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ABSTRACT 

The demand for advanced materials stimulates the research on composite materials, 

which provide high stiffness accompanied with high toughness. One major failure type of 

fiber-reinforced composite materials is delamination or interlaminar fracture, which can be 

analyzed in three modes employing fracture mechanics. Although testing of mode Land 

mode II fracture toughnesses are well established, the characterization of mode ill fracture 

toughness is still to be refined. The edge crack torsion (BeT) specimen seems to be the 

most promising configuration. 

In this thesis a three dimensional finite element model of the edge crack torsion 

(BeT) specimen having a stacking sequence of [90/(±45)3/(:t45)3/90]s is developed. Using 

virtual crack closure technique, distribution of the individual components of strain energy 

release rate along the crack front is obtained and the percentage of mode ill component of 

strain energy release rate, Om, is determined. Several finite element models are constructed 

to investigate the effect of specimen dimensions on the percentage of mode ill component 

of strain energy release rate, Gm, intending to contribute to the optimization of the edge 

crack torsion (BeT) specimen. 

The results of· finite element analysis revealed that the percentage of mode ill 

component of strain energy release rate, Om, extends up to 98 per cent with increasing 

length and decreasing width. The corresponding length is 133.4 mm and the width is 

19.1mm. The proposed dimensions will provide necessary data to redesign th,e fixture for 

the interlaminar fracture toughness in mode III using edge crack torsion (EeT) specimen. 
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6ZET 

. 
TABAKALI LAMINATLARIN MOD III KIRILMA ANALIZI 

ileri malzemelere . duyulan ihtiya~, yiiksek tokluk ile beraber yiiksek esneklik 

saglayan kompozit malzemelerin ara~ttnlmasml te~vik etmektedir. Fiber-destekli kompozit 

malzemelerin onemli bir hasar tipi de ktnlma mekanigi ile ii~ mod halinde incelenebilen 

delaminasyondur veya tabakalar arasl ktnlmadrr. Mod I ve mod II ktnlma toklugu testleri 

kesinle~mesine ragmen, mod ill ktnlma toklugunun karakterize edilmesi daha fazla 

ar~ttnlmahdrr. Kenardaki ~t1ak burulma (EeT) numunesi en fazla iimit vaad eden 

konfigrasyon olarak gOziikmektedir. 

Bu tezde, tabaka diizeni [90/(±4S)Ji(+4S)3/90]s olan kenardaki ~at1ak burulma 

(EeT) numunesinin u~ boyutlu sonlu eleman modeli geli~tirilmi~tir. Sanal ~tlak kapanma 

metodu ile her bir gerinim enerjisi a~lga ~lkma ruZl, G, komponenti. ~at1ak boyunca 

hesaplanml~tlr ve gerinim enerjisi a~lga ~lkma ruzmm mod m komponentinin, Gm, yiizde 

olarak oranl bulunmu~. Birka~ sonlu eleman modeli kurularak numune boyutlannm; 

gerinim enerjisi a~lga ~lkma ruzmm mod ill komponentinin, Gm, yiizde olarak oranma 

etkisi incelenerek, kenardaki ~atlak burulma (EeT) numunesinin optimizasyonuna katktda 

bulunma hedeflenmi~tir. 

Sonu~lara baktldlgmda genmm enerjisi a~lga ~lkma hlztrun mod ill 

komponentinin, Gm, yiizde olarak oram artan uzunluk ve azalan en ile yiizde 98'lere 

-varmaktadrr. Buna kar~t11k gelen uzunluk 133.4 mm ve geni~lik 19.1 mm'dir. Onerilen 

boyutlar, tabakall laminatlarm mod ill ktnlma testinin kenardaki ~tlak (EeT) numunesi 

kullamlarak ywdabilmesi i~in deney diizeneginin yeniden tasarlanmasma imkan 

verecektir. 
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1. INTRODUCTION 

Search for advanced materials is the search for materials which provide the 

prescribed properties. The development of composite ~terials was a response to the needs 

of high technology. Opposite materials -regarding their properties- are combined as a 

compliant matrix reinforced with stiff' and strong elements. This idea was borrowed'-from 

nature -the leaves and stalks of plant, human and animal bones are anisotropic materials 

reinforced by fibers, i.e., composite materials. 

They can be defined as the macroscopic combination of two or more. distinct 

materials, which have a recognizable interface. The main use of composite materials is due 

to their structural properties. Common reinforcement materials are glass, carbon, boron, 

aramid, siliconcarbide, aluminumoxide, etc. As matrix materials polyester, vinylester, epoxy, 

bismaleimide, polyimide and thermoplastic resins such as (PEEK) are widely used. 

One simple classification of composite materials is to divide them according to their 

reinforcement types: 

(a) particulate-reinforced composite materials, 

(b) fiber-reinforced composite materials, and 

( c) laminated composite materials. 

Fiber-reinforced composite materials can be further separated into those containing 

continuos or discontinuous fibers. 

If the reinforcement has all of its dimensions almost equal, than it is called 

particulate-reinforced composite material. The partic~es may have the shape of a sphere, 

rod, flake, etc. The reinforcement may be structural or the particles may improve 

nonstructural properties such as fire resistance, thermal conductivity etc. The materials that 
,-
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are produced by adding of filling particles to polymers in order to -decrease cost are 

generally not considered as particulate composite materials. 

A reinforcement is called to be fiber if its length is much greater than their cross­

sectional dimensions. A composite material having such a reinforcement is considered to be 

discontinuous fiber or short 'fiber composite if its properties vary with fiber length. If the 

properties of the fibers do not change with length than these composite materials are 
/ 

considered to be continuous fiber composites. Most continuous fiber composites, in fact, 

contain fibers that are comparable in length to the overall dimensions of the composite part. 

Laminated composite materials are those composed of two or more layers with two 

of their dimensions being much more greater than their third dimension. Complicating the 

definition of a composite material as having both continuous and discontinuous phases is the 

fact that in a laminated composite material, neither of these phases may be regarded as truly 

continuous in three dimensions. 

The advanced fibrous composite materials are heterogeneous anisotropic materials. 

The elasticity and the inelasticity of fibrous composites are governed by the type of the· 

fiber-reinforcement (glass, boron, carbon and organic) and .matrix (polymer, carbon, 

metallic and ceramic); the extend of their interaction in composite materials, and also by the 

angle of load application relative to the reinforcement directions. Composite materials have 

heterogeneities at two levels: 

(a) micro-heterogeneities; a single ply composed offibers and matrix 

(b) macro-heterogeneities; laminate composed of plies with an arbitrary lay-up 

through the thickness of the laminate. 

High-performance composite materials will become much important in the 

applications because they have superior performance compared to conventional structural 

materials such as steel and aluminum alloys. They were developed because no single, 

homogeneous structural material could be found that had all the desired attributes for a 

given application. For example, aluminum alloys replaced steel. especially in aerospace 
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industry because they provide high . strength and- high stiflhess at low--weight. But they 

suffered from corrosion and fatigue. This lead to the development of fiber-reinforced 

composites. Although recent improvements of metallic materials have led to some solutions 

of their problems, fiber-reinforced composite materials still provide other substantial 

benefits to engineers and manufacturers. 

Almost· all high-strengthlhigh-stiflhess materials fail because of the propagatio,!, of 

cracks. A fiber of such a material is inherently stronger than the bulk form, because the size 

of a crack is limited by the small diameter of the fiber. Moreover, if equal volumes of 

fibrous and bulk material are compared, it is found that even if a crack does produce failure 

in a fiber, it will not propagate to fail the entire assemblage of fibers, as would happen in the 

homogenous material. In addition, preferred orientation may be used (as in aramid and 

carbon fibers) to increase the modulus in a specific direction, and perhaps strength, well 

above isotropic values. When this material is also lightweight, there is a tremendous 

potential advantage in strength-to-weight and/or stiffuess-to-weight ratios over 

conventional materials. Favorable fiber properties can be carried into practical applications 

when the fibers are embedded in a matrix that binds them together, transfers load to and 

between the fibers, and provides protection against environment and handling. Furthennore, 

fiber-reinforced comppsite materials are ideally suited where weight is critical. The high 

strengths and moduli of these composite materials can be tailored to the high load 

directions, with little material wasted on needles reinforcement (Reinhart, 1987). 
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2. DAMAGE OF COMPOSITE MATERIALS 

Like metals, composite materials are also notch sensitive and loose much of their 

structural integrity when damaged. Damage' can be introduced during manufacturing or 

during service. The manufacturing defects may be in the form of delamination and voids ·due 

to improper lamination and curing or damage may be introduced while machining the 

components for fastener holes and design cutouts etc. Also the damages during manufacture 

or maintenance may be caused by even dropping tools accidentally. The service damage 

may result from various kinds of impacts. 

Composite materials failure mode characterization is complicated by the number and 

complexity of fracture mechanisms exhibited by composites. By definition composite 

materials are heterogeneous. Furthermore, th~ individual lamina that constitute a laminated 

continuous fiber reinforced composite are anisotropic. Therefore the damage of a composite 

component is quite different from the damage of a metallic component. There is no single, 

self similar propagating crack as in metals, but rather, the damage zone is characterized by 

matrix cracking, fiber breakage, and delamination, which ultimately combine to yield 

component failure. 

The failure may initiate from interlaminar stresses created by impacts, eccentricities 

in structural load paths or from discontinuities in the structure. Besides mechanical loads, 

the moisture and temperature also may cause interlaminar stresses in a laminate. 

One approach to classify composite material failure is to separate them into two 

major types, but it is sure that these two mechanisms interact, 

(a) in-plane failure: failure that is due to in-plane stresses 

(b) out-of-plane failure: failure that is due to out-of-plane or interlaminar stresses 

(Masters, 1987} 
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2.1. In-Plane Failure 

2.1.1. Compression 

Although tension plays a predominant role in fracture of metals" in-plane 
~ 

compression loading is even more severe and limiting in the case of laminated composite 

materials. Because of the weakness of the matrix and the fiber-matrix interface, compared 

to the high strength of the fibers, unidirectional composite materials can fracture along the 

fibers when loaded in compression by a transverse tensile failure mode, as shown in figure . 

2.1. Transverse tensile stresses can develop in the matrix because of Poisson's ratio 

differences between the matrix and the fiber (Masters, 1987). 

1 Nx 

I Nx 

FIGURE 2.1. Induced transverse tensile failure under compressive loading. 

If a fiber buckles, the fiber-matrix interface may fracture in shear and lead to 

ultimate failure, as shown in figure 2.2. 
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Nx 

-
~ . 
I 

Y 
~ 

FIGURE 2.2. Compressive delamination failure of composite materials. 

If the matrix is ductile and the interface is strong enough, the fiber can bend without 

fracture, in this case the failure will be at higher loads due to buckling, as in figure 2.3. 

Another type of failure of unidirectional laminates is shear crippling caused by fiber 

microbuckling and fiber kinking. This looks like a shear failure at the macroscopic scale 

(Figure 2.4). 

1 
FIGURE 2.3. Euler failure, buckling. 
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1 ... ,......., 

,- r- ·H·t -, 

-

FIGURE 2.4. Microbuckling. ' 

There is also the possibility of the fracture of the fiber due to pure compression, in 

unidirectional laminates. This failure creates a fracture surface at usually 45° to the direction 

of the load application, like the ultimate shear failure of isotropic materials (Figure 2.5). 

~J Nx 

.... 
i'r-r-

-

i Nx 

FIGURE 2.5. Strength failure of composite' materials under compression. 
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2.1.2. Tension 

The strength of a lamina in in-plane tensile loading depends mainly on the behavior 

of the fibers in the direction of the load, i.e. at 0°. The analysis of unidirectional laminates 

will give enough information about the tensile . failure characteristics of laminated 

composites. 

In tension the load is carried by fibers. That is why they are constituted the 

composite material, but they are usually brittle. If individual fibers break, the remaining 

fibers can still carry the load. If the amount of broken fibers increases complete rupture may 

take place (Masters, 1987). Three types of failure modes can be developed in tensile 

loading, as can be seen in figure 2.6. 

(a) brittle fracture caused by the stress concentrations accumulated at the ends of 

broken fibers. (figure 2.6 a) 

(b) brittle fracture with fiber pull-out occurs if the matrix-fiber interface or bonding 

is stronger. (figure 2.6 b) 

(c) brittle fracture with debonding and/or matrix failure is caused by different cracks 

initiated independently and the load on the matrix is increased due to decrease in "active" 

fibers. As a result, either or both of matrix-fiber interface debonding or matrix shear failure 

can be observed. (figure 2.6 c) 

For the case of transverse tensile loading the basic failure modes are matrix tensile 

failure and debonding. 
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2.2. Out-or-Plane Delamination Failure 

A major asset of composite laminates is the ability to orient fibers to achieve 

directional strength and stifihess properties that match the requirements. However, 

interlaminar stresses may develop because of the mismatch in engineering properties 

between mdividuallamina within the laminate. 

Debonding 
Fiber or matrix 

11 
tmllout failure 

ffirrf,M .c::r ~ 
a) b) c) 

FIGURE 2.6. Failur~ modes of unidirectional composite subjected to longitudinal tensile 

loading. a)Brittle fracture, b) Brittle fracture with fiber pull-out, c) Brittle 

fracture with debonding and/or matrix failure. 

Delamiantion is the matrix crack development at the lamina interface. In general the 

causes of delamination can be attributed to the existence of out-of-plane stresses. The out­

of-plane stresses can develop as a result of 0° ply failure and the subsequent internal load 

redistribution under m-plane compression loading. 

If the laminate is composed of laminae at different orientations, and also if the 

stacking sequence is not symmetric with respect to th~ midplane than the bending and 

stretching is coupled. That is, any tensile (or compressive) force will induce bending 

moments and vice versa. 
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In addition to that, the out-of-plane stresses are also introduced at variety of design 

features involving local discontinuities. The most common types of design details are shown 

in figure 2.7 (Reinhart,1987). These are straight or curved free edges, ply termination or ply 

drop for tapering the thickness, bonded or co-cured joints and bolted joints. 

iiI!! 
I I 

I I 

FIGURE 2.7. Sources of out-of-plane loads (Masters, 1987). 

2.3. Delamination Caused by Impact 

When a laminate is hit by a projectile or impactor the materials directly under the 

projectile are compressed. The deformation is highly localized. This may cause large 

transverse shear and normal stresses which can lead to damages to propagate and even 

failure of the laminate. 

Another effect of impact is the creation of a compression stress wave which travels 

from the impact surface through the thickness of the laminate. This wave is reflected from 

the back surface as a tension wave which can cause failure at the first weak interface, 

resulting in chipping or splintering of the parts of the rear ply(Garg, 1988). 
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2.4. Delamination Caused by Other EtTects 

Besides mechanical loads, the moisture and temperature also may cause interlaminar 

stresses in a laminate. These may be result from residual thermal stresses due to cool down 

of the laminate from the elevated curing temperature or due to the difference between test 

and stress free temperatures, residual stresses created by the moisture absorptio~ in the 
" 

laminate and moisture gradient through the thickness of the laminate. 
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3. FRACTURE MECHANICS RESUME 

3.1. Fracture of Composite Materials 

The objective of fracture mechanics analysis is the prediction of the critical load 

initiating crack growth in a body containing a crack of a given size and under a set of 

applied loads. Fracture mechanics has actually been developed for simple fractures of 

homogeneous, isotropic materials, like metals. However its methods are equally applicable 

to failures of inhomogeneous, anisotropic materials such as composite materials. 

The most common mode of failure in laminated composite materials is delamination. 

Delamination may be regarded as a propagation of an interlaminar crack. Laminated 

composite materials are manufactured to give high stiffuess and ,strength in the plane of the 

sheet and the occurrence of delamination is a problem because it can give a significant 

decrease in the flexural stiffiless of the composite material. Oelamination of composite 

materials is generally· constrained to grow in layers because of the presence of continiuos 

fibers above and below of each interface. In this sense, the composite delamination process 

is analogous to debonding of adhesive joints (Hashemi et al. 1990). Interlaminar fracture is 

governed by the toughness of the matrix material. The interlaminar plane is the most weak 

part, having the lowest resistance to failure. Hence, the fracture plane is usually known. 

As a result, fracture mechanics schemes can be applied to the problem of 

delamination. Moreover, composite materials can be analyzed using linear elastic fracture 

mechanics principles because they are designed to be stiff and elastic. Therefore they can be 

treated as linear elastic, avoiding the problems of plastic deformation analysis (Williams, 

1989). 
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The characterization of delamination behavior or fracture toughness will bring many 

benefits: 

(a) it will provide a fail-safe approach to design primary structures, 

(b) it will integrate available inspection techniques with proof testing to define the 

minimum flaw that can exist in a structure without failure, 

(c) it can be used to predict the useful life ofa structure. 

3.2. Linear Elastic Fracture Mechanics 

Linear elastic fracture mechanics (LEFM) has been found useful for certain types of 

cracks in composites: interlaminar cracks or in-plane cracks in, unidirectional composites. 

This approach adequately describes delamination propagation since it fulfills the two major 

requirements for the applicability of LEFM to composite materials: the crack must lie in a 

plane of material syminetry and it must propagate in a collinear or self-similar fashion (Kim 

and Dharan, 1989). 

In linear elastic fracture mechanics analysis, the following is assumed (Kim and 

Dharan, 1989) : 

(a) the material behavior is linear elastic and exhibits little plasticity at the crack tip, 

(b) there is a single dominant flaw in the material, 

(c) the crack growth of this flaw is self-similar, 

(d) the material is homogenous along the plane of crack. 
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In linear elastic fracture mechanics analysis, when a flaw is aligned parallel to the 

direction of minimum fracture resistance, critical values of stress intensity factor, K, or 

strain energy release rate, G, are sufficient to characterize the behavior of the material under 

given loading conditions. The relation between K and G can be computed. All the possible 

stress fields around the crack tip can be resolved into three basic modes of fracture, which 

are (Figure 3.1.) 

(a) mode 1, where the crack surfaces move directly apart, 

(b) mode II, where the crack surfaces slide over one another in a direction 

perpendicular to the edge of the crack, 

(c) and mode m, where the crack surfaces move relative to each other in the 

direction parallel to the leading edge of the crack. 

For each mode stress intensity factor, K, .and strain energy release rate, G, can be 

defined separately as K1, G1, Kn, On, Km, GnI. 

model 
opening mode 

modell 
shearing mode 

FIGURE 3.1. The modes ofinterlaminar fracture. 

modem 
tearing mode 
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3.3. Stress Intensity Factor 

The stress intensity factor, K, indicates the strength or the intensity of the stress 

singularity at the crack tip, that is, how fast the stresses go to infinity as the crack tip is 

approached. This factor can-be found as a by-product, when the stress distribution near the 

crack tip is solved by the methods of elasticity (Vardar, 1988). 

In general, it is not possible to define the components of the stress intensity factor, 

Kt, Kn, and Km, for a crack between dissimilar anisotropic composite layers in the same 

manner as for cracks in an homogeneous material. While the overall stress intensity factor 

may be used to designate the maximum amplitude of crack tip stress and to correlate crack 

extension, accurate description of asymptotic stress field at the composite delamination 

crack tip requires detailed knowledge of individual stress intensity factors. Because of the 

complexities involved in the problem, numerical methods are generally required to obtain 

this information (Wang, 1983). 

3.4. Strain Energy Release Rate 

Strain energy release rate, G, is based on energy criterion. A body having a crack 

can release a specific amount of energy into the crack tip in a stress field. This is the 

available energy for the creation of an incremental crack surface. The amount of the surface 

energy required to extend the existing crack is the critical value. For fracture process to 

. occur, the energy release rate must at least be equal to the critical energy release rate, Gc, 

which is also called fracture toughness. 

The strain energy release rate approach is more popularly used in the analysis of 

interlaminar fracture. It is based on energy considerations and is mathematically well defined 

as well as physically measurable in experiments. The energy approach, which stems from the 



16 

original Griffith treatment, is based on a thermodynamic criterion for fracture by considering 

the energy, available for crack growth, -of the system on one hand and the surface energy 

required to extend an existing crack on the other hand. For a cracked body shown in figUre 

3.2, a potential H may be defined as 

H=W-U (3.1) 

where W is the work done by the external force,S, and U is the elastic strain energy 

stored in the body. 

If the critical strain energy release rate, Gc, is the work required to create a unit 

crack area, it is possible to formulate a criterion for crack growth, 

(3.2) 

where oA is the increase in crack area. -

P,O 

FIGURE 3.2. General loading on a cracked body. 



The strain energy release rate is defined as 

G=iJH 
iJA 

In terms of G, the fracture criterion may thus be formulated as 
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(3.3) 

(3.4) 

This concept is illustrated for a linear elastic body containing a crack oflength a and 

a+oa, respectively. Figure 3.3 shows the load, P, versus displacement, u, behavior for the 

cracked body where crack growth is assumed to occur either at constant load (fixed load) 

or at constant displacement (fixed grip). 

load, P 

u u+ou Displacement, u 

FIGURE 3.3. Load-displacement behavior for a cracked body. 



For the fixed load case, 

Equation (3.1) gives 

and equation (3.3) gives 

oU = Pou 
2 

oW=Pou 

oH= Pou- Pou/2= PoU/2 

P&I 
G=--

2M 

For the fixed grip case, the work term vanishes and 

UOP 
oU=--

2 
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(3.5) 

(3.6) 

. (3.7) 

(3.8) 

(3.9) 

Note that OP is negative because of the loss in stiflhess is followed by crack 

extension, and G is 

UOP 
G=--'--

2M 
(3.10) 
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For a linear elastic body, the relation b.etween load and displacement may be 

expressed as 

u=CP (3.11) 

where C is the compliance of the specimen. Substitution into equation (3.8) (fixed 

load case) gives 

P2 8C 
G=---

2 8A 

and substitution ofP=ulC into equation (3.10) (fixed grip case) gives 

(3.12) 

(3.13) 

Consequently, both cases reduce to the same expression. This expression is 

convenient for the experimental determination of strain energy release rate, G and fracture 

toughness, Gc (Carlsson and Pipes, 1987). This method requires an expression relating 

compliance to crack length. That is why it is also called compliance method. 

3.4.1. Direct Energy Methods 

An alternative to the compliance methods is tlle direct energy method. Such an 

approach is used by Whitney et al. (1982). The crack extension is related directly to the area 

enclosed betWeen the loading and the unloading curves in figure 3.4. 
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Load 

~~~~~A" a+Aa ----

o D D' Displacement 

FIGURE 3.4. Definition of strain energy release rate, G, and area method. 

For a crack of width B and length a, the fracture condition is: 

G = G = ..!.[AUe _ AUs ·] = AU 
C B &z &z B&Z. 

(3.14) 

where Ue is external work, Us is strain energy and Aa is the associated increment of 

crack growth. 

From the figure 3.4 

(3.15) 

(3.16) 
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So critical strain energy release rate, Gc, becomes, 

G = shaded area _ _ 1l_U_ 
C B x crack growth BAa 

(3.17) 

This is an exact definition of strain energy release rate, G, but it is imprecise because 

what is, in effect, a derivative must be determined from .two finite measurements (Hashemi 

et al., 1990). 
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4. ANALYSIS OF DELAMINATION 

4.1. Testing and Analysis of Mode I Delamination 

Over the years the double cantilever beam (DCB) test emerged as the preferred 

configuration for measuring the opening mode I interlaminar fracture· toughness, Ole 
(Figure 4.1). 

p 

a 

FIGURE 4.1. Double cantilever beam (DCB) specimen. 

The DCB test consists of a composite laminate loaded normal to the thickness 

through attached load blocks, or piano hinges, at the end of the laminate containing a thin 

non-adhesive insert. The specimen contains a starter crack usually in the form of a Teflon 

film placed in the midplane during manufacturing. Early studies within ASTM in the 1970s 

identified problems with delamination branching in this test if angle ply laminates bordered 

the midplane containing the insert. Hence, a zero degree unidirectional laminate has 

become the most common lay-up for this test. However, because of the nesting inherent in 

unidirectional composites, fibers above and below the midplane tend to bridge the 
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delamination growth reflected in a crack growth resistance curve (R curve). However, fiber 

bridging is an artifact of the unidirectional douDle cantilever beam (DCB) specimen and 

does occur in structural composite laminates where delaminations typically form between 

plies of dissimilar orientation. Hence, emphasis has been placed on measuring 

delamination onset from the insert to obtain a generic measure of Gte. In 1994, as a result 

of round robin tests doubl~ cantilever beam (DCB) test became a ASTM standard test 

method: D5528-94a (O'Brien, 1998) .. 

As it has been discussed in the previous chapter, critical strain energy release rate 

(or fracture toughness), Gc, can be calculated by compliance methods: 

G =~2dC 
c 2B da 

(4.1) 

where P e is the critical load, B is the width, C is the compliance and a is the crack 

length. These methods require an expression relating compliance to crack length. 

Davies and Benzeggah (1989), present some of the popular analytical models. The 

ftrst one presented is proposed by Gilman, 

(4.2) 

(4.3) 

where a is the crack length, E the tensile modulus, B the width, h the thickness and 

P e the critical load. This expression takes account of strain energy due to bending moment. 
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To inClude the effect of shear, the expression was modified by TiI!loshenko as 

(4.4) 

.' 

(4.5) 

where G is the shear modulus. 

Ripling, Mostoyov and Patrick proposed a similar expression, 

(4.6) 

Kanninen has proposed an analytical model for the shear, rotation and crack-tip 

response, using the theory of beams on elastic foundations. It yielded the following 

expression for the compliance: 

4 3 [ h ih)2 i h)3] 
C = ~h3 1 + 1.92 a + 1.2"\a + O.3'a (4.7) 
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4.2. Testing and Analysis of Mode II Delaminatiol! 

Characterization of the sliding mode IT interlaminar fracture has been investigated 

by two main groups preferring different test configurations. ASTM prefers the end-notched 

flexure test (ENF) which c.onsists of the same unidirectional specimen used in the double 

cantilever beam (DCB) test but loaded in three point bending, shown in figure 4.2. It has 

been standardized under the standard ASTM D-30. ~e simplicity of load introduction 

makes this configuration to be selected. However, the delamination growthis unstable. The 

European Structural Integrity Society (ESIS) prefers the end-loaded split beam (ELS) 

configuration illustrated in figure 4.3 where the specimen is fixed on the uncracked end to 

maintain a zero slope and loaded as a cantilever on the insert end. This configuration is 

stable, but requires a complicated fixture to ensure the clamped end condition 

(O'Brien, 1998). 

4.2.1. End Notched Flexure (ENF) Specimen 

The mechanics of the ENF geometry is quite complex because of the presence of a 

crack in a finite domain. Therefore approximate analytical models have been derived. 

r L 

6';) r-- a-1 
l 

Q) ~ 

.. 2L 

P/2 P/2 

FIGURE 4.2. End notched l1exure (ENF) specimen. 
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The classicai beam theory expression for compliance given bI Russel and Street 

(1982) is: 

(4.8) 

where L is the half span length, a is the crack .length, Ell is the elastic m~duIusi~ 
the fiber direction, B is the width and h is the half thickness. 

Including the effect of shear provides a more realistic model for advanced 

composites that typically have low interlaminar shear stiffness. The analysis using shear 

deformation beam theory gives the following expression for compliance (Carlsson et aI., 

1983). 

C 
_ 2L3 + 3a3 

[ 2(1.2L + o.9a)h
2
Ell ] 

- 3 1+ 3 3 
8EllBh (2L + 3a )G13 

(4.9) 

and 

(4.10) 

where G13 is the out-of-plane shear modulus which is approximately equal to in­

plane shear modulus, Gl2, in most of the advanced composite systems (Ersoy, 1994). 

The accuracy of these equations are to be established by methods that do not use 

simplifying assumptions of beam theory. Attempts were made to analyze the end-notched 

flexure (ENF) specimen· by two-dimensional finite element analysis. The results of 

Trethewey et al. (1986), Gillespieet aI. (1986), SaIpekar et aI. (1988) and Lokman (1997) 

are close to the results obtained from beam theory considering shear deformations. 
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However Whitney (1988) states that the reported finite element results display a 

long discrepancy from the theoretical results. Therefore develops a higher order beam 

theory and obtains the following expression for the mode II component of strain energy 

release rate: 

9p2,(i"- { 1 [ A 2 ~ ] 1 
Gil = 16E

1
b2h 1 + A 202 1 + 60 (G

13
) + sinh2 A(2L _ a) (1 

+ :a (sinh A(2I - a) - sinh AI) 'cosh A(2I - a) 

2 ( J 2· -. - _. - E] A SInh A L _. _ 
- A 2-2 SInh A(2L - a) smh AL) + -G -2 [Aa cosh A(2L - a) 

a ]3 396a 

+ sinh A (2L - a) - 2sinh A' In 
(4.11) 

with 

(4.12) 

4.2.2. End-Loaded Split Beam (ELS) Specimen 

The end loaded split beam (ELS) specimen shown in figure 4.3 can be used for the 

detennination of the delamination resistance of unidirectional fiber-reinforced laminates. 

Shear loads (mode II) are applied through a load-block under displacement control at a 

constant rate. Stable delamination growth (propagation) from a non-adhesive insert (starter 

film) and from a mode I or mode II precrack both at the laminate midplane is monitored, 

and delamination initiation and propagation readings (both from insert and precrack) are 

recorded on the load-displacement curves. Data reduction yields the critical strain energy 

release rates, One, for initiation and propagation of a mode II delamination. that may be 

presented in the form of R-curves (critical strain energy release rate One versus 

delamination length a) (ESIS, 1995). 
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.--------- L ---------.. 1 

o 

\. a ___ ~ 

FIGURE 4.3. End-loaded split beam (ELS) specimen. 

A corrected beam theory taking the rotation at the crack tip into account is used in 

the analysis ofELS specimen. It results in: 

(4.13) 

where Pc is the critical load, a the delamination length, An the crack tip rotation 

correction determined from mode I tests using the double cantilever beam (DCB) 

specimen, B the width of the specimen, the value of EI shall be directly determined (E the 

modulus from a flexural test) and I is the moment of inertia of the beam. 
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4.3. Testing and Analysis of Mixed-Mode I and II Delamination 

In order to generate a delamination failure criteria, information is needed on the 

resistance to delamination under combined loadings at the delamination front. Hence, in 

addition to the pure mode t~sts, mixed-mode characterization tests are also needed. Ideally, 

a mixed:-mode test would allow characterization over a very large range of mode ratios and 

would maintain a fairly constant ratio as the delaminati~n grows. The mixed-mode hending 

(MMB) configuration satisfies these conditions using the same specimen. as mode I and 

mode IT tests. It has become the candidate for measuring mixed mode I and IT fracture 

toughness. 

The mixed-mode bending (MMB) test applies a bending load through a lever to a 

pseudo three point bending rig to grow the delamination from the insert, shown in figure 

4.4. The lever position determines the ratio of mode I and mode IT loading at the 

delamination front. The mixed-mode bending (MMB) test is essentially a combination of 

the double cantilever (DCB) and end notched flexure (ENF) tests, with the same issues that 

must be resolved. Hence, standardization of this test will likely follow the publication of 

the pure mode I and mode IT test standards (O'Brien, 1998). 

The best known analysis of this test is proposed by Reeder and Crews (1988), 

based on beam theory, which was subsequently checked by finite element calculations. 

Ducept et a1. (1997) conclude that a modified beam theory method including crack tip 

corrections gives the best correlation with finite element calculations. . 

Taking into account the equations for pure mode and the beam theory analysis, 

Reeder and Crews (1990) propose expressions for the energy release rate components in 

mode I and IT loading: 

= (3C - LIT> 
~ 4L r (4.14) 
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(4.15) 

(4.16) 

(4.17) 

where P is the load, Pn is the mode I component of the load, Pn is the mode II component 

of the load, a is the crack length, b is the width, h is the thickness, E is the elastic modulus, 

c and L are lengths on the specimen as shown in figure 4.4. 

Applied load, P 

2h 
Test specimen 

C -----t+4---- L -----+I 

Delamination 

2L 

FIGURE 4.4. : Mixed mode bending (MMB) specimen. 
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4.4. Previous Work on Mode m Delamination 

The development of a standard test method for mode ITI interlaminar fracture 

toughness has lagged behind the others due to the difficulty in identifying a configuration 

that exhibits pure mode ill· at the delamination front. Variations of the split cantilever beam 

(SCB) were first examined. However, this configuration had difficulty with mode IT failures 

at the surfaces. Although this problem may be resolved by applying a moment to the beam 

ends, all SCB test configurations had problems with data reduction because of small change 

in compliance with delamination growth. 

The next method, crack rail shear (CRS) test configuration is adapted from standard 

rail shear tests. This method also suffers from the same problem like split cantilever beam 

(SCB) test, besides the fixture is complicated. 

4.4.1. Split Cantile~er Beam (SCB) Specimen 

The split cantilever beam test was first proposed by Donaldson (1988) as a test 

method to characterize mode ill delamination in composite materials. The split cantilever 

beam (SCB) specimen is shown in figure 4.5. It is similar to the mode I double cantilever 

beam (DCB) specimen, except that the loading directions were parallel to the crack plane. 

The composite laminate is adhesively bonded between two aluminum bars to give the 

. specimen torsional stiffuess as the delamination grew and the bars are loaded in opposite 

directions. As the crack extends the aluminum bars act as cantilevers. 



p 

adhesive bond 

bolted metal 
plate p 

composite specimen 

aluminum 
alloy bar 

pinned 

FIGURE 4.5. Split cantilever beam (SCB) specimen. 
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In the experimental study (Donaldson, 1988), two types of carbon fiber reinforced 

composite materials are used: One of them is a brittle epoxy reinforced with carbon fiber, 

AS4/3502, and the other is a thermoplastic resin reinforced with' carbon fiber, AS4IPEEK. 

In order to investigate the effects of laminate thickness arid beam depth on mode ill critical 

strain energy release .rate (fracture toughness), Orne, unidirectional laminates are tested. 

Experiments using angle ply laminates showed the effect oflocal fiber orientations. 

The data reduction techniques used were similar to those developed for mode I 

double cantilever beam (DCB) test. Beam theory is used to analyze the split cantilever beam 

(SCB) test. It was assumed that the beam is loaded at one end, and fixed at the opposite 

end. The beam length was assumed to be equal to the crack length. The resulting expression 

IS 

(4.19) 
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where b is the beam depth, Pj is the lo~d, and OJ is the total end displacement 

(Donaldson, 1988). 

Alternatively, calculation of Gmc with a compliance determined empirically yields: 

G _~Oi 
me,i - 2ha. 

I 

(4.20) 

where ~ is the i th crack length measured from the loading axis. 

The results of the experimental study can be sunimarized as follows (Donaldson, 

1988): 

As the laminate thickness decreased, a considerable aluminum to composite 

debonding and a significant scatter in the test results were observed. Specimens having 16 

plies and more yielded nearly identical results, indicating no thickness dependence in this 

range. 

As the beam.depth decreased, fiber bridging was observed. Specimen having depth 

above 1.27 cm had negligible fiber bridging. 

The results of the tests conducted with multidirectional [+8JI-9s/+84] (1/ indicates 

the position of initial crack) laminates showed that the toughness values for 9=15 and 9=75 

degrees are somewhat higher than the unidirectional results. This may be due to thennal 

residual stresses. 

Tests conducted with laminates [+816] and [+824] were unsuccessful. Bonding 

failures are observed. 

Consequently, in split cantilever beam (SCB) .test configuration the problem· of 

adherent bonding prevents the determination of fracture toughness for tougher materials. 

One solution to this debonding problem was proposed by Martin (1991). He made laminates 



34 

sufficiently thick to provide their own torsional stiffuess (Figure 4.6.). _Moreover, Martin 

(1991) changed the loading set-up consisting of bonded aluminum bars bolted to the loading 

bars and developed a loading nose system, which enables the determination of loading· point 

accurately. 

The most important problem of split cantilever beam (SCB) specimen is that there is 

mode n failure at the edge of the specimen due to rotation of the beam. Using finite element 

analysis Martin (1991) showed that at the edge of the delamination front, On was 
significantly higher than Gm for all beam depths and delamination lengths. As the 

delamination length increased, the ratio of GnlGm along the delamination front increased. 

The examination of the surfaces of the failed specimen confirmed the analysis. The failure in 

mode n results in surfaces having hackles without fiber bridging, whereas the surfaces of 

the specimen failed in mode m exhibit fiber bridging. So, it can be concluded that the split 

cantilever beam (SCB) test configuration does not represent a pure mode m test. 

p all composite 

loading nose 

p 

FIGURE 4.6. The improved split cantilever beam (SCB) specimen. 
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In order to overcome the problems of the split cantilever beam (S~B) test Robinson 

and Song (1992) proposed a modified SCB test. The problem of standard split cantilever 

beam (SCB) specimen arises from the tensile and compressive stresses producing mode ~ 

components. Therefore Robinson and Song (1992) tried to reduce the moment at the crack 

front to zero, suggesting a different loading pattern illustrated in figure 4.7. They prepared a 

test jig that enables to apply· the required loads accordingly. 

The finite element analysis (Robinson and Song, 1994) shows that the unwarited 

mode IT component diminishes as expected. The analysis also tells that the results of the 

modified split cantilever beam (SCB) test are insensitive to mispositioning and to variations 

in material properties. However, the longitudinal mispositioning and variations in the though 

thickness shear modulus, G23, produce the most significant errors. 

The experimental study (Robinson and Song, 1994) uncovered that split cantilever 

beam (SCB) testing method is not suitable for compliance calibration technique due to very 

small displacements. 

bending moment distribution 

t<:1. Pf¥, I 

2L 'crack front~ crack front 
2P 

~ +J {-2V bi . 
Delamination plane b/2 " crack front 

FIGURE 4.7. a)Bending moment distribution in one arm of the SCB specimen. 

b )Bending moment distribution in one arm of the modified SCB 

specimen~ c)Top view showing loading on a single arm of the modified 

SCB specimen. 



36 

4.4.2. Crack Rail Shear (CRS) Test 

The crack rail shear (CRS) specimen was first proposed by Becht and Gillespie 

(1988) to characterize the mode III interlaminar fracture toughness of continuous fiber­

reinforced composite materi~s. The double and single crack versions of the crack rail shear 

specimen are shown in figure 4.8. The specimen geometries are very similar to the two rail 

shear tests (ASTM standard guide D4255-83) for measuring the in-plane shear properties of 

composite laminates. The Kapton film placed between appropriate plies serves as the starter 

cracks for subsequent fracture testing. 

T 
L 

1 
t 
bh 
.:L 

drilled holes to 
accommodate 
rail shear 

.L. 
hr 

1 
L 

1 

FIGURE 4.8. Crack rail shear (CRS) specimen, double and single crack versions. 

The analysis of crack rail shear (CRS) specimen (Becht and Gillespie, 1988) 

assuming pure shear stress state and neglecting the crack tip singularities, yields the 

following expressions for the compliance and the strain energy release rate of the specimen: 
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Ifw-a al C--l-+-J .Lh bGAB GBe 

(4.21) 

(4.22) 

where L is length, h is thickness of the strap section, w width of specimen, b is the 

total laminate thickness, a is the crack length, GAB is the shear modulus of section AB and 

Gsc is the shear modulus of section BC (Figure 4.8.). 

The crack rail shear (CRS) specimen is a quasi-stable (strain energy release rate, G, 

is independent of crack length) under fixed load conditions and crack growth is stable for all 

crack lengths under fixed grip conditions. The work on the sizing of the specimen showed 

that the composite materials exhibit a large degree of non-linearities. 

The crack rail shear (CRS) test is modeled using a quasi three dimensional linear 

elastic finite element code. The analysis assumed that the spe~imen is infinitely long and 

therefore all cross s'ections deform in the same manner, which means that free edge and 

bending effects are not present. Deformation of the model showed that only the out-of­

plane displacement is non-zero, indicating that a pure mode ill fracture state does indeed 

exist within the constraints of the above assumption. Compliance and strain energy release 

rate predictions are in good agreement with the analytical model. 

A further numerical analysis, a fully three dimensional finite element analysis using 

NASTRAN has been performed. (Becht and Gillespie, 1988). This analysis showed that the 

mode ill energy release rate is dominant and distributed parabolycally along the crack front. 

Mode I and mode II components are present but are relatively small and are confined to a 

small area adjacent to each of the crack front. Increasing the length of the crack rail shear 

(CRS) specimen reduces the total percentages of mode I and mode II component in the 

total strain energy release rate. 
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Becht and Gillespie (1989), performed an experimental study to_measure mode ill 

interlaminar fracture toughness, Gme, .of two graphite/epoxy systems, AS4/3501-6 and 

IM7/855 1-7. However, they encountered some problems: 

The compliance of the crack rail shear (CRS) specimen was very low. This means 

that very high loads are to. be applied. Moreover the deflection is very small to measure 

accurately. 

Multiple delaminations were observed and the delamination growth deviated from 

the starter crack plane. 

A high coefficient of variation (up to 24·.per cent) is reported. The repeatability of 

the experiments was low. 

The double crack specimens did not delaminate symmetrically. 

As a result the crack rail shear (CRS) test is not suitable for measuring mode ill 

interlaminar fracture, since the set-up is complex and the low compliance prevents to apply 

compliance calibration technique. 
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5. ANALYSIS OF EDGE CRACK TORSION (ECT) SPECIMEN 

The edge crack torsion (ECT) specimen proposed by Lee (1993), consists of a 

[90/(±45)J(+45)J90]s laminate with a delamination introduced by a non-adhesive film at 

the mid~plane along one edge and loaded in a special fixture to create torsion along the 

length of the laminate (Figure 5.1). The edge crack tor~ion specimen is tested in a' fixtUre 

with three fixed support points and one loading point which induces a pair of counteracting 

torques. 

-+-~----------------, 
t 

"T ,.1._'_I'_n_h_I __ B _____ ~. 

FIGURE 5.1. The edge crack torsion (ECT) specimen. 
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5.1. Analysis of Loading Mode 

In the beginning of the analysis (Lee, 1993), a pure mode ill loading is deduced to 

exist theoretically in the edge crack torsion (BCT) specimen under the given loading 

conditions. The loading condition of the edge crack torsion (BCT) specimen can be 

approximated to be a torque T (=PW) applied through the ends (Figure 5.2). Based on the 

superposition principle, one can equate an orthotropic plate (without crack) under torsional 

loading, to a plate with crack under torsional loading and its crack surfaces are subjected to 

shear stresses parallel to the crack front. 

T T 

Y ~ ~ ~ 
Z 

'tyz 

a) 
b) 

T T 

T 

~ d) 
c) 

+ 'tyz 

T 

FIGURE 5.2. Equivalence of the loading of an uncracked plate under torsion to a 

cracked plate under torsion plus the shear forces at the crack surface. 
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For the orthotropic plate without crack subjected to a torque T, the only 

nonvanishing stress component along th~ midplane (xy) is 1:yz (Lekhinitski, 1963). This is 

equal to a plate with a crack sUbjected to torque T and the corresponding shear forces at the 

crack surfaces. 

It is clear that d) is pure mode ill and ~:;t{), and for the uncracked plate Ka=O. 

Hence, 

(5.1) 

and 

~=-Kt. (5.2) 

Lee (1993) concludes that edge crack torsion (ECT) loading induces pure mode ill 

loading at the crack front. 

5.2. Classical Laminate Theory Analysis 

Using the classical lamination theory the edge crack torsion (ECT) specimen can be 

analyzed. The compliance, C, is obtained as (Lee, 1993) 

8 W2L 
C = P = -4-(B---(I-. --2-s-)a-)(-n-

66
-)] 

(5.3) 
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with . 

(5.4). 

where W is the moment arm, L is the distance between the loading points in the 

longitudinal direction, B is the specimen width, a is the c~ck length. D66 is the resultant in­

plane shear stiffuess of the laminate. The subscripts I and II denote the uncracked region . 

and the cracked region, respectively. 

Om can be evaluated as follows: 

G _ p 2C(1- 2s) 
m - 2LB(1- (1- 2s)(a/B)) 

(5.5) 

This analysis assumes that the specimen is subjected to uniform twisting moment. 

But the deformation state of pure torsion can reproduced by four concentrated loads at the 

comers. The loading points are not exactly at the comers, but it can be shown from Saint 

Venant's principle that loading is equivalent to pure torsion except at the small areas from 

the loading points to the edges. Also the localized loads at the contact points and possible 

friction may have additional effects. The crack front stress intensity should therefore not 

appreciably affected by these loads except when the crack is short and only in areas close to 

the loading points (Lee, 1993). 
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5.3. Testing of Edge Crack Torsion (ECT) Specimen 

In the experimental part of the study (Lee, 1993), epoxy systems R914, R922, 

R6376 reinforced with T500 or IM6 carbon fibers are used. Several laminates with lay-ups 

of [ 90/(±45)j(+45)j90]s, .n=1,2,3, and 4, were tested to optimize specimen design. The 

(±45) plies in the specimen were introduced to provide sufficient torsional stiffuess to the 

specimen. Since each half of the specimen is symmetric a~out its own midplane, each half of 

the laminate remained flat after the test. A Teflon film was inserted in the midplane to 

provide the initial crack. Since a large resin accumulate at the initial crack tip around the 

Teflon film a sharp mode I precrack was introduced. 

Experimental results showed that for laminates [90/(±45)j(+45)j90]s, n=1 and 2, 

the behavior is highly nonlinear. For higher values of n (three and four) the specimen 

behavior is linear and the minimum thickness is achieved for n=3, corresponding to 28 plies. 

All the edge crack torsion (ECT) specimens studied (Lee, 1993) had high 

compliance to allow the compliance calibration method to be used. Lee (1993) could find 

the relation between compliance, C, and cr~ck length. The result of R6376IIM6 (28 ply) 

studies is expressed in the form of (l/C) vs a using linear regression: 

~ = 2253 103(1- 0.806(a/B») (5.6) 

To compare the theoretical and experimental work, the properties of the considered 

composite (Table 5.l) can be substituted into the equation (5.3). 
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TABLE 5.1. Material properties used in the analysis 

Ex=165 Gpa Gxy=5.5 Gpa Prxy=0.28 

Ey=lO.3 Gpa Gyz=5.5 Gpa Pryz=0.28 

Ez=10.3 Gpa Gxz=5.5 Gpa Prxz=0.28 

The theoretical curve is 

1 
C = 2.797 1&(1- 0.794(a/B») (5.7) 

Clearly there is a gap between the two lines obtained from the classical lamination 

theory and from the experimental data although their slopes are very close. 

An additional experimental work is performed by Li et. al. (1997). For this purpose 

G40-800IR6376 graphite/epoxy laminates were manufactured and tested monotonically to 

failure in the ECT fixture- (Li et al., 1997). Li et al. (1997) obtained the following results 

from the tests. 

A load- displacement (P-o) curve linear up to the delamination onset is obtained. 

The experiments with the specimen having small initial delaminations were 

unsuccesful. The specimen having small crack lengths 2.5 mm and 5 mm are discarded, 

since mode m delamination is not achieved. 

Dye penetrant enhanced X-radiograph of failed specunens revealed that the 

delamination initiated at the middle of the specimen length and propagated in a self-similar 

manner along the laminate mid-plane. 
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Unfortunately, for the edge crack torsion (ECT) configuration}t is not possible to 

generate a compliance curve from a single edge crack torsion (ECT) specimen using the 

methods utilized for mode I and mode II, because of (1) the unstable delamination growth 

and (2) it is not possible to shift the specimen in the fixture and change the initial 

delamination length. Using a set of specimen, I/C as a function of alb is obtained. So, Gme 

can also be obtained using the following equation 

G = ~2 dC· 
me 2B da (5.S) 

Crack propagation is non-uniform along the crack·front, peaking at the middle. This 

may effect the measurement of a, but the error associated is negligible. The crack length is 

measured after the experiment, opening the specimen taking the mean of six measurements 

made at equally spaced locations. In case of large variations (>lmm) the results are 

discarded. 

The mean of Gnrc for nine specimen is 1.42kJm-2 with a coefficient. of variation of 

eight per cent (Li et al, 1997). 

In order to compare the magnitude of mode ill fracture. toughness with the mode I 

and mode II fracture toughnesses of the same material, G40-S001R6376 graphite/epoxy, 

double cantilever (DCB) and end notched flexure (ENF) tests are performed. 

Mode II Fracture Toughness: 

Gne=1.04 kJm-2 with a coefficient of variation of 10 per cent. 

Mode I Fracture Toughness: 

GIc=322 Jm-2 with a coefficient of variation of7.6 per cent. 
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5.4. Shear Deformation Theory Analysis 

To overcome the deviation of classical lamination theory from test results the edge 

crack torsion (EeT) specimen is analyzed using a shear deformation theory developed by Li 

and Wang (1994). Shear deformation is important not only because the shear modulus of 

composites is relatively small in comparison with in-plane modulus but also because the out­

of-plane warping due to torsional loading is predominant in rectangular cross-~ectfoned 
laminates. 

The laminate is assumed under torsional loading at its ends only and the stress tensor 

does not vary along the x-axis (longitudinal direction). Such a laminate is under a 

generalized plane deformation (Lekhinitski, 1963). The displacement field is assumed as 

U(X,y,z) = K'x(z + h/2) + U(y) + zp x(y) (5.9) 

V(X,y,z) =V(y) + zp y(y) + (J x(z + h/2) (5.10) 

W(X,y, z) = -t K' X2 - (Jx(y + p) + W(y) (5.11) 

where u, v and w denote displacements relative to the X-, y- and z-axes, 

respectively. The bending curvature in the x-z plane is denoted by le. The angle of rotation 

per unit length about the x~axis, or twist, is denoted bye. The constant p is the distance 

between the twisting center and the delamination tip. Shear deformation is recognized 

through the rotations J3x and fly. U, V, W, J3x and J3y are functions ofy only. 
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Li and Wang (1994) derive the solutions for the rotations f3xl ang. PxO as: 

(5.12) 

(5.13) 

where 

(5.14) 

(5.15) 

the integration constants HI, Bo, 11 and 10 are functions of crack length a and the 

vectors {yl},{~I},{'Y0} and {~o}are functions of the components in the stiflhess matrix Aij, 

Bij and Dij of the laminate. 

The parameters au, a21, a12 and a22 are functions of the components in the stiflhess 

matrix Au, Bij and Dij of the laminate and the specimen geometry (a, b, h). 

(5.16) 
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a =():l h):ll ():oh ):O)b ) (Ih II,. (oh 01,. (5.17) 
21 ':71 2 ':72 f + ':71 2 + ':74 - a + ;1 2 + ;2 11 + ;1 2 + ;4 12 

(5.18) 

where 

(5.20) 

(5.21) 

(5.22) 

(5.23) 
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Li and Wang (1994) obtained the following expression for compliance: 

(5.24) 

For both cases n=3 and n=4, the total strain ,energy release rate increases as the 

crack length increases and reaches a plateau. As the crack continues to increase, the total 

strain energy release rate, Gtotal, drops and reaches zero before the, crack runs through' the 

entire laminate. For a valid toughness test, the value obtained should be independent of. 

specimen configuration (Figure 5.3). The toughness can be obtained through experiments 

provided that the crack size falls within the plateau region. 

ISO 

n=4 

e z 
100 

~I~ 
~ .., 

so 

1.0 

FIGURE 5.3. Total strain energy release rate as a function of normalized crack 

length alb for [90/(±45)n(+45)J90]slay-up (Li and Wang, 1994). 
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The predictions ofLi and Wang (1994) for the inverse of the compliance, lie, are 

compared with the test data (Lee, 1993) and the classical lamination theory (CLT) solutions 

(Lee, 1993) as shown in Figure 5.4. Excellent agreement between the test predictions and 

the test data is found for both n=3 and 4. The CLT solution tends to overestimate the 

inverse of the compliance ~d the error can be as high as 50 per cent. Obviously, ~he 

classical lamination theory (CLT) cannot accurately predict the torsional behaviour of the 

edge crack torsion (BCT) specimen. However, it caD: be seen from figure 5.4. thai the 

classical lamination theory (CLT) can provide an upper bound for the inverse of the 

compliance, or a lower bound for the compliance. 

~ 
11'1 

o -
(,J --

3.0 

2.0 

105 

1.0 

o.s 

Present 

Experimental Data 

CLT 

o~4-------~~---T--~--~--~--~~---' 

0.0 0.4 0.8 1.0 

FIGURE 5.4. Inverse of the compliance as a function of normalized crack length alb 

for [90/(±45)n(':j:45)J90]s layup (Li and Wang, 1994). 
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Mode ill fracture toughness calculated by the shear defonnation theory and from 

the compliance calibration method useq in the e~periment (Lee, 1993) are 1.18 kJ m-2 and 

1.14 ±O.22 kJ m-2, respectively. The only parameters needed from experiment in the shear 

defonnation theory for fracture toughness calculation are the critical load, Pc and the 

corresponding crack length, a (Li and Wang,1994). 

A further study on the simplification of the data reduction methods for the edge 

crack torsion test was presented by Li and O'Brien (1996). By taking advantage of the 

special lay-up for mode ill testing using EeT specimen, the lengthy expression for 

compliance is simplified. The simplified expressions are in tenns of parameters with well­

known physical meanings. 

Since for the proposed lay-up bending-twisting coupling can be neglected, the 

coefficients (121 is negligible. In addition, the sub laminates above and below the 

delamination plane should be symmetric about their own midplanes to eliminate any residual 

thennal stress contributions to strain energy releas rate for delamination growth. 

The simplified expression for the inverse of the compliance is: 

(5.25) 

where fl and f2 are the same parameters derived by Li and Wang (1994), equations 

(5.20) and (5.21). 



52 

5.5. The Effect of Transverse Shear Modulus 

Moreover, Li and O'Brien (1996) have investigated the effect of transverse shear 

modulus, G23, because in the analysis ofLi and Wang (1994) the transverse shear modulus 

G23 is to be known. Howev~r, the transverse shear modulus G23 is much more difficult to 

determine than in-plane properties, such as En, E22 and G12. 

To asses the effect of G23, two extreme values of G23 are examined (Li and 

O'Brien, 1996); G23=O and G23=G12. The theoretical predictions of the inverse of the load 

point compliance lIC for both the G23=O and G23=GI2 cases are plotted in figure 5.5. 

G23=O yields a lower value for I/C and G23=GI2 gives a higher value for I/C. In 

conclusion the appoximation of G23=G12 appears to give a good conservative prediction of 

the mode ill toughness. 

5.6. Finite Element Analysis 

A three-dimensional finite element analysis was performed (Li et al, 1997) using 

ANSYS sotfware package, that indicated that a pure mode ill delamination exists at the 

middle of the specimen length away from both ends. The model is constructed using an 

arbitrary specimen tested successfully. To model the edge crack torsion (ECT) specimen 

and the crack plane, 34048 eigth-noded solid elements (SOLID45) and 4669 contact 

elements (CONT AC49) are used. 

The model was supported in z direction at three nodes where the nodal locations are 

equivalent to the position of the three supporting pins of the edge crack torsion (ECT) 

fixture. The remaining two translational rigid body motions were prevented. A critical test 

load is applied. 



:J G23 = G 12 

. / 0 Experimental Data [1 OJ 

E 2.0 -Z 
~ 

0 1.5 

V -- 1.0 

0.5 In =3) G23=O 

Q.o 
0.0 0.2 o.~ 0.6 0.& 1.0 

m11 

FIGURE 5.5. Inverse of the compliance lie for both the G23=O and G23=G23 case 

(Li and O'Brien, 1996) . 
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The mode I, mode II and mode ill strain energy release rate components are 

calculated using virtual crack closure technique. Virtual crack closure technique uses the 

stresses/nodal forces ahead of the delamination front and the displacements behind the front 

to determine the strain energy release rate components (Figure 5.6.). The expressions are as 

follows (Li et aI, 1997): 

(5.26) 



54 

(5.27) 

(5.28) 

where Ax is the sum of one-half the element lengths on either side of node j in the x 

direction. 

FIGURE 5.6. Virtual crack closure for three dimensional eigth node solid elements. 

The numerical results of Li et al. (1997) revealed the distribution of strain energy 

release rate components along the length of the delamination front shown in figure 5.6. The 

mode I component is negligibly small. A finite mode II component is observed near the 

. loading points, but decreases away from the loading points. The finite element analysis 

shows that the delamination will grow in pure mode ill at the middle of the specimen length 

away from both ends. The average total strain energy release rate and mode ill component 

computed from the finite eleinent model are 1.35 kJ m-2 and 1.24 kJ m-2
, respectively, which 

indicates the critical total strain energy release rate, integrated along the delamination front 

at the insert, is 92 per cent mode ill. 
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FIGURE 5.7. The distribution of strain energy release rate components along the length 

of the delamination front (Li et al., 1997) 
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-
6. FINITE ELEMENT ANALYSIS AND OPTIMIZATION OF ECT 

SPECIMEN 

A three dimensional finite element model is constructed in order to analyze ~the 

edge crack torsion (EeT) specimen for mode ill interlaminar fracture testing. The same 

model i~ used to investigate the optimum dimensions of the specimen. 

The analysis is carried out using ANSYS® finite element software package version 

5.2. on a Hewlett Packard workstation model 712-60 operated with Hp-Unix version 10.20. 

The presented study covers the construction of the finite element model and the 

validation of the model by comparing and reconstructing analyses reported in the literature 

(Lee 1991, Li and Wang 1994, Li et al. 1997). 

At the end, a series of finite element analyses are carried out to optimiZe the edge 

crack torsion (EeT) specimen for mode ill interlaminar fracture, 

6.1. The Finite Element Model 

The solid model of the EeT specimen is constructed using 24 volumes (Figure 6.1). 

The smaller volumes near the edges are used to exactly locate the loading and supporting 

points. Therefore the comers of the volumes coincide with the locations of the loading and 

supporting points. One set of 12 volumes is located on top of the other set. The crack is 

modeled joining all the volumes except the volumes a~ove and below the crack surface 

(Figure 6.2). 
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FIGURE 6.1. The solid model of edge crack torsion (BeT) specimen, crack to width ratio (alB) is 112. 
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Several material properties are used at various analyses (Table -6.1): 

(a) properties of G40-8001R6376 are used to reproduce the finite element analysis 

ofLi et al. (1997), 

(b) properties of R63761IM6 are used to model the experimental work of Lee 

(1991) and to compare the results with the analytical work ofLi and Wang (1994) and 

(c) properties of R63761IM6 are used to optimize the EeT specimen. 

TABLE 6.1. Material properties of different composite materials which are used in the 

finite element analyses. 

R63761IM6 G40-8001R6376 

(Lee, 1993) (Li et al, 1997) 

Ex 165 GPa 151 GPa 

By 10.3 GPa 8.97 GPa 

Ez 10.3 GPa 8.97GPa 

Gxy 5.5 GPa 5.15 GPa 

Gyz 5.5 GPa 5.15 GPa 

Gxz 5.5 GPa 5.15 GPa 

Vxy 0.28 0.325 
I 

Vyz 0.28 0.325 

Vxz 0.28 0.325 
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The solid model of the specimen is meshed with eight-noded~hexahedral layered 

elements (labeled as SOLID46 in ANSYS®) and with point-to-surface elements (lapeled 

as CONTAC49). The "real constants" of the layered elements requested by the software 

are arranged such that the desired lay-up, [90/(±45)3/(+45)3/90]s, is modeled. 

The length is meshed with equilength elements. The thickness is meshed with four 

SOLID46 elements, which are designed for the analysis of composite laminates, each, one 

of them representing seven layers. The width is meshed with elements, whose size 

decreases near the crack tip providing finer mesh (Figure 6.3). At the crack surface there 

are two nodes at the same location, one of them belonging to the upper elements and the 

other to the lower elements. 

To prevent that the upper and lower surfaces penetrate into each other, which is 

physically meaningless, non-linear point to surface contact elements (CONTAC49) are 

introduced between surfaces at the region where the contact would start first, i.e. around 

the loading and supporting points (Figure 6.4). 

The boundary conditions, constrain the displacement of the nodes at the support 

points in the z direction as in the edge crack torsion (ECT) fixture. The displacement 

loading in z direction. is introduced at the loading point or node. The applied displacement 

loading may have a convenient value if the only concern is to calculate the compliance. In 

the case of determination of fracture toughness the value should. be the critical 

displacement corresponding to critical load measured by an experiment or obtained from 

the literature. To prevent rigid body motion of the model the following restraints in x and y 

direction are applied (Figure 6.5). 

At node one: ux=Uy=uz=O 

At node two: uz=uy=O 

At node three: uz=ux=O 

At node four: uz=(the displacement loading) 
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FIGURE 6.3. The meshed model of edge crack torsion (BeT) specimen. 

0\ ..... 



1 2 

J rly 
~ 

~ 
3 4 

zJ 
III lUll 

FIGURE 6.4. The contact elements used in the finite element analysis ofECT specimen. 
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For the software to utilize the contact elements a KN value snould be provided. 

Unfortunately the contact elements are non-linear and the value of KN should be 

determined by iterative methods, starting with a guess suggested in the man~al of the 

software (ANSYS, 1995). 

KN~H, with f=1 (6.1) 

where E is the elastic modulus, h is the characteristic contact ''length'' (usually the 

typical element length) 

During the iterations the following problems are encountered: 

(a) the solution did not converge ifKN is high. 

(b) penetration of surfaces is observed ifKN is low. 

After some iterations KN=592000 is accepted and is used in the analyses. 

The analysis is non-linear and the Full Newton-Rapson method with default options 

is selected in the software. 
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6.2. The Validation of The Model 

To verify the model, the finite element analysis of Li et al. (1997) is reproduced 

and the testing of Lee (1993) is examined using finite element analysis. 

6.2.1. Reproduction of The Finite Element Analysis of Li et aI. (1997) 

Since the presented finite element model is based on the model ofLi et al. (1997) 

both models are similar. The differences are in the mesh pattern along the thickness and in 

the contact element parameters. 

In the finite element analysis eigth-noded-hexahedral layered elements (SOLID46) 

are used whereas Li et al. (1997) used ordinary eight-noded-hexahedral elements 

(SOLID45). Since layered element can handle multiple laminate plies, a great reduction in 

element number can be achieved. Li et al. (1997) had to model each ply. Therefore they 

used 32 elements along the thickness. In the presented model 4 layered elements were 

enough. 

The other difference lies in the properties of the contact elements. However this 

difference arises only due to the lack of information in the paper ofLi et al. (1997). In the 

finite element analysis the contact elements are only placed around the loading points 

between the crack surfaces. Li et al.(1997) placed t~e contact elements everywhere in the 

crack surface. However they concluded that this excessive use of contact elements were 

needles (Li et al. 1997). 

Due to the modelling with layered elements and elimination of needles contact 

elements the model could be contructed with 4340 elements instead of 38048 elements. 

The properties of the model are : 
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(a) ·length=89mm, 

(b) width=38mm, 

(c) height=4.8mm, 

(d) lay~up: [90/(±45)y(+45)y90]3, 

(e) crack length= 19mm, 

(t) elements: 4256 SOLID46 and 84 CONTAC49, 

(g) material: G40-8001R6376, 

(h) the displacement loading= 4.63mm. 

The resulting deformed shape obtained from the analysis is shown in figure 6.6 and 

figure 6.7. 
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Using the deformed specimen output, strain energy release rate at every node on the 

crack front is calculated using virtual crack closure technique. 

As an example strain energy release rate is calculated for an arbitrary node. 

Consider 17th node from the right (Figure 6.8). 

z 

anode on the 
crack front 

133 

865 

FIGURE 6.8. The nodes near the crack front, required to apply virtual crack closure 

technique (The x direction is perpendicular to plane of the nodes). 

The output for the considered nodes (Figure 6.8) is 

at node 133: Fx=360.0673 N 

at node 964: Ux=O.2292 104 m 

at node 865: ux=O.26909 104 m 

Ax=O.003179m 

Aa=O.OOOI6Im 

Substituting the values into the equation (5.28): 

F"d" Y", Gm = = 1403.141 2 
2Ax&z m 

(6.2) 
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the corresponding result ofLi et al. (1997) is 

Gm=1406; 15 J/m2 

The error is 0.2 per cent. The strain energy release rate distribution at every node 

on the crack front is listed in table 6.2. and is plotted in figure 6.9. The results are in good 

agreement with the results ofLi et al. (1997). The distribution of strain energy release rates 

reveal that the dominant component is in out-of-plane shearing mode, i.e. mode ID. 

TABLE 6.2. The strain energy release rate distribution along the crack front. 

node Gm 
(JIm:') 

1 9.401 
2 398.324 
3 792.116 
4 1128.438 
5 1257.439 
6 1410.495 
7 1423.703 
8 1481.361 
9 1453.518 

10 1477.067 
11 1441.526 
12 1455.083 
13 1423.373 
14 1435.513 
15 1409.784 
16 1423.450 
17 1403.268 
18 1420.904 
19 1404.714 
20 1421.665 
21 1384.997 
22 1343.362 
23 1190.720 
24 993.698 
25 694.530 
26 438.927 
27 211.656 
28 90.917 
29 1.447 
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The average strain energy release rate c~ be calculated by integrating the mode ITI 

component over the effective region, i.e. the region between the supportlloading points, 

along the delamination front and divided by the effective length of the EeT specimen. If 

the average total strain energy release rate is calculated similarly, the percentage of mode 

ill component of strain energy release rate can be obtained. 

The percentage ofGm is found to be 91.9 per cent whereas Li et aI. (1997) found 

92 per cent. Similarly average Gtot and average GIll con:esponding to a critical load are -'1.3 8 

and 1.27 kJ/m2 
, respectively and Li et aI. (1997) report as 1.35 and 1.24 kJ/m2 

, 

respectively. Tests ofLi et aI. (1997) yielded a fracture toughness of 1.42 kJ/m2
• Knowing 

that the value of G23 is an approximation (Li and O'Brien, 1996) and the value is closer to 

the results of the experimental data, the model can be said to be validated. 

6.2.2. Finite Element Analysis of the Test of Lee (1993) 

A further verification is carried out by modeling the teSt of Lee (1993). The finite 

element model is the same. The material properties are changed to the properties of 

R63761IM6 and the applied displacement loading is set to O.OOlm. 

Li and Wang (1994) developed an analytical model to ciUculatethe compliance of 

the specimen proposed by Lee (1993). If the compliance is known, the load corresponding 

to the specified displacement can be found. The force values for a!B= 112 and for a 

displacement input of O.OOlm is calculated using the expression ofLi and Wang (1991) 

and using the presented finite element analysis are: 

FLiandWang=124.1448 N 

Ffmiteelemem=124.143 N 

The associated error is 0.001 per cent. This very small error justifies that the 

constructed finite element model is validated. 
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6.3. Optimization orEdge Crack-Torsion (ECT) Specimen 

In the Lokman's thesis (1997) it is suggested that the percentage of mode ill 

component of strain ener~ release rate, Om, would increase if the specimen length 

increases. Although the proposed configuration (Lee, 1993) provides already a high 

percentage of Om, that is, 92 per cent, for a better geometry the percentage of Gur should 

become closer to 100 per cent. 

A series of finite element analyses are carried out to investigate the effect of 

specimen size on the percentage of Om. Therefore, batch files are developed which enable 

to model specimens with various dimensions. The batch files are written in ANSYS 

parametric design language (APDL) (ANSYS, 1995) and are presented in the appendix. 

The individual and simultaneous effects of specimen length and width are 

investigated. The effect of thickness has already been examined by Lee (1993). The 

analyses are carried out with specimens having a crack-to-width ratio (or normalized crack 

length) (alB) of 112. Additional set of analyses are done with models having a crack-to­

width ratio (alB) of 113. This few analyses are only used to support the behaviour obtained 

from the main analyses. 

The constructed model for the specimen having crack-to-width ratio (alB) of 113 

can be summarized in figures 6.10. and 6.11. It can be seen that the model is very similar 

to the previous model, the only change is the position of the crack front. The mesh pattern 

is adapted accordingly. 
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6.3.1. Variation of Gm Percentage with Length 

Various specimen having different lengths are modelled and analyzed to see the 

effect of specimen length. The length is the dimension parallel to the crack front. The 

smallest specimen has the half of the length of the specimen of Lee _ (1993). And the 

longest specimen has the double length of the original one (Figure 6.12). All the other 

dimensions are unchanged. 

The mesh pattern remains the same but is coarser and is composed -of 2288 eigth­

noded-hexahedral layered elements (SOLID46) and 120 point-to-surface non-linear contact 

elements (CONTA49) for the specimen having the original dimensions. The element size 

in the longitudinal direction is kept constant. Hence the number of elements is increased 

with increasing length in that direction. Boundary conditions remain unchanged and the 

displacement load is also same for all models, and equal to O.OOlm. 

D minimum length, 1=1/2L 

original length, I=L 

maximum length, 1=2L 

FIGURE 6.12. Comparison of the minimum, original and maximum lengths of the 

modelled EeT specimen. 

The resulting percentage of mode ill component of strain energy release -rate, Om, 

versus specimen length is listed in table 6.3 and is plotted in figure 6.13. In addition to that 

the total strain energy release rate, -GotaJ, mode ill component of strain energy release rate, 
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Om, and the difference versus specimen length are listed in table 6.3 and are plotted in 

figure 6.14. 

TABLE 6.3. Variation of the percentage of mode ill component of strain energy release 

rate, Om%, mode III component of strain energy release rate, Om, and total 

strain energy release rate, Grub with specimen length. 

a1B=1/2 a1B=1/3 
lII( original) %GIll GTOT Gill %GIll 

J/m"J. Jim']. 

0.500 91.31 816.634 745.657 90.5 
0.625 91.25 670.68 612.021 
0.750 91.50 561.168 513.448 92.28 
0.875 91.93 479.822 441.086 
1.000 92.39 418.093 386.278 92.71 
1.125 92.89 370.269 343.925 
1.250 93.28 331.851 309.548 93.64 
1.375 93.65 300.922 281.809 
1.500 94.02 275.195 258.74 94.4 
1.625 94.35 253.245 238.947 
1.750 94.67 235.161 222.627 
1.875 94.84 218.953 207.661 
2.000 95.08 205.048 194.969 

As can be seen the percentage of mode ill component of strain energy release rate, 

Om, increases as the specimen length increases for both crack lengths. For the double 

length a value of 95.08 per cent is achieved for the specimen having the crack-to-width 

ratio of 1/2. The values for the model having crack-to-width ratio of 113 are slightly higher 

except the value for the minimum length. Excluding that data the trend is very similar. 

However the magnitude of Om and of Gtotal decrease. Actually the critical strain 

energy release rate should be independent of configuration, this shows that the critical 

loading for each specimen change. The critical load should increase to accommodate the 

decrease in the strain energy release rate. In fact, the value of Gotal has no significance in 

this particular analysis, because the applied load is arbitrary and the analysis is elastic. 

However, the behavior is of concern. 



96.-----------------------------------------------------------------~ 

951 ~ 

94 
~ ~ 

, ~a/B-1/2 

t:l 
-+-a/B=1/3 

r5 93 
'$. 

92 I / v/' 

91 I / 

90~'~~--~----r---~--~--~--~---+--~--~----~-J 
0.50 0.75 1.00 1.50 1.75 2.00 1.25 

length/original length 

FIGURE 6.13. Variation of the percentage of mode III component of strain energy release rate, Glib with specimen length, 
for a/B= 112 and 113. " -....l 

00 



900 

sao 

700 

600 

NS 500 
;:::; 

c:f 400 

300 

200 

100 

a 

-+-GTQT 

... -= I-Gill t---------------=--~~-~~---------------------------------J 
-'-DELTA 

0.4 0.6 O.S 1.0 1.2 1.4 1.6 I.S 2.0 
(length) / ( original length ) 

FIGURE 6.13. Variation of the percentage of total strain energy release rat, Gtotab GlIb and their difference with specimen length, 
only for aIB=1/2. 

-....) 
\0 



80 

It can· be concluded that the percentage of mode ill component of strain energy 

release rate increases with increasing length. Recalling that the region-inside the loading 

points is in pure torsion loading, this conlusion was expected, because if the length of the 

specimen is increasing, the ratio of the areas inside the loading points to the remaining 

areas is also increasing. 

6.3.2. Variation of Gm Percentage with Width 

Similar to the specimen length, specimen width should also have an effect on the 

percentage of the mode ill component of strain energy release rate, Om. Therefore the 

effect of width is also investigated. 

Width is the dimension perpendicular to the crack front. The width is varied from 

the half of the specimen of Lee to the I.S times the size of the original specimen (Figure 

6.1S) . The finite element batch file is reorganized. 

Minimum width, b=O.SB Original width, b=B Maximum width, b=l.SB 

FIGURE 6.1S. Comparison of the minimum, original and maximum widths of the 

modelled ECT specimen. 
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Similar to the previous analysis, behavior of <iuxal is also reported. The results can 

be seen in table 6.4, figures 6.16 and 6.17. 

TABLE 6.4. Variation of the percentage of mode III component of strain energy 

release rate, Gm%, and total strrun energy release rate, Gtotal, with 

normalized specimen width. 

aJB=1/2 aIB=1/3 
LIL(ori~nal) Get %Gm %Gm 

0.5 2273:636 96.90 97.36 
0.625 1281.589 96.47 
0.75 837.856 94.87 96.27 

0.875 576.661 93.53 
1 418.093 92.39 92.71 

1.125 314.576 91.19 
1.25 244.277 90.17 90.22 

1.375 193.6187 89.37 
1.5 156.127 88.77 88.38 

Unlike the effect of length, percentage of mode III component of strain energy 

release rate, Gm, dec~eases as the width increases. For a specimen with the half of the 

width of the original specimen Gm is 96.9 per cent. The values of the percentage of mode 

III component of strain energy release rate, Gm, for the models having a crack-to-width 

ratio of 1/3 are slightly higher except the last data point. The trend is very similar. 

Total strain energy release rate, Gtotat, decreases as the specimen dimension 

increases. This means that to achieve fracture, a higher load is needed for larger specimen, 
I 

knowing the fact that critical strain energy release rate or fracture toughness is constant. 

It can be concluded that the percentage of mode III component of strain energy 

release rate, Gm, decreases as the specimen width increases. 
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6.3.3. Variation ofGm: Percentage with both Length and Width 

Since the effect of specimen width and length on the percentage of mode III 

component of strain energy release rate, Om, is contrasting, their simultaneous effect 

should also be examined. The size of the specimen altered from (half of the original 

width)x(half of the original "length) to (1.5 times the original width) x (1.5 times the 

original length) (Figure 6.18). 

O.5B B 1.5B 

O.5L D DO 
L 

'--- -
- -

1.5L 

- '---

FIGURE 6.18. Comparison of the minimum, original and maximum sizes of the modelled 

ECT specimen. 
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The results are listed in table 6.5, for the specimen having crack-to-width ratio of 

1/2 and 1/3. Surface plots are attained for Gm ({or a/B=1/2 and 1/3) and Gala! (only for 

a/B=1/2) in figures 6.19, 6.20 and 6.21, respectively. Besides, the same data is reorganized 

such that the behavior of Om (for a/B=1/2 and 1/3) and Gala! (only for a!B=1/2) can be 

plotted against length to width ratio in figures 6.22, 6.23 and 6.24, respectively. The LIB 

ratio of the original specimen is 88.9/38.1=2.333. 

TABLE 6.5. Variation of the percentage of mode ill component of strain energy release 

rate, Gm%, with normalized specimen dimensions for. crack-to-width ratio 

of (a) 1/2 and (b) 1/3. 

(a) %Gm WIDTH 
0.5 0.75 1 1.25 1.5 

0.5 94.54 92.36 91.31 90.60 89.97 
0.625 95.45 93.13 91.25 90.28 89.90 

0.75 96.07 93.83 91.50 90.01 89.41 
0.875 96.53 94.39 91.93 89.96 88.96 

LENGTH 1 96.90 94.87 92.39 90.17 88.77 
1.125 97.18 95.29 92.89 90.52 88.84 

1.25 97.40 95.66 93.28 90.86 88.99 
1.375 97.57 95.95 93.65 91.28 89.23 

1.5 97.74 96.18 94.02 91.61 89.51 

(b) %Gm WIDTH 
0.5 0.75 1 1.25 1.5 

0.5 95.03 93.20 90.50 88.29 86.68 
0.75 97.30 94.55 92.28 89.30 87.49 

LENGTH 1 97.36 96.27 92.71 90.22 88.38 
1.25 97.94 96.28 93.64 91.13 88.99 

1.5 98.32 96.83 94.40 91.99 89.78 
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As can be seen from the table and the figu~es the highest value of the percentage of 

Om is obtained when the length is maximum (1.5Loriginal) and the width is minimum 

(O.5Boriginal), e.g., the model with highest length to width ratio of 7. The value the 

percentage of Om for that configuration becomes 97.7 and 98.32 for crack to width ratio 

(alB) of 1/2 and 1/3, respectively. Since for same LIB ratio different values are observed 

the length to width ratio is' not the only independent parameter. However the plateou 

regions on the surface plots indicate that the percentage of Om is very close, to its 
,-

maximum value providing that the specimen remains, "plate" and does not become a 

"beam". It is clear that the total strain energy release rate decreases as the specimen size 

increases. Therefore the obtained data can be used to redesign the testing fixture of edge 

~rack torsion specimen. 
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8. CONCLUSION 

The purpose of this thesis is to contribute to the characterization of advanced 

structural composite materials. Since mode I and mode II fracture toughness tests have 

already been 'well established, the study is focused on the examination of mode ill 

interlaminar fracture using the edge crack torsion (BeT) specimen, which proclaims ~pe 

most promising configuration. 

In this thesis a three dimensional finite element model of edge crack torsion (BeT) 

specimen is constructed. The model is verified satisfactorily with the previous studies 

reported in the literature (Lee 1993 and Li et alI997). 

The model is validated by reproducing the finite element analysis ofLi et al. (1997). 

Their finite element analysis revealed that the percentage of mode ill component of strain 

energy release rate, Om, is 92 per cent, and the total strain energy release rate, Grotal, as 1.3 5 

kJ/m-2
• The reproduced analysis gave 91.9 per cent and 1.38 kJ/m-2

• The experimental work 

ofLi et al. (1997) yielded a total strain energy release rate of 1.42 kJ/m2
• 

A further validation is carried out by modeling the EeT specimen used by Lee 

(1993). The compliance is determined from the finite element arialysis. Its value is very 

close to the value obtained by shear deformation theory analysis ofLi and Wang (1994), 

and has an error of 0.001 per cent. 

The evaluated three dimensional finite element model is used to investigate the effect 

of specimen dimensions on the percentage of mode ill component of strain energy release 

rate, Gm. Series of finite element analyses are done to examine models with different 

dimensions. Two sets of analyses are carried to model normalized crack lengths of 112 and 

113. The results showed that the percentage of Om increases up to 98 per cent as the 

specimen length. increases to 133.4 mm (1.5 times the length of original specimen proposed 

by Lee (1993)) and as the width decreases to 19.1 mm (the half of the original specimen). 

The corresponding aspect ratio (length/width) changes from 2.333 to 7. 
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Recalling that the percentage of Gm of the original specimen (Lee 1993) is 92 per 

cent, redesigning the testing of the edge crack torsion specimen with the new dimensions 

will provide a much pure (around 98 per cent) mode ill interlaminar fracture loading. 

Although the results for both crack lengths is very close a slight deviation is 

observed. A further study may focus on the effect of crack size on the percentage of the 

mode ill component of strain- energy release rate. A second and important research topic 

may be the' redesign of fixture of the edge crack torsion specimen and testing of edge, cra~k 

torsion specimen for mode ill interlaminar fracture toughness. 



APPENDIX. FINITE ELEMENT CODES 

Main.log 

/BATCH 
ICOM,ANSYS REVISION 5.2 14:42:20 ' 10/0211997 
fmput,start,ans ,/ansys52/docu/"""""""" 1 
!TITLE,ECT OPTIMIZATION 
/PREP7 

! ANSYS BATCH FILE WRITTEN BY GOKCEN @aug 1998 
!***************** !define elements 
ET,I,SOLID46 
ET,2,CONTAC49 
!***************** !define real constants 
R,1 
FU\10I>IF,I,I,7,0,0,0, 
~OI>IF,I,7,0, 

~OI>IF,I,13,I,-45,0.00013,1,45,0.00013, 

~OI>IF, 1, 19, 1,-45,0.00013, 1,45,0.00013, 
~OI>IF,I,25,1,-45,0.00013,1,45,0.00013, 

~OI>IF,I,31,1,90 ,0.00013, !*****************! stacking sequence 
R,2 
~OI>IF,2, 1,7,0,0,0" 
~OI>IF,2,7,0, 
~OI>IF,2, 13, 1, 90,0.00013,1,45,0.00013, 
~OI>IF,2,19,1,-45,0.00013,1,45,0.00013, 
~OI>IF,2,25,1,-45,0.00013,1,45,0.00013, 

~OI>IF,2,31,1,-45,0.00013, !***************** ! stacking sequence 
R,3,2200000, , , ,.13, , !***************** ! contact element 
!*****************!read material properties 
MPREAI>,ectmater,mt, 
!************** 
!w3 
!w5 full 
!w7 
!w9 1.5 

0.75*38.1E-3 
38.1e-3 
1.25*38.1E-3 
1.5*38.1e-3 

!***************** 
*SET,L,88.9E-3 12 
*set,W,0.5*38.1e-3 
*SET,FAC,3 
FINISH 
n=1 

!*****************!LENGTH 
!*****************!WII>TH 
!*****************!CRACK RATIO 
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L=88.9E-3/2+(N-l )*8.89E-3 ! ***************** !LENGTH 
!PREP 7 
VSEL,ALL 
ASEL,ALL 
KSEL,ALL 
ESEL,ALL 
NSEL,ALL 
!*****************!create solid model 
BLOCK, ~ 0, 6.35E-3,· 0, 3.15E-3,0,1.82E-3, 
BLOCK, 0, 6.35E-3, 3.15E-3, W-WIFAC,0,1.82E-3, 
BLOCK, 0, 6.35E-3, W-WIFAC,W-3.15E-3,0,1.82E-3, 
BLOCK, 0, 6.35E-3,W-3.15E-3, W,O,1. 82E-3, 
BLOCK, 6.35E-3,L-6.35E-3, 0, 3.15E-3,0,1.82E-3, 
BLOCK, 6.35E-3,L-6.35E-3, 3.15E-3, W-WIFAC,0,1.82E-3, 
BLOCK, 6.35E-3,L-6.35E-3, W-WIFAC,W-3.15E-3,0,1.82E-3, 
BLOCK, 6.35E-3,L-6.35E-3,W-3.15E-3, W,0,1.82E-3, 
BLOCK,L-6.35E-3, L, 0, 3.15E-3,0,1.82E-3, 
BLOCK,L-6.35E-3, L, 3.15E-3, W-WIFAC,0,1.82E-3, 
BLOCK,L-6.35E-3, L, W-WIFAC,W-3.15E-3,0,1.82E-3, 
BLOCK,L-6.35E-3, L,W-3.1 5E-3, W,0,1.82E-3, 
VGEN,2,ALL, , , , ,1.82E-3,,0 !copy 
VSEL,S,LOC,Z, I. 85E-3,5E-3,,1 
VGLUE,ALL - !glue 
VSEL,S,LOC,Z,O, 1.1£-3" 1 
VGLUE,ALL !glue 
!***************** !mesh 
LSEL,S,LOC,X, 1 OE-3,L-I OE-3 
LSEL,A,LOC,X, IE-3, 6E-3, 
LSEL,A,LOC,X,L-4E-3,L- IE-3, 
LESIZE,ALL,3.18E-3, 
LSEL,S,LOC,Y,4E-3,W/2, 
LESIZE,ALL, , ,10,1/8,1 
LSEL,S,LOC, Y,(w/3-3 .15e-3)/2+2/3 *w-O. 000000 1,(w/3-3 .15e-3)/2+2/3 *w+O. 0000001 
LESIZE,ALL, , ,4,6,1 
LSEL,S,LOC,Z,0.5E-3,1.5E-3 
LSEL,A,LOC,Z,2.0E-3,3.5E-3, 
LESIZE,ALL, , ,2,1, 
LSEL,ALL 
LESIZE,ALL", I", 
VSEL,ALL 
ASEL,ALL 
KSEL,ALL 
ESEL,ALL 
NSEL,ALL 
TYPE,I, 
MAT, I, 
REAL, I, 
VMESH, 1,50,; 
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!*****************!modeling of crack surface 
NSEL,S,LOC,Z,-.IE-3,.92E-3 
ESLN,S,1 
EMODIF ,ALL,REAL,2 !element attributes 
NSEL,S,LOC,Z, 1.8E-3,2. 74E-3 
ESLN,S,1 
EMODIF,ALL,REAL,2 !element attributes 
NSEL,S,LOC,z,1.81E-3, 1.83E-3 
NSEL,R,LOC,Y, 0,W-WIFAC+0.2E-3 
NUMMRG,NODE, , , ! merge 
! ***************** !create components 
VSEL,S,LOC,Z,2E-3,3.8E-3 !upl 
NSLV,S,1 
NSEL,R,LOC, Y, w-12.45e-3,50 
NSEL,R,LOC,z, 1.81E-3, 1.83E-3 
NSEL,R,LOC,Y,3*W/4,39E-l 
NSEL,R,LOC,X,-.IE-l ,.159E-l 
CM,UP1,NODE 
VSEL,S,LOC,Z,2E-3,3.8E-3 !up2 
NSLV,S,1 
NSEL,R,LOC, Y, w-12.45e-3 ,50 
NSEL,R,LOC,Z, 1.81E-3 , 1.83E-3 
NSEL,R,LOC,Y, 3*W/4, 39E-l 
NSEL,R,LOC,X,L-.159E-l,L+.IE-3 
CM,UP2,NODE 
VSEL,S,LOC,Z,-.IE-3,1.85E-3 !downl 
NSLV,S,1 
NSEL,R,LOC,Y, w-12.45e-3 ,50 
NSEL,R,LOC,z, 1.8.1E-3 , 1.83E-3 
NSEL,R,LOC,Y, 3*W/4, 39E-l 
NSEL,R,LOC,X, -.IE-l , .159E-l 
CM,DOWN1,NODE 
VSEL,S,LOC,Z,-.IE-3,1.85E-3 !down2 
NSLV,S,1 . 
NSEL,R,LOC, Y, w-12.45e-3 ,50 
NSEL,R,LOC,Z, 1.81E-3 , 1.83E-3 
NSEL,R,LOC,Y, W*3/4, 39E-l 
NSEL,R,LOC,X,L-.l59E-l,L+.IE-3 
CM,DOWN2,NODE 
!*****************!create contact elements 
VSEL,ALL 
ASEL,ALL 
LSEL,ALL 
KSEL,ALL 
ESEL,ALL 
NSEL,ALL 
ALLSEL,ALL 
TYPE,2, 
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MAT, 1, 
REAL,3, 
ESYS,O, 
GCGEN,DOWNl,UPl,4, ,TOP, 
GCGEN,UP2,DOWN2,4, ,TOP, 
FINISH 
/SOLU 
! ***************** !apply loads 
NSEL,S,LOC,Z,-.IE-3 ,.0IE-3 !bottom left 
NSEL,R,LOC,X, .634E-2,.636E-2 
NSEL,R,LOC, Y, W -3 . 15E-3 
D,ALL, ,0, , , ,ux,UZ 
NSEL,S,LOC,Z,3.6E-3 ,4E-3 !top left 
NSEL,R,LOC,X, .634E-2, .636E-2 
NSEL,R,LOC,Y, .314E-2, .316E-2 
D,ALL, ,0, , , ,ux,UY,UZ 
NSEL,S,LOC,Z,3.6E-3 ,4E-3 !top right 
NSEL,R,LOC,Y, W-3.15E-3 
NSEL,R,LOC,X,L-.634E-2,L-.636E-2 
D,ALL, ,-.001, , , ,UZ 
NSEL,S,LOC,Z,-.IE-3 ,.0IE-3 !bottom right 
NSEL,R,LOC,Y, .314E-2 ,.316E-2 
NSEL,R,LOC;X,L-.634E-2,L-.636E-2 
D,ALL, ,0, , , ,UY,UZ 
!*****************!solve 
VSEL,ALL 
ASEL,ALL 
LSEL,ALL 
KSEL,ALL 
ESEL,ALL 
NSEL,ALL 
ALLSEL,ALL 
SOLVE 
FINISH 
SA VE,ectl%n%wl,db 
!************************************************ 
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Ectmater.mt 

/COM,ANSYS REVISION 5.2 
!************material properties: 
MPTEMP 

MPTEMP, 1, O.OOOOOOOE+OO, 
MPDATA,EX, 1, 1,0.1650000E+12, 
MPTEMP-
MPTEMP, 1,0.0000000E+00, 
MPDATA,EY, 1, 1,0.1030000E+11, 
MPTEMP 
MPTEMP, 1, O.OOOOOOOE+OO, 
MPDATA,EZ, 1, 1,0.1030000E+11, 
MPTEMP 

17:04:55 09/19/1997 

MPTEMP, 1,0.0000000E+00, 
MPDATA,NUXY, 1, 1,0.1747879E-01, 
MPTEMP 

MPTEMP, 1,0.0000000E+00, 
MPDATA,NUYZ, 1, 1,0.2800000E+OO, 
MPTEMP 
MPTEMP, 1,0.0000000E+00, 
MPDATA,NUXZ, 1, 1,0.1747879E';01, 
MPTEMP 

MPTEMP, 1,0.0000000E+00, 
MPDATA,GXY, 1, 1,0.5500000E+10, 
MPTEMP 

MPTEMP, 1,0.0000000E+00, 
MPDATA,GYZ, . 1 , 1,0.5500000E+1O, 
MPTEMP 

MPTEMP, 1, O.OOOOOOOE+OO, 
MPDATA,GXZ, 1, 1, 0.5500000E+ 10, 
MPTEMP 

MPTEMP, 1, O.OOOOOOOE+OO, 
MPDATA,EMIS, 1, 1,0.1000000E+01, 
MPTEMP 

MPTEMP, 1,0.0000000E+00, 
MPDATA,PRXY, 1, 1,0.2800000E+00, 
MPTEMP 

MPTEMP, 1, O.OOOOOOOE+OO, 
MPDATA,PRYZ, 1, 1,0.2800000E+00, 
MPTEMP 

MPTEMP, 1,0.0000000E+00, 
MPDATA,PRXZ, 1, 1,0.2800000E+00, 
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ICOM,ANSYS REVISION 5.2 
ITITLE,ECT OPTIMIZATION 
!SYMBOLS USED: 
!N : analysis no . 
!L :length of the specimen 

100 

Postpros.log 

14:42:20 1010211997 

!Nfor :number of the node at the crack tip 
!Nmax :node which has the higher number, near the tip 
!Nmin :node which has the lower number, near the tip 
!maxux:ux ofNmax 
!minux :ux ofNmin 
!maxuy:uy ofNmax 
!minuy :uy ofNmin 
!maxuz:uz ofNmax 
!minuz :uz ofNmin 
!get the values ofwii 
!wll : lower bound of mid-node (do not set the exact value) 
!w12 : upper bound of mid-node 
!w21 . :lower bound of the near-mid-node (do not set the exact value) 
!w22 :upper bound of the near-mid-node 
*set,wll,0.12699E-Ol 
*set,wI2, 0.12701E-Ol 
*set,w21,0.12963E-Ol 
*set,w22, 0.12965E-Ol 
*ask,N 
L=88.9E-3/2+(N-l )*8.89E-3 
/POST 1 
loutput,res%W/o,doc,/home/ect/ansys/, 
loutput 
VSEL,ALL 
ASEL,ALL 
LSEL,ALL 
KSEL,ALL 
ESEL,ALL 
NSEL,ALL 
! first 3 nodes 
!*******************************************************************fir~ 

nodex=O 
NSEL,S,LOC,Z, 1.81E-3, 1.83E-3 !nodes-tip 
NSEL,R,LOC,Y,wll,wI2 
NSEL,R,LOC,X,0.00IE-3,;'0,00Ie-3 
*GET,Nfor,NODE,O,NUM,MIN 
NSEL,S,LOC,Z, 1.81E-3, 1.83E-3 !nodes-neartip 
NSEL,R,LOC, Y,w21 , w22 



NSEL,R,LOC,X,O.001E-3,-O,001e-3 
*GET,Nmax,NODE,O~NUM,~ 
*GET,Nmin,NODE,O,NUM,MIN 
*get,maxux,node,Nmax, U,x, 
*get,maxuy ,node,Nmax, U,y, 
*get,maxuz,node,Nmax, U,z, 
*get,minux,node,Nmin,U,x, 
*get,minuy,node,Nmin,U,y, 
*get,minuz,node,Nmin, U ,z, 

1=1 
/output,res%N%,doc,/home/ect/ansysl,append , 

*VWRITE,I,Nfor,Nmax,Nmin,maxux,minux,maxuy,minuy,maxuz,minui 
(F3.0,F7.0,F7.0,F7.0,F11.8,F11.8,F11.8,F11.8,F11.8,F11.8) 
/output 
!*******************************************************************fir~ 

node 
NSEL,S,LOC,Z, 1.81E-3, 1.83E-3 !nodes-tip 
NSEL,R,LOC,Y,w11,w12 
NSEL,R,LOC,X,3. 174E-3,3. 176e-3 
*GET,Nfor,NODE,O,NUM,MIN 
NSEL,S,LOC,Z, 1.81E-3, 1.83E-3 !nodes-neartip 
NSEL,R,LOC, Y,w21, w22 
NSEL,R,LOC,X,3. 174E-3,3. 176e-3 

1=1 

*GET,Nmax,NODE,O,NUM,MAX 
*GET,Nmin,NODE,O,NUM,MIN 
*get,maxux,node,Nmax, U,x, 
*get,maxuy,node,Nmax, U,y, 
*get,maxuz,node,Nmax,U,z, 
*get,~ux,node,Nmin,U,x, 
*get,minuy,node,Nmin,U,y, 
*get,minuz,node,Nmin, U,z, 

/output,res%N%,doc,/home/ect/ansys/ ,append 
*VWRITE,I,Nfor,Nmax,Nmin,maxux,minux,maxuy,minuy,maxuz,minuz 

(F3.0,F7.0,F7.0,F7.0,F11.8,F11.8,F11.8,F11.8,F11.8,F11.8) 
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/output 
!****************************************************************2ndnode 
NSEL,S,LOC,Z, 1.81E-3, 1.83E-3 !nodesjtip 
NSEL,R,LOC,Y,w11,w12 
NSEL,R,LOC,X,2*3. 174E-3,2*3. 176e-3 

. *GET,Nfor,NODE,O,NUM,MIN 
NSEL,S,LOC,z, 1.81E-3, 1.83E-3 !nodes-neartip 
NSEL,R,LOC,Y,w21,w22 
NSEL,R,LOC,X,2*3 . 174E-3,2*3 . 176e-3 
*GET,Nmax,NODE,O,NUM,MAX 

*GET,Nmin,NODE,O,NUM,MIN 
*get,maxux,node,Nmax, U,x, 

. *get,maxuy,node,Nmax,U,y, 



1=2 

. *get,maxuz,node,Nmax,U,z, 
*get,minux,node,Nmin, U ,x, 
*get,minuy,node,Nmin, U,y, 
*get,minuz,node,Nmin, U,z, 

/output,res%N%,doc,/home/ectlansys/ ,append 
*VWRITE,I,Nfor,Nmax,Nmin,maxux,minux,maxuy,minuy,maxuz,minuz 

(F3.0,F7.0,F7.0,F7.0,FI1.8,FI1.8,FI1.8,FI1.8,FI1.8,FI1.8) 
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/output 
!************************************************************************ 
! find the node distances 
VSEL,ALL 
ASEL,ALL 
LSEL,ALL 
KSEL,ALL 
ESEL,ALL 
NSEL,ALL 
nsel,s,loc,z, 1.81e-3, 1.83e-3 
nsel,r,loc,y,wll,wI2 
nsel,r,loc,x,L *2/5,L *3/5 
*get,nlow,node,O,num,min 
nsel,u",nlow 
*get,nnext,node,O,num,min 
nsel,all 
* get,lowux,node,nlow,loc,x 
*get,nextux,node,nnext,loc,x 
nodedist=nextux-Iowux 
nodeno=(L-2*6.3 5e-3 )/nodedist 
!******************************************************************LOOP 

*DO ,I, l,nodeno, 1 
NSEL,S,LOC,Z, 1.81E-3, 1.83E-3 !nodes-tip 
NSEL,R,LOC,Y,wll,w12 
NSEL,R,LOC,X,I*nodedist+2*3 . 1 74E-3,I*nodedist+2*3 . 1 76e-3 
*GET,Nfor,NODE,O,NUM,MIN 
NSEL,S,LOC,z, 1.81E-3, 1.83E-3 !nodes-neartip 
NSEL,R,LOC, Y,w21, w22 
NSEL,R,LOC,X,I*nodedist+2*3.174E-3,I*nodedist+2*3.176e-3 
*GET,Nmax,NODE,O,NUM,MAX I 

*GET,Nmin,NODE,O,NUM,MIN 
*get,maxux,node,Nmax, U,x, 
*get,maxuy,node,Nmax,U,y, 
*get,maxuz,node,Nmax, U,z, 
*get,minux,node,Nmin, U,x, 
*get,minuy,node,Nmin,U,y, 
*get,minuz,node,Nmin, U,z, 

/output,res%WIo,doc,/home/ectlansys/ ,append 
*VWRITE,I,Nfor,Nmax,Nmin,maxux,minux,maxuy,minuy,maxuz,minuz 

(F3.0,F7.0,F7.0,F7.0,Fl1.8,Fl1.8,Fl1.8,Fl1.8,Fl1.8,Fl1.8) 



/output 
*ENDDO 
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!**************************************************************LAST node 
NSEL,S,LOC,Z, 1.81E-3, 1.83E-3 !nodes-tip 
NSEL,R,LOC, Y,w11,w12 
NSEL,R,LOC,~L-3.174E-3,L-3.176e-3 

*GET,Nfor,NODE,O,NUM,MIN 
NSEL,S,LOC,Z, 1.81E-3, 1.83E-3 !nodes-neartip 
NSEL,R,LOC, Y, w21, w22 
NSEL,R,LOC,~L-3.174E-:-3,L-3.176e-3 
*GET,Nmax,NODE,O,NUM,MAX 

1=1+1 

*GET,Nmin,NODE,O,NUM,MIN 
*get,maxux,node,Nmax,U,x, 
*get,maxuy,node,Nmax, U,y, 
*get,maxuz,node,Nmax, U,z, 
* get,minux,node,Nmin, U,x, 
*get,minuy,node,Nmin, U,y, 
*get,minuz,node,Nmin, U,z, 

/output,res%N%,doc,/home/ect/ansys/ ,append 
*VWRITE,I,Nfor,Nmax,Nmin,maxux,minux,maxuy,minuy,maxuz,minuz 

(F3.0,F7.0,F7.0,F7.0,F11.8,F11.8,F11.8,F11.8,F11.8,F11.8) 
/output 
!**************************************************************LASTnode 
x=L 
NSEL,S,LOC,Z, 1.81E-3, 1.83E-3 !nodes-tip 
NSEL,R,LOC,Y,w11,w12 
NSEL,R,LOC,~L+O.OOOO 1,L-O.OOOO 1 
*GET,Nfor,NODE,O,NuM,MIN 
NSEL,S,LOC,Z, 1.81E-3, 1.83E-3 !nodes-neartip 
NSEL,R,LOC,Y,w21,w22 
NSEL,R,LOC,~L+O.OOOO 1 ,L-O.OOOO 1 
*GET,Nmax,NODE,O,NUM,MAX 

1=1+1 

*GET,Nmin,NODE,O,NUM,MIN 
*get,maxux,node,Nmax,U,x, 
*get,maxuy,node,Nmax, U,y, 
*get,maxuz,node,Nmax,U,z, 
*get,minux,node,Nmin, U,x, 
*get,minuy,node,Nmin,U,y, 
* get,minuz,node,Nmin, U ,z, 

/output,res%NOIo,doc,/home/ect/ansys/ ,append 
*VWRITE,I,Nfor,Nmax,Nmin,maxux,minux,maxuy,minuy,maxuz,minuz 

(F3.0,F7.0,F7.0,F7.0,F11.8,F11.8,F11.8,F11.8,F11.8,F11.8) 
/output 
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!************************************************************************ 
! FORCE 

!************************************************************************ 
NSEL,S,LOC,Z,O.181e-2,O.275e-2 
NSEL,R,LOC,Y,w11-0.02e-1,w12+0.02e~1 

ESLN,S,l 
NSEL,S,LOC,Z, 1.81E-3, 1.83E-3 !nodes-tip 
NSEL,R,LOC,Y,w11,w12 
/output,resfl'IoN%,doc,/home/ect/ansysl ,append 
nforee -
/output . 
!************************************************************************ 
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