in
two and higher dimensions at all. We may then consider another treatment of solving
the problem which takes into account the zero range of the potential. It is natural to
assume that there is a bound for the validity of the potential in short distances, or
equivalently, the momentum of the particle must be bounded. One can interpret this
bound as the point beyond which the theory is no longer valid. Therefore we must first
solve the finite range interaction before taking the zero range limit. When we tried to
solve directly the Dirac delta potential in two dimensions, we must have exceeded the
domain of validity. Since we are going to solve our problem in momentum space, the
finite range condition restricts the momentum of the particle, that is, the momentum
cannot be arbitrarily high and it must have an upper bound A. This upper bound A
is called a cut-off. We will restrict all the upper bounds of momentum integrals to a
large but finite value A in our equations. The procedure of doing this is called cut-off

regularization. Therefore we get the following regularized integral equation

2 2
b 2\ 7 d*q 7
— = \O ———0 2.9
(2 +02) ino)=20a0) [ oon@inia). (29)
where ©,(q) is the step function which cuts off the upper bound of all momentum
integrals. This is an eigenvalue problem of an operator with the following symmetric

integral kernel:

2
q

(27h)?5 ~0%(a = ) = AOa(P)Oa(a) - (2.10)

Notice that we must put the second step function in front of the integral to get the

symmetric integral kernel (2.10) since it preserves the Hermitian property of the cor-

responding operator. Incidentally, this choice of regularization is not the only possible
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way. For example, the upper bound of the momentum does not have to be sharp. There
are other regularization methods as well, such as dimensional regularization (DR) and
Pauli-Villars regularization, widely used in quantum field theory. We will not bother
on the type the regularization method since they will give the same result for D = 2,3

[13]. With our cut-off regularization scheme, we obtain

d’p Oa(p)
A/RQ( —1. (2.11)

27Th)2 % + y2

One can now solve the bound state energy F as a function of A

A2 1
— 2 _
B=-v=-o (m) - (2.12)

If X is kept constant as cut-off A goes to infinity, the bound state energy (2.12) still
apparently diverges. We will then be stuck with the infinity again. In analogy with the
quantum field theory, we must now follow a second procedure after we have applied
the regularization. We shall take the limit in such a way that the bound state energy
(and other observables) is finite and fixed to the experimentally measured value. This
requires that the coupling constant (or other parameters if they exist) must vary as
a function of the cut-off A. The determination of the dependence of the coupling
constant on the cut-off so as to get a finite limit is called renormalization. One way to
determine this dependence is to interpret the equation (2.11) differently and consider
it as a determining equation for \. That is, we define the cut-off dependent coupling

constant (or sometimes called bare coupling constant) as

2 A% 2
1 _ / d“p (:)A(p) _ m In [ 2m +H 7 (2‘13)
A(A) e (27h)% B 4y2 27k w2

where we have a new scale —u? and it is the experimentally measured bound state

energy of the particle. One can check that plugging (2.13) into (2.12) in the limit

A — oo, the bound state energy becomes F = —u? and momentum space wave function
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for the bound state becomes

3 72
Bp) = /L (2.14)

2m

or in coordinate space

wmaw%%%é?mo, (2.15)

where K is the modified Bessel function of the third kind or MacDonald’s function
[43]. Although this function is singular at the origin, it is square integrable, i.e, 1)(x) €
L2(R?).

Now, the next question that we would like to ask is how can we be sure that
the above procedure is sufficient to yield well-defined finite predictive results with the
other experimentally measured quantities, like scattering cross section or phase shift.
If there is still divergence we must make additional regularization and renormalization
procedures depending on the parameters in the system. In this system we are in a
good situation, only coupling constant renormalization is enough to ensure us to get
finite results for all observables. Before explicitly showing this, let us recall some basic

ideas and tools in scattering theory.

In scattering problems, we usually encounter operators of the form (A — E)~! in
the Lippmann-Schwinger equations, where FE is in general a complex number and A is
a linear operator in a Hilbert space H. If A is any linear operator in H, the resolvent

R(E) of A is the operator-valued function
R(E)=(A-EI™", (2.16)
defined in all complex plane at which the inverse exists. Here, I is the identity operator.

Then, the resolvent operator of the Hamiltonian H or simply the resolvent of H is

defined as R(F) = (H — EI)™'. (Some authors prefer to define the resolvent of H
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by (EI — H)™'). The S-matrix, which is of great importance in solving the scattering
problems, is related to the resolvent R(E) or the Green’s operator in physics literature.
It is convenient to express the resolvent operator in terms of a new operator T'(E) [44]

R(E) = Ro(E) = Ro(E)T(E)Ro(E) | (2.17)

where Ry(E) = (Ho— ET)~'. Sometimes, we shall omit writing the identity next to £

for simplicity.

Therefore, the Lippmann-Schwinger equation for the matrix elements of the reg-

ularized operator T*(E) for our system is

1

®ITHE)R) = (PIVAR) + (PIV 7
d*q  ©a(q)

= 2w [ S @) e

T(E)|p)

Since (p'|T*(E)|p) is independent of p’, we can take that outside of the integral and

get
o' TN(E)|p) = (fA(E)—ﬁ)_ , (2.19)
where
INE) = /R (;ﬂ%Q - (?Ag)_ - (2.20)

and £ = E, + ie, E, = R(F) > 0. If we take the limit A — oo, the integral above is
divergent. Nevertheless, the choice of the bare coupling constant given in (2.13) leads

to the following finite expression

(p|T(E)p) = ZZL (—ln(Er/1u2)+m) , (2.21)
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after taking the limits A — oo and € — 07. The finiteness of the matrix element of
the operator T" allows us to get finite physical results since scattering cross section can

be completely determined in terms of the matrix element of the operator 7' [10]

64h ( 1 )
o= :
m/2mE, \In*(E,/u?) + n2

(2.22)

It is important to notice that this expression clearly violates the naive scale invariance of
the Hamiltonian due to the logarithmic term, as noticed by [11]. Hence two dimensional
Dirac delta potential is an example of an anomaly in quantum mechanics. As we
have seen that the choice of the coupling constant (2.13) automatically makes the
other observables finite and we do not need to do the extra renormalization procedures
for the other parameters (such as mass in the model). Of course this is not true in
general. One may also think the following way, which we usually make it in quantum
field theory: We can start with the scattering problem and choose the bare coupling
constant in such a way that the experimentally measured quantity, the cross section or
phase shift, is kept fixed. After that, one can also prove that the bound state energy
is finite with that choice of the coupling constant. Therefore, we have a completely
well-defined and finite formulation of our problem since all the physical observables are
finite. One crucial point which is inherently different from the standard renormalization
procedure in quantum field theory should now be emphasized. Here, we renormalize
the problem exactly without applying the perturbation theory and the results agree
with the perturbation theory approach [45].

Although we introduced the concept of the resolvent above, we did not use its
full power for investigating the spectrum of our system. The resolvent operators play
very important role in functional analysis and are very efficient in the sense that we
can examine the bound states and scattering states of the system together. Once we
have found the resolvent of a given operator, all the information about its spectrum
can be found in principle. Therefore, the renormalization method for our model could
be better described in this more general formalism. In order to find the resolvent of the

full Hamiltonian of our system, we must try to find the solution to the inhomogenous
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version of the time-independent Schrodinger equation

h?
o V() — AR (x) — B (x) = plx) (223)
where F € C, x € R? and p(x) is a sufficiently smooth function. One point about the

notation here must be emphasized to avoid confusion. We shall use the same letter v

for the solution of (2.23) with the one for the wave function of the system.

The first step is now to regularize the equation (2.23) in momentum space, so

that we find the function

)= LB OB oy, .24
where
C) =AW [ Gtzen@ita) (2.25)
Substituting (2.24) into (2.25), we get
1 d’p Oa(p) | d?p O4(p)p"(p)
Ol PRl e | B e ey

Considering A(A) in terms of the experimentally measured ground state energy —pu?,

given in (2.13), and taking the limit A — oo, we obtain

- pp) | 2mR? 1 1 *p  p(p)
YR = o e B E B L. ety ey 2

From this, we can easily read the well-defined finite expression of the resolvent kernel

in momentum space

(27h)*0%*(p —q) = 27h? 1 1 1
Fp o W EAE-FE -7

2m

R(p,q|E) = : (2.28)
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where R(p,q|E) is defined by 4(p) = Jge %R(p, q|E)p(q). The last equation can

be put into the following closed form

Rip.alE) = Rop.alB) + [ s s Rolp KB () R(K.(|E) (229

where Ry is the free resolvent and the function

m

*(E) = (2mh?)

In(—E/p?) (2.30)

is defined for later possible generalizations, and it is called the principal function, which

was first introduced in a field theory context by S. G. Rajeev in [26]. Note that

o~ (E) = —(p'|T(E)|p) . (2.31)

Let us look at what the above equation (2.28) says in a little more detail. We can
find the whole spectrum of the problem by working out the resolvent due to following

definition [46]:

The set of all complex numbers E, at which the resolvent R(F) of H is a bounded
operator, defined on a dense set ? in a Hilbert space H is called the resolvent set of H.
Its complement is called the spectrum o(H) of H. The spectrum o(H) is the disjoint
union of the point spectrum (or discrete spectrum) o,(H), continuous spectrum o.(H),
and the residual spectrum o,.(H). The point spectrum o,(H) is the set such that R(E)
does not exist. The continuous spectrum o.(H) is the set such that R(E) exists but
unbounded. The residual spectrum o,.(H) is the set such that R(E) exists but it is not
defined on a dense subset of H. The self-adjoint operators have no residual spectrum

[46].

Therefore, since the bound state in the point spectrum corresponds to the simple

pole of resolvent kernel on the negative real axis, the simple pole of the logarithm in

2A set of vectors (for example the domain of an operator) is called dense if for every vector ¢ there
is a sequence of vectors 1, in the set such that v,, — .
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our resolvent kernel (2.28) at E = —p? is the bound state energy, as we have already
suggested. We also note that the free Green’s functions Ry(p, q|E) will not contain
any poles on the negative real axis, so all the poles on the negative real axis will come
from the poles of ®(F). Since the eigenvalues are isolated (just one simple pole), we
can find the projection operator to the subspace corresponding to the bound state by

the following contour integral [46]:

~ 1
(bIPla) = 9P (@) = —5- § dE Ap.alE)
mi J,
= —R%SEQ:—wR(p, q/b)
2mh 1 1
= = 2 2 ) (2'32)
mo P e
where v is a small contour enclosing the isolated eigenvalue £ = —pu2. From the equa-

tion above, we can easily read off the ground state wave function by calculating the
residue of the resolvent kernel, and obtain exactly the same result as (2.14). The resol-

vent kernel also gives information about the continuous spectrum, and it has a branch

2w h? 1

cut along the positive real axis. The discontinuity of the function B/ ACross

(2mh)? 1
m In*(E/p?)

the branch cut is o and the scattering cross section can be calculated

in terms of this discontinuity and gives exactly (2.22).
2.3. Finitely Many Point Interactions on Plane

The simplest possible extension of the previous problem is to consider several
point interactions on the plane. In this case, time-independent Schrodinger equation

reads
——V2 Z/\ 82 (x —a;) | Y(x) = By(x), (2.33)

where N is the number of delta potentials and a; is the location of the i-th delta
potential. We assume that a; # a; for ¢« # j. We can do exactly the same analysis
for finitely many Dirac delta interactions. Let us start with the bound state problem.

For simplicity, we parametrize the energy £ = —1v%. The Schrodinger equation in
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momentum space is then

&p  ws [ P? -
/Rz (27r7]ij)26 ' (2p_m¢( ZAAB ’ ) =0, (2.34)

where A; = v¥(a;) and we have used the fact that §*(x — a;)y(x) = §%(x — a;)(a;).

Since the set of functions e # form a complete orthonormal system, we find

N _p-ay;

~ e "k

O(p) =Y NAim— (2.35)
i=1 om TV

and wave function in coordinate space

'Lp (x a;)

Z)\A/2 Wﬂp i (2.36)

For consistency condition on A; = ¢(x = a;), we must have

ip.(aifaj)

d?p e
A ) 2.
ZA /2 2rh)? B 4 1 (2.37)

R

Extracting the j = i term from the the right hand side, we obtain

d?p 1 NN d?p 1
A - Ai— —JA‘/ —0. 2.38
( ' /RZ (2mh)? % + 1/2> ; N7 Jre (2mh)2 % + 2 (2.38)

i

This equation is the analog of the equation (2.11) written for one Dirac delta potential

and it can be written as a matrix equation ®;;(E = —v?)A; = 0, where

( d2p 1
AL e
i /]R2 (27h)? % L ifi =

Dy (F) = (2.39)

N[ @ T "y
N 1I 7 .
/\i R2 (271'71)2 % —+ y2 J

\
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This N x N matrix is called principal matrix or principal operator, which is the gen-
eralization of the principal function defined for the one delta potential problem. When
we discuss the generalization of this model to the many body and field theoretical
models, we will see that this can also be a differential or integral operator in general.
Similar to the one delta potential case, we have divergent results, that is the diagonal
part of the principal operator is ultra-violet divergent for large momenta, which we
have expected. The well-known method to remove the divergence is to put a cut-off
A to the integral’s upper limit and consider the equation as a determining equation of
bound state energy for a given coupling constant A as we have done for one delta po-
tential. If this regularization is performed, we realize that as the cut-off goes to infinity,
ground state energy becomes divergent. In order to get a physically acceptable result,
one assumes that the coupling constant depends on this cut-off and performs the limit
A — oo in such a way that bound state energy remains finite. These infinities should
be removed properly since all the physical observables are measured experimentally as

finite quantities. The cut-off regularized principal matrix is then

(. _ d’p  Oa(p)
1 P .
A () - /R CRh)? 2 4 12 ifi =
BN (E) = (2.40)

ip.(ai—aj)

AW d*p e ifij
: /]R2 ( OA(p) #7.

27Th)2 % + y2

We again consider \; as a function of A in such a way that all observables are finite.

A possible choice for A\;(A) in order to get a finite answer is

1 d*p_ Oa(p)
)\z(A) B /]Rz (27Th)2 ZPTi + MZZ ’ (241)

where —pu? is the experimentally measured bound state energy of the i-th Dirac delta

center, so that we obtain the diagonal part of (2.40) by taking the limit A — oo

i |(27) /A dp p 1 1 m
1m e —
A—oo o (2mh)2 \ 2 42 o4
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and the off diagonal term of (2.40) at the same limit

(A A 1 2T ipla;—ay]cos
tim 24 )/ dop / g e T
A=oo Ai(A) Jo  (2mh)? 2 4 12 [ o

1 o a; — a; 1 m vv2mla; — a;
= 2/ dp p Jo d d > = — K | d ;
2wh? J h 2 7h h

where we have used the integral representation of Bessel function of the first kind Jy

[38]

(2.43)

1 2w )
Jolz) = — / dg et cost (2.44)
0

:27T

and the useful relation between the integral of Jy and K in [43] for a,b > 0:

> zJo(bx)
dr ————- = Ky(ab) . 2.45
| e i Kot (2.45)
Also, we have used the fact that lima_ % = 1, which can be easily proved from

(2.41). Hence, the well-defined and finite principal matrix comes out to be

In(v/pm) ifi =
Dy(E=—1") = — (2.46)

| — Ko (v/pa,) Hi#J.

where we have defined ,uij = for abbreviation. We can also show that

2m|a¢faj|2
the other regularization methods (Pauli-Villars and dimensional regularization) give
the same result. Therefore, the matrix equation, after the renormalization has been

performed, becomes
Diy(E)A; =0, (2.47)

where the principal matrix is given by (2.46), that is, it is well-defined and finite. Tt
has a non trivial solution if only if det ®(£) = 0. This is not a standard form of the
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eigenvalue equation H1 = E1) in quantum mechanics because the principal matrix is
a complicated function of £ in which one usually can not find the exact solution of
the problem for N arbitrarily given distribution of Dirac delta centers. The equation
(2.47) is called a non-linear eigenvalue problem. Nevertheless, the special case N = 2
allows us to analyze the problem analytically. This problem can be considered as
a very elementary model for ionized diatomic molecule (for example: Hj) [47, 48]
so we digress a little on this case now. Then, the condition det ®(E) = 0 gives a

transcendental equation

In(v/p) n(v/p2) = Ko (v/pa) (2.48)

52

Tl maE In order to find the solution, let us write the equation above in

where p2 =

Kd

terms of dimensionless variables: In(a;x) In(aez) = KZ(x), where z = - and oy = 4,

as = B4 Without loss of generality, we can choose a7 > as. Although the exact
112 Y
analytical roots are unfortunately difficult to find, we can at least tell how many bound

states we may have and investigate the asymptotic cases. The function In(a;z) In(asz)

is positive decreasing function when 0 < =z < a% and positive increasing one when

1 1

r > L whereas it is negative between r = o and x = 0%2 with two zeros at v = -

ag’

1
a1ag

and x = a% It is also easy to see that this function has a local minimum at x =

1 1 1 ~ -
(a—1 < o < a—2) No matter how «; and «y is chosen, we expect there is at least one

K(x)

In(ayz) In(asx)

Figure 2.1. Graphics of K3 (z) and In(a;x) In(agz)
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solution because the function In(agz) In(asz) eventually goes to zero and intersect the
monotonically positive decreasing function K2(x). The asymptotic expansion of Ko(z)

[43] as © — o0 is given as Ko(7) ~ /5-¢7" (1 4+ O(1/x)). Hence, we have
Ki(@) ~ 5-e > (14 0(1/a)) | (2.49)
x

where we have used the fact that if f(z) = S >0 (% + O(2~ ™)) as z — oo,

e

then the square of the function possess an asymptotic power series f2(x) = _;x 22[:0

(2 + O(z~NV+DY)), where ¢, = agay + a1an_1 + - - - + anao.

From its graph, we see that, we may have a second root if we impose the condition
that In(a;x) In(agz) is able to catch the function K3(x) near x = 0. Therefore it is
1

necessary to impose In(az) In(asr) > KZ(z) for z < o in order to get a second

bound state. Since Ky(z) has the following power series expansion for small x [43]:

T

Ko(z) ~ —1In <§> +7, (2.50)

where v is the Euler’s gamma constant, we have the following condition on the distance
between two Dirac delta centers in order to have a second bound state

2he?
d> =L (2.51)

V2mpps
This tells us that we have at least one and at most two bound states for two delta
centers and we have exactly two bound states if the distance between the delta centers
is larger than the above critical value. We must also check that the derivative of
In(a;z) In(azx) must be greater than the derivative of the function KZ(z) for small
values of . We can easily see that if the lower bound of d is chosen as in (2.51), it
is automatically satisfied. It is not easy to tell what condition must be met for any
given number of delta centers N since the root of the equation det ®(—v?) = 0 is a

complicated nonlinear function of v.

Let us again formulate the problem in the context of the resolvent of the system.
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We follow the same steps for one Dirac delta center, and find the function

~ N _b.a;
~ P e "k
T AL S Y R (2.52)
wm — L T o — L

where again A; = ¢ (a;) formally (recall that ¢(a;) is actually divergent). If we insert
the above equation into the definition of A;, the divergent terms will again appear. So
we apply exactly the same regularization and renormalization procedures that we have
done for one Dirac delta center with the same choice of the bare coupling constant
(2.41) and obtain the well-defined and finite principal matrix defined on the complex

energy plane (see [32] for more details):

([ m

2mh?
Dy (E) = (2.53)

- o (F) 52

Hence, the resolvent kernel in momentum space becomes

ln(—E/,u?) if i =7

N p.a; a2
(27h)?6%*(p — q) e n e
R(p,q|E) = P _p + Z ” Cpijl(E) < _ 5 (2.54)
2m ij=1 2m 2m
or in coordinate space
Rocyle = [ T S e
va - 2 2 + [/ 2 2 :|
o O E-E e T R
d iq.(aj—y
x o\ (E) / 9 ° .
R2 (27Th)2 ;_m — F

Note that, we have a matrix operator ®;; in the resolvent kernel instead of a function
as in the case of the single center case (2.29). Here, @;jl denotes for the ij-th element
of the inverse of the principal matrix and the explicit form of principal operator ®;;(E)
must be considered as the analytical continuation of the principal matrix ®;;(—v?) onto

the largest set in the entire complex energy plane F.
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The equation (2.54) includes all the information about the spectrum of our prob-

lem. Since (IDZ-_jl(E) = dftijﬁng)y the poles of the matrix (IDZ-_jl(E) are due to zeros of
det ®(E). There is no singularity coming from the cofactor Cj; of the matrix ®;;(E)
for R(E) < 0. Therefore, the energy eigenvalues of the system for the bound states are
just the solution of the equation det ®(E) = 0 or we can equivalently state that the
bound states correspond to the solution of the eigenvalue equation (2.47). From the

explicit expression of the principal operator (2.53), we also have an important property

of the principal matrices
O} (E) = dy(E") (2.56)

for all £ € C. This says that the value of the principal matrix at the point E* is the

same as its adjoint at the point E.

As for the scattering states, we must look at the branch cut of inverse principal
matrix ®~!. The branch cut structure of ®=! coincides with that of the ® because
the cofactor C;; and det ®;;(E) = ngm Eivig..in P1iy Posy... P14, consist of the matrix
elements In(—E/p?) and Ko (/=E/Ha4,,), which have a common branch cut along the
positive real axis. Discontinuity of (P;jl(E) across the branch cut is related to the

scattering matrix but it is difficult to find this inverse matrix explicitly. We can also

find the scattering amplitude from the relation between 7" matrix and principal matrix

PIT(E)a) =~ e o/ (B) e 7, (2.57)

ij=1

which can be seen from (2.17) and (2.54). The scattering amplitude and cross section
can also be explicitly calculated for two Dirac delta centers with equal strengths and

given explicitly in [32]. We can similarly extend our problem to the three dimensions
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except the divergence is linear in this case and the principal operator is obtained [32]

I
14
2 v
(=) = (Ey < (2.58)
2m efz//udij
— ifi=£7.
[ v/ Ha,

Before completing the discussion of the point interactions in flat spaces, let us empha-
size that we have non-perturbatively renormalized the point interactions in two or three
dimensional Euclidean spaces by writing the resolvent of the Hamiltonian in terms of a
finite principal matrix, which is first introduced by S. G. Rajeev [26] in the field theory
context. After the renormalization, the spectrum can completely be determined by the
principal matrix (or operator in general as we will see in later chapters), that is, one can
find the energy eigenvalues by a non-linear eigenvalue problem ®(FE)A = 0. As we will
mention later on that the point interactions can be rigorously defined in the context of
self-adjoint extension theory. Therefore, one advantage of using the principal matrix
is that the interactions are completely described by an explicit formula of it instead of
dealing with the domain issues of the operators. Moreover, we do not have to find the
spectrum of the problem in order to do renormalization. The finite formulation of the

problem is given once the finite well defined principal matrix has been found.
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3. THE HEAT KERNEL ON RIEMANNIAN MANIFOLDS

3.1. Some Basic Concepts in Riemannian Geometry

Let M be a smooth manifold with dimension D (smoothly glued coordinate
patches, where each patch is an open region of R”). A mapping £ : C°(M) — R is

called an R-differentiation at a point z, € M if

(i) £ is linear

(i) € satisfies the Leibniz rule: &(fg) = &(f)g(xp) + &(9)f(z,) for all f,g €
C*>(M) [30, 49].

The set of all R-differentiations at a point x, is denoted by 7,(M) and it is
easy to show that it is a linear vector space of dimension D. This space is called

the tangent space of M at x, and its elements are called tangent vectors at x,. Let

zt, ..., 2P be local coordinates in a chart U in a neighborhood of z,. One can show

0

7t

that all the partial derivatives - evaluated at z, are R-differentiations at x,, and they

are linearly independent(where ¢ = 1,..., D). Any tangent vector { € T,(M) can be

0
Oxt)?

represented in the form £ = & where £ = £(2%). Here we are using the Einstein
summation convention, that is, all repeated indexes are summed over unless otherwise
stated. Then, for any smooth function f on M, the directional derivative of f along

the direction ¢ is given by £(f) = & g :fz Also, a vector field on a smooth manifold M

is a family {X (z)}.erm of tangent vectors such that X (z) € T,(M) for any z € M. In

0
oxt*

local coordinates, we have X (z) = X*(z) A Riemannian metric on M is a family
{g9(x) }zer such that g(x) is a symmetric, positive definite, bilinear form on the tangent
space T, M. Then, one can define an inner product (,) in any tangent space T, M by
(&,n) = gij(x)€n7 in local coordinates, where &,n € T,(M). Then, a Riemannian

manifold is defined as a couple (M, g). One can naturally define a dual vector space of

the tangent space 7,,(M) and this dual is called cotangent space, denoted by 7 (M). If

oD
ozt Ji=1

1 D

z', ..., x" are local coordinates in a neighborhood of x,, then { is a basis in the
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tangent space, whereas the corresponding dual basis in the cotangent space is {dz’}2,

0
) Oz

on it. The gradient of the function f is defined by (Vf,&) = &(f) for all £ € T,(M).

since (dz’, 507) = 0%. Let (M, g) be a Riemannian manifold and f be a smooth function

In local coordinates, we have

i OF

(V) =9755 (3.1)

The volume form of any oriented Riemannian manifold is given by

dvolzdfa::\/detgdxl/\.../\de:\/detnga:, (3.2)

where g = (g;;) and A stands for the wedge product or exterior product [50]. Then,
the volume of the manifold M is defined to be

V(M) = /M dlz . (3.3)

(It may be infinite). For any C* vector field X (z) on a Riemannian manifold, there
exists a unique smooth function on it, denoted by V - X and called divergence, such

that the following inequality holds

/M APz Y(V-X)=- /M APz (X, VY) (3.4)
for any Y € C°(M). Here C§°(M) is the subspace of C°°(M) which consists of
functions whose support (support of f is the closure of the set {x € M : f(z) # 0})
is compact. This condition allows us to ignore the boundary terms when we make
integration by parts. From this definition, the divergence in local coordinates can be

found as

V- ) (\/th Xi> , (3.5)

1
X —
det g

where 0; = % for simplicity. The Laplace operator or the Laplacian (called also
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the Laplace-Beltrami operator) on any Riemannian manifold acting on any smooth

function f can be defined as
Vif=V-(Vf), (3.6)

or in local coordinates

D

V2 — wle_tg Z ) (gij\/det gaj) . (3.7)

,7=1

From this point on, we shall usually denote it as Vg to specify which metric structure
on Riemannian manifold it is associated with. When necessary, we use the notation

v2., V2

9.0 Vg €tc. to indicate on which variable the Laplacian acts.

3.2. The Spectral Theorem

Having defined the Laplacian on Riemannian manifolds, we now consider the

closed eigenvalue problem on M
2
—Vyu(r) = ou(z) , (3.8)

that is, we are trying to find all real numbers ¢ for which a nontrivial solution u €
C?*(M) exists. Without going into the technical details, we at first consider the com-
pact manifolds and then assume that we can naturally extend these ideas into the
appropriate noncompact manifolds that we are interested in. The compactness is a
topological concept and a compact manifold is a manifold that is compact as a topo-
logical space. Intuitively, a compact space is a space in which any infinite sequence
of points must eventually accumulate at some point within the space, or even more
roughly, a compact space does not go off to infinity and it does not have holes cut out
of it nor parts of its boundary removed [51]. D dimensional sphere S” and torus T?
are well known examples to the compact manifolds, whereas the D dimensional Eu-

clidean space R”, Hyperbolic spaces H”, the open unit disc, and the closed disc with
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the center removed are the examples to the noncompact manifolds. In some sense, the
compact manifolds are nice due to the fact that they can be covered by finitely many
coordinate charts and any continuous real valued function is bounded on a compact

manifold. Therefore, let us start with the compact manifolds.

Let (M, g) be a compact connected Riemannian manifold, then there exists a
complete orthonormal system of C™ eigenfunctions { f;}°, in L?*(M) and the spectrum
o(M,g) ={0} ={0 =09 <01 <09 <...}, with gy tending to infinity as [ — oo and
each eigenvalue has finite multiplicity: —Vg filz;g9) = o, fi(x; g). Some eigenvalues are
repeated according to their multiplicity. The multiplicity of the first eigenvalue oy = 0
is one and corresponding eigenfunction is constant and given by fo(x;9) =1/ \/W .
This theorem is also called spectral theorem (or also Hodge theorem for functions
[34, 49]) and is still valid for Neumann, Dirichlet and mixed eigenvalue problems except
for og > 0, provided that the appropriate boundary condition is imposed. The operator

—Vz is formally self-adjoint or symmetric with respect to the inner product L*(M)

defined by

(11, 1) 2 = /M APz i (2)o(a) (3.9)

Then, we can prove that —Vg is a non-negative operator:

(V) = /M Pz (~V2(a)) (x) = /M 4Pz (—V - V(@) ()
Dy [V(z)]? > 0. (3.10)

We can think of the eigenfunctions f;(z;g) as real-valued functions without loss of
generality since the operator —Vg is symmetric and real [52]. The spectral theorem
provides us with all the tools of Fourier analysis, so that we can expand any function

Y(x) € L*(M) in terms of the complete orthonormal eigenfunctions f;(z; g)

:Z ), fil;9)) 2 filw;g) = Zlelxg (3.11)
I=
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where C;’s are the expansion coefficients. If there is a degeneracy, the additional indices
must be taken into account in the sum. The orthogonality and the completeness of the

eigenfunctions on compact manifolds means that

/Mdfm fulz;9) filz;9) = O,
> A9 filaig) = 67 (x,a) . (3.12)
=0

D - dimensional Dirac delta function 6, (z, a;) at point a; € M can be defined as

/ d?w (55(35, a;)f(x) = f(a;), (3.13)
M

in terms of a well-behaved test functions f(x) defined on manifold. The normalization

is also given by

/ dfar 55(95,(11») =1. (3.14)
M

In fact, the Hodge theorem or spectral theorem given above is similar to the
basic well-known theorem of Sturm-Liouville theory [53]. It is given as a remark in
[49] and stated explicitly as lemma [29] for an even more general case (self-adjoint
pseudodifferential operators ? ). In our case, Lemma 1.6.3 in [29] is simplified for any
second order self-adjoint elliptic operator P acting on functions and can be given as

a generalization of the spectral theorem for the Laplace operator. The most general

linear second order partial differential equations in D variables (x!,...,2”) can be
written as [53]
0%u ou

3The idea of introducing pseudodifferential operators is to think of a differential operator acting
on a function as the inverse Fourier transform of a polynomial in the Fourier variable times the
Fourier transform of the function. This integral representation leads to a generalization of differential
operators, which correspond to functions other than polynomials in the Fourier variable, as long as
the integral converges [29].
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where A;; are assumed to be symmetric and each elements of the coefficients A;;, B;
and C' are smooth functions of z. Since A;; can be diagonalized to A;(z"), we have

simply

ou
k
al’iZ +F (IE , U, %> :0, (316)

where the last term includes all the other terms except the second derivatives. We say
that P is an elliptic operator at xf if all the coefficients A;(x}) are nonzero and have
the same sign. If P is elliptic at every point of its domain, it is said to be elliptic type.

As an example, the Laplacian is an elliptic operator.

Let (M, g) be a compact connected Riemannian manifold, then there exists a
complete orthonormal system of C* eigenfunctions {f;}7°, in L*(M) of a self-adjoint

elliptic differential operator P,

Pfi(z;9) = afi(z; g) , (3.17)

and its spectrum is given by o(M,g) = {01} = {|oo| < |o1| < |oo] < ...}, with
|oy| tending to infinity as [ — oo and each eigenvalue has finite multiplicity. Further-
more, the eigenvalues of a second order of elliptic differential operator obey the Weyl’s

asymptotic formula [34].

O'D/2 N 2D_17TD/2DF(D/2)
: V(M)

. (3.18)

as [ — oco. Moreover, one may extend heuristically the problem onto some noncom-
pact manifolds in such a way that spectral theorem still applies the relations such as
completeness and orthogonality relations are defined by an appropriate generalization
of the measures to the continuous distributions in the sense of [54]. Since the spectrum

does not have to be discrete for noncompact manifolds, we may have in general

b(z) = / dpa(l) (1) filz:g)
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/dfxfk($§9)fl($§g) = Om,
M

/ (1) filws ) flassg) = 6P, ar) | (3.19)

where du(l) is the spectral measure and it includes continuous spectrum as well as
point spectrum. Noncompact manifolds with infinite volume do not admit discrete
spectrum so that the measures do not contain the discrete part in this case. This
generalization should be taken with a grain of salt and one must not forget that we
may not have a rigorous proof of the spectral theorem for some special noncompact
manifolds. From now on, we assume that we are dealing with manifolds which do not

have such pathologies, that is, the spectral theorem is applicable.
3.3. Definition of the Heat Kernel

Having defined the Laplacian in Riemannian manifolds, in the Section 3.1, one
may wonder whether the associated Cauchy problem of the heat equation is well posed.
Luckily, we can naturally extend the problem and the definition of the heat kernel into
Riemannian manifolds [34] by analogy with the definition of it in R? [55]. The “heat”
operator L on M is defined to be the parabolic differential operator

h? 0
L=——V*+h=-, 3.20
2m Y + ot (3:20)
and “heat” equation is given by Lu = 0. In order to have a dimensionally consistent
formulation with our works that we shall describe later on, we have attached the factors
h and m in a dimensionally proper way into the dimensionless heat operator, given in
standard mathematics literature. The initial value problem (or the so-called Cauchy
problem) is
h? 0
2y = ke

2m 9 ot
u(z,t=0) = f(x). (3.21)
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Considering the Riemannian manifold M as a homogenous and isotropic medium and
u = u(z,t) as the “temperature” of the point x € M at time ¢, then the equation
above determines the conduction of “heat” through the medium with the assumption

that there is no source or sink of heat.

There are several ways to introduce the heat kernel. Our viewpoint is the follow-
ing: A fundamental solution of the “heat” equation on M or the heat kernel of M [34]
is a continuous function K;(z,y;g) defined on RT x M x M, which is C? with respect

to the variable z and y, C'! with respect to the variable ¢, and which satisfies

h? 0
Lth(at,y;g) = [_ %vﬁﬂj + ha Kt('r?y;g) =0,

where the limit must be taken in the sense of distributions, that is, for all bounded

continuous functions f on M, we have

lim APz Ki(z,y;9)f(z) = f(y) for every y e M . (3.23)

t—0+t M

If the initial temperature distribution is u(z,t = 0) = f(z), then the solution to Cauchy
problem (3.21) is given by

ula, 1) = /M 4Py Koo,y 9) () (3.24)

Heat kernel can be considered as an integral kernel of the one parameter family of
t (12 g2
bounded operators eﬁ<2m Vg) for ¢t > 0. This is the formal solution to heat equation
t( 12 g2
and the solution to Cauchy problem is given by u = e” (vag) f. We can sometimes

write the heat kernel in Dirac’s bra-ket notation as
It g2
Ki(z,y;9) = (x|ezm Voly) . (3.25)

Here one point must again be emphasized. Although it is not obvious, one can properly
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define an exponential of an unbounded operator Vf] thanks to the spectral theorem (c.f.
chapter IX of Kato’s book [56] and [30]). The heat kernel for M = RP can be explicitly

computable by various techniques and is given by the classical formula

1 mlx — y/?
Ki(z,y; gro) = W exp <— —om | (3.26)

One way to find (3.26) is to transform the original initial value problem to Fourier space
and then solve the resulting problem in the transformed space (which converts the
problem into either algebraic equations or differential equations with fewer variables),
and finally take inverse transform [55]. This can also be a useful idea in calculating
the heat kernel for hyperbolic spaces H” by the analog of Fourier transform, namely
Mehler transform [34]. The explicit formulas [57, 58, 59] for the heat kernel of H? and

H? are

K ) V2 e A /°° d re’éwﬁ%
(@, y; gie) = = r
Ur |mme] 07 R AR \/ coshr — cosh —d(:{};ﬁy)
d(z,y) 2
1 =5 ht md(x,y)
Ki(z,y; gus) = =3 o exp (— 5= , (3.27)
R (47 [ 1] 1) 2 Ginh d(zy) 2mR 2ht

where d(z,y) is the geodesic distance * between any two points z and y on H? or H3
and R is the scaling parameter. The geodesic distance d(z,y) is just |x — y| for RP
and will be explicitly given for hyperbolic spaces by the formula (4.227). Although the
notion of heat kernel can be defined on any Riemannian manifold, the explicit formulae
exist only for some special class of manifolds, which have enough symmetries, such as

hyperbolic spaces HP [57, 58, 59] or some noncompact symmetric spaces [60].

When we do not have an exact expression of the heat kernel on an arbitrary
manifold M, any knowledge about it, such as its short and/or long time behavior,
and its upper and/or lower bound can help in solving the various problems about the
spectrum of the Laplacian and the local and/or global geometrical properties of the

manifold in question. If we compare the explicit form of the heat kernels (3.26) and

4The geodesic distance d(z, %) is defined as the infimum of the lengths of all admissible curves from
x to y, where z,y € M.
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(3.27), we notice that there are certain similarities between them. First of all, they

depend only on x and y via the geodesic distance d(x,y) and time ¢. The gaussian

md(x,y)*

ST ) appears for R”? and H” and it may reflect the structure of the

factor exp (—
heat equation rather than the geometry and we will see that this factor will always

appear when we try to estimate the heat kernel on several classes of manifolds.
3.4. Some Properties of the Heat Kernel
If M is a compact manifold, then as a consequence of the spectral theorem, the

heat kernel can be expanded Ky(7,y; g) = > ;5 a(w,t) fi(y; g) for fixed z and ¢. Thus,

ay(x,t) fM y Ki(x,y;9) fi(y; g). Then, we have

hday(x,t) = ha/ Ay Ki(z,y:9) fi(y; 9)
M

h2
— d? K ' ;
o . y Ve Ki(z,y;9) fi(y; 9)
_ APy Ki(z,y;9)V2, fiy: 9)
— Zm " Y Ny Yy g g,yJl Y9
h*oy D
- -2 Mdgth@c,y;g)fz(y;g)
ho
= —gp @) .

This leads to the solution a;(x,t) = k(z)e 2n°. We can express any function f €

L*(M) as f(z) = Zzzo cfi(z; g). Then,

flx) = lim [ d7yK(x,y;9)f(y)
t—0t M
= Jim | dDyZe k(@) iy 9) D Cmfin(y: 9)
m=0
= lm Y e %z chkl (3.29)

t—0t
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from which we conclude that k;(x) = fi(x;g). Thus, we obtain the following expansion

of the heat kernel

[e.9]

Ki(,y;9) =Y e 2% fi(w; 9) fily; 9) (3.30)

=0

which converges uniformly on M x M (cf. Chapter 3 in [49] for the proof of uni-
form convergence). This tells us that if we can calculate exactly eigenfunctions and
eigenvalues of a given Laplacian, we can find the heat kernel as an infinite sum. One
can easily find an important result for the large time behavior of the heat kernel for

compact manifolds

1

Kt(xvy;g) = V(M)

+ Y e fi2:9) filyi g) (3.31)
=1

so that Ky(z,y;9) = vrepy + O(e2m%1) or

(3.32)

as t — oo. The analog of the eigenfunction expansion of the heat kernel on noncompact

manifolds can be heuristically given as

Ki(z,y;9) = /du(l)e_%”(”fz(m;g)fz(y;g) : (3.33)

Let us now state the important basic properties of the heat kernel without going into

details:

(i) Heat Equation: It satisfies heat equation since it is a fundamental solution
to it by definition.
8Kt (.’L’ Y5 g ) h2

h—a -~ %VE,th(%y;g) =0. (3.34)
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(ii) Initial condition: It solves the Cauchy problem, that is,

Jim Ko(y39) = 64(5y) (3.35)
in the sense of distributions.
. . . . ( )
(iii) Semi-group Property: It is the consequence of the operator identity P VE —

My g2 htp g2 .
ezm Vs ezm Vo, that is,

/ ngZ Kt1 (x7z;g)Kt2(27y;g) = Kt1+t2<x7y;g) ’ (336)
M
for all x,y € M and t,t5 > 0.

(iv) Symmetry Property: Although it is not so obvious from the definition of
the heat kernel, it can be directly seen from the eigenfunction expansion of the heat

kernel (3.30) that we have

Ki(z,y;9) = Ki(y,x;9) forallz,y e M and t>0. (3.37)

(v) Positivity Property: The properties of the heat kernel above follows mainly
from spectral properties of the Laplacian. However, there are other properties which
can not be derived only from the spectral properties of the Laplacian. One such

property is the positivity
Ki(z,y;9) >0 forallz,y € M and t >0, (3.38)

which is not at all obvious from the eigenfunction expansion since they are signed except
the first eigenfunction. The proof of this property is based on maximum/minimum

principle [34, 61].
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(vi) Another nontrivial property is

/ APz Ky(z,y;9) < 1. (3.39)
M

If the inequality is saturated by 1, then the manifold is said to be stochastically com-
plete, that is,

/ Az Ky(z,y;9) =1. (3.40)
M

This means that in terms of the probabilistic interpretation of the heat kernel, the total
probability of the particle being found in M is one, that is, it reflects the conservation of
probability. This property of the heat kernel is related to the asymptotic completeness
of the manifold ® . A stochastically complete manifold does not have to be geodesically
complete [63]. The well-known Hopf-Rinow theorem [62] provides a simple criterion to
determine whether a Riemannian manifold is geodesically complete or not. It states
that a connected Riemannian manifold is geodesically complete if and only if it is
complete as a metric space. On a geodesically complete manifold, the Laplacian is
essentially self-adjoint in L?(M) [64]. The natural question one may then ask is this:
do we have a test for stochastic completeness. The answer is affirmative and given by
the following theorem. Let M be a geodesically complete manifold. Assume that, for

some point r € M,

> r
S — A1
/ dr InV(z,r) o (341)

where V(z,7) = pu(B(x,r)) is the volume of the geodesic ball B(z,r) on M of radius
r centered at x 9 . Then M is stochastically complete. The condition (3.41) holds
if Vi(z,r) < 01602’”2, where c¢q,co are appropriate dimensional constants. When the

manifold M is a geodesically complete Riemannian manifold with Ricci curvature

A Riemannian manifold is geodesically complete if every maximal geodesic is defined for all ¢ [62].
Intuitively, the geodesics may be continued indefinitely and the manifold does not have any holes or
boundary.

6B(x,r) ={y € M :d(z,y) < r}, where d(z,y) is the geodesic distance between x and y. p is the
Riemannian volume or measure.
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Ric(M) 7 bounded from below, then from the Bishop-Gromov volume comparison
theorem we have V(z,7) < c3e™”, so that M is stochastically complete [61, 65]. In
particular, for R”, H” and for compact manifolds stochastic completeness is always
satisfied [66]. A manifold M is called a Cartan-Hadamard manifold [61] if M is a
geodesically complete, simply connected, non-compact Riemannian manifold with non-
positive sectional curvature everywhere. The D-dimensional flat R” and hyperbolic
spaces HP are the best known examples of Cartan-Hadamard manifolds. A Cartan-
Hadamard manifold is stochastically complete provided its sectional curvature (c.f. [62]

for the definition) is bounded below [63].

In what follows, assuming the stochastic completeness one can derive how the
heat kernel transforms under the scaling transformation of the metric g;; = a=2g;j,
where o € R. From the definition of the Laplacian (3.7) and the Riemannian volume
element (3.2), we have

2 _ 2v72
Va—Qg = OéVA

g

daD,zgx = ofDdg)x : (3.42)

and then the eigenvalue problem becomes
Vifix;9) = Vi file; a7%g) = oV filw; a72g) = a1 fi(z;0729) . (3.43)

Hence, this tells us that the spectrum of the new scaled Laplacian V3 is {a~?0;}. Scal-
ing property of the eigenfunctions is obtained from their orthogonality or completeness

condition and we get
filw; 9) = a™ PP fiw;07%9) = a7 PP fi(w; 9) (3.44)

that is, {a=P/2f;(z;g)} form a orthonormal basis of L?*(M;a?g) if fi(z;g) is an or-

thonormal basis of L?(M;g). Also, from the normalization of Dirac-Delta functions

"The components of Ric are denoted by R;; and defined in terms of the Riemann curvature tensor:
Rij := g"" Ryjm.
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on manifolds (3.14) and the transformation rule of the Riemannian volume element in

(3.42), we easily find

04() = Gp24(x) = aP04(x) . (3.45)
The heat kernel satisfies heat equation under scaling transformation of the metric, that
is,

OKi(x,y;a7%9)  h? h?

h o = %Vifzgl(t(x,y;a_zﬁ) = aQ%VEKt(x,y; a™?j) .  (3.46)

If we also scale the time ¢ = s/a?, then we find

aKs/QQ(x y,a—Zg) h?
h — — — V2K 2 (z,y;0729) = 0. 3.47
Os vag s/a (x,y,a g) ( )

Therefore K, /ag(:p,y;afzg}) satisfies the same form of heat equation with the time
parameter s and the metric g. In other words, this solution is proportional to K(z,y; §)
but up to an overall factor which could depend on the scaling parameter a due to the

linearity of heat equation:

Kooz (,y; a %) = NoK(z,v;4) - (3.48)
Scaling back to original time variable we obtain K;(x,y;a™2§) = NoKa2i(2,9;9). The
overall constant N, can be determined from the stochastic completeness condition of
the heat kernel (3.40). Hence we get

KaQt(x>y;g) - Oé_DKt<£L',y;Oé_2£]> ) (349)

equivalently

Ki(z,y; 9) = o” Koe(, y; 0%g) (3.50)
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Another useful and important fact about the heat kernel is its relation with the resol-
vent. It was first realized by Fock [67] that it is useful to express the resolvent kernel
or the Green’s function as an integral over a time variable (so-called “proper time”) of
the heat kernel and later on Schwinger [68] showed that this idea made many issues
related to the renormalization and gauge invariance more transparent. In order to
see the relation between the resolvent kernel and heat kernel, we need the following

operator identity, which can be proven rigorously in semigroup theory [56]

1

2 a 1 [~ _t(_ 2 g2
<_h_v§_E> :ﬁ/ dt e F (-3 V3B (3.51)
0

2m

for R(F) < 0. This shows that the resolvent of the free Hamiltonian —% V; is nothing
but the Laplace transform of the semigroup ez Vs, In fact, the above operator identity
is not restricted to the Laplacian but valid for any linear self-adjoint operator [56]. The
result should be continued analytically to its largest set in the entire complex plane E.
As a result we find the integral representation of the free resolvent kernel in terms of

the heat kernel

h2 ! 1 [®
RielE) = (ol (-5 V2= E) = [ dteRKing. G2

3.5. Short-Time Asymptotics of the Heat Kernel

Apart from these facts, there is a well-known short-time asymptotic of the diag-

onal heat kernel given for any manifolds [29, 49|

Ki(z, 71 g) ~ W ;; e, ) (it /2m)F2 (3.53)

for every x € M as t — 07. Here the functions ug(z,z) are scalar polynomials in
curvature tensor of the manifold and its covariant derivatives at the point x. When
there is no boundary, the odd terms in the expansion, i.e, k = 1,3, 5, ... vanishes [28].

Unless otherwise stated, we always assume that the manifolds in this thesis have no
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boundary, so that

Ky(z,z;9) ~ lemm Zun x,x)(ht/2m)" . (3.54)

This expansion is more or less plausible since every Riemannian manifold looks locally
like R? and for ¢ ~ 0 the heat flow does not have enough time to distribute itself
over the whole manifold, so that all the information about heat flow can be locally
computable from the well-known Euclidean result as a first approximation. The first
coefficient is then ug(x, z) = 1, whereas the explicit form of the others can be calculated

recursively up to us(z, x) and they are rather long and complicated [31].

The asymptotic expansion of the diagonal heat kernel can be integrated over the

manifold to give the asymptotic expansion of the trace of the heat kernel as t — 0%

1<ﬁvz> D > ht
TI'L26h 2m " 9) — dg th<x7x,g) = Ze 2mgl
M 1=0
1 (0]
—_— U,(ht/2m)" (3.55
where the coefficients U,, = [, d?x u,(z, z) are spectral invariants of the operator —V?

and we have used (3.30) and the orthogonality of the eigenfunctions. Integration of an
asymptotic expansion is still an asymptotic expansion since they can be integrated term
by term [69]. This expansion (3.55) is known as Minakshisundaram-Pleijel formula [70,
71] in mathematics literature and Schwinger-DeWitt expansion in physics literature and
the coefficients are called Hadamard - Minakshisundaram - DeWitt - Seeley (HMDS)
coefficients. The short-time expansion (3.54) is even valid for self-adjoint elliptic pseudo

differential operators P of any order d [29]

1 (o ¢]
Kz, ;) ~ B7d > ealw,x)(ht/2m)"* (3.56)
0

(4mht /2m)P/d £~

where e, (z, ) depends functionally on a finite number of jets of the symbol p(z,§).

The asymptotic expansion of the heat kernel for a formally self-adjoint, elliptic, second
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order operator for the points « near y is also given [72] as

_md?(z,y)
e 2ht

Ki(z,y;9) ~ (

T amyorE 2 Ol y) (ht/2m)" (3.57)

ast — 0T,

Indeed, we have also short-time asymptotic of the heat kernel for any = and y
under the various assumptions about the structure of the set of geodesics which join
the points x and y [73]. It is shown that (see Theorem 2.1 and 2.2 in [73]) for all y
sufficiently close to = (so that z and y can be joined by a unique shortest geodesic 7,

along which z and y are non-conjugate) then,

_ md?(z,y)
e 2ht

APV ()2 (2, y) (3.58)

Ki(x,y;9) ~ ( 5

(it Jam) P2
U, (z,y) characterizes the divergence of the geodesic flow near v, that is, if we emit
a beam of geodesics from z along v in the solid angle dy illuminating a hypersurface
of area dS at y orthogonal to ~, then U(z,y) = dS/de. The function ¥(z,y) can
also be written in terms of the Jacobi fields orthogonal to the geodesic 7, ,(s), where
0 < s < d(z,y). If the number of shortest geodesics joining x and y is greater than
1, or, if x and y are conjugate along some of them, then the result takes the following

form (up to a bounded factor)

_(D+k) _mdQ(x,y)> (3.59)

Kt(l’,y;g) =0 ((ﬁt/2m) 2 e 2ht

where the index k = k(x,y) depends on the character of the degeneracy of the geodesic
flow between x and y and the symbol O stands for the Big O notation in asymptotic
analysis. Since all our calculations essentially give the same physical results for all

cases and subcases defined in [73], we will just consider a generic case (Case 3.1 in
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[73]), in which we have:

_md?(z,y)
e 2ht

K@ 5:9) ~ tppmgmyprd @) D0 @), (3.60)

where each of the shortest geodesics ~; gives an independent contribution to the sum.
3.6. Upper and Lower Bound Estimates of the Heat Kernel

The Gaussian upper bound of the heat kernel was first given by [74] for the case of
complete Riemannian manifold of a bounded sectional curvature. The sharper results
were later obtained by [75] and known as Li-Yau estimates: Let M be a geodesically
complete manifold without boundary. If the Ricci curvature of M is nonnegative, then

for all & > 0, there exists c¢5 > 0 such that

—-1/2

Ki(z,y;9) <cs <V(a:, Vht/2m) V(y, \/ht/Zm)> exp (—%) , (3.61)

forallt > 0 and z,y € M. A similar estimate is also given for lower bound and one can
think of the above inequality as two sided. If one assumes that the Ricci curvature of
the manifold is bounded below by a negative constant, the above results on the bounds
are still valid. One point should be emphasized. Most of the information about the
geometry of the manifold is hidden in the volume terms in front of the Gaussian factor
of the above estimate and this is a general characteristic. Moreover, the studies of
E.B. Davies [76] and B. Simon [77] show that the upper bounds of the heat kernel
can be also deduced from the logarithmic Sobolev inequality [78]. Several alternative
functional inequalities, e.g., Sobolev’s, Nash’s, and the Faber-Krahn’s inequalities have
been shown to be related on-diagonal upper bounds of the heat kernel [61]. The
common achievement of the above inequalities are all equivalent to the statement that

on-diagonal bound of the heat kernel is

Ki(z,x;9) < c¢/tP? . ¢>0, (3.62)
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forallt > 0 and z € M and then the off-diagonal estimates can be done by modifying it
with a Gaussian exponential form. We will show in the next section that under certain
conditions an upper bound of the heat kernel can be deduced from its on-diagonal
upper bound. At the same time there is another direct way of obtaining on-diagonal
estimates of the heat kernel [79] and we will follow this approach in the next section by
considering topologically two different class of manifolds, namely compact and Cartan-

Hadamard manifolds.

3.6.1. Heat Kernel Bounds for Compact Manifolds

(i) On-diagonal Upper Bound of the Heat Kernel: The following result is a
simplified version of the corollary 3.6 given in [80], which assumes that some geometrical
conditions must hold on the boundary. The global upper bound estimate of the diagonal
heat kernel in [80] includes whole boundary information via an explicitly calculable
strictly positive constant A = A(diam(M), Hy, Hy, K, V(M)), where diam(M) is the
diameter of the manifold ® , and K is the lower bound on the Ricci curvature, and also
Hy and H, are parameters related to boundary conditions. We then state the following
corollary by safely removing the boundary effects in corollary 3.6 in [80] since A is

strictly positive:

Let M be a compact manifold. Suppose that the Ricci curvature of M satisfies
Ricyy > —K,K > 0. Then Vt > 0 and x € M

Ki(z,2;9) < + A'(ht/2m) P2 (3.63)

1
V(M)
where A" = A'(diam(M), K,V (M)).

(ii)) Upper Bound of the Heat Kernel: The natural question is whether we
could extend the above result to the off-diagonal of the heat kernel. If the answer

is affirmative, how? In order to answer these questions, we must first observe the

8diam(M) = sup{d(x,y) : v,y € M}
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following identity

Kt(ajax;g) _/ d!l])Z Kt/g(x,z;g)Kt/2(z,x;g) _/ ngZ KtZ/Z(xaz;g) ) (364)
M M

where we have used the semigroup (3.36) and symmetry property of heat kernel (3.37).

Using the semigroup property again with Cauchy-Schwarz inequality, we have

Ki(z,y;9) = /dfzKt/z(x,Z;g)Kt/z(y,Z;g)
M
1/2

1/2
M M

Then, as a result of (3.64), we obtain

IN

Ki(z,y;9) < K (2, 2,9) K (y,y; 9) - (3.66)

This inequality immediately gives us an upper bound on the off-diagonal heat kernel
if we know an upper bound estimate of the diagonal heat kernel. For example, if
Ki(x,z;9) < F(t) which is valid for any point x € M and t > 0, then (3.66) implies
Ki(z,y;9) < F(t) for all z € M with ¢t > 0. However, this is a poor estimate, that is, it
does not take into account the information of the distance between the points x and y
so this would not be a sharp bound, which we need for our calculations. Therefore, we
will search for the upper bound of the off-diagonal heat kernel estimates which does not
ignore the distance between the points and it will be a correction to the upper bound
of the diagonal heat kernel, based on the diagonal estimate. It has been established
that the corrections to the upper bounds do not depend on the specific geometry of the
manifold. Instead, the upper bounds are characteristic of heat equation which implies
that we must have a Gaussian factor somehow in the estimate. The following corollary

given in [81] constrains the off-diagonal elements of the heat kernel from above.

Assume that for some points z,y € M (M is any Riemannian manifold) and
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Vvt > 0,

C C
Ki(x,1;9) < 0] and Ky(y,y;9) < ok (3.67)

where f and g are increasing positive functions on (0,00) satisfying the regularity

condition given below. Then, for any Cy > 2 and for all £ > 0

. 4A o ~md*(z,y)
Bilry:9) < e p( ROt ) (3.68)

where ¢ = €(Cs,a), A and a are the constants coming from the regularity condition

below.

Regularity Condition: There are numbers A > 1 and a > 1 such that

flas) _  flat)
i =0

(3.69)
for all 0 < s < .

By comparing the equations (3.63) and (3.67), we realized that the right hand
side of (3.63) can be an explicit candidate for the functions f or g in the theorem above.
Hence, we could have

-1

1
t)=g(t) = |~ + A'(ht/2m) P2 | 3.70
f(t)=g(t) VM) (ht/2m) (3.70)
by choosing C' = 1. It is easy to check that these functions are positive and increasing.
We can also verify that they satisfy the regularity condition (3.69) with A = a”/2.
Therefore, we have obtained the upper bound for the off-diagonal elements of the heat

kernel

Ki(z,y;9) <4A (3.71)

+ B(e)(ht/Qm)_D/2] exp (—M) ,

V(M) hCyt
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where B(g) = A’e"P/? and recall that Cy > 2.
iii) Lower Bound of the Heat Kernel:

We have a direct theorem about the lower bound on the heat kernel (cf. theorem
5.6.1 in [33]). Let M be a complete Riemannian manifold with Ricas > 0. Then, we

have

2
Ko,y 9) > (dnht/2m) P2 exp (—W} | (3.72)

for all z,y € M and ¢t > 0. In particular, on-diagonal lower bound is

Ki(z,x;9) > (4nht/2m) /% . (3.73)

3.6.2. Heat Kernel Bounds for Cartan-Hadamard Manifolds

i) Upper Bound of the Heat Kernel: In order to give an upper bound for Cartan-
Hadamard manifolds, we need to give the some definitions and related theorems in the

literature.

Isoperimetric Inequalities: Isoperimetric inequalities are the relations between
the boundary area of regions and their volume. We say that manifold M admits the

isoperimetric function [ if for any precompact open set {2 C M with smooth boundary

A(0Q) > 1(v) , (3.74)
where A(0S2) is the area of boundary of the region €2, and v = V(£2) is the volume of the
region. Any Cartan-Hadamard manifold M of dimension D admits the isoperimetric

function I(v) = kv o, K > 0 [82]. We have an important theorem [83] given below:

Assume that the manifold M admits a non-negative continuous isoperimetric
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function I(v) such that I(v)/v is non-increasing. Let us define the function f(t) by

t=4 / dv——, 3.75
o VPO )
assuming that the integral is not divergent at t = 0. Then for all x € M, t > 0 and

e >0,

2¢~ 1

Ki(z,x;9) < m )

(3.76)

Moreover, if the function f satisfies in addition the regularity condition (3.69) then,

for all z,y € M,t > 0,C5 > 2 and some € > 0,

Ki(z,y;9) < ffi) exp (%ﬁy)) : (3.77)

The isoperimetric function for Cartan-Hadamard manifolds given above satisfies all
the requirements above, that is, it is a non-negative continuous function and I(v)/v
is non-increasing. Substituting the above isoperimetric function for Cartan-Hadamard

manifolds into (3.75) we obtain the function f(¢) by a simple integration

f(t) = (%t) o : (3.78)

and it meets all the requirements of this theorem including the regularity condition.
Hence, the upper bound on the off-diagonal elements of the heat kernel on Cartan-

Hadamard manifolds is given by

C<€7 FL) _mdz(xa y)
Ki(z,y;9) < (4rht j2m)DP2 exp (Tﬂ ; (3.79)
where C(e, k) = W. This upper bound estimate of the heat kernel is also

valid for minimal submanifolds, which are submanifolds of R” whose normal mean
curvature vector H(x) = (Hi(x), Hy(z), ..., Hp(z)) vanishes for all z € M, because

minimal submanifolds admit the same form of isoperimetric function [84] with the
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Cartan-Hadamard manifolds.

ii) The Lower Bound of the Diagonal Heat Kernel: On Cartan-Hadamard mani-
folds, the lower bound of the diagonal elements of the heat kernel are obtained in [61].
The lower bound of the diagonal heat kernel is given also for any manifold given as a
proposition (5.14) in [61]: For any manifold M, for any x € M and 6 > 0, there exists

¢ = ¢; > 0 such that

ht

Ki(z,z;9) > |

exp |—(o1(M) +6) (3.80)

C
(drht/2m)D/?

where o1(M) is the spectral radius corresponding to the Laplacian and it is restricted

to the following range [34, 85]

(D —1)?°K?

min

(3.81)

max

1 1
~(D = 1)K}, = o1(M) > =~
4 4
for a Cartan-Hadamard manifold whose sectional curvature is bounded from above by

—K?

min*
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4. FINITELY MANY POINT INTERACTIONS ON TWO
AND THREE DIMENSIONAL RIEMANNIAN
MANIFOLDS

4.1. Quantization on Manifolds

The classical Hamiltonian of a free particle moving in a curved space with metric
g is given by H = % g (x)pipj, where g¥ is the inverse of the metric g;;. If we quantize
the system with the usual canonical quantization rule, we are confronted with ordering
ambiguity. The difficulty is basically due to the reason that the corresponding principle
and hermiticity condition of the Hamiltonian do not alone determine how the classical
variables have to be ordered before being replaced by operators in canonical quantiza-
tion scheme. The problem still can not be resolved in path integral quantization scheme
and various path integral formulations of the problem suggest [86, 87, 88, 89, 90, 91, 92]
us that the Hamiltonian for a particle in curved space must be in a local coordinate

representation

R _, h?

(x|Hy = <— %Vg + faR(x)) (z] (4.1)
where ¢ can take several possible values and R is the Ricci scalar curvature of the
manifold. Therefore, we have inequivalent Hamiltonians which differ from each other
by a factor of %. This issue has been first raised by DeWitt [86, 87, 88, 89] and there
is still no consensus regarding the quantization in curved spaces. On the other hand,
one can ask naturally whether this extra term is experimentally observable since only
experiment can decide what the correct value of £ must be. Up to now, no experimental
result has shown the presence of this extra curvature term [91]. Therefore, we shall
choose & = 0 for simplicity for our calculations and assume that there is no physical
observable effects by removing this term. This ensures us that the spectrum of the free
Hamiltonian is nonnegative. Otherwise, we will need a more detailed analysis which

takes into account the negative eigenvalues of the free Hamiltonian. This ambiguity is
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not only encountered in non-relativistic quantum mechanics, but also exists in quantum

field theory [72].

One more point should also be emphasized about the quantization in curved
spaces or manifolds: In quantum mechanics, there is an alternative approach, called
confining potential approach [93, 94, 95, 96], which investigate the dynamics of the
particle constrained to a manifold. In this way, a particle constrained on a hypersurface
which is embedded in a Euclidean space R” is studied and embedding is assumed a
priori. Then one can find an effective Hamiltonian approach for the particle moving on
the hypersurface by freezing the motion normal to the surface in a low state of excitation
of the confining potential. This effective Hamiltonian depends on the intrinsic geometry
and on how the hypersurface is embedded in R”. However, we will pursue the first
approach and postpone studying our problem in the second approach for future studies,
that is, we shall assume that the motion is constrained to the manifold a priori so that
we do not have to worry about the embedding space. All the properties of the system

depend only on the geometry intrinsic to the manifold.
2. A Heuristic Renormalization of the Model on Riemannian Manifolds

We consider a non-relativistic point particle of mass m living in D dimensional
Riemannian manifold (M, g) without boundary which interacts with finite number of
Dirac delta interactions located on the manifold. For simplicity, we shall only deal
with the bound state problem. Unless otherwise stated, we always consider two and/or
three dimensional problems, that is D = 2 and D = 3. Following the arguments given
in the previous Section 4.1, the time-independent Schrodinger equation on M for the
bound states of a particle under the influence of N attractive Dirac delta interactions

reads

——V2 Z A 0P(2,a;) | () = —v*h(z) , (4.2)
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where \; € RT is the strength of the i-th Dirac delta interaction at point a; € M and we
have parametrized the bound state energy E of the system by —?. We again assume
that a; # a; for ¢ # j. Although we show the calculations for only compact manifolds,
they are still true for some non-compact manifolds by appropriately replacing the sums

by integrals. If we apply the spectral theorem (3.11), it yields

> —olol ZAA filas; 9) + vV*Cy| fulw; g) = 0, (4.3)

=0

where A; = 1(a;) for simplicity of notation. The fact that f;’s form a complete or-

thonormal system allows us to solve C]

C = A\ Filas g 44
L 2mal+V2 Z fla ( )

Substituting (4.4) into the definition of A;

A = ZA A Zfl ai; 9) filay; )’ (4.5)

O'l—l-V2

and grouping the A; terms we find

1 |fl ;s g .
[)\ Z i, +V2 A;=0. (4.6)

=0 2m

[ ] - fl ai; g fl aj; g )

2
zlo 2J+V

I
EA

The observation that the preceding equation is linear in A; permits us to write it

naturally as a matrix equation

> dy(E=-17)A4;=0, (4.7)
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where

1=0 %Ul"’"lﬂ
(I)ZJ(E) = 9 (4 8)
A filas 9) filag; 9) o
- ifi ]
\ Ai ; 25_20'14‘7/2 iti#

This is nothing but a generalization of the principal matrix given (2.39) for flat spaces.

We can similarly find the principal matrix for non-compact manifolds as well

( . 2
)\;1 . /du(l) FJZfl(azag)l lf’L:j

s o(l) +v2

if i

N /du(l)fl(ai;g)fl(aj;g)

Ai B (1) + 12

\ 2

Comparing (4.8) and (4.9) with (2.39), one can easily see the following similar structure

RP M
L. <2i;];D — i or [ )
exp (%p-ai) —  fiai; ) (4.10)

where the double arrow means that the expression in the right hand side can be replaced
by the left hand side or vice versa. Because of the above association, one heuristically
expects that the diagonal term in (4.8) or (4.9) diverges since their associated term in
the flat space diverges for large values of momentum corresponding to short distances
(so-called ultra-violet divergence). This expectation can also be explained by the fol-
lowing argument: As we have seen in the chapter 2, the divergent structure of our
problem in flat spaces is due to the interaction of the particle with the potential at
extremely short distances. The form or the character of the divergence must be of the

same form with flat case since every Riemannian manifold can be considered locally
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flat. However, this is just a naive expectation since we have no explicit information
about the eigenvalues and eigenfunctions nor their estimates for a general class of Rie-
mannian manifolds. It is only the Weyl’s asymptotic formula for the eigenvalues (3.18)
that may help us to understand the structure of the divergences in our problem but
it will not be sufficient since we have no information about the asymptotic behavior
of the eigenfunctions on a general class of manifolds. What we can do at the moment
may be to consider the special cases. Let us consider two dimensional sphere S? as
an explicit example. Spherical harmonics Y;™ are the eigenfunctions of the Laplacian

—V3, with the eigenvalues {(l + 1)/R?. The principal matrix ®;;(—v?) is then

o

( 1 21+ 1
A= i=j
4 R? ZZ(; —27Z;2l(l +1) + 12
Dy(—1?) = (4.11)
Nl O 20+ 1 &
S (1= i,
[ AATRE = s+ 1) v
where d;; = % = |7, — 7;| € [0,2] being rescaled distance between point centers with

radius of the sphere R. Now, it follows easily from the Cauchy-MacLaurin integral test

[38] that the infinite sum

e e

1 20+ 1
(4.12)
47 R? ; % I(l+1) 402

is divergent, which is the expected result. Our heuristic idea can also be tested for
hyperbolic manifolds [35] but we postpone discussing the problem on these special

model manifolds to the end of this chapter and continue with our general discussion.

The question we address now is the following: Could we renormalize our problem
by following a similar procedure developed for the flat spaces? Let us see what happens
if we go through the analogous steps of the same problem in flat spaces. We introduce

a cut-off to the upper bound of the infinite sum and choose the bare coupling constant
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in analogy with the flat case

I _ d*p  Oa(p) |filais g
)\z(A) B /RQ (27Th)2 % + MZZ Z (413)

—0 2mal+ﬂ

where —p? in this case is the experimentally measured binding energy to a single Dirac

delta interaction in M. Then, we take the limit A — oo

A .
Alljilo [Z ‘fl ;3 g . Z_: Lﬁ(ai)g)P

1=0 2m0l+MZ

_ [i v —i)lfilas o) | (4.14)

1=0 (2m0 ‘H%)( o1+ v?)

and this should give us a finite result in two and three dimensions. Hence, we find the

principal matrix at this limit

(< V _ug)lfl(az; )|2 e
lz O'l—FMZ)( O'l—|—1/2) lfl—j
Q,;(F) = (4.15)
. - f(aza )fl(aga ) e - .
\ ZZ; QH—mUZ 2 ifi#7j.

where we have used the fact limy_o A;(A)/X;(A) = 1. Although the final form of the
principal matrix can be shown to be finite for special manifolds (such as S? H? H?),
it is still not so clear that the infinite sums in the principal matrix are convergent.
Therefore, this is not a smart way of doing renormalization since we do not know the
convergence of the sums in a general setting so we need a new tool in order to achieve

the renormalization rigorously.

There is a very elegant method, called heat kernel, which helps us to understand
the singular structure of the Green’s function of a given self-adjoint elliptic differen-
tial operator. It is a useful approach to calculate the one-loop effective action, which
describes the quantum effects due to the background fields in the one-loop approxima-

tion of quantum field theory [68] and it can also be applied to the case of background
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gravitational field, i.e., the quantum field theory on curved space-times [31, 97, 98, 99].
With the help of the asymptotic expansion of the heat kernel, one can then find the
singular structure of the problem and renormalize the problem in curved space-times.
As introduced in the first section of this chapter, our approach is to renormalize the
systems in Riemannian manifolds by finding a well-defined finite resolvent of the formal
Hamiltonian. Therefore, our motivation in the next section will be to find a relation
between the resolvent of the Hamiltonian and the heat kernel in order to extract the

singular structure of the problem.
4.3. Construction of the Model with the Heat Kernel

The resolvent and heat kernel play an essential role in establishing the connection
between spectral properties of a differential operator and the geometrical properties of
the space on which this operator is defined. Therefore, it seems reasonable to look for

a relation between the resolvent of the Hamiltonian and the heat kernel.

Let us consider the separable Hamiltonians H® = Hy — S0 | f)(f¢], where | ff)
is a particular set of normalized vectors specified by its coordinate wave function ff(x).
We shall try to work out the resolvent formula of H in terms of the resolvent of the
free Hamiltonian Hy. For this reason, let us assume that the two Dirac kets |¢)) and

|p) are related in such a way that the equality (H® — E)|v) = |p) is satisfied, that is,
N

Ho— B =) IS 10) =10}, (4.16)
j=1

assuming complex number E ¢ Spec(Hy) and R(E) < 0. Acting the operator (Hy —
E)~! on both sides and projecting it onto (ff|, we obtain

N

(1) = (FI(Ho = B) o) + Y (fi1(Ho = E) D 510) (4.17)

J=1
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ZA Y5l = (fe] (Ho — E) ™ |p) (4.18)

where we define a matrix Af;(E) as

A (E) = L= (fi[(Ho—E)"|ff) ifi=y (4.19)

—(fil(Ho = B) ) i

After a little algebra, it is evident that

N
(H = E)" = (Hy— E) " + (Ho— E)™ | Y IO [AE); (f]| (Ho— E)™"
ij=1
(4.20)
as long as [AE(E)];].1 exists. We now choose the functions (x| ff ) ff(x)’s as a weighted

natural Dirac delta sequence defined by the heat kernels \/\;(€) K¢ 2(z, a;; g), centered
at * = a;. We now use [ff) = /A \f , where ( a:]f) Ke/g(ai,x;g), and write
everything in terms of these pure Dirac delta sequences. Note that we get the original

Hamiltonian given in Section 4.2 if we take the limit e — 07:

(@l fNfE) — 07 (2, ai)ip(=) - (4.21)
By defining new operators D;;(€) = \/\i(€)d;;, F; f£)(f;| and similarly for Ey;(e),
we can write the operator in (4.20) in a more transparent way:
N

DOUNABE Sl = T[F[A(E)] ] =T [D(G)F(G)D(E) [AE)] ™

i,j=1

- T [F(e) [cpe(E)]—l} , (4.22)
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where we have defined a new operator ®¢;(F)

N AL(e) = (ff|(Hy — B)7Yfe) ifi=
¥(8) = Y. DR Ay Dy () = § 1O T U B e
~(feI(Ho = B) ) if i #

(4.23)

One may ask: “Why do we have to choose these combinations of the operators?”
Because this is the only way to get a symmetric combination of operators so that we
have a symmetric integral kernel. Recall that this has been also the way we followed in
Section 2.2 in order to preserve the hermiticity of the operators. Inserting the identity

1= [,,dPz |z)(z| between the operator (Hy — E)~" and (f¢| and the pair |f;>, we find

that
A7) - / A2 dVy Kepp(ai, x;9)Ro(w,y|E)Kepa(y, asyg) i i = j
(I)zg’j(E) = M
—/ , df])x dfy Ke/Q(a’ia z; g) Ro(x, ?J|E)Ke/2(y7 a;; g) if ¢ # 7.
M
(4.24)
If we use the formula for the free resolvent expressed in terms of the heat kernel (3.52),
we get
( B (e} dt
A (e - / - /M APz dPy K. po(ai, 25 9)Ki(2,y; 9)e" " Ko (y, ais g)
0 2
) if i = 7
(I)z'j(E> =

> dt
_/ %//\/{ djw dgy Keplai, @5 9)Ki(w, y: 9)e™™ " Kepa(y, aji g9)
0 2

ifi .
(4.25)
Then, the semi-group property of the heat kernel (3.36) leads to the following regular-

ized matrix whose elements consist of time integrals

_ < dt o
Ai 1(6) - / EKt—&-e(aivai;g) Bt it = J
0

¢ (E) =
o dt
_/ — Kire(ai, aj; g) eP" it i 7.
0

v

(4.26)
n

Taking the limit € — 0, we realize that the time integral in the diagonal part of the
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matrix is divergent due to the first term in the asymptotic expansion of diagonal heat
kernel (3.54) in two and three dimensions. Hence, the divergence is controlled only by
the first term in the asymptotic expansion (3.54). One may choose the bare coupling

constant as

1 dt
= / % Kt(aza amg) 6_tu?/h ’ (427)

then obtain

dt 2
/ = Kilai ai;9) [et“i/h—e”f/h] if i =
— 0

dt
— / . Ki(a;, aj;9) etB/h if i # 3.
0

(4.28)

after we have taken the short-time limit ¢ — 0. Note that the diagonal part of the
matrix (4.28) becomes convergent with the choice of substraction for the bare coupling
constant (4.27). We can also show that the off-diagonal part of the matrix (4.28) is
convergent by using the upper bounds of the heat kernel on manifolds given in (3.71)
and (3.79) thanks to the exponential factor e~m*@v)/ht Dye to the symmetry property

of the heat kernel (3.37), the principal matrix is Hermitian for real values of energy.

One can naturally ask whether the renormalization performed with heat kernel
is compatible with the one introduced in Section 4.2. The answer is affirmative and
one can easily check that the momentum cut-off A for the infinite sum introduced in
Section 4.2 corresponds to the short-time cut-off € for the lower bound of time integral
in the heat kernel method. This can be realized easily by using the spectral theorem

n (4.28) for £ = —

dt > dt _: ig_
/0 EegKt ai, aj; g Zfl a;; g fl a;; g )/ Ee h<§m : E)

= o) ) (4.29)
i\ai; g) Ji\ag; g
Z I - E ’

where the sum and integral can be interchanged. In other words, the series may be
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integrated term by term since summation converges uniformly [100]. Therefore the

matrix is indeed the principal matrix of our original problem proposed in Section 4.2.

Finally, if we take the matrix element of (4.20) by projecting on to position Dirac
bra-kets (x| and |y) and using the equation (4.22), we have found the regularized
resolvent kernel in coordinate space R(z,y|E) = (x|(H* — E)y)

N
R(e,0lE) = Ralaol£)+ 3 [ abal a2y Rofe, | YKl o)
M2

1,j=1

X [(B)],; Kepalag,y ) Ro(y', 9 E) - (4.30)
If we take the limit as € — 07, we obtain an analog expression of the resolvent given

in Section 2.2 for flat spaces:

N
lim R(z,y|E) = R(z,y|E) = Ro(w,y|E) + ) | Ro(z, a:| E) ®;'(E) Ro(a;, y| E) .

v (4.31)
where Ro(z,y|E) is the free resolvent kernel. The equation (4.31) gives the relation
between the resolvent defined on an infinite dimensional space and the principal matrix
defined on a finite dimensional space. Although the resolvent formula above looks
formally same with the one for the flat space, one must be aware of the fact that the

free resolvent kernel (3.52) and the principal matrix (4.28) contain all the geometrical

information through the heat kernel.

The resolvent essentially includes all the information about the spectrum. We
will restrict ourselves only to the bound state problem since the scattering problem
requires a deeper analysis. The discrete spectrum of the Hamiltonian is the set of
numbers E at which the resolvent does not exist. Then, similar to the flat case the
condition det ®(F) = 0 determines the bound state spectrum of our system and it is
so complicated that we can not solve exactly. Nevertheless, we will be able to apply
the approximation methods in order to investigate model in detail in the subsequent

sections.
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Although we can not solve the eigenvalue problem exactly, we can express the
wave function for the bound state in terms of the eigenvector of the principal matrix.

For the moment, let us go back to our heuristic approach

M) = Z(A)) - filz; g)Ci(A) (4.32)

where Z(A) is the normalization constant to be determined later and

C(A) = —— e +V2 ZA Xi(A) fiai g) - (4.33)

1=1

and suppose that [, dPz [*(z)[* < co and

lgrolo d?m WM @)> =1, (4.34)
for D = 2,3. In spectral theorem in Section 3.2, the wave function ¢ (z) is assumed
to be in L?(M) and we formulate our problem under this assumption. Here we shall
check that this assumption is consistent. The square integrability leads to the following

result

A

1Z(M)]72 =) |Ci(A) Z)\ AAAAZfla“ Jilasig) (4.35)

1=0 i,j=1 =0 (2m0l+y2>2

Moreover, it is useful to express the summation over the eigenmodes as the derivative

of ®(—v?) with respect to v, hence we get:

N
-2 _ i ‘ . A 00(=v3A) )
27 = o le (M)A (M)A} = A (4.36)

Performing the limit A — oo, the properly normalized wave function of k-th state
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becomes

N 8 ij —V2 2 7%
wile) = van | Y o) P2 A;(—m]
i.j=1 Y=V . (4.37)
= oy filai; 9) filz; g)
Ai -V 2 P
22 A N T

where v, is the k-th root of the energy equation det ®(—r?) = 0. We may present a

simplified expression in terms of the heat kernel

() = V2 Z Ai(=17) M Aj(—vﬁ)]

1,5=1 v V=V
SO Aord) Ao fleia) [ O o)
X i(—v a;; x; — e PM\2m
1=0 =1 BRI o N
al O, (—1?) o
= van | ) S As<—v£>]
©dqt  wp
X / E eiTk ZAz(_Vz)Kt(a’Mx?g) )
y i=1
(4.38)
and using the identity from equation (4.28)
8@1-(—V2) > dt 2I/kt _ﬁ
Ja—,/ - :/0 m (T Ki(ai, aj;g)e” ™, (4.39)
we eventually get the wave function for the kth state
o0 dt t2 N
_
w) =a [ e F S AR Kl nig) (4.40)
o h i=1

where

Soacd [T () e Faen| L aa
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Note that 1y (x) is finite except at x = a;. It is instructive to show that the wave

functions are square integrable to verify our earlier assumption.

/ a2z (@) = o / a0 / d / s stieiayn
M

x Z Ai(=v) A (=) Ko, (ai, w5 9) Koy (2, a55.9) . (4.42)

3,j=1

Using the semi-group property of the heat kernel (3.51) and making the change of

variables u = t; + to with v = t; — t5 ,we get

“du (1 2
[R5 S Ao
0 —u

3,j=1

d
=« / # U e‘”zu/hA?(—l/i)Ku(ai,ai;g)
0

d
+a2/ ; u e~ viu/h Z Ai(—v) A (1) Ku(ai, a4 9) - (4.43)
0

i,j=1

#j
One can now easily see that both terms are convergent due to the short-time asymptotic
expansion of the diagonal heat kernel (3.54) and the upper bounds of the heat kernel
(3.71) and (3.79) for D < 4. Hence we check that ¢p(z) € L*(M) for two and
three dimensional manifolds. Since all the information about the spectrum lies in the
resolvent, we must have expected that the bound state wave function must be derivable
from the resolvent formula. In fact, we will derive the wave function (4.40) in Section

4.6 by a more elegant way.

It is well known that the same problem with a single delta potential in flat spaces
is a good example of a dimensional transmutation in quantum mechanics. Our problem
in D = 2 realizes a generalized dimensional transmutation [20, 21]: In our case, the
coupling constants \; have the same dimension as %2 by dimensional analysis. In
contrast to the flat case, we also have intrinsic scales coming from the geometry of
the space, such as curvature and the geodesic distance between centers d;;. However,
after the renormalization procedure, we obtain a set of new dimensional parameters,

that is, dimensionless coupling constant in two dimensions is traded for a dimensional
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parameter p? from the relation (4.80). Hence, the energy is not determined by naive
dimensional analysis. However, in the case of single delta attractor for the flat case
there is no combination of dimensional parameters to come up with an energy scale,
whereas in the case of a manifold we have geometric length scales which already may
define an energy scale. The dimensional transmutation is most striking in cases where

there is no intrinsic energy scale.
4.4. Self-Adjoint Extension and Krein’s Formula

As far as the rigorous mathematical considerations are concerned, the Dirac delta
function potential in Euclidean spaces is not a well defined operator in Hilbert space
H, that is, the way of writing the Hamiltonian of this system as H = —%V2 — Ad(x)
is only a formal expression. Nevertheless, there exists a proper treatment to this type
of problem and it is generally known as self-adjoint extensions based on the studies of
Weyl and von Neumann [101, 102, 103] and the detailed analysis of point interactions
in the context of self-adjoint extensions is given in the monographs [5, 23]. What is
more interesting is that, it can be shown that one can prove that the result obtained by
the self-adjoint extension method is consistent with the result of the renormalization
method for the point interactions [22] and [11]. In order to understand in a little more
detail, we will give some definitions and theorems without going into details. In order
to define properly the operators in infinite dimensional spaces, we must also specify
their domains, while it is usually disregarded in standard quantum mechanics textbooks
[104, 105]. Let us consider an operator H in a dense domain D(H) of a Hilbert space
H. Let (-,-) represents the inner product of any two elements in H. Then, the adjoint

of H is defined by

(6, Hy) = (H'g,0) , (4.44)

for all ¢ and ¢ € D(H). The operator H is called symmetric (or Hermitian) if its
action is the same as the action of its adjoint H'. If we also impose the condition on
their domains such that D(H) = D(HT), then the symmetric operators are called self-

adjoint. In general, ¢ € D(H') belongs to more general space than the one defined by
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D(H) so we have D(H') D D(H). Then, one can ask naturally whether we can make
a given symmetric operator self adjoint by extending its domain and restricting its
adjoint domain such that D(H) = D(HT). If the answer is yes, then the next question

is how. In order to answer these, let us first consider the equations

H'¢, = +iE¢, , (4.45)

Hi¢p_. = —iE¢_, (4.46)

where FE is the real parameter introduced for dimensional reasons, it has no connection
with the energy whatsoever. Let ni be the number of linearly independent square
integrable solutions of (4.45) and (4.46), respectively. The pair (ny,n_) is called de-
ficiency index for H, and one can think that it is a kind of measure for the deviation
from the self-adjointness of the operator H. Then, we have the following the theorem

stating that [101, 102]:

(i) H is (essentially) self-adjoint if and only if (n,,n_) = (0,0). An operator

which has a unique self-adjoint extension is said to be essentially self-adjoint.

(ii) f ny = n_ > 1, H admits infinitely many self-adjoint extensions, parametrized

by a unitary N x N matrix.
(iii) H has no self-adjoint extensions if n, # n_.

If we have the second case, say n, = n_ = N, then we can find the suitable

domain in which H is self-adjoint according to
Dy(H) = {(b +¢y+Up_|p € D(H) and U is a unitary N x N matrix} . (4.47)
The rigorous proof of this theorem can also be found in [103]. For our understanding, we

shall consider a definite example instead of the rigorous technical details in the subject.

Let us consider a free particle moving in the positive real line [106] in coordinate space
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representation

Hy=—— (4.48)

with the domain

do(x)
dz

D(H,) - {¢<x>\¢<x> € 5,6(0) = - o} , (4.49)

where S = {¢(z)|p(z) € L2(RY), —LZLS ¢ LQ(RJF),%(;) is absolutely continuous}.

2m dz?

We can easily show that Hj is a symmetric operator, that is,

Ay = (6, Hot)) — (Hod, )
P2 (das*(x)

2m dx

x:f)) =0 (4.50)

for any finite value of 1(0) and %Sf)‘ and ¢(z) € D(Hp). This tells us that the domain
0

of the adjoint of the operator is larger that the domain of the operator, which means

that the operator Hy is symmetric in D(Hy). In order to find the domain in which the

operator is self-adjoint, let us use above theorem. The square integrable solutions to

I
2m da?

=+iE¢y , ¢1 € D(H)), (4.51)
are given by

¢+(z) = (277)1/46(2'_1)\/%90’
b(a) — (2) -GV .

where = 2mFE /h?. Therefore the deficiency index is (n,,n_) = (1,1) so that U(1) =

e with 6 € R and the domain in which H, is self-adjoint can be found as

Dy(Ho) = {¢ PSP e D<H0>} . (4.53)
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One can also write the following expression as

by + el = 2(2n) e VN2 EHO/2 (g (\/g — g) (4.54)

and it is useful to have single condition relating the ¢(0) and dv¢(z)/dx at = 0. We

can find it by calculating the derivative of ¢ at = 0 by dividing the value 1(0) to get

dw(x%(?)aslxzo _ Zi’((g)) = —/n/2(1+ tan6/2) ,. (4.55)

We can reparametrize the right hand side so that we have
¥'(0) + arp(0) = 0, (4.56)

which must hold for all functions in the operator domain. Now, the most interesting
case is that the free Hamiltonian Hy with the above boundary condition that we have

found (4.56) for the self-adjointness

R d(x)

om  dz? (), '(0) + ayp(0) =0, (4.57)
leads to the bound state solution
Y(z) =V2ae ™ E=-—a?, (4.58)

which is similar to the bound state of the one dimensional delta potential given in (2.5).
If we neglect some subtleties, we can identify the one dimensional Dirac delta potential
problem with the extension of the free Hamiltonian on the real half line described above
if do the following identification the self-adjoint parameter with the coupling constant

by comparing the solutions

=« (4.59)
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Similarly, one can also show that the point interaction located at x = 0 can be
considered as a self-adjoint extension of the free Hamiltonian on R? \ {0} and the idea
can also be applied to the finitely many point interactions in Euclidean spaces and
the detailed analysis is given in [5]. The rigorous treatment of the point interactions
in two and three dimensions allows us to avoid the infinities and the renormalization
procedures. In analogy with the above extension for one dimensional delta potential,
the result of the self-adjoint extension method for two and three dimensional point
interactions is identical to the renormalization method if certain relation between the
extension parameter and the renormalized (or bare) coupling constant is satisfied [11].
There is another approach to the self-adjoint extension theory, so-called Krein’s theory
[23, 107]. Berezin and Faddeev [22] pointed out that the renormalization approach
to the singular perturbations is equivalent to searching for self-adjoint extensions of a
symmetric operator related to the unperturbed operator in question via Krein’s theory
of self-adjoint extensions. Krein’s formula describes the relation between the resolvents
of the two different self-adjoint extensions of one symmetric operator. The results
of these two approaches are equivalent but the first one (von Neumann) allows an
immediate definition of the domain of these operators whereas the second one makes
immediately available their spectral properties. Let us now digress a little on this

formula for completeness, all details can be found in [23].

We assume that H is a densely defined, closed symmetric operator in H with
deficiency indices (N, N). If HY and H" are two self-adjoint extensions of H then
an operator H exists such that H C HY, H C HY and H extends any operator B
that fulfills B C HY, B C HY, H is called the maximal common part of HV and
HY. The deficiency indices of H are (M, M) with 0 < M < N. A set {¢7,...,¢3,} of

independent solutions of

H¢*=z2¢*, ¢ €DH), 2e€C\R, (4.60)
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is a basis for N#(H). The Krein’s formula relates the resolvents of HV and HY by

M

(H” =)' = (HY = 2)7 + X N (265,007 zep(H)Np(HY),  (4.61)

ij Jo
ij=1
where p(HY) and p(H") denotes the resolvent set of HY and H", respectively. A\7%(z2)
is a non singular matrix for 2 € p(HY)Np(H") satisfying A\T(z) = A(z*). The functions
Aij(2) and ¢7 may be chosen to be analytic for p(HY) N p(HY).

In fact ¢7 may be defined as ¢? = ¢7° + (z — 20)(HY — 2)*¢{°, i =1,...,m and
z € p(HY), where ¢;°,i = 1,...,m, z € C\ R, are linearly independent solutions of

equation (4.60) with z = 2y and matrix \(z) satisfies
Nij(2) = Mg () = (2 = 2)(95,67) 2,2" € p(HY) N p(HY) (4.62)

Hence, the formula that we have obtained for the resolvent of the N Dirac delta cen-
ters (4.20) or (4.31) is connected to the Krein’s formula defined above (4.61) in the
mathematics literature. Due to this similarity with the resolvent formulae, we expect
that our problem defined in Riemannian manifolds can also be considered as a kind of

self-adjoint extension, which we will only be able show it heuristically in the Section

4.8.
4.5. An Alternative Construction of the Model including n Bosons

Before we continue discussing the problem in more detail, we will give an alterna-
tive construction of the problem, hoping to extend it to many body or non-relativistic
field theoretical models. For this reason, let us consider the simplest possible many
body extension of the problem in which non-relativistic bosons interact with N exter-
nal attractive Dirac delta potentials in a Riemannian manifold of dimension D = 2, 3.

In the second quantized language, the Hamiltonian of the system in the Schrodinger
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picture is given by
D t - = + D
i [ s (o) (-2 6n(e) = LN o) (46

where ¢f(z), ¢g(x) is defined as the bosonic creation and annihilation operators on
the Riemannian manifold with metric structure g, respectively. It is easy to show
that the number of bosons [, dPx ¢ (x) ¢4(x) is conserved so that we can consider a
sector with fixed number n of bosons. Since the previous problem is the one for the
restricted sector n = 1, we must also expect that the many body version of it for any
n gives divergent results. Hence, the first step we must do is to regularize the model.
Motivated by the restricted problem corresponding to n = 1, the natural regularization

of the Hamiltonian can be chosen as
N
H =Hy—>»_ /\z‘(ﬁ)/ dgwdgy Keja(w, ai; 9)Kepa(y, ai; 98} (2)dg(y) ,  (4.64)
i=1 M2

where H, is the free Hamiltonian operator. In the limit ¢ — 0", one can see that we

recover the original Hamiltonian we are interested in.

Now, we will consider the resolvent of the regularized Hamiltonian in a Fock
space formalism with arbitrary number of bosons. Following the same methodology
developed for the model in the plane [26], we shall extend the bosonic Fock space
Fi that we have started with, to Fz = Fg @ Fg @ CN by defining new creation
and annihilation operators at the locations of the Dirac delta interactions. These
operators are called angels, which is first introduced in [26]. The angel states allow us
rewrite the model in such a way that the coupling constant appears additively rather
than multiplicatively. As a result, we can renormalize the model nonperturbatively by
simply normal ordering. We assume that the angel operators obey the orthofermionic

algebra [108] defined by the following product relations (not with commutators):

N
Xi X} + 04j Z XExk =16, xix;=0=x] X} ; (4.65)
k=1
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where 1 is the identity operator and ¢, 7,k = 1,2,..., N. It is more convenient for our

purposes to write the angel algebra in terms of projection operators:

Xixh =0T, xix;=0=xIx}. (4.66)
where
N
I, = Z )(;Tc X, op=1-1I, (4.67)
k=1

are the projection operators onto the 1-angel and no-angel states, respectively. It
should be emphasized that we have at most one angel in any state. Now we define the

augmented regularized Hamiltonian H, on Fg

N N

~ 1

H, = HylIl, + {Z/ dlx K jo(, ai; )by (x)x! + h.c} + Z )\'<€)XI Xi - (4.68)
i=1 M i=1 7

If we split the Hilbert space according to the angel number, the corresponding operator

H. — ETIj can be written in the following matrix form:

_ a bl
H.— ETl, = , (4.69)
be d.

with a : Fg — Fp, bl : Fs @ CN — Fg, d. : Fg @ CN — Fz @ CV. Here,

€

1
= Ho—E de=Y 5%
a 0 ) - )\Z<€)X1X
N
bl = Z/ dgw Kepa(, ai; 9)0} () xi - (4.70)
i=1 M

Then, one can construct the augmented regularized resolvent

- 1 o [l
R(E) = ——— = . (4.71)
H, — FEII, B. 6.
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One can find «a, 3, é. in terms of a, b, d. by direct computation. This could be done ap-

parently different but equivalent ways and the formulas were obtained in the appendix

of [26]

. 1
ac=la—bld " b] " = — R(E). (4.72)

This means that R.(E) projected to Fp is just the resolvent of the operator H¢. We

have also another formula for a. [26]

ac=a'+a b} [d—boa 0] T bea !, (4.73)
or
1 1 1
“(E) = bl [09(E)] " be ——— 4.74
R(E) HO—E+H0—E€[ (E)] H B (4.74)
where R(F) < 0 and
N 1 N
P(E) =) ~—=xIxi— ) / AP dDy Kooz, as; 9)Kepa(y, aj; 9)
- )\1(6) = M2
=1 3,7=1
1
i
Xy (y) ( Ho E) o) X X - (4.75)

The operator ®¢(FE) is now called the regularized principal operator. Note that writing
the resolvent of H¢ in this way allows us to write the coupling constant additively.
The renormalization procedure can then be done if we can separate the singular part
of the regularized principal operator at the short-time limit. We will see that this
is possible by normal ordering of the operators in the principal operator. In analogy
with the plane wave mode expansion of the field operators in quantum field theory in

Minkowski space-time, we have

$i(x) = Y ol filz;g)
=0

Bo(x) = D o) filw;9) (4.76)
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due to the spectral theorem given in Section 3.2. Here ¢ (1) and ¢,(1) are the creation
and annihilation operators corresponding to the mode [. Using this result and the
eigenfunction expansions of the heat kernel (3.30), one can shift the operator ¢ (z) in

(4.75) to the left

T D/ T g —L(Ho—E)
Ho— ¢( ) = /Md Py(x )/0 5 ¢ Ky(x,2';9) , (4.77)

and shift the operator ¢,4(x) to the right

by(®

Dot ;L —E) /. /
HO — / d / Kt(xv T 7g)¢g(x ) ) (478)

Then, the normal ordered principal operator can be written by using the properties of

heat kernel and separating the ¢ = j term from the sum

N
1 dt
— Z /\z Xz Xi — Z //\42 dD;Ij dD / EK(H_E/Q) (27 a;; g)K(t+€/2) (y, aj, g)

=1 i,0=1

dt
gh(x)e 1B (y)x! x; — Z/ —K(ery (s, ag; g)e” #HomBy Ty,

ol dt

-2 / %K(m)(az-,aj;g)e’ﬁ(HO’E)XI Xj - (4.79)
i 0
i#]

Due to the short-time asymptotic expansion of the diagonal heat kernel (3.54), the
third term is divergent as ¢ — 07. One can also show that remaining terms are finite
by the upper bound of the heat kernel (3.63) and (3.79). Therefore, if we choose the

coupling constant

1 > dt +
_ / @ Ko(a, ai; g)e 4 (4.80)

where —u? corresponds to experimentally measured bound state energy of the individ-
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ual ¢-th Dirac delta center, we find the principal operator

®(E) = lim o°(E Z/ _Kt (ai, ai; 9) (6‘%“? - 6‘%”{0"5)) X! xi

e—0+

Nooedy
- Z/o h /W A dy Ko, 2 9)Kilag, y: g8 (@)e " Pty (as1)

2,7=1
dt
—Z/ Ki(as, a5; )" =Py
lsﬁj

The choice for the bare coupling constant (4.80) is exactly equal to the one for the

restricted problem (4.27), as expected. The above formula of the principal operator
. . N

can be written in a more compact way ®(E) = >;%_; ©;;(E) X! x;, where ®;;(E) can

be read from (4.81). Once we have a proper definition of the principal operator, the

divergence is completely removed since the spectrum of the problem can be found from

the resolvent. We are now in a position to get the full resolvent of our problem in terms

of the principal operator

N

N
1 1
 lim BB — Z i )y i
RE) =l F(E) =g —g+ HO =7 2 %@ x @7 (E) 2 Pl T
1 1
Z f (a;) ; S 4.82
H(] —E HO . ¢ al Z )Qﬁg(a’]) H() —E ’ ( 8 )

where we have used ®~1(F) = Zf\; 1 Py Y(E) x! x; and the algebra of angel operators
(4.66). Incidentally, there are projection operators Il onto the zero angel states in the
above expression but it can be omitted due to the fact that R(E) : Fg — Fg. Let us

return to the one boson problem

[ aprv@a@io e o), (459
M

where [Q) is the vacuum for the angel state and ¢(x) is the wave function for the boson.

Then, the resolvent kernel corresponding to this state satisfies the following equation
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after a straightforward calculation

R(z,y|E) = Ro(z,y|E) + Z Ro(2, ai| E)®7;' (E)Ro(ay, y| E) (4.84)

4,j=1

which is formally equivalent to the formula given in the restricted problem (4.31). In
fact, one can also check that the matrix ®;;(E) in (4.84) is exactly (4.28). To see this,
let us study the bound state problem. The poles corresponding to bound states must

be due to ~(F) in the resolvent formula. In other words, the roots of
O(E)|T) =0, (4.85)

determine the bound state spectrum of the model. Since ®(E) : Fg@CY — FgxCV,

let us try to consider |U) as a direct product of no-boson with one angel state:
N
U) = 10) @ > Aklex) , (4.86)
k=1

where |eg) = X£|Q> is a set of complete orthonormal basis for C¥. Then, the equation

(4.85) yields

N dt
Z/ EKt(aiaaiQQ) (6’_%’“2 - €EE> Aile:)
i=1 V0

Yo
- Z/o EKt(@i,ajsg)eﬁEAj\eﬁ =0,
=1

i#j

(4.87)

and the result can be written as a matrix equation
S @y (B)4; =0, (159)

where ®;;(E) is nothing but (4.28), as expected. The construction of the relativistic

extension of this model in two dimensions is also possible [109].
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4.6. Interlacing Theorem

A mathematically satisfactory calculation of the wave function should proceed
from the resolvent equation. Since the eigenvalues are isolated we can find the projec-

tion operator to the subspace corresponding to this eigenvalue by a contour integral

[46]:

» 1
(alPely) = Yu(2)Ui(y) = —5— § B R(z,y|B) (489)
Tk
where Iy, is a small contour enclosing the isolated eigenvalue —v2. We note that the free
Green’s functions Ry(z,y|E) will not contain any poles on the negative real axis, so all
the poles on the negative real axis will come from the poles of inverse principal matrix
®~1(FE). For simplicity we can assume that the eigenvalues are nondegenerate and let

k

us denote the k-th eigenvalue of the principal matrix as w” so eigenvalue problem is

> () Af (i) = wn () AF(—17) - (4.90)

j=1

Since the principal matrix is Hermitian on the real line and
(D;rj(E) = dy(E7) (4.91)

on the complex plane, there exists a holomorphic family of projection operators on the

complex plane [56], so that we can apply the spectral theorem for the principal matrix

o(E)

Oi;(E) =Y WM (E)PL(E); , (4.92)
k

here Py(E);; = AP (E)A¥(E), AF(E) is the normalized eigenvector corresponding to

the eigenvalue w*(E). Similarly, we can write the spectral resolution of the inverse
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principal matrix,

71 o
P, (E) = Z S (E) P(E)ij - (4.93)
The residue can then be found

lim  Ro(z,a;| E)(E + v3)®;;' (E)Ro(aj, y| E)

E——vi
oW (E)
oF

—1
= Ro(z,a;| — v}) Pe(—v)ijRo(aj, y| — v7) . (4.94)

_ 2
E=—v;

Now we will look at the variations of the eigenvalues of ® as we change the parameters

v. Using
wk(—yz) = (Ak(—yz),®(—y2)Ak(—y2)) , (4.95)

and as a consequence of Feynman-Hellman theorem [110] in the non-degenerate case,

we have

Ot(=1?) <Ak(—u2), MA’“(—VZ))

ov ov
N
0P;;(—1?)
_ kx 2 7 k 2
= ; AP (—p )ﬂa—VAj(—y ). (4.96)

Taking the derivative of the principal matrix with respect to v from (4.28)

dt (2t i
= / ﬁ (i) Kt(ai7aj;g>e_Tk ) (497)
v=u}, 0

0%;;(—1?)
ov

and inserting the equation (4.97) into the equation (4.96), we obtain

oWk (E) _ 1 Owk (—1?)

oF o ov

1 ©dt (2wt 2
—E A [ § (7) Ki(a,agle™m Ay(=vS) . (498)

3,j=1
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If we evaluate (4.98) at E = —vZ, or at v = 1, it yields

2

dt t tv
=—2Ak* B[ G (ﬁ) Ko, aj; g)e A (—i2) . (4.99)

E=—v; 1,j=1

oWk (E)
OE

Note that the integral is finite in two and three dimensions due to upper bounds on

the heat kernel. If we combine all these results, we get

> [T (5)

2,j=1

Vr(@)Yp(y) = —

1 :
%(2W2)R0(1‘, a; [

-1
tuk

xK(anazg)e” T A(—2)| A=) A~ Rolay — 7). (4.100)

Note that we have written A¥(—12) as A;(—v?) for simplicity. Then, we can directly
read off the bound state wave function from the equation above and get the same result
(4.40). Incidentally the equation (4.99) implies an interesting result for the variation

of eigenvalues,

8wk(_y2) * dt [ 2yt _v
v |, z;A / n (T) Ky(ai, a5 g)e” ™ Aj(—1p)
dt [ 2ut o
- Z Ai (= / h (%) /M dgr Kypa(ai, x;9)Kipa(r, a5 9)e” TkAJ'(_V’%)
i,7=1

>t

dt (2wt i N ,
k _ Yk
:/0 " (T)e /Mdgf” ;\Kt/z(%x;g)fh(—w?)l : (4.101)

where we have used the fact that v, € RT for all k£ and properties of heat kernel (3.36)
and (3.37) and the order of the integration and the finite sum can be interchanged. We
can easily see that the above equation (4.101) is strictly positive due to the positivity

of heat kernel, so

Owk (—1?)
_— 0. 4.102
% | (4.102)
v=y,
Energy eigenvalues £/ = —1? are obtained from the zeros of the eigenvalues of the prin-

cipal matrix, that is, w*(—v2) = 0, and there is a unique solution for each w*(—r?). We
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also know that for sufficiently small values of v, the matrix ®(—2?) becomes negative,

hence no zeros exists beyond some critical point.

With this result in mind, let us see what can be said about the comparison
of the energy eigenvalues for the different number of delta centers. In order to see
this, we need the Cauchy interlacing theorem in mathematics literature [111], which
states that if we delete the last row and column of an Hermitian (N 4 1) x (N + 1)
matrix, the eigenvalues of the original matrix is interlaced by the eigenvalues of the
new matrix, i.e. if w'(—2?) < W?(—1?) < - < WVH(=1?) lists the eigenvalues of
the original (N + 1) x (N + 1) matrix and if @'(—v?) < @*(—v?) < .-+ < ON(—1?)
lists the eigenvalues of the reduced matrix (any N x N principal submatrix of the

(N 4+ 1) x (N + 1) matrix), then we have

wH(—1?) < ' (=) €W (—1?) < @*(—1?) < <N (R) < WV (=) L (4.103)

We assume that (N + 1) x (N 4 1) matrix in the above-mentioned theorem is the
principal matrix ®¥*1(—v?) corresponding to a certain arrangement of N + 1 delta
potentials. If we now delete the last row and the column it means that we remove
the (IV + 1)th delta center from the system. The bound state problem of N centers
corresponds to zero eigenvalue of the principal matrix ®V, and let us denote that bound

state energy as E:

(=) =0, Ep,=-0}%, (4.104)

if it exists. By the Cauchy interlacing result, we then expect the following inequality

C< W (=) < () = 0 < W (=) < (4.105)

From the positivity of the derivative of the eigenvalues with respect to the argument
(4.102), the eigenvalues w are monotonically increasing functions. Hence, in order
to get a zero root of w®(—77;?), we should increase 7; to a higher value v;. As a

result, w*(—v;2) = 0if ;2 > %, i.e. By, = —1}? < By = —;2. Thus, the energies also



82

interlace in the same manner-this is a nonlinear analog of Sturm’s comparison theorem
of the eigenvalues. Moreover, EN*! < EN < E; = —pf, that is, the ground state is
always negative and approaches the bound state energy for the one delta center as N
gets smaller. We can also generalize these results to the degenerate cases but the proof

is more cumbersome.
4.7. Perturbation Theory

It is worth noting that we do not have to solve for the energy eigenvalues of the
bound state while performing our non-perturbative renormalization method. In other
words, although our renormalization method makes the problem well defined and finite,
the energy eigenvalues must be found after this finite formulation has been constructed.
If we cannot solve the problem exactly after the renormalization, we must apply the
standard approximation methods, such as perturbation theory and variational tech-
niques. An interesting estimate for our problem can be given by perturbation theory.
For simplicity, we assume that all binding energies —u3’s are different and the mini-
mum binding energy of the k-th singular potential is much larger than the correlation
energy between the k-th fixed center and the [-th center, that is to say, we assume

52

m(ara) < Mi,mm (on a noncompact manifold we may assume that the geodesic dis-

tance between the centers is large). This assumption makes the off-diagonal elements
of the principal matrix much smaller than its diagonal elements. For this reason, let
us separate the principal matrix for Ej, = —v? as the sum of a diagonal matrix and an

off-diagonal matrix, which is very small compared to the diagonal part:
O(—v}) = Pp(—v) + 6®(—17) . (4.106)

Since ®(—v?) is Hermitian, we can apply standard perturbation techniques to our
problem. The eigenvalue problem for the principal matrix we wish to solve is given
in (4.90). We again suppose that there is no degeneracy for simplicity. The energy
eigenvalue changes to Fjy = E,(co) + 0E) or

Vg = V,go) + Oy, . (4.107)
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Following the basic idea of perturbation theory in finite dimensional spaces, we assume

the following expansions for the eigenvalues and eigenvectors:

wh = PO FD R

Al = AFO L AD p (4.108)

(]

and the solution to the related unperturbed eigenvalue problem

N
k k
N [@n(=vp)], A (=) = O A (—02) | (4.109)
j=1
is given by
SO (=) =/ %Kt(ak,ak;g)[et“i/h — e/ (4.110)
0

Then, the energy eigenvalues can easily be found from the condition w*© (—v2) = 0:

E,(CO) = —u or 1/,5,0) = U , (4.111)
and eigenvectors are
0
AFO () =AM =k =] 1 | | (4.112)
0

where 1 is located in the kth position of the column and other elements of it are zero
k(0)

or we can write A;~ = e¥ = ;. Here e s form a complete orthonormal set of basis

vectors.

N
> kel =0 (4.113)
1=1
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We must emphasize that there is no distinction between upper and lower indices for our
purposes. Once we have found the solution of the diagonal part of the principal matrix
or unperturbed eigenvalue problem, we can perturbatively solve the whole problem.

The standard perturbation theory gives us the first and second order eigenvalues:

WP (—p2) = Z ek [5@(—%3)}1.], e? = [5@(—1/,3)}% =0,

N
k(2)(_,2) _
W™ (=) Z wk(O)(_ylg)_wl(O)(—y2)

(4.114)

respectively. Hence the energy eigenvalues of the whole problem can be determined

from
W2 + 0Ey) = O (—pd + 6E)) + "D (=12 + 0E) +... =0, (4.115)

and w*O(—p2) and @y (—v?) for k # [ can be expanded around vy, = yy,

0wk (—12)

MO~ +0Ey) = v,
k

(SVk + O((SQVk) s

@kl(—uz + 5Ek) = (I)kl(_ﬂi) + 5Vk + 0(52Vk) > (4116)

Vk=Hk

where we have used the fact w*© (—pu2) = 0. If we substitute (4.116) into (4.115) and
(4.114), and use Feynman-Hellman theorem (4.96), we obtain

aq)kk(‘”}?) A 1 2 2
0= ——== oV — ——— | O (— )Py (—
o ; o i (— 1) Pur(—11,)
1#k
0P V2 0Py, (—v?
' (cbkl(_ i) lg(yk - Ve=lk i qhk(_luz) kég/k - Y=Lk >5V’“]
—1
1 8@11(—%3) Oékk(—yz) 2
X1+ - ov + O(6°v) . (4.117
Q)ll(_uk)( ayk V=HMk (()Vk V=g ’ ( k) ( )




85

If we also expand the last factor in powers of dv, and ignore the second order terms

and combine the terms using the symmetry property of principal matrix, we find

0| g Bl Pul) (bl
z ve=pr =1 ®i (=) vy, Vi =ik
£k
OPpp(—1v7) algy | (—pz) 0Pu(—17)
S —2 ov
Oy VE=[ik Z P, ( ’uk) Oy VE=[ik ’
l;ék
S Ppa(—p12) Dug(—p13)
}: MR g2, (4.118)
P (I)ll )
£k

Ignoring the second and third terms on the left hand side of the equality due to the
fact that ®pp(—v?) > | P (—v7)|, we get the change in vy

)
oy ~ <_aq)kg,</k ;)

Dy (—p7) Pu(— 1) 2
+O(8) 4119
e M) lz_; Py (—p3) (") ( )
1%k

so the change in the energy is dE) ~ —2udvy + O(6*v). Let us now consider how

the bound state energy changes in the tunnelling regime for our problem in which

272 = K U i~ We must first calculate asymptotic behavior of the off-diagonal element
ij
of the principal matrix in this regime. In order to see this, we make the scaling
transformation ¢t = u/B, where B = h/ defj and use the scaling property of the heat
kernel (3.50). In two dimensions, we have
du _ung

(I)U(_:ui) = _/0 f K, ((ZZ,(I], Bg) hB. (4120)
In tunnelling regime, the most significant contribution to the integral comes from the
region u = 0 due to the fact that integrand is suppressed by the exponential term for

large values of u. Hence we can use the short time asymptotic of the heat kernel given

n (3.60). The result is an integral representation of the modified Bessel function of
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the third kind [43]

2d;/” omd2 112
Op(—p2) ~ - | Ttk g2 4.121
J( :uk) (47Th2/2m) 0 72 ; i ($7y) ) ( )

where we have used d;; — BY?d;; and ¥; — W,/B'* (for two dimensions) under the

scaling transformation ¢ — Bg. The asymptotic expansion of Ky(z) for large values

of
™ —x
leads to
TS U P y) (R Y vy
Pii(—p2) ~ —y | ==t : - . 4.123
i (=n) 2 (7h?/m) 2myi € " ( )

Here, large values of z corresponds to tunnelling regime in our problem. For three

dimensional case, the idea is the same and the result would be

2m 3, 0 P, y) e
mh (47h/2m)3/?

D) ~ - (1124)
Therefore, in the tunnelling regime, we can find the change in the bound state energy
dE), in the presence of other Dirac delta interactions by substituting (4.123) and (4.124)
into (4.119). By using the positivity of the diagonal part of the principal matrix and

derivative of it with respect to vy at .

‘I)n'(_#i) > 0

> 0 4.125
al/k Y ( )

V=Hk

we show that the bound state energy in the tunnelling regime gets exponentially smaller
with increasing the geodesic distance between the centers, which is in agreement with

the naive expectation in the standard quantum mechanics.
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4.8. Pointwise Bounds on Wave function

There is extensive amount of literature on the exponential decays of the wave
functions of the Schrodinger operators, which states that L? solutions of (=V2+V )y =

E%) obey pointwise bounds of the form

()| < Coe™, (4.126)

if the potential energy V is continuous and bounded below and F is in the discrete
spectrum of —V?2 4V (see [46] for a review of the subject). The proofs given in the
literature do not include the potentials which require renormalization and they are
valid only for RP”. We shall prove that it is still possible to get exponential pointwise

bounds for our problem.

It is easy to see the upper bound of the wave function (4.40) by applying Cauchy

Schwartz inequality

|k ()]

IN
Q

IN

o
1
-

VAN
Q
—
>t &
D
|
o2
=
)
5
oD

(4.127)

where we have used the fact that S, |A;(—v2)|> = 1. Thanks to the upper bound on
the heat kernel given in (3.63) and (3.79), we show that the wave function is pointwise

bounded on M. For compact manifolds, the upper bound (3.63) of heat kernel gives

md?(a;, ) i |2 md?(a;, x)v}
. e\,

1
V(M) V%hZCQ h202

N
[Uk(z)] < 8aA Z
i=1

B(e) md?(a;, ) 3= md?(a;, x)vi
K 20| ————— 4.12
h(h/Qm)D/2 < V%CQ %—1 h202 ) ( 8)
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where we use the following integral representation of K, (z) [43]

z

12 00 1
K,(z) == <§> / ds e~/ g1 largz| < %, Re(v) > —3- (4.129)
0

For D =2 and D = 3, we can also find the upper bounds on Bessel functions K, and

K, with another useful integral representation [43]:

V2 /Oo —zcoshs i 1.2 1
K (2)= —Y" [ dse*ohsginh®s.  Re(z) >0, Re(v) > —= . (4.130
(2) T+ 1) ), se sinh™ s e(z) e(v) 5 ( )
Using the inequality cosh s = es+2_e_s > % for all s > 0 in (4.130), we have an upper

bound Ky(z) for x € Rt
Ko(z) < / ds e 2% . (4.131)
0

By subsequent change of variables £ = ¢e® and n =& — 1, we get

0o _z(n+1)
e 2
Ko(z) < d 4.132
@) < [ an S (4.132)
If we also define a new variable z = xn, we have
Ko(z) < e_g/ dz - 32/ dz ez
0 2+ T Jo
2
< Zei (4.133)
x

Alternatively, we can find a sharper bound for Kj if we divide the integral above into

two parts as follows:

» ! ez o ez
Ko(z) < e2 [/ dz —i—/ dz }
0 z+x 1 zZ+x

[ ! 1 1 [ ]
< e2 [/ dz + / dz 6_2:| . (4.134)
0 z4+x 1+z )

Hence, we have the following bound for Ky which shows the logarithmic singularity
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near x = 0

_z z+1 2(1—6_1/2)
K < |
o) 62{11( x )+ 14+=x
2 z » 1
e 2+e 2ln <x i ) . (4.135)
14+ T
Using sinh? s = (%)2 < % for all s > 0 and following the same steps above for K7,
we find
(1 1
Ki(x) <e 2 ~t3)- (4.136)

Substituting (4.135) and (4.136) into (4.128) for D = 2, we get

N
1 md?(a;, z) _ 73 1
xXr < SO{A v e md (alvx)l’k/h Co + 1
@l < 804D srr e, N

. B(e) W@ (wmd%ai,xwz/hzo? + 1>

(h/2m) 2¢/md?(a;, v)vE/h2Cy
+ 2 (4.137)
1+ 2y/md?(a;, ©)v7/h2Cy ) | '
and for D = 3, we have
@) < saay | L [mEn) e
* 2V (M) Ry
1 B —24/md?(as,x)vE/h2Co
x EWvn o , (4.138)
Vmd2(a;, x)vE [h2Cy ki (B/2m)*? 2¢/md?(a;, x) /hCy
where have used the explicit exact expression for K 1
T
K (u) = 256 (4.139)

We can repeat the same steps for Cartan-Hadamard manifolds by using the upper
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bounds of heat kernel given in (3.79) and the result is

|V (2 <22

\/mdQ(ai,w)lﬁ%/hQCQ ( (2\/md2 i, T ) I%/hQC? + 1>

47Th/2m 2¢/md?(a;, x)v}/h2Cy
2
+ , 4.140
1+2\/md2(ai,x)ylf/h202>] ( )
for D =2 and

6_2 md?(a;,z)vi/R2Ca
(@ Z[ T 2‘/_3/2 . | (4.141)

Th/2m)*? (md? (a;, 2)v2 | h2C)

for D = 3. In standard quantum mechanics, the pointwise exponential bounds do not
take into account singular interactions. Nevertheless, we prove that they are still valid

for our problem in two and three dimensions.

In order to understand heuristically why our problem can be considered as a
self-adjoint extension, which is also suggested by Krein’s formula mentioned in Section
4.4, it is interesting to calculate the expectation value of the free energy for the bound

state. The result (4.40) permits us to write the expectation value as

( dt [t w2 -
(Vx| Holvw) = ZA / T (ﬁ) Ki(ai, a;;9)e” 7 Aj(‘”i)]
1,7=1
dt, _wi dly wf
dPy / — e h Af(—V) Ky, (ai, 2; g /—e z Ai(—v?
/Mg[oh ;<k>t<>0h >4

(-jiv Ko, (a;, o g)>] (4.142)

2
where Hy = —Q—mvg.
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Using (3.34) and applying an integration by parts to ¢, integral, we have

N -1
cdt [t i
(x| Holthr) = — Z Ai(—ui)/o m (ﬁ) Ki(a;, a5 9)e 7 Aj(‘”/%)]
irj=1
o dt j fll' N
/ dlz [/ hl kZA’ (- Ky, al,xg][ ZA dy(x, ay)
M 0
al dt t2l’
—l—ZAj(—V;?)/ 72 y,? nthQ(a],x g)] (4.143)
i=1 0

where we have used the initial condition of heat kernel (3.35). Integrating with respect

to = and using the semigroup property of heat kernel (3.36), we obtain

-1
* dt [t i
(Vu| Holvow) = ZA Vk/ 3 <ﬁ) Ki(ai, a5 9)e” 7 Aj(—fo)]
INES 1
dt tlu
[/ 1 k Z A Vlc Vk)Ktl(aZ’ajvg)
7,7=1
N
(t1+to)v
/ dtl/ dt? ZA Vk Vk>Kt1+t2(azan7g)e 1+h2)k 2] (4 144)
2,7=1

By change of variables u = t; + ty and v = t; — t9, we find

N > d v} -
(nlHoltn) = | 3 Ai(=2) /0 F (3) Ko Aj<—v£>]

z'j—l
[/0 dtl tl”k Z A Vk Vk)Ktl(a“a]’g)

i,7=1
—5/0 du (/ > l;A )Ku(ai,aj;g)e_u;2yk] . (4.145)

One can easily see that the ¢ = j term of the sum for the first term in the second line

e dt ’511’2
/ O AP (a0 ) (4.146)
0

is divergent due to diagonal short time asymptotic of heat kernel (3.54) for D > 2

while the off- diagonal terms of this sum are convergent by upper bound on the heat
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kernel given in (3.63) and (3.79). The diagonal term in the last line is also convergent
due to the term coming from v integral. Hence we find that the expectation value of

the free Hamiltonian is divergent in the bound state energy wave function ¢y ().

(| Holtw) — o0 . (4.147)

It is a well known fact that point interactions on R can be considered as a self-adjoint
extension of the free Hamiltonian [5, 11]. We may heuristically think of our problem as
a kind of self-adjoint extension since the wave function 1, (z) € L?*(M), that we have
found, does not belong to the domain of the free Hamiltonian, whereas it lies in the
domain of the full Hamiltonian H. Therefore, the self-adjoint extension of the formal
free Hamiltonian extends the domain of it such that the states corresponding to the

eigenfunctions ¥ (z) are included. The following section also supports our idea.

4.9. Existence of the Hamiltonian

Let A be a subset of the complex plane. A family J(E), E € A of bounded linear
operators on the Hilbert space H under consideration, which satisfies the resolvent

identity

J(Er) — J(Ey) = (Ey — E»)J(Eq)J(Ey) (4.148)

for By ,FEy € A is called a pseudo resolvent on A [112]. The following corollary
(Corollary 9.5 in [112]) gives the condition for which there exists a densely defined
closed linear operator A such that J(E) is the resolvent family of A: Let A be a
unbounded subset of C and J(E) be a pseudo resolvent on A. If there is a sequence

E,, € A such that |E,| — oo as n — oo and

lim —FE,J(E,)x =x, (4.149)

n—od

for all z € H, then J(FE) is the resolvent of a unique densely defined closed operator

A. In order to show the resolvent kernel that we have found in (4.84) corresponds
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to a unique densely defined closed operator H, we need to prove that it satisfies the

resolvent identity, i.e,
R(z,y|Ey) — R(z,y|Ey) = (Ey — Eg)/ dfz R(z, z|E1)R(z, y| E>) . (4.150)
M

Substituting (4.84) into (4.150), we obtain

N
Ro(x,y|Er) — Ro(z,y|E2) + »  Ro(w, a:|E1)®;' (Ey) Ro(ay, y| )

2,7=1

N
— Z R0($,Gi|E2)q>;jl(E2)Ro(ajay|E2)

i,j=1

_(El—E2>/ 4P | Ro(x, 2| Ev) Rolz, 4| Ey)
M

N
+ Z Ro x Z‘E1>RO(2 al|E2) (EQ)RO(aJ,y|E2)

4,7=1
N
+ Z Ro(x, a;| E1)®;;' (E1)Ro(aj, 2| Ey) Ro(z, y| Es)

1,j=1

N N
—+ Z Z Ro(x,ai\El)CI);jl(El)Ro(aj,z]El)

ig=1 k=1
X Ro(z, ax| E2) @y (E2) Ro(ar, y| Es)

(4.151)

Using the formula (3.52), it is easy to see that the free resolvent satisfies the resolvent

identity

(B —Eg)/ dDz Ro(z, z|Ey) Ro(2, y| E»)
M
dt
= (B — Ey) / dD / _Ktl(x z;g)e tlEl/h/ fKtQ(z y;g)e t2Ba2/h
0
dt dt
SR / | S R gt B

(B — By) / du / dv )
— Ku . (u+v)E1/2h  (u—v)E2/2h
) wllE (z,y; g)e €

> du
= / ?Ku(rvyvg) (GUEl/h - BUEQ/h> = RO(xv y|E1) - Ro(l',y|E2) ) (4152)
0




94

where we have used the semigroup property of heat kernel (3.36) and made the change

of variables u = t; + t3, v = t; — t3. Then, the equation (4.151) becomes

N N
Z Ro(z, a;| By )@ (Ey) Ro(ay, y| Ey) — Z Ro(x, a;| Ey)®;;' (Ea) Ro(ay, y| Ea)
i,j=1 i,j=1

N
> Ro(x, 2| E1)Ro(2, ai| By) 5 (Es) Ro(a, y| E)

ij=1
N
+ Z Ro(x, a;| B )@ (E1) Ro(ay, 2| ) Ro(2,y| Ey)  (4.153)

ij=1

N N
+ Z Z Ro(z, a;| E1)®;;' (Ey) Ro(ay, 2| Er)

ij=1kl=1

= (F, —Ez)/ dlz
M

X 30(27@k|E2)(I’;;ll(E2)Ro(al7y|E2)

If we add and subtract the terms 22;21 Ro(z, a;| By )@ (E1) Ro(aj,y| Es),
SN Ro(x, a;| E1)®;;' (E2) Ro(aj, y| Es) on the left hand side of (4.153), and rearrange

ij=1

all the terms, we obtain

N
> Ro(x,a;| E)®;; (Ey) [Ro(a, y|Ey) — Rolaj, y|Ey)]
ij=1
N
+ Z Ro(x, a;|Ey) [(Di_jl(El) - q)i_jl(Ez)] Ro(aj,y|Es)
ij=1
N
+ Z [Ro(x, ;] Er) — Ro(, a;| E2)] @5 (E2) Ro(aj, y| Es)
e (4.154)

N
— (BB Ro(x,ai|E1)<I>;;(E1>/ APz Ro(a;, 2| Ey) Ro(z, y| Ex)
M

i,j=1
N
+ Y Rolx,a,|Ey) [0(E1) — @5 (B»)] Ro(ay, y| En)

i,5=1
N
+ (El - Eg) Z //;/[ dé)Z Ro(l’,Z’El)Ro(Z,ai’EQ)(b;jl(EQ)Ro(aj,ylEg) s

ij=1
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where we have used the result (4.152) in the first and third terms. The second term

can be written as

N N

D Rolw, ail BB [Br(Ez) — ®(Er)] @' (Ea) Rolas,y|Ea) . (4.155)

ij=1k,l=1

It is important to notice that difference of the principal matrix equals to the difference

in free resolvent kernel, that is,

®;j(En) — ®45(E1) = Ro(as, aj|Er) — Ro(ai, a;| Es)
(4.156)
= (E1 — Eg)/ ngZ Ro(CLi,Z|E1)R0(Z,CL]’|E2) s
M

for any 7 and j. After substituting (4.156) into (4.155), the equation (4.154) becomes

N
(By — Ea) Y RO(xaai|E1)cI)i_j1(E1)/ dg’z Ro(a, 2| EV)Ro(z,y| E»)
M

ij=1
N N
+ (B — E) > Y Rolw,a;|E)) @5 (E))
ij=1 k,l=1 (4.157)
X/ ngZ Ro(aj,Z|E1)R0(2,a}g|E2)(D];ll(E2)RO(alay|E2)
M

N
+ (E1 — Eb) Z / APz Ro(x, 2| E1) Ro(z, ai| B2) ;' (E2) Ro(aj, y| Es) |
M

ij=1

This is exactly equal to (4.153) so resolvent identity is satisfied. We must now impose

the following condition in L? norm
|ELR(En)f + £l — 0, (4.158)

as n — oo and f belongs to the Hilbert space H under consideration and the norm is
taken with respect to H. Let us choose the sequence E, = —nkFEj since the resolvent
is well defined in this resolvent set, in which we have no spectrum below the absolute

value of the bound Fj that we have found for the ground state energy. Without loss
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of generality, we can set Ey = c|FE,|, where ¢ > 2. Then, we have
|InEoR(—nko)f — fI| =0, (4.159)
as n — oo. Using (4.84) and separating the free part, we get

InEyR(—nEo)f — fI| < [InEyRo(—nEo)f — fl]
+ nEol|Ro(—nEy)® ™ (—=nEy)Ro(—nEo)f]| . (4.160)

Since it is well known that the first part of the sum converges to zero as n — oo, that
is, free resolvent defines a self-adjoint densely defined closed operator (Laplacian) for
the manifolds that we are interested in, we are going to investigate only the second

term

nEo||Ro(—nEo)® " (—nEy) Ro(—nEp) f||

N
< nkEj Z / ngx Ry(a;, x| — nEy)Ro(x, a;]| — nEp)
M

i7j7k7l:1

(4.161)
1/2

X / dfy Ro(aj,y| —nEo)Ro(y, ar| — nEO)]q);jl(—nEo)H@,;ll(—nEo)\ ,
M

where we have used the fact that the Hilbert space norm of an operator is smaller than
its Hilbert-Schmidt norm: [|Af|| < Tr'/?(AtA) with A = Ro(—nEy)® ' (—nEp)
Ro(—nkEy). By using (3.52) and the change of variables u = t; + ta, v = t; — 5, we get

/ d?x Ro(a;, x| — nEy)Ro(z, a;| — nEp)
M

> * dt, dt _p (1tt2) B
:/ / % Kipyn(anasg)e™ % (4.162)
0 0
dt

tEq

=/ ﬁth(ai,az;g)e_" g
0
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Let us first consider the diagonal case ¢+ = [ and k = j in the above. Then, the equation

(4.161) becomes

N
TLE() Z

i,j=1

/ dYz Ro(a;, x| — nEo) Ro(x, a;| — nEp)
M

e (4.163)

X /M dg'y Rolaj, y| — nEo)Ro(y, aj| — ”E0)|@U1(—”Eo)||<I’ji1(—nEo)’]

In this case, the upper bound of the equation (4.162) can be found from the upper

bound of the heat kernel for compact manifolds

/ d?:c Ry(a;, x| — nEy)Ro(x,a;| — nEp)
M

141 AAB(s)  (nEy\ 2 D
S VM) ERE T 2 (h)2m) PR ( P ) : (2 - 5) o (4164)

and for Cartan-Hadamard manifolds

/ AP Ro(a, 2| — nEy)Ro(z, a] — nE)
M
Cle, k) nEy\ * 2 D
< 'i2a——1». 4.1
= h2(47rh/2m)D/2< h ) > (4.165)

In order to give the upper bound for the inverse principal matrix, we decompose the

principal matrix into two positive matrices
db=D-K (4.166)

where D and K stand for the diagonal and off diagonal parts of the principal matrix.
Then, it is easy to see ® = D(1 — D7'K). The principal matrix is invertible if and
only if (1 — D7'K), and (1 — D7'K) has an inverse if the norm ||[D~'K|| < 1. Then,

we write the inverse of ® as a geometric series

' = 1-D'K)'D?
= (L+(D7'K)+(DT'K)* +...) D7, (4.167)
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where we must have ||[D7'K|| < 1. Since we are not concerned with the sharp bounds
on ®~! for this problem, we can choose ||[D7'K|| < 1/2 by adjusting nFj, sufficiently

large without loss of generality and get
|| <2|D7Y. (4.168)

The lower bound of the diagonal principal matrix for compact (4.198) and Cartan-
Hadamard manifolds (4.220) gives the upper bound of the inverse principal matrix.

Hence, we find

(47h?/2m) In~" (nEo/p?) if D=2
|5 (—nEo)| < (47rh/2m o2 (\/> \/*) (4.169)
ifD=3,

for compact manifolds and

2 nko
(47Th /Zm) 11171 h _’_5 lf D=9
c &24_5
h

|5 (—nEp)| < . (4.170)

h (47h/2m)*? \/nEO \/;ﬁ L

for Cartan-Hadamard manifolds. If we substitute the results (4.164) and (4.165) into

(4.163) for D = 2, and take the limit n — oo, the result goes to zero. Since the norm

is always positive, we prove

InEoR(~nEo)f — fl| — 0 (4.171)

as n — 00. It is almost evident that the off diagonal terms in the sum also vanishes
in this limit primarily because these terms are exponentially damped e~V" due to the
upper bound of the heat kernel. The flat case can be done by Fourier transform [32].

Unfortunately, the proof for D = 3 is more subtle and the volume growth conditions
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of the manifolds are very delicate in the analysis so we can not prove it for three
dimensional case by the same approach. Instead we follow the following approach: In
three dimensions, estimating the Hilbert space norm by Hilbert-Schmidt norm does
not lead to zero. Instead we will first show that the last term

N
|E,| /Mdzyc > Ro(x,q,|E,)®;; (E,) /Mdgz Ro(aj, 2| E,) f*(2)

1,7,k,l=1

1/2
Ro(z, ar| E,) @' (E,) /M 4y Ro(ay, y\En)f(ZJ)] (4.172)

goes to zero as E,, — —oo for any f € L?(M). From our previous argument, we know

that the inverse of the principal matrix ¢ satisfies:

Ay
|En|1/2 )

max;; ;' (E,)| < (4.173)
where we define all the constant terms coming from the bounds of the heat kernel as
Ay (exact form of the constants is not important here) and ignore the term in the
denominator for large values of n for simplicity, which can be read from (4.169) and
(4.170). We shall use the notation for the constants coming from the bounds of the
heat kernel combined with the other constants factors as A;, Ay, As, ... for simplicity.
Moreover, we can combine the two resolvents with the common variable z, and as a

result, we can express this combination as

1/2

< odt t nt
[/ T he M Kaag)| (1174)

and pull it out of the square root. Using similar arguments as before, we can show that
this term in three dimensions, for both Cartan-Hadamard type manifolds and Compact
manifolds (bounded Ricci), including the identical beginning and end points, is smaller
than

A

W 9 (4.175)
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where Aj can easily be read from the upper bound of the heat kernel. Hence we end

up with the fact that the expression (4.172) is smaller than,

N

1/2
NAE[Y [ [ i Rofag = EDIG) [ de Ro<y,al>|f<y>|] (4176)

7,l=1

Hence we should show that the term

/M dgy Rolaj, ylEn)|f(y)] (4.177)
decays faster than |E,|~/%.

To do this, we will pick any one of the centers and choose Riemannian normal
coordinates around it, we assume that the injectivity radius of the manifold is § > 0.

But first we reexpress this term in terms of the heat kernel and use some bounds,

O dt _|Balt
Ry(aj,y|E,) = / e " Ki(aj,y; 9)
0

o0 1 mdia;)  |Ealt
< A5 dt me hCat e
0

for Cartan-Hadamard manifolds, and for compact manifolds we have a similar term
with an inverse volume term, W, added. In the case of compact manifolds volume
contribution term goes to zero faster than |E,|~*/* as can be checked easily, so it causes
no problems. In both cases we will concentrate on the least convergent part. If we

evaluate the integral over ¢ now we find,

2T | )

/M doy Ro(az, y1E,)|f ()] < A /M dgy e / d(ay, y)

. (4.178)
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We divide the right hand side as,

_ md2(aj,y)\En\ o md2(aj,y)\En\
[T IOL g L
Bs(aj) d(aj,y) M\ Bs(a;) d(aj, y)

here the last term is smaller than

mé2|Enp| .
6_\/ h2Co 3 _\/md2(ﬂ2jyy)‘En‘
—/\B( )dgye e | f(y))
5(a;

)
mé2|En| .
e_\/ h202 3 _\/mdz(az]-,y)|En|
< [ aw VT )
M
m 2 n —_—
ei\/ S2|CE2| 5 72\/7'Ld2<a2j,y)|En\ 1/2
< | [ eV
M

By a theorem of Gaffney [64], for a stochastically complete manifold, for any o > 0
(with the inverse length dimension) and any point @ on the manifold, the integrals

satisty,
3 —ad(a,
/ dyy e day) < o0 . (4.180)
M

This establishes that the last term decays faster than |E,|~*/4, so we should look at the
first part. As has been said we go to the Riemann normal coordinates of the geodesic

ball of radius ¢ and write the integral in terms of Gaussian spherical representation:

1 mr2|Ep
/dQ/ dr 72 J(r,0)e \/ ey ‘M (4.181)
S2 0

r

Let us recall that in Gaussian spherical coordinates, the integral of a function f on an

D-dimensional Riemannian manifold M becomes,

/ dVz f(x) /SD 1dQ/ dr 2=t f(r,0)J(r,0). (4.182)

Here €2 denotes the direction in the tangent space around a point that we choose, and

pq refers to distance to the cut locus of the point in the direction 2. We will now
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divide the integral over r to two parts,

A 'mrz‘En‘ 0 mrz\En\ 9
/dQ/ dr r2J(r,0)e \/ C |f7" /dQ/ dr r2J(r,0)e \/ ey |, )|7
S2 0 s2

-
(4.183)
where 0 < A < §. Let us now introduce the following function:
IO g >0
sng(r) =< r ifk=0 (4.184)

sinh(v/—kr) .
\ T lf k >0.

This function is very useful for the Bishop-Gunther volume comparison theorems. We
assume that M has Ricci tensor bounded from below by kq, i.e. Ric(.,.) > kig(.,.)
and sectional curvature K bounded from above by ko. Then, the Jacobian factor of

the Gaussian spherical coordinates satisfies an inequality as follows [113]

sni2 (r)

sn (r)
r2 ’

r2

< J(r,0) < (4.185)

In the second integral, we use

6 _o [ mr2|En|
/drre o/ /dQ|f(r,6’)|J1/2(r,6’) JV2(r,0)
SQ

A
4 172 é 2 4 | mr2|En| !
/ arr / dQ|f(r,0)|.7(r,0) / AGETE
A S2 A T2

|
(4.186)

where we use the Bishop-Gunther volume comparison theorem again, for J. Let us
now make the observation that there are constants A, A_, which depend only on §

and k;’s such that

sny, (1)
A_ (ki Kk - Ay (ki ky 4.1
(ki k;) < st (7) < Ay (ki ky) (4.187)
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for r € [0,0]. This can now be invoked at the second piece, giving us,

7rL72\En|
/ drre = dQ]f(r,H)]J1/2(T,9) Jl/z(r,e)

[(/drr/82d9|fr9|Jr8>< )

< Ifll2(4m) 2 A (k1, 0) 5

1) _4 mr2|Ep| 1/2
A (k1,0) /dre e
A

_9 mAQ\En|
"2Cy

1
( /h20 )1/4‘En’1/4
(4.188)

If we choose A = (h2R/m)'/3|E,|~'/3, the exponent goes to zero as |E,| — oo. For the
first part of the integral we use the following characterization of essential supremum:

let us define

Ae) = u({r € [0,A]] [F*2F(r)] > €}), (4.189)
then we have
ESSAu]p |32 F ()| = irelf{e\A(e) =0}. (4.190)
Let us use now F(r fgz dQf(r,0), and using Bishop-Gunther bound for the first
part as,
/0 S g /S Q£ 9)|62{:;ng S“éj” (4.191)

which is smaller than;

92 m7‘2|En|
FL2CQ

A
e
Ai(/ﬁ,O)/ dr 7“3/2/ dQ2 |f(7‘,¢9)| 1/2
0 s? "

_2\/m
9 3/2 A e "ZCy
§A+(k1,0)<Essup|r F(r)|> /0 dr —

(0,A]

1
< A2 (ky,0) ((Essup [r*/2F ()] |
< ALk, ) Bssup P ()] ) 5 e
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If we know take the limit A = (h?/mR2)'/3|E,|~'/3 — 0, we claim that the essential-

suppremum goes to zero. To see this we observe by Markov inequality [114] that

IN

A < L / dr |r*2F(r)

€

l( dw> (/A [ el 0>>2)1/2
1?(/ dr sn%;(r)snk?( )/ A9 | £(r, 0)? /2d9)1/2/
< Sl @)( [Carato [, 9>|2>

1/2
< 1?—(47T)1/2A+ 0 k?2 (/ dr r? /SQdQJT 9)|f(7" €)| )

A
1\/5(47r)1/214+(0 ka)|I.f]2 -

IN

€

Hence for any € > 0, as A — 0 we can make A(e) = 0, and the infimum goes to zero in

this limit. As a result we see that the equation (4.172) is smaller than

A2 (k1,0 - 1/6
e (Bssup 2] ) + | lam) 5 e e

(m/h202)1/4 0.A 2(m/h202)1/4
m2 n -
e*\/%ﬁ| 72\/md2<aj,y>\En\ 12
A I /dﬁye [1£ll2 =0 as || = o0,
M

(4.192)

and as a result it goes to zero as desired. This completes the proof.
4.10. Lower Bound of the Ground State Energy
Although we renormalize the model, we have not completely proven that the en-

ergy is bounded from below. A well-known theorem in matrix analysis, called Gersgorin

theorem [115] states that all the eigenvalues w of a matrix ® € My are located in the
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union of N discs

U{|w — 0| < R(D)} = G(D) (4.193)

where R}(P) = Zf\;j:l |®;;] is the deleted absolute row sums. Since the matrix ®;;(E)
is Hermitian due to the symmetry property of heat kernel, we have w € R. Indeed,
all interesting eigenvalues are zero in our problem. When w(E) = 0 we get an energy
eigenvalue F. If there is a lower bound on energy, that is, a bound on ground state
energy, then we expect that there would be no solution at all beyond this lower bound,
say E, = —v2. Then, we want w = 0 not to be an eigenvalue as we change F, thereby

none of the discs defined above should contain the zero eigenvalue when E < FE,. This

means that we should impose

N
| = ®a(E)| = |®u(E)| > > |®:(E)] (4.194)

=1

i
for all 4, that is, the principal matrix must be strictly diagonally dominant in order not

to have a zero eigenvalue. However, before imposing this condition we can simplify the

problem. We note that

P ()|

v

. | D (E)[™"
Z [Di(E)] < (N —=1)[@y;(E)[™, (4.195)
%

so the above condition (4.194) is implied by the stronger requirement
|, (E)|™ > (N — 1)|®;(E)|™ . (4.196)

Once we obtain a solution to this inequality, it is satisfied for all £ < F, since the
diagonal part of the principal matrix (4.28) is a decreasing function of E and the off-
diagonal part of it is an increasing function for given a;’s and N. This means that

there is no solution beyond this critical value F,. Hence, the ground state energy must



106

be larger than the critical value FE,:
o > By (4.197)

The basic idea of the proof was given for special manifolds S?, H? and H? in our

previous work [35] and more generally in [36].
4.10.1. Energy Bound for Compact Manifolds

For compact manifolds, the upper bound for the off-diagonal elements of heat
kernel and the lower bound for on-diagonal part of the heat kernel has been given in
(3.63) and (3.73), respectively. Using these bound estimates in (4.28), we find a lower

bound for the principal matrix

m (Q/LL if D=2

dy(E) > (4.198)
(47rh/2m e (\/7 \/>> if D=3,

and an upper bound for it

NERS h) 2 >K0(\/:2:d>] it D=2

S ViMyva | (ank2/2m)

|04 (E)| < -
5 K C%u%) V21 CyB(€) g exp <_ﬂ/c%ﬁ) D3
4A - —|— 3/2 1 - )
[ [V VIM)rpg R3/2 (47h/2m)
(4.199)

where i # j and we have used the monotonic behavior of the functions in ®;;(E) so
that we could maximize the principal matrix in which we defined d = min;; d;; and
p = max; y1;. We also introduced a natural energy scale p? = W for simplicity. In
order to solve the inequality analytically, we must estimate the bounds on the Bessel

and logarithm functions. We can estimate the lower bound of logarithmic function
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[116]

u —

Inwu > foru>0,u#1. (4.200)

u

Let us first consider the two dimensional case. As a result of bounds (4.133), (4.136)

given for Bessel functions and the one for logarithmic function given above, we find

Bu(E) > % (1 _ V/LM) | (4.201)
and
1 v 1 1 1
|Dy(E)] < 4Aexp (—\/2—02%) V(M) <§+\/2_Tvud)
2120, B(e)
o) V/Md] . (4.202)

Since v > g4, we may have

@5(B)] < 44 Y s

v/
1 1 2v/20,B(¢)
X VM2 (1+ \/2_02> + (42 fam) (4.203)

Therefore, there will be no solution to the eigenvalue equation for values of the ground

state energy below a critical value v > v, if the following inequality is satisfied

2m <1 - L) o AAN 1) (/i)

wh? v/p v/

1 1
14—
V(M)Ni ( - 202)

220, Be) (4.204)

(4mwh?/2m)

Hence, we can solve this and get the lower bound for the ground state energy

2
: (4.205)

i +/2C, W((N - 1)A1>

2 2
Eg 2 —vi = —pyg
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where

T V20,

v\t Ve ) T G ) | A (/2m) - (4:200)

1 <1+ 1 >+2¢EB(5)

Here W is called Lambert-W function (also called the Omega or the ProductLog func-

tion [117]) and it is defined as the inverse function of ze®. In other words,
y=uze’ <=z =W(y). (4.207)

As for the three dimensional case, the off-diagonal part of the principal matrix have

the following upper bound

1 v
O, (E)] < 44 — =
o) < adexp (/52 )

V21 0y B(e)
I (Anh2 /2m)

, (4.208)

where we use weaker upper bound by using v > g4 in order to solve the inequality.
Therefore, we conclude that there exists a critical value of bound state energy v > v,

for a given N and d such that w # 0 so the ground state energy cannot be less than

*2

—v
. 2
By 2 =2 =)ot [ FWN =14 | (4.200)
where
2
Lo EVER) 0 (1) vEasem
LT V21 Cy V(M) 20y R3/2 (47h/2m )%/
3/2 3/2
" h3/24 A (4h/2m) . (4.210)

Hd



109

Special Ezample S*: We remind that the principal matrix for S? is given in
Section 4.2. Although we have found a lower bound of the ground state energy for
rather a large class of manifolds, we can consider the special cases as well. In fact,
one can directly use the upper and lower bound formulas of the heat kernel obtained
for general class of manifolds (compact manifolds or Cartan-Hadamard manifolds) by
choosing the parameters (like lower bound of the Ricci scalar curvature of a manifold)
associated with these special manifolds. We recall that the principal matrix is either
expressed by the eigenfunctions and eigenvalues of the Laplacian or the heat kernel:
(4.15) and (4.28). Therefore, if we can find an explicit expression of the principal
matrix and estimate the eigenfunctions for a given manifold, then the bound state
energy can be alternatively proven to be bounded from below by applying Gersgorin
theorem, and this is what is basically done in [35]. We are not going to repeat this
procedure since the general results have been already given including the special cases

so all details can be found in [35].

For the first special case, we consider S? as a concrete example for compact
manifolds. Suppose that point interactions are located at the points given by the local
coordinates (;, ¢;)~., on a sphere of radius R. Then, the Schrodinger equation for the
bound states of a particle living on the sphere under the influence of N attractive delta

interactions becomes

2m 952

h? al
i=1
where Vg, is Laplacian on the sphere in spherical coordinates

19 0 1
) neld . _L O 4212
Ve = Bosing 00 <Sm909) T Rsin’ 000 (4.212)

and 62(0—0;, p— ¢;) = % is the two dimensional delta function on the sphere
centered at (0;, ¢;). It is well known that spherical harmonics Y;™ are eigenfunctions of
the Laplacian —VEJSQ with the eigenvalues [(I+1)/R? and form a complete orthonormal

basis on S%. The principal matrix ®;;(—v?) has been given in (4.11) in Section 4.2. We
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then choose the bare coupling constant \; as a function of the cut-off parameter A.

2l +1
A : (4.213)
47TR2;2 7 W+ 1) +

where —p? is experimentally measured value of bound state energy for the single delta

interaction and taking the limit A — oo of the difference, we have obtained
A

A
20+ 1 20+ 1
lim
A—o0 47rRz; I(l+1)+p? 47TRZ s UL+ 1)+ 0?2

2m =0

1 i v

—— _\hn — Kl =
sl () ()]

(x) here is defined as

(4.214)

where pu% =

— = _ +
h(l’)_x2 H%—\/ﬁ H%"F\/ﬁ’ r€RT, (4215)

where H’s are the harmonic numbers, commonly defined on integers as H, = > ;_, %
and can be extended by analytical continuation to its largest domain in the entire
complex plane as H, = ¢¥(z + 1) + 7, where ¢(z) = F( belng the digamma function
[43] and 7 being the Euler-Mascheroni constant. Due to the Schwarz reflection principle
of harmonic numbers (H, = H;), the function ¢(z) is real valued for all z € R*. Tt is
also easy to check limp_, o % — 1 in the non-diagonal part of (4.11), simply because

they have the same form of divergence. Then, the principal matrix ®(—v?) for bound

states can be eventually written as

( .
()G
MR MR

> 21+1 a2,
Pl1-—2 ) £ g
IZZ s z( 2) 1#£ 7.
/LLR

Di(—v?) = (4.216)

4 R 1%,

Hence, we have obtained a well-defined formulation of our problem, that is, the infinities

have been removed. We then apply the Gersgorin theorem and estimate the upper
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bound of the off-diagonal part of the principal matrix with the help of the upper bound
on the heat kernel based on the work by Li and Yau given in (3.61) and the lower bound
of the diagonal part of the principal matrix with some analytical techniques given in
[35]. Hence, we estimate the lower bound for the ground state energy

2

/J,R (M+2#7\1/%)

By >-v?=—-S u+ 55t SugW |287% (N — 1) e ova : (4.217)

We can also consider the large N behavior of the ground state energy. The asymptotic

expansion of product-log function W [117] for large z is given as
W(z)~Inz—Inlnz. (4.218)

Hence, this leads to

N 2
By~ —pi} {m (m)l : (4.219)

4.10.2. Energy Bound for Cartan-Hadamard Manifolds

Similarly, using the upper and lower bounds of the heat kernel for Cartan-
Hadamard manifolds, we have obtained the upper and lower bound on the off and

on diagonal part of the principal matrix, respectively:

c ”—2+§
In | L it D=2
i (1)
B,(E) > (4mh? /2m) =4

e - > | (4.220)
B (4rh/2m)? <\/%+§— \/E+§) if D=3,
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where £ = Mo (M)+9) > () and

2m

et (o) it D=2
Th? /2m s I
Pi(E) < 2rch0(e, 1)y AN (4.221)
52 XP | —\/ 7 it D=3,
h3/2 (47h/2m) Cs pia

for i # j. For D = 2, we have

1n<y_@+§> Zln( 25 ) (4.222)
wve) 2\ F e

and if we use the same bounds for the Bessel function and the fact that v > pug, we

obtain the lower bound for the ground state energy

2(N —1)C(e, k)
In (fig)

For three dimensional case, we must do some additional assumption in order to get an

Eg > =202 W? (4.223)

analytic solution. We will assume that v > p? 4+ h¢ and this assumption should be

checked whether it is consistent or not after we have found the solution. Hence,

2 112 U 112
( E*g_\/%“)Z(W_ %+5>, (4.224)

and finally

2
1 C
Eg > —pif [@ 12+ hé+ 72W(A3(N - 1))] , (4.225)

where

a,= CE1 (—i O% (12 + hg)> . (4.226)



113

Special Examples: Hyperbolic Spaces H? and H3

The hyperbolic space H” is defined as maximally symmetric and simply connected
complete D-dimensional Riemannian manifold with a constant negative sectional cur-
vature —1/R?  which is also in some sense considered to be the negative curvature
analog of the sphere S”. For the hyperbolic spaces the explicit form of the heat kernel
is known (3.27). Therefore, we can calculate the principal matrix (4.28) explicitly in

this case.

D dimensional hyperbolic spaces H” are defined in the upper half plane model
as HP = {z € RP|zp > 0}, and the geodesic distance d(x,y) is given as

|z —yl?

coshM:1+

4.227
R 2£ED yD’ ( )

where R is the scaling parameter. For H?, the Laplacian VEHZ in polar coordinates

(0, ¢) is given by

1 0% 2cothf O 1 0?
A B B 4.228
% = R0 | R 00 | RPsinh’00d (4.228)

Then the principal matrix for H? in the ¢ — 0 limit,

4
1 1 E 1 1 2 L
2 _ —_ | = _ Z i =
\/_[1/1<2+ I M%> ¢<2+ 4+M%>] ifi=j
11

47TR2,LL_2 .
R —ir /17%
/ dr V if i # j,

cosh r — cosh ”
(4.229)

®i(E) =

where 1) is the digamma function. Using the Gersgorin Theorem (4.193) for this matrix,

the lower bound of the ground state energy can be estimated [35] as

|74 (2A}%(N — 1)6(%714) In(cosh 4+1 sinh %))

A+
In (cosh }% + % sinh }%)

] o (4.230)
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RO
KR

as long as the ratio - and + 1s finite, the behavior of the bound state energy is given

by

where we define A =

> for simplicity of notation. For large values of N

InN —Inln N
In (Cosh % + % sinh %)

E, ~ —u% (4.231)

As for the hyperbolic space H?, the Laplacian ng in polar coordinates (r, 0, ¢)

1 02 2cothr 0 1
2 2
=t + ———V? . 4.232
w " Bor | R or | Remblr % (4.232)

Similarly, we find the explicit principal matrix for H?

(
E 2 e
1—— —4/1+ ,u_; ifi=7
Hr Hr
1 1
b, (F) = — —— 4.233
d,,
| L E
Ry e Ly if § # j.
MR sinh 2 Hd; 13,
Using the Gersgorin Theorem (4.193), we obtain
_FR [q u?
MV R (N — 1)
Er>_*2:_2_2 2_|_ 2 W €
o > —V 12 = 2pian/ 13 + Frsinh £
L, (4.234)
_HR 1+L
o Pl P
—#a W Rsinh £
R

For the large N behavior of the ground state energy, the estimate becomes

Egp ~ —2pg\/p% +p2[In N —Inln N] — 2 [In N — Inln NJ* . (4.235)
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4.11. Non-degeneracy and Positivity of the Ground State

The rigorous proof of non-degeneracy and positivity of the ground state in stan-
dard quantum mechanics is given in [46, 118], which does not include the singular
potentials. Therefore, it is necessary to check whether this is still valid for our prob-
lem. The proof in our case is based on Perron - Frobenius theorem [115]: It states
that if A € My and suppose that A > 0 (that is, all A;; > 0). Let p(A) = max{|w| :

w is an eigenvalue of A}, called spectral radius. Then
(i) p(A) > 0;
(ii) p(A) is an eigenvalue of A;
(iii) There is an z € CV with z > 0 and Az = p(A)x;
(iv) p(A) is an algebraically (and hence geometrically) simple eigenvalue of A;

(v) |w| < p(A) for every eigenvalue w # p(A), that is, p(A) is the unique
eigenvalue of maximum modulus. A simple proof of this theorem for the positive

symmetric matrices is given in [119] which we reproduce below:

Proof: (i) Since A;; > 0, Tr(A) = Zfil Ai > 0, where )\; is the eigenvalue of
the matrix A. Then, we have | 3. \;| > 0, which immediately gives 32, |\ > 0.
Here the eigenvalues of the symmetric matrix A are real. Let us suppose that p(A) =

max |\;|, where )\; is the i-th eigenvalue of A. Then, we get

N—-n
np(A) + > |\ >0 (4.236)
=1
i
where n is the degeneracy. If p(A) = 0, it means that we must have 37" |\;| > 0,
JFi
which is inconsistent with the assumption p(A) = 0. We then obtain p(A) # 0 and
from there, p(A) > 0.
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(i) Using the result of (a), that is, p(A) > 0 and S, \; > 0, it follows that

p(A) is an eigenvalue of A since

p(A) = max {|\;|, \; € 0(A)} (4.237)

iii) Let u; be any real normalized eigenvector belonging to p(A).
j

N
p(Au; = Ajjuy (4.238)
j=1

Let us also define z; = |u;|. Then it follows that

N N
< Z | Ajjusu;| = Z Ajjrizy  (4.239)

4,j=1 1,j=1

N
E Aijuiuj

1,j=1

N
0<p(4) = Z Ajjuu =

1,j=1

By the Rayleigh-Ritz variational theorem, the right-hand side is less than or equal to
p(A), with the equality if and only if z; is an eigenvector belonging to p(A). We then
get

N
p(A)x; =Y Ay (4.240)
=1

for all i. Now if z; = 0 for some ¢, then due to the fact A;; > 0 for all j, it follows

every x; = 0, which is inconsistent. Thus every x; > 0.

(iv) If p(A) is degenerate, we can find two real orthonormal eigenvectors u; and
v; corresponding to the eigenvalue p(A). Suppose that u; < 0 for some i. Then, we

must have
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p(A)u; + p(A Z Ajjuj + Ay = Z Ajj(uj + |u)) (4.241)
7j=1
or
N
0 = p(A) (s + ) = 3 A (s + [y (1242)
j=1

which leads to u; + |u;j| = 0 for every j. In other words, we have either u; = |u;| > 0

for every j or u; = —|u;| for every j. The same method can be applied to v;, so we
have
N N
Z’Uj’u]' =+ Z |UjUj| 7’é 0 (4243)
j=1 j=1

that is, u; and v; can not be orthogonal, which is inconsistent with our assumption.

Thus, p(A) is non- degenerate.

(v) Let w; be a normalized eigenvector belonging to pu < p(A),

N
Z Aijwj = HW; (4244)

The variational principle and non-degeneracy of p(A) gives
ZAl]|w7«Hw]| > | Z Aywiws| = |p| (4.245)
4,j=1
so that p(A) > |u| > p. O
Since the principal matrix (4.28) is not a positive matrix, we cannot directly apply

Perron-Frobenius theorem. Nevertheless, we can make the principal matrix strictly

positive by subtracting the maximum of the diagonal part of it corresponding to the
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lower bound of energy £ = FE,, which is found in Section 4.10, and reversing the overall

sign:
Q(E)=—[®P(F)— (1+¢)1d0*(FE,)] >0, e>0, (4.246)

where 1 is the N x N identity matrix. Hence, considering the transformed principal
matrix ®" in the light of this theorem, we conclude that there exist a strictly positive

eigenvector which corresponds to the unique eigenvalue of maximum modulus.
N
Z (I);j(E)Aj(E) = p(P)A(E) . (4.247)

We note that ' has the same eigenvector with ® so it guarantees that there exist a
strictly positive eigenvector for the principal matrix ®. Using the eigenvalue problem,

we find

D 0y(E)A;(E) = w(E)Ai(E) (4.248)

where p(®') = —w(E) + (1 4 €)®2*(E,). For a given F = Ej or v = v, there is a

max

unique corresponding minimum w(F) and this minimum flows to zero at v = v™* = v,
(bound states energies are the zeros of the eigenvalues w(FE) = 0). This means that
the positive eigenvector A; corresponds to the ground state energy so we prove that
the ground state energy is unique and the associated eigenvector A; is strictly positive.

Due to the positivity property of heat kernel, it is easy to see that the ground state

wave function is strictly positive from the equation (4.40).

NI

< dt g
Up(z) = N ( )Kt(%awg)e_ g Aj(—y,i)
——

~~ o >0

gt wt I
- ¢ T’“ZAl( Vi) Ki(ag,x;9) >0, (4.249)

>0 >0
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Hence, we prove that despite the singular character of the interaction, the ground state

is still non-degenerate and unique.

4.12. Renormalization Group Equations

Renormalization group is just the set of transformations of the physical parame-
ters associated with change in scale, say M, by keeping the physics unchanged. Under
the infinitesimal change in the scale, the variation of physical parameters is described by
so-called ( function. In most cases, it can only be calculated perturbatively. It would
be interesting to find explicit examples where it can be calculated non-perturbatively
and exactly. It has been shown that a single Dirac delta potential in two dimensional
Euclidean space admits a exact solution to the 3 function [16]. Here we shall consider
our problem in the light of renormalization group and find the exact solution to the

function.

4.12.1. Two Dimensional Case

In this section, we shall choose the natural units A = 2m = 1 for simplicity. It
is useful to work with the dimensionless coupling constant. One possible way for the
renormalization scheme in order to determine how the coupling constant changes with
the energy scale is to define the following renormalized coupling constant AZ(A;) in

terms of the bare coupling constant \;(e)

Lo / e (4.250)
ME M) N(e) € Art '

where M; is a renormalization scale (it is of dimension [E]'/?). Then, the renormalized

principal matrix in terms of renormalized coupling constant in natural units is given

e i ( (05,05 9)e'® ewt) f
— dt | Ki(a;, a;59)e™ — ifi=7
R . ’
oR(E)y = M) o At (4.251)

— / dt Kt(ai,aj;g)etE ifi £y,
0
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and the bound state energy is determined from the condition det ®{(£) = 0 which
determines the relation between A?(M;) and M;. Explicit dependence on M; cancels
the implicit dependence on M; through A?(M;). Physics is determined by the value
of A{(M;) at an arbitrary value of the renormalization point M;. However, this is not
a proper way to look at our problem since we have to deal with several renormalized
coupling constants with the same kind of interaction, which essentially differs from one
another with arbitrary constants. These constants can be determined by deciding the
excited energy levels. We shall instead prefer one renormalized coupling constant by
redefining the meaning of the renormalized coupling constant without altering physics.
This could be done in the following way: As an external input, we decide about the
relative strengths of individual delta interactions and do not use the ground state energy
to fix the flow. We know that —p? is the bound state energy of the individual i-th Dirac
delta center so it corresponds to the solution ®Z(—u?) = 0. Without loss of generality,
let us assume that ® (—u?) = 0 and this allows us to choose the renormalized coupling

constant

1 1 % =M%
= — | at 4.252
NE(M) — M (e) / Ant (4252)

at some scale M. Once the renormalized coupling constant is fixed under this condition,
we must also satisfy ®X(—u?) = 0 for i # 1 with this choice at the same scale M. This
is always possible if we add a constant term to the definition of renormalized coupling
constant. Let us consider ¢ = 2 case

o0 —M?t

1 .
(1) = e Tim|

- [
0

where we have used (4.252) and ®%(—u?) = 0. This means that there always exists

€

—/ dt Kt<a27a2§g>etu§] — 2

Ky(aq, al;g)e_t“% — Ky(as, ag;g)e_t“%] —3,=0, (4.253)

a constant Y; depending only on pu; with 3; = 0 and ¥; # 0 for ¢ # 1 such that the

condition ®%(—p?) = 0 can be satisfied. Hence, the renormalized coupling constant
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becomes

1 1 % oM
R 5 ) 4.254
MO M(e) / i (4:254)

and the choice of ¥; s refer to the relative strengths of delta interactions in this renor-

malization scheme. As a result, the renormalized principal matrix is

L [ (K - f
- dt | Ki(a;, a;;9)e™ — -3 ifie=y
o) = D o t drt (4.255)
— / dt K(a;,a;; g)e't if i # 5.
0

The renormalization condition is given by

1 ARE A R(M), B g)

i -0, (4.256)
or
(30557 + 9051 ) BEOL AR, Eig) =0 (4.257)
oM ) 9
where
B(Ar) = M%; (4.258)

is called the ( function and the equation (4.257) is the renormalization group (RG)
equation. In [16], the renormalization condition (4.256) corresponding to the problem
in flat space has been written in terms of the T-matrix. Using (4.255) in (4.257), we

can find § function exactly

Br)=-2E<0. (4.259)

This result is the same as the one in flat spaces given in the literature [7, 15, 16, 17| so

our problem is asymptotically free. From the explicit expression of the renormalized
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principal matrix, one can easily see the scaling property of it under a change of energy

and metric scale vy using the scaling property of the heat kernel (3.50)
DM, Ap(M),*E;y2g) = O (v "M, Ag(M), E; g) . (4.260)

It is important to note that we need to scale the metric as well and the idea of the
metric scaling in deriving the renormalization group equation was motivated by [120] in
the context of renormalization group in quantum field theory on curved spaces. Hence

we have

d

(P (@ (M, Ap(M),7*E;v~%g) = & (v "M, Ag(M), E; g)] . (4.261)

It leads to the renormalization group equation for ®f (M, Ag(M),v*E;~y?g)

d _ 0 _
vd—7¢f}(M, Ar(M), ;7 %g) + Mo @5(M, Ar(M),7*E;y72g) =0, (4.262)
or
d a R 2 -2
T ﬁ()‘R)_a)\R (M, Ap(M),y*E;7™7g) = 0. (4.263)

If we postulate the following functional form for the principal matrix
O (M, Ap(M), ¥’ E;v%g) = f(7)®5(M, Ar(yM), E; g) | (4.264)
and substitute into (4.263) we obtain an ordinary differential equation for f
y—==0. (4.265)
This gives the solution f(7) = 1 using the initial condition at v = 1. Therefore, we get



123

which means that there is no anamolous scaling. After integrating

B(Ar) = M éu;_]iy) = —A%;(?]Tw) (4.267)

between M = M to M = vM we can find the flow equation for the coupling constant

Ar(M)

= . 4.268
1+ 5-Ag(M)Iny ( )

Ar(YM)

One can explicitly check the relation (4.266) if the coupling constant evolves according

to (4.268). First, we add and subtract a term in the time integral:

Lo 1 /Oodz Ko el G IS
= oo My — @, Qi3 g)e — 2
Ar(M) 27 7 0 ! g 47t

1 1 00 —M?t —M?2y72¢ —M?2y2¢
= +o-Iny— / de (Kt(aiyai;g)etE - ° + 2 - °
2m 0

Ar(M) 47t 47t 47t

-,

1 - tE e M
= [t Kaapg)e® - | - %
Ar(M) /0 i, @iz g)e Ant

(4.269)
and then using the scaling property of heat kernel (3.50), we get
1 o0 oMyt
Ar(M) a /0 dt (7_2K72t(aiv a;y2g)e” — 4—7rt> -3

= O (M, \p(M), ¥’ E; v %g) .

The off-diagonal term can be directly checked using just the scaling property of heat
kernel (3.50). Alternatively, one can find how the coupling constant evolves, given

(4.268) from the scaling relation (4.266).
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4.12.2. Three Dimensional Case

Since it is convenient to work with the dimensionless coupling constant, we define

a dimensionless coupling constant in three dimensions

~

Ar(M) = MAR(M) . (4.271)

Then, by similar arguments developed for two dimensions, the renormalized principal

matrix in the natural units is

M /oo ( . —M?t
- — dt | Ki(ai, a:;9)e™ — g | % ifi=g
OR(E) = { M) o (4mt)?/ (4.272)
- / dt Ki(a;,a;; g)e'” ifi # 7.
0

Renormalization condition (4.257) in this case leads to the following  function

< OAR(M)
5(/\R)—M6—M

= An(M) — —X3(M) | (4.273)
which is in agreement with the result for flat space [16]. From the explicit expression of
the renormalized principal matrix for three dimensions, one can easily see the scaling
property of it under a change of scale v using the scaling property of the heat kernel
(3.50)

OE(M, AR(M), v’ E;v2g) = 4@ (v M, Ar(M), E; g) | (4.274)
so we have
d R . _ N
T [BEOL AR, 7 E: 72 ) =105 (07 M. Ar(M), B g)] (4.275)

This leads to the renormalization group equation for ®E (M, Ag(M), v2E; v~ 2g)

)

S 1 M| O (M, Ap(M), 42 2g) = 0, (4.276)

d 0
K dy oM
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or

d < 0 .
— — 1= B\g)— | DE(M Np(M),~*E:~"29) =0. 4.277
de B( R)a)\R (Mo AR(M), v E;v7g) ( )

If we again postulate (4.264) and substitute it into (4.277), we obtain an ordinary

differential equation for the function f

df(v)
VW =/. (4.278)

The solution is f(7) = v by using the initial condition at v = 1. Therefore, we have

QR (M, Ap(M), 7V E;v~2g) = vOE(M, Ap(vM), E; g) . (4.279)

This means that there is also no anamolous scaling in three dimensions. After inte-

grating
AZ(M) (4.280)

between M = M to M = yM we can find similarly the flow equation for the coupling

constant

(4.281)
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One can similarly check the relation (4.279) if the coupling constant evolves according

to (4.281). In this case, we have

M 1 00 —M?t
= +—M(1—7)— 7/ dt (Kt(ai,ai;g)etE - e_) -%;
d 0

Ap(M) 4 (drt)%
M 1
S +-M(1-7) (4.282)

00 . e—M2t e—M%*?t e—MQW*Qt
- de | Ki(as, as; - - -
Y /0 @i a.9)e = man t e~ (ant)

M /°° e M
= — — dt | K Qg Ay etE_ T N2 /9 _21 )
w00y ( Han 09 gy

and then using the scaling property of heat kernel (3.50), we get

i / Tt (4 “g)e't G
- — ~2y(ai, ag; et — ——— | =3
Sa(M) o L Tg (Art)372

M 0 —M?2s
= —/ ds <Ks(ai,ai;729)6872E — (6—> -3 (4.283)
0

47s)3/2

One can similarly find how the coupling constant evolves, given in (4.281) from the

scaling relation (4.279).
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5. NONPERTURBATIVE RENORMALIZATION OF
POINT INTERACTIONS IN MANY BODY THEORIES

5.1. Non-relativistic Lee Model on Two and Three Dimensional

Riemannian Manifolds

5.1.1. A Short Introduction to the Original Lee model in Three Dimensional
Flat Space

The Lee model, originally introduced in [121], is an exactly soluble (in princi-
ple eigenstates and eigenvalues can be exactly found) and renormalizable model that
describes the interaction between a relativistic neutral bosonic field “pions” and two
neutral fermionic fields “nucleons”. Nucleons are assumed to be able to exist in two
different intrinsic states and they can be transformed from one state to the other. The
particle corresponding to the Bose field is called # and the particles corresponding to
the intrinsic states of the nucleon are called V' and N particles. The fermionic field
corresponding to the V and N particles are assumed to be spinless for simplicity. This
may be the case when the only one spin species of the fermions is relevant for V' and N
particles. The V particle can emit a 6 particle and transform into an N particle. The
N particle can not emit a 6 particle whereas it can absorb a 6 particle and transform
into a V' particle. The V particle can not absorb a 6 particle. We can summarize the

allowable process as

VeN+0 (5.1)

and the following process is not allowed

N=V+0, (5.2)
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which makes the model rather simple. Here it is important to notice that the last
reaction would be possible, in local theory, due to the identification of antiparticle of 8
with itself. The interaction in the model includes only the positive or negative frequency
part of the bosonic field operator as opposed to the “normal” field theory. The energies
of the fermions V' and N are assumed to be independent of their momentum. The
Hamiltonian describing this system in the Schrodinger picture is given by (in the natural

units h =c=1)

H = Hy + H; , (5.3)
where
o= [, sV OV 0+ [ G5 @NG)+ éiiwmw%mgzi

= [ S5 [ L VENE - as@ Ve - ad@Ve)]  (59)

where the Vi(p)(NT(p)), V(p)(N(p)) are respectively the creation and annihilation
operators for an V(p)(N(p)) quantum of momentum p while ¢'(p), ¢(p) are the cre-
ation and annihilation operators for # quantum of momentum p. These creation
and annihilation operators obey the usual commutation and anticommutation rules.
The parameters my;, my, are the bare masses of the quanta of V' and NV fields and
w(p) = \/m is the energy of a # quantum of momentum p with its bare mass

mg. The parameter )\ is called the bare coupling constant. Total momentum operator

d3q
P [ e [V IN D)+ VI (0)V(p)+ ¢! (p)oo)] 5.6
is conserved since [H,P] = 0. We introduce a suitable cut-off function fx(p) to make
all momentum integrals finite and the regularized Hamiltonian becomes

d3

Ho,A = My, (A) /Rs (275))3 fA(p)VT(p)V(p) + TN (A) /R3 (SW];?)

fa(P)NT(p)N(p)
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+ [ ) ()6 ()o(p) (5.7)

and

=) [ S5 0@ [ SEn) [v*<p>N<p - @)l

+Nt(p— q)¢'(q)V(p) (5.8)

One possible interpretation is to consider the N particle as a proton, the V particle as

a neutron, and 6 particle as a 7~ meson. Then the allowed reaction is
n=p+m (5.9)

and the reaction p = n + 7~ is not allowed due to the charge conservation. Since we
have considered the positive and negative frequency part of the bosonic field operator,
interaction is not causal and local. Although the model is not very realistic, it reflects
important features of nucleon-pion system, and presents a powerful aspect that one can
do the coupling constant, mass and wave function renormalizations. This is also an
interesting model in the sense that it can be exactly soluble and renormalization can
be performed non-perturbatively. For a detailed discussion of the Lee model, one may
refer to Schweber’s book on quantum field theory [122]. Since we restrict ourselves to
simple models in this thesis, we shall consider the simplified non-relativistic version of

the Lee model and study it on Riemannian manifolds.

5.1.2. Introduction to Non-relativistic Lee Model in Three Dimensional Eu-

clidean Space

The complete non-relativistic version of the Lee model that describes one heavy
particle sitting at some fixed point interacting with a field of non-relativistic bosons
is as important as its relativistic counterpart. In this case the dispersion relation is

2 . . . . . . . . .
w(p) ~ 2p—m0 + mg in the non-relativistic approximation and fermionic creation and
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annihilation operators are independent of momentum since they are assumed to be
heavy sitting at an arbitrary fixed point in space (z = 0) so that the recoil effects are

ignored. The Hamiltonian of the model in Schrodinger picture is then (A =c=1)

d3p p2
Hy =my, ViV NN —
0 = My, + mn, -I—/R3 (27)? (2m0

i mo) S (5.0

and

Hi= 0 [ S5 [VINo() + N6 @] (5:1)

where V=V (p=0) and N = N(p =0) and

[6(p), o' (q)] = (27)°6(p—q)
vy =1
{N,NT} =1 (5.12)

with all other pairs of the operators commute(or anti-commute). Note that the momen-
tum integrals for these particles disappear since only the zero eigenvalue of the momen-
tum contributes to the integrals (one first simply considers the system in a finite box
and take the continuum limit at the end). As a consequence of disregarding the recoil
effects, the total momentum of the system P = [, %pgﬂ(p)d)(p) is not conserved,
i.e, [H,P] # 0. Although we loose the momentum conservation, this modified version
of the Lee model is much simpler than its relativistic version because it is possible
to renormalize the system with only an additive renormalization of the mass (energy)
difference of the N particle and the V' particle. It has been studied in a textbook by
Henley and Thirring for small number of bosons from the point of view of scattering
matrix [123] and there are other attempts in the literature [124, 125, 126, 127]. Exact
solubility of the model is due to the conserved quantities which can be directly derived

from equations of motion for the field operators. These conserved quantities are total

number of fermion operator

Q=VV+ NN (5.13)



131

and the difference of the total quanta of 8 and N particles.

d3q
Q= [ el @ota) ~ NN (514)

that is, [H, Q1] = [H, Q2] = 0. We will study the system subject to the constraint
that the conserved quantities (); and ()5 are chosen to take certain values so that the
problem can be exactly solved. In order to find the exact physical states for bound
states and scattering problem it is important to notice that the bare and physical (or
sometimes called dressed) vacuum states coincide as well as bare and physical one 6

and one N particle states. The bare vacuum is defined as

N(p)|0) = V(p)|0) = ¢(p)|0) =0, (5.15)

for all p. Here the bare vacuum states must be understood as direct product of the
bosonic and fermionic bare vacuum states in Fock space. The bare vacuum corresponds
to the zero eigenvalue of the free Hamiltonian Hy, i.e, Hy|0) = 0. This state is also
the eigenvector of the full Hamiltonian with zero eigenvalue H|0) = 0, that is, bare

vacuum is also the physical vacuum. Similarly, one can also show that

HoN'(p)|0) = mux, N'(p)[0) , (5.16)
and

HN'(p)[0) = mn,N'(p)|0) . (5.17)
Similarly, we have also

Hy¢'(p)|0) = w(p)¢'(p)|0) , (5.18)
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and
H¢'(p)[0) = w(p)o'(p)|0) . (5.19)

Since N and € particle corresponds to physical states, we can identify their bare masses

with physical masses, that is, my, = my and my = m. Therefore, we have

0)a = 10)
IN(p))a = N'(p)|0)
0(p))a = ¢'(p)|0), (5.20)

where the subscript d stands for dressed or physical state. Conserved quantities (),
and () allows us to calculate other eigenstates as well. Since (); and () commute
with the Hamiltonian, the eigenstates of H can be labelled by the eigenvalues of the
operators ()1 and (J». Any physical state can be expanded as a superposition of all

possible bare states

d3q d3q d*q,
000)]0) 4 45100V | / Lo
| Ja=1 0) + ¢ 0) + e ( 3 (2n)?

x%b(n’m’l)((h,(h, . q) MNTmQﬁT(%WT ) ¢T(QI)| ). (5.21)

then only the states with the same eigenvalues of ()1 and ()5 can occur in the expansion
above. In order to find the physical one V particle state, we must first guarantee the

following limit
V)a — V7|0, (5.22)
as \g goes to zero. Hence, the physical one V' particle state must include the one bare V'

particle state, V7|0). It is easy to see that the eigenvalues of Q; and Q5 in this state are

1 and 0, respectively. However, this eigenstate is not the only one having these quantum
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numbers. One can show that the other bare state must be |N, ) = NT¢f(p)|0) with

QiIN,0) = 1|N,6)
@Q2[N,0) = 0. (5.23)

Then the state of one physical V' particle which is an eigenvector of H with the eigen-
value my (the observed mass of the V' particle) can be represented by the superposition

of the bare states having the same eigenvalue of @); and @)y (sectors 1 and 0).

Via= w10+ [ SLut@Nts @), (5:24

where v = 199 and 1) (p) = @1 (p) for simplicity of notation. Taking the scalar

product of stationary Schrodinger equation
HV)a=my|V)a, (5.25)

with (0|Vu* we get

d3p
(mvo — mv) U+ )\0 /R3 (27‘(’)3

v(p)=0, (5.26)
and applying [ps %(Ow*(q)]\hﬁ(q) on the left, we get
(w(p) +my —mv)(p) +Aou=0. (5.27)

We can solve ¥ (p) from (5.27)

U)\o

Y(p) = : (5.28)

(my —my —w(p))

as long as my — my — w(p) # 0. This condition is always satisfied if we restrict the
problem for the stable V' particle, that is, the situation in which V' particle can not

decay into N particle and 6 particle. In this case stability condition my < my +m
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satisfies the condition above. Substituting the solution (5.28) in (5.26), we obtain

d3p 1
)\2
o T A /R (27) my — mx — w(p)

—my . (5.29)

The momentum integral above is divergent at large values of momentum, that is, it is
an ultra-violet divergence. This is due to the fact that the approximation of no recoil
is broken down for large enough momentum. The first step is regularization, i.e., we
make all the momentum integrals finite by introducing a momentum cut-off A and
make the bare parameters depend on A. Then, we choose the bare parameters in such
a way that all the physical quantities are finite and independent of A. The regularized

Hamiltonian is

Hon = my, (M VTV 4+ my, (A)NTN
&p P T
+/Rs (27r)3fA(p) (ng(A) + o(/\)> ¢'(p)¢(p) (5.30)

and

Hia=ul) [ S fula) [VINo(a) + M@V (531

If we repeat the same procedures we obtain the regularized version of the equations

above

2 d’p fA(p) —m
my, (A) + Xp /R3 ey —my —op) " (5.32)

It is enough to choose the bare mass of V' particle at some arbitrary renormalization

scale p

d’p fa(p)

(2P 51— — (D) (5:33)

my, (A) = p— /\(2)/
R3

where the bare coupling constant is just the physical coupling constant Ay = A, that is,

we do not need a coupling constant renormalization for the non-relativistic case. Once
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we choose the bare coupling constant by the above renormalization condition, all other
physical quantities stay finite. In order to show this, we can look at the scattering
of 6 particles from a static N particle. We must first find the “incoming” and the

“outgoing” eigenstates of H. They are defined by the equation below

H’N, 9>di = (mN—l—w(p))\N, 9>di (534)

where |N,6)4, is the “incoming” and |N,#0),  is the “outgoing” eigenstates of the
Hamiltonian H. The eigenstate |N, ). describes a 6 particle of momentum p imping-

ing on an N particle sitting at x = 0 and which then scatter off from each other.

[N, 0)ar = N''(p)|0) + |x)+ (5.35)

where NT¢T(p)|0) describes the incoming state of a 6 particle of momentum p and of

the N particle, and |x) corresponds to the outgoing scattered wave. The solutions are

N,0)4y = |N,0
[N, O)ar = | ’>+mN+w(p)—H+ze

V1|0) (5.36)

and similarly for |N,6),-

IN,0)q_ = |N,0) + ~VT|0) (5.37)

my + w(p) — H — ie

Using the distributional formula

T + e T

L _p (l) +ird() (5.38)
we find

IN,0)ar = |N,0)4_ — 2mi\s(my +w(p) — H)VT|0), (5.39)
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where P refers to the principal value of the integral. One can then find S matrix
(N, 0(P")|N, O)ar = (27)°5(p" — p) — 21N (w(p) — w(P))a— (N, 0(p")[V'|0) ,(5.40)
or from this, one reads the 7" matrix

(N,0(P)|TIN,0(p)) = Aa(N,0(p")|VT]0)

1
= N(0|V
(0] my +w(p) — H + i€

Vo), (5.41)

where we have used (5.37) and we are on the energy shell w(p) = w(p’). It is useful
to express the bare V particle states in terms of the dressed V' particle states from the

relation (5.24). Then, we get

1 —— 1
my +W(p) _év—g"‘zev ’O>1_ U(’ITLN +w(p) — Tlnv T Z€)|v>d
- a ] T

Next, we use the operator identity

1 1 1 1
= H 5.43
z—H Z—H0+Z—H L Hy’ (5:43)

and apply it to the second term in (5.42)

1
my + w(p) — H + ie

1
o) = my + w(p) — Hy + i€

1 1
+ —H .
my +w(p) — H+ic 'my +w(p) — Hy + ie

o'(q) . (5.44)
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Using
1 00 ‘ '
f(q) = —i dt ¢l -+w(p)—Ho+ie)t 4t
o+ op) — Horic” Y / ; ¢'(a)
= Z/ dt ei(mN+w(p)+iE)t€—iHot¢T (q)eiHote—iHOt
0
= Z/ dt ei(mN+W(P)—w(Q)+ie)t¢T(q)e—iHot
0
1
=4 5.45
¢ (q)mN—l—w(p)—w(q)—Ho—i—ie ’ (5.45)
we get
1 1
Foy — of
my +w(p) — H + ie¢ (a) =2 (q)mN +w(p) —w(q) — H +ie
- Hi ¢! . (5.46
my + w(p) “H e (q)]mN+w(p) —w(q) — H +ie (5.46)
Since [H;, ¢'(q)] = AVTN, it is easy to see that
1 N1l (@]0)
my +w(p) — H +ie
1 A
N H(a)NT[0) + vioy| . (547
w(p)—w(q)+z qb(q) | > mN+w(p)—H+ie | > ( )

where

d3q 1 1
(27m)3 my —my —w(q) w(p) — w(q) +ie

G(p) =1+ \? /3 (5.49)

Hence, we obtain the exact finite expression of the T" matrix

)\2

(N, () TIN, 0(p)) = G(p) my +w(p) —my

(275 (p' —p) . (5.50)
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Unfortunately, this approach becomes cumbersome for large number of bosons. Later
on, we will give a more suitable way to deal with the problem for arbitrary number of

bosons.

5.1.3. Two Level Atom - Field System and Non-relativistic Lee Model

The operator of a single mode electromagnetic field in a cavity of volume V' in

the Coulomb gauge is given by

2mhw

E — ¢
1€ vV

(ae*ik‘r — aTeik‘r) , (5.51)

where a', a are the creation and annihilation operators of single mode photons with the
wave vector k, the frequency w and the polarization vector €. The free field Hamiltonian

is just
i 1
Hpierg = hw | a'a + 5] (5.52)

Let us consider a single two level atom with the upper energy level |1) and the lower
energy level |0). Then the basis for linear operators acting in the Hilbert space of the
states of a two level atom can be chosen as |i)(j|, where 4,j = 0,1. It is well known

that the realization of Pauli spin matrices can be put into the following form

o = 10)(1] +[1)0]
oy = i(0)(1] — [1)(0])

o5 = (1] = [0)(0]

1= [1){]+]0)0]. (5.53)

where the ground state and the excited state is defined as

0) =
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) = . (5.54)

Then, Hamiltonian corresponding to the free atom

1
Hatom = ZE1‘2><Z| > (555)
=0

where Ej is the bound state energy of the atom corresponding to the lower level |0)
and F; is the bound state energy corresponding to the upper level |1). One can now

write the free atomic Hamiltonian H,;,,, in terms of Pauli spin matrices

Hatom = E0|0><0|+E1|1><1|
= Eo|1)(A[ + (Ey — Eo)|1){1] + £0|0) (0]
= Epl+ (B — Ep)|1)(1]

= Eol+ (B, — Ey) (1 J;U“) . (5.56)

If we define By — Ey = hwy to simplify the notation, we have

1
Hatom = th ( —;0-3) ) (557)

where we have omitted the overall shift in the energy FEj, since it has no physical

consequence (we always measure the energy differences).

If the wavelength of the field is large compared to the size of the atomic system,

the interaction of the field with the atom is given by (dipole approximation)
Hatomffield =-d-E s (558)
where E is given by

(a—al), (5.59)
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in the dipole approximation (k.r < 1) and d = e r is the electric dipole operator.

Then, we have

2mhw

Hatomffield = —1er

(a—d'), (5.60)

where the coordinate operator r = r-€. Due to the completeness, r can be decomposed

er = EZ ) (elrlg) il = Zgnliﬂjl ) (5.61)

where g;; = e(i]j) is the electric dipole transition element. It is convenient to introduce

the atomic transition operators defined by

orl0) = [1) o[1) =0,
o_|0y = 0 o_|1) =|0) . (5.62)
Then, we have
o = 110]
o_ = [0)(1]. (5.63)

For p;; = p;; without loss of generality, we obtain

Hatom—fieta = g(oy +0-) (a - aT)
= goia— g]a+czT +go_a— ga_aT
= go,a+go_al —g'o_a—goal, (5.64)

2w hw
v

where g = —ipjg Let us consider the interaction Hamiltonian consisting of
two separate terms: Huom—fieta = Hy — H,, where H, = goia + g*o_a’ and H, =
g*o_a + gora’. The term o_a' in the Hamiltonian H, allows the atomic transition

from the excited state to the ground state with the simultaneous emission of a photon
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while the other term o, a allows the transition from the ground state to the excited state
with the absorption of a photon. On the other hand, the term in the Hamiltonian H,
allows the atomic excitation with a simultaneous creation of a photon, while the other

term causes the absorbtion process. It is easy to see that the number of excitations

1 —
N:_( 2"3) tda, (5.65)

is conserved if we take the interaction Hamiltonian as H,., that is,
[N,H,] =0, whereas [N,H,] #0. (5.66)
This suggests us to work only with H, but there is another reason for ignoring H,. It

is very convenient and crucial to study the perturbative quantum field theory in the

interaction picture. Interaction Hamiltonian in the interaction picture is
L Hot — L Hot
Hatomffield;[(t) =er"° atom— field€ RO ) (567)

where

1+O'3

HO = Hfield + Hatom = hw() ( > + hwaTa ’ (568)

Moreover, we have ignored the zero-point energy coming from the field Hamiltonian.
Using the Campbell-Baker-Hausdorff formula ¢! Be =4 = B+ t[A, B] + L [A, [A, B]] +

..., we get

. 1— _ -i— s
ezwa atae wa'lat ae 1wt
glwa ataTe walat aTezwt
. 1+o3 ) 1+o03 .
0Tt emiwo(THE = 5 pFil (5.69)
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Hence, we obtain

Hatom—field;l = go, ae—i(w—wo)t+g*a_aTei(w—wo)t

(5.70)

Tei(w-l—wo)t i(w+two)t ]

—goia —g'o_ae”
In the case w ~ wy, the first two exponentials is almost unity while the other two
exponentials oscillate rapidly. We may therefore neglect the rapidly oscillating terms
(called rotating wave approximation (RWA)) and the resulting simplified Hamiltonian

1S

1+O'3
2

H = hwy ( ) + hwa'a + goya+ gto_al . (5.71)

Usually, the zero-point energy in the first term is omitted in the literature so we have
g3 t x
H = ﬁ/.x)()? + hwa'a 4+ goya+ g*o_a', (5.72)

where the conserved quantity in this case N = a'a + 03/2. This Hamiltonian describes
the interaction of a single two-level atom with a single mode field and it is known as
Jaynes-Cummings model [128]. The case of many atoms corresponds to the Dicke model
[129]. The Hamiltonian (5.72) acts on a tensor product of the infinite dimensional
bosonic Fock space Fp with the two dimensional Hilbert space C2. The basis vectors

in this space is
In) ®1[x) , (5.73)

where x = 0,1 and a'a|n) = n|n). These states |n) and |x) are called bare states since
they are eigenstates of the free Hamiltonian. Note that o3|x) = (2x — 1)|x). Since N
is conserved we can fix its value without loss of generality and study the model with

the fixed N sector, which simplifies the problem. The eigenvector of N is given

In, x)a=|n—x)®[x), (5.74)
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where d stands for dressed states (they are eigenstates of the full Hamiltonian) and its

eigenvalue equation is

N, y)a = (n _ %) I, %a - (5.75)

For each fixed value of the eigenvalue of the number operator N, there is a two di-
mensional subspace for each value of y except for the one dimensional subspace n = 0.
Since [H, N] = 0, any physical eigenvector of the Hamiltonian must be a superposition

of the basis vectors of this two dimensional subspace, which simplifies and allows one

1

to solve the model exactly. Let us suppose that the eigenvalue of N is chosen as n — 5

without loss of generality. This means that the state corresponding to this chosen N
consists of either the state for n photons with the atom in the ground state |0) or n—1
photon with the atom in its excited state |1). The interaction is then responsible for

excitation or absorbtion processes and mixes these states. Therefore, we have

[W)a= D anln) ®0) + Baln — 1) @ |1) . (5.76)

n=1

The stationary Schrodinger equation H|¢), = E|1), gives the following coupled equa-

tions written in matrix form

g —
2w —1) gy AN -

g\/n — M0 4 hwn ay, ay,

where we have used (n|m) = d,,,. The eigenvalues of the Hamiltonian reads

1
By = (n—§)hw:|:9, (5.78)

V/ (hwy — hw)? + 4|g|?n. For each value of n, there are two eigenstates and
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the splitting between the eigenvalues is {2. The normalized eigenstates are then

¢i%/2|g|/n
h(wg—w 2
V(M= 0) " g
efm/z(h(wo;w)_g)

\/( ﬁ(w%*w) 79) 2Jrn|g|2

(5.79)

for E = E, and

ez‘¢/2( h(WOQ*W) +Q)

wpn—w 2
\/(L o )+Q> +nlg|2
e
wo—w 2
\/(7“ 9 )+Q) +nlg|?

(5.80)

for ' = E_. The further detailed analysis of the system can be found in quantum

optics textbooks [130].

Let us return to our simplified non-relativistic Lee model in coordinate space.

2
Hy = my, VIV +my,NTN +/ Bzl (x) (_2V_ + m) o(x) , (5.81)
R3 m
and
Hy = Xo [VTN% + N%V} , (5.82)

where ¢g = ¢(x = 0) = [oq % (p). In the previous section, we only consider the
sectors Q1 = 1,2 = 0. Previous discussion on the two level atom model motivates us
to ask whether we can extend the restricted sector @)1 = 1, Q2 = 1 to the sector Q)1 =
1,02 = n or not. Indeed, the Lee model is very similar to the two level optical model
except that the bosons are allowed to have many possible energies and momenta. The
Hamiltonian acts on a tensor product of the infinite dimensional bosonic Fock space Fp
with the four dimensional Hilbert space whose bare basis are |0, 0), |0, 1),|1,0),|1,1).
We have V1|0,0) = |1,0), NT|0,0) = |0,1). Since only the states |0, 1),|1,0) are the

eigenstates of (); with eigenvalue 1, the problem is restricted to the two dimensional
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subspaces. In analogy with the two level atom model, let us suppose that the eigenvalue
of @3 is n, then any physical state consists of either the state for (n + 1) € particles
with one N particle or n 6 particles with no N particle. It is the interaction that mixes
these states into each other but keep the states in this two sector subspace. Then, we
can find the representation of the Hamiltonian in two sector subspace. It is well known
that there is a isomorphism between the algebra of the Pauli sigma matrices, su(2) and

bilinear products of fermionic creation and annihilation operators.

VIN = o,
VNt = o_
NN -VV = oy, (5.83)
where
03,04 = +204
[U+7J—] = 03
1
o4+ = 5(0’1:&@@'2). (584)

We now reexpress the Hamiltonian

my VIV +my, NIN = my, VIV +my NTN — mpy, VIV + mp, VIV
= VIV +my, (VIV 4 NTN) | (5.85)

where [ip = my, —my, and the second term is just an overall shift in the energy since it
is proportional to the conserved quantity ()1, thus we omit this term. As a consequence

of these, we may rewrite the Hamiltonian in the following form

— 2
Hy = o (P57 + [ a0l (—5 4 m) ot
H = A<o—+¢0+a,¢g), (5.86)

where we have ignored some overall constant terms. Two level optical model Hamil-
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tonian is equivalent to this Hamiltonian above by the unitary transformation oy Hao,

except for the fact that the former model deals with only single mode massless bosons.

5.1.4. Construction of Non-relativistic Lee model in Two and Three Dimen-

sional Riemannian Manifolds

It is possible to look at the same problem from the point of view of the resolvent
of the Hamiltonian in a Fock space formalism with arbitrary number of bosons (in fact
there is a conserved quantity which allows us to restrict the problem to the direct sum
of n and n + 1 boson sectors, as we have shown in the previous section). This will be
achieved by the same method which we have used for delta potentials in the previous

chapter.

We start with the regularized Hamiltonian of the non-relativistic Lee model on
two or three dimensional Riemannian manifold (M, g) with a cut-off . Adopting the
natural units (A = ¢ = 1), one can write down the regularized Hamiltonian on the local

coordinates z = (1, xg,...,xp) € M

H*=Hy+ Hj, (5.87)
where
1
o= [ e 6j(o) (<592 m) o). (5.5%)
A 1 — 03 D t
HI,G - ,M(ﬁ) 2 + )\ M dg z pf(x7 Cl) (¢g($) o— + ¢g(w) O-+) : (589)

Here ¢} (x), ¢y() is the bosonic creation-annihilation operators defined on the manifold
with the metric structure g;; and X is the coupling constant. Also, p.(z,a) is a family
of functions which converge to the Dirac delta function d,4(x, a) around the point a on

M as we take the limit € — 07. Similar to the flat case, fi(¢) is defined as a bare mass
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difference between the V' particle (neutron) and the N particle (proton). Its explicit
form will be determined later on. Although the number of bosons is not conserved in
the model, one can derive from the equations of motion that there exists a conserved

quantity

Q= (57 + [ awalwiote)

In analogy with the flat space, if Q2 = n, we have one bare V particle state (which we
can identify as spin-down state (or neutron)) with n € particles or one bare N particle

state (interpreted as spin-up state (proton)) with n + 1 6 particles.

0
Vio,0) = [1,0) = = |n)
1
1
NTj0,0) = [0,1) = = |p) . (5.90)
0

If one considers the Hamiltonian without the cut-off €, it can be shown that the bound
state energy diverges as we have discussed for the flat space case. Before discussing
how to deal with the infinities, we must see how the infinities emerge in our model on
Riemannian manifolds . The simplest way to realize this is just to look at the sector
that contains the neutron or the proton with one boson, which corresponds to () = 1,

that is, we propose the following eigenstate ansatz [131]:

S dgz (@)} (2)]0)
u|0)

lu, )y = (5.91)

For simplicity we explicitly perform our calculations for compact manifolds here, but

our result is also valid for non-compact manifolds, which we are interested in.

From the eigenvalue equation H |u, ) = Elu,1)), we find the set of equations in
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terms of the bosonic wave function ¢ (z) = >_,2 ¥ (1) fi(z; g)

~uMfi(asg)
T/J(Z) - E— (20_751 +m) I (592)
wB =) = XY filaighu(l) . (5.93)
=0

If we substitute the equation (5.92) into the equation (5.93), we obtain

j=F— )\ g - ’_fl((i_;lgfm) . (5.94)

2m

Expressing this equation in terms of heat kernel K, (x,2'; g) = (z]e*Ve/>"|2/), we get
p=FE+ )\2/ ds K,(a,a;g) e *m=E) (5.95)
0

The integral in equation (5.95) diverges due to the asymptotic expansion of the diagonal
part of heat kernel near s = 0 for any two and three dimensional manifolds (3.54). As
a result of this, the bound state energy becomes divergent. Recall that the momentum
integral in flat space case blows up at large values of momentum in two and three
dimensions. The problem was basically taking the integral over all momenta because
our no-recoil approximation breaks down for large enough momenta. So, we have
introduced an ultra-violet cut-off A in the upper bound of the momentum integrals.
Since large momenta means small distances, this cut-off corresponds to putting a small
distance cut-off in coordinate space. Performing the calculations in coordinate space
one sees that small distance cut-off can be replaced with a short “time” cut-off € in the
lower limit of the integral (5.95). Here we show that the idea of short “time” cut-off
will work on Riemannian manifolds, whereas the momentum cut-off is not a natural

method to use.

Therefore, we first regularize the Hamiltonian, that is, introduce the cut-off € on

the lower bound of the integral and make the parameters in the Hamiltonian depend
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on € such that all physical quantities are independent of it. So we define

f(e) = o+ )\2/ ds Ky(a,a;g)e*m=") | (5.96)

€

where, as we will see, the bound state energy F is traded with ji which is defined as
the physical energy of the composite state which consists of a boson and the attractive
heavy neutron at the center. Now, using (5.92), (5.93) and (5.96), we get the finite

expression for the bound state energy
E=n+ )\2/ ds Ky(a,a; g) [e *m M — e=s(m=B)] (5.97)
0

Here it is easy to see that E' = i is a possible solution to this equation. Then, one can

calculate the bosonic wave function ¢ (z) for E = i

W(x) = —u)\/ ds K,(z,a; g)e s (5.98)
0

if x # a. Although the wave function is divergent as x — a, it is square integrable as

we will see. If we substitute (5.98) into our ansatz (5.91), we get

- HOA_[L gb; (CL) |0>
10)

luy) = u (5.99)

Normalizability of (5.99) can be easily seen by using the properties of heat kernel ? :

/ dfx/ ds; / dso K, (x,a;9) Ky, (x,a; g) e~ (s1+s2)(m—7)
M 0 0

oo 1 S N o N
= / ds (5/ dt) K (a,a;g) e sm= = / sds e *™ M K (a,a;9) , (5.100)
0 - 0

s

9The same normalization can also be found by writing the operators ¢(a) in the eigenbasis f;(a; g)
of the Laplacian.
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and as a result we find the normalization to be

—-1/2

[1 + )\2/ sds e *" MK (a,a; g) : (5.101)
0
This integral is finite due to the short and long time behavior of heat kernel.

Omne can also consider the scattering of a boson from the N particle (or pro-

10

ton) at rest on a noncompact manifold with infinite volume ' . The inhomogeneous

Schrodinger equation (H — E)|u,v) = |v, x) leads to

_ x() = Aufi(a; 9)
w(l) = e (5.102)
and
A filas ) () +u(i— B) = v . (5.103)

If we substitute (5.102) into (5.103), we find

0 . 2
2y |fi(a; 9)] Y fia; g) 5.104
;;;ﬁm p s z;;;;+m E (5.104)

If we express the above equation in terms of heat kernel, we immediately see that the
integral is divergent due to singularity near s = 0. So we must do the regularization
by introducing a cut-off € in the lower limit of the integral and choose fi(¢) as above.

Taking the limit € — 0" we get the following finite expression:

th_l'_ (’LL(,& — E) —+ )\2U/ ds Ks(a, a; g) e—S(m—ﬂ) _ )\2U/ ds Ks(a, Cl,g) e—s(m—E))
e—0

€ €

=v— )\/M d?m x(z) (/0 ds K(z,a;9) e_s(m_E)> . (5.105)

10Compact manifolds have only discrete spectrum.
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From the above equation, it follows that

& -1
u = U[Ua X] = ﬂ —F+ )\2/ ds Ks(a’ a;g) (e*s(mfﬂ) _ efs(me))

comr [Tas ([ e stmaonia) s

We can also read off ¢(x) from the equation (5.102),

U(z) = /OO ds e s ") / APy K(z, 5 9) x(y) — Aufv, X] /OO ds K(z,a;9) e *" ")

' - ' (5.106)
It is important to remind the reader that these expressions should be understood in
the sense of analytic continuation in the complex E-plane to their largest domain of
definition. Indeed if the real part of E is smaller than m these integrals all make
sense, and the resulting expression is just the Green’s function, or the resolvent for the
Laplace operator, which exists away from the positive real axis. In fact, in order to get
the analytic continuations it will be instructive to rewrite these expressions in terms

of Green’s functions:

—1
u = [ﬂ — B+ M\ lim(Ro(z, alft) — Ro(2, ayE))] [v - A/ P Ro(a, 2| E)x(x)
Z—Qa M

ble) = /M dPy Ro(z, 4| E)x(y) — Aulv, x)Ro(z, a|E) | (5.107)

Here the limit of the difference of the two Green’s functions is defined through the heat

kernel.

Up to now, we have shown that non-relativistic Lee model on a manifold is
divergent and can be renormalized with the help of heat kernel by considering the
problem for ()3 = 1 sector. However, it is not clear in this formulation, how we can
extend this method to the case that have arbitrary number of particles, say Qo = n
sectors and show that the ground state energy is bounded from below. Nevertheless,
we have an alternative and powerful method which is developed by Rajeev [26]. From
now on, we will follow his approach in order to construct and develop the model on a

manifold for any sector.
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Let us first express the regularized Hamiltonian as a 2 x 2 block split according

to C?:

Hy—FE A dgT plz,a) 9} (x) . (5.108)
/\fM dgl;l)x pe(x,a) gg(z) Ho — E + ji(e)

H — E =

Then, one can construct the regularized resolvent of this Hamiltonian using an explicit

formula given by Rajeev [26]

1 a. B a. b
RY(E) = —— = - , (5.109)
H —E B 6. b d,
where
1 1 1
= FOL(E) b
Qe %—E+%1EEE()E%—E
. — _dY(E) b,
5 . (B) Ao E
55 = (I)E_I<E)
be = )\/ dfxpe(x,a)ng(:E). (5.110)
M

Here E should be considered as a complex variable. Most importantly, the operator

O (F), called principal operator, is given as

1

W) (5111)

O(E) = Hy=E+i0) = [ aPwaly (e alp.lv.a) oyfo)
Once we have a proper definition of the principal operator, all the divergences are
removed since the resolvent is expressed in terms of it. We can extend the principal
operator by analytic continuation to its largest domain of definition in the complex
energy plane. For our purposes, we will assume that R(E) < nm + [ in the formulae
below. In fact, the energy of bound states are interesting and they satisfy the required

conditions as we will see. Now, we will do the normal ordering of the operators in
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(5.111) by using the commutation relations of the operators ¢4(x) and ¢ ()

1
Hy—F

¢l (x) —/ dla’ ¢;(x’)/ ds e sHo=EX™) [¢ (3 2/: g) (5.112)
M 0

This can be proven simply by using an eigenfunction expansion. Then, the principal

operator can be written in terms of heat kernel

d(E) = Hy—E— )\2/ ds/ APz dlydla’ A0y pe(x, a)pe(y, a)
0 M4
XK@, 9) Koy, 9) o)) e 6y (af)
+ f(e) — /\2/ ds/ APy dPy K. (y. v/ 9)pe(y, a)pe(y', a) e~sHotm=E) (5113)
0 M?

Since the heat kernel is a natural delta sequence, we can set p.(x,a) = K. 2(x,a;9)

without loss of generality. Hence,

B(E) = Ho-E-¥ [ ds [ aledlyals aly Kople,aig)K.a(y.aig)
0 M
x Ky(z,2';9) Ko(y, y's 9) 65 () e 2B g (27) + fi(e)
—AQ/ dS/ Qdfydfy’ Ko,y ) Kepo(y, a; 9) Kepa (', a; g) e *Hotm=5) - (5.114)
0 M

Using the semigroup or reproducing property of the heat kernel (3.36), one can rewrite

the above equation as

d(E) = Hy—E— )\2/0 ds /M2 APz dVy Kosrop2(x, a3 9) K osro 2y, a; 9)

X ¢l (x) e~ sHoH2m=E) o, () + fi(e) — /\2/ ds K(syo)(a, a; g) e *Hotm=E) (5.115)
0

Shifting the variable s in the first integral by €/2 and in the second integral by €, we
get

SE) = Hy — E — N’ / ds / APz dPy K, (. a; ) Ky, s g)
€/2 M?
X gl(w) e CTIMIIE 6, (y) + i) (5:116)

— )\2/ ds K(a,a;g) e~ s Hotm=E)
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If we take the limit ¢ — 0T, the only divergence is coming from the lower limit of the
second integral term due to singular behavior of the diagonal part, for two and three

dimensions (k = 0 term in the sum) of heat kernel near s = 0, see equation (3.54).

One can also see that the first interaction term is actually finite due to the quite
sharp bounds on the heat kernel for various classes of manifolds [61, 75]. In fact we
will explicitly show later on that this term is really a finite expression by working out
a bound on the spectrum of the model. Since the principal operator or resolvent is not
well defined in this limit, we must now regularize the model by choosing fi(e) exactly

the same as in (5.96). Then, we find

O(E)=Hy—E+ -\ dS/ APz dly K(z, a;9)Ki(y, a; )
/2 M2
> gz5;;(m)e—(s—e/2)(Ho—i-2m—E)qzsg<y>
+)\2/ ds K(a,a;g) [e_s(m_ﬂ) — e_(s_s)(HOer_E)} . (5.117)

Here the limit € — 07 is now well-defined so we have

(I)(E) = Hiy—F+in+ )\2/ ds Ks(a, a; g) [e—S(m—ﬂ) N 6_5(H0+m_E)}
0

—)\2/0 ds /M2 df])x dfy K(x,a;9)Ks(y,a; 9) ¢$(:L’)e’s(H°+2m’E)¢g(y) . (5.118)
This is the renormalized form of the principal operator so that we have a well-defined

explicit formula for the resolvent of the Hamiltonian in terms of the inverse of the

principal operator ®~!(E):

R(E) = = , (5.119)

where
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§ = (B
b = Apyla). (5.120)

This can be thought of as a kind of Krein’s formula for the resolvent of our field theory.
The spectrum of the Hamiltonian is the set of numbers E at which the resolvent does
not exist (discrete spectrum) or exist but is unbounded (continuous spectrum). Thus,
on a noncompact manifold, the continuous spectrum is that of Hy and the values of F
where ®(E) does not have a bounded inverse. Since, on a noncompact manifold, there

are no poles in the poles corresponding to bound states must arise from those

1
Ho-E>
of ®~1(F), that is, the roots of the equation

B(E)|W) =0, (5.121)

determine the poles in the resolvent, which means that the principal operator ®(F)
determines the bound state spectrum of the theory. For compact manifolds only the
discrete spectrum exists and bound states again appear as poles of ®(FE) below the
values of the free Hamiltonian. After we have found a root, we can determine the
corresponding eigenstate of the Hamiltonian. A trivial example is the bosonic vacuum

state,

o(E)[0) = {Ho —E+ o+ )\2/0 ds K,(a,a;9) [e*S(mfﬂ) _ efs(HoerfE)}

- [Tas [ aPedly Ko, g) K., as) 6 a)e 2P0, o) 0,
0

(5.122)
where the root can be easily found to be
E=/. (5.123)

We remark here that the linear eigenvalue problem is converted into a nonlinear problem
for an operator family parametrized through the energy eigenvalues after the renor-

malization.
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The residue of the pole in the resolvent is the projection operator to the corre-

sponding eigenspace of H [46]
P,=-— ¢ dE R(E), (5.124)

where I'; is a small contour enclosing the isolated eigenvalue /i in the complex plane.
We again use the same method given in the section for point interactions, that is, there
exists a holomorphic family of projection operators on the complex plane [56] so that
we can apply spectral theorem. By inserting a resolution of identity for the bosonic

Fock space, we see that we need to evaluate the residue
Resp— (®71(E)|0)(0]) = (2'(j2))~'|0)(0] - (5.125)

As a result of this calculation, we find the projection operator to be

-1

Pﬂ = |:1 —+ )\2/ sds e_s(m_ﬂ)Ks(ay a; g)
0

P8 (@)|0) (016, (a) 72 — 7261 ()]0)0)
—[0)(0] () 72 0)0]

(5.126)

Thus, one can read off the eigenvector of H corresponding to the root £ = ji from the

projection operator and then find the normalizable eigenstate (5.99) with the correct

normalization factor (5.101). This eigenstate (5.99) is the first excited state (eigenstate

of neutron), not the vacuum in the whole Hilbert space Fg ® C?. Also, it is easy to see
0)

0
Here m > ji for bound states since we want this model to describe the attractive

that the zero eigenvalue of the Hamiltonian corresponds to the proton state

interaction of such a two state system with bosons. However, it is not clear whether
the proton is the state of lowest energy. There may be states which contain many
bosons that have a lower energy. These questions will be answered in studying the

principal operator as we will do in the next section.

One can also generalize these ideas into the relativistic regime with an additional



157

coupling constant and a wave function renormalization, but this exceeds the scope of

this thesis and it has been done in [132].

5.1.5. A Lower Bound on the Ground State Energy for Two and Three

Dimensions

After the renormalization of our model, we must look at the spectrum of the
problem because there are many theories in which even after the renormalization there
are still divergences that make the spectrum unbounded from below [26]. In this
section we will restrict F to the real axis. In order to give the proof that the energy F
is bounded from below, following the same idea as in [26], we first split the principal

operator as

B(E) = K(E) — U(E) , (5.127)
such that
K(E)=Hy—E+], (5.128)
and
UE) = =\ /000 ds Ky(a,a;g) [e’s(m’ﬂ) - e’S(HDJFm’E)]

o~ / ds /M2 ngx ngy K(z,a;9) Ks(y, a; g) ¢I;<5C> e sHot2m=1) $q(y) -(5.129)
0

It follows immediately that K(E) > nm — E + [, so it is a positive definite operator
from our assumption £ < nm + fi. Due to the positivity of the heat kernel (3.38) and
the difference of the two exponentials is a positive operator, the first integral term in

U(F) is a negative operator and we remark that

U(E) < U'(B), (5.130)
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where

U'(E) = / @ /MQ 4y dy K,(z,a;9) K, (y. a;g) o} () 27 g, (y)

(5.131)
This clearly forces
®(F) > K(E)-U'(F), (5.132)
or rewriting it as
®(E) > K(E)Y? (1-V(E)) K(E)Y?*, (5.133)

where V(E) = K(E)™/? U'(E) K(E)™'/? and K(E), U'(E) are positive operators
(so is V(E)). It must be emphasized that the unique square root of the positive self-
adjoint operator K (FE) are well defined for real values of E. We will now show that by
choosing E sufficiently small it is always possible to make the operator ®(FE) strictly
positive, hence it becomes invertible, and has no zeros beyond this particular value of

E. Therefore, if we impose

vEl <1, (5.134)
then the principal operator ®(E) becomes strictly positive. In order to do some esti-
mates, we will rewrite the interaction term in terms of eigenfunctions f;(x; ¢) and shift

the operator ¢ () to the leftmost side and the operator ¢4(x) to the rightmost side

V(E)=X Z o (1) fi,(a; 9)[Ho + fr + 01, /2m +m — E]/?

I1,12>0
x [Ho+ 01,/2m + o, /2m + 2m — E] (5.135)
X [Hy + i + o1, /2m +m — B2 ¢,(ly) fi,(a; 9) ,

where ¢,(1) = [, d ™ ZB fi(z;9) ¢g(x). In order to convert the product of operators in

the above formula into a summation of them, we will use the Feynman parametrization
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[133], which was first introduced for calculating the loop integrals in quantum field

theory

. (5.136)

1 Doy + az + a3) /1 P’ (i — 1) g g !
0 (2

A?IASQA?S - F(Oél)F(OéQ)P(Oég) ’ [UlAl -+ UQAQ + U3A3]O‘1+a2+0‘3

so that,

e C T(/2+1/2+10)
V(E) =X ¢l(lh) fi,(a; 9) T(1/2)0(1/2)T(1)

l1,l2

1 1.9 1.
X / duy dug dug uy 1u22 1u§’15(u1 + uy +uz — 1)
0

1
X a, g, A~
[Ho+m+ i — E+ (uy + ug) 5= + (uz + ug) 5= + ug(m — f1)]?

bg(l2) fir(a;9)

(5.137)

or one can rewrite it as

A Y o T@) " dus dug dug 6(uy +us + uz — 1)
nee gz;%(ll)fh(a’ g)F(1/2)2/o (uy up) /2

x/ sds e $Hotm+p—Etus(m—p)+(uitus) (o, /2m)+(uz+us) (o1, /2m)) ¢g(12) fin(a; ) . (5.138)
0

Let us express this equation in terms of the heat kernel:

A2T(2) [ Y duy dug dus § -1
V(E) = ()2/ sds [ dpwapy [ SmSmt L s L
F(1/2) 0 M2 0 (Ul U2) /

X Qsj](l') Ks(u1+u3)(xa a; g) Ks(u2+u3)<y7 a; g) 6_5(H0+ﬂ+m_E) e—sug(m—ﬁ) ¢g<y> . (5139)

In order to give an upper bound estimate on the norm of the operator V(E), we apply

the Cauchy-Schwartz inequality in the norm and get

)\2 F(2) ee - ! dU1 du2 dU3 (5(U1 + Ug + u3z — 1)
E s(neruE')/
VI < ngs [ sdse 0 o

1/2 1/2
X |:/ d?ﬂf Ksz(uﬁ-ug) (11, a; g):| |:/ ngy Ksz(ug-i-ug) (ya a, g):| :
M M
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Here we have replaced the term Hy+m + 1 — E in the exponent by its minimum value
nm + fi — F and dropped the term e~**3("~#) < 1. By using the reproducing property

of the heat kernel, we have

)\2 F<2) oo P ! du1 dUQ dU3
V(E d —s(nm-‘ru—E)/ it e P -1
VDI < n s [ sdse [ S g = 1)

1/2 1/2
X [KQS(m-i-us)(a,a?gﬂ / [K2S(uz+U3)(ava§g)} / . (5'140)

For each class of manifolds, there are different upper bounds on the heat kernel so
we will consider them separately. We will first consider Cartan-Hadamard manifolds.
Using the resulting upper bound of the heat kernel for Cartan-Hadamard manifolds

given in (3.79), we have

C

Ks y L, S A N\ND/9
(‘T x g) (S/2m)D/2

(5.141)

for all z € M and s > 0, and C' is a dimensionless constant. Then, after performing

us integral, we get

22 F 2) 0o —s(nm+a—FE)
VBNl < nCmD/2 )2/ SD/2
0

1 1 1— u1 1
du
/0 1 1/2 (1 —uy)D/t J, 1/2 (1 — uy)D/4

2
—s(nm E) 1 1 1
pjp AT(2) "
<nCm (122 / sds e i duul/2 (1= u)bh .(5.142)

Evaluating the integrals, we have

[V(E)|| < n CmP"? m(nm +a—E)TN(2 - —)

[\/_F(
T(1/2)2 2

E __%)%)] (5.143)

Then the strict positivity of the principal operator (5.134) leads to the following in-

equality for the parameter E to stay away from the spectrum

1

D

E<nm+f— <néA2mD/Z> o (5.144)
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If we choose F below this value we avoid the spectrum, so the inequality above implies

a lower bound for the ground state energy

1

E, > nm+ fi— (né’)\2mD/2) o (5.145)
where
_ L1 —8)y3rie-2
C:CW()EQ 0 l§2 ) | (5.146)
L3 (5 —7)

Secondly, as an explicit application, we consider the 3 dimensional hyperbolic space

H?3. The heat kernel in H? is explicitly known [57, 58, 59] and it is in natural units

s mdi(ay)
1 d(x,y)/R e 2mrZ™ " 2
Ky(z,y;9) = =3 — , 5.147
($ Yy 9) R3 smh(d(x,y)/R) (47?2 SR2)3/2 ( )

where R is the length scale and d(z,y) is the geodesic distance between two points on

H3. Again we impose the strict positivity condition on the principal operator and get

NT2) [ duy dus
V(E)|l <
H ( )H n F(1/2)2 /0 (Ul u2)1/2<1 _ u1>3/4(1 _ u2)3/4
/OO sds G_S(nm—’_ﬂ_E)6_3(1_“1)/2mR26—8(1—u2)/2mR2
X
0 (47s/m)3/2

(5.148)
<1.

Using the fact that e~s(mm@)/2mE* - 1 and then taking the integrals, one can imme-

diately see that this implies
Eg > nm+ fi — n*A*D*m? | (5.149)

where the constant D is defined as

p__ r@ra/4?
©I(1/2)20(3/4)223

(5.150)
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Finally, we apply our method to the compact manifolds with Ricci curvature bounded

from below by —K > 0. Using the diagonal upper bound of the heat kernel given in
(3.63), we obtain

NT(2) /°° ; oduy
V(E < N ——= sds e—s(m+i—E) / —_—
H ( )H P(1/2>2 0 0 (u1)1/2

g A6 = ) fm)

T dug 1 /20601 — ) /)34
<[ Gt w4 - ]}'<5'151)

One can even simplify the integrals, that is, the upper bound of the us integral is
replaced with 1 and the square roots of the sums are replaced with the sums of the

square roots at the cost of getting less sharp bound on the norm of V(F). Integrating

with respect to ui, us and s, we have

2 4A/1/2 D/4 1/2F2_QF1_Q
WE) < n 22 1 L AR PR - )T - )
['(1/2)2 [V(M) (nm + 4 — E)? V(M)I2T(3 - Dy
A'mP2aT0(2 — (1 — 2)2
X Al L (3 §)2< 0 Al = (5.152)
(i~ B [G-2F  (mta-B7 7

In order to get explicit solution of this inequality, let us put some further natural

assumption nm + f — E > fi, then, we find

T 4 AANPmP AP (2 - 2)T(1 - &
WVl < n Al i)
(/D/)Q V(./\/l)[/;m D2M4V(M) F(i_Z)
A r@2-2yra-2 1
JAmT (3 ;))2( 0 — . (5.153)
-7 (nm + i — E)*2

Now if we impose the strict positivity of the principal operator we find similarly

1

Eg > nm+ i — (nA\°F)* % (5.154)

Y
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where

R 4 AA PP AR (2 — 2yr(1 - 2)
P/2?2 v (m)pe , D/;W((M);/;F((% - D%)l
5.155
M CEE o

Therefore, lower bounds on the ground state energies for different classes of manifolds
(5.145), (5.149) and (5.154) are of almost the same form up to a constant factor so the
form of the lower bound has a general character. It is also worth pointing out that the
form of the lower bound on the ground state energy for three dimensional Riemannian
manifolds is the same as in the case for the three dimensional flat space R? [26, 134].
From the general form of the lower bounds, we conclude that for each sector with a
fixed number of bosons, there exists a ground state. However, in three dimensions, the
ground state energy bound that we have found diverges quadratically as the number
of bosons increases. In other words, these estimates with our present analysis is not
good enough to prove the existence of the thermodynamic limit in three dimensions.
To attack this problem we will study the thermodynamic limit of the model by a kind

of mean field approximation.
5.1.6. Mean Field Approximation of the Model in Three Dimensions

In the limit of large number of bosons n — oo, one expects that all the bosons
have the same wave function u(z) and mean field approximation is valid, as in the
case of flat spaces. Therefore, one can introduce the following mean field ansatz for n

bosonic particle state on a Riemannian manifold

1

|w) Iﬁ e

Ay dBwy - ddwn u(ar) u(aa) - - ulw,) @) (21) ¢ (22) - - @] (2)]0)
(5.156)

with the normalization

ul 2 = /M & fu(@)P =1, (5.157)
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where |0) denotes the bosonic vacuum state. In the mean field approximation, the
operators are usually approximately replaced by their expectation values in this state
e, (f(u)) = f({u)), so the expectation value of the principal operator by applying

the mean field ansatz becomes

= nholu| — E+ [+ )\2/ ds Ks(a,a;9) [e_s(m—/l) _ e—s(nho[u]+m_E)]
0

— n)\2/ ds/ 2d395d3y K (z,a; 9) K(y, a; g) u*(z) e smhold£2m=E) )y (5.158)
M

called principal functional and we have defined

ho[u]:/Mdgx (W—l—m!u(w)ﬁ) | (5.159)

We can also express it in terms of kinetic energy functional hg[u] = m+ K[u|. However,
the exact value of the expectation value of the principal operator is given in terms of
cummulant expansion theorem if it converges [135]. Therefore, in order to write the
above formula (5.158), we have to further assume that the corrections coming from
the higher order cummulants are negligibly small and indeed we will see that this

assumption is justified for the particular solution we will find.

Now, we must solve the functional equation ¢g[u] = 0 (giving the spectrum of
the problem (5.121)), that is, we solve E as a functional of u(z), and then find the
smallest possible value of E with the constraint (5.157). One can try to write E as a
functional of u(z) from the equation ¢g[u] = 0 and apply the variational methods to
minimize £ = Efu]. However, there is no simple way to solve exactly this functional
equation since E is a complicated functional of u(z). Moreover, we have no explicit
expression of the heat kernel on any Riemannian manifold to solve E. So, we follow an
approximation method which is essentially suggested in [26]. Since nho[u] and E come

together in equation (5.158), it turns out to be convenient to introduce a new variable

X = x[u]

X = nholu] — E . (5.160)
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Then, the condition ¢g[u] = 0 gives

X+ i+ N / ds Ky(a,a;g) [e 5 — g=sctm))
0

= n)\2/ ds
0

The explicit y dependence can be removed to the left hand side of (5.161) by first

2

3 . —s 2m) __
//\/1de Ky(z,a;9)u(z)| e X2 = U] . (5.161)

defining a new dimensionless parameter s’ = 2m(2m + x)s and scaling the metric
Gi; = [2m(2m + x)]gi;. Using the scaling property of heat kernel (3.50) and then

defining new dimensionless wave function v(x)
v(z) = 2m2m+ )] u(z) | (5.162)
all explicit y dependence becomes shifted to the left hand side of (5.161)

[2m(2m —+ X)]*l/Q (X + ﬂ + )\2/ ds Ks(a, a; g> [efS(m*ﬂ) . efs(Xer)} )

0
2

= n/\2(2m)3/2/ ds’ e~ /2m (5.163)

0

/ dgx Ky(z,a;g)v(r)
M

Incidentally, the new wave functions v(x) are normalized with respect to the new metric

.éij
/M dzz Jo(@)]* = /M dg fu(z)]* =1. (5.164)

Let us denote the left hand side of (5.163) as F'(x). One can easily prove that F(y)
is an increasing function and the right hand side of (5.163) is nonnegative. Therefore,
the left hand side is minimum when y = —ji, which is attained when the right hand

side becomes zero (so we have y > —ji). Let us denote the inverse function of the left

hand side as f;(nU), that is,

F(x) = nU[]
x = F'(nU)= fi(nU), (5.165)
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where U = U|[v] denotes the nonnegative function on the right hand side. We can write

X in terms of new wave function v(x) and new metric g from its definition (5.160),

X = n[x +2m|K[v] + nm — E, (5.166)

and substitute (5.165) into the equation above we obtain

E =nm+2mnKv] + (nK[v] — 1) fi(nU) , (5.167)

where K[v] = [, d3z |Vzu(x)[?, which is considered to be the parameter of the model
because it is the variable we can control and we may use many trial functions v(x) and
they can be scaled to any desired value. If we assume that nK[v] > 1, then the energy

E in (5.167) is minimized when f;(nU) is minimized. As a direct consequence of the

ar(x) dfi(nU) _

o dmoy — 1, the inverse function fi(nU) is an increasing function so its

chain rule
minimum will be at the point U[v] = 0 and this corresponds to the solution F(x) =0

which happens at x = fi;(nU) = —fi. Since x = fi1(nU) > —[i, we have

E>nm+ [ if nKv]>1. (5.168)

On the other hand, if K[v] is small enough, i.e., nK[v] < 1, we also see that the
minimum of the energy is attained with the reversed sign of the last term. In that
case, we should find an upper bound for f;(nU) which is expressed in terms of the
kinetic energy functional K[v]. In order to discuss the case nK[v] < 1 properly, we

will separate our calculations for compact and non-compact manifolds.

Let us first consider the case for compact manifolds. In order to achieve our
aim, we will go back to the original variable u(z) and the parameter s in the equation
(5.161). If we assume that the mean field approximation gives us a reliable equality,
we can find the solution for y given all the other parameters. Note that the right hand
side of (5.161) is a decreasing function of x, whereas the left hand side is an increasing
one. Hence there is always a unique solution which defines the inverse function for a

given u(z). It is quite easy to see by a graphical construction that if we replace the



167

left hand side by a smaller function of x, and the right hand side by a larger function
of x, then we get an upper bound for the inverse function, and this corresponds to a
lower bound for the energy. In order to find an upper bound on the right hand side,
one may first think that Cauchy Schwartz inequality can be applied to the term

2
‘/M dix Ky(z,a;9)u(z)| < Ka(a,a;9), (5.169)

by using the semigroup property of the heat kernel (3.36) and the normalization con-
dition of the wave function u(x). However, this immediately leads to divergent result
due to the short time asymptotic behavior of the heat kernel when we take the integral
with respect to s. Therefore, we must develop a nontrivial method to find an upper

bound on the right hand side of (5.161). We first note that
/ dr Ky(z,a;9) u Ze ;’ifl (a;9)u(l) , (5.170)
M

where u(l) = [, 3z f/(2;g)u(x). If we rescale the eigenfunction fi(a;g) and u(l) in

the followmg way

( 2mﬁ(a g) 1fl7é0
fila;g) = (5.171)
L folas g) if [ =0,
and
(9L it £0
2m
W(l) = (5.172)

u(0) if | =0,
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we can write

[e.o]

Ze ;mfl (a; g)u

=0

[e.9]

<Y e W fag)P Y W @)L

=0

2
‘/ Lx Ky(z,a; g) u(x)
M

soq

< <|f0(a; P+ Uel/;m|fz(a;g)\2> (Ju(0)]* + KTu]) , (5.173)

where we have used Cauchy-Schwartz inequality, as well as the observation that Ku| =
Y oico a-u(l)|? and o9 = 0. The important point to be emphasized is that we have de-
fined the zero modes separately while defining the rescaled functions above. Otherwise,
we would get infinity due to oy = 0. Using | fo(a; ¢)|* = 1/V(M) and |u(0)]* < 1 thanks
to the normalization condition, the upper bound on Ulu| after taking the s integral

yields
Ulul < (1+ K[u]) Q. (5.174)

where

[e.o]

0, = \2 [ﬁ + ZZI Ul/l2m <X - 2m1+ a,/m> |fl(a;g)|2] . (5.175)

Here the subscript ¢ stands for compact manifolds. Let us now write the fraction in
front of |fi(a; g)|* as a sum of two partial fractions and express them as an integral of

exponential function:

1 1 1 1 2
o/2m (X—l—Qm—i—al/m) - x+2m (al/Zm a X+2m+al/m>

_ +12 /oo ds (6—80'1/2771 _ 26—s(x+2m+01/m)) . (5176)
X T 2m Jo

Substituting this result into (5.175) and using (3.30), we get

A2 1 o
d 1— —s(x+2m)/2
x+2m[V<M)+/o (e )

x (Ks(a,a;g)—SlirgoKS(a,a;g))] . (5.177)

c =
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Here the sum which excludes the zero mode corresponds to substraction of the large s

behavior of heat kernel. Using K[u] = (2m + x)K|[v], the inequality becomes

X+ < n\° L 4 / Tds (12 emsocramyz

X (Ks(a,a; g) — lim Ks(a,a;g))] [1 4 (x+2m)K]|,  (5.178)

S$— 00

where we have replaced the left hand side by its smaller value y + i due to fact that
X > —f and the positivity of the heat kernel (3.38). Using the upper bound estimate
of the heat kernel for compact manifolds (3.63) and the large time asymptotics of the
heat kernel (3.32), and taking the integral with respect to s, we find that

ni\?

X +2m

~

Xt u

1+ (x +2m) K[U]] [\/ﬁ(zm)?’/m/(x +2m)2| . (5.179)

If we now introduce the variables z = y + 2m and A" = /27 (2m)*2A’ for simplicity

of notation, we find the following inequality

)\2
= (n+ znK[v]) A"2'/?

z
)\2 A//
\/E

A

z—(2m —f)

IN

IN

(n+2), (5.180)

where we have used the fact in the last step that we are interested in the region
nK[v] < 1. We now look for a systematic expansion of z in n by allowing a fractional
power. In this case we see that if we substitute the following asymptotic expansion
as n — 00, 2 ~ Bin"' + Ban"? 4+ B3n™ + - - - where the consecutive powers vy, v, . ..
decrease, we find that this asymptotic expansion is an upper bound for this inequality

as long as the coefficients are to be chosen as

By = (A"\%)3 (5.181)

By, = %(A”/\2)4/3 : (5.182)
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and

2 1
Bg = §(2m - ﬂ) + g(A”>\2)2 y (5183)

where vy = 2/3, v, = 1/3, and v3 = 0. Hence we get an upper bound on the inverse
function fi(nU) as an asymptotic series in powers of n, in the spirit of mean field
approximation. This upper bound can be put back into the energy equation and
then we find the following lower bound on the bound state energy in the mean field

approximation,
E > nm +2mnKv] — (1 — nK|[v]) (B1n2/3 + Bon'/® + By — 2m + -- ). (5.184)
This means that the ground state energy goes asymptotically
By ~nm— (Bin®* + Byn'* + By —2m + ) | (5.185)

since we can consider the functional nK[v], which is restricted to the region 0 <
nK[v] < 1, as a parameter so that nK[v] — 0 gives us an absolute lower bound. We
note now that the behavior of K[u] for large n is found from the scaling law, K[u] =
(2m + x)K[v] ~ n~1/3. This in turn justifies our use of the mean field approximation
since higher order derivatives can be considered heuristically negligible, and the solution
approaches to an essentially constant function on the manifold as n gets larger. This
proves that for a compact manifold the energy is actually bounded from below by a
much milder behavior and there is a nice thermodynamic limit since the energy per
particle F/n will approach to the mass (rest mass energy) as n — oo. The same

conclusion can also be drawn for non-compact manifolds as we will see.

Now we will consider the mean field approximation of the model for non-compact
manifolds. We again assume that the eigenfunction expansion in compact manifolds
can be generalized to the non-compact manifolds. Then, one can use the above method

for the non-compact manifolds as well. Using (3.33) and u(z) = [ du(l) f; (z; g)u(l),



171

we obtain

_sa(l)

[ e K aig) o) = [ due 5 itasg) ) (5.156)
M

Similar to the compact case, we define

fl(zg9) = %fz(x;g)
d() = %U(Z). (5.187)

Applying the Cauchy Schwartz inequality to the modulus square of (5.186), we get

2
_so()
’/M dor Ky(z,a; g) u(x)| = /du(l)e 2 fi(a; g) ' (1)
efso(l)/m

SKM/MWEW%M@M? (5.188)

We now take the s integral in the right hand side of (5.161) use the above result and
apply (5.176) to obtain

)\2
<
U[u] ~ x+2m

/OO ds (1 — e_s(X+2m)/2> K(a,a; g)] Ku] . (5.189)

If we use the upper bound on the diagonal heat kernel for Cartan-Hadamard manifolds

used in the previous Section (5.141), we finally find

~

X+ i

IN

NCV2r(2m)* 2\ /x + 2mnK [v]
< AN2CV2r(2m)*?\/x +2m (5.190)

from which we can write an upper bound on x or a lower bound on the energy

1
E>nm-— -
nm 9

By — 2+ \/BZ + B4(8m — 4/2)] : (5.191)
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where
By = MC*2n(2m)? (5.192)
that is,
Ey ~nm+Cy (5.193)
as n — oo. Here C is just second term in (5.191).

We have also an alternative method to find the ground state energy in the mean
field approximation. Let us first go back to the equation (5.163) and using the gener-

alized eigenfunction expansions, we find

U] < K[v] Qne (5.194)

where
Qe = A2(2m)%? / ds’ (1 - e—S'/2> Ky(a,a;3) . (5.195)
0

The explicit form of the inverse function fi(nU) is too difficult to find so one can

estimate it. In order to do this, let us first notice that

100 < fit(x)  then  fi(nlU) < fo(nU). (5.196)

For this purpose, we use the simplest possible function as f5 1()()

_ X + [
ft0 = T (5.197)

Then we can replace f;(nU) with something bigger, and its argument with something
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even bigger. Moreover, fy(u) is dominated by a simpler function
fo(u) < u® +2m — 24, (5.198)

which is a very crude bound, but easy to work with. Using the upper bound for Ulv],

we get
x = fi(nU) < fo(u) < n*U)* +2m — 24 < n*(K[])*Q* +2m — 24 . (5.199)

Hence,
E > nm+2mnK[v] — (1 — nK[v]) (R*K[v]> Q> + 2m — 24) , (5.200)

where the polynomial (4m — 2/1)y — Q%y? + Q?y3 never becomes negative within the

range 0 <y =nK|v] <1if
0 < 16m — 8 . (5.201)

In this case, the minimum is achieved when y = 0. This means that the functional
nK[v] — 0 by a proper family of functions. This is why it is consistent to ignore
the higher order cummulants if we choose an arbitrarily slowly varying family for
the function v(x). Therefore one can conclude that the ground state energy for non-

compact manifolds when nKv] <1
Ey ~nm—2(m—f) . (5.202)
The condition on 2 may imply some restrictions on the coupling constant A. If we go

back to the definition of 2 and scaling back again to the usual geometric variables, we

find

Q=N(x+ Qm)_l/Z/ ds (1 —e0Pm/2) K (a,a;9) . (5.203)
0
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Since there is a nice sharp upper bound on the heat kernel for Cartan-Hadamard
manifolds and minimal submanifolds of R? (5.141), we can find an upper bound on 2

and the restriction (5.201) gives the following upper bound on the coupling constant.

(16m — 1)1/

A< (2m)/AC1/2(2m)3/4

(5.204)

Now, let us calculate explicitly the function € for the hyperbolic manifold H?, which
belongs to the class of Cartan-Hadamard manifolds. Using the result (5.147), we obtain

2 2m R2 2m R2

Q=X (x+2m)"""? (47r/2m)3/22\/%{\/’<+2m+ = —\/ ! } . (5.205)

Then, one can easily find the upper bound on the coupling constant from the restriction

on €2

-1/2
" _ 2m — i 1 1
A < 2¢/47(2m — i) (2m) 34 {\/ st o \/2mR2} . (5.206)

Therefore, similar to the case for compact manifolds, we have shown that the leading
behavior of the system varies linearly with the number of bosons n, which leads to a

nice thermodynamic limit on non-compact manifolds.
5.1.7. Mean Field Approximation of the Model in Two Dimensions

The condition ¢g[u] = 0 in two dimensions gives

(X + [+ N / ds Ky(a,a; g) [e s — gmslxtm)] >

0
oo 2
= n)\2(2m)/ ds’ / x Ky(z,a;9) v(z) e=s/2m (5.207)
0 M

where we have written the right hand side in the scaled variables defined by



175

Gij = 2m(x+2m)g;;
s = 2m(x+2m)s
v(z) = [2m(x +2m)]"Y2u(z) . (5.208)

The main idea of the analysis for nK[v] > 1 is exactly the same as in three dimensions.

However, in the analysis for nK[v] < 1, the integral
/ ds (1 — e==0ce2m)/2my g (g1 ) (5.200)
0

is divergent since the lower bounds of the heat kernel goes like C'/s in both two di-
mensional compact and noncompact manifolds while estimating the right hand side of
(5.161). Therefore, we must develop a different method to handle the two dimensional
problem. For the case nK[v] < 1, we will again consider the problem for compact
and noncompact manifolds separately. Using the eigenfunction expansion for the heat
kernel (3.30) and for v(z) and taking the integral with respect to s, we find the right
hand side of (5.207)

e}

n(2m)\? Z v (07,) = .

———————V
o o 1
l1,l2=0 bt O,

(01) fir (a3 9) f1, (a5 G) - (5.210)

Since this is always positive, it is smaller than the following bound that we can separate

the zero mode terms

o (a;g)v*(0) fi, (a; g)v(l
Zf( 9)v*(0) fu, (a; g)v(ly)

n(2m))\2{|fo(a§ P (0))* +2 (1+a1,)
} , (5.211)

11740
(12=0)

Z fii(a; g)v* () fip (a5 g)v(l2)

+ — —
(1+ a6y, +0a5,)

11#0
12#0
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Using fo(a; g) = m and |v(0)] <1 we get

(92 1 2 fu(a; g)v(ly)
. >A{V<M(§/))+ VIM@)| {7 (A +on)
(12=0)
fii(a; g)v*(lh) fip(a; g)v(l2)
+l§) (1+ 01, +a1,) } >:212)
1220

Let us first consider the second term and apply the Cauchy Schwartz inequality with

1/2
the fact that [Z nzo |[v(ly)] ] < 1 to find that the second term is smaller than
15=0)

1/2
2 | fiu (a5 9)?
) [ hgo a7 011)2] . (5.213)
(12=0)

One can express the factor m as an integral of an exponential
1

1 o0 dS/ , / _
= — (s /2m) e~ (Ha)/2m 5.214
T / & f2m) (5.214)

so that we find (5.213) is smaller than

1/2
— S —<//2m (a,a;q) — _ b
V(M(g))[/o o (8'/2m)e <K5(7 19) V(M(g)))] . (5.215)

by expressing it in terms of the heat kernel and removing the zero mode in the sum
corresponds to the substraction of the large time asymptotic of the heat kernel (3.32).
Using the diagonal upper bound of the heat kernel (3.63), we can find an upper bound

on the above equation

2 A’

<1/ 2m(x +2m)’

(5.216)

fz
> ml

110
(12=0)

\/7
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where we have scaled back to the original variables. Let us now multiply both nu-
1l—€e 1—¢
merator and denominator of third term in (5.212) with the factor 7,* ,* and apply

Cauchy Schwartz inequality and get that it is smaller than

1/2

.=\ 2 .2\ 2

Z‘” ()Pl Z | f1,(a; )| |fz;(ci 96)|1 _ ’ (5.217)

1120 ﬁlio (1 +O’ll +012) 0, 0‘12
270

where we choose 0 < € < 1/2. For simplicity we can use the following inequality in the

second integral and obtain an upper bound on (5.217)

1 < 1
(1401+02)2 — (141)(1+02)

[}:w 2111220%%;%%4_ (5.218)

110 110

In order to convert the products (1 + 5;1)5}1* in the denominator into a summation of

them, we use Feynman parametrization (5.136) and get

1 INCE /1d 1
= Uu .
(L+a)5, ¢ T=aJo (1 —w)(u+0,)>

(5.219)

1
u1+ay,)

Then, we rewrite the factor ( as an exponential integral by a similar integral

(5.214) and get

[fula;9) 1 ! 1 ds’
Z(l—l—all)ﬁll < F(l—e)/o dul(l—ul)ffo 2m( s'/2m)"”

1170
xS e e b a2 (5.220)
11#0

The last expression can be expressed in terms of the heat kernel due to (3.30) but
it is important to emphasize that excluding the zero mode corresponds to removing
the large time asymptotics of the heat kernel, which is inverse of the volume of the

manifold (3.32).

@m) 2 L e s ey
F(l—e)/o d 1(1—u1)e/0 ds'(s') (Ks( 14 §) —V(M@)> L (5.221)



178

Scaling back to the original variables and using the diagonal upper bound of the heat
kernel (3.63) for compact manifolds we can take the s integral and get an upper bound

of (5.220)

1 ui—l
A// du —— . 5.222
L Ty (5.222)

Taking the u; integral with the assumption that 0 < e < 1, we obtain

.=\ |2 !
= (1+6y,)0; ¢~ sinme

We now come to the crucial point. The upper bound of the first sum in (5.218) can
be found by using the following inequality, which was first used in [134] for a similar

reason

. €\ €/1—¢ B

Gl <5+ (5> 51 (5.224)
where 0 > 0 and 0 < € < 1/2. Note that this inequality applies only to dimensionless
variables &1, so that is why we use the scaling transformation at the beginning of the

problem as opposed to the three dimensional case. The proof of this inequality is given

in Appendix A. If we use this inequality in the first sum of (5.218), we obtain

e/l—e
S lo()Pal <6+ (g) K[, (5.225)
11740

where excluding the zero mode from the sum again gives the kinetic energy functional

since gy = 0. Then, we finally get

A

< n(2m)\? :
sin e

(5.226)

n(Qm))\Q Z flﬁ (Cl, g)v* (ll)flg (a7 g)U(Zg)

€\ €/1—¢
- K
(1—|—5’ll+5'12) 0+ < > [U]

J

11#0
120
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Since sine > 2¢ for 0 < me < 7/2 (a useful inequality in complex analysis: sinf >

20/m for 0 < 0 < 7/2) and nK|[v] < 1, the last expression is smaller than

()6 2z

One can think that this can be taken as a solution to our problem by choosing arbitrary

m\2r A’

constants € and § and finally get the large n behavior of the energy of the order O(n).
However, one can even find a better solution to the large n behavior of the energy. In
order to control the energy as n — oo, we can assume that the parameters € and o
are sequences in n. Without loss of generality we can assume that €¢(n) go to zero as
n — oo (recall that 0 < e < 1/2). If we want to find a better large n behavior of the

energy, we must choose the sequence d(n) such that

ndo(n)
e(n)

=0(1) . (5.228)

We are now looking for an optimal solution for the energy and tell how fast the se-
quences €(n) and 6(n) must change with n. In order to see this, let us write (5.227) in

the following way

5 e(n) _
P T p— -
e\n

An optimal solution of the sequences can be found in such a way that the second term

goes asymptotically

e(n)
eT-c(my n(e(m)/é(m))=Ineln) O(Inn) . (5.230)
This implies that we can choose

e(n) = —, (5.231)



180
and as a consequence of (5.228)

5(n) = nﬁm | (5.232)

Therefore, we obtain the upper bound of (5.226) as n — oo

* e * l i l
n(2m)\? Z fila: g (71)fl2(7a’ QLT < 2mA'Xelnn (5.233)
11220 (1+011 +012)
1570

Combining the terms (5.216) and (5.233) together in (5.212), we finally get

A2 2mA’
+4< +n|2)\? + (1 2mA' Ve | .(5.234
XTE=" om vy | " \/(2m+x)V(M) (Inn)| 2mA'X%e| . (5.234)
To simplify the inequality, we use 2m1+x < 2m17ﬂ since x > —j. Following the same

steps for the three dimensional problem, we obtain

A2 492 2mA’
(2m — )V (M) (2m — )V(M)

+ (ln_n> (2mA'\%e)

Egrwnm~|—ﬂ—n[

. (5.235)

n

As for the noncompact manifolds, the analog expression of (5.210) is

n(2m)\2 / AR e —

oo 1R (@) fi(ag).  (5.236)

where one can think that the sums are replaced with the integrals in the case for
noncompact cases and the analysis is basically same as the one for compact manifolds
except that we do not have to bother for extracting the zero mode. Following the same
steps for the analog expression of the compact cases, and using the diagonal upper

bound of the heat kernel on Cartan Hadamard manifolds (5.141), the ground state
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energy goes like

Ey ~nm+ fi —2mCX elnn . (5.237)

5.2. Non-relativistic A\¢* Model in Two dimensional Riemannian Manifolds

The formal nonrelativistic limit of A\¢? scalar field theory in (2+1) and (3+1)
dimensions is considered as the many body model of bosons interacting with delta
function interactions in two and three dimensions, respectively [11, 136]. In this paper,
we consider this many body problem as a nonrelativistic quantum field theory in (2+1)
dimensional Riemannian manifolds. The naive Hamiltonian of the system on R? is

72
H=—— [ &z ¢'(x)V3p(x)

2m R2
A

(5.238)
"2 / e &% 1 (x)' (x')0(x — X)o(x)$(x) .

2

where ) is the positive coupling constant and d2x is the two dimensional volume ele-
ment in coordinate space. ¢'(x) and ¢(x) are the creation and annihilation operators.
Although this model in one dimension is exactly soluble [10, 137], the two dimensional
version gives ultra-violet divergent results and this has been removed by regularization
and renormalization procedures [11]. This model is extensively discussed first by J.
Hoppe’s thesis [138] for two and three particle sectors in two and three dimensions. It
has been also formulated in terms of the principal operator by S. G. Rajeev [26] and a
rigorous version of the nonrelativistic A¢* model in the context of [26] has been studied
in [139]. We will not review the ideas for the renormalization of the model in R?, but
strongly suggest the reader to read through the paper [26] to make the reading of this

part of the thesis easier.

The model that we shall construct is the extension of the many body problem
of non-relativistic bosons interacting with Dirac-delta function potential on the plane,

which is indeed nonrelativistic limit of A¢* model, to the Riemannian manifolds. The
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Hamiltonian of the model in the local coordinates z = (x!, z?) on a Riemannian man-

ifold (M, g) is

H = Hy+ Hy (5.239)
where
h2 2 2
Hy = ~5- Mdga: (b;(x)vggbg(x),
A / / / /
Ho= =5 [ G @)@ ) o) o). (6210

where A is a positive coupling constant (it corresponds to an attractive potential),
¢Z](a:), ¢4(x) are defined as the bosonic creation-annihilation operators on the Rieman-
nian manifold with metric structure g. It is easy to show that the number of bosons
S A2z @1 () ¢g(x) is conserved. In the natural units (h = m = 1), ¢(x) has dimension
of [E]7'/? so that the coupling constant A must be dimensionless. This means that
the lowest eigenvalue of the Hamiltonian H in a sector with fixed number of bosons is
either zero or negative infinity. In other words, the energy of the ground state is not
bounded from below: F — —oo. We will use the units in which A = 1 from now on.
The regularized Hamiltonian with a cut-off € can be naturally chosen as
H = Hy— &E)/ Ay dja dbwadlaydly ol (21)0f (22) Ko(21,y; ) Ke(22, 93 9)
2 S 92T By g
X Ke(@, 5 9) Ke(, 45 9) g (21) b9 (25) (5.241)

where K. (z,y;g) is the heat kernel defined on the manifold which converge to Dirac-
Delta function as ¢ — 0T. In this limit, one can see that we recover the original

Hamiltonian we are interested in.

Now, we will consider the resolvent of the Hamiltonian (5.239) in Fock space Fj
with arbitrary number of bosons. Following the same methodology developed for the
model in the plane [26], we shall extend the bosonic Fock space Fp that we have started

with to Fg = Fz ® Fz @ L2(M) by defining new creation and annihilation operators.
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These are continuous analog of the angels operators defined in (4.66), which is first
introduced in [26]. The reason why the angel states are introduced is based on the fact
that it allows us nonperturbatively renormalize the model by just normal ordering.

Their algebra is defined as

Xo(@)x} (y) = 02 (z, )y, Xg(2)xg(y) = 0= x} ()X} (y) (5.242)

where

I = / dZx Xj}(x)xg(x), Iy =1-1I (5.243)
M

are the projection operators onto the 1-angel and no-angel states, respectively. Now

we define the augmented regularized Hamiltonian H¢ on Fg as

a1 dlzady ¢ (x1) ¢ (w2) Ke(21, 45 9)

I
X Ke(w2, 45 9)Xg(y) + hec. +TQ) (5.244)

o = HOHO+{
V2 J e

If we split the Hilbert space according to the angel number, the corresponding splitting

of the operator H¢ — EIl, can be written in the following matrix form

N a b
He — El, = , (5.245)
be d.

with a : Fg — Fp, bl : Fs @ L2(M) — Fp, d. : Fg @ L2(M) — Fp @ L2(M). Here,

a = HO— de:

b = \/—/ a1 dlaydly ¢l (x )Cb;(%) (71,45 9) Ke(2, 95 9)xg(y) (5.246)
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Then, one can construct the augmented regularized resolvent

- 1 a. S

R(E)= =— = (5.247)
He — FlI, B. 6.

Here E should be considered as a complex variable and using an explicit formula given

in [26]

ac=la—bld " b] " = — RY(E) (5.248)

This means that RE(E) projected to Fp is just the resolvent of the operator H¢. We

have also another formula for the resolvent R°(E)

ac=a'+a b} [d—boatb]] boa " (5.249)

This will give
ac=R(E)=a'+a bl [®(E)] " beat, (5.250)

where
(I)EE_Hl 1 d2 d2 d2d2/d2ld2/K K .
( )_ E - 5 o gl'l ng gy g'xl ng gy 6(x17y7g) 6(37273/;9)
1

KAL) Kl O 0) G0l a2) =0l ) 94 o) 5250

and the operator ®¢(F) is called the regularized principal operator. Once we have a
proper definition of the principal operator, all the divergences are removed since the
resolvent is expressed in terms of it. The principal operator can be extended to its

largest domain of the definition in the complex energy plane by analytic continuation.

Now, in order to remove the divergent part, we will do the normal ordering of
the operators in (5.251) by using the commutation relations of the field operators. For

simplicity we explicitly perform our calculations for compact manifolds here, but our
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result is also valid for non-compact manifolds similar to procedure that we have done

for nonrelativistic Lee model. By using (4.77) and (4.78), the normal ordered principal
operator can be written in terms of heat kernel
P(E) = L —
(E) Ae) 2
X Kc(2, 9 9) Ke(2, ' )X (v) [/ A2z A2z d22) d22) of (1) ¢ (25)
M4
X / dt Ki(z1, 215 g) Ki(2, 225 9)
0

XKt(wlp 213 q) Kt(’zéa xIQS 9) eit(HofE)%(Zl) ¢g(22) + / , dﬁzl d§Z2 ¢;<Zl)
M

m, 1
. / A2y 2y dZy A2y A2ty Ay Ke(21, 15 9) Ke(22, 45 )
M6

></ dt (Kt($/27x1§g)Kt(22;x2§g)Kt<zlax/1;g>

0

+  Ki(22,71; 9) Ky(2), 23 g) Ke(2, 215 )

+ Kt('zanl;g)Kt(x/%xZ;g)Kt(xll?zl;g)

+ Ki(2), 215 9) Ki(22, 22; 9) Ki(xh, 215 9) e_t(HO_E)Cbg(Zz)

+/ dt (Kt(wl,xi;g)Kt(xg,xé;g)+Kt(w1,xé;g)Kt(x’1,x2;g)>
0

xet(HOE)] X)) - (5.252)

Since heat kernel is a continuous function of coordinates and of the variable ¢, we can
change the order of integrations. From now on, we always assume that this is possible.

Therefore, using the semigroup property of the heat kernel (3.36), we obtain

11 1
P(E) = T;) -5 / ngasdgf X;(g;){ /M 4 Ay Ay d2at d2ay @1 (2)) oF ()
X dt Kt+e(x17 Z; 9) Kt+e('r27 x; 9) KtJre('r/l? xlé 9) Kt+e($/27 xIQ 9)

0

xeit(HO*E)(bg(l'l) ¢g($2) + 4/ dgxl d§$2 ¢;<ZE1)
M2

X / dt Kt+26<x/7 T 9) Kt+e(x27 Z; 9) Kt+e($17 37/? 9) eit(HoiE)(bg(xz)
0

—1—2/ dt K7 o (7,25 g) e_t(H"_E)} Xg(2') (5.253)
0

We expect that as € — 0T the last integral is divergent since it is this term that corre-

sponds to the divergence in R? [26]. In fact, we can also naively show that divergence
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of the principal operator is due to the singular behavior of heat kernel if we write

expectation values between the n-bosonic and one-angel states

B) = |y ® /M a2 X (2) F(x)[0) | (5.254)

SO

(v /M d2e d2a’ () / dt K2(z, 2'; g)e Py, ()| 1)
2 0

< / dt (¢b|e_t(H°_E)|@Z)b)/ dﬁx dzx' K3z, 2, 9)|F(z)|,
0 M?2

= / dgo /Oo dt (whyle "B |opy) Koy, 25 9) | F ()] (5.255)
M 0

where we have used the Cauchy-Schwartz inequality and reproducing property of heat
kernel. Therefore the integral with respect to ¢ in the right hand side of (5.255) is
divergent due to the 1/t term in the asymptotic expansion of heat kernel (3.54) as
t — 07. This means that if the left hand side of (5.255) is divergent, this is basically
due to the singular behavior of heat kernel near ¢ = 0 (short “time”) in the last term of
the principal operator. It can also be shown in a similar fashion that the other terms
in the principal operator are finite as e — 0. All these suggest us to choose the bare

coupling constant as
2

I ST 5.256
— t :
A(e) /e At /m ( )

where —p? is to be related to the bound state energy of a two particle system. If we

take the limit € — 0", we obtain the principal operator
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_tu2
d2e a2y (x )/0 dt {4m/m5§(x ') — Kf(xam’;g)et(HOE)]Xg(m’)

-,

- / dZx d2x/xg (x)

M2
/ 2wy A2y A2 2oty o) (x )gb;(x;)/ dt Ki(x1,x;9) Ki(xe,2;9)
M4

N

1
2
d
0
XKt(.ﬁL"7 (131; g) Kt(fE ,.1'2; g) eft(HofE)¢g(]}1> ¢g($2) + 4/ dzl’l df][BQ (bj](.ﬁﬂl)
M2

X / dt Ki(ze,2;9) Ki(2', x5 9) Ki(2', 215 g) et(HOE)(ﬁg(xg)} Xo(@') (5.257)
0

This is a finite form of principal operator and we can show that the choice for the
coupling constant (5.256) is sufficient to remove the divergence. We must first note
that the behavior of the off diagonal term of heat kernel near ¢t = 0 is intimately related
to the small distance behavior due to the initial condition given for the heat kernel. In
fact one can show the choice for the coupling constant (5.256) is the appropriate one

by writing the square of the heat kernel in the following tricky way near ¢ = 0:

_tﬂ2
O(F) = /M2 dgfL’ dzz,X}L](x)/o dt |:47Tt/m53( /)
—Koy(z,2'; 9)0, (x, @ e tHo=E )} Xg(2") + Finite terms , (5.258)

where the following heuristic argument can be given to justify this choice. Here what
we mean by “finite terms” are the other terms in (5.257) and the ignored terms that
is coming from the region ¢ # 0. The heat kernel becomes a delta function as we take
the limit ¢ — 0. We can replace the angel operators by some functions, and look at

the matrix element of the expression in principal operator:

/M Qa2 (2) Ko,y ) Ko (.3 9) (), (5.250)

as t — 07. In this limit, it is possible to replace the function ¥*(x) by ¥’ (y), so that

we have
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lim y 2z i (2) Ki(z, 55 9) K2, y; 9) ()

t—0+
~ () /M @ Kz, y; 9) Kol 3:.9) ()
~ Ya(y) Koy, y;9) u(y) , (5.260)

where we use the semi-group property of the heat kernel (3.36). Let us try to give a
better justification of this choice: we will again assume that the angel operators act
on some smooth functions, since the set of smooth functions are dense in the Hilbert
space norm, this is allowed. We will write one of the heat kernels as a distributional

solution, and use the fact that —Vf] is a self adjoint operator,

/W gy 7 (2) Ki(w,ys g)ezn Vo b (o, y)e 0= yy(y)
= / ] Ay 2z ez Vi [w;(x) Ki(z,y; g)] (53(x,y)e_t(H°_E) U(y), (5.261)
M

If we expand the exponential into a formal power series we will see that there will

be some derivatives acting on ¢} (z) and some derivatives acting on Ky(x,y;g). If we

define

i (V2)k/2, if k=2,4,6,...;
(V)" = _ (5.262)
Vo (VHED2 0 if | =3,5,7,..,

then we get terms of the following form

(t/2m)" [(Vyu) 02(@)] (/2m)* (Voo Kile,yig)] . (5.263)

As t — 07, the most singular terms in this expansion will come from the terms with
the highest number of derivatives, thanks to the following theorem (Lemma 1.7.7 in

[29]): If D¢ is a differential operator of order «, then the asymptotic expansion of the
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V2

kernel of the operator Dg‘eﬁ s on the diagonal in D dimensions

o0

1
e —(D+4a—k)/2 a 2
DYK (2, y)|smy ~ kég(t/?m) ( 2¢(z, D, —vaw) : (5.264)

where ej, are smooth local invariants of the jets of the symbols of the operators DS

and %V;x. Also ey, are zero if k + « is odd. Thus, the most singular terms will come

from the highest powers of the Laplacian acting on the heat kernel when we formally

expand the exponential operator. This means that the dominant contribution will be

given by
/M  dgydyz v (@) [eﬁnvg’z Kt(fc,y;g)] 02 (x, y) e o= Elpy () . (5.265)
Recalling that ﬁvﬁ,th(%y;g) = %Kt(x, y; g), we have
/M Aoy dgz Ui (@) (et% Ki(z,y; 9)) 82(x, y) e H=E) yy (y). (5.266)

We note now that ets: generates a time translation by an amount ¢, which is again true

in the sense of distributions:

lim et/%Kt(x, S }}in,t Ko (x, 2’5 g9) = Ky(z,2'; g) . (5.267)

t'—t

As a result, we see that the most singular part of the full integral as t — 0% becomes

/M A2y i (y) Kau(y,y; 9) e 0Py (y), (5.268)

after executing the integral with respect to the local coordinates x. This justifies our

choice of the coupling constant (5.256).

Therefore, if we integrate (5.258) with respect to =’ and write the asymptotic

expansion of the diagonal heat kernel as t — 07 by keeping the first term in the



190

expansion, we have

2

) o] e—t;,c e (Ho—E) o
O(F) = / djz Xg( )/ dt {47Tt/m Py }Xg(:r;) + Finite terms

- F
. / d2:17 Xg ) In ( ) Xg(x) + Finite terms . (5.269)

Although this is not a rigorous proof that the principal operator is renormalized with
the choice of the coupling constant (5.256), we can explicitly show that our idea can be
confirmed for the manifold R? by writing the principal operator in momentum space
that has already been calculated in [26]. For this purpose, let us consider the first part
of the equation (5.257) written in the plane.

00 —t;ﬂ
_ 2 2. 0.1 : 2 /
@(E)—/R4d rd 3:)(()()61551+ e dt [471’15/ 0% (x,x')

—K2(x,x)e =B 1y (x) . (5.270)

Substituting the heat kernel for R?, we find

o0 —tu2
_ 2. 921t : 2 /
@(E)—/R4d rdz X(x)elirgl+ 6 dt [47rt/m5 (x,x)
e—m|x—x’| /2t —m\x x'|2/2t

ey ey Y RUCORNCRLE)

If we write the heat kernel as a Fourier transform of a function e~®*/2™ and then

change the integration order, we find

d2 d2 1 efm|xfx/|2/2t efm\xfx’|2/2t H{Ho—E) .
/ —t(Ho=
/Rz g (X)/ (4mt/2m) 47Tt/2m) ‘ x(x)

d2p ezp x—x')—tp?/4m
d2 d2/ / dt/ —t(Ho—E) /
/R4 vl X ntm) ¢ x(x)

2 e~ t(Ho— E+p2/4m)
[t [ ). (5.272)
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Then, we get
d2 oo e_t“2 e—t(HO—E+p2/4m)
li —
eir(?*' (27r)2X (p)/e At /m At /m x(p)
m d?p Hy — E +p?/4m
= In : 2
o m)gx '(p) ( 2 x(p) (5.273)

This is exactly the same result that was already calculated for flat space R? [26]. As a

consequence of this, we find the renormalized resolvent

lim R(E) = R(E)

=H01_E+H01 E%/ @3y 6 )8} 1))
B) = | diwoswosond) g - (5270

which is the analogue of the Krein’s formula in the case of the many body problem.

Therefore, the roots of

O(E)|T) =0, (5.275)

determines the bound state spectrum of the model. The same method does not work
even in three dimensional Euclidean space as explained in [26]. Although we can find
a finite and well defined resolvent and principal operator, the spectrum is not bounded

from below for more than two particles in R? [26].
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6. CONCLUSIONS

This thesis was intended as an attempt to renormalize some simple quantum
mechanical and field theoretical models on two and three dimensional Riemannian

manifolds, hoping to understand the idea of the renormalization in curved spaces better.

We first studied the system in which the particles live in two or three dimensional
Riemannian manifolds and they interact with the finitely many point interactions lo-
cated on the manifold. Although a heuristic approach could be given in analogy with
the flat case, the rigorous construction of the model was possible after we introduce
a new mathematical tool, called heat kernel. This is very useful for subtracting the
singular part of the problem due to the short-time asymptotic expansion of the heat
kernel. After that the resolvent of the problem was completely determined by a finite
well defined principal operator and the energy eigenvalues of the system was deter-
mined from the poles of the resolvent, i.e., from the condition det ®(E) = 0. Then the
wave function of the bound states was given in terms of the heat kernel and it was em-
phasized that the problem exhibits a kind of dimensional transmutation in the sense of
[17]. It was noticed that the formula that we found is a kind of Krein’s formula which
show that we can think of our problem as a self-adjoint extension of the formal free
hamiltonian. We also proposed an alternative construction of the many body version of
the problem by extending the Fock space with the help of new hypothetical particles,
called angels as a mathematical device. This allowed us to make the coupling constant
appear in the equations additive so that we were able to do the renormalization by
just normal ordering the operators. When we reduced the problem onto the one boson
sector, we reproduced the same result obtained using the previous method. After that,
we investigated the spectrum of the problem in detail. We found the wave function
of the bound states more elegantly and then proved the comparison theorem which
relates the ground state energy of N + 1 center case with the N center. Furthermore,
we considered a single delta center which is separated far from the other centers, and
applied a perturbation theory. Using the short-time asymptotic expansion formula of

the heat kernel which is valid for any points  and y, we estimated that the binding
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energy decreases exponentially as we increased the geodesic distance between the fixed
center and other centers. Moreover, using the lower bounds on the heat kernel, the
pointwise bounds on the wave function is explicitly given as an exponential functions
of the geodesic distance. At the end, we heuristically demonstrated that the point in-
teractions on manifolds can also be considered as a kind of self-adjoint extension as in
the flat case [5]. We also proved the existence of the self-adjoint densely defined closed
hamiltonian operator from the resolvent formula that we have found. The lower bound
of the ground state energy due to the sharp upper bound estimates on the heat kernel
for several classes of manifolds was given and this also showed that the ground state
energy is finite. We also rigorously proved that the ground state is non-degenerate
and positive. Finally, we studied the renormalization group equations and the 3 func-
tion is exactly calculated and two dimensional delta potential has been shown to be

asymptotically free as in the case of flat spaces.

We conclude that many well known theorems given in standard quantum mechan-
ics are still valid when we include the point interactions. The form of the pointwise
bounds on the wave functions and the non-degeneracy and uniqueness of the ground
state remains valid in standard quantum mechanics in flat spaces. Therefore we ex-
tend all these theorems to the cases on manifolds including singular interactions. The
renormalization procedure does not radically change these well-known results given in

standard quantum mechanics.

Although we have investigated the point interaction problem in detail, we can
also extend the same problem by adding a smooth potential into the Hamiltonian.
This could be done by using the heat kernel method except that the heat kernel now
corresponds to a elliptic second order differential operator rather than the Laplace-
Beltrami operator. The asymptotic expansion formula and the most of the bounds on

the heat kernel are still applicable in this case as well.

Another question that we should address about the point interactions is to formu-
lation of our method in the context of confining potential quantization. This remains

as a challenging problem that we should try to solve in the future.
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What we did not consider in this thesis is the scattering problem since the detailed
analysis requires the distinction the scattering due to the geometry from the potential

itself. We also postpone this issue for future studies.

The non-relativistic Lee model in two and three dimensional manifolds are simi-
larly constructed. The resolvent is expressed in terms of a principal operator (operator
valued function) rather than finite dimensional matrix. This surely makes the spec-
tral investigation of the problem more complicated. Nevertheless, we proved that the
ground state energy is bounded from below. In the large number of bosons, the mean
field approximation has been obtained. Two and three dimensional cases needed a

separate analysis.

Finally, we constructed the non-relativistic A¢* model in two dimensional man-
ifolds. Unfortunately, the rigorous lower bound of the ground state energy and the

mean field approximation remain as open problems.

We hope that our viewpoint is not restricted to the above mentioned models
and has wider applicability and it may shed some new light on the non-perturbative

renormalization on manifolds as well.
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APPENDIX A: The Proof of the Inequality

In order to prove the following inequality

2 < 5+ (g) T, (A1)

where z is a dimensionless variable, let us consider the following polynomial function

[y =5+ () e —a (A.2)

Flz) =0 (1 —(1- 6)1:€> (A.4)

Since € < 1/2, we have =€ > 1. We can also show that (1 —€)* < 1—¢ for a > 1 since

l—e<1lor
(l—e)c <1—¢ (A.5)
Then, we find

f(z,) > de (A.6)

and it is always positive. Since this is a global minimum point, we obtain f(x) > 0 for

all z, which completes the proof.



196

REFERENCES

. Kronig, R. L. and W. G. Penney, “Quantum Mechanics of Electrons in Crystal
Lattices”, Proceedings of Royal Society, London A, Vol. 130, No. 814, pp. 499-513,
1931.

. Bethe, H. and R. Peierls, “Quantum Theory of the Diplon”, Proceedings of Royal
Society, London A, Vol. 148, No. 1, pp. 146-156, 1935.

. Thomas, L. H., “The Interaction Between a Neutron and a Proton and the Structure

of H3”, Physical Review, Vol. 47, No. 12, pp. 903-909, 1935.

. Thorn, C., “Quark Confinement in the Infinite-Momentum Frame”, Physical Review

D, Vol. 19, No. 2, pp. 639-651, 1979.

. Albeverio, S., F. Gesztesy, R. Hgegh-Krohn and H. Holden, Solvable Models in
Quantum Mechanics, 2nd edition, AMS Chelsea Publishing, Rhode Island, 2004.

. Gosdzinsky, P. and R. Tarrach, “Learning Quantum Field Theory from Elementary
Quantum Mechanics”, American Journal of Physics, Vol. 59, No. 1, pp. 70-74, 1991.

. Manuel, C. and R. Tarrach, “Perturbative Renormalization in Quantum Mechan-

ics”, Physics Letters B, Vol. 328, No. 1-2, pp. 113-118, 1994.

. Mead, L. R. and J. Godines, “An Analytical Example of Renormalization in Two-
Dimensional Quantum Mechanics”, American Journal of Physics, Vol. 59, No. 10,

pp. 935-937, 1991.

. Perez, J. F. and F. A. B. Coutinho, “Schrodinger Equation in Two Dimensions for
a Zero Range Potential and a Uniform Magnetic Field: Exactly Solvable Model”,
American Journal of Physics, Vol. 59, No. 1, pp. 52-54, 1991.

10. Huang, K., Quarks, Leptons and Gauge Fields, World Scientific, Singapore, 1982.



197

11. Jackiw, R., Delta-Function Potentials in Two- and Three-Dimensional Quantum

Mechanics, M. A. B. Bég Memorial Volume, World Scientific, Singapore, 1991.

12. Philips, D. R., S. R. Beane, and T. D. Cohen, “Nonperturbative Regularization
and Reormalization: Simple Examples from Nonrelativistic Quantum Mechanics”,

Annals of Physics, Vol. 263, No. 2, pp. 255-275, 1998.

13. Mitra, 1., A. DasGupta and B. Dutta-Roy, “Regularization and Renormalization
in Scattering from Dirac Delta Potentials”, American Journal of Physics, Vol. 66,

No. 12, pp. 1101-1109, 1998.

14. Henderson, R. J. and S. G. Rajeev, “Renormalized Contact Potential in Two Di-
mensions”, Journal of Mathematical Physics, Vol. 39, No. 2, pp. 749-760, 1998.

15. Nyeo, S. - L., “Regularization Methods for Delta-Function Potential in Two-
dimensional Quantum Mechanics”, American Journal of Physics, Vol. 68, No. 6,

pp. 571-576, 2000.

16. Adhikari, S. K. and T. Frederico, “Renormalization Group in Potential Scattering”,
Physical Review Letters, Vol. 74, No. 23, pp. 4572-4575, 1995.

17. Camblong, H. E. and C. R. Ordénez, “Renormalized Path Integral for the Two-
Dimensional d—Function Interaction”, Physical Review A, Vol. 65, No. 5, pp.
052123-1-052123-11, 2002.

18. Holstein, B. R. “Anomalies for Pedestrians”, American Journal of Physics, Vol.

61, No. 2, pp. 142-147, 1993.

19. Coleman, S. and E. Weinberg, “Radiative Corrections as the Origin of Spontaneous

Symmetry Breaking”, Physical Review D, Vol. 7, No. 6, pp. 1888-1910, 1973.

20. Camblong, H. E., L. N. Epele, H. Fanchiotti and C. A. G. Canal, “Dimensional
Transmutation and Dimensional Regularization in Quantum Mechanics: 1. General

Theory”, Annals of Physics, Vol. 287, No. 1, pp. 14-56, 2001.



198

21. Camblong, H. E., L. N. Epele, H. Fanchiotti and C. A. G. Canal, “Dimensional
Transmutation and Dimensional Regularization in Quantum Mechanics: II. Rota-

tional Invariance”, Annals of Physics, Vol. 287, No. 1, pp. 57-100, 2001.

22. Berezin, F. A. and L. D. Faddeev, “A Remark on Schrodinger’s Equation with a
Singular Potential”, Soviet mathematics - Doklady, Vol. 2, pp. 372-375, 1961.

23. Albeverio, S. and P. Kurasov, Singular Perturbations of Differential Operators
Solvable Schrodinger-type Operators, Cambridge University Press, Cambridge, 2000.

24. Gerbert, P. and R. Jackiw, “Classical and Quantum Scattering on a Spinning
Cone”, Communications in Mathematical Physics, Vol. 124, No. 2, pp. 229-260,
1989.

25. Gerbert, P., “Fermions in an Aharonov-Bohm Field and Cosmic Strings”, Physical
Review D, Vol. 40, No. 4, pp. 1346-1349, 1989.

26. Rajeev, S. G., “Bound States in Models of Asymptotic Freedom”, e-print arXiv:
http://lanl.arxiv.org/abs/hep-th /9902025, 1999.

27. Hadamard, J., “Le Probléme de Cauchi et les Equations aux Dérivées Partielles

Linéaires Hyperboliques”, Hermann et Cie, Paris, 1932.

28. Kirsten, K., Spectral Functions in Mathematics and Physics, CRC Press, Boca
Raton, 2001.

29. Gilkey, P. B., Invariance Theory, the Heat FEquation, and the Atiyah-Singer Index
Theorem, 2nd edition, CRC Press, Boca Raton, 1995.

30. Grigor'yan, A., Heat Kernel and Analysis on Manifolds, AMS/IP Studies in Ad-
vanced Mathematics, American Mathematical Society, International Press Volume

47, Editor: S.-T. Yau, Rhode Island, 2009.

31. Avramidi, I. G., Heat Kernel and Quantum Gravity, Lecture Notes in Physics,



199

Series Monographs, LNP:m64, Springer-Verlag, Berlin, 2000.

32. Altunkaynak, B. I., “Spectral and Scattering Properties of Point Interactions”,
M.S. Thesis, Bogazigi University, 2005.

33. Davies, E. B., Heat Kernels and Spectral theory, Cambridge University Press, Cam-
bridge, 1989.

34. Chavel, 1., Figenvalues in Riemannian Geometry, Pure and Applied Mathematics,

Vol. 115, Academic Press, Orlando, 1984.

35. Altunkaynak, B.I., F. Erman and O. T. Turgut, “Finitely Many Dirac-Delta Inter-
actions on Riemannian Manifolds”, Journal of Mathematical Physics, Vol. 47, No.

8, pp. 082110-1-082110-23, 2006.

36. Erman F. and O. T. Turgut, “Point Interactions in two and three dimensional
Riemannian Manifolds”, Journal of Physics A: Mathematical and Theoretical, Vol.
43, No. 33, article No: 335204, 2010.

37. Erman, F. and O. T. Turgut, “Nonrelativistic Lee Model in Three Dimensional
Riemannian Manifolds”, Journal of Mathematical Physics, Vol. 48, No. 12, pp.
122103-1-122103-20, 2007.

38. Arfken, G. B. and H. J. Weber, Mathematical Methods for Physicists, 6th edition,
Elseveir Academic Press, San Diego, 2005.

39. Griffiths, D. J., Introduction to Quantum Mechanics, Pearson Printice Hall, NJ,
2005.

40. Demiralp, E. and H. Beker, “Properties of Bound States of the Schrodinger Equa-
tion with Attractive Dirac Delta Potentials, Journal of Physics A: Mathematical
and General, Vol. 36, pp. 7449-7759, 2003.

41. Gupta, K. S. and S. G. Rajeev, “Renormalization in quantum mechanics”, Physical



200

Review D, Vol. 48, No. 12, pp. 5940-5945, 1993.

42. Frank, W. M., D. J. Land and R. M. Spector, “Singular Potentials”, Reviews of
Modern Physics, Vol. 43, No. 1, pp. 36-98, 1974.

43. Lebedev, N. N., Special Functions and Their Applications, Printice Hall, NJ En-
glewood Cliffs, 1965.

44. Taylor, J. R., Scattering Theory: The Quantum Theory of Nonrelativistic Colli-

stons, Dover Publications, Inc. New York, 2006.

45. Manuel, C. and R. Tarrach, “Perturbative Renormalization in Quantum Mechan-

ics”, Physics Letters B, Vol. 328, No. 1-2, pp. 113-118, 1993.

46. Reed, M. and B. Simon, Methods of Modern Mathematical Physics,Vol. 1V,
NewYork: Academic Press, NewYork, 1978.

47. Cohen-Tannoudji, C., B. Diu and F. Laloe, Quantum Mechanics, Vol. 1, Wiley-
Interscience, New York, 2006.

48. Rajeev, S. G., Dynamics of Asymptotically Free Theories, book in preparation.

49. Rosenberg, S., The Laplacian on Riemannian Manifold, Cambridge University
Press, Cambridge, 1998.

50. Dubrovin, B. A.; A. T. Fomenko and S. P. Novikov, Modern Geometry-Methods
and Applications, Part 1, Springer-Verlag, New York, 1984.

51. Penrose, R., The Road to Reality, A Complete Guide to the Laws of the Universe,
Alfred A. Knopf, London, 2004.

52. Landau, L. D. and E. M. Lifshitz, Quantum Mechanics, Non-relativistic theory,
Volume 3 of Course of Theoretical Physics, third edition, Pergamon Press, London,

1977.



201

53. Dennery, P. and A. Krzywicki, Mathematics for Physicsts, Dover Publications, Inc.
New York, 1996.

54. Berezansky, Y. M. and Y. G. Kondratiev, Spectral Methods in Infinite-Dimensional
Analysis, Vols. 1 and 2, Kluwer Academic Publishers, Amsterdam, 1995.

55. Evans, L. C., Partial Differential Equations, Graduate Series in Mathematics, Vol.
19, Second Edition, American Mathematical Society, Rhode Island, 2008.

56. Kato, T., Perturbation Theory for Linear Operators, Classics in Mathematics,

corrected printing of the second edition, Springer-Verlag, Berlin, 1995.

57. Debiard, A., B. Gaveau and E. Mazet, “Theorémes de Comparison in geometrie

Riemannienne”, Publ. Kyoto Univ., Vol. 12, pp. 391-425, 1976.

58. McKean, H. P., “An upper bound to the spectrum of A on a manifold of negative
curvature”, Journal of Differential Geometry, Vol. 4, pp. 359-366, 1970.

59. Davies, E. B. and N. Mandouvalos, “Heat Kernel Bounds on Hyperbolic Space
and Kleinian Groups”, Proceedings of London Mathematical Society, Vol. 57, pp.
182-208, 1988.

60. Camporesi, R., “Harmonic Analysis and Propagators on Homogeneous Spaces”,

Physics Reports, Vol. 196, pp. 1-134, 1990.

61. Grigor’yan, A., “Estimates of Heat Kernels on Riemannian Manifolds, in Spec-
tral Theory and Geometry”, London Mathematical Society Lecture Notes, Vol. 273,
pp- 140-225, edited by E. B. Davies and Y. Safarov, Cambridge University Press,
Cambridge, 1999.

62. Lee, J. M., Riemannian Manifolds: An Introduction to Curvature, Springer, New

York, 1997.

63. Azencott, R., “Behaviour of Diffusion Semi-Groups at Infinity”, Bulletin de la



202

Société Mathématique de France, Vol. 102, pp. 193-240, 1974.

64. Gaffney, M. P., “The conservation property of the heat equation on Riemannian
manifolds”, Communications on Pure and Applied Mathematics, Vol. 12, pp. 1-11,
1959.

65. Yau, S.-T., “On the Heat Kernel of a Complete Riemannian Manifolds”, Journal
of Pure and Applied Mathematics, Vol. 57, No. 2, pp. 191-201, 1978.

66. Chavel, 1., Isoperimetric Inequalities, Differential Geometric and Analytic Proper-

ties, Cambridge University Press, Cambridge, 2001.

67. Fock, V. A., “Proper Time in Classical and Quantum Mechanics”, lzvestiya

Akademii Nauk Seriya Fizicheskaya, USSR, Vol. 4, No. 5, pp. 551, 1937.

68. Schwinger, J., Physical Review “On Gauge Invariance and Vacuum Polarization”,

Vol. 82, No. 5, pp. 664-679, 1951.

69. Murray, J. D., Asymptotic Analysis, Clarendon Press, Oxford, 1974.

70. Minakshisundaram, S. J. and A. Pleijel, “Some Properties of te Eigenfunctions of
the Laplace-Operator on Riemannian Manifolds”, Canadian Journal of Mathemat-

ies, Vol. 1, No. 1, pp. 242-256, 1949.

71. Minakshisundaram, S. J., “Eigenfunctions on Riemannian Manifolds”, Journal of

the Indian Mathematical Society, Vol. 17, pp. 158-165, 1953.

72. Fulling, S. A., Aspects of Quantum Field Theory in Curved Space-Time, London
Mathematical Society Texts 17, Cambridge Universtiy Press, Cambridge, 19809.

73. Molchanov, S. A., “Diffusion Process and Riemannian Geometry”, Russian Math-

ematical Surveys, Vol. 30, No. 1, pp. 1-64, 1975.

74. Cheng, S. Y., P. Li. and S.-T. Yau, “On the upper estimate of the heat kernel of a



203

complete Riemannian manifold”, Amererican Journal of Mathematics Vol. 103, pp.

1021-1063, 1981.

75. Li, P. and S.-T. Yau, “On the Parabolic Kernel of the Schrédinger Operator”, Acta
Mathematica, Vol. 156, No. 1, pp. 153-201, 1986.

76. Davies, E. B., “Explicit constants for Gaussian upper bounds on heat kernels”,

Amererican Journal of Mathematics Vol. 109, pp. 319-334, 1987.

77. Davies, E. B. and B. Simon, “Ultracontractivity and the heat kernel for Schrédinger
semigroups”, Journal of Functional Analysis, Vol. 59, pp. 335-395, 1984.

78. Lieb, E. and M. Loss, Analysis, Graduate Series in Mathematics, Vol 1/, Second
Edition, American Mathematical Society, Rhode Island, 2001.

79. Grigor’yan A., “Gaussian upper bounds for the heat kernel and for its derivatives on
a Riemannian manifolds”, Proc. ARW on Potential theory, Chauteau de Bonas, July
1993 (ed. K. Gowri Sankaran), pp. 237-252, Kluwer Academic Publishers, Dordrecht,
1994.

80. Wang, J., “Global Heat Kernel Estimates”, Pasific Journal of Mathematics, Vol.
178, No. 2, pp. 377-398, 1997.

81. Grigor’yan, A., “Gaussian Upper Bounds for the Heat Kernel on Arbitrary Mani-
folds”, Journal of Differential Geometry, Vol. 45, No. 1, pp. 33-52, 1997.

82. Hoffman, D. and J. Spruck, “Sobolev and Isoperimetric Inequalities for Riemannian
Submanifolds”, Communications on Pure and Applied Mathematics, Vol. 27, pp.
715-727, 1974.

83. Grigor’yan, A., “Heat Kernel Upper Bounds on a Complete Noncompact Mani-
folds”, Revista Mathematica Iberoamericana, Vol. 10, pp. 395-452, 1994.

84. Bombieri, E., de E. Giorgi and M. Miranda, “Una Maggiorazioone a Priori Relativa



204

Alle Ipersuperfici Minimali Non Parametriche”, Archive for Rational Mechanics and

Analysis, Vol. 32, pp. 255-367, 1969.

85. Do Carmo, M. P. and D. Zhou, “Eigenvalue Estimate on Complete Noncompact
Riemannian Manifolds and Applications”, Transactions of the American Mathemat-

ical Society, Vol. 351, No. 4, pp. 1391-1401, 1999.

86. DeWitt, B. S., “Dynamical Theory in Curved Spaces 1. A Review of the Classical
and Quantum Action Principles”, Reviews of Modern Physics, Vol. 29, No. 3, pp.
377-397, 1957.

87. DeWitt-Morette, C., K. D. Elworthy, B. L. Nelson, and G. S. Sammelman, “A
Stochastic Scheme for Constructing Solutions of the Schrdinger Equations”, Annales

de L Institut Henri Poincare-Physique Theorique, Vol. 32, No. 4, pp. 327-341, 1980.

88. DeWitt, B. S., Supermanifolds, 2nd FEdition, Cambridge University Press, Cam-
bridge, 1992

89. Kleinert, H., “Path Integral on Spherical Surfaces in D - Dimensions and on Group

Spaces”, Physics Letters B, Vol. 236, No. 3, pp. 315-320, 1990.

90. Marinov, M. S.; “Path integrals in quantum theory: An outlook of basic concepts”,

Physics Reports Vol. 60, No. 1, pp. 1-57, 1980.

91. Schulman, L. S., Techniques and Applications of Path Integration, Dover Publica-
tions Inc., New York 2005.

92. Kleinert, H., Path Integrals in Quantum Mechanics, Statistics, Polymer Physics,
and Financial Markets, bth edition, World Scientific, Singapore 2009.

93. Jensen, H. and H. Koppe, “Quantum Mechanics with Constraints”, Annals of
Physics, Vol. 63, No 2, pp. 586-591, 1971.

94. Da Costa, R. C. T., “Quantum-Mechanics of a Constrained Particle”, Physical



205

Review, Vol. 23, No. 4, pp. 1982-1987, 1981.

95. Takagi, S. and T. Tanzawa, “Quantum-Mechanics of a Particle Confined to a
Twisted Ring”, Progress of Theoretical Physics, Vol. 87, No. 3, pp. 561-568, 1992.

96. Schuster, P. C. and R. L. Jaffe, “Quantum Mechanics on Manifolds Embedded in
Euclidean Space”, Annals of Physics, Vol. 307, No. 1, pp. 132-143, 2003.

97. DeWitt, B. S. Dynamical theory of groups and fields, Gordon and Breach, New
York, 1965.

98. DeWitt B. S., “Quantum field theory in curved spacetime”, Phys. Rep. C, 19,
(1975) 296.

99. Vassilevich, D. V., “Heat kernel expansion: users manual”, Physics Reports, Vol.

388, pp. 279360, 2003.

100. Rudin, W., Principles of Mathematical Analysis, Third Edition, International
Series in Pure and Applied Mathematics, McGraw-Hill, 1976.

101. Weyl, H., “Ueber gewohnliche Differentialgleichungen mit Singularitaten und die
zugehorigen Entwicklungen willkiirlicher Funktionen”, Mathematische Annalen, Vol.

68, pp. 220-269, 1910.

102. Neumann von, “Allgemeine Eigenwerttheorie Hermitescher Funktionalopera-

toren”, Mathematische Annalen, Vol. 102, pp. 49-131, 1929.

103. Reed, M. and B. Simon, Methods of Modern Mathematical Physics, Academic
Press, New York, vol I (1972) and vol II (1975).

104. Araujo, V. S., F. A. B. Coutinho and J. F. Perez, “Operator Domains and Self-
Adjoint Operators” American Journal of Physics, Vol. 72, No. 2, pp. 203-213, 2004.

105. Bonneau, G., J. Faraut and G. Valent, “Self-Adjoint Extensions of Operators and



206

Teaching of Quantum Mechanics”, American Journal of Physics, Vol. 69, No. 3, pp.
322-331, 2001.

106. Gupta, K. S., Lectures Notes on Self-adjoint Extensions, given in Feza Gursey
Institute at 20009.

107. Akhiezer, N. I. and 1. M. Glazman, Theory of Linear Operators in Hilbert Space,

Two volmes bound as one, Dover Publications Inc., New York, 1993.

108. Mishra, A. K. and G. Rajasekaran, “Algebra for Fermions with a New Exclusion
Principle”, Pramana Journal of Physics, Vol. 36, No. 5, pp. 537-555, 1991.

109. Dogan, C. and O. T. Turgut, “Interaction of Relativistic Bosons with Local-
ized Sources on Riemanian Surfaces”, e-print arXiv: http://lanl.arxiv.org/abs/hep-

th/09120377, 20009.

110. Feynman, R. P., “Forces in Molecules”, Physical Review, Vol. 56, No. 4, pp. 340-
343, 1939.

111. Bhatia, R., Matriz Analysis, Springer-Verlag NewYork, 1997.

112. Pazy, A., Semigroups of Linear Operators and Applications to Partial Differential
Equations, Springer-Verlag, New York, 1983.

113. Gallot, S., Hulin, D. and J. Lafontain, Riemannian Geometry, 3rd Ed., Springer-
Verlag, New York, 2004.

114. Stein, E. M., Singular Integrals and Differentiability Properties of Functions,

Princeton University Press, Princeton, 1970.

115. Roger, A. H. and R. J. Charles, Matrixz Analysis, Cambridge University Press,
Cambridge, 1992.

116. Abramowitz, M. and I. A. Stegun, Handbook of Mathematical Functions with



207

Formulas, Graphs and Mathematical Tables, National Bureau of Standards Applied
Mathematics Series, Tenth printing with corrections, Dover Publications, New York,

1972.

117. Corless, R. M., G. H. Gonnet, D. E. G. Hare, D. J. Jeffrey and D. E. Knuth, “On
the Lambert W Function”, Advances in Computational Mathematics, Vol. 5, No. 1,
pp- 329-359, 1996.

118. Berezin, F. A. and M. A. Shubin, The Schrédinger Equation, Kluwer Academic
Publishers, Netherlands, 1991.

119. Ninio, F., “A Simple Proof of the Perron-Frobenius Theorem for Positive Sym-
metric Matrices”, Journal of Physics A: Mathematical and General, Vol. 9, No. 8,
pp. 1281-1282, 1976.

120. Odintsov, S. D. and I. L. Shapiro, Effective Action in Quantum Gravity, IOP
Publishing, Bristol, 1992.

121. Lee, T. D., “Some Special Examples in Renormalizale Field Theory”, Physical
Review, Vol. 95, No. 5, pp. 1329-1334, 1954.

122. Schweber-Silvan, S., An Introduction to Relativistic Quantum Field Theory, Dover
Publications, Inc. New York, 2005.

123. Henley, E. M. and W. Thirring, Elementary Quantum Field Theory, Chapter
13-14, McGraw-Hill, New York, 1962.

124. Trubatch, S. L., “Diagonalization and Renormalization of One-Boson Lee Model”,

American Journal of Physics, Vol. 38, No. 3, pp. 331-334, 1970.

125. Nickle, H., “Approximate Solution of Nonrelativistic Lee Model in All Sectors 7,
Physical Review, Vol. 178, No. 5, pp. 2382-2384, 1969.

126. Dittrich, W., “Lee Model and Source Theory - New Method of Calculation”,



208

Physical Review D, Vol. 10, No. 6, pp. 1902-1907, 1974.

127. Fuda, M. G., “Lee Model and 3-Particle Equations”, Physical Review C, Vol. 25,
No. 4, pp. 1972-1978, 1982.

128. Jaynes, E. T. and F. W. Cummings, “Comparison of Quantum and Semiclassical
Radiation Theories with Application to the Beam Maser”, Proceedings of the IEEE,
Vol. 51, No. 1, pp. 89-109, 1963.

129. Dicke, R. H., “Coherence in Spontaneous Radiation Processes”, Physical Review,

Vol. 93, No. 1, pp. 99-110, 1954.

130. Compagno, G., R. Passsante and F. Persico, Atom-Field Interactions and Dressed
Atoms, Cambridge University Press, Cambridge, 1995.

131. Rajeev, S. G., Lecture Notes, Relativistic Quantum Mechanics, Chapter 18 (see
www.pas.rochester.edu/~rajeev/phy510), University of Rochester, Rochester, NY,
2007.

132. Kaynak, B. T. and O. T. Turgut, “The Relativistic Lee Model on Riemannian
Manifolds”, Journal of Physics A: Mathematical and Theoretical, Vol. 42, No. 22,
pp. 225402-1-225402-28, 2009.

133. Peskin, M. E. and D. V. Schroeder, An Introduction to Quantum Field Theory,
Addison-Wesley, Reading, MA, 1995.

134. Ayan, A., O. T. Turgut, “On the Non-relativistic Lee model”, Journal of Mathe-
matical Physics, Vol. 44, No.12 | pp. 5504-5517, 2003.

135. Ma, S-K., Statistical Mechanics, World Scientific, Singapore, 1985.

136. Dimock, J., “The Nonrelativistic Limit of P(¢); Quantum Field Theories: Two
Particle Phenomena”, Communications in Mathematical Physics, Vol. 57, No. 1, pp.

51-66, 1977.



209

137. Yang, C. N., “Some Exact Results for the Many-Body Problem in one Dimension
with Repulsive Delta-Function Interaction”, Physical Review Letters, Vol. 19, No.
23, pp. 1312-1315, 1967.

138. Hoppe, J., “Quantum Theory of a Massless Relativistic Surface and a Two-
Dimensional Bound State Problem”, Ph. D. Thesis, Massachusetts Institute of Tech-

nology, 1982.

139. Dimock, J. and S. G. Rajeev, “Multi-Particle Schrodinger Operators with Point
Interactions in the Plane”, Journal of Physics A: Mathematical and General, Vol.

37, No. 39, pp. 9157-9173, 2004.





