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ABSTRACT

INVESTIGATION OF TWINNING NUCLEATION AND
PROPAGATION IN MAGNESIUM BY MOLECULAR
DYNAMICS

Modeling deformation twin nucleation in magnesium has proven to be a challeng-
ing task. In particular, the absence of a heterogeneous twin nucleation model which
provides accurate energetic descriptions for twin-related structures indicates a need
to more deeply understand twin energetics. To address this problem, in a two-part
study, molecular dynamics simulations are performed to follow the energetic evolu-
tion of {1012} tension twin embryos nucleating from an asymmetrically-tilted grain
boundary. The line, surface and volumetric terms associated with twin nucleation are
identified. A micromechanical model is proposed where the stress field around the twin
nucleus is estimated using the Eshelby formalism, and the contributions of the various
twin related structures to the total energy of the twin are evaluated. In the second
part of the study, a geometric model is proposed to complement the micromechanical
model such that the geometric variables associated with twin related structures are
predicted from a few mesoscopic parameters. The results of the geometric model are
substituted into the micromechanical model to obtain potential energy surfaces of a
wide range of twin configurations. Classical nucleation theory is implemented to pre-
dict the nucleation energy barrier for {1012} twinning in Mg. The reduction in the
grain boundary energy arising from the change in character of the prior grain bound-
ary is found to be able to offset the energy costs of creating the other interfaces. The
defect structures bounding the stacking faults that form inside the twin are also found
to possibly have significant energetic contributions. These results suggest that both of
these effects could be critical considerations when predicting twin nucleation sites in

magnesium.
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OZET

MAGNEZYUM METALINDE iKiZ CEKIRDEKLENMESI
VE YAYILIMININ MOLEKULER DINAMIK METODU ILE
INCELENMESI

Magnezyum malzemesinde deformasyon ikizi ¢ekirdeklenmesinin modellenmesi
oldukca cetrefilli bir problem teskil eder. Ozellikle, ikiz baglantili yapilarin enerjetigini
dogru bir sekilde tarif eden heterojen bir ikizlenme modelinin olmayisi, ikiz enerjetiginin
daha derinlemesine anlasilmasi gerektigine isaret etmektedir. Bu problemi ele almak
i¢in, iki agsamali bir caligma dahilinde, 6nce bir asimetrik-egik tanecik sinirindan ¢ekird-
eklenen {1012} ¢ekme ikizi embriyosunun enerjetik evrimi molekiiler dinamik simiilasy-
onunda takip edildi. Ikiz ¢ekirdeklenmesi ile iligkili dogrusal, yiizey ve hacim terimleri
tespit edildi. Ikiz etrafindaki gerinim alanlarini Eshelby formalizmi ¢ercevesinde tahmin
eden bir mikromekanik model 6ne siiriildii. Bu mikromekanik model ile ikiz enerjisine
dahil olan ¢esitli ikiz yapilarinin paylar1 degerlendirildi. Caligmanin ikinci kisminda,
gelistirilen mikromekanik modeli tamamlamak maksadiyla, ikiz yapilarina iliskin ge-
ometrik degiskenleri sinirli sayida orta 6lgekli parametreden tahmin edebilen bir model
ortaya konuldu. Bu geometrik modelin genis bir ikiz konfigiirasyon seti i¢in sonuglari
elde edildi ve mikromekanik modelde yerine konuldu. Boylece bu ikiz seti i¢in potansiyel
enerji yiizeyi elde edildi. Klasik ikizlenme teorisi kullamlarak, Mg i¢in {1012} ikizlen-
mesi icin enerji bariyeri hesaplandi. Uzerinde ikizlenme gerceklesen tanecik smirimim
ikizlenmeyle karakter degistirmesi neticesinde meydana gelen tanecik siniri enerjisin-
deki diisiisiin diger ikiz yiizeylerinin olusumu igin gereken enerji yiikiinii karsiladigi
bulundu. Ikizlerin icinde yer alan dizilim hatalarmin iki ucundaki dogrusal hatalarin
da ikizin toplam enerjisine ciddi katki yapmig olabilecegi tahmin edildi. Bu sonugclar,
gozlemlenen bu iki etkinin magnezyumda ikiz ¢ekirdeklenme mahallinin tespiti igin

kritik faktorler olabilecegini gostermektedir.
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1. INTRODUCTION

1.1. Motivation

The demand for efficient lightweight structures that also have high durability
has significantly increased interest in lightweight metal alloys. In recent years, the
lightweight trio (aluminium (Al), titanium (Ti) and magnesium (Mg) alloys) have seen
growing deployment in structural applications like transportation vehicles, aerospace
structures and also electronic device casings. Densities of the lightweight metals are
significantly lower than steel, which is the most conventional structural material. Al
and Ti have densities of 2700 % and 4500% respectively, while steel has a density
of 7800 — 8000 %. Mg alloys, with a strikingly low density of 1740 %, hold special
promise for increasing fuel efficiency in transportation through light-weighting [1, 2.
The advantage and potential of Mg in lightweight applications is even more obvious
from the strength vs. density map of different classes of materials provided in Figure
1.1 where it is easily noticeable that the Mg alloy family resides at the leftmost region
of the metals family. The abundance of Mg, the ninth most abundant element in the
universe [3] and eighth in the Earth’s crust [1], is another factor that contributes to its

eligibility as a structural material for lightweight applications.

Despite all the potential of Mg alloys as candidate lightweight materials, use
remains limited due to poor ductility, the ability to elongate without breaking, and
formability, the ability to take arbitrary shape. Figure 1.2 shows the strength vs.
elongation map of commonly used metals. As seen from the figure, Mg alloys have a
narrower elongation range, with most ductile Mg alloy achieving a room temperature
maximum elongation of around 20% whereas Al and Ti alloys can have more than
> 40 —50% elongation. The problem of low formability is further worsened in wrought
magnesium alloys due to the crystallographic textures that develop during processing
causing severely anisotropic deformation behavior [4]. Low ductility causes Mg alloys to

fail in a very brittle fashion, i.e. they do not elongate much before they suddenly break.



Due to the sudden nature of failure, brittle failure is generally named catastrophic
failure, suggesting the importance of ductility for material and structural safety. Low
formability, linked to low ductility, complicates the processing of Mg alloys and pushes
up manufacturing costs. Both factors remain as significant obstacles to the widespread

use of Mg in lightweight applications.

10000 ---4---mmmrr e beeeeeee Titanium alloys - Low alloy steel

Yield strength (elastic limit) (MPa)

100 1000 10000
Density (kg/m~3)

Figure 1.1. Strength vs. density mapping of engineering material families.

Magnesium alloys reside at the leftmost region of metals.

Efforts to solve the decades-standing problem of low formability of Mg alloys at-
tracted intensified research interest as global scale energy and environmental problems
became urgent. The culprit behind poor formability is the limited number of easy
dislocation glide (i.e. slip) systems that can accommodate deformation [5]. In Mg,
easy slip is confined to the basal plane of the hexagonal close-packed (hcp) lattice.
The pyramidal (¢ + a) slip systems that operate out of the basal plane (in the c-axis
direction) require about two orders of magnitude higher stresses to activate compared
to basal slip. Taylor’s criterion [6] states that, for a polycrystalline metal to accom-
modate an arbitrary homogeneous plastic deformation, five independent slip systems
are necessary. Thus, in the case of Mg, the Taylor’s criterion is not satisfied. However,

as Kocks and Westlake pointed out [7], the lack of easy slip systems in low-symmetry



structures may be compensated by activation of localized deformation (mechanical)
twinning around high stress concentration regions, typically occurring on or near grain
boundaries [8-10]. Several modes of deformation twinning including {1012}, {1011}
and {1013} have been experimentally observed in Mg under different loading condi-
tions [11-15]. The {1012} mode, among them, is found to be profuse in bulk Mg [16].
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Figure 1.2. Strength vs. max. elongation mapping of engineering material families.

Magnesium alloys reside in the middle region of metals.

Deformation twinning is central to the microscale and macroscale mechanical be-
havior of Mg. First, twinning is at the root of plastic anisotropy observed in textured
polycrystals of Mg alloys subjected to tension-compression cycles, prompting the sig-
moidal shape of the stress-strain curves [17,18]. This is due to the polar nature of
deformation twinning, i.e. a twinning mode activates under only one sense of the load.
For example, the {1012} mode is an extension twin mode in Mg, i.e. it only oper-
ates when there is elongation along c-axis of the parent grain. This becomes crucial
in the case of reversed loading of textured samples where the grains have preferred
orientations. In such cases, twinning is substantially active during only one stage of
the loading. When the load sense is reversed, first the previously formed twins are
partially reversed and then other slip mechanisms activate, effectively changing the
entire behavior [19]. Secondly, twinning is directly linked to macroscale strain local-
ization patterns characteristic of some wrought Mg alloys. The connection between

strain localization and twinning in Mg alloys is highlighted in a series of experimental



investigations through digital image correlation analysis. In an initial study, Aydiner
and Telemez [20] revealed that the macroscale shear bands, constituted by local coor-
dination of individual {1012} twins, encompass the entire sample. Kapan et al. [21]
demonstrated the contrasting localization patterns in rolled and extruded samples of a
Mg alloy due to changed coordination networks of twins inside different relative grain
orientation populations. Later, Shafaghi et al. [22] resolved the cyclic strain hetero-
geneity patterns at the grain scale in a rolled Mg sample and further showed that
the heterogeneity patterns linked to different deformation mechanisms begin to coex-
ist in later cycles. They concluded that the insistence of strain localizations through
cycles possibly sheds light on the damage accumulation process and requires careful
consideration. Corroborating this conclusion, twinning is associated with damage ac-
cumulation and failure in Mg alloys in several electron microscopy studies [23-27]. It is
shown that the {1012} twin mechanism contributes to cyclic damage accumulation due
to dislocation-twin interactions and twin boundaries acting as stress concentration and
crack initiation sites. In fatigue failure, increasing remnant twin density was shown to
be a main factor in failure of the material [24,28,29|. Lastly, twinning influences the

texture evolution during processing/forming [30, 31].

Simulating these mesoscale phenomena in Mg by continuum level crystal plastic-
ity models is challenging since dislocation slip and twinning are intrinsically different
mechanisms. A continuum model that embodies the essential features of both mech-
anisms is elusive. Dislocations are line defects disrupting the atomic order of crys-
tals [32]. They have many orders of magnitude smaller sizes than an individual grain
and are available, in the probabilistic sense, at every region inside a grain. Dislocation
slip-based deformation involves gliding motion of a large number of dislocations, re-
sulting in a distribution of simple shearing events inside the structure. The aggregate
of these individual shearing events gives the total plastic deformation of the observed
material. The spatially diffuse character of slip allows for point-wise analysis of strain
distribution at the sub-grain level [33-35|. This is achieved by formulation of a slip
condition at a material point based on the Schmid’s law, which states that a single

incremental shearing/slip event takes place at a point if the shear stress resolved on



the slip plane at that point exceeds a critical value (i.e. a critical resolved shear stress,
CRSS). Thanks to the diffuse nature of slip, grain-scale crystal plasticity formulations
have been successful in modeling the macroscopic elasto-plastic behavior of conven-

tional metallic materials that deform predominantly by slip [35].

In contrast to dislocation slip, twinning prompts a localized finite strain accompa-
nying the abrupt reorientation of a region of the parent crystal. In the resultant state,
the twinned region of the crystal is separated from the parent crystal by sharp inter-
faces. Clearly, the mathematical framework developed for the distributed/delocalized
deformation induced by slip activity is unfit to describe the twinning mechanism. Early
attempts to incorporate the deformation twinning mechanism into the established crys-
tal plasticity models introduced the idea of a pseudo-slip scheme [36,37| where a volume
fraction parameter is devised to implicitly account for the twinned part of the material.
Accordingly, an integration point (in the models with spatial resolution) can be, effec-
tively, at a superposition state of twinned and not twinned and the volume fraction
parameter indicating the twinned volume fraction. This representation contradicts the
physical case where twinning at a point is binary, i.e. a material point (or an atom at
the atomic scale) belongs to a region that is either twinned or not twinned. Likewise,
the twinning condition in this approach mimics Schmid’s law which is based on the
macroscopically resolved shear stress whereas the actual interior and exterior stress
states of a twin have been experimentally shown to be drastically different [38]. Be-
sides, Schmid’s factor is shown to be inadequate in determining the activated twin
variant in heterogeneous nucleation events [39]. As a result, the pseudo-slip approach
fails to accurately predict critical deformation phenomena, with peculiar macroscale
strain localization patterns being the preeminent example. Evidently, a truly explicit
twin formation model is needed to inform physically valid mesoscale models. Such
a model must be able to describe the formation of new interfaces and other struc-
tures associated with the twin, predict the initiation site as well as the critical size
and shape of a sustainable twin nucleus, and calculate the energy barrier for a given
twin nucleation event. Recently developed crystal plasticity models that incorporate

various explicit twinning schemes fail to fully meet these requirements [40-43| (for a



comprehensive discussion on these efforts see Refs. [44-46]). A rigorous understand-
ing of twinning physics is necessary for the development of accurate crystal plasticity

models that satisfactorily incorporate twinning.

The characteristics of individual twinning events and the twin-related structures
at play have been extensively studied using electron microscopy, theoretical crystallo-
graphic calculations [47-49] and molecular dynamics (MD) simulations. In particular,
MD studies have been successful in aiding the identification of the atomic structure of
the faceted twin boundary comprising coherent and incoherent segments [50-53|, com-
putation of interfacial energies of these boundaries [54-58| and the comprehension of
twin growth kinetics correlated with twin boundary mobility [59-63]. The MD method
was also used to simulate the defect substructure of twins. Notably, the atomic struc-
ture of the experimentally identified I; type stacking faults [64-66] has become a focus
in recent MD studies [66-71] due to its potential role in twin boundary mobility. A

brief review of other MD studies that focus on twinning is presented in Chapter 3.

Mechanistically, twin formation occurs in steps involving the nucleation, propa-
gation and growth (thickening) stages as sketched in Figure 1.3a-c [72]. In a typical
twinning event, first, a stable twin embryo forms in the nucleation stage. Upon reach-
ing a critical size, it propagates with the advance of the twin tip (front) across the
crystal [73]. In a polycrystal material, a complete propagation stage ends when the
twin tip reaches another grain boundary or another defect, e.g. another twin boundary.
At the early propagation stage a typical twin is only a few atomic layers thick and it is
elongated towards the interior of the grain. This is typically characterized by the needle
shape of twins that appear in the electron back-scattered diffraction (EBSD) data |74].
The growth stage entails the growth of the twin in the normal direction to the twin
plane. The growth process is facilitated by complex shear/shuffle processes [50, 75]
which add new layers to the twinned region [54,76-78]. Intriguingly, some in-situ stud-
ies reported suppression of the grain growth towards grain interior when a bulk Mg
alloy is cold-worked as sketched in Figure 1.3d [79]. Instead, they observed multiple

nuclei originate from low-angle grain boundaries, then grow along the grain boundary



and eventually coalesce upon further loading/processing (Figure 1.3d-e). This behav-
ior differs from the typical twinning stages summarized above. These different twin
growth modes may be consequential to the higher twinnability of a special subset of
grain boundaries and/or the twin boundary mobility inside the parent grain. Clearly,
the effect of the grain boundary character on the twin progression is notable and worthy

of deeper investigation.

S
B0

Figure 1.3. Sketches show (a-b-¢) the nucleation, propagation and growth stages of
deformation twinning. (d-e) Alternatively, multiple twin nuclei can nucleate from the
same grain boundary. Depending on the character of the grain boundary, these nuclei

can grow along the grain boundary and coalesce to generate a larger twin [79].

Of twinning stages, the nucleation problem has proven to be particularly diffi-
cult though. Experimentally, twin nucleation is too abrupt such that an appreciable
twin observed in a transmission electron microscope (TEM) is almost already in the
early-growth stage, defying a clear examination of the nucleation stage [80]. In fact,
visualization of a twin embryo in the early-propagation stage at the atomic resolution
has been realized only very recently [77,81-83]. In addition, twinning is a hetero-
geneous event driven by the the complicated and variable high stress regions around

preexisting defects (e.g. grain boundaries [84-87|, dislocation pile-ups [88], twin bound-



aries [89,90]), making the prediction and inspection of a possible twin nucleation site
difficult. Atomistic simulations are employed to offset this limited experimental ca-
pability in studying nucleation physics. However, the exact mechanism of a twinning
event varies with the nucleation site in a polycrystal, limiting the ability of diverse
MD simulations designed to study specific twinning events to provide generic informa-
tion (as briefly explained in Chapter 3). Energy-based theoretical models have been
a tool used to study the nucleation/formation problem, with atomic-scale simulations

receiving from such theories.

Analytical models give insight about the critical geometry and nucleation energy
barrier for the formation of a stable twin embryo for different twin morphologies. Lee
and Yoo [91], using classical nucleation theory (CNT), investigated the effect of the
orientation of the applied stress on the aspect ratio of a nucleated twin. In their model,
the elastic strain energy caused by the transformation shear as well as the interaction
energy between the applied stress field and the stress field of the twin are calculated
using Eshelby’s inclusion theory; Eshelby theory constitutes a very powerful framework
to model a wide range of twin-related phenomena. However, they ignored the contribu-
tion of the twin boundaries to the total energy of the twin. In a later study [92], they
computed the nucleation energy barrier and the critical aspect ratio for a spheroidal
shaped twin under a given applied stress state in a model hcp material. This time,
they computed the interfacial energy of the twin boundary using MD and incorporated
it into the total twin energy expression. They concluded that the nucleation barrier
depends sensitively on the twin boundary energy. However, they assumed that the
twin is surrounded by the coherent twin boundary only, whereas TEM studies have re-
solved different types of twin boundaries including the prevalent basal-prismatic (BP)
or prismatic basal (PB) incoherent twin boundaries [53,76]. Nevertheless, this pioneer-
ing study showcases the combination of MD and micromechanical theory to achieve
a continuum model informed by atomistic detail. CNT, in conjunction with Eshelby
theory, was later used by Lebensohn and Tome [93] to investigate the stress-state as-
sociated with twin nucleation. They concluded that the effect of stress components

normal to the twin plane becomes relevant only if those components are an order of



magnitude larger than the resolved shear stress. Recently, Liu et al. [94] used the same
method to calculate the nucleation energy barrier and critical aspect ratios (both in-
and out-of-plane) of a homogeneously nucleated spheroidal shaped twin without any
prior assumptions made on the morphology of the twin. They also calculated the stress
field around the twin while considering the effect of plastic deformation triggered by
the exterior stress field of the twin. Liu et al. [95] further showed that the interaction
energy of the stress-fields of the primary and secondary twins in a grain is minimized
when the total stress fields in the vicinity of their junction boundary are favored by
both twins. Paudel et al. [96] used a micromechanical formulation based on the Es-
helby solution to calculate the elastic fields of twins nucleating in a textured Mg under
a three-point bending condition. They calculated a CRSS value for {1012} twinning
and predicted the twin spacing in the case of multiple twinning. Eshelby theory was
also used to predict precipitation hardening effects on twinning in Mg alloys [97] and
was combined with the phase-field method to simulate the auto-catalytic nucleation of

{1012} twins in Mg [98].

The cited analytical studies demonstrate impressive computational speed in de-
termining critical physical properties, such as the nucleation energy barrier. Leveraging
the scale independence of the continuum framework of Eshelby inclusion theory, these
studies retain generality even at the atomic level. However, it is essential to acknowl-
edge that these studies do not account for all factors that could contribute significantly
to the total energy of the twin. Notably, the excess energies associated with charac-
teristic defect substructures and the transformation of the grain boundary on which
the twin nucleates are not considered. The latter factor in particular could be crucial,
given that grain boundaries serve as the primary sites for twin nucleation and their

character could dictate the direction of further twin growth [79].

1.2. Scope and Outline of the Thesis

A heterogeneous twin nucleation model which provides accurate energetic de-

scriptions for twin related structures is still absent. The aim of this thesis is to achieve
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such a model for heterogeneous {1012} twin nucleation in polycrystalline Mg. Under-
standing twin nucleation is important, not just to precisely capture the characteristics
of the initial stage, but also to reasonably predict the ensuing propagation and growth
stages. Here, the main goal is to obtain a micromechanical formulation that predicts
the critical size, critical shape and the energy barrier for the formation of a stable twin
nucleus on a grain boundary. These key pieces of information may enable an explicit
twin scheme in a crystal plasticity model that incorporates the physical features of a
twin. Classical nucleation theory, in its simplest form, can predict the energy barrier,
size and geometry of a twin embryo in the case of homogeneous nucleation. However,
it needs to be extended to describe a heterogeneous event by including energetic terms
associated with the heterogeneous nucleation mechanisms of twinning in the total en-
ergy expression. Identification of such terms requires atomistic details which can be
obtained via MD simulations. Hence, the present study combines MD with microme-
chanical theory to analyze twin energetics by proposing an efficient and systematic

bridging of atomistic information to continuum scale models.

To this end, MD simulations are performed in Chapter 3 to follow the energetic
evolution of {1012} tension twin embryos nucleating from a grain boundary. The
line, surface and volumetric terms associated with twin nucleation are identified. A
micromechanical model is proposed where the stress field around the twin nucleus is
estimated using the Eshelby formalism, and the contributions of the various twin-

related structures to the total energy of the twin are evaluated.

In Chapter 4, a geometric model is constructed for an elliptic cylinder shaped twin
originating from a grain boundary. The model takes into account several microstruc-
tural parameters, including the inclination of the grain boundary, the orientation of
the parent grain and the dimensions of the twin. It yields the areas of the distinct twin
boundaries, the lengths of individual stacking fault lines inside the twin, and the twin
volume. The outputs of the geometric model are then imported to the micromechan-
ical model obtained in Chapter 3. Without such a geometric model, those quantities

have to be computed from MD simulations for each twin configuration. Availability of
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a geometric model that can estimate those quantities as functions of the shape of the
ellipsoidal twin reduces the computational cost dramatically. Then, the total potential
energy surfaces for nuclei with varying configurations are computed at different applied
load levels. The saddle points of these potential energy surfaces, which indicate the
nucleation energy barrier and the size and shape of the critical nucleus at the corre-
sponding load level are found using a steepest-descent algorithm within the classical

nucleation theory framework.

Potential future work is discussed in Chapter 6. A brief introduction to defor-
mation mechanisms in Mg, the molecular dynamics method, Eshelby inclusion theory

and the classical nucleation theory is provided in Chapter 2.



12

2. BACKGROUND

Mg plastically deforms through a combination of dislocation slip and deformation
twinning systems. Thus, the contrasting characteristics of the two mechanisms deserves
a brief discussion here. At the atomic level, dislocation mediated slip is conveyed via the
glide of dislocations over certain crystallograpic planes (slip plane) in certain directions
(slip direction). The dislocation glide is, in general, favorable over the densest planes,
called close-packed planes, in a densely packed direction. These systems activate when
the resolved shear stress over the slip plane exceeds CRSS for that slip system. On the
other hand, slip activation over non-close-packed planes requires much higher stresses
or higher thermal energy for the mobilization of the dislocation core. Mg has an hcp
crystal structure with an ABABAB... stacking of the close-packed planes with the
result that the easy glide of dislocations is only feasible over the basal plane of the Mg
lattice. At the crystal level, an overall shape change is achieved through the individual

glide of many dislocations as sketched in Figure 2.1a.
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(a) (b) ()
Figure 2.1. Achievement of shape change via (a) dislocation glide versus (b)

deformation twinning. (c¢) Coordinated glide of partial dislocations for twin

propagation.

In contrast, in deformation twinning, a shape change is achieved through reorien-
tation of a region (twin) inside the original crystal as sketched in Figure 2.1b. Further

evolution of the twin can be mediated by the coordinated movement of partial disloca-
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tions over the twin/parent interface. A visualization of this mechanism is demonstrated
for a simple crystal structure in Figure 2.1b. The twin interface is translated by one
atomic plane normal to itself with the glide of the partial dislocation on the interface,
denoted by the "L’ sign, to the right. In 3D, the propagation or growth of involves,
not just one, but localized and coordinated glide of many partial dislocations on the
twin interface as sketched in Figure 2.1c. In more complex lattices, the migration of
the twin boundary might involve more complex atomic motions than just the glide of

partial dislocations.

2.1. Plastic Deformation Mechanisms in Magnesium

The slip planes and directions of common dislocation slip systems observed in
bulk Mg are listed in Table 2.1 and are indicated inside representative hcp unit cells
in Figure 2.2a-d. Here the a; — as — a3 — ¢ axes denote the inherent coordinate system
used for hexagonal symmetry. The a;-axes lie in the (0001) basal plane and the c-
axis denotes the perpendicular direction to the basal plane. As noted above, basal
(a) slip is the easiest slip mechanism. The reported CRSS values for the basal (a)
system range between 0.8-10 MPa [99,100]. The prismatic (a) slip is the next easiest
slip system. Basal slip systems and prismatic slip systems together comprise 4 easy
systems which is still less than the 5 systems required to be able to achieve arbitrary
shape change. Pyramidal I (a) slip does not provide an extra independent slip system
as its slip direction is coplanar with the basal and prismatic slip. On the other hand,
the pyramidal IT (¢ + a) slip system can provide c-axis straining. However the relative
activity of this system compared to the basal (a) slip is found to be around 0.1 [99]
due to its 50-100 times higher CRSS value than that of basal (a) slip [101-105].

The hard (¢ + a) slip is shown to be active only in very limited plasticity in the
case of c-axis straining of Mg single crystals [106]. Associated with this, the dominant
response to straining along the c-axis in Mg is twinning. The common twin modes
observed in Mg are the {1012} extension and {1011} compression modes. The twin

planes and directions for these mechanisms are illustrated in Figure 2.2e-f. {1011} twin
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mode require higher stresses to activate. Like (¢ + a) slip, {1011} twinning is found
to be active only to a very limited extent and it is typically associated with failure at
low strains [14]. The {1012} mode is, on the other hand, ubiquitous in Mg and is the

focus of this study.
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Figure 2.2. Common slip and twinning systems found in Mg and Mg alloys. (a) basal
slip: {0001}(1120), (b) prismatic slip: {1100}(1120) (c) pyramidal {(a) slip:
{1101}(1120) (d) pyramidal {(c + a) {1122}(1123) slip, (e) extension twin,

{1012}(1012), (f) {1011} compression twin, {1011}(1011).

Table 2.1. Primary slip systems in Mg and Mg alloys.

Slip system no. Burger’s vector | Slip direction | Slip plane | No. of independent sys.
basal a (1120) {0001} 2
prism (type I) a (1120) {1070} 2
pyramidal (type I) a (1120) {1011} 4
pyramidal (type II) cta (1123) {1122} 5

2.1.1. Deformation Twinning

From the crystallographic standpoint, the twin lattice has a mirror symmetry

with the parent lattice with respect to a twin plane (called K;). The crystallographic
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relation between the twin and parent lattices for the {1012} mode is illustrated with

representative unit cells of the respective lattices in Figure 2.3a.

parent
lattice

aj

Figure 2.3. (a) Relative orientations of the parent and twin lattices with respect to
the mirror (twin) plane. (b) The shearing motion over the plane of shear seen from
the side view. (c) Direction of loading that triggers {1012} extension twin activation

in Mg.

During the reorientation of the twin, there are two planes and two directions that
remain invariant (i.e. undistorted) [72]. The first invariant plane is the K, plane that
constitutes the mirror plane. For the {1012} mode shown in Figure 2.3a, the K plane
is the {1012} plane. The second invariant plane K, has the same form as K; and is
also called the conjugate twin plane. The first invariant direction n; lies in the K
plane. For the {1012} mode sketched in Figure 2.3a, 1 is the (1011) direction. From
the continuum perspective, deformation twinning kinematically corresponds to simple
shearing of the atomic planes parallel to the twin plane in the 7; direction as shown
in Figure 2.3b. This simple shearing definition can also be deduced in Figure 2.1b by
discerning the shape change the twinned region (shaded blue region) undergoes relative
to the rest of the material. The twin lattice can also be obtained through reflection
of the parent lattice with respect to K, or, equivalently, 180° rotation about n;. This
has the effect of reorienting the twin by ~86°. The second invariant direction 7, lies in
the K5 plane and is perpendicular to the intersection of K; and K5 planes. These four

elements describe a twin mode crystallographically. 1, 72, and the normals of the K
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and K, planes all lie in the shear plane of the twin which coincides with the plane of

paper in Figure 2.3b.

Twinning operates only in one direction of shear because the mirror image con-
figuration is obtained by shearing in only one direction as shown in Figure 2.3b. The
operative direction of a twin mode is determined from the lattice constants. If £ > V3
for a given hep crystal then the {1012} mode causes extension in the c-axis direction
and vice versa. For Mg, since ¢ = 1.624, which is less than V3 = 1.732, the {1012}
mechanism is an extensive mode. Hence, the {1012} mode can be activated by tensile
straining along the c-axis. As seen in Figure 2.3c, this can be achieved through either

direct tension along the c-axis or compression parallel to the basal plane.

simple shear pure shear rotation ﬁ

(a) (b)
Figure 2.4. (a) Pure shear and rotation components of a simple shear. (b) The effect

of simple shear over the shear plane corresponds to extension and contraction in the

principle axes directions.

In contrast to slip, the magnitude of the shear caused by twinning is exact due to
the precise symmetry relation between the twin and the parent grain. The magnitude
of the characteristic twin shear is, again, determined by the dimensions of the unit cell.
For Mg, the {1012} mode induces a ~13% shear. The strains that arise due to simple
shearing during twinning are eigenstrains, i.e. they do not cause elastic stresses in the
bodies that twin without external constraints. Kinematically, the simple shear induced

by twinning can be decomposed into pure shear and rotation components as depicted
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in Figure 2.4a. The pure shear component is related to the actual distortion of the
twinned region and the rotation part imposes only a rigid-body rotation. The shear
strains prescribed by the pure shear are equal to the half of the characteristic shear as
seen in Figurereffig:simplesheara. These shear strains give the eigenstrain associated
with the twin mode. Accordingly, the eigenstrain for the {1012} mode in Mg, in the

twin-native coordinate system denoted by the ' — ¢/ axes in Figure 2.4b, is

020 0 0.065 0
e” =12 0 0l =|0065 0 0f. (2.1)
00 0 0 0 0

The effect of pure shear is manifested by extension and contraction along the principal
strain axes directions. For the {1012} mode in Mg, since the reorientation angle is
~86° ~ 90°, the principal strain axes are closely aligned with the c-axis and the basal
plane. This can be visualized by considering Figure 2.3c and Figure 2.4b together
where the principle strain axes closely align with the x — y axes that lie along the
c-axis and basal plane directions respectively. Then, the eigenstrain in the principle

coordinate system can be obtained through a basis change by ~45° as

cos45 sin45 0| |0 % 0| [cosd5 —sind5 0 % 0 0
e = | —sind5 cosd5 0 % 0 0| |sin45 cos45 0| =0 —% 0] . (2.2)
0 0O 1o 0 0 0 0 1 0 0 0

Besides twin kinematics, twin nucleation is another central aspect of twinning.
It involves formation of a thermodynamically stable twin embryo, where a small region
of the material (consisting of ~ 10 to 20 atomic planes) is twinned [107]. During
nucleation, the excess energy introduced by formation of a twinned region and the
associated boundaries (twin-grain surfaces) must be balanced by the dissipation of
strain energy imposed by external loading. There are multiple ways to form a twin,
each implying a different kind of atomic motion [32]. Possible mechanisms, illustrated
in Figure 2.5 for the case of twinning with respect to the middle plane of the simple
cubic crystal shown, include (a) pure glide, (b) glide+shuffling, (c¢) parallel shuffling
and (d) pure shuffling. The exact reactions that yield twin formation are still debated.

Therefore, an energy based approach to the twin nucleation problem is desired for
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its generality as it does not presume any particular twinning mechanism. Molecular

dynamics simulations are employed, on the other hand, to capture the atomic details.
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Figure 2.5. Achievement of twinning via (a) glide, (b) pure shuffling, (c¢) combination
of glide and shuffling, (d) pure shuffle parallel to the twin boundary (see Ref. [32] for

further discussion).

2.2. Essentials of Molecular Dynamics Simulation

In molecular dynamics, a system is defined by the positions and momenta of its
constituent atoms. Atoms are pictured in an idealized form where the position of an
atom is assumed to be the position of the center of its nucleus, and all interactions
between atoms are described by an interatomic potential. The main idea is to com-
pute the forces on each atom from the interatomic potential, and then solve Newton’s

equations to determine the trajectories of their movement.

Starting with Newton’s second law, the force on atom ¢ in a system with N atoms

1s

(2.3)
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For conservative forces, the negative of the gradient of the potential energy with respect
to an atom gives the force on that atom. Hence, following the notation used in Ref.

[108], the force on atom i is written as
E - _VzU (r17r27r37"'7rN) - _le (TN) ) (24)

where the gradient is taken with respect to the coordinates of atom ¢. The interatomic
potential U approximates the sum of interaction energies between atoms in a system
and is a function of coordinates of atoms. These interactions include, but are not
restricted to, the effects of overlapped electronic shells around nuclei, the interaction
of dipoles due to electronic fluctuations around nuclei (van der Waals interaction), and
specifically for metals, the interaction between the delocalized (free) electrons and the

atomic cores.

At the beginning of the simulation, the coordinates and the velocities of individual
atoms are initialized. Then, the forces and the accelerations for each atom are obtained.
Newton’s equations can be integrated numerically over time to update the velocities
and positions of the atoms to yield the motion of the system. This can be done by
writing

1
v (t+0t) = 7 (1) +v; (t) 6t + 54 (t) ot>. (2.6)

However, the update rules in Equation (2.5) assume atoms have constant accelerations
during each time step. Although a straightforward way of solving for the equations of
motion, these update rules do not yield self-consistent results. That is, the accelerations
calculated from the position functions r; obtained by this way generally do not match
those obtained by solving Newton’s equations directly. Consequently, a significant error

accumulates over time.

To satisfy self-consistency, alternative algorithms are used to integrate Equation
(2.3). One commonly used algorithm is the velocity-Verlet algorithm [109], a modified
version of the basic Verlet algorithm [110], that explicitly updates velocities together
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with the positions. The implementation steps of the velocity-Verlet algorithms are

1 1
v; (t + 5&) =i (t) + Sai (1) ot

r (t+6t) =r; (t) + v (t + %51&)
F; (t+6t) = =V,U (r" (t + 6t))

After determining the update rules, what remains to be found is a suitable interatomic

potential that accurately predicts material properties.
2.2.1. The Embedded Atom Model Potentials

In the embedded atom method, the interatomic potential has two parts. The first
part represents the pairwise interactions between atoms and the second part represents
the energy required to embed an atom in an electron gas of density p;. The interatomic
potential, then, takes the form:

1
U[T]:ézzé[rij]“’zvi[pi]- (2.8)

) i
The term r;; is the distance between atom 4 and atom j. The name of the method

comes from the V' [p;] term, which is called the embedding function. The argument
p; of the embedding function is the local electronic density and is itself a function
of the distance between the atom ¢ and the other atoms. This can be expressed in
compact form as p; = Y f[ri;]. The term f [r;;] is the electron density around the
position of the atom i (]iTlle to the neighbor atom 7. An atom does not interact with
its own free electrons and the total density sum is over only the neighbor atoms. The
embedded atom method potential that is used in this study is developed by Wu et
al. [111]. The parameters for this potential were calibrated by comparing mechanical
(e.g. Peierls stresses, stacking fault energies and Young’s modulus) and structural (e.g.
lattice constants) property predictions obtained with the potential to the predictions

of quantum mechanical simulations and experimental observations.
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The Large-scale Atomic/Molecular Massively Parallel Simulator (LAMMPS) is
used to carry out the MD simulations. LAMMPS uses the velocity-Verlet algorithm
for time integration. The system temperature and the pressure boundary conditions
are maintained by employing a Nose-Hoover style thermostat/barostat [112] which
thermodynamically corresponds to an NPT ensemble. Further details of the molecu-
lar dynamics method and the embedded atom model are given in standard texts on

molecular simulation [108,113,114].

2.3. Classical Nucleation Theory

Classical nucleation theory [115] studies the formation of a new phase inside
a medium where the medium is metastable with respect to the formation of this new
phase. A variety of physical phenomena including deformation twinning can be treated
within the classical nucleation theory framework. Here, for convenience, the newly
formed phase is called the cluster or the embryo and the medium is called the matrix.
In the classical model, for nucleation of a stable cluster, first a small part of the matrix
is converted to the new phase. Then, this new embryo must survive the barrier forces
to nucleation and grow into a larger and stable cluster that will not convert back to
the matrix phase. The total potential energy of the cluster can be decomposed into a

bulk energy term and an interfacial energy term such that
AEtotal = AEbulk + AEinterfacial- (29)

The interfacial area term is, in general, positive since the formation of new interfaces
induces excess energies. Hence, the interfacial term constitutes a barrier to formation.
If the bulk energy term is negative, then it constitutes a driving force for the nucleation
event. When the embryo is small, the interfacial energies are relatively larger. As the
embryo grows, the volumetric term starts to dominate. For an embryo to grow and
reach a size which ensures its stability, it has to overcome an energy barrier. The

critical cluster size and the energy barrier are found from the condition

dAEtotal

p—y 2.]_
ey, (2.10)
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where N is a size parameter (e.g. number of atoms, geometric dimensions, etc.) of the
cluster. Equation (2.10) defines the critical point (i.e. N, and AE,) of the nucleating
embryo. The condition for nucleation is visualized in Figure 2.6 where the total energy
is plotted as a function of N. A real potential energy plot is typically more complex
than the one sketched in Figure 2.6 since the size of the cluster is generally determined
by more than one parameter. In such cases, the critical size and the energy barrier

determined the location of at the saddle point of the potential energy hypersurface.

P

7
AEinterfacial _- -
-

~~~~~ _N, Size, N

A-Etoml

Figure 2.6. AEpk, AEinter faciar and AEy,q curves are plotted vs. the cluster size V.

AFE, 44 is shown by the solid curve.

In the deformation twinning problem, the cluster is formed by a homogeneous
transformation strain afj applied to a region of the matrix. In such events, misfit strains
arise between the matrix and the cluster due to geometric incompatibilities. The elastic
strain energy due to the misfit strains constitutes the bulk energy term. If there are
no externally applied stresses, the elastic strain energy due to the cluster is positive.
Thus, it acts as a barrier to formation. However, if a far-field stress is applied to the
entire system, the interaction between the applied stress and the misfit strains might
relieve the excess energy introduced by the cluster. The applied stress, in that case,
acts as the driving force. The mathematical form of the bulk energy term in the case

of elastic strain energy will be discussed in Section 2.4.

The interfacial term can take different forms. For instance, the interface between

the cluster and the matrix may or may not be isotropic. In fact, the boundaries of
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deformation twins found in Mg are faceted with anisotropic energies. Thus, in the case
of twin boundaries in Mg, the interfacial energy term is the sum of all the contributions

of these different facets and can be written in general form as
AEinterfacial - Z’YZAI (211)

Here A; and ~; are the area and energy per unit area of the ith interface. In a ho-
mogeneous nucleation event, the embryo nucleates inside a homogeneous medium in
the absence of a specific site. Then, the newly formed interfaces all contribute excess
energy and v; will be positive for all interfaces. However, in the case of heteroge-
neous nucleation on grain boundaries, some part of the preexisting grain boundary
transforms into a new boundary between the embryo and the neighboring grain. If
the original boundary has a larger excess energy per unit area than the transformed
boundary, the interfacial energy sum is reduced by this transformation. In that case,

the transformation of the grain boundary acts as a driving force.

One commonly used parameter in nucleation kinetics is the time required to see a
stable nucleus, called the incubation time. The incubation time is related to non-steady
state nucleation in thermally activated processes [115]. Accordingly, the incubation

time for the nucleation of an embryo that consists of N, atoms is approximately
 12kpTN?
T T9BAE,

where kg is the Boltzmann’s constant, 7" is the medium temperature and S is the jump

(2.12)

frequency of the atoms into and out of the cluster. The number of atoms contained in
a cluster can be estimated from the relation

‘/cluster
;
V;Ltom

where V., is approximated by the volume of the Voronoi cell around the atom. A

N, =~

(2.13)

crude estimation for the atomic jumping frequency can be given by the Debye frequency
of the solid. The Debye frequency of the solid is related to the Debye temperature

through the relation
_ kgTp
==

38 (2.14)
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where T is the Debye temperature and h is the reduced Planck constant. In this
thesis, the incubation time is used only as a crude parameter to estimate the size of
a twin nucleus observable in a fixed experimental time. A more rigorous discussion of

this parameter is given elsewhere [115].
2.4. Eshelby Inhomogeneity Model for Deformation Twins

Eshelby’s inclusion theory concerns the elastic fields that arise due to the pres-
ence of an inclusion or inhomogeneity inside a surrounding medium. An inclusion has
the same elastic constants as the surrounding medium whereas an inhomogeneity has
different elastic constants to the medium. The elastic fields arise due to the geometric
incompatibilities between the surrounding medium and the inclusion (or inhomogene-
ity). Deformation twins fit this description since mechanical twinning entails a region
of the matrix undergoing a localized finite strain. The transformed region will have a
different shape than the original and give rise to incompatibility strains. Eshelby [116]
conceived this problem with a thought experiment consisting of cut and paste steps as
visualized in Figure 2.7. First, a region is cut from the surrounding medium. Then, a
transformation strain Efj is applied to this cut piece, freely changing its shape. Since
this piece is free of constraints at this point, no elastic field arise. Then, a certain
traction T is applied to the surface of this piece to transform it back to its original
shape. Next, without releasing the tractions, this piece is put back into the original
location in the medium. Finally, the tractions are released to let the medium and the

inhomogeneity interact.

For the inclusion case, the fundamental problem reduces to finding the strain
fields €;; (x) that arise at each point in the structure after the inclusion is allowed to
interact with the medium. Taking the inclusion as a collection of points and denoting
the eigenstrain as e* to follow the notation of Mura [117], the total strain field e

becomes

1
gij (&) = ) /Cmnklazl (@) {Gimmj (& — &) + Gjmni (T — x')}dPx’. (2.15)
%
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The integrand on the right hand side represents the sum of the displacements at point
(x) of due to point forces at point (’). The individual contribution of each point
force is calculated using the Green’s function of the medium and the integral is over
the volume of the inclusion. If the eigenstrain is constant over the inclusion, then
Equation (2.15) can be written as

gij (x) = _ch Cornit {Gimmj (€ — ') + Gjrpmi (€ — ) }d°2’. (2.16)

2
v

The integral in Equation 2.16 can be expressed with a fourth order tensor, reducing

Equation (2.16) to

€ij = z‘jklgzp (2~17)

Wy o 1 o
st et

() (d)

Figure 2.7. The steps of the Eshelby thought experiment. (a) A region (e.g. a
twinned region) is cut from the medium and an eigenstrain is applied. (b) The shape
of the region is restored to its original state by applying a traction on its surface. (c)

The region is placed back in the medium without releasing the tractions. (d) The

region and the medium are allowed to interact.

Siji is called the Eshelby tensor and it relates the eigenstrain applied over the
inclusion to the total strain field. Eshelby showed that the Eshelby tensor and the total
strain field inside an ellipsoidal inclusion (or inhomogeneity) are uniform and that the

Eshelby tensor is a function of the shape of the inhomogeneity and the elastic constants
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of the medium alone. This profound result allows for robust analytical solutions for

the elastic fields of crystal defects, specially including deformation twins.

For inhomogeneities, the inclusion problem is extended to an equivalent inclusion

problem where the effect of the inhomogeneity is modeled with a combined eigenstrain

eif = ei; + ;5. €} is the transformation strain applied to the inhomogeneity and ¢} is
the effect of replacing the inhomogeneity material with the medium material. Eshelby’s
equivalent inclusion theory [116,117] allows the total stress and strain to be found as

_ _ : P 1
0i5 = (CijutSktmn — Cijmn) i and €45 = Sijuey;. €57 is related to ey by
* k% * P
[(Ciit — Cigit) Skimn + Cigmnlemn = Ciiucis (2.18)

where ijkl and Cjjy; are the stiffness tensors of the twin and the surrounding medium,

respectively.

A very useful outcome of Eshelby’s solution is that, in the presence of an applied
far-field stress, the total potential energy FEi, due to a transformed inhomogeneity

embedded inside a medium can be expressed as

1 . 1
By = AW = —§/a?jeijdv - 5/az-jeg’jdv — /agjefjdv, (2.19)

where the integrals are over the twinned volume and Equation (2.19) involves only the
interior elastic fields and the known applied far-field stress. Equation (2.19) accounts
for the elastic strain energy of the twin as well as the interaction between the applied
far-field stress and the twin transformation strain. For deformation twinning in Mg,

e; is constant and Equation (2.19) reduces to:
1 . 1
Eun, = _§V0?j€ij - VO'ZOJSZ — §V0'ij€€j, (220)
where V' is the volume of the inhomogeneity, o;; is the total stress inside the inho-

mogeneity, o

;; is the applied stress and the Einstein summation convention is fol-

lowed. Hence, calculation of the non-uniform exterior elastic fields is not required for
an energy-based analysis. In the absence of applied far-field stress, the energy of a

deformation twin reduces further to

1
Eipn = _Evaijgp (2.21)

i
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In this study, the twins observed in the simulation are treated as inhomogeneities,
although Liu et al. [94] have shown that the effect of modeling Mg as elastically isotropic
and the twins as inclusions is minimal. This is attributed to Mg being almost elastically
isotropic [118]. Finally, the shapes of the twins observed in the MD simulations in Ch. 3
are close to elliptic cylinders and the Eshelby’s tensor for the elliptic cylinder geometry

is given in Appendix A.
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3. ENERGETIC CONTRIBUTIONS TO TWINNING IN
MAGNESIUM

This chapter has been adapted from the following publication:

Kapan, E., S. Alkan, C. C. Aydiner and J. K. Mason, "Energetic Contributions to
Deformation Twinning in Magnesium", Modelling and Simulation in Materials Science

and Engineering, Vol. 31, No. 7 p. 075002 [119].

There continues to be increasing interest in using Mg as a lightweight structural
material due to its high strength-to-density ratio and other desirable properties [120].
Mg and Mg alloys are hexagonal close packed (hcp) and accommodate plastic strains
by a combination of deformation twinning and slip at room temperature [4,99,121—
123]. Twinning involves a localized finite strain accompanied by a reorientation of the
parent crystal, and twinning-dominated plastic deformation causes tension-compression
asymmetry and plastic anisotropy at the macroscale due to the unipolar nature of
twinning [122]. Sample-scale shear banding has been observed [20-22] in Mg AZ31
samples with rolling textures loaded in compression perpendicular to the plate normal,
triggering the {1012} tension twin mechanism [4]. Deformation heterogeneity patterns
observed in wrought Mg alloys are also observed to be a function of loading sense
[10,124,125]. These aspects of the twin nucleation process need to be understood more

deeply before rigorous models of Mg plasticity can be developed.

Heterogeneous nucleation is preferred for twin embryos in crystalline Mg due to
pronounced energy barrier effects [72,92,126], with grain boundaries being preferable
nucleation sites in polycrystals [76,127]. Twin nucleation at a grain boundary entails
formation of new interfaces (twin boundaries) emanating from the pre-existing grain
boundary and is assisted by a set of coordinated dislocation reactions. The complexity
of this process makes predicting possible twin nucleation sites a formidable task and

requires accurate energetic descriptions for the twin-related structures. The purpose
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of this work is to explore the various energetic contributions to heterogeneous twin
nucleation in Mg, laying the groundwork for models to eventually predict heterogeneous

twin nucleation sites.

Crystal plasticity (CP) approaches have been popular to model deformation twin-
ning at the continuum scale for more than two decades [44,128|. Phenomenological
formulations usually introduce a twinned volume fraction of material within a pseudo-
slip formulation [34]. While these approaches are reasonably successful at reproducing
the far-field twinning response, they are of limited utility when predicting the nucle-
ation site or the twin embryo morphology [44,128|. The alternative is to explicitly
resolve individual twins as in recently-developed schemes where twin nucleation is
modeled as a defect-dissociation reaction, [40,41] sometimes within phase-field sim-
ulations [129-131|. However, these approaches do not yet consistently incorporate the
twin/grain boundary energetics which may play a significant role in heterogeneous twin

nucleation.

The possibility of there being other significant energetic contributions that are not
included in existing models indicates that there is a need for more detailed atomistic
information about the twinning event. This encouraged the recent characterization of
the defect content of twin-parent grain interfaces (i.e., basal-prismatic/prismatic-basal
(BP/PB) boundaries and coherent twin boundaries (CTB)) by transmission electron
microscopy (TEM) and the subsequent development of atomic-scale models for twin
nucleation and growth mechanisms [54, 83, 85,132, 133]. These models suggest that
the glide of twinning dislocations along a CTB drives the growth of a twin, while the
CTB-BP junctions serve as dislocation nucleation and annihilation sites [75]. MD cal-
culations by El Kadiri et al. [16] explain the profuse activity of the {1012} tension
twinning mode in Mg by the ability of the twin boundary to absorb basal dislocations
without a loss of mobility [16]. Liu et al. [51], using a combination of TEM experi-
ments and MD simulations, characterized CTB and BP/PB facets and showed that the
interaction of dislocations with these boundaries plays an important role in twinning

energetics; this is reinforced by subsequent work [53-56, 134].



30

While investigations into the atomic structure of twin interfaces generally focus
on pre-existing twin domains, this study is instead concerned with heterogeneous twin
nucleation. As a starting point, electron backscatter diffraction indicates that the
misorientation between neighboring grains as well as the grain boundary length are
significant factors affecting the statistics of twin nucleation and propagation [87,127,
135]. Wang et al. [8] and Beyerlein et al. [127] explored the relationship between
GB misorientation and twinning using MD simulations of twins nucleating from a
set of symmetrically-tilted grain boundaries (STGBs). The simulations initiated twin
nucleation reactions by introducing basal dislocation pile-ups at the STGBs [8, 76,
127, 136], and informed a stochastic twin nucleation model where the likelihood of
twin nucleation increases with decreasing misorientation angle [127]. Barrett et al.
[85, 137] subsequently investigated the twin nucleation mechanism on a pre-existing
BP boundary and identified the relevance of asymmetrically-tilted grain boundaries
(ATGB), defect transformation from CTB to BP facets, and the mobility of BP facets
to twin nucleation. Giri et al. [138] used the nudged elastic band method to measure
the energy barrier of twin embryo formation on a bi-crystal STGB with a specific
misorientation and macroscopic stress condition. Though all of these studies consider
the energetics of twin nucleation, they initiate twin nucleation by intentionally imposing

defects or assuming specific reaction pathways.

Alternatively, simulating twin nucleation in a polycrystalline microstructure with
MD has been done in a limited number of studies before [139-141], but a deep under-
standing of twin nucleation in these conditions has yet to be established. Additional
studies of spontaneous twin nucleation driven by external loading, without prior as-

sumptions about the nature of the mechanism, could therefore be valuable.

This study uses an MD simulation described in Section 3.1 to follow the ener-
getic evolution of twin embryos nucleating from ATGBs in a honeycomb polycrystalline
structure (Figure 3.1). Section 3.2 provides an overview of the twinning events ob-
served during the MD simulation, identifies the twin-related structures, and measures

the overall energetic contribution of the twins to the simulation’s potential energy. The
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relative energetic contributions of line, surface and volumetric terms to the twin nucle-
ation process are evaluated in Section 3.3, and the stress field around the twin nucleus

is estimated using the Eshelby formalism.

A micromechanical model for the twin formation energy is developed in the same
section, with the energy contribution arising from the change in character of the prior
GB found to be significant. The I; stacking faults that form inside the twin and the
associated defect structures that bound them are also found to possibly make significant
energy contributions, amplifying the conclusions of recent experimental [142,143| and
numerical studies |71] that emphasized the role of I stacking faults inside tension
twins. These results suggest that both of these contributions should be included in any

comprehensive energy-based twin nucleation model going forward.

3.1. Methods

The MD simulations used the LAMMPS code [144] with a modified embedded-
atom method interatomic potential for Mg [111]. The potential was specifically de-
signed to reproduce defect and interface structures and has been widely employed to

simulate plastic deformation in pure Mg and Mg-based alloys.

A honeycomb polycrystal with four columnar grains was generated in a simulation
box with periodic boundary conditions in all directions (shown in Figure 3.1) using the
Voronoi tessellation algorithm implemented by the Atomsk software [145] . The z-axis
of the simulation box coincided with the [1120] directions of the grains, and together
they constituted a [1120]-textured system. The central grain (indicated by G1) was
oriented to align its c-axis with the global z-axis. Grains 2, 3 and 4 (indicated by G2,
G3 and G4) were misoriented with respect to G1 by 15°, 25° and 48° rotations about
the z-axis, with examples of the global and grain coordinate systems and the tilt angle

¢ sketched in Figure 3.1.
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Given this geometry, a compressive load along the global y-axis would both im-
pose a tensile strain along the c-axis of G1 and result in minimal dislocation activity
on the basal plane for which the Schmid factor is zero. Such conditions strongly fa-
vor {1012} tension twinning in G1, with more dislocation activity expected in the
misoriented neighboring grains. The simulation cell geometry and periodic boundary
conditions effectively constrained all dislocation lines to be aligned along the global

z-axis and the planes of shear of any twins to be parallel with the xy plane.

>

Figure 3.1. Schematic of the periodic quasi-2D simulation cell with honeycomb
grains. The [ﬁQO] crystal axes of all grains are aligned with the global z-axis. Grains
2, 3 and 4 are tilted by a rotation of ¢ about the global z-axis. The (1102) and
(1102) planes associated with the activated {1012} tension twin system are
highlighted in the central unit cell.

After initializing the system, the potential energy was minimized using a conju-
gate gradient method. The initial minimization was followed by an equilibration step
at 0 MPa and 300 K for 50 ps using a Nose-Hoover style isothermal-isobaric (NPT)
thermostat [112] to relax any remaining high energy GB structures. Each component

of the average stress tensor was below 6 MPa after the equilibration step, well below
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the reported critical stresses for similar structures [139]. The structure was then com-
pressed in the y-direction at a constant engineering strain rate of —2 x 10® s~! for 160
ps. 41 load points (LPs) were taken at 1 ps intervals between 104 ps and 145 ps after
the start of compression (corresponding to far-field strains 52;, of —0.0208 and —0.0286)
and will be referred to as LP0 to LP40 below.

(a) undeformed (b) deformed (c) €% removed

Figure 3.2. A sketch of (a) the simulation cell after initial equilibration, (b) the
deformed simulation cell with a twin in G1 (the deformation is exaggerated), (c¢) the
simulation cell after the removal of far-field strain. The initial dimensions [;, h;, t; are

692 A, 600 A and 25.6 A respectively.

After completing the simulation, each LP was instantaneously quenched to 0 K
by setting the atomic momenta to zero and minimizing the potential energy. The far-
field strains on each LP were then removed by restoring the simulation box dimensions
to those of the undeformed state and mapping the atomic coordinates with the cor-
responding affine transformation. This was followed by a final energy minimization
to relax any local elastic strains introduced by the affine transformation. The second
minimization did not noticeably affect the shape or extent of the twin nucleus, de-
spite the untwinned structure having a lower potential energy in the undeformed state.
The resulting atomic data (potential energies, atomic coordinates, etc.) were stored
for each of the selected LPs for subsequent analysis. A graphical description of this

loading /remapping sequence is given in Figure 3.2.

The purpose of the minimizations and affine transformation was to remove any

thermal fluctuations and far-field elastic strains which would complicate the calculation
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of the potential energy of the developing twin nucleus. More specifically, the intention
was to examine the potential energy of the twin nucleus in a fixed reference state where
the far-field strain vanished, conceptually resembling Eshelby’s thought experiment of

embedding an inhomogeneity into an infinite medium.

Post-processing and visualization of the atomic data was done using the Open
Visualization Tool (OVITO) [146] complemented with custom Python scripts. The
OVITO implementations of Polyhedral Template Matching (PTM) and the Dislocation
Extraction Algorithm (DXA) were used to identify crystal structures, interfaces and
dislocations. A grain segmentation scheme based on local (per atom) orientations
returned by PTM was implemented to automate the identification of atoms belonging

to the twin.

3.2. Results

The stages of the most significant twinning event that occurred during the MD
simulation are shown in Figure 3.3, with Figs. 3.3a and b showing the entire simulation
cell at the beginning and end of the event. The LPO structure in Figure 3.3c contained
two twin embryos on the G1-G3 boundary, with one (upper left, indicated by a red
arrow) nucleating around LP0 and the other (bottom right) nucleating during the initial
equilibration step before any external straining. By LP9 in Figure 3.3d, a third twin
nucleus indicated by a red arrow appeared between the two preexisting nuclei. Figure
3.3e shows the coalescence of N1 and N2 at LP19, and all of the nuclei coalesced into
a single large twin by LP24 in Figure 3.3f. The twin had extended along the entire
prior GB and continued to expand into the interior of G1 by LP32 in Figure 3.3g.
The twin at the final loading point LP40 in Figure 3.3h developed new PB and CTB
facets on the lower right, and overcame the G1-G2-G3 triple junction barrier to extend
along the G1-G2 boundary. The final twin is clearly well-developed and stable, and
would continue to expand into the interior of the grain had the simulation continued.
The purpose here is to investigate the initial stages of twin formation though, so the

later stages of intragranular twin growth will not be considered. Instead, the analysis
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that follows will be limited to the twin formation stages on the G1-G3 grain boundary

visible in Figure 3.3.

Figure 3.3. (a,b) Snapshots of the simulation box at LP0 (e}, = —0.0208) and LP40
(egy = —0.0286). (c-h) Snapshots of the twinned G1-G3 boundary at LP0, LP9,
LP19, LP24, LP32 and LP40 (¢t = 104, 113, 123, 128, 136 and 144 ps respectively).
White and blue indicate atoms in hcp and fcc environments, whereas black denotes a

disordered structure on an interface.
3.2.1. Energetic Analysis

The change in potential energy APFE of the load points with respect to LPO are
calculated and plotted in Figure 3.4. The potential energy generally increases from
LPO to LP40 with the accumulation of plastic strain and various defect structures.
The three curves in the figure correspond to the potential energies of the load points
after each of the three post-processing operations described in Section 3.1. The dashed
blue curve shows the change in potential energy after the first energy minimization, i.e.,
after instantaneously quenching the structure to 0 K. The dashed red curve shows the
decrease in the potential energy after removing the far-field strain by means of the affine
transformation. The solid black curve is obtained after the second energy minimization
relaxes the local elastic strains introduced by remapping the atomic coordinates. That

is, the solid black curve should reflect only the effect of introducing the twin and other
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defects into the system’s reference configuration. The advantage of this construction
is that the far-field stress that drives the nucleation of the twin is removed, allowing
the energetic model for twin nucleation to be simplified by dropping one of the terms.
This also allows the remaining elastic strain energy to more readily be approximated

by Eshelby’s solution to the generalized inhomogeneity problem [116].

=== load + min. .

300f ==="load 4+ min. + remap /
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time (ps)

Figure 3.4. The change in potential energy of the simulation cell relative to values at

LPO (t = 104 ps) (i) after the first energy minimization, (ii) after removal of the

far-field strain €, (iii) after the second energy minimization.

While the energetic analysis of the developing twin nucleus could be performed
using the black curve in Figure 3.4, accounting for the energetic contributions of the
various defect structures that develop in G2, G3 and G4 would introduce complications.
For example, the 1/3(1100) Shockley partials in G3 and G4 in Figure 3.3 contribute
dislocation core and elastic strain energies, and the trailing I,-type stacking faults (vis-
ible in blue in Figure 3.3a-b) have a surface energy that would need to be removed
from the overall potential energy change. Restricting the analysis to only the region
occupied by the twin at LP40 would instead introduce complications from the com-
patibility strain field surrounding the twin gradually extending outside of the region
as the nucleus develops. The significance of this effect can be seen in Figure 3.5 where
the solid green curve shows the potential energy change of G1 (the union of green and

yellow regions in the inset) and the dashed yellow curve shows only that of the region
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occupied by the twin at LP40 (the yellow region in the inset). The potential energy
changes are similar when the twin nuclei are small compared to the yellow region, but
the yellow curve falls below the green curve as the twin size becomes comparable to
that of the yellow region and more of the energy stored in the strain field external to
the twin is excluded. The simplest option seems to be to consider the potential energy
change of G1, with a comparison of Figs. 3.3a and 3.3b showing that G1 has limited
defect activity elsewhere in the grain during the relevant time interval (likely owing
to the vanishing of the Schmid factor for basal slip). The potential energy change
inside G1 is therefore ascribed to the developing twin nucleus, and the green curve in
Figure 3.5 is selected as the basis for the following analysis. It should be noted though
that the green curve is not the overall potential energy of the twin nucleus since the
energy contribution of the compatibility strains that develop in the neighboring G3 is
neglected. The neglected energy will be accounted for by an approximation introduced

in Section 3.3.3 below.

——- total PE change ¢
grain PE change I
twin domain PE change Fe

105 110 115 120 125 130 135 140 145
time (ps)

Figure 3.5. The change in potential energy relative to the values at LPO (¢ = 104 ps)
of (i) the entire simulation cell, (ii) G1, and (iii) the region occupied by the twin at

140 ps.

3.2.2. {1012} Twin Related Structures

The general structure of the twin observed in the MD simulation is shown in Fig-

ure 3.6 with the characteristic structures at LP28 highlighted and labeled. The cross-
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section of a {1012} twin viewed along the [1120] axis usually has a stepped boundary
consisting of CTB and PB/BP facets. A CTB facet is one where the plane of the
boundary coincides with the twin plane (indicated in the following by K7), and is the
{1012} plane for a {1012} twin. The orientation of the K, plane is indicated with
red lines inside the representative hcep unit cells sketched for the matrix and twin in
Figure 3.6. There is a negligible misalignment of ~2° between the actual CTB and
the expected CTB orientations, likely due to local atomic strains. A PB/BP facet is
one where the prismatic/basal plane of the matrix adjoins the basal /prismatic plane of
the twin. In Figure 3.6, the facets labeled PB are those where the basal planes of the
twin coincide with the prismatic planes of the matrix. Both the basal-prismatic and
prismatic-basal boundaries will be indicated by PB in the following since the two have
essentially identical characters. Recent studies suggest that the growth of a twin into
the interior of the matrix is facilitated by the formation of a terrace (a disconnection
pair) on the CTB [75] and subsequent glide of the disconnections along the CTB |71],
thereby involving an interplay of CTB and PB boundaries.
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Figure 3.6. Interfacial energy contributions associated with a {1012} twin include
those for coherent twin boundaries (CTBs), basal-prismatic boundaries (PBs), Iy
stacking faults (I; SFs) inside the twin, and the energy change AI" of the prior GB.
White and blue indicate atoms in hcp and fece environments, whereas black denotes a

disordered structure on an interface.
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As a brief aside, the historical assumption has been that a twin embryo is initially
bounded predominantly or even entirely by CTB facets [147|. However, recent HREM
studies [83] have established that a twin embryo boundary can have a significant pro-
portion of BP/PB facets. The ratio of total CTB facet area to total PB facet area
in the MD simulation is plotted in Figure 3.7 for all load points LP0 to LP36, and is

consistent with roughly half of the twin boundary being PB facets.

1.8}

o 15 13 1%
time (ps)

Figure 3.7. The ratio of total CTB facet area to total PB facet area on the boundary
of the twin nucleus for all load points LP0 to LP36.

Two other structures are labeled in Figure 3.6 in addition to the twin-matrix
boundaries. The first are I; stacking faults (SFs) that change the stacking order of the
basal planes to ABACA (or equivalently BABC B); recent high resolution electron
microscopy (HREM) studies have verified the presence of such SFs inside {1012} twins
[142,143,148]. The SFs usually extend from the twin boundary on one side to the GB
on the other, with the intersection with the twin boundary frequently occurring at a
junction between CTB and PB facets. The second structure is the traced boundary
between the twin and the neighboring G3 that is labeled with a AI'. The GB initially
between G1 and G3 effectively decomposed with the emission of the twin boundary,
leaving behind a GB of changed character. Similar decomposition reactions can be
seen to have been initiated on several other GBs (e.g., the boundaries between G1 and

G2) in Figure 3.3a.
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Figure 3.8. Magnitudes of the various {1012} twin related structures. In addition to
changes in the CTB, PB, SF and Al areas, changes to the twin nucleus volume and
the sum of the natural logarithms of stacking fault lengths (normalized by the twice

the lattice constant of Mg) are reported.

The magnitudes of the various twin related structures are quantified by direct
measurement and reported in Figure 3.8. Lengths are calculated as the sum of the
lengths of line segments connecting adjacent atomic columns, and areas are calculated
by multiplying a length by the depth of the simulation cell. Volumes are calculated as
the sum of the volumes of the Voronoi cells around the relevant atoms. These quantities

are used extensively for the analysis in Section 3.3 below.
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3.3. Analysis and Discussion

The total potential energy of the twin nucleus is likely composed of contribu-
tions from the interfaces, the defect substructure, and a strain energy arising from the
transformation strain. Although a precise partitioning of the twin potential energy
between these contributions is almost intractable due to the number of unknowns and
the difficulty of mapping concepts like an interface or a dislocation core to a specific
set of atoms, a micromechanical model for the potential energy can nevertheless be
developed by applying certain simplifications. As a starting point, a model is proposed
for the change in the potential energy of G1 that includes terms for the twin boundary
facets, the stacking faults, the prior grain boundary, and a term that is proportional

to the twin volume:

AEc1 = yersActs + YeeAps + Ysr Asr
+YarAar + CVV. (3.1)

The CTB, PB and SF contributions are modeled as the products of the equilibrium
excess surface energies (148, 164 and 11 mJ/m? respectively [111,149,150]) and the

corresponding interfacial areas.

The AI' term accounts for the change in the surface energy of the GB initially
between G1 and G3 with the emission of the twin boundary. yar will be estimated
by a linear regression analysis in Section 3.3.1, with the resulting value verified by a

molecular statics calculation in Section 3.3.5.

The volumetric term CyV will initially be assumed in Secs. 3.3.2 and 3.3.3 to
be proportional to the elastic strain energy introduced by applying a transformation

strain to an elliptic cylinder inhomogeneity in an infinite elastic medium.

This model will eventually be found to be unable to account for the potential
energy of the twin nucleus, resulting in a revision of the model in Section 3.3.4 to

include the possible elastic interactions of disconnections in the twin boundary and
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the prior GB (Figure 3.8 shows that any potential energy stored in these interactions
would be nearly proportional to the twin volume). The final analysis strongly suggests
that the energy change of the prior GB, and perhaps the elastic interactions of the

disconnections, contribute significantly to the potential energy of the nucleating twin.
3.3.1. Regression Analysis

The CTB, PB, and SF terms in Equation (3.1) are determined by the equilibrium
excess surface energies reported in the literature and the interfacial areas in Figure 3.8.
This leaves yar and Cy as the only unknown quantities in Equation (3.1), and since
they appear linearly in the equation, they can be estimated by linear least squares

using the potential energies of G1 at each of the N loading points.

Explicitly, the linear regression problem takes the following form:
Ay v A, - £ A9
] = s , (3.2)
LPN 1/LPN Cv N N AN
Axar 'V AEG =227 A
where the sum on the right hand side includes the CTB, PB and SF interfaces. Solving
this gives —0.14040.011 J/m? and 52.6 +3.31 MJ/m? for the parameters yar and Cy,

respectively.

The results of the regression analysis are plotted in Figure 3.9 alongside the MD
measurements for comparison. It is significant that the AE A, curve shows a significant

decrease in the energy of the G1-G3 GB as the twin propagates along the GB.

Note also that Cy here includes the energetic contributions from all possible
sources that scale with the twin volume, including but not restricted to the elastic
strain energy. The elastic strain energy will be estimated by the Eshelby formalism
in the following sections, allowing an evaluation of whether this is sufficient to explain

the AFEy curve in Figure 3.9.
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Figure 3.9. Energetic contributions of the various terms involved in the regression
analysis in Equation (3.2) are plotted with dashed lines. The change in the G1
potential energy during the MD simulation (blue curve) is used as a measure of the
change in the twin potential energy. The black curve is the sum of the dashed curves

and is the least squares fit to the blue curve.

3.3.2. Principal Component Analysis

The calculation of the elastic strain energy associated with a twin in the Eshelby
inhomogeneity theory requires that the geometric parameters of the twinned regions be
known to first obtain the Eshelby tensor. A twin is modeled as an elliptic cylinder since
twins are frequently observed to have elliptic morphologies during the initial twinning
stages [137]. At each load point, the atoms that belong to each of the twinned regions
are identified, and the dimensions of the elliptic cylinder that contains the associated
point cloud are found using principal component analysis. Specifically, the atomic
coordinates matrix is defined as

T1 W

A = | T2 Ya | - (33)
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Figure 3.10. The evolution of the the geometric properties of the ellipses fitted to the
twin nuclei. All twin nuclei coalesce by LP24 and only the geometric data for the

ellipse fitted to N2 is reported for subsequent load points.

The directions of the semi-major and semi-minor axes are taken to be the directions
of the first and second eigenvectors of ATA. If @} and d}, are the square roots of the
corresponding eigenvalues, then the major and minor radii a; and as are defined by
the conditions that a;/as = a)/a), and the volume of the resulting elliptical cylinder is

identical to the twin volume.

The orientation of the elliptic cylinder with respect to the simulation cell’s coor-
dinate system is expressed as the angle 6 between the semi-major axis and the z-axis.
The major and minor radii, the aspect ratios and the orientations of the twins ob-
tained from the principle component analysis are all reported in Figure 3.10. Notice
that the twin nuclei start to coalesce with increased loading (as portrayed by the iso-
lated snapshots of the nuclei at different LP’s given below the reference ellipse) and all
three of the twin nuclei coalesce by LP24, leaving only the geometric parameters of the
second nucleus in the plots beyond this loading point. The geometric quantities ay, as
and 6 are used below to model the twins as elastic inhomogeneities and estimate the

associated elastic strain energies following Eshelby formalism.
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3.3.3. Elastic Field Model

Eshelby showed that the total strain energy FEj,, in an infinite elastic medium
due to a transformed inhomogeneity embedded inside the medium is equal to

K

1
By = _§V0ij5p (3-4)

where o;; is the total stress inside the inhomogeneity, €. is the eigenstrain associated

ij
with the twin transformation, and the Einstein summation convention is followed.
Ei.n is the total strain energy in the entire medium and can be decomposed into two
parts, namely, the elastic strain energies stored in the interior and exterior of the

inhomogeneity [151]:
Einh = Eint + Eext
1 » 1

= 5 Voijlei; — ;) — 5V oyey, (3.5)
where €;; and €;; —51;]- are the total and elastic strains in the inhomogeneity, respectively.
Eshelby’s equivalent inclusion theory [116,117] allows the total stress and strain to be
found as 0;; = (CijurSkimn — Cijmn) €y a0d €;5 = Sijmer; where S;ji is the Eshelby
tensor and €} is the equivalent eigenstrain tensor in the equivalent inclusion problem.

e; is related to &} by:
[(CPir = Ciji) Skimn + Cijmnlemm = Ciipci (3.6)

where C7)) and Cjjp are the stiffness tensors of the twin and the surrounding medium,

respectively.

The eigenstrain tensor eP associated with the {1012} Mg twin in the simulation

cell coordinate system is:

0.065 0 0
=10 —0065 0f- (3.7)

0 0 0
The medium is modeled as having the same isotropic elastic response as polycrystalline
Mg [118,152]; this is not regarded as a severe approximation since the medium is

composed of magnesium single crystals with multiple orientations, each of which is
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nearly elastically isotropic. The equivalent inclusion (i.e., the twin) is instead modeled
as being transversely isotropic in the basal plane, consistent with hcp crystal symmetry.
The elastic properties for both the medium and the twins are reported in Table 3.1.
The components of the Eshelby tensor for an elliptic cylinder are functions of the major
and minor radii a; and a, and the elastic constants of the medium, and these functions

have been tabulated by Mura [117].

Table 3.1. Elastic constants of the medium and the twin in standard orientations.
The components of the stiffness tensor of the medium can be obtained from the

isotropic elastic properties.

Medium (GPa) Twin (GPa)
E 45 s 1635
v 0.28 e | 25.9
" 17.6 P

3333 66.5
1313 18.4

After solving for the elastic fields associated with the inhomogeneity, Ei,;, for the
Eshelby solution can be compared to the volumetric energy term obtained from the
regression results. However, the energy change of G1 is used as the objective for the
regression analysis in Equation (3.2), whereas the Eshelby solution accounts for the
total elastic strain energy stored in the entire medium. This makes Equation (3.5) not
directly comparable to the regression results. The elastic energy stored in G1 is instead
modeled as the sum of the elastic strain energy stored on the interior and half that
stored on the exterior of the inhomogeneity:

Finh,g1 = Fint + Eext,c1

1 1
~ EVO'Z']‘(EZ']' — 55)]) — ngijeij- (38)

The prediction of Equation (3.8) is compared to the volumetric energy term obtained

from the regression analysis in Figure 3.11, where the volumetric term obtained from

the regression analysis is seen to be significantly higher than that predicted by the



47

Eshelby solution. The discrepancy does not necessarily suggest a failure of the energy
model in Equation (3.1) or of the approximations involved in our application of the
Eshelby solution, but rather that there could be an additional energy contribution that
scales with the volume of the twin and is distinct from the elastic strain energy in the

Eshelby solution.
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Figure 3.11. The volumetric part of the twin energy (AEy, dashed red curve) as
approximated by the regression analysis (Equation (3.2)) is compared with the elastic
strain energy predicted Ein g1 by the Eshelby solution (Equation (3.8), solid blue

curve).

3.3.4. Revising the Micromechanical Model

A closer examination of the defect substructure inside the twin in Figure 3.12
reveals that the point where a stacking fault intersects the twin boundary almost
invariably coincides with a corner of a BP or PB facet. Such stacking faults have
also been observed experimentally in {1012} twins [142,143|, and their possible origins
and the character of their bounding defects have been studied in detail [67,71, 153|.
The bounding defect in the twin boundary is specifically known to have disconnection

character; the Burgers vectors and the step heights of the disconnections in Figure 3.12
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are given in the conventional notation by, i, used in interfacial defect theory [154].
The sign of the subscripts g and  indicate a step “up” or “down” with respect to
the parent crystal, and their magnitudes signify the height of the step. The other
bounding defect of each stacking fault is embedded in the GB and has a Burgers vector
determined by the initial defect content of the GB and the dissociation reaction that
produces the associated SF.
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Figure 3.12. I; basal stacking faults inside the {1012} twin. Each SF is bounded by a
defect pair that anchors the SF to the twin boundary on the left and the grain
boundary on the right. Defects in the TB have disconnection Burgers vectors denoted
by b, /4., corresponding to two different changes in the stacking sequence. The

stacking changes associated with b;;; and b_;,_; steps are identified.

The model in Equation (3.1) presumably includes the self-energies of the defects
at the ends of the stacking faults in the effective energies of the bounding interfaces,
but does not include the interaction energies of those defects. The conservation of
Burgers vector content implies that the defects at either end of a stacking fault have
equal and opposite Burgers vectors and hence exert attractive forces per unit length

on one another.

By analogy with the work required to separate a full dislocation into a pair of
Shockley partials, the work required to separate the defects at either end of the ith

stacking fault is modeled as being proportional to In(r;/ry) where 7; is the length of
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the stacking fault, ry = 2a is a reference length scale, and «a is the lattice constant of
Mg. Including this interaction term in the model for the change of the potential energy

of G1 gives:

AEq1 = yersActs + YeApPB + YsrAsk

+ Einnc1 + YarAar + Kt Y In(ri/ro), (3.9)

where ¢ is the thickness of the simulation cell and the prefactor K has units of eV /A.
While the SFs inside the twins are bounded by different defect pairs with different
Burgers vectors and the prefactors associated with each defect pair should therefore
be different, K is an average prefactor that accounts for the total interaction energy

between the arrays of defects on the TB and on the GB.
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Figure 3.13. Energetic contributions of the various terms involved in the second
regression analysis in Equation (3.10) are plotted with dashed lines. The change in
the G1 potential energy during the MD simulation (blue curve) is used as a measure
of the change in twin potential energy. The black curve is the sum of the dashed

curves and is the least squares fit to the blue curve.
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With this modification, the linear regression problem to find the two unknown
parameters in Equation (3.9) becomes:

ARP 30 In (%)

Yar o
)

= (3.10)
K

AN 1y m ()
where ¢ is the column vector whose jth entry is given by AEél - > %j A{ — Ezlj;lh,Gl'
Solving this gives —0.142 %+ 0.013 J/m? and 0.0578 4 0.0077 eV /A for the parameters
var and K, respectively. The value for yor is nearly the same as that obtained in
Section 3.3.1 using Equation (3.2), and will be discussed in more detail in Section
3.3.5. The results of the regression analysis are plotted in Figure 3.13 alongside the

MD measurements for comparison.

The estimated value of K should be comparable to the prefactor for a single pair of
typical defects that bound an I; SF segment inside {1012} twins. The Burgers vectors of
the PB disconnections on the twin boundary have varying magnitudes between 0.150a
and 0.350a [71]. The (c+ a) dislocations embedded in the grain boundary on the other
end of the stacking fault have Burgers vectors of length ~a. For the average case, the
prefactor of the interaction energy between a dislocations with Burgers vector lengths
of by = 0.250a and by = a respectively is roughly
fub1bo

K = 0.0409 eV /A, (3.11)

which is sufficiently close to the least square estimate for the latter to be reasonable.
The only remaining term in Equation (3.9) that has not been shown to be physically

reasonable is the yarAar, and this is considered in detail below.

3.3.5. Grain Boundary Decomposition

As discussed in the introduction, one of the main unresolved questions relating
to hep twinning is the prediction of the twin nucleation site at grain boundaries in
polycrystals. Many studies focus on the connection between the grain boundary mis-

orientation and the tendency for twins to nucleate on the loaded grain boundary; the
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grain boundary inclination and the transformed grain boundary character are generally
not considered to be relevant. However, our results suggest that both of these could
be important factors. Figure 3.14a-b compares the G1-G3 grain boundaries before and
after the nucleation of the twin. Figure 3.14a shows that at LPO the GB contains the
prior G1-G3 boundary with ATGB character in the middle and transformed segments
on both ends. By comparison, the fully transformed GB shown in Figure 3.14b has a
nearly STGB character where the basal planes of the twin and G3 intersect the GB
at similar angles. However, the transformed GB has a corrugated topography with a
structure that deviates from an STGB particularly at the intersections with stacking

faults, suggesting the presence of defects with Burgers vector content there.

The transformation of the GB from a high-energy ATGB into a low-energy STGB
during twinning significantly reduces the overall interfacial energy cost of nucleating the
twin, as can be seen by comparing the green and orange curves in Figure 3.13. Both the
first and second regression analyses suggest a reduction in the grain boundary energy
of roughly var ~ —0.0088 eV/A2 (—0.140 J/m?). Two auxiliary MD simulations
were conducted to verify that this value of yaor is plausible. First, a copy of the
original simulation cell containing the original G1-G3 GB was generated and relaxed
by energy minimization. Second, G1 was reoriented to the {1012} twinned orientation
while keeping the other grain orientations fixed, and the resulting simulation cell was
equilibrated. Representative slices of material around the GB regions were taken from
both simulations and are shown in Figure 3.14c-d. The grain boundary energies of the

G1-G3 and twinned G1-G3 boundaries are computed as
. Etot - NEeq
Fy AGB Y

where Fi. is the total potential energy of the slice, N is the number of atoms in the

(3.12)

slice, Feq is the equilibrium per atom potential energy for bulk Mg, and Agp is the
area of the grain boundary. The slices contain 16 520 and 1388 atoms respectively,
and a value of E,, = —1.51 eV /atom as measured by an MD simulation of a single
crystal is consistent with the literature [111]. The computed energies for the initial
(original) and final (twinned) grain boundaries are v; = 0.0345 eV/ A? (0.553 J/m?)
and v, = 0.077 eV/A2 (0.124 J/m?) respectively, where 7; is expected to be low since
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the transformed boundary is nearly a {1013} twin boundary with the neighboring
grains symmetrically tilted by 31.99° with respect to the [1120] axis. This is shown
in Figure 3.14d where the angles the basal planes of both grains make with the grain
boundary are very close to 32°, with slight unequal deviations on each side. Wang and
Beyerlein [155] calculated the energy of this boundary to be 0.105 J/ m?, close to o7

found for the present structure.

orientation
Figure 3.14. (a) Snapshot of the ATGB grain boundary between G1 and G3 at LPO.
(b) The propagation of the twin transforms the twin-G3 GB into a (nearly) STGB.
(c) The partially-relaxed ATGB structure between G1-G3 prior to equilibration. (d)
A fully relaxed GB with identical grain boundary character to the twin-G3 GB.
White/orange, blue and black indicate hcp, fec and border atoms.

Using these results, the reduction in the grain boundary energy could be as much
as vy — v, = —0.429 J/ m?, three times higher than the value yop estimated from the

regression analyses. Since the actual transformation that takes place upon twinning
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does not yield a fully relaxed and equilibrated grain boundary (Figure 3.14d) but rather
a corrugated one with excess stresses (Figure 3.14b), this is interpreted as indicating

that the value of yor from the regression analysis is physically reasonable.

It is significant that the original ATGB shown in Figure 3.14c partially dissociated
into the transformed GB shown in Figure 3.14d when equilibrated at higher tempera-
tures for longer durations, even in the absence of external strain. This reaffirms that
the change in the character of the prior GB can significantly reduce the energy barrier
to twin nucleation. This is consistent with the conclusions of Barrett et al. [85,137|
who investigated twinning along a BP boundary in a bicrystal and found that the
defect structure of ATGBs could be an important factor. The implication is that the
inclination of the prior grain boundary could be a possible controlling variable as well.
As evidence of this, unstable twins nucleated only on the upper of the two G1-G3 GBs
(G1 shares two boundaries with G3 of the same misorientation in Figure 3.1) for which
the inclination is such that {1012} twinning yields an STGB. Thus, the upper G1-G3
GB is a more favorable twinning location. Our conclusion is that the change in the

character of the prior GB should be considered in future twinning models.

3.4. Conclusions

Molecular dynamics simulations were performed to investigate the process by
which a twin nucleates from a grain boundary in a columnar polycrystal. A far-field
strain was applied to drive the twin nucleation, but the potential energy of the twin
as a function of time was measured with respect to the unstrained configuration as a
consistent point of reference. A model for the potential energy of the nucleating and
growing twin was proposed that involves various geometric variables, parameters taken
from the literature, and several unknown quantities estimated by linear regression. Our

main conclusions based on this energy model are as follows:

(i) The potential energy of the twin could not be satisfactorily modeled as a sum

of contributions from only the twin boundary (comprised of coherent twin and
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basal-prismatic/prismatic-basal facets), stacking faults inside the twin, and elas-
tic strain energy as estimated using the Eshelby inhomogeneity theory. That is,
the potential energy of the nucleating twin necessarily involved more quantities
(see below) than just those associated with visibly growing geometric structures
in Figure 3.3.

(ii)) The reduction in grain boundary energy associated with the change in grain
boundary character upon twinning can be substantial, and even to the point
of offsetting the energy cost of the twin boundary and stacking fault creation.
Specifically for the observed twinning event, the prior boundary decomposed from
a high-energy ATGB structure into a low energy STGB structure with a {1013}
twin boundary relation. The other boundary in the periodic simulation cell with
the same misorientation relation but a different inclination was inactive, indicat-
ing that grain boundary inclination is potentially a significant variable. Overall,
this suggests that the change in grain boundary character during twinning could
be a critical consideration when predicting twin nucleation sites.

(iii) The elastic strain energy estimated using the Eshelby inhomogenity theory does
not seem to be sufficient to explain the part of the twin potential energy that is
approximately proportional to the volume of the twin. It is proposed that the
stacking faults inside the twin are bounded by line defects with Burgers vector
content embedded in the twin boundary and the prior grain boundary. As part
of the extrinsic defect content of the boundaries, these line defects can have in-
teracting elastic strain fields. While not conclusively establishing the existence of
such interactions, including an energy contribution proportional to the logarithm
of the normalized separation of the proposed line defects is sufficient for the Es-
helby inhomogeneity theory to account for the part of the potential energy that

is proportional to the twin volume.

These conclusions are envisioned as part of an ongoing effort by the community to
establish a micromechanical model which can be used to predict the activation energies
and critical geometries of nucleating twins as functions of microstructure variables and

far-field loading conditions. It is true that both the molecular dynamics simulations
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and the energy model for twin formation developed here are restricted to thin films
of [1120] fiber textured Mg, but we expect that the insights derived through the use
of this simplified geometry will hold more generally, and particularly when the energy

model is eventually extended to three dimensions.
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4. A MICROMECHANICAL MODEL FOR TWIN
NUCLEATION

In this chapter, we extend our energetic analysis of {1012} twins in Mg by the
application of the classical nucleation theory (CNT) to the twin nucleation problem.
According to the CNT, the nucleation energy barrier is the saddle point of the potential
energy hypersurface. The twin geometry that corresponds to the saddle point gives the
critical size and shape of the nucleated twin. Our aim is to construct, from a few given
parameters, a model for the potential energy surface for {1012} twin configurations

nucleating on a grain boundary.

As a starting point, in Chapter 3, we developed a model for the potential energy
of a nucleating twin in Equation (3.9). This expression can be rewritten to include
the entire long-range elastic strain energy (i.e. the Eshelby term) rather than only
considering the energy component in the parent grain that was relevant in Section

3.3.3:

AE = yorsActs + YeeAps + YsrAsr

+ Einh + varAar + Kt Z In(r;/70) (4.1)

Equation (4.1) describes the potential energy of a twin as a function of several material
parameters (YcTB, YpB, YsF, I, etc.) and geometric variables that define the twin
configuration (Actp, App, Asr, etc.). The missing material parameters Yoy and K
are assumed to be equal to the values derived from a series of least square fits of the
potential energy curve of the {1012} twin formed in the MD simulation analyzed in
Ch. 3. The remaining requirement to be able to model the potential energy of a twin is
a geometric model that accurately predicts the geometric variables in Equation (4.1).
For this, we propose a simple geometric model where the shape of the twin is idealized
as an elliptic cylinder. The boundary of the cylinder is decomposed into CTB, PB and
AT segments. Likewise, the average lengths of stacking fault segments as well as the

number of stacking faults per twin are estimated. The calculated geometric quantities
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are substituted into the model to construct the potential energy surface for a nucleating
twin. Then, minimum energy pathways (MEP)s and the corresponding saddle points
of the potential surface are found using a string relaxation method. We start with the

discussion of the geometric model.

4.1. The Geometric Model

4.1.1. Twin Boundary Decomposition

The general scheme of the twin boundary decomposition model is sketched in
Figure 4.1. Figure 4.1a shows a twin with an elliptic cylinder geometry nucleated on a
grain boundary between grains G1 and G3 (named identically to the MD case to ease
the comparison). The cylinder axis of the twin is aligned with the page normal. The
depicted twin, although growing into G1, is bulging into G3 as was observed in the
MD snapshots. However, to retain physicality for larger twins by avoiding excessively
curved boundaries, the bulging distance 6,4, is limited to a maximum of 1-2 lattice
constants in the model. To further simplify the problem, the twin nucleus is assumed
to grow either along or perpendicular to the grain boundary. The main motivation
for this simplification is to ease the identification of the initial twin growth direction
when the twin is still in the embryo stage. The radii along and perpendicular to the
grain boundary are a and b respectively as indicated in Figure 4.1b. For fixed lattice
orientations of G1 and G3, as well as fixed grain boundary inclination (# in Figure
4.1d), the perimeter of the ellipse (i.e. the boundary area) and the geometric variables

Actg, App, Asr and V reduce to functions of @ and b only.

The twin boundary is comprised of two major parts. First, the boundary segment
indicated by the blue-colored arc '@ in Figure 4.1b is the A" (the transformed grain
boundary) segment. Hence, the length of the counter clock-wise (ccw) arc Q'Q) gives
the length of the AI' boundary. Second, the interface between the twin and G1,

represented by the ccw arc QQ’, is the twin-G1 boundary. The twin-G1 boundary
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is composed of CTB and PB facets as characterized in the MD snapshot provided in
Figure 3.6.

Point C

6maac %
,"\

Figure 4.1. The sketches show (a) the bulging of the twin into the neighboring grain
and the distribution of SFs inside the twin, (b) the AI" boundary modeled as the Q'Q
arc, (c¢) crystallographic planes that contribute to twin boundary faceting, (d)
orientations of the boundary plane normals for the twin lattice and (e) an example

triangle construction for boundary decomposition at the representative point C'.

The decomposition scheme of the twin-G1 interface in our model is illustrated
in Figure 4.1c-e. Figure 4.1c shows a generalized 2D twin-G1 configuration that has
the same orientation as the columnar polycrystal shown in Figure 3.1 (observe the
rotated basal axes). Here, the crystal orientation of G1 and the twin are such that the
c-axis of the parent lattice makes an angle of ¢ with the global x-axis and the twin

lattice is mirrored from the parent lattice. The indices of the basal and the prismatic
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planes are indicated and the traces of {1012} planes are highlighted with red lines on
the representative unit cell of the twin lattice. These planes are involved in faceting
during twin boundary formation. The angle # in Figure 4.1d denotes the inclination
of the prior grain boundary with respect to the global x-axis. Since twin expansion is
assumed to occur only along or perpendicular to the grain boundary, ¢ is also the angle
between the z and 2’ axes in the model, where the primed axes z’ — 3/ are aligned with
the semi-axes of the ellipse. All the ensuing calculations are carried out in the primed

axes for convenience.

For the twin-G1 interface decomposition, the ccw arc Q@ (the black arc segment
in Figure 4.1b) is divided into sections with respect to the crystallographic plane nor-
mals that are shown on the ellipse in Figure 4.1d. While the sketch in Figure 4.1d does
not show the location of the arc segments for clarity this partitioning is only relevant
for the ccw arc QQ)'. Each section is bounded by the unit normals of the faceting
planes shown in Figure 4.1c. Specifically, n’,, are the unit normals of the primary and
conjugate twin planes and ﬁ;b are the basal and prismatic plane normals (two normals
each to include the positive and negative directions). If the activated twin variant (to
find the twin orientation), the ¢ of G1, and the inclination 6 of the grain boundary,
are given, we can determine the directions 7/, and 7., in the 2'y'-coordinate system
by change of basis operations. Each section after this first division is then decomposed
into infinitesimal sub-segments, dl, that consist of CTB and PB facets. For example, at
an arbitrary point C' on the ellipse in Figure 4.1d, the normal 7 lies between bounding
normals 12, and ﬁ%b. Using these three normals, a triangle can be constructed at point
C as in Figure 4.1e such that the end points of the infinitesimal arc segment dl are
connected by a CTB and a PB step of lengths dl.;, and di,;, that are normal to n2, and
ﬁf,b respectively. The total length of the CTB and PB components can be calculated by
numerically integrating dl.; and di,, over the perimeter of the ellipse. The way these

infinitesimal triangles are constructed ensures a roughly convex shape of the twin.
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For simplicity, all the geometrical calculations associated with the described par-
titioning scheme are done using the parametric equation of the ellipse. An arbitrary
point C' on the ellipse with coordinates (z,y) is given by the equations in terms of the

major and minor semiaxes (a; and ay) and the parametric angle 1 as
T = ajcosy (4.2a)
Yy = agsin . (4.2b)

The major and minor semiaxes a; and ay are directions and should not be confused
with the radii a and b, where b can be larger than a. The tangent of the angle o that
the tangent line at point C' makes with the major axis (as depicted in Figure 4.1d) can

be expressed in terms of the ellipse parameters as

dy ( as Cosv,b)
tana = —= =tan | ——— |.
dx ay sin

Consequently, the unit normal vector at the same point is (brackets indicate normal-

(4.3)

ization):
n = (a;sinv, ag cos ) . (4.4)
Likewise, for the normal directions 7l and 7, we can write:
fb, = (a1 singl,, ag cos ) (4.5a)
Pty = (a1 Sinely,, az cos vl ) . (4.5Db)

As stated earlier, the vectors i}, and 7}, are already known from the orientation of
the twin and the inclination of the ellipse. Therefore, the angular coordinates 1’,, and
w;b of the section boundaries can be calculated directly from Equation (4.5). Since 7,
nity, and 77y are all known at point C, the lengths of the CTB and PB steps, dl. and
dly, respectively, can be calculated in terms of the length of the arc segment di by the

law of sines as indicated in Figure 4.1e:
dil - dlegy  dly,
sink  sinpg  sin A’

(4.6)

To compute the total length of CTB and PB facets forming the elliptic twin boundary,

dlep and di,, are integrated with respect to ¢ over each arc section as
Pit1 Pit1 Yit1

lctb:Z/dlctb: / "l = / Sl /1= €2 cos? g i (4.72)
=0
i

sin K sin K
Vi V5
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PYit1 Pit1 Pit1
l —Zfdl - [SmAdz— [Sima V1 = 2 cos? ¢ dy) (4.7h)
pb po sink sink '
=0 Vi U5 U5

respectively and summed afterwards, where e is the eccentricity of the ellipse. The

angles k, u, A are the inverse cosines of the dot products of the corresponding unit

normals:
K =T — arccos (Aky, - il ) (4.8a)
1 = arccos (ML, - 1) (4.8b)
A = arccos (7, - 7). (4.8¢)

The computation of the length of the A’ segment follows the same approach. To
calculate the length of the ccw arc Q'Q) in Figure 4.1b, we first need to find the v
coordinates of the points ) and )’. Using the intersecting chords theorem, we can

write

CFx FD _ CE?
QF2  AE?
In Equation (4.9), CF and QF are unknown. Since the twin is assumed to be aligned

(4.9)

with the grain boundary, F'D can be found from the relation F'D = 2b— CF. However,
to have a single solution for a twin with given dimensions, one more condition is needed.

We introduce the following condition:

b i b < G
CF = (4.10)

Omaz 0> Omaz-
The introduced condition suggests that the twin is centralized on the grain boundary if
its radius perpendicular to the grain boundary b is shorter than the maximum bulging
distance. If b is larger than the maximum bulging distance, then the twin bulges into
the neighboring grain by the maximum distance. The actual twin bulging distance
is expected to strongly depend on the boundary type. However, to our knowledge,
there is no systematic study on the relation between twin embryo geometry and grain
boundary misorientation in Mg. The proposed condition is preferred for its simplicity.
Using Equation (4.10) to set C'F', we solve for QF' in Equation (4.9). Since point F' is
on one of the axes of the ellipse (the minor axis for the geometry depicted in Figure

4.1b), the ¢’ coordinate is already known from C'F'. Point () shares the same coordinate
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by the construction of the model. Thus, the unknown coordinate is directly equal to
the distance QF. After finding the coordinates of points @) and @', the length of the

AT arc can be calculated from the elliptic integral:
Q (e

ZAF:/dl: a1/ 1 — e? cos?y di. (4.11)
& Vo
The lengths of the CTB, PB and AI" segments are multiplied by the out-of-plane height

of the cylinder t to get the respective areas.
4.1.2. Estimation of Stacking Fault Related Parameters

In Equation (4.1), stacking faults contribute to the total twin energy through
the >~ ~vspAgr and Kt In(r;/rg) terms where we sum the contribution of individual
SFs. Hence, both terms require the calculation of the number Ngp of SFs per twin
and the length r; of the ¢th SF. With a simple approach, Ngg can be computed by
assuming a constant spacing between SF planes. The experimental studies do not
provide quantitative information about the spacing of the I; stacking faults inside twins
in Mg; they merely verify the presence of dense SF populations inside twins. Modeling
these SFs as having a regular spacing between them, the number of SFs per load point
measured from the MD simulations (from Chapter 3) was divided by the length of
the total major semiaxes of the ellipses given in Figure 3.10 and plotted against the
load point in Figure 4.2. The results seen in Figure 4.2 suggests that modeling the
fault planes as having a regular spacing is reasonable. The average value of the linear
density along the major semiaxis direction is found to be ~ 0.055 1/A (the average
value inferred from Figure 4.2 is divided by two to scale it to the entire diameter). In
the MD simulations the fault planes are inclined with respect to the semiaxes of the
ellipse. By projection, this corresponds to a linear density of ~ 0.075 1/ A in the fault
plane normal direction. Using this density value, we define a perpendicular distance of
d, =1/0.075 = 13.3A. Tt should be noted that the derived SF density value is likely
valid only for the specific orientation relations of the MD simulation of the thesis. The
actual SF spacing is expected to vary with the change in the grain boundary character

and inclination. However, for practical purposes, we take d; to be constant.
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Figure 4.2. The ratio of the number of SF to the total major semiaxis length of the

nuclei measured from the MD simulation.

Secondly, we revisit the ellipse geometry to seek a model of individual SF segment
lengths r;. Here, we discuss an explicit and a statistical approach. Figure 4.3 illustrates
the main steps of the two approaches for a sample SF orientation (¢ = 0° case in Figure
4.1c). In the explicit approach, we start by placing the longest SF inside the ellipse (for
instance, the dashed horizontal line in the middle in Figure 4.3a). Then, we continue
placing SFs on both sides of the central SF with the derived spacing d; until the
ellipse boundary is reached. The upper and lower bounds for SFs are designated by the
horizontal lines that are tangent to the ellipse at the (Zin;, Yini) and (2 i, Yfin) points.
The solid line that connects (Zini, Yini) and (zfin, yrin) is the conjugate diameter to
the SF direction and it bisects the SF lines. The longest SF by construction, and the

conjugate diameter by definition, pass through the center of the ellipse.

In the explicit approach, the length of the placed SFs that remain inside the ellipse
are used as explicit values for ;. The end points (z1,y;1) and (z9,y2) of each SF need
to be found to solve for r;. To find the end points of a SF, we first find the midpoints
(Zm, Ym) of each SF. The midpoints of SFs are equidistantly spaced along the conjugate
diameter. The distance between two adjacent SFs along the conjugate diameter can be
found by the inverse projection of d; onto the conjugate diameter which requires the

relative orientations of the two directions. The slopes of the conjugate diameter and
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the SF lines are related through their product as [156]

2
_%
)

af

m'm = (4.12)
where m’ is the slope of the conjugate diameter and m is the slope of individual SFs.
In addition, since the SF lines are oriented along the basal plane, equations similar to
Equation (4.5) can be solved to find the 1, coordinates of the basal normals. With

these, the coordinates of the tangent points can be found in terms of a;, as and @D;b as:

(Ting, Yini) = (a1 cos w;’;i, as sin ;’g’) (4.13)
(xfin7 yfzn) = (al COos 1/1513717 a2 sin wgl:n)u (414)

where ;ZZ and 1[1;:;” are the 1 coordinates of the corresponding basal normals. Conse-
quently, the slope of the conjugate diameter and the slope of the SF lines are readily
found to be m' = (Yini—Yfin)/ (Tini—2 in) and m = —(a3)/(aim’) respectively. Since the
conjugate diameter and the central SF pass through the origin, the unit vectors along
both are known, from which the angle between two lines can be obtained straightfor-
wardly. As a result, the distance d between adjacent SFs along the conjugate diameter
can be found in terms of m, m’ and d;. The midpoint coordinates (x,,, y,,) can, then,
be found by traversing along the conjugate diameter by steps with size d. To find
(1,71) and (22, y2) for each SF, we need the equation of each. The quadratic equation
for each SF line is found using the slope m and midpoints (z,,, ym,). Finally, solving
the quadratic equation for each SF line together with the ellipse equation, we obtain

the endpoints of the SFs, and in turn, the r;’s as

a3 a3
Y12 = —%xm + | Ym + %xm (4.15a)
1o Yis
l=—+— (4.15b)
ay a3
ri = [[(z1, 1) — (22, 32) |- (4.15¢)

Similarly, the value of Ngr can be calculated from the obtained parameters as

[y
Negp =1 — 4.1
SF + \‘QdLJ ) ( 6)

where [ is the total perpendicular distance between the bounding SFs as shown in
Figure 4.3b. The floor function is used for the explicit approach to get discrete number

of stacking faults per twin.
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(a) (b)
Figure 4.3. (a) the distribution of SFs inside the twin with perpendicular spacing of
d, . Limiting points of the SF distribution are designated with the horizontal tangent
lines at the top and bottom. (b) The perpendicular distance {; between the top and

bottom horizontal boundaries.

In the statistical distribution approach, the SF' lines are not considered explicitly.
Rather, a statistical distribution for SF lines is presumed where the density of SFs is
given by psp = 1/d; = 0.075. Likewise the expected value of an individual SF line

length is calculated from a weighted average as

(rory =1 5 4. (4.17)

where r; is the length of the SF passing through the integration point. The integration

is along the conjugate diameter and the integral is normalized by the length of the
conjugate diameter [. The computation of the integrand r; follows the same steps as

the explicit SF method. The number of SF becomes
NSF = lL X PSF- (418)

The computations of r; (or rgr for the distribution method) and Ngp complete the

geometric model. The total SF area is obtained as ) r; x t and the argument of the
i

interaction term is obtained as > In (r;/7¢), where the summations are over the number

7
of SFs. In the distribution method, these expressions become

ASF = NSF X rgp X T, (419)
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and

Zlnri/ro Ngr In (TSF). (4.20)

To
The results of both approaches are computed for a range of a and b values and the

computed total SF area surfaces are contour-plotted against a and b in Figure 4.4.
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0.0 0.0

otk ) a( )

(a) (b)
Figure 4.4. Contourplots of the length sum of stacking fault lines as estimated by the
(a) explicit stacking fault and (b) statistical distribution of stacking faults approaches

over a range of a and b.

Figure 4.4a and Figure 4.4b show the total SF areas predicted by the explicit
method and the distribution method respectively. Both surfaces are almost symmetric
with respect to a and b. This is expected since the computation of the total length
of regularly-spaced lines falling within a region of the plane is analogous to an area
calculation. The area of the elliptic face of the cylinder is a function of a; and as only
and thus the product of the number of stacking faults and SF line lengths should be
symmetric in the limit. However, the contour lines in the explicit method plot are not
smooth with visible cusps on them. In contrast, the isolines for the distribution method
plot do not display any cusps. These cusps cause erratic gradients, and the explicit SF
method assumes more regular SF spacing than is supported by the MD results anyway.

The statistical approach is therefore much more practical for the ensuing minimum
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energy pathway (MEP) computations which will be carried out using a gradient descent

method.

4.1.3. Comparison of the Geometric Model Results to MD Results

The computations of stacking fault configurations compose the complete geo-
metric model together with the twin boundary decomposition. Although a direct ex-
perimental verification of the geometric model is not available, we can compare the
predictions of the model to the MD measurements of the respective variables. The
orientations as well as the dimensions a, b of the ellipses fitted to the twin nuclei ob-
served in the MD simulation were provided in Figure 3.10. We feed this data to the
geometric model (with the tilt angle of the parent grain ¢ set to 0° and 6 set to —30°),
and compute all the geometric variables for the respective geometries. The results are
plotted against the MD measurements in Figure 4.5. The volume curves for MD and
the model match perfectly since the semiaxes of the ellipse fitted to the MD data were

scaled with respect to the volume measurements from the MD simulation.

Although the MD and the model perimeter area curves are generally close to each
other, indicating the overall success of the model, comparison of individual elements
require closer attention. First, there seems to be an offset between the Acrg prediction
of the model and the MD measurements. The average ratio of model predictions to
MD measurements for Agrg is 0.83. This value is curiously close to the average ratio
of MD measurements to the model predictions for Apg which is 0.79. This could be
related to Gibbs-Wulff relation of boundary energies and facet lengths [58]. In the
proposed geometric model, the decomposition scheme is based on only the directions

of the faceting plane normals and energetic effects on faceting were not considered.

Secondly, the comparative trends of the App curves of the model and the MD
measurements differ from what we observe in the Agrg plot. At around load point
23, the App curve obtained from the model rises to match the MD curve. Around the

same load point, the A, curve for the model takes a turn downwards. This change in
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the trend is a direct result of the way we treat the bulging distance in the model. To

see this, first revisit Figure 3.10.
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Figure 4.5. Magnitudes of the various {1012} twin related structures as estimated by
the geometric model for the twin nuclei dimensions given in Figure 3.10 are compared
to MD measurements. In addition to the computations of the CTB, PB, SF and AI’

areas, overall changes in the total perimeter area and twin volume are reported.

Around load point 23, the nucleus 3 coalesce with nucleus 2, the unified twin
reaches the triple points on both sides and the a; dimension stays constant afterwards.
Simultaneously, the twin growth towards the interior of the grain starts leading to an

increase of the as dimension. On the other hand, since we posit the condition in the
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model that the twin can bulge into the neighboring grain only to a maximum distance,
a part of the AI' segment is transferred to Apg when the twin dimension along the
grain boundary stabilizes and the twin grows perpendicular to the grain boundary. In
contrast, in the MD simulation, the area of the AI" boundary stays almost a constant
fraction of the total perimeter area even after load point 23 as seen from Figure 4.6.
However, the results of the model are not directly comparable to the MD results, as
the twinning event observed in the MD simulation involves merging of multiple nuclei
which is not addressed by the model. The approximation of Aar, otherwise, seems
to be reasonable within the limitations of the model. The Agr term, on the other
hand, seems to be successfully predicted by the model. The current geometric model,

estimates the bending points satisfactorily despite its simplicity.

— MD

0.5

AAF/P

0.4

0 5 10 15 20 25 30 35
load point

Figure 4.6. The ratio of Axr to the perimeter area as measured from MD output is

plotted against the load point.

The natural logarithms of stacking fault lengths are also computed from the model
and are plotted against the MD measurements in Figure 4.7. Here the prediction is less
successful compared to the stacking fault area estimation. Specifically, the two curves
differ by larger distances when the twin nuclei are small. At this stage, some of the twin
nuclei in the MD simulation have dimensions shorter than the stacking fault spacing
d , and likely contain one or even zero stacking faults. The stacking fault distribution
approach, on the other hand, effetively assumes a fractional number of stacking faults.

This discrepancy causes the overshoot at the initial stage. The stacking fault model
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becomes much more successful when the nuclei reach considerable size. Overall, the

bending points of the MD curve is matched by the model curve.

— MD
—— Model

20

—
ot
T

Z In (TS]:/T())

0 ks : :
0 20 40
load point
Figure 4.7. The natural logarithms of stacking fault lengths as estimated by the
geometric model is compared to the MD measurements. The natural logarithms are

normalized by twice the lattice constant of Mg (and are not multiplied by the

thickness of the cylinder).

After the verification of the model, we compute the geometric variables appearing
in the total energy expression given by Equation (4.1) for a and b values between the
range of 6.42 A to 2000 A. The tilt angle ¢ of the parent grain is set to 0° and the grain
boundary inclination 6 is set to —30°. These parameters match those of the twinning

boundary examined in Chapter 3 closely.

The lower limit of 6.42 A for a and b is enforced to avoid twins with dimen-
sions shorter than the dimensions of a unit cell. This is particularly required for the
Kt> In(r;/ro) term, since stacking fault lines shorter than the reference separation
of tvzfo times the lattice constant causes this term to unphysically perturb the poten-
tial energy surface. The results are presented in Figure 4.8 via contour plots of the

geometric variables.

The stacking fault area and the twin volume plots are symmetric with respect to

the dimensions of the twin. On the other hand, the Actg, Apg, rsr and Aar plots
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strongly depend on the aspect ratio of the twin (AR), suggesting that the shape of a

critical nucleus can be affected by the interplay of these terms.
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Figure 4.8. The areas of the CTB, PB, Al interfaces, expected lengths of individual

SF lines in the x-y plane, the total area of the SF’s (extending along the z-direction

in Figure 3.1), and the total volume of the twins plotted against a and b.

It is important to note again that the problem regarding the A" model discussed

above is clearly visible from the A plot in Figure 4.8. For constant values of a, Aar

values artificially decrease with increasing b. However, the trends of the isolines are

indeed correct: the dependence of Aar on a is much stronger than its dependence on
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b, though this is not visible with the color scaling in the figure. Hence, the values of

Ar will be assumed reasonable and will be used for qualitative analysis of the results.
4.2. Results
4.2.1. Total Energy of a Twin

We revisit Equation (2.20) to compute the potential energy of a twin associated
with the generated elastic fields, which is the remaining term FEj,, in Equation (4.1).

Accordingly, Fi., is

1 1
Einh = —§V0'l(-]j€;kj — VO'?]&Z — §V0'ij€fj, (421)
where a?j is the applied far-field stress, o;; is the stress inside the twin, 5% is the trans-
formation shear strain for the {1012} twin mode, €}; is the disturbance strain caused

by the difference between elastic properties of the medium and the inhomogeneity, and

V is the volume of the twin.

The computation of Ej,;, completes the micromechanical model proposed in Equa-
tion (4.1). Hence, the computed geometric quantities are substituted into Equation
(4.1) together with Ei;, to get the total potential energies of twin nuclei with differ-
ent dimensions. Fjy,, for the free and the loaded states are computed for the a and b
range in the contour plots shown in Figure 4.8. The tilt angle ¢ for the parent grain
and the grain boundary inclination # are set to 0° and 30° respectively to match the
configurations considered in the MD simulation and the geometric computations. The
systems are compressed along the y-axis (with respect to the coordinate system in
Figure 4.1c). The resultant total potential energies of twins are conveyed with contour

plots in Figure 4.9.

The total energy of twins at the unloaded state are shown in Figure 4.9a. Accord-
ingly, as the size of the twin enlarges, the elastic strain energy of the twin increases sym-
metrically with respect to a and b, yielding symmetry about the diagonal in Figure 4.9a.

When the system is uniaxially compressed to an external stress of o, = —0.85 GPa
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Figure 4.9. AF for the (a) unloaded (o7,
—0.85GPa and o, =

= 0) and (b-c) the loaded states
(Oyy = —1.25 GPa) as estimated by the micromechanical model.
along the y-direction, the elastic strain energy due to the twin transformation strain
is partially relieved by the interaction of the twin transformation strain with the ap-
plied far-field stress as shown in Figure 4.9b. A {1012} twin, for the present parent
grain orientation, extends the structure along the x-axis and contracts it along the y-
axis. Hence, the interaction of the far-field stress and the transformation strain in the
present setting reduces the total strain energy. This corresponds to the second term
on the right hand side in Equation (4.21) that quantifies the energy reduction from
the unloaded to the loaded state. If the external stresses are high enough, a second
energetically favorable state other than the untwinned state appears, signified by the
emergence of one or more negative energy regions on the plot (loosely referred to as a
‘basin’ here). In Figure 4.9b, two different basins at locations almost symmetric with
respect to the diagonal emerge pointing to the fact that two twin geometries are favored
at this stress level for the given parent grain orientation. The first basin appears close
to the lower right corner (circled in red on the contour plot), indicating an energetically
favorable configuration with the corresponding (a, b) dimensions. The second basin on
the upper left becomes noticeable only after when the stress is increased to —0.95 GPa
(the energy plot for this case is omitted here for brevity but is provided in Figure
4.11). AT reduces the potential energy by a larger amount near the lower right basin,
favoring the nucleation of the twin with the observed geometry. When the magnitude

of the external stress is increased to oy, = —1.25 GPa, the energy basin shifts towards
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the region on the diagonal in Figure 4.9c which was a previously a high energy region
in Figure 4.9b. This signifies the change in the preferred final geometry of the twin in

response to increased loading.

The change in the preferred twin geometry lies in the interplay of the energetic
terms. At lower applied stresses, the energetic contributions from the interfacial terms
are comparable to the volumetric term (i.e. the Eshelby term), causing the preferred
twin geometry to maximize the length of the transformed grain boundary (which re-
lieves excess energy) and reducing the overall interfacial and stacking fault energy.
That resulted in a preferred geometry with a high aspect ratio where the major axis
was aligned with the grain boundary. Further increasing the load causes the volumetric
term to dominate and the system minimizes the overall interface area and maximizes

the volume, shifting the energy basin towards the diagonal of the plot.

The minimum energy path (MEP) from the state where there is no twin to the
state where there is a twin with a favorable geometry can be found from the total energy
plots. The minimum energy path corresponds to the path between the initial and the
basins of the energy surface that goes through the saddle point. The saddle point of
the potential energy surface corresponds to the critical geometry for twin nucleation.
The MEP follows the direction normal to the steepest descent direction. The height of
the potential energy surface along the MEP, or equivalently the potential energy at the
saddle point, gives the potential energy barrier against twinning and is a key quantity
for the determination of the twinning condition under loading. Likewise, the shape of

the twin at the saddle point gives the shape of the critical nucleus.

4.2.2. Finding the Minimum Energy Path

The MEP for the potential energy surfaces can be found using the well established
zero-temperature-string (ZTS) method [157]. In this method, the MEP is initially
estimated as a straight path between predetermined initial state and final states. Then,

the actual MEP is found by iterative relaxation of the path by aligning it with the
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gradient of the potential energy field. The ZTS method is known to be a robust
method for finding local minimum energy paths for relatively well-behaving potential

surfaces.

1.0

08

0.6

Potential

0.0

0.0 0.5 1.0
x arc length

(a) (b)

Figure 4.10. An illustration of the ZTS method. (a) The initial and intermediate
guesses of MEP between the two basins are shown with dashed red curves. The
actual MEP is shown with the solid black curve. (b) Potential energy profile over the
actual MEP curve. The MEP curve is parametrized by the arc length between the

string nodes.

An illustration of the ZTS method is given in Figure 4.10 over a sample potential
field. In Figure 4.10a, a 2-D potential surface is plotted in a contour map. First, the
MEP is guessed with an initial chain that consists of nodes. If the potential surface
is already available, a guess for the transition basin can also be provided, making the
initial estimate a piecewise path instead of a straight one. The trial paths for the
sample potential in Figure 4.10a are shown by the dashed curves. As the chain is
relaxed, the chain is nudged incrementally to finally match the actual MEP (the solid
curve in Figure 4.10) with the velocity of the evolution of the path given by the gradient
of the potential field:

v=-VE. (4.22)
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In the ZTS method, after nudging the points at a timestep, the path is reparametrized
such that the arc lengths between the new parametrization points of the path are kept
equal. When the MEP is reached, the potential energies at the parametrization points

provides the potential energy profile over the MEP as shown in Figure 4.10b.

The same objective is also achieved by the nudged elastic band (NEB) method
[158], but the nudging of the trial chain is constrained to the direction perpendicular
to the chain in this method, adding computational complexity to the implementation.
The ZTS method is preferred for its computational simplicity. As a side note, using
Z'TS on potential energy surfaces with more than two energy basins can cause the
trial path to relax to the path between unintended basins. This requires a careful

initialization of the path between the intended end points.

We apply the ZTS method to the total energy surfaces obtained from the mi-
cromechanical model. The MEPs of the potential energy surfaces are found for applied
stresses of o,, = —0.85 GPa, o,, = —0.95 GPa, 0,, = —1.05 GPa, 0,, = —1.15 GPa,
oyy = —1.25 GPa and o0, = —1.4 GPa. Moreover, the potential energy profiles over

the MEPs are concurrently computed.

The potential energy surfaces for all but the o,, = —1.15 GPa and o0,, =
—1.4 GPa cases are presented with contour plots in Figure 4.11 next to the potential
energy profiles along the MEPs. The MEPs are indicated on the respective potential
energy surfaces. The colorbar levels are limited to a fraction of the maximum potential
energy of the surfaces to ease the identification of the emerging energy basins as well
as the transition regions. The white regions represent the high energy regions that are
filtered out by the colorbar limit. The critical points for each loading case are marked

with a dot on the potential energy profiles.

The first observation from the plots is that as the applied stress gradually in-

creases, the critical points of the potential surfaces shift towards the left.
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Figure 4.11. The contour plots of total potential energy surfaces for applied stress
levels of oy, = —0.85, —0.95, —1.05, and —1.25 GPa. The MEPs are designated on
each plot along with the location of the critical point. Potential energy profiles along

the MEPs are provided on the right.
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When there is no applied stress, nucleating a twin of any size increases the energy
of the material and the only minimum is at the origin. As the driving force is gradually
increases, smaller nuclei with finite size become stable conforming with the expectations
of the classical nucleation theory. Empirically however, for a twin embryo to nucleate
and become stable it has to have nanoscale dimensions. Since a large twin is difficult to
nucleate due to the very large energy barriers, only ellipse dimensions smaller than 200
nm are considered here. Second, notice that the critical nuclei for all applied stresses
have aspect ratios larger than one. Although the supercritical nuclei (i.e. nuclei that
are larger than the critical nuclei) will eventually grow into more circular shapes at
high stresses, the critical nuclei have increasing aspect ratios with decreasing stress.
For clarity, the critical data for all applied stress levels (including the —1.15 GPa and
—1.4 GPa cases) are plotted against the applied stress level in Figure 4.12. The a® and
b¢ plots quantify the first observation whereas the AR plot corroborates the second

observation, at least for the situation where yaor < 0.

One outlier to the trends above is the erratic upturn in the AR curve around
oyy = —1.25 GPa. On closer inspection, this occurs because a® stays almost constant
while b¢ drops from 51.6 A to 31.7 A as the stress magnitude increases from —1.15
GPa to —1.25 GPa. The significant energy barrier drop from 58.9 eV to 30.8 eV,
despite almost the same a® dimensions of the two twins, raises questions about the
geometric model. Specifically, the reduction in interface energy from the change of
boundary character tends to extend the twin nucleus along the prior grain boundary,
and this effect increases as the relative magnitude of the other energetic contributions
decreases with decreasing critical nucleus size and increasing applied stress. Whether
this upturn on the AR curve is a physical or a numerical effect, it does not prevent us

making qualitative conclusions about twin nucleation.

The AEF plot provided in Figure 4.12 rapidly decreases with increasing applied
stress, displaying the characteristics of a stress-dependent activation energy curve for
a thermally activated process. However, the energy barrier does not completely vanish

even at extremely high stresses.
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Figure 4.12. The evolutions of a¢, b, aspect ratio and AE€ for the critical nuclei with

increasing applied stress determined from MEPs of the potential energy surfaces.

At —1.4 GPa, the energy barrier is calculated to be 11.5 eV. The corresponding
dimensions of the twin at the same applied stress are 16.5 A for a and b, already at
Such a twin would have a size of a few atoms
which is typically the case for the empirical nuclei. For the same applied stress level,

the position of the critical point is the first point on the MEP, signaling that what is

Figure 4.13. The change of incubation time for the critical nuclei with varying

applied stress levels estimated by the micromechanical model. The axis of the



80

Although a crude measure for this work, the incubation time can provide further
insight about the mode of twin nucleation. Thus, the incubation time for the critical
nuclei at the tested applied stress levels are calculated using Equation 2.12 and is
plotted in Figure 4.13 against the applied stress. The incubation time curve is roughly
exponentially decreasing until o,, = —1.25 GPa where there is a significant drop to
oyy = —1.4 GPa. As discussed above, this is a sign of what is effectively the observable

activation condition.
4.3. Discussion

The stress required for the observable activation of the {1012} mode in Mg is
found to be between —1.25 GPa and —1.4 GPa. In bulk Mg, however, the critical
resolved shear stress for the {1012} mode is generally reported to be two orders of
magnitude lower than this value. As the study by Liu et al. [94] suggests, the discrep-
ancy between the theoretical value and the experimental value suggests that twinning
takes place at defect-dense localities inside a real sample with atomic defect reaction
facilitating twin formation. Despite the discrepancy between the experimental value
and the theoretical value, the model results can still provide insight into the energetic
barrier for twin nucleation and the preferred shape of twins in the embryo stage. Liu
et al. [94] also developed an analytical model based on the Eshelby formalism and
used it to study homogeneous nucleation of a spheroidal shaped twin in Mg. They
found that the energy barrier against the formation of a {1012} twin with a size of
55 x 61 x 19.4 A” is about 80 V. They formed this twin with a resolved shear stress of
—1.1 GPa over the twin plane, which corresponds approximately to a normal stress of
—2.2 GPa. Compared to their finding, our results suggest a ~ 36% reduction in CRSS
and ~ 85% reduction in AE®. The geometries of the nuclei are different though, so a
direct comparison between the observable activation stresses is not entirely accurate.
Nevertheless, both the required applied stresses and energy barrier sizes we found are
significantly lower than for the homogeneous model. Another first-principles study by
Ishii et al. [159] that focused on homogeneous nucleation of {1012} in Mg reported
a CRSS value of 3 GPa, which corroborates both the findings of this study and the
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one by Liu et al. [94]. Barrett et al. [39] investigated the heterogeneous nucleation of
{1012} twins in single crystals and reported a CRSS value of 2.2 GPa for the {1012}
mechanism in the presence of a small void. Compared to these studies, our approach
predicts much lower CRSS or AES values closer to the empirical ones, and enables
qualitative explanation of the role of twin related structures observed to be at play in

heterogeneous nucleation.
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Figure 4.14. The alternative MEP paths between the origin and basin states at
oyy = —0.95 GPa stress that include and exclude the contribution of the yarAar

term are shown. Below the potential energy plots is the energy profile along each

MEP.

The effect of the AI' boundary merits more consideration. Recalling the discus-
sion of the occurrence of multiple basins, we said that the lower right basin was more

favorable than the upper left basin in Figure 4.9b. To quantify the effect of the AI”
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boundary, the total potential energy surface is compared in Figure 4.14 (contour plot
on the right) with the potential energy of the same twin except for the contribution of
the A" term (contour plot on the left). For both surfaces, the ZTS routine is run for
all the candidate paths and the resultant MEPs are designated. The potential energy
profiles for all four MEPs are plotted on the same graph below the contour maps. The
difference between the AE®s of the two paths for the ‘with A" surface is about 55%
(the blue curve has an energy barrier of 431 €V whereas the red curve has an energy
barrier of 195 eV). The difference between the two paths for the ‘no A" path is found
to be 33% (the green curve has an energy barrier of 440 eV whereas the orange curve
has an energy barrier of 291 eV). Consequently, the inclusion of the AI" term caused
about a 33% reduction in the energy barrier for the lower path but left the upper
path almost unchanged. The significant reduction in the energy barrier caused by the
transformation of the grain boundary increases the likelihood of a nucleation event

occurring over the lower path.
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5. CONCLUSIONS

In the first part of a two-part study, we performed molecular dynamics simulations
to discern energetic terms contributing to the total energy of a {1012} twin nucleating
from a grain boundary in a columnar polycrystal Mg. The main conclusions of the first
part are detailed at the end of Chapter 3. To briefly recapitulate, an energetic model
was proposed relating the total energy of a twin to several geometric quantities and
material properties. The evolution of the geometric quantities associated with twin-
related structures were measured by MD and the unknown material properties were
estimated by linear regression. The results of Chapter 3 implied that the energetic
change caused by the transformation of the grain boundary acting as the nucleation
site was significant, suggesting that this could be part of the explanation for preferred

twin nucleation sites in polycrystalline Mg.

In the second part of the study, we laid the groundwork for a geometric model
for 2D {1012} twins where the twin is modeled as an elliptic cylinder. The geometric
variables involved in the energetic model proposed in the first part of the study were
calculated and then substituted along with the material properties into the potential
energy expression. Potential energy surfaces for a wide range of twin configurations
under different levels of applied stresses were calculated. MEPs over the potential
energy surface were found by the zero temperature string method. The incubation
times for the resulting critical nucleus configurations were found within the classical

nucleation theory framework.

The geometric model was generally able to reasonably predict the geometric vari-
ables in agreement with the MD measurements. Specifically, the total stacking fault
area inside the twin was predicted accurately. The areas of CTB and PB facets show a
close trend with the MD measurements, though with relatively consistent offsets. We
speculate that an energetic factor like the Gibbs-Wulff relations of boundary energies

plays a role in the twin-parent grain boundary decomposition. The A" boundary area
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was predicted accurately for twin configurations with a shorter radius perpendicular
to the grain boundary. The geometric model proposed here is simple though, mean-
ing it could be improved with conditions motivated by twin physics to remedy the

shortcomings.

The results of the potential energy calculations show qualitative agreement with
other atomic scale or analytic studies of {1012} nucleation in Mg. However, our results
include significantly lowered energy barriers for {1012} nucleation compared to those of
homogeneous nucleation studies as should be expected. Specifically, the energy reduc-
tion caused by the AI' term is found to be a possible deciding factor for the twinning
site and the twinning trajectory as expressed by the MEP. Given the computational
efficiency as well as robustness of the model, we suggest that the model could be a
useful tool to direct MD simulations. For instance, instead of performing hundreds
of MD simulations with grain orientations and grain boundary inclinations at regular
intervals,, the micromechanical model could be used to identify critical grain boundary
configurations prone to accommodate twins. These critical configurations could then

be examined in much greater detail at the atomic scale through MD simulations.
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6. FUTURE WORK

The currently developed framework to study {1012} twinning nucleation in Mg
is based on a compound model that predicts both the quantities of geometric variables
associated with the twin-related structures and the total energy due to these structures
from a few mesoscopic variables. Namely, these variables are the orientation of the
parent grain (¢) and the inclination of the grain boundary (0)) with respect to the
applied loading direction, the dimensions of the elliptic cylinder (a, b) in the plane
of twin shear and the twin variant that is activated in response to external loading.
Thus, in principal, this model can study twin nucleation in systems with different
orientations for G1 and G3. Changing orientations of G1 and G3 directly changes ¢
and yar. The ¢ and 6 are built-in into the model as geometric parameters, but yar
is known only for a specific G1-G3 misorientation and a grain boundary orientation
between them. To generalize the findings of the study, the grain boundary energies in
Mg as a function of misorientations of neighboring grains would need to be available..
Obtaining all these energies for different grain boundaries could involve performing a
vast array of MD simulations. Alternatively, semi-analytic methods could be used to
estimate grain boundary energies [160]. However, determination of grain boundary
energies for the entire spectrum is an exhaustive task and is practically intractable by
MD. Therefore, only a subset of grain boundaries that constitute critical structures
observed in Mg would be studied. These MD simulations could also be used to verify

the results predicted by the developed model.

The relative effects of the contributing terms involved in the potential energy of
a twin could be studied before beginning computations of yor though. A sensitivity
study would treat the geometric and material parameters given to the model as free
variables. This task seems tractable and is intended as future work. An immediate
sub-task for this work would be updating the AI' model in the current geometric model

to address the predicted length of the transformed grain boundary.
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Finally, as a research opportunity, the current model could be generalized to 3D
by extending boundary decomposition schemes to ellipsoidal surface decompositions.
However, a fully 3D granular structure involves quadruple points where 4 grains meet
and around which stress concentrations can be very high making quadruple points
potentially prone to twin nucleation. In such an event, twinning could cause the trans-
formation of more than one boundary. That kind of transformation would require a

more complex analysis [161] than the one carried out in Chapter 3.
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APPENDIX A: ESHELBY TENSOR FOR ELLIPTIC
CYLINDER

Figure A.1. The elliptic cross-section of the elliptic cylinder geometry. a and b are the

radii along the z-axis and y-axis respectively.

The components of the Eshelby tensor S;;i; for an inclusion with elliptic cylinder

geometry inside an isotropic medium are

1 b? + 2ab b
= 1—-2v)—— Al
St 2(1—1/){(a—|—b)2+( V>a+b} (A1)
1 a® + 2ab a
= 1-2 A2
S22z 2(1—1/){(a—|—b)2+( V)a—l—b} (A4-2)
53333 — O (Ag)
1 b? b
= —(1-2 A4
51122 2(1—1/){(0,+b)2 ( V)a+b} ( )
1 2va
Saazz = 20— yath (A.5)
53311 — O (A6)
1 2vb
S1133 = 20— atb (A.7)
1 a’ a
52211:2(1—1/){(a+b)2_(1_2y)a+b} (A.8)
53322 =0 (Ag)
1 a® + b* (1—2v)
S1212 = 2(1—1) {2(@ by + 5 } (A.10)
Sy = —— (A.11)

2(a+0b)
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b
53131 = 2( (A12)

a+b)
respectively, where a and b are the radii of the elliptic surface as shown in Fig A.1 and

v is the Poisson’s ratio for the medium.

In general, the minor symmetries apply for the Eshelby tensor such that Sj;u =
Sjikt = Sijie for all ellipsoidal geometries. The components which cannot be obtained

by the cyclic permutation are zero, e.g. Ss111 = S2213 = Sa312 = 0.
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