FIRST MOMENT PROBLEM IN LONGEST COMMON SUBSEQUENCES

by
Abdurrahman Demirelli

B.S., Mathematics, Bogazigi University, 2016

Submitted to the Institute for Graduate Studies in
Seience and Engineering in partial fulfillment of
the requirements for the degree of
Master of Science

Bogazici University Library

39001107829459
Graduate Program in Mathematics

<

Bogazi¢i University

2018



i

ACKNOWLEDGEMENTS

I would like to thank Assoc. Prof. Ayhan Giinaydin and Assoc. Prof. Ozgﬁr

Martin, for their participation in my thesis committee.

I am extremely thankful to Assoc. Prof. Atilla Yilmaz for his constant support

and valuable advice. I would also like to thank Assoc. Prof. Alp Bassa ans Assoc.

Prof. Ali Emre Pusane for believing in me.

I thank my professors and my co-workers from Bilgi University for providing me

a peaceful work environment.

I deeply thank my parents, Hayriye and Fuat Demirelli, and Ummiihan, Ada and

Caglar Akkas for their unconditional trust, timely encouragement and endless patience.

Finally, I thank with love to Zeynep Cetin, my fiancée. She has been my best
friend and great companion, loved, supported, encouraged, entertained, and helped me

get through this agonizing period in the most positive way.



v

ABSTRACT

FIRST MOMENT PROBLEM IN LONGEST COMMON
SUBSEQUENCES

In this thesis, we investigate the properties of the longest common subsequences
in random words, examine upper and lower bounds for the expected value of the longest
common subsequences in this setting, and discuss the behavior of the asymptotic order
of the longest common subsequences’s variance. Besides this, we also study the rela-
tionship between longest common subsequences and longest increasing subsequences in
random permutations and discuss some properties of the matrix L™ that is generated
by the length of the longest common subsequences of permutations. Our aim is to
understand the details of the theory of the longest common subsequences whose study
begun in 1970’s, draw attention to the progress about the longest common subsequences

in the recent studies, and state some open problems about the subject.



OZET

EN UZUN ORTAK ALTDIZILERDE iLK KUVVET
PROBLEMI

Bu tezde, rastgele kelimelerin en uzun ortak altdizilerinin 6zellikleri, beklenen
degerlerinin alt ve tst sirlan aragtirilmig ve bu ortamda en uzun ortak altdizilerin
varyanslarinin asimptotik davraniglar tartisilmigtir. Ayni zamanda, rastgele permiitas-
yonlarda en uzun ortak altdizilerin ve en uzun artan altdizilerin iligkileri ¢alisilmus ve
rastgele permiitasyonlarin en uzun ortak altdizilerin uzunluklar: kullanilarak olusturul-
mus L matrisinin bazi 6zellikleri tartigilmstir. Bu tezin amac1, 1970’lerde caligilmaya
baglanan en uzun ortak diziler hakkinda detayh bilgi sahibi olup giiniimiizde yapilan

aragtirmalarla gelinen noktalara ve hala ucu agik sorulara dikkat cekmektir.
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1. INTRODUCTION

Consider two sequences that take their elements from the same finite alphabet. A
subsequence that is shared for both of these sequences is called a common subsequence
and a common sequence with longest length is called a longest common subsequence.
The theory of longest common subsequences is one of the most well-studied problems of
probability theory. It has lots of applications from computer science to computational
biology. In recent years, this problem has become more popular than ever with the

improvements on the gene matchings and the similarity problems [1].

For instance, in order to determine the difference between two different versions of
a file, a computer scientist can consider these two files as strings or sequences and check

their longest common subsequence, or letting our alphabet to be A := {A,C,T, G}

where A,C,T and G represent the four nucleotides of DNA, namely; adenine, cytosine,

thymine and guanine, respectively, a computational biologist can easily determine the

similarity between two genes.

The first algorithm that gives the longest common subsequence of two given

sequences is given by Sankoff in [2] in 1972. Three years later, Chvatal and Sankoff

studied this problem thoroughly in [3]. Their astonishing result was stating that

. E[Ly)
lim

n—ro0 n

=7

where L, (see Definition 3.1.) is the cardinality of the longest common subsequence of
mn

two sequences with length n and v = SUPp>1 E[L,]/n.

The computation of 7 is fairly interesting. First of all, the value of 7 is not known

regardless of the size of the alphabet and the distribution of the sequences. Even if we

take an alphabet with size

we cannot find the exact value of 7.

9 and even if the distribution of the sequences are Ber(1/2),
In [4], Steele conjectured that v = Tfﬁ: but later,

b Teaen <hown that 7 is closer to 0.81, than 2/(1 + +/2) by Rinsma-Melchert in [5].
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In this thesis, our main concern is to understand bounds of the expected value of
the longest common subsequences in random words and relationship between longest

common subsequences and longest increasing subsequences in random permutations
atu .

The organization of this thesis is as follows:

In the preliminaries chapter of this thesis, some basic definitions and results about

probability theory are given.

In the third chapter, we introduce the formal definition of the longest common

subsequences. After some basic facts and examples, we give an upper and a lower bound

for the expected value of a longest common subsequence using Rhee’s argument [6]. At

the end of Chapter 3, we discuss the statistical behavior of the variance of the longest

common subsequences.

In the fourth chapter, we start with the definition of longest increasing subse-
quences. Then, we examine the relationship between longest common subsequences

and longest increasing subsequences.

In the last chapter, We conclude our work and state some open problems about

the longest common subsequences.

t this thesis provides a good guide in order to understand the first

I hope tha
est common subsequences.

moment problem in long



2. PRELIMINARIES

2.1. Some Basic Definitions

Definition 2.1. Consider a sequence of real numbers {a,}, where n > 1. We say that
{a,} is super-additive if for any n,m > 1, we have anym > a, + . Similarly, the

sequence is called sub-additive if for any n,m =1, we have anim < ap + @

Definition 2.2. If {d,;}?:l is a sequence of random variables such that E[d;, d;, . . . di,] =

Oforalll<ipg<ig<..-<w&=M then {d;}, is called a multiplicative system.

Definition 2.3. Let ¢ be a measure-preserving map on a probability space (Q, F, P).

Aset Ae Fi

If 7 is trivial, i.e. fo

s said to be invariant if c,a‘lA = A. Let Z be the set of invariant events.

r every A € Z, we have P(A) € {0,1}, then ¢ is called ergodic.

Definition 2.4. A sequence of random variables Xo, X1, ... is said to be a station-

ary sequence if the shifted sequen
n > 0}, ie for each m > 0, {Xo,Xy,..., X,n} and

ce {Xgtn,n = 0} has the same distribution as

the original sequence {Xn;
{ Xk, X Xpim} have the same distribution, for every k > 0.
ks Ak4ls-

Definition 2.5. Let X;, X2, -+ be random variables. We say that X, converges almost

surely (a.s.) to the random variable X asn — 00 if

P(w : X, (w) = X(w) as n— 00) = 1.

i as n — <.
In this case, we write X ~ras X

_ be random variables. We say that X,, converges in

Definition 2.6. Let X1, X2,

probability to the random vari ble X as n — oo if; for every € > 0,

a

]P,(|Xn__,X|>E)~—+O as n — 0o.

. as n — 00.
In this case, we write Xn —7F X



Definition 2.7. Let Xi, X>,... be random variables and » > 1. We say that X

converges in r-mean to the random variable X as n — oo if
E[|X,—X|[]—=0 as n— oo

In this case, we write X, = X as n — 00,

If r = 2, then this convergence is also called as mean-square convergence.

Definition 2.8. Let X1, Xs,... be random variables. We say that X,, converges in

distribution to the random variable X as n — oo if
Fy,(z) = Fx(z) as n—oo, forall z€C(Fx)

where Fy, and F; are cumulative distribution functions of X, and X respectively. In

this case, we write X, —a X asn —r oo.

Definition 2.9. A sequence Xi, X, .- is called uniformly integrable if
E['Xn|1{|Xn| >a}] =0, as a— oo uniformlyin n.

Definition 2.10. Let, for n > 1, S, be the symmetric group on n elements. A random

permutation is a random reordering of the elements of S;,.

Definition 2.11. T he radius of the spectrum of a square matrix is the largest absolute

value of its eigenvalues, i.e. p(A) = max{| M|, [A2l;- .- [Anl}, where Aj, XNy, ...\, are

eigenvalues of the square matrix A.



2.2. Some Basic Results

Linearity of Expectation: [7] For any random variables X3, X5,..., X, and

constants ¢y, €2, - - - , Cn, W€ have

E[i &) = i GE[Xi].

Fekete’s Lemma: [8] If {an} is a super-additive sequence, then

. Qn an
lim — =sup —.
n—oo 7 n N

Azuma’s Inequality: (8] For a multiplicative system {d;} ;, we have

P13 2 2) < 2w (22’-';/\“2(11-”30)'

i=1 L

McDiarmid’s Inequality: [8] Let Xi,Xa,...,X, be independent random vari-

ables that take values in € and f : Q" — R be a function of Xy, Xy,..., X, that

I
satisfies for any i € [n] and for any T1,%2,---»Ins T4 e

|f($l1$23--.3mi7"'1$n)_f(a;]’xg""’x;""’:‘cﬂ)l Sci

for sonie ¢ € R. Then, for all € > 0, we have

(-2 ) <o (57 og)



Kingman’s Sub-Additive Ergodic Theorem: [9] Let {X;,} be a sequence

of random variables indexed by non-negative integers 0 < m < n < co. Assume that
: &

we have

e Xon < Xom + Xmn for all 0 < m < n;

o {Xmiiper 102 m <1} =a {Xmn 1 0 < m < n} for each n and this shift

operation is ergodic;

e E[Xon] > —cn for some ¢ > 0 and all n.

Then

. E[Xon .
lim = lim —[—O’—]— — inf M
n—oo 71 n—oo n n n

Erds-Szekeres Theorem: [8] Let {a;}™, be a sequence of real numbers where
n — ab+ 1 for some a,b € N. Then, this sequence either contains a monotonic non-
decreasing (non-increasing) subsequence of a+1 terms, or a monotonic non-increasing

(non-decreasing) subsequence of b+ 1 terms.

Relations Between Convergence Concepts: [7] Let X and X, X,,... be

random variables and 7 = 1. The following implications hold as n — oo :

Xp —Yas. X = Xn—2p X = X, w4 X

Xn —r X.



Lemma 2.11. [7] Suppose that X, X5, ... are random variables such that

X, <Y as. forall n

where Y is a positive integrable random variable. Then {X,,n > 1} is uniformly

integrable.

Lemma 2.12. [7] Let X and X3, X, ... be random variables, and suppose that

X, —as X asn — oo. Let 7> 0. The following are equivalent:
() 4|27 =2 1} is uniformly integrable;
(ii) X —r X a8 1 — 00;

(iii) E[|Xal"] = E[IX[] as n — oo

Moreover, if r > 1 and one of the above holds, then E[X,] — E[X] as n — co.

Stirling’s Formula: [7] As n — 00, n! ~ Z/2mn, ie.

n!

lim ————— =
s (nn/en)V2mn

1.

Efron-Stein Inequality: [10] Let S be any function of n variables, X; and

X; independent random variables with the same distribution for any i e [n], S :=

S(XI,XQ,---,Xn)ﬂ and S; = S(XI,X%---&Xi—hXiM i+13"')Xn), for any i € [n]

Then,



3. LONGEST COMMON SUBSEQUENCES

3.1. Basic Facts and Examples

Definition 3.1. Let A be a finite alphabet and let X = {Xi}e, and Y = {V;}2, be
two independent and identically distributed sequences where n > 1 and for any i € [n]
we have X;,Y; € A. Let also X and Y be independent as sequences. The length of the

longest common subsequence of X and Y is given by a random variable L, = L,(X,Y)

that is defined by
LK, ¥) = max{l: Ko = Vi Xoy = Yoo Xi = 3}

where the maximum 1is taken over all pairs of subsequences 1 < iy < iy < --- < i < 1

amdl< << <hZ=n
Example 3.2. Let A={AB,..., Z}, X be the word ARMADILLO and Y be the
word ALLITGATOR. Then observe that the longest common subsequence of words

ARMADILLO and ALLIGATOR is ALLO. So, Ly(X,Y) = 4.
ARMADILLO

//

ALLIGATOR

n of the longest common subsequence for ARMADILLO and

Figure 3.1. [llustratio
ALLIGATOR.

To determine the Jongest common subsequence, the following algorithm can be
o dete

11~
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tion of the table for longest common subsequence of
ce o

Figure 3.2. Construc
MADILLO and ALLIGATOR.

AR

+ 2 columns and m + 2 rows, where n and
m are

First construct & table with 7
| the first sequence to the fi
ing from

e sequences. Write dowT

lengths of th
ence to the first column, starting from the third
hir

the third column and the second sequ
row. Fill the second column and gecond row with zeros, leaving the boxes 1
s 1x1,1x2

and 2 x 1 empty-
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| I

Figure 3.3 Computation of the third row of the table.

Now, consider the first three rows and the first three columns. We have two
subsequences and both of them are A. So, the longest common subsequence is 1. Next,
e first four columns of the table. We have A4 and

consider the first three rows and th

AR. If the ne

the box above, if

w letter, in our ¢ase R, is the same with the letter compared, add 1 to

not, write down the same number. Since the second sequence is 4
7 b]

we have only 1 for the third row-
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A|{R|[M[A|D|L|L|L|O

olololo|ofo|ojo]o]o
Aloli |11 [r]1fr]j1|1]1
Llofo[u]e|rt1]2)2]2
LB_LLL111233
_I__O,L_L_}J112233
GO—L_L_F}__112233
Aol |11 |2]2]|2]2|3]3
Tlo|1 |11 |2]2]2]2]3]3
FTT;LL_222234
?TTLL222234

pigure 3.4 Computation of the whole table

ow. First, consider subsequences AL and A and fill

Then, move o1 to the fourth r
ox to the right af each step. Fill the table by repeati
mg

the fourth row by moving one b

e last entry of the table, in our case 4, is the length of
e}

the last step for each ToW: Th

the longest common subsequence:



alr|m|alp]i]L]L]o
____i() olo o olojo|o]|oO
AL_L_LI 1|1 (1]1]1]1
L_E___l__i_l 1|1 (1]2)2)2
Ljojrjt) 1|1 ]1)2 3;
L_P,,{_,_L_i_l 1 (22 B8 3
i_gf,{_,_l__id_lfl 212 Né 3
__Adj__l___l____lfz 2 12|12 33
o1 2] ]2]z s
,(L,(L_L_L_I___Q_,Q 2|23 |4
o[ [ 22 2]e[a]s

st common subsequence and its lengtl
S 1€ Iy

Figure 3.9 Finding the longe

ongest common subsequence, check the last ent
ry and tl
4 1e

In order to find the |
one above that. If they are equal, then move on to the above numl
ser. If n
_ ot, th
move to north-west nmghbour_ [n our case, the last entry is 4 and the e
) > one above tl
hat,

0, we move upw
r of 4. If we contil

. s will be the longe
St C on

ards. Then, we have 4 and 3, hence w
H1CE We move t
 to

we also have a 4. S
Jue this procedure until we hit
- a O! at th@

the north-west neighbou
he first columi wit

t 18 ALLO.

end, the letters ol t

subsequence. 11 our €asc 1
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Now, let us define Z := (Z;}i+m where Z; = (X;,Y;) for every i € [n + m]

Observe that for any n,m > 1, we have

LTH-TH(le ZZ: s Zn+m) 2 Ln(Zla ZQ: i g Zn) == Lm(Zn-{-l-, Zn+2, ey Zn-HTL)‘ (3 1)

The equality case is obvious. For the other case, consider the following example:

Example 3.3. Let again A be the alphabet that consists of letters and Y be words

ARMADILLO and ALLIGATOR, respecti
., Z) =4 Let X/ = (R) and Y' = (P). Then, L, (X', Y') =

vely. We know that, from Example 3.2

that LQ(X, Y) = Lg(Zh ZQ) ait
(Z:l: Z25 vkt ZlO)

GATORP.

L,(Zy) = 0. However, Lo — 5 since now ALLOR is shared for both

ARMADILLOR and ALLI

If we let a, = E[ L,) and if we take the expectation of both sides of the inequality

in (3.1), from the linearity of expectation, We obtain that a, is a superadditive sequence.
get our first limit result [3]:

So, we can use Fekete’s lemma and

for some 7 € [0, 1]-

Bl _y v as n — 0o Using Kingman’s Subadditive

We have chowed that =%
Ergodic Theorem, we €2 get rid of the expectation in the above convergence and say

we nee

d some preparation.

t L
hat L2 — v a.s., but first
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Let Lin be the length of the longest common subsequence of two sequences of

two sequences on indices m < 1. Then, we know that Lo, + Limn = Lon. Moreover, we
L i) . T,

know, from the construction of the longest common subsequence that {Lmiiny:0 <

m < n} 4 {Lppn:0<m< n}, i.e. sequences are stationary and the distribution does

not depend on . Then, lastly, E[Lq) > —cn for some ¢ > 0 and all » > 0, which is

obvious since the longest commoln subsequence is non-negative. This means that Lo,

satisfies requirements of the Kingman’s Subadditive Ergodic Theorem, which gives [9]

fimy —oie= Jipl, —— =egllp = == 5
kel n—oo T n n

We can also obtain the same Lesult using McDiarmid’s Inequality. First, observe

that L, is a function from " to R. Moreover, changing a single letter from one of the

sequences can change L, by at most 1. So,

P(L, — E[Ln] 2 €n) < €Xp (_26”2).

Let €, = \/nlog(n). Then we have,
—2nlog(n) 1
P(Ln — ]E[Ln] ZV nlog(n)) < eXp ('——;L—‘) =

e can use Borel-Cantelli Lemma since

Now, w
=
o0
S B(La~ E[Ln) = nlog(n)) < ; L <o

n=1

nlog(n) holds for only finitely many n’s. So, with

and get that Ln — E[Ln] 2
g n that for every n > N, we have L, — E[L,] <

i h
probability 1, there exists N € N suc |
E[La] — ~ implies that

\/Fg(n)_ Therefore, lila—oo ~n
Ln

lim — =
noc T

v as.
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Lemm
a 3.4. Ln )
As n — 0o, &2 converges in mean square toy, ie. o 5,y
e

2
Lo )
- fy‘ ] 5> o00asn—0. This can be done in two

Proof. Our aim is to show that E|

ways.

L
As a first proof, we know that £2 — y as n — 00 a.s. So, Lemma 2.12. tells us

. T,
instead of showing L —» 7y, we can show that {|&|,n > 1} is uniformly integrabl
e.

So, using Lemma 2.11., it is enough to show that there exists a positive integrabl
egrable

random variable Y such that |—’1I;t ? <Y as. for all n. Since L, < n for any n, if
n, if we

take Y = 1, the result will follow.

As a second proof, observe that

= ]
L _g[2))’] + E[(Z -E[Z])E[Z2]-9)]  (33)

L
—n’l) , we have

:F
—,
Il
=
)
S
g

Since we know that E[(% e ]E[

Ln _E[EE])] n (E[Ln] B 7)2

L. s
R A B
n Lal _ o) (28| —E[ES =
AR (5] ] 7) (2[5 — BlEL; ] +E[2—4)).

(3.4)

In [4], Steele proved that if E[(Sin— Sjn)’] i bounded forall1 i< j<n < oo

ere § is a function from (R?)™ to R; V; is any ,

y Vi Se-

then Var(S(Va, Vas- - 1)) = 0(m), Wb

quence of independent ¥

He used Tukey’s jackkni

. d. o o
andom vectors 1t R%; and Sign : SV, Vo, .., Vie, Vi, .. V).

fe estimate and an Efron-Stein type inequality to prove his

claim.
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When we take V; := Z; = (Xi,Y:), where X;,Y; € A, for some alphabet A and

for any i € [n], and when we let Sy, to be the random variable that gives the length of

two longest common subsequences, i.e. L,, we see that this setting satisfies the above

requirements. Hence, we have Var(Ln) = O(n).

Since we have Vm"(%f) in (3.4), Steele’s bound will be Var(%) < Sn = L.
e Var(%‘) — 0 and IE[%{*] —v — 0. Thus, we conclude

Observe that, as n — 00, we hav

that E[ d%-——)gfyasn——)oa O

Lo — 4|?] = 0 an

In addition, Steele also shows that for any € > 0, Ly — E[L,] = o(n¥*+) with

probability 1 as a corollary for his main theorem in [4].

3.2. Rate of Convergence

3.2.1. Introduction

¢ will focus on bounding E[Ly] in random words setting. Since

we know that 7 = SUPn @%"d , it is obvious that E[L,] < nv. Finding a lower bound for

E[L,] is a bit more complicated.

In this section, W

Theorem 3.5. [11 } There 15 @ constant K which does not depend on n, such that

oy — Ky/nlog(n) S ElLn] <77

In [11] Alexander proved Theorem 3.9 with a rather complex proof. Then, Rhee

ficantly simpler proof of this result that relies on a reflection argument
ca

introduced a signi

).




17

3.2.2. Rhee’s Argument

Lemma 3.6. [6] For allz >0 and for alln € N,

1/2

P(Lin > 42) < (4n)* (P(Lon > 22))

Proof. Let X = {X:}i% and Y = {Yi}i2; be two sequences and ay,...,a.; b b b
sy Qay V1. ..,05 DE

integers such that 1 < a1 <a2<...<aa§4nand1<b1 < by < & by < di §
— . s }8‘_ nor

some n > 1. Define

L(Xal,aaa Ybl,bg) = L(Xauxam st ?Xﬂa;ybli },bz, ¢ i3 n‘g)

dom variable that gives the length of the longest common sub-
su

Let L(X,Y) be the ran
nd Y. We will pro 2 4z, then we can find

sequence of sequences X a

a1, a9, ..., 0, 01,025 b such that

= 2n; L(Xq, aa’Yl =
a+f 1 (Xay, bibs) = T- (3.5)

can find integers 7, M with 1 =11 <n2 < ... <ns =4n and
= n

Indeed, for i € [5], we
_ 4n such that for any

1=m1<m2<...<ﬂ’L5 1,Weha,ve

L(Xni,ni+1 b Ymhmi+1 ) =T

have L(X,Y) > 4z. Since we partitioned 4n into 4

because otherwise, Wé would not

parts twice, we also know that

i ((nis1 — ng) + (Misl ~ mi)) = 8n.

i=1

ng) + (Mig1 — m;)| < 2n. This means that we ca
n

have |(ni+1 ~
o <
uch that @1 < My Mt = Go by < mi, miy1 < bg and (3.5)

So, for some i € [4], we
g :
'h()OSG /n”.':: ni+] 3 m’i? m"i'i'] s

holds.
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Then,

PLX,Y) > 42) <P | LalXay0m Yorss 2 7))

[a1,aa] % [b1,bs]ES

where S := {[a1,aa] X [b1,05] : [a1,80] X [b1,05] C [1,4n] x [1,4n]}. There are 4

An(dn— . . )
- duldncl) ;1 Y, possible choices for a; and a, that satisfies the first requirement of (3.3).

So, since 113(_4;;1_1 < (4n)?, we have
P(L(X) Y) > 42:) < (4n)4HD(L(Xai,Gmybhba) Z :E)
Let g := ay — a1 and b:= bs — bs. Then we have

]PJ(L(X(]‘&, Yo.b) > I) = P(L(Xﬂ,b) YO,G) =z 'I") = P(L(Xm,aasybhbg) > I)

since we know that X; 4, and Y 4n are independent and identically distributed and we

know that shifting the sequence does not change the distribution and the length of the

longest common subsequence. Now, the most important point here is the reflection

argument. Since a + b = 2n, we have from the reflection argument and from super-

additivity,

P(Lon(X,Y) = 27) 2 P(L(Xo,as Yop) 2 2)P(L(Xop Yoa) Z 2)-

Thus, we have

1/2

P(L(X,Y) = 4z) < (4n)41P(Lgn(X,Y) > 2x)

Lemma 3.7. For alln € N and for allt >0, we have

P(Ln — E[Ln] 2 1) £ exp(—12/8n).
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Proof. We know, from Arzuma’s inequality that

P(|3 a2 ) s2ew ¢ z:*jﬁciﬂizo)

em and A > 0. If we let (Ln — E[Ln]) = S, ds, then
8], we know that ||di|co < 2. Thus, the result
O

where {d;} is multiplicative syst

we have a multiplicative system. From
follows.

Proof of Theorem 3.4: In Lemma 3.7, consider Lo, and let ¢t := 2z — E[Lan)-

Then we have for z = E[L2n)
P(Ly, > 27) < 2€XP ( = (25— E[Lgn])2/8n).

Combining this inequality with the left hand side of the Lemma 3.6, we get

P(Lyn > 4) < 2(4n)" exp (:ﬁﬂ:g_”’?—]ﬁ)

or, equivalently, for > E[Lan|, we have

P(Lsn 2 21) < 2(471)4 exp (:-(—33:—-1%—%21')“)') (3.6)

We know, from Theorem 12.1.(i) in [7], that for any non-negative random variable X,

we ha\!e
Bix) = [ (- FE)E= [ec > agir

where F' is the cumulative distribution function of X.
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So, for any u > 0, we have

E[X] = /ORIP(X >:n)d:z+/jo1?(X > z)dz

_ /O “(1— Flz))dz + / TB(X > z)dz

:/Ouldx—/ouF(a:)dm—l-/;m]P(X>a:)da:

§u+/ P(X > z)dx.

Since Ly, is a non-negative random variable and 2E[Ls,] + K(n log(n))/? > 0, by

letting X = Lun and u = 2E[Lan] + K(n log(n))'/?, we get

]E[Lrln.] _<_ E]E[L2n] A I((n log(n))1/2 + /Oo P(L.m 2 I)dﬂ:

9E[Lzn )+ K (nlog(n))/?

Our aim is to show that the integral contributes to the upper bound negligibly compared

td the others.
Using (3.6), we get

9E[Lan]+K (nlog(n))*/? ElL..1)2
—(z/2 — E[Lan
(2/2 = ElL2]) )da;. (3.8)

2(4n . / exp (
( ) 2E(Lzn]+K (nlog(n))!/? 16n

Let v = %[%d. Then dv = ﬁ, and we have,

00 )4 00 __v_2_d
P(Lyn = z)dzr < 2(4n / o ga & 2 dv.
-LE[LG]+K(ﬂ log(n)) /2 Hlogn ) —

We also know, from [7], that

—42

%) N 00
/ e:zfdtgf ~e T dt.
e

T



21

So, our inequality becomes,

4\/?_: £ 2
B L, = 2)ds £2 4 =v*
(Lan 2 2)dz < 2040) Ty )2 ﬁmo gz & 2 vav.
442

f?IE[LQ,,]—{-K(n log(n))1/2

Let a = :2’£ Then da = —vdv and we have

— K2 log(n)
41/2 g

P(Lyn > z)dz < —2(4n)" / g
\/QE[LG]+K(n log(n))/? K(n log(n))1/2 58

Thus,

/°° P(Lsn > z)dz < 2(4n)* K(n liﬁz))” 2 (n%—z)

OE[Lan]+K (nlog(n))!/?

Now, we can choose K large enough so that the integral becomes negligible compared

to the others in the upper bound. Therefore, we have

E[Ln] < 2E[Lon] + K(n log(n))/*.

Dividing by 4n, we get

_——E[L4"] E[Lm] + K'(n log(n))*/>.

4n 2n

When we replace n with 2kn, we find

E[L2k+2n] < E[L2k+1n] .[{" log(kzkn)
gk+2p, = 2kn 2kn

We can sum these inequalities over all 0 < k < s to find

E[L2k+2n] < E[Lln] + J N(Z 23 'I‘L))

2k+2n,




Claim: For any n € N, we have Y75 4 /'Dﬁz(}:n) ( /log(n))_

Proof of the Claim: Let £(s) =5 s log(2 . Then,

- £V R

i=0
/log(n \/17 log(2) \/@( n)  log@)
2n 2n )
log (29)

loD
locr n2

log(n
log(

= Iog(n 1+V 1+10gn \/7 1+ slog,

log(n Z 1-1-?,10

i=0

[1+ilog,(2)
Our aim is to show that YR A <o Observe that

1—}—zlogn Z 1+zlogn

Sy

i=0
[1+i
= Z = J
i=0
21
S0E

=K <00

for some K > 0. Thus we have

q o Ig
©  [1+ilog.(?) < g log(n)

22'

b
bo

(3.10)



Now, if we send s to the infinity in the inequality

E[Lgk+2,) < Lgn ,,,(Z log (2%)n )

ok+2pn T
=0

we will have
E[Lon
Y.L Ky [ 108,
2n n

Or, equivalently, for some K' >0,
ny — K'(nlog(n))!/* < E[Lzn]-

The upper bound of the theorem is a consequence of the super-additivity of the se-

quence a, = E[Ln)-

Therefore, for any n € N, we have
oy — K(2n 10g;(2n))1/2 < E[Lap] < 20y

and we want to show that the theorem holds for odd n’s as well.

Let K'= K+ W _ Gince K’ > K, we have

2ny — K’(2'.nu]og(21fz))1/2 < E[Lan)

for any n = 0.

ave (2n+ 1)y — K'(2n log(2n))/? < E[Lans1]-

Claim: For any 7t >0, we h
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Proof of the Claim: We know, from super-additivity of the sequence E[Ly]
njls

that for any n > 0, we have E[Lop 1] > E[Laa]. Then,

E[Lant1) = E[Lan] = 2ny — K (2nlog(2n))"/?
> 2ny — K(En10@;(2%))”r2 +v—7
> (2n+ 1)y — K(2nlog(2n))'/? — (3.11)

n —_ n 1o n 1/2 L
> (2n+ 1)y — (2nlog(2n)) (K+(2nlog(2n))1/2)

> (2n+1)y— K'(2n log(2n))'/2.

Since ((2n+1)log(2n + 1))/2 > (2nlog(2n))'/?, we conclude that, for any n > 0, from

from the claim and from the even case, we have

ny — K'v/nlog(n) < E[Ly] < nv-.

The argument given above is adapted to different cases from score functions to hidden

Markov models.

The function S : A X A — R+ that assigns a score to each couple from the finite

alphabet A is called a pairwise scoring function. Suppose S is symmetric and let

F:= ;ggﬁ S(a,b), A:= afﬂféi's(a’ b) — S(a, ).

pair of increasing natural number sequences, say (7, ) where ™ =

An alignment is a
where 1 < mp < mp < -+ < Tk < n and

(W117T2:'--57Tk) and p = (.’-1‘11#2)"':#‘:)

<y <n.In this case,
ber of gaps in the alignment. We can also set a gap price, say 7.

1< g < pa < we say that k is the number of aligned letters

and n — k is the num

Given the scoring function S and a gap price T'; the score of the alignment (7, ;1) when

aligning X and Y is given by
k

(X,Y) = 8(Xn, Vi) + T(n = K).

i=1

U,



The optimal score for X and Y is defined as the best score over all possible

alignments.

Observe that for S(a,b) = 1 when a = b and S(a, b)y=0whena #band ' =0

the optimal score is equivalent to the length of the longest common subsequence of X

and Y.

In [12], Lember, Matzinger and Torres showed that Alexander’s theorem can be

improved by using the score function setting above. More specifically, they showed

that for even n € N, and for any ¢ > VA,

s —ofle] o Z o)+

n n

This result generalizes Alexander’s theorem in [11] since it is valid for not only longest

n subsequences but also for any score function. Moreover, when this theorem is

commo
a sharper estimate. In [11], the

applied to the longest common subsequences, it gives

theorem was valid for ¢ > 3.42, but in this we have ¢ > V/2.

More recent works support the conjecture. In [13], Gong, Houdré and Islak extend
s, using a similar score function

the result to arbitrary alphabets and multisequence
d when L, is the length

setting. They also showed that Alexander’s theorem is also vali

of the longest common subsequence of more than two sequences.

xtend this result to hidden Markov models.

Finally, in [14], Houdré and Kerchev e

3.3. Variance of the Longest Common Subsequence

Despite the popularity of longest common subsequence problem, we do not know

and its asymptotic order, even when the size of the alphabet is

much about Var(Ln)
on is Bernoulli with a parameter 1
2/3), Later, in [15], Steele altered Efron-Stein Inequality

5 and the distributi /2. In [3], Chvatal and Sankoff

coniectured that Var(Ls) = o(n

~ 37 P 'R



26

An Efron Stein Inequality for Non-Symmetric Functions: [15] Let S b
: e

any f i i ~ .
y function of n variables, X; and X; be independent random variables with the sam
e

distribution for any i € [n] and let

S:z S(X11X2,-.-,Xn)

and

S,; = S(XI,XQ,. s ,X,'_l,Xi,X,;+1, i e ,Xn).

Then,

n

E[> (5~ 8-

i=1

Var(S) <

| =

ing this inequality to the variance of the longest common subsequences,

n, where €, = P(Xi = a) = P(X; = a).
dard deviation

Apply

Steele showed that Var(La) < 2e,(1 — €a)
and Matzinger showed that the order of the stan

Lastly in [16], Lember
r of the Bernoulli variables is small enough.

of L, is \/n if the paramete

ed the statistical behavior of the longest common

In [17], Liu and Houdré studi
When the size of the alphabet

Carlo approach.

subsequences in variance using Monte-
ranging from 50, 000 : 50, 000 : 1,000, 000:

is 2, they found the following result for 7

= 0.5, then Var(Ln) = 0.0297n0-9989,

e if py =0.5 and p2
0.9855

= 0.9, then Var(Ln) = 0.0208n

o if p; =01 and p2
9, then Var(Ln) & 0.0042n

1.0021
’

e if p; = 0.01 and pa = 0.9

_ They also conjectured that Var(Ly) ~ cn,

where py = P(X = 0) and 72 = P(X =1)

where ¢ is a small constant.



4. LONGEST INCREASING SUBSEQUENCES IN
RANDOM PERMUTATIONS

4.1. Longest Increasing Subsequences

Let A be some linearly ordered alphabet and X = {X;}™, be an independent and

identically distributed sequence where n. > 1. For any i € [n], assume that X; € A. The

length of longest increasing subsequence of X is given by a random variable defined by

I, :=max{k: X; < X; <-- < Xi}

where the maximum is taking taken all subsequences of 1 <) <2p <:-- < i S T

Example 4.1. Let X = (ARMADILLO) and let Y be the ASCII code representation
(065 082 077 065 068 073 076 076 079). Then

of the letters of X, i.e. ¥ =
bsequence of Y is (065 068 073 076 079).

I4(Y) = 5 since the longest increasing su

metricity of longest increasing subsequences and longest decreasing

Using sym
value of the length

n easily find a lower bound for the expected

subsequences, one ca
Define I’ to be the length of longest decreasing

of longest increasing subsequences.

subsequence. Then, using Erdés-Szekeres theorem, we get

max(In, IL) = V/7-

Thus, we have I + I 2 /n. From symmetry, we have E[I,] = E[I}]. Therefore,

E[I,] > £

[1,], we need the following lemma:

In order to find an upper bound for E

Lemma 4.2. 8]



Proof. First of all, observe that there are (’:) subsequences with length k. Moreover

each of these subsequences is monotone increasing with probability 7 since the proba
.1 4 -

bility that the first entry is strictly smaller than the second entry is ¢, the probability

that the second entry is strictly smaller than the third entry given that the first one is

stri is 7=
rictly smaller than the second one is £73, and so on. Thus, from Boole’s inequality,

we have P(I, > k) < (7) /K" Let k = [2ey/n]. Then,

() n'(n_l)...(ﬂ.—k+1)< "

P(I, > k) < -5 =
( JE 4 KR! = KK

Now, using Stirling’s formula, we get

P(I, > k) < L etetn® _ (egn)k < (____62n aon
k) S om = TR S\ S (26\/5)2) '

Observe that

(@f—jﬁ—)z) o (1/4) VP exp(—2ev/n).

So, the proof is done.

prove the upper bound. We know, from [7], that for any

We are now ready to

non-negative random variable I, and k > 0, we have

E[L,] < k +nP(In = k).

Combining this with the above lemma, Weé get the following inequality:

E[l,] < 2ev/n+ nP(1l, > 2e/n)
< 2e\/n+ nexp(—2ey/n) (4.1)

n
< 2ev/n+ o 4



This means that for all ¢ > 2e and n > n(c) sufficiently large, we have

E[l,] < cV/n.

4.2. Random Permutations and the Relationship Between LCS and LIS

At first glance, longest common subsequence and longest increasing subsequence

might seem irrelevant. However, when we consider sequences as uniform random per-

mutations, not as strings, they are closely related.

Let © = (m,72,...,T,) be a permutation from S, that moves an object from

plae i to place 7(i). Last year, in [18], Houdré and Islak showed that

Lo((1,2,...,n), (71, T2, ..., ) = L(my, w2, . . o s Tn) (4.2)

where 7 = (71, T2, . . ., M) is a random permutation from S,. In fact, instead of identity

permutation, we can take any fixed permutation from S,.

Proposition 4.3. [18] Let p = (p1, P2, - -- . pn) € Sy be fized. Let alsom = (s o v ¢ 573

be a uniformly random permutation in Sp. Then,

Ln((pl}p% e :pn)a (ﬂ-laﬂ-% R aﬂ.‘n)) =d In(ﬂ’lu T2,.-- :ﬂ.n)-

L4 . . .
Proof. Since p,m € Sp, T = TP IS also a uniform random permutation of S,. So, we

have

Ln((plap% cieis :Pn)a (ﬂ—hWZ: DR ) ﬂ-ﬂ-)) =d Ln((pl!p2a . ;pn.), (WI,W;, — ’71'11)).

. 7
Since m; := TpP; = Tpi» WE also have

) / 7 .-—’ \\— r; ({f)‘! nf'l.....ﬂn)-(ﬁﬂtiwﬂﬂ‘\“'ﬁﬁnn))'
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From (4.2), the proof is done since;

Lo((01, P2s -+« P)s (Tpss s+ -3 M) =a Ln((1,2, ), (10,5, Tn))

and
Ln((11 21 RO )n')a (ﬂ—l: Tayeeny ﬂ-n)) =d In(ﬂ-la T2y eeey 7rn)-
O
In [18], Houdré and Islak also mentions about
n—00 2\/5
ting

Moreover, the distributional asymptotic result is given in their paper by interpre

the results of [19]

Lﬂ(ﬂ-)p) - 2\/SE 4 F2

nl/ﬁ

distribution function Fy(z) =

where F» is the Tracy-Widom distribution with cumulative

exp(— [ (x — t)u?(z)dz)

and u is the solution to the Painlevé II equation.

o arTe independent uniform random permutations from Sn,

Proposition 4.4. If m, ™
and if © € R, then we have

P(Ln (71, 72) < z) = P(I,(m1) < T)-
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Proof. Observe that, we have

P(Lo(m1,m2) < ) = Y P(La(m1,7) < 2|12 = 7)P(m2 = )

YESn

1
= = P(Ln((ﬁlaﬁm---:7711)’(711721"'3%1)) SLE)

nl
1€ (4.3)

= E > P(Iy(m) <

" YESn

=P(In(m) < z)

where the third equality comes from (4.2).

Now, since we know that for a fixed permutation p € S, and a uniform random

T € S,, we have Lp(p,7) = I,(m), it is natural to work on the case when 7 and p are

not necessarily uniform but still i.i.d..

7y € S, be random permutations, p1,p2 € S, be

deterministic permutations sampled from a distribution P = (pi)iejny), Where Pp(r =

Let, for some n € N, 7,

pi) = p;. Then, we can represent expected value of the longest common subsequence of

7 and T as

= Y pilp; = PTLOP

i,j€[n!]

p[L (7177@ ] = Z pil PnPJ

i,j€n!]
where L™ := l;; = Ln(pi, P5) and {lij} i pemxmy- 1618 obvious that for any i, j € [n!],

l;; = l; and I = n. So, L™ is symmetric.

Lemma 4.5. [20] Forn=2,3, the matriz L™ is positive semi-definite.

i L )
. So, the characteristic function of L® is

.

ns A2 =1 and AP = 3. Thus, L® is positive semi-definite.

Proof. It is easy to see that L® =

A2 — 4\ + 3, which mea



For n = 3, let us enumerate Sz with the following order:

{[123], [132], [312], [213], [231], [321]}.

Then, it is easy to see that

322221
232212
L<3)=223122
221322
212232
12222 3

A quick computation will give us the characteristic polynomial of L®) as

6 — 18X + 8421 — 152X° + 961" = 22— 23(x - 12).

This means that, )\53) = 3, /\(23) =2 and /\g‘” — 12, and L® is positive semi-definite. [

Lemma 4.6. [20] Forn =4, the smallest eigenvalue M) of L) is negative.

Proof. We know that 1 = ,\52) > ,\53) = 0. So, if we show that ,\5“" > ,\E’”‘*” for some k >
3, then we are done. In order to find the relationship between L® and L*+D | we will

he new element (k+1) into the permutation of Sy

use the following enumeration: Insert t
For instance, if Sa is enumerated as {[12], [21]},

in (k+1) different places, respectively.
is {[123], [213]}, the second is {[132],[231]}, and the

first enumeration of S3
123], [213], [132], [231], [312], [321]}.

then the

last one is {[312]; [321]}. Then, overall, we have {[

observe that the longest common subsequence of any two permuta-

Using this,
tions, say 71, T2 € S, will increase by 1 when we add the new element (k+1) to 71, mo

€ Sps1, respectively, since 7, =m(k+1) and mh = ma(k + 1).

! !
to make 7y, T2
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Qince the k! x k! principal minor of LU+ is LK) + E®(EMNT where E®) € R¥

is a vector that consists of only ones.

As an example consider 1@ and L®: the 2 x 2 principal minor of L® is

Claim: The vector EW®) is an eigenvector of L),

Proof of the Claim: Since E® ¢ R¥ is a vector that consits of only ones, it is
are equal to each other. Observe that the

enough to show that the sum of rows of L¥)

sum of the mi-indexed row of LK) ig

S Lim, ) = Y, Llid: )
]

JE(R! jek

at the same time does not change the length of the longest

[20]

since changing m; and 7;

common subsequence. Moreover, from

S Liid, 7' m) = S I ms)-

J€lx €[k

_ Thus, the sum of

I(W;IWJ‘) =D xS I(m)

s equal 0 D _je(]
tor of L¥). However, since

So, the sum of the any row i
ther and F(k) is an eigenvec

ws of L) are equal to each o
Jue is distinct from our

ro
is non-negative, this eigenva

gest increasing subsequence

smallest eigenvalue ,\5’” <0.

any lon

ciated with eigenvalues S s, () and AW

Rik) be eigenvectors asso

Let E®*) and
now that L*) is symim

ly. Since Weé k

_ etric, eigenvectors should be orthogonal,
respective
i.e:

(BW)TRYY =0
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WLOG, let ng) be a unit vector. Then, L(")R{lk) = /\gk)ng) implies that AW —
ENT 7 (k) ( pF) NT (7 (k ; ; L
(ROYTL® (RP). Let g = (RY”)" (L® + BO(ED)T) (R®). Observe that (L™ +

b)) PUNTY i N i
E®(EW)TY is the k! x k! principal minor of L&+D_ Let | | € R#+YD'. Then, from
0
the orthogonality of eigenvectors, we have
(k)
(RO)TE® = [T | B =0
0
R(k)
M . (k) p— . 1 . . _
Moreover, since Ry’ was a unit vector, is also a unit vector. So,
0
a0]" O
5 L+ ! > min RTL*+VR = A1)
0 o | T rrE=oirI=t b
P
R®)
only if is an eigenvector of L*+1) asso-

Moreover, this inequality holds if and

ed with ,\ﬁk‘”’. Assume, for contradiction, this is the case. Then, we have

ciat
(k) w]"
beog . R;
L(k+l) 1 — )\gk%‘l)
0 0

(k+1) jg L*) and we can represent this submatrix

Now, the k! % k! principal minor of L
j)t* entry of this submatrix is

as {[(k + l)Wi]}iEUc!] or as {[Wi(k -t 1)]}ie[k!]- Then, (isj

L([(k+ 1)), [mj(k + 1)]) = L(mi, 7j)

he left hand side is

(k)
1

ngest common subsequence if t

an only be in the lo

1ade of the bottom

since (k+1) ¢
is

serve that the vector 1

i elements of kD)

1. Now, ob

LR RE = )\gk)ng) and this is a non-zero vector.
1 ’
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k
R{?
0

However, the vector made of the bottom k! elements of /\gkﬂ) is zero vector.

Thus, this is a contradiction and we have
1=2250=20>00>....
O

Theorem 4.7. [20] Let n > 1 and w1, 72 € S, be two i.i.d. random permutations
sampled from a distribution P. Then, for n < 3, the uniform distribution U minimizes

E[L(m1, m2)], while, for n 2 4, U is sub-optimal.

Proof. From previous lemma, we know that Ep[L(my, m2)] = PTLP. Since we also know

that U is an eigenvector of L and that PTU =1, we have

Ep[L(r,m)] = (P—U) L(P-U)+ 9oPTLU — UU.

Observe that PTLU = UT LU, so we have

Ep[L(m, )] = (P — U)'L(P-U)+UTLU.
Let n < 3. Then, L™ is positive semi-definite and (P — U)TL(P —U) = 0. Thus,
PTLP > UTLU.
(n)

that the smallest eigenvalue of L, A
5”’. Then U TRg"') =0=ET R{”),

Now let n > 3. We know . is negative. Let
hat is associated with A

R™ be the eigenvector for L t
ts of only ones. Thus, there exists a positive constant c

where E is a vector that consis

7 .:_ﬂl Let P, be such that P —U = CRgn)- Then

such that cRgn)

ETPy = ET(U +cR{")=1+0=1

L —~(n) « n
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Therefore, Py is a well-defined distribution on S, . However, the expected value of the

length of the longest common subsequence of my, Ty under Fo is

B[ L(m1,m2)] = (P — U) L(Po = U) + UTLU
= A(RM)TLRM) +UTLU
=2\ +UTLU

<UTLU

UT LU is the expected value of the length of the longest common subsequence of

], we conclude that for n > 3, U
O

Since

7y, T under the uniform distribution, i.e. Ey[L(m1, 72)

is sub-optimal.

on some properties of the matrix L. From the previous part,

) Moreover, the eigenvector associated
deed,

Now, we will focus

we know that 3 reg, () i5 2
(n), which consists of only ones. This eigenvalue is, in

n eigenvalue of Lin

with this eigenvector is B

the radius of the spectrum of the matrix L™.

rum of the matriz L™ is the eigenvector

Proposition 4.8. [20] The radius of the spect

D reSn I(m).

eigenvector of L™ associated with

Proof. Let A be an cigenvalue of L™ and R be the

). WLOG, suppose maXie[n!] |7
_ Then, since LM™WR = AR, we have,

| =1, where R = (rl,Tz,...,Tn!)T and let || = 1, for

some ig € [1!]

A= Pl = | 20 L(ios )73

j€n!]

L(ig» ;) = Z 1(71';;17{3-) = Z I(7).

je[n!] TESn
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So, tl - .
1e smallest negative value of ,\gn) is bounded from below by — > s I(7)

Moreover, si
: r, since IE[I(';r)] ~ —2./1. wh : )
. where 71 )
gives v, s a uniform random permutation, this result
an r 3 .
asymptotic order of —n!y/n. However, we are interested in an upper bound of
0

A s ;
™. So, the next proposition will show the decrease rate of AP,

P s
roposition 4.9. [20] For anyn > 4, we have Al < gn-i\) = —273 < 0.

P . . | i
roof. Instead of the above inequality, we will prove )\(1 +) 2 )\gn)_ We know that

\() ~ RTLVR
= e e
! Elﬂl‘lflazo RTR (4.5)

lest eigenvalue )\(1”)

L™ that corresponds to the smal
or of LY is

principal min
L(n+1) is symmetric,

Let R™ be the eigenvector of
of L™ . Then, from Lemma 4.5, we know that n! x n!
). Since

n! submatrix 1s AL
(n) and the bottom left

e its bottom-left nl x
x of L+ s L

L™ 4+ EET, whil

this means that the to
L(n.+1) is L™ + EET, i.e.

p right n! x n! submatri

n! x n! submatrix of

L + EEY o
L(n—}-l) — o :
L™ L0 + EET
T T
Let also R = [Rgn)o_ _,oﬁ,g”)] _Then, B"R = ETR™ + ETR™ and ||RI® =
since BTR = 2, from (4.4), we get that 2A§"+1) _ RTL+DR

RTR = 2||Rgﬂ>|| — 9, 56,

and we have the following equality:
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R R

0 LW+ EET ... LW [0

RTL(rH-l)R - ; . .
Rg_n) Rgn)

= Q(Rgn))T(L(H) + EET)(RYL)) o Q(Rflﬂ))TL(n)(Rgn))

= 4(R5’1))TL(71) (Rgﬂ))

= 4.

Therefore, Aﬁ”*” < (M.

any permutations in Sp. Then,

Lemma 4.10. [20] Let T, 72,73 be

Ln (71, Wg)Ln(m,vrs)Ln(Wz,ﬂa) > n.
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Proof. First of all, Houdré and Islak’s proof can be checked in [20].

As a second proof, let n = 1. There is only one permutation in Sy, which means for any

m1, T, T3 € S1, we have Ly (my, 7T2)L1(7r1,7T3)L1(7r2,7r3) > 1. Similarly, for n = 2, there

are two permutations. So, at least two of the 7, w2, T3 € Sa, should be equal. Thus we

have, Lo(71, 7r2)L2(7r1,7T3)L2(7r2,7r3) > 2. Now, suppose the statement holds for some

k € N, and assume, for contradiction, that it does not hold for k + 1.
by adding (k + 1) at the end of each per-

Let 7,7, 3 € S, and define 7! € Sk41s
) = Ly(mi,m5) + 1, for any

mutation for ¢ = 1,2,3. Then, clearly, we have Ly (7}, 3

i,7 € {1,2,3}. Thus,

Lisa (0, 7h) L (1, 7%) Liey1(m5, T3) = (Ly(m1,m2) + 1)(Ly(my,73) + 1)(Ly(mz, m3) + 1)

>k+1
(4.6)
which gives a contradiction since we assumed Lkﬂ('fr{,ﬂ’g)LkH(w;,wg)LkH(w’g,ﬂg) &
(k+1). 0
Theorem 4.11. [20] Let 71, T2 be two arbitrary i.4.d. random permutations sampled

from an arbitrary distribution P on Sn. Then, E[L(m1,72)] 2 V7

Proof. Take o1,02,03 € 5, and define I(o;) = S oie5n P(01)L(01, o;), where i = 1, 2. 3.

Then,

i(o2) + Loz, 03) +103) = };S (P(01)L(01,02)) + L(02,03) + Ze; (P(01)L(01,03))
= Z P(o1) (L(crl, o2) + L(o1, o3) + L(02, 03))_

e (4.7)

ean of three real numbers is always

Then, from [21], we know that the arithmetic m

greater then their geometric mean. So, we have

1, ., N LT o2)+ L(Uzags)) >y (L(Ul,02)L(01,U3)L(02,03)-
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Therefore, using Lemma 4.10. we get

l(o3) + L(02,03) +1(03) > 3 Z P(al){'@(al,og)L(al, 03)L(02, 03)

o1E8n
>33 Plo)¥m (49)
g1E85n

—3¢n.
Moreover, summing the above equality over P(02) gives

> (P(02)l(02)) + Uos) +Uos) 2 3.

UZESn

Z P(o2) (l(cfz) + L(oy,03) +l(03)) _

02ESn

Repeating the last step with weights over P(o3) gives

S Plos)+2 Y Ploa)i(os) =3 ) Po)i() 2 3m.

02€S5n JaGSn gESh

However,

Ep[L(c1,02)] = Y > P(o1)L(o1,02) P(02)

01€5n Gzesn

= P(o, L(o1,02)P(02)
S Py Y U .

0’1€Sn 02ES5n

= E P(o)L(0)

gESn

> {/n.
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5. CONCLUSION

In this thesis, we investigate the properties of the longest common subsequences.

Our aim is to understand the details of the theory of the longest common subsequences

that become popular in 1970’s, draw attention to the progress about the longest com-

mon subsequences in the recent studies, and state some open problems about the

subject.

In the second and third chapters, some basic definitions and results about proba-

bility theory is given and the theory of the longest common subsequence is introduced.

Two of the most important points about longest common subsequences, namely Rhee’s

argument and Alexander’s theorem, are discussed. At the end of Chapter 3, some recent

developments and variations of these two subjects are mentioned and some simulations

about the variance of longest common subsequences are given. At the last chapter,

modern improvements about the longest common subsequences are discussed. More

specifically, recently discovered relationship about longest common subsequences and

est increasing subsequences in random permutations is stated and some properties

L™ that is generated by the lengths of the longest

long
common subsequences

of the matrix

of random permutations are studied.

m up, even though longest common subsequences 1s one of the most studied

probability theory and have lots of application

To su
s from computer

problems of the discrete

science to computational biology; there are lots of open problems. First of all, we

know that given two random sequences, the limit of the length of the longest common

ded by the length of the sequence,
s unknown. Even if we take an alphabet with size 2 and

subsequences, divi converges to a constant. However,

the value of this constant i
even if the distribution of the sequences are Ber(1/2), we do not know the value of

this constant. Moreover, f the length of the longest

asymptotic order of the variance o

common subsequence is also unknown.



In random permutation setting, one other open problem was introduced by Bukh

and Zhou in [22]:

Conjecture: Let P be an arbitrary probability distribution on S,. Let o1, 00

be two independent and identically distributed permutations sampled from P. Then,
Ep[L(o1,02)] = v/n. It might even b

a minimizer.

e true that the uniform distribution U on S, gives

In [20], with Lemma 4.1, Houdré and Xu showed that Ep[L(01,02)] = ¥/n-

However, the conjecture of Bukh and Zhou is still open.

Similarly, in [17], Liu and Houdré studied the statistical behavior of the longest
common subsequences in variance using Monte-Carlo approach and they conjectured

that if the alphabet size is 2, then Var(L,) ~ cn where ¢ is a small constant. This

remains open as well.
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