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ABSTRACT

EFFECT OF METACOGNITIVE STRATEGY BASED MATHEMATICS
INSTRUCTION ON STUDENTS’ SELF-REGULATION AND MATHEMATICS
ACHIEVEMENT

As student-centered learning have gained importance in education, many studies
focused on students’ thinking process and showed importance of students’ ability to regulate
their learning according to their own needs. Therefore, seif-regulation and metacognition
were needed to be studied to help students learn to develop their own strategies. This study
focuses on developing students’ questioning skills for their strategy construction via
IMPROVE instruction method which has similar processes with self-regulated learning and
problem-solving in mathematics lessons. Therefore, it is aimed to investigate whether there
1s a significant effect of metacognitive strategy based mathematics instruction on students’
self-regulation and mathematics achievement, and how the IMPROVE instruction affects
students’ questioning skills. Mathematics instruction: was on the unit of functions and lasted
about two months. The study was designed using embedded mixed method strategy. While
experimental research processes were conducted with 36 10 grade students in total,
qualitative data was also collected from seven voluntary students to better see the
improvements of students on questioning. Think aloud sessions on function problems and
reactions to the instruction were used as qualitative data and, an achievement test on
functions and Metacognitive Strategy and Leamning (MSLQ) questionnaire were used to
collect quantitative data. The quantitative results showed that there was not a statistically
significant difference between control and experimental group for both mathematics
achievement and self-regulation although experimental group increased their mean on
achievement and strategy use more than control group. Further, qualitative results showed
all students use comprehension and strategy questions at some level; however, they were in
difficulty to use connection and reflection questions. Additionally, students in the
experimental group could develop their strategy using especially in terms of connection and
reflection questions. Moreover, all of them stated that they could query more than before.
On the other hand, it was observed that metacognitive skills of students from control group
were more stable. Results of the study and implications on teaching are discussed,

suggestions for further studies are given.



OZET

USTBILISSEL STRATEJI TABANLI MATEMATIK OGRETIMININ
OGRENCILERIN Z-DUZENLEME BECERILERI VE MATEMATIK
BASARILARINA ETKISIH

Egitimde dgrenci merkezli grenme Snem kazandikga, birgok ¢aligma 6grencilerin
diiginme  stregleri iizerine odaklanmig ve &grencilerin kendi ihtiyaclarna gore
dgrenmelerini diizenleyebilme becerilerinin énemini géstermistir. Boylece, 6z-diizenleme
ve {ist bilis, 68rencilerin kendi stratejilerini gelistirebilmelerine yardumer olabilmek icin
calisitilmaya ibtiyag duyulan bir alan olmustur. Bu c¢alisma, matematik derslerinde &z-
diizenleyici 6grenme ve problem ¢dzme ile benzer stiregleri olan IMPROVE 6gretim
metodunun kullanilmasi aracihgiyla 6grencilerin strateji olusturma becerilerini gelistirmeye
odaklanmustir. Boylece, iist biligsel strateji tabanli matematik §3retiminin dgrencilerin 6z-
diizenleme ve matematik basarilarma etkisinin aragtiriimasinin yani sira IMPROVE 6gretim
metodunun  dgrencilerin  soru sorma becerilerini nasil etkilediginin incelenmesi de
amaclanmigtir. Matematik §gretimi fonksiyonlar iinitesi ile siirhidir. Calismada gomiilii
karma arastirma deseni kullanilmistir. Deneysel aragturma siireci toplamda 36 onuncu siif
Ogrencisi ile ytriitithiirken, dgrencilerin soru sorma becerileri tizerine gelisimlerini daha iyi
gozlemleyebilmek igin nitel veri de toplanmstir. Fonksiyonlar {izerine problemlerin sesli
disgtinerek c¢dziilmesi ve Sgrencilerin dgretim metodu hakkindaki goriislerinden olusan
goriismeler nitel veri ofarak kullanilirken, fonksiyonlar tizerine bir basar1 testi ile Ust bilissel
Strateji ve Ogrenme Anketi (MSLQ) nicel veri edinmek i¢in kullamimustir. Nicel aragtirma
sonuglarma gére, deney grubu Sgrencilerinin fonksiyonlar testindeki basari ve strateji
kullammt ortalamalarini kontrol grubuna kiyasla daha ¢ok artirmalarina ragmen, istatistiksel
olarak anlamli bir fark bulunamamigtir. Ayrica, nitel sonug¢lar tiim $grencilerin anlama ve
strateji sorularn bir diizeyde kullandiklarini ancak baglant1 ve degerlendirme sorularinda
glicliik ¢ektiklerim gdstermigtir. Ek olarak, deney grubu dgrencileri tiim soru tiirleri i¢in ama
Ozellikle baglani ve degerlendirme sorular1 konusunda strateji kullanmmlarm
gelistirmiglerdir. Ayrica tlim deney grubu &grencileri, eskiye kiyasla daha c¢ok
sorguladiklarmi ifade etmislerdir. Diger yandan, kontrol grubu &grencilerinin iist bilissel
becerilerinin daha durafan oldugu gdzlenmistir. Arastirma sonuglart ve &gretim

uygulamalar tartigilarak, ileride yapilacak ¢aligmalar i¢in Oneriler sunulmustur.
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1. INTRODUCTION

1.1. Context of the Problem

Mathematics education is necessary for both individuals to gain important
knowledge and abilities to be applied in their personal lives, and the future of a country
because it is a basis for many areas such as science, transportation, economics, medical
conditions or technology, as emphasized in TIMSS Advanced Report (Mullis ef al., 2016).
However, TIMSS Advanced International Reports (Mullis ef al., 2009; Mullis, ef al., 2016)
showed that mathematics achievement in many countries were below the average score and
many countries had a lower or the same achievement level in 2015 compared with 1995.
Many people have a difficulty in learning mathematics and applying mathematical
knowledge and reasoning in their life; however, there is a way of facilitating students’
learning in mathematics. Thanks to self-regulated learning, not only students can manage
their learning process, but also they can make use of life-long learning in their career and
develop management skills in their personal lives (Zimmerman, 2010; Winne, 1997,
Boekaerts, 1996). Its main idea is hidden in the well-known proverb that is “If you give a

man a fish, you feed him for a day. If you teach a man to fish, you feed him for a lifetime.”

According to Zimmerman, Bonner and Kovach (1996), high achievers have detailed
and organized learning outcomes, make use of different learning strategies, observe their
learning progress and systematically examine their learning outcomes, have high self-
efficacy, and aware of personal responsibility for their learning. Therefore, Zimmerman
gather these elements under the concept of self-regulated learning. Self-regulated learning
(SRL) in his definition is that learners take their own responsibility during learning process.
It has some components such as cognitive, emotional, behavioral, or environmental factors
affecting learning process. Zimmerman developed a cyclical model for self-regulated
learning that requires goal setting, strategic planning, continuously monitoring and
evaluating the effectiveness of learners to adapt changing situations (Zimmerman, 2002;

Schunk and Zimmerman, 1998). Studies showed that self-regulated learning helps students



to improve their problem-solving skills and increase the persistency of knowledge and
mathematical reasoning (Kilig and Tanriseven, 2012; Mevarech and Fridkin, 2006). Many
other studies examined the effect of self-regulated learming on achievement and found a

positive relation (Rosério et al., 2013; Yidizh and Saban, 2016; Fadlelmula ef al., 2015).

One of the components of self-regulated learning is metacognition that refers to the
knowledge about cognition and control of cognitive processes (Brown, 1978; Flavell, 1979).
Knowledge about cognition includes knowledge and beliefs about the interaction among
person, task and strategy (Flavell, 1979). Regulation of cognition, on the other hand, means
planning, monitoring and evaluating the performance (Schraw, 1994). Many studies showed
a significant-relation among metacognition, self-regulated learning and achievement

(Mevarech and Amrany, 2008; Ben-Eliyahu and Linnenbrink-Garcia, 2015; Magsud, 1998).

There are many metacognitive instruction models in the literature to support
mathematical problem solving and reasoning (Montague and Bos, 1986; Montague, 2007;
Maccini and Hughes, 2000; Maccini and Ruhl, 2000; Hutchinson, 1993; Mevarech and
Kramarski 1997) and IMPROVE is one them which was composed of the first letters of
teaching steps: Introducing new concepts, metacognitive questioning, practicing, reviewing
and reducing difficulties, obtaining mastery, verification, and enrichment. It uses mainly
metacognitive self-questioning in a cooperative learning environment and evaluation of
feedbacks (Mevarech and Kramarski 1997). As far as students can develop their capability
of self-questioning, they can increase the comprehension of the material and display a higher
order thinking (Palincsar and Brown, 1984; as cited in Blonder, 2015; Rosenshine ef al.,
1996; Zoller, 1987).

1.2. Purpose of the Study

The purpose of this study is to investigate the effect of a metacognitive instruction
based on developing students’ questioning on their self-regulation level and mathematics
achievement, in addition to investigate whether the instruction really develop students’

questioning practices or not.

One of the main purposes of mathematics education as indicated in the Curriculum

of Ministry of Turkish Education is to help students to deal with real life problems by gaining



experience in mathematical problem solving. However, according to researcher’s own
observaitons, students are in difficuity to solve problems since they are inadequafe to
regulate their cognition. They can solve problems with leading questions of teachers;
however, when they are alone, they cannot deal with the problems. This suggests that they
have enough knowledge about the content but cannot regulate their knowledge cognitively.
Ben-Eliyahu and Linnenbrink-Garcia’s study (2015) also supports researcher’s observation.

They revealed that cognitive regulation affects achievement through the learning strategies.

I conclusion, this research focuses on developing students’ metacognitive skills that
hopefully will be resulted in increased self-regulation and mathematics achievement.
IMPROVE instructionmethod will be used to support students’ metacognitive skills because
there are some similarities between Zimmerman’s cyclical model of SRL and IMPROVE
mstruction method developed by Mevarech and Kramarski (1997), and this observation is
supported by the study of Kramarski, Weisse and Kololshi-Minsker (2010). Therefore, it
was hypothesized that if IMPROVE method is used in classrooms, then students can be
helped to increase their self-regulatory skills and achievement, since it is in accordance with

Zimmerman’s definition of SRL.
1.3. Significance of the Study

Metacognitive instructions are emphasized in many studies (Veenman et al., 2006;
Schneider and Artelt, 2010} and supported in several empirical researches (Lee et al., 2014;
Mevarech, 1999). Most of these researches designed metacognitive instruction with the aim
of developing students’ self-questioning (Hutchinson, 1993; Maccini and Hughes, 2000;
Maccini and Ruhl, 2000; Graesser and Olde, 2003; Otero and Graesser, 2001, Mevarech and
Kramarski, 1997).

There are some studies revealing that students’ questioning behavior is strongly
related with mathematics achievement (Ge and Land, 2003; Byun, Lee and Cerreto, 2014).
However, most studies focused on teacher questioning rather than students’ questioning
(Chin and Osborne, 2008) or students’ questioning on reading text more than other areas
(Yang, 2006). Singh ef al. (2018) also stated that most of research investigating students’

questioning are not recent. Therefore, this study will provide a contribution to the need of



research about development of high school students’ self-regulation with self-questioning

strategy.

More specifically in Turkey context, IMPROVE metacognitive strategy was used in
some educational studies (Pilten, 2008; Aziz 2016) and they revealed that it has a positive
effect on mathematical reasoning, procedural and conceptual knowledge. This study

examines the self-regulatory skills as distinct from the previous ones.

Another contribution of this research is to provide lesson plans and materials for 10%
grade mathematics courses, developed in accordance with IMPROVE method. Therefore,
teachers can modify these materials according to their students’ prior knowledge and

thinking skills, and they can implement in their classrooms.

Furthermore, policy-makers can examine the results and materials of this study while
developing the curriculum since this study can provide an insight of students’ management
skills on their learning and thinking processes. They may integrate some activities based on
metacognitive strategy use to the curriculum in order to better support students’

metacognitive skills.

In conclusion, this study provides an insight about the effect of IMPROVE model on
students’ self-regulatory skiils and mathematics achievement in Turkey, in addition to being

a model for teachers and administrators to be able to use in regular curriculum.

1.3.1. Research Questions

(i) Is there an effect of metacognitive strategy based mathematics instruction on 10" grade

Turkish students’® achievement on the topic of functions?

(i) Is there an effect of metacognitive strategy based mathematics instruction on 10% grade

Turkish students’ self-regulation skills?

(i) How does students’ self-questioning practices develop during metacognitive strategy

based instruction?



2. LITERATURE REVIEW

2.1. Self-Regulated Learning (SRL)

Zimmerman (2002) defined self-regulated learning as a process that learners self-
directively make use of their mental abilities in achieving academic skills rather than a
mental ability or academic skill itself. Students’ responsibilities for their learning process
consist of cyelical efforts classified in metacognitive, motivational, and behavioral aspects
and students generate their own thoughts, feelings, and actions in learning process in
accordance with their learning goals (Zimmerman and Schunk, 1998, 2009). When students
fail to achieve their imitial learning goals, they modify their behaviors and strategies in -

cyclical learning process (Zimmerman 1989).

Pintrich (2000b, p. 453) also emphasized the cognitive, motivational, and behavioral
aspects of self-regulated learning process. Self-regulated learning in his definition is an
active and constructive process in which learners define their own learning goals and then
nionitor, regulate, and control their learning process cognitively, motivationally and
behaviorally in order to be compatible with their goals and the contextual features in the
environment. Therefore, he identified three components for self-regulated learning. First one
is metacognitive strategies including planning, monitoring and adjusting the learning
process. Management skills to control learning on academic tasks is the second component.
The last one is actual cognitive strategies used for understanding, learning and remember the

information (Pintrich and De Groot, 1990).

Boekaerts (1999) drew attention to the transferability of knowledge and so defined
self-regulation as being capable of developing academic knowledge, skills and attitudes that
can be transferred from a learning context on which learners have acquired them to another

context on which learners use this information as leisure or work necessities.

Boekaerts (1996} further identified the characteristics of self-regulated learners. She
empbhasized their capability of controlling the learning process by selecting, combining and

coordinating their cognitive strategies in consideration of the context. Another characteristic



she stated is that self-regulated learners are tended to allocate different resources for their

learning process without including excursive aspects.

As an educational psychologist who emphasized the metacognitive, motivational and
behavioral aspects of learning process, Zimmerman explained the characteristics of self-
regulated learners in these contexts. They can plan, organize, self-instruct and self-evaluate
their learning as metacognitive processes. As motivational beliefs, self-regulated learners
have high self-efficacy, autonomy and intrinsic motivation. From behavioral aspect, self-
regulated learners constitute social and physical environments which will optimize their
learning. In other words, self-regulated learners can combine a number of cogritive process
such as goal setting, self>monitoring or self-evaluation; task strategies such as study habits,
time-management skills, and organizational strategies; and self-motivational beliefs such as
self~efficacy or intrinsic iterest (Zimmerman and Martinez-Pons, 1988; Cleary and

Zimmerman, 2004).

The mental abilities and skills which learners gain with self-regulated instruction are
important to get academic success and improve problem solving since it promotes learners
to develop cognitive strategies, gain learning-to-learn strategies and increase self-motivation
for learning. However, self-regulation is useful not only in school settings, but also after
graduation since it’s another important function is developing lifelong learning. Self-
regulated learners continue to improve themselves afier graduating from the school and
update their knowledge in accordance with their needs. Therefore, they can easily be
adapted to new positions in business settings or take responsibility in more creative projects
such as art, literary or inventions. Additionally, they can regulate their leisure times in a

more effective way (Zimmerman, 2010; Winne, 1997, Boekaets, 1996).

2.1.1. Models of Self-Regulated Learning

Self-regulated learning is a process contaming monitoring and control process.
Although all definitions come together about cognitive, motivational and behavioral aspects,
different models appeared depending on the emphasis of various components (Efklides,
2011). For example, Pintrich’s model (1999) focuses on strategies used in self-regulation

process including cognitive learning strategies, self-regulatory strategies to control



cognition, and resource management strategies. A 4-phased model of SRL proposed by

Winne and his colleagues Hadwin and Perry (Winne, 2004) focuses on metacognitive
monitoring and metacognitive control. Winne’s model of SRL was expanded by Azevedo
and colleagues to conceptualize the relationship between SRL and learning complex topics

within hypermedia environments (Greene and Azevedo, 2009).

Zimmerman’s model of SRL is the one that used more common. His cyclical model
of self-regulated learning has three phases that are forethought, performance or volitional
control, and self-reflection (Figure 2.1). The forethought phase involves some beliefs and
strategic processes just before the actions of learning. The second phase refers to the process
related to action including planning, concentration and performance. The-latter one, self-
reflection, is the process after learning a task and interested in learners’ reactions about the
learning experience. This phase affects the forethought process of the following learning

efforts and so the cycle continues (Schunk and Zimmerman, 1998, p.2).

Performance Phase

Self-Control

Imagery
Seif-instruction
Attention focusing
Task strategics

SeltObservation

Self-recording
Self-expetimentation

Forethought Phase Self-Reflection Phase

Task Analysis

Self-Judgment
Seif-evaluation
Causal attribution

Crozl setting
Strategic planning

Self-Motivation Beliefs

Self-Reaction

Selfefficacy
Ovteome expectations

Seifsatisfaction/atfect

T ’ Adaptive/defensive
Intrinsic interestivalue

f.earning goal orfentation

Figure 2.1. Zimmerman's cyclical model of SRL. From Barry J. Zimmerman (2002),

Becoming a Self-Regulated Learner: An Overview, Theory Into Practice, 41:2, 64-70.

According to Zimmerman (2002), forethought process involves task analysis (goal

setting and strategic planning) and self-motivation beliefs (self-efficacy, ntrinsic




interest/value, learning goal orientation). According to Locke and Latham’s goal setting

theory, higher specific goals lead to higher performance because it has an effect on effort
and persistence. Learners’ goals help them increase their focus on the performance and they
will be engaged with the task until they are achieved {Latham et al., 2008). Strategic
planning means identifying the appropriate learning strategies and methods in order to
realize the goals (Schunk and Zimmerman, 1998). Perceived self-efficacy is defined by
Bandura (1997) as learners’ beliefs about their learning capability to organize knowledge
and produce expected outcomes. Goal orientation is classified as mastery or performance
goals by Ames and Archer while Nicholls’ classification named them as task-involvement
and ego-involvement goals (Ames, 1992). Mastery or task-involvement goals focuses on
personal development of competence level to achieve new skills, conceptuaily
understanding the fask, or having self-referenced standards. It values on the process of
learning. On the other hand, performance or ego-involvement goal orientation values ability
and outcomes, and individuals have concerns about being judged. It focuses on the outcome
of learning depending on normative-based standards (Ames and Archer, 1987, 1988; Ames
1992). Lastly, Deci and Ryan (1985) defined intrinsic motivation or valuing task as

continuous efforts for learning activity even if there is not any reward.

Schunk and Zimmerman (1998) studied performance or volitional control process
under three major groups. First group is attention focusing referred to maintaining attention
on the task by excluding distractions (Corno, 1993; Heckhausen, 2008). Second group is
processes affecting how students apply the strategies or learning methods during working
on a task, such as self-instructions or imaginal guidance. Self-instruction means deciding to
use appropriate strategies during performing a task (Shunk and Zimmerman, 1998) and
imaginal guidance includes mental pictures or images of modeling to facilitate recalling the
learned material (Carney and Levim, 2002; Pressley, 1977). Self-monitoring is the third
group of volition or performance control phase. It refers to cognitive process comparing the
performance with some standards. Metacognitive monitoring used more likely during
learning refers to the evaluation about the understanding of the subject matter and properties

of their coginiton about the learning along with the standards (Winne, 2004),

According to Zimmerman (2002) self-reflection phase mvolves self~judgement (self-

evaluation, causal attribution) and self-reaction (self-satisfaction, adaptivity). According to



Labuhn, Zimmerman and Hasselhorn (2010), self-evaluation refers to checking the

accordance between learning goals and outcomes. Attributions according to Weiner (1979)
means causal interpretations of results. As a result of attributions, self-reactions occur
positively or negatively towards personal or contextual factors. Attributions also lead to
adaptivity of learners’ performances to new learning process (Schunk and Zimmerman,
1998, p.5). According to Labuhn, Zimmerman and Hasselhom’s study (2010), self-

evaluative judgements can be supported by giving feedback.

Schunk and Zimmerman (1998) submitted two general organizing constructs that are
knowledge or beliefs and strategies used for regulation. They also examined two general
domains that are cognitive and motivational domains. Components of self-regulated learning
are studied in these constructs and domains. Cognitive learning strategies have three
categories. First one is rehearsal which involves memorizing, highlighting or underlining to
help selecting important points of learned items. Weinstein and Mayer (1983) defined
elaboration as a process including “paraphrasing, summarizing, creating analogies,
generative note taking, and question answering.” Lastly, organization involves searching the
main idea, outlining the ideas in the material, use of different techniques to select and

organize the ideas (Weinstein and Mayer, 1983).

In brief, Zimmerman’ cyclical model including forethought, performance and self-
reflection phase focuses on planning, implementation and monitoring, and evaluation of the
strategy to solve problems: There are many studies supporting the self-regulated learning to
increase students’ achievement (Pintrich and De Groot, 1990; Labuhn et af., 2010;
Zimmerman and Martinez-Pons 1986, 1988; Cohors-Fresenborg ef al., 2010; Kayan ef al.,
2013)

2.1.2. Self Regulated Learning in Mathematics Education

Self-regulation help learners develop cognitive strategies and get understanding of
learning-to-learn (Winne, 1997). Learners can communicate mathematically to take active
and constructive role in learning process thanks to self-regulatory knowledge and skills (Darr

and Fisger, 2004).
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Problem solving is an essential part of mathematics education since it supports
developing understanding in mathematics (Brown, 2003). Schoenfeld (1992) advocated that
mathematical problem solving is important not just because it helps learners to be a good
problem solver in general, but also because it is valuable in its own right. Problem-solving
is defined as an active process that includes malking decisions and applying appropriate
strategies directed to goals (Shuell, 1990). Therefore, students are required to engage in
many cognitive and metacognitive activities during problem solving and they should be able
to use their previous knowledge and skills (Fadlelmula, 2010 cited from Lester,1980). In
other words, problem solving requires the use of self-regulatory skills (Schoenteld, 1992).
Pape and Smith {2002) emphasized the relationship between processes of problem solving

and self-regulation as follows:

“Within the realm of mathematical problem solving, self-regulation translates
into careful decoding of the problem and analyzing the relationships between
and among the problem’s components to form a mental model for the problem,
Given this mental representation, the problem solver chooses a mathematical
algorithm, or procedure, to solve the problem. Once chosen, the individual must
monitor how to carry out the algorithm toward solution. Finally, the problem
solver must check her/ his solution in relation to the given problem. Each of
these steps involves forethought and planning, monitoring the fidelity of
solution process, and reflecting on the problem to determine whether the

representation formed is accurate and whether the solution process is successful

(p.94).”

Schoenfeld (1992} identified five components of problem solving process. First one
is knowledge base meaning definitions, facts or prior knowledge. Second is problem solving
strategies. Monitoring and controlling the process is the third one. The fourth is beliefs and
affects including self-esteem and anxiety. Lastly, practices are integral of mathematical
problem solving. As it can be seen, it includes similar processes with Zimmerman’s cyclical

phases of self-regulated learning (Zimmerman, 2002).

There are number of researches shoving that self-regulation skills can be developed

via effective instructions. The study of Semana and Santos (2018), self-regulatory teaching
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intervention in a middle school had a positive effect on students’ performance in class
discussions, internalization of the assessment criteria and their self-regulatory capacity. It is
also supported by Perels et al. (2009) that middle school students’ self-regulation skills and
mathematics achievement can be improved with self-regulation intervention. On the other
hand, Dignath and Bittner (2008) showed that self-regulation capability can be fostered also

. for secondary school students.

Many researches emphasized that the increased competency in the components of
self-regulated learning have a positive effect on mathematics achievement and problem
solving (e.g., Pintrich and De Groot, 1990; Labuhn et /., 2010; Zimmerman and Martinez-
Pons 1986, 1988; Cohors-Fresenborg et al., 2010; Fadlelmula et al., 2013).

In the study of Sperling, Walls and Hill (2000), it was revealed that even preschool
learners have self-regulation capability in different domains and levels, and they use self-
regulatory strategies on problem solving tasks. Marcou and Philippou (2005) also studied
self-regulatory strategies during problem solving. Their study demonstrated that elementary
school students using self-regulatory strategies in cognitive, metacognitive and volitional
aspects had a positively affected motivational beliefs and consequently increased problem

solving performance.

Researchers additionally investigated how the components of self-regulated learning
are related to problem solving. The study of Mohini and . Tan (2005) revealed that there is
six type of metacognitive behavior which can be associated with the achievement in problem
solving performance of elementary school students: suggesting a plan, assessing difficulty
of the task, reviewing progress, recognizing error, recognizing new development and self-
questioning during solving process. Further, Cassel and Reid (1996) suggested that self-
monitoring served as a motivational factor to increased performance on word problem
solving for elementary school students with learning disability or mild mental retardation.
Additionally, in the study of Long and Aleven (2013}, it is revealed that Open Learner Model
supported with self-assessment facilitated middle school students’ learning processes and
had a significant effect on their learning outcomes. Open Learner Model is a component of
Intelligent Tutoring System that is used to improve domain-level learning. It is particularly

focused on different types of visualization to present students’ learning progress.
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Schunk and Zimmermazn (1998) wrote the processes of self-regulated learning in high
schools. They emphasized that high school students may develop some general regulatory
strategies which makes easier for them to benefit from a strategy instruction than elementary
school students. Therefore, short-term instructions such as semester-long courses may also
helpful in high schools. Cassidy’s study (2011) has also some implications for self-regulated
learning policy and practice in higher education. The range of individual differences is an
important factor in practicing self-regulated learning in secondary level. He emphasized that
self-regulated learning includes the capability of corresponding individual differences in
learning, and changing normal practice that points to the individual needs of learners.
Cassidy (2011) presented some key points of government-funded reports on guidance on the
implementation of self-regulated learning. The reports written by Duckworth er al. (2009)
and Meyer et al. (2008) emphasized that self-regulation can be improved with guidance,
modelling, effective teaching and leaming practices; and self-regulated learning
environment should include physical setting, material resources, social interaction and

positive support from teachers and peers.

Further, there are many studies showing the relationship between metacognitive
instruction and students’ self-regulated learning and achievement (Mevarech and Amrany,
2008; Ben-Eliyahu and Linnenbrink-Garcia, 2015; Magsud, 1998). However, Joseph (2010)
stated that many teachers focuses on the content rather than strategies to learn the content,
One reason is that teachers do not need to think about the mental processes affecting
students’ performance on the material (Schoenbach ef a/., 2003). Another reason is the state
curriculum pressure but Joseph (2010) emphasized that reflective and critical thinking
practices does not require extra content from teachers since it is a tool, not a content. He also
stated that if students’ metacognitive awareness increases, they can give more effective

feedbacks so that teachers can regulate their instructions in a more appropriate way.

Several researchers used different metacognitive interventions oriented to
developing self-regulatéd learning on the purpose of increasing mathematics achievement.
For example, Montague’s “Solve it!” model includes eight steps to promote secondary
school students to read, comprehend, implement and check verbal mathematics problems.
She designed this cognitive strategy intervention by combining some teaching techniques

such as modeling, giving feedback, self-questioning, techniques of paraphrasing,
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visualizing, relating information, hypothesizing, interpreting, and checking. At the end of
the study, students improved their strategy use and performance level (Montague and Bos,

1986; Montague, 2007).

Another model found out by Maccini uses a teaching sequence ranging from the
concrete to abstract representation. Her “STAR” strategy is an acronym representing the
steps: Search the word problem, Translate the words into an equation or picture, Answer the
problem by using hints, and Review the solution. She revealed that students with learning

disabilities increased their performance on representing and solving problems {Maccini and

Hughes, 2000; Maccini and Ruhl, 2000).

Hutchinson (1993), focused on self-questions for the representation of the problem.
She taught three types of problems (relational, proportion and twe-variable two-equation
problems) by using question prompts cards and concluded that students with learning
disabilies who received the instruction had higher scores on the problems than students in

the control group.

Another intervention which focused on developing self~questioning competency of
students is IMPROVE method found out by Mevarech and Kramarski (1997). IMPROVE
method uses four type of questions: comprehension, strategic, connection and reflection
questions. The process of the implementation of these questions is similar with
Zimmerman’s cyclical model of SRL. The purpose of comprehension questions is to allow
students to think about the problem and necessary strategies like that the task analysis in
forethought phase of Zimmerman’s cyclical model. Strategic questions help students apply
the appropriate strategy and explain their reasoning, therefore students can monitor their
learning process. Lastly, with connection and reflection questions, learners evaluate the
problem and outcomes in order to explain similarities and differences between previous
problems and the new one. Thus, there can be seen an analogy between IMPROVE model
and Zimmerman’s cyclical model of SRL (Mevarech and Kramarski 1997; Kramarski,

Weisse and Kololshi-Minsker, 2010; Zimmerman, 2002)

Many researches supported the positive impact of IMPROVE mode! based on

metacognitive strategies on mathematical reasoning, achievement, problem solving
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performance, and self-regulatory and metacognitive strategy using (Kramarski ef al., 2010;

Kramarski ef al., 2002; Kramarski and Gutman, 2006; Mevarech, 1999).

2.2. QQuestioning

Generating questions foster the comprehension of the task (Palincsar and Brown,
1984) and higher level cognitive functions (Scardamalia and Bereiter, 1985; Garcia and
Pearson, 1990). King (1992) also expressed that self-questioning provide learners control

over their learning, feelings and behaviors.

Mayer (1980, 1984) argued that certain type of questions might lead students to
create new representations of the knowledge in long term memory, and some other types of
questions might help to relate the new knowledge with the preexisting knowledge so mental
representations can be constructed in an increased complexity. Moreover, questions might
help learners to link the knowledge to their everyday experiences and real world situations.
Mental representations resulted from these construction activities help recall of the material

in different ways (Kintsch, 1986).

Student generated questions are valued by many other authors. Self-questions
promote the attention on the content and articulation on how much it is understood
(Rosenshine et al., 1996). Since they lead students to check what they know and what their
deficiencies about the material are, questions are also significant for self- and peer-
assessment (Black er al., 2002). Additionally, some authors argued that self-questioning skill
is useful for problem solving, decision making and productive and higher order thinking
(Chin and Osborne, 2008). Chin and Osbome (2008) expressed that self- questioning in
science learning help students direct their learning, enhance classroom discourse, monitor
and self-evaluate their understanding on the task, and be motivated and interested in the
topic. They also emphasized that questioning is valuable for teachers to assess the way of

thinking of students, to plan future teachings, and to take a reflection on classroom practice.

There are many classifications on students’ questions. Each classification includes
factual knowledge questions, connection questions, questions to expand the knowledge, go
beyond the content and examine topic in real world, and reflective questions. However,

many authors separated them with some differences. Pizzini and Shepardson (1991) labeled
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questions as input that helps to recall prior knowledge, processing that helps seeking
relationships and output questions that helps going beyond the tasks in new ways (Chin and

Osborne 2008)

Scardamalia and Bereiter (1992) divided questions as text-based qﬁestions and
knowledge-based questions. Text-based questions are related to understanding of a reading
material whereas knowledge-based questions are related to thinking on the material to extend
knowledge to the real world problems. The latter one might be classified according to the
level of thought necessary to answer them and the level of thought might be determined with
Bloom’s taxonomy. It includes levels of comprehension, application, analysis, synthesis and
evaluation. Scardamalia and Bereiter (1992) also seek the nature of the knowledge-based
questions. They revealed that students mostly asked “basic information question” for the
topic to which they are less familiar whereas “wonderment questions” for the topic to which
they are more familiar. Wonderment questions promote curiosity, puzzlement, or scepticism,

and so have a great potential to support conceptual understanding (Chin and Osborne 2008).

Watts ef al. (1997) categorized questions as consolidation questions, exploration
questions and elaboration questions. The first one refers to the explanaticns of the new
knowledge and ideas. Exploration questions are to explore the knowledge in new constructs
and elaboration questions helps resolving conflicts by examining both claims and
counterclaims, testing circumstances and identifying their consequences (Chin and Osborne

2008).

Pedrosa de Jesus et al. (2003) preferred to use bipolar instead of uni-polar constructs
to classify questions. These authors challenged uni-polar construct since it justifies that
higher-level questions is always more valuable than low-level ones, and so they do not
consider the context, task, preference, goals, mtention, or strategies. On the other hand,
bipolar construct promote to predicate the quality of the questions on the nature of the
situation; students’ learning style and the requirements ofthe tasks (p. 1028). Therefore, they
did not categorize questions in different levels but on a continuum ranging from
confirmation questions to transformation questions. “Confirmation questions seek to clarify
information and detail, attempt to differentiate between fact and speculation, tackle issues

of specificity, and ask for exemplification and/or definition. Transformation questions, on
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the other hand, involve some re-structuring or reorganization of the students’ understanding.
They tend to be hypothetic-deductive, seek extensions in knowledge, explore argumentative
steps, identify omissions, examine structures in thinking, and challenge accepted reasoning.
The authors emphasized that both kinds of questions are necessary and complement each
other; with the type of question that is appropriate to ask depending on the nature of the

situation and the requirements of the task in hand.” (Chin and Osborne 2008).

Chin and Chia’s study (2004) revealed that questions could be classified under four
major categories. Iirst one is information gathering questions which means to seek basic
factual information. Second one is bridging questions to find connections among prior
knowledge and new concepts. Third one is extension questions which includes application
of new knowledge and expand it to creative situations. Reflective questions, the last one,

means evaluating and decision-making.

Students have many personal, psychological or social barriers to ask questions
although it makes learning experience more interesting and understandable. Biddulph and
Osborne (1982) identified the factors affecting the number and type of questions that
students ask as their age, experiences, preexisting knowledge and skills, teachers’ teaching
style and aftitudes, nature of the knowledge and content structure, social climate in the

classroom and peer interactions,

Teachers could deal with these barriers by prompts and scaffolding, so that they can
promote students to ask questions as classroom activities. (Chin and Osborne, 2008). Chin
(2004) presented some strategies to encourage students to ask (Chin and Osborne2008): (a)
Presenting students an appropriate stimuli for them to ask questions, (b) Modelling question-
asking, (c) Using question prompts or stems, (d) Providing a question taxonomy, (e)
Requiring students to write questions through a weekly report, learning journal, question
box, question board, or on-line technological systems, (f) Creating a question corner in the
class to show “questions of the week’, (g) Adding a ‘free question time’ and ‘brainstorm’
sessions to lessons, (h) Giving ‘question-making” homework, (i) Using question-asking in
evaluation, (j) Preferring interactive teaching approaches so that students can collaborate
with their classmates in a group work to generate questions, (k) Promoting a non-threatening

classroom climate in order to allow students to ask questions without any shame.
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Graesser ef al. (2001, 2003) made another suggestion to promote students to ask
questions. According to their PREG model, learners ask questions if they have a cognitive
disequilibrium about the material. “Questions are asked when individuals are confronted
with obstacles to goals, anomalous events, contradictions, discrepancies, salient contrasts,
obvious gaps in knowledge, expectation violations, and decisions that require discrimination

among equally attractive alternatives” (Chin and Osborne, 2008).

Rosenshine ef al. (1996) argued the effect of question prompts as scaffolding strategy
for questioning. They expressed that question prompts might help students pay attention to
the task and monitor their learning by elaborating their questions. King (1991) classified
these questions in three metacognitive process as planning, monitoring and evaluation (Ge
and Land, 2003). This categorization is also in accordance with Zimmerman’s cyclical

model of SRL.

Ge and Land (2003) presented another categorization on question prompts:
procedural, elaboration and reflection prompts. Procedural prompts direct learners to
complete a certain task (Rosenshine et af., 1996). Elaboration prompts promote learners to
articulate knowledge and thoughts. Lastly, reflection prompts, according to Lin (2001), serve

to self~monitoring and constructing new understanding (Ge and Land, 2004).

Ashmore et al. (1979) and Shepardson (1993) presented question asking not only as
a stage in the problem-solving but also as a component of thinking skills during learning
process {Dori and Herscovitz, 1999). Scardamalia and Bereiter (1985) and Garcia and
Pearson (1990) expressed that question generation could be used to promote students think
about issues requiring higher-level cognitive functions (Rosenshine and Meister, 1996) since
students should play an active and initiating role in the learning process to compose
questions (Rosenshine and Meister, 1996 cited from Collins ef af., 1990; King, 1994,
Palincsar and Brown, 1984; Singer, 1978). Shodell (1995) also emphasized that self-
questioning increase creativity and higher-order thinking skills (Dori and Herscovitz, 1999).
Graesser and Person (1994) identified criteria for high-level questions that are including
inferences, applying the new knowledge to other domains or situations, multi-step reasoning,
the synthesis of the knowledge from multiple sources, or the evaluation of the new

information (Chin and Osborne, 2008). Particularly, ‘causal antecedent questions’ (Why
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...7), ‘causal consequence questions’ (What happens if ...?), ‘goal orientation questions’
(What is the purpose of ...?), or ‘instrumental/procedural and enablement questions’ (How
...7} were considered by Graesser ef al. (1993) and Graesser and Person (1994) to be deep
reasoning questions, as well as they are indicator of higher levels of cognition (Chin and

Osborne, 2008).

Several authors used question prompts during mathematical problem solving.
Maccini’s STAR strategy includes four steps in questioning during solving algebraic
problems. Her strategy is to teach secondary students to solve algebraic problems including
four operations by using representations from concrete to abstract. The name of the strategy
comes from an acronym that means: (Maccim and Hughes, 2000; Maccini and Ruhl, 2000;

as cited in Montague 2007)

S = Search the word problem (Read; Ask yourself questions, i.e., What facts do |
know? What do I need to find?; Write down facts).

T = Translate the words into an equation in picture form (Choose a variable; Identify
the operations; Represent the problem using concrete, semi-concrete, and abstract

representations).

A = Answer the problem using cues and a work mat.

R = Review the solution (Reread the problem; Ask the question, i.e., Does the answer

make sense? Why? Check the answer).

Hutchinson (1993} also prepared a set of self-questions for representing and solving
algebraic word problems. S/he aimed to teach three types of problems which are relational,
proportion and two-variable two-equation problems. Hutchinson’s self-questions are listed

below: (Montague, 2007)

Self-Questions for Representing Algebra Word Problems

(1) Have I read and understood each sentence? Are there any words whose

meaning I have to ask
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(ii)y  Have I got the whole picture, a representation, for the problem?
(in)  Have I written down my representation on the worksheet? (goal, unknown(s),
known(s), type of problem, equation

(ivy  What should I look for in a new problem to see it is the same kind of problem?

SeH-Questions for Solving Algebra Word Problems

(i) Have I written an equation?
(i)  Have I expanded the terms?

(iii)  Have I written out the steps of my solution on the worksheet? (collected like
terms, isolated unknown(s), solved for unknown(s), checked my answer with
the goal, highlighted my answer)

(iv)  What should I look for in a new problem to see if it is the same kind of

problem?

Kramarski (2010), presented some questions embedded in the task for the IMPROVE
method. She included comprehension, connection, strategy and reflection questions and
question prompts were elaborated to identify the type of the question and how to answer
these questions. Comprehension questions help students understand the structure of the
problem before solving it. Connection questions require students to find out the similarities
and differences between solutions and to explain their reasons. Strategic questions promote
students to choose appropriate strategy to solve the problem and explain their. reasoning.
Lastly, reflection questions are designed to prompt students to monitor and evaluate their

understanding (Kramarski, 2010)

2.2.1. Empirical Researches on Questioning

There are some researches showing the positive effect of developing students’

questioning on knowledge construction, problem-solving performance and achievement.

King (1994) examined three groups of fifth graders. In first group, students were
guided by both lesson-based and experience-based questions organized to help learners
make connections among different concepts. In the second group, students’ discussions were

promoted with only lesson-based questions and the last group was the control group
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receiving no guidance. The resulis showed that the first group outperformed on complex
knowledge construction that others, and experience-based questions are more effective since

they promote to access the prior knowledge or experiences.

King (1992) also compared the self-questioning, summarizing and note taking-
review as learning strategies. She concluded that self-questioning is a more effective strategy
to recall the content and to have more detailed lecture notes than summarizing or just

reviewing the notes.

Some other studies investigated the effect of using question prompts on problem
solving in ill-structured task. Ge and Land (2003) revealed that question prompts had a
significant effect on students® problem solving performance on ill-structured tasks also.
Byun et al. (2014}, on the other hand, compared the effects of instructor-generated question
prompts, peer-generated questions and individual question prompts on ill-structured
problem solving. At the end of the study they conducted with undergraduate students, they
indicated that students taking instructor-generated questions performed better than students

allowed to construct their own question prompts.

As a conclusion, educators can use question prompts designed by themselves to
support students’ sel-questioning and achievement in problem solving depending on the

results of studies in this area.
2.3. Metacognitive Instruction (IMPROVE Method)

As learner centered approach gain an increasing importance in education area, many
researchers concentrate on self-regulation skills and metacognition. The knowledge and
regulation of cognition to choose appropriate strategies and understand how they work is
referred as metacognition (Schraw, 2002). Many researches revealed that metacognition has
a positive effect on the development of self-regulation (Kramarski 2010; Veenman, Van
Hout-Wolters, and Afflerbach, 2006; Joseph, 2009) and mathematics achievement
(Schneider and Artelt, 2010, review study; Ozsoy, 2011; Ozsoy and Ataman, 2009).
Moreover, metacognitive skills can be taught with particular classroom methods and

materials used by teachers (Jacobs, 2003; Paris and Paris, 2001; as cited in Joseph, 2009).
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Metacognitive instructions can reinforce metacognitive awareness and learning of
students (Veenman ef al., 1994). Metacognitive strategy instruction depends on the ways of
using some particular strategies and it emphasizes when, why and how to use those strategies
while engaging in a task (Baker and Brown, 1984; as cited in Huff and Nietfeld, 2009).
Veenman (1998) called it as WWW&H rule (What to do, When, Why, and How). He and
his workmates also stated particular features of a successful metacognitive instruction. First
one is that metacognitive strategies are connected to the content. Secondly, learners are
aware of the usefulness of metacognitive strategies and alerted to extra effort. Lastly, the
instruction should be prolonged to ensure the maintenance of students’ metacognitive

knowledge and skills (Veenman ef al., 2006).

Nevertheless, educators concerns about that students’ metacognition might be
ignored since teachers focus on content more than strategies necessary to learn the content.
Especially secondary school teachers are less likely to pay attention to mental process
{Schoenbach et al., 2003; as cited in Joseph, 2009). In addition to that they are not tended to
consider it naturally, they also come up with curriculum pressure of the states and limited
instruction time to focus on learning strategies. However, metacognitive strategy using do
not extend the content; rather it is an instrument to enhance the content. Therefore,

metacognitive skills can be implemented in ordinary learning activities (Joseph, 2009).

One of metacognitive instruction methods is IMPROVE developed by Mevarech and
Kramarski (1997). IMPROVE is a multidimensional method including cooperative learning,
metacognition and mastery learning. The aim of the method is to encourage students to pose
questions by engaging in thinking and reflecting on their learning . The name of the model
shows the first letters of the instruction steps: “introducing new concepts, metacognitive
questioning, practicing, reviewing and reducing difficulties, obtaining mastery, verification,

and enrichment” (Mevarechand and Kramarski, 1997).

The central part, self-questions, were composed so that students are able to aware of
the learning progress and self-regulate their problem solving process. Cooperative learning
was also included to model in the aim of that students can transfer their prior knowledge and
skills to each other. Additionally, the model requires from teachers to give corrective

feedbacks for low achievers and enrichment feedbacks for high achievers. Thus, students
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can improve their thinking skills (Mevarech and Kramarski, 1997). Information about the

implementation of the model will be explained in methodology part in a more detail.

2.3.1. IMPROVE Method in Mathematics Education Context

There are several researches investigating the effect of metacognitive instruction,
IMPROVE method on different variables. Mevarech and Kramarski (1997) revealed that
IMPROVE instruction increased mathematics achievement and reasoning of students from
grade 7 to 9. Another study investigated the effect of the metacognitive instruction on
achievement of high school students m delayed or stressful situation and revealed that
IMPROVE students had significantly higher scores than control group students (Mevarech
and Amrany, 2008).

Kramarski ef al. (2010) studied with third grade students with mathematics anxiety.
They examined the effect of self-regulated learning supported by metacognitive questioning
on problem solving performance. Their intervention group (MS students) had an instruction
based on IMPROVE model and results showed that MS students outperformed on problem
solving tests. The study of Kramarski and Gutman (2006) combined the e-learning
environment with IMPROVE model for ninth graders and resulted that students taking the
combined instruction significantly outperformed in problem solving that students taking
instruction just including e-learning. In the study examining the effect of IMPROVE method
on third and six grade students’ solving word problems, it was revealed. that. IMPROVE
students had significantly higher scores than their counterparts and also third graders could

make use of the instruction more than six graders (Mevarech ef al., 2010).

There are some studied investigated the effect of metacognitive instruction
embedded in cooperative learning environment. Mevarech (1999) studied with seventh
grade students and examined three conditions based on IMPROVE project: metacognitive
training including both making connections and strategy application, direct instruction with
strategy application, and no special training. The results showed that students taking
metacognitive training had significantly higher scores than other groups on problem solving
performance. Kramarski ef al. (2002) also studied metacognitive instruction combined with

cooperative learning settings and they used IMPROVE method. They concluded that
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metacognitive instruction in cooperative setting had a significantly positive effect on the
performance of seventh grade students on authentic and standard mathematical tasks.
Kramarski and Mevarech (2003), on the other hand, chose mathematical reasoning as their
dependent variable. They demonstrated that the students taking combined instruction
significantly outperformed the students taking just metacognitive instruction, which in turn
significantly outperformed the students taking just cooperative learning or individualized

learning instruction on various aspects of mathematical explanations.

Mevarech and Fridkin (2006) also researched the effect of IMPROVE instruction on
mathematical reasoning and knowledge. According to the study conducted with pre-college
students, metacognitive instruction had a significant effect on both mathematical knowledge
and reasoning. In another study, Mevarech and Kramarski (2003) compared the effect of
metacognitive training and worked-out examples on mathematical reasoning of eight grade
students. Worked-out examples were defined as showing all the steps of solving problems
and presenting explanations about the sequence of actions. The results showed that students
in metacognitive training group based on IMPROVE model outperformed students in

worked-out example group.

There are some studies using IMPROVE method in Turkey also. Abdul Aziz (2016)
studied the effect of IMPROVE method on mathematical procedural and conceptual
knowledge, and metacognitive skills for 11™ grade students as doctoral thesis. He stated that
the metacognitive instruction had a positive effect on both mathematical procedural and
conceptual knowledge, and metacognitive skills. Another doctoral thesis revealed that

IMPROVE method was effective to develop 5® grade students’ mathematical reasoning

(Pilten, 2008).

In conclusion, IMPROVE method was designed to improve students’ metacognitive
and self-regulation skills. Therefore, they can gain metacognitive self-questioning which
reinforce the understanding of the task, planning strategies and reflecting on applications

during the learning process (Zimmerman, 2002)
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2.4. Students’ Understanding of Functions

Function topic is important to learn mathematics since it is a unifying theme in
curricula (Steele ef al., 2013; Ayalon ef al., 2017). Some researchers emphasized the
importance of deep understanding of functions to achieve higher mathematics (Eisenberg,
1992; as cited in Ratliff, 1990; Caldwell, 1996). Functional relationships also were needed
in many areas in daily life such as financial plans, demographics and population growth,
metric conversions or income and interest calculations (Kalchman and Koedinger, 2005).
Further, it can be said that it only concept in mathematics that is important from kindergarten

to graduate school (Harel and Dubinsky, 1992; as cited in Santos, 2003).

Function has more extensive interpretation than its formal definition. It has multiple
representations as algebraic symbols, tables, graphs, mappings or contextual situations and
the essential point is to be able understand that these representations help us describe the
same relationship (Kalchman and Koedinger, 2005, Steele ef al., 2013, Panaoura ef al.,
2017). Therefore, function is a challenging topic for both teachers and students {Steele ef al.,
2013; Kalchman and Koedinger, 2005). Another difficulty in learning functions comes from
the complexity of its mathematical language including many special notations and symbols

(Eisenberg, 1991; as cited in Santos, 2003; Wagner, 1981).

Many studies emphasized the lack of student knowledge and skills on function
concept and necessity of improving instructions (Breidenbach er al., 1992; Leinhardt et al.,
1990). Kieran {1992) examined the possible reasons of students’ difficulties to understand
functions conceptually such as its teaching or students’ improper ways to study on functions
(Panaoura ef al., 2017). Sajka (2003), on the other hand, stated that school tasks and standard
procedures have an effect on students’ abilities to solve function problems. Clements and
Vaiyavutjamai (2006) also emphasized that traditional teaching and testing focus on only
one correct answer, and so they restrict students’ skills to make connections among different
representations. Therefore, teachers may need additional support to teach the concept of

function (Steele ef al., 2013).

An effective instruction is beyond to help students perform on basic operations such

as calculations or graphing of given equations. It allows students to understand function



25

conceptually and use in different contexts (Kalchman and Koedinger, 20605). According to
Kalchman and Koedinger (2005), students fail to achieve algebra problems when they are

inadequate in conceptual understanding and metacognitive monitoring.

Further, results of some studies also showed that students were in difficulty to
understand function and students’ ability to interpret function is related with the recognition
and manipulation of the concept and their problem solving skills (Panaoura ef al., 2017).
Sajka (2003} also concluded that insufficient understanding of the concept of function might

be influenced by the selection of tasks during teaching process.

As a result, IMPROVE metacognitive instruction was implemented along function
unit in the present study, since it is a challenging topic for both teachers and students, and
further teaching opportunities are needed. As Steele and his colleagues (2013) stated,
function, an important part of mathematics content, supports classroom practices of diverse
teachers to engage in meaningful works. Moreover, it has multiple representations and so
allows students to make interpretations and further investigations on it. IMPROVE method
also aims to lead students to question more on the problems. Therefore, the present study
aims to provide useful sources and materials for teachers and a new perspective for them to

teach this unit.
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3. METHOD

3.1. Design

Embedded mixed method design was used for this study since qualitative data were
needed to be collected during the process while quantitative data were collected with pre and
posttests. (Creswell and Piano Clark, 2007). In quantitative part, quasi-experimental research
was conducted to investigate the effect of metacognitive strategy based mstruction on
students’ achievement on functions and self-regulation. Therefore, there was one
independent and two dependent variables. Independent variable was instruction method
(IMPROVE method vs traditional teaching method) and dependent variables were students’
self-regulation levels and mathematics achievement. There were one experimental and one
control group. Pre and posttests were conducted to examine the effect of the intervention on
the level of self-regulation and mathematics achievement. Self-regulatory skills were
measured by Motivated Strategies and Learning Questionnaire (MSLQ) and mathematics
achievement was measured by an achievement test. In qualitative part, on the other hand,
basic qualitative processes was conducted to examine people’s interpretations about their
experiences and their attributions to their experiences (Merriam and Tisdell, 2016).
Therefore, some students were examined using think aloud protocol to identify how
students’ questioning skills change. Their development in questioning was observed and
compared with their self-regulation level and mathematics achievement. In addition to think
aloud process, intervention group students were asked their ideas about the instruction via

semi-structured interviews.

3.2. Participants

This study was conducted in a private school in Yenibosna, Istanbul. The school is
chosen with convenient sampling since researcher had accessibility to those students and
administration of the school. This school was a private science school. Science school is a
school type where students take science lessons more than social science lessons and which
takes relatively high achievers compared with other schools. Although the school where this

study conducted is a science school, there were not students with very high scores in the
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central high school entrance exam. When the location of the school is considered, people
were middle class arcund that part of Istanbul. The schocl had smart boards in each
classroom but students did not have tablet etc individually in classrooms. Classes include 15
to 20 students. Teachers in that school generally teach with traditional methods including
practice and drill, mathematicat definitions without connecting to real life situations. Two
tenth grade classes were chosen for the purpose of research. Totally 36 students participated
to the study and 18 of them were female and 18 of them were male. One of the classroom,
experimental group, had 20 students (8 female, 12 male) and the other, control group, had
16 students (10 female, 6 male). Classes included students from different academic levels
according to the pretest of the study. Classes were assigned to two teachers by school
administration and teachers were randomly assigned to experimental and control group. Both
teachers had master degree but control group teacher was graduated from education faculty
whereas intervention group teacher was graduated from mathematics department. Further,
control group teacher had five years of teaching experiences and intervention group teacher
had two years of teaching experiences. The intervention group teacher taught her lessons by
using IMPROVE metacognitive strategy based mathematics instruction and the other teacher
taught control group by using traditional learning methods. Furthermore, four voluntary
students from experimental group and three voluntary students from control group were
selected for interviews to examine their development on questioning skilis. Two of the
students from control group were high achievers and one of them was in average according
to pretest results. In experimental group, on the other hand, one student was high achiever

and the others were in average.
3.3. Data Collection

This mixed method study was included three types of data source. A survey and an
achievement test were used to obtain quantitative data and semi-structured interviews were
conducted to get qualitative data. MSLQ survey was used to measure the self-regulatory
skills of students and an achievement test was developed to measure students’ success on
the topic of functions. Both survey and achievement test were given as pre and posttest to
compare the results of two groups. Interviews also were done with voluntary students to

observe their questioning skills during problem solving process. Interviews were included
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both function questions and questions about students’ ideas on the implementation of the

study.

3.4, Instruments

3.4.1. Motivated Strategies for Learning Questionnaire (MSLQ)

Students’ self-regulation and metacognitive skills was measured by MSLQ
developed by Pintrich and De Groot (1990). The questionnaire was adapted to Turkish by
Erturan ilker ef al. (2014) and validity and reliability tests were done by them. During the
analysis, confirmatory factor analysis (CFA) and Cronbach Alfa were used. There are many
fit index to use CFA. Chi-Square (¥2/sd), comparative fit index (CFI), goodness of fit index
(GFT), adjusted goodness of fit index (AGFI), the normed fit index (NFI), the root mean
square error of approximation (RMSEA), and standardized root mean square residual
(SRMR) are used more commonly. Afier implementation of CFA, it is required that RMSEA
and SRMR values should be smaller than 0.05; CFI, GFI, AGFI and NFI values should be
over (.90; and y2/sd value should be smaller than 5 so that the model becomes valid (y2/df:
3.93; RMSEA: 0.042; SRMR: 0.047; CFI: 0.95; GFI: 0.90; AGFI: 0.90; NF1:0.94). Further,
Cronbach Alfa was used to test reliability of the model and it was found as 0.88. MSL(Q is
in likert type form ranging from 1 (it does not define me) to 7 (it completely defines me) and
includes two parts: motivational strategies and learning strategies. It has totally 44 item and
covers self~regulation strategies, cognitive strategy use, self~regulation, motivational beliefs,

self-efficacy, inner value and exam anxiety (Erturan Iiker et al., 2014).

In this study, four dimension of MSLQ were used to examine students’ self-
regulation skills: self-regulation, metacognitive strategy use, self-efficacy and intrinsic
value. Cronbach’s alpha reliability tests were done for each subscale in the both pre and
posttest. Metacognitive strategy use has alpha coefficient as .846 and .920 respectively. Self-
efficacy alpha coefficient is .909 and .916 respectively. Intrinsic value has .808 and .853
reliability coefficient respectively. Lastly alpha coefficient for self-regulation subscale was
found .559 and .556 in pre and posttest respectively, which was relatively low. Therefore, 3
items with low coetficients were removed from the measurement and alpha was calculated

again. It was found as .755 and .757 for pre and posttest respectively. These values shows
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that the questionnaire is reliable for all subscales after 3 items were deleted. Detailed

mformation about items in MSLQ was given in Appendix A.

3.4.2. Achievement Test

An achievement test was prepared to measure students’ mathematics achievement.
The test was covered all objectives of functions unit according to the curriculum of Ministry
of Turkish Education. Further, there were some questions measuring the prerequisite
knowledge for functions. The test included 20 open-ended problems that aimed to assess

students’ mathematics achievement on functions.

Four experts’ opinions were taken during the preparation of the questions. Two of
them were academicians and two of them were teachers who were participants in the school
where data was collected. Experts were requested to examine whether each question measure
the target objective, whether a question covers another objective except from assigned ones,
and whether the number of questions or difficulty level of questions were appropriate (It is
tried to add questions ranging from easy to difficult) (Appendix B). After experts’ feedbacks
and further ideas were taken, the test was arranged and finalized (Appendix C).

Different sources were used to prepare the test questions in addition to researcher’s
own questions. First and third questions were taken from Kalchman’s study (2001). Second
question was adapted from Postelnicu’s study (2011). Fourth and fifth questions were chosen
from You’s study (2006). Sixth question was from Aviles-Garay (2001). Seventh, eighth
and fifteenth questions were taken from Mercan’s study (2015). Nineth, fourteenth, sixteenth
and nineteenth questions were from Akcakin’s study (2015). The researcher wrote 10™ and
13" questions on her own. Santos’ study (2003) was used for 11% and 12% questions. Lastly,

Yagdiran® study (2005) was benefited for 17%, 18% and 20® questions.

A rubric was also prepared by the researcher to define scores of each question on
achievement test. Two mathematics teachers” opinions were taken to investigate whether the
scoring way is appropriate or not. Further, the supervisor of this study examined the rubric
and gave feedbacks. After expert’s ideas were taken, the final rubric was prepared (Appendix

D)
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By conducting a pilot study in the same school with different 10® grade students from
the main study, it is examined whether each question was understandable for students and
the test was reliable or not. Reliability was measured by Cronbach’s Alpha coefficient in
present study. According to Gronlund (1988} reliability coefficient for achievement tests
used in classrooms might be lower than standardized achievement tests and it ranges from
.60 to .80. In this study, alpha coefficient was found as .677 for pilot study and .678 for
posttest in the main study, which shows enough reliability of the test (Gronlund, 1988;
Schmitt, 1996; Griethuijsen ef al., 2014).

Moreover, another one year experienced mathematics teacher who also has a master
degree in mathematics education was consulted to provide interrater reliability. She did blind
marking according to the rubric prepared by the researcher and agreement rate between the
researcher and interrater teacher was found as 0.84. Then we met again to discuss on the
items on which were not agreed. Then agreement rate increased to 0.97. There were some
answers that we were confused to rate and so advisor of the study was also consulted and

final decisions were taken to mark the items.

3.4.3. Interviews

In order to answer the third research question, interviews were completed by the
participants who were voluntary to participate. Interviews were conducted at the beginning,
in the middle and at the end of the study to observe the changes on students’ questioning
skills. Three students from control group and four students from intervention group
participated to interviews. Participants were required to use think aloud strategy afler the
researcher showed a modeling of think aloud protocol. It is defined as to talk aloud while
performing a task to point out cognitive and metacognitive processes (Ericsson and Simon,
1993; Pressley and Afflerbach, 1995). Students were asked mathematics questions on
functions and the researcher just took audio recording without interfering the students’
cognitive process. If the students stop talking aloud, the researcher gave prompts such as
“keep talking”, “please think aloud” or “tell me what you are thinking now”. In the first
interview, there were only function problems for students to solve with think aloud protocol.

In the second and third interview, intervention group students are additionally asked their

opinions on the method of teaching via semi-structured interviews. They were asked the
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possible advantages and disadvantages of the instruction in view of students. All interviews

were recorded by audio-type and transcribed by the researcher. (Appendix E, F, G).

3.5. Procedure

All permissions about the implementation of the study were taken from school
administration, teachers, parents and students. They were informed about the purpose of the
study was to investigate the effect of metacognitive strategy based mathematics instruction
students’ mathematics achiecvement and self-regulation skills. They were told that the
information obtained from this study would guide administrators and teachers to organize
better educational programs for students to get better experiences. It was explained that ali
the personal information would hold in confidence and only investigator would access them.

Both students and their parents signed a consent form to participate the study (Appendix H).

All instruction prepared for this study, training, practices and testing, was structured
as part of regular mathematics curriculum of Ministry of Turkish Education. All activities
implemented in the experimental classroom were managed by regular teacher under the

superintendence of the researcher and her supervisor.

Both experimental and control classes used the same mathematics textbooks and
other sources that have the similar exercises as in the textbook. They took mathematics
course seven hours in a week. Lesson plans for both groups were prepared by the researcher.
Appendix | is prepared to show an example unit plan for the content of the course.
IMPROVE group students additionally took activities combined with metacognitive
questioning, formative tests, corrective and enrichment activities. All tests, enrichment and
correction activities were prepared by taking the opinions of the teachers participated to this
study. All these activities apart from tests were designed for cooperative works. The control
group took individualized practicing without metacognitive questioning and corrective or
enrichment activities. The researcher participated to both control group and intervention

group lessons as an observer.

The researcher worked with intervention group teacher in 5 sessions and each session
was about 1 hour. In the first session, the research project was explained. A detailed

information about IMPROVE instructional model was given and expectations from the
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teacher were clarified. A paper consisting of the parts explaining important componerts of
IMPROVE from two article (Mevarech and Kramarski, 1997; Kramarski ef al., 2010) was
given to the teacher (Appendix J). In the second session, lesson plans prepared by the
researcher were examined and discussed with the teacher about the sequences of topics,
introduction to the new concept, number of examples and difficulty level of examples. In the
next two sessions, metacognitive questioning exercises were done with the teacher so that
she can effectively use the question prompt cards. Lastly, teacher experienced how to ask
leading questions for students to be able to direct them for the solution by using cues of the
teacher. First three meeting were organized in two weeks before the intervention and last
two meetings were organized in first two weeks of the intervention. In addition to these

sessions, the teacher took feedback from the researcher at the end of each day.

The intervention was applied for two months in 10™ grades along functions unit. The
reason of choosing function topic in this study is that it is an appropriate topic to use
investigative questions and include many real life examples. Students had chance to produce
creative reactions and also it is a long topic enough to be able to observe metacognitive
changes. All students were given pretest in the first week of the intervention and posttest in
the last week of the intervention. Further seven voluntary students were interviewed three
times at beginning of the intervention, at the middle of the intervention and at the end of the
intervention. The first interviews were done in the second week of the intervention and after
3 weeks, the second interviews were done. Last interviews were at the last week of the

intervention.

3.6. Treatment

IMPROVE, the metacognitive strategy based instruction method, was developed by
Mevarech and Kramarski in 1997 and this study was organized based on their model. It
includes three interrelated parts: metacognitive questioning, cooperative learning and

feedbacks to correct or enrich the students’ learning.

In order to help learners develop metacognitive questioning skills, question prompt
cards was designed as an individual hand-held strategy (Appendix K). Thus, they were

allowed to use these cards while practicing or making discussions in the class.
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Metacognitive questioning cards include four types of questions: comprehension,
strategy, connection and reflection questions. It is aimed to enable students try to understand
the problem and search the given and unknown in the problem with comprehension
questions. Students are also required to identify the mathematical concepts related to the
problem. Strategy questions are used to implement the appropriate strategy, tactic or
principle to solve the problem. It is also required to reason the strategy and search how to
apply the strategy. Connection questions, on the other hand, provide students to compare the
problem with previous ones and assess the similarities and differences. Problems may be
equivalent, similar, isomorphic or unrelated. Equivalent problems have both the same
mathematical structure and the same story context. Similar problems have the same story
context but with different structures whereas isomorphic problems share the same structure
with different story context. Unrelated problems, on the other hand, have completely
different structure and context. Thus, it was aimed that students can understand the surface
and deep mathematical structures of a problem. Lastly, reflection questions are to justify the
solution. Students are required to explain the reason of the solution or what can be the reason
of that they cannot solve the problem. They are also directed to recognize the points they are

in difficulty while solving the problem.

The teacher tried to emphasize the importance of using metacognitive questions so
that students would be aware of that these questions would promote them to comprehend
and remember the material learned in the class. Before students’ applications of prompt

cards, the teacher modeled the process.

A real life problem was prepared for each new concept in the lesson plan and so it
was aimed that students could understand the logic of the topic by making more concrete it.
The mathematical definitions were given after the discussion of the real life problem in the
intervention class. However, control group teacher was not interfered how to apply the
lesson plan as long as she used the same examples and so she preferred to give mathematical
definitions firstly and then show the real life example. Intervention group teacher allowed
students to ask questions or explain their ideas about the problem whereas control group
teacher did not create such an interaction and solved the problem superficial. As a result,

intervention group students were engaged with more creative questions on the given problem
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whereas control group students were engaged with lower level questions about the given

problem according to Bloom’s taxonomy (Bloom, 1956).

As an example for the discussion in the intervention group, when the teacher said
that functions could be thought as a machine and it has inputs and outputs, one of the students
asked what if f{x) is equal to just 3. After teacher listened to his classmates’ ideas, she tried
to explain. There was an example in the function machine including output as ayran while
inputs as yoghurt and water. Teacher said that whatever they dropped into the machine, they
always would get ayran. Then one student said even if they dropped pudding to the machine,
they would get ayran. Another student interpreted that if the function f{x)=3x, then they
could get pudding including ayran. On the other hand, students’ questions in the control
group were like “Will we draw these diagrams ourselves or will they be given to us?”, or “Is

that the result of multiplication of 15 and 3?7

After the discussions, the teacher started to solve example problems by using
metacognitive questions. At the beginning of each lesson, the teacher modeled how to use
metacognitive questions and then she required students to attend the solution process for the
following problems. Students were encouraged to use these questions during their own work
and group works. They were required to make reasoning and use appropriate mathematical

language.

In the first week of the study, the teacher was in difficulty to ask the correct
metacognitive questions for each problem. While she was asking the givens and the
unknown of the question, she was focused on numbers or algebraic expressions. After the
researcher’s feedback, she began to express the meaning of those expressions. For example;
instead of saying that the function fis from N to R, f{x)=2x-5 1s given, she started to say that
the domain and range of the function were given and also we know the rule this function
uses to match the elements of two sets from the beginning of the second week. Further, when
she asked the students “Which kind of problem is this?”, the students responded as easy of
difficult and she accepted this answer in the first week. Then she understood that the type of
the question means which structures included in the question or which way it requires to

proceed. For example, this question was oriented to find the image of an element, domain of
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a function or writing a function in terms of another function or the questioh included a

relation between two functions instead of the direct rule of a function.

In the second week, the teacher correctly used the metacognitive questions; however,
she could not emphasize to students that she used gquestion prompt cards and they should
follow them. Further, she could not use metacognitive questions concurrently with the
solution of a problem. She explained the givens and unknown at the beginning of the
problem, but how and why she used her strategy were clarified after the solution. An example

can be seen below:

Question: For the functionf: R — R, it is given that f{x)=f(x+1)+4 and
f(1)=3, find the value of f(12).

The teacher: What do we know about the question? We know the domain and
range of £, the image of 3 under f, and also a relation between the image of x
and x+1 under the function f is given to us. The unknown is the image of 12
under f. Here, | will start by writing 3 instead of x in the given equation.

For x=3, f(3)=f{4)+4. Now I should put 4 in place of x in the equation.
Students: Why do we do that?

The teacher: Wait for now and you will see why I am doing this, Now I will
give 4 for x and find f{4)={5)+4. We see that the next value of x is 5.

(Then she writes the equation as below)
Forx=3, f{{1)=f2)+4
Forx=4, f{2)=f(3)+4
For x=5, f(3)={{4)+4

For x=11, f(11)=f{12)+4
Now, if we add all the equations, we find:
f{OHH2 Y+ A1) = {2)H(3)+. . . H D+12)+4+4+, +4

Then the same terms at different sides cancel each other, but how many 4’s do
we have here?

Students: 11

The teacher: Yes, we started with f{1) and finished with f{11) at left side, so
we have eleven 4°s here. Then:

(1) =f{12)+4.11 here we know the value of f{1) as 3.
3=1{12)+44, so f(12)=-41.

Here, what kind of strategy did I follow? Firstly since we knew the value of
f{1), we aimed to use it in the equation, so we put 1 in place of x.
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Students: Why don’t we use 0 for x? We can find f{1) again.
The teacher: You are right, we can get {{1) with 0 also, but we are asked to
find f(12). So, we should give increasing values for x, not decreasing. 1f we

gradually increase x, we can arrive 1{12), the unknown of the question.

In this example, the teacher could explain the aim of her strategy at the beginning of
implication of strategy, and might ask students how they can obtain f(12) with a little class
discussions. However, she required students to wait till the end of the solution and then she

explained the reasons of her strategy.

Along the third week, she was better in applications of metacognitive questions in
addition to class discussions on application of real life examples. She also emphasized the
using of these questions. She often asked students whether they looked at question prompt
cards or not. However, the fourth week was their exam week and the teacher did not use
metacognitive questions in two review lessons for the exam and also after the exam, she
solved exam questions in the lesson without metacognitive questioning. In another lessons
of the week, she used questions in appropriate way mostly. There is an example below that

she used all metacognitive questions in an appropriate way.

Question: If f{ix)=3*"1 is given, find f{2x-2) in terms of f(x).

The teacher: When we lock at this question, what are givens and what is
asked? Please put your metacognitive question cards on your front. Ok, now
what are givens and unknown?

Students: The function f is defined.

Students: It requires us to write f{2x-2) depending on f{x).
The teacher: yes, now do we know the function f{(2x-2)?
Students: No...

The teacher: No, so we firstly need to find f{(2x-2), then we can write it in
terms of f{x). So, what will be our strategy? The strategy should begin with
finding f{2x-2). Right? Well. After that what will we do?

Students: It will include f(x)... There must be something common...

The teacher: Well done. Is there any other idea?... Ok. Let’s do it. How can
we find f(2x-2)?

Students: Writing 2x-2 in place of x in f.

The teacher: Yes, nice. Write it and tell me. ..



f{2x-2)= 32*-?-1=32*=3 Now, how can we continue the solution? can
you separate 32*~37 Do you remember exponential numbers? 32*? = 32,35,
You learned this last year. Now for this question, 32¥~% = 32% 373 T will
continue to separate 32%. We can write it as (3%)?. Why do we do this? Because
there is 3% in f{x) also. We try to find some commmon terms. If we separate f{x)
also, we can write f(x)=3*.371 Let’s leave 3* alone in this equation and then
we can write it in another one:

3*=3, f(x) and A2x-2)=(3.Kx))%.3".
Then we find f(2x-2)=0.£(x).2=L"&
Is there any problem with solution?... Is it reasonable?

Students: yeah... no problem...

The teacher: Do you look at your cards? Is there anyone who can solve with
another way?

Students: nope...
The teacher: Ok, what kind of a problem was it?
Students:

The teacher: We wrote a function in terms of another function. Then is it
similar with the previous ones?

Students: Noo...

The teacher: No, it isn’t. Why? Because, we found the image of an element
under a function in previous examples but now, we relate a function with
another one.

37

Until fifth week, she just asked students” different strategies for reflection question,

18 wrong.

Question: I f(x)=3x-4 and (fog)(x) = 6x — g(x), then find the value of g(2)?
The teacher: Try to solve on yourself firstly... what did you find?
Students: 10... -10... -4 for x then...

The teacher: Ok, let’s do it together. Firstly what are givens and unknown of
the problem?

Students: There is a function f and composition of f and g are defined. It
asks for g(2).

she had forgotien to ask where students were in difficulty in any question. From the
beginning of this week, she tried to concentrate on parts in which they have difficulty and
further discussion were made at those points. Moreover, she had listened and allowed
students to explain their different solution strategy if their strategy is true up to this point,

but then she started to discuss students’ wrong solutions. They talked about why that solution
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The teacher: Well, how should we start?

Students: We can start by rewriting the composition function as f]g(x)]
The teacher: And what is it equal?

Students: 6x-g(x)... we can write t instead of g(x)...

The teacher: Do you write t in place of x? Ok, but here you find that
flg(x)]=6x — g(x), so is f{x} defined in the question? fg(x)] means to write g(x)
in place of x in the function f, right? You can put g(x) on the equation of f{x).
Since f{x)=3x — 4, fJg(x)]=3g(x) — 4.

Students: I put x for g(x), couldn’t I?... Me too... Yes...
The teacher: But, you don’t know if g{x)=x.
Students: Isn’t it the same thing?

The teacher: If you put x for g{x), you mean that g(x) is identity function, but
there is no such a knowledge in the problem.

Students: We did the same in the previous question.

The teacher: But, in the previous one, f{(x) was given only in terms of g(x), not
x. Here, there is an x in addition to g(x). That is to say, the variable you want to
use for g(x) 1s already here. You can’t use the same variable. If there was no x
there, you would be right. However, if there are both x and g(x) in the same
equation, you can’t say g(x) is equal to x. Ok?

The students: ahh... ok... yes...

The teacher: You can not use the same variable. Therefore, you should think
another strategy. {(x) is defined in the problem, so we can write g(x) in place of
x under the function f. Then, fg(x)]=3g(x) — 4 = 6x — g(x). Now collect g(x) in
the same side:

4g(x) = 6x + 4 then g(x) = (6x+4)/4.

So, g(2) = (6.2+4)/4=4.
Any question now?
Did you understand the solution? Is it reasonable?
Students: Yes, reasonable... ok...

The teacher: Could you tell me what is the difference of this question from the
previous ones?

Students: We put a function instead of x for the first time... there are both
a variable and a function in the image of composition function.

The teacher: Well done, you are right. So, is there any person who can use
another strategy to solve the question?

Students: Nope...

In this example, students suggest a wrong strategy and the teacher discuss with them

so that they can understand why it is wrong. After the clarification of wrong answer, the
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teacher continued to correct strategy. At the end of the solution, she also asked reasonability
of the solution and connection of the question with other questions they have solved.

Therefore, she exactly used the metacognitive questioning in a true way.

In the seventh week, comprehension, strategy and reflection questions were asked by
the teacher; however, she skipped the connection questions. Since the researcher required
her to ask that type of question also, she asked for a few problems but not for all. From the
beginning of the seventh week, the teacher probably might be tired and distracted. In the
eighth week, on one day, she did not use any of metacognitive questions and for the others,
she asked comprehension and strategy questions for every problem but asked connection
-and reflection questions for some of them. In the ninth week, there were 4 lessons before the
posttest and the teacher again asked comprehension and strategy questions regularly but

connection and reflection questions rarely.

In the beginning of the study, the teacher was in difficulty to implement all the
metacognitive questions to the given problem and so she was stressful. In time, she got used
to the IMPROVE model and became more confident. Unfortunately, her implementations
were deficient towards the end of the study since connection and reflection questions
sometimes were skipped towards the end of the study. On the other hand, she changed her
reactions to wrong answers of students. Although at the beginning, she emphasized only the
reason behind the correct solution and why it was logical; in time, she started to discuss why
the answer was wrong also with respect to feedbacks from the researcher. She tried to
understand why students were in difficulty when they could not understand a specific point,

then tried to lead students with metacognitive questions.

The aim of the cooperative settings was to provide students to work in heterogeneous
groups and transfer their ideas with group discussions. Two heterogencous group works
were done along with this study. Each group included three or four students and groups were
tried to be heterogencous in terms of the academic level. Therefore, high, middle and low
achieving students worked together. At the beginning of the semester, all students
participated to the study were tested and they were assigned to these groups with respect to
success level. Group members exchanged during the semester to maintain heterogeneity in

the groups.
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The researcher did not interfere to lessons but only in group discussions, the teacher
and researcher joined to groups for 3-4 minutes to model metacognitive gquestions, and
observed and promoted students to use them. Students could take help from teacher or
researcher if team members could not agree on the problem. The researcher inference may
decrease the external validity but it was needed to observe students to use metacognitive
questioning. At the end of the lesson, the teacher emphasized the main ideas and presented

additional explanations if it was needed.

Along with this study, the teacher gave two formative test including both similar with
and different from the ones solved in the classroom (Appendix L). Students who gave 80%
correct- answers took enrichment activities about the learned unit so that they could go
beyond whereas the others took corrective activities that are similar with the ones in the test
as presented in the IMPROVE model (Mevarech and Kramarski, 1997). As different from
the regular group works, students work in homogeneous groups during corrective or
enrichment activities. After formative tests, two corrective and enrichment activities were

done within this study (Appendix M).

The control group, on the other hand, learned with the traditional teaching method
including question answering and individualized practices. Therefore, they learned the same
topic with the same materials and examples; however they did not trained in metacognitive
questioning or in a cooperative settings. The teacher was not interfered by the researcher as
long as she used the same examples with experimental group. She generally began to lessons
by reminding the previous lesson and taught new topic. She preferred to give mathematical
definition of terms before real life examples in contrast to treatment group and also she and
students did not discuss on the real life problem. The teacher just explained the example as
that there is such a situation about this concept and that’s was all. Then she solved some
questions firstly and explained students how they should approach the problem. After she
showed some example problems, she gave time to students for the followings so that they
can work on the problems on their own individually, After students shared their answers

with the teacher, she solved the problem on the board.

When she started to solve a problem, she examined the givens and unknown of the

question but she did not emphasize to students to consider these factors for every question



41

regularly. She also explained why she chose that solution for any question. However, she
neither asked students whether they have different strategies or not and where they have
difficulty for that question nor she asked the connection between questions. Although she
sometimes used comprehension and strategy questions, this is not critical for the
implementation of the IMPROVE method because Mevarech and Kramarski (1997)
emphasized that even the control group teachers use some metacognitive questions, they do
not this deliberately and systematically as in the experimental group and they do not call it
as metacognitive questioning. Therefore, students are not aware of the advantages of
metacognitive questioning and they are not leaded to use metacognitive questioning during
their problem solving process. An example problem solving of control group teacher was

given below.

The teacher: In functions problems, I generally start from the unknown. What
does (fog)(2) mean? It means to find flg(x)}]. Where is g(x)? Here, but which
number do you look for? 2. Which number should you put in place of x to get

g(2)?
Students: 0.

The teacher: 0, then let’s write it. g(0+2)=2.0+1, so g(2)=1. Then the question
now is what f{1) is. Now, {is a linear function and I showed you a short way
before. F takes 2 and match with 4. If it takes 4, it matches with 8. Here the
important thing is the difference between numbers. What is the difference
between 2 and 4?

Students: 2.

The teacher: 2 and their images increases...?

Students: 4,

The teacher: So, how many does it increase for 1 difference?
Students: 2.

The teacher: What does it look for? {{1), so we should decrease it 1 and its
image will decrease 2. Subtract 2 from 4 and it 1s found as 2. Any question?

Students: Ok...

Further, control group students did not work in cooperative settings or have a chance
to exchange their ideas. They also did not receive corrective or enrichment feedback after
formative assessment. The control group teacher solved some questions from the correction

or enrichment activities worksheet on the board as just part of her lesson.
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3.7. Validity and Reliability

Quantitative reliability refers to consistency and stability of scores of participants
over time according to Creswell and Clark’s definition (2011). It can be assessed with alpha
coefficient that is one of internal consistency methods (Fraenkel and Wallen, 2003).
Therefore, a pilot study was conducted to examine the reliability of achievement test
developed for this study. Reliability coefficients were calculated in pilot study and also in
main study. Further, interrater reliability was examined and reliability of MSLQ

questionnaire was calculated as presented in the struments section,

Quantitative validity, on the other hand, means whether the scores obtained from the
participants point out the construct to be measured (Creswell and Clark, 2011). In this study,
experts’ opinions were taken and necessary regulations were done to provide validity of the
mstruments as mentioned in the instruments section. The following paragraphs covers the

internal and external validity issues related to this study.

External Validity refers to the generalizability of results of a study to other studies
(Vaus, 2001). In this study, generalizability range is not so far since the study group is small;
however, it can be generalized for the studies having similar constructs such as participants
with similar characteristics or similar school climate and opportunities. Further extend of the
external validity can be increased by replicating the study with different groups (Vaus,

2001).

Internal Validity, on the other hand, refers to that the difference on the dependent
variable originates from the independent variable directly not from other external variables
(Fraenkel and Wallen, 2003). This means whether the instruments used in the study really
measure what it is wanted to measure. Therefore, the internal validity in this research refers
to the degree to which instruction type made a difference on students’ achievements on
function topic and self-regulation skills. Threats to internal validity that are related to this
study were subject characteristics, instrumentation, testing, history, statistical regression,

implementation, diffusion of treatment, resentful demoralization and compensatory rivalry.

When participants of the study are not selected randomly, subject characteristics

threat may occur because the difference between groups may come from the difference on
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participants’ age, intelligence, attitude, fluency or reading ability etc (Fraenkel and Wallen,
2003). In this study, participants were selected with convenient sampling and quasi-
experimental groups were used. However, the equalization of groups was examined with
pretest analysis and it showed that the groups were equal on achievement test and MSLQ
questionnaire at the beginning of the study. Therefore, the study was decided to be conducted

with these groups.

Instrumentation threat refers in which way instruments are used. Data collector
characteristics such as age, gender or experience may affect the results or data collector may
have some unconscious bias to make certain outcomes (Fraenkel and Wallen, 2003). The
researcher of this study has one year teaching experience and-took lessons on conducting
educational researches and data analysis in master education. Further, expert opinions were
taken during data collection and analysis processes. Another mathematics teacher also was
asked for scoring the achievement test again to get an agreement on scoring. Since MSLQ
is a likert type test, its scoring was objective naturally. Moreover, the researcher did not

interfere to students’ answers during think aloud process on function probiems.

Testing threat refers that participants may be alerted to the questions on pretest and
they can remember the answers if the implementation period is too short (Fraenkel and
Wallen, 2003). The period of implementation in this study was not too short for students to
remember the answers. One of the reason to choose functions topic in this study was that it

is long enough, There was two months period between pre and postiests.

Regression threaf occurs when there are extreme scores on pre intervention
measures. (Fraenkel and Wallen, 2003). Although the study groups were not selected
randomly in this study, regression did not become a problem since there was no extreme

scores on the tests according to data analysis results.

If some unanticipated events occur during the study and these events affect the
responses of participants, then history threat takes place (Fraenkel and Wallen, 2003).
Towards the end of the semester and this study, students had some school projects which
might have caused distraction from the study. The intervention group teacher might also

have been distracted towards the end because of her other responsibilities which was a threat
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to the implementation. The researcher provided necessary lesson plans and other materials
for the teacher and continuously tried to support and motivate the teacher to prevent this

treat. Additionally, students were often emphasized the importance of the study by teachers.

Implementation fhreat may occur in two ways. The first one come from the
implementation of different methods by different individuals and the second occurs when
individuals have some bias on methods (Fraenkel and Wallen, 2003). This threat was an
important factor in this study since different teachers taught the intervention and the control
group. The teaching experience of the control group teacher was 3 years more than the
intervention group teacher. Further, control group teacher graduated from mathematics
education department whereas intervention group teacher graduated from mathematics
department and took pedagogical formation later. However, the school climate was close to
traditional teaching strategies, and thanks to the unstructured meetings with teachers, it can
be said that they were not so different. Further, despite their different characteristics, they
are tried to be equalized by using the same lesson plans and materials prepared by the

researcher. They were observed and often were given feedbacks by the researcher.

Diffusion of treatment refers to the transferring of knowledge about the
implementation from intervention group students to control group (Creswell and Piano
Clark, 2011). This threat was not serious for this study since metacognitive changes are

difficult to observe and also the key point of the treatment was to imply it on participants as

~deliberately and systematically as emphasized by developers of the instruction method

(Mevarech and Kramarski, 1997). Therefore, even if conirol group students took
metacognitive question prompt card from their friends in intervention group, they would not
see the systematic implementation of these questions and they would not attempt to use them

effectively.

Resentful demoralization and compensatory rivalry occurs when control group
students know that the other group take some favored implementation and expected that they
would be higher achievers, so they may be resentfully demoralized towards the
measurements (Creswell and Piano Clark, 2011). This threat was handled by giving an

impression to students such that both groups receives a treatment since both them
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experienced some activities different from their usual lessons like examples including

modeling real life situations or they had same quizzes and extra problems.

Treatment fidelity may come from that the implementer of the treatment could not
exactly follow the procedures organized by the researcher (Mertens, 2005). There were some
difficulties in the implementation of this study. The treatment in this study was not
implemented adequately due to the history of the intervention teacher as mentioned in the
treatment part. The researcher tried to prevent this treat by helping some other works of the
teacher so that she could be focus on the intervention effectively. Further, the teacher was
allowed to organize extra study hours with students after school so that the control and the
experimental group teachers could proceed at an equal rate. However, the teacher did not

use metacognitive questioning in this extra time.

Strength of the experimental treatment concerns about whether the duration of the
treatment is enough to get effective results or not (Mertens, 2005). The treatment in this
study implemented along function unit and so had continued for 2 months. Since
metacognitive changes can be observed in long time periods (Schunk and Zimmerman,

1998), duration of the treatment in this study might not be adequate to observe changes.
3.8. Data Analysis
3.8.1. Pilot Study

Achievement test used in this study was developed by the researcher and in order to
investigate the validity and reliability of the test, a pilot study was conducted. It implemented
in another classroom m the same school so that students would have similar background
with the sample of the main study. Seventeen 10" grade students participated to the pilot
study and further three 11% grade students were asked whether the questions are clear enough
since the test includes function questions which 9% graders have not seen yet. Therefore,
suggestions of students were considered during the adjustment of the test before the main

study.

The instrument was examined by two academicians at Bogazi¢i University and two

mathematics teacher in the colliege. Two academicians have PhD degree in mathematics
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education and two teacher have master degree in mathematics and mathematics education.
The test was mcluded 20 open ended questions and the items were distributed to objectives
according to the number of subtopics of each objective. The experts presented their ideas
about both the number of questions and whether the questions were compatible with the
objectives in the curriculum of Ministry of Turkish Education. After review and
recommendations of experts, the test was revised and reconstructed. Then final approval of
experts was taken. Further, Cronbach Alfa is used to test reliability of the nstrument and it
was found as .677 which shows the instrument is reliable enough (Schmitt, 1996;

Griethuijsen et al., 2014). The validity and reliability concerns were met by the researcher.

3.8.2. Quantitative Data Analysis

3.8.2.1 Mathematics Achievement. Achievement test on functions was given to students to

search whether there is an effect of metacognitive strategy based mstruction on students’
achievement. Students’ scores in pre and posttest were analyzed to compare the difference

between control and mtervention group.

In order to decide which inferential statistics is appropriate to use, assumptions of t-
test were examined. Shapiro-Wilk test of normality was used to observe the distributions of
scores on tests. Both pre and post test scores were tested for normality of data for both control
and intervention groups and all they had normal distribution: control group pretest (J#= .98,
p>.05), intervention group pretest (W=.95, p>.05), control group posttest (J#=.92, p>.05),
intervention group posttest (#=.92, p>.05). Further skewness is another factor affecting
normality; however, skewness values were found between -1.0 and +1.0 for all measures

and so it can be said that scores on the test had normal distribution (Morgan et al., 2013).

Further, second assumption t test is homogeneity of variances. It was examined with
Levene’s test for homogeneity of variances and the variances were found to be equal for
control and intervention group pretest (#(1, 34)= .68, p=417) and posttest (F(1, 34)=48,
p=50)

Since the assumption of normality and homogeneity of variances were not violated,

independent samples t test was conducted to define whether there is a statistically significant
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difference between the scores of two groups. Before conducting t test, reliability test was

also run for both pre and posttest.

3.8.2.2 Self-Regulation Skills. In order to investigate the effect of the metacognitive strategy
based instruction on students’ self-regulatory skills, Motivated Strategy and Learning
Questionnaire {MSLQ) was given to students. Its four components were used in this study
related to self-regulated learning: self-regulation, metacognitive strategy use, self-efficacy
and intrinsic value. All compenents analyzed separately with t test or Mann Whitney
depending on the assumptions of t test. MANOV A could not be used to compare differences

among these variables because the assumption of linearity between dependent variables

could not be hold.

Shapiro Wilk test of normality was run and skewness was examined to define
whether students’ scores on the questionnaire had normal distribution for subscales of self-
regulation, metacognitive strategy use, self-efficacy, intrinsic value and test anxiety. Further,

Levene’s test for homogeneity of variances was also used for each of these subscales.

Assumptions of normality and homogeneity of variances for t-test were examined
for self-regulation after 3 items were deleted to increase reliability coefficient. Both control
and intervention group scores on self-regulation had normal distribution: control group
pretest (W=.89, p>.05), intervention group pretest (#=.95, p>.05), control group posttest
(W=.95, p>.05), intervention group. posttest (W=.93, p>.05). Further, second assumption t
test, homogeneity of variances, was examined with Levene’s test for homogeneity of
variances and the variances were found to be equal for control and intervention group pretest
(F(1, 34)=1.57, p=219) and posttest (F(1, 34)=153, p=472}. Since the assumptions oft test

was provided and there were two independent groups, independent samples t-test was run.

Assumptions of t-test were not provided for metacognitive strategy use subscale.
Therefore, Mann Whitney U test was used to investigate the difference between control and

intervention group.

Both control and intervention group scores on self-efficacy had normal distribution
according to Shapirc Wilk test of normality: control group pretest (W=.92, p>.05),
intervention group pretest (=96, p>.05), control group posttest (H=.89, p>.05),
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intervention group posttest (=97, p>.05). Further, second assumption t test, homogeneity
of variances, was examined with Levene’s test for homogeneity of variances and the
variances were found to be equal for control and mntervention group pretest (#{1, 34)=0.302,
p=587) and posttest (F(1, 34)70.025, p=.875) for self-efficacy. Therefore, assumptions of

normality and homogeneity of variances for t-test were not violated for self-efficacy.

On the other hand, students’ scores on mtrinsic value had also normal distribution
according to Shapiro Wilk test of normality: control group pretest (W=.96, p>.05),
intervention group pretest (W=.97, p>.05), control group posttest (=89, p>.05),
intervention group posttest (W=.96, p=>.05). Further, Levene’s test for homogeneity of
variances was conducted for intrinsic value and variances were found to be equal for control
and intervention group pretest (£#(1, 34)= 0.083, p=.775) and posttest (F(1, 34)=1.416,
p=.242). Therefore, assumptions of normality and homogeneity of variances for t-test were

provided for intrinsic value.

As a result, mdependent sample t-test was used to analyze self-regulation, self-
efficacy and intrinsic value whereas Mann Whitney U test was used to analyze
metacognitive strategy use. The scores on each subscale of control and intervention group
was compared in pre and posttest, therefore the difference between two groups was

examined to define whether it statistically significant or not.

3.8.3. . Qualitative Data Analysis

This study was implemented throughout functions unit and how students’ question
posing practices change during two-month period was measured by think aloud sessions
with voluntary students from both experimental and control groups. These sessions were
audio-recorded and transcripts of records were done by researcher. Content analysis was
conducted to interpret the data. In order to examine students’ questions, predetermined
categories were used and these were the types of the metacognitive questions used in
IMPROVE method: comprehension, strategy, comnection and reflection questions.
Therefore, researcher classified students’ questions according to these four types of

questions after the data was read and reviewed many times.
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4. RESULTS

4.1. Students’ Achievement on Functions

The first research question was whether mathematics achievement of 10™ grade
students who learned with metacognitive strategy instruction was statistically different from
those who learned with traditional methods or not. Therefore, achievement test on functions

was completed by students as pre and posttest.

Descriptive statistics about students’ scores on achievement test showed that the
control group had higher mean score (4=19.69; SD= 6.30) on pretest than intervention group
(AM=18.10; SD=5.25) whereas they had lower mean score on posttest (M=42.56; SD=13.85)
than the intervention group. (M=48.75; SD=15.47) as can be seen from Table 4.1. This
means that intervention group had showed a greater development than control group.
Therefore, it can be concluded that intervention group students gained a higher development

thanks to the instruction method.

Table 4.1. Descriptive statistics on achievement scores

Descriptive Statistics
' ' Std.

groups N : Range Min E Max Mean Deviation | Variance
intervention Ach pre 20 19 9 28 18.10 5251 27.568
group Ach_post 20 54 15 69 4875 15468 239250

Valid N 20 ' | '

(listwise) |
control Ach pre 16 23 8 f 31 19.69 6.300 39.696
group Ach post 16 48 22: 705 42.56 13.851 191.863

Vatid N 16 | '

{listwise)

On the other hand, it was needed to examine the magnitude of the effect of the
instruction and so effect size was examined. Cohen’s d value was calculated as 42 for

posttest results. It shows that the difference between control and intervention group has
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medium effect size. Therefore, it can be concluded that the intervention group gained higher

development.

In order to examine the statistical significance, inferential statistics was also
conducted. Since the assumptions of t test was provided and there were two independent
groups, independent samples t-test was run. The results of t-test to examine whether there is
a significant difference between the intervention group and control group pretest scores are
given in Table 4.2. As can be seen from the table, t-test indicated that there is not a
statistically significant difference between the control group pretest scores (44=19.69, SD=
6.30) and ntervention group pretest scores (M=18.10, $SD=5.25) conditions; #34)=.83,
p=0.42. Therefore, two groups were approximately equal for knowledge on functions at the

beginning of the study.

Table 4.2. T-test resuits for ackievement on functions test

Independent Samples Test
Levene's  Test for
Equality of Variances  t-test for Equality of Means
| : 195% Confidence
Mean Std. Frror - Interval  of the
Sig. (2—; Differenc  Differenc _Difference
F Sig, 1 daf tailed) e 5 " Lower  Upper
Ach Equa 676 417 -825 34 415 -1.587 1.924 5.498  2.323
pre  variances : ' :
assurned
Equal 808 29186 426  :-1.587 1.965 L -5.604 12.429
variances ' :
not
assumed
Ach_ Equal 475 493 1.248 34 220 6188 4.956 . -3.885 16.260
post  variances . . :
assurned
IEqual 1.264 33520 215 ;6.188 4.894 3764 016.139
variances : : :
not
assumed
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At the end of the study, posttest was conducted tc measure whether a significant
difference occurred between two groups or not. Posttest results were analyzed with
independent samples t-test again since the assumptions were not violated. T-fest analyses
showed that there is not a statistically significant difference between the control group
posttest scores (M=42.56, SD=13.86) and the intervention group posttest scores (M=48.75;
SD=15.47) conditions; 1(34)=1.25, p=0.22. The results of t-test were given in the table 4.2.

Although, inferential analysis did not show a statistically significant difference
between two groups, practical significance is more important in studies with small sample
size (Fraenkel and Wallen, 2003) and so it can be concluded that intervention provided

students a development on their achievement in practical terms depending on effect size.
4.2. Students’ Self-Regulation Skills

The second research question was whether self-regulation level of 10 grade students
who learned with metacognitive strategy instruction statistically different from those who
learned with traditional methods or not. In order to seek this difference, students were given
MSLQ questionnaire as pre and posttest. Four subscale of MSLQ were used in line with the
aim of this study. These were self-regulation, metacognitive strategy use, self-efficacy and

intrinsic value. Each subscale was analyzed separately.
4.2.1. Self-Regulation

Descriptive statistics about students’ scores on self-regulation showed that the
control group decreased their mean score from pretest (M=28.38; SD= 7.48) to posttest
(M=27.06, SD=8.47) whereas intervention group increased their mean score from pretest
(M=29.05; §D=6.01) to posttest (A=29.60; SD=6.97) as can be seen from Table 4.3. On the
other hand, since it was needed to examine the magnitude of the effect of the instruction,
effect size was examined. Cohen’s d value was calculated as .33 for posttest results. It shows
that the effect of the intervention is at medium size effect. This means that intervention group

students gained a development in practical terms thanks to the instruction method.



Table 4.3. Descriptive statistics on self-regulation scores

Descriptive Statistics

groups N © Min Max . Mean - Std. Deviation

intervention group SRegulation pre 6item 20° 14: 39 29.05 6.013
SRegulation post Gitem 20 - 1(.)E 40 29.60 6.969
Valid N (listwise) 20 |

control group SRegulation_pre 6item 16 12 37 28.38 7.482
SRegulation post Gitem 16 6 39 27.06° 8.465
Valid N (listwise) 16 :

In order to examine the statistical significance, t-test was also conducted since the
assumptions of t test was provided. The results of t-test to examine whether there is a
significant difference between the intervention group and control group pretest scores are
given in Table 4.4. As can be seen from the table, there is not a statistically significant
difference between the control group pretest scores (A=28.38, SD="7.48) and intervention
group pretest scores (M=29.05, SD=6.01} conditions; #(34)=30, p=0.77. Therefore, two

groups were approximately equal for self-regulation at the beginning of the study.

At the end of the study, posttest results were analyzed with independent samples t
test again since the assumptions were not violated. T test analyses showed that there is not a
statistically significant difference between the control group posttest scores (M=27.06,
SD=8.47) and the intervention group posttest scores (A4=29.60, SD=6.97) conditions;
1(34)=.99, p=0.33. The results of't test were given in the table 4.4.

Although, inferential analysis did not show a statistically significant difference
between two groups, intervention provided students a development on their self-regulation

in practical terms depending on medium effect size.
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Table 4.4. T-test results for the subscale of self-regulation

Independent Samples Test
Levene's Test
for Equality of
Variances t-test for Equality of Means
L 1 95% Confidence
_ : ‘Interval of the
Sig (- Mean  Sd  Eror Difference
¥ Sig. t df tailed)  Difference ' Differcnce | Lower | Upper
SRegulation_  Equal 1567 219 300 34 766 < .675 ;2.248 3893 5.043
pre_6item variances : : :
assumed
Equal 293 8 T 65 23044080 5390
variances : .: %498 : ; E :
not . .
assumed :
SRegulation Equal 528 472 987 34 331 2.538 2571 2687 1962
post_6itemn variances ' ' : E : :
assumed :
Equal 965 528. 342 2.538 12,628 ?_-2.833 :7.913
variances ;955 ' :' :
not .
assumed

4.2.2, Metacognitive Strategy Use

According to the descriptive statistics about students’ scores on metacognitive
strategy use, the control group decreased their mean score from pretest (M=64.37;
SP=13.96) to posttest (M=63.50, SD=18.54) whereas intervention group increased their
mean score from pretest (M=67.50; SD=11.15) to posttest (A=68.35; SD=13.60) as can be
seen from Table 4.5. On the other hand, effect size was also calculated to examine the
magnitude of the effect of the instruction. Cohen’s d value was found as .30 for posttest
results, which is at medium size effect. Therefore, it can be concluded that intervention group

students gamed a development in practical terms thanks to the mnstruction method.
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Table 4.5. Descriptive statistic on metacognitive strategy use

Descriptive Statistics

groups N Min Max Mean Std. Deviation

intervention group  StrategyUse pre 20 44 83 67.50 11.152
StrategylUse post 20 33 86; 68.35 13.601
Valid N (listwise) 20 :

control group StrategyUse pre 16 37 81 64.37 13.956
StrategyUse post 16 : 13 82 63.50° 18.536
Valid N (listwise) 16! |

Mann Whitney U test also was run for statistical significance. The results showed
that there is not a stafistically significant difference on metacognitive strategy use between
control group pretest score (M=64.37; $0=13.96) and intervention group pretest score
{M=67.50; SD=11.15), U=145, p=.63. Posttest results also showed there is not a statistical
significance between control group (4=63.50, SD=18.54) and intervention group (M=68.35;
SD=13.60), U=142, p=58. Nevertheless the difference had practical significance (Table 4.6)

Table 4.6. Mann Whitney Test for metacognitive strategy use

Test Statistics®

Strategylse pre StrategyUse post
Mann-Whitney U 145.000 142.500
Wilcoxon W 281.000 278.500
Z - 479 -.558
Asymp. Sig. (2-tailed) 632 577
Exact Sig. [2*(1-tailed Sig.)] 6480 .58

a. Grouping Variable: groups

b. Not corrected for ties.

4.2.3. Self-efficacy

According to the descriptive statistics about students’ scores on self-efficacy, both
group experienced a decrease on their scores (Table 4.7). The mean score of control group
students was 44.00 in pretest (S1=9.06) and 42.38 in posttest (SD=11.84). The mean score
of intervention group students, on the other hand, was 42.40 in pretest (SD=10.64) and 39.85
in posttest (SD=10.48). Further, control group students had higher score in both pre and

posttest than intervention group students.



Table 4.7. Descriptive statistics on self-efficacy

Descriptive Statistics
groups N Min Max Mean Std. Deviation
intervention group  Selfefficacy pre 20 17 59 42,40 10.640
Selfefficacy post 20 18 60 39.85 10.484
Valid N (listwise) 20
control group Selfefficacy pre 16 28 59 44.00 9.063
Selfefficacy post 16 9 59 . 42.38 11.837
Valid N {listwise) 16
Table 4.8. T-test resuits for self-efficacy
Independent Samples Test
Levene's Test
for Equality -
of Variances : t-test for Equality of Means
Std. 95% Confidence
Mean Error Interval of the
: “Sig. (2~ Differen = Differen _Difference
F Sig. t dfr tailed) ce ce Lower :Upper
Selfefficacy Equal 302 ¢ 587 -478 34 636 . -1.600 3346 -8.399 5.199
_pre variances | : :
assumed
Equal =487 ©33.837 629 -1.600  © 3.285 -8.278 . 5.078
variances not |
assumed _
Selfefficacy FEqual 025 875 --078 - 34 £.502 -2.525 3724 -10.092 5.042
_post variances :
assumed :
Equal 669 30311509 2525 3775 - -10.232 582

variances not

assumed

independent samples t test was run to examine the significance of the difference on
self-efficacy scores of two groups and according to the results of t-test, there is not a
statistically significant difference on students’ self-efficacy for both pretest conditions;

t(34)=.48, p=0.64 and posttest conditions; #(34)=.68, p=0.50 (Table 4.8)




4.2.4, Imtrimsic Value

Descriptive statistics about students’ scores on intrinsic value showed that both
groups experienced a decrease on their scores (Table 4.9). The mean score of control group
students was 45.94 in pretest (50=9.15) and 44.63 in posttest (SD:12.41). The mean score
of intervention group students, on the other hand, was 45.90 in pretest (SD=7.72) and 44.40
in posttest {(SD=7.93). Further, control group students had higher score in both pre and

posttest than intervention group students.

Table 4.9. Descriptive statistics for intrinsic value

Descriptive Statistics

groups N Min Max Mean Std. Deviation

intervention group | IntrinsicValue pre 20 32 60 45.90 7.718
IntrinsicValue post 20 33 60 44.40 7.930
Valid N (listwise) 20

control group IntrinsicValue pre 16 28 61 45.94 9.154
IntrinsicValuec post 16 12 59 44.63 12.414
Valid N (listwise) 16

Independent samples { test also was run to examine the significance of the difference
on intrinsic value scores of two groups and the results of t-test showed that there is not a

statistically significant difference on students’ intrinsic value for both pretest conditions;

1(34)=.01, p=0.99 and posttest conditions; #(34)=.07, p=0.95 (Table 4.10)




Table 4.10. T-iest results for intrinsic value

Independent Samples Test

Levene's Test for
Equality of
Variances t-test for Equality of Means
Std. 95%  Confidence
Sig. Mean Error Interval of the
2- Differen | Differen | Difference
F Sig. i dr tailed) | ce ce Lower | Upper
Intrinsic | Equal 083 775 -3 134 989 1-038 2.811 -5.751 | 5.676
Value_pr | variances
¢ assumed
Equal -013 129.404|.990 1-038 2.866 -5.896 |5.821
variances
not
assumed
Intrinsic | Equal 1.416 |.242 -066 |34 948 1-225 3.406 -7.147 ] 6.697
Value p | variances
ost assumed
Equal - 063 |24.3431.950 {-225 3.574 -7.597 | 7.147
variances
not
assumed

4.3. Students’ Questioning Skills
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Quahtative data was collected for the third research question of'this study. Therefore,

the change on students’ questioning skills was examined via individual interviews with

voluntary students. Four students from intervention group and 3 students from control group

were interviewed at the beginning, middle and end of the study. During the interviews,

students were asked to solve function problems thinking aloud in orders to observe their

thinking process and also intervention students were asked about ideas about the instruction.

Students’ solution process were examined according to the four type of

metacognitive questions. First type is comprehension questions, which includes to search

givens, unknown or concepts and also type of the problem. Strategy questions are “What is

the appropriate strategy for this problem? Why and how I can imply it? I can do... since...”
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Connection questions are to search whether there is a difference or similarity between the
current problem and previous ones. Lastly, reflection questions includes “Is it reasonable?”,
“how can I explain my solution?”, “how can I find another solution?” or “Where could |

make a mistake?

Intervention group students were coded as PE# and control group students were
coded as PC#. In the following sub-sections, development of questioning skills for each
student is examined by giving excerpts from each think-aloud problem solving session.

Phrases in the excerpts indicating four types of questions are given in italic type face.

4.3.1. Development in Questioning Skills of PE1

4.3.1.1 Comprehension Questions. First student from intervention group, PEI1, asked

comprehension questions during all interviews. However, she focused on just givens in the
first interview before applying strategy whereas she paid attention to the unknown also in

following interviews.

An excerpt from the first interview below shows she looked at givens of the problem
since she used phrases like “it said...” or “It is given...” and so it can be said that she used

comprehension questions:

PE1: Now, I am thinking in that way. It said me that a sapling is growing
15 cm every year and time was givern as month. I think one year is 12 months
and can I do something from this. But... uh... 15 cm every year... It grows 15
cm every year... I am confused.

Then started to solve the problem without searching a relation with unknown. Before
she paid attention to what the problem asks, she could not answer her strategy questions.

After a long time, she looked the months asked and recognized that it was a multiplier of 12:

PE1: Relation between the height of sapling and time passed... Its first
height is 60 cm and asks what it will be after 4 months... for 12 months... 4
month, ah, I can do it. If it grows 15 cm in 12 months, how much does it grow
in 4 months? [ am calculating the proportion. ..

Another excerpt from first interview indicates that she carefully examine the givens

of the problem:
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PE1: I say that f{4)=3 was giver and let me use it by putting 4 in place of x.
I can find something from that. Mm... So, m. x is equals to 4m. Ah, if says that
part is equal to 3 also, isn’t it? T am confused a little. I am ashamed.

Researcher: We already have started to unit, it is normal. Please do not be
shy and continue.

PEI1: In... It gives me such an information f{4)=3. If it says this, I think I
should use it in some way. So, I think to put 4 for x...

On the other hand, she considered the unknown additionally before she was applied

her strategy in second interview. She also defined the mathematical concept. Example

excerpts for two questions were given below:

PEI: f goes from R to R. It is defined and a constant function. /¥ asks me the
value of k. I think that if it is a constant function, it should give the same output
whatever I put in place of x.

Another example part from second interview:

PE1: Solution sef... It gave me that f goes from R to R and it was defined.
Let me product these firstly. x2-3x-2x+6 I guess. If I regulate it, it becomes x2-
5x+6. Ok, it asks me the solution set of the equation f{(x+1)=0...

In the third interview, she used comprehension questions by examining both givens

and unknown of the problem again:

PE1: f(3*+1)=9"+1 and f''(a)=4, then what is a? Firstly, it asks a and gives
the inverse of { for a is 4. T want to change it as f{4). So, f{4)=a.

Another excerpt from third interview for comprehension questions:

PEL: If they are given, what is ¢'(3)? Fistly, 1 start by rewriting this.
flg?(x+1))=3x-2. Mm... I think that... Should I calculate the composition
function? Otherwise, I can try to make this 3 since it asks g™'(3).

4.3.1.2 Strategy Questions: After PE1 examined the comprehension questions, she thought

about the solution and asked herself strategy questions like “What can I do now?” or “How

can I use 1t?”

An excerpt from the first interview shows she used strategy questions:



PE1: I think that it grows 15 cm every year and it was given as month. 1
year is 12 months but then I think it is nonsensical becaunse 15 and 12 are
irrelevant numbers. What can I do now?... Its height is 60 cm at the beginning.
15 cm every vear... What can I conclude here? 1 guess [ won’t able to solve it.
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In another excerpt from the first interview, she tried to develop her strategy

depending on the given of the problem:

PE1: Now, I put 4 for x, then 6 divided by 3 is 2. But... 4, I could not find
4 here. [ need 4. How can I get it, | cannot understand. If I give 4 for x, then

here )—E% should be equal to 4. I tried to continue such that but I could not find

something 1 want. Therefore, I should give such a value for x so thai f take 4 as
input. However, I cannot find that value. ..

In second interview, she again asked strategy questions:

PE1: I know but could not remember now, how can I find k. Let me put 1
for x. Maybe I remember then... f{1)=(k-2).1°*. Mm._. can’t remember... How
can I do? Ah, yes, I need to wipe off the term including x. Ok, I am trying again.
Since it is a constant function, the output should be constant. So, it should not
include variable. Then I try to make variable 0. ..

Another example part for strategy question as:

PEL: Ok, it asks me the solution set of the equation f{x+1)=0.... So, what?
Mm, f{x)=x*-5x+6... then I can put x+1 instead of x in the function. I cantry...

In the third interview, she did not ask strategy questions clearly but it can be said that

she used this type of question since she develop and explains her strategy:

PE1: Then what is it? 1 can try to make 4 the inside of given function f. That
is, 3*+1=4. 3*=3. So, xis 1. Then I put 1 in the function and f{4)= 9'+1. So, a
is equal to 10.

Another excerpt from third interview:

PE1: If they are given, what is g''(3)? Firstly, [ start by rewriting this. f{g"
Y(x+1))=3x-2. Mm... I think that... Should I calculate the composition
function? Otherwise, 1 can try to make this 3 since it asks g''(3). Then it equals
to f(x)+1{2) but it is nonsensical. It is meaningless. Ir, f(g"(x+1)) equals, I will
try to make 3 here. I say 2 for x, then , f{g'(3))=6-2. Is it 4? Yeah... I don’t
know. I guess it is nonsensical. Now, I think that I found f{x+2)=x-3. If{try to
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make x-3 equal to 4, x will be 7. If T put there also, it becomes 9. That is, g'(3)
can be equal to 9. 1 did so...

4.3.1.3 Connection Questions. PE! used connection questions once in each of first and

second interview by stating the similarity or difference of problems but she did not clearly
express these type of question in third interview. In the first interview, she connected the
problem with a real life example showed in the lesson by the teacher as part of the lesson
plan of this study. She remembered mathematical definition of functions depending on real

life adaptation of functions:

PE1: Firstly, it is not a function. | know this. There is “6” in the domain of
thefunction but it is similar with the example of our teacher. One person cannot
get on two bus at the same time, so we cannot match an element from the
domain of the function to two elements of the range of the function. This is why
it is not a function.

In the second interview, PE1 did a more complicated connection. It was not about to
convert formal mathematics o a concrete one. She connected two abstract mathematics

problem:

PE1: Largest domain of a function... I don’t know... We found largest
domain of functions at the beginning of the unit. Can we adap! it to composition
function here? But how? I could not remember exactly now but... Let me try to
open it... There is nothing to put for x. I don’t know... Maybe I can think in that
way. Its denominator cannot be 0. So, I can exclude it from some things, or...
...when we wanted to find largest domain, we excluded 0 from real numbers
since the denominator cannot be 0. I consider this for largest domain of a
function but we have not seen largest domain in composition function before,
so [ am a little confused. ..

4.3.1.4 Reflection Questions. If we examine reflection questions of PE1, she asked whether

her solution is reasonable or not in all three interviews. Examples from three interview were

given below respectively:

PE1: It gave me that f{4)=3. I think to do this part such that I can put 4 in
place of x and find some values. Then I can try f{0)... I must put 4 firstly for x.
Then I will try to continue with respect to the result. I am not sure but I will

try...
Researcher: Can you think aloud?

PE1: Ok, I will. Do [ bulishit. Tt was not like that.
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Researcher: Why do you think so?

PE1: T do because I found f{(2) by doing that. It is unrelated thing. It must
not be like that. Let me try again... f cannot think something reasonable. ..

In second interview:

PE1: It is a linear function in defined intervals. When 1 see a linear function,
I write f{(x)=ax+b... ... Then I can put 2 for x in linear function formula. So, it
become 2a+b which does not make sense I think. Let me try another one... For
example, it can be -2 also. Then I found the same thing... f{2)=2a+b... It goes
te nonsense, 1 cannot understand.

Same passage above from the third interview:

PEL:.. flg'(x+1)) equals, I will try to make 3 here. I say 2 for x, then, f{g"
1(3))=6-2. Is it 4? Yeah... I don’t know. I guess it won’t make sense. ..

Further, she examined only whether the solution make sense or not in first interview
whereas she added other sub questions in second and third interview. One of them is that
she looked for multiple thinking ways to solve problems in the others. An excerpt from
second interview shows that she thought about different ways to get correct solution in
addition to reasonability. By conjunction “Otherwise”, she started to explain another way to

continue the solution:

PEIL: ... Ok, §0). If x is equal to 0, f sends it to 4. That is f{4) but there is
110 4 in the table when I look it. I didn’t understand. I am confused of the table.
What if T think the reverse. x... When it is g(3)... No, it is not like that... ... there
is 3 under the column of g(x), so I think here as x, that is g(x). When it is 3, is
g(x) equal fo 07 Otherwise, should I look here for g(3)?... but it does not make
sense. [ think the first way was more reasonable...

Another answer in third interview shows her different thinking ways before the

solution:

PE1: If they are given, what is g'{(3)? Firstly, I start by rewriting this.
f{lg1(x+1))=3%-2. Mm... 1 think that... Should I calculate the composition
Sfunction? Otherwise, I can try to make ihis 3 since it asks g”'(3). Then it equals
to f{x)+1{2) but it is nonsensical.

Furthermore, she focused on calculation errors in first interview after she applied her

strategy whereas she searched the logical fallacies in the second interview. In the third
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interview, she locked for new ways in addition to recognizing her logic error. Her reactions

to mistake in the first interview is as below:

PE1: It doesn’t make sense. I couldn’t do this. Let me look again. 15 em for
12 months, then how many months for 70 ¢cm height for sapling? 7 think I did
incorrect multiplication. Let me try but I guess it won’t be solved. Again I did
proportion but the number is so strange...

In second mterview, she focused on the logic of her strategy rather than operations:

PE1: What can I do now? I did a mistake possibly but... mm... I am trying
to leave x alone. So, I have 4x=x*+8. I am dividing both sides by 4. Mm, but [
can't divide them when there is + sign here...

In the third interview, from the previous passage, she tried to find another way after

she recognized her first solution did not make sense:

PE1: I think it is nonsense. Mm, I think another way. | found that f{x+2)=x-
3. So, if T try to make x-3 take value 4, x will be 7. Then...

4.3.1.5 Semi-structured interview. Lastly, she identified her ideas about the instruction at the

end of second and third interview. In both them, she stated that she queried problems more
than before with metacognitive questions. She was tended to memorize problems before but
now she changed the way she think in her opinion. Her thinking and interpretation skills
were developed and she felt that she had to produce something on her own. An excerpt from

the second mterview is below;

PE1: Now, we examine everything we do. With metacognitive questions or
before, that 15 I think I am still like that but before for example this kind of
question should be solved in that way, I am a little rote-learner. But now, I
started to query more than before. Why I did such a thing or how I can do it in
a different way, etc. That is, | try to make interpretations on the problem instead
of just applying what is given to me.

When [ asked her disadvantages of the instruction, she stated that there was not any
disadvantage of the instruction method; however she was not sure about what if she starts to

query too much and be confused. An excerpt from second interview again:



64

PEl: We will enter an exam for university and we can encounter problems
that we have not seen before. So, I need to interpret and produce something on
my own. it is actually like not getting used to anything already prepared. This
is an advantage for me. [ cannot see any disadvantage. I think, yes really there
is not. Maybe... I may make me confused while querying something but it is
not so bad I think.

On the other hand, she said that she did not use metacognitive questions outside the
class if she can solve the problem. She only used when she was in difficulty in solution since
she thought that using question card is time-consuming. It can be seen from an excerpt from

third interview below:

PE1: I am not using question cards except fiom lessons. But, I think them
if I see a difficult problem like that how I can find more appropriate strategy.

Researcher: Why don’t you use these questions outside the class?

PE1: 1 don’t know, it is difficult to ask them. I think If ] have already solved
the problem then why should I use them? I don’t want to spent my time too
much if I can. I query only when [ cannot...

She also identified that it was difficult for her to find the relation between givens and
unknown of the problem. When 1 asked her how she can deal with this problem, she said
that she need to get it as habit to ask questions and she should not restrict herself as she

cannot do. An excerpt later on third interview is below:

PE1: I am in difficulty to find the relation between given and unknown. I
may fail to notice why it gave me such a thing.

Researcher: And what do you think to overcome this problem? Can you
overcome?

PEI: Yes, I can, by solving more problems. I should make it an habit. I
should be open to different kind of problems. When I see a different kind of
problem, I shouldn’t say that [ cannot do this. So, we should query now.

As aresult, PE1 developed herself in terms of metacognitive questioning. She started
to focus on unknown in addition to givens and she made higher level connections between
concepts or problems in time. Further, her reflections to mistakes changed in a way that she
considered on operational errors at the beginning and then she started to look for logical
errors and find other ways for solution. Moreover, she emphasized that she benefited from

the instruction since she was able to query more than before instead of memorizing problem

types.
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4.3.2. Development in Questioning Skills of PE2

4.3.2.1 Comprehension Questions. Second participant PE2 considers comprehension
questions in all three interview. He examines the givens and unknown of the problem. An

excerpt from first interview for comprehension questions was given below:

PE2: It said that the height of the sapling at the beginning was 60 cm. [ also
fmow that it grows 15 cm every year. It ask me to find its height afier 4 months,
doesn’t it?

In second interview, he said the givens but did not clearly stated the unknown as “It

asks...” He also defined a mathematical concept. Related excerpt is below:

PE2: It is given that (k-2).x™* is a constant function. I constant function, 1
will leave only the terms including x. Ah, nope, I only want numbers and will
try to get rid of x terms.

In third interview, PE2 focused unknown more than first two interviews:

PE2: f{3*+1)=9*+1 and it asks £'(a)=4...since it asks the inverse of f, that
is a, [ try to make here a and I will take the inverse...9*+1, n, it asks inverse
but... hm...

4.3.2.2 Strategy Questions. After he asked comprehension questions, he tried to explain his

strategy with reasons. An example passage from the first interview:

PE2: I can think if 15 cm in 12 months then how many ¢m in 4 months? [
can use proportion. 60 over 12, so it grows 5 cm in 4 months. ..

He again explained his strategy by focusing on concept definition in second

interview:

PE2: So, I try to make the coefficient of x as 0. Then k equals 2. Further, it
becomes 1 if the power of x is 0. 1 try to make power 0 also. Then k equals 5. I
found 2 and 5.

From another excerpt from third interview, it can be seen that he developed and

explained his strategy:
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PEZ2: I took the inverse of 3*+1. While doing it, I equalized the expression
in the function to y. here x terms... +1 goes as -1. I wrote x in place of y. So |
equalized x-1 to 3% It equals to 4 and asks a. Mmm...

4.3.2.3 Connection Questions. PE2 did not make any connection in any interview.

4.3.2.4 Reflection Questions. He also did not ask any reflection question in any interview.

He did not ask himself whether his solution is reasonable or not. When he did not find a

solution, he did not seek other ways.

Nevertheless, his ability of expressing thoughts and ideas was improved. He were
more confident in think aloud process in last interview. I asked too many times “What do
you think now” in first interview and he gradually became better in explaining his ideas. An

example from first interview:

PE2: ... It grew 10 cm... We know it grows 15 ¢m in one year...
Researcher: What do you think?

PE2: I, I will make a proportion between 10 and 15. I, time and months. I

want to change that into 3 things, 12 months. Since it says 15 cm in one year,
here is 75...

Researcher: What are you thinking now?

PE2: To find months... I can draw graphs but now that... Height of the
sapling is increasing in time. [1, we can show it on graph... [t grew 10 ¢m here.
There are 12 months in a year. If it grows 15 ¢m in one year, I said 15/12. To
find the amount of change in height for each month, 5/4. ..

Researcher: What do you think?
PE2: Hm, I am confused...
Researcher: You can say why you are confused?

PE2: Iy, It says 70 cm there. It grew 10 cm in a year. In, it grew 10 cmin a
period given to us... That is 85...

4.3.2.5 Semi-structured interview. At the end of second interview, he said that the instruction

method provided him comprehensive thinking and interpretation skills. He stated there was
ne disadvantage of the instruction; however, there were too many questions in the question
cards and he was in difficulty to remember all them. He suggested that the number of

questions should be decreased. Related excerpt is given below:
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PE2: It makes working easier since it has a systematic structure. .. It
provides us a comprehensive thinking. Instead of memorizing one type of
question, it supports to interpret many kind of questions, in addition to
operational and thinking skills... As disadvantages, I can only say that 1
cannot remember the questions in the metacognitive questions card. Questions
in the card is useful but I am in difficulty to remember them. There is no other
disadvantage.

Researcher: Ok, then what do you think te overcome this problem?

PEZ2: 11, it may be... decrease the number of items in the card. As 1
remember, there are 7 questions in the card and they can be unified and
decreased to 4 questions maybe...

In third interview, he again stated that the instruction was effective since they could
make connections between questions and find many different solutions for any question.
They supported each other by sharing their viewpoints for questions. Lastly, he said that he
did not use question prompt cards when he studied alone but if he was in difficulty for a

question, then he thought questions as he can remember. Related excerpt is below:

PE2: 11, 1t has a certain sequence. Previously there were many problems
we did not see in other mathematics topics. Now, they are similar. I don’t
want to say they are all same kind but they have some connections... We
found different solutions with different point of views. There were some
friends who can see the points that I cannot see. Maybe I see something that
another one cannot see. So, we supported each other. We solved problems ali
together... and I think it doesn’t has any disadvantage.

Researcher: Do you use metacognitive question cards?

PE2: I could not remember them so much while solving a problem. After a
while, I can see solution ways better. Maybe this is thanks to that card since I
looked at it at the beginning. But now I am not looking at it very much. If']
have a difficulty, then I examine of course...

In conclusion, he developed himself in asking comprehension questions only by
considering on the unknown better. Although he did not show a development in connection
or reflection questions, he developed in think aloud process, which means he developed
himself to make reasoning about his solutions. Further, he found the instruction beneficial
for them since it helps them interpret the problem although he did not get a habit to use

metacognitive questions out of the class. He also got benefit from cooperative works.
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4.3.3. Development in Questioning Skills of PE3

4.3.3.1 Comprehension Questions. Third student in the intervention group, PE3, asked

comprehension questions in all interviews. An example passage from the first interview

shows he used comprehension questions:

PE3: Let’s look at the table firstly. It is given that its first height is 60 cm...
It asks 4 months. .. It is also known that it grows 15 cm every year.

Another passage:

_ mx+1
x+1

PE3: It is given that { (g) and f{4)=3, then ir asks the value of

f0)...

In second interview, PE3 again used comprehension questions:
PE3: It is given that f{x+1)=0. f{x)=(x-2)}(x-3). Now I know f(x) and f(x+1).
In third interview also, comprehension questions can be seen:

PE3: Ok, composition function was defined here. An inverse function was
given and it asks the inverse again. Since it asks g(3) and gave f composition g,
it is more reasonable to try to solve by doing inverse.

4.3.3.2 Strategy Questions. He asked strategy questions also in all interview. An excerpt

from first interview shows that he defined his strategy:

PE3: So 15/12 is the amount of change in its height in 1| month. I guess 7
continue in that way. In order to find how much it will grow in 4 months, u, 7
can think there are three part as 4 months in a year. So, then [ can divide 15 by
3. The results is 5. That is, the height of the sapling will be 5 cm longer. Then,
if it is 60 cm at the beginning, I can say it will be 65 cm after 4 months. Then,
the height is given now and asks the time passing. I can continue from my
previous result. I calculated that it grows 5 cm in 4 months. Since it grow up to
70 cm, that is, it increases from 65 to 70 and so it must be passed 4 months
again. Therefore, I can say 8§ months I guess...

Another excerpt from the first interview:



PE3: If I make this part 3 and that part f{4), that is the upper part must be 8
and the lower part must be 2 or it must be 12 and 3. So what is x? I try 6 but
not. 11 is not. How can I do? I can do cross product I guess.

Second interview also has examples for his strategy using:

PE3: I can try that in equation of f{x+1) I can write (x-2)(x-3) in place of x.
But it may not be as that. Let { do the inverse and write x+1 in place of x. So
f{x+1)=1 I will write x+1 in place of x. (x+1-2)(x+1-3)... 1, if  do in such a
way, x+1, but one minute, it cannot be like that. I can write 0 everywhere I see
x+1. 1, it is not. I can try fo do multiplication but it seems very difficuit.

He developed his strategy in the third interview as well:

PE3: Since it asks g(3) and gave f composition g, it is more reasonable to
iry to solve by doing inverse. Firstly I am taking the mverse of f composition
the inverse of g. I1, it becomes g composition the inverse of £ (gof )(x+1)=3x-
2. Then open this composition as g(f “*(x+1))=3x-2. Then I take the inverse of
f defined in the problem so that f-can take x+1. Then I find f'(x-3)=x+2. So,
I should equalize x-3 and x+1. To do it, I write x-3=x+1. But 1, I should write
t, then... Actually I can find it as t+4 to get x+1. So [ will give x+4 for x...

interview:

PE3: It is given that f(—;ij—:) = "::1 and f{4)=3, then it asks the value of
f{0). I do not know what I can do in that kind of questions actually because [

did not review the last lessons. So, I think I can equalize the f values...
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4.3.3. 3 Connection Questions. Although PE3 asked comprehension, strategy and reflection
questions for most of the problems, he used connection questions for some problems but

again it can be seen examples from all three interviews. Below passage is from first

Another example from second interview shows that he tried to connect one of the

problems with those previously done in class although he could not reach a solution:

PE3:... Find the largest domain of the function. Mm... Actually 1 don’t
remember how to do it. I1, how can it be?... I guess we did by drawing and then
found some things but cannot remember now.

Researcher: What do you mean by drawing?

PE3: 1, I am not sure whether its name is Venn schema or not. By drawing
them, drawing domain and range of function and how they matched. But now,
I cannot do 1t...



PE3 recognized the connection between concepts in third interview also:

PE3: mm... Actually it is a bit difficult because 1 have not seen the
composition function and graphs al the same time before. Let me look what it
wants me to do. f{x) and g(x) was given. The unknown, 11, g(x) was defined on
the graph but I am not sure about how [ can interpret. There are both
composition and inverse...

Related excerpt from first interview is given below:

PE3: For the graphs showing relations, firstly let’s write the values for the
height of the sapling and time. At the beginning, it was 60 cm. then 65 cm, 70
cm, 75 cm and 80 and 85... Then I write months. Firstly, 4 months, then 8
months, then 12, 16 and lastly 20. Now, I can draw graph... I did it but...

Researcher: What do you think now?
PE3: I think whether I made a mistake because...
Researcher: Why?

PE3: There are one extra value. It did not match with any months. / am
trying fo understand how I did. Maybe I drew in a wrong way. Ah, ok, it did
not give the first cm, I mistook that. | did wrong since it did not give 60 ¢m. If
I delete 60 from the graph, I can continue in the same way.

Another example showing his reflection from first interview:

PE3: So, x+2 must be a product of 4. We can put 14 in place of x to make
here 6. Then that part will be 13 and 1t was not be correct. 1 think whether I
mistake while equalizing 4 or not. But the only way 1 think sensible is this. So
I continue. ..

Besides investigating whether the solution make sense or not, he searched for

ways also. An excerpt from first interview again:

PE3: ... When I have a problem at a point, I think that I am doing wrong
from the beginning. I want to try another way but I cannot think anything else
actually. So, I continue to think in the same way and if f{4)=m, thenm=3... ...
It will be -1 and then I found the same result but since it does not make sense, [
should try another strategy. That is, I did it wrong from the beginning but even
so | needed to try to learn it. If I did not continue till the end, I would not be
sure about that I did wrong.
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4.3.3.4 Reflection Questions. PE3 used reflection questions to investigate whether his

solution make sense or not. Therefore, he understood his mistake and tried to correct it.

new
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In second interview, reflection questions can be seen again:

PE3: 11, T am looking for whether there is anything else 1 can. Except from
doing multiplication, because it is so difficult really. I believe there is another
way. It may be like that I equalize this part firstly. x and I do 1-2 then find -1.
That is I found x-1 here. For the other, I subtract 3 from 1 and find -2. It is x-2.

In third interview, PE3 used reflection as well:

PE3: Ok, composition function was defined here. An inverse function was
given and it asks the inverse again. Since it asks g(3) and gave f composition g,
it is more reasonable to try lo solve by doing inverse. Firstly I am taking the
inverse of f composition the inverse of g...

4.3.3.5 Semi-structured Interview. At the end of both second and third interviews, PE3 said

the instruction made understanding easier because it provided to analyze the problem. It
included questions to transfer verbal knowledge to mathematical language. He also stated
that they often investigate different ways to solve problems. An excerpt from the second

interview:

PE3: We often investigate whether the problem has different solution ways.
The teacher also often asks this to us. Previously, we did not focus on other
ways after we solved if in a certain way. Further, in order to better understand
the problems, especially some students may have a difficulty in, I think this
comes from the fewness of reading books, since you read the problem but since
you cannot understand it verbally, you cannot transfer it to mathematical
operations. In order to overcome this, that is the instruction includes questions
oriented to improve understanding and better solving skills. It provides us to
deduce on the problem.

Additionally, he stated in the third interview that examining the reasonability of the

problems was beneficial for them:

PE3: We are solving problems in a more detail and take care of our
understanding... It reinforces us to analyze the problem. Additionally, our
teacher often asked us whether the solution make sense or not. This had a
positive effect in my opinion.

He thought there were no disadvantage of the instruction. However, he expressed
that they may be in difficulty to ask questions because they did not take such an instruction

until now and they did not have such a habit to ask those questions. If they learned in that
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way from the beginning of the education, they may better apply in his opinion. An excerpt

from the second interview is below:

PE3: ... I think it would be better for us to take such a support from the
beginning of our educational background. Now, we try this for the first time but
it is more difficult to internalize something after a certain age. If we have learnt
in this way since the beginning, for example first examine this and look at that
etc, if we start to learn some basic things from the beginning, it would be more
effective.

As a result, PE3 used all metacognitive questions at scme level in correct ways. He
used these questions in all three interviews, so it cannot be said that he developed
metacognitive questioning. On the other hand, he was not aware of his using these questions.
He was a low achiever student according to the both pre and posttest results. Therefore, he
might think he could not ask these questions since he was not successful enough. He also
stated in the third interview that he did nor review the topic so much. Therefore, he might
need more practice to be more successful. Nevertheless, he thought that the instruction was

effective to analyze the problem and recognizing other possible solutions to the problem.
4.3.4. Development in Questioning Skills of PE4

4.3.4.1 Comprehension Questions. Last participant from intervention group is PE4. She

approached to problems in an investigating way. Although she did not clearly state the
unknowns inn some problems, she examined the givens and then developed her strategy to
reach the unknown. Ifthere are mathematical terms in the problem, she clearly defined those

concepts. An excerpt from first interview:

PE4: Ok f(x) = %i was given. ..

PE4: Since it asks for f(4), T must do X% = 4. Then x=2. Yeah 2. 242

divided by 1 is 4. Tt is sensible. Then I can equalize this to 3. 2;:1 = 3. And
2m+3... I cannot continue. Mm, that is 9, zm:l = -:-. I guess I am not doing

right. 9 times 3 15 27. 6m+3=27. Then 6m=24 and m=4. And it wants me to find
f{0). Oftoo... f{0)... I found mas 4...

In second interview, she again used comprehension questions:



PE4:f:R — R, f(x) = (k — 2)x°7¥ given as a constant function and asks the
possible values of k. When I see a constant function, I think that f{(x)=c or
f{3)=c. that is to say, every f(x) goes to the same number...

Another part from third interview shows comprehension also:

PE4: If fx+1)= x-3, (fog D(x+1)=3x-2 then what is g'(3)? Ok, now firstly
I will open the composition. g'(x+1) and £. We have such things. I might be in
difficulty for this kind of questions but i says g7/¢3). I have a good idea. Since
it asks 3, I should make here 3. ..

example from first interview:

PE4: Ok. f(x) = .’.‘..*:_21. .. and what can I do? The upper part may be 0 but the

denominator cannot bte 0. So, if x-1=0 then x=1 but ok T did. Whar did I get
now? Assume I put it in place of x, 1+2 divided by... Why wasn’t it? Mm, then,
I should find m here. If 1 equalize that, but I equalized. It should give me another

thing. f(4)... What can I do to reach f{4)? Denominator. .. I found. I don’t know
why I did such a thing. Since it asks for {{(4), / must do i—t—% = 4, Then x=2...

In second interview, strategy questions can be seen again:

PE4:f:R - R, f(x) = (k — 2)x°7¥ given as a constant function and asks the
possible values of k. When I see a constant function, I think that {{x)=c or
f(3)=c. that is to say, every f{(x) goes to the same number. Then if / think the
logic of that, | should do this x, mm... No, this k-2 is 0. There should not be an
X term since it creates changes. So, | say kk-2=0 and k=2. But there is another
thing. X has a power also. K is 2. What if I put the value of k? If I put it as 2, 5-
2=3. That is x* but the possible values of k... I wani o get rid of x completely.
k=2...x>? and x*. I cannot think anything. Why didn’t x go?

In the third interview, she explained her strategy as well:

PE4: If fix+1)= x-3, (fog)(x+1)=3x-2 then what is g(3)? Ok, now firstly
I will open the composition. g (x+1) and f. We have such things. T might be in
difficulty for this kind of questions but it says g}(3). I have a good idea. Since
it asks 3, I should make here 3. g(3), that is, x+1=3 and x=2. Yeah, after finding
x, I will write 2 for f or put g(3) here but I think it will be more complex. ..
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4.3.4.2 Strategy Questions. While applying her strategy, she asked herself many times why
she did it or how she can deal with the problem. She clearly explained her strategies. An
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4.3.4.3 Connection Questions. PE4 used connection once in first and third interview. Below

part is from first interview and she connect the definition of a function with the example

given in the class previously:

PE4: 3 can match with 1. It is ok. But 6 must go either 3 or 2 because it
cannot match with both. Then ¢ can go to 4 since it 1s alone. 12 can go 6, yes.
15 can go 6 because I think that there is one shuttle and two students. Both them
can go to same place. So, I think it is also ok. That is for 15 and 12. They can
match with the same number.

She tried to connect what she found and what the question asks in the third interview:

PE4: That is, it must be Z-{0}. There isn’t also things such as + or -. [ could
think all these things but I don’f guess they are related 1o linear functions...

4.3.4.4 Reflection Questions. She did not ask whether her solution is sensible or not in the

first interview but she did for some solutions in second interview and for most solutions in
third interview. Nevertheless, she did not ask where she can mistake. An excerpt from second

interview is below:

PE4: ... I found x*-x equals 2. How can I use it? I think there should be
another solution. I didn’t make a reasonable thing. T did a simple operation. It
may be logical but not too much. What will it give me?...

Another excerpt from second interview:

PE4: x"is equal to 1. Yeah, it is 1. Then I can say 5-k=1 so k=5 or k=2. But
if T put 5 in place of k, here is 3... I think both these because 1 cannot think
anything else reasonable. ..

In the third interview:

PE4: It goes from R? to R? and it is given for x and y. These things are equal.
f(-2, 4). I think that f(x, y) is defined as 3x-2y+5 then f(-2, 4)=3.(-2)-2.4+5. It
is-9. {4, a)=3.4-2a+5. It is 17-2a. Then -9=17-2a yes. 2a=26 if [ correctly add.
A=13. Why did I do such a thing? I, here the function is defined from R? to R%
It made me a little confased but I think it make sense because it gave x and .
So, I think it is 13.

4.3.4.5 Semi-Structured Interview. PE4 also stated at the end of interviews that they could

investigate the concepts more than before. They understood the logic instead of memorizing.



75

Thanks to question prompt cards, they can try to develop strategies and new ways to solve

problem, and they can make comparisons. Related excerpt from second interview is below:

PE4: It does not depend on memorizing, instead, it provides deep
understanding via metacognitive questions. We did comparisons among
questions. mstead of rote-learning, it helped permanent learning since it is based
on a logical sequence.

Further, she found group works beneficial since they can share their ideas. Anexcerpt

from the third interview:

‘PE4: A person thinks different from me and I can take his‘her ideas for
mysell. His’/her way may make sense for me more than mine. Or, maybe I
showed hinvher a new view point. So, sharing our ideas was helpful.

The only disadvantage is that asking those question is a little time consuming as she

expressed in second interview:

PE4: If T focus on a problem and try to solve with these questions, I may
lose time. This is a disadvantage for me. Maybe I can solve the problem by
using these questions but the exam has a time restriction and [ cannot. We are
tended to memorize the problems for years and now we can have a
comprehensive thinking and permanent learning, which is beneficial again.

In briefly, PE4 used comprehension and strategy questions at some level in all
interviews; however she also developed herself to ask reflection questions by investigating
the reasonability of her solutions at least. Additionally, she made a simple connection in first
interview by relating a real life example used in the class and the problem asked in the
interview. However, she tried to connect the definition of a mathematical term with the
givens of the problem in the third interview although she could not find the correct answer.
Furthermore, she explained that the instruction was beneficial for them since they were more
tended to query the problems instead of memorizing them by using question prompt cards.
Thanks to group works, they could exchange their ideas and searched new ways to solve

problems.



4.3.5. Development in Questioning Skills of PC1

unknown during solving process. Related excerpt from first interview:

PC1: It grew 15 cm every year. Then each month, if we divide it to find the
amount of extension for each month, we find 15/12. Since it grows 4 months,
we multiply it by 4. It can be simplified and so it equals to 5. It grows 5 cm in
four months. ..

Another part from second interview:

PC1: I put the values into f. since x+1 is given, I will put x+1 here. If I add
1 to this, (x-1){(x-2)=0. That is, 1... Solution set is asked, so one of these must
be O so that the result of multiplication can be equal to 0. This one or the other.
So, x canbe 1 or x can be 2 as solution set.

The same process can be observed from third interview:

PC1: f{3*+1)=9*+1 and f'(a)=4 are given then find a? Hmm, how can we
interpret it? I1, for example, this is the first power of 3. [f we say the first power
of 3 here mm... There is+1 here so that it can be 4.

PC1 also defined concepts if there is, before starting to solve:

PC1: Hm, constant function. So, it will be like ax+b... ... nope, it 1s not constant
function. It was linear function. I was confused. So then it must be 0. 5-k must
be O and k=5. Since it will be 0, whatever here is... ... 5-2 then 3. 3.x° means
that everything will go to 3...

examples above from the first and second interviews respectively:

PCI: It grew 15 cm every year. Then each month, if we divide it to find the
amount of extension for each month, we find 15/12. Since it grows 4 months,
we multiply it by 4. It can be simplified and so it equals to 5. It grows 5 cm in
four months...

PC1: I put the values into f. since x+1 is given, I will put x+1 here. If T add
1 to this, (x-1)(x-2)=0. That is, n... Solution set is asked, so one of these must
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4.3.5.1 Comprehension Questions. PC1 is one of 3 participant from control group who were

voluntary to interview. After examining the givens, he started his strategy and looked for

4.3.5.2 Strategy_Questions. PC1 used strategy questions in all interviews. The same
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be 0 so that the result of multiplication can be equal to 0. This one or the other.
So, x can be 1 or x can be 2 as solution set.

Likewise in the third interview:

PC1: Hmm, how can we interpret it? 11, for example, this is the first power
of 3. If we say the first power of 3 here mm. .. There is +1 here so that it can be
4. Then 3* should be equal to 4. But it was not correct. So, firstly let’s do that
Junction. Mm, we can say it is multiplied by 3, yeah it can be multiplied by 3.
That is, 3* was multiplied by 3. +1 also must be multiplied since it has a
parenthesis. So, it becomes -2 and then this can be find. Hm...

4.3.5.3 Connection Questions. He did not use any connection questions in any interview,

4.3.5.4 Reflection Questions. He did not asked himself whether his solution is reasonable or

not; however, if he make a mistake, then he thought again on the solution. An example

excerpt from first interview is below:

PC1: ... I solved here by using proportion. Hm, it grows 5 cm in every
month. Then it becomes multiple of 3 in 12 months and grows 15 cm. It cannot
be 15 cm. [ did a mistake. Where? It is multiple of 3 ...

Researcher: Why did you think to make a mistake?

PC1: Because it grows 70 cm in 14 months but hmm I made a mistake here.
Tt says the height of the sapling is 60 cm. So, this must be 65. Bur here is false
again... Hm, nope. It is not false. Because...

In the second interview also, he checked his answer:

PC1: ... Then k can be 5 and also here can be 0. K. must be 2 so that it can
be 0. Is it all that much? Yes, it is...

In the third interview, he used reflection once but did not focus on that so much;

PCl: ... But I did a mistake there. 3%, 3 has a power there. Mm... How can
we say? Hm, this a, ahh [ am drooling. Nope, yes yes. 3 to the power, [ will do
same as before a-2. 3a=6 and a=2. It can be like that.

As a result, he used comprehension and strategy questions at some level and used
reflection questions only when he recognized to have a mistake. He did not investigate the

reasonability of solutions or did not search other ways when he did not solve the problem.
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Further, he did not make connections between problems or concepts. He maintained his

usability of metacognitive questions and did not show any change.

4.3.6. Development in Questioning Skills of PC2

4.3.6.1 Comprehension Questions. Second participant PC2 did not clearly stated the givens

and unknown of the problem. Just after she read the problem, she started to solve it. Further,
she could not explain the concepts correctly and did not think about that so much. An excerpt

from first interview:

PC2: This match is a function because every element in the domain has an
image in the range. There can be 2 images of an element from the domain. So,
it is ok, I think.

Another example from second interview is below:

ax—3b ax+1

PC2: Linear function is ax+b. S ax? + b, ax + b and this is also,

ax + b. In defined intervals... this one is linear [ think...

In the above example, the problem included functions x;—g -j;, x?, J/x and x|

respectively but she could not think about the definition of the linear function deeply and
she just tried to apply the formula by rote learning.

4.3.6.2 Strategy Questions. PC2 did so mechanical solutions. She did not investigate the

problems as I said above and did not ask herself why to do it. While she was solving a
problem, she was like that she memorized those types of problems. Therefore, if the problem
is a little complex, she could not interpret it and easily quit up. In example below from the
first interview, she starts to solve in a correct way but could not continue since she did not

think deeply:

PC2: If it grows 15 ¢m each year, in one month, since one year includes 12
months, if it 15 in 12 months, we can say x in 4 months. 12x=60 then x=5. 5
cm in 4 months. If 5 cm in 4 months, 70 cm in how many months? 280=5x and
x=56. If 70 cm in 56 months, x cm in 12 months. 60=4x then 15 cm. If 5em in
4 months, 80 cm in how many months? 320=5x then 64 months. If Scm in 4
months again, x cm in 20 months. It is 25 ecm. We will draw graph in time. ..
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Another example from the third interview shows she could not interpret the problem
and just tried to solve by her memory. Since it was enough for this problem, she did not want

to engage more and give up easily:

PC2: f{x+2)=x-3 and (fog)=3x-2 the what is g'!? f(x+2), let’s equalize x+2
to x+1. Nope, I couldn’t. If T try to find f{(x), [ must equalize x+2 to t. x becomes
t-2. That is, if we write x-2, here will be cancelled. Let’s write x-2 in place of
X. X-2-3=x-5. T found f{x)=x-5. Now we find x+1. f{3x+1)=x-4. 3x-2... x-4...
hmm, I couldn’t do. [ want to pass this problem.

4.3.6.3 Connection Questions. She did not connect the concepts or problems in any

interview.

4.3.6.4 Reflection Questions. As can be seen from above examples, she did not ask herself
whether her solution is reasonable or not. She also did not search other ways to confinue
solving. When she could not solve a problem, she did not think about where she can mistake

and wanted to quit up easily. Therefore, she never used reflection questions.

Inbrief, she was not tended to use metacognitive questions. Further, she did not query
the problems and her solutions. It can be said that she approached problems based on

memorization.

4.3.7. Development in Questioning Skills of PC3

4.3.7.1 Comprehension Questions. L.ast participant PC3 used comprehension questions in all

mterviews. He looked givens and unknowns and also defined concepts. An excerpt from first

interview is below:

PC3: since its height at the beginning is 60 cm, I will start with 60 for what
it asks.

In second interview, he also used comprehension questions and explained correct

defmitions of constant functions:

PC3: If it is a constant function, I should remove X from here because it
creates changes in values...



Another example from second interview shows that he defined the mathematical

concept before solving the problem:

PC3: If it is a linear function, it should increase with the same ratio or it
shouid be like ax+b...

Another excerpt about his using comprehension questions from third interview is

given below:

4.3.7.2 Strategy Questions, He used developed and explained his strategy in all interviews.

PC3: Since it asks the inverse, we can find the inverse if we exchanged
these. So, I will exchange 9*+1 and 3%+1. Then it want me to find the inverse

Jfunction for the value a. If I say a here, this part will be 4...

An example from first interview 1s below:

below:

PC3: It is proportion. If it is 15 cm in one vear, I can find for four months.
But if I find for one month firstly, it will be easier to find others. | can find it for
one month. 15/12 because one year includes 12 months. If T multiply it by 4
since it asks for four months, it becomes 60/12 and so 5. It grows 5 cm. As the
same way, if we multiply it by x which will give how many months here, it will
become 70 c¢m as given in the problem. It asks which number we should
multiply 15/12 to find 70. Yes, Now | am trying to do this. 840/15 and I cannot
divide it now. I can write it as 840/15. It asks 12 months and 15 cm as given.
Again, after x months, it will become 80 cm. So, I should divide 80 by 15/12...

From the same passage above, he also showed his strategy in second interview:

PC3: If it is a constant function, I should remove x from here because it
creates changes in values. To remove x, here must be 0. 1 can give 2 to k. If k=2
then it will be 0. If1 give another value to k, it will give different numbers, but
I can give 5 to k also. Yes, it can be 5. If it is 5, I can get x'. Since x! is 1, but
one minute. Nope, it cannot be. 1 think only 2.

Another example passage about his using strategy from third interview is given

PC3: Since it asks the inverse, we can find the inverse if we exchanged
these. So, I will exchange 9%+1 and 3*+1. Then it want me to find the inverse
function for the value a. If I say a here, this part will be 4...
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4.3.7.3 Conmection Problems. PC3 mostly did not try te make connections except from a

problem in the second interview. In that problem, he identified the difference between the
problem and those he solved before; however, he could not connect his knowledge from

different topics:

PC3: What is the solution set? Then let me find x values. I should find x. I,
x%-2x-x then -3x +2=0. x*-3x=-2. So, what can x be? Not 4, 3, hm, 4 no. It
doesn’t an integer. I dor’t understand what it asks. It asks solution set but 7 see
solution set in a function problem for the first time. | could not think it now. ..

4.3.7.4 Reflection Questions. PC3 used reflection to check his solution. He locked whether

he found what the problem asks for or he checked his operation errors. An example from the

second interview shows he looked again what he should do:

PC3: If it is a linear function, it should increase with the same ratio or it
should be like ax+b. If T give a random number for x, for example 5, here will
be equal to 1. So, it should be 2 when I give 10 to it. When I give 10 here, it
becomes 7/2. So it is not a linear function because it should increase with the
same ratio. But, one minute I didn’t find the increase. Yes... So, let me find for
10 and 15. When it is 5, the image is 1. When 1t is 10, the image is 7/2 which is
equal to 3,5. When it is equal to 15, it will be 6. So, it increases 2,5 and 2,5
again. Then it 15 a linear function.

On the other hand, if he felt that he made a mistake, he did not search where he did
the mistake and he stated that he wanted to give up. An example excerpt from second

interview again:

Researcher: You say only 2, don’t you?
PC3: Yes.
Researcher: So, do you want to pass?

PC3: Yeah. Most likely there are other values but I won’t be able to do it
now.

Researcher: You can continue if you want?

PC3: T couldn’t do it so | want to pass.

Therefore, it can be seen that PC3 mostly used comprehension and strategy questions
appropriately but he was inadequate in asking reflection questions. He did not focus on his

mistakes and did not search other ways to solve the problem. He only checked the unknown
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and operations. Further, he was in difficulty to make connections between concepts even if

he recognized the differences.
4.3.8. Overall Interpretation about Students’ Questioning Skills

As can be seen from the think aloud session analysis, there is a stability of
metacognitive questioning skills of students from control group. If they could do it
instinctively in first interview, they were able to continue in the following interviews.
However, if they are weak in first interview, they could not develop themselves in terms of
metacognitive process. Although they generally examine the comprehension and strategy

questions at some level, they were weak in asking connection and reflection questions..

On the other hand, some differences were observed for intervention group students
like that some started to look for new ways, some started to check unknown of the problem,
some looked for connection or some investigated reasonability of the solution. Although
some of them were not observed to change, it might come from their habits since they might
not change their studying way due to some other reasons. These issues will be discussed in

the next section in detail.

Further, ail them stated that they could query more than before and so they could
follow the logical sequence. Although they said that they did not use metacognitive questions
so much when they were alone, they liked to use them in the classroom. The reasons of their
not using questions alone were that they were a little time consuming and also students were
in difficulty to ask some of them but again they accepted that these questions make easier to
follow the solution. Furthermore, they expressed that they could not get a habit to use
metacognitive questions. Ifthey were educated in this way from the beginning of their school
life, they would get more benefit and use these questions easier. PE3 also stated that he did
not review the entire topic so much. If his posttest result was examined, it could be seen that

he was really lack of some necessary knowledge.

In addition to interviews, intervention group students also were asked the difference
of the instruction than before and the advantages and disadvantages of the instruction in the
last lesson of the intervention. They commonly said that they queried problems more than

before and emphasized the logic behind them. Only two students stated a different thing
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from the others. One said that they used real life examples more than before and this helped
him understand the topic better. The other stated that he could not understand why it was
wrong when he had a mistake before, but along this study, he took answers to all questions

_that made him confused.
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5. CONCLUSION AND DISCUSSION

The purpose of this study was to examine the effect of metacognitive strategy based
mathematics instruction (IMPROVE) on students’ achievement on functions unit and seif-
regulatory skills. The study also examined whether students’ questioning skills really
develop via the IMPROVE instruction. Mixed method research design was used to answer
all research questions. Students’ achievement and self-regulatory skills were analyzed with
quantitative data and questioning skills were analyzed with qualitative data. Results showed
that although there was not found a statistically significant difference on students’
achievement on functions and self-regulation skills, the instruction was effective in practice
for students both on their performance on functions and self-regulation skills. It was also
concluded that they developed their questioning skills and gain an awareness of their
thinking process. This section was prepared to present discussions on results of the study. It
will be examined in three parts for each research questions, and then limitations and

recommendations for future researches will be mentioned.

5.1. Students’ Achievement on Functions

There are several researches emphasizing the benefits of students’ questioning.
When students ask questions, the comprehension of the task and higher order thinking skills
can be fostered (Palincsar and Brown, 1984; Scardamalia and Bereiter, 1985; Garcia and
Pearson, 1990). Questions help students recognizing knowledge gaps, use their preexisting
knowledge and consider carefully on the content and main ideas (Schmidt, 1993; Rosenshine
et al., 1996). Some studies showed that self-questioning has a significant effect on learning,
conceptual understanding and problem solving skills (Ge and Land, 2003; Ge and Land,
2004; King, 1992; King 1994; Jesus 2009).

In this study, students are aimed to develop their questioning skills via IMPROVE
metacognitive strategy based instruction and then it was expected to increase their
achievement. The intervention group teacher modelled four types of questions and allowed

students to practice them. These were comprehension, strategy, connection and reflection
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questions. According to several research, IMPROVE instruction method has a positive effect
on students’ achievement (Mevarech et al., 2010; Michalsky ef al., 2009; Aziz, 2016; Pilten,
2008) In this study, students’ understanding on the function unit measured with an
achievement test improved for the study. In line with literature, students ook metacognitive
strategy based instruction gained higher improvement than students in the other group with
medium effect size. For both pre and posttest results, there was not found a statistically
significant difference between groups; however, control group students had higher mean on
pretest than intervention group whereas they had lower mean on posttest. Effect size analysis
also supported the higher development of students in intervention group. However, there
might be some reasons not to get high effect size such as implementation of treatment and

duration of the study.

According to Schunk and Zimmerman {1998), short term programs for a few weeks
are not enough to develop cognitive and metacognitive strategies but as students get older,
the time needed can be shorter. Since older students have already developed some
metacognitive strategies, they can even benefit from shorter-term programs. In this study,
the treatment was applied for two months because it was aimed to investigate the
development of students on function unit. However, Schunk and Zimmerman (1998) also
presented another aspect for older students. They are getting some habits in k-12 education
process and if they get a certain level success, they could be more confident in their
knowledge and skills, so they can be more resistant to change their habits. The study groups
of this study may have more confidence on their own since they were science school students

and the results of the study might be influenced from this effect.

Beyond timeframe of the study, effect of the treatment might have been affected from
the threats in the implication. Two different teacher taught the intervention and control group
and they had ditferent features and characteristics. The effect of these differences were tried
to be minimized by using same lesson plans and observing teachers as mentioned in validity
section. Nevertheless, it might lead to medium effect size. The study of Wang and Cai (2016)
also indicated that novice teachers’ questioning tendency were lower than qualified and
experienced teachers’ questioning tendency. Although both teachers in this study can seem

as in the same level in terms of experience, three years difference might create an effect.



Furthermore, the intervention group teacher had difficulty to follow study procedures

as mentioned in the internal validity part. Towards the end ofthe semester, she was distracted
by other school works and projects and so her motivation for this study was decreased. On
the other hand, the implication of IMPROVE method requires deliberate systematic using of
metacognitive questions (Mevarech and Kramarski, 1997). Although necessary support was
given to the teacher and she was tried to be motivated continuously, distractions of the

intervention teacher might have broken the systematic implication.

In concluston, medium effect size rather than high effect size might be affected fiom
the implementation and time period. However, practical importance is more valuable for
studies with such a small sample size. In this study, intervention group students gained
higher development despite the duration and difficulties arose during implementation. If it
was implemented with a larger sample in longer period, the possibility of getting a statistical
significance and higher effect size would increase. A similar study where IMPROVE method
was implemented for ten weeks with 704 11™ grade students also obtained medium effect
size for students’ procedural and conceptual knowledge (Aziz, 2016). Nevertheless, this
study showed the effectiveness of the IMPROVE metacognitive strategy instruction on

students’ achievement in practice.

5.2. Students’ Self-Regulation Skills

Metacognitive strategy based instruction is aimed to teach using some particular
strategies by emphasizing when, why and how to use those strategies, and it is effective on
self-regulation (Baker and Brown, 1984). Many other studies emphasized the positive effect
of metacognitive instruction on self-regulation skills (Joseph, 2009; Arslan and Gelisli,
2017; Nash-Ditzel, 2010). Students can be aware of their thinking and learning via
metacognitive instruction and methods and materials used by teachers can contribute to
students’ metacognitive awareness (Joseph, 2009). IMPROVE developed by Mevarech and
Kramarski (1997), one of the metacognitive strategy based instructions, was chosen in this
study to examine its effect on 10% grade students’ self-regulatory skills because there are
many studies which shows its benefits on self-regulation (Aziz; 2016; Kramarski and

Gutman, 2006; Mevarech and Amrany, 2008).
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In this study, before and afier intervention, MSLQ questionnaire was conducted to
define students’ self-regulation level. Its four subscale were included to analysis as seli-
regulation, metacognitive strategy use, self-efficacy and intrinsic interest. All components
analyzed separately and there were not found a statistically significant difference between
groups for any of subscales. Nevertheless, self-regulation and metacognitive strategy use
level increased more in intervention group than control group when cohen’s d value is
considered. Although self-efficacy and intrinsic interest were decreased a little bit without
statistical significance in both groups, intervention group could be said to gain more
development compared with control group overall scales. However, medium effect sizes
were found for these differences and the possible reasons for not getting high effect size may
be because students needed more feedback since they were not accustomed to these
strategies, and they probably were not able to internalize the strategies inaddition to duration

and treats to internal validity as stated in the previous section.

Firstly, feedback is very important for students to develop self-regulated learning
(Butler and Winne, 1995; Winne, 1997; Labuhn et al., 2010) since it provide leamers
information about their learning quality and learners may have a chance to monitor their
learning process (Butler and Winne, 1995). Further, it enriches students’ self-reflection as
part of eyclical model of self-regulation (Zimmerman, 2000). Depending on the literature,
students were tried to give feedbacks in this study both during lessons and after quizzes.
Students in intervention group took enrichment and correction activities afler quizzes so that
they can correct their faults in quizzes and go beyond their current achievement level.
However, because of the duration of the study as mentioned before, the number of these

activities were limited for students to evaluate their learning and change their strategies.

On the other hand, it was also important to give students feedbacks during lessons.
The intervention group teacher was in difficulty to give feedbacks on students” wrong
answers about why they were wrong at the beginning of the study. Towards to middle, she
started to give more effective feedbacks to students’ answers through researcher observation

and feedbacks for her.

Furthermore, strategy instructions should allow students to personalize strategies as
Borkowski stated (1992). In this study, the teacher was modeled to use metacognitive

questions for different problems and gave homework to students to use these questions for
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few times; however, most of students did not bring homework although they were often
motivated to do them. This shows that they could not internalize the strategies. This might

be because the teacher had some difficulties following the procedures

Nevertheless, this study provide some development and awareness on students’ self-
regulatory skills in practice. As mentioned in the previous part, this study indicated practical
importance of the IMPROVE method. Students benefited from the instruction in spite of

possible barriers.

5.3. Students’ Questioning Skills

There are some studies investigating students’ questioning tendencies and they
concluded that students asked very few questions and many of them were lower level
thinking questions (Dillon, 1988; White and Gunstone, 1992, p.170; Chin and Brown, 2002).
Therefore, many researchers were interested in possible ways to develop students’
questioning capability (Jesus, 2009; Zoller, 1987; Marbach-Ad and Sokolove, 2000; Toledo,
2006). In this study, students’ questioning skills were aimed to be developed via
metacognitive strategy based instruction and examined with think aloud protocol. Students’

ideas were taken also with semi-structured interviews,

As aresult, there was found a stability on metacognitive strategy based questions of
students from control group. They continued to solve problems in the same way with the
first interviews. Although they used comprehension and strategy questions at some level,

they were particularly weak to ask connection and reflection questions.

On the other hand, some differences were observed for intervention group students
in line with the literature. Most of them have already been using comprehension questions
and strategy questions at some level; however, half of them developed some other skills with
the intervention process. They started to look for new ways and connections or investigated
reasonability of the solution and where they did mistakes. Further, all them stated that they
could query more than before and so they could follow the logical sequence and gained

benefits of the instruction.
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Nevertheless, two students from intervention group were not observed improvement
in terms of questioning. When they are asked whether the instruction was beneficial for them
or not, they said that they queried why they did what and could follow the logical sequence
easier than before. However; they stated that they did not have a habit to use metacognitive
questions and could not change it. Their reflections were in line with Schunk and
Zimmerman’ (1998) statement that is older students might have some habits in k-12
education process and they could be in difficulty to change their habits more than others.
Borkowski (1992) also highlighted the importance of internalization of strategies. However;
since students thought metacognitive strategy thinking is a little time consuming, it might be

difficult for them to change their habits in two months of implementation.

Chin and Osborne (2008) identified possible barriers for students to ask questions
and they added some other factors to students’ age and personal experiences. One of them
is lack of domain specific knowledge that might affect the results of this study also since one
student who had a stability on his metacognitive strategic questioning skills stated that he

did not review the entire topic so much and his posttest score also supported his explanation.

As a result, some differences were observed on students’ achievement on functions
test, self-regulation and questioning skills in this study, although the differences were in
medium effect size. The reasons may originate from the duration and implementation of the
study, students’ previous habits and domain specific knowledge, and insufficient number of
feedbacks. Although some precautions were taken to decrease the effect of these factors,
higher effect size could not obtained. However, students gained benefits in all three skills
even in the conditions of this study. Therefore, it revealed the importance of the

implementation of metacognitive strategy instruction for students.
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6. LIMITATIONS AND SUGGESTIONS

This study aimed to investigate the effect of metacognitive strategy based
mathematics instruction on students’ achievement, self-regulation and questioning skills. It
was conducted in a private school in Yenibosna, Istanbul and participants were students from
two classes in that school selected by convenient sampling. Therefore, the results of this
study was limited for that school. Although experimental design was used, 36 students
participated to the study in total. In order to generalize the results, it is recommended to

imply the instruction method with a larger sample-and different schools.

As mentioned before, it might be needed to implement a metacognitive instruction
for a long period of time to be able to observe changes. Since this study was focused on the
functions unit, it was conducted along two months. However, some students stated during
interviews that they could not get a habit to use metacognitive strategies. Therefore, the study
can be repeated for longer time period and extended in terms of mathematics topics in order

to increase the effectiveness of the intervention.

Moreover, teacher characteristics is a limitation of the study although they were tried
to be equalized with same lesson plans and materials. Further, the researcher met with
intervention group teacher in five sessions to.talk about the implementation of the method
and gave continuous feedback. However, in future studies, it is suggested to give teachers
more qualified education before the application of the instruction to obtain more effective

results.

Additionally, students could be given more homework with more detailed feedbacks
for effective use of strategies. As some researchers emphasized, question posing also can be
used in assessment process (Jesus, 2009; Dori and Herscovitz, 1995). Both homogeneous
and heterogeneous group works can be developed by including more challenging or non-

routine mathematics problems.

In conclusion, the method can be adapted to other mathematics topics like the

materials on function concept in this study. Teachers may have a curriculum pressure or
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some other difficulties; but if the implementation these kind of works is increased, students

can benefit from it even in a short period of time.
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APPENDIX A: EXTRA INFORMATION ON MSLQ

There are 44 items in this questionnaire. All them are likert type questions ranging
from 1 (I never agree) to 7 (I completely agree). It has five subscale as self-regulation,
metacognitive strategy use, self-efficacy, intrinsic value and test anxiety. In purpose of this

study, four of them were analyzed except from test anxiety.

Items related to self-regulation focuses on students study habits such as preparing a
“to do list”. Metacognitive strategy use items are related to students’ understanding and
learning style about a certain topic like that focusing on main ideas or recalling techniques.
Self-efticacy items measure students’ self-confidence on learning a certain. topic; for
example, students’ thinking about being successful on any topic. Lastly, intrinsic value is
about students’ special interest to the lesson without gaining some prizes or being punished.

Related items are as “I like to learn this lesson™.



APPENDIX B: FONKSIYONLAR BASARI TESTI DEGERLENDIRME YONERGESI

Fonksivonlar Basan Testi Yonergesi

Bu test, 10. siif dgrencilermmn fonksivonlar komusundaki basarism dlemek amactyla hazwlannumstr. Basar igin Milli Egitim
miifredatinda ver alan kazanmmlan edinip edinmedidi va da ne kadarim edindifi dikkate alnacaktr Kazanimlara ait soru sayist
belirlenitken kazamm i¢erifinm vogunlugu, sahip oldufu alt basliklar ve difer kazammlar i¢in dnkosul olup olmadifr dikkate
almmustr. Bazi sorular birden ¢ok kazanim dlemeve yoneldktir.

Testi meelevecek uzmanlardan ricannz, her bir sommin amaclanan kazanimm 8l¢iip lcmedids, belirlenen kazammlar diginda bar
kazanmm da icenp igermedifi, soru savist ve zorluk derecesinm wygunlugunu (her diizeyde soru konmaya ¢abisilnmstir) incelemeleridir.
Dhger vorum ve dnerilermizi de tablova ekleyebilir, veya test lizerinde degisiklik/vorum seklinde belirtebilirsmniz.

Eatlilanmz arastirmamiz acismdan ¢ok deferh olacaldy, zamanmizs avirnp goriiglernimzi paylagtifmz i¢m simdiden cok

Asadidaki tabloda kazammmlan ve her kazamma att vazilan sorulan gérebilirsimiz. Yorumlarmiz: ilgili siituna ekleyiniz.



Kazammlar

Alr Bashklar

Soru
Says

Sorn
Numaralan

Eazammlar
ve sorular
dogru
eslestirilmiz
mi?

Yormm ve
gnerilerimz

10.2.1
Fonk:iyon
Eavtam ve
{Fosterimi

10211
Fooksiyonlarla dlgili
proflemler gozer.

3) Fonksiyon kawram aqklanr.

b) Fonksivonun Gzal bir baginh oldugu vurgalsmr

¢} Igine fonksiyon, drten fonksiyon, bire bir fonksivon, eit
fonksivon, birim (Gzdeslik) fonksiven, sabit fonksivon, dogrsal
fonksiyon, tek fonksiyon, (ifi fonksiyon ve pargah tamml
fomksivon agiklamr

¢) i fonksivonun esitlizi droeklerle sqklsnir

) fve g fonksiyonlan kullanilarak f+g. f—g, f.9. F.8
izlemlani yapuhr.

&) Fergek hayat problemlerins ve tablo-grafik kullanmmma yer
verilir
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sk
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10.2.1.2
Fooksiyonlann
rafiklerini fizer.

3) fix) =ax +b seklindski fonksiyonlann grafikler ile dgili
wygulamalar yapalir.

b) fix) =ax" (n €{1, L, 3, —1}) fonksiyonlanmn grafikler
deger tablosu ve'veya dinamik geometm programlan kullamlarak
gizdinlir,

) Parcab tamml sekilde verilen fonksiyonlann grafikleri
gizlir.
¢} fix) =ax +b tipindeki fonksiyonlann grafisi bilg ve
iletigim teknolojiler yardomyla gzlerek a ve b katsaylan ile
fonksivon srafisi srasindaki iliski ele shmr,

[ o]

3,410

10.2.1.5
Fonksiyonlann

erafiklerini
yomumlar.

3) Grafif venlen fonksiyonlann mmm soninti ve ters
sorintd kiimealeri gosterilir. Tamm kimesinin bir alt kimesinin
gorintisi ve degar

kiimesinin bir alt kiimesinin ters goninnisi bohmr.

b) Bir fonksivon grafifinde, fonksiyonun x ekseni fizerinde
tammb cldugu her bir noktadan y eksenine paralel ¢izlen
dogmlana, grafigi valmzca

bir noktads kestizine (digey'dikey dogm test) iparef edilir.

<) Bir £ fonksivonumnn grafifinin x eksenini kestifi noktalann
fix) = 0 denkleminin kaklen oldugu gosterilir, zrafik kullamlarak
fix)=0weix)=0

esitsizliklennin ¢ozim kiimelen buluou.

7,3.5. 6, 13,

15, 19,20

10.2.1 4 Gergek
hayat
durumlarnndan

15 6 14




dogruzal

1022 Id
Fooksivonun
Bileskesi ve
Bir
Fooksivonun
Tersl

fonksiyonlarla ifade
adilebilenlerin
grafik gosterimlarini
Yapar
10.2.21. Bire bir ve | 3) Bir fonksivonun bire bir ve dreenligi srafik fizerinde yatay 1 14
Grien fonksivoalar dofm testivle incelanir ve cebirsel olarak iliskilendirilic,
ile ilgmli b Bilz ve ilefisim feknolojilen yardimiyla bir fonksiyonun
wygulamalar yapar. | bire bir ve érten olup olmaduzm belirlendr.
10,222, 3) Bilegke islemi fonksiyonlann cebirsel ve grafik 2 17, 20
Fooksiyonlards gosterimlen e digkilendinlerek ele alimr.
bileske i5lemiyle b Fonksivonlarda bileske 1sleminin birlesme ozelliginin
ilgili i5lemler yapar. | cldugu belirtilir, defisme fzellifinin olmadif Groeklerla
gasterlir.

) Parcah tamumh fonksivonlann bileskesine zirilmez

10.2.2.3. Verilen bir a) Bir fonksiyonun tersinin de fonksiyon olmas igin gerekli 2 18, 20

fonksivonun tersini
Tbudur.

sartlar belirtlir.

) Sadece bire bir ve drten dogrusal fonksiyomn fersinin
grafigi gizilir; fonksivooun grafifi ile tersinin grafifinin v=x
dofusuma gore simetrik oldnfu sisterilir.
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APPENDIX C: ACHIEVEMENT TEST ON FUNCTIONS

Fonksiyonlar Konu Olcme Testi

Adi Soyads:

1. Asagida verilen driintliye gore sorulari cevaplaymiz.
2,5,8,11,14,17,...

a) Oriintiiniin 15. terimini bulunuz.
b) Orintiideki n. terimi bulmak icin bir kural yazinz.

2. (2,-8) noktasi, y = 3x — 14 dogrusunun grafigi iizerinde midir? A¢iklamanizi ayrntily
olarak yazmiz?

3. Asagdaki grafikte bir pargasi verilen dogruya ait denklemi yaziniz. Her bir adimi
acikea gosteriniz.

B

4. Bir kargo sirketinde, bir paket gondermenin sabit licreti 5 liradir ve her bir kilogram
i¢in 3 lira alinmaktadwr. Paket agirlig1 ve 6denmesi gereken ticret ile ilgili agagidaki
tablonun bosluklarm: doldurunuz. Coziimiintiziin her adumum agikga gdsteriniz.

Paket agirh@i (kg) | Toplam ticret (t)
2 ?

? 14

4 ?

? 20
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Paket agirhign ve toplam tcret arasmndaki iligkiyi gdsteren grafigi ¢iziniz.

Toplam dcret
&

Paket agirlig

5. Agafidaki ciimleleri en iyi tamumlayan grafigi se¢iniz.

N/

Sakst Biwklﬁéﬁ Sakst BayOkligt Saks: Blyikag Sks! BiyUklogi
B < D

Bitki Boyu
Bitki Boyu

Bitki Boyu
TR O T PSPPSRIt
Bitki Boyu

a. Saks: biytikligi arttikca, bitki boyu kisalre: ...........
b. Saks: biiyiikliigii arttik¢a, bitki boyu belirli bir noktaya kadar artar. Daha biiyiik
saksilarda bitki boyu aymi kalw: ...........
6. Asafidaki grafigi inceleyerek sorular yanitlaymuz.

8¢
g0 A aracl Iz
2 ]
= =
£40 i

| L1778 ataci
20 ]
|3
-0 1 2 3 4

Zaman {saat)
a. B aracimn 50 km gidebilmesi, A aracinm 50 km gidebilmesinden ne kadar daha
uzun stirer? Her bir adimimiz1 acikga gésteriniz.
b. Harekete bagladiktan 3 saat sonra A araci, B aracimn kag km dniindedir?
Cdzimiiniizi agiklayimz,
z:c-a fonksiyonu sabit fonksiyon olduguna gére a degerini bulunuz.

7. fl) =2
Adimlarimz agikga gésteriniz.
8. f{x)=3x+ (a+b)x+a-—2 fonksiyonu birim fonksiyon olduguna gére a ve b
degerlermi bulunuz. Adimlarinizi agik¢a gésteriniz.
9. Gergek sayilar kiimesi tizerinde tanimly dogrusal f{x) fonksiyonu i¢in f{1) = 7 ve
-1 (1) = -1°dir. Buna gére f{0) degeri kactir? Adimlarmizi agikca gdsteriniz.

10. f(x) = {mgx-l_ +1’1, i ; é} fonksiyonunun grafigini ¢iziniz ve A = {~1,2, 3}

kiimesinin verilen fonksiyon altindaki goriintéi kiimesini bulunuz. Adimlarimz: agikea
gosteriniz.
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1. f(x) = x? + 5 ve g{(x) = V1 — x olmak iizere;

a. (f+ g)(x) fonksiyonunu yaziniz. Coziimiiniizii agiklaymiz.
b. f+ g fonksiyonunun tamim kiimesini bulunuz. Céziiminiizi a¢iklaymiz.

12. g(x) = xv1 — x? fonksiyonunun tammh oldugu araliklarda tek mi, ¢ift mi, yoksa bu
konuda bir yargiya varilamaz nu oldugunu agiklayiniz.
13. Asagdaki grafiklerde verilen fonksiyonlarm tek mi ¢ift mi olduguna karar veriniz.

Kararimizin nedenini her bir grafik i¢in aciklayiniz.

FFF 5

14. Ideal bir kekin yapiminda kullamlmasi gereken un miktarnim (y), seker miktarina (x)
bagli olarak veren fonksiyon f{x) = 4x + 3 seklindedir.
Buna gére, toplam 23 kg un ve seker bulunan bir kekte, kag kg un vardir?
Adimlarmizi acikga gdsteriniz.

15. Asagida verilen grafiklerden hangisi‘hangileri bir fonksiyon grafigi olabilir?
Diisiindtig{iniiz secenekleri daire i¢ine aliniz ve nedenini agiklaymniz.

Loy oy oy
F-
7
g K . O 1. O
o * ! : 3 P i
o) 2 a 2o i)
f y
E-Y
s
LD Ve lon
& G ' LN %
4 v e
Neden:

16. Asagidaki grafiklerden hangisi/hangileri birebir ve drten bir fonksivon grafigi olabilir?
Nedenini agiklayiniz.

A By, Gy, £

Neden:
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17. f(x) = x? 4+ 2x ve (fog)(x) = x* + 6x + 8 oldufuna gére g(x) fonksiyonunu
bulunuz. Adimlarmizi agik¢a gésteriniz.
18. F(x): [“~21~, o) = [0,00) f(x) = +v2x + 1 fonksiyonu veriliyor.

a. f{(x) fonksiyonunun tersi alinabilir mi inceleyiniz. Céziimiiniizii a¢iklaymiz.

b. Tersi almabiliyorsa f~1(x) fonksiyonunu bulunuz ve ¢oziimii agiklaymniz. Tersi
almamiyorsa fonksiyonu tersini alabileceginiz sekilde diizenleyiniz.
Cozimintizi agiklayiniz.

19. Asagidaki sekilde f(x) fonksiyonunun grafigi verilmistir.

T

*

Buna gore, f(x — 2) fonksiyonunu sifir yapan x degerlerini bulunuz ve ¢ziimii
aciklaymiz,

20.

)

/]

Yukaridaki sekilde, f{(x) ve g(x) fonksiyonlarinin grafikleri verilmigtir.
Buna gore,

a) (g~1)(8) degeri kactir? Coziimiiniizli agiklaymz.
b) (fof)(2) degeri kagtir? Adimlarinizi agikga gosteriniz.



APPENDIX D: RUBRIC FOR ACHIEVEMENT TEST

Basan testi icin Puanlama Cetveli

Ogrenci:
Soru No Toplam | Verilmesi | Yimergeler
Puan gereken
puan
la 2 0 Tamamen yanhs bir yol izlemis veya bog burakmustr.
1 Sayarak veya onmni kurahm izleyerek somag bulmay denemis ancak islem hatas: yapmustr.
2 Sayarak veya orimmi kurabyla dogm cevain bulmogmar
1k 2 0 Tamamen yanhs bir yol izlemis veya bog burakmustr.
1 Eurala yaklasong ama hatal balmashar,
2 Orinti kuralim tam ve dogm bir sekilde yazmghr,
2 3 a Bog brakmms veys tamamen sonryla ilgisiz cevaplar yazmugor
1 Moktammn denklemi saglamas: gerektiZini disinmiy ancak noktanm koordinatlanm denkleme ters yerlegtinmistir.
2 Moktammn denkleny saglamas: gerektizing daginmiy ve noktanm koordinatlanm denkleme dogm yerlegtinmistir, ancak
iglem hatas) yapoushr.
3 Woktann denklemd saflamas: gerektizind distinmis ve noktann koordinatlanm denkleme dofm yverlestirmisti,
Moktammn grafk dzerinds olduiuna karar vermistr,
3 3 0 Bog birakmmg veys tamamen sonryla ilgisiz cevaplar yazmugor
1 #  Moktalarm keordinatlanm gdsteren tabloyn olugmrmng veya efimi incalemistr.

+  Hig apklama olmadan bir sekilde dofru denklemi yazmigtir.




Koktalann koordinstlannm birbirleriyle iliskisini kesfetmistir veya efim ile denklemin iliskisind kurmustur. Ancak
gesitli sebeplerle denklemi dogm yazamamusar,

Denklemi, koordinatlann iligkisi veya egim yardimmyla tam ve dogru sekilde yazmugthr

Htablo 5 0 Bog braknng veya tamamen sonryla ilgisiz cevaplar yazmusar
1 Toplam icrst ve paket azrha arasindaki iliskiyi matematiksel olarsk dogru kavramus ancak islem hatalanndsn dolay
tabloyn dolduramanusor.
2 Toplam ficrat ve paket afirhf arasindaki iliskiyi matematiksel olarsk dofru kavramis ancak islem hatalanndsn dolay
sadecs 1 boglugu dofm bulmmsnar.
E] Toplam icrst ve paket azrha arasindaki iliskiyi matematiksel olarsk dogru kavramus ancak islem hatalanndsn dolay
sadecs 2 boglugu dofm bulmmnsnar.
4 Toplam icrst ve paket azrha arasindaki iliskiyi matematiksel olarsk dogru kavramus ancak islem hatalanndsn dolay
3 bosluzu dofm bulnmstur,
5 Toplam ficrat ve paket afirhi araandaki iliskiyi matematiksel olarak dofm kavrams ve tabloyu tam ve dogm sekilde
doldurmustur.
4grafik 3 i Grafik cizimin bog arakomg veya somyla ilgisiz karalamalar yapousor
1 «  Moktalan eksenlare dogru yerlestinmis ancak dofmu ¢izimi yapamanusor.
#  Dogm czimi yapmasing rafmen noktalan s eksene yerlegtirmiy veya hig yerlssirmermistr veya yanly
noktalar yerlestirmisdr.
2 Noktalan eksealere dogm yerlestinmis, noktzlan birlestiren dogmyn fizniy Skat baslangg nektasim dogm
sistaramemistr.
3 Grafig tam ve dogm sekilde gizmigtic,
5a 1 0 Yanl; seqenefi yazmmstr
1 Diogru segensgl yazmm s
b 1 i Yanhs seqenefl vazmsto
1 Dogru segansfl yazmmshr.




fa 7 0 Bog brakmmg veya tamamen soruyla ilgisiz cevaplar yazmugar
1 X =v.t formmiliyle araclardan birinin hiam bulmustur veya grafik fizerinden bir aracin 50 km gidebilmesi igin
tabmini siire arabiim yazmstr
2 # X =vit formaliyle araglann ildsinin de inm bulmugtur veya grafik Gzernden iki araom da 50 km
gidebilmasi igin tahmini sire aralifm yazmsts
* X =vi1 formaliryle bir aracm 50 km gidebilmesinin kag saat sirecegini hesaplammgnr veya dogrudan grafk
iizerinden bu sireyvi igarstlemiglerdir sncak ondabikh sayn gisterim hatasy yapmosor.
4 « X =vi fomuiliyle il aracn da 50 km gidebilmesinin kag saat siirecegini hesaplanusor ancak ondahkh
say1 ghsterim hatas: yapmughr.
#  Iki aracn da 50 km gidebilmesinin kag saat sirecefini dofmadan grafik fzerinden isaretlamislerdit ancak
ondalikh say gisterim hatas yapomstr
# X =vt formiliryle bir aracm 50 km gidebilmesinin kag sast sirecegini hesaplanusnr veya dogmdan grafik
iizerindsn bu sirevi igarstlemislerdir ve de dogm gdsterimle yazmushr,
5 # X =vi formalivle iki aracn da araglann 50 km gidebilmelerinin kac saat sirecegini hesaplamuslar veya
dogmdan grafik fizerinden bu siirelen isaretlemizlerdir ve dogra ghsterimle yazmslardir.
« X =vi fomuiliyle iki aracin da araclann 50 km gidebilmeleninin kag saat siirecegini besaplamuslar veya
dogrodan grafik fizerinden bu stirelen iaretlemizlerdir ancak ondalikl say gosterim hatas yapougtr.
Devanunda sirelerinin farkmi da tu yanliy gosterimle hesaplamstr,
& Sirelenin Sarkim dogmu gosterimlerle besaplamay denemisler ancak izlem hatasy vh yapnuglardir,
7 Somryu tam ve dogru gozmislerdir.
b 3 0 Bog brakmmg veys tamarnen sonryla ilgisiz cevaplar yazmugar
1 Apiklama yapmadan dofm somcy yazmghr.
2 3 saat sonra A ve B araclannm aldiklan yollan grafik dzernden dogm bulmuslardr
3 3 szar sonra A ve B araglanmn aldiklan yollano farkm dogm bulnmsglardir.
) 5 0 Bog brakmms veys tamamen sonnyla ilgisiz cevaplar yaznusar
1 Sabit fonksiyon tanamum bilir

ra

Sabit fonksivon olabilmesi igin payin, paydamn tam kan olmas zerektifini fark etmistr,

L

Sabit fonksiyon olabilmesi igin payvin, paydamin 2 kan olmas) gerektiging fark etmigtr veya x'in kasaylan oram ile
zabit termlenn orammng e5itlemistr




4 bilinmeyeninin 4'an 2 kah olmas gerektising anlanngtr veya dogm sonuon bulmasing kargin sabit fonksivonu net
olarak tammiayarmamiz s

5 Somuvu tam ve dofm sekilde ¢izerek 2 bilinmeyenini 3 olarak balmmsmr.
5 0 Eog biraknug veya tamamen sonnyla ilgisiz cevaplar yazmmsar,

1 Birim fonksiyon olmas: icin x'in katsaysimn 1 olmas: veva sabit terimin sifir olmas gerektiging anlannsar

2 Birim fonksivon olmas igin x"in katsayisimn | olmas: ve sabit terimin sifr olmas gerektifini anlamzar

E] 4"y dogm hesaplammstr veya x'in katsaylanm paranteze alomghr.

4 a'y1 dogm hesaplammstr ve x'in katsayilanm paranteze almasnr.

5 Hem a hem b*yi dogm hesaplamsar

g 0 Bog boraknug veya tamamen sonnyla ilgisiz cevaplar yazmugar

1 ¢  Dogmsal fonksivon denkleminin f{x) = ax + b seklinda olmas: gerektiZini bilir.
+  Foaksiyomm esit tamm arzhklannda esit orands degismesi gerektiFin bili

2 ¢ f13="T bilgisini dogrn kullanabilmistir.
v £{1)=1 bilgisini dogra kullanabilmistir

3 1) =7 ve (1) = -1 bilzilerini dofrn kullanabilmistic

4 s Onceki adimda elde etifi denklemleri birbirlerivle iliskilendirmek istemis fakaz hatah sonug bulmusor
+  Fonksivonnn esit tamm arahklarnda hangi orands defismesi serekiifing dofm bulmustur

5 COoceki adimds elds ettif denklemlari birbirleriyle iliskilendirmis ve a ve b'den birind dogm bulnmsar.,

& s Onceki acimda elde etifi denklemleri birbirlerivle iliskilendirmis ve & ve b'nin her ikisini de degm

bulmuas far.

¢  Bulduga oram §0) igin kullanmaya galigougar

7 {0 degerini dogru yolla bulmays ¢ahisons ancsk 3 veya b igin hatal iglem yepuiindan Stiri soaucn vanhy

hasaplammzar
g {0 deferini dogmu hesaplamsar




10grafk ) 0 Bog brakmug veya tamamen sonuyla ilgisiz cevaplar yaznugtr,
2 %<2 veya x=2 dumumnlan i¢in x ve y'nin birbirine baglh degerlenni gosteren tablolan olugtrabilmistis.
4 Tableda bulunsn koordinatlar eksenlere dogm yerlestrilmis ancak dogrulann baglangic veya biti noktalan dogm
ghsterilmermistir.
7 Grafik tam ve dogm sekilds cizmlmistr
10 g0orint T 0 Bog borakmus veya tamamen sonayla ilgisiz cevaplar yaznugar
kimnesi
1 A kiimesinin elemanlanm x verine kovarsk v degerlerini bulmas: gerektifind anlanustis
4 A kiimasinin elamanlanm dogmu arabklards x verine koyabilmistr
i Izlem vapmamasing ragmen gorinti bimesim dogmm yaznugtr,
7 Gorinta kiimesi elemanlanm dogm hesaplayabilmis ve apklamasm yazmstr,
11a 2 0 Bog borakmng veya tamamen soniyla ilgisiz cevaplar yazmigtr.
1 Fooksiyonu dogru jekilde yazmmy ancak agklamsa getirememisir
2 Fooksiyonu dogru jekilde yazmmg ve aqnklamshr,
11k 2 i Bog borakmng veya tamamen soniyla ilgisiz cevaplar yazmigar
1 Edkin iginin (" dan bayik veya egit olmas: gerektizini gostermic ancak islem hatas yaprmsor
2 Tamm kamesim tam ve dogm jekilde gdsterebilmizhr.
12 5 0 Bog boraknng veya tamamen soniyla ilgisiz cevaplar yaznusar
2 Tek ve ¢ift fonksiyon olma kosuh ifade etmigtir
4 g(x) fonksiyvomanu her ki kogul igin de dogmu incelamistr
5 Incelemsleri sonuon tek fonksivon oldnfung karsr vermistir,
13 £ i Eog barakilmus, vanhs cevap verilmis veya dogm cevabin davanag olmadiiim séylemistir.




4 Her dogr cevap 1 puan
4 Her dogma aciklama 1 puan
14 0 Bog biraknug veya tamamen sonuyla ilgisiz cevaplar yazmusar
1 % ve fix) toplamimin 23 oldusm fark edilmigtir.
2 Onceki adima yanlan denklemden x dogm olarak hesaplannmgtr.
3 % degeri yerine koyarak fix) bubmnmng ancak bu adimda veya dnceki adimda yapilan islem hatasindan $6am vanlsy
spnug bulunmusio
4 f{x) dogrn olarak hesaplanmmsio.
15 0 Bog brraknug veya tamamen yanhy segeneklar isaretlenmisti
1 1 dogru segenek ile vanh seqeneklar isaretlemmiztir.
2 2 dogmu segenek ile vanly seqeneklar izaretlenmistir veya sadece 1 dogm seqenek igaretlennustr.
3 3 dogmu segenek ile yvanly secenekler izaretlenmistir veyva sadece 2 dofm seqenek igaretlennuistr.
4 Sadece 3 dogm segensk isaretlenmistin,
7 HMeden icin fonksivon tamnu tam ve dogm ifade edilmistr.
(dozru cevap seceneklen eksik olmasing razmen dogm aqiklama yapilnugsa +1 puan eklemir. Dogru cevaplan vermis
ve nedenlering de apklamaya ¢alisong sncak eksk apiklama yapalongsa +2 puan aklenir.)
16 0 By brraknug veya tamamen yanhy segeneklar igaretlenmigti
1 1 dogmu segenek ile vanly seqenekler isaretlenmistr.
2 Sadece dofm seqensk isaretlenmistr.
4 Medan igin birebir ve drienlik sartlan tam ve dofm ifsde edibmiztir,
17 0 Bog biraknug veya tamamen sonuyla ilgisiz cevaplar yazmusar
1 Bileske fonksiyon dogra tammianmigir

ra

Somummn bir kisnn dofm izilmis sncak devamn getirilememistic




i

Sonmun tamann dogm yolla gozilmis ancak islem hatzst vh sebeplerden dogmu sonnca ulagilamanugtr

4 Som tam ve dogmu sekilde goziilmistir
18 1] 0 Bog braknug veya tamamen sonnyla ilgisiz cevaplar yaznughr
1 #  Fooksivooun birebir veva omen oldugunn mcelemis ancak vanhs somiglara varnusto.
#  Birebir ve dmen olmas gerektifing sivlemesine rafmen som Azerinde incelememisdr
2 Fonksivonun birebir veva drien oldufunn incelemis ve dofm soomglara varmshr,
Foaksiyenun birebir ve &rien oldugunn incelemis ancak yaohy sonuglars varmmgtr.
3 Foaksiyonun birebir ve &rten oldugunn incelemis ancak sadece bin igin dogru somuca varmugtr
4 Foaksiyonun birebir ve &rten oldnfunu incelemis ve dofru sonuglara varmgar.
5 Fonksiyonun tersini bulmay denemis ancak ¢dzim yanm kalmmg veya islem hates: yapilmshr,
& Foaksiyonun tersini tam ve dogrn sekilde bulmugnr.
1% 5 0 Bog baraknng veya tamamen sonryla ilgisiz cevaplar yaznusar
1 Verlen fonksivenun 0 olabilecafi dummiun dogm vorumlamsar
2 Sarn saglavan bir x deferi bolunmustur
3 Sart saglayan ki x degen tulummmgtr.
4 Sam saglayan g x defen de bulunmng tur.
5 Cozime mantkh bir agiklams yazabilomistir,
20a 2 0 Bog braknng veys tamamen soniyla ilgisiz cevaplar yazmusar
1 Cevap dofm bulinmus zncak agklanamamstr,
2 Cevap dofm bulunmus ve aqklanmmsar
20k 2 0 Bog baraknng veya tamamen sonryla ilgisiz cevaplar yaznusar




Sommmn bir kism dogm gozilmiistir

Som tam ve dogru olarak coizilmistir.
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APPENDIX E: FIRST INTERVIEW PROTOCOL

1k alindiginda boyu 60 cm olan bir fidanmn her yil 15 cm uzadig1 gézlenmistir. Fidan
boyu ve gecen zaman arasmdaki iliskiyi g@steren asagidaki tabloyu doldurunuz.

(0ziimiiniizd agik ve net olarak anlatimz.

Zaman (ay) Fidan boyu (cm)
4 ?

? 70

12 ?

? 80

20 ?

Gecen zaman ve fidan boyu arasindaki iliskiyi gésteren grafifi ¢iziniz.

Fidan Boyu {em}
£

Zaman {ay}

Ry
AN o N =

Y P—

S P

15 1

A ve B kiimeleri arasmdaki eglesme bir fonksiyon mudur? Neden? Neden degildir?
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a. Fonksiyon oldugunu diigliniiyorsaniz tanim, deder ve gériintii kitmelerini yaziniz.

b. Fonksiyon olmadigm: diisliniiyorsamiz fonksiyon olabilmesi i¢in neyi degistirirdiniz?

Degistirdikten sonra yazdigimz fonksiyona ait tanum, defer ve gériintii kitmelerini vaziniz,

3. f (‘E"%) = n;’:';l olduguna gore f(4)=3 ise £ (0)’m degerini bulunuz.

4. fBx~5)=x+1 olduBuna gére f{4) degerini bulunuz.
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APPENDIX F: SECOND INTERVIEW PROTOCOL

[a—y

fiR =R, f(x) = (k—2)x*%* sabit fonksiyondur. Buna gére k’mn alabilecegi
deger/degerleri bulunuz.
. ffFR->Rf(x)={x—2).(x—3) seklindedir. Buna gére ,f{x+1)=0

denkleminin ¢oziim kiimesi nedir?

[ W)

L2

. fle) = 3-1:- ve g(x) = x + 3 seklinde tanumh fonksiyonlar igin;

a. (fog)(x) fonksiyonunu bulunuz.
b. (fog)(2) degerini bulunuz.

¢. fog fonksiyonunun en genis tamm kiimesini bulunuz.

he

Asagidaki tabloya dayanarak (fog)(3) degerini bulunuz.

5. Asagidaki fonksiyonlardan hangisi‘hangileri tanumlt oldugu araliklarda dogrusal bir

fonksiyondur?
a. flx)= %—3
b f() =1

c. fx)=x?
d flx)=+x

e. flx)=|x|
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Deney grubu 6grencileri igin ayrica:

6. Bu cahgma ile birlikte gordligiin matematik 6Zretiminin daha énceden gérdiigiin
matematik $Zretimi arasinda ne tiir farklar veya benzerlikler var?
7. Bu ¢alisma ile birlikte gbrdiigiin matematik 63retiminin sana gore avantaj veya

dezavantajlar1 var niydi? Bunlar neler?
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APPENDIX G: THIRD INTERVIEW PROTOCOL

1. f3*+1)=9%+1 ve f~'(a) = 4 oldupuna gére, a kactir?

2. f:R?=R
flx,y) =3x—2y+5
f(=2,4) = f(4,a) olduguna gbre, a kactir?

3. fx+2)=x—3
(fog™(x+1)=3x—2
olduguna gore, g~1(3) kagtur?

4. Asagida A, B, C ve D kogucularinin konum-zaman grafigi verilmistir. Buna gére
kosucularm zamana bagh degisim oranlarim (hizlarmn:) biiyiikten kiigiige dogru

smalaymniz.

iky'&mnﬂkm}
Ay B

P R ;

15
1
}
i
o)
¥
N

Yukarida f(x) ve g(x) fonksiyonlarinmn grafikleri verilmistir. Grafikteki bilgilere gore,

Jog)(1)

e degeri kagtr?
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Deney grubu dgrencileri i¢in ayrica:

6.

Bu caligma ile birlikte gordiigin matematik dgretiminin daha énceden gérdiigiin
matematik 6gretimi arasinda ne tiir farklar veya benzerlikler var?

Bu ¢aligma ile birlikte gdrdtigin matematik §gretiminin sana gdre avantaj veya
dezavantajlar: var miydi? Bunlar neler?

Size dagrttigim Gist bilissel soru kartlarindaki sorulart siirekli kullantyor musun?

Bu soru kartlarmda tam olarak nasil kullanacagum anlamadim dedigin bir soru var

muydi?
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APPENDIX H: CONSENT FORM

Ebeveyn Onam Formnu
Aragtirma Projesine Katilim i¢in Izin Belgesi

Proje Bash#: Ust bilissel strateji tabanli matematik 63retiminin 6 grencilerin éz-diizenleme

becerileri ve matematik dersi bagarilarina etkisi.
Arastirmacy: Zehra Coban, Bogazici Universitesi
Saym goniiliii,

Ben Bogazigi Universitesi Ortadgretim Fen ve Matematik Alanlar: Egitimi Béliimii yitksek
lisans dgrencisiyim. Cocuunuz yukarida adi gegen projeye katilmak iizere davetlidir. Bu
onam formu size arastirmamn amacti, nasil yiiriitiilecegi, sizlerden neler beklendigi, faydalart
ve riskleri konusunda bilgi vermek igin diizenlenmistir. Cocugunuzun katihmi géniifliilik
esasma dayanmaktadir. Asagidaki bilgileri litfen dikkatlice okuyunuz, sorularmniz olursa

sorunuz ve agik yanitlar isteyiniz.

Amac:

Ogrencilere st biligsel strateji tabanh matematik dgretimi verilirse, onlarin 6z-diizenleme

becerilerinin, soru sorma aligkanliklarinin ve bagarilarimin nasil etkilenecegini belirlemek.

Usthilis kigilerin 8 grenme siireclerini gézlemlemesi ve diizenlemesine yardimer olur. Tki ana
Ogesi vardir: bilis bilgisi ve biligi kontrol etme. Bilig bilgisi, 6grenenin kuvvetli ve zayif
yanlari farkederek kendi 6grenme stireci, ¢6ziim stratejileri ve bu stratejileri nerede nasil
kullanacagi hakkindaki bilgilerini igerir. Biligi kontrol etme ise planlama, gdzlemleme ve

performansi degerlendirmeyi igerir,
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Oz-diizenleyici égrenme ise kiginin kendi 6grenme sorumlulugunu alabilmesidir. Akademik
becerileri edinmek igcin kendi 8Zrenme siireglerini ydneterek zihinsel becerilerinden

faydalandid stiveci ifade eder.

Uygulama Prosediiri:

Arastirma kapsaminda fonksiyonlar tinitesi boyunca MEB miifredatini takip ederek konunun
daba iyi anlasilmasini saglayacag disiinlilen etkinlikler yapilacaktir. Bu linite boyunca
MEB’in hazilamus oldugu miifredattan fazla ya da eksik konu islenmeyecektir. Bu
¢aligmada kullamlacak bilgi kaynaklan, éz-diizenleme becerisi anketi ve konu bilgisi i¢in
On test ve son test, etkinlikler swrasinda alinacak ses kayitlary, sinif i¢i arastrrmact gézlem

notlar ve bazi 6grencilerle yapilacak birebir goriismelerden olusmaktadir.
Projenin Faydalan:

Yurtdisinda yapilmig benzer ¢galigmalar incelendiginde, bu arastirma sonucunda 6grencilerin
soru sorma ve muhakeme yeteneklerinin gelistirilecegi, problem ¢dzme i¢in gerekli strateji
tiretme becerilerinin artacag) ve bunun sonucunda 6z-diizenleme ve bagarilarinin da artacag:

diistinitimektedir.

Prejenin Riskleri:

Bu ¢alismada ¢ocuklar i¢in dngdriilen herhangi bir risk bulunmamaktadir.
Gizlilik ve Giivenlik:

Bu projede okul ve 8rencilerin gergek isimleri yer almayacaktir, bunun yerine kod isimler
kullamlacaktir. Kigisel bilgiler, sadece arastrmacmin kendisinde bulunacaktir. Bu
calismada yer almak tiimilyle sizin isteginize baghdir. Kararimz ¢ocufunuzun normal
program icinde alacagi egitim hizmetlerini etkilemeyecektir. Siz ¢ocugunuzun ¢alismaya
katilmasina izin verseniz dahi kendisi bunu reddetme hakkmna sahiptir. Siz ve ¢ocugunuz bu
formu imzalayarak ¢alismaya katiimay1 onaylasaniz dahi ¢ocugunuz ¢alismanin herhangi bir

agamasinda sebep sunmaksizin g¢ekilme hakkina sahiptir. Arastirma siiresi i¢inde
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arastirmadan cekilmeniz halinde &grenciyle ilgili veriler kullamlmayacaktr. Sizden elde

edilen tiim bilgiler gizli tutulacaktir.

Bu aragtirma Bogazici Universitesi tez jlirisi tarafindan uygulanmaya uygun bulundu ve Arel

Koleji yonetimi ile ders 6Zretmenlerinden de onay alndi.

iletisim Bilgileri:
Bu projeyle ilgili herhangi bir sorunuz olmast durumunda benimle ................. adresinden
mail yoluyla veya ............ telefon numarasiyla ulasabilirsiniz. Size miimkiin olan en kisa

zamanda doniis saglanacaktr.
Onay Bildirimi ve Imza:

Bu onam formunu okudum ve anladim, projeyle ilgili sorularim giderildi. Cocugumun
projeye katilmasina izin veriyorum. Bu izin formunun bir kopyasimn bana saglanabilecegini

biliyorum.

e Arastwrmacinin, sadece ¢ocugumia ilgili gézlem, ses kaydi, anket ve test yanitlarini

kullanmasina izin veriyorum.
J Evet [ Haywr

e Aragtirmacinin, gbzlem, ses kayds, anket ve test vanitlarina ek olarak ¢ocugumla

birebir gdritigme yapmasina da izin veriyorum,

I Evet [ Hayir

Ebeveyn
Adi Soyadi Tarih

Imzast
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Ogrenci Onam Formu

« Ailem bu projeye katilmama izin verse dahi benim reddetme hakkma sahip oldugumu ve

bu formda onaylasam dahi birebir gériigmeyi istedigim anda birakabilecegimi biliyorum,

« Bu arastirmadaki anket ve testlere katilip katilmamarn matematik dersi notumu

etkilemeyecedini biliyorum.

= Arastrmacinmn  anket ve testlere verece§im cevaplan kullanacaginm biliyorum.
Aragtirmacimin cevaplarima dayanarak benimle birebir goriigme yapmak isteyebilecegini

bilivorum.

e Gergek ismimin anket ve testlerden silinecegini, bu notlarda sadece kod isim

kullamlacagimi ve ger¢ek kimlik bilgilerimin hi¢ kimseyle paylasilmayacagim biliyorum.

* Goriigme swasinda alinan ses kayitlarinin Nisan 2019°a kadar yaziya gegirilip sonra

silimecegini biliyorum.

e Aragtirmaci tarafindan tammlanan projeye katilmay kabul ediyorum.

[3 Evet Cl Hayir

e Arastirmaci ile yapilacak birebir griismelere katilmayi kabul ediyorum,

] Evet O Haynr

Ogrenci
Ad1 Soyad: Tarih

Imzas1
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APPERDIXT: EXAMPLES FOR LESSON PLAN ON FUNCTIONS

FONKSIYONLAR

Bugiin baglayacafimiz konu eslestirmeler yapmaya dayaniyor. Omegin; her ayi bir mevsimle
eslegtirmemiz gibi veya 7 farkh gdmiegi olan bir insanm haftanin her bir giintinde birini giymesi gibi ~her
giinit bir gémlekle eslestiriyor- veya her bir 6grencinin bir subeye yerlegtirilmesi gibi. Sizin ginliik hayatta
gozlemlediginiz ne tir eglegtirmeler var? (Beyin firtnasi ile simf tartismas: vapile ve farkh émekler
verilmis olur.) Fonksiyonlart bizim icin bu eglestimmeyvi yapan makineler gibi diigiinebilirsiniz. Ancak
herhangi bir eslegtirmeye fonksiyon diyebilmeniz igin birinin digerine bagl olarak deZigmesi gerekiyor.
Ornegin;

I. Zamanla bir bebegin aguhifinm degismesi — burada- belli zaman arabklariyla bebegin agwhfmm
veren sayilant eglestirmis oluyoruz ancak bebefin agulify zamana bagli bir defisken olma
durumunda. Bu yiizden zaman bagimsiz deSisken, afirlik bagimli defisken olarak adlandimlir.

2. Yapian isin isci sayisiyla iligkisi &meginde bagmmh ve bafimsiz defigkenler &grencilerle
tartigilarak bulunur.

Bir eslestirmenin fonksivon olabilmesi i¢in sahip olmas: gereken difer odzellikleri bir Srnek
tizerinde gorelim. Okulumuzun 190. Siuf dgrencileri igin bir gezi diizenleyecefimizi varsayahm. Sizi oraya

gotiirmek igin otobiislere thtivacimiz var. Yani tiim &grencilerin bir aragla eglesmesi gerekiyor:

Ogrenciler Araglar
a
b A
C B
C
"X

Simdi birlikte bu eslestirme ile ilgili sonuglar1 yazalim:
1. Herhangi bir 6grenciyi geride birakmak ister miyiz?
2. Bir 8grenci ayni anda iki aragta olabilir mi?
3. Birkag 6renci aym aragta olabilir mi?
4. Bir aragta sadece bir 83renci olabilir mi? (Belki bir 8grenci bir 5gretmenin arabasma biner)
5. Bosta arag kalabilir mi?
Bu sorularmn cevabi 8frencilerle tartisihr ve fonksivonlarm bu dzellikleri tagivan eglestirmeler

oldugu séylenir. Daha sonra matematiksel tanim verilir.

Figure I.1. Example Lesson Plan: Beginning part of definiton of functions
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Ornek.
Bir fonksiyon makinesine giren x’ler 3x -~ 5 olarak ¢ikmaktadr. Buna gore fonksiyon makinesinde 4 =

[—3, G, -2—} kiimesinin elemantar: girdi igin kullanildigmda makineden elde edilen ¢iktilan bulunuz.

Opretmen modeller. Sorulmas: gereken sorular:
1. Kavramlar :Girdi ve ¢kt nedir? -Makinenin i¢ine atilan ve makinenin disariya verdigi tirtin
2. Ne verilmig, ne isteniyor? — fonksiyonun kural ve girdiler verilmis giktilar isteniyor.
3. Bu ne tiir bir soru? — Girdiler verildiginde ¢ilctilarm bulanmasi
4. Girdileri bildigimiz zaman ¢ikanlar bulmak i¢in nasil bir strateji izleyebiliriz?
Her say1y1 3 katinm 5 eksiBine gotitrilyorsa verilen kiimedeki elemanlarm da 3 katmm 5 eksigini

bulmaliyiz.
f{-3) = 3(-3) - 5= -14, f{0)=3.0-5=-5, i(—;—)=3.-2-; -5=-3
Coziimiimiz mantikl m1? -Bize verilen kurah izledigimiz icin mantikly
6. Daha once ¢dzdugiimiiz sorulardan farks nedir? — Daha dnce bir bagintmin fonksiyon olup

olmadigimi gérmiigtitk gimdi ise fonksiyon olan bir bagmtinin ¢iictitarin: bulduk.

Cevaplar 6grencilerle soru cevap yapilarak bulunur,

Omnek: Asapidaki fonksiyonlarm tanm, deger ve gériinti kiimelerini bulunuz.

/
.-‘/

Birincisini metebﬂls,;selsorularl modelleyerek Eiéretmen gfizeg aiger}erini a);rAlidseki Ide &grencilerin gizmesi

istenir:

1. Tanun, deger ve goriintii kiimesi neydi?

2. Ne verilmig ne isteniyor? — Verilen sekillerdeki kiimelerin hangisinin tanim hangisinin deger
kiimes: olduguna karar vermemiz gerekiyor.

3. Nasil bir strateji izleyebilirim? — Ok yoniine bakabiliriz. Geldigi ver tanim, gittigi ver deger
kiimesi. Deger kiimesinde oklarmn karsisma diisen elemaniar ise gériintii kitmesi

4. Ne tiir bir soru? - tanum ve goriinti kiimesi bulma

5. Coziim mantikh mi?

6. Onceki sorularla benzerligi/farklilig1 nedir? — 6ncekilerden farkly olarak girenler tanm kiimesi
olarak adlandmldi, ¢ikanlar gdrintl kiimesi, ¢ikanlarin diger elemaniarla bulundugu kiime
deger kiimesi olarak adlandirildi. Onceki sorularla girdiler yani tanim kiimesi elemanlariyla
gorintii Iiimesinin elemanlarmi bulma yonimden benzer, defer kiimesinin de eklenmesi

bakimindan farkl bir soru.

Figure 1.2. Example Problem Solving
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Omek: A = {0,1,2} ve B = {a,b,c,d} kiimeleri igin asagida verilen fonksiyonlarin gériinti kiimelerini

bulunuz.

F: {(0,b},(1,a),(2,d)} G: {(0,¢),(1,0),{2,0)}
Ogrencilerin metabilissel sorularla ¢6zmesi beklenir:

1. Goriintli kiimesi neydi? — fonksivondan ¢ikanlar

2. Nasil bir strateji izleyebiliriz? — eslestirmelerde ilk eleman tanim kiimesindeki girenleri, ikinci
eleman ciktitar: yani griintii kitmesini ifade eder.
Bu ne tiir bir soru?

4. Onceki sorularla benzerligi/farki nedir?

5. Coztin mantikl m?

Ornek: f fonksiyonu tanmmli oldugu degerlerde y = f(x)= x* + 1 ise 3), f(2x), f{x -1} ve f{t) ifadelerini

bulunuz,
Tanimim digtinmemiz gereken kavram var mu? -- fonksiyon
2. Ne verilmis? Ne isteniyor? —Fonksiyon kural verilmis, tanimlanan deZerler i¢in gériintii
kiimesindeki karsihklar: isteniyor.
Bu ne tiir bir soru? —goriintii kiimesi bulma sorusu
4. Verilen ile istenen arasmda iligki kurmak icin nasil bir strateji izleyvebiliriz?- girdilere kural
uygulayarak ¢iktilarmi yani griintiilerini bulabiliriz.
5. Cozim mantikh m1? Anlamadifimiz bir nokta var mi?
6. Onceki sorularla benzerligi farklilifi nedir? Kuralini ve girdilerini verip gériintillerini istemesi
bakimmdan benzer, kuralm gekilsel verilisi farkl:.
Grup Calismast:

Asgagida verilen bagmtilarm fonksiyon olup olmadigmi inceleyiniz. (10 dk)
a} frN N, flx)=2x+3
b) g:Z —~ N,g(x) =3¢

¢) hiZ -7 hlx)=x

. cv e 1
B =
wB R ulnd e

)
}

¢

Ogrencilerin metabiligsel sorulart birbirlerine sorarak tartigarak ¢ozmeleri beklenir. Onlar calisirken
dgretmen arlarinda delagir ve higbir soru ve cevap bulamayan dgrenciler igin kendisi modeller. Grup

¢alismasi bittikten sonra dgretmen soruyu gdzden gegirir ve tiim smif i¢in toparlamasmni yapmis ofur.

Figure [.2. Example Problem Solving (cont.)
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Ornek:

fiA- R, f(x) = x? 4+ 5x + 6 fonksiyonunun en genis tanim kiimesini bulunuz.

Ogretmen metabiligsel sorulart modelleyerek cézer:

Ornek:

1. Kavramlar: fonksiyon, tanim kiimesi

2. Ne verilmis ne isteniyor? — Kural ve deger kiimesi verilmig tanmm kiimest isteniyor

3. Ne tir bir soru? ~tanm kiimesi bulma

4. Verilen ile istenen arasmda baglanti kurmak igin gelistirecegim strateji nedir? — x i¢in
vereceBimiz degerler sonucunda x? + 5x + & ifadesinin reel say1 olmasmz istiyoruz. Demek
ki bu ifadeyi hangi sayilar reel sayr yapabilir, bu sayilan ifade edebilecegin en genis kiime
nedir tizerinde yogunlasmalryin. X icin hangi degeri verirsek verelim sonug reel say1 gikacag
icin A=R olur.

5. Coziim mantikh m? Anlamadigm bir sey var m1?

6. Onceki sorularia benzerligi, farkliig: nedir? ~Daha dnceki sorularda kurali ve tanim kiimesini
verip goriintiilerini bulmamiz isteniyordu ancak bu soruda kural ve deger kiimesi verilmis

tanum kiimesi isteniyor.

R —=Rveg:R — R fonksiyonlart fix)=7x-4, g(x)~2x+8 olarak veriliyor, f{2a) = g(a) ise a deferi nedir

bulunuz.

Onrenciler tstbilissel sorularla cézer.

1.
2.

Tammlanmasi gereken bir kavram var mi? —hayir _
Ne verilmis, ne isteniyor?- iki fonksiyonun kurali verilmis, gériintii kilmesinde bir elemann esit
oldugu verilmis, bu esitlifi saglayan a degeriisteniyor.
Bu ne tifr bir soru? — tanim kiimesi elemani bulma
Verilen ile istenen arasinda baglant: kurmak icin geligtirece§im strateji nedir? — goriintii elemanmm
esitligi icin denklem kurabiliriz. Girdileri kurah veren denklemde verine yazarsak istedigimiz
egitligi elde ederiz:
F(2a)=72a—4=14a—4
Gla)=2a+8=2a+8
fl2a) = g(a) ise 14a—4=2a+8

a =1 bulunur.
(¢oziim mantikl m:? Hangi noktalarda zorlandik?
Daha dnceki sorularla benzerligi/farklihig: nedir? — Daha once de goriintii kiimesinde eleman bulma

cizmiistitk ama bu soruda iki fonksiyon var ve ikisindeki gériintiileri esitledik.

Figure 1.2. Example Problem Sclving (cont.)
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Ornek:

FrE—ER Ax+2)=3x+1 oldupuna gore, f { 3x — L) ifadesini bulunuz.

Metabiligsel sorular modellenerek bulunur.

1. Tanimlanmast gereken bir kavram var mi? hayir
2. Ne verilmis, ne isteniyor?- fonksiyonun kurali verilmis, tanmm kiimesinde bagka bir eleman
soruluyor. (x+2) leri (3x+1) lere gotiiven f fonksivonu 3x -1 i neye gétiiriir?
3. Bane tiir bir soru? — goriintii kiimesi eleman: bulma
4. Verilen ile istenen arasmda baglant1 kurmak igin gelistirecegim strateji nedir? — £in girdi olarak
3x — | almasing istiyoruz. Acaba x yerine ne yazarsak £in igini 3x — 1 yapabiliriz?
X*+2 =3x — 1 dersek figindeki x*= 3x -3 bulunur.
Denklemin her iki tarafinda da x yerine 3x — 3 yazmahyiz:
F(3x — 1) =3.(3%-3} + 1 = 9x — 8§ bulunur.
5. Coztim mantikl m1? Hangi noktalarda zorlandaic?
6. Daha onceki sorularla benzerligi/farklilig1 nedir? — dncekilere anafikir olarak benziyor, bigimsel
farklar var.
Omek:
fRE-R fix—1)=x?~x-5 olduguma gore, f{x) degerini bulunuz.
Ggrenciler akl yiiriitiir.
1. Tanmlanmasi gereken bir kavram var mi1? —hayir
2. Ne verilmis, ne isteniyor?- fonksiyonun kurah verilmis, .tanum kiimesinde bagka bir eleman
soruluyor. (x - 1)’leri (x® — x - 5)’lere gétiiren f fonksiyonu x ‘i neye géttiriir?
3. Bune tiir bir soru? — gorimtit kiimesi elemani bulma
4. Verilen ile istenen arasinda baglanti kurmak i¢in gelistirecegim strateji nedir? — fin girdi olarak x
almasim Istiyoruz. Acaba x yerine ne yazarsak £in i¢ini X yapabiliriz?
X* - 1 = x dersek figindeki x*= x +1 bulunur.
Denklemin her iki tarafinda da x yerine x + 1 yazmaliyrz:
F(x)={x+ 1Y - (x+1)- 5= .... bulaur.
5. Cdzitm mantikli mi? Hangi noktalarda zorlandik?
6. Daha onceki sorularla benzerligi/farklihig: nedir? -- éncekilere anafikir olarak benziyor, bigimsel

farklar var.

Figure [.2. Example Problem Solving (cont.)
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Ornek:

f:N=N, flx)=x+1 fonksiyonunun drten olup olmadigin: inceleyiniz.

Ogretmen dnce dgrencilerin fikirlerini alir, bu sirada iistbiligsel sorularn kullanmaya tesvik eder daha sonra

bu sorularla kendisi ¢ézer.

1.

Kavramlar:

orten fonksiyon, bu durumda deger kiimesinde bogta eleman olmamali

Ne verilimis, ne istentyor?

— fonksiyonun tamm ve deger kiimesi ile kurali verilmis. Ortenligini incelememiz isteniyor.
Bu ne tiir bir soru?

— deBer ve gbrintli kiimesini karsilagtirmaya yonelik bir soru.

Nasul bir strateji gelistirebiliriz?

— tanim kiimesi elemanlarina kurali uygulayarak goriintii kilmesini bulabiliriz ve bu kiime
deger kiimesine esit mi diye bakabiliriz. En kiictik dogal say: olan 0 ile baglarsak goriintiisii 1
olacak. Tanmim kiimesinden sectifimiz elemam bir artirdik¢e gbriintli kiimesi de hep 1
artacagmdan goriintiisii 0 olan bir eleman olmayacak. Deger kiimesinde 0 bosgta kalacag igin
orten olamaz.

Coziim mantikh m1? Anlamadigmm bir sey var mi? Neredelerde zorlandik?

Onceki sorularla benzerligi/farkhihigi nedir?

—onceki sorularda tanum veya gdriintii kiimesini bulmamz isteniyordu ama bu soruda farkh
olarak ikisi arasmdaki eglesmenin ortitsip ortiigmedigini incelememiz gerekivor. Tanim
kiimesini fonksiyon kuralina uygulayarak goriintii kitmesi bulmamuiz bakmmindan ise

dneekilere benziyor.

Figure 1.2. Example Problem Solving (cont.)
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Ornek:

FR-R, fixi=»¢ fonksiyonunun birebir clup olmadigim inceleviniz.

Ogretmen Ustbiligsel sorularla ¢ézer,

Kavramlar: birebir fonksiyon, bu durumda her elemanm farkl: bir gériintiisi olmali.

Ne verilmis, ne isteniyor?

— fonksiyonun tanmm ve deger kitmesi ile kurali verilmis. Rirebir olup olmadigim incelememiz
isteniyor.

Bu ne tir bir soru?

— deger ve goriintii kiimesini kargilagtirmaya yonelik bir soru.

Nasil bir stratejt geligtirebiliriz?

— tanmm kiimesi elemanlarma kurali uygulayarak gériintiisii ayn: olan elemanlar var m diye
aragtirabiliriz. Tanmn kiimesi reel sayidar oldugu i¢in mutlak deferi aym olan bir negatif ve
pozitif say1 se¢ilip goriintitlerine bakilir. Aym elemanla eglestikleri i¢in birebir degildirler.
Onceki sorularla benzerligi/farkhlig nedir?

— &neeki sorulara tanim ve gorintli kiimesi elemanlarm karsilagtirmamiz bakimmdan benzivor
ancak Ortenlik degil birebirlik incelememiz istenmis.

Caziim mantikli mi? Anlamadigim bir gey var mi? Nerelerde zorlandik?

Farkl bir stratefi de ditglinebilir miydik?

-Evet, tersten bakmay1 deneyebilirdik. Gériintii kitmesindeki her eleman tanim kiimesindeki
eleman veya elemanlarin karesi olacagma ggre, gorimtii kiimesinden bir eleman alip

karekokiine bakarak kag elemanla eslestigini inceleyebilirdik.

Figure [.2. Example Problem Solving (cont.)
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Ormek:

FiR-R FOO=(a=2x+(b+3)x+c—5 fonksiyonu, birim fonksiyon olduguna gore a, b, ¢

degerlerini buhmuz.

Ogretmen {istbilisse] sorularla ¢ozer.

1.
2.

Kavramlar: birim fonksiyon, bu durumda her elemanin gériintiisii kendisine egit olmall.

Ne verilmis, ne isteniyor?

— fonksiyonun birim fonksiyon oldugu ve kurali verilmis. A, b, ¢ bilinmeyenleri soruluyor.
Bu ne tiir bir soru?

— birim fonksiyon tanimma yénelik bir soru

Nasil bir strateji geligtirebiliriz?

—tanima dayali olarak fonksiyonun tanmm ve goriintii kiimesini birbirine esitleyebiliriz.
Onceki sorularla benzerligi/farklihg: nedir?

—onceki sorularda drtenlifi va da birebirligi bizim incelememiz gerekiyordu, bu soruda ise
birim fonksiyon oldugu bilgisi kesin ve bizim bu bilgiyi dogru sekilde kullanmamiz
bekleniyor.

Coziim mantikh mi? Anlamadigim bir sey var mi? Nerelerde zorlandik?

Figure [.2. Example Problem Solving (cont.)
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I. Dogrusal Forksiyon

Giris etkinhigi;

Yuvasindan 150 metre glineyde olan bir karmeca yuvasina dogru yiiriiyiise gecerek yuvasmdan 200
metre kuzeye ulasmistr. Bu karmea dakikada 50 metre gidebildigine gére karmcanm evine gire
konumu ve gegen siire arasindaki iligkiyi gdsteren tabloyu olusturunuz ve grafigini ¢iziniz.

Ogrencilerle tartigilarak tablo ve grafik olusturulur.

Zaman (dk} 0 1 2 3 4 5 6 7
Eve uzaklik (m) -150 | -160 (=50 | 0 50 100 150 200
Eve gdre konumu

200_”‘.&»“-4 i

1504

100

504

£ } }

i 1 Zaman

0
1004

-150-¢
-

Grafigi incelersek birim zaman arahiklarmda konumunun defisim oranminm hep aym oldugunu
goriiriiz. Defisim orani ayni oldugu zaman grafigimiz bir dogra belirtiyor. Ortaokul yillarndan da
hatirlarsaniz degigim oranmi efim olarak adlandiriyorduk.

Diizlemde bu sekilde dogru bildiren eglesmelere dogrusal fonksiyon diyoruz,

Matematiksel Tanim:

F R = Rveab € R, olmak tizere ffx} = ax + b bicimindeki fonksiyonlara degrusal fonksiyon

denir. Bu fonksiyonlarin gériintii kimeleri analitik diizlemde dogru belirtir,

Figure 1.3. Example Lesson Plan: Beginning of linear functions
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Ornek:

J:R - R bir dogrusal fonksiyon olmak tizere f{3) = 13 ve f{5) = 23 olduguna gire f{9) degerini bulunuz.
Ogretmen (stbilissel sorularla ¢ozer.
I.
2.

Ormnek:

Sfbir dogrusal fonksivon olmak tizere fix — 3} + f{ix + 2) = 6x + 7 ise f{7) deferini bulunuz.
L.
2.

Kavramlar: dogrusal fonksiyon, bu durumda f{x) = ax + b formunda olmals.

Ne verilinig, ne isteniyor?

— fonksiyonun dogrusal fonksiyon oldugn ve iki elemanm gériintileri verilmis, bagka bir
elemanin goriintiist soruluyor.

Bu ne tir bir soru?

— dogrusal fonksiyon tanimina yonelik bir soru.

Nasil bir strateji geligtirebiliriz?

—gdrintisti verilen elemanlart dofrusal fonksiyon tammina yerlegtiverek fonksiyon kuralmi
bulup daha sonra 9’un gériintiisiingi bulabiliriz.

Onceki sorularla benzerligi/farkhihg: nedir?

—dnceki sorulardan farkl olarak dogrusal fonksiyon kavrami var.

Coziim mantikli m? Anlamadigim bir sey var mi? Nerelerde zorlandik?

Farkls bir strateji de diistinebilir miydik?

Kavramlar: dogrusal fonksiyon, bu durumda f(x) = ax + b formunda olmah.

Ne verilmis, ne isteniyor?

— fonksiyonun dogrusal fonksiyon oldugu ve iki elemanm gtriintitleri arasindaki iliskiyi veren
denklem verilmis, baska bir elemanin gérintiisii soruluyor.

Bu ne tiir bir soru?

— dogrusal fonksiyon tanmna yénelik bir soru.

Nasil bir strateji gelistirebiliriz?

—gorintiisi verilen elemantar dogrusal fonksiyon tammina yerlestirerek fonksiyon kurahm
bulup daha sonra 7°nin goriintilsiind bulabiliriz.

Oneeki sorularla benzerligi/farklihg: nedir?

~Oneceki soruyla dogrusal fonksiyon kullanmamiz agismdan benzer ancak belirli elemanlar
yerine bilinmeyen igeren elemanlarn gérintiisiinii bulma agisindan farkds.

Cozim mantikli m1? Anlamadifim bir sey var rm? Nerelerde zorlandik?

Farkh bir strateji de diisiinebilir miydik ?

Figure 1.4. Example Problem Solving
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Ormnek:
f R = R dogrusal fonksiyon olmak tizere (fof)(x) = 9x + 16 olduguna gore {0) degerlerinin toplamu
bulunuz.
Ogretmen 6rencilerin iistbiligsel sorularla ¢ozmesini bekler:
1. Hangi matematiksel kavramlar var ve ne demek? — dofirusal fonksiyon kavramu var ve dogrusal
fonksiyon f{x) = ax + b seklindedir.
2. Ne verilmig, ne isteniyor? - f fonksiyonunun dogrusal fonksiyon olduu ve kendisivle bileskesi
verilmis. F fonksiyonunun 0 eleman igin goriintiisii isteniyor.
Bu ne tiir bir soru? - dogrusal fonksiyon ve bileske tanimmi kullanmaya yonelik bir soru
4. Nasil bir strateji gelistirebiliriz? — dogrusal ve bileske fonksiyonun tammmdan yola ¢ikmaliyiz.
(fof)(x) = f{f(x)] ve fix) = ax+ b olmalidir:
Fof)x) = fIf(x)] = f(ax + b) =afax + b)
a’x +ab=9x +16
a’=9isea=3 veya a = -3 bulunur.
a=3 olursab=16/3
a=-3 olursa b =-16/3
f{0) = b olacagmdan f{0) = 16/3 veya §0) = -16/3 bulunur.
5. Coziim mantikli m1? Anlamadifim va da zorlandigim noktalar var mi, neler?
6. Bu sorunun bir dnceliyle benzerligi/farklihs nedir? — bilegke fonksiyon igine bagka bir fonksiyon

tiirit yerlegtiriimis olmasi bakimmdan farkli, gériintd elemam bulma bakimmdan benzer.

Figure 1.4. Example Problem Solving (cont.)
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Ornek:

A=1{1,3,5,7Tyve B~ {2, 4,6, 8} olmak lizere
f:4-B,f=1(1,2),(3,4),(5,6), (7, 8} fonksiyonu veriliyor.

f fonksiyonunun tersi varsa bulunuz.

Ogretmen {istbilissel sorularla gozer:

i.

Ne verilmig, ne isteniyor? — bir fonksiyonun tanim ve gérlintii kiimesi arasmdaki eglesme verilmis,
Tersinin olup olmadig: soruluyor ve varsa tersini bulmamiz isteniyor.

Bu ne tiir bir soru? — bir fonksiyonun tersint incelemeye yonelik bir soru.

Verilen ile istenen arasinda nasil bir iligki var, ¢izlim igin nasil bir strateji gelistirebilirim?
fonksiyonun elemanlart nasil eslestirdigi verilmis. Ters fonksiyonu olabilmesi igin de birebir ve
drten olmasi gerektifini biliyoruz. Bu yiizden tarum kiimesindeki her eleman farkli bir elemana
gidiyor mu ve deger kiimesinde agikta eleman kalmig diye incelemeliyiz. Bu incelemeyle
fonksiyonun birebir ve drter: oldupunu goérityoruz. Bu durumda tersi vardir. Bir fonksivonun tersi
tanum ve gbriintli ldimesi yer degistirilerek bulunuyordu. Bu durumda:

FTU:Bo A f=1{(2,1),4,3),(6,5),(8,7)} olur.

C6ziim mantikli my? Anlamadifim bir gey var mi?

Bu soranun daha dnee gizditklerimizle benzerligi / farklilify nedir? — fonksiyonda tanim, deger,

gorinti kilmelerini, birebir ve drienlii incelemeyi daha dnceden biliyorduk, tersini almay gordiik.

Figure 1.4. Example Problem Solving (cont.}
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Ornek:

F:R—{-1}=R~-{-3}, f(x) = G:CT_; olduguna gire f(a — b) degerini bulunuz.
Ogretmen tistbiligsel sorularla ¢ézer:
1.

Ne verilmis, ne isteniyor? — bir fonksiyona it tamm ve deger kiimesi ile fonksiyonun kurah
verilmig, kuralindaki bilinmeyenlerin farkinin gériintiisti soruluyor.
Bu ne tiir bir soru? —fonksiyon ve ters fonksiyon tanimina yénelik bir soru,

Verilen ile istenen arasmda nasil bir iliski var, ¢dziim icin nasi) bir strateji geligtirebilirim?

Coziim mantikh mi? Anlamadigim bir gey var mi?
Bu sorunun daha once ¢dzdiiklerimizle benzerligi / farklihif nedir? — dnceeki soru ile rasyonel
ifadeli fonksiyonun tersinin diigtinfilmesi agisindan benzer. Ayrica en genis tanim kiimesi bulma

sorulartyla benzerligi de var. Ancak bu soruda tammsiz vapan degerler ters fonksiyonla da
iliskilendirilmis.

Bir fonksiyonun tanim kiimesi belirlenirken fonksiyonu tammsiz yapan degerler ¢ikanliyordu.
Bu soruda tanim kiimesinden -1 gikarildigma gére -1 fonksiyonu tammsiz yapan deger olmal:.
Rasyonel ifadeli bir fonksivon sadece payda 0 olursa tanimsiz olabilir. Yani x=b deferinde

tamimsiz olacag i¢in b=-1 olmalidir,

Bu fonksiyonun gortintii kiimesinden de -3 ¢ikrildifina gore tersi alindiginda -3 tammmsiz yapan
deger olmali.

fHx) = I—::_;; oldugundan x=a degerinde tanimsizdir ve

a=-3 bulunur.

fla=b)=f(=3+1D) = f(-2) = =2 = 4

—-2+1

Figure I.4. Example Problem Solving (cont.)
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Ornek:
F(x) birebir, drten ve f{x) = 32/C) olduguna gore f~1{x) fonksiyonunun kuralini bulunuz.

1.

x+2

Ne verilmis, ne isteniyor? — bir fonksiyonun kendisi ve bir de@isken tiiriinden egiti verilmis,

fonksiyonun tersinin kurali soruluyor.

Bu ne tiir bir soru? — ters fonksiyon tanimima yénelik bir soru

Verilen ile istenen arasmda nasy bir iligki var, ¢dziim i¢in nasil bir strateji gelistirebilirim?

Fonksiyonun tersini bulabilmek igin x’i yalmiz birakmamiz gerekiyordu. Oncelikle gapraz garpim

vapip X'leri yan yana getirerek yalmz birakmaya ¢alisacagiz.

fxr(x+2)=3x—f(x)

fO)x +2f(x) = 3x — f(x)

2f(x) + fx) = 3x —x. f (x)

3f(x) = x.(3 - f(x))

G0
3-f(x)
Oldugundan:
3x
FrE = 5=

Coziim mantikl ma? Anlamadigim bir gey var mi?

Bu sorunun dahz dnce ¢ozditklerimizie benzerligi / farklilig: nedir? — daha énce ¢ézdiklerimizde

hep f fonksiyonu x cinsinden veriliyordu ama bu soruda x degigkeni ile f fonksiyvonu birlikte

verilmis.

Figure 1.4. Example Problem Solving (cont.)
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Omelc:
FlZx+3)=g{x—1})

olduguna gire {g *of )(5) degerini bulunuz.

Ogrenciler iistbiligsel sorularla ¢ozer:

1.

Ne verilmis, ne isteniyor? — bir fonksiyonun diger bir fonksiyonla iligkisi verilmis, birinin tersi ile
digerinir bileskesi soruluyor.
Bu ne tiir bir soru? — ters fonksiyon dzelliklerine yénelik bir soru
Verilen ile istenen arasmda nasil bir iliski var, ¢6ziim i¢in nasi] bir strateji geligtirebilirim?
- Pin g! ile bileskesi soruldupundan verilen bilgide de bunu elde etmeyi deneyebiliriz. Bu
durumda her iki tarafin da g’! ile soldan bileskesini alirsak;
(g70f)(2x+3) = (g™ og)(x — 1)
(g7 2x+3)=Ix—1)=x—-1

(g7 0f 1(5) igin 2x + 3 = 5 dersek, x=1 yazmamiz gerektigini buluruz:
(g7tof)(5)=1-1=0
Coziim mantikh mi? Anlamadigim bir sey var mi?
Bagka bir strateji gelistirebilir miydik?
- {g™tef)(5) = g7(f(5)) demek oldugu i¢in éncelikle f{5) degerini bulmaya calisinz:
X =1 oldugunda
f(5) = g(0) bulunur. Bunu bilegkede yerine yazarsak:
(g=*of)(5) = g7*(g(0)) = 1(0) = 0 bulunur.

Bu sorunun daha dnce ¢dzditklerimizle benzerligi / farklihd: nedir? — iki fonksivonun birbiri
cinsinden verildigi sorular ¢dzmiistiik daha dnce ama bu soruda verilen iliskiyi ters fonksiyonun

kendisiyle bilegkesinin birim fonksiyon ofmasi ézelligini kullanarak ¢ézdiik.

Figure 1.4. Example Problem Solving (cont.)
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Ornek:

ax—2

—> g(x) =z—t—: olmak iizere  fOg (=1} =6

flx)=

gére a degerini bulunuz.

oldufuna

QOgretmen égrencilerin iistbiligsel sorularla ¢dzmesi icin zaman verir:
I. Ne verilmig, ne isteniyor? — iki fonksiyonun kural ve bileskelerinin -1 i¢in gorintist verilmis,
kuraldaki bilinmeyen sornluyor.
2.  Bune tiir bir soru? — rasyonel ifadeli ters fonksiyvon bulmaya yonelik bir soru
Verilen ile istenen arasmda nasil bir iligki var, ¢6zlim icin nasi bir strateji geligtirebilirim?

(fog™)(-1) = fg™(-1))

2x+4
X1

2(-1)+4
~D-1

g7 x) = ve g (~1)) =

flg=D) = f1) =E=2 = 6 ise
—a—2 = —6 vea = 4 bulunur.

4. Coziim mantikli m1? Anlamadi@im bir sey var ma?
5. Bu sorunun daha énce ¢ozdiklerimizle benzerligi / farklilign nedir? - bilegke, ters fonksiyon ve
gorlinti bulma bakimmdan benzer, ancak gorintiniin verilip kuralda bilinmeyen olmast

bakimindan farkis.

Figure 1.4. Example Problem Solving (cont.)
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Omek 1:

I: R — R olmak tizere [ (x) = x birim fonksiyonunun grafigini ¢iziniz.
1. Ne verilmis, ne isteniyor? — Birim fonksiyon bilgisi verilmig, grafigi soruluyor.
2. Bune tiir bir soru? — dogrusal fonksiyon grafigi ¢izimine yénelik bir soru

3. Nasil bir strateji izlemeliyiz? — Fonksiyonu saglayan noktalar1 koordinat diizlemine verlegtirip

birlestirmeliyiz.
Birim fonksivonu saglayan birkag nokta tabloda verilmigtn
X —-2i—-1: Q 1 2
Hx) —2{-311 0111}z
¥
Axi=%x
3
Forore
(3 X
~2it 2

4. Grafik ¢izimi ile lgili zorlandigmz bir nokta oldu mu?
5. Bu sorunun dncekilerle benzerlii/farkhlifi nedir? —ilk defa fonksivon kurah ile grafik cizimi

vaptik.

Omek:
f:R = R olmak tizere f(x) = 3x — 9 fonksiyonunun grafigini giziniz.
Ogretmen modeller:
1. Neverilmis, ne isteniyor? — Fonksivon kural verilmis, grafigi soruluyor.
2. Bu ne tiir bir soru? - dogrusal fonksiyon grafigi ¢izimine yénelik bir soru
3. Nasil bir strateji izlemeliyiz? — Fonksiyonu saglayan noktalart koordinat diizlemine yerlestirip
birlestirmeliyiz. Ozellikle eksenleri kestigi noktalar1 bulmaya ¢alismaliyz.
4. Grafik ¢gizimi ile ilgii zorlandigmiz bir nokta oldu mu?
5. Bu sorunun dncekilerle benzerligi/farkhihigi nedir? —oncekilerle ile benzer ancak onlar orijinden

geciyordu, bu grafik orijinden gegmiyor, eksenleri kesivor.

Figure [.4. Example Problem Solving (cont.)
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Omek:

f+R — R olmak tizere f(x) = —3x — 9 fonksivonunun grafigini ¢iziniz.
Ogrencilerin ¢dzmesi istenir.

Omek:

fi R — R olmak iizere

X, x < ~1ise
y=flx)=1x+1 —-1<x<2ise
—x+ 2, 2<xise

Ogretmen modeller:

1. Ne verilmis, ne isteniyor? — Pargal: fonksiyon verilmis, grafigi soruluyor.

2. Bu ne tiir bir soru? — fonksiyon grafigi ¢izimine yénelik bir soru

3. Nasil bir strateji izlemeliyiz? — Fonksiyonu, parcalandigy her bir bilge icin ayri ayr1 incelemeliyiz.
Ug bolge igin ti¢ fonksiyon grafigi ¢izmeliyiz. Daha sonra her birinin verilen arahk diginda kalan
bolimleri silinmeli.

4. Grafik cizimi ile ilgili zorlandiguniz bir nokta oldu mu?

5. Bu sorunun dncekilerle benzerligi/farkliligt nedir? —6ncekilerle dogrusal grafik ¢izimi konusunda

benzer ancak bu kez tek bir dogru gizmek verine ti¢ dogruyu ayn1 grafik tizerinde ¢izdik.

Figure 1.4. Example Problem Solving (cont.)
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Fonksiyon Grafilklerini Yorumliama
Omek:

Asafida grafigi verilen f fonksiyonunun tanim ve gdriintii kiimelerini buhmuz.

1. Ne verilmis, ne isteniyor? — grafik verilmis, tanim ve gdriintii kiimeleri sorufuyor.
2. Matematiksel kavramlar - tanim ve gériintii kitmesi tanumlar: hatirlatiiir.
3. Nasil bir strateji izlemeliyiz? — Tamm kitmesi elemanlarm x ile gérintii kiimesi elemanlarm:.

y=f{x} ile temsil ediyorduk. Bu durumda tamm kiimesi bulmak i¢in x eksenini, goriintii kiimesi

bulmak i¢in y eksenini incelemeliyiz.
4. Nerede zorlandik?
5. Bu sorunun oncekilerle benzerligi/farkliligi nedir? — Oncekilerde fonksiyon kurali verilip grafik

soraluyordu, bu kez grafik verilmis fonksivon hakkmda soru var.

Figure 1.4. Example Problem Solving (cont.)
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APPENDIX J: TEACHER WORKSHEET

IMPROVE: A Multidimensional Method for Tezching Mathematics in Heterogeneous
Classrooms .

IMPROVE is a multidimensional instructional method based on metacognitive strategy using. It
aims to enhance mathematical reasoning. The method involves three interrelated components: (a)
metacognitive processes for strategy acquisition; (b} cooperative works including four students with
different prior knowledge: one high, two middle, and one low-achieving student; and (c) provision of
feedback-corrective-enrichiment The method is implemented in heterogeneous classrooms in terms of their
backgrounds and prior knowledge. The method is called as IMPROVE, because it consists of the first
letters of the teaching steps:

Introducing new concepts,

Metacognitive questioning,

Practicing,

Reviewing and reducing difficulties,

Obtaining mastery,

Verification, and

Enrichment.

After the teacher introduces the new concepts to class and modeled the metacognitive questions,
students work in small heterogeneous groups. They are expected to use four metacognitive questions:
comprehension, strategic, connection and reflection questions.

Comprehension questions oriented the students to understand the main ideas in the problem
(e.g., "Describe . . . in your own words"), classify the problem into an appropriate category (e.g., "This is a
rate problem of the form cost-per unit rate"; "This is a simplification problem with a negative multiplier™),
and elaborate the new concepts (e.g., "The definition of... is ..."; "The meaning of . .is..."; "The given
are . ..";"The unknownis...").

Strategic questions are used to find an appropriate strategy during problem solving process.
Students have to select the suitable strategy, justify their decision, and describe the application of the

strategy to the given problem. (e.g., “What can [ do now?”; “How can I continue?™)

Figure J.1. Teacher Worksheet
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Connection guestions help students recognize the similarities and differences between the
problem at hand and the problems previously solved. Using connection questions, students learned to
distinguish between equivalent problems sharing the same mathematical structure and the same story
context, similar problems sharing the same story context but having different mathematical structures,
isomorphic problems sharing the same mathematical structures but having a different story context, and
unrelated problems sharing neither the mathematical structure nor the story context. In addition, students
leamed to distinguish between different kinds of quantities, propositions, and procedures. (e.g., What are
the differences between this problem and the previous ones?)

Reflection guestions were designed to prompt students to self-regulate their problem solving.
They monitored and evaluated their understanding by examining the reasonability of their solutions, as
well as they search different ways to solve problems and different teaching approaches. {e.g., “Do 1
understand?”, “Is the solution reasonable?”, “What is a good mathematical argnment?”, “Can I solve the
task differently?”, “Which point was difficult for me to solve the problem?)

The process of the implementation of these metacognitive questions were similar with the 4-stage
model of the problem-solving process; orientation and problem identification, organization, execution, and
evaluation. The questions were deliberately designed to help students to be aware of the problem-solving
process and to self-regulate their progress. Self-regulation involves (a) understanding what the problem is
all about before attempting a solution, (b) planning the solution, {c) monitoring or keeping track of how
well things are going during the solution, and (d) allocating resources, or deciding what to do while
working on the problem.

IMPROVE also includes cooperative-mastery leaming based on peer interaction, The systematic
provision of corrective/enrichment feedback enhances mathematical thinking. First, peer interaction
provides opportunities for students to articulate their thoughts and explain their mathematical reasoning. It
can also enhance the strategic management of cognitive resources for students with different ability and
prior knowledge Lastly, feedback-corrective-enrichment helps students define their own needs and deepen
their mathematical thinking.

At the end of each unit, students were given a formative test that focused on the main ideas
taught in the unit. Students who did not attain mastery (80% correct) on the formative tests were given
corrective activities to do, whereas others worked on enrichment activities related to the unit. The
enrichment activities includes challenging tasks that fosters mathematical reasoning rather than lower
order skills. In contrast to others, at the corrective-enrichment session, students work in relatively
homogeneous teams. Students who have to correct their learning are given a parallel form of the formative

test and they are allowed to correct their learning just once.

Figure J.1. Teacher Worksheet (cont.}
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APPENDIX K: QUESTION PROMPTS CARD

st biligsel Soru Karti
Anlama Sorular:

Anafikir — Sayilardan bagumsiz olarak problemi kendi ciimlelerinizle
tanimmlaymiz. Problem ne hakkinda? Soruda hangi matematiksel kavramlar var ve bu
kavramlarin anlam: nedir?

Smiflandir — Bu ne tiir bir problem?

Verilen/Istenen - Soruda ne verilmis? Ne isteniyor? Verilen ile istenen arasinda
nasil bir iliski gorebiliriz?

Strateji Sorular:
Soruyu ¢ézmek i¢in uygun strateji ne olabilir? Neden?
Bu stratejivi nasil uygulayabilirim?

Baglant: Sorular:

Bu sorunun daha 8nce ¢6zdiiftimiiz sorulardan farke/benzerligi nedir? Neden?
Begerlendirme Sorular::

Nasil ¢ozdiim? / Neyi yanlis yapmg olabilirim?

Coziimil anladim nu?

Cdziim mantikl nu?

Caziimil nasil agiklayabilirim?

Soruyu ¢dzerken zorlandigim noktalar neler?

Farkli bir yolla da ¢zebilir miydim?

Figure K.1. Question Prompts Card
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APPENDIX L.: FORMATIVE TESTS

10. Sumif Matematik Kiciik Smav 1

. Asgagidakilerden hangileri fonksiyon belirtir?

£Z-7fx)=2-1
fQ-Z, fx)=x+1
ER-RY, ) = Vx

x—1

LRY*>R, flx)= =—

x+2
EN-N, f(x)=x-1
£.27-Q, flx)=2*

. Asagidaki fonksiyonlardan hangileri birebirdir?

FRSR,fx)=-3x+1
f£Z->7Z,f(x)=2x*+5
£ 7 - 7, f{x)=-x°

f: 2> Z, f(x)=4x* +4
£ 7 - Q, fix) = 3*
.27, f{x)=-x-1|

. Asagidaki fonksiyonlardan hangileri drten hangileri i¢inedir?

fR->R,f{x)=-3x+1
£: 72— 7, fix)= %
727 f(x)=|x



10.

11.

12

13.

161

FA-Bfx)=x" -1
A=1{-2,-1,0,1, 2} olduguna gbre f{A) kiimesinin eleman sayist kagtwr?

. f{x) = 2% olduguna gére,

f{(x — 3) ifadesinin f{x) cinsinden degerini bulunuz.

vx € Nigin
fle+1) =2+ fl) tir

f(10) = 60 olduguna gore, f{1) kactir?

f0)=>5
f{x+1) — f{x) = x* olduguna gore, f6) degeri kactir?

f(x) = xf{x+ 1) ve {1) = 10! Olduguna gore, f{10) kactir?

Bir diriinfin alis fiyat1 x, satis fiyat1 y olmak iizere,

y = x> +8x +23 bagmtis1 bulunmaktadir.

Buna gore, alis fiyat1 6 olan bu {iriiniin satisindan elde edilen kar kag liradir?

f{x*) = x™ + 2x* + 1 olduguna gore, £(2) nin esiti nedir?

A={1,2,3}
B=1{1, 2, 3,4, 5} kiimeleri veriliyor. A’dan B’ye kag¢ tane fonksiyon yazilabilir?

. Tammli oldugu araliklarda f(x* +2x -5) = (a — 2)x* + 2(b + 1)x — ¢ fonksiyonu birim

fonksiyon olduguna gére, a + b+ ¢ toplam kagtir?

Tammlt oldugu araliklarda f(x) = (2% —8)x2 — (Vb —2)x + 3 sabit fonksiyon

olduguna gére, a ve b degerlermi bulunuz.




16. Sumf Matematik Kiigiik Smav 2

g(x) = 3x + k fonksiyonlar1 veriliyor.
(fog)(x) = (gof)(x) olduguna gbre, k kagtir?

- 1={(1.2},(2,5),3,7), (4, 12)}
g=1{(2,3), (4, 7), (3, 18)} olduguna gore, (fog)(2) degeri kactir?

. f:R = R fonksiyonu veriliyor.

flx) = {23x—:-x5' ; ; g} olduguna gore, (fofof)(2) degeri kagtur?

. f'dogrusal bir fonksiyondur.

fQ2)=4

f(4)=8

g(x + 2) = 2x + 1 olduguna gére, (fog)(2) kagtir?

. fiR>Rveg:R=R
(f+g)(x) = 3x
(f— g){x) = x— 2 olduguna gére, (f.g)(1) kagtwr?

. 've g dogrusal fonksiyonlardir.

(fog)(x) = 3g(x) +2
olduguna gore, f(5) degeri kagtir?

. flx)=2%
glx) =2x—3
(gof)(x) = 13 oldufuna gore, x degeri kactwr?
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8 glx)=x—-4

(fog)(x) = 9x? — 16 olduguna gére, f{x) fonksiyonunu bulunuz.

9. ffR—>Rveg:R-R
f(x) ¢ift fonksiyon, g(x) tek fonksivondur.

f(x) — g(x) = f{-x) — g(-x) + 2x* +x olduguna gbre, g(2) kagtw?

10. f: R — {4} - R — {4} fonksiyonu birebir ve drtendir.

flx) = 4:':6 olduguna gére (fofofo ...of }(8) kagtir?
- | J
10 tane
BONUS ©

fve g gercek sayilarda tamimii olduklari araliklarda birebir ve érten

fonksiyonlardir.

g(2x + 1) = f~1(4 + x) olduguna gére (fog)(5) kactr?
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APPENDIX M: ENRICHMENT AND CORRECTION SHEETS

First Correction Sheet
1. Ayda x tane iirlin fireten bir girketin aylik gideri y ile gbsterilmektedir.
y = 5000 +7x + x* liradur.
Buna gore, Kasin ayinda 100 adet, Aralik ayinda 150 adet {iretim yapan bu
sirketin, Aralik ayindaki gideri, Kasim aymndaki giderinden kag lira fazladir?

2. f{x*+ 1) = x*+ 2x*— 1 olduguna gore, f(2) nin esiti nedir?

3. f:R - R, f(x*)=2x*—x* + x* +1 fonksiyonu veriliyor. Buna gore f(3) degeri

kagtir?

4. K={x,v, 1,2} kiimesi veriliyor.

f: K = K kag tane fonksiyon tanimlanabilir?
5. f: K - K tanimlanan birebir fonksiyon sayisi kagtir?

6. f:R— R, ve f{x) =(17 —a®)x + b — a fonksiyonu birim fonksiyon olduguna gére,

b’nin alabilecegi dederler carpimi kagtir?

7. Tammh oldugu araliklarda f(x) = 2(22=D)*+3b=6 gahjt fonksiyon olduguna gore, a

ve b degerlerini bulunuz.

Figure M.1. First Correction Sheet
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First Enrichment Sheet
1. f{x) =21 olduguna gore,

Flx+1)4f(x—~2)

” ifadesinin f{x) cinsinden degerini bulunuz.

2. f G) +2f G—) = 2x + 2 olduguna gore, f(1) + f{2) toplam1 kactir?

3. f(x*+ 1) =x"+2x*— 1 olduguna gore, f G + x) in egiti nedir?

4. £ R =R, f{x*)=2x%—x*+x? +1 fonksiyonu veriliyor. Buna gére f{2x) degeri
kagtir?

5. K={x ¥, l, 2} kiimesi veriliyor.

f: K — K kag tane fonksiyon tammianabilir?

6. £ K - K tammlanan birebir fonksiyon sayisi kagtir?

7. Tammh oldugu araliklarda f(x) = /4x — (@ + 2)x — ¥a + 6 sabit fonksiyon

olduguna gore f{(vZ) degerini bulunuz.

8. Tanmli oldugu araliklarda f{x) = 2(2e-0)x*+(3b-6)x gapit fonksiyon olduguna

gdre, a ve b degerlerini bulunuz.

Figure M.2. First Enrichment Sheet
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Second Correciion Sheet

s, O Feri 9
3c+5 1>4 ise} olduguna gore, (fof)(2) degeri kagtir?

D fl)=x+1

(gofix) = %H— olduguna gore, g{x) fonksiyonunu bulunuz.

. f{x) fonksiyonunun grafigi orijine gore simetrik noktalardan olusmaktadir.

f{x) = ax® ~ (2a — 4)x> + x olduguna gore, f{-1) kactir?

. Uygun kosullarda tamiml f{x) tek fonksiyon, g(x) ¢ift fonksiyondur.

F+g(@)

Flo1)mg (g OTaninn en sade halini bulunuz.

(gof)(x) =3.f2(x) =5
(fog)(x)=2.g°(x) +1
olduguna gére f(1) + g(1) kactur?

. ft:R-»Rveg:R-R

f(x) =2x =9 ve g(x) = x + 3 fonksiyonlar veriliyor.
(f + g)(a) = 3 olduguna gére, a kagtr?

Figure M.3. Second Correction Sheet
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Second Enrichment Sheet

- (FoG + fG) = f2(x)
(gog)(x) — 3g{(x) = 2 olduguna gore, (f + g)(—3) ifadesinin degeri kagtir?

. fdogrusal bir fonksiyondur.
(fofof)(x)=8x—7

olduguna gére f(2) degerini bulunuz.

D fl)=x+1
f2x + g(x)) = (fog)(x) + 8

olduguna gére, x kagtir?

. f+ R - R tammlanan f fonksiyonu, f,(x) = (fofefo ...of )(x) seklinde
verilmigtir. n tane
f(x) = x — 1 olduguna gére f, (x) + fo(x) + f3(x) + -+ + f1, (x) ifadesinin

esitini bulunuz.

. [,g:RT = R, (fog)(x) = f(x) + g(x) ve f(x) = 3x + 1 olduguna gére
g(2) degerini bulunuz.

- fl)=x=9]
g{x) = x% + 3 olduguna gore, 2f(-2) — 3g(1) kagtr?

Figure M.4. Second Enrichment Sheet





