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ABSTRACT

In this thesis the higher order Ehresmann e—connections are studied as
geometric objects. We prove that, any two Lie subgroups of the r™ order jet group
G* which are isomorphic to G! are conjugate. It follows from this result that the
geometric objects defined by such subgroups are equivalent to the Ehresmann

g—connections.



KISA OZET

Bu tezde, yiuksek mertebe Ehresmann g—konneksiyonlart geometrik nesneler
olarak ele alinmigtir. Mertebesi r olan jet grubunun, birinci mertebe jet grubuna
izomorfik olan altgruplarinin eglenik oldugu ispatlanmigtir. Bunun sonucu olarak,
bu  tar  altgruplarla  tanimlanan  geometrik  nesnelerin, Ehresmann

e—konneksiyonlarina egdeger oldugu gosterilmistir.
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Space of k-linear mappings

Complex numbers

' order frame bundle on M

r'" order jet group on an n-dimensional manifold
r-jet of the function f at the point x.

' order jet bundle with source M and target N
Real numbers

Cartesian product

Christoffel symbols of order k



1. INTRODUCTION

Since the beginning of the 20" century, attempts have been made to define a
concept general enough to include all objects thét appear in differential geometry.
A differential geometric object of order r on an n-dimensional manifold M 1s
originally defined in [1]. A quite complete treatment of the theory appeared in [2]
and a geometric object at a point p of M is defined as a set of m numbers, given in
each coordinate system defined at p, with a consistent transformation rule which
uses the derivatives of the coordinate transformations up to order r. Then, the
geometric objects are classified according to the law of transformation of the set of
m numbers. However, it is also possible that two geometric objects with different
laws of transformation may define same entity. For example, consider a non-zero

covariant vector v=(v;,v,) on a two-dimensional manifold. It can also be given as

v, v, ' ,
u=|—3—5,"5 5 |, since there is a one-to-one correspondence between « and v.
vy +vy v 4y,

However, the rules of transformation of these entities are quite different. Later
attempts to formulate the theory of geometric objects were made in [3] and [4] with
the fiber bundle approach. In [3] not the components of the geometric object are
primary but the space of the object and group of transformations operating on it. A.
Nijenhuis first introduced the concept of natural bundles that made the problem
independent of coordinates in his talk at the 1958 International Congress of
Mathematicians. A rather complete historical survey can be found in his paper [5].
For the most recent developments in this field, see [6].

There are also a great number of papers concerning classification of geometric
objects of order r with m components on an n-dimensional manifold, for several
combinations of the parameters m,n,r. For the most general results about
homogeneous geometric objects, see [7]

The purpose of this paper is to study the equivalence problem of special
homogeneous objects of order r with codimension m, =n*(n"? —1)/(n - 1), namely
the number of Christoffel symbols of Ehresmann e-connections order r for r>2,
n>1, as defined in . We will shortly call them by Christoffel Symbols throughout the
text. We adopt the fibre bundle approach developed in [3].



Let G} = G, xBZx..xB! be the jet group of order r at the origin of R". For a
subgroup H of G this problem is equivalent to find all conjugacy classes of
subgroups of G} i1somorphic to H [3]. In ord‘er to study objects of same type as
Christoffel symbols of order r, we choose H=G!, that is, the general linear group. If
the left coset space G’ /G! is identified with the subgroup {e}xBZx..xB. by the
map [(e,f2,....f)]— (e,f3,....f), the standard action of G on Gf /GLbecomes,

(a,5,...,£)(0)(e,ha,...,h)= (a,Fs,...,f)(e,ha,...,0)(a,0,...,0)

Let FF(M)—>M be the rt order frame bundle of M where dimM=n and
E'(M,(0))>M be the associated bundle with fiber {e} x BZx..xB!. Then, there is a
one-to-one correspondence between

(i) The sections of E'(M,(0))—>M,

(i) Gl-invariant sections of F*(M)—F'(M), which are called Ehresmann -

connections [8],

J

(ayi oy }( oI (0. T () )[@i o...,o]ﬁl

(i) Functions T} (x),...,T; . (x) subject to the transformation rule

ox) 7T ox L ox ox)’

which are called the Christoffel symbols of Ehresmann g-connections [13].

Suppose T(8) is a subgroup of G! of the form {(a,0.(a),...,8.(a)),ac G},
where 0,:G. — BY are differentiable and hence analytic functions. Then, another
associate bundle E'(M,(0)) can be defined by the action |

(a,f3,....£)(0)(e,ha,...,h)= (a,5,..,f)(e,hy,...,h,)(a,02(a),...,0:(a)) .

Thus, E'(M,(0)) is a seemingly new geometric object bundle. Now, the
problem is to obtain whether E'(M,(0)) and E'(M,(0)) are equivalent in the sense of
[3]. We will prove that the stabilizer subgroups of these two actions are conjugate

and hence, the geometric object bundles defined by such subgroups are equivalent.



2. NOTATION AND PRELIMINARIES

2.1. Principal Fibre Bundles

In order to define geometric object bundles, we first define principal bundles.
They can be defined either as the equivalence class of coordinate bundles [9] or in a

coordinate free manner as follows [10]:

DEFINITION 2.1.1. Let M be a differentiable manifold and G a Lie group. A
differentiable principal bundle over M with group G consists of a manifold P and an
action of G on P satisfying the following conditions;
(1) G acts freely on P on the right, (#,a)ePxG—ua=R,ucP
(i1) M is the quotient space of P by the equivalence relation induced by G,
M=P/G, and the canonical projection n:P—M is differentiable.
(i1) P is locally trivial, that is, every point x of M has a neighborhood U such
that ©'(U) is isomorphic with UxG in the sense that there is a
diffeomorphism
¥ Y (U)>UxG with ¥ (u)=(n(u),p(u)) where ¢ is a mapping of n~'(U) into
G satisfying ¢(ua)= ¢(u)a for all ac G!.
Then P(M,G,n) is called the principal bundle with bundle space P, base space
M,
submanifold of P called the fibre.

structure group G and projection m. For each xeM, =n"'(x) is a closed

Using the third condition one can choose an open covering {U.} of M, each
1 '(U,) provided with a diffeomorphism w—>(n(u), 0a(u)) of ' (Ua) onto UexG
such that @(#a)= @q(u)a.

If ueU,nUp then @p(ua)eq '(va)= @p(#)@s '(#) that implies @p(#)0o ' (u)
depends only on w(u). Let Ypa:UanUp—>G where VpaT(w))=0p(t)po (). The
mappings are called transition functions of the bundle corresponding to the open
covering {U,}of M satisfying

Wpal(X)= Wy (X)Wya(x) for all xeUsnUpnU, (1



THEOREM 2.1.2. Let M be a differentiable manifold, {U,} be an open covering
of M, G be a Lie group and yg.:UanUp—G for all nonempty U,~Ug in'such a way
that (1) is satisfied. Then one can construct a differentiable principal fibre bundle
with base manifold M, structure group G.

For the proof see [11].

Given a principal fibre bundle P(M,G) and a manifold F on which G acts on
the left as (a,x)eGxF—axeF, one can construct a new bundle in the following
way. On the product manifold PxF, a right action of G can be deﬁned as,

(u,x)ePxF—(ua,a'x)ePxF

The quotient set of PxF by this action is denoted E=PxgF. The mapping
e PxgF—M where ng([u,x])=n(u)eM, called the projection of E onto M. For each
xeM, nz '(x) is called the fibre of E over x. The differentiable structure of PxF

induces a differentiable structure on E [11].

DEFINITION 2.1.3. The above defined fibre bundle with base space M, structure
group G and fibre F is called the associate bundle of P(M,G) and denoted by
EM,G,F,mg) [11].

2.2. Jet Groups and Frame Bundles

Let M and N be differentiable manifolds of dimension m and n respectively.
Let U and V be neighborhoods of a point x in M and let £ U—N and g:V—N. Then,
f and g give rise to same r-jet at x if they have the same partial derivatives up to
order r at x with respect to some local coordinate systems in M and N. Using chain
rule of partial derivatives of order r, one can show that this definition is
independent of choice of coordinate system. The equivalence class of f, thus

defined, is denoted by ji(f). The set of r-jets j’(f) at x is denoted by J*(M,N) and
let FOM,N)= | JI2(M,N).

xeM

Let a(jL(H)=x and B(j,(N)=f(x), where x and f(x) are called the source and
the target of j.(f) respectively. Then, J'(M,N) is a fibre bundle over M, N and MxN

with projections o, and oxp respectively.



If r>q a natural projection is defined by un:J(M,N)—J%M,N), where
w (3 N)=1(N- If r>q>p, then pfopnl=p?. Let ji(HeT(M,N) and j (g)eT(N,P),
where f(x)=y, then j;(g< )= j}(g) ° i(/)

An r-jet j (e’ (M,N) is said to be invertible, if there is an r-jet
JL@EFMLM)  such that ji(7)<j;(g)=5;(id,), ij(g)e ii(r) = iilid,). where id,
is the identity map of M onto itself defined in a neighborhood of x. It follows from
the implicit function theorem that j%(f) is invertible if and only if j! () is.

Let J{(R", M) dendtes the space of r-jets of real n-dimensional vector space R"
into an n-dimensional manifold M with source at the origin 0 of R". An invertible
r-jet ji(Hel,(R" M) is called an r-frame of M at x=£(0). The set of r-frames of M
will be denoted by F'(M). It is a fibre bundle over M with natural projection =,
n(J,(N)=f(0). The structure group of F'(M) is defined as follows: Let G| be the set
of invertible r-jets ji(g)eJ (R", R") with source 0 and target 0. The G} is a group
with multiplication defined by the composition of jets. Let ueF (M) and seG].
Then, u=ii(f)eI(R"M) and s=ji(g)eIi(R",R"). Define us=j5(gof) eI (R"M).

Then, G}, acts transitively on each fibre of F'(M).

DEFINITION 2.2.1. F'(M) is a principal fibre bundle over M with group G! and
is called the bundle of r-frames on M [10].”
Choosing standard coordinates in R", G;=GL(n,R)xB2x...xB! where each B}

is the space of k-linear mappings of R"x.. xR">R" , the elements of G can be

identified with pairs (aJ ,f;h ,fj' i ) 1<4,j,,....,], <n. Then, group operation can be

written as
i i i i
(ah ? leJz 2 fjl"'jr )(b Qo gjljz e gjl"'jr )
S i 51 i S2 i S i Se q i ))
(a%bh’ A 8 +fsmbnbjz 8585 5 +fsl b + " Jx Jrl, Jl ’gh Je-1
and also by

(a’fz,---’fr)(bagz:---:gr> =(ab,ag2 +£,b,...,ag, +1, b+dfza S S gZ;""gr—-l))
where (af)(xy,...,x)=a(f(x1,....Xr)), (fa)(x1,...,%)=f(ax,,...,ax,) and @ is a polynomial

in its entries. For the details on jet groups and frame bundles we refer [10].



2.3. Bundle of Geometric Objects and Equivalence of Geometric
Objects

Let M be a differentiable manifold with an atlas (U;,¢;) and G be an effective
topological transformation group of a Hausdorff space Y. If U is a subspace of G,
then (Uey) is a subspace of Y for all y in Y. Furthermore it is assumed that,

(1) The subspace (U.y) is open in (Gsy) for each U open in G and yeY.

(i) Let A::G,—G for each xeM be a homomorphism of G! onto G that

depends continuously on x.
For xeUinUj, define g, (x)=hy( jo(07',)) then, 8,;(*)=g,(*)g,(x)
It follows from Theorem 2.1.2 that there exists a fibre bundle with bundle

space B, base space M, fibre Y, group G, and transition functions gij(x). Another

allowable coordinate system leads to another bundle equivalent to B.

DEFINITION 2.3.2. The fibre bundle (B,M,Y,G,h) defined above is called a
bundle of geometric objects of order < k over M of type A. A point of this bundle is

called a geometric object. A cross-section of this bundle is called a geometric object

field [3].

REMARK: The natural projection pf,,:G*" — G* is a homomorphism. Then, a
geometric object bundle of order < k is also of order < k+1. The bundle of

geometric objects is said to be of order k if it is of order < k but not of order < k-1.

Let B and B’ be two bundles of geometric objects over the same base space

M, with fibres Y and Y’ groups G and G’ respectively. Let h:GX -G, #":GX—>G'.

PEFINITION 2.3.3. Two geometric object bundles, B and B’ are equivalent if

there exists a continuous map f:B—B’, satisfying the following commutative

diagrams,
B/, B U, AU, x Y—2p™(U;nU,) =L p (U, AU )£ U, AT x Y
Dip iy G Ly Ve,
M—=2M U, AU, x Y—25p7(U, AU, )~ p (U, AU, )25 U, AU x Y7

Let A;:UinUjxY— UinUjxY’ where ?v.(x)=(p§‘lof op, be the map from Y
ontoY’. Then Ai(x)=A;(x) for each xeUinUj hence, A; is well-defined.



The first condition asserts that f carries each fibre Y. to Y/

homeomorphically. The second is the condition of coordinate independence of the

mappings between local trivializations.

THEOREM 2.3.4. Two bundles of geometric objects are equivalent if and only if
the structure groups G and G’ acting on the fibres Y and Y’ respectively are

related as g'=A(x)ogod " (x) [3].
Proof:

=>: Assume the geometric object bundles are equivalent. Then,
Ai(x)= (P{_lofO(pi=(p€_1(pgo((p'j”lofo (pj)o(pjfl(pi=g;j(x)oxj(x)ogji(x) for all xeUinU;.
=>Mx)=g; (x)o}.(x)ogji(x) since Aj(x)=A;(x) for all xeUinU;.
=g (x)=7»(x)ogji(x)o7fl(x) for all xeU;nU;.
<. Assume  gi (x)=)»(x)ogji(x)ol'l(x) for all xeU;nU;, where A(x) is a
homeomorphism of Y onto Y’ depending continuously on x. Then,
AMx):MxY—>Y' is continuous. Define f of B onto B’ as ¢'(x,A(x)y)=foo(x,y).
Then f satisfies the conditions for equivalence,
(1) Po@’ (X, A(X)y)=p’efoq(x,y) = x=p"0 fo0(x,y) = po@(x,y)=p’ofop(x,y) = p=p’of
(i) gL (x)=A(x) o gji(x)ok_l(x) 1s our assumption.
Note that, the sufficient condition for the equivalence of fibre bundles is that

the function f defined above is an arbitrary homeomorphism [9]. However, in the

case of geometric object bundles, f must be an inner automorphism on each fibre.

2.4. Transitive Geometric Object Bundles

DEFINITION 2.4.1. A geometric object bundle is said to be transitive if its
structure group is a transitive topological transformation group of the fibre Y [3].

Let H={gecG,gy=y} be the stabilizer group of yeY. Note that H, is a closed
subgroup. Since G is transitive there exists a one-to-one correspondence between
G/H and Y which is actually the orbit of y. Consider the natural left action of G on
G/H. There is a geometric object bundle of type 4 over M with group G and fibre
G/H, so define A:Y—»G/H where A(gy)=gH and g'=A()g L™'(»).



THEOREM 2.4.2. Any transitive geometric object bundle with group G is

equivalent to a bundle of same type and with the coset space G/H as fibre [3].

Proof: Construct A as stated above and use Theorem 2.3.4 (31

Let K be the closed subgroup of GI such that A(K)=H. Let K, be the
intersection of all subgroups conjugate to K. Then K, is the largest normal
subgroup of K that is normal in G . If the natural left action of G over G} /K is
effective, then Ko={e}. If it is not, then the action of G* /K, on G’ /K is effective.
In order to show that G /K, is a topological transformation group of G./K,
assume F is open in G7. Then, FK, is open in G* /K, with the quotient topology. If
aKeG/K, FKeaK=F.aK which is open in G;/K with quotient topology. Then,
G. /K, is a topological transformation group acting on G'/K. Hence,
M, G’ /K,,G" /K, h") where # is the natural homomorphism of G' onto G /K,, is

a geometric object bundle.

THEOREM 2.4.3. The bundles of geometric objects (M,G" /K,,G~/K,#’) and
(M,G,G/H, ) are equivalent [3].
Proof:
Let t:G;/K—-)G/H with t(aK)=h(a)H. Then 7 is onto since / is. A(a)H=h(b)H =
h(a'b)eH = a'beK = aK=bK. Hence 7 is a bijection. Now, the diagram below
is commutative,
G —t5GI /K
h N
G —> G/H
where v,i, 4 are open mappings and hence T and 17! are continuous. Hence, 7T is
a homeomorphism and each fibre G /K is homeomorphic to G/H.
Let geG, g'eG. /K, with g=h(a), g'=h'(a)=aK, for some aeG}. If bKe G} /K
then, A'(a)bK=abK,
—=1(abK)=h(ab)H=h(a)h(b)H=h(a)t(bK)=got(bK)
—1(abK)=t(h' (a)bK)=1g'(bK)=T o g'(bK) = g'=1"ogot [3].



THEOREM 2.4.4. Two transitive geometric object bundles of same order with
fibres Y and Y’ are equivalent if and only if the closed groups K and K’ of G* are

conjugate where K and K’ are the preimages of the stabilizers of arbitrarily chosen

points of yeY and y’e Y’ respectively [3].

Proof:
=>:Let M,Y,G,/#) and (M,Y',G',/’) be two equivalent geometric object bundles.
Then there are corresponding geometric object bundles (M,G" /K,,G" /K,c) and
(M, G* /K! G* /K’,cs’) Since these two bundles are equivalent, there is a
homeomorphism 1 of G;/K onto G’ /K’ with 1(c(g)y)=c'(g)t(y) geG’,
yeG. /K. Let o(a) acK fixes a point bKe G’ /K. Note that, c(a)bK=abK=bK =
b'abK=K = o(b'ab)K=K for acK and for some beG". Hence b'Kb is the
preimage of the stabilizer of the point Ke G;/K and it is the complete set of
points with this property. Same argument holds for the set ¢'K’c for some
ceG". Then 1(c(b'ab)K)=c'(b'ab)1(K)=c'(b"'ab)K'=1(K)=K'.It follows that
b 'abe ¢ 'K'c for all acK = b 'Kbc ¢ 'K’'c. Hence K and K’ are conjugate.
<:Assume K and K’ are conjugate, i.e., K'=gkg™ = K=Ky = G /K,= G /K.
Define g: G;—>G;/Kg where g(a)=gag™ = ¢(K)=K'. By Theorem 2.3.4 the

geometric object bundles are equivalent [3].
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3. CHRISTOFFEL SYMBOLS OF EHRESMANN
E-CONNECTIONS AS GEOMETRIC OBJECTS

3.1. Definition of Christoffel Symbols of

Ehresmann e-connections

Let F'(M)—M be the 1™ order frame bundle of M of order r. Let I' be a
section of ! : F'(M)—F'(M). For details on higher order frame bundles we refer
[10] and the references therein. If (U;x) is a coordinate neighborhood in M and

V=(u ) (U)cF'(M), then I is given on (V;x',x}) by

I(x,x) :(x,x I (x,x),...,I} (x,x))

[N 1173 T ke

DEFINITION 3.1.1. G!-invariant sections of p!:F'(M)—>F'(M) are called

Ehresmann e—connections.

THEOREM 3.1.2. There is a one-to-one correspondence between
(i)  G!-invariant sections of F'(M)—F'(M), called Ehresmann g-connections
[8].

(i) Functions I, (x),...T;  (x} subject to the transformation rule

i &y i RS C :
(gc/j ""’éxj‘.jl.}axj' ](e,rm-z(x),...,Fle_,jr(x))'Kaj—,O,...,OJ :(e,l_“jljz(y),...,l"jlmjr(y))‘

which are called the Christoffel Symbols of Ehresmann g-connections [13].

Proof:

(i)=(ii): Suppose I be a G| -invariant section of F(M)—>F'(M) then,

r;p.jk(xi X, a’.“) =T} (xi,xij) a.'..a>* forall (a}) e G!, 2<ksr.

2 dm*j my...my h 3

Now, let x) =38, replace x|bya) and write Fjilv_.jk(x‘,éiij):I'jih_jk(x") then,

I, (%) =T, (9 X

.My I 3k
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Let T} . (x,x) =X} . since,

Jidk
' &'y’ i i i i
(AL ERR RN
then
i oyl . . . - 4 4 A -
(gn ""’axil../,vaxiklxil"“’xl 00 =y oy )y 0,00

i ak i . ‘ ‘ . . | | | )
(gil "”’8xi‘..J.j8xi" }Xil"“’Xgl"'jk)u:‘((y;!""’yti]-».ik) 1):(yzlr“':ya_“jk)(y;l 0,..., O) l
- . (( i ki ' . \-1\
J( ..,x}l,_.jk)uiu(gil ""’axixa,“yaxik}X?w-v"},...jk ) | J

(A ak i . . ‘ | . '
:\gin o y&x"‘} xt . "’lex---jk)“L((X;x"“’xﬁ,,,,jk)) luLL

(i)=():Let T}, (x),....T;_; (x) subject to the transformation rule,

ayi aryi i i ' ayi X i i .
(22 er, o O Zeo0) (e, Ot )

Then, let Fj‘l."jk(xi,x;):l“rinl.__mk(xi)x'j’;"...xj.:“ for all (a;)eGL. Clearly

F(x,x)=(x, x,I’jiljz( x),.. ,I‘J’ i (x, )) is a G'—invariant section of F'(M)—>F'(M).

For r=2 the Christoffel Symbols of Ehresmann g—connections transforms as,

& enolZs) o)

i 2.1 i axj 52 i axﬁ axrz i a,,.sl axsz
[ay Oy _ D s (y o]( OO D ()2
axxaxz ayh ayjz axl 152 ay.h ayh

% axj ? aleasz + axrl 2 ay

Yo (BB Ty Ao
axr, $1Sy ayh aylz axrlaxfz ayh aylz

:>r.lljz(y):

)
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In order to construct the bundle of Christoffel symbols over a manifold M, let
E'(M,(0))—>M be the associate bundle with base space M, fibre {e}xB2x..xB" and
group G} where the action (0) of G* on {e}xBZx..xB" is defined as

(a.f,.. £)(0)(e,ha,.. h)=(a, 5, £)(e,hs._he)(a,0,...,0)""
for (e,hi,...,h;)e {e}xB2x..xB! and (a,fi,...,f), (a,0,...,0)e G.

The fibres of this bundle are in one-to-one correspondence with G' /T(0)

where T(0)={(a,0,...,0),ac G } and G* /T(0) is the left coset space.

PROPOSITION 3.1.3. The mapping p:{e}xBix.xB'—G./T(0) with
p(e,f,....5)=[(e,fz,...,f,)] is a bijection.

Proof:
Let [(a,,...,£:)]€ G /T(0). Surjectivity of p is obvious from definition. Since
(a,5,...,£)=(a,0,...,0)(e,a 'fs,...,a"'f;) 3[(a,f2,...,f,)]=[(e,é‘1fz,...,a"lf,)].
Let [(e,ha,... . h; )],[(e,gz,...,g,)]eG;/T(O) with [(e,hy,... . h, )]=[(e,g5,...,8:)]. Then,
(e,hs,...,h)=(a,0,...,0)(e,gs,.-.&) 3(a,0,...,0)eT(0) =(a,h,,...,h;)=(a,ag,,...,ag)
= a=e, h,=gn. Hence p is injective.
Since T(0) is isomorphic to G!, and G’ /T(0)is identified with the subgroup
(e,B2x..xB}) through p, the standart action of G} on G"/G! becomes
(a,5,....5)(0)(e,ha,... . h)=(a, 2., F)(e,ha_h)(a,0,..,0)"
Let T be a section of E'(M,(0))->M, then there exists unique functions
r. (x),...T} (x), given in each coordinate neighborhood (U;x',...,x") such that T

on U is given by,
T'(x)=[(x.e,0,...,0),(e,T}, (x),....,T} ; (x))]. Hence, on (Ux',... XV, 00,

royio, 2o, =Yy e ()T O

ax.‘l &Jlu.ax]r
i ar : 1 i
:[(x,e,O,...,O)(;yjl,...,ale yaxjr),(e,rjlh(y) ST
y 2y

=[(x,¢,0,...,0), ( ) O, th() ST ()

axj: "”’axh

= (6,1}, )T, D= Z; O T, (T (),
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3.2. Geometric Objects Of Same Type As Christoffel Symbols

In order to construct geometric objects of same type as Christbffel symbols,
one may search for different associated bundles of F'(M)—>M defined by different
actions of G!. In fact as stated in [3], the problem reduces to determination of all
conjugacy classes of subgroups isomorphic to G.. Now, we will consider the
subgroups of the form T(0)={(a,02(a),...,0.(a)),ac G.} |

By this subgroup, one can define another associate bundle E'(M,(8))—>M of
F'(M)—»M with base space M, fibre {e}xBZx.xB. and group G’ acting on
{e}x BZx..xB as,

(a,f3,...,£)(0)(e,h,,...,hy) = (a,5,....1) (e,ha,...,h) (a,02(a),...,0:(a)) "
It is easy to check that E'(M,(0))—>M is a transitive geometric object bundle.

THEOREM 3.2.1. The stabilizer subgroup of the action (0) of G, on
{e}x B2x..xB!, St(e,hy,...,h;), is a subgroup of the form T(¢) where ¢=(¢2,...,¢;) is 2

polynomial in the entries a,h,,...,h,. Furthermore the correspondence between

(e,hy,....h,) and (¢2,...,$:) 1s injective [12].

Proof:
Consider the stabilizer subgroup St(e,0,...,0,hs) of the action (0) of G* on
{e} x BZx..xB¥, i.e.
(a,B,....£)(0) (e,0,...,0,h)=(e,0,...,0,hy)
(a,5,....5) (e,0,...,0,h)(a,0,...,0)'=(e,0,...,0,hy)
(a,f3,...,5%) (e,0,...,0,h)= (e,0,...,0,hi)(a,0,...,0)
(a,fs,.... fitahe)= (e,0,...,0,hea)=> fizhea—ahy.
Hence St(e,0,...,0,h)={(a,0,...,0, hya-ahy) |ac G' }.
If hya—ahe= dia—ady for all ac G! then,
(hy —dy)a—a(hx —d)=0
= "Choosing a=Ae where A#0,1 gives hy=dx which proves the injectivity.
For k=2,
St(e,h2)={(a,h>a—ahy) |ae G!}and the correspondence between (e,hz) and

(a,hra—ahy) is injective.
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Assuming the truth of the statement for k-1, let

(a,f1,...,5i)(0) (e,ha,....he)= (e,ha,... hy).

Projecting this equation to GX™ and using induction hypothesis,

fn=06m(a,hs,...,hy), 2< m <k—1 where f,, is of order m in a.

Since, (a,fz,...,fk)(e,hz,...hk)(a,O,...,O)—1=(e,h2,...hk)

(a,f2,....fk)(e,ha,. . .h)= (e,ha,...hi) (2,0,...,0)= (a,ha,..., hea)

=fitah+P(f,. . i, ho, . e )= hya.

=fi= hpa—ah—P(f,,.. ., fk.1,h2,.. . hey).

Let fi= dya—adi—P(f3,...,f1,do,.. . di1).

By the induction hypothesis d,=h, for n < k-1 then,

hya—ah,= dra—adx =>he=di [12].

There is also a converse problem: Whether any subgroup T(¢»,...,9;) is of the

form St(e,h,,...,h;) for some h,,.. h, " The followmg proposition reduces the

problem to the case of T(0,...,0,¢.)

PROPOSITION 3.2.2. For r>1, the subgroups of the form T(¢,...,¢;) are
stabilizers iff the subgroups of the form T(U) where v=(0,...,0,0,), are stabilizers

[12].

Proof:
<: For r=2, the proposition is trivial. Assume the proposition is true for r—1 and
suppose that T(¢2,...,¢,) is given with r>3. Then there exist h,,...,h,; such that
T(do,...,4:-1)=St(ho,...,h1) 1€, '
(a,¢2(a),...,¢,_1(a))(e,h2,...,h,_l)(a,O,...,O)"’=(e,h2,...,h,_l) for all a € G!. Define a
subgroup H of G by
H=(e,ha,...,h;-1,0) ' T(d2,...,00)(&,ha,...,he1,0). If pi:G] — GL' is the projection
homomorphism, then it can be shown that
n(H)={(a,0,...,0),a € G}. In fact,
uf(e,ha,....he1,0)7'(a,92(a),...,0:(2))(e, 2, .., he-1,0)]
= (e,ha,....he 1) '(2,02(2),...,0c-1(2)) (e, ha, .. Do)
=(e,ha,...,he1)7'(e,ha,...,ho1)(a,0,...,0)= (a,0,...,0).
It follows that H is a subgroup of G of the form T(0,...,0,0;).
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Thus, T(0,...,0,0,)= St(e,...,0,t,) for some t,, or equivalently
(e,hz,..,0-1,0)7(2,02(a),...,0:(2)) (e, ha, .. he_1,0) (&,0,...,0,t,) (a,0,...,0) ~*
=(e,0,...,0,t,) [11]. '
Let us define h, by (e,hy,...,h1,0) (e,...,0,t,)= (e,ha,...,h,_1,hy), which implies that
T(¢2,...,0:)=St(e,h,,..., hy).
Note that {(a,0,...,0,0/a)), a € G|}is a subgroup T(v) of G iff
v:(ab)=av(b)+u.(a)b for all a,beG!

PROPOSITION 3.2.3. Given a T(v), there exists an h,e B, such that
T(v)=St((e,0,...,0,h,) [12].
Proof:

vi(ab)=av.(b)+v(a)b for all a,be G, . Let a=Ae,

Since v (Ab)= v(bA),

Aod(b)+vu.(Ae)b=bu,(Ae)+A v(b) for all a,be G!

(A= 1) v(b)= bu(Ae)-v(Ae)b for all be G!

v(b)= bh,~hb for some h,eB [12].

So far we have proven that every stabilizer subgroup of the action (0) is a

subgroup of the form T(¢) and vice versa. Now it remains to show that the

stabilizer subgroup of the action (0) is of the form T({) and hence the stabilizer

subgroups defined by two actions are conjugate.

THEOREM 3.2.4. The stabilizer subgroup of the action (0) of G on
{e} x B2x..xB", Ste(e,hy,...,h,), is a subgroup of the form T({) where {=((»,...,¢;) and
each {; is a polynomial in the entries h,,...,h.. Furthermore, The stabilizer
subgroups of the actions {(0) and (8) of GY on {e}xB2x..xBL, St(e,hy,....h;) and

Ste(e,ha,...,h,) respectively, are conjugate.

Proof:
Let (a,t2,...,t.) € Ste(e,hy,...,h,) and (a,b,...,f)€5t(e,hy, .., hy), then,
(a,ts,...,t)(O)(e,ha,... . h)= (2,t2,...,.t)(e, ha,..., 1) (3,02(2),....0:(a)) "
= (ab,....t)) =(&,ha,...,0:)(2,02(2),....0:(2)) (&,ha,....0) "= (8,62(2),....5x(a)).
(a,5,....£)=(e,ha,...,1,)(a,0,...,0)(e,ha,....h)

s T TR e
RATIE SRTRTIATAM ? E

\ o o 1,_}, X_:,,__._ﬂm_:s:amkugk 124 shi
T L
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It follows from Proposition3.2.2 and Proposition3.2.3 that
(2,02(a),....04(2))=(e,d2,...,d)(2,0,...,0)(e, ..., d)

for some (e,dz,...,d;) € {e} x B2x..xB".

=(a,t,...,t:) =(€,hy,...,h) (e,dz,...,d)(a,0,...,0)(e,da,...,d) ' (&, ha,... . h,)
=(€,92,...,9:)(a,5,....,£)(e,q2,...,q:) " where,
(e,q2,...,q0)=(e,ha,....h)(e,da,....do) (e,ha,....0) 7"

It follows from Theorem 2.4.4 that the geometric object bundles defined by

these two actions are equivalent.



4. CONCLUSION
In this thesis the higher order Christoffel symbols of Ehresmann
g—connections are studied as geometric objects. It is proven that the geometric
object bundle induced by the subgroup of G of the form T(0) is equivalent to
the bundle of Christoffel symbols of Ehresmann g—connections of order r. In
[12] it is proven that, the subgoups of G® isomorphic to G| must be of the form
T(0). Hence, the Christoffel symbols of Ehresmann e—-connections forms the

unique geometric object bundle with base space M, fibre G| / G!, structure group

G..
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