ALGEBRO-GEOMETRIC SOLUTIONS OF THE KADOMTSEV-PETVIASHVILI
EQUATION

by
Fatma Cicek
B.S., Mathematics, Bogazici University, 2011

Submitted to the Institute for Graduate Studies in
Science and Engineering in partial fulfillment of
the requirements for the degree of

Master of Science

Graduate Program in Mathematics
Bogazici University

2014



1ii

ACKNOWLEDGEMENTS

I want to express my gratitude to my supervisors Burak Giirel and Arzu Boysal. It
is beyond my memory how much they helped me shape my conception of Mathematics
with their helpful criticisms and suggestions. I thank them for their patience, support

and guidance during the preparation of this work.

I am thankful to Prof. Sefa Feza Arslan, Assoc. Prof. Olcay Coskun and Prof.

Teoman Turgut for their participation in my thesis committee.

[ am indebted to my family, especially to my mother Zeliha Cigek and to my sister

Tuba Cigek, for their support and encouragement to proceed my way in Mathematics.

I have to mention my beloved friend Emine Seyma Kutluk for her invaluable
friendship, she always made me feel that I am not alone even without her presence
around me. Her knowledge and perspective aided me very much in my way of doing

mathematics and understanding physics.

I thankfully acknowledge TUBITAK for providing me with the scholarship during

my studies.



v

ABSTRACT

ALGEBRO-GEOMETRIC SOLUTIONS OF THE
KADOMTSEV-PETVIASHVILI EQUATION

I. M. Krichever suggested a method to solve nonlinear partial differential equa-
tions in the form of the Zaharov-Shabat Equation [L — d,, A — 0;] = 0 where L and
A are differential operators including derivatives only with respect to the x variable
in 1976 |1]. The method uses so called Baker-Akhiezer functions on Riemann surfaces
and provides periodic and conditionally periodic solutions to such nonlinear equations
that can be expressed in terms of the so called Riemann #-function, a #-function de-
fined on some n dimensional complex space where the Riemann matrix of the func-
tion corresponds to a Riemann surface. In this thesis, we will mainly consider the
Kadomtsev-Petviashvili equation (or KP equation) %uyy = % Uy — ;l(fiuu;D + Ugpr)
which is an example of the Zaharov-Shabat equation. Following the expository paper
of B. A. Dubrovin [2], we will present the construction of such solutions to the KP
equation given as u(x,y,t) = 288_; log 0(zU +yV +tW 4 2) + c. It was observed that
this construction allows one to investigate the sufficient conditions on arbitrary vectors
U, V,and W that make the above function u(z, y, t) a solution to the KP equation. We

explain the answer to this question for Riemann surfaces of small genera, and mention

the result for more general Riemann surfaces which are both given in [2].



OZET

KADOMTSEV-PETVIASHVILI DENKLEMININ
CEBIRSEL-GEOMETRIK COZUMLERI

Zaharov-Shabat denklemi, L ve A sadece x degiskenine gore tiirev iceren diferan-
siyel operatérler olmak tizere [L — 0,, A — 0] = 0 seklindeki nonlineer kismi diferansiyel
denklemlerdir. 1976 yilinda, Krichever bu formdaki nonlineer kismi diferansiyel den-
klemlerin ¢Oziilmesi i¢in yeni bir metot 6nerdi [1]. Bu metot Riemann yiizeylerinde
tanimlanan Baker-Akhiezer fonksiyonlarini kullaniyordu ve bu tiir denklemlere periy-
odik veya sarth periyodik ¢oziimler sagliyordu. Bu ¢oziimler, Riemann teta fonksiy-
onu denilen n boyutlu kompleks uzayda tanimlanmig ve n cinsli Riemann yiizeylerine
karsilik gelen teta fonksiyonlar: cinsinden ifade edilebilen fonksiyonlardi. Bu tezde asil
olarak, Zaharov-Shabat denkleminin bir 6rnegi olan Kadomtsev-Petviashvili denklemi

0
up — —(6utly + Uy ) | incelenecektir. KP denkleminin

3
(veya KP denklemi) 1w = 5 :

2
u(z,y,t) = 2% log 0(xU + yV + tW + zy) + ¢ formundaki ¢oztimlerinin ingas1 verile-
x

cektir. Bu kurgu, KP denkleminin bu sekilde ifade edilebilen diger tiim ¢oztimlerini
bulmak icin U, V' ve W vektorlerinin saglamasi gereken yeterli kogullarin incelenmesi
sorusunu getirmigtir. Bu sorunun, cinsi 1, 2 veya 3 olan Riemann ytizeyleri i¢in cevabini
agiklayacak ve genel Riemann yiizeyleri igin elde edilen sonugtan [2] bahsedecegiz.
Coziimlerin ingasim1 ve bundan elde edilebilen sonuclar1 B. A. Dubrovin’in makalesin-

den [2] galisacagz.
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1. INTRODUCTION

The KdV (Korteweg-de Vries) equation is the most celebrated nonlinear equation
exhibiting a remarkable behaviour. This is, it describes nonlinear water waves that
retain their shapes for a noticably long time. The KdV equation was later solved
by the inverse scattering transform in 1967 [3]. It is the foremost, by far the most

well-known (completely) integrable equation in 1 + 1 dimensions (1 space, 1 time).

The KP equation is an integrable generalization of the KdV equation to 2 + 1
dimensions (2 space, 1 time). It is an important equation because it is one of the
possible generalizations of the KdV equation and it describes many physical phenomena
such as evolution of water waves, and propagation of waves in ferromagnetic media. As
the KdV equation, the KP equation was also solved by inverse scattering method [4] in
1974, and then, in 1976, Krichever proposed a new method to find a family of solutions
to the Zaharov-Shabat equation ( [1] and [5] ). Inverse scattering method provided
rapidly decreasing (in some sense) solutions to the KP equation whereas Krichever’s

method found conditionally periodic solutions to the KP equation.

The aim of this thesis is to present the algebraic and geometric method devel-
oped by Krichever, establishing a connection between the theory of nonlinear partial
differential equations and algebraic geometry. The method is eligible to develop such
a relation because the constructed solutions are functions of Riemann theta functions
corresponding to Riemann surfaces, hence they contain information about the sur-
face. Some basic knowledge on Riemann surfaces and on differential equations is the

necessary background.

The second chapter is on fundamental concepts, definitions and theorems about
theta functions, Jacobi varieties of Riemann surfaces, and divisor functions defined
on Riemann surfaces. The results presented are classical and many of the proofs
are skipped. In the third chapter, we explain the construction of solutions to the

KP equation based on an article of Dubrovin [2], and Baker-Akhiezer functions that



are meromorphic functions on Riemann surfaces with essential singularity of the form
exp(¢g(w)) for some polynomial ¢(w) will work as a basic instrument with the nice
properties they satisfy. The constructed family of solutions will be of the form

2
u(z,y,t) = 28— log O(zU + yV +tW + z) + ¢

0x?
where ¢ is an arbitrary complex number and zj is a vector carrying the information of

parameters which are nonspecial divisors on the surface.

In the last chapter, we follow the discussion by B.A. Dubrovin in [2] for the
effectivization of the formulae of the constructed solutions to the KP equation. That
is, a function u(z,y,t) in the form above is substituted into the KP equation and the
necessary conditions on the vectors U, V and W so that u(zx,y,t) will be a solution to
the KP equation are studied. Only the cases of Riemann surfaces having small genera
are explained in detail, and we mention the result by Dubrovin [2] proven for almost

all Riemann surfaces.



2. THETA FUNCTIONS AND JACOBI VARIETIES OF
RIEMANN SURFACES

In our discussion, the geometric setting will be that of Riemann surfaces which

are defined as below.

Definition 2.1. A Riemann surface is a second countable, connected, Hausdorff topo-

logical space which is a one dimensional complex manifold.

Some well-known examples of Riemann surfaces are the complex plane C, the
complex projective line CP, i.e. the set of one dimensional subspaces of C? and any
projective smooth plane curve, i.e. a curve that can be given by the zero locus in P2

of a nonsingular homogeneous polynomial of two variables.

We will denote a Riemann surface by I' and we assume that I" is compact.

2.1. Theta Functions

Definition 2.2. A symmetric g x g matriz B = [Bj;,] with negative definite real part

ReB = [ReBjj] is called a Riemann matrix.

Definition 2.3. A Riemann theta function is a function 6 : C9 — C defined by the

series
1
0(z| B)= > exp (—(BN,N> + (N, z)> (2.1)
2
Nez9
g
where B is a g X g Riemann matriz and (z,y) = ijyj s the Fuclidean scalar
j=1
product.

The Riemann theta function corresponding to a Riemann matrix B is denoted as



6(z | B). When there is no confusion about the Riemann matrix B, we will write 6(z)

to denote the Riemann theta function 6(z | B).

Proposition 2.1. The function 6(z) = 0(z | B) corresponding to a Riemann matrix

B is analytic on CY.

Proof. First we write the general term of the series as
1 1 1
exp <§<BN, N) + (N, z)) = exp <§Re(BN, N) + 1§Im<BN, N) + (N, z>)

We ignore the term with the imaginary part to check the absolute convergence. If A < 0
is the maximum eigenvalue of ReB, then Re(BN, N) < A(N, N) and this implies the
uniform and absolute convergence of the series on compact subsets of CY, hence the

analyticity on C9.

Example 2.1. Let g = 1. Then for B € C with ReB < 0

1
0(z)=0(z| B) = Z exp <§BN2 + Nz) = Z exp (miN?b + 27iN 2)

NEeZ NEeZ

B
where the last equation follows from a simple change of variable B — — = b, z — —.
i

Note that this is the Jacobi theta function.

It can be easily seen that a Riemann theta function 6(z) = 6(z | B) satisfies the

following translation properties:

0(z + 2mie;) = 6(z)
0=+ ;) = exp( 5 By — 5)0(2)

where (e;) = 0;i, f; = Bej . We deduce that 6(z | B) satisfies the transformation law

6(= + 27N + BM) — exp(_?l(BM, M) — (M, 2))0() (2.2)



for M, N € 79.
2.2. Theta Functions with Characteristics

Let o, € RY with 0 < a;,8; < 1 for each j and k. The theta function with
characteristics a and 3, [« 3], is defined as
1
Ola, B](2) = exp (§<Ba, a) + (z + 27ig, a)) 0(z + 2mif + Ba).
Definition 2.4. A characteristics [, 3] with all o, B, = 0 or % is said to be even if

Aa, f) =0 (mod 2). Otherwise, it is said to be odd.

The theta function defined in (2.1)) is easily seen to be even. For theta functions
with characteristics, we will see that theta functions with odd (resp. even) character-

istics are odd (resp. even).

Proposition 2.2. If the characteristics [«, 5] is even (resp. odd), then the function
O, B] is even (resp. odd).

Proof. See Assertion 1.1.2 of [2].

We introduce a notation which will be useful to express the result of the following
theorem. For a g X g Riemann matrix B, let 0o, 8](z) = 0]o, ](z|2B) and 2(Zy)9 =

{n:(nl,...,ng):nj:O,%}

Theorem 2.1 (Addition Theorem of §-functions). Let a, B, v and & be vectors in RY.
Then

Ola, (=" +2%)0[8, 0] (=" — 2°)
= > 0 {# +e,v+5] (221)0 {042;5 +€7— 5} (22%).

€€ 1(Z2)9



Proof. See Theorem 1.4.1. in [2].

We will present more results about theta functions, e.g. about zeros of theta

functions defined on Riemann surfaces, in the later sections.

2.3. Jacobi Variety of a Riemann Surface

Let I' be a compact Riemann surface of genus g.

Definition 2.5. A differential w on I' is said to be holomorphic if it can be written in

the form

w= f(z)dz

in a neighbourhood of any point where f(z) is an analytic function in the corresponding

neighbourhood and z a local coordinate function on T'.

For the first homology group H;(I'), there is a basis of cycles ay, ag, . .., ag; b1, ba, ..., by

with the intersection indices (see page 16 of [6])

ajoap=>bjob, =0, ajoby=40d; 7 k=12,...,9. (2.3)
I' becomes a 4g-gon T if it is cut along these cycles. Whenever we take a basis for
H,(T'), we mean a basis satisfying the conditions ({2.3). Choose such a basis of cycles

ai, g, ..., a4;b1,ba,...,by for Hi(I'). Let w be a closed differential on I', i.e dw = 0,

and let

be its a-periods and b-periods, respectively, over these cycles. Fix a point Py € I' that



does not lie on the basis cycles a;, b;, and define a function f : [ - C as

f(P):/Pw for Pel.

Py

To see that this map is well-defined, note that any two paths from Fy to a point
P differ by a closed path which can be written as a linear combination of the basis

cycles in Hy(I'). On T, such a curve is homologically zero.

Lemma 2.1. Let w and w' be two closed differentials on I with periods Ay, As, ..., A,
By, By, ..., By; AY, Ay, .. AL, By, By, ..., By, respectively. Then

g

j=1

Proof. See Lemma 2.1.1 in [2].

Corollary 2.1. Let w be a nonzero holomorphic differential on I'. Then the periods

Ay, Ag, ... Ag; By, By, ..., By of w satisfies

g
Im)» ~ A;B; < 0. (2.5)

J=1

Proof. Apply (2.4) to w and its conjugate w. Note that if w is holomorphic, then w is

closed and this implies its conjugate w is also closed.

Corollary 2.2. A holomorphic differential w is completely determined by its a-periods
Ay, ..., Ay or b-periods By, ..., B,.

Proof. Suppose that two holomorphic differentials w and @ have the same a-periods
(respectively, b-periods). Then the differential w—@ is holomorphic and all its a-periods
(resp. b-periods) are 0. Equation (2.5 implies w — @ is the zero differential, hence w

and @ are the same.



For any Riemann surface I' of genus g, one can construct ¢ many linearly inde-
pendent holomorphic differentials (see Section 10.1 in [7]). Corollary [2.2 implies that
the space of holomorphic differentials on I' has dimension g. Hence, we can choose a

basis wy, . ..,w, for this space satisfying

% w;j =2midj, for jk=1,...,¢. (2.6)

ak

Define a g x g matrix B

Bjk:j{wj for 7,k=1,...,9. (2.7)

by

Theorem 2.2. Bj;, is a Riemann matriz.

Proof. The equation (2.4) applied to w; and wy, gives

9 9
0= Z AZBZI - Al/Bl == Z 27’(15le]€[ - 27Ti5lejl == Bkj - Bj
=1

=1
and this proves B is symmetric. Consider a nonzero holomorphic differential w =

9 | ciw; where ¢q, ..., ¢, € R. Then by (2.6) and ([2.7)

g
Aj =2ric;, B; = chBjk foreach j=1,...,9.
k=1

By Corollary 2.1}

g g
2w Z CjCkRijk = IIIIZAJF] < 0.

Jk=1 j=1
and so ReB is a negative definite matrix.

Proposition 2.3. Let B = [Bj;| denote the g x g Riemann matriz associated with a

Riemann surface I' of genus g. Let ey, ..., ey be the standard basis for CI over C given



by (e;)r = djx, and correspondingly define the vectors f1,..., f, as f; = B(e;) for each

Jj=1,...,9. Then the vectors ey,...,eq, f1,..., fq are linearly independent over R.
Proof. For some real numbers ¢y, ..., cyy, assume
g g
211 ) cje;+ Y cqunfi = 0. (2.8)
j=1 k=1

g
Taking the real part of both sides of this equation, we get ReB (Z cg+kek) = 0. But

k=1
g

ReB is negative definite, so nonsingular. Hence the vector E Cg+k€k 1S the zero vector
k=1

and this implies all the coefficients cgy1,...,co are zero by the linear independence

of the vectors ej,...,e, over R. This implies ¢; = ¢ = -+ = ¢, = 0 again by

linear independence of the vectors ey,...,e,. Hence, the vectors ey,...,eq, f1,..., fq

are linearly independent over the reals.

Definition 2.6. The quotient space of C9 with the lattice A generated by 2wiN and
BM with M, N € Z9 or the 2g dimensional torus constructed from the matriz of periods

of holomorphic differentials on a Riemann surface I' is called the Jacobi variety of T'.

It is denoted as J(T') = T* = C9/A.

The definition of the Jacobi variety of a Riemann surface does not depend on the
choice of the basis for the first homology group of the Riemann surface (See page 28
in [2]).



2.4. Abel Map and Abel’s Theorem

Given a Riemann surface I' of genus g, let J(I') be its associated Jacobi variety.

For a fixed point Py on I', the Abel mapping A : I' — J(I') is defined as follows

Aj(P):% wj j=1,...,9. (2.9)

We now demonstrate that the integrals in are path independent and hence
the Abel map is well-defined. Take P € I' and assume 7, and ~ are two curves from
Py to P, and let A(P) and fl(P) denote the corresponding values of the Abel map,
respectively. These curves differ by a closed curve, say it is v. Let aq,...,a4;b1,...,b4

be the basis for Hy(I'). We can write

Using the linearity of the integral

g g
A;(P) — A;(P) = ka]{ w;j + an]{% =0 in J(I).
k=1 ak =1 by

Remark 2.1. The Abel map is defined from any Riemann surface of genus g to its
Jacobi variety, i.e. a quotient of C9. The theta function in (2.1) has C9 as its domain.
By composition with the Abel map, we can define a theta function on any Riemann

surface.

Now we note the following basic result about functions on Riemann surfaces which

will be used in the statement of the so called Abel’s Theorem.

Theorem 2.3. Let f be a nonconstant meromorphic function on a compact Riemann

surface I'. Then number of zeros of f is equal to the number of poles of f.
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Proof. See Proposition 4.12 in [8].

Abel’s Theorem is an important result which gives a necessary and sufficient
condition on a set of points to be the set of zeros and poles of a meromorphic function

on a Riemann surface.

Theorem 2.4 (Abel’s Theorem). Let I' be a compact Riemann surface, and let A
be the lattice defining the Jacobi variety of I'. Suppose that Py, ..., P,;Q1,...,Q, are

points on I'. Those points are zeros and poles of a meromorphic function on I' if and

only if

Proof. See page 30 of [2].

2.5. Divisors on a Riemann Surface

Definition 2.7. Let f be a complex-valued function on a Riemann surface I'. Define

the support of f, denoted by supp f, as the set supp f ={p €' : f(p) # 0}.

Definition 2.8. A divisor D on a Riemann surface I' is a function D : T' — C such

that supp D is a discrete subset of T'.

We assume that the Riemann surface I' is compact, in that case any open cover
of ' has a finite open subcover. Since supp D is a discrete subset of I', it is locally

finite, and hence finite when I' is compact. We denote a divisor D with a finite sum

D= D(pj)p; =Y _ m;p;.
P =1
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Definition 2.9. The degree of a divisor D = ijpj 15 defined as

j=1

deg D = z”: m;.
j=1

Definition 2.10. A divisor D is said to be principal if there exists a meromorphic
function f : I' = C with zeros at Py, ..., P, of multiplicities p1,...,p, and with poles
at Q1, ..., Q, of multiplicities q1, . . ., q, such that

D:plpl++pnpn_qul__QHQn

and such a divisor D is denoted by (f).

Let ® be the set of all divisors on a compact Riemann surface I'. Let D and D

be elements of ® with
D = ijP] and D= an]%
j=1 j=1
The sum divisor of D and D is denoted by D + D which is defined as
j=1 j=1

® has an abelian group structure with this addition operation. Also, this addition

operation can be used to define an equivalence relation on 2.

Definition 2.11. Two divisors D and D are said to be equivalent if the divisor D — D

1S principal.

Definition 2.12. Let I' be a Riemann surface. A differential @ on T' is said to be

meromorphic if for any point P € ', in some neighbourhood of P, it can be written in
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the form
Q= f(2)dz

where f(z) is a meromorphic function at P.

We denote the space of meromorphic differentials on T' by M*(T").

Definition 2.13. A divisor corresponding to a meromorphic differential € is said to

be a canonical divisor and it is denoted by (£).

Example 2.2. All canonical divisors are equivalent with this equivalence relation de-

fined on ©. Let C denote the class of canonical divisors.

We can extend the Abel mapping to A : ® — C linearly and using this extension,

we rewrite Abel’s Theorem.

D= imjpj = A(D) = imjA(Pj)

Jj=1

Theorem 2.5 (Abel’s Theorem). Two divisors D and D are equivalent if and only if
degD =degD and A(D)= A(D) in J().

Definition 2.14. Let D and D be two divisors on I'. We say D = D if D(p) > D(p)
forallpel.

Clearly, this relation is a partial ordering on ®. Let D be a divisor on I'. Let

M(T') denote the space of meromorphic functions on a Riemann surface I' and define

L(D) ={f e M('): (f) = =D}
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L(D) is a vector space over C and we define the number 1(D) to be its dimension

over C. It can be shown easily that the spaces L(D) and L(D) are isomorphic if D and

D are equivalent. For example, if D and D are canonical divisors, then 1(D) = 1(D).
Similarly we define the space (D) as
I(D)={Q e MYT): (Q) = =D} and (D)= dime¢ I(D).

Theorem 2.6 (Riemann-Roch Theorem). Let D be a divisor on a compact Riemann

surface of genus g. Then

(D) = deg D — g + 1 +i(D).

For a proof of Riemann-Roch Theorem, see Theorem 3.11 in [8].

Definition 2.15. A divisor D is called nonspecial if i(D) = 0. Otherwise it is called

special.

Finally, we will state a theorem that will be needed for proving the well-definedness

of Baker-Akhiezer functions in the next chapter.

Let I be a Riemann surface of genus ¢, and let D = P, +-- -+ P, be a nonspecial
divisor on I'. Let F, denote the initial point of the Abel map, let a4, ..., a, denote the
a-cycles of Hy(I'). Let wy,...,w, denote the basis holomorphic differentials of I" and

let B denote the Riemann matrix associated with I'.

Theorem 2.7. With the above notation, the function F : I' — C9 defined as F(P) =
O(A(P) — A(D) — K) has exactly g zeros P = P,..., P = P, where the vector K is

the Riemann constant vector given by

o + B 1 P
K, =="—_—"3 _ _— f P/n< i=1.....q. 2.10
7 2 27T1 ; o Wk( ) . w] J ) N ( )



Proof. See page 38 of .

14
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3. BAKER-AKHIEZER FUNCTIONS AND NONLINEAR
EQUATIONS

3.1. Baker-Akhiezer Functions

In 1860’s, Clebsch and Gordan worked on generalizations of exponential functions
on a Riemann surface. It was already known that a holomorphic function on a compact
Riemann surface must be constant. Hence, a function on a compact Riemann surface
having exponential growth should possess an essential singularity of the exponential
type. Baker-Akhiezer functions were defined to be functions with essential singularity
of exponential type and in addition to this condition, they were defined to have possible
poles at points which are in the support of a nonspecial divisor. In 1920’s, Burchnall
and Chaundy [9] and then Baker |10] investigated the relations of the Baker-Akhiezer
type functions with commuting differential operators. Akhiezer considered an example
of such functions for the hyperelliptic case k* = P(z) where P is a polynomial of odd
degree [11], and he also considered their relations with the spectral theory. In our case,
Baker-Akhiezer functions will be our basic tool to find a family of solutions to the KP
equation, and the method used can be generalized to apply to some other nonlinear

differential equations of higher degree.

Theorem 3.1. Let I' be a Riemann surface of genus g, D = > .7 | P; a nonspecial
divisor on I', Q an arbitrary fized point on I not in the support of D. Suppose z = z(P)
is a local parameter centered at Q, and put w(P) = % Let q(w) be a nonconstant
polynomial. Then, up to a constant, there exists a unique function ® : I' — C satisfying

the following properties:
(1) ® is meromorphic everywhere on I' except QQ and has poles possibly and only at

Py, ..., P,
(ii) The function ®(P)exp(—q(w(P)) is analytic in a neighbourhood of Q.

Proof. First, we will prove the existence. Let {2 be a meromorphic differential on I'
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with principal part of the form dg(w) at ). We assume poles of 2 do not lie on the
basis cycles ay,...,a4;b1,...,by of Hi(I'). By (2.6), we can assume that the a-periods
of €2 vanish by adding a holomorphic differential to 2 if necessary. Define a vector U

as the following:

Uj:fg i=1...4 (3.1)
bj

Let Py be a point of I' other than ) and define a function ® on I' using the Abel map
A(P) = (fPP; Wiy ey fziz wg> with Py as the initial point of integration,

fp Q) 0(A(P) — A(D) +U — K) (32)

O(P) zexp( O(A(P) — A(D) — K)

Py
where the path of integration in the integral flf,z ) and in the Abel mapping are the
same. Note that the f-function used is the Riemann #-function corresponding to the
Riemann matrix B that corresponds to the surface I'. The vector K is the vector of

Riemann constants given in the equation (2.10]) and it depends only on the initial point
Py of the Abel map A.

We need to check that ® is well-defined on I' and for this, we will show that the
value of ®(P) at any P € I is independent of the chosen path between Py and P. Any
path of integration from Fy to P differs from another by a closed path, say it is v. We

can express 7y as a sum of the basis cycles as

g g
v = E mja; + g nib,  for some integers m;, ny.
j=1 k=1

Define two vectors M and N in Z9

M= (mq,...,my), N=(nq,...,ng).
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By (2.2)), the quotient of #-functions in (3.2)) is to be multiplied by

exp (_Wg—vw — (M, A(P) — A(D) + U — K))

(BM,M) = exp(—(M, U)).
exp (—77 — (M, A(P) — A(D) — K))

The exponential term in (3.2) is to be multiplied by exp({(M,U)). Hence the value of

®(P) remains unchanged.

By Theorem ® has poles at Py, ..., P,. Finally, ® has an essential singularity
of the form exp(g(w)) at Q.

It remains to prove the uniqueness up to a constant. Let ® and ® be two Baker-
Akhiezer functions corresponding to the divisor D and to the polynomial g(w). By
Theorem , ® has exactly g zeros on I, say Qq,..., Qg. Let D be the divisor D =

(P
Q1+ -+Q,. Then the function Cﬁ(P> is meromorphic with all its poles at @1, ..., Q,.
Since D is a nonspecial divisor, i(D) = 0 and by Riemann-Roch Theorem (Theorem

(D) = 1. Since D and D are equivalent, 1(D) = 1(D) = 1. Hence the function
o(P
~( ) is constant.

o(P)

Definition 3.1. A function whose existence is proved in the above theorem is called a

Baker-Akhiezer function corresponding to the point @Q, to the local parameter z(P), to
the polynomial q(w), and to the nonspecial divisor D = Py + - - -+ P,. This function is

unique up to a constant multiple.

3.2. Construction of a Family of Solutions to the KP Equation and the
KdV Equation

The KP equation (or Kadomtsev-Petviashvili equation) is the following third-
order nonlinear differential equation
3 0

1
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It was introduced in a paper of Boris Kadomtsev and Vladimir Petviashvili in 1970 [12]
investigating the stability of soliton solutions to the Korteweg-de Vries equation (so
called the KdV equation) with respect to transverse perturbations. The KdV equation

is the following third order nonlinear equation in one spatial and one temporal variable
1
Uy = Z(6uux + Uz ), (3.4)

while the KP equation includes two spatial variables. Both the KP and the KdV
equations have been used extensively as a model for the evolution of water waves.
Also, they can be both solved by inverse scattering method ( [4] and [3]) for rapidly

decreasing functions.

We will describe an algebro-geometric method, using Baker-Akhiezer functions
on Riemann surfaces to find some solutions to the KP equation [5]. These solutions

will be given as a function of the theta function associated with the surface.

Let I" be a compact Riemann surface of genus g and let D = P, + --- + P, be
a nonspecial divisor on I'. We choose a point @ in " and a local parameter z = z(P)
with 2(Q) = 0. Put w(P) = % For our purposes, we will work with the polynomial
q(w) = tw® + yw? + 2w only, where z, y, and ¢ are complex parameters. An extension
of this discussion will be given in Theorem [3.4] From Theorem [3.1] in section [3.1], we
know there exists a unique Baker-Akhiezer function ®(x, y, t; P) which has the following

expansion in a neighbourhood of Q:

O(z,y,t; P) = exp(q(w)) (1 + &z + &5+ ...)

= exp(tw® + yw? + 2w) (1—1—5—1—#5—22—1—...) (3.5)
woow

where §; = &;(z,y,t) and the series is a series expansion around () of an analytic
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function. Now we will define two operators. First define two functions

96

L 06 0% 06

Let the operators L; and A; be defined as

0? ? 3 0

We investigate the action of these differential operators on ®.

exp (—q(w)) 1P = (%—F%l—l—) + (WHGw+E+--)
PLHl 0 1 06 | 0%
*(WJ*WW"')*(%*%““)

+u<1+é+5—22+---),
w W

W+8x25+”' ox ox

+(%w+%+---)+(w3+§1w2+§2w+---)

Pl 0P 1 %€ 0%, 1
+<W5+$E+”'>+<W+W5+m)
P11 0% 1 0& 062
+(W5+Wﬁ+'”>+(%w+%“ +>

3 (061 0% 1 3 &2 &, &
+§u(%a+8xw2+ )+2u<w+£1+w+ >+U<1+w+w2+ )

exp (—q(w)) AP = (8251 0% 1 ) - (%w %, )

On the other hand, we observe that the first order ¢ derivative of ® and the third

order x derivative of ® share the same main term. Similarly, the first order y derivative
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of ® and the second order x derivative of ® have the same main term.

o & & 061 06 1
8_y_w exp q(w) (1+;+E+...) + exp q(w) (0_y5+3_yﬁ+>’

o0 4 SERS 061 06 1
E—wequ(w)(1—1—;%—?—1—...)+equ(w)(§5+aﬁ+...>.

From these equations, we see that the difference between L;® and M is of the

Y

1 0P

order of —, and so is the difference between A;® and —.
W

ot

Lemma 3.1. The function ® above satisfies

0 B 1 3 5

<_8y + Ll) =0 (w) exp(tw” + yw* + z2w), (3.9)
0 1 3 )

5 +A;)|2=0 ” exp(tw” + yw” + zw). (3.10)

where u and v are as defined in (3.6) and (3.7)).

Theorem 3.2. Let & = ®(x,y,t; P) be a Baker-Akhiezer function corresponding to
the polynomial q(w) = tw® + yw? + 2w and to a nonspecial divisor D of degree g. Then

® is a solution of the system
—— = LP, — = A,9. (3.11)

where Ly and Ay are as in (3.8]).

Proof. Consider the functions

0 0
(bl = <_a_y + Ll) ® and (bg = <—a + Al) d.

From equations (3.9) and (3.10) in Lemma 3.1 we conclude that both ¢; and ¢, are
Baker-Akhiezer functions corresponding to the polynomial ¢(w) = tw? + yw? + zw. But

¢, and ¢y are not constant multiples of each other and the same equations imply that
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¢1 and ¢, vanish at (). Hence we conclude that both ¢; and ¢, are identically 0 on
I.

Remark 3.1. In the last result, we used the uniqueness property (up to a constant) of
the Baker-Akhiezer function. This property serves as the key point to find a family of

solutions to the KP equation.

Corollary 3.1. The functions u in (3.6) and v in (3.7)) are solutions of the system of

the equations

3 3
Uy + laz ~ 2u, = 0, (3.12)
3
Vy — Up + Uggy + Uy — Uy = 0. (3.13)
0 0] .
Proof. Assume that the commutator operator X = |L; — 8_’A1 ~ % is nonzero.
Y

From the system of equations (3.11]), we know that the kernel of the operator X includes
an infinite family of functions {®(x,y,t; P)} parametrized by nonspecial divisors on

the underlying Riemann surface. Computation of this commutator gives

0
X[zl
R L
0x? 0z 2 or 825
(Bt (B3
ord 2 dr
_|_

3 3
= (ﬁum — §Uy + 2Um) 8 — Ugzx — 5““&: + Uzg

X is a differential operator containing differentiation only with respect to z, so its kernel
must be finite dimensional because we already know that the kernel is not just zero, it
contains an infinite dimensional space. We deduce that the commutator operator X is

identically zero.

Corollary 3.2. The function u in (3.6)) is a solution of the KP equation

3 0 1

Zuyy = % Uy — Z(6uux + Uz
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Proof. We take the partial derivative of (3.12]) with respect to y, and take the partial
derivative of (3.13) with respect to z and multiply the latter by 2. Adding these two

equations gives the KP equation given above.

3.3. An Explicit Expression of the Solutions to the KP Equation

Using the expansion of the Baker-Akhiezer function in (3.5)), we may write down

an explicit formula for the constructed solutions of the KP equation.

Theorem 3.3. The constructed solutions of the KP equation in Section[3.3 are of the

form

2
u(z,y,t) = 28— log O(zU + yV +tW + z) + ¢ (3.14)

0x?
where § = 0(z(P)) is the theta function corresponding to I', zg = —A(D) — K is a
vector determined by a nonspecial divisor D of degree g, K is the Riemann constant

vector given in (2.10), ¢ is a constant in C, and the vectors U, V and W are given by

Uj:be ‘/}:fg% Wj:%QS j:17"'7ga (315)
b, b; b;

J

where 1, o, and Q3 are differentials with zero a-periods and having principal parts

dw, d(w?), and d(w?) at Q, respectively.
1

Proof. By (13.6)), it is enough to find & which is the coefficient of — in the expansion
w

of the Baker-Akhiezer function ® around @) in (3.5). From ({3.5)), we know

T 2

Iqu)(I?yvt;P):tw3+yw2+xw+no+;+ﬁ+'“

where 71 = & and each n; is a function of x,y,t, and P. Using (3.2)), we deduce that
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1
the coefficient of — in the expansion of the function
w

O(A(P) + 2U +yV +tW + 2)
0(A(P) + =)

U(P) =log

around () is 71 — cx — by — at. The coefficient 1; does not depend on the initial point of
integration in the definition of the Abel map because of the uniqueness of the Baker-
Akhiezer function. We choose @) as that point so that A(Q) = 0. We will use this fact

and the following result (this is lemma 2.1.2 in [2]).

Lemma 3.2. Let w be a local coordinate on I' with w(Q) = 0 for some Q € ', and
let le) be a meromorphic differential with a single pole at Q) of multiplicity n + 1 for

n > 1, i.e. a meromorphic differential with principal part

(n) dw
QQ - wn+1

around Q. If w; = f;(2)dz is the local expression for each of the basis holomorphic

1 dnfl .
differentials w; around @, thenjg Qg) = _—fﬂ<z)
bj

n dwn1 }z:oforjzla---,gcmdnEZ*.

Now we will expand the Abel map A(P) near () in the form

A(P) = —éU + 0(%). (3.16)

Then we rewrite W(P) using Taylor expansion and (3.16)):

0(A(P) — A(D) — K + 2U + yV + tW)
9(A(P) — A(D) — K)

=log0((z — i)U +yV +tW — A(D) — K + O(w™?))

U (P) =log

1
- log&(—aU — A(D) — K + O(w™?))
1
=logf(2U +yV +tW — A(D) — K) — aaxlogﬁ(azU%—yV—i—tW — A(D) — K)

— log 9(—£U — A(D) — K + O(w™?)) + O(w™?). (3.17)
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Note that the term —log(—21U — A(D) — K + O(w™?)) in (3.17) is independent of x,
call it f(w). We conclude

m —cx —by —at = =0, log O(xU + yV +tW + z) + a(w).

1
where a(w) denotes the coefficient of — in f(w). We also have u = — ? by (3.6
w T

because 17, = &;. Therefore, with the above constant ¢, u has the form

2
u(z,y,t) = 2% log 0(zU + yV +tW + 2p) + ¢
x

where we let zp = —A(D) — K.

We deduce the existence of infinitely many solutions to the KP equation indexed

by nonspecial divisors of degree g on the surface I'.
3.4. The KAV Equation as a Special Case

We recall that the Korteweg-de Vries equation, or shortly the KdV equation, has

the following form

Uy = i(6uux + Ugzz)-
This equation describes the evolution of a solitary wave, a wave that preserves its
shape while moving. In 1834, John Scott Russell observed the water waves that were
preserving their shapes while moving in a canal and then implemented experiments on
water waves. The mathematical model showing that the motion of shape-preserving
water waves is governed by the KdV equation was given by Diederik Korteweg and
Gustav de Vries in 1895 [13]. As we already mentioned, the KP equation is one of
the possible generalizations of the KdV equation in the sense that the KP equation
includes two spatial variables whereas the KdV equation includes one spatial variable.

Hence, we will manipulate the method we used to find solutions to the KP equation
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and will obtain solutions to the KdV equation.

Let T" be a Riemann surface of genus ¢ and let D be a nonspecial divisor of
degree g on I'. Suppose @) is a point on I' such that there exists a meromorphic
function A : I' = C with a unique double pole at ). We will demonstrate the existence
of such a function for hyperelliptic surfaces in Section [3.4.1] Define a local parameter

wHP) =

D) in a neighbourhood of Q. Let ¢(w) = tw? + yw? + 2w, as before. We

write
O(x,y,t; P) = exp(y\(P))p(z,t; P)
so that ¢ is the Baker-Akhiezer function having the same poles as ® and ¢ exp(—tw?® —

rw) is analytic at Q.

Corollary 3.3. (Corollary to Theorem @ 15 a solution of the system of equations

Lip=Xp and Ayp= aa—f

where the operators Ly and Ay are as given in (3.8)).

We see that in this case the functions v in (3.6) and v in (3.7]) are independent

of y because the function ¢ is a function of x, ¢ and P only. Hence the KP equation

§u _ 9 u—1(6uu + Ugzz)
4yy*a$ t 4 T TTT

simplifies and the function

2
u(z,t) = 2% log 0(xU + tW + zy) + ¢ (3.18)

becomes a solution to the KdV equation for any constant ¢ € C.
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3.4.1. An Example

A hyperelliptic surface I' of genus ¢ is an algebraic curve given by

where P(z) is a polynomial of degree 2g 4+ 1 or 2g + 2. We write ' = {(z,k) € C? :
k* = P(2)}.

Assume deg P = 2¢g + 1. Then the branch points of I' are 2,..., 29411 and the
point at infinity. The following lemma demonstrates the existence of a meromorphic

function with a single double pole that is defined on hyperelliptic curves k* = P(z) =
2g+1

H (z — z;) where P is a polynomial of degree 2¢g + 1. This result was used in Section

j=1
.4l Hence, in the hyperelliptic case, we can apply the method in Section [3.4] to find a

family of solutions in terms of theta functions to the KdV equation.

Lemma 3.3. Let T be a hyperelliptic curve of genus g that is given by k* = P(z) =
2g+1

H (2 — z;) for a polynomial P of degree 29 + 1. Let D be a nonspecial divisor on
j=1
I. Suppose that the point Q is the point at infinity, and w = /z. Then the vector V

in (3.15)) is the zero vector and the function u(x,y,t) in (3.14) simplifies to u(zx,t) in
B19).

The proof requires a few remarks. To prove the meromorphicity of a function A
on a Riemann surface, we need to check the meromorphicity of the function Aot | ¢
being a local parameter. First, we note that the function A(P) = z for P = (z,k) € T
has a single second order pole at () because the local parameter ¢ around @ (the point
at infinity), is ¢(P) = % Around points of I other than the branch points, we can
choose z = z(P) as the local parameter. The vector V is the zero vector because

Vi = fb, Q, for each j = 1,2,..., g and the differential (2, is exact, 2y = dz. Hence the
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function

92
u(z,t) = 2@ log 0(xU + tW + zy) + ¢

is a solution to the KdV equation.
3.5. Other Nonlinear Equations

The KP equation is an example of a more general class of equations called the
Zaharov-Shabat equation L, — A, = [A, L] or in the equivalent form we used for the KP
equation [L —0,, A—0;] = 0 where L and A are operators of arbitrary degree including
derivatives only with respect to the x variable. The algebro-geometric construction we
presented above was proposed by I. M. Krichever in 1976 for a class of periodic solutions
of the more general Zaharov-Shabat equation, and these solutions can be expressed in
terms of the Riemann theta function [1]. Moreover, his method provides a classification
of commutative rings of differential operators [14]. The following theorem is the result

of this method applied to nonconstant polynomials g(w) of arbitrary degree.

Theorem 3.4. Let I" be a Riemann surface of genus g, D a nonspecial divisor of degree
g onT, Q a point in T not in the support of D, and w™(P) a local coordinate map

centered at Q). Let q(w) be a nonconstant polynomial of degree n.

(1) Suppose that , = ®,(x,y; P) is the Baker-Akhiezer function on I' corresponding
to the divisor D with the essential singularity exp(zw +yq(w)) at Q. There is an
ordinary differential operator L, which is uniquely determined by the equation

0P

_&yq =L,®,.
Moreover, the coefficients of Ly can be expressed recursively in terms of the coeffi-
cients of the reciprocal powers of w in the expansion of the function ®,exp(—rw—

yq(w)).

(i1) For any pair of polynomials ¢1(w) and qa(w), there corresponds a solution of a
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nonlinear equation given by

0
- _i_qu’_

5 Lg | =0.

a9t +
This solution can be expressed in terms of the 0-function of T'.

(111) Let A\(P) be a function on I with a single pole at Q). There is an operator Ly which
has its eigenfunctions corresponding to the eigenvalue \(P) as the Baker-Akhiezer
functions corresponding to the divisor D with essential singularity exp(azw) at Q.
In this case, for q(w) being the principal part of the expansion of A(P) around @,
Ly=1L,.

(iv) The divisor D gives a homomorphism from the ring of the meromorphic func-
tions with a single pole at () into a commutative algebra of ordinary differential

operators with the assignment A — L.

Proof. We content with a short explanation. For the proof, see Theorem 1.1 and
Theorem 2.3 in [5]. Part (i) and part (i7) can be understood from the construction for
the KP equation by observing that in that discussion L; had degree 2 coinciding with
the power of y in the polynomial ¢(w) = tw® + yw? + rw. The statements of (ii7) and
(1v) can be intuitively comprehended by considering the construction of solutions to

the KdV equation in Section as a special case of these general statements.
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4. EFFECTIVIZATION OF THE FORMULAE FOR THE
SOLUTIONS OF THE KdV EQUATION AND THE KP
EQUATION

In this chapter, we will use the explicit formulae for constructed solutions of the
KdV equation and the KP equation given in equations and (3.14)), respectively
to obtain a system of algebraic equations in U, V', and W. We recall that the vectors
U, V,and W are b-periods of some meromorphic differentials. By the effectivization of

the formula for the solution u, we will find conditions on arbitrary vectors U, V', and

W so that the corresponding function w in the form (3.18]) (or (3.14))) will be a solution

to the KdV equation (or KP equation). First, we will consider the cases genera 1 and
2 for the KdV equation, and then we will use a similar reasoning while considering the

KP equation case for genera 1,2, and 3.
4.1. KdV Equation
Assume that the KdV equation
1
U = Z(ﬁuum + Uz
has a solution of the form

2

0
u(z,t) = 2@ log 0(zU + tW + 2).

Our aim is to find the necessary conditions on U and W. These solutions corre-

spond to the case ¢ = 0 in Section (3.18]) which can be achieved by a linear change in
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W in terms of U and W. By direct substitution of u(x,t) into the KdV equation,

2] 2] 2104
0 (_28 og9+3<8 ogG) +_8 og&)zo

ox Oxot Ox? 2 Ort

where we wrote 0 = 0(xU + tW + 2;). Assume the Riemann matrix B = [By] is

indecomposable. Then

0% log 9?logf\> 19*logd
-2 = =4
oot 3( 02 ) 2 o 1C
for some constant C'. A rearrangement of this equation gives
0%, 9°0 90 ?0\* 9% 90 00
e B i —Z) —14 /i 2-0. 4.1
8x49 0x3 Ox 9 <8x2) 8x8t0 * dz Ot TEC=0 (4.1)

Now we will apply Theorem (the Addition Theorem). For z! 4 22 = w!,

2t — 22 = w?, it gives

6(=16(=") = Y On](w")b[n](w?). (4.2)

ne;(Z2)9

where [n] stands for the characteristics [n, 0] and 6[n](w) = 0[n, 0](w | 2B).

Lemma 4.1. The equation (4.1) is equivalent to the following system of 29 equations
indexed with n € (Zs)? in the unknowns Uy,. .., Ug,,Wh,..., Wy:

d%0[n] — dydwb[n] + Ch[n] = 0. (4.3)
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where we used the notations

. o 0 .
0 =——...0
g
A A 4.4
8(4]0[71] = Z UjUkUlUmijlm[n], ( )
7,k lm=1
A g A
k=1
Proof. 1t is conventional to define the operators
g g
0 0
Xa =D Ugr X=X U
j=l1 J Jj=1 7
(4.5)

J 0 J 0
L= Wigr  Ta=2 Wigy
j=1 J 7=1 J
Similarly the operators X1, X2, T,n and T2 are defined. These operators satisfy

X=X+ X2, X2 = X — X2,
(4.6)
Ta=T,+T,:, To="T, —T,e.

Using (4.5)), we can rewrite equation (4.1)) as
(X5 —4X2 X2 + 3X2 X5 +4X T2 — 4Xa T +8C) 0(2")0(2)| ,_,_. =0. (4.7)

Using , we write in terms of X1, X2, T,n and T,2. We will apply this
operator to the right side of the equation and evaluate it for w! = 2z, w? = 0.
Note that the function é[n] is even by the Proposition in chapter |2} so it suffices to
consider the terms with even total degree. Doing the computation and applying this

simplification, the result is

8(Xpe — Xu2Toz +C) Y Onl(w")0n](w?)] 1y, oy =0

nE%(Zg)g
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The #-functions A[n](2z) are linearly independent. Then all the coefficients of the above

equation are zero, hence the result.

4.1.1. g=1 case
Put U = Uy, W = W;. The equation (4.3)) gives

Ut9W[0] — Uwa10] + Ch[o] = 0,
UWD(1/2] — UWOP[1/2] + CO[1/2] = 0.

By scaling if necessary, we may assume that U = 1. Then

C0Ma[1/2] — 0W[1/2]0]0]
~0O1[0]0[1/2] — H@[1/2]6]0]

4.1.2. g =2 case
Let A = [A;;] be the following matrix 4 x 4 matrix
A = {011[n], O1a[n], Oza[n], O[n]}.

where n € 3(Z,)?. We assume that A has full rank. Suppose its inverse is given a 4 x 4

matrix D

D:{dll d12 d22 dn}

n*n o n

The equation (4.3) provides

859[7}] — Ulwlén[n] — (U1W2 + Ung)élg[n] — UQWQ@QQ — C’é[n] = 0



for each n € %(Zg)? Using this equation, we define the polynomials

U1W1 = Z d}llﬁéé[n] :PH(Ul,UQ) :Pll(U),

TLE%(ZQ)Q

U2W2 = Z d?@éé[n] :PQQ(Ul,UQ) :PQQ(U),
nez(Zs)?

UWa+ UaWi = > d20j6[n] = Pia(Ur, Us) = Pra(U).
TLE%(Zz)z
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(4.8)

From these equations, we obtain a homogeneous equation of degree 6 in the following

form

P(U) == P(Ul,UQ) - U12P22(U> - U1U2P12<U) +U22P11(U) - O

Uy and U, are solutions to (4.9)) and then the vector W can be found from (4.8)).

4.2. KP Equation
4.2.1. g =1 case

We suppose that the KP equation

3 0 1
Zuyy =5 (ut — Z(6uuw + umx))

has a solution w of the form

2
u(z,y,t) = 2% log 6(zU + yV +tW + zp).

(4.9)

We proceed as in the previous section. Direct substitution gives an equation in the

f-function

Ovwral — 40,020, + 302, + 40,0, — 40,0 + 30,0 — 36; +8CH* = 0.

(4.10)
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where we denoted the integration constant by 4C. Then we apply the Addition The-
orem (Theorem and make a similar reasoning with the operators. This provides

the result below.

Lemma 4.2. The equation (4.10) is equivalent to the system of equations
4 N o 3 2 ~ ~ 1
oy 0[n] — Oyowln| + 181/9[71] +COn]=0, ne 5(22)9, (4.11)

where we use the notation in (4.4) and

Remark 4.1. The system (4.11)) is invariant under the following type of transforma-

tions

U al, Vi +(a?V +2apU), 412
12

W= W + 3026V + 3ap°U, C— o'C.

where a and B are complex numbers with o # 0.

If g =1, then U, V, and W are just numbers, so with an invariance transformation
of the equation (4.10f), we can make V' = 0 which is the case of the KdV equation

discussed in the previous section. Now we consider the cases of larger genera.
4.2.2. g =2 case

We assume that U and V are linearly independent, if not, again by using the
invariance transformation of the equation (4.10]), we can achieve V' = 0 (so the KdV

case). Since the dimension is 2, there are constants a and b satisfying

W =aU + bV.
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If we define another function w(z,y)
w(x + at,y + at) = u(x,y,t)

then we have

52
w(z,y) = 2@ log 0(zU + yV + 2)

and that w satisfies the equation

3wyy — 4awm + 4way + (3w2 + wx:c):cr =0.

As in Section {4.1.2 we solve (4.11)) and get

iU; U,

4
(UyVi — Ui V)2 = —§P(U1, Us).

Wj j:1,2

where the polynomials Py (U), Pi2(U), Py(U), P(U) are determined from the equa-

tions (4.8]) and (4.9).

Now, we set U; = 1 and V; = 0 using the invariance property in (4.12)) and put

Uy = z a complex parameter. Then

. [ 2/P(1,2)
U=(1,2), V-(i—\/g

a:P22<]_,Z), b:

,0) s W: (—ZPQQ(LZ)+P12(1,Z),P22(1,Z)),

V3(Pia(1,2) — 2Pys(1, 2))
2iv/P(1, z) '

where we assume P(1,z) # 0 which means V5 # 0, i.e. V is not the zero vector.
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4.2.3. g =3 case

The vectors U, V and W are linearly independent. Hence we do not have a

reduction to the KdV equation. We consider the equation

0] — By Oln] + %a@é[n] L OO =0 ne %(Zg)g

as a linear equation in 7 unknowns

3 3 3
Uuw, — 4_1V12’ UiWs + U Wy — §V1V2, UiWs + UsWy — §V1Vé7
3 3 3
Us Wy — Z‘/227 Uy W3 + UsWy — 5‘/2‘/}” UsWs — ZV;, -

with the 8 x 7 matrix

A = {Buyn], braln], Bslnl, O]}, m € %(22)3.

We assume that A has rank 7 = @ +1. Let ny,..., n7 in 5(Z3)? be such that

the 7 X 7 matrix
M = {011[n], 012]n], O3[n],0[n]} n=n4,... 0.

has nonzero determinant. Let D = {d/* d,} where n = ny,...,n; denote the inverse

matrix of M. Then by (4.11]),

3
Pi(U) = U;W; = SV j =123 (4.13)

J

UsWe + U, = SVVi = PalU) k=123 j#k (4.14)



where the polynomials P;,(U) are given by

Z d3k84

Using equation (4.13)) in (4.14]), we get

3 .
Q]k(U) = _Z(U]W — Uk‘/j)z = Ufpkk — UJUkPJk + ngj] j,]{i = 1,2,3;

which provides

Then V is determined from

Vi = =AMUs\/Qi3(U) + Us\/Q12(U)),

Ve = AUWR) + U B0, A= S 5
Vi = —=AUs\/Qa(U) + Ui\/Q13(U)).

J <k,
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For the compatibility of all the equations, the signs of the square-roots must be

in accordance with the equation

Ui/ Q23(U) — U/ Q13(U) + Us/Q12(U) = 0

Finally, W can be determined from condition (4.13]).
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4.2.4. The KP Equation, larger genera

In this section, we will prove that the solution set {U, V, W, C'} to (4.11)) depends

only on the vector U = (U, ...,U,), up to some linear transformations.

Definition 4.1. Let I' be a Riemann surface of genus g > 2, and let {wy,--- ,w,} be

a basis for the holomorphic differentials on I'. Define a mapping 1

Y : T — CPI!
P (wi(P): -t wy(P)).

Note that for each j = 1,2,...,g, and for each P € T', w;(P) denotes the value of
[i(P) where w; = f;(2)dz around P. We define the canonical curve I' to be the image
of this map, T = (") C CP9~1.

Remark 4.2. By Lemmal3.9, the vector U = (Uy : -+ : Uy) € CPY~! in our construc-
tion in Section is

(UL(P) -+ Ug(P)) = (@i(P) s -+ - wy(P)).

Thus the canonical curve I is included in the solution set for the vector U in the system

(4.11). We will give an outline of the proof that the vector U satisfying (4.11)) is on

the canonical curve and there are no other solutions for U.

Lemma 4.3. Let B = [Bji] be the Riemann matriz of a Riemann surface I' of genus
g, and let 0 = 0(z) denote the corresponding 6-function. Then the following condition
holds:

rank{6;x[n], f[n]} = @ +1. (4.15)

Proof. See lemma 4.3.1 in [2].

Lemma 4.4. For matrices B = [Bjj| satisfying the condition (4.15)), the vectors V., W
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and the number C' are uniquely determined by the vector U, up to the transformations
Vs £(V+2aU), W= W +3aV +3a°U,

where o 18 a complex-valued parameter.

Proof. Suppose that the triples {V! W' C1} and {V? W2 C?} correspond to the same
vector U. For both sets, we have the equality (4.11) and subtraction of these two

equations gives

g
3 R X
> [F0mi - vve) - osovt - W) Bl + (€1 - €Al =0,

j3,k=1

The condition (4.15)) implies

3 )
VN = ) - ) - W) =0,

3

S VIV = VIVE) = Uy (W = W) = U(W} = W) = 0, (4.16)

cl =2
By compatibility of these equations
UV = UV} = (0 = UV;)
hence

U;(Vi £ V) = Un(V £ V)
and V ==£(V +2al) (4.17)

W can be found by substituting (4.17)) into the first equation of (4.16]).
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Theorem 4.1. Let B = [Bj;| be a Riemann matrixz corresponding to a Riemann sur-
face T' of genus g > 4. Then for I' in general position, the image of the projection
(U, V,W,C) — U from the solution set of the system ([4.11)) into CPI~! is the canoni-

cal curve of I

Proof. For g =2 and g = 3, see Theorem 4.3.1 in [2]. For g > 4, the complete proof is
given in Theorem 4.3.2 in [2]. The proof considers the cases below separately and uses

the corresponding facts.

case.l T'is a general curve (some special, but possible cases omitted) of genus g > 5.
case.2 I is a hyperelliptic curve.
case.3 [ is a trigonal curve.

case.4 I is a plane curve of degree 5.
Fact.1 Let (0) be a #-divisor. The mapping p from J(T') into CP9~*

p:zesupp((f)) — VO(z) = (61(2) : -+ : 0,(2))

has rank g — 1 almost everywhere.

Fact.2 Let I' be a Riemann surface of genus g > 5. Define a set
S={z€l':0(2) =0,V0(z) =0}.

Note that S € J(T'). Let z € S be substituted in the equation (4.10). Then we

have

g
> UiUibj(z) =0 for 0(z) =0, 0;(z)=0 for j=1,...g. (418

jk=1

With the exceptions (2a) and (2b) below, the canonical curve I'" is the intersection



(2a)
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of the tangent cones with the points in &

g
Z zjxphi(z) =0 and ze€S (4.19)
k=1

with homogeneous coordinates (z; : -« - : x,).

Suppose that I' is a trigonal curve, i.e. there exists a meromorphic function f on

I’ with a single third-order pole at a point ). Then the equation (4.19) and

g
Z rjxprlbi(z) =0 for z€8 and Oj(2)=0 for j,k=1,...,9.

Jkl=1

(4.20)

Suppose that I' is a smooth plane curve of degree 5. Then it is of genus 6 by the
Genus-Degree Formula that gives the genus g of a nonsingular plane curve and
its degree d satisfy g = 3(d — 1)(d — 2). The equation ([4.19) defines a Veronese

variety of the form (22 : zy : wz : y? : yz : 2%) in CP°.
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5. CONCLUSION

In this thesis our goal was to study the algebro-geometric construction of a family
of solutions in terms of theta functions to the KP equation. The technique is due
Krichever [1]. A consequence of this result utilizing the algebraic nature of these
solutions is provided by the effectivization of the formulae for the constructed solutions,
this is given in [2]. We used a large theory of Riemann surfaces including knowledge
of Riemann theta functions and Baker-Akhiezer functions, and the method used is
applicable to nonlinear equations of Zaharov-Shabat type. In our way of explaining

these, we followed a survey article by Dubrovin [2].

Finally, we want to mention two problems in algebraic geometry that are re-
lated to this construction. The constructed solutions were in terms of Riemann theta
functions corresponding to Riemann surfaces and this situation brought about new
approaches for two old problems, e.g. a new proof for the classical Torelli theorem and

a partial result for the solution of (still open) Schottky problem.

The classical Torelli theorem [15] implies that two algebraic curves of the same
genus are birationally equivalent, i.e. there is an invertible rational map between
them, if and only if the Riemann matrices corresponding to them are the same. One
consequence of this result is that a Riemann surface is determined by its Jacobi variety
and hence in order to study a Riemann surface, one can study Jacobi variety of that
Riemann surface. By Theorem and using properties of the map p, Dubrovin [2]

gave a new proof to the Torelli Theorem.

Novikov conjectured that the compatibility of the system (4.11f) will provide nec-
essary and sufficient conditions on an arbitrary Riemann matrix to be a Riemann
matrix corresponding to a Riemann surface, or matrix of b-periods of holomorphic
differentials. Finding these conditions is a famous open problem called the Schottky
problem or as it is sometimes called the Riemann problem. When genus of the surface

is 1,2 or 3, the solution to this problem simple and can be found in [2]. Schottky found
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the necessary conditions on a Riemann matrix to be Riemann matrix of b-periods of
holomorphic differentials on a Riemann surface for the case ¢ = 4 [16]. Indeed, the
fact that explicit solutions to the KP equation are given in terms of Riemann theta
functions turns out to provide a partial solution [17] to the Schottky problem. This so-
lution by Dubrovin is partial since he proved that the relations on a theta function that
are implied by are distinctive properties of theta functions of Riemann surfaces

except some possible irreducible components of the variety of all theta functions.
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