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ABSTRACT

GENERALIZATIONS OF HIDDEN SUBGROUP
ALGORITHMS

In the future, it can be possible to store bit information in atoms. In that
case, classical mechanics will not be enough to explain the atomic level model. Instead
quantum mechanics will have to be used. A quantum bit exists as a superposition
of 0 and 1. Creating superpositions and making parallel computation on them will
allow faster solutions than classical computation. The field of quantum computation
examines the possibility of using these physical properties for solving computational

properties more efficiently.

In this thesis, we consider the problem of generalizing some quantum algorithms
so that they will work on input domains whose cardinality is not necessarily powers
of two. When analyzing the algorithms we assume that generating superpositions of
arbitrary subsets of basis states whose cardinalities are not necessarily powers of two
perfectly is possible. We have taken Ballhysa’s model as a template and have extended
it to Chi, Kim and Lee’s generalization of the Deutsch-Jozsa algorithm and to Simon’s

algorithm.



OZET

GIZLI ALTGRUP ALGORITMALARININ
GENELLEMELERI

Gelecekte bir bitlik bilginin bir atomla gosterilmesi soz konusu olacaktir. Bu
durumda, klasik mekanik atomik seviyede incelenen bu modeli agiklamada yetersiz
kalacaktir. Bunun yerine, kuantum mekanigi kullanilmak zorunda kalinacaktir. Kuan-
tum biti, 0 ve 1’in siiperpozisyonlar1 seklinde var olmaktadir. Bu siliperpozisyonlarin
yaratilabilmesi ve tizerlerinde paralel hesaplama yapilabilmesi klasik hesaplamadan
daha hizli ¢oziimlere izin vermektedir. Kuantum hesaplamasi, bu fiziksel ¢zelliklerden
yararlanilarak bilisim problemlerinin nasil daha verimli gekilde c¢oziilebilecegini in-

celeyen aragtirma alanidir.

Bu tezde, bazi kuantum algorithmalarinin genellestirilmesi problemi incelenmistir,
boylece bu algoritmalar tanim kiimesinin eleman sayisinin ikinin tissii olmak zorunda ol-
madig1 durumlarda ¢alhigacaklardir . Bu algoritmalar: analiz ederken, eleman sayilarinin
ikinin issii olmasi gerekmeyen bazi vektor kiimelerinin egit olasilikli stiperpozisyonlarin-
in mitkemmel iiretilmesinin miimkiin oldugu varsayiminda bulunulmustur. Ballhysa'nin
ongordiigii model 6rnek kabul edilmis, Chi, Kim ve Lee’nin Deutsch-Jozsa algoritmasi

genellemesi olarak hazirladiklar: algoritmalar ile Simon’in algoritmasina uyarlanmisgtir.
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1. INTRODUCTION

In 1936 Alan Turing modelled a programmable computer which is called Turing
Machine. The Turing Machine is supposed to have an infinite amount of secondary
memory to read data, make the computation and write the output. There is also the
concept of Universal Turing Machine which is proven to be able to simulate any other
Turing Machine, meaning that if an algorithm is performed on any piece of hardware,
there exists an equivalent algorithm for the Universal Turing Machine to complete the
same task. The Universal Turing Machine became the mathematical concept to define

the class of algorithms to be implemented on a hardware [1].

However, this model is classical. There exist problems that can not be solved
efficiently in polynomial time complexity. Scientists as Feynman realized that another
model of computation, which relies on the rules of quantum mechanics instead of the
classical ones, may be used to solve problems. The main difference in this model was
that quantum mechanics can describe the states in atomic level which reflects itself in
the basic representation of a single bit. In classical computation, our bits are either 0
or 1. However, in quantum computation, a bit can be in both states, each of them up

to a certain degree.

In 1985, Deutsch presented the first quantum algorithm [2], which is superior to
the best classical algorithm for the same problem. This was not an exponential superi-
ority, however it became an important step towards constructing quantum algorithms.
He also showed that the Fourier transformation over the group Zj could be imple-
mented efficiently, which we call as Hadamard transformation. Bernstein and Vazirani
showed the existence of a Universal Quantum Turing Machine which could simulate
any quantum computer with polynomial slowdown [3]. In 1992, Deutsch and Jozsa [4]
generalized Deutsch’s algorithm for n-bit strings and came up with an algorithm which

brings exponential speedup over the best classical algorithm for the same problem.



In 1994, Simon [5] presented a problem with its quantum algorithm of polynomial
time, which has no polynomial solution classically. This algorithm became a basis for
the most fascinating and important algorithm that attracts attention to the quantum
computation world. It was presented by Shor in 1994. He introduced polynomial time

algorithms for factoring an integer and extracting the discrete logarithm [6].

There are other important algorithms such as the search algorithm proposed by
Grover in 1996 [7] which does not bring an exponential speedup, however do their job
more efficiently than the best classical search algorithms. There is also the quantum
random walk graph traversal algorithm, whose superiority above classical methods was

demonstrated by Childs et al. in 2002 [8].

The publication of Shor’s algorithm caused a great deal of excitement in the
field of quantum computing. It has been eleven years since Shor’s algorithm has been
presented, however since then no comparable advance has been made in the field of
computation. This may be due to the fact that it is hard to define a problem that may
have a quantum solution which is more efficient than the existing classical solution
[1, 9] or due to another fact that we are used to think classically as stated in [1] such
that it becomes hard to adapt to the conceptual difficulties and differences of quantum

theory.

Besides, the physical implementation of quantum algorithms has a long way to
go, since the most advanced quantum computer is a 7-bit one to factor the number 15.

So the implementation of quantum algorithms is also a challenging task.

In this thesis, we provide algorithms which generalizes two algorithms by Chi,
Kim and Lee and Simon’s algorithm to work on domains whose cardinalities are not
necessarily powers of two, assuming that we have an operator to produce equiprobable

superpositions of the elements of a given set S.

In the remainder of this thesis, we will cover the fundamentals of quantum com-

puting in Chapter 2. In chapter 3, the circuit notation of quantum computation, with



gates corresponding to instructions will be discussed. In chapter 4, a detailed dis-
cussion of basic quantum algorithms, namely the Deutsch-Jozsa algorithm, Simon’s
algorithm and Shor’s factorization algorithm will be given. In the same chapter several
different generalized versions for the Deutsch-Jozsa algorithm, namely Chi, Kim and
Lee’s generalizations for evenly-distributed and evenly-balanced functions and Ball-
hysa’s generalization for arbitrary domains will be discussed. In Chapter 5, we will
discuss alternative algorithms for Chi, Kim and Lee’s generalizations and Simon’s al-

gorithm on arbitrary domains. Chapter 6 will be the conclusion.



2. FUNDAMENTALS OF QUANTUM COMPUTATION

2.1. Quantum Bits

The essential difference between quantum and classical computation comes into
play in the definition of the quantum bit. In quantum computation, a bit does not
have to be in one of the states 0 or 1, and it can be in a combination of the states
0 and 1, as stated in [1]. Instead of saying quantum bits, we refer to them simply as
qubits. Furthermore, in order to emphasize the difference, we use the Dirac notation,
| ), of the physics world. As a result, the states |0) and |1) form the orthonormal basis
for the vector space of the qubits, which we call Hilbert Space, H, and states in this
space can be defined as linear combinations , generally called superpositions , of these

basis states as follows:

) = al0)+5[1)

The numbers « and [ are complex numbers,denoting the amplitudes of the basis

states of a given state. The state of a qubit can be viewed as a vector in ‘H such that

the state |0) is represented as and the state |1) as . As a result, another
0 1

way of representing the state |¢)) would be:

1
V) = « + 3
0 1
_oz_ 0
= +
0 B




Since a given state is normalized in the vector space:

(ly) =1 (2.1)

As mentioned in the previous paragraph, states |0) and |1) form orthonormal
basis states and are orthogonal to each other, resulting in (0[1) = 0, (0]0) = 1 and

(1|1) = 1. Therefore

W) = 1
(@O + (1) (]0) + B]1)) = a*a(0]0) + a"F(0[1) + 57 (1]0) + 57 3(1[1)

o +18]° = 1

As a result, when we discuss the contents of a qubit, instead of saying definitely
one of the values, we will say that the value which will appear upon measurement is
|0) with probability |«|? and |1) with probability |3]%. Tt is also easy to see that the
probability values correspond to the squares of the amplitudes of the states. Clearly,
the number of different amplitudes that the states can have is uncountable. This
property constitutes one of the basic differences between quantum computation and
classical computation.Instead of a pure state of |0) or |1), there are uncountably many

mixed states of both.

Another method to explain the qubits and their states is using the geometric
representation. It is the Bloch Sphere [1] consisting of the unit vectors in the three
dimensional space and it is accepted that any normalized state can be expressed geo-
metrically in this sphere. Fach and every state is a point in the Bloch Sphere and
described by the angles 6 and . As seen in Figure 2.1, the components of the state
Y are cosf in the z direction, sinfcos in the y direction and sinfsinp in the x

direction.



Figure 2.1. Bloch Sphere representation for single qubit system

Using these components, any state can be defined as shown in [10]:

lv) = COSZ|O)+eWSinZ|1> (2.2)

If we want to analyze whether the above notation is normalized or not:

(¥l)

(cos g(o\ + e ¥ sin Z(1|)(cos z|0> + €' sin gm)

6 .y 7

= cos’ §<0|O> + e "e'¥ sin? 5(1]1>
6 0

= cos® = +sin® =

2 2
=1



As seen in the above equation, the normalization constraint in equation 2.1 is
satisfied. It is an unfortunate fact that we can specify only single qubits on the Bloch

Sphere.
2.2. Multiple Qubits

In classical computation, a register holds n bits and it is possible to express 2"
numbers in that register. In quantum computation we use the tensor product ® to
form the state space of a register from the state spaces of its individual qubits [1].

The tensor product of the two matrices A and B is given as:

aip ... Qim CLHB . (llmB

Apl -+ Gpm amB ... a,n,B

The same logic is valid in the tensor product of the two vectors:

If we consider a system with two qubits, then the state can be represented as
the combination of the states |00}, |01), |10) and |11) with amplitudes g, o1, @10, 11

respectively.

1) = o|00) 4+ ap1]|01) 4 10|10 + ay1|11)

We can say that if we make a measurement on the state |1)) we will observe

with probability |ag|? the value |00) and with probability |ag;|? the value |01), with



probability |ai]? the value |01) and with probability |a;;]? the value |11). Since the
normalization constraint is valid through all states in quantum computation, the sum
of the probabilities is equal to 1. Instead of using the binary notation, if we use decimal

notation our state becomes:
V) = l0) + oq|l) + a2|2) + as]3)

In short

¥) = Zoatlt> (2.3)

The normalization constraint can be defined as:

3
Dol =1 (2.4)
t=0

As seen in the above example, every vector |i) denoted in the decimal form is
a vector consisting of all 0’s except for a 1 in the (i + 1) column. For example the
state |3) is expressed as [0 0 0 1]". As a result, the equations in 2.3 and 2.4 can be

generalized as:

2" —1

W> = Zam

t=0

2" —1

Yol =1
t=0



3. QUANTUM COMPUTATION

A circuit notation, with gates corresponding to instructions, turns out to be

convenient to describe quantum algorithms.

3.1. Single Qubit Gates

The basic idea lying behind the gates is to transform a certain state to another
one. If we want to express this geometrically, in section 2.1 we mentioned that a state
of a single qubit is a point on the surface of the Bloch Sphere. As a result, a certain gate
will carry the current point of the state to another point on the surface of the sphere.
Any gate making this transformation can be represented with a matrix mathematically.
If we express this matrix with the letter U as the operator applied on the state then

in order to carry a unit state to another, the operator must be unitary.

UUut =1 (3.1)

where UT is defined to be the conjugate transpose [1] of the operator. It can be shown

as:

Ut = (U9)"

In order to find out the effect of a unitary operator U on a state defined as
|Y) = «a|0) + B|1), it is enough to know the effect of U on the states |0) and |1)
individually. We can say that if

Ul0y = al0) +b|1)
ULy = o) +d|1)
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it is easy to find out the matrix representation of the unitary operator U as

-]

with the constraint in equation 3.1. If we also want to show dagger of the operator:

ot _ac
b d

The effect of the operator on an arbitrary state |1) is:

Ulp) = Ulal0)+5[1))
= aU|0) + pU|L)
= a(al0) +b[1)) + 5(c|0) + d|1))
= (aa+ 30)|0) + (ab+ Bd|1))

Another way of showing this equality is using the matrix method:

o1
b d]|

_aa—i-cﬁ
ba + df

With this knowledge about the unitary operators, we can try to describe the gates
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which will carry out some special transformations. These gates other than known
classical gates have a very crucial property for the reversibility of the evolution in
quantum physics [10]. They are reversible gates in the sense that when we look at the

output of any of them we are able to understand what the input is.

The first one of them is the NOT gate which transforms the state |0) to the state

|1) and vice versa.

Unor|0) = [1)
Unorl|0) = 10)

So by elementary operations it is easy to see that the matrix representation we

are looking for is:

Unor =

The NOT gate is one of the Pauli spin matrices [1] constituting the basis vectors
in a 3-dimensional complex numbers world with the identity matrix. The NOT gate
corresponds to o, of the Pauli spin matrices whereas the identity matrix corresponds

to 0. There are also o, and o, [11] defined as:

10 01
op=1= , O1=0, =X =
01 1 0
0 —1 1 0
oy =0y=Y = , O3 =02=/ =
t 0 0 —1

As mentioned before, all these operators are unitary. The Z gate is also very

important in the sense that it negates the state if the state is |1), and has no effect
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otherwise. This gate will play an important part in CKL (Chi, Kim and Lee Algorithm)

of section 4.1.

Since Pauli spin matrices form basis matrices of the Hilbert space in 2 x 2 dimen-
sional space, we can easily say that any state in 2 x 2 space can be represented as the

combination of the Pauli matrices.

Another very essential gate is the Hadamard gate which we will use very fre-

quently. The effect of the Hadamard gate to the basis states:

0) + 1)

H|0) = =

(3.2)

H1) = |O>\;§|1> (3.3)

Therefore the matrix representation of the Hadamard gate is :

1 1 1

H - —
V211 1

The basic aspect of the Hadamard gate is that when given a state of consisting
all 0’s and apply Hadamard transformation, we get the superposition of all possible
states that can be described by n qubits, with the same amplitudes and so the same
probabilities. When we consider the effect of the Hadamard gate on the Bloch Sphere
we see that the gate applies a 90° rotation by the y axis first then a rotation by the
x axis of 180° [1]. As we will see with the Hadamard gate, if we apply it twice to any
state, the state will remain unchanged. Hadamard gate which is a reversible gate has

also another property as:

H?> = T
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The inverse of the Hadamard matrix is itself. Such operators are called self-inverse

operators.

There are two important 2 x 2 operators called,the phase gate, S, and 7/8 gate, T,

respectively. The matrix representations of the operators are:

10
S =
0 2
(1 0
T = i
0 es

Another interesting issue is that when we exponentiate the Pauli matrices we

observe rotation matrices R(f) around the corresponding axis.

R,(0) = e ¥z

0 0

= =) —isin(=)X
COS(2) zsm(2)

0 C 0

_ cos;  —ising
—ising cosg

Ry(0) = e

= Cos(g)l—isin(g)}/

9 _gnt
COS 3 sin 3
1S5 COS 5
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There is a famous theorem [1] expressing that considering the Bloch Sphere and
by making any kind of rotations around the y and z axis with any angle, we can
come up with uncountable number of unitary operators. However, in practice it is not
possible to implement all of them with zero error. Today it is quite clear that most of

the quantum algorithms are not exact, instead bounded with some error.

Theorem 2.1 For any unitary operation U on a single qubit, there exist real numbers

a, 3,7 and ¢ such that

U = e“R.(8)R,(v)R.(9) (3.4)

3.2. Multiple Qubit Gates

In multiple qubit operations, the issue is to put all the qubits under different
kinds of gate transformations. When we consider a two qubit state as in Figure 3.1,
the initial state is the tensor product of the states |¢;) and |¢g2). As a result what comes
out at the end of the transformations is the tensor product of the transformed states

U|C]1> and V|¢]2>-

|G’1>

|‘3’2)

Figure 3.1. Representation of two unitary transformations on two different single

qubits
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Since we consider the tensor product both at the beginning and at the end, it
is possible for us to express the overall effect of the two gates by taking their tensor

product. Our new gate is the 4 x 4 matrix, W =U ® V.

Figure 3.2. Overall effect of two unitary transformations on a two qubit system of

Figure 3.1

If we consider the case that in a two qubit system, only one of the qubits is taken
under the progress of a unitary transformation and the other one stays the same then
we can consider that qubit as if it is under the effect of the identity matrix, I. As an
example, the second qubit, |gs) of the figure 3.1 may not be under any transformations
then the gate V' will apparently be the identity gate, I. Therefore the combination
matrix W will be tensor product of U and I, as W = U ® I. The application two
qubit example mentioned above can be generalized to an n qubit one with the usage

of tensor product.

We can make controlled operations on the qubits, meaning that considering the
state of one qubit we can decide to apply the operator U on the other bit. The most

famous example of these operations is the CNOT gate which has the following effect:

CNOT|00) )
CNOT|01) )
CNOT|10) = |11)
CNOTI|11) )
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|'-’£f'1>

|‘1’2> P,

Figure 3.3. Circuit implementation of CNOT gate

Table 3.1. Truth table for CNOT gate

Q| Q| Q| 0
0/0[01]0
0]110]1
110111
111}(1(0

If we want to show the effect of the CNOT [1] gate mathematically, we can write
it as CNOT |zy) = |x,x®y), where the effect of the first qubit is seen without changing
it. Shortly, the CNOT gate transformation takes a look at the first qubit and if the
first qubit is in state |0), it does nothing, if the state is |1) it acts as if a NOT gate is
applied to the second qubit. Alternatively, we can define a zero-controlled gate where a
0 in the first qubit inverts the second qubit. Furthermore, the operation in the second
qubit does not necessarily have to be the NOT operation, different unitary operators

can be applied to the target bit.

|‘3’1>

|22 U

Figure 3.4. Circuit implementation of Controlled Unitary oepration
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Table 3.2. Truth table for Toffoli gate

Q|| e a| e g
0/]010[0]0]0
001 1]010]|1
0/1,0[0|1]0
O[1|1]0]1/|1
11001 1]10]60
110111071
11101111
111 (1[1]0

All of the discussions above were based on two qubit systems, however for a

controlled operation the number of control qubits and target qubits can be more than

one as well.
@) .
@) ¢
|‘T3> D

Figure 3.5. Circuit for Toffoli matrix

For example we can check for n qubits as the control qubits and reflect the change
to m-qubit target qubits with 2™ x 2™ unitary operator. One example is the Toffoli
[10] gate which has the transformation |z,y, z) — |x,y, 2 @ zy) as in Figure 3.5. The
truth table of Toffoli gate is shown in Table 3.2.

Another specific issue of the multiple qubit gates is the effect of the Hadamard
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transformation. The effect of the Hadamard gate for single bit was:

0) +[1)
V2

H|0) =

as we can remember from the equations 3.2 and 3.3. When we apply Hadamard

transformation to all qubits of an n-qubit register, the result is:

2" —1

FI

H®"|z) = D™y) (3.5)

where z - y is defined as z1y; + x2ys + ... + T, yn (mod 2) assuming that both x and y

are n-bit numbers that can be represented as x = Y/ 2;2° and y = S0 1;2%.

The equation 3.5 can be proved using the induction method. If the state |z) in
equation 3.5 is |0), then the effect will be:

HE|0) =

> v (3.6)

It is obvious that the resulting state is a superposition of possible states between

|0) and |2™ — 1) with the same probabilities.

3.3. Measurement

In all of the sections till this section, we talked about the probable states and
their changes. However we never came up with an exact solution. The system is
closed and everything depends on the probabilities. In order to break this up, we make
measurements when we need. The basic issue of the measurement is that after the
measurement, the state collapses into one of the possible states. The new existing state
is the one measured. With a mathematical notation we can describe the measurement

event as follows:
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We have a generally defined measurement operator [1] which specifies itself according

to the measured state as:

where i is the possible outcome of the measurement. And we express the probability

of observing the state i after the measurement of the state |¢) as:

p(i) = (| M M;|) (3.7)

If the outcome of the measurement is the state |i) then the old state |1)) collapses

to a new state [¢)') as:

As an example, suppose that we have a state 1)) = «|0) + 3|1). According to the

definition, the measurement operators of the states |0) and |1) respectively are:

10
My = 10){0] =

0 0

00
My = (1] =

0 1

When we analyze the probabilities according to equation 3.7:

p(0) = (| M Mo|)
10 1 0 o
00 00 1]

= la" ]
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_10 o
e ” ]
(00 I&i
= 0" ] O‘]
_O
= lof
p() = (@IM{Mi[p)
0 0 0 0 a
e H ]
_0 1__() 1 1]
[ 0-—04
= [o* B] ]
_0 1__6
0
= [o* B] ]
8
= |8

And the transformed state for both of the possibilities, assuming that o and 3

are expressed as a + br and ¢ + di respectively:

[%0)
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When we check for the modulus of the amplitude of the state |i():

| a-+ b | va? + b?
VEiR V&R

=1

So the observation of the state i) will yield the value |0) with probability 1.

With the same convention:

M|y
VP1

0 0
01
0
0
5]

18

16
-
g

~

1) =

Clearly, the modulus of the amplitude of the state |¢]) is 1, meaning |1) will be observed
with probability 1.

On a more general perspective for a state |¢)) represented as [¢) = SNt ;i)

the probability to observe the state |i) is:



and the new state upon measurement:

22
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4. QUANTUM ALGORITHMS

4.1. Variants of the Deutsch-Jozsa Algorithm

One of the most important algorithms that give insight about quantum algorithms
is Deutsch’s algorithm [2, 12]. In Deutsch’s problem, we have a function f and there
are two possible options for f. It can be either constant, giving the same result no
matter what the input is, or balanced, resulting in 0 for half of the possible inputs
and 1 for the other half. There are two versions for it. In the first one, the size of
the input is a single bit, either 0 or 1, meaning that our unknown function is of the
form f : {0,1} — {0,1}; the other version is the generalization of the first version of
Deutsch’s algorithm to the n qubit case by Deutsch and Jozsa [4]. The problem is to
be able to understand whether the unknown function is constant or balanced. The
question “If we do not know anything about the function how could we make decisions
about it” may appear in minds, which takes us to our most important assumption in
the algorithms. We assume that we have an oracle which can tell us the result of the
function f for a given input. In subsections 4.1.1 and 4.1.2 both of the algorithms will
be described in a detailed manner. Subsections 4.1.3 through 4.1.5 describe various

generalizations of the Deutsch-Jozsa algorithm.

4.1.1. Deutsch’s Algorithm

As mentioned in the introductory part and stated in [2, 12], we have a function
f 40,1} — {0,1}. We know that there are two possibilities for this function; that
it can be either constant or balanced. If it is constant then we can easily say that
f(0) = f(1) and the result is either 0 or 1. If it is balanced, then the definition of the
function says that the function must return 0 for half of the inputs and 1 for the other
half. Since we have two inputs, it is appropriate to say that the function f results
differently for the input 0 and 1, shortly f(0) # f(1). Besides we assume that we have

an oracle, Uy which knows the results of the function for a given input and works as

Uylo)ly) = |x)ly @ f(x)).
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If we try to compute whether the function f is constant or balanced, considering the
single bit input case, with a classical computation we will need two oracle calls. We
have to compute our function f for the input 0 and then for the input 1 and compare
them. The computation will take two oracle calls. However with quantum computation
we are able find out what we look for with one call of the function in the oracle. The

algorithm is:

1. Initialize the first and second qubit to the states |0) and |1) respectively.
Apply Hadamard transformation to each qubit.

Apply the oracle Uy.

Apply Hadamard transformation once more to the state in the first qubit.

Measure the value of the first qubit.

AR AN

If the value is zero then our function is constant, if the value is one then

the function is balanced.

Figure 4.1. Quantum Algorithm for Deutsch’s Problem

|q1>=‘()> — | H = xl- H |— Measure

|.) =) — H e

b P

EVI 59 EE LY

Figure 4.2. Circuit for Deutsch’s algorithm

In order to look at how the algorithm works, we can explain it step by step as

follows:
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1- The initial state for the two qubit system is as follows:

lg) =10)  lg2) = [1)

As a result the total initial state of the system appears as:

V1) = lar) ® lg2) = 0) © [1)

2- Application of Hadamard transformation to each qubit results in:

|Ws) H® H[V,) = H|q1) ® H|gy)
0) +11) _10) = 1)

3- Application of the oracle Uy to the system where Uy is accepted to make the trans-
formation Ur|q1, ¢2) = |q1, ¢2 @ f(qn)) without the explicit knowledge of the function f.

So the oracle applied form of the system becomes:

W) = U0 = Uy <|0> 10~ |1>>

V2 V2

We know that we can rewrite ‘O%D as % SL_o 7). We can interpret the above equation

as below:

|Us) = Up|¥q) = Uy <;§§|x>> ® |0>\;§|1>

~ ! (Z |x>> ® (10 f(2) — (16 F(x))))

We also know that:

0@ f(z)) - 1@ f(z) = {0>1>7 if f(x)

1) =10, if f(x)
= (=1)7@(|0) - 1))

0;
1



Therefore, |¥3) becomes:

&Y
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V2

4- Applying Hadamard transform only to the first qubit yields:

|Wy)

(1)

(H & I)|Ws) = %H((—l)ﬂowm (D)) @ j§<|o> — )
0(0) + 1)) + (~1)T V(o) — 1)) ® j§<\0> — )

If we analyze state |Uy) for the cases where f is either constant or balanced, there

are two options:

|

If f is constant,

If f is balanced,

f(0) = f(1);
f(0) # f(1).

If f is constant, f(0) = f(1), f(0) = f(1) can be both 0 or 1 then (—1)f© is

either +1 or -1, as a result the first qubit becomes:

S((=1O(0) + 1) + (-1//0(0) - 1))
S((=1FO(0) + 1) + (=1)/©(10) 1))
1

S(17O0) + 1) +10) = 1))
(=1 0)

If f is balanced, f(0) # f(1),we can conclude that (—1)7©®=—(—1)71) then the
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first qubit becomes:

1

= (D00 + (1)) + (<) V(o) - 1))

1

= S((=D7(0) +11)) = (=1 ([0) = [1)))

- ;((_1)f<0>(\0) + 1) = 10) + 1))

- ()

In short, the state |Uy) is:

Wy) =

If we make a measurement of the first qubit it is obvious that we will observe the

state |0) if the function is constant, |1) if the function is balanced.

4.1.2. The Deutsch-Jozsa Algorithm

This is a generalized version of Deutsch’s algorithm for multiple bit inputs [1, 4,
12]. If we have an input of size n bits then there are two possibilities for the function
f. It can be either a constant function giving the same output for each and every
input, or a balanced function resulting in 0 for half of the possible inputs and 1 for
the other half. If our input consists of n bits than there are 2" possible inputs ranging
from 0 to 2" — 1 and the function f outputs 0 for 2"~! of the inputs and 1 for the
other 2"~! inputs. We are promised that the third possibility will not occur. The basic
assumptions do not change and we still accept that we have the black box Uy working
in the same manner, as the one in subsection 4.1.1, Uy|z)|y) = |z)|y & f(2)).
The Deutsch-Jozsa algorithm is the first algorithm to show the superiority of quantum
computation over classical one in the computational complexity sense. If we want to

find out whether f is constant or balanced classically then we have to make compu-



28

tations for 27! 4 1 times at the worst case. We have to check for half of the inputs’
results, if they are the all the same, we have to make one more check, if it is different
than the other outputs, we can conclude that the function is balanced, if it is the same
we can say that the function f is constant, assuming that there are no other possi-
bilities for the function. However with the quantum Deutsch-Jozsa algorithm we only

make one call of the function in the black-box.

Initialize the first n qubits to the state |0)®"™ and last qubit to |1).
Apply Hadamard transformation to each of the n + 1 qubits.
Apply the oracle Uy.

Ll

Apply Hadamard transformation once more to the state in the first n
qubits.
5. Measure the value of the first n qubits.

6. If the value is zero then our function is constant, if the measured value

is different than zero then the function is balanced.

Figure 4.3. Deutsch-Jozsa Algorithm

| C]l > = |0>@H7£ H®" L —{x X—— H Bl wesEs

=ty L Ly o

P oo

[F) ) ) )
Figure 4.4. Circuit for the Deutsch-Jozsa algorithm

In order to look at how the algorithm works, we can explain it step by step as follows:

1- The initial state for the system is as follows:

1) = 10)*" , Jgz) = [1)
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As a result the total initial state of the system appears as:

) = [¢)*" ® |g2)

= 0" ® 1)

2- Application of Hadamard transformation to each qubit results in:

H’Q1> = \/2—n Z |.1'
Moy = 010

V2

which ends up with the state |¥s) after applying Hadamard transformations to the
state |Wq).

|Wy) = H®" @ H|¥)
= H®”|q1>®H!<J2>
2" —1 ’1>

- ket

3- Application of the oracle Uy to the system where Uy is accepted to make the trans-
formation Ur|q1, ¢2) = |q1, g2 ® f(¢1)) without the explicit knowledge of the function f.

So the oracle applied form of the system becomes:

(W3) = Uyp|Wy)
2" —1 ’1>

Uz S e

2" -1

_ ﬂ_nz,x ({08 S~ L& f@)

= (0~ ID)
- o

4- Applying Hadamard transform only to the first n qubits yields:

Wy) = (H*"®1I)|Ts)
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) oy o (00 = 1)

- ﬂ_nz e @

L EmCy (o- )

_ \/Q_n Z 22% g © V2
g 1( 1>m+f( 12)  (]0) — [1))

- L SR

5- Measure the first n qubits. If we analyze state |W4) for the cases where f is either

constant or balanced considering the amplitude of the |z) = |0) state, it is easy to see

that the amplitude is 32", L f( )

. If f is constant,then f(x) will be either 0 or 1,the
sum of (—1)/®) values will add up to +1 or -1, if f is balanced then half of the f(x)’s
will be 0 and the other half will be 1, resulting in half of the (—1)/(®)’s being +1 and
the other half being -1 respectively, ending up with the cancellation of (—1)/®)’s by

one another in the amplitude.

With this result, we can conclude that if f is constant after making the mea-
surement of the first n qubits, with probability 1 we will observe the state |0)®™, if
the function f is balanced then after the measurement of the first n qubits we will
definitely observe a state different than |0)®". Shortly, if we measure all Os in the n
qubits the function f is constant, if we observe a state different than all Os then the

function f is balanced.

4.1.3. CKL for Evenly-Distributed Functions

First the definition of functions which are many-to-one and onto evenly spaced
ranges should be done as in [13]. For evenly-distributed functions the domain Zy is
mapped to K evenly spaced range elements in range Zj; where K < M, N. Since the
range is evenly spaced we can say that there exists pu = % separation between the
elements. As a result each element in the range can be expressed as uj+t € Z; where
J € Zk and t is the possible initial shift as a result ¢ < p. If we say that our new group
has K elements, then N elements in the domain map into these K elements, since our
function f is many-to-one and onto, we can say that the domain is mapped to our new

range for v = % times, in other words; v elements in the domain N maps to the same
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element in the range K. In a clearer way, for each element in the range K, there are
v corresponding elements in the domain N. If a function f satisfies these conditions,
then f is evenly-distributed and v-to-1. In this generalization algorithm, the aim is to
determine whether f is constant or evenly-distributed with the assumption that there
is no other alternatives for f. When K is known, in the worst case v+ 1 evaluations are
necessary to determine whether f is constant or evenly-distributed. If K is not known
then blind trials must be done in the worst case which is exponential as in the original
Deutsch-Jozsa problem. In this generalization, in the black-box instead of the classical
Uy transformation of Deutsch’s algorithm a different transformation which is built up
by modifying a known one, which is U|z) = (—1)®|z) is used. The new transformation
is Ulz) = wﬁmm) where wy; = e .For simplicity N, M and K are assumed to be
powers of two as N = 2" and M = 2™ and K = 2F.

The procedure is the same as in Deutsch-Jozsa:

Initialize the qubits to [0)®™.

Apply Hadamard to the qubits.

Apply the oracle Ulx) = wﬁx”x), defined above.
Apply Hadamard again to the qubits.

A

Measure the n qubit state. If the measured state is |0) then f is not
evenly-distributed, otherwise f is not constant. If there are only two
possibilities for f to be either constant or evenly-distributed then we can

conclude that if the measured state is |0) then the function f is constant,

otherwise f is evenly-distributed.

Figure 4.5. CKL for Evenly-Distributed functions

The step by step analysis of the algorithm is as follows:

1- Initial state

(W) = [0)*"



i) @ — () @
|0>Lf/I H I x e X— H L measure

P oo
ey e )

Figure 4.6. Quantum Circuit of CKL for Evenly-Distributed functions

2- Apply Hadamard transformation to all n qubits.

Wy) = HE"|Ty)

= H®"|0)®"
2" —1

_ Z\ﬂ?

3- Application of the new oracle.

W3) = U|\112>

o1
= ZU|x

2" —1

_ Z wf(z

4- Apply Hadamard to all of the n qubits again.

W) = H"|Wy)
1 N—-1 @)
o wy HE™| )
VN =
1 N-—1 f N 1 1 :cz|z>
M
\/N 2=0
1 N—
P Fora

H,—’Z

|2)
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As a result when the amplitude of any state of |z) is analyzed, it is clear that:

If f is constant then f(0) = f(x)

for =0

So =

for z £ 0

SN (—1)™% results in zero, since half of the (—1)*# will result in -1 and the other half

will result in 1 when z # 0 and « is variant in the range [0, 2" — 1].

As a result when f is constant:

jo 1 =
N =0
wﬁo), z =0
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When f is evenly-distributed, meaning that N = vK and f(x) = pj + ¢:

for z=0

As a result, we have three possibilities as follows:

£(0)

Wiy f is constant and z = 0;
S, = 0 , f is constant and z # 0;
0 , f is evenly-distributed and z = 0.

To sum up, if we measure the state |z) = |0) then f is not evenly-distributed. If we

measure |z) # |0) then f is not constant.

4.1.4. CKL for Evenly-Balanced Functions

In the original Deutsch-Jozsa algorithm the function f is evenly-balanced if half
of the outputs are 0 and half of them are 1. The first difference in CKL [13] is that
the function f may return m-bit outputs such that half of them have the parity 0
and the other half have the parity 1. Therefore, in this algorithm we have an n qubit
control register and an m qubit auxiliary register. As a result, instead of the direct
output of the function, we check for the parity of the m-bit second register as stated
that half of the outputs of the function have the parity 0 and the other half have the
parity 1. We prepare both registers and indicate N = 2" and M = 2™. We again

have the oracle and we use the one of the original Deutsch’s algorithm which works as
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Utlz)|y) = |z)|y® f(x)). In this new algorithm, we are promised to deal with a function
f which is either constant or evenly-balanced assuming that no other possibilities exist
for f. The algorithm below determines whether the function f is constant or evenly-

balanced with two calls of the function in the oracle calls. The algorithm is as follows:

1. Initialize the n qubit control register to [0)®"
Apply Hadamard transformation to the n-qubit control register.

Apply the oracle Uy as in the original Deutsch-Jozsa algorithm.

> W N

Apply Pauli-spin matrix corresponding to phase-flip operator c©™ to the
m-qubit auxiliary register.

Apply the oracle Uy to the control register again.

Apply phase-flip operator to the auxiliary register once more.

Apply Hadamard transformation to the control register once more.

X N R

Measure the n-qubit control register. If the output state is |0) then
function f is constant, if the output state is not |0) then the function f

is balanced.

Figure 4.7. CKL for Evenly-Balanced functions

@n /1 & &
‘O>7L H — H — Measure

mn

Ad-1
¥)= S 1)/ o &
v=0

[ A A N

‘ \Itl > | \112 > | TB) | \Pa> | \Ijj ) | ‘Pﬁ ) | ‘PT >

Figure 4.8. Quantum Circuit of CKL for Evenly-Balanced functions

In order to analyze the steps of the algorithm we start with the preparation of the

registers. We assume that the auxiliary register is the combination of superpositions of
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all possible m bit vectors with arbitrary amplitudes such that their probabilities add

up to 1 and can be denoted as follows:

M-—1

W) = > aly)
v=0

M—

= a ) V)
v=0 7=0

—_
[y

m—

Step by step analysis:

1- Initialize the n-qubit control register to |0)®"

1) = [0)°" @ |¢)

2- Apply Hadamard transformation to the n-qubit control register.

1) = <H®n ® I®m) 1)

1 N-1
= =2 W)
Na:zO
1 N-1 M-1 m—1
= =2 e ) oy
Nm:() v=0 7=0 ’

[v3) = Uslia)

where f(z) = Z;”:_Ol (z);27.
4- Apply the Pauli-spin matrix corresponding to the phase-flip operator o™ to the
m-qubit auxiliary register.

We already know from section 2.1 that for one qubit operation the Pauli spin matrix
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phase-flip operator has the effect:

O%|1> = _+1>

When |v; @ f(z);) is analyzed bit by bit for total of m bits, it is clear that the
bits in state |1) will bring -1 as the coefficient and the bits in state |0) will bring 1.
Therefore, the total effect of the phase-flip Pauli spin operator to the state |Vj€B f(x);)is
(—1)22‘”:_01(”3'”(’”)1'), since as a power of (—1), X750 (v; + f(z);) and X7 (v; & f(x);)

have no difference.

B = (el

1 M-—1 1 m—1
(~1)2=0 Iy @ 3 (—1) 2= ey, Q) v & F(2);)
j=0

=0 v=0

5- Apply the oracle U;?” to the control register again.

[s) = Uysltoa)
1 N-1 | M-1 s, m—1
- Uz 2 Z M2y @ 3 (D)2 Yoy, @ vy @ f(x);)
v=0 =0
1 N— 1 mflf() M-1 Zm71 m—i
= — i=0 1\ilp)y & —1)4i=0 Yy, i D j D j
1 -1 (@); M-1 Zm_lv' m—1
= ﬁ IZZO |z) ® l;] (—1)&=0 Ya, g lvj)

6-Apply phase-flip operator to the auxiliary register once more.

o) = (1% ® o= [uis)
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N—1 — M—1 1 m—1
= (P @om) o= S ()N D) o Y (~)E Y, @) )
N
=0 v=0 7=0
1 N-1 met 1 L omol

_ ﬁ xzo( 1) =0 f( )]’x> ® I/X:Q(_l)zzj—o 7o g |V]>
- H T e T 0 B

z=0
= % (0= ) @ )

=0

) = (H®" @ T°™) [)

If we analyze the amplitude S, of the output state |y) for both f is constant and
f is balanced we get:

f is constant, meaning f(x) = f(0) all of the f(z)’s have the same parity 0 or 1

fory =0
1 = m=1 o)
S, = ~ Z =0 1(0);
<—1>Z;1; 10 20
So = 1
N =0

Depending on the common parity of all the f’s (either 0 or 1) (—1)27;0 10 i
either -1 or 1. The probability is |Sy|? = 1.



for y #£ 0

For f is constant
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0, if y#0;

S, = (4.1)

1, if y=0.

If we analyze the same probability for the state |y) in case f is balanced then we

have:

fory =0

So

P

(_1)w~y(_1)z7=51 f@);

i
Dy

(_1) ;-n;()l f(z);

T
Lo
o

8
Il
o

=zl oz ozl
(]

As a result, what we have in our hands at the end of the algorithm is:

1, f is constant and y = 0;
0, f is constant and y # 0;
0, f is balanced and y = 0.
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In short, it is easy to say that if we measure |0) as the output state then the
function f is constant, if we measure a state other than |0) state, then the function f

is evenly-balanced.
4.2. Ballhysa’s Generalization of the Deutsch-Jozsa algorithm

As in the Deutsch-Jozsa problem, we have a function f such that f : {0,1}" —
{0,1} and we want to find out whether f is constant or balanced in this algorithm [14,
15]. The difference from the original Deutsch-Jozsa problem is that the domain consists
of two sets say S and S’ complementing each other in the n-bit domain. However we
assume that our function f has its typical properties in the set S such that the number
of elements of S is greater than 2"~!. If we say that the cardinality of the set S is ¢
and these numbers are in the interval U,, = [0,2" — 1], we can make clear definition of

the assumptions for our new domain:

1. g is even and greater than 27!
2. Function f is balanced on the set S’ = U, — S

3. Function f is either balanced or constant on the set S.

If we say that S = U,, then we go back to the original Deutsch-Jozsa algorithm,
and it becomes a special case of the above conditions. With the conditions above we are
still to find whether f is constant or balanced on the set S. However this time instead
of using Hadamard gates to create equal superpositions of all n bit numbers, we will use
Equiprobable Superposition Generator, ESG, for ¢ numbers which is not necessarily
a power of 2. As a result, the circuit is almost the same as the original Deutsch-Jozsa
circuit, with the difference that instead of the first Hadamard gate to n qubits, we have
the Equiprobable Superposition Generator applied to the n qubits. At the first stage
we assume that the Equiprobable Superposition Generator works perfectly such that
for each element in the domain set S whose cardinality is gq,it creates perfectly equal

amplitudes of %. The algorithm is as follows:
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1. Initialize the first n qubits to the state |0)®™ and second qubit to |1).

2. Apply Equiprobable Superposition Generator to first n qubits and
Hadamard gate to the last qubit.

3. Apply the oracle Uy which is previously defined in Deutsch-Jozsa algo-
rithm.

4. Apply Hadamard transformation to the state in the first n qubits.

5. Measure the value of the first n qubits. If the measured value is different
than zero, then the function f is claimed to be balanced. If the measured

value is zero then the function is constant.

Figure 4.9. Quantum algorithm for the Generalized Deutsch-Jozsa Algorithm by
Ballhysa

The step by step explanation of the algorithm with the error probabilities is
follows:

1- Initialize the first n qubits to the state |0)*™ and second qubit to [1).
1) = [0)*" @ 1)

2- Apply Equiprobable Superposition Generator to each n qubits and Hadamard gate
to the last qubit.

[V2) = (ESG® H)|thy)
[¥2) = (ESG® H)(|0)*" ®]1))

- [axile %]

3- Apply the oracle U; which is previously defined in Deutsch-Jozsa algorithm.

|1/13> = Uf|¢2>

- u([ x| o[BG

- ol
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‘ 0>CM ﬁL ESG [—x X— H - - Measure

’ 1 > H v yEf(x)

P P

‘ IPI > ‘ P, > ‘ '\Ps ) ‘ 1}1'4)

Figure 4.10. Quantum Circuit of the Generalized Deutsch-Jozsa algorithm by
Ballhysa

4- Apply Hadamard transformation to the state in the first n qubits.

[ths) = HE" @ I|y)s)

5- Measure the value of the first n qubits.

If we look for the amplitude, S, for any measurable state |z) then we will see that:

_ L Sy Y@
o - g

If we look for the state |z) = |0) then,

_ b v
& \/27[\/62;( ) “2)

If the function f is balanced then Y,.q(—1)7® yields 0, as a result the probability to

observe |0) state becomes 0.
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If the function f is constant,f(x) = f(0), then the amplitude becomes:

S v

(_1)f(0) 1
T [mﬂ
_1\f(0)
- [l

As a result, the probability, F,, which is the square of the amplitude, Sy, is:

By =[Sl
- (e 3
_q
oo

If we could obtain perfect equiprobable superpositions in step 2 of the algorithm,
then with probability 3% we could observe |0) state when the function f is constant.
Since ¢ is greater than 2”71 then this probability is greater than % This algorithm
is not an exact algorithm as the original Deutsch-Jozsa algorithm, however it has the
‘one-sided error’ property, such that when the function f is balanced, it is classified
correctly with certainty. As mentioned in the beginning of this section we assumed
that ESG, creates perfectly equal superpositions of the set S. However in practice this
is not possible. There are two algorithms, implemented for ESG. One of them is due to

Kitaev et al. and the other is Algorithm G and it is based on Grover’s quantum search

algorithm. They will not be discussed here in detail, details can be found in [14].

4.2.1. KSV and Ballhysa’s Algorithm with Algorithm KSV

KSV(Kitaev, Shen and Vyalyi Algorithm) [14] works for the set Q which consists

of the superpositions of states @ = {0,1,...,¢ — 1} and creates a superposition of each
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state as:

) = 2@1@

Each ¢; is not equal to 1/,/g, however an approximate value of 1/,/q.

As understood, the set Q is an ordered set but our set S includes numbers with
no order, as a result after processing KSV, a permutation operator P; is applied and
each element i of the set QQ is mapped to an element s; of set S with their amplitudes.

At the end, an approximate equiprobable superposition of set S is:

W) =Y i) (4.3)

;€S

For Ballhysa’s algorithm analysis, the amplitude of the state |0) is as in equation

4.2:

% = Jr S|

With KSV the amplitude Sy is:

For a balanced function f, we expect the sum to vanish each other with perfect
equiprobable superpositions, however with KSV although the amplitudes are very close
to 1/,/q, they are different and they will not add up to 0. There will be a small number
which is close to 0. Therefore with KSV, one-sided error property of Ballhysa’s original
algorithm will be lost.
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4.2.2. Algorithm G and Ballhysa’s Algorithm with Algorithm G

For G algorithm [14] which is based on Grover’s search an oracle is defined for the
Grover’s search process. After the application of Grover’s search algorithm a predefined
permutation operator is applied to construct a mapping from the ordered set Q to set

S as in KSV. The resulting solution is different from KSV as:

) = a) lz)+b> |z)

z€S xS

where a is an approximate value of 1/,/g, and b is an approximate value of 0.

The amplitude of state |0) as in equation 4.2 in a perfectly equiprobable generated

states is:

S = U | s

In the original algorithm we expect this amplitude will vanish with cancellations

when the function is balanced.

With Algorithm G the amplitude will be:

1 X X
Sozﬁ ad (-1 + 53 (~-1)/@ (4.4)

z€eS x¢S

We made the assumption that the function f is balanced on S’ which is set of n-
bit numbers which are not in the set S. Therefore b3",45(—1)/*) part of the equation
4.4 will vanish because of the cancellations just like a3 ,cq(—1)/®) part. As a result,
the probability to observe the state |0) when the function f is balanced will remain 0.

Therefore, the one-sided property of Ballhysa’s algorithm survives with Algorithm G.
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When the function is constant, the probability of observing the state |0) will be
gp/2" where p is the success probability of Grover’s algorithm. This probability can be
increased by adding extra bits to the Grover’s algorithm. However adding extra bits

will slow down the running time of the algorithm. Details can be found in [14].

4.3. Simon’s Algorithm

Simon’s problem [5] is a generalized version of Deutsch’s problem. We suppose
that we have a function f : {0,1}" — {0, 1} with m > n, then the xor-mask invariance

of f is:

e s, if there exists a non—trivial string s of length n such that V f(z) = f(x @ s).
e 07 if f is 1-to-1.

e undefined otherwise.

The problem is to determine whether function f is 1-to-1. If f is not 1-to-1, then
the aim is to find s. We are promised that the remaining possibility does not occur. If
there exists the string s, it is clear that our function is 2-to-1, since there will be two
strings in the domain separated by the string s mapping to the same output in the

range.



The algorithm is given in Figure 4.11:

1.

Initialize totally n+m qubits, n qubits for the first register and m qubits

for the second one, to the state [0)®"™

. Apply Hadamard transformation to the first register.

. Apply oracle Uy defined similarly to the one in Deutsch’s algorithm

rewritten for multiple qubit target register as Uy|x)®"|y)®™ = |z)|y ®
f(x)).

. Apply Hadamard transformation to the first register again.

Measure the first register and put the measured string to a row of the
matrix A of step 6.

Repeat the first five steps n — 1 times to constitute an n x n non-singular
matrix A with output strings each measured in the first n-qubit register
as row vectors of the matrix.

Solve the matrix problem Ag,_1)xnSnx1 = 0 by using Gaussian elimina-
tion.

Check for the property of f by evaluating f(0) and f(s).

Figure 4.11. Simon’s Algorithm

The analysis of the algorithm step by step is as follows:

47

1- Initialize totally n + m qubits, n qubits for the first register and m qubits for the

second one, to the state [0)®(+™)

W1> — ‘O>®(n+m)

2- Apply Hadamard transformation to the first register.

ltha) = (H®n ® I®m) |th1)
— (H®n ® [®m> ‘O>®(n+m)

2"—1

1 Xm
= U > |z ®10)

=0



B @
‘O> / H § x X — H®n— Measure

Ys

)" —/ v e

P oo
LA

Figure 4.12. Quantum Circuit for the first four steps of Simon’s problem

3- Apply the oracle Uy defined as Us|x)|y) = |z)|y & f(2)).

|¢3> = Uf|¢2>
2n—1
= Uf\/_ Z |l‘ ®|O

2" -1

= % S ele /)

2" —1

= Z|x®|f

4- Apply Hadamard transformation to the first register again.

) = (H*" @ 1°m) |¢3>
_ (H®"®l®m) 221|x Y@ |f(x
2n—12"—1

= Z > (1)) @ |f(x)

y=0 z=0

Now if we suppose that the string s exists and Vo # 2/
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Then if we compute the amplitude of the state |y) @ | f(x)):

We know that:

(x®s) -y = (o®so)yo+ (x1 D s1)y1+ oo + (X1 D Sp_1)Yn_1 mod 2
= ZoYo + SoYo + T1y1 + S1Y1 + oo + Ty 1Yn—1 + Sn—1Yn—1  mod 2
= ToYo + 11 + ... + Tp—1Yn—1 + SoYo + S1Y1 + ... + Sp_1Yn—1  mod 2

= x-y+s-y mod 2
If s-y # 0 then the amplitude

Sy = on (=177 4 (~1)e@v)
(=)= 4 (=1)mtev)

((_1)x~y + (_1)96'1/-&-1)

S 12|22

As a result, what we will measure in the first register at the end will be with certainty
an n bit string ¢ such that ¢ - s = 0.

5- Measure the first register and put the measured string to a row of the matrix A of
step 6. Each measurement will constitute a row in the A,_1)x, matrix with the output
string ¢ which has the property ¢-s = 0. n— 1 such strings will give us the opportunity
to apply Gaussian elimination to find the string s.

6- Repeat the first five procedures for n — 1 times to get an independent set from the
output of the first register.

When we repeat the algorithm for n—1 times with at least i probability an independent

set of ¢ strings can be gathered.

Lemma If s is a non-zero binary vector y of length n, then n — 1 randomly chosen



20

binary vectors of length n such that s-y = 0 mod 2 are linearly independent

with probability at least 1/4.

Proof:

Suppose that our n — 1 independent vectors are yi,¥s,...,yn—1. For any i —
1 vectors, namely vyi,%s,...,¥i—1 ,where 1 < i < n, at most 2=! vectors are linear
combinations of them. Since the maximum number of n bit vectors y such that y-s =0
is 27!, the minimum number of vectors that are not the combinations of ¢ — 1 vectors
becomes 2"~1 — 2i=1 As a result, the probability that the i*" vector y; is independent

from the first ¢ — 1 vectors is at least:

on— 1 _ 22‘—1 1
2n71 - 2n7i

When we apply the above formula for all vectors from y; to y,,—; then the prob-

ability that we have n — 1 independent vectors, P,_1, becomes:
1 1 1
l—— ) (1= ... [1—= 4.
(1= 5m) (1= 5) - (1-3) (43

We already know the rule:

For the numbers ay, as, ..., a; such that Vi,where 1 <i <k, 0 < a; and 3% a; < 1

(1—@1)(1—a2)...(1—ak) > 1—(G1+G2+...+&k)

Another rule we know 1is:




o1

When we apply the above two rules to the equation 4.5:

P, =

As a result, we can say that repeating the first four steps for n — 1 times will
succeed in finding all independent vectors at least with the probability i.
6- Solve the matrix problem A, _1x,S,x1 = 0 by using Gaussian elimination. The
method is explained in Appendix A.
7- Check for the property of f by evaluating f(0) and f(s).
If the output of the second register differs for f(x) and f(z@®s), then the function is 1-
to-1, if the outputs are the same then the function is 2-to-1. An exact polynomial-time

algorithm for Simon’s problem has also been developed and can be found in [16].

4.4. Factorization

4.4.1. Quantum Fourier Transform

One of the applications used in mathematics is the Fourier Transformation [1, 11,
12]. The Fourier transformation is used to transform functions of the time domain to
the frequency domain. In other words, it maps functions with period r to the functions
with non-zero values only at the multiples of the frequency % The Discrete Fourier
Transform is applied to an input vector = [zg, x1, ..., y_1] of length N and results in
the output vector y = [yo, y1, ..., ynv—1] of length N where the components of the output

vector y are defined as:

1
N

2

N-1 _—
Yj Y oape N (4.6)
k=0
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The Quantum Fourier Transform, QFT, has as basis the Discrete Fourier Trans-
form. The only difference is that instead of the vector x the input will be a basis
vectors from |0) to |V — 1), the vectors in the group Zy, where N can be accepted to
be a power of two, N = 2", without loss of generality. As a result, QFT is the unitary

transformation with the following formula:

2mijk

N—
QFT|k) = Z N 7)

ﬂ\

where 0 < k < N. The matrix representation of the Quantum Fourier Transformation

is as follows:

1 1 1 1

1 w w? oW
QFTN = 1 w? wt AL )

1

1 N1 L2v-1) w(N—l)Q

where w = e is the N root of unity. As a result, the effect of the Quantum Fourier

transform on an arbitrary state will be:

QFT (NZ alh) = jg:ym

k=0

where y; and x;, are the coefficients of the Discrete Fourier Transformation equation

4.6.

The gates R;. in Figure 4.13 denote the unitary transformation:

1 0

2m

0 ez2kF

RkE

which corresponds to conditional phase shift by the angle ¢ . When we search for the

number of gates the circuit uses, we see that for n qubits starting from the first one to
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‘0> +627n0.‘/l...‘/,, |l>
‘O>+(32m0.>/3..,>/,, ‘1>

“7}7’1> ! a B ! ’ +(32m<>;b,;
I .]'” > ‘O ,2m0.j, |l

Figure 4.13. Quantum Circuit for Quantum Fourier Transformation

the last,we use n — k R gates and a Hadamard gate. As a result, total number of gates

used becomes:

Yn—k+1) = n+(n—1)+n—-2)+..+1

n(n+1)

In addition, in order to have the correct order of the qubits we need at most &
swaps, each of which can be handled using three controlled-NOT gates. Therefore, we
need O(n?) gates to perform the Quantum Fourier Transformation. However, the best
classical algorithm to compute Discrete Fourier Transformation on 2" elements is called
Fast Fourier Trans formation and computes using O(n2") gates. When compared, it
is obvious that classical Fast Fourier Transformation needs more operations to handle

Fourier Transformation.
4.4.2. Phase Estimation

The Phase Estimation algorithm is a very essential algorithm especially because
of the basis it prepares for Shor’s Factorization Algorithm [1, 6]. Another important
issue about the Phase Estimation Algorithm is that it lies on the basis of Quantum
Fourier Transformation. We use Phase Estimation, where we have a unitary operator U
with an eigenvector |u) and eigenvalue ™ with an unknown ¢. Here we assume that

we have a black box to perform the controlled-U’ operation, for possible non-negative
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integers j. Controlled-U? as understood from its name, applies the unitary operator
U7 according to the state of j of the control register, where 1 < j < n. The algorithm

for Phase Estimation is in Figure 4.14.

1. Initial state is the preparation of t qubits [0)®" and the eigenvector |u)
which is already assumed to be known, in two registers.

Apply Hadamard to the first register of t qubits of |0)®* state.

Apply the black box controlled-U.

Apply the inverse Fourier transform.

RANEE R

Measure the first register and find an approximation to the phase.

Figure 4.14. Phase Estimation Algorithm

When we make the step by step analysis of the algorithm.

&t

1- Initial state is the preparation of t qubits |0)®" and the eigenvector |u) which is

already assumed to be known.
) = 10)* @ u)

2- Apply Hadamard to the first register of t qubits of |0)®* state.

) = (H®t|o>) )
- %

3\

3- Apply the black box controlled-U".

' 1 2t—1
[t3) = controlled — U’ (215 Z ‘J>‘U>)
=0

U |u)

2~

2m]<p’u

sl
||M k)D1|
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- g Tl

4- Apply the inverse Fourier transform.

[va) = QFT'|ys)
= QFT*( 22162””\] \u)
= |8)u)

5- Measure the first register.

The measured value ¢ is an approximate value of ¢2'. In the first register we
have used t bits as shown above. Therefore, ¢ is the approximate value of ©2! which

is expressed in ¢ bits. The number ¢ can be determined according to the formula [1]:
1
t = n+ {log(Q—F)-‘
2e

So that the measured value ¢ is accurate to ©2' in n bits with the probability

success at least 1 — e.
4.4.3. Order Finding

For positive integers x and N, where < N, having no common factors, the

order of x modulo N is defined to be the least positive integer r obeying the formula:

" = 1 (mod N)
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Therefore, the order finding problem is to determine the integer r, in the case that

the integers x and N are given. In classical computation there is no known algorithm

to solve the order finding problem with polynomial resources in the sense of time and

gates. We need O(L) to specify the problem where L =

[log(N)] is the number of bits

to denote the integer N. However, by taking the Phase Estimation algorithm as the

basis, quantum solution for Order Finding problem uses polynomial resources.

The

algorithm is mainly the phase estimation algorithm applied to the unitary operator

U,,n defined as:

Ux,N‘y>

If we consider the state denoted as:

—2misk
T

2* mod N)

‘US>

i

7277150
™

—2mesl

2” mod N) +e~ r

(|1 mod N) + e e

|z mod N) + ...+ e

|zy mod N)

|zt mod N) + ... +e

—2ms(r—1)

T

—2ms(r—1)

2D mod N)>

2"~ mod N))

with a simple calculation knowing the fact that " = 1 mod N:

1 r—1
U%N ( e
Vs

1 r—1 —2msk

= —_— [ e

=i

—2misk
r

Ux,N |Us>

z* mod N>>

2" mod N

1 —&TLS s
= 7(6 =220 mod NY + e |z mod N) + ...
-
—2mis(r—2) (7'72)4'1 —2mis(r—1) (T71)+1
+e T | mod N)+e~ |z mod N)
1 —2msl
= —(lz mod N)+e 7+ |2* mod N) +
T
ZZms(r=2), (p—1) —2ms(r—1)
+e = |x mod N)+e— |1 mod N)
1 2ms —2msl —2mis(r—1) r—1
= 76 v (|1 mod NYy+e~r |zmod Ny+..+e~ = |z modN)>
r

2ms

e r

Us)
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we can easily understand that for 0 < s < r, |u,) are the eigenstates of the unitary
transformation U, x and e** are the eigenvalues. However, in Shor’s algorithm instead
of using U, n, controlled-U, x which will apply Ui n according to the value of the
control register in j* bit and will be denoted as Ui ~- DBy the usage of controlled

unitary transformation the Order Finding procedure is shown in Figure 4.15.

1. Initialization of the first register with ¢ qubits to the state |0)®* and the
second register of L qubits to the state |1)®L.

Apply Hadamard to the first register of t qubits of [0)®" state.

Apply controlled—Ufc" N-

Apply the inverse Fourier transform to the first register.

Measure the first register.

o otk W

Apply the Continued Fractions Algorithm. Each denominator less than
N is the candidate for the order r, and this can be checked directly using

modular exponentiation.

Figure 4.15. Order Finding Algorithm

Another property of the states |us) is:

1 r—1

W;‘%) = |1

Proof:
]_ r—1 1 r—-1 1 r—1 —2misk
7Z’us> = 727 e T kaOdN>
VTS VIV k=0
1 r-lr—l —2misk k
= =Y Y e |2 mod N) (4.7)
r k=0 s=0

With a simple analysis it is easy to show the property of equation 4.7 by examining

for two cases:

1. k=0
2. k%0



1- For k=0 :

2- For k #0:

o8

1 r—1 —2misk k
=Y e |z* mod N)
r s=0

0

The above property will be used in one of the basic points of the algorithm. If

we analyze the algorithm step by step:

1- Initialization of the first register with ¢ qubits to the state |0)®* and the second

register of L qubits to the state |1).

[¥) = 10)¥ ® 1)

2- Apply Hadamard to the first register of t qubits of |0)®* state.

[42)

= (H* @ I%")[yy)

= (H 2 10 9|1)

2t—1

- é;‘ﬁ@‘”

Since we know that % S5 lus) = |1), we can put % 725 lus) instead of the

state in the second register. So the state can be written in terms of the eigenstates of



the operator U:

3- Apply controlled—Uj,', N

[¢3) =

|¢2)

controlled — Ug’

r—12t—1

ZZIJ ® |us)

50]0

Z Z |7) ® controlled — U£7N\Us>

2mjs

1) @ fus)

4- Apply the inverse Fourier transform to the first register.

|¢h4)

5- Measure the first register.

Z Z 27TUSQFTTU> & us)

30]0

1 —
W;}ISM ® us)

29

The value in the first register is (s/r)2". So the problem is to be able to find out the

value in the denominator.

algorithm, which constructs the sixth step of the algorithm.

The solution to this problem is the Continued Fractions

6- Apply the Continued Fractions Algorithm [1]. The continued fractions algorithm is

explained in Appendix B. This gives us the number r in the denominator, which is also

the order r of z for N.



60

4.4.4. Shor’s Factorization Algorithm

Shor’s Factorization Algorithm [1, 6, 11] brings a solution to the factorization

of a given integer N basically relying on the fact that for an integer z providing the

property:

22—1 = 0 (mod N)

(z—=1)(z+1) = 0 (mod N)

As a result, if z+ 1 # 0 mod N then it is obvious that both (z — 1) and (z + 1)
includes factors of the integer N. So in order to find the factors the only necessary
computation to do is to find the greatest common divisors of N and (z — 1),N and

(z+1).

If we find an integer x with an even order r for the integer N, the factorization
problem for N will be probably solved. The point where the order finding algorithm
comes into play is the part to find an order for the integer x.

The whole procedure of Shor’s algorithm for factorization is in Figure 4.16:

When we make step by step analysis of the routine:
1- If N is even, return 2.
If the integer N is even then a factor of N is already found which is 2.
2- Check whether N is a power of an integer greater than 1.
If N is not even then we should check whether it can be denoted in the form N = a®
where @ > 1 and b > 2. This can be found by the polynomial classical algorithm in
O(n®) where n is the number of bits to represent N [1].

3- Randomly select a positive integer x smaller than N. If their greatest common
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1. If N is even, return 2.

2. Check whether N is a power of an integer greater than 1 with polynomial
complexity O(n?)[1].

3. Randomly select a positive integer x smaller than N. If their greatest
common divisor is greater than 1, return that integer.

4. If their greatest common divisor is equal to 1, then apply the order-
finding routine to the determined integers x and N to find the order

r.

5. If 7 is even and 2™/2 # —1 then find ged(z™/? —1, N) and ged(2"/2+1, N).

Check for the found integers for being factors of N.

Figure 4.16. Shor’s Factorization Algorithm

divisor is greater than 1, return that integer.

If we can find an integer which has no common factor with N then we can
determine the order of the integer. The integer can be chosen randomly in the range
[0, N]. Besides, finding whether the random integer x and N have factor in common
has a polynomial solution with the very well known, greatest common divisor(ged)
algorithm. So what we have after this step is an integer x with the property ged(z, N) =
1.

4- TIf their greatest common divisor is equal to 1, then apply the order-finding routine
to the determined integers x and N to find the order r.

Since we know the integers x and N then by applying the order finding algorithm
explained in section 10, we will be able to find an integer r such that " =1 mod N.
5- If r is even and 27/2 # —1 then find ged(2"/2 — 1, N) and ged(z™/? 4+ 1, N). Check
for the found integers for being factors of N.

If the order r is even then we can make the decomposition:

" = 1mod N
z"—1 = 0mod N

(2"? = 1)(2"?+1) = 0mod N
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Since we accept r to be the smallest integer to be the order of x mod N then we
can assume that 27/2 —1 # 0. As a result the only possibility to take into consideration
is whether (27/2 4 1) = 0. If (27/2 + 1) = 0 then it means that instead of including
a factor of N, it contains N as the factor. If (27/2 + 1) # 0 then finding the greatest
common divisor of (z"/2 + 1) and N with (2"/2 — 1) and N, we can find the factors of

the integer N.
4.5. The Hidden Subgroup Problem and Hidden Subgroup Algorithms

Before making a clear statement about Hidden Subgroup algorithms [1, 12, 17,

18, 19] there are definitions to make. These are:

Definition 1 A subgroup[l] K of a group G is a subset of G which forms a group
under the same group multiplication operation as G.

Definition 2 For K a subgroup of the group G, the left coset [1] of K in G determined
by g € G is the set gK = {gk|k € K}. The right coset is similarly defined.
Definition 3 A set of elements g1, g2, ..., [1] in a group G is said to generate the

group G if every element of G can be written as a product of (possibly repeated)

elements from the list g1, ga, ..., g; and is expressed as G = (g1, g2, ..., G1)

G f X

Figure 4.17. The function f is a mapping from the group G to the set X and K is
the hidden subgroup we look for.



63

Let f be a function from a finitely generated group G to a finite set X such that
f is constant on the cosets of a subgroup K of a finite index as seen in Figure 4.17. In
addition, f is supposed to be distinct on each coset. In other words f(z) = f(y) if and
only if z = y o s where ¢ is a certain operation like {+,®} and s € K. The hidden

subgroup problem is to find a generating set for K, given a way of computing f.

The quantum solution to this problem has number of operations polynomial in
log|G| and one use of the black box function evaluation. The procedure of the solution

is in Figure 4.18.

1. Create the superpositions over the elements of the group G with Fourier
Transformation.

2. Apply the quantum black box for the function f.

3. Rewrite the state of the function in the second register in the Fourier
basis.

4. Apply the Inverse Fourier Transformation to the first register.

5. Measure the first register and process the measured state to gather the

generating set for hidden subgroup.

Figure 4.18. Shor’s Factorization Algorithm

The step by step analysis of the procedure can be found in [1, 12, 17, 18].
Deutsch’s algorithm, Simon’s algorithm and the Order Finding algorithm fit this gen-
eral template as detailed in [1, 10].
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5. VARIANTS OF HIDDEN SUBGROUP ALGORITHMS
FOR GENERALIZED DOMAINS

5.1. Generalization of CKL for Input Sets of Arbitrary Size

In Ballhysa’s generalization of the Deutsch-Jozsa algorithm [14], instead of the
whole set of 2" numbers, there were two sets S and S’ such that their union is the whole
set of 2" numbers. The cardinality of S is accepted to be ¢ such that 2"~ < ¢ < 27
and it is even. We are also promised that function f is either balanced or constant on
the set S and balanced on the set S’. In Ballhysa’s generalization of the Deutsch-Jozsa
algorithm, we are able to find out whether the function is balanced or constant on set
S with one-sided error probability. We will try to apply the same convention to the
algorithms we explained in sections 4.2.1 and 4.2.2 as variants of Chi, Kim and Lee
Generalized Deutsch-Jozsa algorithm. The procedure will be the same as that of the
Deutsch-Jozsa algorithm, except for the first Hadamard transformation to the first n
qubits, we will use Equiprobable Superposition Generator, assuming that a perfect ESG
is implemented as in Ballhysa’s algorithm. We will first apply the generalization to
CKL concerning evenly-distributed functions, then the one concerning evenly-balanced

ones.

5.1.1. Generalization of CKL for Evenly-Distributed functions

As explained in section 4.2.1, the algorithm is to classify a certain function, f,to
be constant or evenly-distributed. Different from the original procedure, instead of a
domain with 2" numbers, a mapping of the domain to the 2* evenly spaced elements in
the range of 2™ numbers, we will use g, numbers in the domain such that 2"~! < ¢ < 27,
mapping to ¢ evenly spaced numbers in the range of ¢, numbers, assuming that all
these numbers are even. Therefore, the equalities for v = Z—: and p = ‘z—t and indexing

of the elements in the range pj + t will survive. As in Ballhysa’s generalization the

difference will be the replacement of the first n-qubit Hadamard transformation with
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n-qubit ESG. Another difference will be in the oracle. The oracle was Ulz) = wﬁx)\@

f(z)
M

where w =ewm and M was 2" however our new M here is ¢,,, that’s why our new

2mi

transformation becomes U|z) = wf; @)|2) where wg (@) = eam . Our assumptions will not

m m

be so different from Ballhysa’s. They are:

1. g, is greater than 271

2. f is either evenly-distributed or constant on set S.

The new procedure is:

Initialize the qubits such that the n qubits are in state |0)®".
Apply ESG transformation to the n qubits.

Apply the oracle Ulz) = w(ﬁf“x).

Apply Hadamard to all of the n qubits.

A e

Measure the n-qubit state. If the measured value is different than zero,

then claim that the function f is evenly-distributed. If the measured

value is zero then f is constant.

Figure 5.1. Generalization of CKL in generalized domains for Evenly-Distributed

functions
|0>-:E-‘n ESG x ei—:f(x)x | H@R— Measure
Uf
) w) )

Figure 5.2. Quantum circuit for the generalization of CKL for Evenly-Distributed

functions

The step by step analysis of the algorithm:
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1-Initialize the qubits such that first n qubits are in state |0)®".

[Yn) = [0)*"

2- Apply ESG transformation to the n qubits.

[2) = ESGliy)

1
= > =)
In €S
2- Apply the oracle Ulz) = w!®|z).
|hs) = Uliha)
1
= U—> Iz
n €S
1
= =Tl
4n TES
3- Apply Hadamard to all of the n qubits.
[Ya) = H"[Ys)
1
= H"—= 3 wlW|z)
n x€eS

1 2= ( 1

= Z Z(—l)’”'zwfrffv |2) (5.1)
v 2n z=0 4n z€S !

4- Measure the n qubit state. Just like in the original generalization algorithm if we

analyze the function f for the cases:

1. f is constant and the measured state |z) = |0)

2. f is evenly-distributed and the measured state |z) = |0)

The amplitude, S, of any measured state |z) is, as seen from the formula in 5.1 is

e (Zoes(— 1) w]®).
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For f is constant, f(z) = f(0) , and |z) = |0) the amplitude of the state becomes:

So = w
" v2”qn <ze:s "’”)

So the probability of correctly observing the state |0) when the function f is constant

18:

PO = |S()|2
= O\ 5P
Since
OR =
=1
Therefore,
qn
P[) — 27

When we analyze the amplitude of the state |z) = |0) when the function f is evenly-
distributed:

% = m(%“‘“)
- = (qu (wa)
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vV Ik~ 1 273 .
— Z eam (nj+t)
Qan =0

Il
o

The probability of observing the state |0) when the function f is evenly-distributed
is 0. As in Ballhysa’s generalization of the Deutsch-Jozsa algorithm, this generaliza-
tion has the property of “one-sided error”, such that the probability of reporting that
the function is constant correctly is %, since we know that ¢, > 2"~! then the error

probability is less than %
5.1.2. Generalization of CKL for Evenly-Balanced functions

In this section, we will apply the same generalization background to the algorithm
explained in Section 4.2.3. In this case we try to understand whether a function f is
constant or evenly-balanced when there is no other possibility for f. The applied
procedure will almost be the same except for the first n-qubit transformation with
Hadamard gates, we will be using ESG again. In addition, we will again be talking
about sets with cardinality that are not powers of 2. The assumptions will almost be
the same of section 5.1.1 except for the type of the function. This time we will try to

understand whether the function is evenly-balanced or not. The assumptions are:

1. g, is even and greater than 27!

2. f is either evenly-balanced or constant on the set S.

The algorithm is:
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Initialize the n-qubit control register to |0)®n
Apply ESG transformation to the n-qubit control register.
Apply the oracle UF™ defined as Ug|z)|y) = |z)|y @ f(z)).

Ll A

Apply Pauli-spin matrix corresponding to phase-flip operator c2™ to the
m-qubit auxiliary register.

Apply the oracle U to the control register again.

Apply phase-flip operator to the auxiliary register once more.

Apply Hadamard transformation to the control register once more.

® N

Measure the first register, if the value is different than zero claim that f

is evenly-balanced, if the measured value is zero then f is constant.

Figure 5.3. Algorithm for Chi,Kim and Lee generalization of Deutsch-Jozsa algorithm

in generalized domains

The step by step analysis of the algorithm is as follows:
1- Initialize the n-qubit control register to |0)®™. We also assume that the state of the

m qubit auxiliary register can be stated as :

M-1 m—1
W) = D a @)
v=0 7=0

As a result, our initial state becomes:

) = 10)*" @ [¢)
M—1 1
= 0@ > a @)
v=0 §=0

2- Apply ESG transformation to the n-qubit control register.

[¢2) = ESG@I®"|¢y

~—
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O @R M o 1
ESG |— H +— Measure

m

Ad—1
[¥)=a 1)/ o "
0

p=|

N A A A S

‘ \Itl > | |112 > | ‘Ig) | \114> | lIJS ) | 'Pﬁ ) | IIIT >

Figure 5.4. Circuit of the generalized Chi,Kim and Lee generalization of Deutsch’s

algorithm for Evenly-Balanced functions

3- Apply the oracle Uy defined as Uy|z)|y) = |z)|y @ f(z)).

Wz) = UfW2>
M-1 -1
= ZIx@Zw@!vJ@f 7)
n €S v=0 7=0

4- Apply Pauli-spin matrix corresponding to phase-flip operator o®™ to the m-qubit

auxiliary register.

v = (I ©om) |w3>
_ (mn@o—;@m) S Ja) @Zay"éz)m@f

4n xesS
M-1 _
_ Z’x 3 (- )Z]O(vﬂrfxb& ®‘V @ f(z);)
Un ycs =0 §=0
m—1 M-1 m—1 m—1
= LY E)EE O e Y (—)T Ya, @ vy @ f(x);)
4n zes =0 =0

5- Apply the oracle UJ@” to the control register again.

s) = Uf|¢4>
— Uf

-1

S ) i @ 3 ()T e, @ vy & Fla);)

dn .c5 =0 3=0




1 m—1 gy M-1 -t m—1
= =S ()2 Ty 3 (— )20 Ve, @) |y @ f(2)
4n zes v=0 =0
1 — 1 M-1 m-1_ m—1
= Y (—1)2= Wiz @ Z Lm0 Y, ) 1)
dn zes §=0

6- Apply phase-flip operator to the auxiliary register once more.

[e) = (17" @02™) [s)
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i@ f(@);)

1 m—1 . M-1 m—1 m—1
= (I®” ®02®m) ()2 Ty @ 3T (1) 20 Y, @) |yy)
an zeS v=0 Jj=0
]. m—1 x); N 2 Vg ml
= =X DR e Y (-1 e, @ )
n cg v=0 j=0
1 m 1 a: M-1 —1
= =Y ()= e Y, @ )
qn z€eS v=0 7=0
]_ m—1 )
= S (= 1) [0y @ Jy)
an zeS

7- Apply Hadamard transformation to the control register once more.

) = (H®" @ T°™) [)

SRR 6 )

— n ®@m
(H @ ) In €S

- X { e SIS VG Ve f"”]} 2) ® 1)

z€eSs

The amplitude of any measurable state is:

m—1
S, = j=o 1(@);
x/2”qn x%

As a result, for the state |z) = |0) the amplitude becomes:

m— 1
f(z);
So =
\/2"qn a;

There are two cases to consider:

(5.2)
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1. f is constant

2. f is evenly-balanced

For f is constant, f(x) = f(0):

1 m—1 0)
Sy = (_1)Zj:0 £(0);
V2" ;S

_ (_1)22:01 £0); dn

EEE
SRS 3
)
3

_ (_1)27:_01 £(0);

So the probability to observe the state |0) is:

Py = |Sof?
2
— (_1>Z;ﬂ:_01f(0)j ql
2n

_ I

2n

If we consider the amplitude of the state |z) = |0) when the function is evenly-balanced:

1 m—1 .
S — -1 ijo f(z);
" V27 a;g( )

0

The “one-sided error” property exists here since we know that if we measure the
value |0) f is definitely constant. When we measure a value different than |0), we will

claim that f is evenly-balanced.
5.2. Generalization of Simon’s Algorithm
As we generalized the previous algorithms, we can generalize Simon’s algorithm

in the same manner and the success probability does not differ from the original al-

gorithm. The procedure will be the same as the original Simon’s algorithm with the



same difference of using ESG instead of Hadamard as in all other generalizations.

in other generalizations our assumptions are:

1. g is even and g > 2"~!

2. f is either 1-to-1 with a trivial s = 0™ or 2-to-1 with a non-trivial string s.

The algorithm is:

1.

A

~

Initialize totally n+m qubits, n qubits for the first register and m qubits
for the second one, to the state [0)®"™

Apply ESG transformation to the n-qubit first register.

Apply oracle Uy defined as Us|x)|y) = |z)|y & f(z)).

Apply Hadamard transformation to the first register.

Measure the first register as a row to the matrix of step 6.

Repeat the first five steps for n — 1 times to constitute an n — 1 x n
non-singular matrix with output strings as row vectors.

Solve the matrix problem A,,_1x,S,x1 = 0 by using Gaussian elimination.

Check for the property of the function f by evaluating the values for
f(0) and f(s).

Figure 5.5. Simon’s algorithm in generalized domains

When we analyze the algorithm step by step:

73

As

1- Initialize totally n + m qubits, n qubits for the first register and m qubits for the

second one, to the state |0)®"*™.

) = o)

2- Apply ESG transformation to the n qubit first register.

tha) = (ESG®I™)|yy)
Y lz) @0y

1
q T€S
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‘O>®H+ ESG —x X — H®n— Measure

Ys

)" —/ v e

P oo
LA

Figure 5.6. Quantum Circuit for first four steps of Generalized Simon’s algorithm

3- Apply oracle Uy mentioned in Deutsch’s problem.

|¢3> = Uf|¢2>
= Z|x ® |0)e™

IEGS
= fZLr ®|f(x

xGS

4- Apply Hadamard transformation to the first register.

) = (H®"®I®m)|¢>

= (H e o) ZS|I®|f o)
= 7 & SV e e

When we check for the amplitude of any state |2) ®|f(x)) then if the function is 2-to-1,

meaning that there exists string s such that Va # y:

fley=f(") & 2'=zds (5.3)
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Then, the amplitude of any state |z) ® | f(x)) becomes as shown in the original Simon’s

algorithm:

1 Tz xPs)-z
S = g 1 (D7 + (1)) (5.4)

zeS

We already know that (z @ s)-z=x-2+s-z(mod2). As a result,if s-z # 0, then the

amplitude will be:

I
o

Therefore, the probability that we will be observing the true string ¢ with the property
t-s=0is 1.

Measure the first register as a row to the matrix of step 6.

Measured string at the end of the first five steps will be a row of length n in the matrix
of step 6.

6- Repeat the first five procedures for n—1 times to constitute an n—1 X n non-singular

matrix with output strings as row vectors.

The analysis of the algorithm will not differ from the one in section 4.3, since
we will be measuring z out of 2"~ ! possible states. The issue is that we are still able
to observe z with the property s -z = 0. Our new domain puts limitation for the
number of z’s, not for the set z belongs to. Although the number of z’s decreased,
the probability that we will measure z’s with the property s -z = 0 remains the same
which is 1. Therefore the analysis of section 4.3 does not change, we will repeat the
first four procedure for n — 1 times to hopefully get n — 1 independent vectors out of
2"~! possibilities. As a result, we are able to determine whether function f is 2-to-1 or

1-to-1 with probability greater than 1/4.
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6. CONCLUSIONS

In this work, we have discussed the effects of generalized domains consisting of
number of elements that are not necessarily powers of two on three algorithms. The first
two were Chi, Kim and Lee generalizations of the Deutsch-Jozsa algorithm for functions
which are evenly-distributed and evenly-balanced [13]. In these algorithms, the gen-
eralized domain algorithm worked not perfectly but with “one-sided error” property.
The third algorithm was Simon’s algorithm [5]. In Simon’s algorithm, the generalized
algorithm worked perfectly such that the error probability of original Simon’s algorithm

have not changed.

Our current aim is to analyze the error probabilities of these and other hidden sub-
group algorithms for the cases where the equiprobable superposition generator works
imperfectly as in the KSV and G algorithms and possible newly created equiprobable

superposition generators.



7

APPENDIX A: GAUSSIAN ELIMINATION ON BINARY
NUMBERS

The general Gaussian algorithm works on the equation Ax = b where Aisn xn
matrix, z is an unknown n x 1 vector and b is a n x 1 vector. The task is to find
the vector x. The application of Gaussian algorithm accepts the assumption that the
rows of the matrix A are independent from each other, so that it is possible to come
up with an upper triangular matrix by applying elementary row operations on A. The

mathematical perspective is as follows:

A x = b
aiy;y Qi ... QAipn I bl
21 Q99 ... QA9pn i) b2

| Gn1 Qp2 . Gpp || T | | by |

Before applying elementary row operations we exchange the vector x with vector
b and treat A and b as if they form a new single matrix. During row operations vector x
is also applied the same row operations in itself. After the application of row operations

we end up with:

/ / / / /
aypp Qg ay, | b T
! ! / /
0 ag as, | by )
0 .
/ / /
00 an, | b K
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We exchange the places of the vectors x and b once more, to be able to make

matrix computations:

! ! ! ! /
ay ayy ... aj, x b}
0 da al ! bl
22 --- oy 2 2
= (A.1)
0
li / /
00 C U || T | b, ]

This results in n equations. Dissolving each x} one by one easily, using backsub-
stitution, we can compute all the x; values. The binary application of the Gaussian
elimination will almost be the same, although note that in our case there are n — 1
equations. Instead of multiplying rows with coefficients to get an upper triangular

matrix, we use the fact that in binary arithmetic, 04+1=1;04+0=0 and 141=0.

We shall first start with why it is enough for us to have n — 1 X n matrix whose
rows are independent from each other. In binary case, having a single 1 or double 1’s in
a row are the basis cases. Suppose that there is a row with a single one corresponding
to sp in our string s. This will mean that sy is zero. If we have two 1’s in a row
corresponding to sg and s, then this will mean that sy 4+ s, = 0. Since our domain is
binary numbers we can conclude that sy = s5. This allows us to replace all sy’s with
so’s or vice a versa. In original Gaussian elimination we have expressed that we end
up with equation A.1 with a single element in the last row. In the binary case it is
enough for us to have two elements in the last row as in the (n — 1) row in equation
A.1. This allows us to conclude that n — 1 rows will be enough to find the string s in
binary Gaussian algorithm. As mentioned above, our initial aim is to find rows with a

single 1 or double 1’s.
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When explaining the algorithm, an example will serve us the best as follows:

Suppose that we have a 5 x 6 matrix A such that:

(110010
011101
A=1101001
111101
110101

In Simon’s algorithm our vector b clearly equals:

S
I
o o o o o

Since the issue is to find the string s such that As = 0.

_ - So _
110010 0
S1
01 1101 0
52
1 01 0 01 = 0
53
1 11101 0
Sq
110101 0
L J 55 L

Our first aim is to find rows consisting of one or two 1’s. If our matrix does not

have such rows then our initial aim will be to modify our matrix by elementary row
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operations as in original Gaussian elimination process. For our example:

So S1 S22 83 S4 Ss

1 10 01 0 — O
0 1 1 1 0 1 — O
1 01 0 0 1 — O
1 11 1 0 1 — O
1 1.0 1 0 1 — 0

When we look at our matrix, we see that there is no row with a single 1 or two
1’s. As a result we will start our row operations. We can target the first row at the
beginning as using it for the addition operation to leave a single or two 1’s in the s

column as follows:

So S1 So S3 S4 S5
1 1 0 0 1 0 —
0 1 1 1 0 1 —

1+41=0 0+1=1 14+40=1 0+0=0 0+1=1 14+0=1 —
1+41=0 1+1=0 1+40=1 1+0=1 0+1=1 14+0=1 —
1+1=0 1+1=0 04+40=0 1+0=1 0+1=1 1+0=1 —

o o o o o

When we look at the rows there are still no rows with single 1 or two 1’s. As a
result, for this time we target the second column corresponding to s; by adding the

second row to the other ones with a 1 in the same column.

50 51 So S3 54 S5

1 1 0 0 1 0 — 0
0 1 1 1 0 1 — 0
0 1+41=0 1+41=0 04+1=1 14+40=1 141=0 — O
0 0 1 1 1 1 — 0
0 0 0 1 1 1 — 0
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After this second elimination, the equation becomes:

So S1 S22 S3 S4 Sj

1 10 01 0 — O
0 1 1 1 0 1 — O
0o 00 1 1 0 — 0
0 06 1 1.1 1 — 0
0o 001 1 1 — 0

When we search for the single 1 or two 1’s in a row, we see that in the third
row there are two 1’s corresponding to columns of s3 and s;. We can conclude that
s3 + s4 = 0, meaning that s3 = s4. With this knowledge I can put s4 in place of s3 in

other words we can add the column of s3 and s, and name it s3 4.

So S1 S22 S34 Sk

1 1.0 1 0 — O
0 1 1 1 1 — O
0O 0 0 0 0 — 0
0 01 0 1 — 0
0 0 0 01 — 0

When we look at the matrix we see that there are all zero’s in a row and we delete
them, besides in the fifth row above, there exists a single 1, meaning that s; = 0. We

can replace s5 with zeros and delete the corresponding row and column.

So S1 S2 S34
11 0 1 — 0
0 1.1 1 — 0
0 01 0 — 0
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We see that the last row has only one 1, which tells us that the column corre-
sponding to that single 1, s, is zero. As we did before, we can replace 0’s in place of

so and delete corresponding rows and columns.

S0 S1 S34
1 1 1 — 0
0 1 1 — 0

Since the last row has two 1’s, we can say that corresponding columns s; and s34

are equal as s; = s34. We add the two columns and rename it as s 34.

S0 S1,34
1 0 — 0
0 0 — 0

In the last equation, since sy has a single 1 then we can conclude that sy = 0.
Finally what we gathered is sg = s9 = s5 = 0 and s; = s3 = s4. Since we look for
a non-trivial solution, we say that s; = s3 = s4 = 1. As a result our string becomes

s=[010110]

As seen in the example, we make search of n — 1 rows column by column for n
elements. So there are two important steps that will be applied to each row. We first
make control of the rows with a single or double 1. This control step takes O(n?) steps
since we consider all of the elements in an n — 1 x n matrix. The second step is the
addition operations in case the control step returns that there is no row with a single
or double 1. In this case starting from the first row checking for a column with a 1,
we try to vanish the other 1’s in the other rows of the same column which takes O(n)
step for one row. For all rows it takes O(n?). After each step we put our control step
to make the necessary replacements. This reduces complexity of the algorithm since it

deletes some of the columns and rows in most of the cases, however in the worst case
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we repeat the control step of O(n?) complexity, for each row, in other words for n — 1

times. Therefore, our complexity becomes O(n?) which is polynomial.
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APPENDIX B: THE CONTINUED FRACTIONS
ALGORITHM

Continued fractions is a very essential way to express rational numbers in terms

of integers. Continued fractions expression is of the form:

r = ag-+

However, with all b; = 1, continued fractions become simple continued fractions and is

expressed as:

A more convenient notation to express simple continued fractions is r = [ag, ay, ..., ay],

assuming that all a; > 0. With an example we can make a clear description of the

continued fractions by applying the algorithm on the fractional number 329 as follows:

1387
3796 +1022
1387 1387
1
= 2 + iggzz
1022

The key step of the algorithm to keep dividing the smaller number to the larger

one till an integer is seen.

3796 91 i
1387 L
1

= 2+ 1 + 365
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In short, continued fractions expression of the real number becomes:

3796

— = [2,1,2,1,4]
1387

It is clear that the algorithm will terminate after a finite number of division for
any rational number, since the denominators as in the sample (3796,1022,365,292,73,1)
are strictly decreasing. For a rational number in the form ¢ = s/r where s and r are
n bit integers, the continued fractions algorithm will be computed in O(n?) operations
consisting of O(n) steps for dividing and inverting using O(n?) gates for elementary

arithmetic.

Longer and longer prefixes of [2,1,2,1,4] are better and better approximations
to the original fraction. In order-finding, since we know x, N and a range for r, we
can extend the continued fraction and check whether the newest denominator is r
iteratively. The fraction we must start with, is the number we read in the first register

over 2¢.
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