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ABSTRACT 

In this thesis the higher order Ehresmann a-connections are studied as 

geometric objects. We prove that, any two Lie subgroups of the rth order jet group 

G~ which are isomorphic to G~ are conjugate. It follows from this result that the 

geometric objects defined by such subgroups are equivalent to the Ehresmann 

E-connections. 
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KISA OZET 

Bu tezde, yuksek mertebe Ehresmann e-konneksiyonlan geometrik nesneler 

olarak ele ahnml~tlr. Mertebesi r olan jet grubunun, birinci mertebe jet grubuna 

izomorfik olan altgruplannlll e~lenik oldugu ispatlanml~t1r. Bunun sonucu olarak, 

bu tiir altgruplarla talllmianan geometrik nesnelerin, Ehresmann 

e-konneksiyonlanna e~deger oldugu gosterilmi~tir. 
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1. INTRODUCTION 

Since the beginning of the 20th century, attempts have been made to define a 

concept general enough to include all objects that appear in differential geometry. 

A differential geometric object of order r on an n-dimensional manifold M is 

originally defined in [1]. A quite complete treatment of the theory appeared in [2] 

and a geometric object at a point p of M is defined as a set of m numbers, given in 

each coordinate system defined at p, with a consistent transformation rule which 

uses the derivatives of the coordinate transformations up to order r. Then, the 

geometric objects are classified according to the law of transformation of the set of 

m numbers. However, it is also possible that two geometric objects with different 

laws of transformation may define same entity. For example, consider a non-zero 

covariant vector V=(Vl, V2) on a two-dimensional manifold. It can also be given as 

(
VI V2 J U= 2 2' 2 z, since there is a one-to-one correspondence between u and v. 

VI +VZ VI +V2 

However, the rules of transformation of these entities are quite different. Later 

attempts to formulate the theory of geometric objects were made in [3] and [4] with 

the fiber bundle approach. In [3] not the components of the geometric object are 

primary but the space of the object and group of transformations operating on it. A. 

Nijenhuis first introduced the concept of .natural bundles that made the problem 

independent of coordinates in his talk at the 1958 International Congress of 

Mathematicians. A rather complete historical survey can be found in his paper [5]. 

For the most recent developments in this field, see [6]. 

There are also a great number of papers concerning classification of geometric 

objects of order r with m components on an n-dimensional manifold, for several 

combinations of the parameters m,n,r. For the most general results about 

homogeneous geometric objects, see [7] 

The purpose of this paper is to study the equivalence problem of special 

homogeneous objects of order r with co dimension mr = n3 (nr-Z -l)/(n -1), namely 

the number of Christoffel symbols of Ehresmann E-connections order r for r~2, 

n>l, as defined in . We will shortly call them by Christoffel Symbols throughout the 

text. We adopt the fibre bundle approach developed in [3]. 
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Let G: = G~ x B!x ... xB: be the jet group of order r at the origin of mn. For a 

subgroup H of G: this problem is equivalent to find all conjugacy classes of 

subgroups of G: isomorphic to H [3]. In order to study objects of same type as 

Christoffel symbols of order r, we choose H=G~, that is, the general linear group. If 

the left coset space G:/G~ is identified with the subgroup {e}xB!x ... xB: by the 

map [(e,f2, ... ,fr)]~ (e,f2, ... ,fr), the standard action of G: on G:/G~ becomes, 

(a,f2, ... ,fr)(O)( e,h2, ... ,hr)= (a,f2' ... ,fr)( e,h2," .,hr)( a, 0, ... ,Orl 

Let F'(M)~M be the rth order frame bundle of M where dimM=n and 

Er(M,(O))~M be the associated bundle with fiber {e} x B!x ... xB:. Then, there is a 

one-to-one correspondence between 

(i) The sections of Er(M,(O))~M, 

(ii) G~-invariant sections of Fk(M)~Fl(M), which are called Ehresmann e­

connections [8], 

(iii) Functions rj
i
ti2 (x), ... ,r;! ... jr (x) subject to the transformation rule 

which are called the Christoffel symbols of Ehresmann e-connections [13]. 

Suppose T(8) is a subgroup of G: of the form {(a,82(a), ... ,8r(a)),aE G~}, 

where 8k : G~ ~ B~ are differentiable and hence analytic functions. Then, another 

associate bundle Er(M,(8)) can be defined by the action 

(a,f2,'" ,fr)(8)( e,h2, ... ,hr)= (a,f2, ... ,fr)( e,h2," .,hr)(a,82(a), ... ,8.( a)r l. 

Thus, Er(M,(8)) is a seemingly new geometric object bundle. Now, the 

problem is to obtain whether Er(M,(O)) and Er(M,(8)) are equivalent in the sense of 

[3]. We will prove that the stabilizer subgroups of these two actions are conjugate 

and hence, the geometric object bundles defined by such subgroups are equivalent. 
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2. NOTATION AND PRELIMINARIES 

2.1. Principal Fibre Bundles 

In order to define geometric object bundles, we first define principal bundles. 

They can be defined either as the equivalence class of coordinate bundles [9] or in a 

coordinate free manner as follows [10]: 

DEFINITION 2.1.1. Let M be a differentiable manifold and G a Lie group. A 

differentiable principal bundle over M with group G consists of a manifold P and an 

action of G on P satisfying the following conditions; 

(i) G acts freely on P on the right, (u,a)EPxG~ua=RauEP 

(ii) M is the quotient space of P by the equivalence relation induced by G, 

M=P/G, and the canonical projection n:P~M is differentiable. 

(iii) P is locally trivial, that is, every point x of M has a neighborhood U such 

that n-1(U) is isomorphic with UxG in the sense that there is a 

diffeomorphism 

'¥:n-l(U)~UxG with '¥(u)=(n(u),<p(u» where <p is a mapping of n-\U) into 

G satisfying <p(ua)= <p(u)a for all aE G~. 

Then P(M, G, n) is called the principa~ bundle with bundle space P, base space 

M, structure group G and projection n. For each xEM, n-1(x) is a closed 

submanifold of P called the fibre. 

Using the third condition one can choose an open covering {Ua} of M, each 

n-1(Ua) provided with a diffeomorphism u~(n(u), <Pa(u» of n-1(Ua) onto UaxG 

such that <pa(ua)= <pa(u)a. 

If uEUanUp then <pp(ua)<pa-1(ua)= <pp(U)<Pa-1(U) that implies <pp(u)<Pa-1(U) 

depends only on n(u). Let \lfpa:UCtnUp~G where \VPa(n(u»=<pp(u)<Pa-\U). The 

mappings are called transition functions of the bundle corresponding to the open 

covenng {Ua}ofM satisfying 

\lfpa(x)= \Vpy(x)\Vya(x) for all xEUanUpnUy (1) 
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THEOREM 2.1.2. Let M be a differentiable manifold, {Ua} be an open covering 

of M, G be a Lie group and 'l'Pa:UanUp---+G for all nonempty UanUp in 'such a way 

that (1) is satisfied. Then one can construct a differentiable principal fibre bundle 

with base manifold M, structure group G. 

For the proof see [11]. 

Given a principal fibre bundle P(M,G) and a manifold F on which G acts on 

the left as (a,x)EGxF---+axEF, one can construct a new bundle in the following 

way. On the product manifold PxF, a right action of G can be defined as, 

(u,x) EPxF ---+(ua,a-1x)EPxF 

The quotient set of PxF by this action is denoted E=PxGF. The mappmg 

1tE:PxGF---+M where 7tE([U,X])=7t(U)EM, called the projection of E onto M. For each 

xEM, 7tE -\x) is called the fibre of E over x. The differentiable structure of PxF 

induces a differentiable structure on E [11]. 

DEFINITION 2.1.3. The above defined fibre bundle with base space M, structure 

group G and fibre F is called the associate bundle of P(M, G) and denoted by 

E(M,G,F,7tE) [11]. 

2.2. Jet Groups and Frame Bundles 

Let M and N be differentiable manifolds of dimension m and n respectively. 

Let U and V be neighborhoods of a point x in M and let f: U ---+ Nand g: V ---+ N. Then, 

f and g give rise to same r-jet at x if they have the same partial derivatives up to 

order r at x with respect to some local coordinate systems in M and N. Using chain 

rule of partial derivatives of order r, one can show that this definition is 

independent of choice of coordinate system. The equivalence class of j, thus 

defined, is denoted by j~(f). The set of r-jets j~(f) at x is denoted by J~(M,N) and 

let Y(M,N)= UJ~ (M,N). 
XEM 

Let a(j~(f))=.x and ~(j~(f))=f(x), where x and f(x) are called the source and 

the target of j~ (f) respectively. Then, Jf(M,N) is a fibre bundle over M, Nand MxN 

with projections a,~ and ax~ respectively. 
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If r>q a natural projection IS defined by Jl;:Jr(M,N)~Jq(M,N), where 

Jl;(j~(f))=j~(f). If r>q>p, then Jl~ 0 Jl; = Jl;. Let j~(f)EY(M,N) and j~(g)EJr(N,p), 

whereJ(x)=y, then j~(go J) = j~(g) 0 j~(J) 

An r-jet j~(f)EY(M,N) is said to be invertible, if there is an r-jet 

j~(g)EY(N,M) such that j~(J) 0 j~(g) = j~(idy), j~(g) 0 j~(J) = j~(idJ, where idx 

is the identity map of M onto itself defined in a neighborhood of x. It follows from 

the implicit function theorem that j~(f) is invertible if and only if j~(f) is. 

Let J~(9tn,M) denotes the space of r-jets of real n-dimensional vector space 9tn 

into an n-dimensional manifold M with source at the origin 0 of 9tn. An invertible 

r-jet j~(f) E J~(9tn,M) is called an r-frame of M at x=J(O). The set of r-frames of M 

will be denoted by P(M). It is a fibre bundle over M with natural projection n, 

n(j~(f))=J(O). The structure group of Fr(M) is defined as follows: Let G~ be the set 

of invertible r-jets j~(g)E J~(9tn, 9tn) with source 0 and target O. The G~ is a group 

with multiplication defined by the composition of jets. Let uEFr(M) and SE G~. 

Then, u=j~(f)EJ~(9tn,M) and s=j~(g)EJ~(9tn,9tn). Define us=j~(goJ)EJ~(9tn,M). 

Then, G~ acts transitively on each fibre of Fr(M). 

DEFINITION 2.2.1. Fr(M) is a principal fibre bundle over M with group G~ and 

is called the bundle of r-frames on M [10].' 

Choosing standard coordinates in 9tn, G~=GI..(n,9t)xB~x ... xB~ where each B~ 

is the space of k-linear mappings of 9tnx ... x9tn ~9tn , the elements of G~ can be 

identified with pairs (a i ,fJ
i

J ..... ,fJ
i J' ), l~ i,jl, ... ,j ~n. Then, group operation can be Jl 1 Z 1'" , r 

written as 

( ail' fflh .... ,fLi, )( b ii' gLz .... , gil .. i,) 
( i bSI i SI fi bSlbSZ i SI fi bSI bS' ~fi fi b i i)) = a . a g .. + .. , .... ,a g .. + S .... J' + J" .... , J' . , J' , .... ,gJ. J' sl Jl' sl J1Jz s15Z Jl h 51 Jl···J, SI"" Jl , lh 1···J,-1 1 1'" ,-1 

and also by 

(a, f2, ... , fr)( b,g2' ... ,gr) = (ab,ag2 + f2b, ... ,agr + fr b + <I{ fz , ... , fr-1 , b,gz, .. · ,gr-J) 

where (af)(xI, ... ,xr)=a(f(xI, ... ,Xr)), (fa)(xI, ... ,xr)=f(axI, ... ,axr) and <l> is a polynomial 

in its entries. For the details on jet groups and frame bundles we refer [10]. 
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Let M be a differentiable manifold with an atlas (Ui,cpJ and G be an effective 

topological transformation group of a Hausdorff space Y. If U is a subspace of G, 

then (U.y) is a subspace of Y for all yin Y. Furthermore it is assumed that, 

(i) The subspace (U.y) is open in (G.y) for each U open in G and yE Y. 

(ii) Let hx: G~ ~G for each XEM be a homomorphism of G~ onto G that 

depends continuously on x. 

For XEUiIlUj, define g .. (x)=hxCj~(cp-:-lcp.)) then, gk.(X)=gk.(X)g .. (x) 
1J J 1 J 1 1J 

It follows from Theorem 2.1.2 that there exists a fibre bundle with bundle 

space B, base space M, fibre Y, group G, and transition functions g .. (x). Another 
1J 

allowable coordinate system leads to another bundle equivalent to B. 

DEFINITION 2.3.2. The fibre bundle (B,M,Y,G,h) defined above is called a 

bundle of geometric objects of order ~ k over M of type h. A point of this bundle is 

called a geometric object. A cross-section of this bundle is called a geometric object 

field [3]. 

REMARK: The natural projection !l~+I:G~+1 ~ G~ is a homomorphism. Then, a 

geometric object bundle of order ~ k is also of order ~ k+ 1. The bundle of 

geometric objects is said to be of order k if it is of order ~ k but not of order ~ k-l. 

Let Band B' be two bundles of geometric objects over the same base space 

M, with fibres Y and Y' groups G and G' respectively. Let h:G~~G, h':G~~G'. 

DEFINITION 2.3.3. Two geometric object bundles, Band B' are equivalent if 

there exists a continuous map f:B~B', satisfying the following commutative 

diagrams, 

B~B' 
(i) -!'p -!,p' 

M idM )M 

UinUj xY~p-l(UinUJ~p'-l(UinUj) 'Pi-I 

(ii) ,J- g .. 
IJ 

UinUj xy~p-l(UinUJ~p'-I(UinUj) 'Pi-I 

)UinUj xV' 

-!, gij 

Let Aj:UillUjxY -t UillUjxY' where Ai(X)=<p:- 1o! °<Pi be the map from Y 

onto Y'. Then Ai(X)=Aj(X) for each XE UillUj hence, Ai is well-defined. 
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The first condition asserts that f carnes each fibre Y x to Y' x 

homeomorphically. The second is the condition of coordinate independence of the 

mappings between local trivializations. 

THEOREM 2.3.4. Two bundles of geometric objects are equivalent if and only if 

the structure groups G and G' acting on the fibres Y and Y' respectively are 

related as g'=A(X)ogoA-I(X) [3]. 

Proof: 

=>: Assume the geometric object bundles are equivalent. Then, 

A.i(X)= <p;-lof0<Pi=<P;-I<pjo(<pj-lof ° <Pj)0<pj-l<Pi=gij(X)oAlx)ogji(X) for all X EUil1Uj. 

=>A(X)=gij(X)oA(X)ogj/x) since Ai(X)=Aix) for all xEUinUj . 

=> gij(X)=A(X)ogji(X)OA-I(X) for all XE UinUj . 

<=: Assume gij(X)=A(X)ogji(X)OA-\X) for all xEUinUj, where A(X) is a 

homeomorphism of Y onto Y' depending continuously on x. Then, 

A(x):MxY ---+ Y' is continuous. Define f of B onto B' as <p'(x,A(x)y)=fo<p(x,y). 

Then f satisfies the conditions for equivalence, 

(i) pO<p'(x,A(x)y)=p'ofo<p(x,y) => x=p'oJo<p(x,y) => po<p(x,y)=p'ofo<p(x,y) => p=p'of 

(ii)giJ·(x)=A(x) 0 g .. (X)oA -lex) is our assumption. 
JI 

Note that, the sufficient condition for the equivalence of fibre bundles is that 

the function f defined above is an arbitrary homeomorphism [9]. However, in the 

case of geometric object bundles, f must be an inner automorphism on each fibre. 

2.4. Transitive Geometric Object Bundles 

DEFINITION 2.4.1. A geometric object bundle is said to be transitive if its 

structure group is a transitive topological transformation group of the fibre Y [3]. 

Let Hy={gEG,gy=y} be the stabilizer group of YEY. Note that Hy is a closed 

subgroup. Since G is transitive there exists a one-to-one correspondence between 

G/H and Y which is actually the orbit of y. Consider the natural left action of G on 

G/H. There is a geometric object bundle of type hover M with group G and fibre 

G/H, so define A:Y -ryG/H where A(gy)=gH and g';'ACY)g A-Icy). 
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THEOREM 2.4.2. Any transitive geometric object bundle with group G IS 

equivalent to a bundle of same. type and with the coset space G/H as fibre [3]. 

Proof: Construct').. as stated above and use Theorem 2.3.4 [3]. 

Let K be the closed subgroup of G~ such that h(K)=H. Let Ko be the 

intersection of all subgroups conjugate to K Then Ko is the largest normal 

subgroup of K that is normal in G~. If the natural left action of G~ over G~ /K is 

effective, then Ko={ e}. If it is not, then the action of G~/Ko on G~/K is effective. 

In order to show that G~/Ko is a topological transformation group of G~/K, 

assume F is open in G~. Then, FKo is open in G~/Ko with the quotient topology. If 

aKEG/K, FKooaK=F.aK which is open in G~/K with quotient topology. Then, 

G~ /Ko is a topological transformation group acting on G~ /K. Hence, 

(M,G~/Ko,G~/K, h') where h' is the natural homomorphism of G~ onto G~/Ko' is 

a geometric object bundle. 

THEOREM 2.4.3. The bundles of geometric objects (M,G~/Ko,G~/K,h') and 

(M,G,G/H,h) are equivalent [3]. 

Proof: 

Let 1::G~/K~G/H with 1:(aK)=h(a)H. Then 1: is onto since his. h(a)H=h(b)H => 

h(a-1b)EH => a- 1bEK => aK=bK. Hence ,1: is a bijection. Now, the diagram below 

is commutative, 

Gr ~Gr/K n n 

~h ~1: 

G~ G/H 

where V,Il, h are open mappings and hence 1: and 1:--1 are continuous. Hence, 1: is 

a homeomorphism and each fibre G~ /K is homeomorphic to G/H. 

Let gEG, g' E G~/Ko with g=h(a), g'=h'(a)=aKo for some aE G~. If bKE G~/K 

then, h'(a)bK=abK, 

=>1:( abK)=h( ab )H=h( a )h(b )H=h( a)1:(bK)=go1:(bK) 

=>"C(abK)=1:(h'(a)bK)=tg'(bK)=1: 0 g'(bK) => g'=1:-1ogo1: [3]. 
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THEOREM 2.4.4. Two transitive geometric object bundles of same order with 

fibres Y and Y' are equivalent if and only if the closed groups K and K' of G: are 

conjugate where K and K' are the preimages of the stabilizers of arbitrarily chosen 

points ofYEY andy'EY' respectively [3]. 

Proof: 

==>:Let (M,Y,G,h) and (M,Y',G',h') be two equivalent geometric object bundles. 

Then there are corresponding geometric object bundles (M, G: /Ko ' G: /K ,a) and 

(M, G: /K~, G: /K' ,a') Since these two bundles are equivalent, there is a 

homeomorphism t of G:/K onto G:/K' with t(a(g)y)=a'(g)t(y) gEG:, 

YEG~/K. Let a(a) aEK fixes a point bKEG~/K. Note that, a(a)bK=abK=bK ==> 

b-labK=K ==> a(b-lab)K=K for aEK and for some bEG:. Hence b-lKb is the 

preimage of the stabilizer of the point KE G:/K and it is the complete set of 

points with this property. Same argument holds for the set c-lK'c for some 

CE G~. Then t(a(b-lab )K)=a'(b-lab)t(K)=a'(b-lab )K'=t(K)=K'.It follows that 

b-labE c-lK'c for all aEK ==> b-lKbc c-lK'c. Hence K and K' are conjugate. 

<=:Assume K and K' are conjugate, i.e., K'=gKg- l ==> K~=Ko==> G~/Ko= G~/K~. 

Define q: G~ -?G: /K~ where q(a)=gag- l ==> q(K)=K'. By Theorem 2.3.4 the 

geometric object bundles are equivalent [3]. 
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Let Ff(M)~M be the rth order frame bundle of M of order r. Let r be a 

section of j.l; : Ff(M)~Fl(M). For details on higher order frame bundles we refer 

[10] and the references therein. If (U;Xi) is a coordinate neighborhood in M and 

V=(j.l; rl(U)cFl(M), then r is given on (V;Xi,X~) by 

r(x,x) = (x,x,rJd2 (x,x), ... ,riil.,i, (x,x)) 

DEFINITION 3.1.1. G~ -invariant sections of j.l! :Ff(M)~Fl(M) are called 

Ehresmann a-connections. 

THEOREM 3.1.2. There is a one-to-one correspondence between 

(i) G~ -invariant sections of Ff(M)~FtcM), called Ehresmann a-connections 

[8]. 

(ii) Functions riid2(x), ... ,ri\"'i'(x) subject to the transformation rule 

(
ayi Of yi ) i i ( ayi J-1 

i i 

ax i , ... , axil ... ax i, (e,rid2 (x), ... ,ril",ir (x) )~Oxj ,0, ... ,0 = (e, rjtiJy),···, rjl"j, (y)) 

which are called the Christoffel Symbols of Ehresmann a-connections [13]. 

Proof: 

(i)=>(ii): Suppose r be a G~ -invariant section of Ff(M)~F\M) then, 

ri '(Xi Xi am) =r i (Xi,Xi) a':'l ... a':'k for all (a I
J',) E Gn

l
, 2:::;;k:::;;r. h",Jk ' m J ml, .. mk J Jl lk 

Now, let x I
J', = (5IJ'" replace xi

J, byaI
J', and write ri , (Xi (5i) = ri ,(Xi) then, 

h"'lk ' J It'''lk 

r i ( ) ri () ml mk , ' X,X = rr. m, X XJ' ",XJ' . 
Jl",lk I'" , 1 k 
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Let r
J

i 
J' (x, x) = Xi . since, 

t··· k Jt···Jk 

(ii)=?(i):Let r j
i
ti2 (x), ... ,rL .. jr (x) subject to the transformation rule, 

Then, let ( i) I for all a j E G n . Clearly 

r(x,x)=( x,x,rj
i

d2 (x,x), ... ,rL:jr (x,x)) is a G~ -invariant section of Fr(M)--+F\M). 

For r=2 the Christoffel Symbols of Ehresmann e-connections transforms as, 
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In order to construct the bundle of Christoffel symbols over a manifold M, let 

Er(M,(O»-+M be the associate bundle with base space M, fibre {e} x B~x ... xB~ and 

group G~ where the action (0) of G~ on {e} x B~ x ... xB~ is defined as 

(a,f2, ... ,fr)(O)( e,h2, ... ,hr)=(a,f2," .,fr)( e,h2, ... ,hr)(a,0, ... ,Orl 

for (e,hl, ... ,hr)E {e} x B~x ... xB~ and (a,fl, ... ,fr), (a,O, ... ,O)E G~. 

The fibres of this bundle are in one-to-one correspondence with G~ /T( 0), 

where T(O)={ (a,O, ... ,O),aE G~} and G~/T( 0) is the left coset space. 

PROPOSITION 3.1.3. The mappmg p:{e}xB~x ... xB~-+G~/T(O) with 

p(e,f2, ... ,fr)=[(e,f2, ... ,fr)] is a bijection. 

Proof: 

Let [(a,f2, ... ,fr)]EG~/T(0). Surjectivity of p is obvious from definition. Since 

(a,f2," .,fr)=( a, 0, ... ,0)( e,a- lf2, ... ,a- lfr) =>[(a,f2, ... ,fr)]=[( e,a -lf2, ... ,a- lfr)]. 

Let [(e,h2, ... ,hr )],[(e,g2, ... ,gr)]EG~/T(0) with [(e,hl, ... ,hr )]=[(e,gb ... ,gr)]. Then, 

(e,h2, ... ,hr)=(a, 0, ... ,0)( e,g2," .,gr) 3(a,0, ... ,0) ET(O) =>( a,h2, ... ,hr)=(a,ag2'·· .,agr) 

=> a=e, hm=gm. Hence p is injective. 

Since T(O) is isomorphic to G~, and G~/T( 0) is identified with the subgroup 

(e,B!x ... xB~) through p, the stand art action of G~ on G~/G~ becomes 

(a,f2, ... ,fr)(O)( e,h2," .,hr)=(a,f2, ... ,fr)( e"h2, ... ,hr)(a, 0, ... ,ort 

Let r be a section of Er(M,(O»-+M, then there exists umque functions 

ri. (x), ... ,ri . (x), given in each coordinate neighborhood (U;x\ ... ,xf) such that r Jlh JI···J, 

on U is given by, 

r(x)=[(x,e,0, ... ,0),(e,ri
i
d2 (x), ... ,rL..i, (x)]. Hence, on (U;xl, ... ,xf)n(V;/, ... ,yf), 

0;i fJ/ i i 
=[(x,e,O, ... ,O)( axil , ... , axil ... axi, ),(e,ridz (y), ... ,ril ... i, (y)] 

_ ) (~ fJyi )-I(O)(er.i.() ri.( )] -[(x,e,O, ... ,O, axil , ... , axil ... axi, ' Jlh y, ... , JI···J, Y 

=>(e,rJd2 (y), ... ,riil ... i, (y)=( til , ... , axr~~i' )(0)(e,ri
i
d2 (x), ... ,r;I ... i, (x). 
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3.2. Geometric Objects Of Same Type As Christoffel Symbols 

In order to construct geometric objects of same type as Christoffel symbols, 

one may search for different associated bundles of P(M)---+M defined by different 

actions of G~. In fact as stated in [3], the problem reduces to determination of all 

conjugacy classes of subgroups isomorphic to G~. Now, we will consider the 

subgroups of the form T(8)={ (a,82(a), ... ,8r(a»,aE G~} 

By this subgroup, one can define another associate bundle Er(M,(8»---+M of 

Fr(M)---+M with base space M, fibre {e}xB~x ... xB~ and group G~ acting on 

{e}xB~x ... xB~ as, 

It is easy to check that Er(M,(8»---+M is a transitive geometric object bundle. 

THEOREM 3.2.1. The stabilizer subgroup of the action (0) of G~ on 

{e} x B~x ... xB~, St(e,h2, ... ,hr), is a subgroup of the form T(Q» where Q>=(Q>2, ... ,Q>r) is a 

polynomial in the entries a,h2, ... ,hr. Furthermore the correspondence between 

(e,h2, ... ,hr) and (Q>2, ... ,Q>r) is injective [12]. 

Proof: 

Consider the stabilizer subgroup St(e,O, ... ,O,hk) of the action (0) of G~ on 

{e}xB~x ... xB~, i.e. 

(a,f2, ... ,fk)(O) (e,O, ... ,O,hk)=( e,O, ... ,O,hk) 

(a,f2," .,fk) (e,O, ... ,0,hk)(a,0, ... ,Or1=( e,O, ... ,O,hk) 

(a,f2, ... ,fk) (e, 0, ... , O,hk)= (e,O, ... ,0,hk)(a,0, ... ,0) 

(a,f2, ... ,fk+ahk)= (e,O, ... ,O,hka)=> fk=hka-ahk. 

Hence St(e,O, ... ,O,hk)={(a,O, ... ,O, hka-ahk) I aE G~}. 

If hka-ahk= dka-adk for all aE G~ then, 

(hk -dk)a-a(hk -dk)=O 

=> . Choosing a=Ae where 1.,*0,1 gives hk=dk which proves the injectivity. 

For k=2, 

St( e,h2)={ (a,h2a-ah2) I aE G~ land the correspondence between (e,h2) and 

(a,h2a-ah2) is injective. 



Assuming the truth of the statement for k-l, let 

(a,fl, ... ,fk)(O) (e,h2, ... ,hk)= (e,h2, ... ,hk). 

Projecting this equation to G~-l and using induction hypothesis, 

fm=8 m(a,h2, ... ,hm), 2::;; m ::;;k-l where fm is of order m in a. 

Since, (a,f2," .,fk)( e,h2," .hk)(a,O, ... ,Or 1=( e,h2," .hk) 

(a,f2, ... ,fk)(e,h2, ... hk)= (e,h2, ... hk) (a,O, ... ,O)= (a,h2a, ... ,hka) 

=>fk+ahk+P(f2, ... ,fk- l,h2, ... hk- l)= hka. 

=>fk= hka-ahk-P(f2, ... ,fk-l,h2, ... hk-l). 

Let fk= dka-adk-P(f2, ... ,fk_l,d2, ... dk-l). 

By the induction hypothesis dn=hn for n ::;; k-l then, 

hka-ahk= dka-adk =>hk=dk [12]. 
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There is also a converse problem: Whether any subgroup T(<P2, ... ,<Pr) is of the 

form St(e,h2, ... ,hr) for some h2, ... ,hr? The following proposition reduces the 

problem to the case of T(O, ... ,O,<Pr) 

PROPOSITION 3.2.2. For r>l, the subgroups of the form T(<P2, ... ,<Pr) are 

stabilizers iff the subgroups of the form T(u) where u=(O, ... ,O,ur), are stabilizers 

[12]. 

Proof: 

~: For r=2, the proposition is trivial. Assume the proposition is true for r-l and 

suppose that T(<P2, ... ,<Pr) is given with r~3. Then there exist h2, ... ,hr-1 such that 

T( <P2, ... , <Pr-l)=St(h2, ... ,hr- l) i. e., 

(a,<P2(a), ... ,<pr-l(a))(e,h2, ... ,hr-I)(a,0, ... ,Orl=(e,h2, ... ,hr- l) for all a E G~. Define a 

subgroup H of G~ by 

H=(e,h2, ... ,hr-1,0rIT(<P2, ... ,<pr)(e,h2, ... ,hr-I,0). If !-l~-l:G~ ~ G~-l is the projection 

homomorphism, then it can be shown that 

!-l(H)={(a,O, ... ,O),a E G~. In fact, 

!-l[ (e,h2, ... ,hr-I, Or\a,<P2(a), ... ,<Pr(a))( e,h2, ... ,hr-I,O)] 

= (e,h2,." ,hr_Iri(a,(h(a), ... ,<Pr-i( a))( e,h2," .,hr- i) 

=( e,h2, ... ,hr_Ir i( e,h2, ... ,hr-l)(a,O, ... ,0)= (a,O, ... ,0). 

It follows that H is a subgroup of G~ of the form T(O, ... ,O,ur). 
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Thus, T(O, ... ,O,ur)= St(e, ... ,O,tr) for some tr, or equivalently 

(e,h2, ... ,hr- 1, Orl( a,<p2(a), ... ,<pr(a»( e,h2, ... ,hr- 1,0) (e,O, ... ,0, tr) (a,O, ... , 0) -1 

=(e,O, ... ,O,tr ) [11]. 

Let us define hr by (e,h2, ... ,hr- 1,0) (e, ... ,O,tr)= (e,h2, ... ,hr- 1,hr), which implies that 

T( <P2, ... ,<Pr)=St( e,h2, ... ,hr). 

Note that {(a,O, ... ,O,ur(a», a E G~}is a subgroup T(u) of G~ iff 

ur(ab)=aur(b)+ur(a)b for all a,bEG~ 

PROPOSITION 3.2.3. Given a T(u), there exists an hrE B~ such that 

T(u)=St«e,O, ... ,O,hr) [12]. 

Proof: 

ur(ab)=aur(b)+ur(a)b for all a,bEG~. Let a=A.e, 

Since ur(Ab)= Ur(bA), 

Aur(b )+ur(A.e )b=bur(Ae)+ f ur(b) for all a, b E G~ 

(A.- Ar) ur(b)= bur(A.e )-ur(A.e)b for all b E G~ 

ur(b)= bhr-hrb for some hrEB~ [12]. 

So far we have proven that every stabilizer subgroup of the action (0) is a 

subgroup of the form T(<p) and vice versa. Now it remains to show that the 

stabilizer subgroup of the action (8) is of the form T(~) and hence the stabilizer 

subgroups defined by two actions are conjugate. 

THEOREM 3.2.4. The stabilizer subgroup of the action (8) of G~ on 

{e}xB!x ... xB~, Ste(e,h2, ... ,hr), is a subgroup of the form T(~) where ~=(~2, ... ,~r) and 

each ~k is a polynomial in the entries h2, ... ,hk . Furthermore, The stabilizer 

subgroups of the actions (0) and (8) of G~ on {e}xB~x ... xB~, St(e,h2, ... ,hr) and 

Ste(e,h2, ... ,hr) respectively, are conjugate. 

Proof: 

Let (a,h, ... ,tr)ESte(e,h2, ... ,hr) and (a,f2, ... ,fr)ESt(e,h2, ... ,hr), then, 

(a,12, ... , tr)(O)( e,h2, ... ,hr)= (a, 12, ... , tr)( e,h2, ... ,hr) (a,82(a), ... ,8r(a)r
1 

=> (a,h, ... ,tr) =(e,h2, ... ,hr)(a,82(a), ... ,8r(a» (e,h2, ... ,hrr
1
= (a,~2(a), ... ,~r(a»). 

(a,f2, ... ,fr)=( e,h2, ... ,hr)(a,O, ... ,0)( e,h2, ... ,hrr
1 



It follows from Proposition3.2.2 and Proposition3.2.3 that 

(a,e2( a), ... , ere a) )=( e,d2, ... ,dr)( a, 0, ... ,0)( e,d2, ... ,drr1 

for some (e,d2, ... ,dr)E {e} x B~x".xB~. 

=>( a, 12, ... , t r) =( e,h2," .,hr) (e,d2, ... ,dr)(a, 0, ... ,0)( e,d2, ... ,drr1
( e,h2," .,hrr1 

=( e,q2, ... ,qr)(a,f2," .,fr)( e,q2, ... ,qrr1 where, 

(e,q2,"" qr)=( e,h2,,, .,hr)( e,d2, ... ,dr) (e,h2, ... ,hrrl. 
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It follows from Theorem 2.4.4 that the geometric object bundles defined by 

these two actions are equivalent. 



4. CONCLUSION 

In this thesis the higher order Christoffel symbols of Ehresmann 

E-connections are studied as geometric objects. It is proven that the geometric 

object bundle induced by the subgroup of G~ of the form T(e) is equivalent to 

the bundle of Christoffel symbols of Ehresmann E-connections of order r. In 

[12] it is proven that, the subgoups of G~ isomorphic to G~ must be of the form 

T(e). Hence, the Christoffel symbols of Ehresmann E-connections forms the 

unique geometric object bundle with base space M, fibre G~ /G~, structure group 

G~. 
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