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ivABSTRACT
ASPECTS OF STRING THERMODYNAMICS

In this thesis, we study thermodynami
s of 
losed strings and open strings onD-branes in the mi
ro
anoni
al ensemble. Both single string and multi-string densityof states are obtained from energy spe
trum. In the mi
ro
anoni
al des
ription, thetemperature always be
ome smaller than the limiting Hagedorn temperature, rea
hingit in the in�nite energy limit. The stability of both systems are veri�ed in the mi
ro-
anoni
al pi
ture. We also determine the early time 
osmi
 evolution sour
ed by openstrings on D-branes. The energy-momentum tensor of this system is determined fromthe thermodynami
al data and the �eld equations are determined from 
onsisten
yusing Bian
hi identities. We observe that although pressures are large, they 
an beignored in �eld equations 
ompared to energy. This simpli�es �eld equations a lot andan approximate but analyti
 solution 
an be obtained.



v�OZET
S_IC_IM TERMOD_INAM_I�G_IN_IN GENEL �OZELL_IKLER_I

Bu tezde, kapal� ve D-zarlar� �uzerindeki a�
�k si
imlerin termodinamik �ozelliklerinimikrokanonik toplulukta �
al��st�k. Her iki tek si
im ve �
oklu-si
im durum yo�gunluklar�enerji spektrumundan elde edilmi�stir. Mikrokanonik a�
�klamada, s�
akl�k her zamanlimit Hagedorn s�
akl��g�ndan k�u�
�ukt�ur, o s�
akl��ga sonsuz enerji limitinde ula�s�r. Her ikisistemin kararl�l��g� mikrokanonik temsilde onaylanm��st�r. Ayr�
a D-zarlar� �uzerindekia�
�k si
im kaynakl� erken zaman kozmik geni�slemeyi tan�mlad�k. Bu sistemin enerji-momentum tens�or�u termodinamik veriden ve alan denklemleri Bian
hi benzerli�gi kul-lan�larak s�ureklilikten elde edilmi�stir. Bas�n�
, b�uy�uk olmas�na ra�gmen alan denklem-lerinde enerjinin yaninda ihmal edilebilmi�stir. Bu, alan denklemlerini olduk�
a ba-sitle�stirmi�s ve yakla�s�k ama analitik bir �
�oz�um elde edilebilmi�stir.
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11. INTRODUCTION
String theory is a 
andidate for a uni�ed theory of all intera
tions and quantumgravity (see e.g. [1℄, [2℄), whi
h is based on the assumption that elementary parti
les inthe universe are not point like ex
itations, but they are 1-dimensional obje
ts whi
h are
omposed of loops of vibrating strings. One assumes that to ea
h di�erent vibrationalmode of the string there 
orresponds to an elementary parti
le. String theory has veryinteresting properties. For instan
e, 
onsisten
y of the theory requires existen
e ofextra dimensions in addition to the observed spa
e-time dimensions. In general, stringtheory in
ludes both 
losed and open strings whi
h have two end points. Assumingsimple joining and splitting intera
tions one 
an see that open strings 
an always form
losed strings. However, the opposite, i.e. the splitting of a 
losed string into two openstrings, is avoided by a 
onservation rule. Therefore, one 
an 
onsider theories with orwithout open strings. There is also a subdivision between bosoni
 and supersymmetri
strings. A bosoni
 string lives in 26 spa
e-time dimensions and being ta
hyoni
 itsground state is not well-de�ned. On the other hand, a supersymmetri
 string lives in a10 dimensional spa
e-time. There are �ve known 
onsistent superstring theories: type-I (both 
losed and open strings), 
losed type-II A, 
losed type-II B, and two heteroti
string theories SO(32) and E8 � E8. Re
ent studies also revealed the existen
e of amore fundamental 11-dimensional theory, 
alled M -theory (for a review see e.g. [3℄).These di�erent string theories (and M -theory) are 
onne
ted by di�erent symmetries(or dualities). For instan
e, T-duality is known as the ex
hange of 
ompa
ti�
ationradius R with 1=R that transforms type-II A theory to type-II B and vi
e versa. Theexisten
e of higher dimensional obje
ts (branes) in string theory is 
ru
ial for dualitytransformations to work. As an important example, in 
losed string theories D-branesare hypersurfa
es on whi
h open strings 
an end with Diri
hlet boundary 
onditions.The issue of thermodynami
s of strings has not been studied too mu
h in theliterature (see [4℄, [5℄, [6℄ for earlier work). However, thermodynami
s is importantfor understanding the early time 
osmi
 evolution (see e.g. [7℄). In order to studythermodynami
s in the presen
e of gravity, one should assume suitable 
onditions to



2avoid formation of bla
k holes due to gravitational 
ollapse. In string theory this 
anbe a
hieved by taking a small string 
oupling 
onstant and low energy density. Aswe will see, some aspe
ts of string thermodynami
s are very interesting. Sin
e thereis an exponential degenera
y in the number of states, thermal partition fun
tion doesnot 
onverge above the so 
alled Hagedorn temperature. Therefore, in su
h extreme
ases the thermodynami
s of strings should be studied in the mi
ro
anoni
al ensemble.Moreover, due to the existen
e of winding modes, some thermal properties depend onthe topology or the size of the 
ompa
ti�
ation radius.In standard 
osmology, big-bang singularity remains as an issue to be resolvedfrom a physi
al point of view. For instan
e, the initial 
ondiditons, whi
h tell us inwhat state the universe emerged from big-bang, are la
king. Sin
e string theory isa 
andidate of quantum gravity, it should explain or resolve this singularity problemand provide initial 
onditions. In string theory there are di�erent s
enarios aboutearly time 
osmology and big-bang. String gas 
osmology [9℄ is one possibility that wefo
us on this thesis. In string gas 
osmology, it is assumed that strings are in thermalequilibrium at extreme energies with all possible ex
itations like winding modes, whi
hare expe
ted to play important 
osmologi
al roles in both early and late time evolutions(see [10℄, [13℄ for re
ent reviews).In this thesis, we �rst study thermal properties of 
losed and open strings andthen 
onsider an early time 
osmology dominated by open strings atta
hed to D-branes. Our motivation is to extend the results appeared in the literature on 
losedstrings (see e.g. [11℄, [12℄) to in
lude open string ex
itations. The plan of the thesis isas follows: In 
hapter II, we review thermodynami
s of 
losed strings and open stringsatta
hed to parallel D-branes whi
h are uniformly distributed along some 
ompa
tdire
tions in a small radius regime. In 
hapter III, we dis
uss the 
osmology of stringsin thermal equilibrium in a totally 
ompa
t spa
e. We use basi
 thermodynami
alproperties whi
h are obtained in the previous 
hapter in dilaton-gravity equations todetermine the early time 
osmologi
al evolution. In 
hapter IV we dis
uss our resultsand 
on
lude.



32. Thermodynami
s of Strings
2.1. Mi
ro
anoni
al vs. Canoni
al EnsemblesWe 
onsider a system whi
h is 
hara
terized by a set of quantum numbers rwith 
orresponding energies Er. The statisti
al des
ription of this system at the mostfundamental level 
an be studied in the mi
ro
anoni
al ensemble. Assuming that itis me
hani
ally and adiabati
ally isolated, the equilibrium probability distribution forthe mi
ro
anoni
al ensemble is given bypr = 1
(E) 8><>:1 for E+ ÆE > Er > E;0 otherwise (2.1)where 
(E) is the number of states a

essible to the system with energy E
(E) =Xr Æ(E � Er)ÆE: (2.2)The entropy of the system is given byS(E) = kB ln
(E); (2.3)where kB is the Boltzmann 
onstant and one 
an rea
h the fundamental result ofthermodynami
s as �S�E = 1T : (2.4)We will use suitable units for the temperature and set kB = 1.In 
ontrast to mi
ro
anoni
al ensemble, in the 
anoni
al ensemble the system ismaintained at a 
onstant temperature in 
onta
t with a suÆ
iently large reservoir. The



4
ombined system 
an be analyzed in the mi
ro
anoni
al ensemble and the probabilityof �nding the quantum state r 
an be determined aspr = e��ErZ ; (2.5)where the normalization 
onstant Z(�) =Xr e��Er (2.6)is known as the partition fun
tion and � � 1=T . In the 
anoni
al ensemble the entropyis given by S = kB(lnZ + � �E); (2.7)where �E is the average energy, whi
h 
an be found as�E = �� lnZ�� : (2.8)
There is a pre
ise mathemati
al relationship between Z(�) and 
(E) . From(2.2) it is easy to see that Z(�) is the Lapla
e transform of 
(E) (here we set ÆE = 1)Z(�) = Z +10 dEe��E
(E): (2.9)On the other hand, using the integral representation of the Dira
 delta fun
tionÆ(E � Er) = 12� Z +1�1 d�ei�(E�Er) (2.10)
(E) 
an be rewritten as
(E) = 12� Z +1�1 d�ei�(E)Xr e(�i�)Er : (2.11)



5Thus we have 
(E) = 12� Z +1�1 ei�EZ(i�)d�; (2.12)whi
h 
an in prin
iple be used to 
al
ulate 
(E) from Z(�) using 
omplex analysis.In ordinary systems 
(E) typi
ally grows with energy like Ef where f is thenumber of the degrees of freedom. Sin
e e��E is a rapidly de
aying fun
tion, in theintegral (2.9) there exists an energy E� around whi
h e��E
(E) is sharply peaked.Thus the integral 
an approximately be evaluated asZ �= e��E�
(E�)�E: (2.13)From (2.8) one sees that E� = �E and thus the most probable 
anoni
al energy is sharplypeaked around the average energy. Using (2.13) in (2.7) one re
overs the de�nition ofentropy (2.3) in the mi
ro
anoni
al ensemble so that the 
anoni
al ensemble be
omesindistinguishable from the mi
ro
anoni
al ensemble at the average energy.To illustrate this point let us 
onsider an ideal gas of N parti
les in a box ofvolume V . The number of states 
(E) with energy E is given by the volume availablein the phase spa
e whi
h 
an be found as
(E) �= V NE 3N2 ; (2.14)where the �rst fa
tor is the volume of the position spa
e and the se
ond fa
tor is thevolume of a 3N -dimensional sphere in the momentum spa
e determined from E =Pi ~p2i2m . From this we see that the entropy of the system isS = k(N lnV + 3N2 lnE): (2.15)



6On the other hand, the partition fun
tion is given byZ(�) =Yi Z d3~ri Z d3~pie��~p2i =2m: (2.16)The integral in the position spa
e again gives a fa
tor of V N and momentum integralsare simple Gaussians. A straightforward 
al
ulation then giveslnZ(�) �= N(lnV � 32 ln�): (2.17)The total mean energy of the gas is�E = � ��� lnZ = 32N� (2.18)and the entropy of the system is found asS = k(N lnV + 3N2 ln �E); (2.19)whi
h is same with the entropy 
al
ulated from mi
ro
anoni
al ensemble (2.15). Thuswe see that mi
ro
anoni
al and 
anoni
al ensembles are equivalent at the averageenergy of the system. Let us point out that in the above 
al
ulation we treated parti
lesas distinguishable. For identi
al parti
les one should divide 
 and Z by N !, namely
! 1N !
 and Z ! 1N !Z to redu
e the over
ounting of states. As is well known, in thisway the extensivity of entropy is ensured.As we will see in the next se
tion, in string theory the equivalen
e of mi
ro-
anoni
al and 
anoni
al ensembles breaks down at extreme energies sin
e 
(E) growsexponentially with energy as 
(E) � e�HE where the 
onstant parameter �H = 1THis the so 
alled Hagedorn temperature. Due to this exponential degenera
y it is notpossible to analyze strings using the 
anoni
al ensemble at temperatures higher thanthe Hagedorn temperature T > TH sin
e the partition fun
tion does not 
onverge. Weneed to use the mi
ro
anoni
al ensemble to explore the string thermodynami
s in su
h



7extreme regimes. 2.2. Closed StringsWe fo
us on type-II superstring theories and 
onsider a 
losed string propagatingin a 10-dimensional 
at spa
e-time. We take d-dimensions to be non-
ompa
t andassume the remaining (9� d) dimensions to be 
ompa
t 
ir
les. A 
losed string in thisba
kground is labeled by the following quantum numbers; n+, n�, mi, wi, mi0 , wherei = 1; :::; 9 � d, i0 = 1; :::; d . Here n+ and n� are the level numbers for right andleft movers respe
tively and (mi; wi) are the momentum and winding numbers. For
onvenien
e, we 
ompa
tify the non-
ompa
t dimensions on large 
ir
les of radius Ri0 .Thus the momentum 
omponents along these dire
tions are quantized and mi0 is the
orresponding momentum number. There is no winding for non-
ompa
t dire
tionsand we �nally take Ri0 !1 limit at the end of the 
al
ulation. The numbers n+ andn� are related by the level mat
hing 
ondition as (see e.g. [8℄)n� = n+ + ~m:~w: (2.20)Let Ri to denote the radius of the ith 
ompa
t dire
tion. Then the energy of the 
losedstring is given by [8℄E2 = 2�0 (n+ + n�) +Xi0 �mi0Ri0 �2 +Xi �miRi�2 +Xi �wiRi�0 �2 ; (2.21)where �0 is the slope parameter whi
h is related to string tension as Ts = 12��0 . Equation(2.21) 
an be viewed as the generalization of the relativisti
 energy formulaE2 = ~p2+m2in the presen
e of winding modes. The �rst term on the right hand side of (2.21) islike the "rest mass", and the "momenta" 
orresponding to momentum and windingnumbers are given by pi = miRi ; p(w)i = wiRi�0 = wi(2�Ri)Ts: (2.22)



8The quantization of momentum p along a 
ompa
t dire
tion 
an be dedu
ed fromthe quantum me
hani
al wave fun
tion eipx. To get a single valued wave fun
tion onthe 
ir
le, i.e. for the wave fun
tion not to 
hange under x! x+2�R, the momentumshould take dis
rete values p = n=R with n being an integer. On the other hand, thewinding number w 
ounts the number of times a string winding a 
ompa
t dire
tionand the 
orresponding energy is simply given by the tension times the length. Let usnote that in the above formulas we are using units su
h that 
 = 1 and �h = 1; thusmass, length and time 
an be measured in terms of energy units (re
all that we havealready set kB = 1 and the temperature 
an also be measured in energy units).For a given level number there 
orresponds to di�erent 
losed string states.Asymptoti
ally the degenera
y for either left-moving or right-moving os
illator is givenby [9℄d(n+) �= (2n+)� 114 exp(�Hr n+2�0 ) ; d(n�) �= (2n�)� 114 exp(�Hr n�2�0 ); (2.23)where �H = 2�p2�0: (2.24)As we will see below, this is the sour
e of exponential degenera
y that destroys theequivalen
e of mi
ro
anoni
al and 
anoni
al ensembles mentioned in the previous se
-tion. The total degenera
y for 
losed strings is given by d(n+)d(n�).We �rst 
al
ulate the number of states !(E) a

essible with energy E for a singlestring in the mi
ro
anoni
al ensemble. The degenera
y fun
tion !(E) 
an be found as!(E) =Xn+ Xmi Xwi Xmi0 d(n+)d(n�)Æ 24E �s 2�0 (n+ + n�) + �mi0Ri0 �2 + �miRi�2 + �wiRi�0 �235 ; (2.25)



9where n� is �xed from (2.20). Note that in (2.25) the delta-fun
tion only 
ounts thestates with the given energy E. We are going to analyze the regime with E � 1=p�0and thus n+ � 1. Therefore, we �rst repla
e sum over n+ by an integral whi
h 
an beperformed by the use of the delta fun
tion as!(E) = �02 Xmi Xwi Xmi0 d(n+)d(n+ +miwi)E; (2.26)where n+ = n+(E) is now seen as a fun
tion of E and other quantum numbers by(2.21). To get the leading order asymptoti
 behavior we use the degenera
y expression(2.23) in (2.26). Expanding n+(E) in a series for large E around n+(E) = �0E22 , one
an 
al
ulate !(E) order by order in inverse powers of energy. The term that gives thegreatest 
ontribution 
an be found as!(E) = �0E2 Xmi Xwi Xmi0 ��02 E2�� 112exp "�HE � �H2E �mi0Ri0 �2 � �H2E �miRi�2 � �H2E �wiRi�0 �2#+ � � � (2.27)
As an approximation let us repla
e sums over integers mi, wi, mi0 by 
ontinuous inte-grals whi
h be
ome simple Gaussians. Carrying out the integrals one rea
hes a simpleequation !(E) = 
 e�HEE1+ d2 V; (2.28)where 
 = � 2�03�d=4 (2.29)and V = Qi0 Ri0 
an be interpreted as the volume of the system along non-
ompa
tdire
tions. It is important to note that the 
onstant 
 is equal to 1 when all dimensionsare 
ompa
t (d = 0). As we will see, this is important to ensure the stability of thesystem.



10Approximating sums by integrals in (2.27) requires that the numbers multiplyingm2i , w2i , m2i0 in the exponentials to be mu
h less than 1. Using (2.24), this impliesR2i � p�0E ; R2i � Ep�03; R2i0 � p�0E : (2.30)Sin
e we take Ri0 ! 1, the last 
ondition is satis�ed trivially. In string theory, it isalways possible to take Ri � p�0 by applying a T-duality transformation Ri ! �0=Ri.Therefore, the �rst 
ondition involving Ri is satis�ed for E � 1=p�0. The se
ond
ondition on Ri gives an upper bound for the radius for a given energy E, showingthat in using (2.31) one should restri
t to small enough 
ompa
ti�
ation radii. We 
allthis to be the small radius regime. As dis
ussed in [6℄ the form of (2.28) will 
hangein a large radius regime.Having obtained the single string density of states, we now pro
eed with the
al
ulation of the total degenera
y 
(E). As dis
ussed in [6℄ this 
al
ulation dependson the number of non-
ompa
t dimensions d in a nontrivial way. Here we simplyanalyze the 
ase with d = 0, i.e. all dimensions are taken to be 
ompa
t and from(2.28) we have !(E) = e�HEE : (2.31)We assume that the single string density of states is given by (2.31) for E > � andignore lower energy states. As noted above (2.31) is valid in the small radius regimedetermined by (1.30), i.e. R2i � Ep�03 (large radius 
orre
tions 
an be found in [6℄).Let 
N to denote the multi-string density of states with N strings and total energy E.Sin
e strings are identi
al, 
N is given by
N (E) = 1N ! Z E� NYi=1 dEi!(Ei)Æ h(XEi)� Ei : (2.32)



11By de�ning xi = Ei=E and using (2.31) we 
onvert this integral to
N(E) = 1N ! exp(�HE)E Z 1�=E NYi=1 dxixi Æ h(X xi)� 1i : (2.33)Using the integral representation of the delta fun
tion, (2.33) 
an be transformed into
N (E) = 12�N ! exp(�HE)E Z 1�1 d� exp(�i�) �Z 1�=E dxx exp(i�x)�N ; (2.34)The total density of states 
(E) is given by
(E) =XN 
N (E): (2.35)De�ning a fun
tion F (�;�=E)F (�;�=E) = Z ���=E dxx exp(ix):the sum over N 
an be performed to get
(E) = 12� exp(�HE)E Z 1�1 d� exp(�i�) exp(F (�;�=E)): (2.36)By noting that F �(�) = F (��), we divide the integral into two parts.
(E) = 12� exp(�HE)E Z 1�1 d�12 [exp(�i�)F (�) + exp(i�)F �(�)℄ : (2.37)Using now the Euler formula ei� = 
os� + i sin� , one 
an expand the exponentialsand use the angle addition formula for 
osine to get
(E) = 12� exp(�HE)E Z 1�1 d� exp �(Z �0 
os x� 1x dx) ln(E�)��
os(Z �0 x� sinxx dx)� sin(Z �0 x� sin xx dx)��E � : (2.38)



12De�ning the 
onvergent numeri
al fa
tors asa = 1� Z 10 d� 
os(Z �0 x� sinxx dx) exp(Z �0 
os x� 1x dx); (2.39)b = 1� Z 10 �d� sin(Z �0 x� sinxx dx) exp(Z �0 
os x� 1x dx); (2.40)one �nally rea
h the following result for total number density of states [9℄
(E) = exp(�HE)E (E�a� b+ � � � ): (2.41)Using the de�nition given by (2.3) we get entropy of the systemS = ln
(E) � �HE � b�aE + 
onstant : (2.42)The temperature is given by1T = � = dSdE = �H + b�aE2 + � � � ; (2.43)thus it is always smaller than the Hagedorn temperature sin
e E > �. As one in-
reases the energy, the temperature approa
hes to the Hagedorn temperature frombelow. Therefore, in the mi
ro
anoni
al ensemble, the maximum physi
ally allowedtemperature is the Hagedorn temperature.As mentioned previously, the numeri
al prefa
tor in (2.31) is exa
tly equal to1. If the 
onstant 
 in (2.31) were di�erent from 1, the leading order 
ontribution toentropy di�ers from (2.42): S � �HE + (
� 1) lnE: (2.44)The stability of a system in the mi
ro
anoni
al ensemble requires d�=dE < 0. Thusfrom (2.44) it 
an be seen that for 
 > 1, d�=dE is positive and for 
 < 1 it is negative.In the 
ase of 
 = 1, the logarithmi
 term vanishes and stability is ensured by the



13leading term in (2.42). It is remarkable to note that, getting both a 
riti
al value
 = 1 and then a leading order 
orre
tion with suitable sign is very non-trivial, whi
his di
tated by the quantum dynami
s of strings. To sum up, in a totally 
ompa
t spa
ethe thermodynami
s of 
losed strings is well de�ned in the mi
ro
anoni
al approa
h.2.3. Open StringsIn 
losed string theories, D-branes are extended obje
ts on whi
h open strings
an end. In this subse
tion we study thermodynami
s of open strings atta
hed toN parallel dN dimensional D-branes in a totally 
ompa
t toroidal spa
e in the weakstring 
oupling. The brane dire
tions are 
alled Neumann and the transverse dire
tionsare 
alled Diri
hlet, whi
h are labeled by the indi
es i = 1; :::dN and i0 = 1; :::dD,respe
tively, where dN + dD = 9 (see �gure 2.1). An open string in this ba
kgroundis labeled by quantum numbers mi, wi0 , n, where mi is the momentum and wi0 is thewinding numbers and n is the os
illator level. In addition, two Chan-Paton fa
torsshould be spe
i�ed indi
ating on whi
h D-branes the two ends of the open string areatta
hed. Note that there are dN momentum numbers and dD winding numbers inthe system, namely there is no momentum mode along Diri
hlet and no winding modealong Neumann dire
tions. T-duality 
an be used to make all radii larger than theT-selfdual radius R = p�0. In this subse
tion we use string units and set �0 = 1, thuswe take RN ; RD � 1: (2.45)The energy of the single open string is given by [14℄E2 =Xi m2iR2i +Xi0 w2i0R2i0 + n; (2.46)where Ri and Ri0 are the 
orresponding Neumann and Diri
hlet radii.For open strings atta
hed to the parallel D-branes, the level-density with a par-
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Figure 2.1. Parallel D-branes in a 
ompa
t spa
e and open strings atta
hed to them.ti
ular value of the os
illator level is given by [14℄d(n) �= n�11=4e�Hpn; (2.47)where �H = 2p2� (2.48)is the Hagedorn temperature for open strings. The degenera
y fun
tion !(E), whi
h
ounts the number of states with energy E 
an be written as!(E) =Xn Xmi Xwi0 Æ 24E �vuutXi m2iR2i +Xi0 w2i0R2i0 + n35 d(n)N 2: (2.49)The N 2 term arises from the 
ombinatori
s of the Chan-Paton fa
tors, i.e. the numberof ways of atta
hing the ends of the strings to D-branes. We would like to evaluate(2.49) for E � 1 in an asymptoti
 series. As in 
losed string 
al
ulation, we �rstrepla
e sum over n by an integral and use the delta fun
tion to obtain!(E) =Xmi Xwi0 2N 2E d(n); (2.50)where n = n(E) is now seen as a fun
tion of E. Using the degenera
y expression (2.47)in (2.50) to get the asymptoti
 behavior, one obtains!(E)dE �Xmi Xwi0 N 2E(�9)=2e�Hpn(E)dE: (2.51)



15As before using (2.46) we expand n(E) around n(E) = E2 aspn(E) = E �Xi m2i2ER2i �Xi0 w2i0R2i02E + � � � : (2.52)and plug this into (2.51).To pro
eed, we would like to approximate the summations over mi and wi0 byGaussian integrals. This 
an be done ifR2i � 1=E ; R2i0 � E : (2.53)The �rst 
ondition is satis�ed trivially sin
e E � 1 and thus sum over mi 
an be
onverted to an integral. If the se
ond 
ondition R2i0 � E is also satis�ed, wi0 sum 
analso be 
onverted to an integral. Otherwise, for R2i0 � E, one should keep only wi0 = 0term. Therefore, given a radius R0 along a Diri
hlet dire
tion, there is a thresholdenergy E0 = R20 su
h that above this energy thermal strings are energeti
 enough towind around Diri
hlet dire
tions.In the following we take Neumann and Diri
hlet dire
tion to have 
ommon re-spe
tive values, Ri = RN and Ri0 = RD. In the light of the above 
omments, the singlestring density of states in di�erent energy limits 
an be 
al
ulated as!(E) = 8><>:fe�HE E � R2D;f(E=E0)�dD=2e�HE E � R2D; (2.54)where f is de�ned as f = VNVDN 2; (2.55)VN = (RN )dN and VD = (RD)dD are the volumes of the spatial Neumann and Diri
hletdire
tions. As dis
ussed in [14℄, for E � 1, it is possible to rewrite !(E) as a summation



16over a quantum number l as !(E) = fe�HEXl gle� l2ER2D (2.56)where gl is a degenera
y fa
tor given by gl �= 2V ol(SdD�1)ldD�1 for l � 1. One 
ansee the equivalen
e of (2.54) and (2.56) by noting that the summation over l only the�rst term l = 0 
ontributes for E � R2D. However, for E � R2D we 
an repla
e thesum with a Gaussian integral. As for 
losed strings, one 
an de�ne the small and largeradius regimes for E � R2D and E � R2D respe
tively.In the following we 
onsider the small radius regime and take!(E) = fe�HE: (2.57)Let 
N(E) to denote the multi-string density of states with N open strings atta
hedto parallel D-branes. As before 
N (E) 
an be written as
N(E) = 1N ! NYi=1 Z E0 !(Ei) dEi Æ "(Xi Ei)� E# : (2.58)Using the integral representation of the delta fun
tion, (2.58) 
an be transformed into
N (E) = 12�EN ! Z 1�1 d�e�i� �Z E0 d� !(�)ei��N : (2.59)To �nd the total density of states 
(E) =PN 
N (E), we de�ne a fun
tion F (�)F (�) = Z E0 d� !(�)ei��=E: (2.60)and thus the sum over N 
an be performed to get
(E) = 12�E Z 1�1 d� e�i�eF (�): (2.61)



17By putting !(E) = fe�HE into (2.60) one obtainsF (�) = fE ei�+E�H � 1i� + E�H : (2.62)F (�) is a regular fun
tion in the 
omplex �-plane whi
h vanishes as �! �1 and 
anbe written as the sum of two singular fun
tions F (�) = F1(�) + F2(�), whereF1 = fE ei�+�HEi� + �HE ; F2 = fE �1i� + �HE : (2.63)Sin
e F (�) is an analyti
 fun
tion in the 
omplex �-plane we 
an deform the integral
ontour near the origin by extending it through the imaginary axis to 
ir
le around thepoint iE�0 (see �gure 2.2). We see that in the expansion of exp(F1) in powers of F1only �rst term 
ontributes to the integral along the deformed 
ontour. By ex
ludingthe poles F1 and F2, to evaluate the �rst term the 
ontour 
an be 
losed from aboveand the integral along semi-
ir
le at in�nity vanishes. Therefore we have
(E) �= 
0(E) = 12�E I d� exp� �fEi� + E�H� e�i�: (2.64)Closing the 
ontour below, sin
e there is no 
ontribution 
oming from lower semi-
ir
lethe integral equals to the residue at � = iE�H . We expand the �rst exponential andevaluate the residue at � = iE�H term by term giving
(E) �= e�HEXk (fE)kk!(k � 1)! 1E =r fE exp(�HE)I1(2pfE) (2.65)�= f 1=4E3=4 exp��HE + 2pfE� ; E � 1; (2.66)where I1 is the modi�ed Bessel fun
tion of �rst kind. Using (2.65) we �nd the entropyof the system as S �= �HE + 2pfE: (2.67)
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Figure 2.2. The deformed integration 
ontour C.The temperature is then given by1T = � = dSdE = �H +r fE : (2.68)Sin
e d�=dE is negative, stability of the system is ensured. As for 
losed strings T isalways smaller than the open string Hagedorn temperature TH .



193. Dilaton Gravity Equations
In general relativity Einstein's equations are used to determine the 
urvature ofspa
etime in the presen
e of a sour
e 
hara
terized by an energy-momentum tensor.They 
an be written as R�� � 12Rg�� = T�� ; (3.1)where g�� is the metri
 tensor, R�� is the Ri

i 
urvature tensor, R is the s
alar 
urva-ture and T�� is the the energy-momentum tensor. The energy-momentum 
onservationr�T �� = 0 (3.2)is a
hieved by the 
ontra
ted Bian
hi identityr�R�� = 12r�R: (3.3)
In string theory, there is a s
alar �eld � 
alled dilaton that non-minimally 
ouplesto metri
. Dilaton is a fundamental �eld in string theory. For instan
e, the 
losed string
oupling 
onstant gs, whi
h determines the strength of 
losed string intera
tions, is �xedby dilaton as gs = e2�. We �rst write down the sour
e free dilaton-gravity equationswhi
h 
an be derived from the low-energy e�e
tive a
tionS = Z d10xp�g e�2� �R + 4(r�)2� : (3.4)From varying this a
tion, the �eld equations 
an be found asR�� + 2r�r�� = 0; (3.5)R + 4r2�� 4(r�)2 = 0: (3.6)



20We would like to 
ouple a 
onserved energy-momentum tensor for a gas of stringsto the dilaton gravity ba
kground. The equations of motion for a gas of windingD-branes 
oupled to dilaton are obtained in [15℄. As in that dis
ussion, our aim isto determine the dilaton-gravity equations, this time for open strings atta
hed to D-branes (we ignore ba
k-rea
tion of D branes on the geometry). The 
oupling of openstrings to gravity is inversely proportional to the open string 
oupling 
onstant e�. Wetherefore add a matter term to the a
tion (3.4) in the following wayS = Z d10xp�g �e�2�(R + 4(r�)2) + e��L0� ; (3.7)where L0 is the e�e
tive Lagrangian for open strings. Varying this a
tion with respe
tto g�� one obtainsR�� + 2r�r��� 12 �R + 4r2�� 4(r�)2� g�� = e� T�� (3.8)where T�� is the energy momentum tensorT�� = � 1p�g ��g�� �p�g L0� : (3.9)On the other hand, variation with respe
t to � givesR + 4r2�� 4(r�)2 + 12L0e� = 0; (3.10)As dis
ussed in [15℄, the form of L0 
an be determined from the Bian
hi identity andenergy-momentum 
onservation r�T �� = 0. Taking the divergen
e of (3.8) with r�,we �nd (r��)L0 = T��r��: (3.11)



21In a 
osmologi
al setting, one usually assumes� = �(t); gti = 0; Tti = 0; (3.12)where t is the time 
oordinate and i labels a spatial dire
tion. Thus from (3.11) it 
anbe seen that L0 = Ttt gtt = ��; (3.13)whi
h L0 is pre
isely the Lagrangian for hydrodynami
al matter [16℄. Therefore, the�eld equations are given by (3.8) and (3.10) where L0 = ��.We take the metri
 for this system asds2 = �dt2 + e2B(t)(d~x)2 + e2C(t)(d~y)2; (3.14)where the radii of the Neumann and Diri
hlet dire
tions are de�ned asRN = eB; RD = eC : (3.15)The energy-momentum tensor is assumed as T�� = diag(�; pN ; pD). The equations(3.8) and (3.10) then imply (see the appendix)�B = �K _B + e�pN + 12e��; (3.16)�C = �K _C + e�pD + 12e��; (3.17)�� = �K _�� �3� dN � dD4 � e�� + �dNpN + dDpD2 � e�; (3.18)K2 = dN _B2 + dD _C2 + 2e��; (3.19)



22where K = dN _B + dD _C � 2 _�: (3.20)
We derive the energy-momentum tensor from the entropy of this system obtainedin the previous se
tion. For a given S(E; VN ; VD) the temperature and the pressuresare found as 1T = �S�E ; PN = TVN �S�VN ; PD = TVD �S�VD : (3.21)The variables E, PN and PD are related to the densities in (3.16)-(3.19) as� = EV ; pN = PNV ; pD = PDV (3.22)where V = VNVD. Assuming adiabati
ity of the 
osmi
 evolution, i.e. dS = 0, implies_E + dN _BPN + dD _CPD = 0; (3.23)whi
h is equivalent to 
onversation of energy-momentum tensor r�T �� = 0. Using thethermodynami
al relationships given by (3.22), (2.67) implies1T = �H +r fE ; PN = TpfE; PD = �TpfE: (3.24)
We 
an obtain an approximate solution of above equations as follows. In the smallradius regime, f is of order unity f � O(1), so temperature is approximately equal tothe Hagedorn temperature 1=T � �H and 
an be taken 
onstant. Also by looking atthe right-hand side of (3.16)-(3.18) one 
an see that pressures 
an be ignored 
omparedto energy. We assume that the universe starts out at the string radii B(0) = C(0) = 0and �(0) = �0. Ignoring the pressures we 
an then set B = C. Moreover adiabati
ity



23implies E = 
onstant. De�ning a 
onformal time �, the system for B and � 
an berewritten as B00 = 12Ee9B�3� (3.25)�00 = 32Ee9B�3� (3.26)72B02 + 4�02 � 36B0�0 = 2Ee9B�2�; (3.27)where e9B�2�d� = dt; (3.28)and prime denotes derivative with respe
t to �.From (3.25) and (3.26) one sees� = 3B + 
� + �0 (3.29)whi
h 
an be used to get a single se
ond order di�erential equation for B. SettingB(0) = 0 and 
hoosing � = 0 we �ndB = � �e3
� � 1�� 
3�; (3.30)� = 3� �e3
� � 1�� 2
� + �0; (3.31)where 
2 = E18�e�3�0 (3.32)and � is a free positive 
onstant. This last 
ondition follows from (3.27). The Hubbleparameter whi
h is the rate of expansion 
an be determined asH = _B = e�9B+2�B0 = 
 exp ��3�(e3
� � 1)� 
� + 2�0� �3�e3
� � 1=3� : (3.33)
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Figure 3.1. The plots of R = eB, H and � for � = 1=9. We take 
 = 1 in the graphs.Also note the initial Hubble rateH0 = 
 e2�0 [3�� 1=3℄ : (3.34)From (3.33) it 
an be seen that for � � 1=9 the dimensions 
ontinuously expand wherethe expansion speed initially vanishes for � = 1=9. For � < 1=9, the initial speed isnegative giving a period of 
ontra
tion whi
h later turns into an ongoing expansion.The plots of the fun
tions exp(B); � and H for � = 1=9 are given in �gure 3.1.In [17℄ we 
he
ked whether the assumption of thermal equilibrium 
an be justi�edin this ba
kground. This is a known problem for 
losed strings and it is 
ru
ial to 
he
kif the problem persists for open strings. For thermal equilibrium to be maintained onerequires � > H, where � is the intera
tion rate. We found in [17℄ that even one 
aninitially �ne tune 
onstants su
h that � < H (re
all that in the above solution H = 0for � = 1=9), in time H in
reases and be
omes greater than �. Therefore, maintainingthermal equilibrium is not possible for open strings as in 
losed strings.



254. CONCLUSIONS
In this thesis, we review the thermodynami
s of 
losed strings and open stringsatta
hed toD-branes and determine the 
orresponding dilaton-gravity solution for openstrings. In the �rst se
tion of 
hapter II, by 
onsidering a system in the mi
ro
anoni
aland 
anoni
al ensembles, we see that these des
riptions are equivalent for ordinarysystems like an ideal gas. However, for a system having exponential degenera
y, thereis a limiting temperature above whi
h the partition fun
tion diverges and 
anoni
aldes
ription breaks down. In the following two se
tions we show that both 
losed andopen strings have this exponential degenera
y and thus mi
ro
anoni
al ensemble shouldbe used to des
ribe them. We �rst obtain the single string density of states and 
on
ludethe se
ond se
tion with the 
al
ulation of total degenera
y in a totally 
ompa
t spa
e.Moreover, by 
al
ulating the entropy we see that the maximum physi
ally allowedtemperature is the Hagedorn temperature and the stability of the system is ensured.In the last se
tion, we obtain the single and total density of states for open stringsatta
hed to D-branes. As for 
losed strings, we see that temperature is always smallerthan the Hagedorn temperatue and the system is stable.In 
hapter III, we �rst obtain the dilaton-gravity equations sour
ed by openstrings atta
hed to D-branes. Then, we use the thermodynami
al properties of openstrings on D-brane ba
kgrounds to 
al
ulate the energy-momentum tensor. It turnsout that for large energies the temperature be
omes nearly equal to the Hagedorntemperature and 
an be taken as a 
onstant. Moreover, we see that pressures 
anbe ignored in �eld equations 
ompared to energy. We therefore rewrite and solvethe �eld equations by ignoring the presures and de�ning a 
onformal time. Thesesolutions tell us about the expansion of spa
e. As dis
ussed in [17℄ although the initial
onditions are �nely tuned to ful�ll thermal equilibrium, in time the expansion ratebe
omes larger than the intera
tion rate. This was a known problem for 
losed strings[18℄, [19℄. Although open strings have a di�erent dilaton 
oupling to gravity and theyhave di�erent thermal properties, we observe that the same problem persists for them.However, the existen
e of suitable initial 
onditions 
onsistent with thermal equilibrium



26shows that the 
osmology of open string gases may di�er substantially from that of
losed strings.



27APPENDIX A: DERIVATION OF FIELD EQUATIONS
In this appendix we give an expli
it derivation of the equations (3.16)-(3.19).Firstly, 
onsider a metri
 of the form (in this appendix we are not using the Einsteinsummation 
onvention) ds2 = �dt2 +Xk e2Bk(t)dx2k: (A.1)The non-zero Christo�el symbols for (A.1) are�tkl = _Bke2BkÆkl; �klt = _BkÆkl: (A.2)where dot denotes derivative with respe
t to t. By 
omputing all 
omponents of theRiemann tensor, one 
an obtain the Ri

i tensor asRtt = �Xk � �Bk � _Bk2� ; (A.3)Rkl = �Bke2BkÆkl + _Bk Xm _Bm! e2BkÆkl: (A.4)The Ri

i s
alar 
an be foundR =Xk  �Bk + _Bk2 + _BkXl _Bl! : (A.5)
Assuming that � = �(t) and T�� = diag(�; pk), the �eld equations (3.8) and(3.10) 
an be rewritten asRtt = 12e��� 2�� (A.6)Rkl = 12e2BkÆkle��+ e�e2BkpkÆkl + 2 _Bke2Bk _�Ækl: (A.7)



28Using (A.3) and (A.4) in (A.6) and (A.7) and taking linear 
ombinations to simplifythe expressions we get�Bk = � _BkXk _Bk + 2 _Bk _�+ e��+ 12e��; (A.8)�� = � _�Xk _Bk + 2 _�2 � 34e��+ 12 ��2 + pk� e�Ækl; (A.9)K2 =Xk _Bk2 + 2e��; (A.10)where K =Xk _Bk � 2 _�: (A.11)
In our 
ase, from (3.14) we haveBk(t) = 8><>:B(t) for k = 1; :::; dN ;C(t) for k = 1; :::; dD: (A.12)Similarly momentum pk is de
omposed aspk = 8><>:pN for k = 1; :::; dN ;pD for k = 1; :::; dD: (A.13)Putting the 
orresponding values of Bk and pk into the equations (A.8), (A.9), (A.10)and (A.11) we obtain�B = �K _B + e�pN + 12e��; (A.14)�C = �K _C + e�pD + 12e��; (A.15)�� = �K _�� �3� dN � dD4 � e��+ �dNpN + dDpD2 � e� (A.16)K2 = dN _B2 + dD _C2 + 2e��: (A.17)



29where K = dN _B + dD _C � 2 _�: (A.18)
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