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ABSTRACT' 

A finite-eleMent solution scheme for radiative transport problems 

in gray particip.ating f'1edi"a is devised, and its validity is substaQtiated 

through application to representative problens involving plane-p~ral'lel 

geometry Hi til azimuthal syr.1metry. 

The governing boundary value prob'lem of radiative transport in gray 

participating media is first posed, and its ,~ir.pl ification .in the case of 

plane-parallel geometry vJitli azimuthal symmetry is considered in great 

detail with err.phasis on the physics assumed in the sir.1plificationprocess. 

To provide the neces sary bas i s for the appli ca tion of the fi nite-el ement 

approx;natiOn technique, the governing boundary value problem is formu.lated 

i nthe ~ieak sense, and subsequently the Gal erk i n approximation of the resul't­

ingv/eak fonnulation is stated. In the weak formuJation. and therefore in 

its corresponding Galerkin approximation,bounda'ry conditions .are incorporated 

as natural rather than essential conditions.. The adva'ntages of such an 

approach are clear an~ are discusied briefly. After a short discussion of 

the rel evant concepts of the fini te-el el11ent appr.ox ima tio~ techn; que, the 

finite-element model of the Galerkin approximation of the \tJeak fonnu'lation 

of the governing boundary value problem is developed. The resulting equations 

describin~ this model are simple, well-conditioned algebraic equations. With 

the general underlying theory thus established, a specific finite-e.lement 
, 

model applicable to any radiative transport problem in plane-parallel 
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azir.luthally symmetric gray participating media is, derived, vlith particular 

emphasis laid on accounting for the angular discontinuities in the inte,nsity 

distribution. For the sake of simplicity, linear rectangular finite eler:1ents 

are incorporated in this specific model. For this particular choice of 

ele!1lents, specific expressions for the (elevant element matrices and the 
. . 

element'vectors are derived and presehted with the intention of facilitating 

the tailoring of a finite-~lement solution scheme to problems in the applica­

tion range of the aforementioned specific model. Finally; the application 

. of this specific model to selected horlOgeneous as viell as nonhomogeneous 

·probleJr.s, v/hich are \Olell-docuMented, is considered .. Numerical results 

o~tained-for these problems are tabulated and com~ared with the correspondi.ng 

exact ~esults reported in the 1 jterature. ' The agreeme'nt betl-Jeen the finite­

element and the corresponding exact results is seen to be highly satisfactory. 
. . .. 

On the basii of 'the afor~mentionedtheoretical and numerical results, 
. . 

it is found that the' finite-element approximation technique provides an 

efficient. and reliab.le solution scheme for radiative transport problems 

i~ gray parti~ipatirigmedia. 



- vi -

IT Z E T 

.' " 

YaY1Cl t ern;c; ve SaC1Cl gri ortamlarda: 1S1ma probler.llerinincozUr.lU 

icin hir .sonlu eleman yontemi geli-stirill'1is, yontemin gecerliligi, paralel 

dUzl~m geometrisi i1e belirlenen ornek·problemlerdeki uygulamalar ile 

gos.terilmi'stir ... Bu yontemin uygtilamSlnda secilen problem1erin tUmUnde 

aCl~~l simetrininol~u§u varsaYl1mlstlr. 

YaYlcl, .er.lici ve saC1Cl griortarnlarda lSlnlm ne taSlnma olaYlnln 
. . . 

matematiksel modelini olusturan genel .slnlr degerproblemi veri1mistir . 

. Dahasonra,Du problem paralel dUzlem geometrisi ve aClsa1·simetri var­

'saYlmlile indirgenmis ve sonuc1ar aynntl1l birsekilde ince1enmjstir. 

lndirgeme SUrecinde yapl1an kabuller Uzeri~de ~nemle durulmustur. Sonlu 

el emanl ar yonteminin uygul anabi 1 mes i icin gerek1 j teme 1 i haZl rlayabi 1 f11ek 
. ' 

amacly1asoz,konusu slnlrdeger prob1emJnin zaylf sek1i tUreti1mis ve bu 

seklin Galerkin yaklaSlkll1191 veri1mist;r. ZaYlfseklin ve b,una karsl 

gelen Galerkin·yaklaslkll11g1nda Slmr kosullancozUm slnl!'lnT klslt1ayan 
. . 

kO$ul1ar olmaktancok do~al kosu11ar olarak dUsUriUlmUstUr. Boyle bir 

yak1as~mln listtin1Ukleri kl~a olarak ayrlca tartlS11mlstl~. Son1u e1eman 

yontemi ile i1gi1i teme1 kavram1ar ozet olarak veri1dikten sonra i1g;li 

innTr deger prob1eminin zaylf sek1ininGa1erkin yak1aSlk111lg1nTn sonlu 

·e1emanrnodeil ge11stiri1misfir. Bu mode1i be1irleyen denk1emler basit 
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. . 

ve cozillebilirlilik aC1s1ndan uygundavr,amsl1 cebirsel denklemlerdir. 

Bu temel modele dayanarakparalel dUzlem geometrisi ve aC1sal simetrisi 

olan lS1ma problel1lerine uygulanabilir bir fllodel tUretilmis, paralel 

dUzlem problernlerine ozgU ye~inlik da~111m1n1n Sln1r dUzlemlerindeki 

a<;1sal sUreksizUliginin i<;erilmesi Uzerinde onemle durulr::ustur. ~1odelde 
. . 

do~rusal sonlu elemanlar kullanl1m1S ve bu. eleman'tUrU i<;in elernan mat-

risleri ve vektor.leri.turetilmistir. Bu model 'daha once baska yontem­

'lerle incelenmis olan homoJ'en v~ ~iomojenolrnayan problemlere uygulanmlS, 

elde edilen yaklaSlk sonu<;lar ljteratUrde verilmis Dlan analitik ¢ozUmler 

ile karSllastl,nld1g1nda cok iyi bir uyum sagland151 gorUlmUstUr. 

Bu <;al1smada elde edi'~n sonu<;lar ~elistirile~sonlu el~man'yonte­

minin· yaY1c1, ernici ve saC1C1 gri or·tamlarda 1S1ma problemlerinin <;ozU­

mUndekullah1labilecek etkin.vegUvenilir bir yontem ol~ugunu kan1tlam1stlr. 



ACKNOWLEDGEMENTS 

ABSTRACT 

aZET 

LIST OF FIGURES 

LIST OF TABLES 

LIST OF NOMENCLATURE 

INTRODUCTION 

viii 

TABLE OF CONTENTS 

. PART I. 't'lEAK AND GALERKIN F6Rr~ULATIONS OF THE 
BOUNDARY VALUE PROBLEM ASSOCIATED WITH 
RADIATIVE TRMlS'PORT IN GRAY PARTICIPATING 

iii 

iv 

vi 

x 

xi 

xv 

1 

MEDIA 10 

.1. i The Boundary Val ue Problem Associated 
: with Radiative Transport in Gray . 

Partiei pa tingl1ed ia 11 

1.2 . VleakFomu1ation of the Radiative 
Transport Problem 23 

1.3 Ga'lerkin Formulation of the Radiative. 
Transport Problem . 27 



- ix -

Ta.b:f.e.o6 Co nte.n:t6 c.oI1ultue.d ••• 

PART n. FINITE-ELEt~Etn ANALYSIS OF THE RJ'I.OIATI VE 
TRANSPORT PROBLEt1 32 

2.1 Finite-Element Model of the Solution 
Space H· 32 

2.2 Con~truct;on of·a Finite Dime~Si9nal· 
Subspace;n the. Finite-Element r,lodel : 
of the Scilution Space H . 37 

2.3: Fin_ite-Element r'lOdel of the Galerkin 
Radiative Transport Problem .. . 40 

PART I I I. APPLICATiorl TO PROBLEr,lS OF RADI.ATIVE TRANSPORT 
IN PLANE~PARALLtL GRAY PARTICIPATING'MEDIA 

COI~Cl USI ON 

REFERErJCES 

APPENDIX A. 

APPENDIX B. 

APPENDIX C. 

~HTH .l\ZI~UTHAL SYMf·1ETRY· - .. 48 

3.1 Finit~-Eleren~ Analysis ·49 
, -" . 

3.2 Element Matrices and Elem~nt Vectors 61 

3.3 Finite-Element Sol~tionsto. Some 
Selected Problems 77 

134 

138 

Some Integration Formulae 141 

. Representative Code for Homogeneous Problems 144 

P.epreseritativeCode. for Nonhomogeneous 
Problems - 156. 



- x -

LI ST OF FIGURES 

FIGURE·l.l.l The x-w coordinate system .13 

.. FIGURE 1.1.2 The coordinate system for a plane-parall~l 
medium . . '. 1 G 

FIGURE 3.1.1 Physical and analytical regJons for the 
boundary value problem (1.1.31,33,34) 50 

. FIGURE3.1.2P, typ·ical finite-element J110del approximating 
. the region [O,ToJX[-l,l]' 54 

FIGURE 3.2.1 A linear rectangular element 63 

FIGURE 3.3.1 A typical finite-:.elel'1el1.tmesh '.79 



TABLE 3.3~·1 

TABLE 3.3.2 

- xi -

LIST OF TABL[S 

Page -.-. 

A typi~alfinite-eler.:ent algorithm 78 

(4,4).finite-·element solution of the eigenvalue 
problem (3.3:l~3) for TO = 0.5 82. 

TABLE 3.3.3 . (4,4) finite-element soluticin cif the ei~~nvalue' 
. problen (3.3.1-3rfor To = 1 . 83 

TABLE 3.3.4 (4,4) finite-element solution of the eig~nvalue 
proble~ (3.3.1-3) for To = 2, 84 

TABLE 3.3.5 (4,4 ) finite-element solution of the eigenvalue 
prob 1 em (3.3.1-3)' for To : 3 85 

,. 
'. 

TABLE 3.3.6 (4,4) finite-element solution of the eigenvalue 
problem.(3.3.1-3) for\~ : 4 86 

TABLE 3.3.7 (4,4) finite-element solution' of the ei genva lue . 
pioblem (3.3.1-3) for ~o = 5 87 

TABLE ,3.3.8 (4~6)finite-element solution of the eigenvalue 
problem (3.3.1-3) for TO = 0.5 ' 88 

TABLE 3.3.9 (4,6) finite-element solution of the 'eigenvalue 
problem (3.3.l-3} for TO = 1 89 

TARLE 3.3.10 (4,6) finite-ele~ent solution of the eigenvalue 
probler. (3.3.1-3) for TO = 2 9C 

TABLE 3.3.11 (4,6) .finite-element solution of the eigenvalue 
.probler: (3.3.1-3) fo)' To = 3 ·91 

TAELE 3.3.12 (4,6) finite-element solution of ' the eigenvalue 
prob)el" (3.3.1-3) for L = 4 92 o 



- xii -

lMt of Tabte.6 c.ontinue.d ••• 

Page 

TABLE 3.3.13 (4,~)finite-e1em~nt sol~iion of the eigenval~e . 
problem (3.3.1-3) for TO = 5 93 

TABLE 3.3.14 (4,8) fin~te~~lernerit solution bf the eigenvalue 
problem (3.3.1-3) for TO = 0.5 94 

TABLE 3.3.15· (4,8) finite-element solution of the eigenvalue 
problem(3.3.1~3) foi TO = 1 95 

TABLE 3.3.16 (4,8) :finite-elenent solution of the eigenvalue. 
probleM (3 • .3.1-3) for TO =2 96 

TABLE 3.3.17 (4,8) fitiite,.eler.1ent solution of· the. eigenvalue 
problem(3.3.1,-3)forTo =3 . . g] 

TABLE 3.3.18 (4,8) finjte-elementsol~tion of theeigenvalu~ 
problem (3.3.1-3) for TO= 498 

TABLE 3.3.19 (4,8) finite-~lement solution of the eigenvalue 
problem (3.3.1~3) for'-r = 5 . . 99 

. . , 0 

Eigenvalues for the eigenvalue problem 
( 3. 3. 1 - 3 ) , .' , 1 00 

TABLE 3~3.20 

TABLE 3.3.21 (4,4) fiQite-element solation, of the eigen-
value problem (3.3.4-6) for To = 0.5 102 

(4,6) finite~element solution of the eiaen-
value probl,em (3.3,A-6i for TO = 0.5 ~ 103 , ' 

. TABLE 3. 3.22 

TABLE 3.3.23 (4,8) finite-eler.!ent solution of the eigen-
value problem (3.3.4-6) for ~o = 0.5 . ' . . 104 

TABLE 3.3.24 Eigenvalues for the eigenvalue ,problem 
(3.3.4-6) 105 

TABLE 3.3.25 Results for the expression 
[Jl'¥(1/4,1l)dllJ/U 1 '¥(O,1l)dllJ 106' 
-1. -) 

TABLE 3.3.26 (4,4) finite-element solution of the'boundary 
value problem (3.3.7-9) for TO = 0.5, for 
y : 0.8 and for T (lJ) = 1 111 

P) 
TABLE 3.3.27 (4,6) finite-eleMent solution of the boundary 

value problem (3.3.7-9) for 1'0 :"0.5, for 
'Y :.0.8 an,dfor T (ll) = 1. 112 

(1) 



xUi 

w:ton Tab.teo c.onUnue.d ... 

TABLE 3.3.28 

TABLE 3.3~29· 

TABLE 3.3.-30 

TABLE 3.3.31 

TABLE 3.3.32 

TABLE 3.3.33 

TABLE 3.3.34 

TABLE 3.3.35 

TABLE 3.3.36 

TAGLE 3.3.37 

TAELE3. 3. 38 

(i,8) finite.;.eleme-nt solution of the boundary 
. value problem (3.3.7-9) for To = 0.5, for 

y :: 0.8 and for T (}l);: 1 
_ _ (1) 

(4,4) fin ite-el ementso 1 ution of the boundary 
v~lue problen (3.3.7-9).for To '=0.5~ for 
Y· ;: 0. 8 and fo r T (11);: II - _ 

- .' (] ) -

(4,6) finite-eleMent solution of the boundary 
value probleJil (3.3:7-9) for TO = 0.5, for 
y= 0.8 and for T (ll) = II -

( 1 ) 

(4,8) finite-elelT!ent solution of the boundary 
value problem (3.3.7-9) for To ;:0.5,-for 

Y ;: 0.8 and for T '(ll):: II . -
'( 1 ) . 

(4,4) finite-elerent solutjon of the boundary 
value p~oblefTl (3.3.7~9) for To = O.5 j for 
y = O.S and for T - (ll)-;: ll2 -

- .- ( 1 ) 

(4,6)finlte-:e.1erlent soluti.on of the boundary 
value problem· (3.3.7-9) for To = 0.5., ·for 
y : 0.8 arid for T (ll) ~ ll2 

U) . 

(4,8) fil1it~-element solution of the boundary 
value problem (3.3.7-9) for TO =0.5, for-.· 

Y = 0.8 and for T (ll) ;: ll2 .- _. 
.' . (.l) -. 

Results for the expression (~+2)Jl '(1/2,~)lldll' . . . - - 0' 
S = 0,1,2 

_ (4,4) finite-element solution of the boundary_ 
value 'probler.1 (3.3.7-9-) for To;: 0.5, for 
y ;: 0.8 and for T (ll) = ell 

(J ) 

(4,6) finite-elerent solution of the boundary _ 
value probleM (3.3.7-(9)) for)JTo;: O.S,for 
y;: 0.8 and for T J.l = e - _ 

(l) . 

(4,8) finite-elCP'lent solution of the boundary 
value prabler1 (3.3.7-9) for TO = 0.5, for 
y ~ 0.8 and for T - (ll) = ell --

- (1) . 

113 

114 

115 

llG 

117 

118 

-119 

120 

121 

122 

123 



wt 06 T a.btu e.o nunue.d •..• 

TABLE 3.3.39 (4,4-) finite-element solution of tne boundary 
value problem (3.3.7-9) for To: 0.5,' for 
y : 0.8 and for T - (~).= e-P 124. 

, (1) 

TABLE 3.3.40 '(4,O) nnlte-element solution of the boundary' ,.' 
value problem (3.3.7-9) Jor TO = 0.5, for _ ' 
y = a.Band for. T (J ) (~) :e-P " ·125 

TABLE 3.3.41' (4,8) finite-element solution of the boundary 
value probleD (3.3~7-9) for To : 0.5, for 
y= 0.8 and for T(J){)J) = e-P ,' 126 

TABLE 3.3.42 (4,4) finHe-element solution of the boundary 
value problem (3.3.10-12) for To = " and 
for y = 1 . 128 

. , 

TABLE 3.3.43 (4,6) finite-element solution of the boundar-y , 
value problem (3.3.10-12) for TO = 1 -and 
for y= 1 129 

TABLE 3.3.44 (4,8) fin.ite-element solution of the boundary 
value problem (3.3.10-12) for To= 1 and 
for. , Y = 1 130 

TABLE 3.3.45 Results for,the expression J1 'l!(1/2,)J)d)J .131 
-1 



E 

R 

R 

aR 

·aRS, S = .1,2, •.. , S 

.R 

-R 

aR 
.- . 

aRs~ S = 1,2, ... ,5 

x = (x,y,z) 

n 

T 

- xv -

. LIST 6F rJOt1ENCLATURE 

Three-diMensibnal Euclidean Space 

A closed and bounded region in E 

Interior of the regionR 

Boundary of the region R 

Compl ementary regul arsubsurfaces· of the 
boundary aR, s being a positive scalar 

Closure of the region R 

Finite-~l~ment ~odel of the region ~ 

Finite-element model of the boundary aR 

Finite-element models of ·the complementary 
~~gular s~bsurfaces aRs, ~= 1;2, .•• ,S 

A po{nt inR having coordinates xl' x2 
and X3 Vlitn respect to an orthogonal 
coordinate system 

Apoi~t in R having coordinates x, y and. z 
with respect toa Cartesian coordinate 
sys tern 

Unit oub-/ard nomal of the boundary aR 
at a point x E aR 

Thickness or half thickness 

Optical distance 

Optical thiGkn~ss or optical half thickn~ss 



n· 

e 

)J 

1 
W 

W
S 

W
r 

1 
W

S 
llO = W 

n+ 

dv 

- xvi -

A time interval, t being a positive 
scalar ' a 

Time variable 

Collection of Doints on the surface of. 
the unit ball ~ith center at a point. 
xE"R: 

Polar angle about' a fixed axis 

Cosine of the polar angle e 
. Azimuthal angle about a fixed axis 

. Poi nts ,1·1i th spherical coord inatE;s eEl ,CP) 
and (e~,cp'), on the surface of the unit 
ball centered at ~ point~ E "R:; w1-sinecas<j>, 
w~ = sinesin¢and w = case,and 
w

l 
=, sine' cas</> " w~ 3 = sine' sin</> , 

w
3
·= case'. - . 

Direction of inc~dent radiation 

Dire~tion of'scatt~red tadiation 

Direction of reflected radiation 

Scattered angle 

Collection of pojnts defined as 
{~I~ ~ n, n being the unit ball \'/ith 
center at a point x EaR, and h·w > 0, 
~ being the unit outward normaT,of aR 
at x EaR} 

Collection of.points defined as 
{~Iw E n, n bein9 the. unit ball with. 
center at a point x E: aR, and ·n·w < 0, 
nbeing the unit outv/ard normal of aR 
at x EaR} .-
Finite-element model of the region n 

Finite-element model of the reg.ion n+ 

Finite~element model of the region n-

An infinitesimal element in the region R 



dT 

dw 

dll 

a . 

'r 

K 

aq , q = 0, 1 , 2, ... , Q 

K P q 

'n 

e 

f 

h 

k 

K P(.), q P = 1,2, ..•• ,q 
q = 0,1,2; ..... ,Q 

T(S)" s = 1,2, ..• ,S 

((5)' 5 = 1,2, .... ,5 

- xvii -

An infinitesimal. element on the boundary 

An infinitesimal element in the T-region 

An i.nfinitesimal element in the 'region Q 

An infinites·imal el ement in the· '\.I-region 

An i n fin ite sima 1 element in the' <po-region 

Intensity distribution 

Reduced absorption coefficient 

Scattering coefficient 

Extinction coefficient 

Albedo 

Scattering Kernel 

Legendre polynomial of order q . 

Expansion coefficients, Qbe;-ng a 
positive integer . . 

Associated Leaendre polynomials, Q being 
a positive infeg~r 

Index of refraction 

Ter:pera tUl;-e :di s tri buti on 
( . 

81 ackbody intens ity di stri bution, 

Source strength 

Velocity. of 1 ight .in vacuum 

Planck constant 

Boltzmann constant 

Intensity distributions over the surfaces 
dRS, 5 = 1,2, ... ,S, due to transmission 

Emissivitie~ of the surfaces aR5, 
5 = 1,2, ... ,5 

qR 



~(S)' S = 1.2 •••.• 5 

P 

d 
P (1)' 

d 
P (1) 

S 

P . (2)' 
S 

P (2) 

.-

H, H:': , G 

fF 

H 

- ~i(~'~)' 4>' = 1. = 1.2, •.• ,m 1. 

- -4>. 
1. = 4> i (T , lJ) , 1. = 1,2, ••• ,m 

-
1)Ji' cf>i' 1. = 1,2, ... , m 

e,e,e, 

E 

-E 

-, ..... , , 
e .e .e , 

-.-. -....... 
e",e",e" 

- xviii -

Refl ecti vities of the surfaces aRs , 
s= 1,2, ... ,5 

. Hemispherical reflectivity of a surface 

Hemispherical diffuse reflectivities of 
the surfaces 1 and 2. 

He~ispherical specular reflectivities of 
the surfaces 1 and 2 

Solution spaces 

An m-dimensional subsp~cein the space H, 
m being a positive integ~r 

An m~dimens~onal subspace in the spaceG, 
m beinp a positive integer 

Finite-element model of the space H 

Fi~ite-element-~odel ·of the space G 

A p~dimensionQl finite-element subspace 
in the space H, P being a pos'itiveJnteger 

, .' 

A P-dimensjonQlfinite-element subspace _, 
in the space G, P being a,positive integer 

Functions in the finite';;dimensional 
spaces HID andHP 

.. 
Functions, in the finit~-dimensional 
spaces GID'and GP 

A set of 'basis functions spanning the 
space HID, m'being a positive integer 

A set of basis functions spanning the 
space Gm, m being a positive integer 

Expansion coefficients, m being a 
positive integer 

Element labels 

Number of ere[l1entsin a spatial region 

Number of elements in an angular region 



E 

-
P 

-P 

P 

Pe, - 1,2, ..... ,E e = 
.' ~ 

-Pe, e = 1,2, ••. ,E 

P e' e = 1,2, .•• ,E 

1Le, '-Te, e : ·1,2, •... ,E 

-
we' lJe, e = 1,2 •..• ,E 

d 
e' e= 1, 2', .•. ,E 

~~,Te' e = 1.2, ..• ,E 

We' lJe , e = 1,2 •..•• E 

-e, i' = 1,2,.~.,E 
..;. -
!J.= 1,2 ..... P 

-1.2 ••..• P 

- xix -

Number of elements ,ina region which is 
the Cartesia~ productof'sp~tial and 
angular regions 

Number of nodal points in a ~pati~l region 

Number of nodal points';n'anangular regia! 

Number of nodal points in a region which 
is the,Cartesian product of spatial and, 
angular regions 

Number of nodal points_in an element 
IL- or T-. e = 1.2,~ ••• E e 0 e . 0 

Number of nodal points inan element 
w~ orJ.le, e: 1,2, ... ,E 0 

Number of nod~l ~oints in ari element 
de~ e = 1,2,.~.,~ 

Angul~r subregions in an element d , e 
e= 1,2"0' ~ , E 

Subregions in boundary elements 

Coordina tes of global o nodes ion spatial 
reg ions 

Coo rd ina tes of global nodes in angul ar 
regions 

Coordinates of-global nodes in regions 
whi~h are the Cartesian product of 
spatial arid ang~la~ repions 



- -NN 
~(e) , L(e) , ~ = 1,2, ••• ,E, 

N = 1,2,. ' •• ,Pe 

.... 
e = 1,2, ••• ,E 
j~ = r~ 2, ••• , P.... ' e, 

- A 

C, C, B-

I (e" T(e) 
-1 

~ (e)' I 
-1 

1,2, ••• ,E , e = _ (e) 

~(e) ., ~(e) , e -1,2, ••• ,E 

4>~ , ~ = 1,2, ••• ,P 

- (e) 6 1,2,. •• ,P, 4>6 , = 
e = 1,2, ••• ,E 

~(e) N = 1, 2." ••• , P e ' . N' 
e = 1,2, ••• ,E 

-6 lJ! , -6 cp , 6 = 1,2, .•• ,P 

-. N - N 
, lJ! ( e) .,cp ( e) , e=1,2,.· •• ,E 

N = 1,2"."Pe 

~ (e) , .e = 1,2, ••• , E 

~ (e)' 
e = l,2, ••• ,E 

E 

~ (e)' 
·e=1,2, ••.• ,E 

s 

~(e,e')' e,~' = 1,2, .•. ,E 

B(S), s = l,2, ••• ~S 

,. 

- xx'-

Coordinates of local nodes in spatial 
regions 

Coordi na tes of local nodes in angular 
regions 

Coordinates of the local nodes in regions 
which are. theCa'r.tesian product of spatial 
and angular regions . '.' . 

Correspondance relations 

Incj~ence.relations 

Incidence matrices 

Restrictions of the functions iand ~ 
to an e 1 erne n t d , e = 1, 2 ,~ •. ,E . e 

Glohal basis' functions 

Restri~tions of global .basis functions 
to ~n element de' e = i,2, ••• ,E 

Loca 1 bas i s functions 

Global expansion coefficients 

Local expansion coefficients 

.~ 

Local basis vectors 

Coefficient v~ctors 

Transport matri x 

EleMent transpott matrices 

Extinction matrix 

Element extinction matrices 

Scattering matrix 

Element scattering matrices 
, 

Boundary matrices 



5 :: 1,2, ••. ,S, 
e :: l,2, ••• ,E 

R(5) .. 5 1 2 S ._ (e,e')' .... , , ••• , , 

5 

~ (e)' 

t(5} , 

t(5) 
_ (e)' 

e(5} - , 
(5) .. 

£ (e)' 

15 = 15 (.) .. 

15 • 
j 

l. 

e,e' = l,2i ••• ,E 

5_1,2, ••. ,S. 

5 

e 

5 

S 
e 

5 

5 

e 

5 = 1,2,' •.• ,S, 
~,e' = 1,2, ••• iE 

l,2, ••• ·,S 

5 =: 1,2, ... ,S, 
.e , e' = 1, 2, ••• , E· 

= 1,2, ••• ,E 

:: 1,2, .•• ,S 

- 1,2, ...• ,S, 
:: l,2, .•• ,E 

= 1,2, ..• ,S 

= 1,2, •... ,S, 

= 1,2, .•• ,E 

- xxi -

Element boundary'matrices 

. 'Reflectionmatric~i 

Element reflection matrices 

Diffuse reflection matrices 

Element diftu'se reflection matrices 

Specular reflection matrices" 

El ement specul ar refl ection matrices 

Source vecto r. 

.Element source vectors 

Transmission vectors 

Element transmission vecto.rs 

Emission vectors 

[1 ement emi.s~don vectors 

Delta fun~tion 

Kronecker Delta 



WTRODUCTI ON 

Under the impact of PlOdern ,technologicaldevelbpments in hypersonic 
• 

flight, power plants for space exploration needs, high temperature energy 
r ' 

conversion devi~es~ high temperature chemical processing equipments. astro~ 

phys iCs and meteoro logy. there has been a dramati c growth of research_ 

actiVity in various aspects of heat 'transfer. The resul til19 appl ications' 

have necessitated the solL,ltion of extremely. complex problef11s invol.ving 

radiative ~ransport in a participating mediuM 'as well as the interaction 

'of tadiation with other modes of heat transfer. namely conduttion and 

convection. Although extensive effort has, been, applied in solving problems 

in this field. even tile ,solution of relatively simple problems invblving 
, , 

radiative transport in the absence of thei'nteraction of'radiation \·lith 

other modes of heat transfer is st~ll quite complitated due to the difficul 
i 

., .. , 

in the solution of the radiativ~ transport equation. The treatJl1ent of prot 

lems involving radiative transport in the presence of the interaction of 

radiation with other modes of heat transfer. on the other hand j is even 

more involved because they require a simultaneous solution of the radiative 
I 

transport equation and the class'ical energy' equation. Itls our purpose 

here to develop a.finite-element solution scheme for the radiative transpor 

equation. and thus to alleviate the major 'difficulty encountered in solv.in~, 
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both the aforeP1ention~d problems. It is of course. not possible in a 

study 6f this nature to ex~mine all of the variations and r~finements 

of the method. We have, therefore, considered only the funda~ehtal 

concepts and a few relatively simple applications. However, irrespective 

of the degree and natiJre,of conplexity, the transport probler.1s governed 

by the radiat-ive transport equation are open to analysis by the present 

method without undue complications. 

Since the cla~sical 'wo~ks of Lord Rayleigh in 1871. [lJt the .' 

theory. of radiative transport and its'appl ications' have been of major 

concern to astrophysicists' and engineers. Chandrasekhar [2J, Kourganoff 

[3J, andSobol.ev [4J have introduced al'1alyticalmethods to solve the' 

radiative transport eq~ation i~ a limited number of idealized applications . 

. Th~ir methods; however, are 'rather complicated analytically and can 'only 
- - • , 1_ 

deal with extremely idealized problems of radiative transport. Recently, 

Case'sno"rmal (T\od~ expansjon technique has been applied with consi'derable 

. success to the solution of· the radiative transport equation [5-103. 

Although this mefhod is both matherlatically and numerically involved, it' 

provides a syster.1atic ~nd powerful approach fortheana1yticalsolutibn 

of the radiative transport equation in applications involving plane-

pa ra llel media. However, its extens ion to more complex prob 1 ems is' 

extremely difficult, if not impossible.' The mathematical difficulties 
'. . 

i nher.entin these ana l~tica 1 methods on" the other hand have prompted' 

a number. of approximations, and consequently the dev~lbpment of approximate 

t'Numbers enclosed" in brackets refer·to the references cited at the end. 
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solution sche~es ba~ed on these approximations has par~lleledthat of the 
. . 

analytical methods. 'The most \'ti~e1y used approxirlate methods of solution 

are that of Schuster and Sdl\'larzchild introduced in 1905 and 1906 [12,13J, 

. that of Jeans, introduced in 1917 [14J, that of Roseland introduced in 1936. 

[15], and ttYat of Eddi ngton introduced in 1960[16J. Equa l1y widespr:ead 

are the methods of discrete ordinates [2,3J and moment~ I17]. As in the 
.' 

case of the analyti ca l.methods, these approximate so 1 ution schemes are also 

limited to relativelysimple~problems of radiative transport, and, therefore, 

are inadequate to deal I'iHh the highly ,complex problems encountered in real 

life applications. A concise discussion of the aforemention~d analytital 

methods as well as the ~pproximate solution schemes is given in reference [lU]. 

Recent ra~idadvances together with the ever-spreading use of tha 
, . 

.finite-element, approximation technique in the solution of problems in 

structural l'1echanics and elasticity, and the recognition that this technique 

is applicable to any fie~d problem l'Jhich can be formulated in terms of an 

integral la\'/ have raised the possibility that it can be extended to problems 

of radiative transport. Altho~gh the development ·of the finite-element 

approximation technique has paralleled the developnent of the theory of 

radiative transport and the consequent need for numerical solution of the 

radiative tr,ansport equation, it has largely b~en ignored by engineers and' 

scientists working in the field of radiative transport. On hindsi~ht, this 

isquite·surp'risin~ in vie\'/ df the superior results obta,ined fro? the appli-

. cations, in various fields such as elasticity [18J, heat conduction [19J, 
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thermoe1asticity [20J, theri:1oviscoelasticity [21J, neutron transport and 

diffusion [22-24J, a~d fluid f16w [25J. 

The finite-element approximation technique has ~merged from the 

classical works or the early i~vestigators in the fields of structural 

and sol id mec_hanics as one of the most po",erfu1 techniques devised for 

the appro~dl'1ate solution of boundary"value problems .ofengineer:-ing science. 
. . 

p, relatively corplete historical account is given in [27], and the present 

state of ·the art .can befoun'd in the \'lOrks of ZienkiewiczJ26J, aden [27], 

Strang and Fix [28J, aden and Reddy [30], and Norrie and Vri·es [29",31J .. 

Though the· finite-element approxir.lation technique \:muld appear to 

be·~afherinvolved, the u~derlying principle is in factr~latively simple 

. and parallelS that of the classical methods of the Ritz-Galerkin type, 

where the solution ·of a given boundary value problem is· appr6ximatedin 

terms of a function in a finite dimensi.orial function spac"e spanned bya 

finite number of basis functions and ",here the. expa·nsion co~fficients of 

the approximation function are determined by some. integral law, either of 
. ~"'. - ", : 

residual or variational nature. In the cas~~ where the integral law i~ of 

residual nature, .the expansion coefficients are determined by requiring thl 

residual associated with the field equation involved in the boundary probll 

to vanish identically. in ·soma weighted aver~ge s~nse over the region of 

interest .. On the other hand, in the cases where the integral lav' is of 

variational nature, the expansion coefficients are determined by forcing 

the.approxi~ating function to extremize a funct~onalthat has the field 

equation i"nvolved in the boundal~y value p'robleP.1 as ~tsELiler equation .. As 

.. in any appl ic·ationof· the ~foreP.1entioned classical method.s, th.e finite­

·element approxitilation technique, therefo're, unavoidably· requires a global 
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statement of the relevant boundary value problem' in terms of an integral 

la\,/. Accordingly, thisstater1ent ca~ be of residual or variational nature, 

the choice depend,ing largely on the specific type of the boundary value 

prob 1 em. 

Assu~ing that such a global statement is achieved, then the 

finite~element approximation technique consists of representing the 
. '.~' 

re~ibn of interest by ~ collection of a finite number of geociet~ically . 

simplesubregions connected 'together at certain points, and s.ubsequently 

of identifying for each subregion a set··of basis functions defined . . . .' , 

locally ovet.therelevant subregion. The 10ca1 basis functioris are 
. . -

generally chosen ~o be simple-polynomials. With the identificati6n o~ 

the .localbasis functions, the inte~ral law is formulated approximately 

' .. over each subregion. The global approximation of the integralliH" is 

then obtained by simply assembling the subregions together to depict 

the region of interest, and summing the contributions of each ele~e~t. 

The significance of this process of formulating a global approx­

i,mation from a number of local ones is that it embodies a systematic 
. . 

method for constructing b.asis functions .·for arbitrary regions, consequently 

alleviating the traditionaJ difficulties due to irregular geometries and 

boundary conditions ·that .are inherent in the aforementioned classical 

methods [32,33J. !·'lOreover, the basis fUnctions generated in this way are 

usuallypie~ewise polynomials with local compact s~pport;that is, they 

assume nonzero values only in a. relatively SMall neighborhood of certain 

points •. This feature nor:mally leads to cOrlputation'al.advantages in that 

the resulting equations are \-;ell conditio'ned and in that the system matrices 
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, , 

involved in th~ tesultantset of equations are banded - highly desirable 

advanta~es in the development of a solution algorithm and in its sub­

sequent computerimplemeniation. It ison account of these features that 

the fi~ite~element ~pproximition technique derives its power and lends 

itself to extensive applicatjon in virtually every area of engineering 

science. 

The present study is divided into three major parts. The first 
, ' 

part deals \,/ith the mathemafical' foundation~ where all the groundvlOrk 

~ecessary for the subsequent application of the finite-ele!)1ent approximation 

technique is ,laid down. It starts ~/ith the statement of the boundary value 

ptoblemgoverning radiative transport in participating media and proc~eds 

to the developr.1cnt of an equivalent \'ieak formulation in terms of an integral 

law. It concludeiwith the development of th~ corresponding approiimate 

integral law, which provides a basis for the application of the finite­

element approximation technique. The second part is devoted to the 

corres~(mding finite..;elernent formulation. ,It starts\'Iith the construction 

of'the finite-~lement models of the analytical regi6n and the soluiion space 

ass,ociated \,/ith the governing boundary value problem, and proceeds \'Jith the 

derivation of the finite-element ~quations. The last part is concerned 

, with some selected appl ications of the the'oretical results obtained 1.n 

the s'econd part. 

To keep the present study reasonably self-contained and at the same 

,time to preserve the continuity of the text, it is felt necessary at this 

poinl to define the terminology and the notation adopted. 
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The standard set 'theoretics notation is employed throughout. That 

is, the symbol £ is used to indicate membership; ¢ to 'negatee:; {oJ to 

denote the null or theerrlpty set; and, given two sets A and B, A '= Band 

A c B are written to indicate that A is a subset of B and-A is a proper 
. , 

subset of B,respectively. ,A ,=~ {al a has property p} is written to. identify 

a set A of quantities all having the .defining property P, and similarly, 

N A = '{a);, .. to identify'a set A ofa finite number N of quantities a., 
'~-L ' . . .~ 

~ = 1,2, ••• ,N, N being a positive 'Scalar. The union, intersection, Sum 

and differen'ce of two sets A and B are denoted by A U B, A nB, A+B, and 

A-B, respectively. AXB stands -for the Cartesian product of tvlO s~ts A 

and B, .where . AXB = {(a, b) l ae: A and b e: B}. 

Let Al and A2 -denote nonempty subsets· of a set A. . If Al and A2 . 

have .1')0 el er.1ents in common, then Al n A2 :' {oJ and the sets Al and A~ are sa;1 

to be disjoint.' 

The u~~al notatiorr ~ is adopted to denote a closed and bounded 

regioh in three-dimensional Euclideah spabe E, wi~h the interiork and 

boimda!y aR. -'R is written for the clos'ureof the region R. Unless other­

wist; specified, the, bounaary aR'is to be understood as the union of a 
. . : 

finite numb,er-of cOfl1plementaryre-g~lar subsurface~ aR caR,- s = 1,2, ... ,S, 
." . _'. .'. " s.· .: . 

. . ,. 

S being a positive integer.' ~. =(xl,x2~~3) is written for a generic point 

off if the c90rdinate system is a-general one, and,in particular, 

~. = (x,y,z)is written if the coordinate system is Cartesian.- The 

. infinitesimal elements of Rand aR are denoted by dv and d.6,·respectively, 

and the unit outward normal ofaR at any' point xe: aR, by n. 
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By a time interval is meant an interval of the form [O,to) where 

t is any positive scalar. t is 'tlritten to denote any value in the o 

interval [0, to)' 

fl is_written to denote the collection of points on the: surface 

of th~ unit ball with center at·a point ~ E~, and t~e notation ~ = (~1,w2.w3) 

'is used to identify a point·in fl with spherical coordinates (e,q,) 'tilth 

, respect to any fixed oll'tho!)onalcoordinate system. Then w
1 

= sine cosq,. 

w2. = sine sin<j> and w3 = cose'. For any point x e: aR, n+ and n- are written 

to denote th-e sets {~l~ Efl, fl being the unit ball with centerat· ~ e:aR, 

and, n·w> 0, 'n being the unit outward normal of aR atx e: a~}, and {~I~ e: n 

fl being the unit ball with center ,at x e: aR, and n·w < 0, n being the 

unit outward nonnal' of aR at xe: aP'},respectively. The notation dw is 

used to denote an infinitesimal element in fl~ 

We will be dealing ~ith real valued functions of position and time 

with real valued functions of position and direction. If f =f(x,t) is a 

function defined over RX[O,to)' and if g =g(~,~) is a fUnction defined 

over RXfl, then f(.,t), f(x,.), g(.,fu) and g(x,.,) respectively are written 
, , - - - - . 

, , 

for the subsidiary mappings 6fRholding t fixed, of [O,~tO> holding x 

fixed, of R holdin~ w fixed and of fl ~olding x fixed. Let I and J be 

nonnegative integers. Then, f is said to be of class cI,J over RX[O,to) 

if f(x,.) is of classcI over Rand f(.,t) is of class~over [o,to),and 

g is sai'd to be of Class' cI,J over 'Rxn if g(x,~) isof class clover R 

an~ g(.,w)is of class cJ ovet Q. Let h = h(X'W'~f) bea real valued' 
, , 

function having RXfl+Xrr as its domain of def;'nition. Likewise, h'is 

said' to be ofclas's CI,J,K if the subsidiary mappings h( .,w,w~ of R 
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-holding w arid ~I fixe-d, h(:, •• ~') ofn+ holding' ~ and ~I fixed and h(x.w •. ) 

of n~ holding _~ and ~ fixedare- respectively of class clover R, of class 

cJ over n+ and of class cK over n-. where I, J and K are any nonnegative­

integers. 

Usual vector and matrix notation is ad9pted ~hroughout. Any symbol 

- with a tilde underneath sho~ld be understbod to be either a vector or a 

matrix. Whether such a s~tr.1bol stands for a vector or a matrix ought to 

be clear from the conteXt. The notations {.} and [~Jare respectively used 

to denote corumn vectors and matrices~ 'The transpose of a vector or a 

matrix is indicated bya superscriptT. 
- - -

Whenever appropriate, the indicial-notation and the summation 

convention are used. Regarding the use of indic~s, lower caie Lati~ 

jndices are employed either to indicate an entry in an array or to label -

a physical quantity. Whenever confusion is 1 ikely to occur, the -indices 

used for labelling purposes are el')closedin parenthesis. Upper case Latin 

jndices are used-to indicate entries in system arrays, whereas up~er case 

Greek indices are used ,to incate entries'in element arrays. Like\'1ise, upper 
'\ 

case Latin and Greek indices are used to indicate quantities defined at_the 

nodal-points - Latin indices pertaining ~olncal nodes and the Greek indices 

pertaining to global nodes. Regarding the use of the sur.miation convention, 

in_the case of indi~es enclosad in parenthesis or in the case of indices 

with a dot underneath, the summation convention does not apply. -

, Tenninblogy and notation not covered in this short discussion but 

used throughout the text are defined and explained ",here they first appear. 



PART ONE 

. fiEAK AND GALERKIll FORlfULATIOfJS OF THE BOUNDARY VALUE PROBLEM 

ASSOCIATED 'iIITH RADIATIVE TRANSPORT IN GRAY PARTICIPATING 

. MEDIA 

. Due to the inherent nature of the finite element approximation 

technique, finite element·analysis of,any physical problem requires a 

translation of the associated local mathematical model, which is generally 

formulated in tems of local field equations subject to certain initial 

and/or' boundary conditions, into a global model formulated in terms of 

'in'tegral la1.'s that hold over the entire region. It is our intention to 

present:, in this part, a translation oJ~ this sort in the case of problems 

involvingradiati0e transport within a gray participating medium, and, 

thus, to lay down the necessary framework 011. which the finite element 

analysis of such problems can be based. To this end, we fir:st pose the 

correspondir~ bour~ary value problem, and, for future use, derive its 

particular form as applicable to problems in pla~e~parallel gray partici­

pating media lJiih azimuthal syrrunetry. Having thus established the fo:rmu­

tationof the local mathematical model, iJe th.en. proceed ~o formulate an 

equivalent global model in terms of an integral law. We finally cast this 

integr.al law into an approximate form u;hich provides a basis for the 

. application of the finite element approximation technique . 

. - 10 -
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1.1 . The Boundary Val ue Probler.l Associated vJith Radiative 

Transport in Gray Participating f1edia 

Let us consider a gray participating medium confinedihto a closed 

and bounded region R c:: E vlith boundary aR. By a gray participating medium 

we mean a material continuum, which is, in general, capable of absorbing, 

~mitting and scattering r~diatio~, with radiative properties independent 

of frequency. Let the 'boundaryaR be composed of compl ementary regul ar 

subsurfaces aRs with unit outward n~rmal ~ at any point ~ EaRs, S = 1,2, ... 

S being a positive integ~r. If the participating medium is characterized by 

(i). a distribution of reduced absorption coefficient 

a. :a.(x) over· R, 

(;i) a distribution of scattering coefficient a ; a(x) over R, 

(iii) a scatt~ring kernel K= K(w1 • wS ) normalized such that 

and (iv) 

J ~(wi : wS)d~S = 1, 
n - - . 

where ~i, ~s E n and denote, respectively, the unit vectors 

along ~he ~ropagation direc~ions ~f incident and scattered 

fadiation at a point! E R, wher~ ~i • ~s ,is the scattering 

angle at the point~ ER, and where the infinitesimal element 

dw in nis labeled with the superscript s to indicate that the 

jntegration over the region nis with respec.t to the variable 

WS [lO,p. 28; 11, p.?], 

a ·constant index of refraction 'n; 

and if each subsurface aRs, s _1,2, ..• ,S, is characterized by 
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(i) a distribution of emissivity e: = e:' (x,w) 
·,(s) . (S) --

overaR x Q, 
S 

(ii) a drstribution of reflectivity g(S) =g(S)(::.~i~~r) over 

C3Rs x.Q, where wi e: Q+ andwr e: Q"" denote, respectively, the 

u.nit vectors along the propagation directions of incident and ~ 

reflected radiation ata point x e: aRs ., 

-, 
then; assuming that a local thermodynamic equilibrium is established at . 

every-point:: e: if and, furthennore,' that polarizatio~ effects are negl i­

gible,the·gov~rni~g ~quations of radiat;ve transport within a gray par­

ticipating medium can be \'/rittenin the x-w coordinate system, Figure J .1.1, 

as follcH'/S [10, pp.244-253 and pp. 273~275; 11, pp. 1O:-16J. 

over R x Q~ (1.1.1) 

and 

·over aRs x n-, S = 1,2, ... ,S, (1.1.2) 

\'/here 'l' = 'l'(x,w) is the intensity distribution overR' x Q , 

S = Sex) = (l(x) + o(x) (1.1.3) 

'and is referred to as the extinction coefficient [la, p. 253J; T(s) = T(s)(~'~) 
is the intensity distribution over C3Rs xQdue to transmission, s = 1,2, •••• S, 

and 
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and is referred-to a's the blackbody intensity di'stributiQn [lO,-.p.20J., In Eq~ 

(l._~.4)co is the velocity of light invacuum, k is the' Boltzmann constant, 

h is the Planck constant, arid 0 =0(x,t) is the distribution 'of temperature 

over_ ~ x [0, to)' 

FI GURE 1. 1. 1 - The , x-w coordinate system 
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In Eqs.(l.l.l) and (1.1.2) the notation (.)t is adopted to. 

er.1phas ize that the intensitydistributioti may, in fact, depend on time. 

It is worthwhile noting that t~is time dependence is simply a consequence 

of the time dependence of the temperature distributiori, and, therefore, 

it is parametric in nature rather than being explicit .. For the sake of 

simplicity in- notation, \fle- \-lill suppress ~he superscript t. However. it 

must be kept in ~ind that an implicit time dependence may exist. 

To avoid repeated hypotheses. 'in aeneral, \'!e assume once and for 

all that 

(i). a = a(x) and 0 = o(x) are of ~i~ss c6 over R, 

{ii), K = Kewi . ws)is ~ continuous function of ~catteringahgle 

wi • wSwhere wi,ui' E n. 

(iii).' T(S) = T(s)(~;~) is of class co
•

q over aRs x n .s = 1,2,' .•. ,S, 

s '= 1, 2, •• '. , s, 

(v i) e =eex,t). is of class cO,o over'Rx [O,to )' - ' 

The mathematical model based on theintegro-partia1 differential 

equation (1.1.1 )a~d the boundary con-ditions (1.1.2) is general enough-, 

'at least within·the limits of th'e physics as~umed thus far" to chara,c­

terize radiative. transport involved, in a very large class of engineering 

problems dealing \f/ith heat transfer within a gray participating medium. 
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, ' 

provided that, at any given instant of time, the temperature distribution 

is somehoW known a priofi. Hereaft~r, we will restrict our attention to 

the boundary value problem stated in terms of Eqs. (1.1.-1) and (1.1.2) for 

a given temperature distribution over I x [6,to ),and briefly refer to this 

problem as the radiative transport problem. ' 

Referring to a Cartesian coordinate system, for a plane-parallel 

gray participating medi'um of infinite' extent'in the x- and y- directions 
~ 

and of fi niteextent in the z-dired:ion, 0 .::. z .::. zo' 'zo being an arbi,trary-

pos'~tive scalar, Figure 1.1.2, we have' 

and, therefore, the boundary value problem (1.1.1-2) reduces to 

'11 ...L,'1'(~'lJ'<I»+ S(z)'1'(z,lJ,<I» = cx(z)f[e(z,tJ 
az ' 

27f 1 
+ O'(z)J ': J 

'0 -1 
K(lJ )'1'(z,lJ',<I»dlJ'd<l>' o . .. 

(1.1.5) 

for 0 < Z < zo' _ -1.::. lJ'::' 1 and 0 < <P < 27f, 

'1'(O,lJ,<I» = T ' (lJ,<I» + e: (lJ,<I»f[0(0, t)] 
(1)(1) 

J
27fJO ' . 

, 
g (lJ' , <I> " lJ , <1» '1' (0 ~ lJ ' , ,<I> ' ) lJ ' dlJ ' d<l> ' 

, 'I (l) , o -
(1.1.6) 

for 0 < lJ < 1 and D ~'<I> < 27f, 

+ J 2~'J1 g(2){lJ',<I>'~lJ,<I»'1'(zo,lJ',<I>')lJ'dlJ'd<l>' 

o ° 
(1.1.7)', 

for -i.::. lJ < o and, 0.::. <I> < 27f. 



n 

outgoi 
direction, 

lJ<O z:O 

-.16 -

.' 

incoming 
direction, 

lJ > 0 

incoming 
direction, 
lJei: a 

lJ = cese 

o1,ltgding 
. d.irection 

lJ.> 0 

z 

FIGURE 1.l.2 - The coordinate system for a plane-parallel medium 



- 17 -

In Eq. (1.1.5) 

(1.1.8) 

[1 0, p.·29J· and,- in Eqs. (1.1.6) and (1.1.7), the subscripts 1 and 2 refer to the 

surfaces at z = 0 and z =. zo' respectively. 

If, furthennore, the reflectivities of the surfaces at z = 0 

and' z = Zo can b~ expressed as a sum of diffuse and specu1 ar components [1 Q ,'p. 79J, 

then 

(1-1',4> ',1-1,4» d 1 S (1-1 ' ,4>' ) <5 (1-1 ' + 1-I)0(CP' - CP), (1.1.9). g = g + - g 
( 1 ) (l) . 1-1 (1) 

and 

g . (1-1 ' , 4> 't 1-1 , cp) = gd + _1_ gS (j.l',cp')o(j.l' + j.l)o(~'- 4», (1.1.10) 
(2) (2) . 1-1 (2) '. 

\'Jhere the super?cripts d and S refer, respecti ve1y, to diffuse ahd specular 

reflections;gd .and gd are constants; and 0(') is the Delta function. 
(1) (2). '. 

Using, respectively, Eqs. (1.1.9)·and (1.1.10) in Eqs. (1.1.6) and (1.1.7) 

= T. (j.l;CP) + e: (j.l,CP)f[0(O,t)J d' f2
7T

fO '¥(O,1-I' ,4>')iJ'dj.l'dCP' 
( 1 ) ( 1 ) - . g( 1) 0 -1 

(1.1.11) 

foro < 1-1 .:: 1 and 0.:: 4> < 27T,. 

and 



- 18 -

(1. 1 . 12) 

for--l ~ p < 0 and 0 ~ • < 2n. 

On the other hand, from the definition of the hemispherical reflectivity. of a 
~urface [lO,p. 39J it follows that ' 

"~d d 'J2n f1'PdPd. =ngd , 
(1) = gel) 0 )0 ' 0) (1.1.13) 

Pd '~Jin 'r"O d 
- -g'pdpd. = ng , 

(2)'- (2) 0 )-1 (2) (1.1.14) 

( 

(1.1.15) 

and 

(1.1.16) 

where pd and p~ , are, respectively, the hemispherical diffuse and 
, (1) (1,) 

spec~lar reflectivities of the surface at z = b ~ and pd(2) and 

P~2) are, ~especti~ely~ the hemispherical diffuse and specular reflectivi­

ties of the surface at z = zo' " Now, if gS and' gS are independent 
(1) , (2) 

ofp and., then from Eqs. (1.1.15) and (1.1.16), respectively, it follo\,!s 

that 
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(J. 1.17) 

and 

(loLlS) 

Using Eqs. (1.L13)" and (1.1.17) in Eq.(LLll),and Eqs. (1.1.14) and 

(L1.1S) in Eq. (1.1.12) we obtain, respectively, 

'(O,~,¢) = T(~,¢) + E (~,¢)f[e(O,t)] 
(1) (1). . 

d .; 2rr 0 . ' - ~(I).J J ,(o.~',¢')~'d~'d¢' + pS ,(o,-~,.) 
rrl 0 _1. - . 0) . 

for 0 < ~ ~l :andO ~. <. 2rr, (1.1.19) 

and 

'1'(zo· ,~.¢) = T (~,.) + E(~ •• ~fte(zo,t)J 
(2)'· (2)·. 

.. d . r2rr r 1 + . P(2) 

rr"JoJ o 

for- -1~41 < 0 and 0 ~. < 2rr. (1. 1.20) 

No\'v. if •. in addition, there exists azimuthal symmetry, then 

, = '(z,~), 

T =T (~), 
(I) (1) 

T = T (~) , 
(2) (2) 
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and 

Thus, the set of equa~ions.Q.l.5), (1.1.19) and (1.1.20) further ~educes to 

d . . 
lJ -- 'l'(z, lJ) + S(z)'l'(z,lJ) = a(z)fI0(z; t)] 

dZ 

for .0< z < Zo and -1 ~ lJ ~ 1, (1.1.21) 

(1.1.22) 

for 0 < lJ < 1, 

1 
'l'(zo,lJ) =.T· (lJ) +E (lJ)f[O(ZO,l)]+ 2pd f 'l'(zo,lJ')lJ'dlJ' 

. '(2) (2) . . ' (2)0 

+ pS 'l'(zo,-lJ) (1.1.23) 
(2) • J 

for. - 1 ::.. lJ < O. 

To simplify Eq. (1.' .21) fur:-ther,it is possible to integrate the scattering 

kernel over the azimuthal region [0,27T) by expanding K = K(lJo) in Legendre 

polynomials in the form 
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where Q is ,some positive 'integer, aq , q = O,1,2, ... ,Q, are the expansion 

coefficients, and Kq(;) is the Legendre polynomial of order q, q = 0,1,2, .•• ,Q. 

Ind~ed, it c~n easi~y be ~ho~n that 

q = O,l, ••• ,Q,' 

where Kq
P
(.), CJ, = O,l, .•. ,Q, P = 1,2, ••• ,q, ~rethe associated Legendre 

. , 

polynomials [40,pp. 326-328J: SubstitutingEq. (1.1.25) in Eq. (1.1.24) we get 

K(~ )' = o .. r aqKq(~)Kq(~') + 2 . r 'I aqPKl(l.I)KqP(~')c~sp(<j>-<j>');. (1.1.26) 
q=o q=1 P=1 

\;.,here 

and 

a P = 
q a 

q (q + p)! 

(q - p)! 
q = 1,2, .•. ,Q, P = 1,2, .•• ,q. 

No'l', integrating Eq; (1:1.26) over <j>lfrom 0 to 27f, and noting that 

fOr integral values of p, we get. 

J 
27f . 1 /. 1 / 

o K[~~' + (1 - ~~ 2p - ~'2) 2cos(<j> - <j>1)Jd<j>' = 

27f 'r K~(~)Kq(~I) , 
. q=1 

. , (1. 1.27) 
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Using Eq. (l.1.27) in Eq. (1.1.21), \'Je finally obtaiI') 

a . 
lJ -- 'l'(z,lJ) + S(z)'l'(z,lJ) = o.(z)f[0(z,t)] . az· -

. . Q Jl . 
+ 21T0'(Z) l aqK·(lJ). Kq(ll')'l'(z,ll')dll', a = 1,(1.1.28) 

. q=o q -i o· 

for 0 < z < Zo and -1 ~ll ~ 1. 

It i~ worthwhile noting that the case of Q = 0 corresponds to isotfopic 
. . 

scattering, and the· cases of Q > 0 cbrrespond to ani~otropic~tattering. 

For COrlven i ence~· we define a ne\'1 va ri abl e l' = l' (z) such tha t 

. d1' = S(z)dz, 

or, equivalently. 

l' = JZS(Z)dZ, 
Q 

(1.1.29) 

(1. , .30) 

'where it hasb~en arbitrarily assumed that 1'(0) = o. Assuming that the 

inverse function z ::: i(l) exists we can, then, express Eq. (1.1.28) as 

follows. 

. a 
II -.-. - 'l'(1',lJ) +'l'(1' ,ll) = [1 - Y(1')]£[0(T ,t)] 

aT . 
Q . Jl 
\' a K (11) [. q q .. 

q=l. ""1 

a = 1, (1.1.'31). a 

where we have defined 

Y(T) ,'(1.1.32) 
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In radiative transport.l fterature it has become, a common. practice to refer, 

respectively, to the .variables T =T(z) and y = Y(T) as the optica'l distance 

and thealbedo-[lO,p.259 and p. 253]. 

In tenns of the optical distance, Eqs. {l.1.22) and (1.1.23) ~an, 

respectively, be expressed as follows. 

and 

+pS . If(O,-ll) 
( 1 )-

for 0 < II ~ I, 

-1 

= T . (ll) + E (ll)f[0(To ' t)] + . 2pd .··JI 
(2) . (2) ' .. (2)0 

+ . S '1'(T
o
' , -ll) 

P(2) 

. f6 r -1 < II < O. 

If (0. II ' ) II ' dll,' 

1. 2 ~Jeak Fonnul ation of the Radi ati ve Transport Pr:ob 1 em 

(1. 1. 33) 

. (1.1. 34 ) 

In Section 1.1 the radiatlve transport problem has been formulated 

in tefms of the equations 

arid 

w'gradlf(x,w)' + B(x)If(x.w) = a(x)£[0(x,t)] - - -. -
+ o(x)J K(w' w),¥(x.w')dw' 

- n -
overRx n {l . ~l . 1 ) 
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'!,(x,w) = T(sj(:'~) + E(S)(:,~)f[e(:5,t)J 

+ J g( )(x,w."W)~(x,w') In • w_' Idw' 0: . s - - - . - - -

over aRs x rc', s = 1~2, ••• ,s.·· 

(1. 1. 2) 

Within the 1 iniits of the physics assumed thus far, the fiel dequation 

(1.1.1) together \:lith the boundary conditions (1.1. 2) provides the probl em 

of radiative transpo~t in gray participatin~_media with a loc~l mathematical 

. m·odel. In this section we proceed to for~ulate an equivalent global model 

through a weak formulation of the boundary value problem ,(1.1.1-2). 

Let the solution space of the boundary value problem given by' 

Eqs. (1.1.1) and (1. L 2) be H~ Then H is simply the space of functions 

,of class cl,o defi,ned over the region R x r2. Multiplying Eq. (1.1.1) by 

an arbitrary function ~ EH, and integrating over the: spatial a'nd angul ar 

'regions I'le get 

f f l:w.grad'¥(x,w)J~(x,w)dwd·v + J .. 1 f3(x)'¥(x,w~~(x,w).dwdv = 
'R n - - -- - R n ; - - -~. 

J R In a(~) ~[e(~, t) J~(::,~)dwdv 

+ J. J .. o(::)[J K(~' .~),¥(::,~~)dw' J~(::.~)dwdv. (1.2.1 
R n n .' 

On the other hand, from Green1s therirem it follows that 

f f {~·grad,¥(::,~)JI>(~,~)dwdV = -J. fn '¥(::,~t~~grad~(.::,~~}lwdv 
R n- . R • H '. . 

+ f J + ,¥(::,~)~(~,~) I~ " ~Idwd~ 
aR n 

- f r _'¥(::,~).(.::,~)I~ • ~Idwd~. 
aR 'n . 

(1.2.2 
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Substituting Eq.(l.2~2)in Eq. (1.2.1) we get 

-J J 'i' (::,~)~.grad~(~,~)ciwdv + J J f3(~)'i'(~t~H>(~,~)dwdv = 
R n ' R n ' , 

-- - . 

f f a(~)i[e(~;t)J.(~,~)~WdV 
R n '. 

+ f J a(~)[f K(~' ~'~)'i'(~,~I)-d~IJct>(~tl£)dWdV Rn ' n ,',' 

-:f f 'i'(x,w)~(x,w) In • w_ldWd.6 
aR n+ -- - '--:, -

s' , • 
+' Iff, 'i'(x~w)~(x,w) In ., 'w\dwdh.(1.2.3) 

5=1. ClRS n- - - - - - -

Using Eq. (1.1.2) in Eq. (1.2.3). we finally obtain 

f J a(~)f[e(~tt)J~(~.~)dwdv 
R n _ ' 

+ f J a(~)[f' K(~' • I£)'i'(~,££' )dw' Jct>(~,~)dwdv 
R n' , n 

- J 'f''i'(x,w)~(x,w)ln". wldwdh 
aR n+ - - - - - - , 
s · , 

+ 2 f J T ( .~ ) (~, to ct> (~, to II!. • 4! I dWd4 
5=1. aR n- , , 

+ f' f E( )(~,w)f[e(x,t)Jct>(~,~) I~ • ~\dwd4 
aRs n- 5 ~ -

'(1.2.4) 

BOGAziQi o NlVERS\TESi KOTOPHA~ES\ 
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This proves the fact that if 'l' e: H is a solution to the boundary value 

probl~m (1.1.1-2), then Eq. (1.2.4) should be valid for all 4> e: H . 

Furthermo-re, it can easily. be sho\'/n that the converse of this statement 

is also true. That is, if 'l' e: H is such a function that Eq .. (1.2.4) is 

Valid for all ~ e: H,then 'l' is necessarily the solution to the boundary 

value problem (1.1.1-2). Thus, \'Je can immediately conclude that solving 

the system of equations (1.1.1) and (L1.2)is completely equivalent to 

flndinga function 'l' e: H such that Eq. "(1.2.4) is val1d for all' 4> e: H. 

Clearly, the problem of finding such a function provides the boundary 

value problem (1.1.1-2)\,lith an equivalent weak formulat.ion., In what 

. follo\ols, \'Je vtill refer to Eq. (1.2.4) as the w'eak equation associated 

with the system of equations (1.1.1) and (1.1.2), and to the problem of 

finding a function in H such that Eq. (1.2.4) is valid for all functions 

in H as the weak radiatiVe transport problem. 

Before proceeding any further~ it is worth\'Jhile- noting that Eq .. (.1 ~2.3) 
. , 

also provides the bounda.ry value problem (1.1. ,.,.2) with a \'Jeak formulation~ 

~. provided that the ~olution ~pace H is constr~ined to a space H*defined as 

dRS x n- , . S = 1,2, ••• ,S}. 

In\'Jeak formulations of this -nature the boundary conditions are directly 

imposed, and ,therefo.re , treated as essenti alcond itions. Such formulations, 

however" tend to ~omplicate the subsequent mathematical and computational 

analyses. In formulations based ona weak equation such as Eq. (1.2.4), on 
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· the ot~er hand, boundary conditions arecorisidered to be natural condltions, 
- . 
that is',. they are directly incorporated into. the \'/eak equation rather bei~g-

imposed as a constraint on the solution space. Since fonnu1ationsof this 

· type avoid the complications encou-ntered in the aforementioned analyses, 

~ they are generally preferred. This will, i.ndeed be our attitude in the 

preserJt'study. 

1.3- Ga1erkin Formulation of the Radiative Transport Problem 

In Section 1.1 we have posed the boundary value. problem governing 
. . . 

radiative transport in gray participating media, and; in Section 1.2, we 

have formulated an equivalent weak problem .. A comparison of the system 

of equations (1.1.1) and (1.1.2)\'Jith.Eq. (1.2.4)·mayerroneouslylead to 

the conclusion that no progress has been achieved so far~' sin~ce, as·it 
. ~ . 

stands, solving the ~eak problem.stated in terms of Eq.(1.2.4) appears to 

be as formidable as solving 'the boundary value problem (1.Ll-2). A care­

fu1e~amination of Eq. (1.2.4), on th~ .other h_and, reveals that, within the 
..' . . . 

context of the weak radiative transport problem, Eqs.(l.l.l) and (1.1.2) 
. ". . " .. 

are required to be valid globally over R x n , but, within the context of 
\ . . . 

the original bounda-ry vcque problem, .locallyover R x Q • - The fact that ' 

· global formulations have been found to be much more amenCible to the develop­

ment of an approximate sO.lution scheme as compared to local formulations, 

thus, clarifies our prcigress achi~ved so far. With the intention of 

establ ishing such a solution scheme, Vie, now proceed to develop an approximatl 

formulation of the weak radiative transport problem on which the subsequent 

- finite element analysis Can be based. 
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Let Iflt:: H be some finite dimensional subspace of dimension' ro, 
, , ' 

m being a positive integer.Let~i' i ~1,2, ••. ,m, be the basis functions 

in tF. He will \"/~_ite a tilde on top of a symbol representing a function 

\'/henever the function belongs' to.a finite dimensional subspace of a; giVen 
. ' . 

function space. If, now, the solution space of the boundary value problem 

(1.1.1-2) is constrained to fP, then Eq~(1.2.4) can be written as 

-J J' ~ex,w)w·gradiex,w)dwdv~ f J Sex)~ex,w)iex,~)dwdV ~ 
R n - - - - - R n - - -. --

f· f B'(x)f[e(~,t)]iex,w)dwdv ,Rn - - .,--

+ J'" f aex)[J' K(w'· w)~e~,w')dw'Ji(x,w)dwdv 
R' n - n-

f f ~ex,w)~ex,w)ln. wldwd~ 
-, dR n+ - - - ~ - -
s' . 

+ I J J. T.(x,w)i(x,~) In • w_l.dwd~ 
.... S.f"\- ( S) - - - - -s=~. oR ~, , 

+ ',J J E("s·)(x,w)'f[eex,t)J~(x,w) In • ~Idw~ 
dRs n- - - - - - -

+ 
J f [J",+gc/x_,w_,' ,w_)~('x_'~')I~ • w'ldw'J~ex,w) In • ~Idwd~, 
aR~ n-" tl& ) '- . - ~ -

(1.3.1 ) 

where 'l', ~ e:f1D1, andtlie weak problem associated \'lith it reads as follows: 

find a particular 'function ~ E f1D1 such that Eq. '(1.3.1) is valid for all 

~. e: /f1 '. But; since ff1 is finite dimensional, 

" -<t>(x,w) (1.3.2) 
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for any ~ E HID \.,rhere cP i'l. = 1,2, .•• ,m,are the expansion coefficients. 

It then follows that it is sufficient to reauire Eq. (1.3.1) to hold for 

,the basisfuncti~ns ~r i = l,2, ... ,m', in order to ensur,e that it is valid 

for all functions ~ e: Hm.Therefore, Eq. (1.3.1) reduces to 

-J f ~X,w)w.grad~i (x,w)dwdv + f "f B(x)~(x,w)~. (x,w)dwdv = 
Rn--- ,-- R n --- l.-- ' 

+ 'f f, a(x) [f K(w' • w)~(x,w')dW' J~. (x,w)du:dv 
R n - n -,,'- -- ~--

-' J f, ~(x~w)~. (x, ,w)ln • wldwdll 
aR n+ - - l. - - - '- , 

,+ f " f " E(S')(X,W)f[e(x,t)]~. (x,w)dwdll 
aRs n-- - -, l. --, 

+ f' 'J' [f g (x, w' , w) ~(x~ w') In • w' IdW' J~. (x, w) In • w_ldWdll, 
aRsn- n+(s) - ~ - - - - - l. - - -

i = 1,2, ••• , m. (1.3.3)' 

, Clearly, Eq. (1.3.3) apprOXimates .the \'leak equation (1.2.4'), and thus 

provides the \'/eak radiative transport problem \'/ith an approximate formulation. 

, Formulations of this type are, comr.1only referred to as Galerkin formulations. 

In,\.,rhat follows; \>:e will refer to Eq. (1.3.3) as the Ga1erkin equatlon 

associated with the system of equations (1.1.1,) and (1.1.2), and to the 

,problem of finding a function in ff1 such that Eq. (1.3.3) is. valid for all 

~i' i = 1,2, ... ,ID, as the Galerkin radiative transport problem. 
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-
By expanding '¥ EffID according to Eq. (1.3.2), and substituting the 

_result in Eq. (1.3.3). \'/econclude that the Galer'kin fonnulation of the 

-radiative transport problem automatically leads to an approximate solution 

scheme involving a system of 1 inear algebraic equations for the variables -

-
$i' i : 1,2, .•.• m, provided that it is possi~le to construct a finite 

-dimens iona 1 subspace If! c:: H • In fact.- this'- is v/here the finite element 
, \. - . 

approximatiOn technique comes in, and its appl icatiori vlill be the subject 

of Part 2. 

Before concl uding this section, referring to a Cartesian coordinate -

system vie should state, for future reference, the Galerkin radiative trans­

port problem in the case of a plane~parall~lgray azimuthally symmetric 

participating medium of infinite extent in the x-and y- djrectio~s and 
,-

of finite extent in the z-direction, 0 2 Z 2 zoo Zo being an arbitrary 
. '. . . 

positi ve scal ar. Let the solution space of the corresponding boundary 
- -

value problemgive!1 by-Eqs. (1.1.31), (1.1.33) and (1.1.~4) be- G. Then 
, 

G is- simply the space of functions of class co,o defined over the region -

[O,LOJ x[-l,l]. For this parti~ular case, it can -then be shO\oJn that \'Iithin 

the 1 imitations of pertinent assumptions made in deriving Eqs. (l.1.3l), 

(1.1.33) and (1.1.34), Eq. (1.3.3) reduces to 

L 1 

'J OJ o -1 

- -
'¥(L·~)¢i(L.P)dpdL = 
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J~Ofl [1 - Y(~)Jf[e(~,t)J~i(~,~)d~d~ 
o -1 

- - -
~/here m is some positive integer, 4>~ = ~.('[,~), i= 1,2, .•. ,m, are the 

~ -1 

basis functions spanning a finite dimensional subspace (fie G, and ~ is 

any func,tion in if1. Consequently, the corresponding Galerkin problem is 

simply the problem of finding a. function in Gm such that Eq. (1.3.4) is 

val id for all ~., i = 1,2, .•. ,m. 
- 1 



PART TWO 

FIllITE-ELiMEHT AllALYSIS OF THE'RADIATIVE TRANSPORT PROBLEM 

, In the first part of the present study !Je have sholJn' that the, 

Galerkin forvrrulation. o/the radiative transport problemautomatieaZZy 

leads to an approximate solution scheme, provided that it is possible 

to eonstrnct a finite dimensional. subspace in the soiution space of this 

boundary value pl'oblem. In this part !Je proceed toappZy ·.the finit~- . 

element appro:r:ir;ation technique in developiYl.g .such an approximate solut.ion 

scheme. . To. this eize.., we first deve lop a fini te-e lement mode l H. apr;:r·oxi-

mating the solution space H Of the radiative tY!ci.11sport problem, anrJ,. 

subsequently, coristnwt a finite-c.imensional _ subspace i\the space H . . He 

they! proceed to f'omuZate a finite-eZe~nt model of the ca.Zel'kin radiative 

transport problem, !Jhich, as !JiZZ be seen, Zeadsto an approximate solution 

. scheme for the radiative transport problem. 

2.1 Finite Element ~~odel of the Solution Space H 

InS~ction 1.2 we have defined H to be the space of functibns of class C1,o 

defined over the region R x Q. Its corresponding first order finite-element 

mgdel H then is defined to be the space of functions of class cd~odefined 

32 -
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over· the finite-ele~ent model of the regirin R x n. Now, ifR and ~ denote, 

,respectively, the finite-eleme,nt models approximating ~he regions Rand n, 

then from the de!inition of the 'region R x n it follm1s that its corresponding 

finite-element model is simply the region Rx ~. -Thus" H is the ,space of . 

functions of class cO,o defined over the region i x ~; and, therefore, the 

construction of the models iand n is sufficient to define,theregion'i x ~ 
--

as well as the space H. The approach and the notation vie adopt in constructing 

the finite-ele~ent models Rand n will ~ssentially be that of Oden described 

,ingreat detail in' [27J and [30J~ 

To construct the finite-element model R approximating the region'R, 

let us identify 

(i) .~ finite numbe~ ~ of.points x!, ~ .- -= 1,2, ... ,P,- in R, 

. (ii)' a'finite n~rnber ~ of closed and disjoint subregions 

Jt- c R ~ - 1 2 E e ' - , , .•• , , 

and 

(iii) a finite number p~ or points ~(e)N, N= 1,2, .. ~,Pe' in each 
'. . 

subregion Jt- such,that local compatibility conditions are 
, e 

satiSfied '[27, p. 36J. 

-The region R is then defined to be the' connected region constructed by 

assembling the subregions Jte~ i. 1,2, ••. ,E, together: 

To construct the finite-element model napproximating the region 

n, let us' similarly identify 
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A 

(i) a finite number P of points wt.. ~. = 1.2, ... ,P, in n, 

(ii)· a finite number i of closed and disjoint subregioris 

We en, e = 1,2, ..• ,i, 

. (ii i ) 1,2,., •. ,P .... , e, in each 

subre~ion'We such that local compatibility conditions are 

sati5fied [27, p. 36J. 

The region n is then defined to be the connected region cOhstructed by 

. assembling the subregions w-, e ~ 1,2,.~.,E, together. e ' .. 

From the structure of the ,regions iand n, it then follows that the 

region R xQ is the connected. region c~aracterized by a finite number P =PP 

of points (x,w)t., t. = 1,2 •... ,P, and a finite numberE = ~E of subr~gions 

de' e = 1.2, .... E, each' su~region de being defined as 

d == It. X we e e 
(2.1.1) , 

\,/ith the condition that 

-
1te = C elt._ , e e 

-
e = 1,2, .. ·.,E, (2.1.2) 

and 

.-.... e 
we = C w-e e 

.... 
e = 1,2, ... ,E, (2. 1. 3) 

where 
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- C 
if e corresponds t,o e e:: {l,2, .• '. ,E}, e 

Ce = 
if otherwise, 

(2.1.4) 

. and 

... 

C 
if e corresponds to e e:: {1,2, ••• ,E}, ... e Ce = 
if otherwise. 

(2.1.5) 

Henceforth, we \'dll refer to the points(x,w)fi, fi = 1,2,.~.,P, as global 

nodes, and to the subregions de' e = 1,2, .•. ,E, as finite elements or, 

simply,~a~ elements. 

From the definition of the element de' e =·l,~, ... ,E,· it is clear 

that there exists within eadi element de a ,finite number'P e :Ce
e Ce

e PePe, 

~ = 1,2, ... ,E and e = 1,2, ... ~E, of points (x,w)(e)N,N = 1,2, ... ,Pe; and, 

'since the subregion,s Ite, e = 1,2, ... ,E, and we' e = 1,2, ... ,E,are locaily 

compatible. the elements de' ~ = 1,2, ••• ,E, are also locally compatible. 

Thus, for ~ach element de' e = 1,2, ... ,E, the.re exists an incidence relation 

(2.1.6) 

defined by 

where 

(2.1.7) 

N 

._ {.
lif the point' (x,w)t! is inCident on the point (~.~) (e) , 

I(e) N 

fi 0 if otherwise .. 
(2.1.8).' 
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Clearly, the inverse relation 

I( -i:{(x,w) N}Pe ~{(x,w)ll}P 
e) - - (e) .N=~ .- - .6:~ 

(2.1.9) 

also exists, and is defined by 

(x,W)ll = I' -1 II ( )' N 
(e) N :,~ (e) 

, (2.1. 1 0) 

where 

={
l 

-1 II 
I (e) N 

. N 
if the point (~'~)(e) ~s incidento~the point 

(x,w) , (2.1.11)' 
o if othenJise. - .-. 

. It then follows that [30, p. 203J 

(i) 

(i i) 

and 

where 0M
N 

to points 

It 

the matrix I -INll is the transpos~ of the matrix 
(e) 

rce)/j,N N = 1,2, ••• ,Pe and .6 - 1,2, •• ·.,P, 

}f,N = 1,2, ••• ,Pe and t. :·1,2, ••• ,P, 

and 0rll are the Kronecker deltas .. Hereafter, we will refer 

(~'~)(e) 
N e - 1,2, ... ,Eand N = 1,2, ... ,Pe , as local nodes .. , -

is \'JOrth\,/h i 1 e noting that the collection df the' rel ations 
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effectiveiy decomposes the connected region into a collection of i disjoint 

, subregions, whereas the collection of the inverse relations 

l ' -1,' I -I}' 
. , ... , 
( 2) (E) 

effectively assembl~s the set.of E disjoint subregions into a connected 

,region. 

2.2 Construction of a FiriiteD,imensional Subspace in the Finite-

Element r~odel of the Solution Space H 

·Having established the finite-element r.lOdel H of the space H, we 

-proceed, to tonstruct a finite ,dimensional subspace in the spaceH~ '-In 

, the ·subsequent analysis our vie~point will be th~t ofOden, described 

briefly in [34J. 
,.,.,'- ......; _..... -

,Let <P l -= <Pl:(~'~)' <P2 = <P2(~,~),,,,,<PA = <PA(~'~)'"'''' <Pp = <Pp(~'~)' 
- , 

<PA £'H,A = l,2, ••. ,p,be a· set of P basis functions such that for any 

.' r -... ..... 
point (x,w) ,£ R x a, r = 1,2, •.. ,P, • 

,A.r = l,2~ •.• ~P. (2.2: 1 

where a r is the I(ronecker delta. 
A 

Eq. (2;2.1) simply implies that, the 

bas i s functions are norma 11 zed \'Ii th respect to the poi nts(~,~) r £ " R x n 
-

1 ? P Let -;-,p denote the p;.,dimens iona 1 subsp' ace of the space H r = ,_, .•. ,. t1 

-, 'spanned by the set of'functions <PA -
£ H, /). = 1,2,. .. ,P. Then ,for any 

function ~, £ fiP 
.' ....•.. 
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(i. 2.2) 

where 

If, now ,~(e) = ip(e) (x,w) is the restriction of, a function '¥ £ ifp 

to the eleme~t de' e = 1,2, ••• ,E, then from the structure of the region 

- -R x 0 it follows that 

E 
,¥(~,~) = I' ~(e)(~,~) 

e-l. 

almost everywhere and ,moreover, that 

and 

where 

- N 
t}JCe) 

,1.6. = I' -1 6.~ N 
'I' (e) l~ 'I' (e )' 

N = 1,2"",Pe 

N = 1 t 2, • • ." P e 

N = 1,2, .•. ,Pe , 

6.=1,2, •.• ,P 

(2.2.3) 

6. = 1,2, ... ,P, (2.2.4) 

6. = 1,2, ... ,P, (2.2.5) 

and v!here ICe) and 1 -1 'are, respectively, the inddencerelations defined 
(e) 

by Eqs. (2.1.7) and (2;1.10). For each element de' e = 1,,2, ... ,E, identifying 

a set of Pe basis functions iCe)N = i(e)N{~'~)' N = 1,2, .. ;,Pe , such that 
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(i ) ;;:( e) . N = 1 2 flo' d 
'!' N' .' , ••• ,Pe , are 0 ·c ass C ,0 over e' 

(i i) for any point (x,w)M £ d ___ . e 

M,N = 1,2, ••• ,Pe' (2.2.6) 

where ONM is the Kronecker delta, 

and 

i ( e) ex ,:,) 0 
'!' N -,~ -, ·(2.2.7) 

we set 

N = 1, 2, •• ~ ,P e ' (2.2.8) 

'where 

~, .N=~(e)rtx ~)NJ 
o/(e) . ~_t_ . 

Henceforth, vIe will refer to the conditions (i), (ii) and (iii), respectively, . 
as the continuity, nomality and locality cond,itions. From lqs. (2.2.3), 

(2.2.4) and (2~2.8)~ it then follov/s that almost everyv!here, 

E 
~(x,w) = I ~(e)(x,~) 

e=1 

E 

= I N = 1. 2, ... , P e and t, = 1. 2 , .. . • P , 
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where it is implicitly assumed that'theelements and. the basis functions 
~(e) , 
IP N' N = 1,2, ••• ,Ne and e = 1,2, ••• ,E,are so' identified that ~(x,w) 

is also of class co,o over the interelement boundaries. Equivalently, 

we can write 

E 
·i(x.w) = I [Ice)6NiCe)N(~,~)J~6 , N- 1~2, ••• jPe· and 

e=16 = 1. 2,' •••. , p. 

almost everywhere. Comparing Eq. (2.2.9) \>lith Eq. (2.2.2) we finally 

conclude that· 

E 

= . I Ice) Nice) (x w) 
. 6 N.-·-· N = 1,2, •••• Pe and 

6. = l,2 ••••• P. 
. . . 

(2.2.9) 

(2.2.10 

almost everY\>/here .. Eq. (2.2.10) clearly. provides a systematic ·method for 

generating a s~tof basis functions in terms of sets 01 basi~ functidns 

defined locally over each subregion de' e = 1,2, .•. ,E, thus resolving the 

probl~~of constructing a finite dimensio~al 'subspace in. the space H. 

Hereafter, \'1e \·rill refer respectively to ice'N ,'e = 1~2, ••. ,E and 

N =.1,2, •.. ,Pe , to 1P6 , 6 = 1,2, .•. ,P, and to ~ce),e = 1,2,~ .. ,E, as 

the local basis functions, the g'lobal b~asis functions and the local approxi-
" 

mation of ice) £ il over the element d, e = 1~2,.~.,E. 
e 

2.3 Finite-Element t·10del of the Galerkin Radiative Transport 

Problem 

. Let us approximate' the solution space H of the radi"ative transport 

problem \viththe corresponding finite~elemerit model H, and identify a . 

finite dimensional subspace ifp c if in te1111S. of .a set of finite-element 

basis functions ¢ll e: H, t-. = 1,2, .... P, defined by Eq. (2.2.10). The 
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jinite:element model of the Ga~~rkin radiative transport problem is then 

basically the pr()blem of findin9 a fUriction~ E 'ifF such that 

J- J ... a{X)f[9(X, t)J~A (x,w)dwdv 
R n ~ - ~ - -

~ 'J'-J- ~(x,w)~A{x,w)ln "_ w!dwcU aR n+ - -, 0 - - -

+ JaRs "1 n-'[ J n: g (s) (~,t:! ' , t:!) ~ (~, t:! '~ ! ~o t:!' I diU ' J~ II (~,t:!) ./ ~ 0t:! I dWI 

~ 

A = :r,2,.· •. ,P, (2.3.1) 

is valid for all ~ll E ''HP , A :1,2, .. :,P. 
- - -s 

In Eq .. (2:3.l) R, n, aR, 

S = 1,2, ... ,S, n+ and a- denote, respectively, the finite-element ~ppr6xima­

tions of the regions R,n, aRs. S :1,2 •... ,s.n+ and n~;' and ~ is the unit 

outward normal at a point (x.w) E dRs, S = 1,2 ..... s. Henceforth, we will 

refer to Eq. (2.3.1) as the finite-element Galerkin equation. 
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- -, 
Since the region Rx n is an assembly of afin,ite number E of 

c6rinected subregions de' e = 1,2, .•• ,E, ~here each subre~ion de is defined 

as the Cartesian, product of the, subregions lLe and we given, respe.ctively, 

by Eqs. (2.1.2) and (2.1.3), it then follows that Eq. (2.3.1) can be written a! 

s 
+ I 

S=1. 

s 
+ I 

s:1. 

(2.3.2) 

t,: 1,2, ••. ,P,· 

-" -. respe~tively, the restrictions of the functions tt, = t6(~'~) , 6 c 1,2, ... ,P, 
s . -s 

and 'it = I¥(x,w) to the element de' e: 1,2, .. '. ,Ei and \'Jhere alte . = lLe n aR .' 
- , -~ -

1 ? E a n'd s -_ 1 ? 5 W ± - W n n-, e = 1,2, •.. , E. We-·l en, e ".: , ~, " ., . • ~, •• " • ,e e 
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... 'd + ' n-+ e' = 1,2, ••• ,E, an We' = we' S1. In accordance with Eqs. (2.2.10) 
, , 

and (2.2.9), on the otherhand, for any e = 1,2, ••• ,E the functions 

- (e) - (e) -c )-ce) 
$6 = $6 (~,~)~_6 = l~2, ••. ,P, and, e =, (~,~) are,res~ectively, 

given as 

and 

N = 1,2, ••. ,P~ and 
6 = 1',2, •• ", P, 

N = 1,2, ••• '~Pe 
!::.=1,2, ... ,P. 

Substituting Eqs. (2.3.3) and (2.3.4) in Eq. (2.3.2) we get 

s 
+ l 

5=1 

(2.3.3) 

, (2.3.4) 



where 

s 
+ r 

E 

I 
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B(e,et)I(e)AMI(e~)ANJsJ -1 
. ... . dJt.e We w~ ,+ 

[gc. ')(x,w',w) • 
s - -:- -

~(e)M(:,~)~(e')N(:'~') I~ · ~'II~ · ~ldw'dWd~]~A 

M,N = 1,2, ••• ,Pe . A,A = 1,2, ••• ,P, 

B :{(e,e')1 e = e' = 1,2, ••• ,E)+ {O,l} 

defiries a~apping such that 

Let 

1 
B(ete') - { 0 

if Jt.e coincides with Jt.e " 

if othe'rwise. 

'$ = {~} , 6 = 1,2 ••••• P ; - . 

e = e' = 1,2, ••• ,E, 

and for any e = 1,2, ••• ,E 

H = 1.2, ••. ,Pe • 

and 

I· -[I (e) H] 
_Ce)- A H = 1.2" •• ,Pe and 6,- 1~2, ••• ,P. 

Then Eq. (2.3.5) can be written in matrix form as follows. 

(2.3.5 
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E,-

+ e~Jce)!ce)TJJr. fw i3(~)~(e-)(:'~)~Ce)T(:,~)dwdV~ = 

+ 

E· J . .. II· . 
e= ~ - ce ) Jr. J w 

e e 

e e 

S .- E 

+ I I Ic·e)J J. £c·s· .)(x,w)f[e(x,t)J~ce)(x,w)ln • ~Idwd~· 
s=~ e=~ dJr. S w - - - - - - - - -

e e 

(2.3.6) 

i = 1,2,3. 

Let us def; ne 

-
E 

T = I T 
e=~ _(e) 

d~ce) - T 
dX- (~'~)~ce) (~,~)dwdV 

- ~ 

where !and !Cc)' e = 1,2, .•. ,E, are, r~spect;v~ly. refer~ed to as the 

tran~port and the element transport matrices; 
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E. 

E = r ~(e) = 
e=~ 

where ~ and~(e)' -e~ = 1,2,' ••• ,E, are, respectively, referred to as the 

extinction and the element extinction matrices; 

E 

= t cr(x) K(w • w') ~ ( )~( ,)T dW' dwdV _ _ e - e 
e=~ 

where sand s " e = e' = 1,2, ••. ,E,- are, respectively, referred to as 
'. -, -(e,e) 

the scattering and the element scattering matrices; 

E 

l E Tf f - - T = I 1 1 . . ". 1_(·e)·(x_·,~)_I(e) (_x,w_)·ln_·~ldwd~ 
e~~_(e)_(e) a~ S w + --

e e e=~ 

whereB(S) andB(S} e = 1,2, .... ,E.are, respectively. referred to as the 
- - (e)' 

boundary and the element boundary matrices, S = 1.2, ... ,s; 

E E 
R(S) = I I 

e=~ e'=~ 

= 
E E" . . r I 'B(e,e')I )1 ,)Tf·, f f'·. g(S)(x.w'.W)~(e)(x.w) 

e=1 e'=~ _(e _(e a~ S W - W ,+ - - - - --
e e e. . 

- T 
• ~(e') (::~~') I~ . ~'I r~· ~Idw'dwd~ 

where R(S) and R(S} " e = e' = 1,2, ... ,E. are,respectivel'y, referred _ _ (e,e) 

to as the reflection'and the element reflectio~ matrices, S = 1,2, ... ,s; 

S = 
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where ~ and_~(e)' e = 1,2, ••• ,E~ are, respectively, referred to as the 

source and the element sour~e vectors; • 

wher-e 't(S) a' n--d t(S) 1 2 E t" 1 'f d t '_ (e)' e = , , •.• , , are,-respec lve y, re erre oas 

the transmissioh and element transmission vectors,s = 1,2, ••• ,5; 

\'Jhere e and :(S)(e>' e = 1,2, .•• ,E, are, respectively, referred to as the 

emission and the element emission vectors, S = 1,2,.~.,5. We can then 

write Eq;(2.3.6) in a compact form as fo 11 o\'is. 

" 5 5 5 - 5 
[-T + E- S + I B(S) I R(S)JIP = [s + I t(S) + I e(S)J(2.3.7) - - -' -5=1 S:1 S=1 S:1 

L~t ~* = {~*, ~* , ... ,~;} be the solution of Eq. (i.3.7). Then 
1 2 -

it immediately follows that th~ function 

(2.3.8) 

is the particular- function ~oughtsuch th~t Eq. (2.3.1): is v~lid for all 

~A e: it, A = 1,2, ... ,P, and therefore', is the solution of the finite­

element model of the Galerkin radiative-transport problem. Since ,this 

model approximates the weak radiative transport problem which isan 

equivalent statement of the radiative transport problem, its solution, 

provides the boundary value problem (1.1.1-2.) \"ith an approximate solution. 



PART THREE 

APPLICATION TO . PROBLE1-!8 OF ·P.ADIATIVE. TRANSPORT IN PLANE-PAF.ALLEL 

GRAY PARTICIPATfllG MEDIA WITH AZIMUTHAL SYMMETRY 

In the previous pCU'ts of the present study rue. have theoreticd.Zly 

developed a genel'i:J.l finite-element model providing the radiative transport 

problem with an appl'o:rimate solution scheme. r.;ith the general theory. thus" 

established, we proceed in this part with its applications. for the sake of 

simplicity, the attempted applications are constrained to l'adiative trans­

port in 'plar~-parallel gray participatir~ media with azimuthal symmetry. 

It should be emphasized that our intention is not to provide a solution 

for a specific probleT'l"but rather to substantiate the validity of the 

model developed, and at the same time the success of the finite-element 

approximation technique. 

In Section 1 we derive the relevant finite-element equations, and 

in Section 2, confining our attention to linear rectangular elements, 

weg1.-ve the explicit expressions for the corresponding system matr~ces 

and the system vectors. Finally, in Section 3, tJe present 'and discuss 

the results obtained for the attempted problems. 

48 -
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3.1 Finite Element Analysis 
'''--

In Section 1.1', referring to a Cartesian coordin~te system, we have 

shown that the. boundary value problem gOiJerning. radiative transport in a 

plane-parallel azimuthally symmetric gray participating med.ium of infinite 

extent in the x- ~nd y- directions and of finite extent in the z~direction, 

o ~ z 2. zo' Zo being an arbitrary positive scalar, is given in tenns; of 

the optical distance ~ as follows. 

II _c_ '¥(~,ll) +'i'(~'ll) = [1 - y(~)Jf[0(~,t)j 
d~ 

+ 2'TT)'(~), t a KCll)J
1 KqCll')'¥.'(~'ll',)dll" ao = 1, 

q q -1 
'q=o 

for' 0 < ~ < ~o and -1 ~ II .::. 1, 

(1.1.31 ) 

'i'(P,ll) = T (ll) + e: CllH[0(O,t)1- 2pd 'f
O

, 'i'(O,ll')ll'dll' + pS 'i'(O,-ll) 
(1) (1), (1) -1 . (1) 

for 0 < ll- ~ 1, " (1 .1. 33) 

and 

= Tell) + e: (1l)f[0(~0' t) ] + 2pd" fl 'i'(~o' ll')ll' dll '+ pS 'i'(~' 
(2) (2)' . (2) 0 '(2) 0' 

for -1 < II < O. 

The physical and analytical regions associated with the Eqs. (1~1.31), 

(1.1.33) and (1.1.34) are-shown in Figure 3.1.1. 

(1 . 1 ; 34 ) 
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lJ =·cose 

n O· 
--~~--:---r-----";""'-iI--""-r--L 

- incoming 
direction 

lJ > 0 . incoming 
direction 

lJ .~ 0 

Physical.Region 

Incoming 
) boundary. 

Outgoing' 
boundary. 

O' -----------L +--... 1" 

Outgoing 
. > boundary . Incoming i 

boundary 

Analytical Region 

FIGURE 3.1.1 Physical and analytical regions for the' 
boundary value problem (l.1.3l,33,34) 

In Section 1.3 \ole have defined the sol ution space G of the boundary 

value problem (1.1.31.,33,34) to be the space of f,unctions of class cl,o defin 

over the region [O,To]X[-l,l]. Its corresponding first order finite~element 
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mod~lG is then defined to b~ the spa~e of functions of class cO,o defined 

over the finite-element model of the region[O,LoJX[-l,l]. The finite 'element 

model of the l"egion[o,LoJX[-l,lJ, on the other hand, is defined to be' the 

Cartes ian product of the individual fi nite-el ement Model sapproxima ting 

the regions [O.,LoJand [~l,lJ. Thus, in orde'r to be able to specify G, we 

must first construct these individual models. Identification of the ~odel 

approximating, the region [O'LoJX[-l,l] 1s then straightfor\'/ard. 

To construct the finite-:element model approximating the region [O,LOJ, 

1 et us identify 

, -
(i) a finite number P of pbints "[6, ~ = 1,2, ... ,p,in [O,ToJ, 

-(ii) a finite number E of closed and di,sjoint subregions 

-
L"'C [0, L J, e = 1,2, ••. , E, eo, 

N -
(iii) a finite number of P~ of points L(~) , N = 1,2, ... ,P;, in each 

subregion L~ sud! that local compatib,ility conditions are 

satisfied [27, p. 36]'. 

Then the finite-element model of the region [O,LoJisthe connected region 

constructed byassemb 1 i ng the subregions Le ,;. 1; 2, •.• ,E, together. 

To construct the finite el ementmodel approximating the region 

[-1,1], let us identify. 

(i) a finite ~umber ~ of pbints ~A, a = 1,2, .•. ,~, in [-l,lJwith 

the r~striction that at least one of these ~ points coincides 

with the 'point ~ = 0, 
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(ii) a finite nu~ber i of clos~d ~nd disjoint.subr~~ions ~~ c[~l,lJ, 
-e:: 1,2, .•• ,E, \'lith the restriction that for any subregion ~~ 

the-l:-e exists a subregion \'/hich is the mirror image of lle 

with respect to the poiht ~ :: 0,. 

- -
(iii) a finite number Pe of points ~ eN, ~ = 1,2,; •• ,Pe , in each 

subregion ~-such that local compatibility conditions are . , . e. . 

satisfied [27, p. 36J. 

Then the finite element model of the regiQn[-l,l]is the coimected region 

constructed by assembling the subregions ~e-' e = 1,2, ••• ,E, together. The 

restrict jon on the choice of the points ~X, E :: 1,2, ... ,;, is essential ~n 

ord~r to be able to handle the integrals defined over the regions (-1,0) 

-and (O,l). The restriction on'the choice of the subregions~e' e:: 1,2, ... ,E, 

on,the other hand, is essential only if it is necessary to consider specular 

reflection, and, therefore, it can be suspended if reflection i~ not specular. 
, 

- Having established the individual f1nite~elementm6dels approximating' 

the regions [o'''(oJ and [-l,lJ, we can now id~ntify the finite-element model 

approximating the region [O~TOJX[-l,lJ to be the connected regioh characterizec 

by a finite number P = PP of points ("(,~)l\, l\ = 1,2, ..• ,P, and a finite , number 

E ~ ~~ of sub~egions d , e = 1,2, ... ,Ei each ~ubregion d being defined as 
e ' e 

with the condition that 

and 

T e - c- e,,(_ , 
e. e 

e' = 1, 2, .•. , E , 
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-e-= 1,2, ... ,E, 

whe~eCee and Ce
e are, respectively, defined by Eqs. _ (2.1..4) and (2.1.5).­

From the definiticn of the subregions d , e = 1,2, •.• ,E, it follows that _ e 
- -, A 

there exists within each subreg- ion de a finite number Pe =C eC e P-P­e - e e e' . 
- - - - - N • 

_ e:-1,2, ... ,E and -e = 1,2, ... ,E,of points (T,l1) , N = 1,2, •. ,Pe ; and, 
_ ee) -

since the subregions Te' e = 1,2, ... ,E and lle' e: 1,2,._ .• ,E,are loca_lly 

compatible, the subregions d , e = 1,2, ..• ,E are also locally compatible. 
e 

Hence, for e = 1~2, ... ,E 

and 

where 

N = 1,2, .•. ,Pe and 6. = 1,2, ••• ,P, 

A A ~l A( NN 
(TU,llLl) = ree) _ N Ll T ,ll )c e ) N = 1,2, ... ,Pe- and 6. = 1,2, .•• P, 

--rCe) N 
- 6. = { 

0

1 
1 

if the point (t,ll)6. ls incident on the point (T,ll)C e ) 

if otherwise, 

- N 
it the point -(T,ll) e- is incident ~n the point (T,ll)6., 

( ) 

if other;vise. 

A typical finite element model approximatin9 the re9ion [O,TOJX[-l,lJ and 

its constructional details are shown in Figure 3.1.2. 



2 

(J, 
I 

2 1 
I 

( 5) 

I 
1 2 

I 
(4) 

\ I 
2- 1 
I 

(3) 

I 
1 2 

I 
(2 ) 

\ 
21 
I 

(1) 

I -1 . 

7 
I 

( 6 ) 

--I 
6 
t 

( 5 ) 

\ 
5 

t 
( '+ ) 

I 
4 
I 

.(3) 

r 
3 
I 

(2 ) . I 
2 
I 

(1) 

I -
1 

- 54 -

7--14-21-· -28~35 

( 2.) (3) ('+ ) 

6--13~_'20:""-27-34 

_ _ (9) ( 1 0 ) (1 1 ) ( 1 2) 

4---11--18-25-32 

(13) (1'+) (15) 1(16) 

- 3--11--17--2 -31 

(17) (18) _ (19) (20) 

2 9--· 11~23-30 
(,i) (" l' ( "l , (" 1 " 

1 8--15--22-29 

1-( 1 )-2-( 2 )-3-( 3 )-4-( '+ )~5 

1-(1 >-2 1-(3 )-2' 

1-(2)~2 1-''+ ):""'2 

o 

o 

-1 

FIGURE 3.1.2 - A typical- finite-element modet approximating 
the region [O,Lo]x[-l,lJ -

A connected region approximating the region [O,Lo]X[-l,l] having 

thus been constructed, vie can novi identify the ,space G appl~oximating the 

sol ution space G of the boundary value problem (1.1.31 ,33,34) to be tbe 

space of functions of class CO,D defined over this connected region. 
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-
With thespacaG now defined, we proceed in an analogous mann~r with 

the general formulation and generate a set of finite-element basis fUnctions 

"ib >= ~b (1",ll), b = 1,2', ••• ,P, spanning a' finite dimensional subspace GP c G. 
Such a set of basis functions having been obtained, it then follows that 

for e ·=1,2, •.• ,E 

N = i,2"",Pe and b = 1,2, ••• ,P, 

and 

N = 1,2"",Pe and b i 1,2, •.• ,P, 

v/here ~(e\~ = ~(e)N(T'll)' N' = 1,2, •.. ,P
e

, are the local basis. functions 

d~fined o'ver the subre.gion de; where¢bCe ) = ~b(e)(T'll)' b = 1,2, ••• ,P, 

and,~(e) = ~(~)(~~ll) are~ r~spective1y, the restrictions of the global 

basis functions ~b = ~b<-r'lJ)' . b = .1,2, ... ,P, and of any function ~ = 'l'(T.lJ) 

inC! 
. . 

to the subregion d ; and where ~b = i[(T,lJ)6] , 6 = 1,2, •.. ,P. . e . , 
Constraining the solution spa~e of the .boundary value problem 

(1.1.31,33,34) to the space (;, it can easily be shown that the fin'ite 

element model of the corresponding Ga1erkin prob1en reduces to'theprob1em 

of solving the follovli l1 gsystem of algebraic equations. 
) 

~ ¢(e) H(T ,ll) ¢"(e) N (T, ll)lldlJdT~h 
aT 
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. J J(q (ll' )~(e' ) N('"(;ll') dll '~lld'"(~A 
lle' . . 

E 
_ I I ( e) fl MJ 
e=~ II -

e 

2pd "~ ~ I~e) 'H~(e') NJ '. ~,e) (T ll)J ~(e') ('"( ll')ll'djJ't.idjJ~ 
. _ t. L A -L A H 0 ' + NO" . 

(2) .. e=~ e'=~' • 11 ~- ll· , . -. , .... e e . 

• 
- pSI I'~) A Hz( e~':)ANJ ~(e)M('"(o'll)~(e~':) N(To'-ll)PdjJ~ 

(2)e=~ ll--
e 

d ~ ~. I(e) NIce') NJ $ce) (Oll)J . ¢ce')<Oll')ll'dlJ'lJdj..l~!\ 
- 2p. t. l fl A + N' .... _ N' , . 

C 1) e=~ e' =~ 11" j..I , .... e, e 

(3.1.1) 
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where lle = lle n (0,1] andlle - = lle n" [-1,0)" B is a mapping from 

{(e,e')1 e =e' = 1,2, .•. ,E} to {o,l} defined such that B(e,e') = 1 
" 

i~ Te coincides wi:~ "Te' "and B(e,e') = a if otherwise, and the label 

e:': i dentifi es the mi rror image with respect to the 1i ne II = a of the 

element, labeled as e. Let 

~ = {~6} 6 :l,2, ... ,P; 

and,for any e = 1,2, ... ,E 

H= 1,2, •.. ,Pe , 

and 

[l
ce )"M] , Ice) = Ll 

M = 1,2, •. ,",Pe 6=1,2, ••. ,P. 

Then the system of eguations (3.1.1) can be written in matdx fonn as 

fo 11 ows. 

/ 

In Eq. (3.1.2) T is the ,tra~sport matrix defined as 

\O/here T denotes the element transport matrix and is given by 
_(e) 

E i~ the extinction matrix defined as 

E 
E = I ~(~,., 

e=1 

(3.1.3) 
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0h~re ~(e). denotes the element extinction matrix and is given'by 

~(e) = I(e)Ice)Tf J ,~(e) (T,jl)~(e)T(T,jl)jldjl ; 
. Te jle 

S is the scattering m~tr;x defined as 

where s ,denotes the element scatter.ing matrix and is given by 
_(e,e ) 

J 
- T 

• . Kq(Jl')~ce') (T,jl')djl'djldT 
jl . 
e' 

B( 1) , B(2) a re the boundary ma tri ces defi ned as 

and 

E 
B(l) = I 

e=l. 

B( 1) . 
, (e) 

B(2 ) 
_ (e) 

.( 3.1. 4) 

(3.1.5) 

where BO) ,B(2) denote the element boundary matrices and are given by 
_ (el _ (e) 

(3.1.6) 

and 

TJ - ~ T = !(ei!(e) +~(e)(TO'Jl)~(e) (To,jl)jldjl 
jle 

B(2 ) 
_ (e) 

(3.1. 7) 

dR(l), dRt2) are the diffuse reflection matrices defined as 
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and 

E E 

"" 
=\" \" dR( 2) 

l l. . (e,e') , 
e=1 e':1 "" 

. where dR(1) , ___ dR(2) ,denote the element diffuse reflection 
"" (e,e)'"" (e,e) 

matrices and are given by 

and 

and 

\'/here s~(l)(e)' S~(2)(e) denote the eleP1e'ntspecular matrices and are given by 

(3.1.10) 

and 

(3.1.11) 

s is the source vector defined as 

E 
s = I ~(e) , 

e-1 

\oJhere ~(e) denotes the element source vector and is given by 
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to) ,te 2) are the transmission vectors defined as ' 

E 
to) = \' -to) [. . _ . ee) 

e=1 

and 

E 
tC 2 ).= I t (2 ) 

-. ee)' 
e=1 

wheretO) , t (2 ) denote the element transmission vectors and are' _ ee) _ . ee) 

giv,en by 

and 

t(2)( ) :: I( ).f T. (~)~(·.e)(TO,~)~d~; _. e - e '. - (2) -
, ~e . 

eO), e (2) are the emi ss io.n v~ctors defined as 

and 

where 

and· 

E 
eO) I :(l){e) 

~ 

= 
e=1 

E 
e(2) -' I e(2) _ (e) , , 

e=1 

:(l)(e)' e(2) _. (e) denote the element er.'; s s i on vectors 

:(l)(e) = ~(e)J~ +E:{l)(~H[0(O,t)J~(e)(O,~)~dll 
e 

. (3.1.13) 

(3.1. 14 ): 

and are given by 

.(3.1.15) 
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, (2) , f ' -
e (')= I() _E (~)f[e(To,t)Jt( )(TO,~)~d~. - e - ,e ( 2 ) , _ e 

. ' ~e ' 

3.2 Element Matrices and Element Vectors 

In Section 3.1 we have fonnulated a finite-element model 'of the 

Galerkin approximation of the \'/eakproblem associated with the boundary 

value problem (1.1.31 ,33,34). The finite elem'ents i'ricorporated in this 

(3.1.16] 

, formulation~ however, have been left arbitrary except for the requirement' 

that they be the Cartesian product of th~ corresponding spatial and ~ngular 

subregians. tanse~uently, the local basis fu~ttions and,therefare, the 

lacal approximatians aver each element have been treated as arbitrary with 

the assumptian that the continuity, nonna 1 ity and J oca lity requi rements 

are fulfilled. Inarder to. beabletacampute, ha\'Jever, this generality 

must be abandaned, and specific types af elements as well as,the laca1 

basis functians associated \'-lith them must be identified. 

Far the sake af simplicity, let uS canfjne our attentian to linear 

rectang~lar elements~ Figure 3~2.1. Then it can be shown that 

(3.2.1), 

where 
( T2-U (~4-~ ) 

. 1(-;2-Tl)(~4-~1 ) 

<p(e)} =~(e)l(T'lD= 

o 



and 
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(T-T l)(lJl+ -lJ ) 

(T2-T1)( lJ l+-lJ 1 ) 

(T 2-T ) . (lJ-lJl ) 
f~r T E 

N = 1,2,3,4. 

(T2-T) (Pl+"'"p) 

(T-Tl)(Pl+-~) 

(T-T 1 )(p-p;) 

(T 2-T) (lJ-Pl) 

(3.2.2) 
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~3'~4 -------- 4r-----------~ __ ----------~3 

~l' ~2 2 
I 
I 
I· 
I 
I 
I 
I 
I 
I 
I 
I 
I 

T 
T T 
l' 4 

T2 ,T 3 

FIGURE 3.2.1 ~ A linear rectang~lar element 
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As can be seen the basis function~' 
- (e) . 
~ N' N = 1,2,3,4' (i ) are 

defined locally over the region [Tl'T
2

]X[1l1,1l4]' ,(ii) are normalized 

with respect to the local nodes (T,l1)N, N = 1,2,3,4, and (ii;') are 

continuous at any point (T ,11) e:: IT] ,T
2
]X[ll.l ,1l4]. Equally important, 

since the element boundaries are parallel to the coordinate 1 ines,the 

continuHy along the interelementboundaries in the connected model is 

also guaranteed. 

Having specified the particular type of the finite element to be 

used, and obtained theexpllcit expressions for the associated local 

b~sis f~nctions, we now proceed to derive· the corfespondi~g exptissions 

of the element matrjces and the element vectors involved in Eq~ (3.1.2). 

Let us assume ~hat in the overall assembly th~ local nodes labeled as 

1,2,] and 4 if:' the element \'Jith label (e): are, respectively, carried oVer 

to the global nodes with labels i, j, k and i in the connected model". Then· 

'. 
1 000 +- . ith row 

0 1 0 0 +- . jth row 
. 

(3.2.3) I = ;,.,(e) 

0 0 1 0 +- kth row 

. 
0 0 0 1 +- ith row 

.. 
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and, by going ·through·a simple yet tedious algebra, the·expliciLexpressions 

for the element matrices and the element vectors "can easily be derived. For 

general refere.nce, in Appendix A 'fIe give a 1 ist of integrals used in the 

derivation. The results are as follo'fls. 

Element Transport 14atrix 

FrOr:1 Eqs. (3.1.3), (3.2.2) and (3.2.3) it follo\'/s that 

· '. . . 
100 0 

· . . . 
o 1 0 0 

. a. • • 

· .. 
o ·0 10 

-. 
o 0 0 1 

. \'/here 

and 



- 66 -

EZement Extinction Matl'ix 

From Eqs. (3.1.4), (3.2.2) and (3.2.3) it follows, that 

('[2-"[ 1) (lJ 4 -lJ 1 ) 

9 

1 000 

· . . . 
o 1 0 0 
• • e' • 

'.'. . 
o a 1 0 

.. . . .. 
000 1 · . . . 
· ' 

EZement Scattel'ing Matrix 

... l. .. O~:.o ... O ••• 11/21/41/2 

••• O .• ~l~ •• O •. ~O ••• 

... 0 ... 0 .. ~1 ... 0 •.. 

1/2 ' 1 

1/4 1/2 

1/2 1/4 

1 1/2 

... 0 ~ •• 'O .. ~ O ... 1. •• ', 1/ i 1/4 1/2 1 

From Eqs.(3.1.5), (3.2 . .2) and (3.2~3) it follows that 

• J • 

. '. 
1 000 

· . · . . . · . . . ••• 1 •.• 0 ..• 0 ••. 0 ••• Tn TI2 
o 1 a 0 
· . . . •• ;0 ... 1 .•. 0 •.• 0 ••• T21 T22 

••• 0 ••• 0 .•. 1 •.• 0 •• ~ T 31 T32 
001 0 

... o .. 0 ". o ... O ••• 'I ••• T41 T42 

000 1 

• • ·0 • 

(3.2.: 

T13' T14 

T 23 T24 

T33 T3~ 

T43 T4~ 

(3.2 
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where. 

TU. = ~ a qj'2 t'· Y (T)Kq (p)(T2-T ) 2 (p, -p) t" Kq (U' )(P,' -p') dp' dpdT , 
q_o T 1 111 II , . 

. } 

T12 = qt a qj'2t' Y(T)Kq (p) (T2-T) (T-'[I) (p, -p)f'\q (p ') (p, '-~.')~p 'dpdT, 
.. T1 111 , ,1l1' . 

T13 = ~.' aqf2t4 
Y(T)Kq(1l)(Ti-T)(T-T1)(1l4":"1l)t4\q(1l') (1l'-1l1"ddll'dlldT, 

, q=o l1 llJ " " 111 ' . 

= E aqj'2t' Y(T)Kq(P)(T2-T)2(p,41lt" K (p')(p'411 ,)dp'dpdT, 
q=o . T.1 ll] lll' q , . ',' '. 

Q f 2r4 t 4' T22 = l a Y(T)K (ll)(T-T )2(1l ~) , Kq.(ll ') (1l4' ~ll') dll' dlldT, q q 1 4 
q=o T1 111 ll1' 

Q fT2t4 .' . " t 4' T23 = l a
q 

Y(T)K
q

(llHT':'"T 1 )2(1l4-ll)' Kq (ll ' ) (ir '-1l1' ) dll ' dildT , 

q=o T1 ll} ll}, 

= ta JT2t4 Y(T)Kq(1l)(T~~1)(T2-T)(1l-1l1)t4'Kq(1l')(1l4'-1l')dll'dlldT' 
q=o q T] ll} ll}' 

T32 =1 a
q
f 2t 4 

Y(T)Kq (1l)(T-T1 )2(1l-1l1)J
1l

4: Kq (1l')(1l4'-1l')dll 'dJ.ldT, 
q=o T 1 ll1 . ll} 

T 
34 
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and 

In the above expressions priined indices and variables refer to the element 

labeled as e'. If, howeVer, scattering is isotropic and y .is indepe.~dent 

oiT, the~ we get 

. ; 

1 0 0 0 

. .. . . 
.~.1 ... 0 ..• 0 ... 0 .•. 1 1/2 

s . . = _ (e, e'. ) 

'TTY (t 2"'" T 1 ) (lJ 1+ -lJ 1 ) (lJ 1+ I -lJ 1 ' ) 

12 

o l.. b 0 
•.. 0 •.. 1 ..• 0 ..• 0 ..• 

••• 0 ..• 0 ... 1 ..• 0~ •. 
001 0 

-... 0 ... 0 ... 0 ..• 1 ... 

1/2 1 

1/2 1 

1 1/2 

i/2 

1 

1 

1/2 

000 1 (3.2.7 
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·Element Boundary Matrices 

From Eqs. (3.1.6), (3.1.7), (3.2.2) and (3.2.3)itfollov/s that 

B (1 ) = ___ 1--:-__ 
_ (.e) 

and 

13(2) -(e) 

12 (lJ 
~ 

12 (11 4 

1 

- 'Ill) 

· . 
1 a 00 
· . . . · . . . · . . . ••• ~ ••• O ••• O ••• O ••• 
o 1 a a 

... 0 ... 1 ... ·0 ... 0 ... -

· .' · . .. . ..• 0 ..• 0 ••• 1 •.• 0 .•• 
a o. 1 a 
• • . •. 0 ..• 0 .•. 0 .•. 1 .•. 

a 00 1 

· . 

· .. · . .-1 0 a a 
· · J · ... · · · · ••• ·l •• ~O •• ·.O •••• O .... · 

a 1 0 a 
••• 0 ••• 1 ••• 0 .•• 0 ••• 

· · .. · · · ••• 0 ••. 0 ••• 1 ••• 0 •• ~ 
0 0 1 0 

· · · • •.• 0 •.• 0 •.• 0 •. ".1 ••• 

a 0 0 1 

Bl a d B2 

a a 0 a 

0 a 0 a 

B2 0 a B3 

a a a a 

a Bl B· 
2. a 

0 B2. B3 a 

a 0 a a 

.. (3.2.8) 

(3.2.9): 
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EZement Diffuse RefZection Matrices 

From Eqs.- (3.1.8),. (3.1.9), (3.2.2) and (3.2.3) it follows that 

1. 00 0 

. . •.. 1 .. ~0 .. ~0 ... 0 ... Rd 0 0 Rd 
1 .. 2 

o 1 00 
d 

d - P (1) 
R(l) = 

(e,e I l 18- .. . . . 
... 0.~.1 ... 0 .•. 0 .•. 

... 0 ... 0 ... 1 ... 0 .... 

0 0 0 0 

0 0 0 0 . (3.2.11 

001 0 
'. . . . ... 0 ... 0 .•. 0 .•. 1.~. . . . 

Rd 0 0 d 
3 R '+ 

o 0'01 

. . ". . 

and 
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100 0 

• • · ~ . . .•• 1 •.. 0~ .• 0 ••• 0 ••. 0 0 0 0 

d 
dR (2) , ' _ P (2) 

(e,e') 18 

010 0 

· . . . 
001 0 

. ., ... 0.· .. 1 ... 0 ... 0.· ... 0 'd 
,R 1 

••• Oi •• 0 •.. l ••• 0; •• 0 ltd 
3 

Rd 0 
2 

(3.2.1 
d 

R 4 0 

.~.O ••• O ••• O •• ·.l.· •• 0 0 0 0 
· . .-.. : · ... . 
o 00 1 ., . 
· '. . . · . . .. 

where 

Rd = , (~~'+~1~4 - 2~~)(~~ , + " - 2~~,) , ] ,~1,'11 4 ' 

Rd 
2 = ( 2 + _ ~ 2)(2 2 

~ 4 ~ 1 ~ 4' -~ 1 '~4, - ~ 1 '~4 ' 
" 2) 
- ~1' , 

Rd (2~2 ' .'2)( 2 
+ ~1'~4~ - 2~~,) , = -~1~4-~l'~4i 3 4 

I 

and ~ 

, 
Rd (2~2 - ~ ~ , - ~~)(2~~, - ~l '~4' 

2 ) = - ~l' • 
4 4 1 4 

In the above expressions primed indices refer to the element'labeledas e'. 
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Element Specular Reflecti.on Matrices, 

From Eqs. (3.1.10), (3.1.11); (3.2.2) andp.2.3) it follows that 

· · · · 
'. · 1 0 0 0 

· .. ·.1 .... 0 ... 0 .... 0 ... R5 0 0 ' R5 
, 1 2 

0 1 0 0 
5 ... b ... 1 ... 0 ... 0 ••. 0 0 0 0, 

P (l) · · · · 5R( 1) = · · · · (3.2. _ ee) 
12(U4 - Ul) ... 0 ... 0 ... 1 ... 0 ... 0 0 0 0 

0 0 1 0 
R5 0 0 

5 · ' · •• ~0 ••• 0 ••• 0 ••• 1 ••• 3 R 1 ' 

· · · · · · · · 0 0 0 1 

· · · · · '." · · · · · 
and 

· ' .. 
1 0 0 0 

· · ••• 1 ••• 0~ •• 0~ •• 0 ••• 0 0 0 a l 0 1 0 0 
5 ••• 0 ••• I ••• 0i •• 0~ •• a R5 R

5 0 
5R(2 ) 

P (2) 1 2 

J 
(3.2 = · '. · · _ (e) 

0 R53 '5 a 12(U 4 - U ) ... 0 .. ·.0 ... 1 ... 0 ... R 1 
1 a 0 1 0 

••• 0~ •• O ••• O ••• I ••• a 0 '0 0 

· · 
0,0 0 I' 

· . . . 
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EZement Source Vector 

-From Eqs. (3.1.12), (3.2.2) and (3.2.3) it follows that 

~ . . . 
· . .. . 
100 0 

· ". . . 
o 1 0 0 

,. .,'. . 
o O' 1 0 

· . . . · .'. . . 
000 1 
· . . . · . . . · . . . 

" 

(-rz-T) (ll4-P ) 

(T -T 1 ) (ll 1+ -p ) 

(T':'T 1) (p-P I ) 

. (T2-T) (ll-PI) 

(3.2.14) 
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For a constant source of 'strength so' we then get 

1 000 

· .. . . · . . . 1 
o 1 0 0 · . . . 1. 
· . . . (3.2 ~1 5) 

1 
o 0 1 0 · . .. . 1 

000 1 

· . . . 
Element Transmission Vectol'S 

From Eqs. (3.1.13),(3~1.14), (3.2.2) and (3.2.3) it follO\'/s that 

1 0 0 0 

.(lllf"':'l.1)· 
0 1 0 0 

1 (If 0 
t( ]) = T {l.1) l.1 dl.1 _ (e) 

(ll If - l.1 ). 
(}) . 

0 . . . . III 1 
0 0 1 0 

(3.2.16) 

(l.1-l.1) 
.. . . . 
000 1 



and 

1 =----
(1l4 - lll) 
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100 0 

. . 
o 1 0 0 

.: f1l4 T . (ll) 
• • • • III (2) 
001 0 

o 00 1 

EZement Emission Vectors 

o 

(3.2~17) 

From Eqs. (3.1.15), (3.1.16), (3.2.2) and (3.2.3) it follows that 

100 0 

. .. 
o 1 0 0 

f[0(O,t)J (3.2.18) 
o 

001 0 

. i 



and 

e (2 ) 
-eel 

= f[8CTo. t)] 

C1l 4 - 1-11) 

1 000 

· . . . 
o 1 0 0 

00 1 0 
· . ~ . 

000 1 
.' . . . · . - . . 
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~. 

o 

C1-1 4-1-1 ) 

C1-1-1-11 ) 

o 

(3.2. 19) 
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3.3 Fjnite Element Solutions to Some SelectedProblerns 

Ha~ing pbtaine~the finite-element equation (3.1.2) in. its explicit 

fonn, in this section we proceed to present finite-element solutions to some 

much-studied problems for which numerical so.1uti6ns have been presented in 

the literature •. Our intention is not necessarily to, present more accurate 

. sol utions than have been presented before, but rather to provide a cOhfi.nna­

tion that the fi~ite-e1ement approximation technique is applied andimple­

mented correctly, as well as evidence suggesting that this. technique can be 

adopted to ·obtain rel iable results efficiently. 

The problems' attempted fall into two categories. The problems of 

the first category are of a homogeneous type., leading to. a general ized" 

algebraic eigenvalue problem. Those of the secondcategory, on the either 

hand, are nonhomogeneous problems, nonhomogeneityeither being'due to. a 

source or due to boundary effects. Probl ems of this nature lead to 

problems involving a system,of algebraic equations •. The adopted solution 

. scheme for the gel)eral ized algeb.raiceij}envalue problem is that of Moler 

and Stewart [36J, implemented with a computer code in the form of a sub­

routine under the name EIGZF by.I14SL [35]. The solution scheme for the 

system of algebraic equationsisa standard one, based on the Crout 

algorithm [37J. Its computer implementation is in the form of a subroutine 

called LEQT1F, and developed by mSL [35]. 

Computer imp1 ementa tion of the finite~element models .approximati ng 
. . 

the problems considered is straightforward, and is based on the alg'orithm 

given-in Table (3.3.1), \'lhichis coml'lon to almost any application of the 

finite-element approximation technique. 
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TABLE 3.3.1 - A'typical finite-element algorithm 

Step 1 Form the element matrices and the el ement vectors' 

Step 2 -----, Assemble the element matrices and the element 
vectors to fonn the system matrices and the 
system vectors 

" 

Step 3 Form the ,system of equations and solve 

.As can be seen, it is possible to develop a 'single code implementing the 

finite-element models of the problems considered, as \'/ell 'as the finite­

element model of any problem stated in terms of Eqs. (1.1.31), (1.1.33) 

and (1.1.34). However, since ourintention.is t05ubstantiate the applica­

tion of the fin,ite-element approximation technique to the class of problems 

corisidered in this study as well as to demonstrate its pm'Jerin obt(iining, 
. 

'reliable 'results efficiently, the development of separate ,codes implementing 

thefinite-el'ement' models approximating the problems considered is preferred 
'". .... '. 

over the development of such a sinqle universal code. Listings of typical 
. ...... j. • 

codes' and of representative sets of data are ,given 'in Appendices'B ~nd C.,' 

Finite-element data listed in these appendices refer to the finite-element 

mesh shovin in Figure 3.3.1.,_ The code 1 isted in -Appendix B is a c'ode typical 

of those used in the solution of homogeneous problems, v/hereas that 1 isted 

in Appendix C is a ,code typical of those used in the 'solution of nonhomo­

geneous problems. 'UNIVAC 1106-1 CPUt times of the ·former and the latter 

codes run with their associated sample data are respectively 46 seconds 

and 27 seconds. We shOuld admit that both these ~odes and those used but 

tC~ntral PiocessQr Unit 
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not 1 isted are prototypal in nature and are merely developed for the sake 

of obtaining sol utions with a minimum of programming ,effort; therefore, 

they shaul d not be taken as prafes s i ana 1 codes. 
-'.-' 

11 

1 -+ t .15 . 22 29 37 

I (1) I (2) , I (3) I (It) I 
2/3 -+ 7 14 21 . 28 36 

I ( 5) I (6) I (7) I (8 ) ,-
1/3 -+ 6 13 20 . 27 35 

I (9) I (10 ) I (11) I (12 ) I 
5 < 34 

0 -+' 12 ,19 26 .. 't' 
4 (13) I (lit) I (15 ) I (16 ) 33 
I I 

-1/3 -+ 3 11 18 25 
3f (17 ) I (18) I ( i 9) I (20) 

~ , -2/3 -+ 10 17 
2f 

31 
(21 ) 

J 
(22 ) I (23) (21t) 

31 .' 

-1 -+ 1 9 16 23 

t. t t t t 

-1/2 -1/4 . 0 1/4 1/2 

FIGURE 3.3.1 - A typical finite-element mesh 

The problems attempted are'solved for three different meshes: 

(4,4), (4,6) and (4,8). An (m,n) mesh refers to the finite-element 

model of the region [O,'t'o]X[-l,l], or in some problems, of the region 
. . 

[-'t'o/2,'t'o/2]X[-1,1] constructeaby using m linear elements in the spatial 

region and n linear elements in the angular regiont . l','henever appropriate, 

t It ",ill be seen that the 'attempted problems are invariant under translations 
~ith respect to the variable 't'. Therefore, for these _particular class of 
probl,ems \-1hatever is applicable in the case of the region [o,Lol is also 
applicable in the case- of the region [-Lo/2,LO/2]. ' 
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on the .boundaries a double nod~ is us~dalong the direction ~ = 0 ~o allow 
. -

for the di scontinuity of the intens ity distribution along this di rection. 

The incofpor~tion of such a double node is perfectly legitimate since 

there are no angular d~rivatives involved. To facilitate the comparison 

and the evaluation of the solutions, the results are presented directly 

on their corresponding finite-element meshes by simply attadfing the value 

oLthe intensity to th~ associated node. 
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Th~ Eigenvalue Problem ~ith Isotropic Scattering 

The governing eigenvalue problem is given as follows. 

for 

for 

o < }.1 < 1, 

-1 ~Jl < o. 

for-Lo ~ L.~ LO 

and -1 ~ ~.~ 1, 

Its corresponding fjnite-e1ement model.thenconsists· of the follovdng 

generalized eigenvalue problem. 

where the element matrices T ,E , B(l) . ,·B(2) and s , . _(e) _(e) _ (eJ _ (e) _(e,e .) 

are respectively given by Eqs. (3.2.4), (3.2.5), (3.2.8), (3.2.9) and 

(3.2.7), and where BCe,e') and ~ are as defined in Se.ction 3.1. 

(3.3.1) 

(3.3.2) 

(3.3.3) 

The eigenvalues and the .corresponding intensity distributions are 

~iven in Tables 3.3.2-19 for different optical thickness~s and for differerit 

finite-element meshes. 
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TABLE 3.3.2 ~ (4,4). finite-element solution of the eigenvalue 
problem (3.3.1~3) for TO = 0.5 .'. 

'. 
~1esh (4,4) 

Number of Elements Number of Noda 1 Points 

16 
~ 27 

-
TO = 0.5 

. Eigenvalue 
. , 

I . 1.60938 

lJ 'lntens ity Di stribution 

. 

1 -0.0157223 0.156896 . 0.287263 0.410481 0.445726 

1/2 -0.0281633 . 0.226468 OA36495 0.657439 0.644175 

. .. ' . 

0.0322042 0;585775 
0 0.835990· 1.000000 0.835990 

0.585775 D.032.2043 

-

~1/2 0.644175 0.657439 0.436495 0.226468 -0,0281634 

-1 0.445726 0.410481 0.287263 0.156896 -0.015722.3 
. , 

T -1/2 -1/4 0 1/4 1/2 
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TABLE 3.3.3 - (4,4) finite-element solution of the eigenvalue 
proble~i (3.3.1-3) for TO = 1 

Mesh (4,4 ) 
-

Number. of Elements Number of Nodal Points 

16 27 

To = 1 

Eigenvalue 

1.216626 

, 

-0~0355780 0.292595 0.501891 . 0.7'l6267 0.673969 

1/2 -0.0643947 . 0.465502 0.742811 0.926228 0.744736 
- . 

~ 

0~175310 , . 0.48.3064 
0 0.96~908 1.000000 0.965908 

0.483062 0.175311 

. -1/2 0.744736 . 0.926228 0.742811 0.465502 -0.0643947 

':"1 0.673969 0.716267 0.501897 0.292596 -0.0355779 

T -1 -1/2 0 1/2 1 

J 
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TABLE 3.3.4 - (4,4) finite-element solution of the eigenvalue 
pro b 1 em (3. 3. 1 - 3) fo r La = 2 .. 

.. 

fvlesh (4,4 ) 

Number of Elements Number of Nodal. Points· 

16 .. 27 

La =2 

Eigenvalue , 

1 .10812 

JJ Intens i ty Distribution 

1 .;.0.0545461 0.439110 0.736630 0.926950 0.6805.45· . 
-

1/2 -0.0550171 . 0.644641 0.917282 0.986395 0.586071 .. 

. 
~ 

0.214819 O~ 321271 . 
0 0.924741 1.000000 0.924740 

0.321269 '. 0.214820. 

-1/2 0.58607i 0.986395 .. 0.917282 0.644641 ~O. 0550164 . 

-1 0.580545 0.926951 0.73G630 0.439109 -0.0545462 

.L -2 -1 0 1 -2 
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. TABLE 3.3.5 - (4,4) finite-e·lement solution of the eigenvalue 
problem (3.3.1-3) for '[0 =3 . . .' . 

Mesh (4,4) 

Number of El ernents Number of Nodal Poin~s 
.. 

16 .27 

'[ - 3 o -

Eigenvalue 

1.05809 .. 

)J Intens ity Distribution 
, 

1 -0.0604539 0.518155 0.844446 0.961403. 0.579747 . '. 

, 

1/2 -0.0362844 . 0.697901 0.960187 0.956119 0.453220· 

. 
J .. 

. 0.190089 '0.240334 
0 0.881067 1.000Mo 0.881 067 

0.240332 0.190089 

-1/2 0.453220 0.956119 0.960.187 0.697901 -0.0362845 

-1 0.579747 0.961403 0.844446 .0.518155 -0.0604537 

'[ -3 -3/2 0 3/2 3 
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- TABLE 3.3.~- (4,4) finite-element solution of the eiqenvalue 
probleM (3.3.1-3) -for Lo =4 . -. ~ . 

11esh (4,4) 

Number of Elements Number of Nodal Points 

16 27 
-

Lo = 4 

Eigenvalue 

1.03626· 

.' 

ll. Intens ity Dis tribution 

1 -0.0605472 0.565753 0.899373 0.952718 0.488503 

.1/2 "':0-.0230507 ' 0.716221 0.976035 0.923294 0.364780 

. .-
0.163387 0.191892 

0 0.850753 1. oooodo .. .0.850753 
0:191893 0.163386 

-1/2 0.364780 0.923295 0.976034 0.716220 -0.0230508 

-1 0.488504 0.952718 0.889372 0.565752 -0.0605473 

L -4 -2 0 2 4 
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. -' 

TABLE 3.3.7 - (4,4) finite-element solution of the eigenvalue 
problem (3.3.1-3) for Lo = 5 

-
Mesh (4,4) 

Number of Elements Number of Nodal Points 

. 16 27 
, 

Lo = 5 

Eiaenvalue 
: -' .. 

1.02478 

,)J Intensity Distribution 
-

I' -0.0582409' . 0.'596433 0.930241 0.9'34170 0.417128 

1/2 '-0.0144737 '. 0.722820 0.983083 0.896028 O'~ 303735 

. .. 
0.141451 0.159594 

0 0.829076 ·1.000000 0.829078. 
0.159594 '. 0.141451, 

-1/2 0.303734 0.896026 0.983683 0.722822 -0 .. 0144744 

-1 0.41]127 0:934168 0.930242 0.596435 -0.0582414 

L -5 -5/2 0 5/2 5 

I , 
I 

. I 



" 
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TABLE 3.3.8 - (4,G) finite-element so] ution. of the eigenval ue 
prob1er.1 (3.3.1-3) forTo: 0.5' 

Mesh (4,6 ) 
.-, . 

Number of Elements , t~umber of Noda 1 Points 

24 37 

To = 0.5 

Eigenvalue 

1.61399 

II Intensity Distribution . ' . 

" 

1 -0.0245821 0.172181 0.315459 ,0.474364 0.513886 

2/3 -0.0256927 - 0.246077 0.423193 0.608222 0.62433l 

, 

1/3 -0.0489716 0.392167 0.648062 0.846870, 0.772178 
. 

J 

0.169748, , 
0.6083.16 

0' 0.973158 ' 1.000000 0.973158 
0.608315 0'.169750, 

-1/3 0.772178 0.846870 ' 0.648062 0.392166 -0.0489719 

-2/3 " O. 6243,~2 0.608222 0.423193 0.246077 .. 0.0256927 

-1 0.513886 0.474364 0'.315460 0.172180 -0.0245821 

T -1/2 -1/4 0 1/4 1/2 
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TABLE 3.3.9 - (4,6) finite-element solution of the eigenvalue 
problem (3.3.1-3) for T = '1 

. 0 
~.-

r~esh (4,6) 

NU,mber of El ements Number of Nodal Poin.ts , . 
24 37 

T - 1 o - , 

Ejgenvalue 

1.27653 , . 

II . Intenslty Djstdbutio[l 

1 -0.0445373 0.306273 0.530919 0.745136 . 0.696614 

2/3 . -0.0425547 0.409586 . 0.667131 0.876489 0.748012 

1/3 ~0.0499125 0.624878 0.883471 0.997799 0.722329 
, . .. 

-
0.284024 • 0.464360 .. 

0 O~984326 1.000000 0.934326 
0.464361 0.284023 

-1/3 0.722329 . 0.997800 0.883470 ' 0.624878 -0.0499122 

-2/3 0.748012 0.876489 0.667.131 '0.409585 -0.0425548' 
" 

-1 0'.696614 0.745136 0.530919 0.306272 -:,0.0445337 

T -1 -1/2 0 1/2 1 

.. 
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TABLE 3.3.10 - (4,6) finite~element·solutionof the eiaenvalue 
problem (3.3.1-3) for Lo = 2 . -

~ 

,. f1esh (4,6) 

Number of,Elements Humber of· Nodal Points 

24' 37 

L =2 o . 

Eigenvalue 
' .. 

1.10815 . , 

Jl Intt:nsity ·Distribution 

1 -0;0588303 0.449961 0.747105 0.929396 0.679985 

2/3 ' -0.0494703 0.565925 0.860982 0.980964 0.630759 

, 
1/3 -0.0112123 0.750970 0.969417 0.979837 0.515338 

. .. 
0.261511 , 0.314765 

0 0.919488 1.000000 0..919489 . 
0.314766 0..261510 

-1/3 0.515338 0.979837 ·0.969418 0.750971 -0.0112126 . 

-2/3 0.630759 0.980964 0.86'0982 0.565925 -0.0494705, 

-1 . 0.679985 0.929396 0.7471 06 0.449961 -0.0588304 
, .. 

L -2 -1 0 1 2 
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'TABLE 3.3.11 - (4,6) finite-element: solutibnof the eigenvalue 
problem (3.3.1-3) for 1"0 = 3 ' 

fJ,esh {4,6) -
Number of Elements Number of Noda 1 Points 

24 - . 37 

- 1" - 3 o - . 

E i genva 1, ue 

1.05809 

II Intensity Distribution 

. 1 -0.0613314 0.524878 0.847271 0.959878 0.577731 

2/3, -0;0443428 0.631461 0.926279 0.966578' 0.501903 

" 

1/3 0.0112175 0.769984 0.984181 0.936629 0.389702 
. 

~ 

0.214089 , ,0.237935 ' 
0 0.876372 1.000000 0.876372 

0.237937 0~214087 

" 

-1/3 0.389702 0.936630 0.984180 0.769983 0.0112182· 

-2/3 . 0.501903 0.996579 0.926279 . 0.631460 -0.0443429 

-1 0.577732 0.959878 0.847271 0.524877 -0.0613315 

1" -3 -3/2 0 3/2 ·3 
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TABLE 3:3.12 - (4,6) finite-element solution of the eigenvalue 
problem C3.3.1-3) for T = 4 . . ' 

o " , 

r~esh (4,6) 

Number of El~ments Number of Nodal Points 
" 

24 37 
~ 

To = 4 

Eigenval ue 

1.03626 
~ 

II Intensity Distribution 

" 
, . 

1 -0.0598836 0.569686 . 0.899816 '. 0.951046 0.486999 

2/3 -0.0375210 0.662507 . 0.954452 . 0.'938437 0.409580 
, 

1/3 0.0212225 0.786940 0.989607 ' 0.902117 0.311088 . 
J 

0.177624 • 0.190821 
0 0.847406 1.000000 0.847406 

0.190822 0.177623 

-1/3 0.311 088 0.902117 0.989607 0.768939 0.0212225 

-2/3 0.409581 0.938437 0.-954453 '0.662506 -0.0375210 
" 

I' 0.486999 0.951046 0.899816 0.569685 -0.05988,41 

T -4 -2 0 2 4 
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TABLE 3.3.13 - (4,6) finite-element solution of the eigenvalue 
problem (3.3.1-3) for Lo = 5 

t1esh (4,6) 

Number of Elements Number of Nodal Points 

24 37 

Lo = 5 

Eigenvalue 

1.0247& 

II Intensity Distribution 
, 

-, 

, 

1 -0.0570080 0.598757 0.929994 0.932857 0.416097 

2/3 -0.0315631 0-.678829 0.968995 0.912229 0.343691 ' 

, 
1/3 " 0.0253143 0.763895 _0.992489 0.875650 0.258050 

. 
~ 

0.150764 , -0.159050 
, 0 0.826696 1.000000 0.826698 

0:159052 ,0.150762 
-' 

-1/3 0.258051 0.875648 0.992489 0.763897 0.0253127 ' 

-2/3 0.343691 0.912227 0.968996 0.678830 -0.0315640 

-1 0.416097 0.Q32856 0.929995 0.598759 -0.0510087 

L -5 -5/2 0 5/2- 5 
, 
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TABLE, 3.3.14 - (4,8) finite-element sol uti-on of the eigenvalue 
problem (3.3.1-3) for La = 0.5 , 

--._' Mesh (4,8) 

. Number of El ements Number of Nodal Points 

32 47 

La = 0.5 

Eigenvalue 

1 •. 61457 
~ 

}l Intensity Distribution 

1 -0.0231291 0.179827 0.324996 0.487582 0.528351 

3/4 -0.0288948 0.230602 0.405807 . 0.588672 0.613608 

1/2 -0.0285033 0.318393 O. 5289H~ 0.731477 0.714543 

, 
1/4 -0.0491034 0.508700 0.770434 0.930452 0.797694 

. .-

0.269765 • . . 0.592160 
0 0.999999 0.988498 1.000000 

0.592163 0.269765 

-1/4 0.797693 0.930452 0.770433 0.508700 -0.0491039 

-1/2 0.714544 0.731477 0.528918 0.318393 -0.0285034 

-3/4 0.613608 0.588672 0.405807 0.230603 -0.0288951 

-1 0.528351 0.487582 0.324996 0.179827 ' -0.0231289 

l -1/2 -1/4 0 1/4 1/2 
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TABLE 3.3.15 - (4,8) Jinite~e1eme~t solution of the eigenvalue 
problem (3.3.1-3) for TO = 1 ~ . 

,-' '. Mesh (4,8) 

Number of El ements Number of Nodal .Points 

32 47' , 

To = 1 . 

, Eigenval ue 

.1.27657 

}I Intensity Distribution 
, 

1 . -0.0416656 0.305484 0.530591 0.744606 0.694303 

3/4 ~O. 045501 0 0.380356 0.630686 0.839242 '0.734601 
,. 

1/2 -0.039477,6 0.495623 0.763859 0.941768 0.746035 .. · 

1/4 -0.0220261 '0.716109 0.932489 1.000000 . 0.674497 

. 
~ 

0.336819 
'.' 0.987263 

0.451034 
a 0.969856 0.969857 

, 

0.451037 0.336817 
'" 

-1/4 .0.674497 1 . 000000 0.932489 0.716108 . -0.0220263 

-i/2 0.746G35 0.941768 . 0.763859 0".495623 -Q.0394781 

-3/4 0.}34601 0;839241 . 0.630687 0.380356 . -0..0455010 

-1 0.694303 0.)44605 0.530590 0.305484 -0.0416657 

, 

-1 ' -1/2 a . 1/2 - 1 
T 
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TABLE 3.3.16 ~ (4,8)fini~e~~lement solut~on ~fthe eigenvalue 
pro b 1 em (3. 3. 1- 3) fa r To :: 2 ," " " 

t~esh (4,8) 
~.-

"", 

Number of E1 ements Number of Nodal Points" 
, ' 

32 47 

To = 2 
. 

Eigenvalue 

" 1. 1 0815 

lJ 
" Intens ity Distribution 

, 

1 -0.0576818 0.451344 0.748943 0.930431 0.679277 

3/4 -0.0535508 0.535781 ,0.833325 G.970503 0.647067 

1/2 -0.0340464 0.650255 0.919885 0.989509" 0.580692 

1/4 0.0298890 . 0.804483 0.984460 0.967850 0.471616 

. 
~ 

0.281374 ," ". 0.312977 
0 0.914814 l~oooobo 0.914814 

0.312978 0.281373 

-1/4 0.471617 0.967849 0.984461 0.804483 0.0298886 

-1/2 0.580892 0.989509 0.91'9885 0.650255 " -0.0340468 

-3/4 0.646067 0.970503 0.833325 0.535781 -0.0535507 

-1 G.679277 0.930432 0:748943 ' 0.451344 -0.0576827 

r 

T -2, -1 0 1 2 
". 
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TABLE 3.3.17-(4 s8) finite-~lement solution of the eigenvalue 
problem (3.3.1-3) for Lo =·3 , 

r·1esh (4,8) 
-'-_. 

Number of Elements , Number 'of Nodal Points 

32 4T 

- L - 3 o -

Ii genva 1 ue 

1. 05810 . -

.. 
-

Intens ity Dis tri but ion }J 

.. 
, 

1 . -0.0604822 .0.525849 0.847608 0.959507 0.,576728 

3/4 '.-0.0500566 . 0.603654' 0.907428 0.966742 0~523141 

1/2 -0.0218682 0.698000 0.959081 0.956067 0.449192 

'. 

1/4 0.0479079 0.80'3192 . 0.990683 0.923027 0~354497 

. .. 
0.223493 • 0.237303 

0 0.873600 1.000000 0.873600 
0.237304 0.223492 

-1/4 0.354497 0.923027 0.990684 0.803192 0.0479083 

-1/2 0.449192 0.956067 0.959081 0'.698001 -0.0218693 
.. 

-3/4 0.523142 0.966742 0.907428 0.603654 -0.0500558 

-1 0.576728 . 0.959508 0.847608 0.525849 -0.0604841 

L -3 -3/2 0 3/2 3 
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TABLE 3.3.18 - (4,8) finite-element solution of the eioenvalue 
problem (3.3.1-3) for oro =4 , ~', 

'. 

Mesh (4',8) . 
-'--

Nuniber of El ernents Number of Nodal Points 

32 47 

"r - 4 
. 

o - .. 

Eigenvalue 

" 1.03627 

J.I Intensity Distribution .. ' 

1 -0.0591060 ·0.570319 ' 0.899715 0.950599 0.486316 
, 

3/4 -0.0444921 ,0.638596 0.941778 0.942291 OA30300 

1/2 ~0.0128385 0.715084 0.974685 '0.922835 ' 0.362186 

' .. 

1/4 0.0520275 . ,0.192631 0.993499 .. 0.'889406 0.282462 

. 
~ 

0.182986 0.190552 
0 0.845743 1.0000DO 0.845743 

0.190552 0.182985 

-1/4 0.282463 0.889406 ' 0.993499 0.792632 0.0520265 

, -1/2 0.362187 0.922834 0.974686 0.715083 -0.0128382 

-3/4 0.430300 0.942921 0.941778 0.638596 -0.0444922 

-1 0.486316 ' 0.950598 0.899716 0.570319 -0.0591063' 

l' -4. -2 0 2 4 
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TABLE 3.3.19 - (4,8) fi~ite':'element solution 6f the .eigenvalue 
problem (3.3.1-3) for To ~. 5 '. . 

'. ~--' 
~,1esh . (4,8) 

Number of Elements . Number of Noda 1 Points 

32 47 

La = 5 

Eigenvalue 

1.02478 

II . 1I1tensity Dj~tribution -

1 -0.0562899 0.599150 0.929792 0.9325.10 0.415649 

3/4 -0.0391873 0.658457 0.960142 .0.918341 0 .. 362662 

1/2 -0.00694016 . 0.721481 . 0.982594 0.895593 0.302015 

. 1/4 . 0.0512642 : 0.782310 0.995189 0.86411 0 0.,234160 

. 
j 

0.154196 0.158923 
0 0.825629 1.000000 0;825629 . 

0.158925 0.154194 

-1/4 0.234162 0.86411 0 0.995189 0.782310 0.0512632 

---. 

-1/2 0.302016 0.895593 0.982593 0.721481 .-0.006941.57 

-3/4 . 0.362664 0.918341 0.960142 0.658457 -0.0391877 

-1 0.415650 0.932511' 0.929792 0.599149 -0.0552906 

. 

T -5· -5/2 0 5/2 5 
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A comparison of the fi nite-el ement results for theeigenval ues 

with the ~orresponding ekact re~ults, as reported i~ [38Ji is'given in 

Table 3.3.20. 

TABLE 3.3.20 - Eigenvalues for the eigenvalue problem (3.3.1-3)· 

Finite-Element Results 

Mesh (4,4) Mesh (4,6 ) r<€'sh (4,8 ) Exact' 

Results 
Lo Number of Elements Number of Elements Number of Elements 

16 24 32 [38J 

Number of Nodal Number of Nodal Number of. NOdal 
, Points Points Points 

27 37 47 

0.5 1.609380 1.6.13990 1.614570 1.615378520 

1 1.276626 1.27653 1.276570 ' . 1 .277101824 

2 1. 1 08120 1.108'150 1.108150 ' . 1.108467832 

3 1.058090 , 1,.058090 1.058100 1 .058295896 
, , ., 

4 1.03626 1.036260 1.036270 l. 036402030 

5 ' 1.024780 
. .-

1.024780 1.024780 r.024879373 
• 

As is seen fr6m the results, the finite-ele~ent solutions perfectly reflect 

the inherent syP1l'1etry condition 

-1 ~ 1.1 ~ 1, 

, ihvol~ed in the eigenvalue problem (3.3.1-3). 
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From the symnetry condition 'l'C-r,ll) = 'l'(-'[,-ll), ;"'[0':: '[.:: '[b and 

-1.::. p .::. 1, on the other hand, it follows that the 'eigenvalue problem 

(3.3.1-3) can also be stated in terms of the following set of equations. 

'p _d_ 'l' ('[ ,lJ) + 'l' ('[ ,lJ) : If 'l'(T,ll') dll' 
a'[ 2 -1 

'for OS '[S'[o' (3.3.4) 

and "71 .::. lJ S 1, 

'l'(O,lJ) = 'l'(O,-}i) for O,::,~,::,'1 (3; 3. 5) 

. for -1 S II S O. 

Theoretically, there should be a perfect agreement between th,e solutions of 

the eige.nvalue problems (3.3 .. 1-3) and (3.3.4-6). To verify \'Jhether such an 

agreement can numerically be achieved or not, the finite-element solution 

of the eigenvalue problem (3.3.4-6)is next attem~t~d. 

The finite-element model ,associated with theeigenval'ue problem 

(3.3.4-6) consists of the fo.l1owing generalized eigenvalue problem. 

E 

[ L 
e=1 

(-T, ' + E ,+ B ( 1 ) _ B (2) • _ Sr. (l ) ')]$ =' 
-(e) -(e)" - (e) "", (e)- (e)-

E 
[-2- L E -L B (e, e ' ) s ,]1jJ 

, (e, e) -
41T e=1 e'=1 

h th '1 t t' ( 1 ) , B ( :: ) d s are 
"I ere 'e e emen rna rlces r(e)' ~(e)' ~ (e)'.. (e) an .. (e,e'.) 

respectively given by Eqs. (3.2.4), (3.2.5), (3.2.8), (3.2:9) and (3.2.7), 

\'Jhere the element matrix sB(l\e') is given by Eq. (3 .. 2~12) for pS(l) = 1, 

and where Bee,e') and ~are as defined in Section'3.T. 

The eigenvalues and the corresponding intensity distributions are 

given in Tables 3.3.21-23 for '[0 = O.S and for different finite-elementM~shes. 
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TABL~ 3.i.21 -'(4~4) finite-element solution o~ th~ ~igenva1ue . 
problem (3.).4-6) for TO = 0.5 . . .. ,' . 

. ' 

11esh (4,4) 

Number of Elements ,Number of:Noda1 Points 

16 '26 

TO = 0.5 
I 

Eigenva)ue 

1.60444 
" 

]J Intens ity Distribution 

'. 

0.302782 0.362643 0.420497 0.437679 0.451713 1 

. 1/2 Q.461989 0.567235 0.625612 0.713165 0.677085 
. 

J 

- 0.511224 ' • 0 . 1.000000 . , 0.955504 0.970308 0.568395 
, -0.0459326 

, , 

-1/2 0.460548 0.345272 0.185108 0.0769642, -0"OQ7866.93 

.-

-1 0.301926 0.231748 0.163248 0.C742341· -0 .. 00427064 
--"-

T 0 1/8 1/4 3/8 1/2 
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TABLE 3.3.22 - (4,~) finite-ele~ent soluti6n of ,the eigenvalue 
problem (3.3.4-6) for TO : 0.5 . 

-

r~esh (4,6) 

Number of E1 ements Number: of. Nodal ' PO.ints 

. 24 36 
'-

-T 
·0 

= 0.5 

Eigenvalue 

1.61408 

II Intens ity Distribution 
. ,. " 

.. 

1 . 0.3l6628 0.393350 0,445497 0.492839 . . 0.50349,0 

2/3 0;425525 0.514318 0.572173 0.611806 0.609903' 

. 1/3 . 0.642561 0.748635 0.785678 0.822515 . - -0.760988 

, , 
0.573229 

0 1.000000 0.977691 0.932425' .0.711195 
. 0.0306821 

-1/3 0.644841 0.519176 0.336813 0.156660 ,-0.00568296 

-'2/3 0.427222 0.331150 0.220348 ' 0.109718 -0 .. 00394115 

-1 0.318574 0.239703 0.151249 0.0692577 -0~00294550 

T 0 1/8 1/4 3/8 . '1/2' 
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TABLE 3.3.23 ~ (4,8) finite-element solution of the eigenvalue 
problem (3.3;4-6) fot To= 0.5 . 

, "." 

r'lesh (4,8) 

Number of Elements -
. Number of Nodal Points 

32 . 46 

. TO = 0.5 

Eigenvalue 

.1.61517 

lJ Intensity Distribution 

1 0.326523 0.405534 0.458561. 0.505193 0.517577· 

3/4 0.406493 0.497049 0.552493 0.599065 . 0 ~ 601253 

1/2 0.529708 0.630858 0.684401 0.720822 0.699898 

1/4 0.760997 0.85~672 . 0.869538 0.869355 0.783029 

0.583253 
0 1.000000 0.985976 .0.915787' 0.773696 

'0.111352 

-1/4 0.-763739 0.641861 0.448646 0.226746 . -0.0138855 

-1/2 G.532357 0,420785 0.282734 0.145991 -0.00409167 

-3/4 0.409183 0.314263 . 0.203981 0.0984488 . -0.00478156 

-1 0.328871 0.248386 0.159399 0.00764426 -0.00333073 

T C 0 1/8 1/4 3/8 1/2 
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A comparison of the finite-element results for the -eiaenvalue \'Jith 
~" 

the corresponding exac~ result, as reported in [38J, is given in T~bre 

3.3.24. 

TABLE 3.3.24 - Eigenvalues for the eigenvalue problem (3~3;4-6) 

Finite-Elem~nt Results 

Mesh (4,4 ) Mesh (4,6 ) "tl.esh (4,8) Exact 

- Result 
T" Number of Elements Number of Elements Number of Elements 0 

16 24 32 [381 
"" 

Number of Nodal Number of Nodal Number of N.odal 
Points Points Points 

- 26 36 46 

0.5 1.604440 1.614080 1.61570 1.615378520 

As is seen fY'om the results given in Tables 3.3.2-24, the agreement bebleen 

th~ finite~e1ement solutions of the eigenv?lue problems (3.3.1~3) and 

(3.3.4-6) "ishi ghly satisfactory. 

A comparison of the finite-el~ment results t fOr the expression 

J
l 

'¥ (1 /4 .l.l)dl.l 
_1 

tFinite-element results are based on the corresponding intensity distrlbutions 
gIven in ~ables 3.3.21-23. 
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\·Jith the corresponding exact resul t, as reported ;n[38J, is given· in. 

'Table 3.3.25. 

TABLE 3.3,.25 - Results for the expression I~~'!,(1/4'-lJ)dlJJ/[£~If(O,lJ)dlJJ 

Fi n ite-E1 emen t Resu1 tst 

r1esh (4,4) I'lesh (4,6 ) ~lesh (4,8) 
". 

Number of Elements 16 Number of Elements 24 Humber of Elements 

l~umber of Nodal Number of Nodal Number of Nodal' 
Points 26 Points '36 PO'ints 

-
, 

0.916183 0.917134 0.896845 
'. 

" ': 

The Zvonh.omogeneous Problem with Isotropic. Scattering and lJith 

Transparen t Boundari'es 

The governing boundary value prob reJil is given as foll ows. 

32 

46 

a -
lJ -- If (T ,lJ) ,+ If (T ,lJ) :: yeT) r If(T,p')dlJ' for -T~ .2 T .2 Lo 

dT ? ' 
- -1 ' 

and -1 .2 lJ .2 1, 

for 0,,::, iJ .2 1, 

Exact 

Result 
. 

[38J 
..•. 

0:898694 

(3.3.7 ) 

(3.3.8 ; 

tFinite-element. results are based 'on the c~rresponding intensity ~istrib~tions 
. glven in Tables 3.3.21-23. 

" 

: 
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for· -1 ..:. II < O. (3.3.9) 

If y is assumed to' be ·ingependent of T, then the finite-element model 

associated with,Jhe boundary value problem (3.3;7-9) consists of the 

follo\'ting syst~m· of algehraic'equations. 

. .E t 
[ t (~~(e) + ~(e)·~ ~ . r· B(e,e')~(e e') + ~~2)(e; _·~(1) (e»)J~ = 
e=~ 4n e '=~ .'. 

where the.element mitrices _T(e).' _EC e )' S , B(l). and B(2) are ( e , e )' _, ( e ) ( e) 

respectively given by Eqs. (3.2.4),· (3.2.5), (3.2.-7),(3.2.8) and (3.2.9), 

where the element vectors .:(l)(e) is·given by Eq. (3.2.16), anclwhere 

BCe,e') and ~ are as d~fined in Section 3.1.· 

Three different cases are· considered: 

and 

The first case is handled by direct integration of the expressions obtained 

from the substitution of the functions llB, B = O,1,2, ... ! in Eq. (3.2.16). 

The last two cases, on the other hand, are treated by first approximating 

the functions ell and e-ll through a quadratic finite:"eleP1ent. interpolation 

over the angular region, and then by integrating the expressions obtained 

from the substitution of the resulting quadra·tic polynomials in EC}. (3.2.16), 
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Incorporation of such an approx,imation, -however, should not mean that the 

functions ,ell and e-ll cannot be de,alt with bydir'ect integration, sin-ce 

bothdf these functions and the functions lla, 13 :1,2, ... , are ofcomp'arable 

complexity cor.,putation-"ds'e. Direct int~gration works perfectly well in the 
, , 

case o( the functions ell and e""ll. 'Nevertheless, ,the quadratic finite-element 

interpolation has been resorted to with the intention of demonstrating the 

ease of appl lcabil ity of the finite-element approximation techni'que to 
" , 

problems involving specified intensity distributions at the boundaries 

given ~ither in terms ofcomp1fcated functions, or discrete nu~erical data 

as in most of the reai-life applications. It is v/orthwhile noting that the 

order of the interpolatio~ is free "and can be increased at will to meet the 

requirements of a given level Of accuracy. The results for the element 

vectors ~re give~ below. 

,Case 1 

.' . . .. 
1 000 

1 

= -----
-(B+ 2) CS+ 3) o 

001 0 , Q+2 Q+1 2 B" 8+ 1 8+ 2 
(B+ 2) II (J ""J.! lllJ -ll II - ••• ..,ll " II -ll 

4' 14 14 141 

000 1 
'B = 0,1.2, ... ,. 
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Case. 2 

. (l) 2 t = --, ___ _ 
_ (e) 

where 

lJ2 lJ
1

lJ4 t} = + -4 

t z = ?lJ 2 
~ 4 - lJ]lJ 4 

3 2 
t3 = lJ 4 + lJ

1
lJ

4 
+ 

3lJ 3 _ lJ lJ2 
t4 = . 4 1 4 

. ~ . . 
1 a 0 0 

o 1 a 0 

., 

dOl 0 

. . .. . 
000 1 

2 
2lJ] , 

C 
[_0_ 

6 

2 
- lJ 1 , 

2" 
lJ

1
lJ

4 
3 

3lJ 1 ' 

lJ2lJ 3 - -lJ
1
,· 

1 "4 

lJ" lJ lJ 3 +lJ 2lJ 2 + lJ3~ " ts = + - 4lJ 
1 4· ] 4 1 4 . 1 ' 4 

t6 = 4lJ" _ lJ lJ3 _ lJ2lJ2 - lJ3lJ - lJ" 
4 1 4 1 4 1 4 . l' 

tl 

a 

0 

t2 

+ 

C1 = -: _1_.· (lJ 1 + 3ll 4) elJ 1 + 2(lJ l+ll 4)e(lll+lJ 4)/2 

2 

and 

c 
2 = eUl 2e (lll+ll4) /2 + ell 4 , 

.t3 

C1 

12 Q 

.. I" 
- _. -. ( 3lJ 1 

2 

C; 
+ ..:....­

.20 

·t 
5 

a 

a 

, II 
+ ll4)e 4, 

] 
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Case 3 

.' . 

. . . . 
1 0 0 0 
. .- . . 

0 1 0 0 
tl 

to) 2 
C . 0 

(ef = [--E-
(1l4 -ll )2 6 0 

1 
0 0 1 0 

o 0 0 1 

\'ihere . 

t ,,,2 " - 21,2., 1.= ~ 4 + ~ 11l4" ~l 

t2.= 211: ~1l1114 - ll~' 
32 2 " '3 3 

t3 = 114 + 111114 + 111114 - lll' 

t4 = 311 3 
- II 112 -1l211 . - ~3 

, 4, 1 2 . 1 4, 1 ' 

_ It 3 22 3 4 It 
ts - 114 + 111114 + 1l}1l4 ·1l11l4 -. lll' .-

, 4 It' 3 2 2 _ 3' It 
t6 = ~4 - 111114 - 111114 111114 - 111' 

and 

Cl 
+-

12 

t3 

0 

0 

1 

2 

·t S 

. C2 0 
+ -'- ] 

20 0 

The intensity distributions .in case one are given jn Tables 3.3.26-34 

for 2To = 1, for y = O.~, for B = 0,1,2 and for differ~nt finite-element 
, 

meshes. 
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TABLE 3.3.26 - (4,4) finite-element solution of the boundary value 
problem (3.3.7-9) for To : 0.5, for y = 0.8 and for 
T{l)(ll) = 1 

, 

Nesh (4,4 ) 

Number of Elements -Number of Nodal Points 

16 2.7 

-To = 0.5 

y= 0.8 - - -

T( 1) (ll) = 1 

].1 Intensity Distribution -

1 0.998034 0.874859 0.765030 0.656786 0.553081 
, 

1/2 -, .00983 0-.808150 0.617202 0.464749 0.351172 _-

- .. 
0.882861 • -0.124395 

0 0.360096 0.265059 0.203797 
0.502651 0.0353385 

-1/2 0.305388 0.211556 0.142975 0.0583963 -0.00132135 

- -1 0.205615 0.133942 0.0841641 -0 ;0378734 0.00211277 

T -1/2 -1/4 0 1/4 1/2 

-, 

-
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TABLE 3.3.27- (4~6) finite-element solution of the· boundary value 
prob1e,m (3.3.7-9) for L = 0,'5 for v - 0 8 and for' 
T(l)(\1)=l" 0,' ,-. 

" 

~lesh (4,6) 
" 

Number of E1 ements '. , Number of Nodal Points 

24 37 

LO : 0~5 ' ,', 

r: 0.8 T (1-1) = 1 " 

(1) , 

" 

Jl Intensity Djstribution 

1 1 .00348 0.878465 0.758670 0.646023 0.544026 ' 

2/3 0.997785 0.827326 0.679505 ' 0.545723 0.431701 

, 

1/3 1.01039 0.716029 0.505501 0.361387 0.261412 
. 

" 

0.783285 . ' 0;134812 
0 0.339574 0.282085 0.215221 

0.509279 
" 0.0629470 

-1/3 0.364277 0.265135 0.182221 0.0876845 -0.00212093 

, -2/3 0.266496 0.179049 0.117350 0.0522662 0.00252094 

-1 0.209311 0.139047 0.0878664 0.0364484 0.000507361 

L -1/2 -1/4 0 1/4 1/2 
, 

, 

, 
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TABLE 3.3.28 - (4,8) finite-element solution of the boundary value· 
problem (3.3.7-9) forLo : 0.5,for-y = 0;8 and for 
T (ll): 1 - .. 

(1 ) 

. flesh (4,8) 

NumLer of El eMents Number of Nodal Points 

32 47 

1'0 = 0.5 

y = 0.8 T (ll) = 1 
(1) 

II Intensity Distri.bution 

1 1.00138 ·0.877484 0.759001 0.645952 0.543273 

3/4 . 0.00230 0.841977 0.699712 0;571381 0.461232 

1/2 0.995309 . 0.782200 0.6104.31 0.466771 0.3530;4 

.. 

1/4 1.00361 0'.643447 0.435849 0.308026 . ·0.220513 

0.716567 , 0.139031 
.. 

0 0.338254 0.289093 0.219104 
. 0.515210 . 0.0817977 

-1/4 0.397383 0.294759 0.208203_ 0.111366 -0.000902147. 

-1/2 0.309879 0.212979 0.143268 ·0.0664832 0.00315411 

-3/4 0.251418 0.169828 0.109425 0.04781-27 ·0.000894933 

-1 0.209735 0.138590 0.0877234 0.0367510 0.00115376 

l' -1/2 -1/4 0 1/4 1/2 
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'TABLE 3.3.29 -(4,4) finite-element solution of the boundary value 
problem (3.3.7-9) for To = 0.5, for y : 0 .. 8 and for 
T(J)(~) =ll 

f·lesh (4,4 ) 

Number of Elements NUmoer of Nodal Points 

16 27 

TO = 0.5 

y= 0.8 T (l)(ll) = II 

" 

j.l Intens ity Dis tributio.n 

1 - 0.999341 0.836302 0.695980 0.571795 0.469483 

1/2 0.492592 0~3'y8420 0.305581 ' 0.247976 0.194054 

. -
0.0462582 0.0990572 

0 0.224145 0.201247' " 0.143970, 
0.283370 ' 0.0213542' 

";'1/2 0.190647 0.145754 0.0899279 0.0421329 -0.002823,23' 

-1 0.128226 ' 0.0902928 0.0580193 0.0272074 0.000308078 

T -1/2 -1/4 0 1/4 1/2 
, .. 

, 
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TABLE 3.3.30-, (4,?) finite-element solution of the boundary value 
trObl(~m).~3.3.7-9) for LO ,: 0.5', f~r y : 0.8 and for' 

" 11-11 ( 1)' " 

I~esh (4,6) 

Number o~ Elements Numbe~ of Nodal Point~ 

24 37 

y ': 0.8 

" 

I~tehs ity Distribution 

1 0.996789 0.832331 0.696446 0~576824 0.476402 

2/3 0.665243 0.535949 0.431759 0.345488, . . .- 0:273840 

1/3 0.322712 0.276993 0.240257 0.198589 . 0.155115 

0.107351 0.100800 
0 0.251216 '0.195056' 0.152837 

0.287091 0.0401905 

-1/3 0 • .221655 O. 171701 0.118787 0'.0619559 -0.00292225 

-2/3' O. 165975 0.121864 0.0776347 ' 0.0381112 -0.000211747 

-'I 0.130875 0.0930101 0:0578009 0.0265046 -0.00100472 

-1/2 -1/4 0 114 1/2 
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TABLE 3.3.31 - (4,8) finite-element solution of the b'oundary value' 

~robleM) !3.3.7-9) for ~o = 0.5, for ~ = 0.8 arid for 
(1) ~ ~ . 

~Iesh' (4,8) . 
-"--

Number of Elements NUMber of Nbda 1 Poi nts 

32 '. 47 

To : 0.5 

y. = 0.8 T(1)(}.!) = ~ 

}.! Intensity Distribution 

1 D.997878 0.833549 0.697144 0~577934 0.477854 
-

3/4 0.746570 0.608069 0.'496446 0.400980 0.321749 

i/2 0.498915 0.401229 0.323723 0.260142 0.204063 

) 

1/4 ·0.241027 0.246161 0.224698 - 0.185537 0.142778 
.. 

. ;. 

0.150378 0.0988895 
0 .0.258444 0;191429' '0.154396 

0.285320 0.0542779 
, 

, , 

-', 

-1/4 0.238939' 0.188281 0.138214 0.0780044 -0.00i68025 

. -1/2 0.191542 0.144486 0.0944960 0.0482390 0.000053678 

-3/4 0.156409 0.113599 0.0723973 . ' 0.0346131 -0.000908652 . 

""'1 0.131301 0.0934031 0.0579747 0.0268369 -0.000609505 

, 
- 1/4 1/2 T -1/2, -1/4 0 
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TABLE 3.3.32-- (4,4) finite-element solution of 'the 'boundary value 

Tprob~em) (3·r7-9-) for TO = 0.5, for y = O.Band for 
\.~ : II ' 

, (1) 

r,1es h (4,4) 

Number of Elements N\lmber'of Nodal Points 
, . 

16 27 

To :0.5 

y = 0.8 T(1) (~) = ~2 

, , 

II Intensity Distrjbution 
, 

1 0.958487 0.776097 0.628809 0;505063 0.408859 

, 

1/2 0..2032.27 0.173532 0.159003 0.143135 0.117406 
. 

~ 

-0.00264304 • 0.0833036 
0 0.178293 0.157462 0.112203 

, 0.198764 0.0135021 

" 

-1/2 0.136056 0.105056 0.0650970 0.0315643 ":0.00202265 

-1 0.0930708 0.0684062 0.0436537 0~,021 0964 -0.000277915 
.; . 

T -1/2 -1/4 0 1i4 1/2 



,- 118 -

TABLE 3.3.33 - (4,6) finite-element solution of the boundary value 
trOblem ~3~~.7-9) for TO .= 0.5, for y :: 0.8 and ·for. 

(1){11) - 11·. . . 

.. 

tl;esh (4,6) 

Number of El ements Number of Nodal Points 

24 37 

'. lo := 0.5 

y = 0.8 T ( 1 ) (11) = 112 .. 

}l. Intensity Distributi,on 
. . 

: .. 

1 0.978366 0.797782 0.654284 0.531974 .. 0'.433610 
.' 

2(3 0.424064 0.341417 0.276874 . 0.224953 . 0.18064b 

, 
1/3 '. 0.0882708 0.130698 0.143455 .0.133248. 0.109838 

. 
~ . 

0.0737635 , 0.0785604 
0 0.193554 0.14'6669 O. "6805 

0.198182 0.0297395 

-1/3 0.157725 0.124681 0.0881071 0.0469948 -0.00229275 

.-2/3 0.119525 0.0907946 0.0578221 0.0292610 j., . -0.0005164 3.J 

-1 0.0943681 0.0687705 0.0430039. 0.0202980 -0.OQ0975323 

l -1/2 -1/4 0 1/4 1/2 
I 
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TABLE 3.3.34- (4,8) finite-element solution of the boundary value 
~rOb}em)., ~3 •. ~.7-9) for "(0 : 0.5,for y= 0.8 and for 
(l)~' - ~ 

.'. 

c 
Mesh (4,8) . 

Number of Elements Number of Nodal Poi nts 

32 4'1 

"( = 0.5 
1 0 

y= 0.8 T (~), : ~2 
( 1). 

~ " Intens ity Distribution 

" 

1 ' 0.986827 0.805550 0.661344 0.539146 0.440662 

3/4 . 0.548674 . 0.442512 0.;359441 0.289968 0.2327.69 
, . 

1/2 0.239655 0.211815 . 0.185248 0.160323 0.131701 

1/4 0.0517010 0'.133429 0.149567 .0.133645 0.106318 

. - J 

0.111906 . 0.0754757 

0 0.194061 0.142095' 0.116985 
0.195550 0.0411280 

-1/4 0.169393 0.137418 0.102978 
, 

0.0592807. -0.00141559 

,,"l/Z 0.137353 . 0.107216 0.0703815· 0;0369033 -0.000270667 

-3/4 0.112559 0.0841441 0,0539638. 0.0264937 . -0.000933803 

. -

-1 0.0947443 0.0693474 0.0432085 0.0205810 ' -0.000692036 

-

,"( -l/Z' ~1/4 0 1/4 1/2 . 
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A comparison of the finite-element resul tstfor the expression 

1 . 

.. (13 + 2)J'Y(1/2,ll)).ldll , 
o 

13= 0,1,2, 

·with the corresponding "exact results, as reported in [391, is given in 

Table 3.3.35. 

TABLE3.3.35-Results for the expression (S+2)f~ 'Y(1/2,llh1d).l·, S = 0,1,2 

Finite-Il ement Results t 

The intensity distributions·in cases two and three ar~ given~in 

Tables 3.3.36-41 for 21"0 :.1, y:: 0.8 and for. different finite-element . 

. !i1eshes. 

t ~iniie-elernent results are based on the corre~ponding intensity distribu~ions 
given in Tables 3.3.26-34. 
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TABLE 3.3.36 - (4,4) finite-'element solution of the boundary value 
-- problem (3.3.7.,.9) for TO = 0.5, for y :0~8 and for 

T (ll) = ell ' 
, (1 ) , 

' . 
,-

~1esh (4,4) 
, 

., 

Number: of El ements Number of No~a 1 Points 

16 2J 

To = 0.5 

y= 0.8 . T (ll) ~ ell 
(1 ) 

}l ,lntensHy Distribution 
, . 

1 ' 2.67026 2.25213 1.89700 1.57723 1.30402 
, 

1/2 1.60804 1 .28'416 1.01746 0.801151 0.618895 

. 
J 

0.941665 0.280406 
0 0.706194 0;571834 0.423261 . 

-

.. 

0.917723 0.0652275 ... 

.. 

-1/2 0.585808 0.426257 0.276039 0.121451 -0.00538968 

-1 0.395621 0:269999 0.171267 0.0792334 0.00216646 
-- .. --- -.-

L -1/2 -:1/4 0 1/4 1/2 



" 

~ - 122 -

, . ' . 

TABLE 3.3.37 - (4,6) finite-element 'solution of, the boundary value 
problem (3.3.7-9) for'T' = 0.5, for y = 0.8 and for 
T (ll) = ell 0, 

( 1 ) 

r·'ies h (4,6) 

'Number of El ements ' Number of Uoda 1 Points 

24 37 

To = 0.5 

y= 0.8 T (l ) (ll) = ell . 
, 

J.l Intensity Distribution " 

, , 

I' 2.69420 2.27374 ' 1.91473 1.59497 ' 1.32283 
" 

2/3 1 .,92381 1.57484 1.28418 1.03297 0.820102 

, 

1/3 " 1.38023 1.07472 0.838979 0.,647965 0.489609, 
. 

.J 

,0.942588 ' I 0.288015 
0 0.719461 'G.574601 0.445940 

0.926704 0.123017 

-1/3 0;690133 0.519517 0.359650 0.181008 -0.00065810 
, ' 

,'-2/3 0.511547 0.361247 0.233459 0.109918 0.00194934 

-1 0.402644 0.277742 0.174289 0.0765097 -0.00116018 

T -1/2 -1/4 0 , 1/4 1/2 
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TABLE 3.3.38 ~ (4,8) finite:-eler.1ent solution of the boundary value 
problem (3.3.7-9) for L = 0 5 for'v -0 8 and for-
T' (ll) = el-l '0" I, - • 

(1) 

, , , 

--' 
Mesh J4,8) 

Number of Elements Number cif Noda 1 Points 

,32 47 

LO = 0.5 

Y = 0.8 T - - (Jl) = ell .... 
(1), -' 

.-

, . 

jJ' Intensity Distribution 

1 2.70260 2.28248 '1.92338 1.60330 1.33032 

3/4 2.10215 1.73530 1.42826 1. 16004 0.933928 
-

1/2 1.63477 1 .31252 1.05009 0.829323 0.642183 

1/4 1.27202 0.975652 0.759073 0.582300 0.434145 

. 
~ 

0.942488 • 0.288288 . 
0 0.725238 0.574898 0.451462 

0.929027 0.163565 

-1/4 0.748147 0.574216 0.414935 0.228934 -0~00353862 

-1/2 ,0.592231 0.428670 0.284592 0.139356 0.00301420 

-3/4 0.482292 0.339325 0.217731 0.100116 -0.00065085 
-

-1 0.403738 0.278071 0.174450 0.0773319 0'.00006956 

_L -1/2- -1/4 0 1/4 1/2 

'-
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TABLE 3.3.39 - (4,4) finite-element solution of the boundary .value 
--- problem (3.3.7-9) for 1" = 0.5, for y :' 0.8 and for 

T (). - -ll 0 . . . . II - e 
(1) 

. 

11esh (4,4 ) 
. , 

-Number of Eletrents Number of Nodal Poi nts 

16 27 

1"0 : 0.5 

y = 0.8 T (ll) =e -,ll 
(1) . 

II Intensity Distribution 
.' . 

1 0.357176 0.330573 0.306714 0.276571 . 0.239071 

1/2 0.610180 0.505826 0.378933 0.275881 0.205076 

.' . 
~ 

0.830446 
- 0.0571983 

0 0.204226 0.124987' 0.103308 
0.297350 0.0194667 

':"'1/2 .' 0.168297 0.107288 0.0785879 0.0286326 0.00067222 

-1 . 0.113861 0.0702827 0.0431915 0.0188587 0.0017291.6 
. 

T -1/2 -1/4 0 1/4 1/2 
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TABLE 3.3.40 -(4,6") finite-element solution of the" boundary value 
problem (3.3.7-9) for T = 0.5, for"y = 0.8 and for 
T (ll) = e-ll 0 
" (l) 

Mesh (4,6) 

Number of El ements " Number of Nodal Points -
24 37 

TO = 0.5 

Y = 0.8 T (lJ) = e':"ll 
(1 ) " 

-

-

Jl intensity Djstribution 

1 0.369547 0.343310 0.306876 0.268821 0.230748 

2/3 0.507325 " 0.431522 0.360866 0.291611 0.230927 

I 

1/3" 0.729028 0.493299 0.322722 0.215374 "0.149329 " 
. 

~ 

0.702969 • 0.0646185 

0 0.163960 0.144391 0.107937 
0.300439 " 0,0343518" 

" -1/3 0.204663 0.142336 0,0978730 0.0440535 ';0.00009146~" 

-2/3 0.147471 0.0927099 0.0623171 0.0255556 0.00254066 

...,.1 0.115494 0.0729582 0.0468730 0.0178528 0.00113793 

T -1/2 -1/4 0 1/4 1/2 
, 
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TABLE 3.3.41 . (4,8)finite-elernent solution of the 'boundary .val ue 
problem (3.~.7-9) for 'To = 0.5, for~ = 0.8 and for 
T( (~.) = e~: . 

1 ) . 

Number of Elements 

32 

y = 0.8 

Jl 

r 0.368282 

3/4 . 0.474389 

1/2 0.599670 

. 1/4 0.786971 

. 0.609202 . 
0 

0.307174 

-1/4 0.225111 

-1/2 0.172323 

.. -3/4 0.139226 

-1 0.115640 

'T -1/2 

'T '= 0.5 o 

. Number of Nodal Points' . 

47 

T (11):: e"1l 
(1) ... 

Intensitv Distribution 
." .". 

0.342911 0~308157 0.269467 .0 .. 230442 

0.410244 0.346409 0.285737 0.231969 . 

'0.469830 0.362894 0.27.1514 0.201757 

OA51049 0.270186 0.174838 0.119237 

'0.0695710 . 
0.155919 0.153286 . 0.11 0371 

.. 0.0435355 . 

0.160328 0.110242 0.0564724 0.00023215 

0.110466 0.0762842 0.0326282 0.00300244 

0.0891630 0.0581197 0.0235237 ·0.00144714 

0.0723248 0.0466371 ·0.0179331 0.OOlS0051 

-1/4 0 1/4 1/2 '. 
I 

I 
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-Since- for these cases nd exact results have been reported ; n the -

literature, no comparison has been attempted. 

·The NonhOmogeneous _€robZem 1;)ith Isotropic: Scattering,' lJi.th 

Constant 'Source and 1;)ith Transparent Boundarie.s. 

The governing boundary value probleM is given as follows. 

1 

II _d_ ~(Ltll) + '¥h~ll) =Y(L) J '¥(T,ll')dll' + ~ 
dL . 2 1 - 8 

1 . 
'¥(O,ll) = -

8 

1 --
8 

for 

for 

for 

-. 
0< L < T 

- - 0 
and -1:. II :. 1, 

O<ll<I, 

-1 .::. II < O. 

(3. 3~ 1 0) 

(-3'-3.11 ) 

(3.3.12) 

If Y ;s assumed to be indepe~dent 6f T, then the finite~el~ment model 

associated with the boundary value problem (3.3.10-12) consists of.following 

system of~lgebraic equations. 

E 
[ l (-T . + E -. . _(e)_eel 
,·e=~ 

E E 
[ l (t(l) - t(2) )] + l . _ (e.) _ (e) 
e=~ e=1 

.where the element matrices T , E , S . , , B(l) and B(2) . are 
_(e) _(e) _(e,e.) _ (e) - ~e) 

respectively given by Eqs. (3.i.4), (3.2.5), (3.2.7), (3.2.8) and (3.2.9), 

'vJliere the element source vector ~(e) is given by Eq~ (3.2.15) for so= 1/8,' 

",here the element vectors to) and t(2) are respectively given by 
_ (e) (e) 

Eqs. (3.2.16) and (3.2.17) for T(n = T(2'= 1/~, and \'!here8(e,e') and 

,'1' are as defined i~ Section 3.1. 
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The intensity distributions are given in Tables 3.3.42-45 for, 

10= 1, for y = 1 and for different finite-element ~eshes. 

I 

TABLE 3.3.42 __ :: (4,4) finite-element solution of the boundary value 
problem (3.3.1G-12) for To = 1 and for y = 

,f4esh (4,4) 
.. 

Number of El ements Number 'of Nodal Points 

16 ' 27 

T 
0 = 1 

y = 1 

,. 

II Intensity Distribution 

1 0.123469 ,0.196667 0.250199 0.299850 0.324134. 

.. 
1/2 0.116805 0'.233408 0.322306 0.397422 0.409290 

~ 

0.181821' • . 0.423589 
0' 0.48772..1 0.524333 0.487721 

. 0.423589 0.181821 

-1/2 0.409290 ' 0.3974'22 ' 0.322306 0.233408 0.116805 

-1 0.324134 0.299850 0.250199 0.196667 0.123469 
, 

T 0 1/4 1/2 3/4 ' 1 
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TABLE 3.3.43 - (4.6) finite-element solution of the boundary value 
problem (3.3.10-12) for To = 1 and -for y = 1 

Hesh(4,6) 

Humber of" E1 ements Number of Noda 1 Points· 

24 37 

TO = 1 

y = 1 -

].l Intensity Djstribution . 

.. 

1 . 0.120536 0.195712 0.251464 0.304620 0.328689 

2/3 . 0.122914 0.223854 0.292883- 0.355058 0.373867 

, 

1/3 0.115924 0.285402 0:382869 . 0.438949 0.43347.4 
. 

~ 

0.240200 • 0.408240 
0 0.495821 0.493080 OA95821 

0~408240 0.240200 

-1/3 0.433474 0.438949 . 0.382869 0.285402 0.115924 

. ~2/3 0.373867 0.355058 0._292883 0.223854 0.122914 

-1 0.328689 0.304620 0.251464 O. 194712 0.120536 

". 

T 0 1/4 1/2 , 3/4 1 

-, 

.. 

/ 
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TABLE 3.3.44" (4,8) finite-element solution of the bound,~ry value 
probleM (3.3.10-12) for 1'0 = 1 and for y :'1 ' 

,-
Mesh (4,8) 

Number of El ements Number of Nodal Points 

32 47 

1'= 1 .-

o ' 

y = 1 

}.l Intensity Djstrjbution 
',,' , 

1 D.121684 " 0: 195337 ,D.251392 0.304929 ",D. 328871 

3/4 D.120840 D.215346 0.282481 0.341354 0.'362097 

1/2 '0.124042 ' 0.249189 0.328666 " 0.392954 0.402734 
. 

1/4 ' 0.ll9785 0.325652 0.419852 0.459180 ' 0.438823 ' 

. , 

O~ 279134 • 
' 0.398931' 

0 0.493931 ' 0.480866 0.493931 
0.398931 '0.279134' 

-1/4 0;438824 0.459180 0.419852 0.325652 0.119785 

-.1/2 0.402734 0.392954 0.328666 0.249189 0,124042 

-3/4 0.362097 0.341354 0.282481 0.215346 0.120840 

I 

-1 0.328871 0.304929 0.251392 0.195337 0.121684 
, 

'1' 0 1/4 1/2 3/4 1 
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It is worthwhile noting that the finite~element solutions perfectlr reflect 

the inherent symmetry cQnd iti on 

involved in the boundary value problem (3.3.7-9). 

A comparison of the finite-element resultst ' for the integral 

1 

( 'l' (1 /2, 11) d~ 
J -1 

with the corresponding exact result. as reported in [7J. is given jn Table 

3.3.45. 

TAGLE 3.3.45 - Results for the expression J1'l'(1/2,~)d~' 
-1 

Finite-Element P.esults t , 

, r·'iesh (4,4 ) t1esh (4,6 ) Mesh (4,8 ) 

Number of Elements 16 Number of Elements 24 Number of Elements 

Number of Nodal h'uIPber, of Nodal Number of 'Nodal 
Points 27 Poin~s 37 Points 

32 

47 

O.G87917 O~699820 

From the finite-element solutions obtained so far and from the 

comparison of these results with their corresponding exact results, we 

conclude that in all of the problems attempted 

(i) finite-element sol utions approximately satisfy the boundary 

conditions, 

Exact 

Result 

[7J 

O.7u2056 

t . . . 1 based on' the corresponding intensitv. distributions , F1nlte~e1ement resu ts are 
:givcn in Tables 3.3.42-44. 
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(i i ) 
" 

the convergence of the finite-element approximation technique 

is extremely rapid, 

(iii) the finite-element 'results are in good agreement vdth the. 

corresponding exact r,esul ts even in the' case of coarse meshes. 

The solution of the eigenvalue problem (3.3.1-3) provides a 

verification for the scheneado'pted to handle the bas'ic terms appearing 

in the transport 'equation. The eigenvalue problem (3.3.4-6),althoiJgh 

it governs ess~ntially the same problem involved in the ei~~nvalue 

,problem (3.3.1-3), verifies the method of a~counting for specular reflection. 

The solution of the boundary value problem (3,.3.7-9).is attempted to sub­

stantiate the me'thodof treating specified bciun~ary conditions, Hhereasthe 

. solution of the boundary value problem (3.3.10-12) is attempted to justify 

'. the'\.,ray invlhich a source tern can b'e treated. ,Since the way in which 

diffuse reflection boundary'conditions can be treated is exactly the same 

as that of treating the, scattering ten», any further, verification in this 

regard has not veen resorted to. As ;s seen, the cases attempted provide 

a thorough verification of the solution algorithm and of its computer' 

implementation. 

It is worthwhile stressing that the approach adopted in solving 

. lJ _ -lJ 
the boundary value problem (3.3.7-9) for T(1)(lJ) = e and T(l)(lJ) - e 

is particularly significant s-ince it demonstrates the, fact that the 

application of the finite-ele~ent approximation techni~ue in no way suffers 

from any difficul ty due to specified intensity distributions given either 
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in terms of complicated furictions orin ter~s bf dis~rete numerical data. 

Through an exactly simil ar approach it canbe demonstrated that the appl ica­

tionof the finite":element approximation technique is also straightfOl"\'iard 

jnthe,cases of problems involving anisotropy, blackbody intensity distribu­

tjons and emissivity characterized either by complicated functions or by 

discrete numerical data. 

'I 
i 



, ' CONCLUSION 

Fundamental concepts pertaining to the finite-element analysis of 

problems of radiative transport in gray participating media have be~n treated 

in detail. Subsequently, a finite-element model of the Galerkin approximation 
-' .. 

of the weak fomulation of the relevant governing boundary value problem has, 

been dev~16ped,and~pplied to a s~lected set of p~oblems irivolving plane­

parallel geometry vJith azimuthal symmetry. 

On the basis of the theoretical and numerical results presented in the 

preceding sections, we reach the following conclusioris concerning the appli­

cability of the finite'-element approx'imation technique to problems of radiative 

transport in gray participating media. 

The finite-element approximation technique prbvide~~nefficient 

and reliable method of obtaining -highly .. accurate solutions to the radiative' 

transport equation. Theconvergence\<Jith decreased mesh spacing is extremely 

rapid.' For a given level of accuracy, this may il1100 solution Of problems 

on a coarser mesh than is possible with conventional methods. 
" 

The fi nite-e 1 elT'ent approxima tion technique \'Jorks e'quallywell for 

problems characterized by pure absorption, pure emissi,on, pure scatterin'g 

or by combined absorption, emission and scattering proces~es~ or for problems 

with arbitrarily high orders of anisotropy ?nd/or with arbitrarily complex 

boundary cond; ti ons, \'1ith no increase in ex~cution time for- compar~b 1 e mesh 

sizes. This is in sharp contrast to conventional methods, vlhere solution' 

- 134 -
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accuracy and efficiency. are quite sensitive, to the physical problem being 

sol ved. 1'10reover, there should be no theoretical' difficulty"apart from, ' ' 

corr.putational complexity, \·tith its application to multidimensional problems, 

even when anisotropic scatterin~ is included. This featur~ is also~in~harp 

contrast to the conventional~ethods since their extension to such problems 

is extre~ely difficult, ,if not impossible. 

The finite-element method jscapable of tr,eating problems with angular 

d.iscontinuities in the intensity distribution as v/ell as problems involving 

severe heterogeneities. Angul ar discontinui ti es _involved in _proh1 ems with 

Cartesian geometry can be accounted for in a_routine manner by simply in­

trbducingan additional node at the point of discontinuity. In. problems 

with cylindrical and spherical geometry, on the other_hand, the.situation 

is not so straightforv/ard due to the presence of derivatives -with respect 

to-the angular variables in the governing equation. Angular discontinuities 

involved in these instances can be dealt with by incorporating discontinuous 

angular elements. Heterogeneous problems can likewise be dealt \'/ith by 

incorporating discontinuous' spatial elements. Although the use of dis­

continuous elements eliminate the need for 10calJTlesh refinement, the-ir 

incorporation is not an easy task and 1 i.es outside the scope of the present 

study. Recent investigations on the possibility of incorporating discontinuous 

elements can befourid in 

Due to the inhe'rentnature of the finite-element approximation 

technique; higher order approxinations may easily be incorporated,: thus -

allowing the use of a·coarse enough mesh to achieve a given level of accuracy. 

However, the accuracy level achieved in th~ solution of the particular 

problems. attempted proves that first order approximations perfonn quite 
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satisfactorily even with co'arse m'eshes. This may imply that higher order, 
, " 

approximations should not beinco~porated unless absolutely essential. 

The main disadvantage of the applicatlon'of the finite-element 

ClPproxi!l1ation technique to radiative transport problems in gray participating 
. ..... -.' . 

media is the necessity of storing the system matrices and the systemvectors 

and then of solving' the corresponding set of equations. ,For large probl"ems, 
, . 

especially in JTlultidimensional applications', the storage requirement can 
. ' 

become prohibiti vefor many computing ·insta 11 a tions . However, as adyances~ 

are made in data management techniques and computer fast memory development, 

this drawback'may be mitigated toa great extent. In addition, the'required. 

storage maybe reduced extensively if the bandedstruct,u.re of the resulting 

system matrices are incorporated in the co~puter implementation.' 

Although~the theor~ticaldeveTopmentof t~e !inite7element model 

considered in ~his study has "not been restricted to any specificgeometry~ 

,its application has been restricted to plane-parallel geometryvlith azimuthal 

synmetry. 'The obvious general izationsare, therefore, to examine :more complex 

geometries. The generalization to one-dimensional spherical, geometry 'should , , 

be , straightfon'lard. Plane-parallel geometry without azil11Uthal symmetry or 

one-dimensional cyl indrical geometry poses more of a challenge ,because t\,IO 

angUlar variables are required even though only one spatial variablei~ needed; , 

nevertheless, the generalization to treat blo angular variables isa logical, 

st~p on ~he way to a sol~tion scheme capable of dealing with multidimensional 

geometries., Ho\>Jever, the application to multidimensional geometries poses 

a su'bstantially greater challenge because of the size of the problel1s 

encountered. For example, a three.;..dimensional 'problem involves five 

r 
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variables - three spatial and two angular •. Therefore, ever; a relatively 

coarse meshvlith ten nodes along each region involves' 105 .lmkno\'Jns. 

In summary then, the finite-el ementapproximation technique as . 

appl i ed to the Gal erkin apprOximation of the weak formul ation .. of the 

boundary val ue probl em governing radiative ~ransport in gray participating 

media can be considered to be both efficient and reliable. Althoughmultj­

dimensional applications have not been c~nsidefed,thereis no theo~etical 

reason why any of the above conclusions cannot be extended to multidimensional 

problems. Of course, there are sUbstantial numerical and computing challenges 

associated with generalizations in this direction. 
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A Representative Code· for Homogeneous Problems 
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GALERKIN-FINITE' ELEHENT PROGRAM TO. SOLVE THE EIGENVALUE PROBLEM 
WITH ISTROPIC SCATTERING'; AND'W~TH VACmJH BOUNDARY CONDITIONS 
AT X:::-L/2 AND Ar'X=L/2, L BEING THE SLAB THICKNESS 

TERHINOLOGY 

NE 
·NNP 

NER 
NEC 
EIGEN 
ICODEI 

ICODE2 

. ICODE3 

PRBID(I) 
Xl (I) . 
X2(I) 
IND(I) 
IX(I,J) 

NUHBER OF ELEHENTS 
NUl1BEROF NODAL' POINTS 
NIJHBER OF. ELE}1ENT ROWS 
NUHBER OF ELEHENT COLmlNS 

. EIGENVALUE 
ELENEN.T CODE . 

IF 0 ELEHENT IS AN INTERNAL ELEMENT 
IF l'ELE?-1ENT IS A BOUNDARY ELEt1ENT· 

ELE?-1ENT CODE 
IF 0 ELEHENT IS AT X=-L/2 OR AT X=O., DEPENDING 

ON THE PROBLEM 
OR 
ELEMENT IS .AN INTERNAL. ELENENT 

IF 1 ELEMENT IS AT X=L/2 ORATX=L,.DEPENDING ON 
THE PROBLEM 

ELEMENT· c:0I)E 
IF 0 ELEMENT IS AN INCOMINGBOUNDARYELE?-ffiNT 

OR 
ELEMENT IS ~ INTERNAL' ELHffiNT 

IF 1.ELEMENT IS AN OUTGOING BOUNDARY ELEMENT 
PROBLlm IDENTIFlCATIONARRA'Y, 1=1, •• 0,120 
X-COORDINATE OF THE ITH NODE, I=l, ••• ,NNP 
}fU-COORDINATE OF THE ITH NODE, 1=1, ••• , NU~ . 
COLmiN NUHBER OF THEITH ELEHENT ,1= 1, ••• , NE 
NODE NUNBER OF THE NODE J OF THE ITH ELEHENT, I-I, ••• 
,NE,. J=l, ••• ,4. 

IADM(I,J) ELENENT Nl;1-1BER AT THE ITH ROHAND JTH COLUMN, 1=1, ••• 
,NER, J=1, •.• ,NEC . 

Z(I,J) JIH CmfPONENT' OF THE ITH E1GEl\TVECTOR, 1=1=1, ••• ,NNP 

DECLARATIONS 



C 
C 
C 
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PARANETER NNP=l" NE=l2' NER=l3' NEC=l4 
PARAMETER NNJ=2*NNP*NNP .' . 
P ARA~fETER NNL=NNP~':NNP+ 1 
DIMENSION PRBID (120) 
DIMENSIONSM1 (NNP ,NNP), SM2 (NNP-,NNP) ,EM1 (4,4) ,EM2(4,4) 
DIMENSION EH3(4, 4) ,Xl (NNP), X2(NNP), BEM(4, 4) 
DIMENSION IX(NE.4),IND(NE),IADM(NEC,NER) 
DIMENSION JX(4) . -
DIMENSION BETA(NNP),WK(NNJ) 
COMPLEX Z (NNP, NNP) ,ALFA(NNP), EIGEN 
REALMUIL, MUILM,}IDILN 
DATA KI/5/ 
DATA SMl,SH2/NNJ*0./ 

C READ AND PRINT THE INPUT DATA 
C 
C 
C 
C 
C READ AND PRINT THE PROBLEM IDENTIFICATION DATA 
C 

c 

READ(KI, 100) (PREID(I), 1=1, 120) 
WRITE(6,110) (PRBID(I),I=1,120) 

C . READ AND/OR PRINT THE CONTROL DATA 
C 

WRITE(6,202)NE,NNP 
C 
C . READ AND PRINT THE NODAL POINT DATA 
C 

R.EAD(KI,211) Xl 
READ(KI,.211) X2 

-WRITE (6, 601) 
l·nUTE (6,602) 
DO 1 l=l,NNP 
WRtTE(6,203)I,X1(I),X2(I) 

1 CONTINUE 
C 
C READ AND PRINT THE ELElAENT DATA 
C 

NNh::NE-1 
DO 1010 ICOUNT=1,NNK,2 
READ(KI. 213) «IX(I ,J) , J=l ~ 4), I=ICOUNT, ICOUNT+l) ,(IND(I) ,1=ICOUNT, I 

1comn+1) 
1010· CONTINUE 

WRITE(6,601) 
- WRITE(6,603) 

DO 210 H=l,NE 
-\,'RITE (6,204) H;CIX (H, J) ,J=l, 4). IND 0'1) 

210 CONTINUE 



C 
C 
C 

220 

C 
C 
C 
C 
C 
C 
C 

C 
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READ AND PRINT THE ANGULAR DISTRIBUTION NATRIX 

- WRITE(6,601) 
\o.TRITE (6,604) 
DO 220 N=l,NEC 
READ(KI ,201) (IADN(N, 1),1=1 ,NER) 
WRITE (6 ,605) (IAI)}1(N, I), I-l,NER) 
CONTINUE 
t~RITE (6.,555) 

.GENERATE AND ASSEHBLE THE ELEMENTNATRICES . 
. " 

DO 3 H=l,NE 

C . SET. UP THE ELE~ffiNT INCIDENCE RELATION 
C 

-C 

I::IX(M,l) 
J=IX(M,2) 

.... K=:IX(N, 3) 
L~IX(N,'4) 

C . CALCULATE GEOHETRICAL PARA11ETERS OF THE ELEHENT 
C 

c 

XIJM=X1(J)~X1(I) 

NUILN=X2(L)-:-X2(I) 

C CALCULATE CO~10N PARAMETERS OF 'IHE ELEl'ffiNT 
C 

C 

.CP1=X2(L):'::': 3+X2 (I) :':X2 (L) :'::':2-5:':X2 (L) :':X2 (1') :'::':2+3,':X2 (I) :'::':3 
CP2= (X2 (L)+X2 (I) ) :':t-HJILW':,':2 

. CP 3~3:':X2 (L) :'::': 3-5":X2 (I) :':X2 (L) :'::':2+X2 (L) :':X2(i) :'::':2+X2 (I) :'::':3 

CP4=L /HUILH 
CP1=CP1:':CP4 
CP2=CP2:':CP4 
CP 3=CP 3:::CP4 
CP 5=8. :':XIJW':r-1UILM/ 3. 

C FORN THE ELEl'ffiNT MATRICES EMl (I.J) AND E1'12 (I ,J) 
C 

EHl(l,1)=CP1 
, EN! (1. 2)=CP1 
EMl(1,3)~CP2 

EHl(1.4)=CP2 
E1'1l{2, l)~-CPl 
EN1(2,2)=-CPl 
an (2,3) =-CP2 
Em (2, 4)=-CP2 



C 

EMI (3, 1)=-CP2 
EMl(3,2)=-CP2 
EMI(3,3)=~CP3 

EMI(3,4)=-CP3 
EMI (4, 1):CP2 
EMI (4, 2):CP2--

. EMI (4, 3) =CP 3 
EMI(4~4)=CP3 
EM2(1, l)=CP5 
EM2 (1,2) =CP 5/2 
.E}12 (1 , 3) =CP 5 /4 
EM2 (1 ,4) =CP5/2 
EM~(2, 1)';'CP5/2 

.EM2(2,2)=CP5 
EM2 (2, 3)=CP5/2 
EM2(2,4)=CP5/4 

, EM2(3,l):CP5/4 
EH2(3,2)=CP5/2 
EM2(3,3)=CP5 
EM2 (3, 4 ):::iCP5/2 
EM2(4,1).=CP5/2 
EM2(4,2)=CP5/4 
EM2.c4,3)=CP5/2 
EM2(4,4)=CP5 
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C I}ffiED THE ELE}lliNTMATRICES EMl(I,J) AND EM2(I,J) INTO THE 
C . SYSTEM MATRIX SMl (I ,J)' 
C 

DO 5 11=1,4 
:l2=IX(M,I1) 
DO 5Jl=l, 4 
J2=IX~M,Jl) J. 

SMI(I2,J2)=SMl(I2,J2)+EMl(Il,Jl)+EM2(II,JI) 
5 CONTINUE ' 
C 
C IDENT IFY THE ELEMENT ' 
C 

.' C 

IDUMHY=IND(M) 
DO 2 N=I,NER 
JELH=IADH(IDUMMY,N) 

C SET UP THE ELEl-lliNT INCIDENCE RELATION 
C 

JX(I)=IX(IEtM,l) 
JX(2)=IX(IELH,2) 
JX(3)=IX(IELM,3) 
JX(4)=IX(IELM,4) 
Il:JX(1) 
JJ=JX(2) 
KK=Jx(3) 

'. LL=JX(4) 

,-
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C 
C CALCULATE GEOMETRICAL PARAHETERS OF. :fHE ELEHENT' 
C 

'MUILN=X2 (LL)-X2 (1I)· 
C 
C. CALCULATE~ em-mON PARAMETERS OF· THE ELEHENT 
C 

". CP6=XIJM:':MUIUl,':MUILN 
C . . 
C FORH THE ELEHENT MATRIX EM3(I,J) 
C 

4 
2 
3 
C 
C 
C 

EM3(1,1)=CP6 
E1-13 (1,2) =CP6 /2 

. EM3(l, 3) .. CP6/2 
EM3 (1.t 4)=CP6 

'EM3(2,1)-;CP6/2 
EM3(2,2)=CP6 
EM3(2,3):CP6 
EH3(2,4)::::CP6/2 
EH3(3,1)=CP6/2 
E}13(3,2)=CP6 
nO (3,3) :CP6 
EM3(3,.4):CP6/2 
EM3(4, l)=CP6 
EM3 (4 ,-2)~CP6/2 

, EM3(4, 3)=CP6/2 
EH3(4,4)=CP6 

. . . 

IHBED THE ELE?-IENT l-~TRIX El-13(I,J) INTO' THE SYSTEM MATRIX 
SM2(I,J) 

DO 4 11:1,4 
I2=IX(M,I1) 
DO 4 Jl:::1, 4 
J2=JX(J1) . 
SM2(J2;J2Y=SM2(I2,J2)+EM3(Il,Jl) 
CONTINUE 

. CONTINUE 
CONTINUE 

C GENERATE MTD ASSEMBLE THE BOUNDARY ELEMENT ?-i.ATRICES 
C 
C 
C 

C 

\~'RITE(6,555) 

DO 6 H=l,NE 

CREAD THEEJ,.PIENT CODES 
C 

READ (n ~ 201) I CODE 1, ICODE2, lCODE 3 

• 
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C 
C CHECK wHETHER THE ELE~IENTS IS AN niTERNAL' ELE~IENT OR NOT 
C 

IF(ICODEl.EQ.O) GO TO 6 
C 
CCHECK ON !lliICH BOUNDARY THE ELEMENT IS 
C 

IF(ICODE2.EQ.l) GO TO 8 
C 
C CHECK \\1!ETHER" THE ELEMENT IS AN INCOMING BOUNDARY" ELEMENT OR 
C NOT 
C 

IF CICODE3. EQ. 0) GO TO 6 
C 
C SET UP THE ELE~IENT INCIDENCE RELATION 
C 

C 

I=IX(H,1) 
J=IX(M,2) 
Ki:IX(M,3) 
L=IX(l-1,4) 

C CALCULATE GEOMETRICAL P~IETERS OF THE ELEMENT 
C 

HUIL=X2(L)-X2(I) 
C 
C INITIALIZE THE BOUNDARYELHIENT MATRIX BEH(I.J) 
C' 

DO 7 Nl=1,4 
. DO 7 N2:l.4 

7 BEM(Nl.N2)=O. 
C 
C CALCULATE COMl-10N -PA~TERS OF TjiE ELEt-iENTAND FORM THE. 
C BOUNDARY ELE~IENT MATRIX BEM(I~J) -
C 

8 
C 
C 
C 
C 

BCPO=2. /MUIL 
BCPl=X2(L)**3+X2(L)**2*X2(I)~5*X2(I)**2*X2(L)+3*X2(I)~*3 
BCPh:BCPl:':BCPO . 
BCP2=HUIV'::':2:': (X2 (I)+X2 (L» 
BCP 2:: BCP 2 :':BCP 0 
BCP 3=3:':X2 (L) :'::': 3-5:':X2 (L):'::':2:':X2 (I) +X2 (I) :'::':2:':X2 (L)+X2 (IP'::': 3 
BCP 3=BCP 3:':BCPO' 

"BEH(l,l)=-ECPl 
BEH(l,4)=-BCP2 . 
BEH( 4 ,1) ='~ BCPZ" 
BEH( 4,4 )=-BCP3 
GO TO loi 
CONTINUE 

; 

CHECK \,,'-1£ETHER THE ELEHENT IS AN INCOHING .BOUNDARY ELHIENT OR . 
NOT 
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IF(ICODE3.EQ.O) GO TO 6 
c 
C SET UP THE ELE~ffiNT INCIDENCE RELATION 
C 

C 

I=IX(M,l) 
J=IX(M,2) 
K=IX(M,3) 
L=IX(M,4) 

C CALCULATE GEOMETRICAL P ARMffiTERS OF THE. ELE}ffiNT 
C 

C 
C 
C 

9 
C. 
C 
C 
C 

101 
C·· 

C 
C· 
C 

MUIL:X2(L)-X2(I) 

·INITIALIZE THE BOUNDARY ELE}ffiNT MATRIX BEM(I,J) 

DO 9 N1=l,4 
DO 9 N2=l,4 

·BEM(N1,N2)=0. 

.CALCULATE CO?-ft-l0N PARAMETERS OF THEELDffiNTAND FORM THE 
BOUNDARY ELEMENT MATRIX BEN (I ,J) . 

BCP4=2. /MUIL 
BCP 5=X2 (L) ~H:3+X2 (L)~';~';2:';X2 (1) -5~':X2(i):';:';2:';X2 (L)+3:':X2.(I) :';:'; 3 
BCP 5= BCP 5 :': BCP 4 
BCP6=lWIL**2*(X2(I)+X2(L» 
BCP6=~CP6*BCP4 ~ 
BCP7=3*X2(L)**3-5*X2(L)**2*X2(I)+X2(I)**2*X2(L)+X2(I)**3 . 
BCP7=BCP7~':BCP4 

BEH(2, 2):BCP5 .. 
BEM(2, 3) =BCP6 

- BEN(3,2):::ECP6 
BEN(3,3)=ECP7 
CONTINUE 

'. 

... 
IMBED THE BOVNDARY ELE~ffiNT t1ATRIX BEM(t,J) INTO THE SYSTEM 
MATRIX SM1·(I,J) 

DO 10 11=1,4 
12=IX(N,Il) 
DO 10 J1:1,4 
J2=IX(M,Jl) . 
SMl(I2,J2)=SMl(I2,J2)+BEM(Il,J1) 

10 CONTINUE 
6 CONTINUE 
C 
C 
C 
C 
c 
c 
c 
c 

I , 

. SOLVE THE EIGENPROBLEM AKD PRINT THE EIGENVALUES, EIGENVECTORS, 
AND PERFOR}1ANCE UWEXOF THE SOLlJTION ROUTINE 
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C~LL EIGZF(sr:n, NNP ,SM2,NNP ,NNP, 2 ,ALFA, BETA, Z ,NNP, WK, IER) 
WRITE (6,601) - - -
WRITE(6,8001) 
DO 3001 j=l,NNP 
WRITE(6,755)J 

3001 WRITE(6, 756) (Z(I,J),I=l,NNP) 
WRITE(6,60rr -
DO 3002I=1,NNP 
WRITE(6,4002)ALFA(i),BETA(I) 
IF(BETA(I).GT.(~O.OOOOOl).AND.BETA(I).LT.O.OOOOOl) GO TO 3002 
EIGEN=ALFA(I)/BETA(I) -
WRITE (6,2003) I, EIGEN 

3002 CONTINUE 

C 
C 
C 

WRI~E(6, 2004) IER, me(!) 

C FOR}tATS 
C 
C 
C 
100 
no 
201 -

202 

203 -
204 
211 
213 
555 

_ 601 
602 
603 

604 
605 
755 
756 
20P3 
2004 

4002 
8001 

FORMAT (20A4) 
-FORMAT(1Hl, / / / / ~- (lOX, 20A4» 
FOR}1AT( ) , 

~FORMAT(lHl, / / /I ,TZO, , NUHBER OF ELEMENTS,; T50, ,=, ,no, / / . T20, 
1, NmrnER OF NODAL' POINTS ,-, T 50, ,=, ,11 0) - . 

FOR}1AT(/, T5, no, T27 ,FlO.-6, T47, FlO'-6), 
FOR}1AT(T8.IlO,T30,4(IiO,8X),IIO) 

-FOR}1AT(7FlO.O) 
FOR}1AT(10I5) 
FOR}1AT(1Hl) 

. FOR}1AT (1 HI, / / / /) .. 
FORHAT(T40, ,NODAL POINT, , / / ,TlO, • NUMBER, , T30, , Xl, ,T50, , X2, ,I/) 
FORMAT (TlO, ,ELEMENT NilliBER" T40" IX(l)" 160;, I.X(2)" T80" IX(3) , , Tl 

100"IX(4)"Tl20"INn,,//) . 
FORMAT (TlO, 5X, ,ANGULAR DISTRIBUTION MATRIX" / /) 
FOR}1AT(TlO,24(IS» 
FOR}1AT(/ I, T20, ,EIGENVECTOR" IS) 
FOR}tAT «SX, 8 (E13. 6, 2X») 
'FOro-tAT (T20, • EIGENVALUE, , IS, ,=, , 2E 13.6) 
FORMAT (T20, ,IER" TSO, ,=" IS', / I. T20, ,PERFORMANCE INDEX" ISO, ,=" 

lE13.6) 
FOR}1AT(T20, ,ALFA=" 2E13.6, lOX" BETA=" E13. 6) 
FOR}1AT(T40, ,EIGEN?-IATRIX" I/)- - , 
STOP 
END . 
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In the above 1 isted code l1,l2,l3 and l4 stand for, respectively, 

number of nodal points, number of elements, number of element rows and. 

number of element columns in the mesh. A 1 i st of typical data ;s given 

be.low. 

l.fesh Par'ameteY's 

l]' = 37 

l 
2 = 24 

.e.. 
. 3 -. 6 

l4 = 4 

PY'obZem Identification Data 

1.0 20 30 40 50 60 . 70 
+ +- + + -I- + + ." ........ " .................................................................... 

. . . 

GALERKIN-FlNITEELEHENT SOLUTION TO THE EIGENVALUE PROBLEM WITH ISOTROPI 
C SCATTERING, At-."D WITH VACUUM BOUNDARY CONDITIONS AT X=-L/2 AND AT X=L/2 
, L BEING THE SLAB THICKNESS 

L = 1.0 
, . 

. . . . . . . . . " .......................................... " ..................... . 
t 

10 
t 

20 
t 

30 , 
t .. 

40 
t 

50 
t 

.60 

... t 
70 

1iodaZ Point Data 

10 20 30 40 50 60 70 
~ -I- + -1-. + . + + ......................................... -............ . , ............... ~ ...... . 

-0.50 -0.50 -0.50 -0.50 -0.50 -:-0.50 ":0.50 
...;.0.50 -0.25 -0.25 . -:0.25 -0.25 -0.25 -0.25 
-0.25 0.0 0.0 0.0 0.0 0.0 0.0 
0.0 0.25 0;25 0.25 0.25 0.25 0.25 
0.25 0.50 0.50 . 0.50 0.50 0.50 0.50 
0.50 0.50 
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-1.0 -0.666667 -0.333333 0.0 0.0· 0.333333 0.666667, 
1.0 -1.0 ~0.666667-0.333333 0.0 0.333333' 0.666667 
1.0 -1.0 -0.666667-0.333333 0.0 0.333333 0.666667 
1.0 -1.0 -0.666667 -0.333333 0.0 0.333333 0.666667 
1.0 -1.0 ,...0.666667 -0.333333 0.0 .0.0 0.333333 
0.666667 1.0 <_ 

•••••••••• -'.' ••••••••••••••••••••••••••••••••••••••••••• ~ '.' ••• t.' ••••••••• 

t t t t t t t 
10 20 30 40 50 60 70 

Element Data 

10 20 30 40 50 . 60 70 
.j. '1- 1- 1- 1- '" '" ...... ............... . , ..... , ... " .................. ~ .... , .......... " ........... 

7 14 15 8 14 21 22 15 1 2 
.. 21 28 29 22 28 36 37 29 3 4 

6· 13 14 7 13 20 . 21 14 1 :2 
20 27 28 21 27 35 36 28 3 4 

5 12 . 13 6 12 19 20 13 1 2 
19 26 27 ·20 26 34 35 27 3 4 

3 n' 12 4 11 18 19 12 1 2 
18 25 26 19 25' 32 33 26 3 4 

2 10 11 3 10 17 18 n 1- 2 
17 24 25 18 24 31 32 25 3 4 

1 9 10 :2 9 16 17 10 1 2 
16 23 24 17 23 30 31 24 3 4 

. , , 
..................................... ' ••••••.•••••••••• •• ~ •••••••• ! •••••••••• 

t t t t t t t 
. 10 20 30 40 5.0 60 70 

Angular Distribution Data 

io 20 30 40 50 , 60 70 . 

'" '" 1- + '" 1- + ..................................... ~; ..... , ......... ..................... . 
1,5,9,13,17,21 
2;6.10.14.18,22 
3.7,11,15,19,23 . 
4.8.12,i6.20.24 
••••• " •••••••••••••••••••••••••••••.•••••••••••••••••••••••••••••••. ~ •. t • " •• 

t 
10 

t 
20 

t 
30 

t 
40 

i , 

t 
50 

t 
60 

t 
, 70 



Code Data. 

10 
-I-

20 
-I-

30 
-I-
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40 
-I-

50 
-I-

60 
-I-

.70 
-I-

•••••••••••••••••••• of •••••••••••••••••••••••••••••••• : •••••••••••••• •• ' ••• 

1,0,0 
0,0,0 
O~O,O 
1,1,1 
1,0,0 
0,0,0 
0,0,0 
1,1,1 
1,0,0 
0,0,0 
0,0,0 
1,1,1 
1,0,1 
0,0,0 
0,0,0 

-1,1,0. 
1,0,1 
0,0,0 
0,0.,0· 
1,1,0 
1,0,1 
0,0,0 
0,0,0 
1,1,0 
•••••••••••••••••••••••••••••••••••••••••••••••••••• ~ • '.' •• _ .......... to .•••••• 

t 
10 

t 
20 

t 
... ·30 

t 
40 

t 
50 

t 
60 

t· 
70 



· APPENDIX C 
I 

A Representa the Code. for Nonhomogeneous Problems 
.. 

.' 



c 
c 
c 
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C GALERKIN-FINITE ELEMENT PROGRAM TO SOLVE THE' NONP.OHOGENEQUS 
C PROBLEM FITH ISTROPIC SCAT~ERING; AND W'ITHSPECIFIED INTENSITY . 
C BOUNDARY CONDITION AT X=-L/2 AND VACUilllBOuNDARY CONDITION AT 
C X=L/2,. L BEING THE SLAB THICKNESS '.' 
C 
C 
C 
C TERNINOLOGY 
C 
C 
C 
C 
C. 
C 
C 
C 
C 
C; 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

.C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

NE 
NNP 
NER 
NEC 
ONEGA. 
KI 
ICODEI 

ICODE2 

ICODE3 

PRBID(I) 
Xl (I) 
X2(I) 
IND(I) 
IX(I,J) 

NUMBER OF ELEMENTS 
NUHBER OF NODAL POINTS 
NlJHBER OF ELEMENT ROWS 
NUHBER OF ELE!1ENT' COLUMNS 
EXTINCTION COEFFICIEUT 
INPUT UNIT NUMBER 
EL'EHENT CODE 

IF 0 ELEMENT IS AN' INTERNAL ELEMENT' 
IF 1 ELEl-fEN! IS A BOUNDARY ELEHENT 

. ELEHENT CODE· 
IF 0 ELEMENT IS ATX=-L/2 OR AT X=., DEPENDING 

ON THE PROBLEM 
OR 
ELEMENT IS'AN INTERNAL ELEHENT, 

IF 1 ELEHENTIS AT. X=L/2 OR AT X=L, DEPENDING 
ON THE PROBLEM 

ELENENT CODE 
IF QELEHENT IS AN INCOHING BOUNDARY ELEHENT 

OR 
ELEHENT IS AN INTERNAL 'ELEHENT 

,IF 1 ELEHENT IS AN OUTGOING BOUNDARY ELEHENT 
PROBLEH IDENTIFICATION ARRAY, 1=1, ••• ,120 
X-COORDINATE OF THE ITH HODE, 1=1, ••• , NNP 
MU-COORDINATEOF THE ITH NODE, 1=1, ••• , NNP 
C6LlJ11N NUHBER OF THE rTH ELEHENT, I~ 1, ••• ,NE 

. NODE NlJ}mER OF THE NODE J OF THE ITH ELEHENT, 1=1, ••• 
,NE, J=1, •.• ,.4 

" 

IADM(I, J) ELEMENT NUt-mER AT THE ITH ROH AND JTH COLUHN, 
,NER, J=l, •• "NEC 

r-l, ... 

DECLARATIONS 

I , 



C 
C 
C 
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PARA.~TER NNP=l.l ,NE=l.Z ,NER:l.3 ,NEC:=!4; 
PARAMETER NNJ=~'NP:';NNP . 
DIMENSION PRBID(120) 
DIHENSION SM(NNP,NNP),SV(NNP) 
DIl-tENSION IX(NE,4) , IADM(NEC,NER), JX(4) ,IND (NE) ,Xl(NNP) ,X2 (NNP) 
DIMENSION. EM1 (4, 4), EM2(4, 4) ,EM3(4, 4), BEM(4, 4) ,EV(4) ,BEV(4) . 
DHIENSION HKAREA(NNP} . 
REAL }fUIL,MUILM,MUILN . 
DATA KI/5/ 
DATA SM,SV/NNJ*O.,NNP*O./ 

C READ AND PRINT THE INPUT DATA 
C 
C 
C 
C 
C P£AD AND PRINT THE PROBLEM 'IDENTIFICATION DATA 
C~ 

C 

READ (KI, 100) (PRBID(I) ,1=1,120) 
',"RITE (6 ~ 110)(PRBID (I) ,1=1,120) 

C READ AND/OR PRINT THE CONTROL DATA 
C 

w'RITE(6,202)NE,NNP 
C 
C READ AND PRINT THE NODAL POINT DATA 
C 

1 
C 

READ (KI, 211) Xl 
READ (KI, 211) X2 
WRITE (6,601) 
"TRITE (6,602) 
DO 1 I=l,NNP 
',TRITE (6,203) I ,Xl (1) , X2(I) . 
CONTINUE 

C READ AND PRINT THE· ELEHENT DATA 
C 

NNK=NE-l 

,. 

DO 1010 ICOUNT=l,NNK,2 . 

1010 

210 

READ (KI ,213) «IX(I ,J) , J=l, 4) ,I:ICOUNT, ICOUNT+l) , (IND(I) ,I:!COUNT ,I 
lCOUNT+l) 

CONTINUE 
'~'RITE (6; 601) 
"TRITE (6,603) 
DO 210 M=l,NE 

. WRITE(6,204)M,(IX(M,J),J=1,4),IND(M) 
CONTINUE 

I , 
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C 
CREAD AND PRINT THE ANGULAR DISTRIBUTION t-tATRIX 
C 

\-'TRITE(6,601)­
WRITE(6,604) 
DO 220 N=l,NEC 
READ(KI,201) (IADM(N,I) ,I:::l,NER) 
WRITE (6, 605)(IADM(N,I) , 1=1, NER) 

2-20 CONTINUE 
C 
C READ AND PRINT THE HEAT TRAN.SFERDATA 
c 

c 
c 
c 

READ (KI, 201}GMft1A 
- \OlRITE(6, 601) 

WRITE(6,606)GAMMA 

C GENERATE A..~DASSEMBLETHE ELEHENT t-tATRICES 
c 
C 
C 

C 

\~TRITE (6,555) 
DO 3 M::1,NE 

C . SET UP THE ELEHENT INCIDENCE RELATION 
C 

C 
C 
C 

C 

I=IX(M,l) 
J=IX(H,2) 
K:IX(M;3) 
L=IX(}1,4) 

J 

CALCULATE GEOMETRICAL PARAt-~TERS OF THE ELEMENT 

XIJH=X1(J)-Xl (I) 
MUILM::X2(L)-X2(I) 

C CALCULATE CDr-mON PARAHETERS OF THE ELEMENT 
C 

C 

CP1=X2(L)**3+X2(I)*X2(L)**2-5*X2(L)*X2(I)**2+3*X2(I)**3 
CP2: (X2 (L) +X2 (1) ):':t-1UILW'::':2 
CP 3= 3:':X2 (L) :'::':3- 5:':X2 (1) :':X2 (L) :'::':2+X2 (L)1:X2( I) :'::':2+X2 (1) :'::':3 

CP4=1./MUILM 
CP l=CP 1 :':CP 4 
CP2=CP2:':CP4 
CP3=CP3:':CP4 
CP5=8. :':XIJW'::r-.!lJIU1/3.-

. I 

C FORM THE ELENENT :r-.tATRICES EHl(I,J) A.."l'D'E}12(I,J) 
C 



C 

. EML(1, I)=CPI 
EMI(I,2.)=CPl 
EMI(1,3)=CP2 
EHi(l,4)=CP2 
EMl(2,1)=-CPl 

.' EMI (2, 2) =-CP_l, 
EMl(2,3)=-CP2 
EMl(2,4)=-CP2 
EMI (3, 1)=-CP2 
EML(3, 2) =-CP 2 
EMI (3, 3)=-CP3 
EM! (3~ 4)=-CP3 
EMl(4,1)=CP2 
EMl(4,2)=CP2. 
EHI (4, 3)=CP3 
EMI (4 ;'4) =CP3 
D-i2 (1, 1) :::CP S 
EM2(1,2)=CPS/2 
EH2(1.3)=CPS/4 
E1'12 ( 1 , 4) =CP S /2 
EH2(2.1).=CPS/2 
EM2(2,2)=CPS 

- EN2(2.3)=CPS/2 
EH2(2,4)=CPS/4 

- EH2(3, 1)=.CPS/4 
EN2(3,2)=CPS/2 
EN2(3,3}=CPS 
EM2 0,4 )=CP S /2 
EH2(4,1)=CPS/2 
EM2(4,2)=CPS/4 
b12(4,3)=CP5/2 
EM2(4,4)=CPS 

- 160 -" 

C IMBED THE ELDIENT ~1ATRICES EMI (I,J) Mm EM2 (I ,J)INTO' THE -
C SYSTE!-1 MATRIX SH(I,J) 
C 

DO 5 11=1,4 
12=IX (M, 11) 
DO 5 J1=I,4 
J2=IX(H,JI) 
SM (I2,J2)=SM (I2,J2)+EMI(II,JI)+EM2(II,JI) 

5 CONTINUE 
C 
C IDENTIFY THE ELEHENT 
C 

C 

IDUMMY=IKD(M) 
DO 2 N::l,NER 
IELM=IADH(IDCNNY,N) 

C SET .up THE EtE~fENT INCIDENCE RELATioN 
C 



C 

JX(l)=IX(IELM,l) 
JX(2)=IX(IELM,2) 
JX(3)=IX(IELM,3) 
JX(4)=IX(IELM, 4)· 
II=JX(l) 
JJ=JX(2) 
KK::JX(3) 

. LL=JX(4) 

r 
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C . CALCULATE GEOMETRICAL PARAMETERS OF TH.E ELEMENT 
C 

}IDILN=X2(LL)-X2(II) 
C 
G . CALCULATE COMMON PARAHETERS OFTRE·ELEMENT 
C 

CP6=-1. :':GA!1MM:XIJW:}IDILN:':MUILN 
c 
C FORM THEELENENT MATRIX EM3(I,J) 
C 

c 

EM3(1,1)=CP6 
EM3 (1, 2) =CP6/2 
Et.f3(1, 3) =CP6/2 

.EH3(1,4')=CP6 
EM3 (2,1) =CP6/2· 
EM3(2,2)=CP6 
EM3(2,3)=CP6 
EH3(2,4)=CP6/2 
EM3 (3,1) =CP 6/2 
EH3(3,2)=CP6 
EM3 (3,3) =CP6 

.EH3(3,4)=CP6/2 
EM3(4,1)=CP6 
E1-13(4,2)=CP6/2 
EM3(4,3)=CP6/2 
EH3(4,4)=CP6 

C IHBED THE ELEHENT liATRIX EM3(I,J) INTO THE SYSTEM liATRIX 
C ·SH(I,J) 
C 

DO 4 I1=l,4 
I2=IX(M,Il) 
DO 4 J1=1,4 
J2=JX(.Jl) 
SM (I2,~2)=SM (I2,J2)+EM3(I1,J1) 

4 CONTINUE 
2 . C.ONTINUE 
3 CONTINUE 
C 
C 
C 
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C GENERATE AND ASSEHBLE THE' BOUNDARY.ELENENT t-1ATRICES AND THE 
C BOUNDARY ELEMENT VECTORS 
C 
C 
C 

C 

HRITE(6,555) 
DO 6~1=l,NE 

C· READ THE ELEHENT CODES 
C 

READ(KI,201)ICODEl,IC9DE2,ICODE3 
C 
C CHECK \.JHETHER THE ELEt-fENT IS AN INTERNAL ELEHENT Oa NOT 
C 

IF(ICODEl.EQ.O) GO TO 6 
C 
C CHECK ON \offiICH BOUNDARY THE ELEMENT IS 
C 

IF(ICODE2.EQ.l) GO TO 20 
C 
t SET UP THE ELEt-fENT INCIDENCE RELATION 
C 

C 

I=IX(M,l) 
J=IX(M,2) 
K=IX(M,3) 
L=lX(M,4) 

C· CALCULATE GEONETRICAL. PARAMETERS OF THE ELEMENT 
C 

MUIL=X2(L)-X2(I) 
C 
C . CHECK \.,rHtTHER THE ELEHEN'.F IS AN "OUTGOING BOUNDARY ELEHE~T OR 
C NOT 
C 

IF(ICODE3.EQ.l) GO TO 30 
C 
C INITIALIZE THE, BOUNDARY ELEMENT VECTOR BEV(l) 
C 

DO 11 Nl=l,4 
11 BEV(Nl)=O. 
C 
C CALCULATE COHHON P.ARAl-fETERS OF THE ELEl-fENT A.'iD FORH THE 

. C BOUNDARY' ELEl-fEln VECTORBEV(I) 
C 

BCPO=4. 
BCPl=X2 (L) ~'::':2+ X2 (I) :':X2 (L) -2. :':X2 (1) :'::':2 , 
BCP 1= RCP 1 :':BCPO 
BCP2=2.~X2(L)~~2-X2(I)~X2(L)-X2(I)~~2 
BCP2= BCP2:':BCPO 

• BEV(1)::BCPl 
·BEV(4)=BCP2 

I , 



G 
C 
G 
G 

12 

30 
C 
C 
C, 

7 
C 
C 
C 
C 

20 
c 
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UIBED THE BOUNDARY ELEHENT VECTORBEV(I) INTO THE SYSTEM 
VECTOR EV(I) 

DO'12 11=1,4 
12=IX(M,I1) 
SV (I2)=SV (I2r BEV (II) 
CONTINUE 
GO T06 
CONTINUE 

INITIALIZE THE BOUNDARY ELE}lENT}f.ATRIX BEM(I,J) 

DO 7 N1=1,4 
DO 7 N2=1,4 
BEM(Nl;N2)=0. 

CALCULATE COHMON'PAIW-lETERS OF THE ELEMENT AND FORM THE 
BOUNDARY ELEMENT MATRIX 

BCPO=2. /MuIL 
BCPl=X2 (L) ;h':3+ X2 (L) ;'::':2:':X2 (I )-5:':X2 (I) ;':;':2:':X2 (L) + 3;':X2 (I) ;':;':3 

- BCPl=BCPl;':BCPO' . , ' 
BCP2=MUIL;':;':2;': (X2 (I)+X2 (L))" 
BCP2=BCP2;':BCPO 
BCP3=3*X2(L)**3-5*X2(L)**2*X2(I)+X2(I)**2*X2(L)+X2(I)**3 
BCP3=BCP3*BCPO " 
BEN(l,l)=-BCPl 
BEM( 1,4) =-BCP2 

.. BEM(4,1)="-BCP2 
BEM(4,4)::-BCP3 
GO TO 50 
CONTINUE 

C CHECK \-'THETHER THE ,ELEMENT IS AN INCOMING BOUNDARY ELEMENT OR 
C NOT 
C 

IF(ICODE3.EQ.O) cO TO 6 
C 
CSET UP THE ELE"ffiNT INCIDENCE RELATION 

c 

, I=IX(M,1) 
J=IX(N,2) 
lZ=IX(H,3) 
L=IX(M,4) 

C CALCULATE C;EO~IITRICAL PARMllTERS OF THE ELENENT 

c 
NliIL=X2(L)-X2(I) 

c 
C INiTIALIZE -THE BOUNDARY ELEHENT ~1ATRIX' BEN(I,J) 
c 



DO 9 N1=1,4 
DO' 9 N2=1,4 

9 BEM(N1,N2)=0. 
C 

. ) . 
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C CALCULATE COMMON PARMfETERS OF THE ELEr-fENT AND FORM THE 
C BOUNDARY~LEHENT MATRIX BEM(I,J) . 
C 

. BCPO=2. /MUIL 
BCP1=X2 (L) :'::':3+ X2 (L) :'::':2:':X2(I) ";S:':X2 (I) :'::':2:':X2 (L)+3:':X2 (I) :'::':3 
BCP1=BCPl~':BCPO 

. BCP2=MUiu::':2:': (X2 (I)+X2 (L)) 
BCP2=BCP2:':BCPO .' 
BCP3=3:':X2 (L) :'::':3-S:':X2 (L) :'::':2:':X2 (I) +X2 (I) :';:';2:i:X2(L)+ X2 (1):'::':3 
BCl' 3= BCP J:': BCP 0 . 
BEM(2,2)=BCP1 
BEN(2;3)=BCP2 
BEN(3,2)=BCP2 
BEN (3 , 3)~BCP 3 

50 CONTINUE 
C 
C· UfBED THE B01JNDARY ELE!'fENT NATRIX BEM(I,J) INTO THE SYSTEH 
CHATRIX SN(I,J) 
C -

DO 10 11=1,4 
12= IX nl, I1) 
DO 10 J1=1,4 ". 
J2=IX(H,J1) 
SM(I2,J2)=SH(I2,J2) BEH(I1,J1) 

10 CONTINUE 
6 CONTINUE 
t 
C 
C 
C SOLVE THE SYSTEH OF EQUATIONS AND PRINT THE RESULT 
C 
C 
C 

CALL LEQTlF (SM, 1 ;NNP ,NNP, SV, 6, WKAREA,IER) 
WRITE (6, 601) 

C 
C 
C 

\-!RITE(6,8001) 
h-"'RITE(6~6S5) (SV(I), I=l,NNP) 

C FORHATS 
C 
C 
C 
100 FORNAT(20A4) 
110' FORMAT(lHl, II /J, (lOX; 20A4)) 
201 FOR..'1AT() 

I , 
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202 FORMAT(lHl, / / / /, T20, ,NUMBER OF ELH1ENTS" T50, ,=" IlO, 1/, T20, 
1,NUMBER OF NODAL POINTS"T50,,=IlO) 

203 FORMAT(j, T5, 110, T27 ,FlO. 6, T47 ,FlO. 6) 
204 '. FDRMAT(T8, Il 0', T 30,4 (lIO, 8X) , Il 0) 
211 FOrUfAT(7FlO.O) . 
213 FOR11AT (1 015)_ 
555 . FOID1AT(lHl). 
601 FORMAT(lHl, / / / /) 
602 FOru.fAT (T40, ,NODAL POINT" / /, TlO" NUMBER, ,T30~ ,Xl, ,T50, ,X2,,/ /) 
603 '. FOID1AT(TlO, ,ELEMENT NUMBER" T40" IXO),', T60, ,IX(2)" T80" IX(3) , ,Tl 

100, , IX(4) , ,Tl20" IND" / /) . 
604 FOIDfAT(TlO, 5X, ,ANGULAR DISTRIBUTION MATRIX" / /) 
605 FOIDfAT(TlO,24(15»' , 
606 F0:IDfAT(T20"EXTINCTION COEr"FICIENT= "FlO.6) 
655 FOR.l1AT( (5X, 8(E13. 6, 2X») 
8001 FORMAT(T40"INTENSITY DISTRIBUTION,,//) 

STOP 
END 

In the above .1 is ted code 1.1, 1.2,,1.3 and 1.4 stand for,' respecti ve ly, 

number of nodal points, number of elements,number of element rows and 

number of element columns in the mesh. A list of typical data is given 

below. 

Mesh Parameters 

1.1 : 37 

1. - 24 2 -
1.3 - 6 -
1.4 = 4 



P~obZem Identification Data 

10 
~ 

20 
~ 

30 
~ 
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40 
~ 

50 
~ 

60 
~ 

. 7 O. 
- ~ 

• •••••••. " ••••• '0 •• e .•. e" •••••••••••••••••••••••••••••••. ' ................ " •••• 

GALERKIN-FINITE ELEHENT PROGRAN. TO SOLVE THE N9NHQHOGENEOUS PROBLEM \nTH 
ISOTROPIC SCATTERING, AND \nTH SPECIFIED BOUNDARY CONDITION AT X:-L/2 AN 
D VACUill1 BOUNDARY CONDITION AT X:L/2, L BEING THE SLAB THICKNESS 

L = 1. 
. . . . . , • •••••• '0' •••••••••••••••••••••••••••••••••••••••••••••••••••.•••••••••••• 

t 
J. 0 . 

NodaZ Point Data 

10 
.j, 

t 
20 

20 
.j, 

t 
30 

30 
.j, 

t 
40 

40 
.j, 

.t 
50 

50 . 
.j, 

t 
60 

60 
.~ 

t 
70 

70 
~ 

• ........................ ' •••••.•••••• ~ •••••••••••••••••••••••••• e"' ~ ••••••• 

· -0.50 -0.50 -0.50 -0.50 -0.50 ·-0.50 -0.50 
::'0.50 -0.25 . -0.25 -0.25 -0.25 -0.25 -0.-25 
-0.25 0.0 0.0. 0.0 0.0 0.0 0.0 

0.0 0.25 0.25 0.25 0.25 0.25 .0.25 
0.25 0.50 . 0.50 0.50 0.50 0.50 0.50 
0.50 0;50 

-1.0 -0.666667 -0.333333 0.0 0.0 0.333333 0.666667 
1.0 -:-1.0 -0.666667 -0.333333 

J 
0.0 0.333333 0.666667 

1.0 -:-1.0 ~0.666667 -0.333333 0.0 0.333333 0.666667 
1.0 -1.0 -0.666667 -0.333333 0.0 • 0.333333 . 0.666667 
1.0 -1.0 -0.666667 -0.333333 0.0 0.0 0.333333. 
0.666667 .. 1.0 

• •••••••••••••••••• eo • •• ' ••••••••••••••••••••• •.••••••••••••••••••••••••••• 

t 
]0· 

t 
20 

t 
30 

t 
40 

t 
50 

t 
60 

t 
70 

Element Data 

10 20 30 40 50 60 70 
+ + + ++ + + 

• ••••••••••••••••• ~ ••••••••••••••••••••. ' •••• " •••••••••••••• e .• ".' •••••.•••••• 

I 

7. 14 15 8 14 21 22 15 1 , 2 
21 28 29 22 28 36 37 29 3 4 
6 13 14 -7 13 20 21 14 1 2 

20 ?~ _J 28 21 27 35 36 28 3 4 
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5 12 13 6 12 19 20 13 1 2 
19 26 27 20 26 '34 35 27 3 4 

3 11 12 4 11 ' 18 19, 12 1 2, 
18 25 26 19 25 32 33 26 3 4 

2 ' 10 11 3 10 17 18 11 1 2 
17 24 25 18 24 31 32 25 3 4 

1 9 10 2 9 16 17 10 1 2 
H) 23 ' 24' , 17 23 ' 30 31 24 3 4 

• •••••••••••••••••••••••••••••••••• • t, ••• " • ••••••• • a,a •• w" ••• t .•••••••••• , •••• 

t t t t t t t 
10 20 30 40 50 60 70 

Angular·Distl'ibution Data 

10 20 3b 40 50 60 70 
, .} .}, .} , , .} - .}.} i-

t ••••••••••••••••••••••••••••••••••••• t. t" ••••••••••• •.••••••••••• .••••••••• 

1,5,9,13,17;21 
2,6,10,14,18,22 
3,7,11,15,19,23 

'4,8,12,16,20,24 
• t" •••••••••• It ••••••• ;. ••••••••••••••• ~ ....................... • t, •••••••••••. 

,t 
JO 

t 
20 

t 
30 

t 
40 

t' 
50 

t 
60 

t 
70 

Heat Transfer Data 

]0 20 30 40 • 5060 70 
.} .} i--,.} i- .} i-, 

• ••••••••••••••••••••••••••••••••••••••••• to' ........................ ~ ~ ••• 

0.8 ............ ~ ....... ~ ......... ~ ....................... ....................... . 
t 

10 
t 

20 _ 
t 

30 
t 

40 
t 

50 
t 

60 
t 

70 



- 168 -

Code Data 

10 
+ 

20 
+ 

30 
+ 

40 
+ 

50 
+ 

60 
+ 

70 
~ ......... ~ ........................................ ' ....................... . 

1,0,0 
0,0,0 
0,0,0 
1 ;-1,1 
1,0,0 
O~O,O 
O~O,O 
1,1,1 

-1,0,0 
0,0,0 
0,0,0 
1;1,1 
1,0,1 
0,0,0 
0,0,0 
1,1,0 
1,0,1 

'0, 0,0 
0,0,0-

-1,1,0 
1,0,1 
0,0,0 
o~o, a 
1,1, a 
........................................... ' ........... ' ... ' ..... ~ .. ". ' ...... . 

t t t' t J - - t t --t 
]0 _20 30 40 5060 70 


	Tez4495001
	Tez4495002
	Tez4495003
	Tez4495004
	Tez4495005
	Tez4495006
	Tez4495007
	Tez4495008
	Tez4495009
	Tez4495010
	Tez4495011
	Tez4495012
	Tez4495013
	Tez4495014
	Tez4495015
	Tez4495016
	Tez4495017
	Tez4495018
	Tez4495019
	Tez4495020
	Tez4495021
	Tez4496001
	Tez4496002
	Tez4496003
	Tez4496004
	Tez4496005
	Tez4496006
	Tez4496007
	Tez4496008
	Tez4496009
	Tez4496010
	Tez4496011
	Tez4496012
	Tez4496013
	Tez4496014
	Tez4496015
	Tez4496016
	Tez4496017
	Tez4496018
	Tez4496019
	Tez4496020
	Tez4496021
	Tez4496022
	Tez4496023
	Tez4496024
	Tez4496025
	Tez4496026
	Tez4496027
	Tez4496028
	Tez4496029
	Tez4496030
	Tez4496031
	Tez4496032
	Tez4496033
	Tez4496034
	Tez4496035
	Tez4496036
	Tez4496037
	Tez4496038
	Tez4496039
	Tez4496040
	Tez4496041
	Tez4496042
	Tez4496043
	Tez4496044
	Tez4496045
	Tez4496046
	Tez4496047
	Tez4496048
	Tez4496049
	Tez4496050
	Tez4496051
	Tez4496052
	Tez4496053
	Tez4496054
	Tez4496055
	Tez4496056
	Tez4496057
	Tez4496058
	Tez4496059
	Tez4496060
	Tez4496061
	Tez4496062
	Tez4496063
	Tez4496064
	Tez4496065
	Tez4496066
	Tez4496067
	Tez4496068
	Tez4496069
	Tez4496070
	Tez4496071
	Tez4496072
	Tez4496073
	Tez4496074
	Tez4496075
	Tez4496076
	Tez4496077
	Tez4496078
	Tez4496079
	Tez4496080
	Tez4496081
	Tez4496082
	Tez4496083
	Tez4496084
	Tez4496085
	Tez4496086
	Tez4496087
	Tez4496088
	Tez4496089
	Tez4496090
	Tez4496091
	Tez4496092
	Tez4496093
	Tez4496094
	Tez4496095
	Tez4496096
	Tez4496097
	Tez4496098
	Tez4496099
	Tez4496100
	Tez4496101
	Tez4496102
	Tez4496103
	Tez4496104
	Tez4496105
	Tez4496106
	Tez4496107
	Tez4496108
	Tez4496109
	Tez4496110
	Tez4496111
	Tez4496112
	Tez4496113
	Tez4496114
	Tez4496115
	Tez4496116
	Tez4496117
	Tez4496118
	Tez4496119
	Tez4496120
	Tez4496121
	Tez4496122
	Tez4496123
	Tez4496124
	Tez4496125
	Tez4496126
	Tez4496127
	Tez4496128
	Tez4496129
	Tez4496130
	Tez4496131
	Tez4496132
	Tez4496133
	Tez4496134
	Tez4496135
	Tez4496136
	Tez4496137
	Tez4496138
	Tez4496139
	Tez4496140
	Tez4496141
	Tez4496142
	Tez4496143
	Tez4496144
	Tez4496145
	Tez4496146
	Tez4496147
	Tez4496148
	Tez4496149
	Tez4496150
	Tez4496151
	Tez4496152
	Tez4496153
	Tez4496154
	Tez4496155
	Tez4496156
	Tez4496157
	Tez4496158
	Tez4496159
	Tez4496160
	Tez4496161
	Tez4496162
	Tez4496163
	Tez4496164
	Tez4496165
	Tez4496166
	Tez4496167
	Tez4496168

