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ABSTRACT

A RAMOND-NEVU-SCHWARZ STRING WITH ONE END
FIXED

We study an open string with one end free and the other fixed on a D0-brane
as a qualitative guide to the spectrum of hadrons containing one very heavy quark.
We first consider the bosonic degrees of freedom, then introduce the fermionic degrees
of freedom through the world sheet supersymmetry. The mixed boundary conditions
break half of the world sheet supersymmetry and allow only odd-moded « and even-
moded d oscillators in the Ramond sector, while the Neveu-Schwarz oscillators b’s
become odd-integer moded. Boson-fermion masses can still be matched if space-time
is 9 dimensional; thus SO(8) triality still plays a role in the spectrum, although full
space-time supersymmetry does not survive. We quantize the system in a temporal-like
gauge where X° ~ 7. Although the gauge choice eliminates negative-norm states at
the outset, there are still even-moded Virasoro and even(odd) moded super-Virasoro
constraints to be imposed in the NS(R) sectors. The Casimir energy is now positive in
both sectors; there are no tachyons. States for o/ M? < 13/4 are explicitly constructed
and found to be organized into SO(8) irreps by (super)constraints, which include a
novel “y/Ly” operator in the NS and I'° #+ I in the R sectors. GSO projections are not
allowed. The pre-constraint states above the ground state have matching multiplicities,
indicating spacetime supersymmetry is broken by the (super)constraints. A distinctive
physical feature of the system is a slope t'.wice that ofl the open RNS string. When
both ends are fixed, all leading and subleading trajectories are eliminated, resulting in

a spectrum qualitatively similar to the J/v and T particles.



OZET

BIiR UCU BAGLI RAMOND-NEVEU-SCHWARZ Sicimi

Bir agir quark igeren hadron spektrumunu incelemek ve spektrum hakkinda bazi
kalitatif ipuglar elde edebilmek amaciyla bir ucu DO-bran iizerinde sabit duran diger
ucu ise serbestce hareket edebilen bir Ramond-Neveu-Schwarz (RNS) sicimi ¢ahgild.
Uygulanan smir kogullar: nedeniyle slipersimetrinin yarisinin elenmesine ragmen eger
uzay-zamamn boyutu D = 9 alinirsa, bozon-fermiyon kiitlelerinin esitlenebildigi gorii-
lebiliv. D = 9 alndigi zaman meydana gelen bu dumm SO(8) gurubunun ‘trial-
ity’ ozelliginin spektrumda rol oynadigimi gosterir. Sistem X° ~ 7 geklinde segilen
bir ayarda kuantize edildi. Sinir kogullar: ve ayar sarti uygulandiktan sonra Ramond
sektoriinde sadece tek-tamsayr a ve ¢ift-tamsayr d modlar: kalirken Neveu-Schwarz
b modlari tek-tamsayr modlara doniigtii. Ayar se¢imi negatif-norm durumlar: elese
de, fiziksel olmayan bagka durumlan yok etmek igin ¢ift-tamsay: modlu Virasoro ve
¢ift(tek)-tamsay1 modlu siiper-Virasoro sartlart NS(R) sektorleri lizerinde uygulanda.
Casimir enerjisinin her iki sektor iginde pozitif oldugu ve her iki sektorde de takyon
olmadig1 gosterildi. o/ M? < 13/4 durumlari agikca yazildi ve bunlarin (stiper)Virasoro
sartlart uygulandigy takdirde SO(8) gurubunun temsillerini olugturacak sekilde orga-
nize olduklar gosterildi. Virasoro sartlart NS sektoriinde orjinal “v/Lo” operatorii ve
R sektoriinde de I'° 4= I operatoriinii igrmektedir. GSO projeksiyonu gibi herhangi bir
ilave sarta gerek kalmamugtir. Sistemin ayirt edici fiziksel ozelligi Regge egiminin stan-
dart agik siciminkinin iki kati olmasidir. Her iki ucun da sabit tutulmas: durumunda
ise biitiin trajektoriler kaybolur ve spektrum kalitatif olarak J/1 ve YT pargciklarinin

spektrumuna henzer.
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1. INTRODUCTION

Before its reincarnation as a candidate for a fundamental Theory of Everything,
String Theory was originally discovered [1, 2, 3] while trying to account for observed
properties of hadron dynamics, and it was indeed qualitatively successful in reproduc-
ing features of hadron physics such as linear Regge trajectories for mesons, amplitudes
with Dolen-Horn-Schmid duality [4], and desired high s and ¢ behaviors [5]. The pre-
dictive power of the model was further increased by combining strings with the Quark
model. In this picture, the nearly-massless up and down quarks and antiquarks were in-
corporated into the stringy description by being placed at open string endpoints, where
Neumann boundary conditions ensured their moving at the speed of light. Further-
more, Harari-Rosner diagrams [6, 7] were useful for keeping track of internal quantum
numbers and visualizing duality between Regge pole exchanges and resonances in the

s-channel.

There was an obvious need to find an extension of the string model that could
encompass baryons, which had masses similar to those of the mesons (except for the
very light pion), and also lay on Regge trajectories with approximately the same slope.
These similarities suggested a new kind of symmetry (albeit partially broken, in view
of the non-vanishing mass differences) between bosons and fermions, and string model

featuring such a symmetry were constructed by Ramond [8] and Neveu-Schwarz [9].

This line of research was abandoned upon the almost simultaneous realization
that the microscopic theory of strong interactions had to be based on an unbroken
Yang-Mills theory and that the string theory had a number of serious drawbacks: The
spectrum had negative norm states and these decoupled from the theory if the space-
time was 26-dimensional for bosonic string theory and 10-dimensional for Ramond-
Neveu-Schwarz (RNS) model. Furthermore, the dual resonance models failed to explain
the observed parton-like structure of hadrons; namely, the scaling property of high
energy amplitudes for fixed s/t as s,t — co. In 1974, Scherk and Schwarz [10] proposed

a radical reinterpretation of string theory by suggesting that the superstring theory



should be elevated to the status of a promising candidate for describing quantum
gravity and other fundamental physical phenomena. The basic motivation behind this
proposal was the existence of a massless spin-two state in the closed string spectrum,
with couplings expected of a graviton. With this radical change, the length scale of the
theory was changed from 107!* ¢m, which is the typical length of the string combining
two quarks, to 1073 ¢m, which is the characteristic length scale of any quantum gravity
theory. The partial success of strings in modelling hadrons was attributed to gluons

forming string-like flux tubes between quarks.

It may be instructive to return to aforementioned oldest use of string theory as
a phenomenological guide for the study of new generations of baryons and mesons
containing at least one heavy (of the top, bottom or charmed variety) and one light
quark. In an earlier work [11] such mesons were modelled as excitations of an open
string with one end fixed on a D0-brane and the other end free. This gave rise to
testable predictions such as a restriction to odd oscillator modes and a doubled Regge
slope. Whether the description is of any merit will become apparent when higher spin
excitations of heavy quark bearing mesons are found and studied. Strings with mixed

boundary conditions have also been considered in [12, 13, 14, 15].

In this thesis, we examine the bosonic string with one end ﬁxed [11] and the
Ramond-Neveu-Schwarz version of it [16]. Our main motivation and hope is that this
may provide qualitative hints about the spectrum of baryon and mesons with a single
c, b, or a t quark, although we, of course, do not expect it to provide a heavy-hadron
model that is realistic in all its details. Apart from its possible phenomenological
usefulness, the system is also of some intrinsic string-theoretic interest in a number of
respects. One of these is that the system we are studying can be thought of as an open
string viewed from a frame where its mid-point is at rest if one disregards one half of the
string. Exactly the same “half a Neumann-Neumann string” picture with even modes
in the Ramond and odd modes in the Neveu-Schwarz sector is encountered in String
Field Theory [17], where the interaction of two strings is affected by joining them up
to mid-point and leaving the other halves free. Another point of interest is the use of

- a gauge halfway between the light-cone and the old covariant treatments. This gauge



suggests itself in the mixed Neumann-Dirichlet string. The old covariant method of
quantization of the even the standard bosonic string and its world sheet supersymmetry
added version, or RNS version shortly, is described only very sketchily in standard
reference works such as [18, 19, 20]; the detailed implementation of the constraints
peculiar to our problem and the subsequent emergence of the physical spectrum turns
out to be surprisingly intricate. Another interesting feature is the partial breaking of
world sheet supersymmetry through the mixed boundary conditions and the way this

is manifested in the space-time picture.

The plan and some of the main results of the thesis are as follows: In Chapter
2, an open bosonic string is introduced and the Neumann-Dirichlet (ND) boundary
conditions are applied in a natural adaptation of the light-cone gauge of the Neumann-
Neumann (NN) string. This leads to what might be called a “rest-frame gauge”. The
ND conditions allow only odd oscillator modes, which are then canonically quantized.
The world sheet energy-momentum tensor is given; the Virasoro generators and their
algebra are worked out. The normal ordering constant of Lg is calculated. For the
bosonic ND string, there is no tachyon in the spectrum and no critical space-time
dimension. The asymptotic density of states are calculated using a modified version
of the Hardy-Ramanujan analysis for the open string. In Chapter 3, the locally su-
persymmetric generalization of the Polyakov action is introduced and it is shown that
how this more general action is simplified in the superconformal gauge and leads to
super-constraints. Mode expansions are introduced and the result of reconciliation of
the rest-frame gauge with supersymmetry transformations and the effect of boundary
conditions on such expansions are worked out. Virasoro and super-Virasoro constraints
in the Neveu-Schwarz (NS) and Ramond (R) sectors are considered. Some of the new
features that emerge include the limitation of the Virasoro algebra to even modes,
while the modes of the R- and NS-super- constraints can only be odd and even re-
spectively. Then low-lying spectra of both sectors are listed. The organization and
projection of physical states into specific SO(D — 1) irreducible representations via,
the constraints involves novelties such as a NS-constraint that may be regarded as a
“hosonic sector square-root of Lo” and a R-constraint which is a truncated form of

the usual Ramond-Dirac operator Fy. The spectrum does not exhibit full space-time



supersymmetry, but it is at least possible to match the masses of bosons and fermions
if D — 1 = 8, which means aspects of SO(8) triality are still reflected in the states.
Because of changes in the modes and their Casimir energies both the Neveu-Schwarz
and Ramond ground states become massive. Both the absence of purely transverse
states and a space-time dimension less than 10 are features of consistent string theo-
ries in subcritical dimensions. For higher states, we present a level multiplicity formula
which counts the number of states before the constraints are imposed. Remarkably, the
number of unconstrained bosonic and fermionic states (except for the bosonic ground
state) are equal up to all the levels we have calculated. This indicates that the partial
breaking of world sheet supersymmetry through mixed boundary conditions is reflected
in the space-time picture in a surprisingly indirect way through the superconstraints.

The thesis ends with concluding remarks in Chapter 4.



2. AN OPEN BOSONIC STRING WITH ONE END FIXED

2.1. A Brief Review of Open Bosonic String

A string is a one-dimensional object and correspondingly there are two possible
topologies for a string: open and closed. In this thesis, only open strings will be
considered. As the string moves in D-dimensional space-time, it sweeps out a two-
dimensional surface called “world sheet” which is the two-dimensional analog of the one-
dimensional world line of a point particle. This world sheet is described mathematically
by specifying the position vector of the string in space-time denoted by X*(o,7),
(0= 0,1,...,D — 1), where ¢ and 7 are two coordinates parameterizing the world

sheet.

In analogy to the point particle case, where the action is proportional to the
length of the world line traced out by point particle, the natural generalization for the

string action would be a quantity which is proportional to the area of the world sheet

S = —'12: /dO' dr \/ —dethaﬁ h/aﬁ Umy 8aXll' aﬁXU (2]‘)

where T is the string tension, h®? is the inverse of the world sheet metric and 7, is
the metric of D-dimensional Minkowski space-time with —ngy = 7;; = +1, and indices

are o, =1,2andi=1,2,...,D—1

This action has some local symmetries regardless of the choice of background.

These are the two-dimensional coordinate invariance, often called diffeomorphism in-

variance,

SX" = £*0,X*,
SheP = £18,hP — 8,6* WP — 8,87 b,
S(vh) = B.(£*Vh), (2.2)



and Weyl scaling
6h® = Ah%P, (2.3)
where £ and A are arbitrary infinitesimal functions of the world sheet coordinates o®.

Furthermore, there are also global symmetries from the point of view of the two-
dimensional theory. They reflect the symmetries of the background. For flat Minkowski

space, this global symmetry is the D-dimensional Poincaré invariance, and described

by

0Xt = Wt XY +a¥,

6h*? = 0, (2.4)
where w,,, = —w,,. It should be emphasized that the parameters a* and w,, are not

functions of the world sheet coordinates ¢®; that is why these are called the global sym-
metries from the viewpoint of the world sheet theory. There are also conserved currents
associated with these symmetries and using the well-known Noether procedure, one can

derive these currents. Invariance under translations gives the energy-momentum cur-

rent
Pt =T d,X" (2.5)

while the invariance under the Lorentz transformations gives the angular momentum

current
JI = T (XF 5, XY — XV 0 XM). (2.6)

The currents derived in this way are always conserved provided that the equations of



motion are obeyed:
O PO = 0, J* = (. (2.7)

Using the local symmetries of the action (two diffeomorphisms and one Weyl scaling),
three independent components of hag can be fixed such that hag = 745. This is called
the ‘conformal gauge’ and in this gauge the action, Equation (2.1), reduces to a simple

free field action
— T off 7 v
S = 3 dodr 0 1y, 0,.X* 0 X". (2.8)

Varying this action with respect to X*, taking X* = 0 at 7 = *oo as usual and
applying integration by parts, one gets

o

Omax [ee]
68 = T/ dor/ dr (02 — 02)X* 86X, — T/ dr (0, X") 6X,. |5, (2.9)
0 —00 —co
where the range of the ¢ coordinate has taken to be [0, 0naz] and opmg, has not been
specified yet! This variation of the action must be equal to zero in accordance with
the principle of stationary action. As a result, the bulk term which is the first term in

the above variation gives the equation of motion for X*

or 0P

VIXE = (

which is simply the two-dimensional free wave equation. For open strings, Equation

(2.10) is necessary but not sufficient to ensure that §S = 0 under the general variation
XH*— XH46XH

The surface term in Equation (2.9) must also be zero and this leads to the possible

open string boundary conditions which will be considered in detail in the next section.

The wave equation, Equation (2.10), is derived from the gauge fixed form of a



more general action. Thus, it must be supplemented by certain subsidiary conditions
called “constraints” resulting from the gauge fixed equation of motion for the world
sheet metric. This is basically due to the fact that these constraints make sure that
the gauge fixing is valid at all times. Before fixing the gauge, the variation of the
action, Equation (2.1), with respect to A%’ gives the energy-momentum tensor of the

two-dimensional world sheet theory

2 68 T

A/ —dethaﬁ 5]7/&5 - —2_ (

Tos(0,7) = — Do X* 85X, — %naﬁ B,XPOTX,) = 0. (2.11)

The field equation 6;51—5{; corresponding to the requirement T,3 = 0 must now be imposed

as a constraint on the solutions of Equation (2.10).

Since Typ is a symmetric tensor, there are three constraints corresponding to the
three gauge degrees of freedom that have been fixed. However, at the classical level T,
is traceless associated with the Weyl invariance which means that one of the constraints
is trivially satisfied and there are only two nontrivial constraints. It is conventional

to go to the world sheet light-cone coordinates % = 7 4= ¢ in which the constraints

become

T

Tes = 50, XM0,X,=0, (2.12)
T = %a-x# 0_X, =0, (2.13)
T, = Ty_=0 (2.14)

2.2. Boundary Conditions and the Mode Expansions

To see the possible boundary conditions for open strings, one must consider the

surface term in Equation (2.9) in detail:

(85 X*) 6X,, |7=gma= 0. (2.15)
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This term is not automatically zero but can be made to vanish by proper choices of

boundary conditions along o direction. There are two types of boundary conditions:

The first type is
O X' =0 (2.16)

separately at both ¢ = 0 and ¢ = 0,,,,. These are called the “Neumann boundary

conditions” and they prevent momentum from flowing off the ends of the string.
The second type is
6X, =0 (2.17)
at both ¢ = 0 and 0 = 0,y,,,. These are the “Dirichlet boundary conditions”.

Obviously, for open bosonic strings the same/different boundary conditions may
be imposed on two ends and this leads to four different choices: Neumann-Neumann
(NN), Neumann- Dirichlet (ND), Dirichlet-Neumann (DN), Dirichlet-Dirichlet (DD)
bundary conditions. Of the four choices, the only consistent one with the D-dimensional
Poincaré invariance is the NN boundary condition and in this case the end points of
the open string move freely in space-time with the speed of light. On the other hand,
if we relax the condition of Poincaré invariance, then the Dirichlet boundary condition
can also be used. This type of boundary condition specifies the positions of the end
points of the string in space-time and the only way this makes sense is if the open

string ends on a physical object: a D-brane’ .

Remembering the original motivation for the string theories in retrospect, one

1D stands for Dirichlet. D-branes are dynamical objects on which the open string endpoints are
restricted to lie on. Their existence can be seen, in compactification procedure, by studying the R — 0
limit of open string theory, where the different behaviours of open and closed strings le'za,d to a seeming
paradox. Furthermore, from the study of this limit one can argue that, on perturbat.lve grounds, the
usual Type I, IIA, IIB superstring theories are different states in a single theory, which also contains

states with arbitrary configurations of D-branes.
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can ask the following question: Is it possible to describe, in string theory language,
a qualitative model for the excited states of mesons consisting of one very heavy
quark/antiquark (of the Charmed, Bottom) and one very light antiquark/quark (Up
or Down) in terms of a string with one end fixed and one end free? This question can
be answered in the affirmative. Indeed, this model may be approximately described
by using the Dirichlet boundary condition (placing the infinitely heavy quark at the
origin of space coordinate system, for example) at one end and Neumann boundary
condition at the other end. The resulting system will be referred to as the Neumann-
Dirichlet, or ND string [11]. This model has, apart from being a guide to some expected
properties of mesons with one very heavy quark or antiquark, also some novel string
theoretic aspects and our emphasis will be more on this aspect because the data on

Regge recurrences of such mesons is not available at this stage.

The general solution of the two-dimensional wave equation, Equation (2.10), can

be Fourier expanded as

14 1 , i
XMo,7) =zt + Pt T+ Zi Z - (at e7T=0) 4 Gt g ilTHo)y (2.18)
n#0
where ¢ is a fundamental length introduced to ensure the correct dimension for XH
and o describe the Fourier components of the right-moving solutions of the wave
equation and & those of the left-moving solutions. They are interpreted as oscillator

coordinates. Furthermore, the relation between the fundamental length ¢ and the string
tension T' is

1

= Omaz]

The infinitely massive quark can be located at the ¢ = 0 end and this point

can be identified with the origin of space coordinates through the Dirichlet boundary

condition

X*0,7) =0. (2.19)
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This condition, when substituted into Equation (2.18), gives 2! = p* = 0 and o, = —67,,
(¢=1,2,...,D —1). In modern parlance, this end of the string is confined to a DO0-
brane. Leaving the question of how the X° coordinate can be chosen to the next

section, the Neumann boundary condition
O X (Omaz, T) = 0 (2.20)
can be adopted for the massless end. This leads to
cos(Nopmaz) = 0, (2.21)

and this is satisfied either by taking oy, = 5 and off = 0 for even c-modes or by taking
Omaz = ™ and o = 0 for half-integer c-modes. One may adopt the usual range [0, 7]
for the o coordinate and work with the half-integrally moded oscillator coordinates.
Another reason for preferring the range [0, 5| over the usual [0, 7] is that in the former,
one works with the odd-numbered subset of the original integral modes rather than
introducing an entirely new set of oscillators. Taking this range is also particularly
advantageous in order to compare any result obtained for the bosonic ND string with
that of the NN string. One should also note that for this range the relation between
the fundamental length £ and the string tension T' becomes {p = \/WET whereas the

same relation for the NN string is fyy = 4/ ;r—lf (in the rest of this thesis, {yp is meant

wherever £ is used).

For the [0, §] range, the disappearance of the even c-modes is quite similar to the
same phenomenon in the elementary quantum mechanics problem of a “half-oscillator

potential”, i.e. a well with an infinite barrier at 2 = 0 and a harmonic oscillator

potential V = 2kz” for z > 0.

Thus, imposing the ND boundary conditions on the space components of the



string coordinates results in the expansion

[N}
[N
N
p——

=~/ Z " sin(ro), (2.

r:0dd

and the reality condition, X* = X* yields

W
ot =al

as usual.
2.3. Quantization

For ordinary NN strings, there is still a residual gauge symmetry that remains
after setting hos = 7,p. Using this residual symmetry, one can make further gauge
choices which can be noncovariant and solve the Virasoro constraints. For the NN

string, the quantization method based on the noncovariant choice
Xtory=at+0ptr (2.23)

is called the “light-cone gauge” quantization [21] where X+ = (X°+XP-1)/1/2. What
is done in this quantization method is to identify the 7 coordinate of the world sheet
with one of the light-cone target space coordinates. This amounts to setting o, op-
erators to zero. Then using the constraint equations which are implemented at the
operatorial level, o7 oscillators can be solved in terms of the D — 2 transverse oscilla-
tor modes. This formalism is manifestly free of ghosts, though not manifestly covariant.

The advantage of this method is that it is the shortest way of understanding the ne-

cessity of D = 26 for the bosonic NN string.

There are two types of manifestly covariant quantization methods. The first,

. L . e o ,
called “old covariant quantization”, is based on a description only in terms of X#. In

this method, all components of X* are quantized and this leads to the propagation
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of negative norm states called ‘ghosts™ . They lead to conflict with the probabilistic
interpretation of quantum mechanics and thus must be eliminated from the full Hilbert
space of states. This is achieved by imposing the Virasoro constraints on the states.
These conditions are analogous to the Gupta-Bleuler ’condition in electrodynamics,
in which the classical constraint 9,A* = 0 is replaced by the requirement that the
positive frequency components of the corresponding quantum operator should annihi-
late physical photon states. On the other hand, the modern covariant quantization
approach involves “the Faddeev-Popov ghosts”3 as well as X* and identification of

BRST symmetries and currents.

In the case of ND string, only one end of the string describes a lightlike world line,
while the other is timelike; hence, the full light-cone gauge treatment is inappropriate.
But an analogy with the light-cone treatment of the NN string suggests itself here:
The natural analog of Equation (2.23) is to identify the target space and world sheet

‘times’ via
X%o,7) =1*p°T, (2.24)

which may be called the “rest-frame gauge”. This sets z° = 0 and o = 0; hence, states
with negative norm are discarded at the outset. However, unlike the situation in the
light-cone gauge of the NN string, absence of negative norm states does not mean that
all the states obtained by hitting the ground state with the spacelike oscillators are
automatically physical. The light-cone gauge of the NN string brings the possibility of
solving o oscillators in terms of transverse oscillators but the rest frame gauge, which
does not involve an off-diagonal metric, does not offer a similar possibility. There
are still constraints which must be imposed on all possible states, and only the states
annihilated by these constraints are the final physical ones although some of the states

have been partially pruned by Equation (2.24). Therefore, in a sense, the quantization

2These ghosts should not be confused with the Faddeev-Popov ghosts. .

3The term ‘ghost’ here is not used in the sense that they are states with negative norm and so does
not threaten the unitarity of the theory. The term ghost in the context of Faddeev-Popov method
is used to describe states which are only present in loop diagrams and the kinetic term appearing in

their Lagrangian corresponds to that of bosons.
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method adopted for the ND string is an intermediate approach between the light-cone

and old covariant quantization.

Before proceeding to the quantization, it is essential to determine the Poisson
brackets of the oscillator coordinates. This can be done by noting from Equation (2.8)
that the Poisson brackets of the coordinates X* and the canonical momenta P’ = T X*

at equal 7 are
[PH(0), X(o")]p.p = =6 §(0 — o). (2.25)
Inserting Equation (2.18) into this and using the formula

whor (0 —0') = Z et (2.26)

7:0dd

which may be obtained from the Poisson summation formula (a factor of cos L”—'Z—‘Q

in the denominator of the left hand side is omitted since it becomes unity when the

argument of the delta function vanishes) yield the expected Poisson brackets for the

Fourier components:
[, allpp = i76p45 6%, (2.27)

with r, s odd integers.

In the conventional canonical quantization procedure, the string space coordinates
Xt are interpreted as quantum operators and the first quantization of the string is

achieved by replacing the equal T Poisson brackets by commutators, i.e.

(P, 7), X o', )] = —i §9 6(0 — a'), (2.28)



15

and this results in
0k, 0] = 7 61, 69, (2.29)

where 7, 5 are odd integers. This is a subalgebra of the bosonic NN string Heisenberg

algebra.

It should be noted that the first quantized string theory results in a two-dimensional
second quantized point particle quantum field theory on the world sheet. This is be-
cause the string position and momentum depend on two variables and upon quantiza-

tion they may be viewed as a quantized field of some ordinary point particle theory.

The Hamiltonian of this two-dimensional world sheet theory, with the gauge
choice Equation (2.24), becomes

x

H = /2da(:X“Pm—L:)
0

T 3%
= 3/‘ do (0 0, X" 0, X, : +: 0,X" 0, X, )

= Jo
= g/z do {: 0. X 0. X 4+ 0,X 0, X" : —I* (po)?} (2.30)

0

where the normal ordering have been implicitly applied in order to have a vanishing
vacuum expectation value for the Hamiltonian, i.e. (0|H]0) = 0. The infinite ground
state energy caused by this procedure will be calculated and regularized later. Similarly,
the components of the energy-momentum tensor

1
Tog = 5 (- 0aX" 0, = 5 M 0, X" 07X ) (2.31)

Ml'ﬂ

will become, in the gauge, Equation (2.24),

*\3

Toy = Ti=—{8:X 0,X :+:0,X 8,X" =" (po)’}, (2.32)

Ty, = Tio==(0:X0:X":). (2.33)
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2.4. An Even Virasoro Algebra

The Poincaré invariance of the bosonic NN string is broken down to SO(D — 1)
rotational symmetry about the origin of space since one end of the string is fixed in
the target space. Thus, it may be anticipated that this symmetry breaking will lead to
a Virasoro algebra with special features. In this system, although energy is conserved,
momentum conservation can be no longer expected to hold just as in a mechanical
problem with an infinite mass. This leads us to expect that the modes of the energy-
momentum tensor involving the momentum operator wili be absent. In classical terms,
since the infinitesimal generators of the conformal algebra in two dimensions are in
the form L, = —2""'9,, the generator of translations, the momentum operator, is
L_1 = —0, and it is an odd-moded operator. Therefore, we not only identify the left-
and right-moving oscillators but also exclude the even a-modes and this results in the
elimination of odd Virasoro modes which cannot close upon commutation. It will be

shown below that this actually happens.

To compute the nonzero modes of the world sheet energy-momentum tensor, first

one should write the components in the light-cone coordinates:

Toy = %(Too + To) = %3:{ (0, X" +8,X*)* : —=(17po)}, (2.34)
where
0. X'+ 9, X" =¥l Z ol exp (—im(r £ 0)). (2.35)
m=odd
This implies for 7 =0
(0, X £ 8, XN =1 z z exp (—ima) 1 alal, ;1. (2.36)

m:even s:odd

It should be noted that, being the sum of two odd integers, m is necessarily even. Now
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we can calculate the mode expansions of the constraints Top = 0 for the ND string

s

2 . .
L, = /0 do (™ Tyy +e ™ T__). (2.37)
Obviously T, (o) = T__(~0). Using this property and Equation (2.36), one gets

] A
Ln = do "™ T++. (238)

[1ES

The constraints Tos = 0 of the classical theory must now be imposed on states
by demanding L,, annihilate physical states for n > 0. One must also further note that

the only normal ordering ambiguity arises for L.

Defining off = £p*, one gets

ooy, 1 i i o
Ly = _5(%) + 3 Zd:d top ot +a®, (2.39)
1 .
Ly, = 3 %; tanon (n: even and non-zero) (2.40)
L, =0 (n: odd). (2.41)

where a® is the previously mentioned normal ordering constant.

Obviously the Virasoro operators have their usual form in terms of odd oscillator
modes, hence we may expect that they satisfy the familiar Virasoro algebra, maybe
with a change in the central extension term of the algebra. This term can be most

easily calculated using the following vacuum expectation value

An = <0”Lm,L—m”0> = <O,LmL—m|O>

<O| E O[;in_r Clp g aj—m——s O“/S,J',O>

r,s:0dd

(0] z 0 Qi O Qs 510),

1
4
1
4 r,8:0dd
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where m is of course positive and even integer. The expectation value in the second

line vanishes for s > 0 and for r > m, whereas the expectation value in the third line

vanishes for 7 < 0 and for s < —m, yielding

m—1
OIZ Z oz rQriol —s s5]0)

r=1 s=—m+1

and this gives

D D-1'&
Zrm~r (2.42)

r=1

where all the summations are over odd integers. In obtaining this result, Equation
(2.29) is used successively and the dimension of space D —1 comes from the contraction
of the space components of the metric, i.e. D —1 = n;;m7. The odd integer summation
in Equation (2.42) yields a modified central extension term and our even Virasoro
algebra becomes

0\2

n—m)(og)° 8 n(n%+2) Snym. (2.43)

1
[Ln, Lin]) = (0 — M) Linyn + 5 (

24

If one could have calculated the sum in Equation (2.42) over all integers, one could

find the well known Virasoro central extension term

Ap = 11—92— (m® —m). (2.44)
Changing Lg to Lo — L=1 in Equation (2. 43) one can recover this well known form of

the central extension term and the Virasoro algebra, Equation (2.43), becomes

D —
24

1
l n —m) (a8)2 Onam + (n® —n) Opim, (2.45)

[Lm Lm} = (’I’L - m)Lm+1z + 5 (

where only even integers are now allowed for n and m. Comparing the anomaly term
here with that of the Virasoro algebra of NN string it should be noted that the coefli-

" cient D in the usual NN string Virasoro algebra has been changed to (D —1)/2; hence,
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the elimination of the odd Virasoro modes is seen to manifest itself as an apparent
halving of the number of bosonic coordinates. It should be further recognized that
there was an anomaly free subalgebra of NN string consisting of L,, Lo, L_; which is
isomorphic to SU(1,1) or SL(2, R); but, for the ND string, this subalgebra reduces to
U(1).

2.5. The Spectrum

The Fock space is built up with the odd integer moded a® . oscillators. Although
the negative norm states are eliminated at the beginning by the chosen gauge, the
physical states correspond to the subspace of states satisfying the Virasoro conditions.
But one should be careful in implementing the constraints because even though in the
classical theory L,, = 0 for all m, this can not be imposed on physical states since this

is inconsistent with the commutators Equation (2.45):

24

3

(m® —m) (phys|phys),

{phys|[Lm, L_m]|phys) = (phys| 2mLo |[phys) +

ie. the left hand side is zero but the right hand side is not. Thus, it can not be
required that Lp|phys) = 0 for all m. Just as in the Gupta-Bleuler treatment of
electrodynamics, the vanishing of L, in the classical theory is replaced at the quantum

level by the weaker requirement that the positive frequency components annihilate a

physical state, i.e.
L |phys) =0, (n >0 and even). (2.46)

The zero mode of the Virasoro constraints gives a formula for the mass of a string

state via the equation
Lo [phys) =0 (2.47)

where L is defined in Equation (2.39). Since one end of the string is fixed, all exci-

. . P :
tations can be analyzed in their common rest frame, i.e., one can take p* = 0. This
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implies that af = £p° and of = £p = 0. Thus,

2 i
-M* = p*p, =p'py + p'p;

= (a))? = 2M2

Combining this result with the mass-shell condition Equation (2.47), one gets

1 .
where
D-1 fo's}
N =37 %" o' ol (2.49)
=1 r=1,0dd

is the number operator for a-modes, i.e., it counts the number of excitations of a-
des? . Finall ive at ion for th f i i
modes™ . Finally, one can arrive at an expression for the mass ol a state in terms of its

internal states of oscillation using the zero frequency constraint as follow

M? |phys) = E% (N®@) 4 a®)|phys). (2.50)

To calculate the normal ordering constant, we will use the Polchinski’s ‘heuristic

recipe’ [19]. This involves two steps:

1. One adds the oscillator zero point energies, regularizing the divergent result

via an analytic continuation of the (-function. This gives the normal ordering constant

in (1,0) coordinates.

2. The L,, and in particular Lo are by contrast the modes in the expansion of

T(z) in powers of the z coordinate (on the Euclideanized world sheet z = e rTY;

thus, one must add the non-tensor shift coming from the Schwarzian derivative of the

transformation from (7, o) to z. For Ly, the shift is given by ¢/24 where c is the central

4The superscript a is introduced for later convenience
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charge.

The zero point energy of the bosonic o oscillators is (D —1)/2 times a sum over
positive odd integers, which, using ¢(—1) = —1/12, is simply ¢(—1) — 2¢(—1) = 1/12.

This means

where cis (D —1)/2, where (D — 1) obviously comes from the number of space coor-
dinates while the 2 in the denominator can be interpreted as the result of keeping of

only odd modes. Then,

aa_D~1_1__+D—11_D—1 2.51)
2 12 2 24 16 (2.

To check whether the ND string exhibits linear Regge trajectories® and, if so, to
find the Regge slope, the mass-shell condition should be written in the form o/ M? =
N + constant. From Equation (2.50), one can easily see that it really behaves in this

way, albeit with a slope

, 1
(84 = —
ND ﬂ_Ta

which is twice as large as the usual oy . It would be interesting whether this slope dou-

bling on the meson excited states with one light and one extremely heavy quark /antiquark

is experimentally confirmed.

The aforementioned conclusions about the Regge trajectories are supported at the

classical level by examining a ND string undergoing rigid rotation in the X 1 X2 plane

with coordinates

XO — EZPOT,

5Regge trajectory is a curve obtained by plotting the energy squared on the z-axis and the angular

momentum on the y-axis.



1 :
X' = p'singcost,

2 20 .
X* = p’sinosinT,

XP =0 (k=3,...,D-1).

It can be easily verified that these satisfy both the equations of motion and the con-
straints of vanishing world sheet energy-momentum tensor. The energy of the config-

uration is, using Equation (2.5)

5 2 ,,0
E:M:T/Zdaaox%e—%ﬂ, (2.52)
0
while its angular momentum turns out to be, from Equation (2.6)
3 0 722
J=T / do (X1 8,X2% — X2 9pX1) = Eﬂi—fl. (2.53)
0

The rotation being rigid, angular momentum per mass square is maximized. The ratio

of the former to the latter is the Regge slope, which again comes out to be 1/(nT).

Turning to the spectrum, the first few examples satisfying the constraints are as

follows:

N =0and o/ M*> = (D —1)/16:

and this state is a massive scalar.
N =1 and o/ M? = (D +15)/16:

) = o ,10)
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and this state is a massive vector of SO(D -1).
N =2and o M*> = (D +31)/16:

12) = {O‘i—10[11 -

ko k
D — 10‘—1‘3‘—1}'())
is a symmetric traceless second rank tensor of SO(D —1) and this form is dictated by
the Lo action. The scalar o | of 110) does not satisfy the Virasoro conditions Lo, Ly, .. ..
Furthermore, since the even a~-modes are eliminated at the beginning, the states of the

form o' ,|0) will not appear in the spectrum.

N =3 and o/ M? = (D +47)/16:

!3>IE{ai—lailak1_ji‘aﬂ1anlak1“ o a"lanlajl—— o7¥ 67
LoD Ut T py %t T T

ﬁlazlai—l}w}a

and this tensorial form of the state is singled out by the Virasoro conditions. They
also rule out o’ 4[0) and af,af;a®; | 0) type excitations to appear alone but allows
the combination
B = {oly - 5= a* 10108, }0)
2(D+1)

There are some important conclusions which can be drawn from the spectrum.
First conclusion is that the vacuum state has a positive mass square M? = (D —
1)/(16 £%); hence, the ND string has a stable vacuum. This is different from the situ-
ation in the bosonic NN string where the ground state is a tachyon and thus, one is
perturbing around an unstable vacuum. The second conclusion is related to the critical
dimension of the ND string. At first it seems plausible that the ND string can exist in
any dimension D > 1. To check this, one should recall what is done in the bosonic NN
string to derive the critical dimension. In the light-cone gauge quantization of such a
system, the critical dimension can be obtained either by requiring the closure of the
operator algebra or by verifying Lorentz covariance in representation space. The latter

is easier to follow and will be taken over here. Specifically, in this method what has
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been done is to seek the consistency between the Lorentz transformation properties
of the states created by the oscillator modes and the mass formula. Consequently,
such a consistency requires D = 26. -On the other hand, for the ND string since the
fixed end condition breaks the D-dimensional Poincaré invariance down to SO(D-1),
all one has to check is whether this reduced rotational symmetry holds in the theory
independently of the value of D. All of the states come in irreducible representations
of SO(D — 1) since they are created by the D — 1 space components of the oscillators
and they are all massive as can be seen from the mass formula. Therefore the theory
appears to be unitary and SO(D — 1) invariant for any D. However, the presence
of an anomaly term proportional to D — 1 in the even Virasoro algebra renders this
conclusion suspect. On the other hand, there are general reasons to foresee that the
conformal anomaly can not be canceled: Our Dirichlet boundary condition reduces the
usual full open string disc to a half-a-disc with a diameter that is not allowed to change
under conformal mappings (the appearance of only even Virasoro modes is related to
this constraint; in classical terms, we only have the operators Lqg, ~ 2?"*19,, which can
only affect conformal transformations invariant under z — —z). Furthermore, world
sheet and space-time properties are always intimately linked: the conformal invariance
of the world sheet theory is transformed into the general coordinate invariance in space-
time and, for the bosonic NN string consistency requires D = 26; similarly, modular
invariance at one-loop level strongly constrains the spectrum and leads to absence of
UV divergences and consistency allows only few possible spectra. Reasoning in the
other direction, breaking of Poincaré invariance down to SO(D — 1) by choosing a
special fixed point suggests a breakdown in conformal symmetry on the world sheet

and it may be expected that the total anomaly can not be canceled.
2.6. Asymptotic Level Density and Hagedorn Temperature

The Virasoro operators select specific irreducible representations of SO(D —1):
One should note that there is always the highest rank tensor, at a given level N,
built out of N ot ; oscillators, of course with appropriate subtractions of other lower
irreducible representations that are created along the way. There is also a vector state

created by ol . Although only odd-moded creation operators are allowed, the states
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with even NV can still be obtained; for example, one can write 4=14+14+1+1 or 4=1+3,
but is not allowed to use 4=4, 4=2+42, 4=2+ 1+1. This means that asymptotic level
density for very highly excited states and the Hagedorn temperature [22] of the ND
string will not be identical with those of the NN string,.

Total number of states, denoted by dp, with o/ M? = n + a* is obtained from
the coeflicient of w™ in the partition function trwN, where N is the number operator,

Equation (2.49). To calculate d,,, one first constructs the generating function

Gw) = Zd” w" = trwh,

n=0

Using the elementary methods of quantum statistical mechanics,

[oe]
trwN = H trw® o = [g(w)]~ P~V
r=1,3,...
where
[o.0]
glw) = (I-uw").
r=1,3,...

There is actually a subtle point here. In the NN string version of this calculation,
the spectrum is entirely physical built out of D — 2 = 24 transverse oscillators in the
light-cone gauge; thus, d,, represents the true number of physical states at a given n.
On the other hand, for the ND string, the trw™ calculation yields all of the states
generated by combinations of the o, before the Virasoro conditions eliminate the
unphysical ones. Therefore this is an overestimation but the relative error decreases as

1/(D — 1)? with increasing D since the unwanted states come from the contraction of

the space indices of two oscillators to give a scalar.

Obviously,
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where

fwy= T[ (1-w).

In order to investigate the asymptotic density of states, one must look at the behavior
of the function g(w) as w — 1. A precise estimate in this limit can be obtained by
noting that upon replacing w by €™ in g(w), f(w) becomes closely related to the

Dedekind eta function

[e0]

ar) = et T (1= e

n=1,2,...

by
,,7(,7_) — ei7r7/12 f(eZWiT)'

Using the modular transformation formula (or the S-transformation property of the

eta function)
n(=1/r) = (=ir)"*n(7),

one can get

_ —1—w1/24 1/24 f(q2)
=750 )

where

_ 627r2 [l

Asw — 1,

g(w) S A 67r2/121m.)
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or
trwN _ Ae~7r2 (D-1)/121nw (254)
where A is constant.

One can project out d,, from the generating function via a contour integral on a

small circle about the origin, i.e.

1 G{w)
i = Glw)
i fdw L

1 trwN

L
27 wntl

Substituting Equation (2.54) into this equation, we have

1 73D —1)
dp R — _—
57 %dw exp [ 157, (n -+ Dinw

Performing the saddle point approximation for large n around the extremum

point

Inw* = —w~/(D —1)/12(n + 1)

one arrives at the asymptotic expression for the level density

n(D —2)

dn, & exp [w —3 (D —1)H4pn=3/ (2.58)

where only the dependance of d, on the dimension of space-time and the level n are

displayed omitting some irrelevant multiplicative constants.
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The asymptotic expression for the level density of NN string in D dimensions is

2n(D — 2)

d, = exp {ﬂ‘ n 34 = (D=2)/4 (2.56)

Comparing Equation (2.55) with Equation (2.56), one observes that the argument of
the exponential changes from /7 to v/2n. This stems from the fact that the ND
spectrum is built using only odd-moded oscillators, whereas in the NN string both odd
and even-moded oscillators contribute to create a state at level n. Nevertheless, one
can see that d,(ND) > d,(NN) for D = 2 and D = 3, which is due to the relatively
larger contribution of the longitudinal oscillator modes to the ND string for these low
dimensions. For higher D, the exponential dominates as n goes to infinity and the NN

string has the greater multiplicity at a given large n.

An interesting limit with stringy behavior is for high temperatures: One can write

the density of levels as a function of mass asymptotically as
d, ~ ™™o,

Note that the level density grows so rapidly with mass that the partition function

trePH of the free theory can not be defined beyond a maximum temperature T =myg
_ called the Hagedorn temperature. The level density formula, Equation (2.55), shows

that the Hagedorn temperature of the ND string is

oL 3
ND= A\ 20y (D - 1)

e Hagedorn temperature for the NN string in D

!
where we have used o/yy = 2yp. Th

dimensions follows from the same formula when D — 1 is replaced by D — 2.
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2.7. The Dimension of Space-time

Before introducing the world sheet supersymmetry in the next chapter, there
are three important questions that need to be answered. The first is the unaddressed
expectation that the problem should involve an infinite mass associated with the fixed
end. The second and the third involve an apparent conflict between two facts: On the
one hand, the theory appears to be unitary and S O(D — 1) invariant for any D, while
on the other hand, the presence of a non-zero anomaly term in the Virasoro algebra
casts doubt on the possibility of imposing the constraints Ths = 0 in a consistent
way independently of the value of D. The answer to the first two question is that
although the ND string, unlike the bosonic NN string, does not sharply require a

specific dimension such as 26, it nevertheless prefers D to be as high as possible.

In relation to the first question, we note that the mass of the scalar ground state is
proportional to D —1; hence an infinite D is consistent with one end of the string being
immovable. Another consequence of this infinite D limit is that the group SO(D — 1)
with (D — 1)(D — 2)/2 generators and the full inhomogeneous Lorentz group with
only 2D — 1 additional generators ‘merge up to order 1/D’; thus, in a sense, the ND
string recovers its Poincaré invariance as D goes to infinity. This is evidenced also by a
fact we observed earlier: the overestimation in the density of states vanishes like 1/D.
Interestingly, in the rather different approach to the problem taken in [13], D has to

be taken to infinity to make a saddle point calculation possible.

The third question, namely the presence of the anomaly term in the Virasoro
algebra, gets affected by this choice of D; the coefficient of the anomaly is now infinite.
Since conformal invariance is violated by the immobile end, a conformal anomaly has to
appear somewhere in the model; its becoming infinite is perhaps an indication that like
most other infinite quantities in physics, it is to be disregarded! Indeed, the problems
normally associated with the conformal anomaly have already been solved: there are no

negative norm states, and the Virasoro conditions have organized and selected states

into SO(D — 1) irreducible representations.
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The critical dimension, D = 26, of the bosonic NN string is reduced to D = 10 by
the consistency requirements when the world sheet supersymmetry is introduced. Fur-
thermore, only in this critical dimension the spectrum is space-time supersymmetric.
One can expect a similar situation for the ND string, namely having introduced the
world sheet supersymmetry to the system, requiring a spectrum which is supersymmet-
ric in the space-time sense may lead to a specific critical dimension. This possibility

will be examined in detail in the next chapter.
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3. A RAMOND-NEVEU-SCHWARZ STRING WITH ONE
END FIXED

3.1. The Classical RNS String

In the previous chapter the open bosonic string with one end fixed was introduced.
Although this system has very interesting features, it conspicuously lacks one important
ingredient: fermions. One of the motivations of this work is, apart from shedding
light on the novel string theoretic properties of the open string with one end fixed,
to construct a model providing some qualitative features of hadrons with a single c,
b quark. Thus, in this sense, the model should be extended in such a way to include
fermions also. Encompassing baryons requires a new kind of symmetry between the
bosons and fermions, and string models of this type were constructed by Ramond [8]
and Neveu-Schwarz [9]. This new symmetry is called as “supersymmetry” which unites
bosons and fermions into a single multiplet. But at this point one should note that
this symmetry must be partially broken for the hadron physics domain in view of the

non-vanishing mass differences.

In fact supersymmetry was first discovered in the string theory by Gervais and
Sakita [23] who showed that an extension of the usual bosonic action Equation (2.1)
has a symmetry converting bosons into fermions and vice versa. One important point
about supersymmetry should be clarified here: The supersymmetry of the early spin-
ning string of Ramond and Neveu-Schwarz was a two-dimensional world sheet super-
symmetry relating the space-time coordinates X (o, T) to fermionic partners ¥*(o, 7)
which are two-component world sheet spinbrs. This world sheet supersymmetry does
not directly mean that the theory is also space-time supersymmetric; but what we
want are space-time fermions. A string spectrum with space-time supersymmetry is
obtained after a suitable truncation found by Gliozzi, Scherk, and Olive (GSO) [24] and

this truncation of spectrum not only leads to space-time supersymmetric spectrum but

~ also eliminates the tachyonic ground state from the spectrum. Although our system
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does not have a tachyon, the possibility of GSO truncation for our spectrum will be

investigated when we construct the spectrum of our system.

There is also the so called Green-Schwarz [25] formalism in which the space-time
supersymmetry is manifest at the cost of manifest world sheet supersymmetry. It uses
in a crucial way the triality property of S O(8), but this formalism will not be considered

in this work.

In the rest of this section, the local generalization of the Equation (2.1) will be
given and the constraints of this new theory including world sheet fermions will be
obtained. The key to the construction of this locally supersymmetric action is to add

more fields to the theory. In addition to the supersymmetric pair

(XH(0, ), (0, 7))

one should incorporate a ‘zweibein’ e%(c,7) and a Rarita-Schwinger field xaqo(o, 7)
which is a two-component Majorana spinor and a world sheet vector. In this notation,
A is the world sheet spinor index, the a index of zweibein is a Lorentz index taking
part in local Lorentz transformations whereas « is called an Einstein index taking
part in coordinate transformations of the world sheet. Einstein indices are raised and
lowered with the world sheet metric hqog and Lorentz indices with the Lorentz metric
Nap- The zweibein allows to transform Lorentz into Einstein indices and vice versa.
The introduction of zweibein is necessary if one wants to describe spinors on a curved

manifold since the group GL(n, R) does not have a spinor representation whereas the

the tangent space group SO(1, D — 1) does.

The complete action, first written by Brink, Di Vecchia, Howe [26] and Deser and
Zumino [27], is

s:-:)l— o e (h*P 8, X" 0pX, — 19 p* Vet + 2% ¥ 0% 05X,
LT

1y
+ gw‘ DX P° 0% Xp) (3.1)
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T (84 . . . . .
where p® are the curved Space gamma matrices, V, is the covariant derivative on the

two-dimensional manifold, e = |detel| = /b and 9" indicates DM 0 ag usual,

This action is invariant under two-dimensional supersymmetry transformations

6X* = Eypr

0" = —ip*e (X" — P'xa),

deq = —2i%p"Xq,

0Xa = Ve, (3.2)

and Weyl transformations

X = p,
515“ = —"%Awua
de? = Ae,
1
o = 5 AXa (3.3)

There is also another fermionic local symmetry due to certain identities in two

dimensions® given by

dey, = OYPr =0X* =0,

5on = ipa 17 (34)

where 7 is an arbitrary Majorana spinor. Furthermore, by construction, this action
1s also manifestly invariant under local two-dimensional Lorentz transformations and
reparameterizations. An action with all these symmetries describes a ‘superconformal’
theory. In the purely bosonic model the conformal symmetry of the action, Equation
(2.1), resulted in the Virasoro constraints after covariant gauge fixing. Following the
same path for the superconformal theory here will lead to new constraints which are

the supersymmetric extension of the bosonic Virasoro constraints and they can do for

p%pgpa = 0 in two dimensions.
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fermions what the Virasoro conditions do for bosons.

Having fixed the action and its symmetries, one can make a covariant gauge choice
which leads to simple field equations and constraint conditions as in the bosonic theory.
The number of components of the zweibein is four. It is possible to gauge these com-
ponents of the zweibein into the form €2 = §2 by using four local bosonic symmetries
of the theory which are two world sheet reparametrizations, one local Lorentz, and one
Weyl scaling. There are also four local fermionic symmetries: the two supersymmetries
(¢) and two superconformal symmetries (7). These can be used locally to set the four

components of x, to zero. This gauge choice, namely

Co = O (3.5)

XOL = 07 (36)

is called the ‘superconformal gauge’ which is the analog of the gauge choice hap = 748

for the open bosonic string theory. In this gauge the action, Equation (3.1), becomes
S = _51_ / 20 {9 X" 0°X, — i 0" p™ athy} (3.7)
T

where p® represents the two-dimensional Dirac matrices and a convenient basis satis-

fying

{p*, 0"} = -2 (3.8)

is

[P 3
and the analog of the “y°" 1s
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It should be noted that the constant in front of the Equation (2.8) is changed to 1/(2m)
in Equation (3.7) to make use of the notation of [16] and compare the results easily

with some well-known references such as [18, 19, 20, 28].

The upper and lower components of 1 will be denoted by %_ and ¥,” , respec-
tively. One should note that the Dirac operator, 1p%0,, is real in this representation;

thus the components of the world sheet spinor should be taken as real® .

Furthermore, the world sheet supersymmetry transformations under which this

new gauge fixed action is invariant become
SXH =gy, (3.9)

and

Sy = —i p® 9, X e, (3.10)

with ¢ a constant anticommuting spinor.

The first term of the Equation (3.7) was considered in the previous chapter; thus,

from now on, only the second term will be considered throughout this chapter.

The fermionic part of the action in the light-cone coordinates, ot = 7+ 0,

hecomes

Se=1 ] P (P O+ 9" Orbos). (3.11)

0 which justifies the = label on 1.

“We will see that 8+9x = Mioratis spinor

8Guch a two-component real spinor is known as 2
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The variation of this action with respect to P* is

05F = %/dga (6% 0_thy + 9y O_(94) + (+ — )],
- % /dQU (2 6%y (0-vpy) + 269 (O49-) + O_ (4 601) + Oy (1 59p_)),

2. . . . Omax
Sl U SRR R P | o dutu b0~ o)

where

Ot |rtoo =0

as usual. Demanding 65 = 0 in accordance with the principle of stationary action,
the bulk term, which is the first term in the last line of above variation, leads to the

equations of motion for the fermi coordinates

o_ihy = 0. (3.12)

But at the same time the surface term must be also set to zero necessarily to make

sure that §Sr = 0. This surface term will be considered in the next section in detail.

These equations of motion must be supplemented by the equations of motion

of the fields €2 and x, evaluated in the superconformal gauge Equation (3.5). The

constraints are

1
Tog = aaX“aﬁX,ﬁ—Q—naﬁavXﬂavXu)

> = Do

N

i EM Pa aﬂwu + Zb_“ 2] 8a¢ﬂ — Nap E!L p”Y 37%) =0 (313)

and

m 05

Ja = - pﬂ Pa W aﬁXp =0. (314)
2e O}

DO | =
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Thus the resulting equations, which will be called as ‘super-constraints’, are the van-

ishing of the energy-momentum tensor and the supercurrent on the world sheet.

The energy-momentum tensor is traceless again as in the bosonic theory. The

analogous restriction for the supercurrent is®
p%Jy = 0. (3.15)

Actually the supercurrent could have been obtained from Equation (3.9) and Equation
(3.10) by using the Noether method for an e which is not constant. In this case, the

variation of the action could be of the general form
05 ~ /d20 (04€) J,

and this J* would be indeed the same as the response of the action Equation (3.1)
to variation of the Rarita-Schwinger field, i.e. Equation (3.15); but in this way the
constraint J* = 0 would be just a postulated condition. On the other hand, deriving
it by gauge fixing of a suitable two-dimensional supergravity Lagrangian, which is the

way followed here, one can easily see that why this condition must be there instead of

postulating it.
3.2. Boundary Conditions and Mode Expansions

The bosonic space-time coordinates X* satisfies the wave equation, Equation
(2.10), again and the boundary conditions for them are as in Chapter 2: Locate the
infinitely massive ‘quark’ at the o = 0 end and identify this point with the origin
of target space coordinates through the Dirichlet boundary condition and adopt the

Neumann boundary condition for the massless end. The latter leads t0 Omee = 7 /2.

For the fermi coordinates ¥*, from the variation of Sr, vanishing of the surface

9This is again a consequence of p*pPp, = 0 in two dimensions.
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term requires

Yy bty —tp_d9p_ =0 (3.16)

at each end of the open string and this necessitates P = +9* and hence 59 = Loy,
at 0 = 0 and 0 = 7/2. In the usual open RNS string, the convention is to set, without

loss of generality,

P (0,7) = (0, 7). (3.17)

But this condition, unlike the usual RNS string, requires a reconciliation with the
world sheet supersymmetry at the ¢ = 0 end due to our Dirichlet boundary condition.
However, this question will be left to the next section and the convention for the o = 0
end will be taken here. On the other hand, the relative sign at the other end now
becomes meaningful. Leaving the choice of 9° to the Section 3.4, which is intimately
related to the gauge choice, the two cases arising from the sign choice at o = 7/2 end

leads to the following mode expansions:

The Ramond (R) boundary condition is

?/Ji(gﬁ) =-W_(gﬁ) , (3.18)

and this leads to the exclusively even-moded expansions,

Gi(o,7) = z di in(r=o), (3.19)

n.even

Yilo,r) = Y dyemm. (3.20)

neven

For the usual RNS string these sums run over all integers. This means that in the

Rosector we will work with the even-numbered subset of the original integral modes.
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The Neveu-Schwarz (NS) boundary condition is

iz =4 (C,) (3.21)

and this results in the odd-integer modes

PLloyT) = ) bl o), (3.22)
r0dd

Pior) = Y e, (3.23)
r:odd

It should be noted that while the boundary conditions merely restrict the Ramond
oscillators dj, to even and the bosonic of to odd modes, the Neveu-Schwarz oscillators
actually changes from half-integral to odd integral oscillators. This will lead to a mas-
sive NS and a massive R ground state. Furthermore, the even modes are appropriate
for the description of ‘space-time fermions’. For the usual RNS string, the half-integer
modes of the NS-sector was appropriate for the description of bosonic states which
are different from the states of bosonic theory of the previous chapter. Although the
half-integer modes are changed to odd integers, this sector is still appropriate for the

description of bosons. This will be explained in Section 3.4.2 .
3.3. Broken Global World Sheet Supersymmetry

For the open string with one end fixed, the supersymmetry transformations Equa-
tion (3.9) and Bquation (3.10) require special care to be reconciled with the Dirichlet
condition at the o = 0 end. As a result of this reconciliation, the supersymmetry is
broken at this end where the Dirichlet boundary conditions are imposed for the space

components of the bosonic coordinates. Actually this is not an unexpected situation

since it is known that the half of the supersymmetry is broken by D-branes and, in

D-brane language, ¢ = 0 end of the open string is restricted to lie on a DO-brane

in our case. Thus, one can expect the breaking of half of the supersymmetry at the

heginning because of the presence of & D-brane in the system. This will be shown in

“the following.
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The infinitesimal form of the world sheet supersymmetry transformation of the
bosonic coordinates is § X — €1P¥ where ¢ is a constant anticommuting spinor. At the

o = 0 end, the space part of this condition becomes, when the Dirichlet condition is

imposed

X (o=01)=0 = e,

= | g .t 0 —i V-
[: €_ €_+_ :’ . )
i 0 Pl
= Z(EL Pl — el V) o=0 (3.24)
This would normally be satisfied either by taking
Wi (0,7) = 9 (0, 7), (3.25)
and
€ =€_, (3.26)
or by taking
(0, 7) = —¢" (0,7), (3.27)
and
€ = —€_. (3.28)

But it should be noted that the second alternative is ruled out by the choice of boundary
conditions at the o = 0 end and one is restricted to work with the first alternative,
which eliminates half of the world sheet supersymmetry. It would also be possible
that the fermion boundary conditions at the two ends could have been reversed and

the second alternative could have been chosen; but, even in this case, the obvious
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conclusion will be again that our mixed Dirichlet-Neumann conditions are compatible
with only half of the usual supersymmetry transformations. One can wonder whether

this breaking of world sheet supersymmetry will manifest itself in the spectrum. Indeed

this happens and will be shown in Section 3.6 .

3.4. Quantization

The quantization method followed for the bosonic ND string was between two
different but equivalent quantization methods of the bosonic NN string. For the bosonic
string with one end fixed at the origin of space, it was natural to choose the gauge
condition X% ~ 7. This is the analog of the light-cone gauge of the bosonic NN string,
namely X+ ~ 7 which is suited to a string with both ends moving at the speed of light.
Indeed, the first excited state of such a free open string is a massless vector boson with
D — 2 polarization, which is the number of transverse oscillators used in the light-cone
gauge. Our problem, in contrast, leads to a massive vector with D — 1 polarization
states, which is in accord with Equation (2.24). In this sense the quantization method is
similar to the light-cone gauge quantization. However, requiring physical states satisfy
the Virasoro conditions makes the quantization method similar to the old covariant
quantization scheme. The similar path will be followed for the RNS string of one end
fixed, i.e. a noncovariant gauge will be chosen and the Hilbert space of states will

be built up; but, at the end, the super-Virasoro constraints will be imposed on these

states to get the physical states.

3.4.1. Gauge Choice

In the light-cone gauge quantization of the usual RNS string, having chosen the
gauge X+ ~ 7, one can apply local supersymmetry transformations which preserve
this gauge choice. These transformations turn out to be sufficient to gauge away 9+
completely. Thus, one can make the gauge choice 9™ = 0. For the RNS string with

: : . 0
one end fixed, remembering the gauge choice, Equation (2.24), one can gauge away

completely in a similar way by applying local supersymmetry transformations, i.e. one
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can choose the gauge

¥ =0. (3.29)

It should also be noted that, as a consistency check, under a global supersymmetry

transformation
6X0 =ey® =0,
so that the X° choice is not altered by this gauge choice.

This is similar to setting all the ¢t and X+ oscillators to zero in the light-cone
gauge treatment of the usual RNS string. The gauge choice Equation (3.29), combining

with the fact that half of the supersymmetry is broken, leads to
0=ey®=1i(c"y? — et y0), (3.30)

This condition kills all the % modes of the NS-sector. On the other hand, for the

R-sector, all d2 modes are zero except dj. To see this explicitly one can write the mode

expansion of 1° as
P2 (0,7) Zdo e~ (3.31)

and substitute this into the previous equation. Then this equation is only compatible
with dJ being nonzero. In Section 3.4.2, it will also be shown that d}’s satisfy an algebra
which is the algebra of space components of gamma matrices of the Clifford algebra.

Thus, in this sense, this is just as well, since we would not want to lose an element of

the Clifford algebra in (1, D — 1) dimensions.

With the rest-frame gauge chosen above, the o, b7, and d;, modes and their asso-

ciated negative norm states are discarded at the outset. However, unlike the situation

in the light-cone gauge, this does not mean that all the states obtained by hitting
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the ground state with the spacelike oscillators are automatically physical. There are
still constraints which must be imposed on all possible states, and the only states
annihilated by these constraints are the final physical ones. This is similar to nonco-

variant treatments of gauge theories where one first sets Ay = 0, but then also imposes

”_) .
V. A =0 to isolate the physical degrees of freedom.
3.4.2. Canonical Quantization and Emergence of Space-Time Fermions

It was shown that the dynamics of the coordinates X#(o,7) and (o, 7) are
given by a free two-dimensional massless Klein-Gordon equation and a Dirac equation
supplemented by some certain constraints. The quantization of these coordinates is just
that of free two-dimensional field theory and this was shown for the bosonic coordinates
in the previous chapter where the analysis leads to the commutation relation for the

a-modes Equation (2.29), namely
[ol, o] =7 6p4 67
with r, s odd integers.

The quantization of the fermionic coordinates 1s achieved in a similar manner.

The canonical anticommutation relations of the fermionic coordinates are
{giy(0,7), 050", 7)} = wd(o — 0") 67 ap. (3.32)

Substituting the known mode expansions, one obtains the anticommutation relations

of the modes. These are

{bf,,bg} = 09 8pps (r, s: odd ) (3.33)

for the NS-sector, and

{dfn, dfl} = 6Y 6man (m, n: even) (3.34)
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for the R-sector. Finally, the d mode obeys
{dg,d3} = —1I. (3.25)
Combining this with the previous anticommutation relation, one can write
{di, di} = 1" S, (3.36)

with m, n even integers.

0

a®,, b, and d° , with r > 0 and n > 0 are creation operators. When, in the next

section, the analogues of the bosonic number operator Equation (2.49) will be derived
from the zero-frequency part of the super-Virasoro constraints, it will be shown that

they increase the eigenvalue of N(® and N® by r units and N@ by n units, respectively.

The vacuum of the Fock space in the NS-sector is defined by
o’ |0)ys = b |0)ns = 0, (3.37)

for 7 > 0, and a generic state of this sector is

|NS) = H(Oﬂirj)Qj H(bi_ri)pi 0)ns- (3.38)
j i
Similarly the vacuum of the R-sector is defined by
0 |0)r = iy 10)r = 0, (3.39)

for m,r > 0, and a generic state of this sector is similar to that of the NS-sector

Equation (3.38) with b, is replaced by d -

There is actually an important issue concerning the df: When the number oper-
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ators will be derived, one will see that N will not contain df. So what is the effect

of the action of df on the Ramond ground state?

dy are neither creation nor annihilation operators; thus, acting on any state, they
generate a new state with the same N(%) eigenvalue. In particular, |0)g is a family of
states, all satisfying d?,|0)r = 0 with m > 0, and related to each other by d. The df
satisfy

{do, dg} = 0", (3.40)

which is essentially the Clifford algebra in D dimensions. This can be made explicit by
defining the gamma matrices with T* = i+/2d% in (1, D — 1)-dimensional Minkowski

space. Then
{TH TV} = -2, (3.41)

Although the explicit form of N{@ has not been derived yet, we said that dy do
not appear in it. Thus ['* commutes with N@ and this means that every state in the
representation of the algebra for d¥, (m # 0) at each mass level should also form a
representation of the algebra for I'* and therefore correspond to a space-time spinor
of SO(1,D —1). In particular, this is the case with the Ramond vacuum, |0)g. To
make this explicit, it is better use the notation |0)% where a is the spinor index and
the range of it has not been specified yet. This is a Majorana spinor since Pk are
real. Explicit construction of [0)% can be made as follows: (For simplicity, it is better
consider SO(D) rather than SO(1, D — 1) and restrict ourselves to case with D:even;

but the result for odd D will be given at the end also.)’

One can define operators a; and a}; for k=1,...,D/2 such that
Ty = a+al, (3.42)
1
I'pjptre = ;(ak - a,t). (3.43)
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Then the Clifford algebra takes the form

{on, ap} = 0= {af, alf} , (3.44)

and

{ak, ol } = o (3.45)

This is the usual algebra for D /2 pairs of fermionic creation and annihilation operators.
A ground state, |0), can be defined such that it is annihilated by all ax: apl0) =
0. Then the full representation can be easily constructed by applying the creation
operators on the ground state and the representation content with their multiplicities
when this is done will be as follows: The state |0) with multiplicity 1, the state a;|0)

with multiplicity D/2, the state ala}lO) with multiplicity 213@2—/219, ..., the state
[

a; a; .. ;(L;-[D/Q |0} with multiplicity 1.

The dimension of the representation is just the total number of such states which

is also equal to their multiplicities. The sum of the multiplicities gives

D/2(D/2 - 1)

5 . 1=2P (3.46)

1+D/2+
which is the sum of the binomial coefficients of (1 + 1)?/2. This means that there are
9D/2 components of |0)%, i.e. the (space-time) spinor index o runs from 1 to 2°/%. If

D were an odd number, the number of components will be 2AP-1)/2,

Therefore, one can conclude that the Ramond ground state is a spinor of
SO(1, D — 1) while in the NS-sector it is possible to choose a unique nondegenerate
oround state which may be identified as a spin-0 state. This means that the boundary
=

conditions that give even moded d oscillators must give fermionic states, that is the

sector with the even moded world sheet spinors is fermionic. On the other hand, odd

moded world sheet spinors lead to bosonic states. The bosonic sector of the RNS string

should not be confused with the bosonic string of Chapter 2. The oscillators, all being
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space-time vectors, cannot change bosons into fermions or vice versa. Whether a state

is fermionic or bosonic depends on the ground state it is built on.
3.5. Super-Virasoro Constraints

Constraint equations arise from gauge fixing of a gauge-invariant Lagrangian. For
the RNS string, such a gauge fixing leads to the constraints Top =0 and J, = 0 at the

classical level. When the system is quantized, they are implemented on the states:

Tos Iphys) =0, (3.47)
Jo Iphys) = 0, (3.48)

where T;Lﬂ and J are the positive frequency components of the energy-momentum
tensor and super-current, respectively. It should be recalled from Section 2.5 that the
reason of imposing this weaker requirement is to prevent the inconsistency with the

(anti)commutator of the super-Virasoro modes.

The energy-momentum tensor of the fermionic part is

Top = (@# Pa Opthy + U P8 Oathy — Map P Oy hy)

1
4
The components of the energy-momentum tensor in the light-cone coordinates, impos-

ing also the rest frame gauge, are

T++ = 5 (TOO -+ TOl) = ';— . \II:, 8+\I;+i 5 (349)
T = (T Te) =500V (3.50)
T . = T, =0. (3.51)

Furthermore, 8Ty = 0 leads to 9,7 =0and 0-T4y =0 provided that equations

of motion are satisfied.
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The super-current ig

1
Ja = 5 pﬂ Po d)ﬁ aﬁXp.-

The nonzero components of the super-current, again in the light-cone coordinates, are

0 _0_X
J+A = , Joa= ¥
Wy 8, X 0

where A is the spinor index with 4 = 1,2. Conveniently only the nonzero components

of Jya and J_4 are referred as J4 and J_; and these nonzero components are simply

Jy = T/Ji 6+Xi - wﬁl 8+X0, (3-52)
Jo = ¢ o_X; —y° 0_X,. (3.53)
The conservation law of the super-current yields §_J, = 8,J_ = 0, again provided

that the equations of motion for X* and %* are satisfied.

Since the equations of motion for X* and ¥* imply that 9. X and %4 are functions

of %, the conservation laws of the constraints yield that 7%+ and Jy are functions of

o only, too.

In the rest of this section, the Fourier modes of these constraints will be con-

structed in terms of the harmonic oscillator modes and their algebras will be examined

3.5.1. Neveu-Schwarz Constraints

The super-Virasoro operators are the Fourier coefficients of the energy-momentum

tensor and the super-current. Furthermore, for open strings there is one independent

set of these coefficients since right- and left-movers are identified by the boundary
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1

b 12\: imo —q
Ly = - /0 do (€™ Ty (o) + e T__(0)). (3.54)

Using T’ (0) = T__(—0) and extending the region of integration to [—Z, 2], one gets

1 (2 .
=1 / e ) (3.55)

3

For m = 0 the above definition disagrees by an additive constant with what should

properly be called Ly. Substituting the mode expansions, this becomes

1 m .
Lo — 5 o+ ) bl by 40 B (3.56)
r:odd

where m is seen to be necessarily even. It is normal ordering for m = 0 which brings
the constant a®. The regularization recipe for calculating such constant will be given
later. Thus the L\ complement the 'Y which are also even. Actually this is an
indication of the consistency of the mode elimination caused by our mixed boundary

conditions.

The fermionic generators of this sector are obtained similarly using Jy(o) =

J_(—0o), which results in

Gy = —\/2—/2 do ™ J, (o). (3.57)
T =
2

In terms of the mode expansions one finds

G =Y 0% Uiy (3.58)

r:odd

where m is again forced to be even. The analog of this operator in the usual RNS

string is half-integrally moded.



50

The super-Virasoro algebra for this sector is

1
(Lin, L, = (m — n) Lipgn + i(m - n)(a8)2 Oman + Am Omn, (3.59)
. m
[an, Gn] = (‘5‘ - n)Gm+n, (360)

{GWH Gn} = 2Lm+n - 2(aa + ab)57n+n + (a8)257n+77. + Bm6m+n (361)
where L, = Lq(ff ) + L,(Tbl).

Obviously all super-Virasoro operators have their usual forms, say as in [18],
except for the fact that their mode characters are changed. This naturally leads us to
expect that the central extension terms must also change. The a-mode anomaly A(m)

was calculated in Equation (2.42) with the result

ALY = Gk - Y (md + 2m).

With a similar procedure the anomaly due to b-modes can also be calculated, and this

can be easily done via

AD = ] [LY, 28] 10)
= (0] 29L%, | 0)
= 4}10’ E(T—F'—- S—‘—‘)bz_rbin+rb3 b]7n+s(0>

T,5:0dd
m :
= %(O l v (’f’ + )( 2 ) m=+r b—r bj—m—}—s -3 ' O>’ (362>
T8 odd

where m is. of course, even and positive. The expectation value in the third line
bl

vanishes for 7 > 0 and s > m, whereas the expectation value in the fourth line vanishes

for s < 0 and m < —r. This yields

A = Z Z(wm T B Vs Uy [ 00, (3:69)
" 'r—‘—m—i-l s=1
m—1

— -1 Y -5 (3.64)

s=1
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where all the summations above are over odd integers and 7;n¥ = D —1 is the number
of s L ] L .
pace coordinates. The summation in the second line, when taken over all integers,

produces the well-known NS-sector central extension term. On the other hand, our

odd integer summation gives

(D-1)

Al _
" 48

(m® — 4m). (3.65)

Hence the total central extension term of the first commutator in the super-

Virasoro algebra of NS-sector is

Ay = ) m°. (3.66)

(m® —m). (3.67)

It should be noted again as in the purely bosonic case of Chapter 2 that the coefficient
D has been changed to (D — 1)/2 and this approximate halving of the anomaly is the

manifestation of the elimination of the odd Virasoro modes.

The central extension term appearing in the anticommutator of the G, can be

similarly calculated with the result

Bp = (0] GnGom|0), (3.68)
(D=1) (3.69)

= m’=.

4

The central extension term of the same anticommutator in the usual RNS string is [18]

B, == (r* = 1/2), (3.70)

2|3
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and again D of this term has been replaced by (D — 1)/2 in our case.

At this point, by taking into account these new central extension terms, it should
be noted that the anomaly-free OSp(1|2) closed subalgebra of the NS-sector of the
usual RNS string formed by Ly, Lo, L_, G1/2, G_1/2 is now reduced to the Abelian

super-subalgebra of Ly and G,.
3.5.2. Ramond Constraints

The method followed in this section is very similar to that of the previous section.

The super-Virasoro operators of this sector are

1 2 ,
G p /:_7r do ™ Ty (o) (3.71)
and
2 2 .
P, = %_— B do ™ Ji(0). (3.72)
El

Substituting the known mode expansions of T} and J,, we find

L@ = % S (n+ %) L d 0% (3.73)

Tn.even

where m must be even, and

= Z air dfurs (3-74)
r:odd

where s is necessarily odd. An exception is the operator

fo=apdy (3.75)
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which is all that survives here from the generalized Dirac operator Fy of the standard

RNS string. The super-Virasoro algebra of this sector is as follows:

1

(Lo, Ln) - = (”1_70Lm+n4—§(WL~7w(a&25m+n+aAm6m+n, (3.76)
[Ln, ] = @g—rﬂ%w, (3.77)
{F s} = 2Ly — 2(0% 4 aDbmin + (02)%6115 + Bybrys, (3.78)
(L, fo] = 0, (3.79)
{fo fo} = —(af)? (3.80)

d
where L, = L 4+ 19 and the commutators (or anticommutators, as appropriate) of

()2 or (fo) with other operators vanish.

The central extension terms of the first commutator of this algebra can be calcu-

lated as in the previous section, giving

(D—1) (?—Ti — 3m? + 4m). (3.81)

Al —
m 24 2

Then the total central extension term of the first commutator, including the contribu-

tion of the o modes also, will be

Am = D 1’(; D (m® + 4m). (3.82)

The analog of this term for the standard RNS string is, [18],
Am=§mﬂ (3.83)
and one can easily notice that D is again replaced by (D — 1)/2 in our case.

A similar treatment for the central extension term of anticommutators of fermionic



generators yields

(D-1)

B, =
i

(r* +1).

The analogous term of the standard RNS string is, [18],

and as usual D of this term becomes (D — 1)/2 in our case.

3.6. The Spectrum

3.6.1. The Normal Ordering Constants

04

(3.84)

(3.85)

In Chapter 2, the prescription for the calculation of normal ordering constant of

bosonic a-oscillators was given. The same method will be applied to Neveu-Schwarz

b-oscillators and Ramond d-oscillators with two changes due to the fermionic nature of

these modes: The first change is that in adding zero point energies of the oscillators

we have an extra minus sign. The second change is that ¢, the central charge, has an

extra 1/2 factor for world sheet fermions.

In taking into account these modifications, first we will calculate the normal

ordering constant of the Neveu-Schwarz sector. The zero point energy of the odd

integral Neveu-Schwarz world sheet b-oscillators is

D—-11

12 12

and the shift is

l\:\
Do



55

giving

D—1
b

For the d-oscillators, the zero point energy is

The first minus being due to the fermionic nature of the d’s and the —1 /6 coming from
a sum of even positive integers. Adding the same shift as in the case of Neveu-Schwarz

sector, we get

With these results, one can now find the total normal ordering constants of both sectors.

For the NS sector,

Ly(NS) = a*+d°

_ D-1 D-1
16 32
D-1
= —Q55 3.88
Similarly for the Ramond sector
LQ(R) = a*+ CLd
D-1 5 D-1
= T CT®
D—-1
= d—F—. 3.89
3 (3.89)

Tt should be noted that the normal ordering constant here is nonzero, unlike
that of the R-sector of the standard RNS string. To understand the reason of the
appearance of such a normal ordering constant in our case, it had better remember
‘the situation in the standard RNS string briefly: There is a relation between the
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of the fermionic super-Virasoro constraint Fy and that of the other super-Virasoro
constraint. This relation can be succinctly written!® as F2 = Lq. Actually this is the
analog of the fact that Dirac equation is the ‘square-root’ of the Klein-Gordon equation,
Fy being the generalized Dirac operator and Lo Klein-Gordon operator. Introducing a
normal ordering constant into the constraint equation of Ly, i.e. (Lo — u2) | phys) = 0,
necessitates a similar term in the constraint equation of Fyy due to the relation between
them. This means that the form of the constraint must be (Fy — ) | phys) = 0.
However, Fy has no normal ordering ambiguity in passing to the quantum theory.
Furthermore, Fj is an anticommuting operator so it will be quite unnatural to add to
it a (commuting) c-number. Thus the usual procedure in the RNS string is to put ¢ = 0
at the beginning; but later this option is justified when one considers the spectrum.
Since our system in the R-sector does not have a relation like F§ = Lo, a normal
ordering constant can appear in Ly constraint without causing an inconsistency of the

aforementioned type.
3.6.2. Mass Formulas in the NS ard R-Sectors

With the calculated normal ordering constants, the mass-shell conditions can be

written as

_ D—-1
(——oz?VDM2 + N@ 4 N® 4 ——52——) | phys) = 0, (3.90)

for the NS-sector and

D-1
(—alypM? + N@ + N 45 ng—)) | phys) = 0, (3.91)

for the R-sector where ofyp = £?/2 is twice as large as the standard alyy. This

doubling of the slope relative to oy of the usual open string is one of the principal

distinguishing features of our system. A quick way of understanding this result is to

consider a classical string with one end fixed in its highest angular momentum (leading

rrelevant to our subsequent considerations and arguments,

108i f Lg are i
e exact form of Fy and Lo 5 .
e o bout them to recall is that their forms are different from

‘they are not given here. The only thing a
ours.
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Regge trajectory) mode, where it rotates rigidly. This can also be viewed as an ordinary
open string in the same mode with its center of mass at rest and then throwing away

one half. In order to preserve the relation J ~ of M2 with J and M both being halved,

the slope has to be doubled.

Since half of the world sheet supersymmetry has been broken at the beginning by
the restriction €, = e_ due to the familiar phenomenon of halving of supersymmetry
via D-branes [20], it is not expected that the space-time supersyminetry appears the
way it does in the RNS string subjected to the GSO projection [24]. In our case, the
fixed end is nothing but a DO0-brane. Thus, while the spectrum is not expected to be
fully supersymmetric, there are two further options in the degree of supersymmetry
breaking: The first option is to take D —1 = 8n. In this case the masses of the states in
the NS-sector have the same values as those in the R-sector for oy M? > n, partially
preserving supersymmetry in the mass spectrum. The second option is D —1 # 8n and
in this case mass values in the two sectors are completely different and supersymmetry

is completely broken.

In the subsequent arguments, the minimal supersymmetry breaking option n = 1,
D = 9 will be considered. All states being massive, it is expected that all states are
irreducible representations of SO(8), which is clearly a remnant of the space-time su-

persymmetry enjoyed by the ten-dimensional superstring. We now examine the spectra

of two sectors separately.

3.6.3. Neveu-Schwarz Spectrum

The Fock space of the states is constructed by applying o' . and b, r:odd,

oscillators on the scalar Neveu-Schwarz ground state | 0). Although the negative norm

states are eliminated by the gauge choice, our suggested quantization procedure requires
that the physical states constitutes a subspace of the full Hilbert space satisfying the

following super-Virasoro constraints:

Gom | phys) = 0,  m>0 (3.92)
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Lon | phys) = 0, n>o0 (3.93)
Lo | phys) = o, (3.94)

and the last constraint leads to the mass-shell condition

D-1

aypM? = N 4 NO 4 5

(3.95)

There is also a Gy constraint that has to be handled separately. An examination
of the NS-constraint algebra of Section 3.5.1 shows that all the physical state conditions
follow as soon as one adjoins Gy to Go and Ly, i.e., it is enough to check only these con-
straints on the states whether they are physical. If one considers the anticommutator

of Giy’s, one gets from the algebra

2G5 = 2Lo+ (a)? — 2(a® + o)

= 2(N*+ N (3.96)

and if Ly | phys) = 0 is imposed on the states, it necessarily follows from this that the

(o condition must be
Go | phys) = v/ N® + NP | phys). (3.97)

This means that Gy does not in fact annihilate physical states; it instead requires them

be cigenstates with the mass as the eigenvalue up to some constant.

It should be noted that this amounts to taking the square root of the Klein-
Gordon-like operator Lg. The novelty here is that this happens in the R-sector of
the RNS string but in our case it happens in the bosonic sector of the theory! This
condition also seems to be in conflict with. the fact that Gy does not have a normal
ordering ambiguity. On the other hand, this condition follows from the super-Virasoro
algebra of this sector; thus we can not throw it away. Perhaps a reasonable comment

on this issue is that this is one of the unusual things introduced due to the mixed
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Dirichlet-Neumann boundary conditions, such as the existence of infinite conformal

anomaly but disappearance of all problems associated with this anomaly at the end.

The low-lying physical states of this sector are obtained as follows: Actually,
since negative-metric states have been barred from the beginning, it is not immediately
ohvious what role is left for the above constraints to play. If we use the L, directly,

and b

—n

the answer in the bosonic NS sector turns out to be that all o oscillators for

—n
n > 1 are ruled out, and the surviving states are automaticaly organized into SO(8)
irreps. Hence the daughter trajectories are eliminated from the spectrum. The G,
constraints prune the remaining states even further; for example, a potential N = 3
state of the form o ;o [b%, | 0) is prohibited by the G, constraint. Finally, the Gy
constraint allows only specific linear combinations of the states that have survived that
far. This is obviously different from what happens in the light-cone gauge in the usual
RNS string, where all combinations of o* ,,b" (i = 1, ...,8) oscillators on the vacuum
are guaranteed to produce physical states, which then combine with the others at
the same mass to give SO(9) irreps. Theré being no obvious pattern to the allowed

states beyond what we have just mentioned, we limit ourselves to displaying below the

contents of the first four levels.
N =0 and aypM? =1/4:

| 0)

and this state is a massive scalar, providing a stable vacuum for this sector. This is

unlike the situation in the NS-sector of RNS string.

N = 1 and oy, M? = 5/4:

We start with the two massive vector states

la) =o', |0), 8¢

|0)=b,10), 8
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which are allowed by the Gy constraint; but, when Gy acts on them it leads to

Golely | 0)] = ', ]0),
Golb; [0)] = o'y ]0),

which are not equal to zero; thus, Gy does not allow them in this form. However, the

combination

1
ﬁ(l a)+ | p))

is permitted by Gg. It is better to see this explicitly:

1 1

(o180 = (184 a))

VNa TN

= e 16

Gol

S
Sl

since N® 4 N = 1 at this level; and that is why the given combination above is the

only allowed state of this level.

N =2 and ofypM? = 9/4:

Under (5, the massive tensor states

=
Il

-1 D
Bob10), 28

L 8
{Oél_loéj — 10/110‘]:1} | 0), 35y

)
S
il

o . 209 g
|3) = {al_lbj_l—&—oﬂ,lbll—D~1aﬁlbﬁl}lO), 35,

|4) = {ai_lb{l—aj_lbil}lm, 28

are the allowed combinations. One should recall that since the even a and b modes

have been eliminated at the beginning, there cannot be excitations of the form ai'_g | 0)

and bt | 0). Furthermore, out of these four, the condition Gy | phys) =| phys) of this
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sector allows only

and

|2)+ == |4), 28,

N =3 and ofyp, M? = 13/4:

) o 54 5ik

— 7 k n 3 no.n

1) = {alal ot — D la—l % ’Iil - ma—la—la—l
ik _
o 10/11(1’_‘1041_1} | 0),112,

_ ik 1 i i ok g 26%

12) = {b~1b]—1a51 + blilbz-la—l +bbE ol + 5 _ Dbl—1b7i1a7i1}
26tk

|3) = {07 6"} ]0), 56,

i

| 4) {bi1bj—10‘]il - bi—lbﬁlajq - bli1bj;1ai—1} [ 0), 56,

The tensorial form of the first state is dictated by Ls, which is obtained from the
anticommutator of G5 and Gy. As mentioned earlier, the same L, prohibits states with
higher oscillators of the form o' 5 | 0), The forms of the second and fourth states are

determined by the action of Gy. Finally, only the combination

1

ﬁ(\/ﬁ|3>+ |4)), 56y

obeys Gy | phys) = % | phys) constraint of this sector.



3.6.4. Ramond Spectrum

The physical states of this sector must satisfy

Bomu |9) = 0, m>0 (3.98)
Lo |9) = 0, n>0 (3.99)
Lo|y) = 0. (3.100)

However, examining the super-Virasoro algebra of this sector, one can see that these
infinite set of conditions can be reduced to just the Fy, F3 and Lg constraints. Fur-
thermore, taking the square root of the anticommutator of fo, one can obtain the fy

constraint which simplifies to
T+ 1) |[y)=0 (3.101)
where | 9) is the Ramond ground state. This is what remains of the Dirac equation.

| %) is a spinor of SO(1, D~—1) and since in our case D = 9 option has been chosen
to have the minimal supersymmetry breaking option, | ) must be a Majorana spinor
in our (8, 1)-dimensional Minkowski space—fime. A spihor in D dimensions has 2P/2
or 2(P=1/2 complex components depending on whether D is even or odd. Since D = 9
in our case, | 1) has 2* = 16 copmlex components at the beginning; but imposing
Majorana condition, it cuts half of them and we are left with 16 real components.
These 16 components consist of linear combinations of the two independent SO(8)
spinors, which we will denote by 8 and 8.. These are projected out of a 16-component
spinor by the operators I° + I and I'° — I, respectively. Thus Equation (3.101) indeed

serves as a Dirac equation in halving the number of independent components.

The situation here is strikingly different from that of the RNS string but the
results in some critical respects are very similar in the following sense: For the standard

RNS strine when one writes the spectrum, one sees that there is a tachyon in the NS-
, - o
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sector and there are two different chirality spinors in the R-sector [28]. The spectrum
is not supersymmetric in the space-time sense and even the vacuum of the NS-sector
is not stable. Then one applies the GSO projection and this eliminates the tachyon
of the NS-sector and chooses one of the two chiralities of the R-sector. The resulting
spectrum is, at the end, supersymmetric. The GSO projection at the tree level is an
ad hoc constraint, i.e., it is applied to make the spectrum space-time supersymmetric.
Its necessity is seen, on the other hand, when one takes into account the one-loop
corrections to tree level amplitudes. At one-loop level the GSO projection is required to
satisfy the modular invariance!! of the amplitudes. In our case, on the other hand, there
is no tachyon in the spectra of both sectors and one of the two chiralities in the R-sector
is singled out by one of the super-Virasoro constraints, i.e. without applying a GSO
projection-like additional requirement. Although both our model and the standard
RNS strin'g, at the end, do not contain a tachyon and both use a single chirality, the
ways of implementing these two common properties are obviously different. However,
this is a reason to believe that our model is not in conflict with the usual RNS string

in these critical respects.

The states are constructed by applying the combination of creation operators
with N = 0,1,2 on the ground state | ). The physically allowed combinations are

obtained by imposing the Fi, Fi3, Lo and fo constraints:

l 0> Ei ¢ﬁ>> Tpﬁ ~ 8s

It should be noted that the fo constraint Equation (3.101) has eliminated 8 and kept

8s.

UTpvariance of the partition function and am
which are represented by the group PSL(2, 7).

plitudes under the global diffeomorphisms of the torus
These transformations change the modular parameter
but leave the torus invariant. This ‘global consistency’ condition has no analog. iil point Particlcla QF;II"S
and is responsible for many stringy features and improvemenfis on point par‘tl'c.e tl;eonss such as the
absence of UV divergence even in the case of divergent bosonic one-loop partition function



64

N =1,aypM? =9/4:

1j

=) = (of Foand i O
1) =[4g) = (o yd) + o7 ,d! — 5 70tdo) [ dg), 35, @8

-1

is the only permissible combination. Imposing (T° + I) | 1) = 0 forces | 9s) to be 8.

since T'% anticommutes with ds.

N =2, alyp M2 = 13/4:

&
Ho7om0h
o C 254
— d,d—-d,d+ ——

90y — 4ol + D1

| 0 (ca))+ | ¥ (dd)) = (o', —

d2yds) | g), 35, ®8s

The aer and dd parts of this separately satisfy the Virasoro constraints Equation (3.103)
and Equation (3.104), but the superconstraints Equation (3.102) force them into this
particular combination. Because of the even number of d modes, the basic spinor is 8
since each jump of I'° through each d it gets a minus sign but for two d’s it is +1 at the
end. The SO(8) transformation properties of these states have been indicated above,
but one must be careful in distinguishing between these boldface numbers and the
actual physical degrees of freedom. The NS spectrum, where the boldface numbers are
identical with the number of physical states, is free of this complication. The R-sector
SO(8) generators are built out of of,’s and d’s, where 7 is odd and n is even, and
thus transform the R-states exactly as indicated as in boldface. However, a look at the
N = 1 state shows that we cannot be dealing with 35x8 physical states: the dé merely
shuffle the 8 components of the ground state spinor. Thus we have at most 8x8 = 64
states, but since the tensor is traceless, 8 spinor components corresponding to ¥ are
absent, and the true physical content is 56,. This is not as unfamiliar a situation as it
might first appear: consider a scalar field § and its gradient 8,0. The latter transforms

as a D-vector, but the physical degree of freedom is still just 6, which is a scalar.

Examining the physical content of the N = 2 states, we see that | %] (aa))

contains 35x8 = 280 states, but these do not belong to a single irrep. Among the 280
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states there is a 56, of the form df | z/)g(aa)) and the rest is 224,.. The part | 'ng(dd))
represents another 56, because the di does not increase the number of degrees of
freedom. This brings the number down from 280 to 64, and tracelessness in 5 takes
off another 8. Thus the representation content of N = 2 state is 224 + 56, + 56..
Counting the o and d modes separately and adding the numbers may seem surprising,
but it is again not new: in the Higgs phenomenon, the massless photon field A, and 0,0
are added to form the massive vector field B,,. Although all three formally transform

as 4-vectors, the final 5, has 2+1 = 3 degrees of freedom.

Having written down a few levels of the spectra in both sectors, one may wonder
naturally that whether there are any remnants of space-time supersymmetry in the
spectrum. Actually the only remnant is seen at the mass level afypM? = 5/4 where
the state of the NS-sector is 8, of the SO(8) and that of the R-sector is 8 of the SO(8).
The remaining states do not form a supermultiplet since their degrees of freedom do

not match as far as the other listed levels are concerned.

3.6.5. Density of States

Upper bounds for the number of bosonic and fermionic excitations at a given level
can be calculated by slightly modifying standard techniques. The most important
difference between the standard light-cone calculation and the one here is that our
calculation gives the number of states before Virasoro and super-Virasoro constraints
are applied. Thus the total number of pre-constraint string states at each level is given

by trw™. Now let us calculate this trace for the two sectors separately.

Neveuw-Schwarz Sector: Counting only odd o and b modes leads to the result

N
gnslw) = trw
= trwN“JrN"
T
- (I %i‘”—}@—l). (3.102)
__U)T
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N t . .
ote that the GSO brojection operator found in the usual light-cone formula is absent
here.

Ramond Sector: Even moded d and odd moded o oscillators give

gr(w) = X x troV

= X\ X trpNetNa

- 1+w™ W't
= Axws I I 301
Ll T : (3.103)
The factor X\ represents the degeneracy of the spinor ground state. Prior to the fo

constraint, A = 16. w™s is due to the fact that the ground state of this sector has

D—S‘l unit higher mass than that of the Neveu-Schwarz sector.

For D = 9 the expressions have the following expansions:

gns(w) = 1+ 16w+ 128w* + 704w® + 3072w* + 11488w® + 38400w° + ...,

gr(w) = 16w+ 128w? 4 704w + 3072w + 11488w° + 38400w° + ...

We have unfortunately not been able to find an analog of Jacobi’s “abstruse identity”
showing gys(w) — 1 = gg(w) to all orders. Assuming the multiplicities continue to
be equal, the surprising conclusion seems to be that the halving of world sheet super-

symmetry shows its effects on the space-time spectrum not directly, but through the

(super)constraints.
3.6.6. Density of States and Microscopic Origin of Black Hole Entropy

In Sections (2.6) and (3.6.5) we have calculated the asymptotic level density for
open bosonic strings and density of states for RNS version of it with one end on a
DO-brane. This kind of state counting is a very important ingredient in finding black

hole entropy microscopically and in this section this aspect of density of states will be

considered.
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First we should clarify why the microscopic origin of black hole entropy is im-
portant. In the mid 1970’s, Hawking and Bekenstein proposed that black holes are
thermal systems that obey the laws of thermodynamics [29, 30, 31, 32, 33, 34, 35]. In
fact black holes have an entropy proportional to the area of the event horizon. Hawk-
ing wrote down a formula for what this entropy should be. It is a famous formula
that says the entropy is one-quarter the area of the event horizon of the black hole.
To reach this conclusion, he used a macroscopic thermodynamic argument. In phys-
ical systems the thermodynamic entropy has a statistical interpretation in terms of
counting microscopic configurations with the same macroscopic properties and if what
he was saying is correct, there should also be some microscopic explanation for this
entropy. For black holes this has been a long-standing puzzle and in the subsequent
20 years nobody could figure out what are the degrees of freedom that the Bekenstein-
Hawking entropy is counting. Now D-branes provide the necessary machinery to solve

this problem.

Actually, before going to the state counting associated with D-branes, we should
say that these D-branes are identified with some specific solutions, called p-branes, of
corresponding supergravity theories. In fact, they are complementary descriptions of
the same object: p-brane solutions are non-perturbative configurations of supergravity
theories and D-branes are their description in string theory. One can also construct
some specific configurations of p-branes called intersections and these intersecting con-
figurations are important in constructing black hole solutions. Although charged black
hole solutions can easily be constructed in (super)gravity theories, the important point
for getting them from intersecting brane solutions in ten/eleven dimensions is that one
can automatically have a string/M-theory interpretation. In particular, the interpreta-
ack hole as a particular configuration of branes allows one to calculate the

tion of a bl

entropy of the black hole by considering the number of massless degrees of freedom in

string theory. This can then be compared to the area of the lower dimensional black

hole horizon to provide a microscopic derivation of the Bekenstein-Hawking entropy

formula [36]. This

Here only one of the simplest cases will be con

is a large subject which has been reviewed in detail in [37, 38, 39, 40].

sidered shortly and we will not mention

the form of such p-brane solutions of supergravity theories in this thesis.
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One of the first interesting calculations to be done for a black hole derived from
ten-dimensional p-brane solution is the entropy calculation carried out by counting
the number of string states that are present for D1-D5 system and then comparing it
to the geometric entropy of the corresponding soliton solution. D1-D5 system can be
summarized as follows: N D5-branes wrap along the coordinates x1, To, T3, T4, Ts and
N, D1-branes wrap along z; direction. The intersecting brane configuration solution
can be written for this system but since we are just interested in state counting issue,
we have not written it here. This configuration is first compactified on four-dimensional
torus 7% along the directions xs, 73, 24, 75 which are transverse to D1-brane and then
along z; direction on a circle of radius R. The quantized momentum along this direction
is then in the form P = N, /R where N, is another integer like Ny and Ns. The

compactified configuration is an extremal charged black hole in D = 5 with the entropy

S:Qﬂ' \ Nl N5 Nw. (3104)

The momentum in the brane configuration, on the other hand, can be viewed
as the momentum carried by fundamental open strings moving around the z; circle.
The entropy of the system is determined by the number of ways this momentum can
he partitioned among an arbitrary number of fundamental strings. It turns out that
the important strings are those ending on both a D1-brane and D5-brane; and the

microscopic counting of the degeneracy of D-brane states in string theory also yields

the same entropy value Equation (3.104).

It is possible to construct other black hole solutions from intersecting branes.

The method is simply to construct an intersecting brane configuration and toroidally

compactify on the relative transverse space. It is really an interesting attempt, for

example, to compactily some recently found localized solutions for D2-D6 system [41],

and D3-D5, D4-D4 systeins

geometric entropies and to compare the results wit

[42] to lower dimensional black holes and to find their
h the microscopic state counting
of the mentioned type in the previous paragraph. Of course, in compactifying the

intersecting brane configuration, one must be careful in getting the solutions with

nonzero horizon area.
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4. CONCLUSIONS

Our main concern in this thesis has been twofold: The first was to see whether
an RNS string with one fixed end would provide qualitative phenomenological hints
and distinctive signatures about the spectrum of hadrons with one very heavy quark.
The second concern was the more formal one of working out the novel consequences
of the unusual mixed Dirichlet-Neumann boundary conditions and seeing whether the
resulting system can be quantized in a consistent way. Just as in the original attempts
to apply string theory to hadrons, these two aims are partially in conflict, most notably

in the dimension of space-time.

Ignoring this conflict as was customarily done in the old string-based hadrody-
namics, we can summarize the predictions of our model as follows: (i) There is no
space-time supersymmetry except for the fact that meson and baryon Regge trajec-
tories have the same slope, leading to equal meson and baryon masses for the higher

states. (ii) The Regge slope is twice that of the one observed for lighter hadrons.

An interesting point here is that if we consider an interaction where the free ends
of two of our strings join while the heavy quark ends are kept fixed, we are led to a
model in which X* ~ Sake ™ sin(ne) with o in the range [0, 71]. For such strings with
both ends fixed on D0-branes, all o, modes and, consequently, all L,, are allowed. In
this sector, there will be “daughter excitations”, with the same spin but equally spaced
masses but not in the sense there are any leading linear Regge trajectories above them
(the latter cannot be present because the balancing of centrifugal force against tension

in a rigid rotation mode that defines leading trajectories is imposible when both ends

are fixed). This is in qualitative, and one hopes, not entirely fortuitous accord with the

multiplicity of bh and ¢ states of spin one. In any case, the Coulomb part of the QCD

potential is known to play an important role in the dynamics of heavy quark-antiquark

systems, ensuring deviations from & mass spectrum based on the purely string-based
B )

picture.
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Turning to string-theoretic issues, we start with the question of whether using
the more conventional ¢ range [0, ] would have made a physical difference. One may
anticipate that the simultaneous doubling of the ¢ range and the halving of the mode
index n will result in an equivalent physical system, and this is indeed what happens.
The mixed boundary conditions now produce half-integral @ and b modes and integral
Ramond d modes, but the allowed physical spectrum is exactly as the one above except
for an overall scaling. In particular, the vanishing of the NS vacuum energy and the
preference for a (8, 1) space-time and SO(8) symmetry remain. We prefer working with
odd « and b and even d modes because this leads to the disappearence of odd L,,’s.
We have broken Poincaré invariance by fixing one end of the string at a special point
in space; this is consistent with discarding the operators L; and L_; which involve the

generator of space translations.

The GSO projection turns out to be inapplicable to the mixed boundary con-
dition superstring. This is already suggested by the fact that low-lying states do not
exhibit space-time supersymmetry beyond matching masses and Regge slopes in the
two sectors, but there are more basic manifestations of the incompatibility. For exam-
ple, our final physical states are not homogeneous in the number of space-time fermions.
Furthermore, in the R-sector we already have the remnant Dirac equation operators
I'° 4 I, but not in the role they play in the GSO projection. Since the mode structure
here is different from the standard RNS string (for example, our b operators add an
integer rather than half an integer to the squared mass), one could not in any case

have expected the GSO procedure to work in the usual way.

A final conclusion is on the dimension of space-time: A natural way of obtaining

the value of space-time dimension in bosonic string theory or in superstring theory is

to get a condition for cancellation of conformal anomaly. For the bosonic ND string,

this method seems to fail because of the immobile end of the string; but problems

associated with the conformal anomaly vanish. On the other hand, in Chapter 3 we

have taken D = 9; but one should note that this choice was not been dictated by the

anomaly cancellation requirement but the minimal supersymmetry breaking option.

Of course, this this does not mean that D must be 9. The good point about this choice
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is that it leads to SO(8) group and this group plays a crucial role in obtaining the

space-time spectrum.
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