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ABSTRACT

ACTIVE BROWNIAN PARTICLES PROPELLED BY

SOUND

Small particles in acoustic fields experience the so-called acoustic radiation forces

by which the motion of particles can be manipulated in a contact-less way. Active Brow-

nian particles have the ability to propel themselves by converting ambient energy into

kinetic energy. However, because of the lack of study, the behavior of active Brownian

particles in vicinity of external fields is not well-understood. The usage of acoustic

fields in controlling the motion of these particles was suggested before, but this effect

has not been resolved analytically yet. In the analysis contained herein, the behavior of

active particles inside an acoustic field is investigated by constructing the equation of

motion for a single particle. This is the first time in the literature whereby the analytic

form of the acoustic radiation forces is integrated with the dynamic equations of the

system. The resulting equation is solved via numerical techniques. Then, with the

performed simulations for two different active matter models, the collective behavior

of active Brownian particles is also exploited.
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ÖZET

SESLE İTTİRİLEN AKTİF BROWN PARÇACIKLARI

Akustik alanların içerisindeki küçük parçacıklar akustik radyasyon kuvveti olarak

adlandırılan bir kuvvete maruz kalırlar ve bu kuvvet parçacıkların hareketlerinin uza-

ktan kontrol edilmesine olanak sağlar. Aktif Brown parçacıkları ise içinde bulunduk-

ları ortamın enerjisini kinetik enerjiye dönüştürerek hareket etme becerisine sahip-

tirler. Fakat bu parçacıkların harici etki varlığındaki davranışları, çalışma azlığı ne-

deniyle yeterince anlaşılamıştır. Aktif Brown parçacıklarının hareketlerini kontrol et-

mek için akustik alanların kullanımı daha önce gündeme gelmiş olmasına karşın, henüz

bu etkinin analitik çözümüne dair bir çalışma yoktur. Bu çalışmanın amacı, tek bir

parçacığın hareket denklemini kurgulayarak aktif parçacıkların akustik alan içerisindeki

davranışlarını incelemektir. Literatürde akustik radyasyon kuvvetinin analitik den-

klemini aktif parçacıkların dinamik denklemlerine ekleyen ilk çalışma budur. Bulunan

denklemlerin nümerik çözümleri kullanılarak iki farklı aktif madde modeli için simu-

lasyonlar yapılmış ve aktif Brown parçacıklarının kolektif davranışları da incelenmiştir.
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1. INTRODUCTION

The difference between the living entities and inanimate ones constituted one of

the hardest questions of human civilization for millenniums. At first implication, one

can simply deduce that the movement mechanisms of these two kinds are different than

each other. Lifeless bodies move only in presence of external forces such as gravity. On

the other hand, vivacious bodies are capable of self-propulsion and can convert their

internal energy into mechanical energy. However, with the latest technological devel-

opments it became possible to produce artificial machines which have self-propulsion

mechanism and translate themselves by using the ambient energy [1]. Even though

this talent is one of the basic aspects of life, the term active refers to all matter (living

or artificial) which have capability to move actively.

Besides self-propulsion mechanisms the collective behavior of active matter is

unique. In animal crowds such as flock of birds, schools of fish, or herds of cattle, the

communal motion is usually organized because the motion of each individual is affected

by the cumulative motion of the whole community [2]. Although there are some basic

differences with the motion itself, this collective behavior has similar properties for all

the different species of living entities. Moreover, even bacterial colonies in the micro-

scopic scale shows similar attitude. Thermodynamic laws require the system to reach

the equilibrium condition as time passes, but because of the energy consumption, ac-

tive matter systems are capable of drive themselves far from equilibrium [3]. Examples

of such systems are macroscopic animals [4,5], motile cells [6–8], Brownian motors [9],

active Brownian particles [10], and artificial self-propelled particles [11,12].

The first study of modelling of active matter is probably the analysis of Keller

and Segel (1970) in which they suggested a mathematical background for chemotac-

tic interaction of amoebae and aggregation [13]. After this work the first computer

simulation model for animal groups, called as “boids” model which resembled bird-oid

objects was carried out by Reynolds in 1987 [14]. Even though there were many studies

on computer simulation of active matter, Vicsek et al. (1995) provided a simple but
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strong model for self-ordered motion of system of particles [15]. In this model, indi-

vidual particles had a constant speed and a direction which was the average direction

of particles within a circle with a specificed radius centred at the particle, yet it did

not explain the behavior of the particles in presence of energy sources. The study

which considered the active particles with ability to take up energy from the environ-

ment for both continuous and localised energy sources was called energy depot model

came by Schweitzer et al. [16]. This model was generalized by Ebeling et al. in 1999

to active Brownian particles with internal energy storage mechanism [10]. Hydrody-

namic interactions were added to the energy depot model by Erdmann and Ebeling

(2003) [17].

Since there are various types of organisms, their motion shows clear deviations

from each other and they are studied separately. For motion of daphnia, a micro-

scopic animal, Komin et al. (2004) suggested a model which was based on a random

motion with a Gaussian angle distribution in the absence of external interactions. A

different type of motion, ameboid motion, was analysed by Bödeker et al. (2010) by

using a Langevin-type stochastic differential equation [6]. A theoretical analysis of

sperm movement towards egg which acts as a chemoattractants was carried out by

Friedrich and Jülicher in 2007 [7]. Movement of insects was investigated by Kareiva

and Shigesada (1983) as a correlated random walk with move length and turning angle

probability distributions [4]. The migration of living cells was exploited by Guttal and

Couzin (2010) [18]. They developed an individual based model of movement and social

interactions in a wide range of densities. A model for bird flocks built on empirical data

and characterized the collective phenomenon was provided by Cavagna and Gardina

(2014) [2].

Apart from these models, certain models which took the environmental factors

into account developed. By combining analytic and numerical approaches, Pooley

et. al (2007) studied hydrodynamic interactions of micro-organisms swimming at low

Reynolds number [19]. Another study at the low Reynolds number limit came by

Downton and Stark (2009) which proposed a method for a squirmer driven micropar-

ticle using stochastic dynamics [20]. Córdova-Figueroa and Brady (2008) developed a
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model for self-propelled particles by suggesting a mechanism called “osmotic propul-

sion” [21]. With this mechanism the kinetic energy of the Brownian particles was

transformed into mechanical motion. Yang et al. (2014) suggested a minimal model

of two dimensional self- propelled repulsive particles in a box [22]. They also inves-

tigated the collective behaviour of particles for different densities. The transport and

collective dynamics of dilute active suspensions simulated with thermal fluctuations by

Wang and Duan et al. (2014) [23].

Although the Keller-Segel model was one of the earliest studies on collective be-

havior, it took decades for the topic to gain interest again. Schimansky-Geier et al.

(1994) investigated the structure formation of active Brownian particles (ABP) by

exploiting the ambiguity of diffusion process which could be considered as both micro-

scopic and macroscopic [24]. A pioneering experimental study was contributed by Soni

et. al (2003) which determined the correlative motion of colonial Escherichia coli in

three dimensions [25]. Berke et al. (2008) showed both theoretically and experimen-

tally that E. Coli bacteria were concentrated around the container walls [26]. Lately,

many researchers were interested in collective behavior. Henkes et al. (2011) carried

out a numerical study on dynamics of active particles with high concentration and

with soft repulsive interactions in two dimensions [27]. Volpe et al. (2011) studied the

motion of artificial microswimmers in patterned environment which contains intermit-

tent obstacles [28]. Wang and Wolynes (2011) determined the spontaneous collective

behavior of active matter systems via both anaytic and numeric methods [29].

A paper which considers chirality of microswimmers came out by Mijalkov and

Volpe (2012) with their unique approach for active motion [3]. Dey et al. (2012)

provided a study which considered the relationship between giant number of fluctua-

tions of active matter in finite space and functions of structure formations in various

models of active matter [30]. An experimental study on cluster formation on “gliding”

bacteria was handed over by Peruani et al. (2012) [31]. The repulsively interacted

active Brownian particles was considered by Stenhammar et al. (2013) and they pre-

sented a continuum theory for phase-seperation dynamics [32]. Palacci et al. (2013)

built a system in which the propulsion of self-propelled particles can be turned on
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and off with a blue light and showed that the existence of living crystals was related

to far-from-equilibrium conditions [33]. Wang and Chen et al. (2014) investigated

the transport and collective dynamics of dilute active suspensions with a simulation

with thermal fluctuations [34]. A numerical analysis presented by Reichhardt et al.

(2014) which was focused on the transport of interacting active run-and-tumble par-

ticles over disordered landscapes with obstacles [35]. A study on the phase diagram

of purely repulsive, soft poly-disperse active particles in two dimensions, in a regime

where the non-equilibrium effects were expected was provided by Filly and Henkes et

al. (2014) [36]. Another recent experiment for characterizing the phase behavior and

equation of state of a system of active colloids with sedimentation was made by Ginot

et al. (2015) [37].

The unique property of self-propelling particles is that the system drives itself

far from equilibrium. Since the equilibrium thermodynamics cannot be applied to the

active matter systems directly, many researches has been focused on thermodynamic

explanations. In 2008, Loi et al. showed that the effective temperature of active matter

systems was compatible with the predicted result of the fluctuation-dissipation theo-

rem [38]. Another study on the effective temperature of active matter was provided by

Wang and Wolynes (2011) which stated that it depended on the susceptibility of the

motors which was the internal mechanism of the active motion and Peclet number [29].

Nash et al. (2010) presented a simulation of run-and-tumble particles with far-field

hydrodynamic interactions by lattice Boltzmann non-equilibrium steady states [39].

The equation of state of active particles was studied with a simulation by Mallory

et al. (2014) and they found a dependence of pressure on the temperature and used

this result to explain their anomalous behavior [40]. Filly and Baskaran et al. (2014)

studied the dynamics of non-aligning and non-intetacting active particles in two di-

mensional containers and showed that the dynamical motion and thermodynamics of

active particles were affected by boundaries [41]. A calculation for mechanical pres-

sure of spherical active Brownian particles was presented by Solon et al. (2015) [42].

Lately, a comprehensive study by Takatori and Brady (2014) provided a generalization

of thermodynamic concepts on active matter with the introduction of a new concept

called “swim pressure” [43].
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The collective behavior of macroscopic animals depends on the information trans-

fer. Couzin et al. (2005) studied on a model in which the individuals who had the

information of the required direction were not known by the other members of the

community [44]. They also exploited the collective motion of such systems. Another

study on information transfer presented by Sumpter et al. (2008) which showed that

the procedure of information transfer was optimized when the density of animals was

close to a phase transition between ordered and random motion [45].

Artificial microswimmers which can mimic the motion of active particles gained

interest with latest advances in nanotechnology. Dreyfus et al. (2005) built a structure

which consisted of a chain of magnetic particles linked by DNA. This structure could

behave like a flagella, when it is attached to the red blood cell and if the magnetic field

around it was changed [1]. In the same year, Dhar et al. (2006) provided study on

autonomously moving nanorods which exploited the increase in the anomalous trans-

lational and rotational diffusion [46]. An experiment made by Howse et al. (2007)

suggested the possibility of designing artificial chemotactic systems in which a chem-

ical reaction catalysed autonomous propulsion [11]. The hydrodynamic interaction

between two dumb-bells was studied by Alexander and Yeomans (2008) using analytic

and numerical solution of Stokes’ equation [47]. They investigated the interaction in

which oscillating dumb-bells moved at low Reynolds number. Leonardo et al. (2009)

showed the possibility of building a nano machine which could act as active particle

when immersed into a bacterial bath [48]. Dunkel et al. (2010) presented a study for

identifying the generic features of scattering of small particles from and artificial or

natural microswimmer [49]. Another research by Putz and Dunkel (2010) tried to link

the micro- and macro- behavior of individual organisms [50]. In order to mimic the

collective spontaneous motion of hierarchically assembled living cells, Sanchez et al.

(2012) used fabricated materials such as polymers and liquid crystals and found that

at high concentration the created network would be the same for active matter [51].

Since there are huge number of publications on active matter researches, making

a complete literature review is impossible. Other than the aforementioned studies,

some novel works are summarized here: Reiman and Hanggi (2002) provided a good
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introduction for the concept of Brownian motors and active Brownian motion [9]. In

their comprehensive research, Takatori and Yan et al. (2014) presented the first pub-

lication which defines “swim pressure” [52]. Another study by Takatori and Brady

(2014) analyzed the stress, dispersion, and average swimming speed of self-propelled

particles subjected to an external field [43]. A numerical examination provided by Ray

et al. (2014) on the force on active matter particles in Casimir geometries exploited the

resemblance of Casimir effect [35]. Characteristics of active matter in low Reynolds

number regime was exploited in an experimental study by Leoni et al. (2008) on a

mechanism of pumping the fluid out of bacteria at low Reynolds number limit which

induced its motion [53]. An impressive study on the hydrodynamics of a drop of active

matter on a solid surface was presented by Joanny and Ramaswamy (2012) and they

exploited the drop shapes with contractile and extensile stresses [54]. Selmeczi et al.

(2008) provided a review of motile cell models which considered them as Brownian par-

ticles [8]. Also, theoretical works on active soft matter was collected in a review made

by Marchetti et al. (2013) [55]. Another review focused on the swimming mechanisms

of both biological and synthetic microswimmers and their individual and collective

behavior came by Elgeti et al. (2015) [56].

In the microscopic world, the motion of a micron sized particle is dominantly

affected by environmental factors which is not the case for macroscopic bodies. One of

those phenomena is being at the low Reynolds number limit. The Reynolds number is

defined as the ratio of inertial forces to viscous forces. This concept was devastatingly

discussed by Purcell and the reader is referred to [57] for a further discussion. In

summary, high Reynolds number limit resembles the validity of Newton’s second law

for the motion. That is, the movement is still affected by actual forces applied at a

time before the motion takes place even though the net force on the particle vanishes.

This means that forces could affect the motion in the future. However, for a body

moving at low Reynolds number limit, the only responsibility for its motion goes to

the forces acting on the particle at that very specific moment, not the forces acted in

the past. For a better understanding, consider a human being swimming in a pool.

The Reynolds number for this situation is approximately 104. This is a high value

and one can neglect the viscous forces, cause the motion is not dominated by them.
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In order to move a considerable amount, a little push from the environment would be

abundant. On the other hand, a bacteria suspended in water experiences a Reynolds

number about 10−4, literally a low value and at that limit the inertial forces become

negligible and play no role in the motion. Instead, the motion would abruptly stop

if the bacteria stops pushing itself. The mathematical consequence of the life at low

Reynolds number is that the inertial force term would be dropped from the equation

of motion and the other forces on the particle could easily be handled.

Another effect in microscopic world is Brownian motion. When a micron sized

particle, also called as colloidal particle, such as a pollen grain, immersed in water,

the grain exhibits a peculiar behavior. This irregular action of pollen grains was first

discovered by scottish botanist Robert Brown in 1827 [58]. The first implication he

made was that grains showed the attitude because of their biotic nature. Nevertheless,

when he repeated the experiment with inorganic matter, he observed the same motion

and eliminated this conclusion. Also, the motion was still observable after the setup

had been waited for a long time which suggested that the behavior was not resulted

from a mechanical instability. Hence, the only possible explanation for the motion at

hand was that the motion was purely caused by microscopic physical effects.

After Brown’s discovery many physicists tried to shed light on the underlying

condition of the Brownian motion. C. Wiener (1863) searched for an experimental

evidence for the origin of the Brownian motion and found a connection between the

motion and the molecules of the surrounding fluid [59]. Afterwards, an experimental

study by M. Gouy [60] stated that a decrease in viscosity leaded to an amplification in

the irregular motion. Theoretical studies which explained the origins and put the Brow-

nian motion in a strong mathematical background were performed by Einstein [61,62],

Smoluchowski [63], and Langevin [64]. According to these theories, Brownian motion

was resulted from collisions between the particle and the constituting molecules of the

immersing liquid whose motion was agitated by thermal fluctuations according to the

laws of thermodynamics. The momentum exchange between particles in these elastic

collisions causes the Brownian particle to displace randomly and the mean square dis-

placement of individual particle increases with decreasing viscosity. Furthermore, since
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the kinetic energy of particles increases with temperature according to equipartition

theorem, the motion is amplified at higher temperatures.

Molecules of a liquid at a constant temperature move in an arbitrary manner be-

cause elastic collisions between individual particles randomizes their direction, hence

momentum. A common assumption, though not analogous to the realistic cases, is

that all the particles of the fluid should have the same kinetic energy. Although this

assumption makes a considerable simplification for the theoretical studies, because of

environmental factors and particle flow a non-uniform temperature gradient is present

which leads thermal fluctuations across the liquid. Therefore particles do not always

have the same speed, kinetic energy, and momentum. The differences in the direc-

tion and the amplitude of the momenta creates a net direction and amplitude in the

momentum of the Brownian particle, but it changes infrequently. Brownian particles

are approximately 1000 times larger than the particles of the medium which makes

the momentum transfer from a molecule to the particle so low that the observation

of a displacement would be impossible for an observable time scale. However, even

for a considerably short observable time steps, the total number of collisions is always

large (approximately 1012 collisions per second) [58]. So, the cumulative effect of these

huge number of collisions makes the particle move and create opportunity for observa-

tion. Also, the direction of the motion would be random for different time steps since

the transferred momentum comes with a randomized direction. The underlying phys-

ical mechanism of Brownian motion in this manner gave Einstein the idea of random

walks [62]. By considering random walk theory, his theoretical interpretation wholly

explains Brownian motion. Also, together with Smoluchowski’s studies [63] and stokes’

equation [58] which connects the viscosity and friction coefficient, Einstein found a re-

lation between diffusion, viscosity, and temperature [62]. Hence, the microscopic and

macroscopic consequences of Brownian motion were associated.

Brownian motion and diffusion could be explained with Einstein’s theory but

the problem about the dynamics of individual Brownian particles was still elusive.

Individual dynamics was first studied by Langevin in 1908 which also presented the

first stochastic differential equation [64]. In this theory, the motion of a Brownian



9

particle was determined by Newton’s second law. The equation of motion contains an

inertial term, a friction dependent dissipative term, also contains viscosity because of

friction, and a white noise term which represents the irregular momentum transfer from

surrounding molecules to the particle of interest. Because of being a balancing force

equation, handling of any external potential was straightforward. Langevin equation

is also significant for active matter modeling. Various models contain a Langevin-like

equation for considering single particle dynamics. Moreover, it makes the numerical

methods and simulation techniques easier.

Active matter in microscopic world also experiences Brownian motion. Like pas-

sive Brownian particles, the motion of an individual active particle is fluctuating, albeit

it is not completely random. These fluctuations could be originated from certain envi-

ronmental factors as well as internal effects brought about the resulting stochasticity

of energy consumption process. The motion of macroscopic animals also exhibits ran-

domness because of decision making process on which direction and/or speed would be

chosen according to environmental factors and the motion of nearby individuals. The

simplest way to consider such random fluctuations without examining their underlying

mechanisms is to add a stochastic force term into the equation of motion. Thence,

most of the active particle models are based on the concept of Langevin-like stochastic

differential equation.

Active Brownian particles (ABP) is the term used for the Brownian particles that

have an internal self-propelling mechanism. Schimansky-Geier et al. (1995) made the

first study which introduces such term [24] as a reference for the Brownian particles

which had ability to generate an active field in which a self-consistent motion took place.

Following this work, self-driven particles who drive themselves far-from-equilibrium

were called as ”active Brownian particles” [17] [16] [28].

Many authors were interested in the individual behavior of ABPs. The main

challenge in these studies was that while exploiting the properties of a single particle

the collective behavior of a community such as swarming should also be concerned. The

so called ”Keller-Segel model” [13] and simulation study of Reynolds [14] had described
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the particle behavior, however they were not well-equipped when it comes to explain

the collective phenomena. A simple model which explained swarming behavior and

applicable to both microscopic and macroscopic animals came by Vicsek in 1995 [15]

(In the literature this model is usually called as random walk model, but throughout this

document it will be mentioned as Vicsek Model). The model contains a simple position

update term for individual particles which involves a velocity. The direction of this

velocity is determined according to the average direction of nearby individuals with a

small perturbation. In the original version of the model, the speed is constant for all the

particles, however, it is possible to assign a different speed to each particle by using

a probability distribution function. Despite its modesty, with certain modifications

Vicsek model could explain collective behavior of various active systems.

Another model based on rotational diffusion was presented by Teeffelen and

Löwen in 2008 [65]. One of the aforementioned crucial property of microscopic ac-

tive matter is that particles predominantly exhibit Brownian motion. If their internal

propulsion mechanism would somehow stop, the motion will completely turn into pas-

sive Brownian motion. Because of its extensive influence, this model sits on the similar

grounds with Brownian motion. While particles experience random fluctuations, they

are also subjected to rotational diffusion by which their orientation would be deter-

mined. Similar to the Vicsek model, positions of individuals regulated with a constant

speed and a randomized direction. However, in contrast to the Vicsek model, the di-

rection angle does not depend on other particles in the system, contrarily it is found

via rotational diffusion constant. Single particle dynamics is perfectly described in

Teeffelen model, but since their movement is completely independent of each other and

because the environmental factors are not involved, the swarming behavior of active

matter is not resolved.

Certain models of active motion take environmental factors into account that

could affect the motion. This could be done by modifying the friction constant in the

dissipative force term of the Langevin-like equation [66]. A commonly accepted form of

the friction function is that it should depend on the velocity of the particle. Although

this makes the solution of the equation harder, resulting simulations perfectly mimic
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the actual situations. As a consequence of the method above, a model called energy-

depot model was developed in order to express the behavior of an actively moving body

in presence of localized energy sources which can be considered as food sources [16].

The presence of the food source attracts the particle and if the particle exhausts its

internal energy before arriving at the source, its motion becomes passive Brownian.

The model used in this analysis is proposed as a hybrid one. In order to exploit

swarming behavior and because of its simplicity, Vicsek model is chosen. However,

since Brownian motion is so significant that cannot be neglected, it was necessary to

integrate it. The numerical solution of simple Langevin equation provides the required

displacement for Brownian motion for each time step. This displacement could easily be

added to the positions of individuals in the Vicsek model. Also, the angular fluctuation

of the orientation angle is calculated via the rotational diffusion. Thence, our analysis

contains all the necessary effects and could be used as an alternative model.

Manipulation of ABPs under external fields would have significant consequences

because it can be cooperated with the fabrication of micro- or nano- robots which

could have usage in various areas. Acoustic fields could provide one of these exter-

nal effects because they create a potential and particles experience force, so called

acoustic radiation force (ARF). With acoustic fields, the motion of particles could be

controlled in a contact-free way even in the microscopic scales [67]. Another technique

for manipulating microscopic particles is optical tweezing.

Optical tweezers creates a harmonic potential fields around individual particles,

and a single particle could be captured and manipulated in these types of fields. When

subjected to a tightly focused laser light, the particles are trapped because of the

forces of radiation pressure which arises from the momentum transfer [68]. A three

dimensional harmonic trap is possible to be created with optical tweezers, since the

radiation pressure results into gradient forces that pushes the particle into the point

where the laser is focused. It is a commonly used technique in researches of soft matter

physics in order to investigate of the properties of singular objects. Even though optical

traps endanger the subjected entity, cause they may break the physiological structure
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of it [69], together with acoustic fields, it can be used to select and extract a single

particle from a whole bunch of community.

Acoustic radiation force was first discovered in 19th century and studied in detail

for decades afterwards. Although the topic lost interest in the second half of the

20th century, the tendency to the acoustic radiation force increased again with the

technological developments in the microfabrication techniques which made it possible

to create microscopic acoustic sources. The first complete theoretical study on acoustic

radiation forces was provided by L. V. King (1934) whereby incompressible particles

suspended in an inviscid fluid were considered [70]. This study was widened into

compressible particles by Yosioka and Kawasima in 1955 [71]. Subsequently, in 1962,

Gor’kov generalized and simplified these works, yet it was limited to inviscid fluids [72].

The latest and the most powerful theory on acoustic radiation forces was presented by

Settnes and Bruus in 2012 and their analytic method is summarized in Section 2.4 [67].

Since the addition of external fields to a Langevin-like equation is straightforward, its

numeric solution for the position is also added to our hybrid model.

This study is devoted to the analysis of the behavior of active Brownian particles

in presence of acoustic field. Manipulation of active particles with sound did not draw

high attention, although there are two recent studies which consider the collective be-

havior of active matter in the presence of acoustic fields. Wang et al. (2015) [23] studied

acoustic propulsion of artificial bimetallic micromotors and showed that acoustic forces

could be used to reverse the direction of propulsion. Another study was provided by

Takatori et al. (2016) [73] whereby they trapped active matter in a Gaussian acoustic

profile and examined the collective behavior of the active particles. Albeit their novel

approaches, these studies did not resolve the analytic form of the acoustic effects.

Instead, acoustic fields were only used as harmonic potential sources for the sake of

simplicity. In this study, the novel approach would be adding the analytic expression of

the ARFs into the equation of motion of active Brownian particles. By characterizing

the behavior of a single particle, the collective motion of a whole community could

be resolved. Even though certain models are based on continuous dynamics of active

matter and use hydrodynamic properties, these effects are not taken into account and
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only individual dynamics is used in the analysis contained herein.



14

2. THEORETICAL BACKGROUND

An acceptable computer simulation of a physical system requires a well-behaved

mathematical interpretation behind it in order to mimic a natural phenomena and

create a virtual representation of the real world in which the laws of physics are always

valid. In this context, understanding of the underlying theories is so important that

they could be implemented accurately to the minimal portrayal.

The development of the theory of active Brownian motion starts with the tra-

ditional approach of passive Brownian motion and a Langevin-type equation. In this

chapter, these two concepts are discussed as well as a theoretical study on ARF.

2.1. Brownian Motion

The discussion in the Chapter 1 stated that despite its early discovery, the Brow-

nian motion had not been satiably explained for decades afterwards. In this respect,

Einstein’s theory of Brownian motion constitutes an important milestone in theoretical

physics just as his other theories presented at the same time. His explanation was built

upon two major postulates [61]:

(i) The underlying physical reason behind the motion is excessive impacts experi-

enced by pollen grains. These impacts do not decay in time because the constitut-

ing molecules of immersing fluid regularly moves under the influence of thermal

fluctuations.

(ii) Because of the complexity of the behavior of surrounding molecules, the motion

could be explained in a probabilistic manner under the assumption that each

impact is statistically independent.

Einstein’s approach started the era of stochastic modeling in the analysis of natu-

ral phenomena because of its excellence, although the statistical descriptions were used

in the context of thermodynamics before [74].
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According to Einstein’s theory [61], in one dimension (1D) the mean square dis-

placement of a Brownian particle could be found as

〈∆x2〉 = 2DT t (2.1)

where ∆x represents the displacement in x-direction, DT is the translational diffusion

coefficient, and 〈〉 denotes time average. The diffusion constant DT comes from the

probabilistic inference. In three dimensions (3D) this result could be generalized as

〈∆r2〉 = 6DT t (2.2)

in which ∆r is given by
√

∆x2 + ∆y2 + ∆z2. Then, the diffusion constant DT is

DT =
〈∆r2〉
6∆t

. (2.3)

The translational diffusion constant DT can also be related to friction coefficient

by using Smoluchowski equation [63]. Even though the Smoluchowski equation is

similar to the convection-diffusion equation in fluid mechanics, it is different in a sense

that it explains the flow of particles in vicinity of external forces acting on the system.

To understand the relation, consider a measurable quantity whose concentration in the

medium is given by a time independent function C(x). Then, this function obeys the

Smoluchowski equation of the form

DT
d

dx
C(x) =

1

γ
C(x)Fext (2.4)

whereby γ characterizes the friction coefficient and Fext is the total external force. With

the definition of the work done on the system by external forces as W = −
∫
Fextdx,

the solution of this equation is simply given by

DT
ln[C(x)]

ln[C(0)]
=
−W
γ

. (2.5)
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Then it yields the relation of concentration and work as

C(x)

C(0)
= exp(

−W
γDT

). (2.6)

This relation defines a distribution function. The Boltzmann’s distribution law should

be valid for a system in equilibrium. Hence, the relation between the diffusion constant

and friction could be easily inferred with the introduction of kB as Boltzmann constant

and T as the absolute temperature as

γDT = kBT. (2.7)

Equation (2.7) is the so-called Einstein relation. The relation connects the diffusion

coefficient DT which depends on the microscopic variables and the macroscopic mea-

surable T [75].

The friction coefficient in the Equation (2.7) depends on the viscosity of the fluid

and the characteristic dimension of the particle. For this constant George Gabriel

Stokes expressed the formula for a spherical object of radius R flowing in a fluid of vis-

cosity η at relatively low speeds without turbulence (i.e. at the low Reynolds numbers)

which is given by the equation

γ = 6πηR. (2.8)

Then substituting Equation (2.8) into Equation (2.7) yields the Stokes-Einstein

equation

DT =
kBT

6πηR
. (2.9)

For a fluid of viscosity η, Stokes-Einstein equation connects the diffusivity of a
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spherical object with viscosity in the low Reynolds number regime.

Apart from the translational diffusion, particles also experiences sharp turns in

their rotational motion which is called rotational diffusion. The rotational diffusion

tensor for a spherically symmetric particle is given by [76].

DR =
kBT

8πηR3
. (2.10)

Unlike the translational diffusion, this is inversely proportional with R3, hence it scales

with the volume of the particle rather than the linear dimensions.

2.2. Langevin Dynamics

After Einstein’s derivation, the individual dynamics of a single Brownian particle

was presented by Langevin in which he used an ”infinitely more simple” approach

than Einstein [64]. What Langevin proposed was basically an application of Newton’s

second law to the forces acting on a single Brownian particle.

The equipartition theorem in statistical mechanics states that mean kinetic energy

of a particle in 1D in thermal equilibrium should satisfy the condition

〈1
2
mv2〉 =

1

2
kBT. (2.11)

where m is the mass and v is the velocity. There are two forces acting on the particle

of mass m:

(i) A viscous drag force which is a basic hydrodynamic force and given by Stokes

formula as FD = −6πηRdx/dt for a spherical particle at low Reynolds number.

(ii) A fluctuating force ξ(t) which represents the impacts of the surrounding molecules

on the particle. All that is known at this point is that it could be both positive

and negative with equal probability, resembling that its mean value should be

zero.
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Thus the equation of motion for the particle can be found by writing the Newton’s law:

m
d2x

dt2
= −6πηR

dx

dt
+ ξ(t). (2.12)

Multiplying both sides by x yields

m

2

d2

dt2
(x2)−mv2 = −3ηπR

d(x2)

dt
+ ξ(t)x. (2.13)

where v = dx/dt. Averaging over large ensemble of particles and substituting Equation

(2.11) gives

m

2

d2

dt2
〈x2〉+ 3πηR

d〈x2〉
dt

= kBT. (2.14)

The term 〈ξ(t)x〉 vanishes because x and ξ(t) are independent functions and the mean

value of ξ(t) is zero. Then the general solution of the Equation (2.14) can be found by

straightforward integration as

d〈x2〉
dt

=
kBT

3πηR
+ C0exp(

−6πηRt

m
) (2.15)

with C0 is an arbitrary constant. The last term on the right-hand side is exponentially

decaying and according to Langevin’s estimation the time constant of the decay rate

is of the order 10−8 s, shorter than any practically observable time, thus negligible.

Therefore, integration with respect to the time gives the solution

〈x2〉 − 〈x2
0〉 =

kBT

3πηR
t (2.16)

which corresponds

D =
kBT

6πηR
. (2.17)

This is the same result with Einstein’s relation but from a completely different point
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of view.

Langevin equation was the first example of stochastic differential equations be-

cause of the fluctuating force term ξ(t). This term is also called as the white noise.

Each solution of the Langevin equation represents a different trajectory. If one takes

the average over a large ensemble of particles, the mean position would be zero. Despite

there are several methods for solving these type of differential equations, this study

only focuses only on numerical methods.

Even though the white noise was mentioned, it hasn’t been discussed in detail

yet. To exploit the properties of this function, a general form of the Langevin equation

could be used:

dx

dt
= a(x, t) + b(x, t)ξ(t) (2.18)

where a(x, t) and b(x, t) are known continuous functions. The known nature of the

white noise requires that for t 6= t
′
, ξ(t) and ξ(t

′
) should be statistically independent.

Moreover, because the functions a(x, t) and b(x, t) can absorb constant values, the

mean value of white noise 〈ξ(t)〉 = 0. These conditions require

〈ξ(t)ξ(t′)〉 = gδ(t− t′) (2.19)

where g is the strength. Equation (2.19) implies the correlation at different times does

not occur and a non-realistic result that the variance of the white noise is infinite. The

concept of infinite variance has no physical meaning, yet it could be idealized since

statistically independent fluctuations in physical systems do exist.

The strength factor g could be found by considering a simple Langevin equation

for a particle moving at the low Reynolds number. The dimensionless Reynolds number
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is given by

Re =
inertialforces

viscousforces
≈ Rvρ

η
(2.20)

For small scale biological applications its value is about 10−4, resembling that the term

md2x/dt2 is negligible. Then the Langevin equation can be written as

dx

dt
=

1

γ
ξ(t). (2.21)

All the symbols represents their usual meaning. Integration of this equation yields

x = x0 +
1

γ

∫ t

0

ξ(t
′
)dt

′
. (2.22)

Since the diffusion constant is related to run length of the particle (2.3), taking the

square of both sides gives

(x− x0)2 =
1

γ2

∫ t

0

dt
′
∫ t

0

dt
′′
ξ(t

′
)ξ(t

′′
). (2.23)

Taking the ensemble average, the run length could be found:

〈x2〉 − 〈x2
0〉 =

1

γ2

∫ t

0

dt
′
∫ t

0

dt
′′
gδ(t

′ − t′′)

=
g

γ2

(2.24)

From Equation (2.3), the run length should also be related to the diffusion coefficient.

Thus, with also using Stokes-Einstein relation (2.9)

g = 2kBTγ. (2.25)
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Given this so, the Langevin equation could be written in the form of

m
d2x

dt2
= −γ dx

dt
+
√

2kBTγW (t) (2.26)

in which a new function W (t) is introduced which has zero mean and variance of

〈W (t)W (t
′
)〉 = δ(t− t′). (2.27)

2.3. Active Matter

Active matter systems are constituted of individual self-propelled particles which

can decide the direction of their movement. This ability is governed by the mechanism

by which an individual could take up the ambient energy and convert it into kinetic

energy, thus it gains a certain velocity and the system is driven far-from equilibrium. A

wide variety of entities can be considered as active matter, ranging from flocks of bird

to colonies of amoeba. Even though the collective behavior of these diverse entities

looks similar, there are some basic differences between the movement mechanisms of

individuals. For instance, both a bacterium and a bird experience irregular motion

while they move, but this irregularity is mostly resulted from the Brownian motion for

bacterium, while environmental factors and the communication with other members of

community are dominantly responsible for the peculiar motion of bird. Because of this

distinction, there were different models developed for each case. However, this study

focused on two of them, Vicsek model and the model presented by Teeffelen and Löwen

for ABPs.

2.3.1. Vicsek Model

Vicsek et al. [15] presented a model for the purpose explaining the phase transition

of self-driven particles. However, their work was one of the pioneering studies on

active matter whereby the swarming behavior was modeled with a simple but effective

method. According to this model, each individual unit has a constant absolute velocity
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whose direction is determined in consonance with the average direction of neighboring

particles and a fluctuating term. In contrast to its simplicity, this model can be applied

to many complex systems such as schools of fish, herds of animals, flock of birds as well

as the motion of bacterial colonies in order to investigate their clustering, transport,

and phase transitions.

The model provides the time evolution of the position of particles. According to

it, the position of ith particle in 2D is determined by following equations:

xi(t+ 1) = xi(t) + vcos(θ(t))∆t

yi(t+ 1) = yi(t) + vsin(θ(t))∆t
(2.28)

where xi and yi represents the x and y coordinates of the ith particle of the system,

v is velocity, θ is the angle of the direction, and ∆t is the time step as usual. The

velocity v of particles is constant and same for all the particles in the ensemble. The

time evolution of the direction angle θ(t) will be exploited from

θ(t+ 1) = 〈θ(t)〉r + ∆θ (2.29)

where the term with the subscript r represents the average direction of the particles in

a circle of r centered at the ith particle. The last term ∆θ gives randomization to the

direction of the body. In their original paper, Vicsek et al. [15] suggested that it should

be chosen from an interval of [−λ/2, λ/2] in which the numbers are distributed with

uniform probability. The number λ is one of the three free parameters of the system

which represents the noise of the motion resulted from aforementioned environmental

conditions. Other free parameters are ρ and v. ρ is the density which is given by

N/L2 where N is the number of particles in a box of length L. If the simulation would

be performed in 3D, ρ should be turned into N/L3. Furthermore, v is assumed to be

constant in this analysis, however it is possible to change it regularly with a probability

distribution which could resemble that particles move faster or slower in presence of

energy sources and hazardous locations.
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2.3.2. Active Brownian Particles

The motion of active Brownian particles is driven by random diffusion and an

initial self-propelling force. The underlying mechanism of random diffusion part is the

same as the passive Brownian motion for the particles of small sizes. The explicit

form of the initial self-propelling force is not usually resolved in active matter models,

however, some basic approaches could mimic the resulting effects of these forces on

the body. The model presented by Teeffelen and Löwen [65] is used throughout this

document even though it does not explain the collective behavior.

ABPs perform both the translational and rotational diffusion. Their directions

are essentially chosen randomly under the effect of rotational diffusion. The trans-

lational Brownian motion arises with the diffusion constant given by Stokes-Einstein

equation (2.9) as

DT =
kBT

6πηR
(2.30)

where all the symbols have their usual meaning. Also, the rotational diffusion constant

is given by Equation (2.10):

DR =
kBT

8πηR3
. (2.31)

The self-propulsion mechanism is added to the system by considering that each

particle have a constant speed v whose direction is described by the particle orientation

angle φ which will be determined by rotational Brownian motion. φ is also a coordinate

like x and y so that it satisfies Langevin equation. Hence, by invoking the assumption
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that the particles are spherical, the set of Langevin equations describing the motion is

ẋ = vcos(φ) +
√

2DTWx

ẏ = vsin(φ) +
√

2DTWy

φ̇ =
√

2DRWφ

(2.32)

where Wx, Wy, and Wφ are corresponding white noises. Since the motion takes place

in the low Reynolds number regime, the inertial terms are neglected.

The ABP model and Vicsek model are represented in similar forms in a manner

of numerical computation. Indeed, the difference between them is the direction of

velocities. In ABP model, the direction angle is generated as Gaussian random number

with a scale factor that depends on the rotational diffusion constant. This is the

reason why collective behavior does not resolve in ABP model. On the other hand,

the direction in Vicsek model depends on neighboring units. In the long run, the effect

of the small perturbations disappears and all the particles in the community moves in

the same direction.

2.4. Acoustic Radiation Force

The purpose of the study hereby is to manipulate the active Brownian motion

of small particles with acoustic fields, and those particles move at the limit of low

Reynolds number. Thus, inviscid theories cannot be used and a theory which considers

the effect of viscosity is needed. Although there are many theoretical studies present

for the physics of ARF, a recent approach by Settnes and Bruus (2012) [67] is the most

suitable and contemporary one, and their work will be summarized here and used in

the analysis contained herein.

Gor’kov (1962) stated that the acoustic radiation force could be determined as the

time-averaged second order forces acting on a fixed surface [72]. The study of Settness

and Bruus was based on this determination, however it is more accurate then previous

versions of the same approach. Starting with the governing perturbation theory in
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fluid mechanics whereby the density of fluid ρ, the pressure p, and the velocity of the

medium v experience tiny perturbations, the second order forces could be calculated.

Then the radiation force on the particle can be found as

Frad = −
∫
∂Ω

da([
κ0

2
〈p2

1〉 −
ρ0

2
〈v2

1〉]n̂ + ρ0〈(n̂.v1)v1〉). (2.33)

Introduction of a time-harmonic velocity potential yields a considerable simplification

in Equation (2.33). For a traveling velocity potential φin the acoustic radiation force

could be written in the form of

Frad =
4π

3
R3[Im[f1]

κ0

2
〈p2
in〉+ Im[f2]

3ρ0

4
〈v2
in〉]k (2.34)

where κ0 is the compressibility of the fluid, k is the wave vector, and f1 and f2 are

monopole and dipole scattering coefficients.

The scattering coefficients f1 and f2 will be found by imposing the boundary

conditions of a particle moving in a fluid of pressure p1 and of velocity v1 which are the

first order corrections resulted from the perturbation theory of fluid mechanics. The

first order scattering theory contains no coupling of these two coefficients, so they only

represent the monopole and dipole scattering coefficients of outgoing wave.

The monopole coefficient f1 can be found by using the conservation of fluid mass

around the particle. On the other hand, the translational motion of the particle causes

the velocity distribution of the fluid around it to be constructed according to particle

velocity (no-slip boundary condition). This is the required boundary condition of

determination of f2. Hence, these two coefficients are found as

f1(κ̃) = 1− κ̃ = 1− κp
κ0

, (2.35)

f2(ρ̃, µ̃) =
2[1− γ(µ̃)](ρ̃− 1)

2ρ̃+ 1− 3γ(µ̃)
(2.36)
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with ρ̃ = ρp
ρ0

and µ̃ = µ
R

.

The µ in the Equation (2.36) is called the thickness of the the acoustic boundary

layer which is the thin region around the particle where most of the viscosity effects

exist [77]. For a particle under the exposure of 1 MHz ultrasound wave the acoustic

boundary layer thickness is

µ =

√
2η

ω
≈ 0.6 µm. (2.37)

In summary, the resulting radiation force F rad on a spherical particle of radius

R, density ρp, and compressibility κp immersed in a fluid of density ρ0, compressibility

κ0, and viscosity η and exposed to traveling acoustic wave is obtained as

Frad = Im[f2(ρ̃, µ̃)]πR3ρ0〈v2
in〉k. (2.38)

In terms of acoustic energy density Eac, the radiation force is given as

Frad = πR3kIm[f2(ρ̃, µ̃)]Eack̂ (2.39)

where k is the wave number.
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3. METHODS

In presence of acoustic waves, small colloidal particles experience acoustic radia-

tion forces. The analytic form and the magnitude of ARF change according the type

of the acoustic waves which could be standing or traveling. Our purpose is to investi-

gate the motion of active particles under traveling acoustic wave conditions. In order

to do so, the Langevin equation which is discussed in Section (2.2) with an external

force term could be used. Equations given in (2.32) are Langevin-type equations in low

Reynolds number regime for active Brownian particles. Adding an external potential

to these equations would be simple if a simulation on Equation (2.26) with an acous-

tic force could be handled. Therefore, the governing equation of this study could be

written as

m
d2x(t)

dt2
= −γ dx(t)

dt
+
√

2kBTγW (t) + Fext (3.1)

where Fext is the external force and all the other symbols have their usual meaning.

Each term in this equation will be solved numerically and the motion of an individual

unit will be exploited and simulated.

Since Equation (3.1) is a stochastic differential equation, each solution of it rep-

resents a different path for the particle, making a general analytic solution tedious.

However, this equation could easily be handled with numerical techniques and the

trajectory of a single particle could be found in the form of a matrix.

Before diving into the numerical solution of the equation as a whole, the represen-

tation of the white noise via finite difference method should be investigated carefully.

3.1. Finite Difference Method

Finite difference method is commonly used numerical method in various appli-

cations of physics and engineering in order to solve the differential equations. It is
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different from the standard calculus, because it depends on the numerical evaluation of

functions with given discrete variable set. The standard calculus depends on infinites-

imal differentials. In this aspect, the variable x of a given function f(x) is continuous.

However, if we discretize this variable as xk (k = 1, 2, 3, ..), the finite differences take

place.

The method of finite differences is used to solve complex differential equations and

yields a table of values for the functions in their discrete domains. On the other hand,

a solution in closed form cannot be found. In order to understand the properties of this

method, consider the Kepler problem for celestial objects. The two body problem the

analytic solution is trivial and the equation of orbits can easily be found. However, if

the number of bodies would be three or higher, the problem becomes almost impossible.

With the method of finite differences, a simulation over N bodies could be done because

it only calculated the points where each particle should be at a given time step, however,

it does not yield a closed equation for orbits [78].

The basis of this method is to calculate the difference between two consecutive

steps. This property makes it a perfect tool for approximation of derivatives, because

according to the mean value theorem in differential calculus, there exists at least a

point where the connecting line of each endpoints is parallel to the tangent [79]. The

calculation of differences is straightforward. A function of a single variable x could be

discretized by writing

∆f = fk − fk−1 (3.2)

where the indices k and k− 1 represents the value of the function at the points xk and

xk−1. Equation (3.2) is called the backward difference at the point xk. There is also

the method forward difference which could be written as

∆f = fk+1 − fk. (3.3)
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These two methods gives the difference between the point of interest and the point

before or after it. However, there is a symmetric method which is so-called central

difference:

∆f = fk+1/2 − fk−1/2. (3.4)

Although the central difference seems more appropriate, non-integer indices may not be

calculated for many cases. But, if one would like to calculate higher order differences,

these non-integer indices become calculable in certain situations and the scheme would

be more reliable, and in some cases, be more stable.

Apart from the schemes that constitutes the basic parts of an algorithm, an

algorithm as a whole should be convergent and stable. Convergence means that a

numerical solution of a differential equation should approach the true solution as the

steps ∆x, or ∆t in case of time steps, goes to zero. Stability on the other hand, is

that the small errors caused by perturbations in the numerical solution remain small

and don’t effect the final result. Since the techniques applied here are not complicated,

the stability problem can be overcome by keeping the time step ∆t of the algorithm

smaller than the characteristic time of diffusion.

In this analysis, the backward differences is used because of its computational

simplicity. Given well-established initial and boundary conditions, the solution would

be always convergent, and necessary time steps can be exploited from theoretical stud-

ies. In this regard, the first derivative with backward differences is given by

dx

dt
=
xi − xi−1

∆t
, (3.5)

where xi represents the position at the time ti. Then, the second order derivatives

could easily be found by taking the differences again as

d2x

dt2
=
xi − 2xi−1 + xi−2

(∆t)2
. (3.6)
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3.2. Simulation of White Noise

Finite difference method is useful for approximating derivatives. With its tradi-

tional approach Equation (3.1) can be used without the white noise term, W (t). This

is the most important term which gives the stochasticity to the Langevin equation and

should be carefully considered. Various numerical methods were developed in order to

treat this random term. The method proposed by Volpe and Volpe (2013) will be used

in this document [80].

W (t) is not continuous function. Its value changes for each value of t, even the

step size ∆t is so small. The properties of W (t) can be summarized as follows:

(i) 〈W (t)〉 = 0 for all t

(ii) 〈W (t)2〉 = 1 for all t

(iii) W (t1) and W (t2) are independent of each other when t1 is different than t2 [81].

These properties make the application of finite difference method impossible to W (t)

for the reason that the approximated values at ti are wildly distinctive due to lack of

continuity and infinite variation. For the sake of understanding of the behavior of this

function within the approach of finite differences, a simplified equation of Brownian

motion, usually called random walk, can be used:

dx

dt
= W (t). (3.7)

This equation generally represents free diffusion. For applying a numerical method

to this equation, a sequence of random numbers Wi which discretizes W (t) and imposes

its properties is necessary with the following conditions:

(i) The mean of Wi must be zero because both the positive and negative numbers

should be equally probable.

(ii) Their variance should be 1/∆t (As discussed in Section (2.2), the variance of
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〈(Wi∆t)
2〉 should be 1 cause it must be an integrable quantity).

(iii) Any two values Wi and Wj at two different times ti and tj should be statistically

independent of each other.

As a computational shortcut, a Gaussian number set wi with zero mean and unit

variance could be used and by re-scaling, the properties mentioned above could be

imposed as

Wi =
wi√
∆t

(3.8)

Thus, application of finite difference method to the Equation (3.7) gives

xi − xi−1

∆t
=

wi√
∆t
, (3.9)

and leaving xi alone in the left-hand-side in order to make it explicitly calculable

xi = xi−1 +
√

∆twi. (3.10)

An application of Equation (3.10) is provided in Figure (3.1) which shows the

trajectory of a particle making random walk in 2D with the time step ∆t = 0.1 s.

In many areas of computational physics, the stability and convergence of an

algorithm mostly depends on the value of characteristic time scale. If ∆t is much greater

than the characteristic time scale of the system, the numeric solution would diverge

or yield non-physical situations because of the unstability. However, the random walk

equation has no characteristic time, leading the algorithm to be inherently stable.
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Figure 3.1: Simulation of random walk in two dimensions with ∆t = 0.1 s
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3.3. Simulation of Brownian Motion

In consideration of Brownian motion of real particles, it would be beneficial to

understand which processes the particle undergoes in a submerging fluid. The collisions

between the particle and the molecules of the surrounding medium lead the particle

to experience diffusion. These collisions are also responsible of amending the velocity

of the particle which is adequately randomized after each successful time step. The

underlying mechanism of Brownian motion is discussed in Chapter (1) and theoretical

studies are summarized in Chapter (2). The equation of interest for the Brownian

motion developed in preceding chapter is then given as

m
d2x

dt2
= −γ dx

dt
+
√

2kBTγW (t). (3.11)

The methods provided in Sections (3.1) and (3.2) shows how to treat the deriva-

tives and white noise terms. By importing equations (3.5) and (3.6) for the derivatives

and (3.8) for the white noise to the Langevin equation, the numerical solution could

be found as

m
xi − 2xi−1 + xi−2

(∆t)2
= −γxi − xi−1

∆t
+
√

2kBTγ
wi√
∆t
. (3.12)

Summing up the terms and leaving xi alone on the left-hand-side yields an explicit

scheme:

xi =
2 + ∆t(γ/m)

1 + ∆t(γ/m)
xi−1 −

1

1 + ∆t(γ/m)
xi−2 +

√
2kBTγ

m(1 + ∆t(γ/m))
(∆t)3/2wi. (3.13)

At a first glance, one may think that this scheme would be hard to implement because

of the terms xi−1 and xi−2. However, with convenient boundary and initial conditions

these terms would be easy to care about and the time evolution of the position would

be calculated.

The ratio τ = γ/m is the momentum relaxation time and it defines the charac-
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teristic time of the diffusion which is also the necessary time in which the effects of

the inertial momentum would be negligible compared to the random momentum trans-

ferred from immersing molecules to the particle in the low Reynolds number regime [80].

Thence the inertial term in Equation (3.11) could be considered as negligible. Then,

with the help of Einstein relation (2.7), Equation (3.11) turns into a simpler version

dx(t)

dt
=

√
2DTW (t). (3.14)

Application of techniques yields

xi = xi−1 +
√

2DT∆twi. (3.15)

For long time steps (∆t� τ) that is at low Reynolds number which is the situa-

tion of interest for the analysis herein, Equation (3.14) provides a superb approximation

to Brownian motion, yet for short time steps it presents clear deviations from desired

results and the inertial term should be preserved.

A sample simulation carried out according to Equation (3.15) within a box of 30

µm × 30 µm in 2D with temperature T = 300 K, particle radius r = 1 µm, and the

time step ∆t = 0.01 s is provided in Figure (3.2). The blue line in the figure represents

the path of the center of mass of the particle.

3.4. Simulation of Active Brownian Motion

The numerical solution of general Langevin equation (3.1) without the external

effects shows the proper behavior of a passive Brownian particle and can be used in

simulations. Starting with this solution, the active attitude can be described in a

similar manner. As depicted in the Section (2.3), there are two basic models on which

this study focused. Both of these models have a constant velocity term whose direction

is somehow randomized or specified.
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Figure 3.2: Simulation of a single Brownian particle
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3.4.1. Vicsek Model

The model presented by Vicsek et al. (1995) provided a simulation tool for active

matter which considered the swarming behavior [15]. Even though it did not contain a

closed formula for the motion, it resembles the numerical solution of a non-stochastic

equation of motion.

Vicsek model was based on a set of equations given in Equations (2.28) and

(2.29). Those equations are written in the form of forward differences. In order to be

consistent, they should be written in the form of backward differences as:

xi = xi−1 + vcos(θi)∆t

yi = yi−1 + vsin(θi)∆t
(3.16)

and the direction is written as

θi = 〈θ(t)〉r + ∆θ (3.17)

with all the symbols having aforementioned meanings.

An implementation of this model is given in Figure (3.3) with the parameters

r = 2 µm, ρ = 1000 kg/m3, N = 500, T = 300 K, and v = 5 µm/s.

Since the original Vicsek model does not contain the Brownian motion, it is

necessary to modify the Equation (3.16) in such a way that it includes Brownian part.

In order to do so, a combination of Equation (3.15) with Equation (3.16) could be

used. The behavior of Brownian motion is described by the term
√

2DT∆twi. Since

this term represents the irregular position change, it can be added to the governing

Vicsek equations as

xi = xi−1 + vcos(θi)∆t+
√

2DT∆twi

yi = yi−1 + vsin(θi)∆t+
√

2DT∆twi

(3.18)
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Figure 3.3: Simulation of Vicsek model with 500 particles. The dimensions of the box

are 250 µm× 250 µm.
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assuming the diffusion constant DT is the same for both x and y dimensions. This is

a hybrid equation containing both the swarming and diffusive behavior.

3.4.2. Active Brownian Particles

Vicsek model is suitable for active motion because it exploits the collective be-

havior in animal groups. However, it does not resolve the Brownian properties of active

motion. Therefore, another model provided by Teeffelen and Löwen (2008) is also used

in this analysis (explained in the Section (2.3) [65]).

The equation set given for this model (2.32) yields a clear deviation from Vicsek

model in a manner that the direction of particles would be determined via their rota-

tional diffusion. With the numerical techniques developed in sections (3.1) and (3.2),

the governing equations of the ABPs could be written as

xi − xi−1

∆t
= vcos(φi) +

√
2DT

wx√
∆t
,

yi − yi−1

∆t
= vsin(φi) +

√
2DT

wy√
∆t
,

φi − φi−1

∆t
=

√
2DR

wφ√
∆t

(3.19)

where wx, wy, and wz are Gaussian random numbers. Writing the ith terms explicitly

yields similar equations with Vicsek model:

xi = xi−1 + vcos(φi)∆t+
√

2DT∆twx,

yi = yi−1 + vsin(φi)∆t+
√

2DT∆twy,

φi = φi−1 +
√

2DR∆twφ.

(3.20)

An application of this model for a single particle of radius r = 2 µm is provided

in Figure (3.4). Each plot shows the trajectory of center of mass of the particle after

the time of 10 s for different values of speed v. The simulation was carried out for four

times and each of which was represented with a different color. Figure (3.5) shows the



39

simulation of a collection with 500 particles with r = 2 µm and v = 5 µm. All the

other parameters are the same as Figure (3.3).

(a) (b)

(c) (d)

Figure 3.4: Simulation of a single active Brownian particle according to the model

provided by Teffelen et al. (2008) for different values of v. The dimensions of the box

are 40 µm× 40 µm each line shows a different trajectory of center of mass of a particle

of radius r = 2 µm initially placed at the center. The different values of v are in (a)

v = 0 (passive Brownian motion), (b) v = 1 µm, (c) v = 2 µm, and (d) v = 3 µm.
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Figure 3.5: Simulation of ABP model with 500 particles
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3.5. Acoustic Force on a Single Active Brownian Particle

External effects could be added to the generic Langevin equation as given in

Equation (3.1). The last term in that equation arises from the external forces. In an

acoustic field according to the discussion in the Section (2.4), the resulting acoustic

force on a particle is given as [67]

Frad = πR3kIm[f2(ρ̃, µ̃)]Eack̂. (3.21)

This term contains neither position nor time dependence, so it can be treated as con-

stant throughout the medium.

The inertial term md2x/dt2 can be neglected in Equation (3.1) because of the low

Reynolds number limit. Then applying numerical techniques to it gives

xi − xi−1

∆t
=

√
2
kBT

γ

wi√
∆t

+
F rad

γ
. (3.22)

Rearrangement of terms yields

xi = xi−1 +
√

2DT∆twi +
DT

kBT
F rad. (3.23)

Hence, any constant external force effects the position with a scale factor of DT/kT . If

the force had dependence of position and/or time, the integration of it would require

so much effort and different techniques.

In order to see the effect of ARF, a simulation of a single passive Brownian particle

with radius r = 2 µm in presence of optical traps would be appropriate. Figure (3.6)

shows the simulation. ARF starts to act on the particle at t = 5 s. Before that time,

the particle sits in the center of its motion, however, after the force is applied, a clear

deviation is observed in its mean position.
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(a) (b)

(c) (d)

Figure 3.6: The effect of ARF on a single Brownian particle which is trapped by an

optical tweezers. (a) and (b) shows the captured particle. At t = 5 s, the force is

applied and deviations from the center is observed in (c) and (d).
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3.6. Optical Traps

Optical traps can be used to capture individual particles in a crowded envi-

ronment. Even though it is a consequence of the gradient forces resulted from the

radiation pressure, the effect of optical tweezers could be represented primitively as

Hooke’s law [80]:

Ftrap = κtrap∆x. (3.24)

The ∆x is the distance of the particle to the center of the trap and the κtrap in Equation

(3.24) is the trap stiffness. The value of stiffness depends on many parameters such as

surface properties of particle, radius, numerical aperture of the objective, intensity and

color of laser radiation, and the orientation of the equipment. It could have different

values in all three dimensions, however, in planar dimensions where the laser light

makes a perpendicular angle, the stiffness is uniform. In the third dimension, the

stiffness is usually different and lower than the ones in other two dimensions since the

radiation pressure is less effective.

The calculation of the trap force would be different than the one for ARF, because

its value depends on the position. For a problem which involves only optical trap and

Brownian motion, the equation motion would take the form

m
d2x

dt2
= −γ dx

dt
+ κ∆x+

√
2kBTγW (t) (3.25)

with all the symbols having their usual meanings. The term ∆x contains the current

position x of the object and the position in which the trap is centered. So, with the

low Reynolds number approximation, application of finite difference gives

xi = xi−1 −
κ

γ
(xi − Ptrap)∆t+

√
2DT∆twi (3.26)

where Ptrap is the point of the trap center. The solution of this equation as a whole
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is not needed. It can be solved by taking care of the trap force in every time step,

then adding it as a constant force. The crucial part is that the range of trap should

not be extremely large. In reality, a single optical trap can only capture one particle.

Therefor, the general assumption for the trap range is between 1.5r and 3r and it could

be changed by arranging laser parameters.

A comparison of optical traps and Brownian motion is provided in Figure (3.7)

which shows the particle and its center of mass’ path with a blue line with and without

the optical tweezers. As it can be clearly depicted from the simulations, optical traps

”restricts” the particle in a harmonic trap.
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(a) (b)

(c) (d)

Figure 3.7: The effect of optical trap. The particle with r = 2 µm makes Brownian

motion in (a) and (b). (c) and (d) show the same particle under the same environmental

conditions captured by the optical trap. The blue line shows the trajectory of the center

of mass, as usual.
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4. RESULTS

The motion of microscopic active matter can be controlled and guided by using

acoustic wave fields. It has long been known that in presence of acoustic waves, small

particles suspended in a viscous fluid would experience the so-called acoustic radiation

forces. Even though there is no net flow created inside the fluid, suspended particles

can move under the effect of ARF. Both standing and traveling waves can be created

with acoustic waves. Standing waves cause gradient forces which lead particles to be

trapped around the wave nodes. On the other hand, only constant forces across the

fluid can be created by traveling waves. This study is focused only on traveling waves.

An important feature of traveling acoustic waves is that for an inviscid bulk,

the ARF on particles is zero [82]. This result could be exploited from Figure (4.2)

which shows the relation between the temperature and ARF. For an acoustic field of

frequency 1 MHz, ARF on a particle suspended in water decreases as the tempera-

ture increases. This trend continues for the higher values of temperature which lead

lower viscosity values. For active Brownian particles, the effect of viscosity cannot be

neglected because of the low Reynolds number regime. Therefore, the particles can

be easily manipulated with the sweeping effect of the ARF. However, this case is not

true for all active Brownian particles. Settnes and Bruus (2012) stated that most of

the viscosity effects happens inside the distance of 5µ from the outer shell of the par-

ticle [67]. Beyond this limit, the fluid can be treated as inviscid. Also, the radius of

the particle should be comparable with the thickness of the acoustic boundary layer µ

which is about 0.6 µm in water for the field of frequency 1 MHz. Under these circum-

stances, particles with radii bigger than 3 µm do not affected by a traveling wave. The

simulations here were performed for the particles of radius 2 µm.

The value of ARF mostly depends on two parameters. The first one is the viscos-

ity, the effect of which is already discussed above. Another parameter is the frequency.

The frequencies of acoustic waves which can be produced experimentally covers a wide

range, starting from a few Hz and goes up to the order of GHz. Widely used acoustic
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transducers can generate waves in KHz and MHz ranges. The value of the force in

this frequency window for the temperature of 25◦C is provided in Figure (4.1). The

peak value of the force is between 170 MHz. Above this value, even though there is

not a strong decrease, there are small changes in the force. This behavior is also seen

in Table (4.1) and (4.2) for different values of frequencies.

The position of the peak value of ARF in the Figure (4.1) is determined by

two different parameters which are the radius R of the particle and the density ratio ρ̃.

With the increasing density ratio ρ̃, the peak frequency decreases as given in the Figure

(4.3). Also, denser particles experience higher peak forces, despite the lower values of

forces for low frequencies (Figure (4.4)). Moreover, Figure (4.5) shows the relation

between the peak frequency and the radius of particles. As discussed earlier, in order

the ARF for a traveling wave to be present, the particle radius should be smaller than

3 µm. This makes the chosen range of radii reasonable. It is an interesting fact that

the peak forces of bigger particles occur in lower frequencies. Even though it is not

explicitly showed in the analytic form of the ARF, it is a general fact that the resonance

frequencies of larger particles are lower, and the acoustic effects are maximized when

the frequency of the acoustic wave is close to the resonance frequency of the particle.

Our results are in agreement with this fact.

The analytic expression of ARF could be integrated with the equation of motion

of an individual particle, that is a Langevin-like equation, and its effect on the behavior

of the particle can be exploited. With this method, the collective behavior of an active

particle community could also be investigated.

From now on, all the simulations are performed with parameters of the density

of the medium ρ = 1000 kg/m3, the temperature T = 5 C, the kinematic viscosity

ν = 1.5182×10−6 m2/s, and the compressibility κ = 4.217×10−10 1/Pa. The acoustic

field is applied to with frequency ω = 1.5 MHz with acoustic energy density Eac = 100

J/m3.

In order to accomplish the effect of ARF, a simple simulation without any bound-
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Figure 4.1: ARF vs. Frequency
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Figure 4.2: ARF vs. Temperature.
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Figure 4.3: Density ratio vs. Frequency

Figure 4.4: Density ratio vs. ARF
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Figure 4.5: Particle radius vs. Frequency

ary conditions and any other external effects was performed. Figures (4.6) for Vicsek

model and (4.7) for ABPs show these results. In both simulations, initially 500 parti-

cles of radius r = 2 µm were contained in a box of dimensions 150 µm× 250 µm, then

they are released in vicinity of acoustic fields. It can be clearly seen that the particles in

the model of Vicsek almost lost their collective properties since the correlation between

them arises with the decreasing distance. Despite this condition, it can be seen that

the swarming behavior was still present around the center of mass. On the other hand,

apart from the effect of ARF, the motion of ABPs looks completely irregular. The

mean squared displacement of a particle is much larger than the ordinary Brownian

particle as a consequence of the velocity dependent term. In both cases, the motion of

particles is dominated by ARF and the average position of whole community is shifted

towards the direction of acoustic waves. Tables (4.2) and (4.1) shows the values of

average displacements of particles for different temperatures and frequencies. It can

be clearly seen that with increasing temperature, because of the decreasing viscosity,

the average displacement increases and the force is much more effective. However, for

a higher efficiency, using a low frequency tranducer (though not lower than 100 KHz)

would be appropriate.
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Figure 4.6: Vicsek particles in presence of ARF
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Figure 4.7: ABPs in presence of ARF
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Table 4.1: Average displacement of particles in 10 s according to the Vicsek model in

the presence of ARF for different temperatures and frequencies.

Temperature (C) Frequency (MHz) Average displacement 〈∆x〉 (µm)

5

0.5 171.0± 24.0

1.0 143.5± 22.2

1.5 128.8± 22.4

15

0.5 216.3± 24.1

1.0 174.1± 29.5

1.5 147.0± 23.6

25

0.5 260.4± 21.2

1.0 202.3± 21.2

1.5 177.6± 21.6

Table 4.2: Average displacement of particles in 10 s according to the ABP model in

the presence of ARF for different temperatures and frequencies.

Temperature (C) Frequency (MHz) Average displacement 〈∆x〉 (µm)

5

0.5 177.4± 43.8

1.0 146.9± 45.0

1.5 128.9± 44.4

15

0.5 220.2± 44.7

1.0 178.6± 43.3

1.5 154.7± 43.3

25

0.5 265.6± 45.2

1.0 209.3± 43.3

1.5 179.7± 42.8
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Figure 4.8: Vicsek model in presence of ARF and optical trap
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Figure 4.9: ABPs in presence of ARF and optical trap
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Figure 4.10: ABPs with reflective walls
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Figure 4.11: Vicsek model with reflective walls
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An individual particle can be eliminated selectively by using an optical tweezers.

As given in the Section (3.6), in the proximity of an optical trap the restoring force

is larger than ARF, which can capture a single particle while others were being swept

out. Simulations performed with optical traps are provided in Figures (4.8) and (4.9)

in which the trap is represented by the red dot at the center. All the parameters and

initial conditions are the same with the preceding simulations and the trap stiffness

κtrap in three dimensions was taken as (1.2 × 10−6, 0.8 × 10−6, 1.2 × 10−6) N/m. In

reality, the value of stiffness depends on the particle type and laser parameters, and

can have values in a wide range [83,84]. The chosen stiffness in this simulation leads a

trap force on the order of pN which is enough to capture a particle in an acoustic field

without damaging it.

Another simulation with the reflective walls placed at the bottom and the top of

the container is provided in Figures (??) and (4.10). The simulation with the Vicsek

model is resulted that particles are gathering around the walls despite the reflective

property. This is a consequence of the process of the angle determination. Nearby

the walls, the average direction angle approaches to zero, hence the aggregation is

observed. An analogous result was presented by Filly et al. (2014) which stated that

active particles were assembled near confinement walls [41]. The presence of acoustic

field neither assists nor prevents this attitude, however the general effects of ARF on

the motion is still remained. In the case of ABPs, because there is no connection

between behaviors of particles, the distribution of particles is uniform but the whole

community moves under the effect of acoustic field (Can be moved to discussion with

corrections).

The behavior of interacting active particles was also investigated with periodic

boundary conditions. The simulation with ABPs did not yield any interesting result,

therefore only Vicsek particles are considered. Figure (4.12) shows 500 particles inside

a box of dimensions 150 µm× 150 µm with periodic walls. In the short run, particles

create swarms in random places, however, in the long run all the particles and swarms

gather and move in the same direction. In their original paper, Vicsek et al. defined
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the average velocity of particles

va =
1

Nv

N∑
i=1

vi (4.1)

which can be used as an order parameter for the community [15]. Initially, the directions

of the particles distributed randomly, thence the value of va is zero. However, as the

limit of the time goes to infinity, the average velocity approaches to 1 which means the

motion is ordered as depicted in Figure (4.12). Under the periodic boundary conditions,

the presence of an acoustic field causes the system to reach order in a small time (4.13).

A quick implication could be made that ARF may be used to boost the order in active

matter systems.
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Figure 4.12: Vicsek model with periodic walls
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Figure 4.13: Vicsek model with periodic walls in the presence of ARF
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5. CONCLUSION

The behavior of self-propelling particles in the presence of an acoustic field has

not been studied in detail so far. The lack of research and development makes this

topic to preserve its position as an open area. This study proposes the possibility

of manipulating active particles in acoustic fields with a so-called acoustic radiation

forces.

An acoustic wave could be created as standing and/or traveling wave. The appli-

cation of an acoustic wave into a fluid containing suspended small-sized particles results

in ARF experienced by the particles because of the non-uniform pressure distribution.

Bruus (2012) stated that for a non-viscous fluid, traveling waves would have no effect

on the motion since they created a constant potential across the medium, although it

is possible to move particles inside a standing field [82]. However, for a viscous fluid,

the motion could be affected by both the standing and traveling waves, even though

the force created by traveling waves is much smaller than the force resulted by a stand-

ing wave [67]. The basic difference between applied forces of these types of waves is

that in a traveling wave field particles can only move in a certain direction while in

a standing wave field they would trap in a harmonic potential with long range. In

Chapter (1), it is mentioned that some researchers were interested in the motion of

active matter inside acoustic fields. Nevertheless, the analytic representation of ARF

was not resolved in those studies and there weren’t any equations of motion present.

Instead of using an acoustic field, those works were concentrated on the behavior of

active matter inside a Gaussian harmonic field. In my study, the equation of a motion

of an individual particle is dealt with analytically, and solved by numerical methods

explained in Chapter (3).

The corresponding frequencies of the peak ARF on active matter is valued in a

wide range. Figures (??) and ( 4.5) depicts the relation of corresponding frequencies

for different density ratios and radii. An extensive research could be made on the

determination of these parameters. The forces on the order of pN can be measured
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with spectroscopic methods or optical tweezers, and the ARF on active particles lie in

this range. By using these information, the properties of unknown particles could be

exploited. Moreover, ARF arises from standing waves could be used in determination

and separation of active matter in a crowded environment.

The analysis contained in this document focuses on two different models of active

matter. However, as depicted in the Chapter (1), there are numerous models developed

for active motion since the particles can have behaviors in variety of individual types.

For instance, the so-called run-and-tumble particle model is currently the best expla-

nation for the motion of Escherichia coli which is a species of bacteria with flagellum.

Nonetheless, the model contains no dynamic equations, instead it describes the motion

with probability density functions and hydrodynamic interactions. Thus, the imple-

mentation of ARF to the system becomes extremely challenging since those effects are

completely ignored in contemplation of simplicity. Energy-depot model, on the other

hand, takes energy deposition into account which is a necessary condition for thermo-

dynamic non-equilibrium, and describes the motion of amoeba [16]. In their original

study, Schweitzer et al. actually used a harmonic potential which could resemble ex-

ternal effects. This potential could be modified with acoustic field parameters, yet the

model only explained the behavior of a single particle. The application of that equation

into a community yields a complex simulation whereby the relation between particles

cannot be resolved. Apart from preceding models, there are also certain descriptions

which concentrate on the friction term in Langevin equation. The friction function in

these models is usually considered as velocity dependent. Velocity-dependent frictions

are not discussed in the document herein because there are numerous types of friction

function and they usually contain too many parameters which correspond no physical

quantities. Nevertheless, each of the problems explained above should be investigated

as a further research topic.

The simulations given in Chapter (4) should be supported experimentally. There

were many experimental studies in the literature of active matter, but most of them

were model uncorrelated because the required experimental conditions are elusive.

However, our approach seems definitely applicable to the experimental conditions, even
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though certain problems could be encountered such as the choice of the type of the

active particles. t is always possible to extend our study in order to contain all the

models, yet further research is required in this manner.

Another implication for this simulations could be the manipulation of particles

in lab-on-a-chip devices. By nature, these microfluidic devices contain micron sized

channels in which particles can swim. The simulation given in Figures (4.10) and

(4.11) could be considered as the motion of particles inside a pipette. Usage of ARF

for this purpose can increase the yieldance of the chip.

With active matter models, a wide range of problems could be solved. Apart

from the behavior of animal communities or microparticle groups, starting with the

Vicsek model, it is possible to model the traffic of a crowded city. Moreover, some

growth mechanisms such as tumor growth can be explained by an active matter model

in which hydrodynamic interactions are involved. Moreover, controlling human crowds

in large areas by changing ambient properties would be possible with these kinds of

models.



65

REFERENCES

1. Dreyfus, R., J. Baudry, M. L. Roper, M. Fermigier, H. A. Stone and J. Bibette,

“Microscopic artificial swimmers”, Nature, Vol. 437, No. 7060, pp. 862–865, 2005.

2. Cavagna, A. and I. Giardina, “Bird flocks as condensed matter”, Annu. Rev. Con-

dens. Matter Phys., Vol. 5, No. 1, pp. 183–207, 2014.

3. Mijalkov, M. and G. Volpe, “Sorting of chiral microswimmers”, Soft Matter , Vol. 9,

No. 28, pp. 6376–6381, 2013.

4. Kareiva, P. and N. Shigesada, “Analyzing insect movement as a correlated random

walk”, Oecologia, Vol. 56, No. 2-3, pp. 234–238, 1983.

5. Komin, N., U. Erdmann and L. Schimansky-Geier, “Random walk theory applied

to daphnia motion”, Fluctuation and Noise Letters , Vol. 4, No. 01, pp. L151–L159,

2004.

6. Boedeker, H. U., C. Beta, T. D. Frank and E. Bodenschatz, “Quantitative analysis

of random ameboid motion”, EPL (Europhysics Letters), Vol. 90, No. 2, p. 28005,

2010.
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by active Brownian particles”, Physics Letters A, Vol. 207, No. 3, pp. 140–146,

1995.

25. Soni, G., B. J. Ali, Y. Hatwalne and G. Shivashankar, “Single particle tracking of

correlated bacterial dynamics”, Biophysical journal , Vol. 84, No. 4, pp. 2634–2637,

2003.

26. Berke, A. P., L. Turner, H. C. Berg and E. Lauga, “Hydrodynamic attraction of

swimming microorganisms by surfaces”, Physical Review Letters , Vol. 101, No. 3,

p. 038102, 2008.

27. Henkes, S., Y. Fily and M. C. Marchetti, “Active jamming: Self-propelled soft

particles at high density”, Physical Review E , Vol. 84, No. 4, p. 040301, 2011.

28. Volpe, G., I. Buttinoni, D. Vogt, H.-J. Kümmerer and C. Bechinger, “Microswim-
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