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ABSTRACT

VARIANCE REDUCTION IN MARKOV CHAIN
MONTE CARLO ALGORITHMS

In a simulation study, the output of the simulation is used to estimate target
parameters. The estimated parameters typically has a variance. In Monte Carlo
simulations, the standard approach to increase the precision of the estimation is
to increase the sample size. However, we can increase simulation size until a cer-
tain point due to resource restrictions. This is where Variance Reduction (VR)
techniques help. These techniques use simulations as an input and return another
simulation with almost the same expected value and less variance value. VR tech-
niques are widely studied in the context of Monte Carlo simulations. However, the
research on these algorithms for Markov Chain Monte Carlo (MCMC) simulations
is limited. In this thesis, we study the effectiveness of VR techniques for MCMC
algorithms. We created an experiment environment that allows us to control the
difficulty of the problems solved by MCMC algorithms. In our study, we use the
Random-Walk Metropolis-Hastings algorithm with different types of proposal dis-
tributions. We first evaluate the convergence of the MCMC algorithms, select
chains with good convergence properties, and then apply the VR techniques. The
VR techniques of interest are general VR techniques, which are Antithetic Vari-
ates, Control Variates, and Latin Hypercube Sampling. We study the effectiveness
of these algorithms using problems with varying difficulties. We tackle the problem
of calculating the standard error of the MCMC outputs, evaluate the accuracy of
the estimations, and evaluate the correctness of the standard error calculations by
calculating the coverage probabilities of the confidence intervals and RMSE/MAE
values of the estimations. We show that VR techniques are successful at decreasing

the variance of the MCMC simulations without introducing bias.



OZET

MARKOV ZINCIRI MONTE CARLO
ALGORITMALARINDA VARYANS DUSURME

Bir simiilasyon c¢aligmasinda, simiilasyonun c¢iktisi bir varyansa sahiptir.
Daha diisiik varyans, daha kesin tahminler anlamina gelir ve daha yiiksek varyans,
daha az kesin tahminler anlamina gelir. Monte Carlo simiilasyonlarinda, tahminin
kesinligini artirmak i¢in standart yaklagim, 6rneklem boyutunu artirmaktir. Ancak
simiilasyon boyutunu biiytitmek belirli bir noktadan sonra miimkiin olmayabilir.
Bu sorun, farkl bir yaklagima olan ihtiyaci géstermektedir. Varyans Azaltma (VA)
teknikleri bu noktada bize yardimer olabilir. Bu algoritmalar simiilasyonlar1 girdi
olarak kullanir, benzer ayni beklenen degeri daha az varyans degerine sahip bir
sekilde elde etmemizi saglar. VA teknikleri, Monte Carlo simiilasyonlar1 baglaminda
genig capta caligilmigtir. Ancak bu algoritmalarin Markov Zinciri Monte Carlo
(MZMC) simiilasyonlarinda uygulanmasina iligkin aragtirmalar simirhdir. Bu tezde,
MZMC algoritmalari igin VA tekniklerinin etkinligini kullanilan problemlerin zorlu-
gunu kontrol etmemizi saglayan bir deney ortaminda arastirdik. Caligmamizda
farkl teklif dagilimlarina sahip Random-Walk Metropolis-Hastings algoritmasini
kullamyoruz. Ilk olarak MZMC algoritmalarmin yakmsamasim degerlendiriyor,
iyi yakinsama ozelliklerine sahip zincirleri seciyor ve ardindan VA tekniklerini
uyguluyoruz. Uygulanan VA teknikleri genel VA teknikleridir. Bunlar Antitetik
Degiskenler, Kontrol Degiskenleri ve Latin Hiperkiip Orneklemesidir. Zorluklari
degisen problemler ile bu algoritmalarin etkinligini inceliyoruz. MZMC simiilasyon
giktilarinin standart hata degerlerinin dogrulugunu, giiven araliklarini kapsama
olasiliklarini ve tahminlerin hata paylarim1 degerlendiriyoruz. MZMC simulasyon-
larinda VA tekniklerini kullanarak varyans azaltmanin miimkiin oldugunu gesitli

deneyler ile gosteriyoruz.
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1. INTRODUCTION

The increase in computing power has made it possible to run simulations
with large sample sizes. Such large sample sizes improve the precision of the Monte
Carlo simulation estimations. However, there is a limit in increasing the simula-
tion size because the simulation will become prohibitively costly after a particular
threshold. This problem reveals the need for a different approach like Variance
Reduction (VR) algorithms. A Variance Reduction Algorithm is an algorithm that
increases the precision of the simulation [1]. These algorithms use simulations as
an input and return another simulation with almost the same expected value and
less variance. The most common Variance Reduction Algorithms are Antithetic
Variates, Control Variates, and Stratification algorithms [2]. Applications of these
algorithms are widely studied in the context of Monte Carlo simulations. In this
thesis, we research the application of these algorithms for Markov Chain Monte

Carlo (MCMC) simulations.

MCMC methods have been used to handle the simulation of complex tar-
get distributions. The complexity may originate from the time requirements, the
shape of the target density, or the dimension of the problem. The increase in the
dimension of the simulation problem may create computational difficulties for the
standard Monte Carlo algorithms. One of the alternatives to decrease the com-
putational difficulties and increase the efficiency of the Monte Carlo simulation
is using variance reduction methods. However, Monte Carlo algorithms are not
suited for each simulation problem. Specific problems need to be solved using
MCMC algorithms that are able to explore the area of interest, the target density,
without requiring a deep prior knowledge of the target density. Like in the Monte
Carlo methods, the efficiency of the MCMC algorithms can also be increased. In
the case of high dimensional problems or other types of problems with increased
complexity, it is unavoidable to look for methods that increase the efficiency of the
simulation due to time and computing power constraints. We can increase the effi-

ciency of the simulation by using parallelized versions of the chains if the problem



is appropriate for parallel processing, or we might choose a different MCMC algo-
rithm that works better and more efficiently for the given problem. On the other
hand, we can also increase the simulation’s efficiency via variance reduction algo-
rithms. In the literature, there are studies about implementing various variance
reduction algorithms to different MCMC algorithms. Since each MCMC algorithm
has a unique underlying working mechanism, variance reduction techniques mostly

need to be tailored to the MCMC algorithm.

Reducing the variance of the simulation output of the MCMC algorithm
might be considered a more complicated problem than applications on Monte
Carlo algorithms. There are several reasons behind it. One of the reasons is
that successive draws of MCMC algorithms are not independent, unlike Monte
Carlo algorithms. This correlation between the successive iterations of the chain
prevents obtaining independently and identically distributed (i.i.d.) samples. In
addition, there are also algorithm specific challenges. For example, a set of the
simulated samples might not be placed in the simulation results due to the rejection
mechanism of certain MCMC algorithms, making it challenging to apply specific
variance reduction algorithms. Therefore, we should take extra care when applying

variance reduction algorithms to MCMC simulations.

There are previous studies on variance reduction of Monte Carlo simula-
tions that take advantage of combining different variance reduction algorithms
to achieve higher precision [3]. However, in the literature, studies apply a single
variance reduction algorithm to the given problem when it comes to MCMC al-
gorithms. Comparison of different variance reduction techniques and the study of
the combination of multiple variance reduction techniques falls short compared to
the Monte Carlo simulations. Therefore, variance reduction of MCMC algorithms
is an attractive area to conduct research. The limited number of studies focus
on two major MCMC algorithms: Gibbs Sampler and Metropolis-Hastings algo-
rithms. These are two of the most prominent MCMC algorithms widely studied

in various application areas.



This thesis uses the Random-Walk Metropolis-Hastings algorithm with dif-
ferent types of proposal distributions as MCMC algorithms. After running the
simulation, we should follow specific steps to apply the variance reduction algo-
rithms. The first step is to evaluate the performance of the MCMC algorithm and
diagnose the convergence of the chain. This step is crucial because, in practical
implementations of MCMC algorithms, it is prevalent to obtain a chain that has
failed to converge to the target distribution. Therefore, evaluation of the MCMC
output and diagnosis of the convergence is within the scope of this thesis. After
the empirical validation of the convergence and assessing the error of the simula-
tion, various variance reduction techniques are applied to MCMC algorithms. The
individual performance of these variance reduction algorithms is compared. Fur-
thermore, a method to combine certain variance reduction algorithms to achieve
further variance reduction is also proposed. Finally, we calculated the Root Mean
Squared Error, Mean Absolute Error, and coverage probabilities of naive simula-
tion and variance reduction applied simulation estimations to test the effectiveness

of variance reduction techniques.

This thesis is organized in the following fashion. Chapter 2 explains the
theoretical background on MCMC algorithms and two of the most widely used
MCMC algorithms. In addition, we discuss several techniques to evaluate the
performance of the MCMC algorithm. This chapter builds a foundation for the
upcoming chapters and experiments. In Chapter 3, we discuss variance reduction
algorithms for Monte Carlo simulations. Chapter 4 includes a literature review
on variance reduction for Markov Chain Monte Carlo simulations, details about
our approach, and implementation details of the variance reduction techniques
used in this thesis. Chapter 5 discusses details of the experimental setup and our
approach to select chains with good convergence properties. Finally, in Chapter

6, the results of the variance reduction experiments are discussed.



2. THEORETICAL BACKGROUND

In this chapter, preliminary knowledge and theoretical background on the
concept of Markov Chain Monte Carlo, Metropolis-Hastings algorithm, and Gibbs
Sampler algorithm are presented. Implementation details, advantages and disad-
vantages of these algorithms are explained and the details about how to process
the MCMC simulation output is given. In addition, several approaches to evalu-
ate the performance and the convergence properties of the MCMC algorithm are

discussed.

2.1. Markov Chain Monte Carlo

MCMC algorithms allow us to characterize a distribution without complete
knowledge about the distribution properties. The name of such algorithms, Markov
Chain Monte Carlo, combines two different approaches: Monte Carlo and Markov
Chain. The Monte Carlo part means estimating the target values of the distribu-
tion by drawing a large number of random samples instead of analytical calculation.
The advantage is that creating a large number of observations and calculating an
estimate like the mean value of the distribution is easier than the analytical so-
lution if the problem requires solving high dimensional integrals. On the other
hand, the Markov Chain part of the MCMC algorithm means that a sequential
process generates these random samples. This is due to the Markov property of the
Markov chains. Markov property means that the next value depends only on the
current value [4]. Markov chains are constructed by using a transition kernel, K.
The transition kernel makes the transition from X,, to X, ;1 possible. This process
can be denoted as X, 11 ~ K(X,,, X,,11). An intuitive example is the random walk
process which can be defined as X,,.1 = X,, + ¢, where ¢, is independent from

X, X1y X1

There are several properties of an MCMC algorithm. If an MCMC algorithm

has a transition kernel that allows the chain to move and explore freely over the



state space, it means that the chain is able to reach the stationary probability
distribution, 7 or the equilibrium distribution in the long run. This property is
known as irreducibility of the chain. If the chain can reach the stationary proba-
bility distribution it means that the successive iterations after reaching that point
follow the same distribution. Another property of the MCMC algorithms is the re-
currence property, which means that the average number of visits to a state within
the state space is infinite. A stronger property known as the Harris recurrence en-
sures that the different chains that are started using different starting values will
have the same limiting behavior [5]. Therefore, Harris recurrence guarantees the
convergence of the chain from every starting point instead of almost every starting
point. In practice, achieving the Harris recurrence without increasing the simula-
tion size to a very high volume is sometimes a challenging task. There are several
tests to assess the impact of the starting point on the chain performance. These

tests will be explained in the following sections.

If the transition kernel of the Markov chain is symmetric, another property
appears. This property is the reversibility property. It means that K (X, 1, X,) =
K (X, X;41). There are also non-reversible versions of the MCMC algorithms but

they are out of the scope of this study.

The most interesting consequence and the value of the interest of the conver-
gence property of the MCMC algorithms is the average of the simulated values [6].
This average converges to the expectation E[h(X)] almost surely. If the Markov
chain is reversible and if it can go from every state to every other state, which
means the chain is ergodic, average of the chain values provide robust estimates of
parameters of the limiting distribution [5]. Central Limit Theorem also holds for

the average of the chain output h(X) where the average can be calculated as

¥ Lo h(X). (2.1)

It is not hard to use a Markov chain to solve a given problem. There are several

algorithms with proof of concept. The more difficult situation is to find the optimal



parameters of the MCMC algorithms to achieve convergence to the stationary
distribution with an acceptable simulation error. The chain should have a good
mixing property, i.e., it should perform several jumps between different modes if
the problem is multimodal, meaning that the chain can explore the high density
regions [7]. It should be able to explore the high probability regions without
getting stuck at a point and failing to generate enough samples from other areas.
Mixing is a property that shows the stationary distribution is reached quickly from
an arbitrary initial position. It takes a small number of iterations for a chain to
start to explore the high probability region. It is easier to achieve it in unimodal
problems. However, when the dimension of the problem increases, rapid mixing of

the chain becomes harder to achieve.

There are several different MCMC algorithms. Two of the most common and
most widely studied MCMC algorithms are the Metropolis-Hastings and Gibbs

Sampler algorithms.

2.2. Metropolis-Hastings Algorithm

The roots of the Metropolis-Hastings algorithm go back to the Metropolis
Algorithm [8]. The original paper of Metropolis algorithm [8] deals with the cal-
culation of the properties of chemical substances. Metropolis algorithm have had
a significant impact in Statistics and Simulation and it was named one of the top

algorithms of the 20" century.
In the Metropolis algorithm, the following method is proposed.

e Start with any initial set of starting points 6° = (69,69, ..,609) and set the
iteration counter j = 1.

e Move according to the previous positions #7~1 = (8]', 657", .., 67"). Propose
a new value, ¢, using the previous value in the chain.

e Calculate the difference in potential energy resulted by the move from 671

to ¢. Accept it with a certain probability. If the move is accepted, set 67 = ¢.



Otherwise, 6/ = 67!, Therefore, if the proposed move is not good enough,
the last value is repeated in the chain.

e [terate the counter j and return to step 2 until convergence is reached.

The above method defines a Markov chain as the transitions depend only on the
states at the previous positions. The transition of the chain depends on a proposed
value and a subsequent step of evaluation of this proposal to accept or reject that
proposal. Note that the proposed values of the chain can be selected from various
distribution types since it is completely unrelated to the equilibrium distribution
[5]. These values are specified using another distribution known as the “Proposal
Distribution”. There are different strategies to define the proposal distributions,

which we discuss in Section 2.2.1.

We discussed that there are specific properties of Markov chains. One of
the major properties of the transition kernels that we discussed is the reversibility

property. The chain is reversible if the kernel K satisfies the following

m(0)K(0,¢) = m(9)K (¢, 0) V(0,0). (2.2)

This equality means that the probability of moving to ¢ from € is the same as
moving to 6 from ¢. This is not a necessary condition for convergence of the chain.

However, it is a sufficient condition in order to reach the equilibrium distribution,

7 [5].

The kernel K (60,¢) consists of 2 elements. An arbitrary transition kernel

Q(0,0) and a probability «(6, ¢) such that

if 0 # ¢. Metropolis proposed the above algorithm which has made a significant
impact on the literature [8]. Hastings has contributed to the Metropolis Algorithm

and proposed to define the acceptance probability in such a way that when com-



bined with the arbitrary transition kernel, it describes a reversible chain [9]. The

proposed expression is known as the acceptance probability, «, and calculated as

. s 0
a(f, ) = min (1, %). (2.4)

The ratio inside the min() is known as the Hastings ratio. Algorithms
based on chains with transition kernel and acceptance probability are known as

Metropolis-Hastings algorithms.

The Metropolis-Hastings algorithm has the following steps.

e Initialize the iteration counter j = 1 and set an arbitrary initial starting
value 0°.

e Move the chain to a new value ¢ which is generated using the proposal
density, Q(6771,1).

e Evaluate the acceptance probability of the proposed step, a(6?~1, ¢). If the
proposal value is accepted, §/ = ¢. If it is not accepted, 67 = #7~! and the
chain does not move.

e Change the iteration counter from j to 7 + 1 and return to step 2 until

convergence is reached.

Step 3 is performed after the generation of an independent uniform quantity U
drawn from Uniform ~ [0,1]. If u < «, the move is accepted and if u > « the
move is not allowed. If the move is not accepted, the last value in the chain is

repeated.

The chain may be stuck at the same state for many iterations. For this
reason the number of the accepted proposal values should be monitored [6]. The
most common approach is to calculate the acceptance ratio of the chain. It can
be calculated by dividing the number of accepted proposal values and the number

of iterations, j.



In the Metropolis-Hastings algorithm, one must choose the proposal distri-
bution type and the parameters of this distribution. Depending on the problem,
selecting the correct distribution and correct parameters might be a challenging
task. However, the selection of the proper proposal distribution is crucial to obtain

a chain with good convergence properties.

2.2.1. Types of Proposal Distributions

The efficiency of the Metropolis-Hastings algorithm increase when the specifics
of the target distribution 7 are taken into account and the optimum proposal dis-
tribution is found. In the process of finding a good proposal distribution, it might
be necessary and helpful to limit the number of choices of the proposal distribu-
tion to the specific family of the distributions to achieve high performance [6].
The selection process starts with the type of proposal distribution. Applications
of the Metropolis-Hastings algorithm differ in the way that they propose the new
value to move from 6; to #;,1. The most common types are Symmetric Chains,

Random-Walk Chains, and Independence Chains.

2.2.1.1. Symmetric Chains. A chain is said to be symmetric if it has a transition

kernel K such that it is symmetric in its arguments, namely K (0, ¢) = K(¢, ),
for every pair (¢, 0) of states. In the Metropolis-Hastings algorithm, the notion of
symmetric chain is applied to the proposed transition. An example of a symmetric

chain is the Metropolis version of the algorithm. If the proposed transition depends

on (¢, 0) only through |¢ - 0| then Q(¢,0) = Q(0, ¢).

2.2.1.2. Random Walk Chains. Random Walk is type of a Markov Chain that

defines the transition from step j — 1 to j as 67 = U~V 4 ¢; where ¢, is a random
variable with distribution independent of the chain. In general, ¢; is independent
and identically distributed with density f.. The values of the chain are governed
by the values of €;. It is a typical Markov chain where the next value depends

on the current value which is obtained simply by adding a random variate to
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the current value of the chain. The idea of Random Walk is implemented to
Metropolis-Hastings algorithm as a proposal distribution where the next value of
the chain is defined by adding the e value to current value of the chain. The €
value can be created using different types of distributions. Some examples can be
Gaussian distribution, Student’s t distribution, and Uniform distribution. Since
the proposed values are based around the previous values of the chain, there is
no need to select a mean parameter of the distribution. We are left with the
choice of the dispersion of f., in other words, the scale parameter value of the
proposal distribution. Large values for the scale parameter allow moves that are
very distant from previous values but at the likely cost of minimal acceptance
rates. On the other hand, small values for the scale parameter only allow moves
close to the previous values but with high acceptance rates. There may be a
need to run the chain for a long time to reach the equilibrium distribution if
small variance values are used. The choice of that value becomes more challenging
when the distribution to be sampled from is multimodal. This introduces the
problem of jumping between the modes. Small proposal variance values might
fail to create proposal values that jump to the other mode. This leads to errors
in the estimated values. Therefore, the optimization of the proposal distribution
parameters is critical. It can be optimized by observing the acceptance ratio and
other properties of the chain. The challenges of the selection of this parameter are

widely studied in Section 5.2.

2.2.1.3. Independence Chains. In the case of Independence Chains, the proposed

transition is formulated independently from the previous position of the chain.
Therefore, Q(0,¢) = f(¢). In Random Walk Chains, the last accepted value is
used to calculate the following proposal values. Independence Chains do not use
that information and try to explore the posterior distribution by using random
draws from the proposal distribution. Since it is originally a Metropolis-Hastings
algorithm, acceptance probability is used to accept or reject the proposed values. It
may seem that the independence from the previous state disagrees with the Marko-

vian property of the chain. However, “Q) is just a proposal that is combined with an
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acceptance probability « to give the transition kernel K of the algorithm” [5]. This
transition depends on the previous state, preserving the Markovian structure [5].
On the other hand, Metropolis-Hastings algorithm with independent proposal dis-
tribution will likely have a lower acceptance ratio. It does not use the information
about the previously accepted values in order to guide the future proposal values.
This also limits the usage of the acceptance ratio to optimize the scale parameter

of the Independence Chains.

2.3. Gibbs Sampler Algorithm

Gibbs Sampler is one of the most popular MCMC algorithms. It takes a dif-
ferent approach than the Metropolis-Hastings algorithm in order to create samples
and reach the stationary distribution. It samples directly from the conditional dis-
tributions. To explain the Gibbs Sampler, suppose that we have random variable
X = (Xi,..,Xp). Let us also assume that we can simulate from corresponding

univariate conditional densities fi, fs, ..., f, where

Xi|$17 vy L1, Tt 1y ooy Tp ™ fi($i|$1a vy Lj—1, Tt 1, "'7xp)' (2-5)

In order to achieve the transition from X® to X*+Y Gibbs Sampler draws samples
from each of the conditional distribution in a sequential way using the values at

step t such as

X fi(zy |, ..., 2h)
X5 folao|at, ..., ot

X;’Ll ~ fplxplat, .. xl_y)

where f1, fo, ..., f, are called the full conditionals. In Gibbs Sampler, the only
densities used in order to draw random variables are these densities. In the above
algorithm, at each step, Gibbs Sampler deals with one of the 4, x9, ..., z,. Another

type of Gibbs Sampler is the Blocked Gibbs Sampler where all of the xf“’s are
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drawn in a single step as shown as

XX X ~ fay, @, mp|ad 2, ), (2.7)
Blocked moves can be very beneficial computationally when the correlation be-
tween the components is high. Component wise movements might be slow and
with the help of joint full conditionals, faster chains can be obtained. The preci-
sion of the Blocked version of Gibbs Sampler is also higher in general. In [10], it is
shown that estimates of the blocking components are generally more precise than

those obtained by component wise calculations.

The characteristic properties of the Gibbs Sampler can be summarized as

follows.

e To make use of the full conditionals, Gibbs Sampler limits the number of
distribution options used in the modeling. This is because full conditional
distributions should be available. There should be prior knowledge about
the target distribution to choose the distribution that meets those needs.
Therefore, it might be challenging to use Gibbs Sampler in a problem without
prior knowledge or domain expertise.

e In the Metropolis-Hastings algorithm, the proposed values are accepted af-
ter an evaluation step, and the resulting chain has a certain “acceptance
ratio”. The acceptance ratio is useful when assessing the convergence of the
chain, and it is used to fine-tune the Metropolis-Hastings algorithm. Un-
like Metropolis-Hastings, in Gibbs Sampler, none of the proposed values are
rejected. In the Metropolis-Hastings algorithm terminology, the acceptance

ratio for the Gibbs Sampler is equal to 1.

In order to have the full conditional distribution, there should be at least two vari-
ables. Therefore, in order to use the Gibbs Sampler algorithm, the problem should
be at least bivariate. After deriving the full conditional distributions, the Gibbs

Sampler algorithm updates the parameters of the conditional distributions in each
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step to reach the stationary distribution. In the Metropolis-Hastings algorithm,
the acceptance ratio is one of the values that can be used while diagnosing the
convergence to the stationary distribution. As there is no acceptance ratio in the
Gibbs Sampler, one must rely on other techniques to evaluate the convergence of

the chain. In the next section, we cover several evaluation techniques.

2.4. Evaluating the MCMC Algorithms

One of the most challenging aspects of working with MCMC algorithms is to
diagnose the convergence of the chain [11]. In MCMC algorithms, convergence to
the stationary distribution is achieved when the length of the chain goes to infinity.
However, this is not applicable in practice, and a chain obtained at a sufficiently
large number of iterations is taken as the final output. The primary question
is how to determine this “sufficiently large” value. The answer to this question
is not simple, and there are theoretical and empirical strategies to answer it [6].
Theoretical methods try to measure distances and establish bounds on distribution
functions generated from a chain. However, theoretical approaches have had little
impact on practical work so far. Therefore, in this study, the focus is on empirical

evaluation methods.

The strategy for diagnosing the convergence of the MCMC algorithms de-
pends on the type of the algorithm. For example, the convergence of the Metropolis-
Hastings algorithm depends not only on the proposal distribution but also on the
initial values of the chain. Two chains with the same proposal distribution with
different starting points might give totally different results. Due to this problem,
the Metropolis-Hastings algorithm should run several times using other initial
starting points [12]. If the chain is over sensitive to the different initial starting
points, it might indicate poor performance. To fix this problem, one might need
to change proposal distribution parameters or the proposal distribution itself. A
different approach to diagnosing the convergence of the chain is proposed in [13].
It is recommended to run a single, very long chain and check its properties. This

can be done by using visualization methods. It can be said that there are several
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proposals for diagnosing the convergence of the chain. Some of these techniques
are widely accepted, and some of them are not. This section will discuss several
evaluations and processing techniques of the MCMC output. Effect of the initial
points, strategies to decrease the impact of an arbitrary initial point, diagnosis of

the convergence, quality of the obtained output will be discussed.
2.4.1. Post Processing of the MCMC Output

MCMC simulations are started using an initial point. These initial points
might be irrelevant with the high probability region of the stationary distribution.
Furthermore, finding a good starting point that is close to a high probability region
is a challenging task, especially in higher dimensions. Therefore it is important
to understand that the chain is not sampling from the stationary distribution
until it converges to the stationary distribution. While the chain is converging to
the stationary distribution, sampled values are coming from different distributions
than the stationary distribution. Therefore, using the whole set of values in the
chain output might cause errors in the estimations because of the values obtained
during the initial period. The most common way to decrease the impact of the
initial points is to discard these points from the chain output. This operation
is known as “burn-in” [14]. The rule of thumb is to delete the first 100 or 1000
samples from the chain. However, it is not a good practice to determine the burn-
in amount in advance. One strategy is to run the algorithm using different starting
values, visualize the chain and observe the initial behavior of different chains. This
will give an idea about what should be a good value for the burn-in period. If the
first b values among n samples are removed in a burn-in period, the estimation

becomes as follows

ﬁ Z?:b-H h(x;). (2.8)

In Figure 2.1, it is observed that the chain has a starting value that is far

away from the high density region. Including the samples from this initial phase



15

to the final calculations will impact the estimated mean of the parameters and
the standard error of the simulation. It will have a higher impact if the num-
ber of samples is low. Another common technique to apply as a post processing
of MCMC output is thinning of the chain [14]. Thinning basically means sub-
sampling the chain output in a specific way. The successive iterations of Markov
chains are dependent and this brings the problem of autocorrelation, which is sim-
ply the correlation between the successive iterations in the chain. Thinning is a
strategy that decreases autocorrelation by discarding some of the values from the
chain. An example might be removing every 2"¢ value from the chain so that the
autocorrelation of the chain is decreased. However, even though it decreases the
autocorrelation, it is not always preferable to have a smaller sample size. Decreas-
ing the sample size by thinning will result in having a smaller effective sample
size, which is an estimate of the sample size required to achieve the same level
of precision if that sample was an i.i.d. random sample. Therefore, thinning is

recommended only when there are memory limitations [15].

2.4.2. Number of Chains and Sample Size

In the literature, there is no widely accepted technique when it comes to
running multiple chains or running one long chain. One of the most famous ap-
plications of running multiple chains is Gelman-Rubin diagnostics [12] which is
a method to test the convergence of the chain by evaluating intra-chain variance
and inter-chain variance values. To calculate the Gelman-Rubin diagnostic, there
should be at least two chains that are initialized using different starting values.
Let us denote the number of chains with different starting values with M and

m € [1, M].

Each chain m is denoted as 6™ = (07", ...,0"). After post processing of the

chains, estimations of the target variables in each chain is calculated as follows

O = L SV gm (2.9)

Ny £i
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Figure 2.1. First iterations should be discarded due to poor starting point.

In the next step, the intra-chain variance is calculated as follows

02, = s SN (07 — 6,,,)2 (2.10)

m Npp—1

In addition, the mean value is estimated using all of the chains as follows

b= 1yMg (2.11)

Using the above estimation, averaged variances of the chains and the difference
between the individual estimated means and the joint estimated mean is calculated

as follows

(2.12)

Finally, define V= %W—f— %B . This is an unbiased estimator of the true
variance. However, if the chains have converged, W is also an unbiased estimate of
the true variance. Gelman-Rubin diagnostic states that the ratio R = \/V /W ~ 1
if the chain is converged. In [12], it is stated that if R > 1.2, it can be accepted as

an indication for nonconvergence.

Although it is a useful method, Gelman-Rubin diagnostic should not be

the only method to evaluate the convergence of the chain. An example where
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Gelman-Rubin diagnostics gives misleading results is as follows. To simulate from a
multimodal distribution one of the options is to use the Random-Walk Metropolis-
Hastings algorithm. When the scale parameter value of the proposal distribution
is low and the distance between the modes is high, the chain may fail to jump
between the modes regardless of different M starting values. In that case, R ~ 1
might be obtained although the mixing property of the chains are not good and

the simulation error is potentially high.

Even though it is common to use multiple chains with different starting
points, the other strategy is to run one long chain and use it in the convergence
diagnostics [16,17]. As the dimension of the problem increase, the effect of the
initial point starts to decrease. As an example, if we are to sample from the mixture
of 10 dimensional multinormal distributions, it is challenging to find a good set
of different starting points. For the lower dimensions it might be practical to use
multiple chains with different starting points but in higher dimensions using one

long chain might be a better strategy.
2.4.3. Sample Autocorrelation

When the consecutive draws from the MCMC tend to be very close to each
other, it is an indication that the chain is not moving efficiently and quickly through
its space. The quantification of this property can be used as another tool to
evaluate the performance of the chain [14]. It can be done by computing the
sample correlations between the simulation output values x; and lagged values

Zire. Then, the sample autocovariance of x; at lag ¢ for 0 < ¢ < n is

Yo =12 Z?;1£+1($i — ) (Ziye — T)

1 (2.13)
~n D ie1 Ti

&I

The sample autocorrelation (ACF) of x; at lag ¢ is

m:%. (2.14)
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Figure 2.2. This figure shows autocorrelation functions of values sampled by

Random Walk Metropolis-Hastings algorithm.

Autocorrelation value in lag ¢ can be easily analyzed by plotting p, values for
¢ =1,2,3...,n. It can take values in the range of [1, -1]. Lag 0 autocorrelation is
by definition equal to 1. The desired property of the sample autocorrelation values
of the chain is to observe a decrease in autocorrelation values starting from lag 1
autocorrelation. An example plot is given in Figure 2.2, where sample autocorrela-
tion values are not decreasing quickly. The autocorrelation plot has horizontal blue
bars at +2/4/n. These horizontal bars indicate a region where the observations

start to become statistically independent.

In Figure 2.3, it is observed that most of the values are within that region
and autocorrelation values are decreased starting from lag 1 autocorrelation, they
are mostly lower than the blue dashed line. Such autocorrelation values indi-
cates that the successive iterations are not correlated with each other. When the
successive iterations are dependent, it takes much more iterations to obtain such

autocorrelation values as it is shown in Figure 2.2.
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Autocorrelation Plot
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Figure 2.3. Autocorrelation plot of a sample from standard normal distribution.

2.4.4. Visualization Methods

Visualization methods [17] to evaluate the performance of the chain might be
the most common model evaluation method. In this technique, the values of the
target function are plotted as a trace plot. By this visualization, several properties
of the chain can be observed. The most important point to check is if the chain
can explore the target region successfully and quickly. In addition, this kind of

visualization lets the practitioner evaluate the mixing property of the chain.

Furthermore, the sensitivity to the initial starting point can also be observed.
Observing the chain’s behavior until it reaches the high probability region lets the
practitioner make more informed decisions and tune the model. Analyzing such
a plot for multiple chains with different starting values is similar to the Gelman-

Rubin diagnostics.

Besides, the chain’s behavior after it reaches the high probability region can
also be easily analyzed via visualization methods, and model parameters can be
tuned accordingly. For instance, it is important to observe several jumps between

the modes in the case of multimodal problems.
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Figure 2.4. A poor mixing in a multimodal problem.
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Figure 2.5. A better mixing in a multimodal problem.

In Figure 2.4, a chain with poor mixing is demonstrated as an example.
There are very few jumps between the modes. Instead, it takes several samples
before jumping to the other mode. In Figure 2.5, it is observed that right after
the initial steps of the chain, it achieves to explore the high probability region.

Therefore, it has a good mixing property.
2.4.5. Standard Error and Confidence Intervals

Estimated values should be reported along with the standard error of the
estimations. Markov Chain Monte Carlo techniques give us correlated samples,
which means they are not i.i.d. This makes the calculation of standard error less
straightforward than calculating it for Monte Carlo estimations [18,19]. Regardless
of the sample size of the simulation, there is an unknown Monte Carlo error,
b, — E[pu] where n is the sample size. We cannot calculate this error directly due
to the correlation of samples. However, it is possible to approximate the sampling

distribution if the Markov chain central limit theorem holds. That is,

Villin — Blu)) = N(0,0%) (2.15)

as n — oo in dimension D. However, due to the autocorrelation in the chain,

the estimated variance is not equal to the expected value of the variance [18].
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Therefore, estimating the variance of the Markov Chain requires special techniques
[18,20]. There are several techniques at our disposal, such as non-overlapping
batch means, overlapping batch means, spectral variance, block bootstrapping,
etc. In this study, we use the non-overlapping batch means technique to calculate
the standard error of the mean estimations, and we use block bootstrapping to
calculate the standard error of estimated variance and estimated covariance. Let
us first describe the non-overlapping batch means approach. In this technique,
the chain is run for N = ab iterations, a non-overlapping batches with size b are

created. Then, the mean estimate of each batch is calculated as follows

Kb Xi
Y, = ek 1)bb+1 9(Xi) (2.16)

where ¢(.) is the function that expected value is computed for Markov chain X.

These estimates are averaged to yield an overall estimate as follows

fi = Zi=Yi (2.17)

a

In the final step, we estimate the variance as follows

0% =250 (Vi — ) (2.18)

By this means we can calculate an estimate for standard error [20]. Using the 62,
we can create confidence intervals as follows. We can set ¢, = 2 to calculate the
standard error and create 95% confidence interval of the estimations [18] using the

following formula

(2.19)

>
H_
P
g

The second method we use in our study is Block Bootstrap [21,22]. Before

explaining Block Bootstrap, we will describe Bootstrapping and its usage to cal-
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culate standard error of the estimations [23,24]. Bootstrap is a computational
resampling technique for finding standard errors. The idea of bootstrapping is re-
sampling from the sample with replacement iteratively, calculating the statistic of
interest in each of the samples, and calculating the standard error among these cal-
culated statistics. The calculated standard error can be used to create confidence
intervals. Bootstrapping has been widely used and studied in the context of Monte
Carlo simulations. On the other hand, the study on the utilization of bootstrap
methods in MCMC simulations is limited. Let us first describe the idea of the
bootstrapping, specifically Nonparametric Bootstrap, approach and then discuss

its challenges when we have data with autocorrelation.

To begin the bootstrap procedure, we need to define the number of bootstrap
samples. In [24], it is shown it is possible to get robust standard error calculations
when the number of bootstrap samples is between 25-200. After defining the num-
ber of bootstrap samples, B, we are ready to implement Nonparametric Bootstrap.
The Nonparametric bootstrap procedure for estimation of the standard error of
the estimate 6 = s(x) is as follows.

e Select B independent bootstrap samples z*', 2*2, ..., 2*P with sample size n

and drawn with replacement from x.

e Evaluate corresponding estimation for each bootstrap sample 6*(b) = s(z%)
forb=1,2,....B.
e The standard error is estimated by calculating the sample standard deviation

of the B repetitions
) ) 1/2
sep = { 25:1 [9*(6) — 9*(.)}2/(3 - 1)} (2.20)
where 6*(.) = S0 6*(b)/B.

The bootstrap procedure explained above has a certain assumption that lim-

its its usage for autocorrelated data, which is the i.i.d. assumption. Using Non-



23

parametric Bootstrap for autocorrelated data destroys the dependence between
successive values. We need to change the algorithm such that it retains the cor-
related structure of the data. One of such approaches is Block Bootstrap [21,22].
This method suggests that if we divide our sample into m nonoverlapping blocks
of length k we can sample with replacement within the blocks and therefore retain
the correlated structure of our sample. The accuracy of such an approach depends
on the size of k. Having k = 1 results in resampling individual observations, which
is similar to Nonparametric Bootstrap. In [25], setting k = n'/3 is proposed as a
dynamic method to choose k as sample size changes. This procedure is also known
as the Simple Block Bootstrap. There are other versions of Block Bootstrap as
well. The other methods take different approaches to create blocks. For example,
in Moving Block Bootstrap [21], data is split into overlapping blocks. In our study,
we use the Simple Block Bootstrap method.
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3. VARIANCE REDUCTION FOR MONTE CARLO
SIMULATIONS

Monte Carlo simulations have an error variance calculated by o?/n. By
increasing the sample size, n, lower variance, and, therefore, better estimates can
be obtained. However, as the sample size increases, the computing time also
increases. Therefore, a need for an efficient way to decrease the variance without
changing the expected value emerges. Methods to achieve this task are known as

variance reduction techniques.

Variance reduction techniques are widely used in Monte Carlo simulations.
Like it is briefly discussed in the first chapter, the aim is to increase the precision
of the simulation. Application areas might be estimating the probability of rare
events, high dimensional simulations, or generally simulations that take hours or
more to finish. Depending on the time constraints, increasing the precision by only
10% can be good enough. The most common techniques are antithetic variates,

control variates, and stratified sampling [26].

In order to evaluate the performance of the Variance Reduction algorithm,
the Variance Reduction Factor metric is used [2] along with the error of the sim-
ulation. Variance Reduction Factor is simply the ratio between the variance of
the naive simulation, which is the simulation output before applying any of the
variance reduction algorithms, and the variance of the simulation output obtained

from the variance reduction algorithm.

Several variance reduction techniques for Monte Carlo methods are explained
in the following sections, along with implementation details. These techniques
are namely Control Variates, Multiple Control Variates, Antithetic Variates, and

Stratification.
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3.1. Control Variates

Control variates technique has a simple yet effective idea. If one can find a
problem that has some similarities with the problem at hand and if the solution
of this problem is known, it can be used to decrease the variance of the simulation
[2]. The Control Variates algorithm exploits information about the errors of the
estimation problem with known quantities to reduce the error of the estimation
problem with the unknown quantity. Another explanation of the idea of control
variates is that utilizing what we already know about the system or the problem
at hand. For instance, if the problem is about estimating the Asian Option Prices,
we can use another type of Option for which we already know the exact result
to decrease the error in the Asian Option Prices. In this case, European Option
prices can be used as control variates thanks to the availability of the Black-Scholes

formula [27] to calculate the expectation of the control variate.

Suppose we wish to estimate ;1 = E[Y], where Y = ¢(X) is the output of the
simulation experiment to estimate the Asian Option prices. Following the above
example, also suppose that the Z is the output of the Furopean Option prices
simulation, and we know E[Z] by Black Scholes formula. These values are enough

to create a control variate for u. Let us denote the following.

—c(Z — E(Z)), where c is some real number.
By above definition of the fi., it is clear that E[fi.] = pu. Here the question of

interest is if the variance of the fi. is lower than p. The variance of the fi. is

defined as follows

V(i) = V(Y) + AV (Z) — 2cCou(Y, Z). (3.1)

In the above formula, the variance of Y and Z are fixed values. However, we can

choose ¢ such that it minimizes the V' (fi.). The optimal value of the ¢, denoted by
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c*, to get lowest variance can be obtained as follows

x _ Couv(Y,Z)
Cc = T(Z)' (32)

Substituting ¢* to equation 3.1 provides

V(i) = V(v) = YR DCoCIE _ v(v)(1 - Cor(Y, 2)?).  (33)
By equation 3.3, it can be said that for non-zero values of Cor(Y, Z), variance re-
duction is obtained. The quantity Z is the control variate to increase the precision
of the simulation Y = ¢(X). It is worth noting that the ¢* value found in equation
3.2 is also the least squares solution of the following simple linear regression prob-
lem, Y = a + ¢*Z. This way of calculating ¢* is especially useful when working

with multiple control variates. The key component to construct a control variate

is to have the equality in i, =Y — ¢(Z — E(Z)) and have a high Cor(Y, Z) value.

To evaluate the performance of the control variate, we calculate the Variance
Reduction Factor, denoted by VRF. The Variance Reduction Factor of a single
Control Variate (CV) is defined as follows

VRF(CV) — W. (34)

3.2. Multiple Control Variates

Using multiple control variates together to reduce the variance of the esti-
mator is also applicable. Given that there are more than one control variates with
known expected values, using all of those control variates is not a hard task [2].

Let us have m different control variates denoted as Z;, Zs, ..., Z,,. The aim is to
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estimate y = E[Y]. The unbiased estimator for p using control variates is as follows

fle =Y +c1(Zy —E[Z0]) + oo + cn(Zon — E[Zun)). (3.5)

It is easy to observe that E[fi.] = p. The main challenge is to find the optimal set
of values for ¢q, ..., ¢,, so that the variance reduction is achieved. In Section 3.1, we
described that finding ¢* is equivalent to finding the slope coefficient of the simple
linear regression problem. Similarly, in the multiple control variates algorithm,
optimal values of ¢y, ..., ¢, come from the solution following the linear regression

problem

Y=a+dZ + ..+ . (3.6)

The solution of the above regression gives ¢ values. Using these ¢} values will
be enough to construct an unbiased estimator of u, potentially having a lower

variance.

Applying control variates as a variance reduction technique using one or
multiple control variates is shown above. However, without finding a good control
variate this technique will not be as efficient as possible. In order to find good
control variates, there are two possible approaches. These approaches are listed as

follows.

e Internal Control Variates

e External Control Variates

Internal Control Variates make use of the random variates that are already part
of the simulation. In most cases, these control variates are the random numbers
generated to start and run the simulation. An example can be given from Option
Pricing. To simulate an Asian Option Call, an input matrix of dimension d, Z,
is created using the standard normal distribution, N(u = 0,0 = 1). Using these

values, the Asian Option Call is simulated for a given period. The input matrix,
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Z, can be used as Internal Control Variates in this example.

External Control Variates do not use variates that are part of the simulation.
Instead, Ezternal Control Variates exploits another problem with a known solu-
tion to decrease the simulation variance. In the Option Pricing example, to use
Ezxternal Control Variates, a similar problem to Asian Call Option with a known
expected value is needed. One alternative is to use Furopean Call Option values
for the same period as an External Control Variate because the expected value of
FEuropean Call Option is available thanks to the Black-Scholes formula. Thus, by
using the simulated values of the Furopean Call Option and the expected value
of it, an external control variate can be created [2,28]. There are advantages and
disadvantages of including External Control Variates in simulation practice. The
main disadvantage is that it is hard to find such a control variate, which requires
domain knowledge. In addition, it may increase simulation time due to additional
computations. On the other hand, external control variates are very effective and

can provide high variance reduction.
3.3. Antithetic Variates

Suppose that Y is the simulation output and the goal is to estimate u = E[Y].
In order to find E[Y]| with lower variance, two different samples Y; and Y5 can be
used and p can be estimated using the average of Y and Ys, YV = (Y] + Y5)/2. In
order to see the potential reduction in the variance, let us write the variance of

the Y as follows

V(Y) _ V(Y1)+V(Y2)Z-QCO1}(Y1,Y2)‘ (37)

The variance of the Y depends on the variance of Y;, Y5 and the covariance of
Y1, Y2, Obviously, if Cov(Y;,Y2) < 0, variance reduction is achieved. It is not
straightforward to achieve that since Y; and Y5 must come from the same distri-
bution. The way to obtain such negative covariance is as follows. Y;’s are outputs

of certain simulations. The simulation function has certain input values, and the
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negative correlation between simulation outputs can be achieved if appropriate
input values can be passed to the simulation function for each Y;. In other words,
although the simulation output, Y;, cannot be controlled, it is possible to con-
trol the input values of the simulation and how to create this input value. Let
us denote the simulation input with X and the simulation function with ¢(.) so
that ¥; = ¢(X;). In order to achieve negative correlation of Y7 and Y3, a sensible
strategy is to create negatively correlated input values X; and Xs. There are some

options to create negatively correlated X; values.

o If X ~ Uniform|[0,1], X; =1 - Xo.

e [f X is coming from a symmetric distribution around 0, X, = -X;.

Using such input values may allow us to obtain negatively correlated simulation
outputs. The input values can also be multidimensional. In that case above
operations can be applied to each or some of the input values. When it comes to
evaluating the performance of the Antithetic Variates algorithm in terms of the
variance reduction, it is essential to note that two different simulations are used in
the Antithetic Variates algorithm [2,26]. If the naive simulation has sample size n,

negatively correlated chains should be of size n/2 each to make a fair comparison.

3.4. Stratification

In stratification or stratified sampling, the idea is to split the domain into
separate regions [16]. Then, simulation samples are taken from each separated
region, and the results are combined to estimate the expected value. The idea is
that if each region gets an approximately equal share of points, we can get a better

answer and potentially obtain a simulation with lower variance [26].

The goal is to estimate p = [, f(x)p(x)dz where D is the domain. D is
partitioned into mutually exclusive and exhaustive regions, denoted by D;, for
j =1,...,J. These regions are within the D and they are known as strata and

denoted by w; where w; = P(X € D;) assuming w; > 0 [26]. Next let p;(x) =
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wj_lp(x)lze p;, which is the conditional density of X given that X € D;.

The sizes w; of the strata and how to sample X ~ p; for j = 1,..., J should
be known in order to use stratified sampling [26]. Let X;; ~ p; fori =1,...,n; and

7 =1,...,J be sampled independently. The stratified sampling estimate of y is,

/lstrat = Zj:l 1:_; :Zl (Xz]) (38)

In order to show that the stratified sampling is unbiased, the following

Elfistra] = X5 ij(n% 2l <Xz~->) =Y wj [, F(@)p;(x)da
= S0 Jp, F@p(@)de = [, f@)p(x)de = p

(3.9)

is given. In addition, the variance of the stratified sampling estimate is as follows

2
Var(fisirat) = Z;}:l w2ZL, (3.10)
The question of interest here is that if the variance of fi.q¢ is lower than the vari-
ance of p. Below, it is demonstrated that stratified sampling with a proportional
allocation does not have a higher variance than the naive simulation for the stra-
tum sample sizes, n; = nw;. Let us suppose that all the n; are integers. Then, for

proportional allocation, the equation to estimate the mean becomes as follows

[prop = % Z;j:l 221 f(Xu) (3-11)

In addition, with proportional allocation, the Var(fisyqo:) becomes

J o? J
et W = 5 et Wi (3.12)

By the above equation, it can be shown that the stratified sampling with propor-

tional allocation cannot have a larger variance than ordinary Monte Carlo sam-

2

w?

pling. Let us separate the within, 62, and between, ¢%, stratum variances and
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denote them as follows

(3.13)
=3 wy(py — w)?.

Using the above equations, independently and identically distributed variance and

the variance from proportional stratification can be compared as follows

Var(j) 1 1| | 0% (3.14)
, :

Ow

e}
—

Var(fprop)

Good stratified sampling is the one that achieves a reduction in within-stratum

variance and results in 0% > o, [26].
3.4.1. Latin Hypercube Sampling

Stratification approach described above might not be the best approach in
high dimensional problems. Higher accuracy can be achieved by increasing the
number of levels used in the stratification. In Latin Hypercube Sampling (LHS),
each dimension is stratified into n equal strata. In Figure 3.1, we show Latin
Hypercube Sampling of n = 4 points in d = 2 dimensions. We have 4 horizontal
and 4 vertical strata and each strata gets only one point. For each dimension d,
X ~ U(0,1)? is stratified into n equal strata [26]. In contrast to the standard
stratified sampling method, only one point is sampled from each segment during
the sampling process. Such an algorithm increases the performance of the strati-
fication in higher dimensions. The formula of the Latin Hypercube Sampling is as

follows
Xy =" < <p1<j<d (3.15)

where "7y, ..., m4 are uniform random permutations of 0,1,...,n — 1, U;; ~ U|0, 1),

and all the U;; and 7; are independent” [26].
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X

2

Figure 3.1. Latin Hypercube Sampling divides the region such that in each row

and column there is single observation.

We can imagine the grid that is created by LHS algorithm as a chessboard.
In an Nx N grid, we have N rooks that are positioned in a way that none of them
can capture any of the others [26]. In random sampling, new points are generated
without considering the previously generated points. Therefore, one does not
necessarily need to know how many sample points are needed beforehand. On
the other hand, in the LHS algorithm, one must first determine how many sample
points to use. Furthermore, the LHS algorithm stores each sample point’s row
and column information to not sample from the same row or column in the next
iteration. As aresult, the LHS algorithm is usually more accurate when calculating
simulation statistics than is traditional Monte Carlo sampling because the entire
range of the distribution is sampled more evenly and consistently. The added cost
of this method is the additional memory needed to track which segments have

been sampled while the simulation runs. However, this extra overhead is minor.

3.5. Combination of Different Techniques

Previous sections explain the application of Antithetic Variates, Control Vari-
ates, and Stratification techniques. Depending on the problem, high variance
reduction factor values can be obtained by individual implementations of these
algorithms. On the other hand, extra efficiency can be achieved by combining
multiple techniques. There are studies in the literature where such a framework is
applied. In [3], a framework that combines Latin Hypercube Sampling with Con-

trol Variates algorithm is proposed. In [29], the combination of control variates
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stratified sampling is proposed. There are also studies where Antithetic Variates

and Control Variates are combined like in [30].

3.6. Rao-Blackwell Theorem

Rao-Blackwellization is the idea of using conditional expectations to obtain
an estimator with lower variance [31]. If an estimator is a good estimator, it should
be close to the true value of the parameter. Let us denote the unbiased estimation
of 0 as 0. Since it is an unbiased estimator, the variance of 0 is equal to E[§ —0]2. If
0 is a biased estimator, then this value is the mean squared error (MSE) of 0. The
Rao-Blackwell theorem says that an estimator with small MSE can be found if the
estimator is a function of a sufficient statistics, T. Let 0* = E[0|T] and E[6?] < oo
for all #. Then, for all , the following

~

E[0* — 6]? < E[) — 0]2 (3.16)

holds. This is a strict inequality unless 6 is a function of T. It can be proven as

follows

E[6* — 0]2 = E[E[) — 0|T] — 6]
— E[E[ — 0| T))* < E[E[(0 — 0)*|T] (3.17)
— E[§ — 0]

It can be seen that the “Rao-Blackwellized Estimator” is improved. How-
ever, it is an unbiased improved estimator if and only if the original estimator is

unbiased.

An example of Rao-Blackwellization using the Poisson process can be given
as follows. Let us have a Poisson process with the average rate of the event
A. In n successive periods, Xi, X, ..., X,, are observed events. Let us estimate

the probability e™* that in the next period, no event will be observed. A basic
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estimator can be as follows. The estimator 79 = 1 if X; = 0 and 7y = 0 otherwise.

The sum

is the sufficient statistics for A. Therefore, the ”Rao-Blackwellized” estimator can

be denoted as follows

m = E[no]Sn = 51

= E[lx,—o| Y21y Xi = sn] = P(X1 = 0] 2211, Xi = s0)
=P(X1=0,20, X = s)P(3o1L, Xi = s0)7" (3.19)
_ A e ((nmsne-"k) -

Sn! sn!

(e anl s = (1 1/m).

Sn! (nA)sne—nA T

The average number of events in the first n periods is n. If n is big, this estimator

has a high probability of being close to
(1—1/n)"* ~ e (3.20)

Therefore, 1, is an improved estimator. Moreover, basing the estimators on suffi-
cient statistics is at least as good as the original estimator in terms of the mean

squared error of the estimation.
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4. VARIANCE REDUCTION FOR MARKOV CHAIN
MONTE CARLO SIMULATIONS

In the literature, there are different approaches to decrease the variance of
MCMC simulations. Some of the MCMC algorithms have multiple chains inside
or multiple proposed values in order to achieve better precision and therefore may
achieve lower variance like Multiple-try MCMC algorithm, Metropolis-Coupled
MCMC or non-reversible implementations of MCMC algorithms [32,33]. These
algorithms may be considered as more complex versions of the algorithms such as
Gibbs Sampler and Metropolis-Hastings algorithm. They have additional steps to
run and they have more parameters to tune. The other approach is to run more
chains in parallel [34,35]. If there is an available computing power to run multiple
chains in parallel, one can use each of the parallelized chains at the final step
and obtain the results in a faster way [36]. There is another approach to increase
the precision of the chain which is to use variance reduction algorithms. These
algorithms can be applied without changing the MCMC algorithm. In this study

the aim is to achieve variance reduction without changing the MCMC algorithm.

The aim of reducing the variance of the MCMC algorithm is to increase
the precision of the simulation. An MCMC algorithm may require a large num-
ber of iterations to achieve convergence to the stationary distribution. In theory,
MCMC algorithms converge to the stationary distribution in the long run. The
long run can be several hours or days which brings a need for more efficient im-
plementation. The reason that MCMC simulations might require large number of
iterations is that they are used to find and simulate from complex target distri-
butions, which is not an easy task. The complexity and challenge of the problem
that MCMC algorithms attempt to solve may stem from the shape of the target
density, the dimension of the data that is part of the problem, the dimension of
the object to be simulated, or from time restrictions. The performances of the

MCMC algorithms like Metropolis-Hastings algorithm may vary depending on the
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selection of the proposal distribution given the target density 7. The poor selec-
tion of the proposal distribution can cause having a chain with poor convergence
properties such as high autocorrelation between successive iterations in the chain,
which decrease the efficiency of the chain. The existance of the autocorrelation in
MCMC output implies that we need to have a larger number of simulated values
to achieve the same precision with the i.i.d. simulations and it causes an increase
in the computation time. The autocorrelation of the successive draws increases
the importance of the initial starting point of the chain as well. By having the
increased simulation size, the impact of the initial starting point can be decreased
and the possibility of reaching the stationary distribution can be increased [36].
However, as the dimension of the problem increases, sampling from 7 becomes
complicated. Simply increasing the sample size might be prohibitively costly. For
this reason, an alternative approach to decrease the variance of the simulation with
the same expectation is needed. This is the aim of the variance reduction algo-
rithms for MCMC simulations. On the other hand, applying variance reduction to
the MCMC output without evaluating the convergence of the chain is misleading.
The original aim of the MCMC simulation is to explore the target distribution and
make estimations with lowest possible errors. If the chain fails to explore the target
distribution there is no meaning to apply variance reduction. Therefore, variance
reduction should only be applied after the convergence of the chain is observed
via multiple techniques like Gelman-Rubin diagnostics, trace plots, calculation of

simulation error.

The study on variance reduction of Markov Chain Monte Carlo algorithms
mostly focused on the usage of the Control Variates. There are different kinds
of Control Variates proposed for Gibbs Sampler and Metropolis-Hastings sampler.
Studies on other approaches like Antithetic Variates and Stratification are limited.
In the previous chapter, variance reduction algorithms for Monte Carlo algorithms
are given. These algorithms use the input of the simulation or another problem
with a known solution in order to achieve the variance reduction. In this chapter,
we first review the studies on variance reduction for MCMC algorithms in the

literature in Section 4.1. In Section 4.2, we propose our methods for variance
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reduction for MCMC and present their implementation details.

4.1. Literature Review

In Chapter 3, it is demonstrated that each variance reduction technique for
Monte Carlo simulations has different working principles. It is also valid for MCMC
simulations with an extra challenge. A given variance reduction technique might
not be appropriate for a specific MCMC algorithm. There are techniques that can
only be applied to Gibbs Sampler, and also there are techniques that can only be
applied to Metropolis-Hastings algorithm. Therefore, in MCMC simulations, some
of the variance reduction algorithms are applied in a MCMC algorithm specific
way. Some of the variance reduction techniques are easy to apply while some
of them are not straightforward to apply. Besides, variance reduction techniques
may have extra computational costs as well. Regardless of the MCMC algorithm,
one of the crucial factors is to analyze the cost of applying the variance reduction
algorithm. If the variance reduction algorithm comes with a high computational
cost, it might be better to avoid such an approach. Therefore, computational

aspect of the variance reduction algorithm should also be considered.

4.1.1. Antithetic Variates

The idea of having negatively correlated two simulations is an effective ap-
proach to decrease the variance of the Monte Carlo algorithms as it is shown in
section 3.3. This idea is applied to MCMC algorithms as well. In [37], Antithetic
coupling of two Gibbs Sampler chains is proposed. In this study, authors show
that it is possible to have two chains, both with stationary probability density m,
and run those chains in parallel in a way that the negatively correlated chains can
be obtained. We can demonstrate the proposed methodology as follows. If the
two chains are denoted as X' and Y* and their joint probability measure can be
constructed in a way that f(X') and f(Y") have a negative covariance, variance
reduction is achieved. The coupling of the chains is done by using uniform random

variate U ~ [0, 1]. If X* uses a uniform U to proceed to X**!, the other chain, Y?,
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uses 1-U to proceed to Y'™!. The implementation of this algorithm is simple if
the problem is discrete. However, if the needed conditional distribution functions
cannot be inverted analytically, the need for numerical inversion or more advanced
techniques emerges which results in an increase in computing time. The estimation

of the expected value using f(X*) and f(Y*) is as follows

o 1N f(XDHF(YY) (4.1)

H =7 2 =Ty+1 2 :

It should be noted that there are two chains in this application. In order to
evaluate the performance gain, the naive Gibbs Sampler should be run twice as

long as the single chain run in the antithetic coupling algorithm.
4.1.2. Rao-Blackwellization

In section 3.6, Rao-Blackwell theorem [31] is explained and an example of
Rao-Blackwellized estimator for Poisson process is given. Rao-Blackwellized ver-

sions of the MCMC algorithms are widely studied in the literature.

In [38], Rao-Blackwellization of Metropolis Algorithm and Accept-Reject al-
gorithm is given. In [39], various variance reduction techniques are discussed in-
cluding Rao-Blackwellization. An example of Rao-Blackwellization for Metropolis-
Hastings algorithm is demonstrated in [36]. In [36], authors denote all of the pro-
posed values in the Metropolis-Hastings run by ¥ _n and the values in chain

output by ¢, n.

The estimated mean of the chain can be calculated by using accepted ¥;

values and number of times they are repeated within the chain as follows

f=x Zi\; h(9:) vazl Ly —y,- (4.2)
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The Rao-Blackwellization of the above equation is as follows

LS hW)E L g, [P, .., U] (4.3)

which is equal to

T Lo M) (i POV = 9ildr, .., 00)). (4.4)
This is straightforward since

E[> ) oor—a, 191, -, 9] = 320 Ellgir—g, |91, .., U]

. . (4.5)
=3 P(OD =949y, ..., 0,).

Finally,

7 i1 W) (Z;‘F1 P(0®) = 9|0y, ..., ﬁt)) (4.6)

enjoys a smaller variance as it is shown in [36]. The computation of P(#®) =
Ve[, ...,9¢) is based on the integration of the uniform variates used to make the

choice between the proposed value and the current value of the Markov chain.
4.1.3. Post Processing the Chain Output

There are techniques which use the simulation output itself in order to reduce
the variance. In the Metropolis-Hastings algorithm, the rejected proposal values
do not take part in the final chain values. Using these values in order to reduce the
variance of the chain is studied in various papers. The most simple yet effective
usage of all of the proposal values is “Averaging Method”, which is discussed in
[6,36]. The proposed technique is the weighted sum of the simulation output and
the proposal values. The weights are the acceptance ratios that are calculated in
each step of the chain by dividing the proposed density by the density of the current

value of the Markov chain. If ; is the current value of the Markov chain and 1,
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the proposed value, to be accepted (as ;1) with probability a, the following

=1 S {oah(9) + (1= a)h(0,)} (4.7)
should most often give an estimate with lower variance.

Another post processing based variance reduction technique is based on sub-
sampling the Gibbs Sampler [40]. The idea is that subsampling the output of a
Gibbs Sampler can increase the efficiency of marginal estimators of the chain if
the subsampling method is tied to the actual realized updates made. This can be

considered as a developed version of the thinning of the chain.
4.1.4. Control Variates for MCMC Algorithms

The idea of the control variates algorithm is the same for MCMC simulations
as well. A variate with known expected value reduces the variance of the simulation
if it is correlated with the simulation output. The main challenge of using control
variates to achieve variance reduction in MCMC algorithms is that it is harder to

find a control variate which is highly correlated with the simulation output.

A good example for control variates for MCMC algorithms can be found
in [41]. They propose the following Control Variates to be used in the Metropolis-
Hastings algorithm.

In the Metropolis-Hastings algorithm, there are accepted and rejected pro-
posals. Rejected proposals are thrown away. The idea behind the proposed Con-
trol Variates in [41] is to make use of not only accepted proposals, but also the
rejected proposals along with the acceptance ratio of the chain. In their study, they
propose five different Control Variates for Metropolis-Hastings algorithm and com-
pared their performance by conducting empirical experiments. Authors show that
the following control variate, C'Vy, is the most successful control variate amongst

other proposed Control Variates in their study.
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If we let x be the current state and y the proposal,

_ AR(z,y)
CV, = 1T AR Y) (f(z) = f(y) (4.8)
where
~ 7m(y)q(xly)
ARY) = el (49)

is the acceptance ratio.
The acceptance probability is the following
a(ylx) = min(1, AR(x,y)). (4.10)
The remeaning proposed control variates in [41] are as follows

CVa = (a(ylz) — 1) f(y) (4.11)

where 1 is an indicator if the proposed value is accepted or not. A similar control

variate to C'V, can be created by using f(x) as follows

Vs = (alyle) - 1)f(a). (4.12)
Final set of two remaining control variates are as follows

CVi = (1 = Da(yle) f(z) = 1(1 — a(z]y)) f(y)

! (4.13)
CVs = (1 = Da(ylz) f(y) — L1 — alz|y)) f(y).

The variance reduction performance of above control variates are limited.
In [41], it is shown that the highest variance reduction factor value is obtained by

using C'V} alone which is 1.84. Authors did not use all five control variates together.
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Each control variate is evaluated individually. In this thesis, the performance when
using these control variates as Multiple Control Variates will be studied in Section

4.2.1.4 below.

A major study for variance reduction for Gibbs Sampler is proposed in [42].
In this study, it is stated that for any real-valued function G; defined on the state

space of a Markov chain X,,, the functions
Uj(x) := Gj(z) — E[G;(Xn1)| Xy = 7] (4.14)

have zero mean with respect to the stationary distribution of the chain [43]. The
goal is to estimate the posterior mean ¢ of (9. Basis function can be defined
as Gj(z) = 2 for all components j for which PG;(x) = E[Xfizlan = z] is

computable in closed form. The corresponding control variates is U; = G; — PGj.

Application of Multiple Control Variates has not been studied widely in the
literature for MCMC algorithms. Multiple Control Variates for MCMC are mainly
discussed in [42].

4.2. Proposed Methodology

In the previous section, we reviewed the literature on Variance Reduction for
Markov Chain Monte Carlo algorithms. In this section, we describe and demon-
strate our approach to implement Antithetic Variates, Control Variates and Latin

Hypercube sampling algorithms to Random-Walk Metropolis-Hastings algorithm.

In the following two chapters, we demonstrate our experiments. In Chapter
5, we start with the details of our experimental setup, define the problem of de-
tecting the convergence of Markov Chain Monte Carlo algorithms and explain our
approach to evaluate the convergence of Markov Chain Monte Carlo algorithms.
Chapter 6 shows our results of implementing Variance Reduction algorithms to

chains with good convergence properties. We evaluate the quality of the stan-
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dard error estimations of the chains and conduct experiments via the calculation
of coverage probabilities of the chains. We also compare the Root Mean Squared
Error (RMSE) and Mean Absolute Error (MAE) of the estimated values obtained
from naive and variance reduction applied simulations. Finally, we analyze the im-
pact of variance reduction algorithms on coverage probabilities and RMSE/MAE
values of the estimations. This step is essential because it will demonstrate if vari-
ance reduction algorithms introduce bias to estimated values and provide coverage

probabilities as high as the naive simulation estimations.

The remaining of this chapter and the following two chapters include Vari-
ance Reduction methods for the Metropolis-Hastings algorithm that, up to our
knowledge, were not tried for MCMC algorithms yet. The main new points that

up to our knowledge were not suggested in the literature are:

e We propose using proposal steps as Inner Control Variates, as shown in
Section 4.2.2.1.

e We use the Multiple Control Variates algorithm and combine different types
of Control Variates.

e We propose using the Antithetic Variates algorithm for the Metropolis-Hastings
algorithm, as shown in Section 4.2.2.

e We test the performance of variance reduction algorithms in problems with
varying difficulties in a controllable experimental setup. We experiment with
different types of variance reduction algorithms and also combine multiple
variance reduction algorithms to achieve better performance.

e We evaluate the quality of the standard error estimations, which is neglected
by the other studies in the literature in the context of variance reduction
for Markov Chain Monte Carlo algorithms. We show that standard error

estimations can be biased for Markov Chain Monte Carlo algorithms.
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4.2.1. Implementing Variance Reduction Techniques for Random-Walk

Metropolis-Hastings Algorithm

Each MCMC algorithm takes different input parameters and performs dif-
ferent calculations. The difference in MCMC algorithms affects the strategy for
variance reduction, which is achieved via algorithms like Antithetic Variates, Con-
trol Variates, Stratification. In this section, we discuss how to implement these

techniques to the Random-Walk Metropolis-Hastings algorithm.

The Random-Walk Metropolis-Hastings algorithm uses a set of calculations
and input values to move from the current state to the next state. A random walk
value from the proposal distribution is used to move from step i to step i + 1 in a
chain. The density of the proposed value is compared with the most recent value
at the chain, and it is accepted with a certain probability. Two input values are

used during the process of moving from step ¢ to step ¢ + 1.

e Random-Walk step.

e U ~ Uniform[0, 1] variate that is used to accept / reject proposals.

These values are generated using different distributions than the target dis-
tribution itself. Random-Walk values are created using the proposal distribution
and the acceptance probability value is created using Uniform ~ [0,1] random
variable. There are two strategies to create these values. They can be created
in each step 1,2, ..., N within the chain or they can be created at once and they
can be given as an input parameters of the algorithm. Both strategies generate
a correct Markov Chain as for both methods values are generated randomly from
the correct distributions. However, generating them before and storing them as a
matrix used as input to the MCMC simulation function has some advantages when
the aim is variance reduction. In this study, aforementioned values are created at
once and random walks are created using this input matrix which is denoted as Z.
The acceptance probabilities for each step are also simulated at once and given as

an input to the algorithm.
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The proposal distribution used might be for example the Gaussian distribu-
tion, t distribution, uniform distribution etc. Let us use a Gaussian distribution
as a proposal distribution with mean p standard deviation o to express the idea.
Two different strategies can be followed when creating the proposal value. If the
current value of the chain is X, a proposal distribution with 4 = X* and standard
deviation ¢ can be used. The other strategy is to draw a value from a distribution
with the same standard deviation but p = 0 and add the resulting value to X' in
order to create a proposal for X**1. In either way, the mean value of the proposal

is the current value of the chain.

Given the o value, proposal steps are created as a matrix of dimension N x
D. If the latter strategy for creating proposals is used, each column of the input
matrix Z has mean zero and standard deviation . These values are added to the
current state of the chain at each step. In this way, the proposal value using the
latest value in the chain can be created. In the case of choosing t distribution as
the proposal distribution, Z matrix will still have zero mean since the t distribution
is centered at the origin. In addition, if the uniform distribution is chosen as the
proposal distribution, arranging the upper bound a and lower bound —a of the
uniform distribution will also give mean zero columns in the Z matrix. This matrix

will be of main interest for the following Variance Reduction Techniques which are

e Antithetic Variates
e Control Variates

e Latin Hypercube Sampling.

In addition to 2 methods from the literature that we discussed in previous
sections, which are Control Variates proposed in [41] and the ” Averaging Method”
discussed in [36]. In this thesis, we use Antithetic Variates, Control Variates and
Latin Hypercube Sampling methods as they are discussed in detail below. All
together, there are 5 methods to be implemented for simulation problems with
fixed dimensions like typically used for posterior distributions of Bayesian models

with small or moderate dimensions.
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4.2.1.1. Implementing Antithetic Variates Algorithm. Let us start with the ap-

plication of Antithetic Variates. In Section 4.1.1, we demonstrated the Antithetic
Variates algorithm for Gibbs Sampler as it is proposed in [37]. A similar idea
can be applied to Random-Walk Metropolis-Hastings algorithm as well. Let us
use normal distribution as the proposal distribution of Random-Walk Metropolis-
Hastings algorithm. In each step, a random draw from the proposal distribution is
sampled and added to the current position of the chain. This value is accepted or
rejected depending on the acceptance probability. Let us denote the random draw
from the Gaussian proposal distribution as N,, which is a symmetric distribution
centered at the origin. If another chain is run with proposal value —N,,, antithetic
chains will be obtained and variance can be reduced by taking the average of these
two chains. We can also store the proposal steps in an input matrix, Z. Another
input matrix can easily be the negative signed Z, —Z, since the input values come
from a symmetric distribution centered at the origin. If two different chains are
run using these two input values, the average of the result of those two chains are
expected to reduce the variance as it is explained in section 3.3 and 4.1.1. The
main challenge that limits the performance of the Antithetic Variates algorithm
here is due to the acceptance-rejection process of the Metropolis-Hastings algo-
rithm. By using Z and —Z it is known that at each step proposal values go in
the opposite directions. However, the accepted values in two chains may not have
corresponding values that go in opposite directions. This may reduce the negative
correlation between the two chains because negative correlation is achieved via
opposite signed proposal values. When opposite signed proposal values are not
accepted in both of the chains, negative correlation cannot be achieved because
chains are no longer going to opposite directions in that step. This also means
that as the ratio of accepted proposal values increases, we are more likely to obtain

chains with higher negative correlation.

Figure 4.1 shows the implementation of the Antithetic Variates algorithm.
We run two chains with input matrices Z and —Z and take the average of the

output of the two chains.
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Require INPUT: Sample Size N, Dimension D, Covariance Matrix ¥;

Zy.. N ~ Normal(p =0, X)

Y7 = Random-Walk Metropolis Hastings with input matrix Z
Y; = Random-Walk Metropolis Hastings with input matrix -7
Y=Y +Ys) /2

RETURN Y

Figure 4.1. Algorithm 1: Antithetic Variates.

4.2.1.2. Implementing Latin Hypercube Sampling Algorithm. The creation of the

Z matrix is performed simply by taking a sample from the proposal distribution.
However, the Z matrix can be created in a different way as well. By introducing
stratification into the process of creation of the Z matrix, an extra gain in preci-
sion might be obtained. Regardless of the type of the proposal distribution, the
cumulative distribution function of the proposal distribution has an interval [0,1].
A sensible strategy to create the Z matrix is to generate, regardless of the type of
the proposal distribution, Uni form ~ [0, 1] random values and to transform these
value with the inverse CDF of the proposal. By using stratification in the first
step we can obtain variance reduction. One of the approaches to perform that is
to use Latin Hypercube Sampling. By Latin Hypercube Sampling, we can create
values in the interval [0, 1] with expected value 0.5. The process of using Latin

Hypercube Sampling to create the Z matrix can be explained as follows.

e Generate the LHS matrix with dimension D, row number N. Denote it by
LHSN.p.

e Find the inverse of the cumulative distribution function of the proposal dis-
tribution, Fiy'(z).

e Compute Z = F )El(LH Snzp)- The computed random variables in Z has
distribution Fx(z).
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4.2.1.3. Inner Control Variates for Metropolis-Hastings Algorithm. Another vari-

ance reduction technique that is applied to MCMC simulations is Control Variates.
In Section 4.1.4, a set of Control Variates for Random-Walk Metropolis-Hastings
algorithm was given which are proposed in [41]. All of the Control Variates pro-
posed for the Random-Walk Metropolis-Hastings algorithm in that study make
use of random walks and/or the acceptance probability of the chain together to
create the Control Variates. However we can always use the input variables Z as

Control Variates that require next to no extra computations.

In the Metropolis-Hastings algorithm, we have to define the proposal steps
as it is discussed before. We defined the input matrix Z which has the proposal
steps for our algorithm. The columns of the input Z matrix are created by taking
a sample from a known distribution. This means that the expected values of these
Z values are known and the Z values can be used as Control Variates. In a D
dimensional problem, each of the input variates can be used as a Control Variate
so first D Control Variates are “free”. Furthermore, these input values can be
used in different forms. The sum of all Z columns or any other linear combination
of Z columns can be Control Variate. In addition, the squares of each column
can be used as control variates since it is known that they will become a chi-
squared random variable if they are coming from Gaussian proposal distribution.
Let us denote one column of the Z matrix that is created using Gaussian proposal
distribution as X. If the squared value of X is used as control variate, its expected
value can be calculated using E[X?] = Var(X) + E[X]?. The same approach can
be applied to t proposal distribution as well. Square of the t-random variable with
v degree of freedom follows the F distribution x7,. The expected value of x7, is
equal to v/(v — 2). Since it’s expected value is known, it can be used as another

control variate.

We can always reach the highest possible VRF that can be obtained from
the input matrix by using the D columns of Z matrix and the squared Z values
together as multiple control variates after finding optimal coefficients for these

control variates.
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Another set of control variates appears when Latin Hypercube Sampling is
used in order to create the input matrix, Z. Latin Hypercube matrix of dimension
D and row number N, LH Sy p is created in order to create the input Zy p matrix.
In this case the columns of the LH Sy p matrix have the expected value of 0.5 and
they can be used as another set of control variates as well. Moreover, another
variate with known expectation is the Uniform random variate U ~ Uniform[0,1]
that is created to accept / reject proposals. We can store this variate in each

iteration and use it as a Control Variate as well.

4.2.1.4. Implementing Multiple Control Variates Algorithm. In Section 4.2.1.3, we

showed several "free” Inner Control Variates. When we combine them with the
Control Variates proposed in [41], we end up with having several Control Variates
for our disposal. We can use each of the Control Variates using Multiple Control
Variates algorithm as it is discussed in Section 3.2. The full list of Control Variates

that are used in Multiple Control Variates algorithm are as follows.

Individual columns of Z matrix, Z;.

Squares of the columns of Z matrix, chi-square value y? or the square of t

value, x?% .

Control Variates proposed in [41], C'Vr,.

U ~ Uniform|0,1] that is created to accept / reject proposals, Ucy .
Individual columns of LHS matrix, LHSp.

The final equation to find the optimal coefficients for the above control variates

using gaussian proposal distribution is as follows

fie =Y + co(Z1 —E[Z1])) + .. 4+ c(Zag — E[Z4)) + co,(X3 — E[X3])+
t+a(X3—EXA]) + en(CVr, —0) + .. + ¢,(CVy, — 0)+ (4.15)
CT(UCV - O5> + Ct(LHsl — 05) T Cy(LHSd — 05)

The optimal coefficient ¢; for each Control Variate C'V; is calculated as it is shown

in Section 3.2.
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In the experiments, Antithetic Variates, Control Variates, Latin Hypercube
Sampling are used in order to achieve the variance reduction. The Averaging
Method described in section 4.1.3 is also implemented. Besides, Antithetic Vari-
ates, Control Variates and Latin Hypercube Sampling methods can be combined
together to achieve better variance reduction. The methodology for using them

together is described below.

4.2.1.5. A Method to Combine Multiple Variance Reduction Algorithms. As it is

demonstrated above, each variance reduction algorithm uses a different approach.
This makes it possible to combine these techniques in order to have a better per-
forming variance reduction method. Both of the Latin Hypercube Sampling and
Antithetic Variates algorithms has the input matrix at the center of their imple-
mentations. The former changes the way input matrix is created and the latter

introduces an antithetic chain with the help of oppositely signed input matrix.

These approaches can be used together and Antithetic Variates algorithm can
use input matrices created by using Latin Hypercube Sampling. After creating the
Z matrix in this way we can run two different chains with using Z and —Z as input
parameters. If we want to combine only Antithetic Variates and Latin Hypercube
Sampling we can simply take the average of the output of two different chains. On
the other hand, we can also add Control Variates algorithm at this step. Instead of
taking the average of the naive simulation outputs of two chains, we can first apply
Control Variates to simulation outputs and than return these values to Antithetic
Variates algorithm. By using such a method, we can combine different variance
reduction algorithms in order to potentially achieve higher variance reduction and

more precise estimations. The proposed method is summarised in Figure 4.2.
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Require INPUT: Sample Size N, Dimension D, Covariance Matrix ¥;

LHSy,p is created
N ~Fy (LHSN.p)

77777 N ~ Normal(p, X)

Y; = Output of Control Variates Algorithm of Random-Walk Metropolis Hastings
with input matrix Z, where Z is added to previous value of the chain.

Y5 = Output of Control Variates Algorithm of Random-Walk Metropolis Hastings
with input matrix -Z, where -Z is added to previous value of the chain.

Y=Y +Ys) /2
RETURN Y

Figure 4.2. Algorithm 2: Using Antithetic Variates, Control Variates and Latin

Hypercube Sampling together.
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5. EXPERIMENT SETUP

The purpose of this study is to explore the performance of variance reduction
algorithms in Markov Chain Monte Carlo simulations. The main variance reduc-
tion algorithms of interest are Antithetic Variates, Control Variates and Stratifi-
cation, which are general variance reduction algorithms. We studied the Random
Walk Metropolis-Hastings algorithm with different types of proposal distributions.
These proposal distributions are uniform distribution, t distribution, and Gaussian
distribution. In order to evaluate the performance of variance reduction techniques
for MCMC algorithms, we created an experimental setup that has several prob-
lems. These problems are created in a way that enables us to extensively analyze
the performance of MCMC algorithms and variance reduction techniques. In this
study, we use examples inspired by Bayesian-Statistic applications. We use mix-
ture of multinormal distributions and use MCMC algorithms to obtain the random
vector X, and estimate the mean, variance, and correlation of the random vector
X. In other words, we are interested in the first and second moments of the mixture
distribution, which is also crucial for Bayesian applications like the posterior of the
Bayesian regression model. We would like to select an example that has simple
formulas for the exact results. This allows us to compare the size of the exact
error among different experiments. For this reason, along with the standard error
of the estimated mean, standard error values of estimated variance and estimated
correlation of the random vectors are calculated and used to create confidence in-
tervals for estimations. We aim to find variance reduction algorithms that help us
to decrease the standard error of these estimations and increase the precision of
the estimated values. Before implementing the variance reduction algorithms, we
need to define a sensible experimental setup, create a set of problems according to
the experimental setup, use MCMC algorithms for these problems, evaluate the
convergence properties of the chains, and select chains with good convergence prop-
erties. In this chapter, we will describe the steps taken before applying variance
reduction algorithms and the first step is defining our experimental setup where

we use mixture of multinormal distributions with different set of parameters.
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A mixture of multinormal distributions has several parameters. It can con-
sist of M distributions each of dimension D. Thus each distribution has its own
parameters and also a probability. We demonstrate the exact solution of the mean,
variance-covariance matrix and correlation matrix of the mixture of multinormal
distributions with mean vectors p;, diagonal variance-covariance matrices with
unit variance values denoted by ¥; and probability values a; where ¢ = 1,2, .., M
to obtain the mixture mean, i and the mixture variance-covariance matrix, x.
In our experiments, we take the simple case where M = 2. The exact solution for
the mean vector, variance-covariance matrix, and correlation values are calculated

as follows

EX] = o= >0 g, (5.1)
Using ji, we can find the exact solution of the variance-covariance matrix as follows
Dx = Lk e+ U i — ) (pa — )T (5.2)

By using the exact solution of the variance-covariance matrix, we can calculate

the correlation matrix as follows

[SIE
N[

corr(X) = (diag(Ex)) * Ux (diag(Ex)) " (5.3)

where diag(Xx) is the matrix of the diagonal elements of Yx.

In our experiments, we estimate these values by using MCMC simulations
to demonstrate the abilities of MCMC algorithms and variance reduction tech-
niques. An MCMC algorithm simulates a sample of random vectors following the
given density. In a simulation we are interested to estimate a function of that
random vector. In our experiments we estimate the expectation and the variance
of the marginals and the correlation between the marginals. The formulas of these

MCMC-estimates are presented in equations 5.4, 5.5, and 5.6. We evaluate the
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density f(x;) used in these equations just once for each ¢ = 1,..., N and use the
generated sample to make estimations for different functions. For the expectation
of the marginals, the calculation is simple. To estimate the mean value of the j*

marginal of the random vector, we use the following

fij = Z ij [ (2:)- (5.4)

For the variance of the marginals, calculation is performed differently. We first
estimate the second moment of each marginal of the random vector and use the
estimated mean value in order to estimate the variance. The equation for estimat-

ing the variance of the j marginal of the random vector is

Var(X;) = Z ol f ) — i, (5.5)

For the correlations of the marginals, we start from calculating the covariance of
the marginals. In order to find the covariance between the £ and j** marginals,
we use the x; and z;, and multiply them and also use their estimated mean values
like shown in equation 5.6. After obtaining the covariance estimation, we can cal-
culate the correlation of marginals by using the estimated variance and estimated

covariance values of the marginals as follows

Cov(Xju) = Y wywanf (i) — fi; ik

i=1 5.6
Cor(X;) = Cov(Xjk) >0
! \/Var(Xj)Var(Xk)'

Estimated values like shown above come with standard error values and the typical
approach to decrease the standard error is to increase the sample size. In our study,
we take a different approach and use variance reduction algorithms to decrease the
standard error of the estimated values. We discussed the implementation details
of the variance reduction algorithms in Chapter 4 using the expected value of the

first marginal as an example. We can also apply variance reduction algorithms to
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reduce the standard errors of the variance estimate and the correlation estimates.
However, it is essential to implement variance reduction algorithms at the correct
step and in the correct way. For example, the Multiple Control Variates algorithm
should be applied to each estimated value separately after obtaining the chain
output. However, we take a different approach for the Latin Hypercube Sampling
algorithm and use stratified proposal steps inside the Random-Walk Metropolis-
Hastings algorithm. It impacts the output of the simulation and, therefore, all
of the estimated values. Hence, we need to be careful about our implementation
because obtaining the wrong estimation with a lower standard error is useless.
When using the Antithetic Variates algorithm in our experiments, we have two
chains, denoted by C; and (3. We can calculate the estimations separately for
each chain, then take the average of the estimations to complete the Antithetic
Variates algorithm [44]. On the other hand, if we take the chains’ average first
and obtain the chain C3 = (Cy + Cy)/2, we can only use it to estimate the mean
value because both approaches are equivalent in the case of estimating mean value.
However, if we use ('3 to estimate the variance or the correlation, such an approach

will return the wrong estimations.

Even though we implement the variance reduction algorithms correctly, if the
MCMC algorithm fails to provide accurate estimations, we cannot gain anything
by implementing variance reduction algorithms. Depending on the problem, the
MCMC algorithm might fail to provide a chain with good convergence proper-
ties, leading to wrong estimations. Therefore, we must carefully tune the MCMC
algorithm parameters to obtain a chain with good convergence properties. In
our experimental setup, we create problems with varying complexities by using
different dimensions, mean vectors, and mixture weight values for mixture compo-
nents, which constitute the input parameters of the experiments. Each experiment

presents different challenges to the MCMC algorithm.

The following sections in Chapter 5 and Chapter 6 explain our findings and
experiments in detail. Let us start by explaining the selection process of input

parameters of the experiments.
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5.1. Input Parameters of Experiments

The general idea of the experimental setup is demonstrated above and it is
shown that several parameters are part of it. Therefore, we need to assign sensible
values to these parameters to create our experimental setup. In this section, we
discuss the aim of the experiments, how should we define the input parameters
of the experiments in order to serve that aim and why it is important to choose
sensible input parameters. Let us start with the aim of the experiments. The aim
of creating the problems used in the experiments is to analyze the performance of
MCMC algorithms in a way that we can understand their behavior and capabilities
in different conditions. These problems should be defined carefully and they should

serve for the following purposes.

e There should be problems with varying difficulty levels in a way that effects
of different parameters of the problem can be analyzed. Such problems en-
able us to understand the capabilities and the limits of the Random-Walk
Metropolis-Hastings algorithm.

e The problems should be complex enough so that a Random-Walk Metropolis-
Hastings algorithm with a single set of proposal distribution parameters will
not be able to solve them all. The poor selection of the parameters of MCMC

algorithms should yield a chain with poor convergence properties.

Problems with these characteristics are crucial in order to evaluate the perfor-
mance of MCMC algorithms. It is possible to define the parameters of the prob-
lems so as to reflects our needs. In the experimental setup explained above, we
are able to change mixture components and therefore choose the distance between
the modes, mixture weights, and the dimension of the distributions. We can des-
ignate problems with the above properties if we define them systematically. To
explore the effect of each of these parameters on the performance of the MCMC
algorithms, we should have experiments where only one of these parameters is
changed and the rest of them remains the same. In Table 5.1, problems that are

created with such concern are listed. The list of the mean vectors of the mixture
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components, mixture weights, and Problem ID are given. Problem ID is simply
the abbreviation of the problem itself. It has the dimension of the experiment,
D, the mean vectors of the mixture components, M, and weight of the first mix-
ture component, W. For example, D10M01 W05 means that this experiment is 10
dimensional, has the mean vectors of the first and second mixture components
(0,0,0,0,0,0,0,0,0,0) — (1,1,1,1,1,1,1,1,1,1), has mixture weight for the first
component 0.5. Note that in dimension D, the covariance matrix of each of the
mixture distributions is selected as a diagonal matrix with dimension D and diag-
onal entries of 1. It can be seen that there are problems in various dimensions and
mixture weights. We expect that finding solutions to the problems will become
harder as the dimension of the problem increase, the distance between the modes

increase and mixture components have unequal weights.

A natural question to be asked here is what can be a sensible strategy to
solve these problems. The Random-Walk Metropolis-Hastings algorithm will be
the algorithm to solve these problems because it is one of the most widely used al-
gorithms and the simplicity and versatility of this algorithm make it one of the best
options [45]. By section 2.2.1.2, we know that there are different types of proposal
distributions for the Random-Walk Metropolis-Hastings algorithm and the most
common choice for proposal distribution is Gaussian distribution centered around
the latest value of the chain [45,46]. In our experiments, the main proposal dis-
tribution of interest is Gaussian distribution, but t and Uniform distributions are
also used as proposal distribution for research purposes. Regardless of the type
of the proposal distribution, the common challenge is to decide its parameters,
the scale parameter, which governs the step size of the proposal value. Therefore,
we have to find good scale parameters to solve the problems in Table 5.1. Poor
selection of these parameters leads to chains with poor convergence properties. A
chain with poor convergence properties is not preferable to be used as a solution
because it indicates that it takes too long for the chain to the stationary distribu-
tion. As a result, the estimations will not be close to unbiased estimations with
limited sample size. Furthermore, we cannot apply variance reduction algorithms

to such a chain because variance reduction techniques do not remove the bias in
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the parameter estimations. Therefore, we need to define a method to find the
chains with good convergence properties. Our approach for finding such chains is

explained in the next section.

Table 5.1. Experiments for mixture of 2D, 4D and 10D multinormal distributions.

Problem ID Mixture Means Mixture Weights

D2M01W05 (0, 0)-(1, 1) 0.5-0.5
D2M01W08 (0, 0)-(1, 1) 0.8-0.2
D2M02W05 (0, 0)-(2, 2) 0.5-0.5
D2M02W08 (0, 0)-(2, 2) 0.8-0.2
D2M04W05 (0, 0)-(4, 4) 0.5-0.5
D2M04W08 (0, 0)-(4, 4) 0.8-0.2
D2M023W0504 | (0, 0)-(2, 2)-(3, 3) 0.5-0.4-0.1
D2M025W0504 | (0, 0)-(2, 2)-(5, 5) 0.5-0.4-0.1

D4MOIW05 | (0, 0, 0, 0)-(1, 1, 1, 1 0.5-0.5
D4MOIWO08 | (0, 0, 0, 0)-(1, 1, 1, 1

)
)
D4AMO2WO05 | (0, 0, 0, 0)-(2, 2, 2, 2) 0.5-0.5
)
)
)

0.8-0.2

)~(

)~(

)~(
D4MO02W08 | (0, 0, 0, 0)-(2, 2, 2, 2 0.8-0.2
D4MO4W05 | (0, 0, 0, 0)-(4, 4, 4, 4 0.5-0.5
DAMO4W08 | (0, 0, 0, 0)-(4, 4, 4, 4 0.8-0.2
D10MOIWO05 | (0,0,..,0,0)-(1,1,..,1,1) 0.5-0.5
D10MO1IWO08 | (0,0,..,0,0)-(1,1,..,1,1) 0.5-0.5
D10M02W05 | (0,0,..,0,0)-(2,2,...2,2) 0.5-0.5
D10M02WO08 | (0,0,..,0,0)-(2,2,...2,2) 0.5-0.5
D10M04W05 | (0,0,..,0,0)-(4,4,..,4,4) 0.5-0.5
D10M04W08 | (0,0,..,0,0)-(4,4,...4,4) 0.5-0.5

5.2. Selection of Chains with Good Convergence Properties

Diagnosing the convergence of the MCMC algorithm is a challenging task be-
cause the convergence is in distribution, not to a point, which makes it harder to

evaluate and validate the convergence [47]. An ideal solution to assess the conver-
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gence would be to have an analytical tool to compute the convergence rate of the
MCMC algorithms and use this rate to decide when the chain reaches stationary
distribution. In [48], such methodology is proposed for the Metropolis algorithm,
which creates polynomial time convergence bounds. However, these techniques in-
volve laborious calculations and it is unfeasible to apply these calculations in high
dimensions or when there are multiple chains. Therefore, previous studies rely
mostly on practical tools to evaluate the convergence of the MCMC algorithms
and determine the ones with good convergence properties [11,49]. These practical
tools apply various techniques to the output of the MCMC algorithm and provide
an idea about the convergence of the MCMC algorithm. However, they cannot
prove the convergence by themselves. They are preferred because “a weak diag-
nostic is better than no diagnostic at all” [49]. Although they are not powerful
enough to prove the convergence of the algorithm, they can help us to determine
the chains that are failed to converge [50]. Some of these methods are discussed
in Section 2.4. Each method uses a different approach to evaluate different con-
vergence properties of the chain. Therefore, we cannot rely on a single method.
By combining multiple “weak diagnostics tools”, we can have a better and more
reliable idea about the convergence properties of the chain. For this reason, we
combined multiple techniques together in order to evaluate the simulation output

and select the chains with good convergence properties.

In this study, we use Gelman-Rubin diagnostics, evaluation of acceptance
ratio and graphical methods in order to determine the chains with good conver-
gence properties. The following properties are an indication of convergence to the

stationary distribution.

e (Calculation of Gelman-Rubin Diagnostics value and having chains with R ~
1.

e Convergence properties that are observed via trace plots like good mixing
property.

e Sensible acceptance ratios.
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These are the desired properties of the chain regardless of the type of the proposal
distribution. The meaning of the sensible acceptance ratio is having a chain with
not too high or too low acceptance ratios. There are different studies that propose
optimal values for acceptance ratios [51]. The proposed acceptance ratio to be
aimed at in [51] is 23.6% and they proposed tuning the parameters of proposal
distribution to reach 23.6% acceptance ratio as a heuristic method. There are
also studies that show the pitfalls of tuning the acceptance ratio by using static

values [52].

The parameter that impacts the acceptance ratio of the Metropolis-Hastings
algorithm is the scale parameter of the proposal distribution. For example, if the
acceptance ratio is too low, it leads to a chain that is unable to reach the stationary

distribution without being too costly to run.

The root cause of having a chain with low acceptance ratios might be the size
of the proposed random walk steps, which is decided by the scale parameter. In
addition, large scale parameters are expected to give rise to proposals that are more
prone to be rejected due to overshooting the high probability region. Therefore,
seeking an optimum value for scale parameter which enables us to explore the state
space with a reasonable proportion of time and with good convergence properties
is critical. Note that the scale parameter of the Gaussian distribution is standard
deviation, o, for Uniform distribution it is calculated as \/m given that
U ~ Uniform|—a,a] and finally for t distribution it is equal to , /o725 where v
is degrees of freedom. Each of the proposal distributions used in the experiments

is symmetric with respect to 0.

There might be cases where a chain has a sensible acceptance ratio but
still has poor mixing property or is over sensitive to the initial position of the
chain. Therefore, we need to define an algorithm that gives us an optimal set of
scale parameters by analyzing the chain’s acceptance rates and the aforementioned
properties to solve the problems given in Table 5.1. The process to select these

parameters among candidate values is explained the next section.



Table 5.2. Candidate scale parameters for experiments.

Problem ID | Proposal Type Grid of Scale Parameters
D2M01WO05 Gaussian (0.55, 0.7, 1, 1.73, 2.23, 2.82, 3.16)
D2M01W08 Gaussian (0.55, 0.7, 1, 1.73, 2.23, 2.82, 3.16)
D2M04WO05 Gaussian (2.23, 2.82, 3.16, 3.5)
D2M04W08 Gaussian (2.23, 2.82, 3.16, 3.5)

D2M023W0504 Gaussian (0.55, 0.7, 1, 1.73, 2.23, 2.82, 3.16)

D2M025W0504 Gaussian (0.55, 0.7, 1, 1.73, 2.23, 2.82, 3.16)
D4MO01W05 Gaussian (0.55, 0.7, 1, 1.73, 2.23, 2.82, 3.16)
D4M01WO08 Gaussian (0.55, 0.7, 1, 1.73, 2.23, 2.82, 3.16)
D4MO02W05 Gaussian (0.55, 0.7, 1, 1.73, 2.23, 2.82, 3.16)
D4MO02W08 Gaussian (0.55, 0.7, 1, 1.73, 2.23)
D4M04W05 Gaussian (0.55, 0.7, 1, 1.73, 2.23, 2.82, 3.16)
D4M04W08 Gaussian (0.55, 0.7, 1, 1.73, 2.23, 2.82, 3.16)
D10MO01WO05 Gaussian (0.55, 0.7, 1, 1.73, 2.23, 2.82, 3.16)
D10M01WO08 Gaussian (0.55, 0.7, 1, 1.73, 2.23, 2.82, 3.16)
D10M02W05 Gaussian (0.55, 0.77, 1, 1.73, 2.23, 2.82, 3.16)
D10M02W08 Gaussian (0.55, 0.77, 1, 1.73, 2.23, 2.82, 3.16)
D2M01WO05 Uniform (0.46, 0.57, 0.87, 1.15, 1.73, 2)
D2M01W08 Uniform (0.46, 0.57, 0.87, 1.15, 1.73, 2)
D2M04W05 Uniform (0.46, 0.57, 0.87, 1.15, 1.73, 2)
D4MO01W05 Uniform (0.4,0.46, 0.57, 0.87, 1.15)
D4M01W08 Uniform (0.4,0.46, 0.57, 0.87, 1.15)
D10M01WO05 Uniform (0.57,0.7, 1, 1.73)
D10M01WO08 Uniform (0.57,0.7, 1, 1.73)
D10M02WO05 Uniform (0.57, 0.7, 0.87, 1, 1.73)
D10M02W08 Uniform (0.57, 0.7, 0.87, 1, 1.73)
D2M01WO05 t (0.8,0.9, 1.12, 1.3,1.5)
D2M01W08 t 0.8, 0.9, 1.12, 1.3,1.5)
D2MO4W05 t (1.12, 1.3, 1.5, 1.87, 1.94)
D2M04W08 t (1.12, 1.3, 1.37, 1.5, 1.87, 1.94)
D4M01WO05 t (1, 1.05, 1.12, 1.3, 1,76, 1.87, 1.94)
D4MO01W08 t (1,1.05, 1.12, 1.3, 1.76, 1.87, 1.94)
D10MO01WO05 t (0.55, 0.7, 1.12, 1.3, 1.87, 1.94)
D10M01WO08 t (0.55, 0.7, 1, 1.12, 1.3, 1.87, 1.94)
D10M02W05 t (0.55, 0.7, 1, 1.12, 1.3, 1.87, 1.94)
D10M02W08 t (0.55, 0.7, 1, 1.12, 1.3, 1.87, 1.94)

61
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5.2.1. Tuning the MCMC Algorithm Parameters

The discussion on tuning the scale parameter of the proposal distribution
has been around for a long time. The importance of tuning the scale parameters
is discussed in the paper that proposed the Metropolis algorithm [8]. In this
paper, for Uniform proposal distribution, Z,, ~ Uniform[—a,a], it is noted that
“the maximum displacement o must be chosen with some care; if too large, most
moves will be forbidden, and if too small, the configuration will not change enough.
In either case, it will then take longer to come to equilibrium.” [8] This statement
explains the problem of choosing the scale parameter very well. A properly tuned
scale parameter is needed to obtain a chain with good convergence properties.
Unfortunately, this is not a straightforward task with a set of defined rules and
procedures. In this section, we propose a method to tune the scale parameter
of the proposal distribution. In our discussion, we mainly focus on adjusting the
scale parameter of the Gaussian proposals, but the same principle applies to each

type of proposal distribution.

There are studies that propose a way to calculate the optimal value for the
standard deviation parameter of the Gaussian proposal distribution [51]. However,
like for the discussion on the optimal acceptance rate, there is no one standard
approach to determine the scale parameter of the proposal distribution [53]. In
this study, we propose a method to select the optimal set of parameters of proposal
distribution using convergence properties of the chain. We combine Gelman-Rubin
diagnostics, acceptance ratio, and a graphical evaluation of the chain properties
to evaluate each candidate proposal distribution parameter. Designing a fully
automated process without individually evaluating the chain properties is not rec-
ommended [49]. For this reason, we propose a semi automated approach where
the number of candidate values is decreased by evaluation of their Gelman-Rubin
diagnostics value and acceptance ratio as step 1. In step 2, chain properties are
evaluated by graphical methods individually, and the final set of chains and, there-
fore, proposal distribution parameters are decided. In order to automate step 1,

we use Grid Search [54] where all proposal distribution parameters are used one
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by one in order to choose the ones with good convergence properties. To get an
intuition about the sensible candidate values for scale parameters to be used in
Grid Search, we make initial experiments by hand to get to know the problem
better and make informed decisions. With the help of these experiments, we can
define the upper and lower bounds for the candidate values. After finding sensible
values for the edges, we can add other candidate values between them and create
the set of candidate parameters. Furthermore, if one of the border values performs
best among others, we should extend the number of candidate values by going to
direction where the best value is obtained and candidate values that are created
in such concern are listed in Table 5.2. For example, in order to select the op-
timum proposal distribution parameters for the mixture of (0,0,0,0) — (1,1,1,1)
with equal mixture weights the following steps are taken. For the Gaussian pro-
posal distribution, candidate values for the standard deviation parameter of the
proposal distribution are decided as ¢ = (0.55,0.7,1,1.73,2.23,2.82,3.16). Each
candidate value is used, and the chain is run using different starting points. For
each candidate value, the Gelman-Rubin diagnostics value and acceptance ratio
of the chain is calculated. Chains with Gelman-Rubin diagnostics value close to
1 and with acceptance ratio between [0.13, 0.75] are selected in the first step. In
the second step, chains with good mixing properties are selected and the ones
with poor mixing property are discarded by analyzing their trace plots. For the
mixture of (0,0,0,0) — (1,1, 1,1), after applying the proposed method, it is found
out that the chains with proposal distribution scale parameters 0.7 and 1 achieve

good convergence properties.

In Table 5.2, scale parameter values written in bold font are the proposal
distribution scale parameters that give a chain with good convergence properties,
which are found using the proposed method to find the optimal set of scale param-
eter values. In some of the problems, multiple scale parameters worked well while
in others only one optimal value is found. In order to provide more insight about
the selection process of these values, acceptance ratio, Gelman-Rubin diagnostics,
and confidence interval of the estimated mean values are reported in Table 5.3.

The first column of Table 5.3 is Exzperiment ID which has Problem ID, the ab-
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breviation of the type of the proposal distribution, and the scale parameter used
in the experiment. For example, experiment D2M01W05GP0.7 means Gaussian
proposal distribution with 0.7 as scale parameter is used for problem D2M01W05.
In this experiment, the acceptance ratio of the chain is 74%, and Gelman-Rubin
diagnostics is equal to 1. On the other hand, experiments show that when the dis-
tance between the modes becomes higher, we need bigger steps to obtain a chain
with good convergence properties. An example can be the problem D2M04W05.
For this problem, with the change in the distance between the mean vectors of
the mixture components, we observed that using 0.7 as a scale parameter does
not perform well. It is found out that comparatively higher scale parameters work
better. Our results show that using 3.16 as the standard deviation for the Gaus-
sian proposal distribution gives us a chain that has an acceptance ratio of ~ 20%.
The experiment D2M04W05GP3.16 has a Gelman-Rubin diagnostic value equal to
1.01, which is another indication of convergence. Furthermore, as can be observed
from Figure 5.1, the chain has good mixing property and is able to find both of
the modes. It does not get stuck close to one mode. Another example is the ex-
periment D2MO025W0504/GP2.23. Different from other experiments, the number
of mixture components in this problem is 3. Gaussian proposal distribution with
o = 2.23 gives a chain with Gelman-Rubin diagnostics 1 and acceptance ratio
35%. 95% Confidence Interval of its expectation is [1.28, 1.316], and its plots are
given in Figure 5.2. In the histogram plot of one of the marginals of the random
vector, we observe that there are three humps. One of them is centered around
0, the other is close to 2, and the other is between 4 and 6. Its acceptance ratio
and Gelman-Rubin diagnostics value indicate convergence as well. The change in
acceptance ratio as the distance between the modes increase can be observed in
Table 5.3. As the distance between the mean vectors of the mixture components
increase, we need larger steps in order to achieve good mixing and jump between
the modes. Such larger steps are more prone to be rejected therefore we start to
see lower acceptance ratios. Increased dimension causes the chain to have lower
acceptance ratio as well because in higher dimensions it is harder for the chain to

create proposals that step towards to right direction for each of the parameters.
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Figure 5.1. Trace plot and histogram of one of the marginals of the random

vectors of experiment D2M04W05GP3.16.

Note that for each problem in Table 5.2, results from using only one of the
selected scale parameters are reported in Table 5.3. In general, Gelman-Rubin
diagnostics of each experiment are very close 1. The highest acceptance ratio
values are obtained when the mean vectors of the mixture components are within
one standard deviation from each other. In order to evaluate the quality of the
estimated mean values of the marginals of the random vectors, standard error
values of the estimations are calculated as it is discussed in section 2.4.5 and their
95% confidence interval is shown in Table 5.3. The width of the confidence interval
is an important tool to evaluate the quality of the estimation. It also gives an idea
about the difficulty of the problems. It is observed that as the dimension of the
problem and distance between the modes increase, confidence intervals become
wider. For the same problems, using different types of proposal distributions gives
estimates with very close standard errors in most of the experiments. However,
when it comes to accuracy of the point estimate, there are differences between
proposal distributions. As the distance between the mean vectors of the mixture
components increase, chains with Uniform proposal distributions fail to provide
good convergence properties. Besides, the accuracy of the point estimates obtained
by the chains with Uniform proposals is not as good as the estimates from the
chains with other types of proposal distributions. Before comparing t proposal
distribution with other types of proposal distributions, let us compare t proposal

distributions with different degrees of freedom values within themselves. Let us
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denote t proposal distribution with degrees of freedom 5, 10 and 25 as t5, t1g, tos.
Chains with ¢5 proposals have worse convergence diagnostics properties than tyg
and t95. Besides, chains with t95 proposals have very similar characteristics with
chains with Gaussian proposals. For this reason, we decided to use chains with
t19 proposals and tried to obtain chains with good mixing properties by tuning
its scale parameter. Chains with ¢;5 proposals tend to have confidence intervals
with similar widths as chains with Uniform proposal distribution. However, unlike
Uniform proposals, it is possible to obtain a good mixing chain using t proposals
as the distance between the mean vectors of the mixture components becomes

higher.

In 2 dimensional problems, Uniform and t proposals provide slightly narrower
confidence intervals for the problems D2M01 W05 and D2M01W08. However, for
D2M04 W05 and D2M04 W08, Gaussian proposals provide narrower confidence in-
tervals. For problem D2M0/W05, the narrowest confidence interval is obtained
when Gaussian proposal distribution is used, which is narrower than the estimation
using Uniform and t proposal distributions by a factor of 2.64 and 1.52, respec-
tively. In 4 dimensional problems, chains with Uniform proposals do not have good
convergence properties for problems D4M04 W05 and D4M04W0S8. Gaussian and t
proposals provide very similar confidence intervals; however, the accuracy of point
estimates is better for Gaussian proposals. For 10 dimensional problems, there are
slight differences between chains with different proposal distributions. Among all
experiments, the highest standard error is 1le-1 which is obtained from the exper-
iment D4M0O4W05GP2.23, and it leads to a confidence interval of width 0.4. It is
followed by the standard error of the experiment D4M04W05TP1.94 which is 9e-2.
For the problem D10M02W05, estimations from each type of proposal distribution
have standard error values around 4.5e-2, and this value is 3.7e-2 for the problem
D10M02W08. The width of the confidence intervals is shortest when problems
are two or four dimensional and the mean vectors of the mixture components are
(0,0) — (1,1) or (0,0,0,0) — (1,1,1,1). As it is stated in the beginning of section
5.2 these convergence diagnostics tools cannot prove convergence. Their lack of

power in diagnosing convergence might sometimes lead us to wrong conclusions.
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Figure 5.2. Trace plot of MCMC output that samples from mixture of three

bivariate normal distributions.

In our study, since we know the answer to each problem, we can determine the
cases where convergence diagnostics tools lead to wrong decisions. An example
can be for the problem D4M0/W05. When we use Uniform ~ [—1.5,1.5] as
proposal distribution for this problem, we end up with a chain with good mixing
property as observed from its trace plot in Figure 5.3. It does not stay too long
in a similar region in successive iterations. This chain has a 40% acceptance rate,
and its Gelman-Rubin diagnostics is equal to 1.03. Each convergence diagnostics
tool indicates convergence. However, we know there should be two modes, and
the chain has failed to find the second mode. From this perspective, the chain
actually has a poor mixing property because it fails to find the other mode and

cannot jump between the modes.

Another example can be for the problem D10M02W05. When we use t
distribution with v = 10 and o; = 0.6, we obtained a chain with good convergence
properties. It has an acceptance ratio of 20%, and the Gelman-Rubin diagnostics
value is equal to 1.04. The chain has good mixing property, as can be observed
from its trace plot in Figure 5.4. However, when we use our knowledge on the true
solution of the problem we can identify that the chain actually has poor mixing

property. It gets stuck at a single mode and it is unable to find the second mode.
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Figure 5.3. Chain with poor mixing properties for problem D4M04WO05.
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Figure 5.4. Chain with poor mixing properties for problem D10M02WO05.

In this section, it is demonstrated that several techniques can be combined
in order to find a chain with good convergence properties. Tuning the proposal
distribution parameters and determining the convergence of the chain is a task
where there is no standard and acknowledged approach. The above experiments
show our approach to tune the proposal distribution parameters and diagnose the
convergence of the chain. It is shown that multiple approaches, which are Gelman-
Rubin diagnostics, evaluation of acceptance ratio, visualization of the chain results,
and confidence interval of the expectation, can be used in order to evaluate the
properties of the MCMC output and therefore conduct convergence diagnostics in
order to choose the optimum proposal distribution parameters. We also discussed
the scenarios where convergence diagnostics tools might lead to wrong conclusions

about the convergence properties of the chain.
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Having selected the chains with good convergence properties and demon-
strated the tuning process of the proposal distribution parameters, the next step
is to apply variance reduction algorithms in order to increase the efficiency of these
simulations. In the next chapter, the efficiency gains from implementing variance

reduction techniques are discussed.



Table 5.3. Details about chains with good convergence properties.

Experiment ID Acceptance Ratio | GRD | 95% Confidence Interval
D2M01W05GP0.7 0.74 1 [0.485, 0.515]
D2M01W08GP0.7 0.75 1 [0.187, 0.214]
D2M04W05GP3.16 0.198 1.01 [1.975, 2.025]
D2M04W08GP3.16 0.18 1.01 [0.781, 0.825]
D2M023W0504GP1 0.62 1 [1.093, 1.114]
D2M025W0504GP2.23 0.35 1 [1.28, 1.316]
D4M01W05GP0.7 0.4 1 [0.495, 0.515]
D4MO1WO08GPO0.7 0.39 1 [0.192, 0.212]
D4MO02W05GP0.7 0.185 1 [0.982, 1.038]
D4M02W08GP1.73 0.178 1 [0.383, 0.419]
D4M04W05GP2.23 0.15 1.03 [1.8, 2.2]
D4M04W08GP2.23 0.14 1.02 [0.795, 0.815]
D10M0O1WO05GPO0.7 0.298 1.02 [0.481, 0.521]
D10M0O1WO08GPO0.7 0.298 1.02 [0.189, 0.219]
D10M02W05GP0.77 0.298 1.02 [0.918, 1.098]
D10M02WO08GP0.77 0.298 1.02 [0.322, 0.47]
D2M01WO05UP0.57 0.5 1 [0.488, 0.512]
D2M01WO08UP0.57 0.72 1 [0.189, 0.211]
D2M04W05UP1.73 0.316 1.03 [1.927, 2.067]
D4AMO01WO05UP0.46 0.68 1 [0.482, 0.513]
D4AMO01WO08UPO0.46 0.67 1 [0.182, 0.213]
D10M01W05UP0.57 0.38 1.02 [0.48, 0.52]
D10MO01WO0O8UPO0.57 0.38 1.02 [0.18, 0.214]
D10M02W05UP0.87 0.18 1.03 [0.956, 1.144]
D10M02WO08SUP0.87 0.18 1.01 [0.32, 0.47]
D2M01W05TP0.9 0.56 1 [0.49, 0.508]
D2MO0O1WO08TP0.9 0.62 1 [0.192, 0.208]
D2M04W05TP1.94 0.34 1 [1.97, 2.05]
D2M04WO08TP1.94 0.34 1 [0.769, 0.825]
D4MO1WO05TP1.76 0.18 1 [0.49, 0.51]
D4M01WO08TP1.76 0.183 1.02 [0.189, 0.209]
D4M04W05TP1.94 0.15 1.02 [1.84, 2.2]
D4M04W08TP1.94 0.15 1 [0.663, 0.897]
D10MO1WO05TP1.05 0.14 1.02 [0.482, 0.522]
D10MO1WO8TP1.1 0.133 1 [0.18, 0.214]
D10M02W05TP0.93 0.133 1 [0.898, 1.082]
D10MO02WO08TP0.93 0.133 1 [0.334, 0.466]
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6. RESULTS AND EVALUATION OF METHODS

The ultimate aim of our study is to increase the efficiency of MCMC algo-
rithms using variance reduction techniques. In Chapter 5, the process of evaluating
the convergence properties of chains is demonstrated and chains with good con-
vergence properties are selected. This was a crucial step because the prerequisite
of applying variance reduction algorithms is to have chains with good conver-
gence properties. In this chapter, variance reduction algorithms will be applied to
the selected chains. Variance reduction algorithms used in this chapter are gen-
eral variance reduction algorithms which are Antithetic Variates (AV), Multiple
Control Variates (MCV), and Latin Hypercube Sampling (LHS). The Averaging
Method explained in section 4.1.3 is also implemented. Implementation details of
the Antithetic Variates algorithm are given in Section 4.2.1.1. In Multiple Control
Variates algorithm, Inner Control Variates proposed in Section 4.2.1.3 and Control
Variates proposed in [41] are used as it is shown in Section 4.2.1.4. Latin Hyper-
cube Sampling method is described in Section 3.4.1 and its usage in our setting is
described in Section 4.2.1.2. Furthermore, a method to combine general variance
reduction algorithms is proposed in section 4.2.1.5. We implemented the proposed
method and discussed the impact of using multiple variance reduction techniques
on the variance of the Random-Walk Metropolis-Hastings algorithm, Root Mean
Squared Error and Mean Absolute error of the estimations, and standard error of

the resulting estimations, which are mean, variance, and correlation values.

In Table 5.3, the resulting confidence intervals of the estimated mean param-
eters are shown. The width of the confidence intervals vary according to the input
parameter. With the help of variance reduction algorithms, we would like to obtain
an estimation with a similar point estimate as a naive simulation but with nar-
rower confidence intervals. For standard error estimations of the estimated mean
value of the mixture distribution, we use non-overlapping batch means technique
and for standard error estimations of estimated variance and estimated correlation

values, we use the Block Bootstrapping method. Both methods are discussed in
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section 2.4.5.

In order to evaluate the performance of variance reduction algorithms, we
will use the variance reduction factor (VRF) as a metric, which is explained in
Chapter 3. To reiterate, this value is calculated by dividing the standard error of
the naive simulation estimation and the standard error of the variance reduction

applied simulation estimation.

6.1. Results from Random-Walk Metropolis-Hastings Experiments

Let us start with the discussion of the effectiveness of variance reduction al-
gorithms. Results of several experiments show that we can decrease the standard
error of the simulation and obtain estimations with narrower confidence inter-
vals using general variance reduction algorithms. However, the performance is
highly affected by the difficulty of the problem, which we introduce by creating
integration examples in different dimensions and different mean values of mixture
components. For each variance reduction method, we made 14 experiments for
dimension 2, 13 experiments for dimension 4, and 12 experiments for dimension
10. Table 6.1 presents the relative frequencies of successful variance reduction
techniques which are defined by observed VRF values greater than 1.1, 1.5, or 3
for the estimated mean parameter. We observe that the AV algorithm is most
successful in all dimensions. The VRF values for AV are always greater than 1.5
and often greater than 3. Besides, combining AV with MCV provides higher VRF
values, and adding LHS to this combination rarely increases the VRF values. MCV
and LHS algorithms fail to provide VRF values greater than 1.5 in each exper-
iment. They only provide VRF values greater than 1.1 in 2 and 4 dimensional
experiments. Although using MCV and LHS together provides higher VRF values
than individual usage of these algorithms, resulting VRF values are still below 1.5
in each experiment. Besides, the lowest VRF values are obtained by Averaging
Method, which fails to provide VRF values greater than 1.1 in each experiment.
MCYV algorithm uses different types of Control Variates. In Chapter 4, we demon-
strated the two different groups of Control Variates used in the MCV algorithm,
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which are Inner Control Variates and Control Variates proposed in [41]. When
we break down the performance of these Control Variates, we observed that these
Control Variates have similar contributions to resulting VRF values, and using
them together in the MCV algorithm gives higher VRF values. Nevertheless, the

resulting VRF values are still lower than 1.5 in each experiment.

When it comes to the performance of variance reduction algorithms for es-
timated variance and estimated correlation parameters, we observe comparatively
smaller VRF values. For estimated mean parameter, VRF values of AV algorithm
are often greater than 3 but for estimated variance and estimated correlation pa-
rameters, AV algorithm fails to provide VRF values greater than 3. VRF values
of AV algorithm for estimated variance and estimated correlation parameters are
very similar to each other and their values range between [1, 2.9] where 9% of VRF
values are greater than 2, 64% of VRF values are greater than 1.5, and 90% of
VRF values are greater than 1.1.

In Chapter 4, we discussed the possible impact of having chains with low
acceptance ratios on the performance of the AV algorithm. In Chapter 5, we
showed that as the dimension of the problem and distance between the mean
vectors of the mixture components increase, the acceptance ratio of the chain
decrease. In this chapter, VRF results of the AV algorithm show that the VRF
values obtained by the AV algorithm are highly affected by the acceptance ratio
of the chain. Higher acceptance ratios enable us to retain the negative correlation
between the chains and it provides higher VRF values. On the other hand, as
the difficulty of the problem increases, we obtain chains with lower acceptance
ratios and this leads to lower VRF values. Therefore, since VRF values are highly
affected by the input parameters of the experiments, rather than the VRF values
themselves, the main interest is whether variance reduction algorithms can provide
variance reduction consistently in each experimental setup. Our key result is that
for all types of parameters selected in our experiments, we were able to obtain small
to moderate VRF values. The small to moderate VRF values are mostly achieved

via the AV algorithm and its collective usage with the MCV algorithm.
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Although the AV algorithm and its combination with the MCV algorithm
consistently provide small to moderate variance reduction across all experiments,
to rely on the VRF results, we need to validate if the standard error estimations
are biased or not. This is because MCMC algorithms provide correlated samples
and we use methods like Batch Means and Block Bootstrap techniques to calculate

standard errors of the estimations, which may give rise to biased estimations.

To evaluate the accuracy of the standard error estimations of experiments
in each dimension, we calculated the coverage probabilities of the confidence in-
tervals. We repeated the experiments 100 times and created 100 different 95%
confidence intervals. By this means, we can calculate the coverage probabilities of
the confidence intervals by finding how many times they include the exact solution
of the problem for each parameter. We also calculated Root Mean Squared Er-
ror (RMSE) and Mean Absolute Error (MAE) for the estimated parameters. We
repeated each of the experiments using chains of length le4, 1eb, 5e5, and 1e6.
The reason for running chains with different lengths is to evaluate the impact of
chain length on RMSE and MAE values of the estimations, coverage probabilities
and potentially obtain improved coverage probabilities and decreased RMSE/MAE
values as the length of the chain increase. Not only for naive simulation, but it is
also crucial to calculate coverage probabilities and RMSE/MAE values for variance
reduction applied simulations to check if variance reduction algorithms introduce
bias to standard error estimates and the accuracy of the estimate itself. For this
reason, we implemented an AV algorithm to these experiments and calculated the
RMSE/MAE values and coverage probabilities of variance reduction applied sim-
ulations. For 2 dimensional experiments, the resulting coverage probabilities in
each sample size showed that the standard error estimations of the parameters
calculated using naive simulation output are unbiased. Furthermore, the coverage
probabilities of each type of estimated parameter are very close or higher than
90% and lower than 96%, which indicates that the confidence intervals are not
too wide or too narrow, even for chains with a sample size equal to le4. Cover-
age probabilities of the confidence intervals are not decreased after using variance

reduction algorithms for estimated mean, estimated correlation, and estimated
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variance parameters, and RMSE/MAE values of these parameters improve as the
sample size increases. Therefore, we can obtain a chain with a similar coverage
probability as the naive simulation but with a narrower confidence interval and
lower RMSE/MAE values by using variance reduction algorithms in 2 dimensional

experiments.

When it comes to 4 and 10 dimensional experiments, we encountered coverage
probabilities that are not as high as the significance level of the confidence interval.
Results of the coverage probabilities of each parameter are presented in Table 6.2.
Coverage probabilities of the experiment D4MO2W05GP0.7 are very close to or
higher than 90% for each estimated parameter in each sample size. Applying vari-
ance reduction algorithms does not decrease the coverage probabilities. When we
evaluate RMSE and MAE values of the estimated parameters of this experiment,
as they are presented in Table 6.3 and Table 6.4, we observe that the RMSE/MAE
values decrease for both naive and variance reduction applied simulation estima-
tions as the sample size increase. The AV algorithm decreases the RMSE/MAE
values of each estimated parameter in each sample size level. For the experiments
DAMOJWOSGP2.23 and D10M0O2W05GP0.77, whose confidence intervals are the
widest among all experiments and have higher RMSE/MAE values, the length of
the chain has a significant impact on the coverage probabilities and RMSE/MAE
values. As it is shown in the below tables, when the sample size is equal to le4,
RMSE/MAE values are high, coverage probabilities are very low. Furthermore,
coverage probabilities of variance reduction applied simulation are lower than the
naive simulation, especially in the experiment D10M0O2W05GP0.77. The reason
for having low coverage probabilities and high RMSE/MAE values is that the
chain with size 1e4 has poor convergence properties. This problem requires longer
chains to explore the target distribution. In the experiment D10M0O2W05GP0.77,
RMSE and MAE values of estimations decreased by the factor of 10 when the
sample size increased from led to leb. Such a decrease is higher than expected
because if it were an 1.i.d. sample, we would expect a decrease by a factor of v/10.
Increasing the sample size to 1eb from le4 provides a substantially higher factor

of decrease in RMSE/MAE values than the increases from 1.e5 to le6. Thus, we
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understand that the RMSE and MAE values of the estimated parameters are af-
fected by the convergence properties of the chain. Such a result and the difference
between the coverage probabilities of naive and variance reduction applied simu-
lation show that when variance reduction algorithms are applied to chains with
poor convergence properties, it may give misleading results. On the other hand,
as the sample size increase, coverage probabilities of naive and variance reduction
applied simulations improve and become very close to each other. In each of the
2, 4, and 10 dimensional problems, our experiments demonstrate that as long as
variance reduction algorithms are applied to chains with good convergence prop-
erties, a variance reduction applied simulation has a similar coverage probability

as the naive simulation with lower RMSE/MAE values.

Summarizing our results on coverage probabilities of the confidence intervals
and RMSE/MAE values, we can say that by using variance reduction for MCMC,
we get narrower confidence intervals and estimations with higher accuracy for our
examples. Thus we can conclude that the variance reductions can be helpful in

practice also for MCMC algorithms.

At this point we want to emphasize again that the variance reduction al-
gorithms can be successfully applied only to chains that have good convergence
properties. We discussed the coverage probabilities of a chain of length le4 and its
poor convergence properties above. To highlight the importance of that warning
we add here an example of a chain with length 1e6 and select mixture components
with mean vectors (0, 0, 0, 0) - (4, 4, 4, 4) and 0.5 as mixture weights. As a
proposal distribution, Gaussian proposal distribution with scale parameter 0.1 is
selected. The resulting chain is sensitive to its starting value and it fails to explore
the high probability regions because its proposal distribution fails to propose large
enough steps to jump between the modes. If it is started from a region where
it is close to one of the modes, it fails to move away from that region and it re-
sults in a chain with an acceptance ratio higher than 90%. Since the accepted
samples are from a limited region, standard error estimations become low which

leads to obtaining confidence intervals that do not include the exact results of the
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parameters at all, which means that the coverage probabilities of the confidence
intervals are equal to 0%. Using variance reduction algorithms for such a chain
should be avoided because variance reduction algorithms cannot remove the bias

of the estimations.

This chapter presented our results of implementing variance reduction algo-
rithms for MCMC simulations using the experiments defined in Chapter 5. We
showed that variance reduction algorithms are applicable to MCMC problems, and
that for problems of small to moderate dimensions higher precision can be obtained
by applying variance reduction algorithms. Furthermore, we demonstrated that
variance reduction algorithms can decrease the standard error and RMSE/MAE
values of the estimations and still achieve the same coverage probabilities as the
naive simulation. Before concluding this chapter, we emphasize that our obser-
vations are related to the problem type we have selected. Therefore, we do not

claim these are general results for implementing variance reduction techniques for

MCMC algorithms.
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Table 6.1. Relative frequency of VRF values greater than threshold values of 1.1,

1.5 and 3 across 2, 4 and 10 dimensional experiments for each type of variance

reduction algorithms and their combinations.

VR Method Dimension | VRF>1.1 | VRF>1.5 | VRF>3

AV 2 100% 100% 43%

MCV 2 57% 0% 0%

LHS 2 35% 0% 0%
Averaging 2 0% 0% 0%
AV+MCV 2 100% 100% 1%
AV+LHS 2 100% 100% 64%
MCV+LHS 2 79% 0% 0%
AV+MCV+LHS 2 100% 100% 71%
AV 4 100% 100% 46%

MCV 4 31% 0% 0%

LHS 4 15% 0% 0%
Averaging 4 0% 0% 0%
AV+MCV 4 100% 100% 61%
AV+LHS 4 100% 100% 46%
MCV-+LHS 4 38% 0% 0%
AV+MCV+LHS 4 100% 100% 61%
AV 10 100% 100% 41%

MCV 10 0% 0% 0%

LHS 10 0% 0% 0%
Averaging 10 0% 0% 0%
AV+MCV 10 100% 100% 41%
AV+LHS 10 100% 100% 33%
MCV+LHS 10 0% 0% 0%
AV+MCV+LHS 10 100% 100% 41%
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Table 6.2. Coverage probabilities of the experiments. Values in squared brackets

indicates the coverage probabilities after applying variance reduction.

Experiment ID N Mean Variance | Correlation
DAMO04W08GP2.23 | led | 10% [10%] | 10% [9%] 9% [9%)]
DAMO04W08GP2.23 | 1e5 | 63% [63%)] | 64% [65%)] 38% [38%)
DAMO04W08GP2.23 | 5e5 | 94% [94%)] | 65% [65%)] 57% [58%)
DAMO04W08GP2.23 | 1e6 | 96% [95%)] | 65% [65%)] 60% [59%)]
DAMO02W05GP0.7 | 1ed | 91% [95%] | 93% [96%] 89% [93%)]
DAMO02W05GP0.7 | 1eb | 92% [96%] | 94% [93%] 97% [95%)
D4AMO02W05GP0.7 | 5eb | 94% [97%] | 95% [94%] 94% [95%)
D4AMO02W05GP0.7 | 1e6 | 95% [97%] | 95% [96%] 97% [94%)
D10MO02WO05GP0.77 | led | 27% [15%] | 40% [24%) 41% [28%)
D10M02W05GP0.77 | 1eb | 77% [85%] | 83% [80%] 87% [83%)
D10M02W05GP0.77 | 5e5 | 83% [89%] | 89% [90%] 95% [95%)
D10M02W05GP0.77 | 1e6 | 87% [90%] | 90% [91%] 91% [91%)
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Table 6.3. RMSE and MAE values for estimated mean parameter from repeated

experiments. Values in squared brackets indicates the error values after applying

variance reduction.

Experiment 1D N | Mean RMSE | Mean MAE
DAMO04W08GP2.23 | le4 1.24 [0.91] 1.1 [0.83]
DAMO04W08GP2.23 | 1eb 0.15 [0.11] 0.125 [0.09]
DAMO04WO08GP2.23 | 5ed 0.07 [0.05] 0.08 [0.04]
DAMO04W08GP2.23 | 1e6 0.05 [0.03] 0.05 [0.03]
DAMO2WO05GPO0.7 | le4 0.14 [0.05] 0.1 [0.05]
DAMO2WO05GP0.7 | 1eb 0.045 [0.02] 0.03 [0.01]
D4AMO02WO05GP0.7 | 5ed 0.02 [0.008] 0.02 [0.007]
DAMO2WO05GP0.7 | 1e6 0.01 [0.006] 0.01 [0.005]
D10MO02WO05GPO0.77 | 1le4 0.8 [0.72] 0.7]
D10MO02WO05GP0.77 | 1eb 0.17 [0.09] 0.12 [0.07]
D10MO02WO05GP0.77 | 5eb 0.06 [0.04] 0.05 [0.03]
D10MO2WO05GP0.77 | 1e6 0.04 [0.03] 0.03 [0.02]

Table 6.4. RMSE and MAE values for estimated variance and estimated

correlation parameters from repeated experiments. Values in squared brackets

indicates the error values after applying variance reduction.

Experiment ID N | Variance RMSE | Variance MAE | Correlation RMSE | Correlation MAE
DAM04W08GP2.23 | led 0.64 [0.57] 0.6 [0.52] 0.86 [0.8] 0.77 [0.74]

D4M04W08GP2.23 | 1e5 0.08 [0.06] 0.07 [0.05] 0.03 [0.026] 0.025 [0.025]
D4M04W08GP2.23 | 5eb 0.03 [0.02] 0.032 [0.025] 0.016 [0.013] 0.013 [0.01]
D4AM04W08GP2.23 | 1e6 0.02 [0.01] 0.02 [0.017] 0.012 [0.01] 0.01 [0.008]
D4AMO02W05GP0.7 | led 0.05 [0.04] 0.04 [0.03] 0.05 [0.04] 0.04 [0.03]

D4AMO02W05GP0.7 | 1e5 0.015 [0.012] 0.012 [0.01] 0.014 [0.01] 0.01 [0.009]
D4AMO02W05GPO0.7 | 5e5 0.006 [0.005] 0.005 [0.004] 0.007 [0.005] 0.005 [0.004]
D4AMO02W05GP0.7 | 1e6 0.005 [0.004] 0.004 [0.003] 0.005 [0.004] 0.004 [0.003]
D10M02W05GP0.77 | 1le4 0.27 [0.25] 0.22 [0.21] 0.48 [0.4] 0.35 [0.33]

D10M02WO05GP0.77 | 1eb 0.03 [0.024] 0.024 [0.02] 0.034 [0.025] 0.026 [0.02]
D10M02W05GP0.77 | 5eb 0.01 [0.006] 0.007 [0.005] 0.009 [0.006] 0.007 [0.005]
D10M02W05GP0.77 | 1e6 0.006 [0.006] 0.005 [0.004] 0.006 [0.005] 0.005 [0.004]
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7. CONCLUSION

In this thesis, we studied the properties of MCMC algorithms under an ex-
perimental setup, in which Bayesian statistics applications inspire the experiments.
We created multiple experiments with varying difficulties using a mixture of mul-
tivariate normal distributions to explore the performance of MCMC algorithms.
The problem’s difficulty is calibrated by changing the dimension of the problem,
the distance between the mean vectors of the mixture components, and the weight
of the mixture components. In Chapter 5, we discussed the details of the input
parameters of the problems and the importance of selecting the chain with good
convergence properties. We used the Random-Walk Metropolis-Hastings algorithm
with Gaussian, Uniform, and t proposal distributions to sample from a mixture of
multinormal distributions and estimated the random vector’s mean, variance, and
correlation values. We chose the optimum set of scale parameters for each type
of proposal distribution from a candidate set of values. This selection process is
performed by using different convergence diagnostics methods: the Gelman-Rubin
diagnostics, evaluation of the acceptance ratio, and visualization of the trace plot
of the chain. This process is crucial because the quality of the estimated param-
eters relies on how good the convergence is, and variance reduction techniques

should be applied only to the chains with good convergence properties.

Antithetic Variates, Control Variates, Latin Hypercube Sampling, and Aver-
aging Method techniques are applied to the chains with good convergence proper-
ties. To evaluate the performance of the variance reduction algorithms, we calcu-
lated the decrease in the standard error of the estimations after applying variance
reduction. We calculated the standard error values by using the Batch Means and
Block Bootstrap techniques and calculated the variance reduction factor values.
Experiments showed that small to moderate variance reduction can be achieved.
VRF results of experiments show that the Antithetic Variates algorithm is most
successful variance reduction algorithm in our experimental setting. The variance

reduction capabilities of the Multiple Control Variates, Latin Hypercube Sam-
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pling, and Averaging Method are limited. However, we showed that a slightly
higher variance reduction can be achieved if the Antithetic Variates algorithm is
combined with the Multiple Control Variates algorithm. Besides, we evaluated
the accuracy of the standard error estimations obtained by these techniques by
using repeated samples and creating multiple confidence intervals to calculate the
coverage probabilities of the confidence intervals and RMSE/MAE values of the
estimated parameters. Experiments showed that as the difficulty of the prob-
lem increase, the standard error estimations obtained from the Batch Means and
Block Bootstrap techniques become biased and lower than they should be, and
RMSE/MAE values become higher. In order to study the relation between the
quality of the standard error estimate and the length of the chain, we repeated the
experiments using chains of different lengths. We showed that as the size of the
chain increase, the coverage probabilities of the confidence intervals improve, and
RMSE/MAE values decrease. We observed that variance reduction algorithms can
decrease the RMSE/MAE values and the standard errors of the estimations with-
out decreasing the coverage probabilities. This result is very important because
having an estimate with lower standard error and RMSE/MAE values than naive
simulation with similar coverage probabilities shows the effectiveness of the vari-
ance reduction algorithms. Our findings should be applicable to MCMC problems
for random vectors of small to moderate dimensions with densities that are not too
different from the mixture of multinormal distributions. Thus, we can conclude

that the variance reductions can be helpful in practice also for MCMC algorithms.
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Table A.1. VRF values for estimated mean parameter for mixture of bivariate

normal distributions.

Experiment ID VR Techniques | VRF1 | VRF2
D2MO01WO05GP0.7 AV+4+CV+LHS 14.29 13.18
D2M01WO05GP0.7 AV+CV 12.82 13.18
D2M01WO05GP0.7 AV 9.55 9.8
D2MO01WO08GPO0.7 AV+CV 12.4 11.7
D2MO01WO08GPO0.7 AV 2.79 2.7
D2M02W05GP0.7 AV+LHS 7.78 11
D2M02W05GP0.7 AV4CV 8.82 11
D2M02W05GP0.7 AV 7.56 9.92
D2M02WO08GPO0.7 AV+4+CV 5.66 5.66
D2M02WO08GPO0.7 AV 5.66 5.66
D2M02W05GP1 AV+CV+LHS 7.24 7.24
D2M02W05GP1 AV4+CV 7.24 7.24
D2M02W05GP1 AV 5.8 6.25
D2M02W05GP2.23 AV 5.8 6.25
D2M04W05GP3.16 AV+CV+LHS 2.92 2.92
D2M04W05GP3.16 AV4CV 2.92 2.92
D2M04WO08GP3.16 AV4CV 2.92 2.43
D2M04W08GP3.16 AV 2.43 2.22
D2M023W0504P2.23 AV+CV 5.2 5.02
D2M025W0504P2.23 |  AV+CV+LHS 3.8 3.8
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Table A.2. Estimated parameters of bivariate Random-Walk Metropolis-Hastings

experiments.
Experiment ID VR Algorithms | Meanl | Mean2 | Variance 1 | Variance 2 | Correlation
D2M01WO05GP0.7 AV+CV+LHS 0.499 0.499 1.249 1.248 0.2
D2M01W05GP0.7 AV+CV 0.499 0.499 1.248 1.248 0.2
D2M01W05GP0.7 AV 0.499 0.499 1.247 1.249 0.2
D2M01W05GP0.7 Naive 0.499 0.499 1.247 1.248 0.2
D2M01W08GPO0.7 AV+CV 0.201 0.201 1.17 1.17 0.134
D2M01W08GPO0.7 AV 0.201 0.201 1.17 1.17 0.134
D2M01W08GPO0.7 Naive 0.201 0.201 1.17 1.17 0.134
D2M02W05GP0.7 AV+LHS 0.998 0.998 2 2 0.5
D2M02W05GP0.7 AV+CV 0.998 0.998 2 2 0.5
D2M02W05GP0.7 AV 0.998 0.998 2 1.99 0.5
D2M02W05GP0.7 Naive 0.998 0.998 2 1.998 0.5
D2M02W08GPO0.7 AV 0.398 0.397 1.64 1.64 0.38
D2M02W08GP0.7 Naive 0.398 0.397 1.64 1.637 0.38
D2M02W05GP1 AV+CV+LHS 1.002 1.001 2 2 0.5
D2M02W05GP1 AV+CV 1.002 1.001 2 2 0.5
D2M02W05GP1 AV 1.002 1.001 2 1.99 0.5
D2M02W05GP1 Naive 1.002 1.001 1.99 1.99 0.5
D2M04W05GP3.16 AV+CV+LHS 2.007 2.006 5 5 0.8
D2M04W05GP3.16 AV+CV 2.007 2.006 5 5 0.8
D2M04W05GP3.16 Naive 2.007 2.006 5 5 0.8
D2M04W08GP3.16 AV+CV 0.803 0.802 3.58 3.57 0.72
D2M04W08GP3.16 AV 0.803 0.802 3.57 3.58 0.72
D2M04W08GP3.16 Naive 0.803 0.803 3.57 3.56 0.717
D2M023W0504GP2.23 AV+CV 1.1 1.1 2.29 2.29 0.56
D2M023W0504GP2.23 Naive 1.1 1.1 2.29 2.29 0.56
D2M025W0504GP2.23 AV+CV+LHS 1.3 1.3 3.4 3.4 0.7
D2M025W0504GP2.23 Naive 1.3 1.3 3.4 3.4 0.7
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Experiment ID VR Algorithms | Meanl SE | Mean2 SE | Variance 1 SE | Variance 2 SE | Correlation SE
D2M01W05GP0.7 AV+CV+LHS 1.8e-3 1.9¢-3 6.5¢-3 6.6¢-3 3.6e-3
D2M01W05GP0.7 AV+CV 1.9e-3 1.9e-3 6.6e-3 6.6e-3 3.6e-3
D2M01W05GP0.7 AV 2.2¢-3 2.2¢-3 Ge-3 Ge-3 3e-3
D2M01W05GP0.7 Naive 6.8e-3 6.9e-3 7.6e-3 7.6e-3 3.5e-3
D2M01W08GP0.7 AV+CV 1.9e-3 1.9e-3 5.7e-3 5.6¢-3 3.7¢-3
D2M01W08GP0.7 AV 2.4e-3 2.4¢-3 6.1e-3 Ge-3 3.7¢-3
D2M01W08GP0.7 Naive 6.7e-3 6.5e-3 7.8e-3 7.8e-3 4.3e-3
D2M02W05GP0.7 AV+CV 3.7e-3 3.6e-3 5.8e-3 5.9¢-3 1.6e-3
D2M02W05GP0.7 AV 4e-3 3.8¢-3 6.2¢-3 6.3¢-3 3.5¢-3
D2M02W05GP0.7 Naive 1.1e-2 1.2e-2 7.8e-3 7.8e-3 2e-3
D2M02W08GP0.7 AV+CV 4e-3 4e-3 9.6e-3 9.4e-3 3e-3
D2M02W08GP0.7 AV 4.2e-3 4.2¢-3 9.1e-3 9.2e-3 3.7e-3
D2M02W08GP0.7 Naive le-2 le-2 1.3e-2 1.3e-2 4e-3
D2M02W05GP1 AV+CV 2.6e-3 2.6e-3 5.2e-3 5.4e-3 1.4e-3
D2M02W05GP1 AV 2.9e-3 2.8¢-3 6e-3 6.1e-3 3e-3
D2M02W05GP1 Naive Te-3 Te-3 7.5e-3 7.5e-3 1.8e-3
D2M04W05GP3.16 AV+CV 7.3e-3 7.3e-3 le-2 le-2 3.4e-3
D2M04W05GP3.16 Naive 1.25e-2 1.2e-2 1.4e-2 1.4e-2 8.8e-4
D2M04W08GP3.16 AV+CV 6.4e-3 6.4e-3 1.5e-3 1.5e-2 1.2e-3
D2M04W08GP3.16 AV Te-3 6.7¢-3 1.6e-2 1.6e-2 3.3e-3
D2M04W08GP3.16 Naive 1.1e-2 le-2 2.4e-2 2.3e-2 2e-3
D2M023W0504GP2.23 AV+CV 2.5e-3 2.5e-3 5.6e-3 5.7¢-3 1.2e-3
D2M023W0504GP2.23 Naive 5.7¢-3 5.6¢-3 6.9¢-3 6.8¢-3 1.2¢-3
D2M025W0504GP2.23 |  AV+CV+LHS 4.6e-3 4.6e-3 1.4e-3 1.4e-3 1.3e-3
D2M025W0504GP2.23 Naive 9e-3 9e-3 2.2e-2 2.2e-2 1.6e-3




Table A.4. VRF values for estimated mean parameter for mixture of 4

dimensional normal distributions.

Experiment Number | VR Algorithms | VRF1 | VRF2
D4AMO01WO05GP0.7 AV+4+CV+LHS 7.24 5.76
D4AMO01WO05GPO0.7 AV+CV 6.66 5.76
D4AMO01WO05GP0.7 AV 6.15 5.29
D4AMO1WO08GPO.7 AV+CV 5 6.15
D4AMO01WO08GPO.7 AV 5 5.2

D4AMO1WO05GP1 AV+CV 4.7 4.7
D4AMO1W05GP1 AV 4 3.69
D4AMO1WO08GP1 AV+CV+LHS 4.47 4.7
D4AMO02WO05GP0.7 AV+CV 4.2 3.76
D4AMO02W05GPO0.7 AV 4.2 3.17
D4AMO02WO08GPO0.7 AV+CV 3.24 3.25
D4MO02W08GP1 AV+CV 3.35 3.24
D4AM02W08GP1 AV 3.35 3.24
D4AM04W05GP2.23 AV+CV 2.76 2.96
D4AM04W05GGP2.23 AV 2.76 2.76
DAMO04WO08GP.2.23 AV+CV 2.19 2.43
D4AM04W08GP.2.23 AV 2.19 2.28
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Table A.5. Estimated parameters of 4D Random-Walk Metropolis-Hastings

experiments.
Experiment ID | VR Algorithms | Meanl | Mean2 | Variance 1 | Variance 2 | Correlation
D4MO01WO05GP0.7 AV+CV+LHS 0.5 0.5 1.252 1.251 0.2
D4AMO01WO05GPO0.7 AV+CV 0.5 0.5 1.252 1.252 0.2
D4MO01W05GP0.7 AV 0.5 0.5 1.252 1.252 0.2
D4MO01WO05GP0.7 Naive 0.5 0.5 1.247 1.248 0.2
D4M01WO08GPO0.7 AV+CV 0.201 0.1 1.156 1.156 0.137
D4MO1WO08GPO0.7 AV 0.202 0.202 1.155 1.156 0.137
D4MO01WO08GPO0.7 Naive 0.202 0.202 1.148 1.147 0.134
D4MO01WO05GP1 AV+CV 0.498 0.497 1.256 1.255 0.2
D4AMO1IW05GP1 AV 0.498 0.497 1.257 1.255 0.2
D4MO01WO05GP1 Naive 0.498 0.493 1.239 1.242 0.2
D4AMO1WO08GP1 AV+CV+LHS 0.2 0.2 1.162 1.158 0.137
D4MO01W08GP1 Naive 0.2 0.2 1.163 1.158 0.135
D4M02W05GP0.7 AV+CV 1.01 1.01 2 2 0.5
D4M02W05GP0.7 AV 1.01 1.01 2 2 0.5
D4AMO02W05GP0.7 Naive 1.01 1.01 2 1.999 0.5
D4AM02W08GPO0.7 AV+CV 0.4 0.4 1.64 1.64 0.396
D4M02W08GP0.7 Naive 0.4 0.4 1.65 1.65 0.396
D4AM02W08GP1 AV+CV 0.401 0.401 1.64 1.64 0.396
D4M02W08GP1 AV 0.401 0.401 1.64 1.64 0.397
D4MO02WO08GP1 Naive 0.401 0.401 1.65 1.65 0.396
D4M04W05GP2.23 AV+CV 2 2 5 5 0.8
D4AM04W05GP2.23 AV 2 2 5 5 0.8
D4AM04W05GP2.23 Naive 2 2 5 4.97 0.8
D4M04W08GP2.23 AV+CV 0.803 0.803 3.57 3.55 0.72
D4M04W08GP2.23 AV 0.803 0.803 3.57 3.55 0.72
D4M04W08GP2.23 Naive 0.805 0.805 3.59 3.56 0.72
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Experiment ID | VR Algorithms | Meanl SE | Mean2 SE | Variance 1 SE | Variance 2 SE | Correlation SE
D4MO01WO05GP0.7 AV+CV+LHS 2.3e-3 2.5e-3 5.5e-3 5.6e-3 2.4e-3
D4MO01W05GP0.7 AV4CV 2.4e-3 2.5e-3 5.5e-3 5.6e-3 2.3e-3
D4AMO1WO05GP0.7 AV 2.5e-3 2.6e-3 4.6e-3 4.7e-3 2.7e-3
D4M01W05GP0.7 Naive 6.2¢e-3 6e-3 6.3e-3 6.3e-3 2.9e-3
D4AMO01W08GP0.7 AV4CV 2.5¢-3 2.3e-3 5.2¢e-3 5.2e-3 2.9¢e-3
D4AMO1WO08GPO0.7 AV 2.5e-3 2.5e-3 4.7¢-3 4.8e-3 3e-3
D4AMO1WO08GP0.7 Naive 5.6e-3 5.7e-3 Ge-3 6Ge-3 3.8e-3
D4MO01W05GP1 AV+CV 2.3e-3 2.3e-3 5.2e-3 5.4e-3 2.3e-3
D4MO01W05GP1 AV 2.5e-3 2.6e-3 4.4e-3 4.5e-3 2.6e-3
D4MO01W05GP1 Naive 5e-3 5e-3 6.1e-3 6.1e-3 2.9e-3
D4MO01W08GP1 AV+CV+LHS 2.3e-3 2.3e-3 5.3e-3 5.3e-3 2.8e-3
D4MO01WO08GP1 Naive 4.9¢-3 5e-3 5.6e-3 5.6e-3 3.8¢-3
D4AMO02W05GP0.7 AV+CV 6.8e-3 6.7¢-3 8.3e-3 8.4e-3 2.1e-3
D4M02W05GP0.7 AV 6.8e-3 7.3e-3 8.4e-3 8.4e-3 2.1e-3
D4AMO02W05GP0.7 Naive 1.4e-2 1.3e-2 le-2 le-2 2.8e-3
DAM02WO08GP0.7 AV4+CV 5e-3 4.8e-3 8.5e-3 8.7¢-3 2.5e-3
D4AMO02W08GP0.7 Naive 9e-3 8.7e-3 1.1e-2 1.1e-2 3.1e-3
D4M02W08GP1 AV+CV Ge-3 6.1e-3 8.4e-3 8.4e-3 2.9e-3
D4M02W08GP1 AV Ge-3 6.1e-3 8.2e-3 8.3e-3 2.5e-3
D4M02WO08GP1 Naive 1.1e-2 1.1e-2 le-2 le-2 3.1e-3
D4M04W05GP2.23 AV4CV 5.9e-2 5.8e-2 1.3¢-2 1.3e-2 8e-4
D4M04W05GP2.23 AV Ge-2 Ge-2 1.4e-2 1.4e-2 8e-4
D4M04W05GP2.23 Naive le-1 le-1 1.9e-2 1.9e-2 le-3
D4AM04W08GP2.23 AV4CV 3e-3 3.2e-3 3e-2 3e-2 2.3e-3
D4M04W08GP2.23 AV 3.3e-3 3.3e-3 3e-2 3e-2 2.7e-3
D4M04W08GP2.23 Naive 4.9e-3 5e-3 de-2 4e-2 3.5e-3

Table A.7. VRF values for estimated mean parameter for mixture of 10

dimensional normal distributions.

Experiment ID VR Algorithms | VRF1 | VRF2
D10MO01WO05GPO0.7 AV+CV 4 4.5
D10MO01WO05GPO0.7 AV 4 4
D10M01WO08GPO.77 AV+CV 3.35 3.69
D10M01WO08GPO.77 AV 2.66 3.35
D10M02W05GPO0.77 AV+CV 2.05 2.13
D10M02W05GPO0.77 AV 2 2.1
D10M02WO08GPO0.77 AV+CV 2.2 2
D10M02WO08GPO0.77 AV 2.2 2
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Table A.8. Estimated parameters of 10D Random-Walk Metropolis-Hastings

experiments.

Experiment ID VR Algorithms | Meanl | Mean2 | Variance 1 | Variance 2 | Correlation
D10MO01WO05GP0.7 AV+CV 0.5 0.501 1.251 1.251 0.2
D10MO01WO05GP0.7 AV 0.501 0.501 1.251 1.251 0.2
D10MO01WO05GP0.7 Naive 0.501 0.501 1.247 1.47 0.2
D10MO01WO08GP0.77 AV+CV 0.202 0.201 1.156 1.154 0.146
D10MO01WO08GPO.77 AV 0.202 0.201 1.158 1.155 0.146
D10MO01WO08GP0.77 Naive 0.204 0.204 1.165 1.152 0.149
D10M02W05GP0.77 AV+CV 1.005 1.007 1.994 1.99 0.496
D10M02W05GP0.77 AV 1.005 1.007 1.994 1.992 0.496
D10M02W05GP0.77 Naive 1.008 1.008 1.988 1.97 0.488
D10M02WO08GP0.77 AV+CV 0.396 0.396 1.62 1.62 0.384
D10M02WO08GP0.77 AV 0.396 0.396 1.62 1.614 0.384
D10M02WO08GP0.77 Naive 0.396 0.396 1.64 1.65 0.39

Table A.9. Standard errors of estimated parameters.

Experiment ID VR Algorithms | Meanl SE | Mean2 SE | Variance 1 SE | Variance 2 SE | Correlation SE
D10MO01IWO05GP0.7 AV4+CV 5e-3 4.7e-3 6.5e-3 6.5e-3 3.2e-3
D10MO01WO05GP0.7 AV 5e-3 5e-3 5.7e-3 5.6e-3 3.2e-3
D10M01W05GP0.7 Naive le-2 le-2 9.2e-3 9.2¢-3 4.2e-3
D10MO0IWO08GP0.77 AV4+CV 4.2e-3 4.1e-3 6.1e-3 Ge-3 3.4e-3
D10MO1WO08GP0.77 AV 4.7e-3 4.3e-3 5.8e-3 5.8e-3 3.1e-3
D10M01WO08GPO0.77 Naive 7.7-3 7.9e-3 8e-3 7.9e-3 4.2e-3
D10M02WO05GP0.77 AV+CV 3.2e-2 3.2e-2 9.5e-3 9.4e-3 2.3e-3
D10M02WO05GP0.77 AV 3.3e-2 3.3e-2 9.7¢-3 9.8¢-3 1.9¢-3
D10M02W05GP0.77 Naive 4.6e-2 4.7e-2 1.2e-2 1.2e-2 3.3e-3
D10M02WO08GP0.77 AV4+CV 2.5e-2 2.6e-2 1.1e-2 1.1e-2 3.9¢-3
D10M02W08GP0.77 AV 2.5e-2 2.6e-2 le-2 le-2 4.2e-3
D10M02WO08GP0.77 Naive 3.7e-2 3.6e-2 1.5e-2 1.5e-2 5.6e-3
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Table A.10. VRF values for estimated mean parameter using uniform proposal

distribution.

Experiment Number | VRF Techniques | VRF1 | VRF2
D2MO01WO05UPO0.57 AV+CV+LHS 12.5 14
D2MO01WO05UP0.57 AV+CV 12.5 14
D2MO01WOSUPO0.57 AV+CV 12.25 11.6
D2MO01WO08UPO0.57 AV 7.84 9.3
D2M04W05UP1.73 AV+CV 2.72 2.72
D2M04W05UP1.73 AV 2.72 2.72
D4MO01WO05UP0.46 AV+CV 11.09 9.42
D4AM01WO05UP0.46 AV 10.24 8.12
D4M01WO08SUPO0.46 AV+CV 9.49 9.49
D4M01WO08SUPO0.46 AV 7.56 7.56
D10MO1WO05UP0.57 AV+CV 4.33 4.49
D10MO1WO05UPO0.57 AV 4.33 4.33
D10MO1WOSUPO0.57 AV+CV 3.8 3.61
D10MO1WO0OSUPO0.57 AV 3.8 3.31
D10M02WO05UP0.87 AV+CV+LHS 2.43 2.43
D10MO02WO05UP0.87 AV+CV 2 2.1
D10M02W05UP0.87 AV 2 2
D10MO02WO0OSUPO0.87 AV+CV 2.37 2.56
D10MO02WO0OSUPO0.87 AV 2.37 2.37
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Table A.11. Estimated parameters of experiments with uniform proposal
distribution.

Experiment ID VRF Techniques | Meanl | Mean2 | Variance 1 | Variance 2 | Correlation
D2M01W05UP0.57 AV+CV+LHS 0.5 0.5 1.249 1.248 0.2
D2M01W05UP0.57 AV+CV 0.5 0.5 1.248 1.248 0.2
D2M01W05UP0.57 Naive 0.5 0.5 1.251 1.249 0.2
D2M01W08UP0.57 AVHCV 0.2 0.2 1.14 1.14 0.13
D2MO01W08UP0.57 AV 0.2 0.2 1.14 1.14 0.13
D2MO01WO08UP0.57 Naive 0.2 0.2 1.14 1.14 0.13
D2M04W05UP1.73 AV+CV 2.03 2.03 4.99 4.99 0.8
D2M04W05UP1.73 AV 2.03 2.03 4.99 4.99 0.8
D2M04W05UP1.73 Naive 2.03 2.03 4.99 5.01 0.8
D4MO1W05UP0.46 AV4CV 0.498 0.498 1.249 1.249 0.2
D4M01W05UPO0.46 AV 0.498 0.498 1.248 1.247 0.2
D4M01W05UP0.46 Naive 0.498 0.498 1.25 1.24 0.2
D4M01W08UPO0.46 AV+CV 0.198 0.198 1.165 1.165 0.142
D4M01WO08UP0.46 AV 0.198 0.198 1.165 1.166 0.142
D4AM01WO08UP0.46 Naive 0.197 0.198 1.164 1.165 0.139
D10MO1WO05UPO0.57 AV+CV 0.5 0.5 1.246 1.253 0.2
D10MO1WO05UPO0.57 AV 0.5 0.5 1.246 1.254 0.2
D10MO01WO05UPO0.57 Naive 0.5 0.5 1.235 1.25 0.2
D10M01WO08UP0.57 AV+CV 0.197 0.196 1.164 1.163 0.141
D10MO01WO08UPO0.57 AV 0.197 0.196 1.164 1.162 0.141
D10M01WO08UP0.57 Naive 0.197 0.196 1.173 1.176 0.142
D10M02W05UP0.87 | AV+CV+LHS 1.03 1.03 2.01 2.01 0.497
D10M02W05UP0.57 AV+CV 1.03 1.03 2.01 2.01 0.497
D10M02W05UP0.57 AV 1.03 1.03 2.01 2.01 0.497
D10M02W05UP0.57 Naive 1.05 1.05 2.02 2.02 0.498
D10M02W08UP0.87 AV+CV 0.397 0.396 1.644 1.643 0.388
D10M02WO08UPO0.87 AV 0.397 0.396 1.643 1.643 0.388
D10M02WO08UPO0.87 Naive 0.395 0.396 1.698 1.71 0.409




Table A.12. Standard errors of estimated parameters.
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Experiment ID VR Algorithms | Meanl SE | Mean2 SE | Variance 1 SE | Variance 2 SE | Correlation SE
D2M01W05UP0.57 AV+CV+LHS 1.7e-3 1.6e-3 5.7e-3 5.8e-3 2.7e-3
D2MO01W05UP0.57 AV+CV 1.7¢-3 1.6e-3 5.8e-3 5.8e-3 2.7e-3
D2M01WO05UP0.57 Naive Ge-3 6e-3 6.1e-3 6.1e-3 3.9e-3
D2M01W08UP0.57 AV+CV 1.6e-3 1.7e-3 4.8e-3 4.8e-3 3.5e-3
D2MO01WO08UP0.57 AV 2e-3 1.9¢-3 5.4e-3 5.4e-3 2.4e-3
D2M01WO08UPO0.57 Naive 5.6e-3 5.8e-3 5.9e-3 5.9e-3 3.3e-3
D2M04W05UP1.73 AV+CV 2e-2 2e-2 8.2e-3 8.3e-3 5.7e-3
D2M04W05UP1.73 AV 2e-2 2¢-2 7.8e-3 7.8e-3 5.7¢-3
D2M04W05UP1.73 Naive 3.3e-2 3.3e-2 1.1e-2 1.1e-2 7.2e-3
D4AMO1W05UP0.46 AV+CV 2.4e-3 2.6e-3 Te-3 Te-3 3.9e-3
D4MO1WO05UP0.46 AV 2.5e-3 2.8e-3 Te-3 Te-3 3.5e-3
D4AMO1IWO05UPO0.46 Naive 8e-3 8e-3 8.4e-3 8.5e-3 4.7e-3
D4AMO01W08UPO0.46 AV+CV 2.5¢-3 2.4e-3 5.9e-3 6e-3 3.9e-3
D4M01WO08UP0.46 AV 2.8e-3 2.7e-3 7.9e-3 7.9e-3 4.1e-3
D4MO1WO08UP0.46 Naive 7.7¢-3 7.4e-3 8.2e-3 8.2e-3 4.5e-3
D10MOIWO05UP0.57 AV+CV 4.8e-3 4.7¢-3 7.1e-3 7.1e-3 3.8e-3
D10MOIWO05UP0.57 AV 4.8e-3 4.8e-3 6.7e-3 6.7e-3 3.1e-3
D10MO01WO05UP0.57 Naive le-2 le-2 8.3e-3 8.3e-3 4.2e-3
D10MO01IWO08UPO0.57 AV+CV 4.3e-3 4.4e-3 6.4e-3 6.4e-3 3.6e-3
D10MO1WO08UP0.57 AV 4.3e-3 4.6e-3 Ge-3 Ge-3 3.7e-3
D10MO01WO08UP0.57 Naive 8.4e-3 8.4e-3 8e-3 8e-3 4.9e-3
D10M02W05UP0.87 | AV+CV+LHS 3e-2 3e-2 9.4e-3 9.5e-3 2.4e-3
D10M02W05UP0.87 AV+CV 3.3e-2 3.2e-2 9.5e-3 9.6e-3 2.3e-3
D10M02W05UP0.87 AV 3.4e-2 3.4e-2 le-2 le-2 2.2e-3
D10M02W05UP0.87 Naive 4.7¢-2 4.7¢-2 1.3e-2 1.3e-2 3e-3
D10M02W08UP0.87 AV+CV 2.4e-2 2.3e-2 1.1e-2 1.1e-2 3.8e-3
D10M02W08UP0.87 AV 2.4e-2 2.4e-3 1.1e-2 1.1e-2 3.6e-3
D10M02W08UP0.87 Naive 3.7e-2 3.7e-2 1.4e-2 1.4e-2 4.5e-3




Table A.13. VRF values for estimated mean parameter using t proposal

distribution.

Experiment Number | VRF Techniques | VRF1 | VRF2
D2MO01WO05TP0.9 AV+4+CV+LHS 6.66 2.8
D2MO01WO05TP0.9 AV+CV 5.33 5.25
D2MO01WO08TP0.9 AV+CV+LHS 6.25 6.25
D2MO01WO08TP0.9 AV 4.82 4.82

D2M04W05TP1.94 AV+CV 3.61 3.61
D2M04W05TP1.94 AV 2.96 2.96
D2M04WO08TP1.94 AV+CV 2.76 2.44
D2M04WO08TP1.94 AV 2.25 2.25
D4AMO1IWO5TP1.76 AV 2.96 2.76
D4MO1WOSTP1.76 AV+CV 3.69 3.17
D4MO1WOSTP1.76 AV 2.96 2.76
D4M04WO05TP1.87 AV+CV 2.25 2.25
D4M04WO05TP1.87 AV 2 2

D4M04WOSTP1.87 AV 2.86 2.86
D10MO1IWO05TP1.12 AV+CV 2.86 3.17
D10MO1IWO05TP1.12 AV 2.76 2.86
D10MO1WO0O8TP1.12 AV+CV 4 3.8
D10MO1IWO0O8TP1.12 AV 3.8 3.31
D10MO02W05TP0.93 AV+4+CV+LHS 2.5 2.72
D10MO02W05TP0.93 AV+CV 2.05 2.37
D10MO02W05TP0.93 AV 2.05 2.25
D10MO02WO08TP0.93 AV 2.05 2.05




100

Table A.14. Estimated parameters of experiments with t proposal distribution.

Experiment Number | VRF Techniques | Meanl | Mean2 | Variance 1 | Variance 2 | Correlation
D2M01W05TP0.9 AV+CV+LHS 0.5 0.5 1.249 1.249 0.198
D2M01W05TP0.9 AV+CV 0.5 0.5 1.249 1.249 0.198
D2M01W05TP0.9 Naive 0.499 0.499 1.248 1.249 0.194
D2M01WO08TP0.9 AV+CV+LHS 0.2 0.2 1.16 1.16 0.138
D2M0O1WO08TP0.9 Naive 0.2 0.2 1.156 1.154 0.138
D2M04W05TP1.94 AV+CV 2.01 2.01 4.98 4.98 0.8
D2M04W05TP1.94 AV 2.01 2.01 4.98 4.98 0.8
D2M04W05TP1.94 Naive 2.01 2.01 4.98 4.98 0.8
D2M04WO08TP1.94 AV+CV 0.798 0.798 3.6 3.6 0.72
D2M04W08TP1.94 AV 0.798 0.798 3.6 3.6 0.72
D2M04W08TP1.94 Naive 0.797 0.797 3.63 3.63 0.72
D4MO01WO05TP1.76 AV 0.5 0.5 1.248 1.249 0.197
D4MO1WO05TP1.76 Naive 0.5 0.5 1.253 1.254 0.198
D4MO01WO08TP1.76 AV+CV 0.199 0.199 1.162 1.162 0.14
D4MO01WO08TP1.76 AV 0.199 0.199 1.163 1.163 0.14
D4MO1WOSTP1.76 Naive 0.199 0.198 1.162 1.164 0.14
D4M04WO05TP1.87 AV+CV 2.02 2.02 4.989 4.989 0.8
D4M04WO05TP1.87 AV 2.02 2.02 4.987 4.986 0.8
D4M04WO05TP1.87 Naive 2.02 2.02 5.02 5.03 0.8
D4M04WO08TP1.87 AV 0.78 0.78 3.64 3.63 0.724
D4M04WO0STP1.87 Naive 0.78 0.78 3.51 3.52 0.712
D10MO1WO05TP1.05 AV+CV 0.501 0.499 1.265 1.261 0.2
D10MO01W05TP1.05 AV 0.501 0.499 1.264 1.263 0.2
D10MO1WO05TP1.05 Naive 0.502 0.498 1.273 1.271 0.2
D10MO1WO0OSTP1.12 AV+CV 0.197 0.199 1.163 1.164 0.141
D10MO1WO0OSTP1.12 AV 0.197 0.199 1.164 1.165 0.141
D10M01WO08TP1.12 Naive 0.197 0.198 1.173 1.171 0.142
D10M02W05TP0.93 AV+CV+LHS 0.99 0.99 1.984 1.985 0.48
D10M02W05TP0.93 AV+CV 0.99 0.99 1.984 1.985 0.498
D10M02W05TP0.93 AV 0.99 0.99 1.984 1.983 0.498
D10M02W05TP0.93 Naive 0.99 0.99 1.988 1.987 0.495
D10M02W08TP0.93 AV 0.4 0.4 1.62 1.62 0.384
D10M02W08TP0.93 Naive 0.4 0.4 1.64 1.64 0.391




Table A.15. Standard errors of estimated parameters.
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Experiment ID VR Algorithms | Meanl SE | Mean2 SE | Variance 1 SE | Variance 2 SE | Correlation SE
D2MO01WO05TP0.9 AV4CV 1.9e-3 1.8¢-3 4-e3 4e-3 2e-3
D2M01W05TP0.9 Naive 4.4e-3 4.1e-3 5e-3 5e-3 2e-3
D2M01WO08TP0.9 AV+CV+LHS 1.6e-3 1.6e-3 3.5e-3 3e-3 2e-3
D2MO01WO08TP0.9 Naive 4e-3 4e-3 5e-3 5e-3 2.5e-3
D2M04W05TP1.94 AV4CV le-2 le-2 9.3e-3 9.4e-3 5.4e-4
D2M04W05TP1.94 AV 1.1e-2 1.1e-2 9.9e-3 le-2 5.7e-4
D2M04W05TP1.94 Naive 1.9e-2 1.9e-2 1.3e-2 1.3e-2 7.8e-4
D2M04W08TP1.94 AV4CV 9e-3 9.6e-3 2.1e-2 2.1e-2 1.6e-3
D2M04W08TP1.94 AV le-2 le-2 1.7¢-2 1.7e-2 1.6e-3
D2M04W08TP1.94 Naive 1.5e-2 1.5e-2 2.7e-2 2.7e-2 2.1e-3
D4AMO1WO05TP1.76 AV 2.9e-3 2.9e-3 4.5e-3 4.5e-3 2.4e-3
D4MO1WO05TP1.76 Naive 5e-3 5e-3 6.6e-3 6.6e-3 2.6e-3
D4MOIWOS8TP1.76 AV4CV 2.6e-3 2.8e-3 4.6e-3 4.6e-3 2.6e-3
DAMO1WO08TP1.76 AV 2.9e-3 3e-3 5.5e-3 5.5e-3 2.4e-3
D4M01WO08TP1.76 Naive 5e-3 5e-3 6Ge-3 Ge-3 2.8e-3
D4AMO04WO05TP1.87 AV 6.7e-2 6.3e-2 1.3e-2 1.3e-2 8.2e-4
D4AM04W05TP1.87 Naive 9e-2 9e-2 1.8e-2 1.8e-2 1.2e-3
D4M04W08TP1.87 AV+CV 3.9e-2 3.9e-2 2.8e-2 2.8e-2 2.6e-3
D4AM04WO08TP1.87 AV 4e-2 4e-2 2.9e-2 2.9e-2 2.4e-3
D4AM04W08TP1.87 Naive 5.9e-2 5.9e-2 4.3e-2 4.4e-2 3.8e-3
D10MO01WO05TP1.05 AV+CV 5.9¢-3 5.6e-3 6.4e-3 6.3e-3 4e-3
D10MOIWO05TP1.05 AV 6e-3 5.9e-3 6.5e-3 6.5e-3 3.5e-3
D10MOIWO05TP1.05 Naive le-2 9e-3 8.8e-3 8.7e-3 4.6e-3
D10MO01WO08TP1.12 AV+4+CV 4.2e-3 4.3e-3 6.7¢-3 6.5¢-3 3.7¢-3
D10M0O1WO08TP1.12 AV 4.3e-3 4.6e-3 Te-3 7.1e-3 4.1e-3
D10MO01WO08TP1.12 Naive 8.4e-3 8.4e-3 8.5e-3 8e-3 5e-3
D10M02W05TP0.93 | AV+CV+LHS 2.9e-2 2.9e-2 6.2e-3 6.2e-3 2.4e-3
D10M02W05TP0.93 AV+CV 3.2e-2 3.1e-2 9e-3 9e-3 2.4e-3
D10M02W05TP0.93 AV 3.2e-2 3.2e-2 1.1e-2 le-2 2.6e-3
D10M02W05TP0.93 Naive 4.6e-2 4.8e-2 1.2e-2 1.3e-2 3.2e-3
D10M02W08TP0.93 AV 2.3e-2 2.3e-2 1.1e-2 1.1e-3 4e-3
D10M02W08TP0.93 Naive 3.3e-2 3.3e-2 1.5e-2 1.5e-2 4.7¢-3
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APPENDIX B: R CODES

library(mvtnorm) # Used for multinormal distributions.

library(mcmcse) # Used for calculation of standard errors.

library(lhs) # Used for Latin Hypercube Sampling algorithm.

library(boot) # Used for block bootstrap technique.

rw_metropolis_hastings <- function(startvalue,

Hit#
HH##
#it#
Hit#
H##
Hit#
#it#
Hit#
HH##
#it#
Hit#
H##
Hit#
#it#
Hi#

covariance,

alpha,

mean_1,

mean_2,

burn_in,

d,

Z,

mat_lhs){
Applies Random-Walk Metropolis Hastings algorithm.
Compares current value and the proposed value using
mixture_density() function.
We evaluate the density of each value.
Evaluating the density and creating the chain accordingly
makes a weighting impact on generated samples
like we showed using f(x_i) in equations 5.4, 5.5 and 5.6.
After generating these values, we can use them
in any q() function to obtain estimation values
like estimated mean, estimated variance and
estimated correlations.
q() functions in our implementation are
-> g_mean_estimator ()
-> g_variance_estimator ()

-> g_covariance_estimator ()
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#### PARAMETERS ####

#..... startvalue -> Initial starting value of the chain.
#..... covariance —> Covariance matrix.

#..... alpha -> Mixture weights.

#.o.... mean_1 -> Mean vector of the first mixture component.
#..... mean_2 -> Mean vector of the second mixture component.
#..... burn_in -> Burn-in ratio.

#..... d -> Dimension.

#.o.... Z —> Input matrix.

#..... mat_lhs -> LHS input if LHS is used.

mixture_density <- function(x){
f_x <- alpha*dmvnorm(x, mean = mean_1, sigma = covariance) +
(1-alpha)*dmvnorm(x, mean = mean_2, sigma = covariance)

return(f_x)

mh <- function(N = 1le6, startvalue = rep(0,d)){

N = nrow(Z)-1

chain <- matrix(nrow=N+1, ncol=d)
accept <- 0

acceptance_indicator <- numeric(N+1)
chain[1,] <- startvalue

uniform <- numeric()

uniform[1] <- 0
acceptance_indicator[1] <- 0

for(i in 1:N)

{
canl = chain[i,1] + Z[i+1,1]
can2 = chainl[i,2] + Z[i+1,2]
can3 = chain[i,3] + Z[i+1,3]
can4 = chainl[i,4] + Z[i+1,4]
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can = c(canl, can2, can3, can4)
ratio = min(1l,mixture_density(can) / mixture_density(chain[i,]))
uniform[i+1] <- runif(1)
if (uniform[i+1]< ratio)
{
chain[i+1,] <- can
accept = accept + 1
acceptance_indicator[i+1] <- 1
Yelse{
chain[i+1,] <- chainli,]

acceptance_indicator[i+1] <- 0

}

burnin <- N*burn_in

chain <- chain[-c(1:burnin),]

Z <= Z[-c(1:burnin),]

print (paste0("Acceptance rate is : ",accept/N))
return(list(chain,Z,

acceptance_rate = accept/N))

}
res <- mh(start = startvalue, N=N)
return(res)

}

g_mean_estimator <- function(ex){
### Applies the equation 5.4 at page 53.
#### Parameters ####

#....ex —> MCMC results of the experiment.

chl <- ex[[1]]1[,1:2]
muhat_x1 <- mean(chi[,1])

muhat_x2 <- mean(chi[,2])
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return(c(muhat_x1, muhat_x2))

g_variance_estimator <- function(ex){
### Applies the equation 5.5 at page 53.
#### Parameters ####

#....ex —> MCMC results of the experiment.

chl <- ex[[1]][,1:2]

second_moment_x1 <- mean(chi[,1]"2)
second_moment_x2 <- mean(chl[,2]"2)

var_x1 <- second_moment_x1 - mean(chl[,1])"2
var_x2 <- second_moment_x2 - mean(chl[,2])"2

return(c(var_x1, var_x2))

g_correlation_estimator <- function(ex){
### Applies the equation 5.6 at page 53.
##t## Parameters ####

#....ex —> MCMC results of the experiment.

chl <- ex[[1]1][,1:2]

variances <- gq_variance_estimator(ex)

covariance_12 <- mean(chl[,1]*ch1[,2])-mean(ch1[,1])*mean(chl[,2])
correlation_12 <- covariance_12 / sqrt(variances[1]*variances[2])

return(correlation_12)

apply_control_variates_for_mean <- function(ex){
### Applies control variates algorithm for mean estimation
### for the first marginal of the random vector.

#### Parameters ####
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#....ex —> MCMC results of the experiment.

chain = as.matrix(ex[[1]][,1]1)
Z = as.matrix(ex[[2]])

cv.matrix = Z

cv_chain <- matrix(nrow = nrow(chain), ncol = ncol(chain))
cv_sums <- 0
Im.matrix <- as.matrix(cbind(chain[,1], cv.matrix))
model <- Im(Ilm.matrix[,1]".,
data = data.frame(lm.matrix[,-1]))

coeffs <- model$coefficients[-1]
cv_sums <- 0
for(j in 1:length(coeffs)){

cv_sums <- cv_sums + coeffs[jl*(cv.matrix[,j]-0)
}
target_cv_applied <- chain - cv_sums
cv_chain <- target_cv_applied

return(cv_chain)

apply_control_variates_for_var <- function(ex){
### Applies control variates algorithm for variance estimation
### for the first marginal of the random vector.
#i### Parameters ####

#....ex —> MCMC results of the experiment.
chain = as.matrix(ex[[1]][,1])
Z = as.matrix(ex[[2]1])

cv.matrix = Z

cv_chain <- matrix(nrow = nrow(chain), ncol = ncol(chain))
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cv_sums <- 0
Im.matrix <- as.matrix(cbind(chain[,1]"2, cv.matrix))
model <- Im(Ilm.matrix[,1]".,
data = data.frame(lm.matrix[,-1]))

coeffs <- model$coefficients[-1]
cv_sums <- 0
for(j in 1:length(coeffs)){

cv_sums <- cv_sums + coeffs[jl*(cv.matrix[,j]-0)
}
target_cv_applied <- chain”2 - cv_sums
cv_chain <- target_cv_applied

return(cv_chain)

apply_control_variates_for_cov <- function(ex){
### Applies control variates algorithm for covariance estimation
### for first two marginals of the random vector.
#i### Parameters ####

#....ex —> MCMC results of the experiment.

chain = as.matrix(ex[[1]][,1:2])
Z = as.matrix(ex[[2]])

cv.matrix = Z

cv_chain <- matrix(nrow = nrow(chain), ncol = ncol(chain))
cv_sums <- 0
Im.matrix <- as.matrix(cbind(chain[,1]*chain[,2], cv.matrix))
model <- Im(Im.matrix[,1]1".,

data = data.frame(lm.matrix[,-1]1))
coeffs <- model$coefficients[-1]
cv_sums <- 0

for(j in 1:length(coeffs)){
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cv_sums <- cv_sums + coeffs[jl*(cv.matrix[,j]-0)
}
target_cv_applied <- chain[,1]*chain[,2] - cv_sums
cv_chain <- target_cv_applied

return(cv_chain)

se_calculator <- function(exl, ex2){
### Applies non-overlapping batch means to
### calculate standard error of the mean
### estimation.
### Returns estimations and their standard
### errors.
#### Parameters ####
#....exl -> First experiment.

#....ex2 —> Second experiment

chl <- ex1[[1]]

mcse.outO0 <- mcse.mat(chi[,1:2])
ch2 <- ex2[[1]]

av <= (chl + ch2) / 2

mcse.outl <- mcse.mat(av[,1:2])

rownames (mcse.out0) <- rep("Naive", nrow(mcse.out0))

rownames (mcse.outl) <- rep("AV", nrow(mcse.outl))

mcse.out <- rbind(mcse.out0O, mcse.outl)

return(mcse.out)

varFunc <- function(x,i){var(x[i])}
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t4d = list()

for(i in 1:100){
### repeated experiments
### it runs two experiments with oppposite signed input matrix
### in each iteration.

input_Z = cbind(rnorm(le6+1, sd = sqrt(5)),

rnorm(le6+1, sd = sqrt(5)),
rnorm(le6+1, sd = sqrt(5)),
rnorm(le6+1, sd = sqrt(5)))

exl = rw_metropolis_hastings(Z = input_Z,

startvalue = c(0,0,0,0),

covariance = diag(1,4,4),
mean_1= ¢(0,0,0,0),
mean_2 = c(4,4,4,4),
alpha = 0.8)

ex2 = rw_metropolis_hastings(Z = -input_Z,

C(0,0,0’O),

startvalue

covariance = diag(1,4,4),
mean_1= ¢(0,0,0,0),
mean_2 = c(4,4,4,4),
alpha = 0.8,

burn_in = 0,

d = 4,

]
=
(e}
[
[
~

mat_lhs
antithetic_chains = append(exl, ex2)

t4d = append(t4d, antithetic_chains)

### Example of AV algorithm

Z = cbind(rnorm(le6+1, sd = sqrt(5)),

rnorm(le6+1, sd = sqrt(5)),
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sqrt(5)),
sqrt(5)))

rnorm(le6+1, sd

rnorm(le6+1, sd

exl = rw_metropolis_hastings(Z = Z,

startvalue = ¢(0,0,0,0),

covariance = diag(1,4,4),
mean_1= ¢(0,0,0,0),

mean_2 = c(4,4,4,4),

alpha = 0.8,
burn_in = 0,
mat_lhs = NULL)
ex2 = rw_metropolis_hastings(Z = -Z,
startvalue = ¢(0,0,0,0),
covariance = diag(1,4,4),

mean_1= ¢(0,0,0,0),
mean_2 = c(4,4,4,4),
alpha = 0.8,

burn_in = O,

mat_lhs NULL)

## Calculate estimates and standard error of the estimates.

av_se_estimate = se_calculator(exl, ex2)
### Example of LHS and AV together.
mat_lhs = randomLHS(1le6+1,2, preserveDraw = F)

Z_lhs = gnorm(math_lhs, mean = 0, sd = sqrt(5))

ex3 = rw_metropolis_hastings(Z = Z_lhs,

startvalue = ¢(0,0,0,0),

covariance = diag(1,4,4),
mean_1= ¢(0,0,0,0),
mean_2 = c(4,4,4,4),
alpha = 0.8,



burn_in 0,

NULL)

mat_lhs

ex4 = rw_metropolis_hastings(Z = -Z_lhs,

startvalue = ¢(0,0,0,0),

covariance = diag(1,4,4),

mean_1= ¢(0,0,0,0),
mean_2 = c(4,4,4,4),
alpha = 0.8,

burn_in = O,

mat_lhs = NULL)

av_se_estimate = se_calculator(ex3, ex4)

naive_var_se_estimate=tsboot(ex3[[1]][,1],
varFunc, 1 = 93,

R = 100, sim = ’fixed’)

### Example of applying Control Variates algorithm
## for the first marginal of the random vector.
exl_mean_cv = apply_control_variates_for_mean(ex1)

exl_var_cv = apply_control_variates_for_var(exl)

ex2_cov_cv = apply_control_variates_for_cov(exl)

111



