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ABSTRACT

A'finite-eIement so]ution schene for radiattve transport probfems

in qray part1c1pat1ng med1a 1s dev1sed, and’ 1ts va11d1ty 1s substantwated

"through app11cat1on to representat1ve prob]ems 1nvo]V1ng p1ane parallel

_jgeometry with az1mutha] svmmetr/ | B | '

The govern;ng boundarija]ue,prob1em of radiattve transport intgray

: oartioipatina media is first'posed, and its\sihp]ification.tn:the‘éase of
vp]ane parallel geometrv Wi thi az1mutha1 svmmetry 1s cons1dered in, great 7

: deta11 w1th empha51s on the phys1cs assuwed in- the s1mo11F1cat1on process

To prov1de the.necessary basis for the app]ncat1onlof the f1njte—e1ement_

B vapprox1mat10n techn1que the coverhinq boundary ya]ue probtem is formulated:.
hh1n the- weak sense, and. sutsequent]y the Galerkin approx1mat1on of the resu]t- ;

>1no'weak formulat1on is stated | In the weak formu]at1on, and therefore in

B 1ts correspond1ng aa1erk1n approx1mat1on boundary cond1t1ons are 1ncorporated
as natura] rather than essent1a1 cond1t1ons The advantages of such an.

'approach are c]ear and are d1scussed br1ef1y After a short diSCuésibn de
ithe re]evant concepts of the f1n1te e]ement approx1nat1on techn1que, the
df1n1te e]ement mode] of the Ga]erk1n approx1mat1on of the weak formu1at1on ~
nof the govern1ng boundary va]ue problem is developed. The resu1t1ng equatxons

'.‘descr1b1ng this mode] are s1mp1e, we]] -conditioned aloebra1c equations. Hith.

»the general under]y1ng theory thus estab11shed, a spec1f1c finite- e]ement

_mode] app]]cab]e to any rad1at1ve transport prob]em 1n p]ane para]]e1
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- _azimUtha11y_symmetricfgray'partfcipating.mediasis‘derived; with particuTar
emphasis 1add'on accounting‘for the'angular discontinuities‘1ntthe.1ntenstty
dfstribution' For the saPe of 51m011c1ty,'11near rectangular’ f1n1te e]ements
are 1ncorporated in ‘this specific mode] For th]s part1cu1ar ch01ce of
*4e1ements, spec1f1c EXpFESSIOnS for the re]evant element natr1ces and the
-Ke]ement vectors are der1ved and presented w1th the intention of fac111tat1ng
: the ta110r1ng of a f1n1te element so]ut1on scheme to problems in the applica-
t1on range of the aforement1pned spec1f1c mode1 F1na11y, the app11cat1on
“of this spec1f1c node] to se]ected homogeneous as vell as nonhomogeneous
}prob]ews, which are well- documented, is cons1dered Numer1ca] resu]ts
:obta1ned.for these probTems are‘tabu1ated and compared with the'corresponding
exact resu]ts reported in the 11terature The“agreement hetWeen'the finiteF
ffelement and the correspond1no exact results. is seen to be h1gh1y sat1sfactor/.
N | On the bas1s of the aforement1oned theoret1ca1 and nuner1ca1 resu]ts,
~1t is. found that the fln]te e]ement appror1mat1on techn1que prov1des an

o eff1c1ent and re]1ab1e so]utlon scheme for rad1at1ve transport prob]ems

~’1n gray part1c1pat1ng med1a
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CGZET

;Yay1c1;'ehici19e sac1¢1 dri oftamlardav1s1ma pkob]em]erinin cﬁzﬁmﬁ o
1c1n bir sonlu eleman yontém1 ge]rst1r11m1s, ycntem1n gecer1111g1, parale1'
duz1em geometr151 ile bellrlenen ornek problemlerdeki uygu1ama1ar ile
goster11mlst1r Bu yontemln uygu]an151nda sec11en prob1em]er1n tumunde |
- ac1sa1 s1metr1n1n o]duou varsay11m1st1r _ | |

Yay1c1, em1c1 ve sac1c1 gr1 ortam]arda 1s1n1m ile tas1nma o]ay1n1n’
métemat1kse1-mod¢1yn1.qusturan gene],s1n1r deder prob]em1 verilmistir.

. Dahé,sbhra, bu pr051em para]e]'dﬁzlem geometrisi\Ye a¢1sa1-simefki var-
.say1m1'i]e indirgenmis ve.sohu¢1ar‘ayrint111vbif:séki1de incelenmistir.
':;indirgeme sUrecindetyap11an kébUi]er izerinde ﬁnem]e duru]muStur .Sonlu
._elemanlar yontem1n1n uygu1anab11mes1 1c1n gerek13 teme11 haz1r1ayab11mek
amac1y1a soz konusu 51n1r deger prob]emJn1n zay1f sekli turet11m1s ve bu :

--seklin Ga]erk]n yak1as1k1111g1 ver11m1st1r Zay1f,sek11n ve buna kar$1

' ge]en.Gg]erk1n.yaL1as1k]111g1nda.s1n1r kosulTér1.cﬁzUm's1njf{ni-k1s1£]ayan
kOSQIIar o]maktéﬁ_cok dogai'ko$u11ar~biarak.dﬁﬁuﬁu1mUstUE. dele:bir
yék]as1m1nﬁUstﬁn1ﬁk1eri:k1Sa o]afék ayr1ca farfi$11ﬁ1st1k.' Sonlu eleman

' jontem1 11e 110111 teme1 Pavram]ar Gzet o]arak verildikten sonra 119111
s1n1r deger proo]em1n1n zay1f sek11n1n Ga]erk1n yak1a$1k1111a1n1n sonlu

 '1e1eman'mode11,ge]gst1r11m1st1r. ‘Bu modeli be11r1eyen denklemler basit
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ve éﬁiﬁiebi]i}]ilik ac1sindan uyg@hfda&fan1$11rcebirsé] denklemlerdir.
_Bu'téme1 mOdeTe dayaharak paraje1 dUz1eﬁ'geohe£risi ve ac1sa1 simétrisi
o]an 151ma prob1em]er1ne uyou]anab1]1r b1r mode] tiiretilmis, para1e1
”duzlem proo]em]er1ne 029u vea1n11k dac111m1n1n sinir duz]emler1ndek1_ ;
 ac1sa] sureks1zljl1g1n1n:1cer11me51vuzer1nde onemle duru]mustur. Mode]de
-dogfhsal sén]u e]ehanTéf k011anj1m1s yé bufeleman:tufu icih‘é1eman mat-
fié]eki ve Qektﬁr]éri(tureti1misti}i"Bdsmodel'daFa 6n¢e baskd ybntem-
T1er1e 1nce1enm1$ olan homogen ve homOJen olmavan problem]ere uygu1anm1s, '
: e]de edx]en yak]as1k sonuc]ar llteraturde ver11mls o]an ana11t1k c02un1ef '
ile kars11ast1r11d1g1nda ¢ok iyi bir uyum sagland1q1 qoru]mustur |
Bu ca11smada e]de ed11en sonuclar ge]1st1r11en sonlu elewan yon£e-
mfn1n yay1c1,Aen1c1 ve sac1c1 gr1 ortam]arda 1s1ma problem]er1n1n cozu-

munde ku]]an11ab11ecek etk1n .ve guven111r b1r yontem o1dugunu kan1t1am1$t1r
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H - F1n1teee1ement model of the space H
G : Fihite-e]ement'modelvof thefspace 6
HE S . A P- d1men51ona] finite- element subspace
' in the space H, P be1ng a p051t1ve integer
Gt L | = ‘A p- d1men510na1 f1n1te element subspace | 4
T in the space G, P be1ng a.positive 1nteuer-
.@'z'ﬁ(f,m), 3 = E(x,m) o ,,1'Funct1ons in the f1n1te d1mens1ona1
: ST - ' 'spaces H® and HP
;@': @(r,u);,E = E(T,u) S Funct1ons in the f1n1ce d1mens1ona1
» IEAREREES ' spaces e and GF -
i = Ei(f’Q)' i=1,2,0.0,m A set of bas1s functions,Spanning‘the

o
1

~-space H®, m being a pbsitive integer -

en il

|
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[*B
e~ .
~

=

\—

b

!

'?fl,z,..;,m A set of basis funct]ons spann1ng the
S space 6m, m being a pos1t1ve 1nteger

,wi;»¢i’ i=1,2,...,m | B Expan51on coeff1c1ents,pm belng a
' pos1t1ve 1nteger
e,e,e, &',e',e', E,e¥,e* - Element labels
i ~ Number of elements in a spatial region -

Number of elements in an angular region
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'Number of e]ements in-a reg1on which is’
the Cartesian product of spat1a1 and
angular. reg1ons : : :

Number of noda] po1nts in a spat1a1 reg1on
Number of noda] po1nts in‘an angu]ar reg1or

'Number of nodal po1nts in a region wh1ch
is  the Cartesian product of- spat1a1 and-.

- angular regions - :

1,2,,;;,2 ﬂf Lo Number of noda] po1nts in an e]ement
‘ S Ay or T~, e=1 2,...,E )

1,2,...,E Number of nodal p01nts in- an element _
: wg Oriug, € = 1 2,...,E' .

'1,2;...,E o f  Number of noda] po1nts in an e]ement
L : o odgy e =1, 2,...,E - : "

'Flnlte-e1ements ina spat1a1 reg1on

o
1
=
N
o
-
.
tra2

8 =1,2,..., 8 - ’Flnlte e]ements in an angu]ar reg1on e

’1,2;...,E":_ S F1n1te e1ements in a.region which is
' ' . - -thé Cartesian product of spat1a] and -
- angular regions Sl

e =1,2,...,E - .« Spat1a] subregions in an e]ement d,,
‘ o T ' e = 1 2,...,E-

e :v1,2;;Q.,E : " AnguTar subreglons in an e]ement d
o o . e= l ,...,E ' o
, wgr®, pe Sugrts Subregions in bdundaryielements
e, 5' =1 2,...,ﬁ
A=1,2,...,P Coord1nates of o]obal nodes in- spat1a1
S regions
A= 1;2,...,5 u ’ ‘l'Coordlnates of a1oba1 nodes in angu]ar
- ' © reaions
.(T,p)A,A =1,2,...,p  Coordinates of-global nodes in regions

~which are the Cartesian product of
spat1a1 and anqu1ar rec1ons
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to an element d s ex= 1,2,

Coordlnates of 1oca1 nodes 1n Spat1a]

regions-

"Coord1nates of local nodes in angu]ar

regions

Coondinates of the local nodes in regions
which are the Cartesian product of spatial

-~and angular regions .

o

’ Correspondance re]at1ons
-Incidence,re]ations

.Incidence matrices

Restrlct1ons of the functions ? and Q
to an e]ement d » ez 1 2, ..sE L

.AGlobal bas1s}functlons

Restrictions of>globa1 basis functioné
'ol’E

Loca] ba51s funct1ons

“Global expansidn:coeffiCients

Local expansion coefficients

~ Local basis vectors
. )

' Coefficient vectors -

Tkansport matrix

E]ement transport matr1ces

Ext1nct1on matrlx
: E]ement~ext1nct1on matrices. -
- Scattering matrix -

Element scattering matrices

- Boundary matrices

: "N ~ . ~
e b4 e > §=1’29n..,E,
J(e) (e) N =’1:2',...,P3‘ |
N 8 o A
Q(E).? u(@) ’ g = 1)2,.;.,E
(X,w) N, (T,u) ’
€ e
. (e) ( )e < 1,2,...,E
N=1,2,...,P¢
‘ L =1
I(e)’ I(e)vb |
-1 o .
Tiey Tey » @7 L2eessE
¥eey, (), e w 1,2,...,E .
B, ,8=1,2,...,p
3, (8, 5 =1,2,...,P,
‘e =.1,2,...,E'>
Q(e?N’ N = 1,2!...;Pe,
e ='1,2,...,E
‘J’A’(PA, A = 1‘,2,-. ,P
SN %N '
Ry }.¢(‘) s e = 1,2,...,E
(e) . B e) "N = 1,2’00 ,Pe.
Bayr €= 1,2 u0sE
R
~(9)>’ e = 1!2,0001E
(e)’ e = 1,2,c. ,E
'S v
§(€;ei)’ ‘é;e' =1,2, ;E
CB(S), s =1,2,...,S
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‘Element bouhdary’matrices ;

":Ref]ection’matri¢é§'

Element réf]ettion;matriceé.~

Diffuse reflection matrices

’E1ement_difFUSe nglectiqn matrices

Specular refTection‘matriéésih

Element speéu]ar reflection matrices

Source vector.

‘Element source vectors

Transmission vectors

Element - transmission vectors
Emission vectors
Element emission vectors .
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Delta fung¢tion

Kronecker'De}ia



~ INTRODUCTION

Under the 1mpact of modern technoloq1ca1 deve1opnents in hyperson1c
f]]ght power p]ants for space explorat1on needs, h1oh terperature energ/
| convers1on dev1ces h]gh temperature chemlca] pr0cess1ng equ1pments, astro—
phy51cs and meteoro]ogy, there has been a dramat1c crowth of research
act1v1ty Jn various aspects,of heat transfer The resu1t1ng app11cat1ons~ '
have necess1tated the so]ut1on of extremely complex prob]ems 1nvo]v1nq _
rad1at1ve transport in a part1c1oat1ng med1um as ue]] as the 1nteract1on
~of radjat1on with other»modes of heat transfer, namely conduction and
convection A]though extens1ve effort has been app11ed in so]V1nq problems
in th1s f1e1d even the so]ut1on of relat1ve]y 51mp1e prob]ems 1nvolv1no
*rad1at1ve transport in the absence of the 1nteract10n of rad1at1on with
{other modes of heat transfer is st111 qu1te complicated due to the d1ff1cu1
in the so]ut1on of the rad1at1ve transport equat1on ~The treatment of prot:
Tems 1nv01V1ng radiative transport in the presence of the 1nteract1on of
frad1at10n w1th other modes of heat transfer, on the other hand».1s even
| -more 1nvo1ved because they requ1re a s1mu1taneous so]ut1on of ‘the rad1at1ve
transport equat1on and the class1ca1 energy equat1on It 1s-our purpose

-here to deve]op a.finite- e]ement solution scheme for the radlat1ve transpor

a 'equat1on and thus to al]eV1ate the maJor d1ff1cu1ty encountered in so1v1no

- ]‘-_‘
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bothuthe aforementiongdvprob1ems. It s of course; not'possib]e ina
studv of this nature to-examine’all'ot the variations_ahd’refinementsv
- of the method. ﬁe'have,-therefore; COnSidered'on]y'the fundamental
concepts and a few.re1ative1yAsimp1e app]ications- Powever, irrespective
'of the degree and nature_of comp]ex1ty, the transport prob]ens governed

by the rad1at1ve transport equatlon are open to ana1/sxs by the present
method without undue comp11cat1ons \ _ o
Since the c]ass1ca1 “works of Lord Ray1e1gh 1n 1871. [1]* the -
'jtheory of rad1at1ve transport and ]LS app]1cat1ons have been of major
';concern to astrOphys1c1sts and eng1neers Chandrasekhar [2], Kourganoff ’
-[37, and Sobo]ev [4] have 1ntroduced analytical- methods to so]ve the
_rad1at1ve transport equat1on 1n a’ 11n1ted humber- of - 1dea11zed app11cat1ons
/sThelr methods, however, are rather comp11cated ana]yt1ca11y and can only
j-deaT w1th’extreme1y 1dea11zed prob]ems of radiative transport ’Recently, '
‘Case s norma] mode expans1on techn1que has been app11ed w1th cons1derab1e B
,success to the solut1on of. the- rad1at1ve transport equation [5 10]
,A]thouch this method is both mathemat1ca11v and numer1ca11y 1nvo1ved,_1t

» prov1des a systenat1c ‘and powerfu] approach for the ana]yt1ca1 so1ut1on
:of the rad1at1ve transport equation in app11cat1ons 1nvolv1ng plane-
para]]e] med1a However, its extens1on to more complex problens 1s
"extremely d1ff1cu1t, if not 1nposs1b]e ’ The mathemat1ca1‘d1ff1cu1t1esb
1nhenent;1n these analvt1oa1:methods.on the’other‘hand.have prompted -

a number. of approximatfons, and conSequent]y the development ofhapproximate,

+'Numbefs enclosed "in brackets refer-to_the\referenceS»oited at the end.



".so1ution schemes hased on_these1approxtmations:hasfparalleled:thathof the
- analytical methodst 'The most wideTy:used aoproximate'methods'of'501Otion'
are'that of Schuster and Schwarzchild-introduced in 1905 and 1906 [12 131,
that of Jeans 1ntroduced in 1917 [14], that of Rose]and introduced in 19aoc
.[lb], and that of Eddinoton 1ntroduced in 1560 [16] Eoua11v1w1despread
: are the methods of dlscrete ordinates [;,3] and moments {171, As. in the
| case of the ana1yt1ca1 amethods,- these approx1mate solution. schemes’ are a]so
v_ 11n1ted to re]atlvely s1mp1e prob]ens of rad1at1ve transport and, therefore
| are- 1nadequate to deal with the h1ah1y complex prob]ens encountered in real
11fe app11cat1ons A conc1se d1scu531on of the aforerent1oned analyt1ca]
methods as well as the approx1mate solut1on schemes is g1ven in. reference 106l
- Recent rap1d advances together w1th the ever- spread1no use of the
?v,f1n1te e]ement approx1nat1on techn1que in- the so]utlon of prob]ens in
»structural mechanwcs and e]ast1c1tv and the recogn1t1on that th1s techn1oue

is app11cab1e to any f1e1d prob]em wh1ch can be formu]ated in terms of an.

-‘_l1ntegra1 ‘Taw have’ ra1sed the p0551b111tv that 1t can be extended to Droblems

; of rad1at1ve transport Although the deve]opment of the f1n1te e]ement

'approx1wat1on techn1que has paralleled the deve]opmert of the theory of |
rad1at1ve transport and the'consequent need for numerjcaltso1ut10n of the

.'radfatiVe transport'equation it has.large1y beenrignoréd by engineers and’

‘ sc1ent1sts working in the field of rad1at1ve transport. On hindsight 'this
s qu1te surpr1s1ng in view 6f the super1or resu]ts obta1ned from the app11~

, cat1ons in. various flelds such as e]ast1c1ty [18] heat conduct1on f151,



thermoelasticity [“OJ"therhoviscoelasticity EZ]],.neutronftransportiand
| d1ffus1on [22-241, and f1u1d f]ow [25]
The\t1n1te-e1ement approx1mat10n<technique hasdemeroed'from the
c1a551ca1 works of the ear1y 1nvest1gators in the f1e1ds of structura]
'and so11d mechan1cs as one of the most powerful techn1ques devxsed for
the approxlmate so]ut1on of boundary va]ue problems of eng1neer1ng science.
A re]at1velj corp]ete h1stor1ca1 account is glven in [27], and the present
state of the artvcan be. .ound in the works}o Z1enk1ew1cz [26] Oden [271,
Strang and Fix [28] Oden and Reddy [30] and Norr1e and Vr1es [29 31]
Though the f1n1te e]ement approx1nat1on techn1oue wou]d appear to
be’ rather 1nvo1ved the under]y1ng pr1nc1p1e is in fact re]at1ve1y s1mp1e
| tand para]]e]s-that ofrthe c]ass1ca1‘methods of the R1tz—Ga1erk1n type, |
where the so1ut1on of a g1ven boundary value prob1em 1s approx1nated in
| tenns of a funct1on in 2 finite d1nen51ona1 funct1on space spanned by -a
“f1n1te number of bas1s funct10ns and where the expans1on coeff]cxents of 7
the approx1mat1on funct1on ‘are determ1ned by some 1ntegra1 1aw e1ther of
*res1dua1 or var1at1onal nature In the cases wnere the 1ntegra1 law is of
vre51dua] nature, the expans1on coeff1c1ents are determ1ned by requiring thi
, _re51dua] aSSOC1ated w1tn the field equat1on 1nvo]ved in the boundary probh
. to vanish 1dent1ca11y in ‘some we1ghted average sense over the reg1on of
"1nterest ~.On the other hand, in the cases where the 1ntegra1 law 1is of
’var1atlona1 nature, ‘the expans1on coeff1c1ents are determ1ned by forc1ng
-the approx1mat1ng funct1on to extrem1ze a funct1ona1 that has the field
'equat1on 1nvo]ved in the boundary value prob]em as 1ts Eu]er equatlon As

~in any app]1cat1on of the aforementloned c]ass1ca1 methods, the f1n1te-

'e]ement approx1mat1on techn1que, therefore, unavo1dab1y requ1res a a]oba1
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statement oF the re]evant boundary va]ue problem in termsrof an 1ntegra1
law, Accord1n91/, th1s statement can be of re51dua1 or var1atlona] nature
ethe cho1ce depend1ng 1arge1v on the spec1f1c type of the boundary value
prob]em. “ . o
| Assuming that such a. g1oba1 statementvis achteved» then the’
5f1n1te-e1enent approxxmat1on techn1que cons1sts of represent1ng the
’reg1on of 1nterest by 3 col]ect1on of a flnlte number of geonetr1ca1]y
',;s1mp1e subreg1ons connected toaether at'certa1n points, and‘subsequent1yi
h‘of 1dent1fy1ng for each subreg1on a set of ba51s unctions defined‘j
‘1oca11y over,the-re]evant subregxon» The local ba51s funct1ons are
genera1]y"chosen to be simp1e7po1ynom1als U1th the 1dent1f1cat1on of..

the 1oca1 bas1s funct1ons, the 1ntegra1 Taw is formulated approx1mate1y

~_over each subreg1on The g]oba] approx1nat1on of the 1nteora1 law is

f;_ithen obta1ned by s1mp1y assembllng the subreg1onsatogether to dep1ct

;pthe reg1on of 1nterest and summ1ng the contr1but1ons of each elenent
| The s1gn1f1cance of this process of formulat1ng a g]oba] approx-
E.imatfon from a number of 1oca] ones 1$‘that 1t'embod1es a systematwc.
| method for construct1ng bas1s functions for arb1trary req1ons, consequently
a11ev1at1ng the trad1t1ona1 d1ff1cu1t1es due to- 1rreou1ar geometr1es and
bboundary cond1t1ons that are 1nherent in the aforenent1oned c]ass1ca1
_methods [32 33] roreover, the bas1s functlons generated in th1s way are
usua11y p1ecew1se po1ynom1a1s with’ 1oca1 compact support that is, they
"assume nonzero va]ueS»only in a. re]at1ve]y_sma11 ne1ghborhood of certain
po1nts Th1s feature normally 1eads to computat1ona1 advantages in that

‘ the resu1t1ng equat1ons are well cond1t1oned and in that the system matr1ces



”1nv01ved in the resultant set of eouat10ns are banded - h1oh1y desirable . :
. advantaoes in the deve]opnent of a so]ut1on a]gor1thm and in its sub-
"sequent computer-1mp]ementatqon It is-on account of ‘these features that
- the f1n1te e]ement approx1mat1on techn1que der1ves 1ts power and Iends ;
citself to extens1ve app]1catlon 1n v1rtua11y every area of enolneer1ng
hsc1ence ' | | | ,
~ The present studyuis'dividedbdnto threebmajor~parts. The first
part deals uith the mathematﬁcaT foundations where7a11 the orounduork
necessary for the- subsequent app11cat1on of the f1n1te element approx1mat1on
technique 1s,1a1d down. It starts w1th the statement of the boundary value
fprob1emfgoverning radiat1ve_transport-1n»part1c1pat1ng med1a_and proceeds
to the developnentlof‘an equivalent weakvformulation ﬁnvterns of an integra]
law. It conc1udes'with'the deyelopment of'the corresponding apprOXimate-
1ntegra1 lav, wh1ch prOV1des a. bas1s for the app11cat1on of the f1n1te-

' e]ement approx1mat1on technlque The second part is devoted to the _y |

fcorrespond1ng f1n1te-e]ement formu]at1on It starts w1th the construct1on
‘hdof the. f1n1te e]ement mode]s of the ana1yt1ca1 reg1on and the so]ut1on space

assoc1ated with the govern1ng boundary value prob]em and proceeds with the

ti der1vat1on of the f1n1te e]ement equat1ons The 1ast part is concerned

;‘w1th some selected app11cat1ons of the theoret1ca1 results obta1ned in

:the second part

To keep the present study reasonab]y se]f contained and at the same
»rtime to preserve the continuity of the text‘ it 1s fe]t necessary at th1s

~point to define the'termino1ogy and the notation adopted.



The standard set theoret1cs notat1on is employed tnroughout That
‘1s, the swmbo] e is used to 1nd1cate membersh1p, g to negate €5 {O} to
denote the nu11 or the empty set; -and, g1ven two sets A and B, A =B ‘and
- A E;B are:wr1tten"to Jnd1cate that A is a subset of B and-Atls a proper :
subset of.Bﬁ respeetiuely' szf{a[ a.haaiproperty P} is written to identify\
a set A of quant1t1es all having the def1n1ng property P, and sxn11ar1y, »

’{a-}N

1
’ ,l-L
i ='1 2; cosN, V be1ng a pd31t1ve sca]ar ~The un1on, 1ntersect1on sum

A

. to 1dent1fy a set A of a f1n1te number N of quant1t1es al,

: and d1fference of two sets A and B are denoted by AU B, A N B, A+B, and

“1A‘B’ respect1ve1y. - AxB stands for the. Cartes1an product of two sets A
and,B,’where “AXB = {(a, b)[ aeA andbe 8}, i'

Let A and A, -denote nonempty subsets of a set A. If A ‘and A2 L
rhave no e]ements 1n common, then: Ajn A= {0} and the sets A1 and A2 are sai
.to be d15301nt | | |

The usua1 notation R 1s adopted to denote a c]osed and bounded
reo1on 1n three d1nens1ona1 Euc11dean space E, w1th the 1nter1or R and
'dboundary 3R. R 1s wr1tten for the closure of the region R. Unless other-ft
: wwse spec1f1ed the boundary an 1s to be understood as the union of a
N‘f1n1te number~0f conp1ementary regu]ar subsurfaces aR c:aR. s = 1,2;},.,3,
:S_be1ng a»p051t1ve 1nteger.- f:.( Xy90%, ,x ) is written for a gener1c po1nt
of E'ifethe ooordinate systemffs a~genera1 one, and,.1n part1cu1ar,

x (x,y,z) 1s wr1tten if the coord1nate system is Cartes1an . The

?'1nf1n1tes1ma1 e]enents of R and 3R are denoted by dv and dA, resnect1ve1y,

' andvthe unit outward nonnal of~aR at any point x € aR, by n.



By a time'interval is meant -an interval of the form.[o,to) where

e, s any positiVeFSCalar.'t is written to denote any value in thé

' 1nterva1 [O t )*~

Q is written to denote the co]]ect1on of points on the surface
of the un1t ba]] w1th center at-a po1nt X € P' and the notat1on w = (wl,mz,w3)
‘?15 used to- 1dent1fy a po1nt 1n Q w1th spher1ca1 coordinates (8,¢) w1th
"respect to anv fixed owthogona] coord1nate system _Then wl = sin@ cos¢,
w, = s1ne 51n¢ and wy = cos. For»any po1nt X € ‘aR,-'QA+ and 9~ are written
) toAdenote»thefsets {Q[Qfe‘g,- Q'being the unit‘ba1t-with.center_at-g € R,
'fand-é.9”> a, n being the unit outward normal of 82~at‘§,e 3R}, and {919 € Q
o being?the nnit bailﬂnith center at x e aR;-and‘nQ¢f<'0,‘ n being the
_Aun1t outward norma] of BR at x € ap}, respect1ve]v The notation:dm %s'
| _used to denote an 1nf1n1tes1ma1 e]ement 1n KR |
' He w111 be dea11ng with real va]ued funct1ons of pos1t1on and t1me :
w1th rea] valued funct1ons of pos1t1on and d1rect1on If f -f(x,t) is a |
-funct1on def1ned over Rx[o,t ), and ifg -g(x,w) is a funct1on def1ned '
‘;over RXQ2s then f( ,t), f(x, ) g(.,w) and g(x, ) respect1ve1y are wr1tten
for the subswd1an/ mappings of R ho]d1ng £ f1xed of [O,to)hold1ng x_b
.flxed of R ho1d1ng w f1xed and of Q h01d1ng x f1xed Let I and J be
':nonnegat1ve 1ntegers Then, £ is sa1d to be of class CI J over Px[o
if f(x, ) is of class. cl over R and £(.,t) is of classt over [0,t, ), and
g is sa1d to be of class CI I over RXQ 1f g(x,: ) is of class CI over R
band g( ,w) is of c1ass cJ over Q. Let h’ h(§,9 9 ) be a rea] va]ued
'f_funct10n hav]ng RXQfXQ ‘as its domain of def1n1t1on vL1kew1se, h’1s ’
.saidatd’be'of,ttasécIaJ,K if the subsnd1ary'mapp1ngs h(,,g,gpvbfjki

-~



'_fho]ding m andrmi'fired h(x;L;w‘) of @f ho]dfng'x‘and'o' Fired andkh(x,w,;)

of Q holdlng x and w fixed are respect1ve]v of class cl over R, “of class
L'CJ over Q* and of class cK over Q , where I, J and K are any nonnegat1ve‘
'1ntegers | ‘ | ‘

Usual vector and matr1x notat1on is adopted throughou+ Any symbd]"

“with a t11de underneath should be understood to be either a vector or a
.natrix Whether such a svmbo] stands for a vector or a matrix ought to
be c]ear from the context The notat1ons { } and [ 1 are resoect1ve1y used

to denote column vectors -and matr1ces ’The_transpose of a vector or a -

'}~,matr1x 1s 1nd1cated by a superscr1ot T,

Nhenever appropr1ate the 1nd1c1a1 notat1on and the summat1on
convent1on are used Regard1ng the use of 1nd1ces, ]ower case Latin
Jnd1ces are employed either to. 1nd1cate an entry in an array or to 1abe1
a phy51ca1 quantity.: Whenever confu51on»1s 11ke1y to occur, thei1nd1ces
rUSEd_fOf labelling purooses.are'enclosed jn’parenthesis.v Upper"case Latin
indices are used- to indiCate entries in systehiarrays, whereas'upoer'case
Greek 1nd1ces are used. to 1ncate entr1es “in elenent arrays 'Likewise upper

~ case Latln and Greek 1nd1ces are » used to 1nd1cate quant1t1es defined at. the

- noda1 po1nts - Latln 1nd1ces perta1n1ng to loca] nodes and the Greek 1nd1ces

perta1n1ng to g]oba]~nodes. Regarding the use of - the summat1on convent1on
'in the case of‘indices enC]osed 1n parenthes1s or in the-case of_1nd1ces
w1th a dot underneath, the summat1on convent1on does not apply. n

: Term1no]ogy and notation not covered in th1s short d1scuss1on but R

ki_Aused‘throughout'the text are defined anduexp1a1ned.where_they first appear.



__ PART ONE
- WEAX AND GALERXIN FORMULATIONS OF THE BOUNDARY VALUE PROBLEM
\ASSOCIATED WITH RADIATIVE TRANSPORT IN GRAY PARTICIPATING

| MEDIA

 ‘bﬁe to the inhefent nature bf the-f%nite‘elemeﬁt a?proximation

techﬁ tque, ‘inzte eZement analuszs of any physzcal yroblem wequzres a
translatzon of the associated ZocaZ'ma+hemathaZ moan' which 18 generalié
,_fbrmulated in terms of Zocal ]zeld equatzons subgeﬂt to certain initial
and/or boundary condtttons, znto a gZobaZ model Fbrmulatea in terms of
' iLntegraZ lavs that hoZd over the entire regzon.v It s our tnuentzon to
pféséntr'in this partA a tﬂahSZation of tﬁis soft‘in'the case of problems‘
znvolvtng radtatzve transport u%thzn a gray partzczpauzng medtum and, |
thus, to lay down the necessary f?amework on whtch +he finite element
_'analyszs of such problems can be based. To this end we. f%rst pose the

>ucorrespondzng boundary vaZue problem and fbr Future use, derzve zts

'partzcular form as appchabZe to problems in plane-parallel gray partzcz-
A>‘patang media with azzmuthal symmetry Havznq thus establzshea the fbrmu-
B lation of tne ZocaZ mathematzcal modeZ we ther proceed to fbwmulate an -
equtvalent‘global model in terms of an zntegral Zaw. We finally cast this.
zntearal law into an approxtmate fbrm whzch proazaes a basas for the -

_appZ;catton of the finite element approxzmatzon teqhnzqye,'

10 -
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1.1 . The - Boundarv Va]ue Prob]em Assoc1ated w1th Rad1at1ve .

Transport in Gray Part1c1paclng Media

Let. us cons1der a gray part1c1pat1ng med1um conf1ned into a closed
. and bounded reg1on Rc: E with boundarv 9R. By a. gray part1c1pat1ng med ium
©we mean a mater1a1 cont1nuum wh1ch is, in general, capab]e of absorb1ng,
‘»_em1tt1ng and scatterlng rad1at1on w1th rad1at1ve properties 1ndependent
b'of frequency. Let the_boundarj R be composed of-comp]ementary regular
‘subsurfaces oRS with unit ou%ward normal g at any pointvf £ 9R%, s = 1,2,..

'“s:being a positive integer,‘vlf the pdffjcipating’mediUmﬁis chafacterized by

(1) a d1str1but1on of reduced absorpt1on coeff1c1ent

o 0_(\:) . OVEY‘ R,
(i1) a distribution of scattefingdCoefficientvc = o(x) over R,

‘(iji). adscattehing.kernel K = K(wi'& ms).normelized such that

~

j K(Qi ws)dms'vz 1,

where wl, wS e Q and denote, respectlvely, the un1t vectors

a]ong the propagatlon d1rect1ons of incident and scattered

radiation et a point x € R, where 9 - ws is the scatter1ng |
._’ang1e'at the pointfgye,R,'anduWhere_the’1nf1n1te51ma1 element

'dm inFQ'is 1abe]ed with the superstript}s'to ihdicetethat'the

jntegratiOh'ovec the region:Q"is wifh respect_to the variable

000, pe 285 11, pT1, o |

- and (iv)‘- a constant index of refraction ‘n;

¢end-if eechdsubsurfACe-BRS,’ s ;.1,2,...,S,jis‘characterized'byA
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(ﬁ) :a diétribution of’emiseivityoe = e (x,w) over,aRé X Q;

- (g) (S) ~ ~
and - '

| (j1) a distribution of ref]ect1v1ty g(s) = g(s)

(x w ,w ) over!

3R® x.Q, where | m eqtand o’ e @ denote, respect1ve1y, the

qn1t vectors a]oog the’ propagat1on directions of incident and~

reflected radiation at-a point x € 8R®

’A;then, assum1ng that a 10ca1 thermodynam1c equ111br1um is estab11shed at

'every po1nt X € R and furthermore, that po]ar1zat1on effects .are neg]1-

gible, the-govern1ng equat1ons,of»rad1at1ve transport within a gray pare

;-_ticipatjng medium~can'be;wr1ttenjin the x-w coOrdinate»system,;Figure 1.1.1,

“as follows [10, pp.244-253 and pp. 273-275; 11, pp. 10-161.
wegrady®t (x,w)_+ B(X)YF (f;@)f=‘a(§)f[0(f,t)]
Q

and

(mm-rw¢5p+e(;q@nmqgn

~ o~

+'J ‘g (x,0",w)¥t (x,w") |n -‘w']dwi

gt ¢ ~ s e
over 3RS x 7, s = 1,2,...,5,

where Wie Y(x,w) ts'therintensity‘diétribution-overvﬁ'x-Q s

B =.s<§> - a0+ 0(x)

*:and 1s referred to as the ext1nct1on coeff1c1ent L1o0, p. 253] T(s) =

is the 1ntens1tv d1str1but1on over BRS xfldue ‘to transm1sston, s

'Yandj-

+ o(x)J R(w VYt (xyw')de' over R-x 2,

(1.1.1)

(1.1.2)

'_(1.1.3)

l

(s)(f’e)

')

«e»S,
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- 2 by b : .
Ce=floel =2 I T gvee)
T 15 '¢Z  n?* T

and is referred-to as the blackbody intensity distribution [10,-p.20]. In Eq.

_(T;?.4),co is the velocity of light in vacuum, k  is the\Bo]tzmahn.qustant,,_
Vh'is'the Planck constant, and @ = O(x,t) is the distribution of temperature

_oVEr<'E_x [0,t,).

~oR

~ o~

- FiGURE’1.1.] - The Cxw coordinate system','
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| In Eqs. (1.1. 1) and (]>1 2)'the'notationb(-)§ is adopted to._u
emphas1ze that the intensity d1str1but10n may, in fact depend on time.
It 1s worthuh11e not1ng that this t1ne dependence is s1mp1y a conseguence
". of the t1me dependence of the temperature d1str1but1on, and, tnerefore
1t is parametr1c in nature rather than be1na exp11c1t _ For the/sake:of
S1mp11e1ty 1n—notat1on; vie will suppress: the superscr1pt t.AHOWeuer, it
‘must be kept in_mtnd that an,implicjt time dependenee:may'exist.‘ '

To avoid repeated hypotheses,‘in genera1, ve assumé once and for

all that - . .5 L -

a(x) and g = g(x) are of class co over g,

—~
. emde
L N
Q
L 1}

(ii). K = K(wi « wS)is a continuous function of Scattering\ahg]e

Cwl e wSwhere wl,’e Q,

(iii)_f T(é) T(s)(x;w) is of class c°*? over 3RS x Q,s = 1,2, ..,8, -

() e

(s)(x w) is of c]ass o5 over R® x 97, s =1,2,...,S,

(s)
C(v) 'g(s,'g B(g) (Xow wi w5 is of class C° ©:° over 3R® x Q* xQ ,
- sv=‘1,2,..,, s,

OO

g (vi) ) o(x,t ) is - of c]ass c®

over Rx- [0,t,).

-Theinathematieal modeTrbased‘on.thehﬁntegro-partial differential
equat1on (1.1. ]) and the boundary conditions (1. 1. 2) is genera1 enouqh
'at least w1th1n tre 11m1ts of the phys1cs assumed thus far, to charac-‘
:}ter1ze rad1at1ve transport 1nv01ved in a very 1arge class of enq1neer1ng

- problems dea11ng with heat transfer within a gray part1c1pat1ng med1um,'~
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“provided that; atiany‘givén instantrof'time,btne1tenperatdre distrtbution
iS«somenow known;a priori. Heréaftér} vie wi113réstrict oor‘atténtion to
'-the.ooundary'va1ue prob]ém'dtated in terms of Egs. (1 1.1) and’(1‘1 2) for_
‘a g1ven temperature d1str1but1on over R X [o to)s and br1ef1/ refer to th1S-
proo]em as the radiative transport prob]em » | _

Referr1ng to a Cartes1an coord1nate svstem for a p]ane para]]e]
gray partJC}pat1ng medum of-jnf1n1te extent in the X* and y- d1rect1ons '

~and offfinité»extent'invthe %-direction,'o < z <Vzo,;zo being an arbitrary

’

.posdtive'scalar, Figdrei];l.Z, we have’
Y = ¥(z,u,0)
and, therefore. the boundary value prob]em'(1.1)]e2) redoces to

L 3 W(z,u ¢) + B(Z)W(z,u,o) = a(z)f[o(z t]

YA
1

+ o(z)jgﬁ J "K(uo)?(z,u‘,¢)du'd¢" ; (a.s)
A R o S :

3for 0<zX< Zgy - —1 §!u <1 and,O.ilo <.2"’,'
YO - (u 0+ e( W, $)£[8(0, )]
o= J J g W,o',u,e¥O,u",¢u'du’dd’ (1.1.6)
EIEREEY : T , v
0=l o S ,
'mrosuii'md05¢gém
. ¥(zyou,¢) = T (u $) *+ e (u ¢)f[6(zo, ]
' Coema f o f 3 A_' ', ‘ _
-+ j J g(z)(u,',¢',u.¢)‘y(zo,u".¢')11'du d¢ (]-]—-7)

for -1 < 11 <0 -and 0 < ¢ <om.
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oqtgding
 incoming =8 — u>0

direction,
n<o o o

=3

w:

E

. ‘incoming , ‘

_ direction, - - -
outgoi 6 — S w>0 T T
direction, ________;‘___________h__,——f"'_f—ff-\\ﬁ

B< 0- z'=0 B o z=z5

FIGURE ].1.2 - The'coordihafe syStem~for a’p]anéépéra11e1-medium »

‘direction} .
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In Eq. (1.1.5)

St (=) /2(1 W 2059 - 9, wn'el-1,13,  (1.1.8) -

[jo;jp;zgj and, in Egs. (1.1.6) and (1.1.7), the subscripts 1 and 2 refer to the

surfaces at z -0 and z :,z ,'respective]y

(o}

If furthernore the reflect1v1u1es of the surfaces at z =0

and 'z = z_ can be expressed as a sum of d1ffuse and specular components[]O P 79]'

then .
g hetine) =gt + Lo g qrensmt +wee' - o),  (1.1.9)
(1) E o (1) "’u 1) ‘ ) .
and | |

-2y : (2) g (2) - . , o |

where the superscripts d and s refer, respect1ve]y, to diffuse and specu]ar
ref]éctidns;gf->and g( )are constants; and 5( ) is the De]ta funct1on

N &' 2) .. -

Using, respectively, Egs. (1.1.9)'and (1.].10) in,Eqs.»(1.1.6) and (1;1¢7)_
LT T o o g (e N

YO,U,¢) = T (u3¢) e (u,»ile(,t)] -.g J_ j Y(0,u',¢"u'dy'de"

| ooy (1) : (gl »

CreS Gmeyome (L)

for 0<p<1 and 0<¢ < 2m,

and
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’1,‘f‘ S ' 2ﬁ r-1_'«'_ o
Y(?Q,Us?) %_T( (U,¢) + € (U,¢)f O(zo,t) + gi )J, J W(zo)u"¢')u'du'd
:._ s ._”' |  v> _7_?l f ' . »
. N A- g(z)(,u,¢)W(zp,‘uJ¢) o o (1.1.2)

for -1 < p<o ‘and 0 < ¢ < 2n.

On the other hand from the definition of the hem1spher1ca1 ref]ect1v1ty ¢ of a
surface [10,p 39] it fo]]ows that -

T 2ﬂ rl C R o '
L= ‘ud d = S T . c
-p(l) g(l)»f Iy Heu ¢ "5<1>f L - ] , (1.];}3)
d d | d . : : :
p =8 J A” ~ududd = g . : ) AN
(2) 2y, e beTELy o L o (ha.4)

!l

(27 1 el _ o
j‘ jo,gﬁi)(fu;¢)W(0.+u,¢)udud¢

‘s L= 0 SRR AERT : . ‘-" S - . A.; 3
p(l) - . om0 e - o | (]'1f]5)
'ij. j- W(Q:'u’¢)udud¢,
o Ja1 o
and o
A (2m 0.~ e |

‘S :j J 8(1)( u’¢)W(ZO, u ¢)udud¢, . » ‘ . ‘. :
Py 57 s - (1.1.16)
(2) 2m (0 '_ L : : A » Y -

| ? j *W(Zos*u.¢)udud¢

0 -1 -

d

where p(l) -and p? )»are, respective]y,~thé_hemispheriCalfdiffuse-ahd
: 1 S . : o C

'specu1ar reflectivities of the surface at z = 0; and -pd(2)‘ and
p? )Iare; %espectiVeTy;ithe hemispherical diffuse_and specular reflectivi-

ties Qf the surface ét z =z ‘HNow, if g5 and g5 are indepehdent_,

o \ | (1) (2) o
Of'u-and ¢, then from Egs. (1.1.15) and (1}1.16),'respective1y,,it~f01]ows

o *

.that_
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ot =8l o aan
and,'

Using Egs. (1;1;13)j§nd (1.1.17) in Eq. (1.1.71),and Egs. (1.1.14) and
(1.1.18) in Eq. (1.1.12) ve obtain, respectively,. S
Y(0,1,0) = T (1,6) + e (u,¢El6(0,6)] -
T | (1 T
od om0
_,+£ll_.J J “W(O,U'a¢')u'du'd¢' +,ps 'W(O)-Ua¢)
we ‘0 -1 i _ : (1) :
for 0 < u3§n1';and"0 < ¢ <'2n, (1;1;19)
“and. : T R
4 o ; =T R ’ +e ‘ -s.,f. :: |
(zg,1 ¢)“ (2)(u ?} e(z)(u ¢) [0<29 t)]

1

e E T
+ 222 [Ty utenutdutdst + 05 ¥(zo,-u,0)
R N ‘

for -1 <p<0 and 0< ¢ < 2m. - (1.1.20)

Now, if, in additidn,:there exists azimuthal Symmefry; then.
v.l'w = W(Zyu)y

ST =T . (u);‘
() (1)

E =¢ ,
En Eny ™)

T =T
(2) (2)(U)’
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and-

€ =€ .
(2) _(2)(U)

Thus, the set of eQuaﬁibns,(1.1.5), (1.1{]9) and (1.1.20) fufthek feduces:te'

- : - ¥(z,1) + B(2)¥(z,1) = a(2)f]0(z,)]
| S A .
‘ 1oam , v, L
+0(2) J4£Jo Kluu +(1-p?) /2(1_uf2)'/?éos(¢-¢f)Jd¢'JW(z,u')d1
'lfori '._O:< . < zg eand» -l1<y j_ ’ (] 1. 2])
CRD W+ e W00 - 298 [ ¥ou ey’
¥(0,u) = T + f[o(o,t)] - o wo,utHp'd
u__ S P " 0 zp(l)J_IW(O MO
IS 0,- . - 1;1.22 -
.+.p(1)‘}’.( » u) o : ( -‘ ) _

.%r'0<ush

N

’ =.T: + . fl ’ . h ’ d

_,Won iy '*(2)(“) e(z)(u).[e(z0 01+ 2?(2)10 ¥(zg4 p Ju'dy \
+ S W :,— e e o (..23
Pl '(zo .uz » } ‘ .:(. ; )

To simp]ify Eq. (1 1.21) further, 5t is poSsible to integrate the scattering
kerne] over the ‘azimuthal reg]on [0 2m) by expand1ng K = K(u,) in Legendre

po]ynom1a1s in the form

| K(uo)- ? aq K (uo),. éo’z»l, e }1 . : ‘(1:].24)_
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Awhere_Q isvsone pneitive'integer, aq, q:= 0,1,2, ;Q, are the expans1on»
vcoefficients, and K ( ) is the Legendre po]ynom1a] of order g, q'= 0;1,2,...,Q;
Indeed, 1t can eas11y be- shown that o .
'K (uo) =K (u)K (' ) + 2 E —-——-P—)-': 'i’(ﬁ)x-P(u")c'o:;§(¢—'¢')-, (1.’1;25)
, _ p=1 (q + p)' Y 'q‘ o
g =0,1,...,0,

where _qu(-), q = d,l,...,Q;-p ;V1,2,..;,q, ere-the,aSSOCiated Legendre
‘polynomials [40,pp. ,326'-328];. Subs‘tjt,utingjtq;'(1.1'.25) in Eq. (1.1.24) we get

.YQ>

K= ) agk (u)k (u )+ 2 ? 3. agPK P aK P (u')cosp(9-¢"); (1.1.26)
" o a1 poa d o q. ot T -
where
a, = 1, ~
and -
a P = a ic'l":"e')'—" s . aq=1,2,...,,Q p =12, 2 q
T - 9@+p! . ,

Now, infegratﬁng Eq;:(1,1;26)-0ver ¢' from 0 to 2m, and_noting'tnat-‘
- » o -
| cospte - 4na0" =
0
for integral va]ues of p, we get
J‘ CR[ppt + (1 - 2 - 1'% "2c0s(dp - ¢')1d¢' =
o i S _ . i

‘2w'§ Ké(u)Kq(u') » o %=l “ }».(],1,27).

- g=1
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Using Eq; (1.1.27) in Eq. (1.7.21), we fina11y obﬁain

W w(a,) + B (W) = a(2)E[6(z, )]
© 9z P : : - ,
i SR . o
+ 2mo(z) } agKy (u)J Kqu¥(z,u")du' , 3, = 1,(1_.1_,28)

I

for 0<z< 2z and -1 <u < 1.

It is worthwh11e not1ng that the case of Q =2¢ cbrreSponds to isotrocic
scatter1ng, and the. cases of Q >0 correspond to an1sotrop1c scatter1ng

For conyen1ence,-we define a new variable T = T(z),SUCh that
= B(2)dz, . . o (1.1.29)
or, equiVa1ent1y;'

T = J 8(2)dzy, ,, S (1.1.30)
o - ‘ - ' EERREERE :

‘where it has been arb1trar11y assumed that T(0) .= O. ASéuming that the

‘

inverse funct1on z = z(r)ex1sts we can, then, express . Eq (151;28) as

-

follows. - v
U 3 W(TQM) +|?(T,p) = [1 - ymleler,t)]
9T ‘ : S -
' Q . ) : o
oy §oax ) KReDY@EHR, e =1, (1131
oy Taa L e T : o
where we have defined
v =S a0y

B(D)
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.In rad1at1ve transport. 11terature it has ‘become, a commbn pract1ce to refer, -
respect1ve]y, to the var1ab1es TI-T(z) and y (1) as the opt1ca1 d1stance
and the albedo” [10 p.259 and p. 2531, -

In tenns of the opt1ca1 d1stance Eqs (1.1.22) and (].1;23)7qén;>

respéct1ve]y, be.expressed as_fo]]ows(

(o, =T . o . - d |~ Ty 1 34,0
‘a( u) (1)(u)‘+,e(l)(u)f[e(o.;)J _29(1)J, ¥(0,u")u du“
, o .

405 - y(0,- 1L
0f YO (1.1.33)

for 0< p<1,
Cand
o S - 4 o
- ¥(tew) =T v)(u) + e( )(u)f[@(TO;t)]+ 12p(25I A »Y(To,u')u'du"

R TSR 1.
* P ,(TO Y ,(1_ »34)

© fér -1 <y < 0.

1.2 Veak Formulation Of’the.Rédiafive Transport anb1em 
\InfSection 1.1 the'radiafivé transport problem has been formulated
" in terms of the equations
 wegrad¥(x,w) + B(XSW(X,w) = a(x)fl0(x,t)]

S 4 o(x)f ,k(w' -bm5W(x,m')dm' ~ over R-x h o 1.1.1)
~deo v T T R

i'and-



-2 -
¥ (x,0) = Ty ) * €y G w)f[@(x 07

over REx Q7 , s =1,2,...,5.

Within the’1imits of the physics assumed thus far, the field equation-

¥ J‘+ g(s)(x;ﬁ',w)?(x,w')ln . w'[d&' \“ '(1.1;2) |
gt (8 v e e T _ o

(1.1. ]) together with the boundary cond1t1ons (].1 2) provides”the prob1em

'of radiative transport in gray participating: med1a with a 1oca1 mathemat1ca1

‘mode1. In this sect1on we proceed. to formu]ate an equ1va1ent g1oba1 mode]

through a weak formu]at1on of the boundary‘va1ue prob]em (] 1. 1-2)

Let the solut1on space of the boundary va]ue prob]em g1ven by |

:_Eqs. (1.1. 1) and (1.1.2) be H‘ ~Then H is s1mp1yvthe-space of functjonsv’“

of class cl,o deflned‘over the,region-R}’x’fL' ’Multio1ytng"Eq._(1.1.1)'by ‘

:»anvarbitrary function ¢ ¢ H, and»integratﬁng over the spatial and angular -

regions we get

-.l t

B(%)Y(x,g)o(k,w)dwdv =

- [_ J [w-gradW(X.wﬂo(x;w)dwdo'+ j~ T
TURCR” Sl RIg 7

.~

J J 'a’(x)éte(x;t)]cp(x,m)dmd‘u-
R‘Q ~ -

<R

~

R aQ
"On the other hand,bfrom Green's theorem it follows that
J‘~jifw-gradw(X.wa(x,w)dodv'= ?J‘ I*'W(x,m[wjgrado(f.giﬁwdv
RIg~ -~~~ R T T
o J. j W(xaw)étx,w)lgi-‘gldwdé ’
R'QY ~~ T

- J ("W(X.w)¢(xsg)|n . glawdé-
RGN T T

+ j J c(x)[J K" o)) d’ 16 () dudv.
Q ~ o~ e e

(1.2.1

(1.2.2
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«

SUbstituting Eé.'(1.2f2)~jn_Eq; (1.2.1) we get |

| | ¥ (x,wurgradd (x,0)dody + | j’;s(g)W(g;g)¢(g;Q)dwau =
Q ~ 7 R7Q -

R
J ']' a(g)f[e(z;t)JQ(ggg)dwdu
R’ ~ 7 -

o F J ,J c(Xi[J' K(Q'>‘ w)W(X.w'de']o(x;w)dwdu o
R Tl T T T T

-5J J ¥(x, w)¢(x w)ln . wldwdé
3R Q+

~ -~

+ Z J J YW e (x,w) |n . w]dwdA
BR I

$=1
Using Eq. (1.1.2) in E. (1.2.3). we finaT]y'obtaiﬁ. .
,“;f j ¥(x, Q)w-grad@(x,w)dmdv-+J .J B(§)W(§,w)¢(§{g)deV =
Rig ~ " | 'R lg o

' j.'J_ a(é)f[e(§.t)]¢(§,@)dmdu
R’@ .~

] ] d@ﬂix@“;@wﬁéW%TM&@m@V'
R'e 7 la | ST

- ‘j, V0w e o, + olduds
sR ‘¥ fwds
S \

+ ZJ J Tiay (g.ui)@({,ul)lq-qdwdA
s=1 BRS Q‘ ' ;

+ J. : J e( (x,wflolx, t)J@(x,m)ln -.wldddb,‘
aPs ‘q” ’_ T

;'3(1.2.3) |

4 J ' [' [ | eeyCouhw¥0ned |n « o' [d'Jotsw [n « ufduds,
3RS qm gt ) M~ T T

| ROBAZIGH

(1.2.4)

ONIVERSITES! KUTOPHANEST
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| Thjs‘proyes the fact thattif W'e»H'is.a solution to-the'boundary value 3
.bproblem (1.1;];2), then Eq. (1;2.4)}shoutd be Va]id‘for all ¢ e H :

' Furthermore, it.can easi1y be shown~that thebCOnverse of this statement

is also~true -That 1s,v1f Yed#is such a funct1on that Eq (1.2.4) is-"

- valid for a11 o € H, then % 1s necessar11y the so]ut1on to the boundary

| value problem (1.1.1-2). Thus, we can 1mmed1ate1y conc]ude that so]v1ng

:_the system of equations (1.1.1) and (1.1. 2) 1s~comp1ete]y equ1va]ent to
'finding'a functfon ¥ e H such that Ea. (1.2.4) isyva]id foryali’obe.H';-

VQCfearly, thehbroblem of finding such a funCtdonuprovidesdthe boundary f
~value prob]em (1 1.1- 2) wvith an equ1va1ent weak formu]at1on In'what
'gfo11ows, we w111 refer to Eq. (1 2 4) as the weak eouat1on assoc1ated
'w1th the system of equat1ons (1. 1 1) and (1.1. 2), and to the prob1em of

' f]nd1ng a funct1on in H such that Eq (1 2. 4) is va11d for a]] funct1ons
in H as the weak rad1at1ve transport prob]em ‘“ B |

Before proceed1ng any further, it. is worthwh1]e noting that Eq (1;2,3)

. a]so prov1des the boundary value nrob1em (] 1.1-2) w1th»a weak formulation;

-

*.prov1ded that the so1ut10n space H is constra1ned to a space H* def1ned as

- {@(5,9)]ojeftand‘_¢(§,9),; T(;)(f,g) + e(s)(f,g)f[e(f,t)]

+'J g, (%, w w)@(x w )[n . w'[dm
(s) "~
Q. L o
e sp.s;x Q" , s =1,2,...,8}
In weak formu]atlons of this nature the boundary cond1t1ons are d1rect1y
1mposed and, therefore, treated as essent1a1 cond1t1ons Such formu]at1ons,

_ however, tend to comp11cate the subsequent mathemat1ca1 and computat1ona1

, ana]yses. In formu]at1ons based on a weak equat1on such as Eq (] 2.4), on
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'the other hand, boundary cond1t1ons are cons1dered to be natural cond1t1ons,
that is,. they are d1rect1y 1ncorporated 1nto the weak equat1on rather being |
e1mposed as a constra1nt on the so]ut1on space. Since formu]at1ons of th1s -
V'Jtype avo1d the conp]1cat1ons encountered in the aforement1oned analyses,o_r
they are generally preferred. This will, indeed’ be~our attitude "in the |

presentjstudy.

1.3 Galerkin Formu1ation of the Radiative Transport Problem

- In Section 1,1Awe have ‘posed the boundary value problem governing
radiative transport in gray participating media, and, -in Section 1.2, we
~ have formujated'an equivalent weak probTem;: A COmparisondof'the_system

: of-equations (1.1. 1) and (1.1. 2) with: Eq. (1.2.4)-may erroneouslyllead to

v _‘the conc]us1on that no’ progress “has’ been ach1eved so" far, s1nce as ‘it

stands,-solv1ng the weak prob]ew stated in terms of Eq.. (1,2.4)_appears to

be as form1dab1e as so]v1no ‘the boundary va]ue prob]em (1 1”]#2)'. A care-
fu] exam1nat1on of Eq (1 2. 4); on the other hand, reveals that, w1th1n the

h context of the weak rad1at1ve transport probTem, Egs. (1.1.1).and (1.1.2)

bare requ1red to be va11d g1oba1]y overAR xQ but within the context of

the or1g1na1 boundary va]ue prob]em, locally over R Q. . The fact that
_g]oba] formu]at1ons have been found to be much more anenab]e to the develop-
’ ment of an approx1mate so1ut1on scheme .as compared to local formu]atwons,,
'thus, clarifies our progress ach1eved so far. -lith the 1ntent10n of
estab11sh1ng such a so]ut1on scheme, ve, now proceed to deve]op an approx1mat

formu]at1on of the weak rad1at1ve transport problem on wh1ch the subsequent

- finite element analysis can be-based.
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Létsﬁmé:.Hf be some fihite dihensionai.subspase:of dimensisﬁ‘h,~'
mAbeing a posiiiVe inteoer:' Let ;”. i=1,2,...,m, be the bas1s functlons
in Hm We will wr1te atilde on top of a symbo] represent1ng a funct1on
whenever. the functlon be]ongs to a f1n1te d1nens1ona1 subspace of a g1ven v”-
.funct1on»space. If now the solution space of the boundary value prob]em ’

(1.1.1-2) s COnstralned to Hm,'then Eq,-(1,2.4)vcan be written as .

~ e

Z'J' J T(X m)w grad@(x w)dwdu + J j AB(x)@(x,m)é(x,d)dme =
R0 | Jplg e A
[ [ eoeroc, 0186wy
R7@ 7 T T T \
] ewrf xw' - w¥ened TBeway
S R T - T -
- J J v@(x,m)g(x,g)lnaQ wldwdA
YR Yot -
R
- Z j

: J j (x,m)f[o(x t)]@(x,w)ln . wldmdé
3rsIg () |

SJ (s (X.w)Q(x.w)In . mldwdA
BR -

+

~ o~
T

S J J I J g ssx’“’ ,m)‘i’('x,u) )In . w'!dw ](D(h,w)ln . w]dwdé,
3R gt ¢~
(1;3.1)

where w, P € Hm, and -the weak prob1en assoc1ated with it reads as follows:
find a particular function Y e Hmb such that Eq. (1.3.17) 1s va11d for all

5_é HR BUt;~§inCe H? s finite»dimensiona1, 

e = §obdGw - (132
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for any & e H™ , where ¢ ., i= 1,2,...,m, are the expansion coefficients.
It then fo]]ows that it is sufficient-to require ‘Eq. .(1 3-1)'to hold for
_the bas1s funct1ons ¢, i 1,2'.. ,m, in order to ensure that 1t 1s valid

.for all funct1ons o g Hm, Therefore Eq. (1.3.1) reduces to

~ e o~

-] J \P(x,w)w-gradé (x w)dwdu + J [ B¥e, 0, Gwduay =
RYQ ST R@ o T

o+ f f aG) L0k, ) 13, (x, w)dwdv
Rl ~ TR

+ j e [J R(w' + ) ¥0x,0")de' 18, (x,w) dudy
Ria T e oot T A

s‘__‘
(o3

J +?(X,u9¢ (x, w)ln . wldwdé
R Q S

S ' :
EJ j @(®¢(hw)h -mhwu
§=1 BRS Q€ :
J (x w)f[O(x r.)]o (x5 m)amazs
ars! o= S
J J [J ‘ (x w' uDW(k°w )ln c W ldw ]¢ (x, w)ln . wldwdb,
aRS Q- Q* ’ -

i 1,2_,._..,m. a3

'.Clear1y, Eq. (1.3.3). approx1mates the weak equat1on (1. 2 4), and thus
'prov1des the weak radwat1ve transport prob]em with an approx1mate forwu]at1on
.Formu]at1ons of th]S type are. common]y referred to as Ga]erkln formu]at1ons
'Ih_what fo]]ows, we w1]1,refer to Eq. (1.3.3) as’ the Ga]erP1n eouat1on
associated thh the eystem of equatiohs (1.1.1) and_(T.l,Z), ahd‘to theA
';problem of f1nd1ng a funct1on in #™ such that Eq (].3;3) is_va]id for a}]

@i. i ; 1,2,...,m, as the Ga]erxln rad1at1ve transport prob]em
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kBy expanding'@(:Hm éccbrdfng.to'Eq;_(1.3.2), and ;ubstitutfﬁg the;
,rESult»in_Eq. (1.3.3), we;cohc]ude that the Galérkin formu]atfén of the';
ﬁrgdiatfye tran;bort problem automatically 1éads'£o ah,abpkbximgtevso]utioﬁ’ﬂ"
- scheme_involving a system of 1ihear:aﬁgebraic»equatiqﬁéffof the variables
ﬁi; is= 1;2,.;.,m, prévided that it is possible to coh$trucf a finite
diménsional‘subsﬁacé ey, Inﬁfact,'ihis‘is vhere thé;fjnite éiémént
“éppfOXfmation‘technjque comes 1in, and its appiitatioh wi]]wbe‘the subject
of}Parf?Z. | | | " | |
éefore’éonc]uding this section,'refefhing tg‘a Cartegiaﬁ'COOfdinate )
system ve - should sfafe, for future reference, thé.Galérkin radiative tfans-
. port brquem iﬁ the case of a‘pTane?bafal1EI“grayiazihutha11y.Symmetric o
parti¢ipating mediﬁm of infinite extentﬁih:the,k4,ahd y-_djrectioh$ and._
}of‘finite extentrin the z4direction,ﬁ0.§fi‘5_zg; z;~being,an:arbitféhy
"v positivé scajar. Lef thé‘solutionuspécé.of the cOrrespbnding bbﬁndary (
~ value problem given by Egs. (1.1.31),‘(1;1.33).and'(1}1f§4)’be‘Gf Then.
G is"sfmp]y‘thé sbacejbf fuhctioﬁs of cTass c% 0 definéd:over the kéjion‘,
"[O,TO] x[-l,i]; For this paktiéuTar’c5Se, it can “then be. shown thgt-within 
 the limitations of-pertiheht as;Umptianméd;~in deriving. Egs. (1,1,31), '

(1.1.33) and (1.1.38), Eq. (1.3.3) reduces to

- . 1 .

1T . -~ 3 - A T , o |

. _-J J : uly(T:U) : Ql(Tyl‘I)dUdT + J J W(T,U)d)i('r: B dudT =
. 0 /-1 . 7

3t 0 ‘=1
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To 1 ,
J j [1- Y(T)]f[G(T t)]® (r,u)dudT

- To'l g 1 . S

’fg+ 2m f J (T)[ 3y K (u)f k(u )W(T u )du ]¢ (r u)dudT

-1 - g=o .

' W(To,u)Q (To,u)udu + J‘ ¥(0,1)¢, (0,u)udu
-1 : :

0

JF’.
-r

T o
(u)@ (ToaU)udU - J e (Wflolry,t)1e; (t5,uind
1 (» | oy 2y - e

- ZD'é)J [ J ’W(ré,u')u'du‘J@i(rosu)udu_

-1 ‘o L ’

-'pj )J- TICREDT I CRNEY

1 )~ : b_ 1 . ) » j.,,'

-+ T (Wo; (0, pwudy + - 1) £[0(0,t) 1. (0,u)nd
JO 1y PP uudu jo_e(l)(u?_[eg ) ?l(,‘“)“ u

: >d 1 0 . L B ‘
) Zptl)j 'Ij Y0, u")u"du’ Je, (0,u)udy
' -1 ,

' NS SEUURE IR ' o

+ pj“j ¥(0,- W8, (0,dy, i=1,2,...,m, (1.3.4)
R | v S _ o

where m is some positive integer, 5i ='5i(r.u), 'i:=’1,2,;..,m, are the

'ba$is functions spanning a finite dimensional subspace < G, and ¥ is

fany'function in Gm "Consequéntlv 'the correspbnding,GaTerkin,prob]em is

‘:swmp1y the prob]em of f1nd1ng a funct1on in'G® such that Eq. (1.3.4) is

vva11d for al] ® » 1=1,2,...,m.



PART TWO ' S

FINITE-ELEVENT ANALYSIS OF THE RADIATIVE TRANSPORT PROBLEM

In th ’féi. art of the present é£ﬁ7v ﬁe kdbe'shown;that thel
vuaZerkLn fbrmuuatzon of . the radza*zve transport problem automatzcaZZu
Leads to an approxzrate soZutmon scneme, provﬂdea thau it is poss*ole
to construct a ftrzze azvewsaonal subspace in the soZutzon apace of bhzs
boundarylvalue.proplem. In this Dart we rvoceea ;0 appZy the ’znzte-“.
eZement'apprdximatfdﬁ'technzaue’zn'developtna_such an approxzmate solutﬁon_
:schpme. fbvt’gs' end, we Cvrst develop a Tznzte eZement moan H avppoxz— -
-mating the soluuzow cpace H of tke radiat ive transport prqblem?vands‘
.Qubsequentlg,iconctrVﬂt a-rvnzue—dzmeu zonal suaspace 7 thé Qpace ﬁ;, Wé:f
Vhen proceeﬂ to ‘brmuaa*” a finit -e7emert moan of the uaZerkzn raazatzve
transport problem, whzcn as szZ be seen, Zéwds to an approxzmate soZu Ton

scheme for the radiatzve tr ansport problem.

2.1 Finite Element Model of the Solution Space H

'in’Séction 1.2 we have defined H to be the space of functions of class ¢*»°
def]ned over the reg1on R x Q. Its'corresponding %ifst Order'finite-eTement‘

model H then is def1ned to be. the space of- funct1ons of c]ass C° 10 def1ned

- 32 -
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over-the.finite;element model of the region R x Q. Now, if R ahd'ﬁ denote;'
»respectively the finite-element models approx1mat1ng the reo1ons R and s
then from the def1n1t1on of the region R x Q 1t follows that its correspond1ng
lf1n1te e]ement mode] is s1mp1y the region R X Q Thus, H is the _space of “

funct1ons of class c®>° defined over the reg1on R X Q and therefore, the

‘;,construct1on of the mode]s R and 1s suff1c1ent to- def1ne the'reg1on RxQ

as we]] as the space H The approach and the notation we adopt in construct1ng
the f1n1te e]ement mode]s R and Q will essent1a11y be that of Oden descr1bed
'HJn great deta11 in [27] and [30] _ | d '

B To construct the f]nlte e]ement mode1 R approx1mat1no the rec1on R,

]et us 1dent1fy
(i) “a finite number p of .points xB, B = 152,.-.,P,-00 R,

L (i) ahfinite number E of closed and disjoint suhregiOns

&g:éRs e = 132'---’E:

and
, <. SRR
)»,vNﬂ=»1,2,....PE, in each

" subregion s suchithat 1oca12compat1bi]ity conditions are

(iii) ‘a f1n1te number P~ of po1nts Xz

satisfied‘[27, p. 361.

»The reo1on R is then def1ned to be the connected req1on constructed by
‘assemb]1ng the subreg1ons n~, e = 1,2, JE, together
To- construct the f1n1te element mode1 Q approx1wat1ng the reg1on

1et us’ s1m11ar1y 1dent1fy
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(i) ‘a finite number B of points wd, & = 1,2, ... B, inQ,

(i1)  a finite number E of closed and disjbintvsubregions'
wé éﬁ, é = 1,2,...,E,

and

z )

- (ii1) a finite number Py of Po1nts Wiz ﬁ7: 1, z.i...PA. in each

~(&)
ubreo1on such that Tocal compat1b111ty cond1t1ons are

o sat1sf1ed [27 p 361.

‘The kegien 5 is thenfdefined.to'be,the'eennectedhregioneonstrueteu hy
fassemb11ng the: subreq1ons wa, & 5 1,2, .;.;ﬁ “together. |
From the structure of the reg1ons R and Q, 1t then follows that the
're§1on R X Qis the connected reg1on characterized by a f1n1te number P :uﬁﬁ
- of p01nts (f,g)A, A = 1,2,...,P, and a finite number E = EE of subreg1one |

,de, e ; 1;2,.;.,E;_each3sUhfegion’de being defined as

d, = ;te X w, , - (211) ’

yith ‘the condition. that .
he = € PR L EenaunE (21
We = aéawé R 'é =1,2,.. ,E,_ ‘,(l-2.1».3) '

. where
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me .

o 1 if e correspoﬁ’ds to e € {1,2,..;,5},- '
SR . e
g 0  if otherwise, o S
~and
. 5 1 if e éotres?bnds to @€ {1,2;?.;,@}; : R
AR 3 | RN (2.1.5)
: 0 1if otherwise, '

',Henceforth,'we wiT].fefer'to the_pdihts'(x,m)A, A = 1,2,.;i;P;'as_g10ba1
hodes,vahd to the subregions dos e = 1,2;...;E, as finiteié]ements or,
simply,-as e1ements.

From the defihitibn of the elément de,fe :}1,2,...,E;?1t is clear

-~ A

that there exists wfthin each elemeht de a.finité'number;P E € @ PéPQ,
Z ;'1‘2,..;,E and 2 = 1, 2,0 ..,E, of poihts'(§,é)(e)u,fN”: 1,2,..i}pe;.ahd,
s1nce the subreg1ons ae, e = 1,2,;.;;E, and wé,lé z 1;2,.1.,E;‘ére ToCaily-
-compat1b1e, the e]ements d e =1 2,.;.,E are also 1oca11y compat1b]e

Thus, for each e]ement d é'l.Z,...,E there exists an 1nc1dence re]at1on
1le),ro. A P S tex NyP ‘ ' . e ’ - 2{1.6 B
1 .{(2‘\’9)}A=1+{(3‘{,9)(e) }Nleﬂl \ ’ : ( : )

defined by :

N

T

where
1 if the polnt (k w)A is 1nc1dent on the polnt (x w)(e) ,

: (e). N _ {
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C]éar]y, the inverse relation

L |1, {(x w) } Pe - -+{(x w)A} P o (2,1.9)
, N=1 e : . .

,a1so'exists, andvis defined;by

‘A 1 - | N | . 7 ' o ,T'L  ‘ 
(5'9?- ij(é)w N (f 9><e) - S o ‘(Zf]']O)

where 0

N ,
is: 1nc1dent on the p01nt

1 if the point (x,0) ,
RS ) w2, ny

;. Tla = { .
(e} N | 0 if othgrwisé-'

"1t then follows: that [30, p. 203]

- (i) . the matrix I(e)leA.> is the‘tran$bos€ of the matrix

1N m=1,2,0..,P, and A = 1,2,.0.,P,

(i1) 15 1. g N

) M M M,Ny: 1,2,...,P, and & =‘1,2,.,.;p,

and -
A - ‘_1 e " N ‘SrA if (f:e)A‘»i (?j)‘f)r € de‘ » A,T = _1;29 s Py
(1) Ty, T N = { 1 N =1,2,...,P

if otherwise,

‘where_ G’N and S-A are the’Kronecker deltas, Hereafter, we will refer
to po1nts (x w)(e) , € ﬁ 1,2,.: ,E and N ,2,,.{,Pé,' as ]oca] nodes. .
It is worthwh11e not1ng that the co]]ect1on of the relations

1'1 :,{1‘1),1<2);Q;.,1‘E’}"
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',effect1ve1y ‘decomposes the connected reg1on 1nto a: co]]ect1on of E d1SJo1nt

_'subreoions, whereas the co]]ect1on of the 1nverse re]at1ons

B SIS F SUNEE I SR TURUS SRS 5
SRS 2y "V ey

'V_effectwve]y assenbles the set. of E d1sao1nt subreg1ons 1nto a connected

S reglon

2;2' Construct1on of a. F1n1te D1mens1ona1 Subspace in. the F1n1te~'

E]ement Pode1 of the <o1ut1on Space H B

Hav1ng estab]1shed the finite- e1ement model H of the space H, we
”.proceed to construct a f1n1te d1mens1ona] subspace 1n the space- H VIn o

:the subsequent ana]ys1s our v1eup01nt w111 be that of Oden, descr1bed |
_.'br1ef1y in [34] | ‘

let o) = l(x W), B, = &,(x, w),..,, 5 = @A(x w) catr % = o, (x, w),

A

é-ﬁ'~A = 1,2,...,P, be a set of P basis funct1ons such that for any
' kpo1nt (x w)1 €. P X Q, r_; 1,2,...,P,

'EA[(x,w>TJ'; 5AT, BT = 1,2,;..ip,“ o .7:1,- S(2.2:
vhere &, I'is the kronecker de1ta. (2 2 1) s1wp1y 1mp11es that the
basis: functlons are norma11zed with respect to the po1nts (h,w)r ‘ AR X Q
T ; 1,-,...;P} Let HP denote the P- d1nens1ona] subspace of the space H

“spanned by tne set of Funct1ons @A € H, A= 1,2,. -.;P- Then, for any

' ~l funct1on W e HP



. _v38‘_,
.»@(3;9)7: @A§A(§,9)v,_'A = 1,2,:..;?, S o S (2.2.2)
where

: 64 :,@[(f,@)AJ.v

CIf, how,,?(E); v@(e)(f,gj - is the restriction cf;a'funétion'ﬁlé HP
B tQ the‘e1em¢ﬁt>de, eﬁ=v1,2,...,g,’then from the strucfu}¢ of the region
R x @ it follows that o | | o
¥, = -§ '@(¢)(§,9) S o . ._ o ';\_-(2.2.3)
- el . B . ' e U -

“almost everywhere and, moreover, that

©ox N o~ : : Lo

Yy = I(e)AkwA B N=1,2,...,P, - &=1,2,...,°;  (2.2.4)

and |
CGr e ~lay N R DT

wé = I(E) »NAw ey N = 1'2"‘5‘Pe A =1,2,...,P, (2.2.5)
where SRR o .

“"““{ ~ . h - o 4

w(e)l = w(e) [(fje)NJ y N = 1,2,.;.,Pe,

Y8 = Y[ (x,w)h] , b =1,2,...,P ;

"fvand.where 1¢¢) and I(e)_l are, respectively, the 1n¢idence_relations'definedv

by Eqs. (2.1.7) and (2;1.10). For each element d, e=1,2,...,E, identifying

a set of P, basis functions'?i)(e)N = 5(e’n(x.w).'N = 1,2,..%,P,, such that
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(1) ‘B‘Q’N, N=1,2,...,F_, are of class c°° over'd ,"
~(i1) for any point (x,0)M ¢ de

TCe) o M M o D el
@ DL M,N = 1,2,...,P,, | - (2.2.6)

',whefebaNM is the Kronecker delta,

~and - '
(i) for Gouwle d,
®<9?N(§;9) =0,  N=1,2,...,P, o e
we set |
B | N /
g(e) | 3 . N .(e) ), N | b |
¥ (fff)v—w(e) o :N(fsQ)f : 5 =1,2,...,F, L (2.2f8)>‘
T3 N gtedn, N
S Viey =Y K§{9) ?f

Henceforth, we will refer to the conditiQns (i),'(ii) ahd:(iii);A}éSbective]y,

v és’the continuify, normality anﬂ locality ;ond&tions. From Eqgs. (2:2,3);

| f(2}2.4)bandr(2;2.8); it then follows that almost everywhere,

W(x;w)

~ o~

CE o
P YW
o e=1 -

E o

_ N3cey (.

= Z W(e)bé (5w
e=sl

E . . ~ ~. : . ) ‘ ’- ) ‘ - ) i
I o1 Rt o) Gw) s W= 1,200, P and & = 1,2, 0P,
ewl o e : R '
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where 1t is 1mp11c1t1y assumed that the e]ements and the bas1s funct1ons

(é)N » N = 1.2 «+esN, and e = 1,2,...,E, are so 1dent1f1ed that ?(x w)

s a]so of c]ass c°’° over the 1ntere]ement boundar1es Equ1va]ent]y,-

~we can wr1te

2,000P, and - (2.2.9)
2,00 0P G

30009l

C¥(xw) = z (1), N@‘e’ NG5 W, N
T ex1 _ A

almost everywhere. Comparing Eq;_(2.2.9) with Eq. (2.2.2) we finally

cpnc1Ude that"

1,2,...,P, and - (2.2.10

o E — '
9, (x,0) = ) I‘e>Ah¢‘e’N(X.w) » - N
- F ? T '1,2,.";;..2,

ce=1 T : A

almost everywhere, ~ Eq. i2;2.10) cjearly.provides a'systenatic-nethpd fdn
genehatfng a sét:of basis'functions"in terms of sets of.basis functions
def]ned 1oca11y over each subreg1on de, e = 1 2, ,E thus PESO]V1"9 the
prob]em of constructing a finite d1mens1ona1 subspace in: the space H

Hereafter. we will refer respectlve]y to ¢(e) , e = 152,...,E and

A = 1,2,...,P, and to ¥¢8), e = 1.,'2',.;.-.,5. as

~

N=-~]t’2"‘ 5P tO' o,

a® ‘
'”the local basis funct1ons, the g]oba] basis funct1ons and the local approx1—

v

_ mat1on of Y(e) e . over the e1ement de, e = 1,2,.,.,E.

e

2.3 -Finite—Element.Mode1 of the Galerkin Radiative Thansport

' Prob]em

- Let us approx1mate the so]ut1on space H of the rad1at1ve transport B
-prob]em with the correspond1ng f1n1te e]ement model H and 1dent1fy a
| f1n1te d1men51ona1 subspace HP C:H 1n tenns of a set of f1n1te e]ement

~

- ba51s.funct1ons @A e Hy 8 =1,2,...,P, def1ned by Eq. (2.2,10). ~The



finite- e]ement model of the Ga]erk1n rad1at1ve transport prob]em is then .

bas1ca11v the prob1em of f1nd1na a funct1on W € HP éuch that

_'J; 'ﬁ ?(g,g)g-gradiA(x,m)dwdu + j~ J~‘ e(x)il('x,w)5A(x,m)dmdq__:
RIQ - ,~~ Cpiige T ST AT T

- a(X)f[e(h t)]@ (x,w)dwdv

762

k m)@ (%, w)ln . wldwd6

-

f

+ j Jo ot w0 - wieran Ty
f 3
|

S o . :
+1 { J (s)(x (.u)<1> (x w)'n . m[dwdA
s o |

J RS ) (S)(X w)f_[@(xi,bt)]&A(x,w) ln s w[dwdb

Jags f - J g(s)(x w ,w)W(x w )l“ . [dw ]@A(x w)]n-wldm<

o

A= i,z;;..,p,‘ 23y

s valid for all @A W, 8= 12,00 InEo. (2:3.0) R, @, 0,

s = 1,2,...58, a* and o denote, respect1ve1y, the - f1n1te -element approx1ma-r7

" tions of the req1ons R, Q, aR »s 2. 1,2,...,5, @F and_ Q ;and n is the qn1t
outward normal at a point. (x0) € RS, s =~1,2,,.. Hénceforth,lwe will

'5refer to Eq. (2. 3 1) as the f1n1te e]ement Ga]erk1n equat1on
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.Sjnce the'region R)(vﬁ‘is an assemb1y of’a,finjte number E of
connected subregions'd’, e =1, 2,..;.E' Where each'subregion dg is defined
: as the Cartes1an product of the subreg1ons r, ‘and W " given, respect1ve]y,-

by Eqs,;(2.1.2) and-(2.1,3), it then fo]]ows-that~Eq (2.3. 1) can be wr1tten a:

S v E '
-] j J ?(E)(x w)w-grad@ (e)(x m)dwdu + vz J j B(x)?( )(X w)@ (e)(x w)dux
© ez L' W o e=1ATWe - e
CE el
) J a(x)f[@(x,t)]QA(e)(x,w)dwdv'
e=1'n "W - - - . -
) e e . :
+ ) f c(x)[z J [K(w'-w)‘P(x,,m")dw»'](e).]%(e)(x,w)dmdu S
ez1’' L =1 ‘War T T T T

e e . - Ye

‘E L oo .
XJ ] +-‘i"e’(§,w)¢A-‘e)(x,m)ln * w|dwds
on | ~ ~els

e
s E, e s
s=1 e=1" 0N ) : .
A e ,

) XJ | J ey KWEIOG, )] 9f) (£, |1+ w|dwds
s=1 M, wlw, : S =
S E : . E . o 6

+ . N R [ ot ' T
R j J ) f [8(s, 0" W¥(x,w") [oew [do" 170
s= e=1 N o =1"wgt :

5ée?(x,m)'n .« w|dwds »,’ - (2.3.2)

A =1,2,...,P,

~

where @,(e) = 5 (é)(x wy, &= 1,2, .,P, and ¥¢€) = @(e)(x w) - are,
'respect1ve1y, the restr1ct1ons of the functions ¢A = QA(x w) boe 1, 2,...,9;
and ¥ = ¥(x,w) to the element d,, ez 1,2,. .u,E, and where an s'_: R N BPS

e=1,2,...,Eand s = 1,2,...,5, W¥ = 0y 9—, e =1,2,..0,F wa < Q
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' =‘1,2,...,E and mA.+ = g1 ﬂ"ﬁ*; In accordance w1th Eqs. (2.2 10)

and (2. 2 9), on the other hand for any e = 1 2,...,E the funct1ons

EA‘e’ - 5 e’(x @, 8 = 1; 25.-.,P, and yle) -7W‘e’(x.w) are.-reSPECt‘Ve1Y’

gjven as
Ea(e)( W) = I(e) N Q(e) (X m) N = 1,2,...,Pé“and” S (2.3.3)
A = 1‘,2,’.0-’P, . )
and
@ (xw = I(e)ANé(e)N(g’m)@A » N =1,2,...,P (2.3.4)
i - S A= 1,2,...,P. =

Substituting Eqs. (2.3.3) and (2.3.4) in Eq. (2:3.2) we get

z I(e)AMI(E)ANJ J w?grada(e)M(X,m)a(e)N(Xaw)dwdgiA.
es1 R we T R T

+ Z 1¢8) MI(e)AhJ 'f 8(3)5(e)y(x w)Q(e)N(x w) dwdv QA
ez e We T T T

’

- [ ° |
--’ZﬁI‘e’AMJ 'j PG ICH t)]a‘e> (x,0) dwdv
W

- Ml
e=1 R :
| %, . M N g ! ~(e) ~(e')
o+ ] T Ble,enT®)) ey, J [ J 0GOR(@w')E (x»w)¢ ) () dw' dud
ezie'z1 . ’ fLe we Wet o .
S5 E ey M (ey N )
-1 Zl(e’A I(e)A J j »(e) (x, w)@‘e (x w)ln . w]dwdéwA -
s=1 e=1 on S/ T
’ . e e
o+ ] HZI(g)AMJ J Ty w)@( )M(f.g)lg » wldwds
. 8z=1 e=i » ‘ an S we_ i - .
| s & T AT el s dwds
L (e o . .
+ iz z 1 ~ASJ3.-5JQ _ E(S)(xfw)f[e(h’t?J? M(X,w)]n, »wl w

s=1 e:} ‘e e
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s E E

'
SZ1 e=l e =1 .
. . e me.+

MN = 1,2,...,P, 8,A = 1,2,...,P,

anere
‘B :{(e;e')lﬂe &;e' =1,2,...,E} > {031}
défihés a:mapping such that
B(e,e") -<{ ’

0 1if otherwise.

Let

1,2,5)&;? ;.

V-G e

and for any e = 1,2,...,E

(X m) —{Q(E)w(f 9)} y M :Al;za‘?-:Pe’
and

c (e) M o . : S
Z(e).=[1 » A.] . M.= 1,2,...,P and 2.z 1,2,...,P.

- Then Eq. (2.3.5) can be written in matrix form as fo]TdWs.

1 if 4e.coiqcides with oty vé = g-’: 1,2,.

SR o j P -
. ¢(e)M(§’9)¢(¢~)N(§’9'>lE . wflln-‘ wldw'dwdéij , (2.3.5
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. 1.
e=1 w . ~ o~ o~
o . ne e - axl

R aq>( ‘
ZI(e)I(e) j J w, ~e) (x,w)d)(e) (x,w)dwduw

. E ‘ no T

: . T » ~ - T . -

coE le(e)z(e) j J' 'B(f)?(e’) (f,@)?(e-)_ (%,w)dwdvy =

. ndw &2 o~ =
. e e

zlz(e)fn Jw a(f)f[e(f’t)Jg(e)
e e . .
+ 1 Z B(e,e' e)I(e , J'ﬁ] J o(X)k(w -0 )Q ey W8 1) (x,0)dw' du

1-e'=1 )wa-

o "E : : . .
";:1 e=i~(e)~(e) o Sl +~(e) (e) l ’

S E Co ) ' [
fu'gl z I(e)ja jw a?(SS(f?Q)g(e)(f’Q)IE + w|duds

e
s .E . | o
+ 7 Y1 J j (x, w)f[@(x t)]¢ (x w) n - m]dmdé
S=1 ex1 e Bﬂes ek (e)
E

1 e=1. e "1

-+
e

I Z Be,e )I(eue ) J J' [ efXw' W (x,0)
a}LeS we-J(p_ o+ : : - . g ) v .

L4

. Q(e y. (x,w )[n . w’lln . w]dw dwdéw,; ~ (2.3.6)
i=1,2,3.
‘Let us defihe
. E T 2%
I{-{. - ~(e)
T= J T = Z I J j w; {x, w)¢ (x,w)dwdv
~ 7 egy ~(®) (e) ey nde 1 gm. =~ ~te )

e e RS

‘where T and T(e)’ e =1,2,...,E, are, réspectivg]y, referréd to as the

tranSport and the’ element transpokt matrices; o B
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E - E : . T o v
T{ : ey o~ T E
%= ) E(e) T z _Z(e)I(e) J J' ?(f)?(e)(f'Q)?(é) (f’g)dwdv'
ex=1 ex1 W . _ o .
’ e e .
where E and»E(e) e‘= 1,2,...,E, are, respect1ve1y, referred to as the _

extinct10n and the e]ement ext1nct1on matr1ces,~

T ]
r 2 B(e,e")s.

e=1 e =1

(e e )

tun
"

> .

E. o . . .
z_ Z B(e e )I TJ jh j, U(X)K(m . w )Q dw dwdv
ec1 otly <e> (e'y oo, ~te)- (e ) |

e €

where and S(e . )' e = e' = 1,2,...,2, are, respect1ve1y, referred to as
St ’

‘the scatter1ng and the e]ement scatter1ng matr1ces, o

'(S)‘ E sy B 2 T s T 1 -
= = . ' ' x,w)|nw|dwds
2= 1200 = Llele [, e St D80y (ot lovplowss.

’where B(S) and B(sz 1,2, . ,E, are, respect1ve1y, referred to as’ the

)1 &=
"boundary and the e]ement boundary matr1ces, 5= 1,25...585
R(S) - ) z B(e, e') R(S) i

e e!
e=1 e'=1 ( ) .

ezl e'=1 w v

. -T » B . e
D Z Ble,eI o1 ' Jaﬁ\SJ f : g(s)(x w' w)¢ 0y (o0

. §(e., G [a - o'ln - (Bldw'dwdb_

where R(%) and R(S)(e etyr €3 "= 1,2, 0, are, respectively, referred

'tohas‘the refiection‘and the element ref]éction matriCes;’§.:>1,2;;,.,s;
RE §,~(e) f IOH RO

J
1 [ A We

172}
i
IRyl

e
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where s and f(e)’ e =1, 2,...,E ‘are,’ respect1ve]y, referred to as the

source and the element source vectors,f

£(8)

-~

1t

sy e T e L -
Iy T Z I(e’Ja ”s[ - 1(85(5’9)?(e)(§'9)|3 "PIdwdA ‘
W : ;

e=1 . =
exl e e

where t(s) and t(s)

£ ey e = 1*2 ...,E are, respect1ve1y, referred to as

the transm1ss1on and e]ement transm1ss1on vectors,. s = 1,2,...5S;.

~ _1~

L (sy _ 4 - T~ o .
g )._,_ L E(S) , Z I(e)fan sj - (s)(f’(i’)f,-te.(f"t,)']?(e)(f"i’)lg"i"dmdé.

where e and 3( )( 2 &= 1,2, ..,E, are, respect1ve]y, referred to as the
_em15510n and the element emission vectors, s = 1,2, ..,s. We can then
Write Eq.~(2,3.6) in a- compact form as follows. N
B S s L s . s :
T+ E=-85+ § BSY - F ORGy - (s §oe8) 4] e(5))(2,3.7)
- s=1 © -1 Y 1= S ’ '
Let yx = {gE, P ... »Pp} be the solution of Eq. (2.3.7). Then
S 2 - = » S ’
it jmmediately follows that the function

.

~

Woow =9 e G - L (2.3.8)
'ié.the‘partiéu1ar‘fuheﬁfqn“30ughi~such that Eq:.(2,3.l)fis valid'for'al1 '
9, € hP.;A = 1'2,...'?' and therefore; is the;éo]utﬁon"0f~thehfinite- |
“element mode1 of the Galerkin rad1at1ve transport problem. Since'this
mode] approx1mates the weak radiative transport prob]em wh1ch 1s an
Vequ1va1ent statement of the rad1at1ve tranSport prob]em, its. so]ut1on

.prOV1des the boundary.va]ue prob]em (1.1.]-2) with an- approx1mate so]ut1on



PART THREE

‘ APPLI CATION TO PROBLLMS OF RADIATI VE. ’FRANSPORT IN PLANE’-PAFALLEL

GRAY PARTICTPATI? G I/EDLA WITH AZIMUTdAL SYM‘/ETRY

vfn_the previoﬁé‘parts of the pfeseﬁt stuay;we,haﬁe theqie%ically
,vdeveloped‘é genér&i finife-élement ﬁodél providing thé radiative'transvoﬁt
‘problem with an approxzmate soZutzon scheme. Uzth the generaZ theory tPuS“
) establtsheJ ve. proceed in thzs part wmth its appchatzons fbr the sake of
siﬁplicity, the attempted appZtcattons_areAconstraznea to‘radzatzve trans-v
. port in”DZané-paraZZeZ gray partihipatina media with &vimufh&i;éymmetry.
"It chould be emphaszzed that our. pntentzor i not to provzde a solutzon
 ,fpr aYSpeczfic'probZem,,but:rather to substanuzate the valzdpty of the
 deeZ deveiopéd, aﬁd ai the samé'timevthekéuccess of the fiﬁite;elemeni_
approximation technique. ' |
| In Section 1 we derive the réZevant finite-element equationé; and
in Séctioﬁ 2, éonfiﬁiﬁg our atteﬁtion to‘Ziﬁear,réct&hgulab:eieménts,v‘
- we gzve the epozczt expreoszors Jor the corresvondzng systen mathceab
and the system'vectors.‘ Pinally, in Section 3, werpresent and dtsquss

the results obtained for the attempted problems.

- 48 --
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3.1 Finite Element Ana]ysis

' In'Section T. T;'referring to.a'Cartesian coorddnate system Awe.have’
shown that the boundary value prob]em govern1ng rad1at1ve transport 1n a
p]ane-para]]e] az1mutha11y symmetr1c gray part1c1pat1ng med1um of 1nf1n1te
extent in the X- and y- d1rect1ons and of finite ‘extent. in the z- d1rect10n
be1ng an arb1trary pos1t1ve sca]ar, 1s g1ven in terms. of

the opt1ca1 d1stance T as fo]]ows.

C

3 %,m + _@(f,',u); [1 - y(OIEetn ]
°T - ‘ L ' |

Tt 2WY(T)gFZ aqKq(U)J‘ Kq(U?)W(T,u!)duﬁ, a8 .= 1# '(].],3])

for 0<tT<Ty and -l<u<l,

T ' Lo ' 0 . o :
YO =T G ve  ie©,01- 200 [0 wouutat + 6 w0,
K Ty T T Tanda : ar

for O<u<l, | (133
and-;
N . ’ o V, - . -d 1. » . ' ' s
: ?(To,“) =T (U)'+ € (U)f[O(Tdat)] +'2D v j W(To’u )U du_'+ p. -W(Too
o (2) 2y T 2, @y

For Lew<o. o

The physical and analytical regions associated with the Egs. (]§1.31),f

(1.1.33) and (1.1.34) are shown in Figure 3.1.1.
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- ——— ' Tt |o- - ]
) ~ incomlng - : . : L R _
R direction /7 84 . ' ‘ '

u > 0 . incoming|

=)

direction
u<o
- : Outgoing .
. boundary_ Incoming<
’ f boundary )
- Physical Region . . Analytical Rggion

FIGURE 3.1.1 - Phys1ca1 and ana1/t1ca1 regwons for the -
’ . boundary va1ue prob]em (1.1 3] 33, 34)
In Sect1on 1.3 we have def1ned the so1ut10n space G of the boundary
va1ue problem (1 1.31, 33 34) to be the space of funct1ons of c]ass ct» ° def1n

 over the region [O,TO]x[-l,lj, CIts correspond1ng first order finite-element
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mode] G is then def1ned to be the space of funct1onsvof c]ass co° def1ned
o over the f1n1te e]ement mode] of the reglon[o To]X[ 1, 1] The finite e1ement
"model of the region[0,T ]x[ 1 11, on the other hand, 1s def1ned to be’ the

Cartesian product of the 1nd1v1dua1 f1n1te e]ement mode]s approx1mat1ng '
-the reglons [0,14]and [ 1,17, Thus, in order to be: ab]e to spec1fy G,.we
must first construct these 1nd1v1dua1 models Ident1f1cat1on of the mode]'
approx1mat1ng the reg1on [O,To]x[ 1,11 is then stra1ghtforward |

‘To construct the f1n1te -element mode] approx1mat1ng the reglon [0,7, 1,

Tet us 1dent1fy
(i) a finite number B of points 8, & = 1,2,...,7, in [0,1,],

(ii) a finite nUmber'E,of c1osed and disjoint subregions
T“é = [Oo’fo]a ’e-,=‘ 1‘)2,'00 - sEs

_ . - A L
(1i1) a f1n1te number of P~ of po1nts T(zy N = 1 2, ..,P~, in each

v subreglon L such that 1oca] compat1b111ty cond1t1ons are

v-satmsf1ed,[27, p.-36]. -

- Then the"fjniteee1ementtnode1'of»thé region [Q;ro]is‘the connected region
constrUCted by assembling the subregions T3 , o= 1,2,...,E, together,

To construct the finite eTement»mode1 approxinating the region

[-1,17, let us identify .

}(i) a f1n1te nunber B of po1nts u , A =1,2,. P, in [-1, 1] with
the restr1ct1on that at least one of these P po1nts cownc1des

w1th the'po1nt w =0,
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B (11) ‘a f1n1te number E of c1osed and d15301nt subreg1ons Uz c:[ 1 1]
g=1 525 ..,E, w1th the restr1ct1on that for any subreq1on uA*
there ex1sts a subreg1on which is the mirror 1mage of ue

w1th respect to the po1nt u ,:

Lo
~

C(ii1) a Finite number P§~°f points éS" N7=A1’2,;?r,Pé, in each
subregion yz such that Tocal compatibility conditions are

':_satisfied t27, P. 36j.

Then the finite e]ement model of the re910n [ 1, 1] is the connected reg1on
constructed by assemb]1ng the subreg1ons pA, g=1, 2,.;.,E together. The
restriction on the cho1ce of the points pA, A = 1,2,,.. 5, 1s essent1a] in
vorder to be able to hand]e the 1nteora1s def1ned over. the regions (-1, 0)

and (0 1. The restr1ct1on on the cho1ce of the subreg1ons uA,'e =1 2,.;.,E,
on the other hand, is essent1a1 on]y if it is necessary to- cons1der specu]ar

ref]ect1on and therefore, 1t can be suspended 1f ref]ect1on is not specu]ar.

Hav1ng established the 1nd1v1dua1 finite-element mode]s ‘dpproximating -

“_the regions [0, Ty 7 and (-1, 1] we can now 1dent1f/ the f1n1te -element mode]

approx1mat1ng the reglon [O,TO]x[ 1 1] to be the connected region. character1ze<
by a finite number P = PP of po1nts (T,u) s A = 1,2,...,P, and a f1n1te number

E':.Eﬁ of subregﬁons'dé, e = 1,2,...,E; each subreg1on d be1ng def1ned as

D}

and
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.. ’ B L~ e . - . "' -~
'_Ue = -Ce ué 9 v e. = l’z’ll.,E’

’ wheﬁe E e'and E' are, respect1ve1y, def1ned by Eqs (2 T-4) and~(2’] 5).

From the def1n1t1cn of the subreg1ons d y € = 1, 2,...,E, it fol]ows that

~~,

there exists within each subreglon d, a f1n1te number : P = C,° CeA P=Ps,
 €1='1,2,...,E and =1,2, ...,E of po1nts (T,u) N, N = 1 2,..iPe;'and
'51nce the subreo1ons T soe =1, 2,. ..,E and u*: g = 1 2, ,.,E, are Iocal]ye‘
compatxb]e, the subreg1ons d y &= 1 2,. ..,E are’ a]so 1oca1]y compat1b1e.

Hence for e = 152,...,E B

1,2,...,P,

('TN’]JN)(E)V = I(e)AN (.TA;UA) ’ N 1’2’~--.""Pe‘ and A

and .

(TA,uA)«- I A(TN.u )kej , N =1,2,...,P “and & = 1,2,..:P

- where-

1 1if the ﬁoint (T,u)8 is incident on the point (T,u)(e)

- q(e) N _
SR |

0 if chefwise,

1 if the point'(T,u)(e)N is incident on the poiﬁtf(T,u)A,

, ,I_e,_l i {
(&) N 0 1if otherwise.‘ '

A typ1ca1 finite e]ement model approx1mat1ng the ren1on [o,ro]x[ 1,1] and

1ts construct1ong1 deta11s are sbown in F1gure 3 1.2.
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FIGURE 3. 1.2 - A typ1ca1 f1n1te -element model. approx1mat1ng
the reglon fo, TO]X[ -1,17 ' _ _
A connected reg1on approx1mat1ng the reg1on [O,Tn]X[ 1 1] having
thus been constructed we can now jdentify the sDace G approx1mat1ng the
'so1ut1on space G of the boundary va]ue problem (1 1 31,33,34) to be the

space of funct1ons of class C° ° def1ned over th1s connected reg1on
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o

w1th the space G now def1ned we proceed in an ana]ogous manner with

the genera1 formu]atlon and generate a set of f1n1te e]ement bas1s funct1ons k

~

¢Al

Such a set of basus funct1ons hav1ng been obta1ned, 1t then fo]]ows that

= @ (T.u), A= 1 2,...,P, spanning a f1n1te d1mens1ona1'subspace CP<= G.

fOY‘ e = 1 2,0-0,E

and A

L=

1,2,...,P,

A“",(T;u) = 1N 8 (), W= 1,2,

andAn

and A

WO () =1 N o) (rw¥h, N =1,2,..0,7, 1,2,...,P,
'whére‘@(e)n = a(e)N(Tiﬂ)¥ N«,='1,2,.3.,Pe, are the'loca1'basis;f0nctions
defined over the subregion d ;'whereuéA(e) = ® (e)(T;U)$’A =v1 2yeeesPy

'and w(e)v- w(e)(T,u) are; respect1ve1y, the restr1ct1ons of the globa]

bas1s funct1ons QA = oA(T,u), A= 1 25.045P," and of .any funct1on Y= W(r,u)
in GP to the subreg1on d_; and where yA = w[(T,u)A] s 8= 1, 2,...,P

4‘ Constralning the: so1utlon space of the boundary va]ue prob]em |

(1.1. 31 33,34) to the space Gy 1t can eas11y be shown that the f1n1te
e]ement model of the correspond1ng Galerkin: prob]em reduces to the problem

of solv1ng the following system of a]gebra1c equat1ons.

E | e I“ (e) N a ~(e)‘“ _-~'(e). . ~A
Z 1¢ )A T ]\j J 1 M(»T.u)fb- N(T},u)ududw o
es1 = Te M 9T A _ ‘
+] I(e)AMT(e)Ahf’ f °(e) (T u)¢(e’ (T,u)dud wA

es1 Te;ue
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‘ Z:I‘e"Mf f [1- Y(T)Jf[e(r,t)lé‘e’M(T,u)dudr
e=1 A Te ue . . . ' R

+ 2“§ Z Z B(e, eN1(®) M1‘e ’ANj J ¥ agk Bt - ¢
q=o0 e=1 e'=1 T , L

‘e’Fe

g ST ~
‘.J ,~Kq(u’)®‘e ) (o) du"dudTyh
B _

E . : R
-1 'I‘E?AMI(e’AN{ (&) (15,18 (1o, mnduyh
e=1 _ : )ue+( AR,

. E _ T , o -’ ‘
o (e) M (e) N % (e) ree) T U
+ 11O 3 0,08 o, wuait
. e=1 v He ‘

CE T _

ST M @et® | (pauds
-k by T M

ce= o Tp =

) 1.(_8>AJ e T8, OB, (o

= (2
. . " E i} . » . ‘ ~(e') : ' 1 - {LA
IR L) Zr‘e’ ‘z‘e’ J q>< ) (-co,u)J L4 T Croan D du ndudt
o (2)e-—1 e'=1 us ]J.el - . .

€

\

Z I‘e) ”1‘“ NJ 3O (o) ) (g, udulh
Y- B R

(Z)e =1 .
e

E : S :
N T et (0,udu

: Af o+ (» T M :
ecl u 1 .

e

' (ey M : . (e (n.
SV St S @ 51000, Y18 7 Owudn

. ezl Jy ¥ (D
e
o U ety
d - (e)M(e)N e J S30€ ) 0, tdp Tpduph
- 2p y Z 1 %7, J LTy e N(_,p 3 _
(l)e =1 e L He ‘ g o o

. v E ’ » - . . . ‘, N . . L ~
s ey M ore™ N (e (e™ _ A _
DA S Aj 90w (0 mmuanph - (3.1.1)
-v(l)e_:l B ue . . . _
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where Lo = Mg n (0 1] and Ue =y L1 0) » B is a mapp1ng from
{(e,e')[ e =; - 1,2, ..,E} to {0,1} def1ned such that B(e e ) =1

‘if f co1nc1des with Te! and B(e e') = 0 if otherw1se and ‘the 1abe1

2.

‘e 1dent1f1es the mirror 1mage with respect to the 11ne u =0 of the

element ]abe]ed as’ e. let .

@ = {QA} ’ . .A'z ‘l>,2',..>?,Pv'; |

andffor éﬁy e ;';,25.;,,Ei f“

. %;e)(f?@Q = {5teéM(1,u)} ‘; - »7~ | M‘§‘1,2,.;;;?é;'
épd |
(e) My .o M= 121>e - 12 P
fheﬁ thévSysteﬁlofvequatiﬁnsv(3.1;j)-cén bé'Writtén-in matrfg.fonm'és

foliows.

T e

~ o~ e

( T E—S+B(2)_B(1)+dR(2)+SR(2)+dR(1) SR(]))I‘U = S t(2)-8(2)+t(1)+€(1) (3.]‘2)
7 . - : v : o

In Eq. (3.1.2) T is tﬁe;tfahsport“matrix defined'aé

vihere T ey denotes the e}ément tiansport méfrix,andﬁis'giyen'by

Tt Lol | R Rl T (31.3)
S T T T Me 9T _ : :

E is the extinction matrix defined as

i
[19] .
I} N~
[

E(é);’
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where E, ., denotes thelé]ement-extinctioh ratrix and is given by

~(e)
E(e)'fvl(e)l(e) jT Ju ~(e)(T'u)‘I’ (T;u)udu P :>(3.1.4) 

e re-

S i§ fhe.scatter{ﬂg'mqtriX‘defined as

E ’
f Z Z B(e,e) (ee )y’
e-1 e, =1 B
where Sée e’y denotes the element stattering matrix and:is;given by
BRI A . [ 3:1.5)
See,en=2mY TiesIiery JA.J Yag (“)Q(e)(T’“) SRR (3.1.5)
, =0 Te'He' » : :

. J. K, ' )¢(e ) (r,u )dp' dudr ;
]J ] '

g1, B(Z) are the boundary matr1ces defined. as

(1) o z (1)

: " (e)
e=1
© dand
. 2y _ S ) '
Bl= ) B ey v
Coex=p o .
‘where B(i)( s B(Z)(e) denote the element boundary matrices and are given by
. -~ (e}’ C = RO o : S - o .
Bl = Lierkees J .-~(e>(°’“)¢( ) ’“)“ v | R
’ : e . .
and
B(2) =1 <"I M (T u)- (T ,u)MAU‘; L (3?];7)
B2 iy T Tierlcer | 1%y Tor W 2(ey tTo o ' |
_ e .

.dR(l); dr(2) are the diffuse-ref]éction'matrites defined as

_— E E
dpay = 5 9D

1
. 1 (e,e )
.ex=1 & =1



k.

and |
:;'.dRcz)i;' g § dp(2)-
- es1 e'=1 ~ ':(e’e') ’
A»whére:dg(l)(e,eiiﬁidg(z)(e;e,)‘dendte the'element diffﬂsé fef]éction.

matrices and are given by

Cdpay ad L T e ] T
B e 20 g Ly Ie J +?(e)(o‘u)1“ Beny @uhutduud (3.1,
= ) . NSt R MY e | B

. e

and
- d (2y .' - d . . T ~ ' ~ 4 T ' . . _ >.‘
-1}. (e,e')- 20 (z)z(e)z(e') J -?(e)(’ro’u)j +?(el) (To’u')u’du'udu; -
: Co ’ ue.A .ue| . Co : ) (3.].5

SRA1), Sg(2) are the specular reflection matrices defined as

| v o
CUsp(1) - § Sp(1)

! IR e
-ooex=l | ,

ahd

Sp(2) = 5p(2) -
E T z B “e)
e=l

where SR(I)(e), SR(Q)(E) denote the element: specular matrices ahd;aréfgiven'by

SH(1). s . T B - - T } : ‘. .
R (e) = P (I)I(e)Z(e*)Ju'+?(e)(o'“)g(e*)>(O»xU)UdU : - (3.1.10)
R . » e : ‘ :
and
SR 20t T Teent| B (torIboen (Twudn 5 (3.1.11)
~ (e) ~ (2)~(€)=(&¥) y —Z(e) 0P ety to? ’ 3. 3.1,

S
s is the source vector defined as

, E
;8.2 1 Scey
exs}l

where,s(e):denotes.the element source vector and is given by
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Stey = Z(e)j 'f\ L1 - y(ILOe, 018, (t,wdudt 5 (3.1.12)
Te'He ’ o L o '
t‘l);‘gfz)b aré theftranémission.vectOrs.defined as ' .
E . ‘
I £
e=1

(1) |
< ey

and

E :

: (2) '
z E (e) 1

t(2)
- T e=1 "

whereft(l)(e), g(Z)(e)_denote the element transmission vectors and are °

‘givéh.by
£V ey = er)J STy, Codudn | o (3.1.13)
= et M BT S | o
2y = e B o ey
M§<Z)(e) = Z‘E’jﬁ3_T(2)(“)?(e)§70’“)“d“ i A | (3.1.14) .
. e : : S

e(1), o(2) are the emission vectors defined as -

E

5_(1) = - Z . S( )(e) |
ex=1 ) . \ ‘
and
, E .
A - 2. :
E(2) = Z 3( )(e) ,
ez1 - :
where e(l)(e), e(ZJ(e)Fdenotevthe element emission vectors and are given by
Ly . ' $ O,wudp C o (3.1.15)
SEEI P | £, R0, 18 (O AR

e

and"
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e

'3;2 E]ementiMatrices and E]enent Vectors

‘In Section 3.1.Qe have fohnulated a'finiteéeTement‘modelnof”the‘
‘Ga1ekkin approximation'ofathe weak‘problem associated with the'boundary'~
vvajue~prob1em-(1‘1 31 33r34)‘~ The finite e]ements fntorporated in this
"formulat1on, however, have been 1eft arb1trary except for the requurement
" that they be the Cartes1an product of the correspond1ng spat1a] and angular
'subreg1ons Consequent]y, the 1oca1 basus funct1ons and-'therefore, the
Tocal approx1mat1ons over each e]ement have been treated as arb1trary w1th_
the assumpt1on that the cont1nu1ty, norma]tty and 1oca11ty requ1rements
"~ -are fulfilled. In order to be ab1e to compute, however, th1s genera]xty
hmuSt be abandoned and spec1f1c types of elements as we]] as- the 1oca1
basis functions assoc1ated with them must be 1dent1f1ed
" For the sake of simplicity, Tet us conf1ne our. attent1on to Tinear

'drectangu]ar e]ements, Figure 3 2 1. Then,1t can be shown that

-~ ' ~ ~ S ~ 3
1. (e). .2 (e) -
@) + ¢ z(T’U)‘JJ(e) + ] 3(Tp“)‘p(e)

- Q(E)(T;u) = E(Q?I(T;u)ﬁ
PR b, @
T (W, ‘ ’ | Secol

where Lo :

, ~for’r‘e [1,,7,] and p e [ul.uhlv
: (Tszl)(uu‘ui ) ‘ .

T(ey _n(e) ¢l 3.
¢ - 1 _d>‘ ,I(T)u)—

o for T ¢ [Ti,T23'°r/an b d Do Js
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‘ (T-‘Tl)(ul‘—u )

— — for 7t ¢ [Tl.le and u'e'[ui,uhl.: o
| | J G AT PO S |

~(e) - T~e e ) -

'Y )2-2 Q( )Z(T.u) =

(Tftixu -Hy)

-

. for T e [1757,] and p € [uypsuyls
(Tp=TyXi, -1y o _ .

AN -0  for T ¢ [1y,7,Jor/and u & Tuyamds.

(T,=T) (W=Hq) = :
oz : - .for T g [Tl.réjand uE [ul’“h]’

-

T Ty

. e .
%) = ¢(')4(T’P) =5

0 . for T ¢ [TJ,fZJOI/éndi u é [ui,uuji"
“and , _ |
~ N ~ S UN : : L
= : - N =1,2,3,4.
Yey = W(e)[(T,u)_], 5 = |
Then for (T,u) € [ilﬁrzjx[ul,ukj _
o o _ o -
' (T,=1) (W, =H)
T I T P AR () G| -
bz G s T (3.2.)
, ("~: =) (T, = TPy, = uJ)» (Tle) MUy R -
s (12-1)(u-u1)
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‘ ‘“;,Uz _________ Q — @
. " : :
A I
S i
! |
b !
o : 1
1 : -
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1 t
1
h |
) .
’ L}
TliTH TZ)T3
Al

- 4FIGURE 3.2.1 - A linear rectangular element -
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AsICan be seen:the basts-functionr" () N »N=z1 ﬁ 3;4“ .(i){'are
def1ned 1oca11y over the reg1on [Tl’ ]X[pl.uh], (11) are normalized
w1th respect to the 1oca1 nodes (r,u) s N = 1,2,3,4, and v'(idf’ iare”
cont1nuous at any po1nt (T,u) € [tl,r ]X[ul,u ]J. Equa11y'important;‘
s1nce the e]ement boundar1es are paral]el to the coord1nate 11nes, the
’cont1nu1ty a]ong the 1ntere1ement boundar1es in the connected mode] is
"a1so guaranteed | | - »
Hav1ng spec1f1ed the part1cu1ar type of the f1n1te e]ement to be f
used and obtained the exp]1c1t express1ons for the assoclated local
ba51$ funct1ons, we now proceed to derlve the correspondlno express1ons
of the e]ement matruces and the e]ement vectors involved in Eq' (3 ] 2).
Let Us assume that in the overa]] assembly the local nodes 1abe1ed as

1,,,3 and 4 in the e]ement w1th label (e) are, respect1ve1y, carr1ed over

. “to the global nodes with- 1abels 1, i k and g in the connected mode] Then~

)

1 0 0 0 « - ith row'

_ 0 1.0 0| <« jthrow . S .
S R I L - (3.2.3)
. 0 0 1 0| <« kth row

0 00 1 « Lth row-
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and by oo1ng through | 51mp1e yet ted1ous a]gebra, the exp11c1t express1ons‘ .

for the element matrices and the e]ement vectors can eas11y be der1ved ”For'

'genera] reference, in Appendlx A we glve a 115t of 1ntegra]s used in the

‘der1vat10n. The re;u]ts are as fo]]ows.

Element Trqnspo'r’.t Matrixz -

From Egs. (3.1.3), (3.2.2) and (3.2.3) it follows that

1000
. 3 . — _-4 ) ..1
e RS DY DO O O | S SR, SR SR
0100 3
T ) N 1 » L] . » a e 0 . 1 l.‘. 0..0 LN 3 Tl - Tl . TZ T2
~E u - wy L] oo o b, T, T, T |
- L 1 . 2 T2 3 3
0010 ~ L = S
. . | 0 OQAnOo 1..._J L_—TZ -Tz "'T3 —T3‘—J
0001/}"
» L] » DJ 4
~ where
' 3,2 2 3
Ty o= 3y FoHgMy = S, o3y,
Tyo= Gy B RGy tu),
] and - : - ) _ . ‘ ) Sl
V . , - 3 >2. 2 + 3 .
Ty = 3y, = Suu ¥ ”1“1.-, U

| (3.2
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EZement‘Extinction Matriz

"»Fromqus.’(3.1;4), (3.2.2) and (3.2,3)”it-f611dws}that

o
o
o. . e
o

l ..».1.,.0:.140..;0.;:T 1 1/2 1/4 1/2

o
O o
o

(1,7t ) Qo) | - vee0.031...0.,.000. [f1/2 1 172 1/4
LT , 1... _ A
~(e) ‘ 9 ._o 3

c00.0.0..41,.,0.. 174 172 1 172

o

o
— o e
o .

R I Y RN O TV | W VI V7 B

0001

* e e &

e 8 & e

. —

' Element Scattering Matriz

From Eqs. (3.1.5), (3.2.2) and (3.2.3) it follows that

.
-
o
A3

s
O« -
o
o

Cufleei1a00000000000 0 Ty Tz Trs Ty

. o .

. p o e
+ O

s O

“

pa

o

o

; Ty Ton Toa Toy
2n _21‘22 23 *24

7 E(e,é')

- . (T?_“Tl)z(Uq_Ul)(Uhv-ul,) v . 00.0-9-‘0".-1..‘ .O-'._"- T31 T32 T33 Taq

(e I .
Q.
o

.;0.310...0..;1... _?41 Tug iu3 Ty

(3.2

o

. ’Ow 3 -
o » e
=
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‘whére;
Ty = an J 'Y(T)Kq(ll) (t2-%) (Pu’U)J - Kq(u')(u,*i-u')du'du&r_ »
Lg=o L FTytHy e N
T, = ) a j Y(DK (u)(Ter><T—rl)<uu—u)f Kq (") Gy v=h")dp dudr,
: q S q .. q 4 '
q=0 ) “Ty7Hy . . My C

Q. T My . S T L, :
_T13’=T.§__aq[ { Y(T)Kq(u)(Tz*T)(T-Tl)(uk?u)J Kq(“')(u'-ul')du'dudT,

T, R - ﬁ#'
Ty = % .aqj 2J : y(r)Kq(u)(Tzft)?(uu-u)J

K (u')(u’—ul,)du'dudw, '
“Hq d LT :

» . SRR Y | )
'y(r)xq<u)(TfT1)(rz-T>(uu;u>ju5 Ky (') (v dudr,
. . » : UA! j - B '.:
J Y(ﬁ)Kq(uD(r-Tl)z(uu—u)Ju, .Kqﬁu')(uq.—u’)du_dudf._
: . 1! o -
J. _ Y(T)Kq(U)(Tle)Z(U“'U)J o Kq(u')(u'fuln)du dudr,
iMoo o Myr - o
TR N
J J Y(T)Rqﬂu)(T‘Tl)(Tz‘Tz(uk‘u)Ju Kq W) (u'-u, wydu dudr,
’ . . o ! : :
o [T2[M O - -1 (u- 5 ug;:K‘( "G '~u')du;dudr"
Ty = )o@ J"J YR GO (1) (1) (Wi L d B, TR GE GRS
‘ , , - F1 '

1

S K, (ut )y r-ut)du'dpdr,

w
N
]
o~
[+4)
0

T, ) o
J Y (DKg W) (1-1¢) (u-uI)J-
Uy - !
L ’ | Uy ! . = '
J 'Y(T)Kq(u)(r-Tl)z(u-ul)J L K uh) (ul-uy ) duidudr,
Tt S TH |
; s R 'HL’V’V'.' o
YR @ (1) (D G | K@ Gty Odutauer,

T31+ ’
9 o ) Tl Ulv C - 1 ul'
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Q (T2 My ’ 2 ' Hy, ' B . i o
Ty = 1 aqj YR ) (-1 (u—u1>j B UL YRETO T L
B S T S R o THy ' A
T,, = ) 3y J Y(T)Kq(u)(12—1)(T‘Tl)(U'u1)J jxq(uu)(uu,-uv)du!dudr, :
gq=0 . “J'Tl ) . T e | . - .
_ g 'TZ[uq ' o Myt Sy
sz L oag) *l" @R ) G [ ke @ty autduar,
and :
o Q —1-2' vul* | _- v : 'u‘u' - o o
Tyy = Z*-aqj J Y(T)Kq(u)(TZ-T)ZCu'U19J _ Kq(u')(u'*ulx)du'dudT,
. g=o0 . TJ ui - - ul' T :

In theiabbve'expressions primed indices and variables fefef'to the e]emeﬁf

‘Tabeled as e'. If, however, s¢attering

of .1, then we get

is isotropic and yis independent

e
1000
‘ e K ‘.."'\"Q
G e . 1...0...0...0... 4] 1 1/2.1/2
Sy (Tt Gy ) Gl ) b el 0...1...0...0 1/2 1.1
) 1y == - - —~ o o .
~ieve) 12 . 0...0...1...0... |[172 1 1
0010 , ) o
e e el -obuOOOQIOQOlOI-olcto L.l 1/2 1/2
0001 o
S (3.2.7




‘Element Boyndarg‘Mbtricesf

k From Eqs. (3.1.6),

B(1)

< e

and

5(2)

(e) ~

12Qu, = u,)

1

17—(1-‘,_, - 1-\1)

O . .o'Oo‘o.chp—l-o.].‘

s 4 s » [ I

‘.c)o .
o .

co
(=2

e e
O .
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(3,1.7)'., (3.2A.2)’aAnd (3.2.3

.
*

o
.
o
.
o
‘.
[
[=]

i

]

7

0'5 |

. —:,.1., ;

.

.

.
o
.
=
.

L]
o
(=]

*itﬁf011ows'thét'
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where | h
| Bllf My Mg - Sulw, 3p§'
B, = (u_u -\111).2('111‘ f,vu.,;)., -
and '
By = P - swul o+l 4l

17y

Element Diffuse Reflection Matrices

»From Eqs.-(3.1.8),-(3.1.9), (3.2.2) and (3.2.3) it follows ;hatf'

— =
00
—
e h . . 19no“oo 000 0 o--_1 Rdl 0 0 Rdj
o joroo0f - | D
d ('n) ;Dd(l)' « o oo o]l ees000.1...0...00,, 0 0 0 0.
1 . - m————— ". ;. ' ' ) ',“ N ’ "»,
B ey T S . , | )
e ) "o9g | L ..o ...0000 000 [0 0 0 0
‘ e 0 0 y Y d . d
e e e veo00..0.,.0... .0, R™3 0 0 R™y,
— M el -

and -
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Ao oo o 0 0]

{
|
-
| adiid
.

O
»

PR S TUCY JOOY O | O T RS Rl I
| | (3.2.1

0'00061_0000010000-‘-... O R 3 R y ) 0

o
o
p—loi ..
O

. . . '- -;0'0-0"0;0-00u'010.;0-

.
3
.
.

I SR . R
R (T . T LT R T S TR

R e - D@2 - -t e

2 y B LSl oF R L 1Myt T Hpt S ' o

d _ (9.2 _ 2y 64,2 L o2 |
| R 3 = (2).lqv ]Jluu- ; “1)'(uu' + ul"uk" 2}1-1!):

and T
»d 2 k'z 5.2 ' 2

i .R y = | (Z)ﬁ* - Lll}.lu‘ ‘}111)(211,*' et Ul |U‘+' = ul')_.

In thénabove'eXpressions'primed indices refer to the element labeled as e'.



Element. Specular Reflection

spl1)

,and )

" SRp(2)

(e) =

Py

12Gu, - wp) |

s
P2y

O .

From Egs. (3.1.10),

-
.
:_
:
*
:
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Matrices.

. o]
00
$
£

(3.1.11),

%
-
'
;i

I o

3.2.2) and (3.2.3) it follows that
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where
DR = (uy m WPy o),
S _ 3 44y ul ~ 542 3
Rog =iy Ty, 7 U, F 3y,
and '

.S 3 _ 2 2 3
RVg = 30, = St * .

Element Source-Veéth

From Egs. (3.1.12), (3.2.2) and (3.2.3) it follows that

Y I

1000
: : -'. ‘(b‘l"z"T') (Uq"pﬂ ,
) 0100 | R S
S e e e Ty My i R G o SO ECI T TD2 R
Stey = 1 —— e v J . J (1 - ymolle,e)l| - - }drdu.
T (rr ) (M) L ee e 0T THYy L | (Tt (weuy)
: v 0010 ™ R o
. . ;-(TZ—T),(u—u'l_)-.—] ’
0001 | : S
= (3.2.14)
1 - o ,
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For a constant source of étréng;h sg,'We then get

ey T %o

B (TZ - Tl)(u“ - 111)

Element Transmission Vectors:

- From Egs. (3.1.13), (3.1,

10

1y, o1

s

00

00

. .k uz} . 7 .
’ J "T(l)(u')b_

10

g

=

-
fLe e De e e
e e e (De .

s e O
e O e e
-

()

Hyo

14), (3.2.2) and (

udy

(3221 5)

3;2;3);i£‘f0110ws that

' (3.2.16)



and

w2y o 1

Element Emission Vectors:

u .
. J 4 T (w)
(2)

75 -

(y,~w)

(1-uy)

. udy.

'(3ﬂ2;i7)

Fron Egs. (3.1.15), (3.1.16), (3.2.2) and (3.2.3) it follows that

S0 £6(0,1)]
~ (e) W - u.)
, My, = M)

—

00

‘

uduy

(3.2.18)
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3.3~ Finite Element1501uttons,to’Somerselected'Problems

| - Having obta1ned the f1n1te element equat1on (3 1. 2) in 1ts exp11c1t.
'fonn, in th1s sect1on we proceed to present f1n1te e]ement solutions to some
| much studled problems for wh1ch numeruca] so]ut1ons have been presented in
~ the 11terature. 0ur intention is not necessar11y to, present more accurate
't;so1ut1ons than have been presented before but” rather to prov1de a conf1rma-
. t1on that the f1n1te e]ement approx1mat1on techn1que 1s app11ed and- 1mp]e-
;mented correct]y, as we11 as ev1dence suggesting that this. technxque can be
‘ adopted to- obta1n re11ab1e resu1ts eff1c1ent1y
The prob]ems attempted fa]l 1nto ‘two categor1es The“prob1ems of
’ the flrst category are of a homogeneous type lTeading to a genera11zed
a1gebra1c elgenvalue prob]em Those of the second category, on the other
h:’hand are nonhomogeneous prob1ems, nonhomogene1ty either be1ng due to. a
N‘source or due to boundary effects._,Prob]ems of this nature 1ead.to v
problems tnvodving a system’of'aloebraic eqUations‘::The‘adopted soTutton
yscheme for the genera11zed algebraic e1genva1ue prob]em is that of Noler
and Stewart [36], 1mp1emented w1th a computer code 1n the fOrm of a sub-.
.rout1ne under the.name EIGZF by IMSL [35]. The solution scheme for the
~ system of a]gebra1c éequations. 1s -a standard one, based on the Crout
a1gor1thm [37]. Its computer 1mp1ementat1on is in the'form of a subroutine ‘
called LEQTIF, and - developed by IMsL [35]. | |
| Computer impIementation ofdthe finite?element models approximating
'the prob]ems cons1dered is stra1ghtforward and. 1s based on the a1gor1thm
~given 1n.Tab1e (3 3.1), which is common to almost any app11cat10n of the

o finite-element approximation technique.
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TABLE 3.3.1 - A typical finite-element a]gorithm.

Step 1 - Eorm the element matrices and thede1ement yectorsf

Step2° | Assemble the element matr1ces and the e]ement
. - . vectors to form the system matrices and the
system vectors -

Step 3 - ' Form-the system.of equations and solve

As. can be seen, it’is'possib1e to deve10p'a Sinqte'code imp]ementing.the~
i f1n1te-e]ement mode]s of the problems cons1dered, as we]] as the f1n1te-
element model of any prob]em stated in terms of Eqs (1 1 31), (1 1. 33)

and (1.1. 34) Powever, s1nce our: 1ntent1on s to substantwate the app11ca-"

- tion of the f1n1te element approx1mat1on techn1que to the class of problems_' f'

cons1dered in th1s study as well as to demonstrate 1ts power in obta1n1ng
~re11ab1e resu1ts eff1c1ent1y, the deve]opment of separate codes 1mp1ement1no
~y'the f1n1te element mode1s approx1mat1ng the prob1ems cons1dered is preferred
over the’ deve]opment of such a s1nq1e un1versa1 code. L1st1ngs of typ1ca1
codes and of representat1ve sets of data are.g1ven in Append1ces B and C
F1n1te element data 11sted in these append1ces refer to the f1n1te -element

. mesh shown in F1gure 3.3, 1 The code 11sted 1n Append1x B 1s a code typ1ca]
of those used in the solution of homooeneous problems, whereas that listed

f 1n,Appeno1x C is a-code typical of those used in the- solut1on ofynonhomo-.
'deneous problems "UNIVAC 1106FI cput times of.the’former and the latter
vcodes run w1th the1r assoc1ated sample data are respect1ve1y 46 seconds

and 27 seconds.’ Ne snou]d’adm1t that both these'codes andvthose used.but.“

+ g

'Central Processor Unit
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not 11sted are prototypal in nature and are mere]y deve1oped for the sake

of obta1n1ng so]ut1ons with a m1n1mum of progranm1ng effort therefore,‘

they should not be taken;as profess1ona1}codes.

=
1 g 15= 22 29— 37
o l (1) L (2) (3) TS l '
2/3 »  J——lf———p]———28 36
o l () & | | @ l
13+ 6—13 20— 27 ———35 ‘
| é (9) (,10)' an (;2)'3!1,
0 - S | NRSRER | S 7. M —~ 1
lll'(laj | an | as »_(16‘) -3'3
13 3 1 ——— §——— 25— 3
a7y -8 | ay | o 1T
-2/3 >~ —1)——17——2——3]
' (21)' ,(22) (23) (24) Lv
SRR 9 16——23——30
4 " e + X
: “1/2  -1/4 0 1/4 1/2

FIGURE 3.3.1 - A typical finite-element mesh

B The-problems aftemoted are'§o1Ved for three different meshes:
”(4}4);.(4 6) and (4,8). AAn (ﬁ,n) mesh refers to the finite-element
model of the region [O,TOJX[ 1, 1} or in some problems, of the reg1on

(- 10/2,10/°]x[ 1,1] constructed by us1ng m linear elements in the spat1a1

reg1on and n Tinear e]ements in the angu1ar(reg1onf. Nhenever approprwate,

T It will be seen that the attempted problems are invariant under translatlons
with respect to the variable T. Therefore, for these partlcular class of

" problems whatever is applicable in the. case of the reglon [o, TOJ 1s also
‘appllcable in the case of the reglon [-t5/2,15/2]. -
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'Eon the;boundaries a double node is used1a1ong'the_direétioﬁ u=0 to'aT1§w
for the diSéontinuitylof'the'intens%ty-diStribqtiongélong thiS'directibn. -

- “The ih;ofboration'of such a doubie node is»perfectly']egitfmate since-
there are no anguTaF'derivafivés invo]ved.‘ To facilitate the"compérison1 "‘

-and the evaluation of the solutions, the fésdlts afelpresénted difect]& '

~ . on their Correspondinglfinite-e1ement.me;hes.by,éimp1y attactiing the vaiue'

N

~ of.the intensity to the'associated node.
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The_EigenvaZué Problem with Isotropic Scdtterihg‘ 

The governing eigenva]qe'prbb1em is giveh'hé follows.

o'y d Y(t,0) + ¥(t,0) = X Jl W(T,U')du‘ for -1. < T.<T (3.3.1)
YRR : 5 i T LT 2T |
: -1 = _
’ and -1 <uc<1,
C ¥eTew =0 for  o<w<1, o (33.2)
¥(tgw) =0 for . -l<u<o. . (3.3.3)

Its correspbnding'fjnite-e1ement mode]‘then_cohsists’ofithe fo11ow5ng '
generalized eigenvalue problem. | - |
T S SRR Pre- SN, S
[e_z_l( eyt eyt B ey - B :_-(e,))].? -
- )

b't 1 Z Z B(e, e )S(e eb)]ﬁ N

3 es1 e ‘=1

2) .
~(e)’ « (ey? E (e) andA§(e e')

_whehevthe eTement mathjCee Te ;, E, ., B(!)
are respective1y giVeh'by Eqs. (3.2. 4), (3.2. 5)s (3. 2.8), (3. 2 9) and
"(3 2. 7), and. where B(e,e') and W are as defJned in Sect1on 3. ] ’

‘ ‘ The e1genva1ues and the correspond1ng 1ntens1ty d1str1but1ons are
.jg1ven in Tables 3.3.2-19 for dlfferent opt1ca1 th1cknesses and for d]fferent.

finite-element meshes.
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TABLE 3.3. 2 - (4,4) finite- e]ement solut1on of the e1genva1ue
_ ' prob]em (3.3.1-3) for T = 0.5 : ,

“Mesh (4,4)
Nghbérvof.E1ements - ' ~_ MNumber of Nodal Points
6 L |
To = 0.5

-Eigenvalue

- 1.60938

o U ‘Intensity Distribution

1 |-0.0157223 ~ 0.15689%  0.287263  0.410481  0.445726

1/2 |-0.0281633 - 0.226468  0.436495  0.657430  0.644175

| 0.0322042 T e o 0:585775
0 © 0.835090 ~ 1.000000 . 0.835990 e
0.585775 T 0.0322043

| -1/2 | o.628175  0.657439  0.436495  0.226468  -0.0281634

-1 | 0.445726  0.410481  0.287263 - 0.156896  -0.0157223

ol a2 s o R VN V-
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TABLE 3.3. 3 - (4 4) finite-element so]ut1on of the e1genva1ue

e pmbhm(331 ﬂ-mrr

os

thberJOf'E]ements

16

Mesh (4,4)

" Number of Nodal Points

27

. T =1

(o]

Eigenvalue

1.276626

1 {-0.0355780

172 | -0.0643947

© 0.292595 .

' 0;465502'4_

0.501897 - 0.716267  0.673969 -

0.742811  0.926228  0.744736

0.175310 . D . 0.483064
o | 10.965008  1.000000 - 0.965908 = o
| 0.483062 T - 7 0.175311
| -1/2 | 0.784736  0.926228  0.742811  0.465502  -0.0643947
1| 0.673969 - 0.716267  0.501897 - 0.292506  -0.0355779
T -1 172 0 o2




el

- TABLE 3.3.4 - (4 4) finite- element so]ut1on of the e1genva1ue
R problem. (3 3.1- 3) for TO =2 : '

Number ofvE1ements

Mesh (4,4)

Nurber of Nodal. Points. -

16 27
TOV =2
Eigehva]ué
1.10812
p . intensifnyfStribution,
: lv‘; -0.0545461 0.439110  0.736630 = 0.926950 . 0.680545.
12 |-0.0850171  .0.644641  0.917282  0.986385 . 0.586071
| o.21489 - - 0321271 -
o | 0.924741  1.000000  0.924740 D
0.321269 . I 0.214820
1/2 | 0.586071  0.986395 ..0.917282  0.644641  -0.0550164
1 | 0680545 - 0.926951  0.736630  0.439109  -0.0545462
T . -2 -1
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f_TABLE 3.3.S - (4, 4) finite- e1ement solution of the e1genva1ue
- problem (3.3.1-3) for To = 3. o

Mesh (4,4) |
Numbef of Elements ,f . ' ' o :Nuﬁbef_df Nodal Points’ -
6 - A
R . ) .: 3
v':Eigehvalue  g

1.05809

| h.v . © - Intensity Distribution: )

1 |-0.0604539  0.518155  0.842446  0.961403  0.579747
1/2 |-0.0362884  -0.697%01 ~ 0.960187  0.956119  0.453220 -
1 0.100089 024033

o | , © 0.881067 1.000000  0.881067 o
0.240332 U o . 0.190089

172 | 0.453220 - 0.956119  0.960187  0.697901  -0.0362845

-1 | 0.579747  0.961403  0.844446°  0.518155  -0.0604537

LS R B -3/2 0 32 3
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- TABLE 3.3.6.- (4,4) finite- e1ement solution’ of the e1qenva1ue

_problem (3 3.1- 3) for T, = 4

Number of‘E]eménts'

'Mesh=(4,4)

Numbér,ovaodal Points

-2

16 27 .
o
Eigenvalue
1.03626-
'vp'_ Intensity_Distribution
‘1 |-0.0605472 "~ 0.565753 0.899373 0.952718. 0.488503 -
- 1/2 | -0.0230507 0.716221 - 0.976035  0.923294  0.364780
| o.163387 o 10.191892
0 . ©0.850753  1.000000. : 0.850753. AN
'0.191893 o » 0.163386
-1/2-| 0.364780 ~ 0.923295 0.976034 - 0.716220  -0,0230508 -
-1 | 0.488504 0.952718  0.889372 ~ .0.565752  -0.0605473
T -4 0 2 4
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B TABLE 3.3. 7 - (4,4). f1n1te e1ement so]utlon of the e1genva]ue
pmbkm(331 -3) for 1, = 5

Number of Elements

16

Mesh (4,4)

Number of Nodal Points =
27 |

T. =5

: E1aenva1ue

1 02478

~ Intensity Distribution

1 |-0.0582409 . 0.506433  0.930241  0.934170 © 0.417128
1/2 [-0.0144737  ©0.722820  0.983683 - 0.896028  0.303735
B AR VIV B B R 0.159594"
o | 0.829076  1.000000  0.82978. .
| 0.15959 “ S 0.141451 -
-1/2 | 0.303734 - 0.896026 10.983683 - 0.722822  -0.0144744
-1 | 0.417127  0.934168  0.930242 © 0.596435  -0.0582414
T -5 -5/2. 0 5/2 5
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e TABLE 3.3. 8 - (4, 6) f1n1te e]ement so]ut1on of the e1genva1ue
prob]en (3.3.1-3) for ro = 0. 5

| o Mesh (4,6)
Number qf Eleménts; L leumber of Nddainointg B
I oy
B | =05 o
Eigen9a1uék

1.61399

- R . Intensity_Distributﬁon

1 |-0.0245821 © 0.172181  0.315459  0.474364  0.513886 -
2/3 |-0.0256927 _ 0.246077  0.423153 0.608222  0.624331
173 |-0.0489716  0.392167 0.648062  0.846870  0.772178

-

{ 0.169748. A R . 0.608316°
o | ©0.973158  '1.000000  0.973158 :
| 0.608315 3 e | 0.169750

-1/3 | 0.772178  0.846870  0.648062  0.392166  -0.0489719
-2/3 .| 0.624332 ~ 0.608222  0.423193 ' 0.246077  -0.0256927

-1 | 0.513886  0.474364  0.315460  0.172180 . -0.0245821

B I Y s 7 TS V7 S VG
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TABLE 3 3.9 - (4 6) finite-element solut1on of the e1genva1ue

prob1em (3 3.1- 3) for T,

= 1

Number of Elements

Mesh (4,6)

'Number;bf‘Noda1 Points

-1

24
-:Toi£ ]
- Eigenvalue
1.27653
T ‘Intensity Distribution -
1 |-0.0445373  0.306273 ©  0.53091¢ - 0.745136 - 0.696614
© 2/3 |-0.0425547  0.400586 - 0.667131  0.876489 = 0,748012
1/3 |-0.0499125  0.624878  0.883871  0.997799 - 0.722329
| o.288028 S L 0 0.468360 |
o .| ~ ©© 0.98326  1.000000  0.934326 = |
- 0.464361 o o | 10.284023 .
-1/3 | 0.722329 - 0.997800  .0.883470  0.624878  -0.0499122 |
T-z/sﬂ 10.748012 0.876489 0.667131 - 0.409585  -0.0425548"
-1 | 0.696614 0.745136  0.530919 . 0.306272  -0.0445337 |
T -1/2 0 1/2 1
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TABLE 3 3. 10 - (4, 6) finite-element so]ut1on of the e1qenva1ue

prob]em (3 3.1-3) for To =2

Mesh (4;5)

- RNumber of Elements o ‘._'Numberiof'Noda1'Points'

W
©. Eigenvalue

1.10815

~ Intensity Distribution

.2‘/‘3 s

us

C-1/3

-2/3‘

|-0:0588303  0.449961  0.747105  0.929396  0.679585 |

-0.0494703 0.565925 ©0.860982  0.980964 10.630759
-0.0112123 0.750970  0.969417 = 0.979837 - 10.515338
0.261511 L 0.314768

_ 10.919488-  1.000000  0.919489 , -
0.314766 . | | S 0.261510

0.515338  0.979837  0.969418  0.750971 - -0.0112126
0.630759 - 0.980964  0.860982  0.565925  -0.0494705.

0.679985 0.92939 ~ 0.747106  0.449961  -0.0588304

-2 -1 0 B T o2
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_»fTABLE 3.3.11 - (4,6)‘ffnite-é1emen£ so1Utﬁ6n'df'the é%gehvaTue

problem (3.3.1-3) for , = 3

Number of Elements_

24

Mesh (4,6)

=3

EigénValue o

1.05809

Numbér7of,Noda1 Points

‘Intensity Distribution

s

T -3

-3/2

1 | -0;06T3314  .524878 -~ 0.847271 *:’_0.959878 0
2/3 | -0.0443428 631461 0;926279 'OQ§6657éj B 0.5019931
|  1/3" 0.0112175 - 0.769984 ”t»0.984131 036629 0.389702
| "6;214089' | B \ ‘_ - ,‘ | ?0.23?9355
o | 676372 1.000000  0.876372 -
© | o.237937 | - | 7 0.214087
s ’6;3897oé' 936630 bogB0 0769963 ‘0.011;i82,-'.
~273 | 0.501903 996579. 10.926259 0.631460 | 70;0443425
o 0.5  0.95%78 N 0:847271 0.524877 -0;0513315
0 32 3




© TABLE 3.3.12 -

S -92 -

(4,6) finite-element‘solution'of the éﬁ
problem (3.3.1-3) for T, = 4

genvalue

‘Number of Elements

24

Mesh (4,6)

1'0:4

EiQéhvdlue

Number of Nodq]iPdihts. 7

37

1.03626
B VInfensity Djstribpfion
;4f_ -0.0595835 B 6.559686; 0}8998i5? . 0.951046 o.4869%5
L2/3 ;0.6375210 50;565507 C0.954452. N 01938437“ » 0.409580_'
._“1/5_' o§6212225 3.0.;3694¢}» | 0.589507?. .10.99211? 0.3iiqsé )
0.177624 | E  0.1%0821
o | 0.847406  1.000000  0.847406 .
| o.190822 B S o 0.a77ee
/5 | 03088 0.902117  0.989607 ’f0,76§§39 Jo.Oélzgzé.
1;2/3> 0140958i | "0:938437 .:05954453 ‘j'0;66é506 »"40.9375210; 
1 _0@456999  0.951066 0.899816 0569685 -0,059884f”; 
-4 = 0 2 A
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TABLE 3.3.13 - (4,6) finite- e]ement solution of the e1genva1ue
pmbmm(33] 3) mrTO-S ' ‘ ‘

Mesh”(4,6),
: Number_of E1ements g LT e _Number,of Nodal Points
24 - : Sy
‘7.‘fo =5 . | |
Eigenvalue

1.02478

w | - Intensity Distribution’

1 -6;6570080‘7 “0.558757 6;929994' 0.532857 16;41609?f
‘2/3' ‘50.Q3Tsé3j’~ bls?séég . 0.968995 ‘ ~0.§12229 . H0;$43691f
3 :i(sf,- 0.0253143 ;' 0;}63895 '“io.992439 . 0.875650_ | .9.258050
- 0.150764 o S e »6;159050

N ©0.826696 1.000000  0.826698 . |
| 0.150052 T S 0.150762 -

-1/3 | 0.258051  0.875648  0,992489  0.763897  0.0253127 -
-2/3 | 0.383691 . 0.912227  0.9689%6  0.678830  -0.0315640

-1 | 0.416007  0.932856  0.979995  0.508759  -0.0570087

- -5 =52 o 5/2. 5
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TABLE 3.3.14 - (4, 8) f1n1te e]ement solution of the e1genva1ue
prob]em (3. 3. 1- 3) for 1, = O. 5 :

Mesh (4,8)

_Number of Elements | B - : ‘Numbé?'of~Nodal‘Points
32 Y
: _j'l'()- = 0.5
-Eigenvalue
: 1.61457
¥ o - '_;Intensity Distribution .

1 |-0.0231201 0.179827  0.324996 0.487582 = 0.528351
“3/4 |-0.0288948  0.230602  0.405807 - »0;588672 | '0.613608, f
1/2 | -0.0285033 = - 0.318393 0.528918  0.731477 -~ 0.714543

‘1/s |-0.0491034  T0.508700  0.770438  0.930452  0.797694

| ooz076s . 0.592160
0 |  0.999999  0.988498 ~  1.000000 . -
0.592163 - o R 0.269765
.1/a | 0.797693  0.930852  0.770433 . 0.508700  -0.0491039
-1/2 | 0.714584 0.731477 0.528918  0.318393  -0.0285034
-3/4 | 0.613608 580672 0.405807  0.230603  -0.0288951
-1 | o.s28351  o0.a87582 . 0.3249%  0.179827  ©-0.0231289
RN RV -1/4 0 1/4 172
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TABLE 353.15 -(4,8) f1n1te e1ement solution of the e1genva1ue

prob]em (3.3. 1 -3) for TO =1

_ Mesh (4,8)
Number of Elements o - - ‘Number'of Nddaleoints |

| Ty = 1 | C |
. EigenVé]ue '

. 1.27657

o ' » . '_bh‘;IntEnsity Distribution 

1‘;  e0;0416656 0;305484- | 0.530591 H0.744606 _.1616943031
34 ;Q.045501b  'Q.§§b356, 0;636686, . 0.836242 .’_~o.734661_

1‘/2  -0.0394776 0.495623 | } 0‘.7’638-59> ‘; !0.95-1.1‘:768. | ’0.74603.5.':.,'
174 ;Q.0220261:‘ f0.716369' ©0.932489 ""1;006000}.“: 0;674497-;

| 0.336819 Ce 045103
o | . 0.969856 = - 0.987263 0.969857 -

-1/4
.—_i/z |

,_3[4 .

0.674497

0.746035

10.734601

0.694303

.000000
.941768
839241

744605

0.932489

10.763859
©0.630687

©0.530590

716108
,495623 -
.380356.

.305484

| 0.451037 T e ey 033817
"Qo{oééézséfa
| -0,039478}f! g
-;0,0455010

-0.0416657

-1 . -

-1/2

: 1/2
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 TABLE 3.3.16 - (4 8) finite-element solution of ‘the e1genva1ue

prob]em (3 3.1-3) for To =2

‘Number of Elements

_AMesh (4,8).

Nurber of Nodal Points .

o= 2
Eigenva]ue
- +1.10815
u ' - Intensity.Distributioﬁ
1 |-0.0576818  0.451384  0.748943  0.930431  0.679277
3/4 |-0.0535508 . 0.535781 . .0.833325 . ° 0.970503  0.647067
1/2 |-0.0340464  0.650255  0.919885 © 0.989509  0.580692
174 |-0.0298890  0.808483  0.984460  0.967850  0.471616
0.281374 - T O 0.312977
o { - - 0.914814- ~ 1.000000  0.914814 ~ =
» 0.312978 - . : | 0.281373
14 | 0.471617 © 0.967849 - 0.984461  0.804483  0.0298886
_1/2 | 0.580692  0.989509  0.819885  0.650255  -0.0340468.
_3/4 | 0.646067  0.970503  0.833325  0.535781  -0.0535507
.1 | c.679277  0.930832  0.748943 - 0.451344  -0.0576827
- -2 -1 0o 1 2
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 ‘TABLE 3.3. 17 - (4 8) f1n1te element so]ut1on of the e1genva1ue.
pr‘ob]em (3. 31 3) for T, =~3 o _ _

Mesh (4,8)
' Number of Elements . Number ‘of Nodal Points

2 o Y “
- Eigenvalue

©1.05810
» 'Intéﬁsity Distribution

_‘i_ -6.0504§22  525809 0847608 :-.,0;959507 | 9{556728‘ .

*.3/4 z-o;osoosse_ ;663654‘ '0;967428 . /_0.566742  ‘.10;52314i
1{2'  -010218682, - 0.698000 0,959681; ;; 0.§5606} : 9}449192‘~

B '0:0479079!f» .803192 04990633;"' 0;923027- £ 0.354497
| o.zom0s S .0.237303 |
0 e .873600  1.000000  0.873600 R
' 0.237304 - . 0.223492
,';1[4 , '0.354497 ';923027-' 0.990684 0.303192" ./0.6479O83'A

q —1/2,'*;0.449192 956067 '6.959081 ‘.foi698001” ',;0.0é18693;}7

;3)4‘,'10;323]421’ ;966742 " 0.907428 eroéesq 50(050055#-'
-1 _0;576728 0.959508 -"0;847608 o 0.525349 ;0.06Q4541’

A T. 43,‘  »-5/2.‘ 0 .3/2v. 3“
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'TABLE:3.3;18 - (4,8) f1n1te e]ement solution of the e1oenva1ue

prob1em (3.3.1-3) for T, =4

) Numbef of E1ements:_ N : . _ »Number,of Noda]lPQihts"

- Mesh-(4;8);"

= 'y
To : 4
Eigenvalue

1.03627

Intensity Distribution -

: 3/4

1/2.

1/4

-1/4
- -1/2

: ;3/4‘

£ 0,0520275 -

-0.0591060- - -0.570319 ~  0.899715 | ';0,950599' , 0.485316_

-0.0444921  0.638596  0.941778  0.942291 - 0.430300

200128385

o

o <

| 0.182986 7 0.190852

0.845743  1.000000  0.845743

| 0.19b552 | 1 IR | N 0.182985  :'
.0.282463 . 0.889406 - 0.993499 0:792632'f 0;0520265:
0.362187 " o,9é2834‘ 9.974686_ '0.715683_>. 50.0128382§”
_0.436306_ | fb.94é§21 -';0.941778 - ;0?638596' '_-OTQA44925‘

0.486316 0.950598  0.899716 - 0.570319  -0.0591063

715084 - 0.974685  -0.922835  ° 0.362186

792631 0.993499.  0.889406 0.282462

B T R S 2 4
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- TABLE 3.3.19 - (4 8) f1n1te element so]ut1on of the e1genva1ue 1

prob]em (3.3.1- 3) for 1, = 5

.Meshf(4,8)

Number of Elements

' ,Number of MNodal Pbints,

| 32 : 47
~ Eigenvalue .
1.02478
R TR . : B fIQtensity Distributibn‘. .
. |-0.0562809  0.599150 - 0.929792 0.932510  0.415649
374 [-0.0391873  0.658457  0.960142 . 0.918341 ©0.362662
1/2 |-0.00694016 - 0.721481 . 0.082594 . 0.895593  0.302015 |

1/4 | 0.0512642  (0.782310  0.995189  0.864110 - 0.234160
© | 0.154196 o L 0.158923
S0 L 0.825629 - 1.000000  0.825629 o
: 0.158925 - 1 : 0.154194
s | 0.236762  0.864110  0.995189  0.782310  0.0512632
2 | 0.302006  0.895593  0.982593  0.721481 -0.00694157
s | o.362666  0.918341  0.960142 - 0.658457  -0.0391877
599149  -0.0562206

-1 | o0.415650  0.932511  0.929792 0.

T | -5 o =5/2 0

5/2




w1th the correspondlng exact resu1ts

‘Table 3.3.20.

'T,v]OO;_

A comoar1son of the f1n1te e]ement resu]ts for the e1genva1ues

as reported 1n»[38]; 1s:g1ven 1n S

TABLE 3. 3.20 - E1oenva1ues for the e1oenva1ue prob]em (3 3. 1- 3)

F1n1te E]ement Resu]ts

¥esh (4,8)

EXactj' 

Mesh (@, 4y “Mesh (4,6)
_ - Results
T, | Number of Elements | Number of Elements | Number of Elements ST
16 - 24 32 [381
Number of Nodal Number of Nodal Numbervoﬁ Nédal
- Points Points " Points
27 37 - 47
- 0.5 1.609380° ~ 1.613990 1.614570 1;615378529
1 1.276626 . 1.27653 1.276570 + | 1.277101824
2 ©1.708120 1.108150 1.108150 . |1.108467832
3 1.058090 1.058090 1.058100 . |1.05€295896
4 1.03626 " 1.036260 1.036270 1. 036402030
- 1.004780 1,024780°  l.o24780  [1.02879373

- As is seen frOm'the results, the

W(T,p)

=.‘*’(-TQ—U);

ifhe inherent symmetry_condition

To 2T <T

.inv01Véd in~the,eigen9a1ue prob1em’(3.3;1-3).

and

finite-e]emeht_sletions'perfect]y ref]éct"
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\

From the symmetry'condition;wct,u) = ?('T"“);.*To.i T < TS and
,’1T§;p < 1, on the gther hand;:it!f011ows that the"eigenva1ue1prob1emﬁ"

A (3}3;1-3) can also be'stated_in terms of the fol]owihg‘set of equations.

I T D ICRI -I;;j Y(roudan'  for 0< 1<ty o (3.3.4)
. 9T g 2 e -
' - ' o : and -1 <u <1, -
Howzteaw . for ogtwgl o (335)
’TY(Tosu) =0 for -1 w2 0. (3.3:6)

"Theoret1ca11y, there shou]d be a perfect agreement between the solutlons of ,
‘:'the e1genva1ue prob]ems (3 3.1- 3) and (3 3.4- 6) To ver1fy whether such ani.'
":agreerent can- numer1ca11y be ach1eved or not the f1n1te e]ement solut1on |
g of the e1genva1ue prob]ew (3 3 4- 6) is next- attempted ; -

| The f1n1te e]ement mode] assoc1ated with the e1aenva1ue orob]em _ -
‘(3.3.4fb)~cons1sts,of the following genera11zed e1genva1ue'prob1em. |

-

) E N . = . . E . - - »~>“
- (1 - (2) sp(l) .y :
- . ~ o - [ =
[egl.( E(e) ¥ E(e)i E _ (e) §1 . (e) B (e))]?

L E E . ' S
[ ] . ) Bleehs, .

4‘". ce=1 e'=1 (e,e’) .

p(H B3 and L are.

'where the e]erent matr1ces T(e)’ E(e) ey B (e, AN §(ele.)

-frespect1ve1y given by Eqs. (3. 214), (3g2;§), (3.2.8), (3 2.9) and (3'2 7)
where the ‘element matr1x R( )(el_is gttenfby Eq. (3 2 12) for p (1) = 1,_
énd where B(e,e") and W are as defined in Sect1on 3.1,

) The e1qenva1ues and the correspond1ng 1ntens1ty d1str1but1ons are

given'1n Tab1es 3‘3.2]—23 for TO = 0.5 and for different f1n1te element resnes
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- prob1em (3 3.4- 6) for. To

.1TABLE 3.3.21 - “(4,4) f1n1te -element so]utlon of the e1genva1ue

Number of Elements

16

Mesh (4,4)

= 0.5

Eigenvalue -

1.60444

HNumber ofﬁNodal Points

26

Ihtensity'Distribution :

‘_1/2’

=1/2

0.302782

0.461989
1.000000 -

0.460548

0.301926 -

0.362643 0,420497

'0.567235  0.625612

-

. /0.955504  0.970308

10.345272 0.185108

0.437679

0.713165
0568395
©0.0769642.

0.231748 0.163248 ~ 0.C742341

©0.451713
 0.677085

0.511224
-0.0459326 |

-0.00786693

-0.00427064

1/8 1/

3/8 .

1/2 .
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TABLE 3 3, 22 - (4,6) finite- element solution of_the e1genva]ue .

problem (3 3.4~ 6) for To O 5

~—

o Mesh (4,6)
- Number Of Elements o - ’vNumbén of.Noda]‘Péints
con o - . : - 36  - '
Ty v:' Q.S
: EigénVaTQé

1.61408

w | Intensity Distribution

1| o.3vee2s  0.303350  0,445697  0.492839 ©  0.503490
273 | 0.425525  0.514318  0.572173 . 0.611806 0.609303
13 | 0.642561  0.748635  0.785678  0.822515 V,',o.76¢988 o

Fl

. ' : . TR 573229
o | 1.000000 - 0.977691 - 0.932425  .0.711195 .
S » L 0. 0306821

Z1/3 | 0.644847  0.519176 . 0.336813  0.156660 -,;0.00568296 |
-2/3 | 0.427222  0.331150  0.220348 .  0.106718 ~ -0.00394115

1| o.318578  0.239703  0.151249  0.0692577  -0.00294550

‘ T: 0 1/8 1/4 38 f}72'




- }04 i.

TABLE 3 3 23 - (4,8) f1n1te element so]ut1on of the e1genva1ue "»A_

problen (3. 3 4- 6) for 7,

= 0.5

Number of Elements

- 32

Fesh (4,8)

= 0.5 .

“Eigenvalue

L6

R

: Number.of Noda1_Points

Intensity Distribution

-1/ |
12

| -3/4

.326523
406493
529708
.760297
000000
).763739
5.532357
0.409183

. 328871

405534
.497049
.630858
.854672
.985976

641861
.420785
.314263

0.248386

0.458561.

0.552493

©0.684401

o

0.448646

0.282734

+0.203981

0.869538"

. 0.915787

10.159399

£ 0.505193

©0.599065

0.720822

0.869355

0.773696

0.226746 -

0.145991

©0.0984488 -

0.60764426

0.517577-

fpﬂ501253 .
' 0.699098
-.5.783029 Tf
';'Qo;583253 .
Coamsse
:-0.0{33855 ‘

-0.00409167 |

-0.00478156

-6.00333073 |

18

1/4

- 3/8

1/2
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A comparlson of the finite- e]ement results for the e1aenva1ue w1th

: the correspond1ng exact resu]t as reported in [38], is g1ven in Tab]e

3. 3 24

- TABLE 3.3.24 - Eigenva]ues for the eigenva1ue problem (3;3;4-6)

-

" Finite-Element Results

Mesh (4,4)

‘Mesh (4,8)

Mesh (4,6) - Exact -
ST o R © ] Result
T, Number .of Elements | Number of Elements | Number of Elements’| = - S
_ 16 24 32 ~[381]
.A Number of ﬁodal ﬁnmber of Nodal - Number of Nodél\ S
Points . Points " Points ~
- 26 36 46 '
0.5 | 1.604440 1.614080 1.61570 1.615378520

. As is seen from the resu]ts g1ven in Tab1es 3. 3 2-24, the agreement between ‘

the f1n1te e]ement so1ut1ons of the eigenvalue prob]ems (3.3.1 3) and

-

» (3.3.4-6) 1th1gh1y-sat1sfactony.

A_comparisbn of the finite-element resUlts+ for the expression

e
j w(1/4,1)dy
¥

1 .
[ v
21

+F1n1te element results are based on the correspondlng 1ntenslty dlstrlbutlons

glveﬂ in Tables 3.3, 71 23,
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“with the tokresponding exact_résﬁlf,'as reported in[38], is‘givén~in

. Table 3.3.25..

TABLE 3.3.25 - Results for the expression [f;w(l/g;ujdgj/t[§W(0,u5du]f‘"

Finite-Element Resultst
Mesh (4,4) Mesh (4,6) | Mesh (4,8) | Exact
A | | ‘ R | B I "kesuTt-‘
Number of Elements 16| Number of‘Elements 24 Number of Elemehts 32 [‘ j.
o o SR -] 138
 Number of Nodal . - .- .Number of Nodal Number of Nodal '
Points 26 : .- Points 361 - P01nts 46
o.6183 | oomm 'f‘.,' . 0.896845 | 0.898694

The uonnoﬂogeneous-.robbem wuth Isotroptc Scatterurq and ith.

VTarsparent Bouwﬂarzec

The governing boundary valie probTem isﬁgjventas follows.

b= ¥ ¥ Y“)j Youha'  for —tp < Tt (3:3.7)

N
oT . o 21,

BRC) R , for 0<ib <1,  (3.3.8

. W(’TO,U) = T(l)

, fFinite-elemént;fesults are basedion the corresponding intensity dlstrlbutxons
"given in Tables 3.3.21-23. ‘
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"‘w(ro;‘p> =0 for Slip<on .(3;3.9)‘

_If Y is. assumed to be’ 1ndependent of T, then the f1n1te e]ement mode]
~associated with_the boundary va]ue prob]em (3.3:7-9) consists of the

fo]]owlng'system of’algebraic equatiqns.

,[Z('T + E D ZB(ee)S v--'+B(2) =B )Y =
- e=1 ~(e)>' ~(‘e)‘» lm e'=1 e - .(e). o~ eyl
SE
. b Cm] : .
where the e]ement matrlces T , S R BC(1) - and B(2)  are

ey ~le,e’y’ e ~oey

) respect1ve1y given by Eqs. (3 2. 4), (3.2._5), (3.2.7), (3.2.8) and (3.2.9),

'where the e]ement vectors - t(l)(e)

iéfgfvenvby Eq. (3.2.16), and where
H;B(e e ) and w are as def1ned 1n Sect1on 3 1 ‘ ‘

Three d]fferent cases are cons1dered. -

eU, . .

(i) AT(;)(“j

and o TR v SR

i) T e =M |
The f1rst case is hand]ed by direct 1ntegrat1on of the express1ons obta1ned’
ifrom the subst1tut1on of the’funct1ons pB B = 0,1, 2,. .t; in Eq. (3. 2. 16).
..The 1ast wo cases, on the other hand, are treated by f1rst approx1mat1ng
: the funct1ons eU and e U throunh a quadratic f1n1te -element 1rterpo]at1on
'-over the angular reg1on, and then by 1ntegrat1ng the express1ons obta1ned

: from the subst1tu ion of. the resu]t1ng quadrat1c po]ynom1a1s in Eq.

(3.2.16).
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v Incorporat1on of such an. approx1mat1on however shou]d not mean that the
: vfunct1ons et and e‘“ cannot be dea]t w1th by - dxrect 1ntegrat1on snnce |

-both of these funct1ons and-the funct1ons uB B =1 1,,. ., are. of=COmparab1e:

.’complex1ty conputatlon-w1se D1rect 1ntegrat1on works perfectly we]] in the’i

case of the functions e“ and e” Neverthe]ess, the quadrat1c finite- e]ement
1nterpo]at1on has been resorted to’ w1th the 1ntent1on of demonstrat1ng the '

rease of app11cab111ty of the f1n1te e]ement approx1mat1on techn1que to

i'prob]ems 1nvo]v1ng spec1f1ed 1ntens1ty d1str1but1ons at the boundaries

g1ven elther in terms of comp11cated funct1ons or d1screte numer1ca1 dataf

as in most of the real life app11cat1ons It is worthwh11e not1ng that the

order of the 1nterpo]at1on is free and can be 1ncreased at w111 to meet the

'f,requ1rements of a g1ven 1eve1 of accuracy The resu]ts for the e]ement

»vectorscare given be]ow.

" Case 1

1000

; . : | -
gt |
LN B+2+u Bl u8+ e Bty - (pr2ynB
- o100 ,“ 1ok 1k 1
: 1 e e e e 0 ‘ )
t(l) B - ’ " . o . o ’
T IR B _ o |
R N L) N P 0 -
) 0010 o
’ : o B2 5+1 2 3 p+1 _ B+2
< (B+2)“ CTHM, THH 1 M

0001




"_ ]09'; o

Casz. 2

"ti * b f‘?J“u‘;.zpi;‘
L
ty ? ﬂz +vulu§ + yiﬁy'—EQUj, e

o

53 . 3 ' 2.2 ‘3'; o lo
] R TIRT! FUSUS 4+ WU - 4

. R 3 2.2 3 y
- o - - -\
tg = Ay UIPQ »”19u My T M

C = _.__u; NUNE w)eM - 2uiuqe(- 1) + ._]2~_- “1(“1-+- He™,

() /2 L1y 4 op)ebs,

Cy = g ~§_(U1+3Qk)epl,+ 2(“1*“4)3
- -and’ _ |
c, =e"1 - Ee(p1+uh)/2:+ el
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where
- 2“ _  z
tlgf My MY 2u3s
L g
- ty = 2Hy T HqW, T D L
o e
a3 22 3
by = 311u’_,_“l”:z WMy, T My
R 3,22 3. _ aou
E5 = My + Mgy + g, My ﬁaul’ .
s 3_ 202 3w
B = Ay ToMpMy, THIN T WH, T Hp
. , .- ~(u’;ﬁ )/2 1
Co ='—l—.uu(u1 T oHe P g em IS 4~

My Guy * e,
” by

(@]
1]

: , : i ¥ /2 : | -
= - _éf(p1\+,3uu)e 1+ 2(“1 + uh)e (u ¥, ) -1 §3ul.+ uu}e-u“,
-and. _ | ,
C. = e—ui'—_2e_(ul+uh)/2 + e My,

The 1ntens1tv d1str1but1ons in case one are glven in Tab]es 3.3.26434 :

for 910 1, fory = 0.8, for.s.’ 0,1,2 and for d1fferent finite- e]ement

,meshes.
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’ TABLE 3. 3 26 - (4 4) f1n1te element solut1on of the boundary va]ue
- problem (3 3.7- 9) for To = 0.5, fory = 0.8 and for

T(])(U) -».

| ; besh 4 4) |
Number of Elements. - “Number oflﬂoda1 Points
]6~': ,;;1. Co ‘ R L

e 0'8'. e - | (1)(“) X 1 :

Intensity Distribution.

1 | 0.998034 . 0.874859  0.765030  0.656786  0.553081

172 |1.00983  C 0.808150 - 0.617202  0.464789 0351172

-

-1/2

0.882861

1 0.502651
0.305388

0.205615

0.360096

0.211556

0.133942

0.265059

©0.142975

0.0841641

0.203767

10.0583963

" 0.0378734

| 0.124395
©0.0353385

-0.00132135

10.00211277

-1/2

fl/4

v

C1/2




TABLE 3.3.27 -

-2 -

- problem (3.3.7-¢
T, =T

(4,6) finite-element solution d% the-boundary value -
)»for 10-310{5,vfor y = 0.8 and for

~Number of Elements -

24

Y.:_O;S

_ "Mesh1(4,6)=‘i,‘

| = 0;5:' :

_Number of Nodal Points

37

Intensity_DfStribUtion 

1 273

Vau1/3

-3

| -2/3

.00348
.997785
1.01039

783285
509279

364277
266496

.209311

878465
'0.827326

).716029

339574

265135
1179049

0.139047

'0.758670 - 0.646023
©0.679505 - 0.545723 -

0.505501 © 0.361387

r

LI

0.282085

0.182221  0.0876845
0.117350  0.0522662

100878664 0.0364484

0.215221

© 0.544026

10.431701

0.261412
©0:138812°
©0.0629470

=0.00212093

0.00252094

©0.000507361

174

0 1/4

RIS
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TABLE»3,3;28 - (4,8) finite-element solution df‘the bodndary‘?éfue»

problem (3.3.7-9) for-t, = 0.5, for'y = 0.8 and for -
Tow=1. "~ "~ ' RPN

| - liesh (4,8)
Number. of Elements .~ - :  ",- v/'Number'bf'NddaT'Point§ XA

T "~ Intensity Distribution

‘.;' Ij.oqiag : j_fo,877484 i 0.759001 yv:,6;645g52 .0.543273Af7
3 -g.6023o'A‘  ¢§341977; ' 0§6§9712 ‘ ;16;571381 |  0.46ié32'f
.:ﬁz"‘ 0;?95309‘ } | 0{785290 | _ 0.61643i-‘ .36,45627i _  0.353014 |
' “;/Ait4'1.Oo§61 - '0;543447 | .Of435849\,:  0,368926‘: “50.220513‘K
0(716567_:. N | - S | R ;_.‘ b.i§9031‘f
UL “o.3ssese 0.289093  0.219104
om0 | | o 0.0817977
“1/4 0.3973835: ©0.294759  ‘,0.2982¢3; 0.111366 ;.50;000962i42v_
/2 0.309879.»}. oz :. 0l143268. L»‘0;0664832i  qLoo315411. '»
-3/4 ‘» 0.251418 R 0;169828 1 0{109425»'  6;0478T27:':;0;000894933

-1 | 0.209735 ,  0.138590  0.0877234  0.0367510 - 0.00115376

-2 -1/ I RS V/ SRR Vo I
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- TABLE 3 3. 29 - (4 4} finite-element solut1on of the boundary va]ue
prob}e? (3.3.7-9) for To = 0.5, for Y = O 8 and for
u'-u, .

Mesh (4,4)
Number of Elements . Number of Nodal Points

y=08 T ) ew

u L ~ Intensity Distribution

1 | 0.9993417  0.836302  0.695980 ~ 0.571795 .  0.46483
1/2 | 0492592 0.378420  0.305581  0.247976 - 0.194054
- 0.0862582 . .. ' 0.0990572

o | 7T 0.224145 - 0.201247' 0.143970° - | :
| 0.283370 o S . 0.0213542

1/2 | 0.190647 0.145758  0.0899279  0.0421329  -0.00282323 |

.1 | 0128226 - 0.0002028  0.0580193  0.0272074 - 0.000308078[

ST Il ~;1/2 | o ‘—i/é ‘_' -0 | 1/4 _  :1/2.
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TABLE 3.3.30 - (4,6) finite-element solution of the boundary value
problem (3.3.7-9) for T,.= 0.5, for y = 0.8 and for’

T J = :
() =u | '

. s Mesh (4,6)
 Mumber of Elements. ~ Humber of Nodal Points

- 0.8 o T e

U - . o Ir)'téns"'i,ty D'i‘s.tr,_i_bu‘tion |

1 | 099789  0.832331  0.696446 - 0.576824  .0.476402
2/3 [ 0.665243  0.535049  0.431759  0.345488 0.273840
“1/3 | 0.322712 0.276993 - 0.240257  0.198589°  0.155115 -
0.107357 . . e 0.,100800
o | . 0.251216  0.195056' = 0.152837 - N
©]0.287091 . o e 0.0401505 | |
-1/3 | 0.221655 0171701 0.118787 ° 0.0619550  -0.00292225
-2/3 | 0.165975 - 0.121864 - 0.0776347 - 0.0381112 -0.000211747|

-1 | 0.130875 | 0.0930101 ~ 0.0578009  0.0265046  -0,00100472

a2

IR V- B S V2




TABLE 3.3, 31 - (4 8
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f1n1te e]ement solut1on of the boundarv value'

en (3.3.7-9) for 1
Tl (u):u

= 0.5, fory

0 8 and for

k Number of Elementé

32

v-= 0.8

Mesh-

(4,8)

0.5

‘Number of Nodal Points

u : Inténs{t} bisfribution}
1 L0'§9787é ‘;»5;833549  07§97144 ‘”, 0;577§34  oamrese
:3742- 0.746570 0-508559_> ij:49644$ 0.400980 jfo.3?1749' L
f‘i/2  0.498915 1',»0.401229 : 6.323723  0§26¢142_,  0.200063
1 | o.2ar027 o;24§15j"): oﬂ224698u 5io.185537"»-10;142778‘f'
0.1503?8 o o B B 0;6585895 :
N N '0.258444  0,191429'  0.15439% »
0.285320 - ‘ . T 0.0542779
-i)A* _0.é38939- - 0.188281  0.138214 -0.0780044"‘+0.601§8055
-1/2 | 0.191562 :50.144486 00044960 6;0482390> | 070600536f8 f
-3/4- ,0.15640§' - o.1i3é99 :0.6723973‘ *0;0346131 ~j0.00Q968652~
0131301 0.0934031 ;.'0.05797472" 0.6268369Ak-Q,6006Q9565 |

-1/2

~1/4

174

/2
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TABLE 3.3.32:-(4,4) finite- e]ement so]ut1on of the boundary va]ue
prob}e? (3. 3 7-9) for Ty = 0.5, for y = 0.8 and for
u - p - . R C

o Mesh (4,4)
4 Number of Elements SR ~:' ' : Number-of Noda1 Points_:
B D B

Y = 0'. 8 R L ‘ ' = 2
N o o T(J)(u)

o=

o ”-V_. 4 L Ihtensity.Distrjbufion

1 | 0.958487  0.776097  0.628809 . 0,505063 - 0.408859
| 1/2 | 0.203227 0.173532°  0.159003 . 0.143135  0.117406 |

. -0.00264308 R o % 0.0833036
o | . 0.178293 - 0.157462  0.112203 .
~1.0.198764 S ‘ S '~ 0.0135021

2172 | 0.136056  0.105056  0.0650970  0.0315643  -0.00202265

1 | 0.0930708 - 0.0684062  0.0436537  0.0210964  -0.000277915

T 2 -4 0 UA 12
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33 - (4 6) f1n1te e]ement so]ut1on of the boundary va]ue
problem (3. 3 7- 9) for. To =: 0. 5 for y = 0.8 and for .

.T(I)(u) = p?

TABLE 3.3

R Mesh (4,6)
Number of'ETeméhtsv Number of Nodal Points

% B 7

Intensity Distribution

273

; —1/3 

=2/3

0.978366 -
0.424064
10.0882708

‘| 0.0737635
| o.1e8182

0.157725

0.119525

0.0943681

0.797782

- 0.381817

0.130698

0.193554

0.124681

10,0907946

'0.0687705

0.654284
0.276874

0.143455

LN

0.146669

0.0881071

00578221

0.0430039..

0.531974
£0.224953

0.133248.
0.116805

0.0469948

0.0252610

0.0202980

o

-0,

0.433610 |

. 0.180640

0.109838

0.0785604

£0.00225275

-0.000975323

.0297395 |

000516433

fl/é

 f1/4

T 1/4

1/2.
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TABLE 3;3.34’#_(4,8) finite-element solution of theibodndary Vaiﬁé
o problem (3,3.7-9) for T, = 0.5, for y = 0.8 and for
| T(;)(u)-=_u2 L . S e

g ~ Mesh (4,8) -
Number of Elements P Numbér_ofdedal'POiﬁfs

, - g - Sl e -
. T ‘ _.(1)(p) K P

..p’- o S : Intensity'Distributidn :

o  0_..98'68'27‘ »Vf ov'.évos55o ; | 0.66>1.3j44v.- ‘0.539‘1;16_‘ | 04446'662
ais | 6.548674 . | 0.442512 »'0;35944i: _- Q§2é99§§ _:  0.232769 B
;112 '* 07239§$5 . »‘0,2118151 - -0.185248 - 0.160323° 'l'o,f31701

v 1)41, 0.051761o>, 'O.laéééék  "0}14§567""_o.13364§' ,d;foeé18 i
6.111906 - o _»0;0554757

o. |. 0.194061 - 0.142095' - 0.116985 . .
- 0.195550 - ST o.oanzg |

10 | 0.169393 0137418 0.102978  0.0592807 -0.00141559
172 | 0137353 0.107216 ~ 0.0703815  0.0369033 °-0.000270667|
RV ’10;112559"' 0.0841441  0.0539638.  0.0264937 - -0.000933803 -

0 | 00047483 0.0603474  0.0432085  0.0208810 -0.000652036

T a2 | ~1/4 S0 R /s 172
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A comparison of the finite-element resultstfor the éxpreséion

(8 + 25J
B D)

ﬂlfﬁvl : i
Y(1/2,wpdu, - B = 0,1,2,

‘W1th the correspond1ng exact resu]ts, as reported in [39], is g1ven in

Tab]e 3 3. 35

TAELE 3.3.35-Results for the expression (342)13 ?(l/z,u)udp;fg gio,l;z

" Finite-Element Resultst -
Mesh'(4'4) ) Mésh'(4 6) ~Hesh (4;8) __ Exact
. B ’umber of Llements 16 number of Elements 2& Number .of Eléménts-32 Results
“ humber of Nodal - Number of Nodal .} Number of Nodal ‘ R
P01nts_77 : ~ Points 37 Points 47 r39]

C 1 0.418475 0.415445 - 0.416749 0.41621
1| 0.42879 0:436680. ©0.447485 0545151
2 - G.428114 0.435353 -+ 0.458997 0.4721 |

N \

The intensity distribUtions;ih cases two and three are given*in

_meshes.

+ Finite-element results are based on ‘the correspondlng 1ntens1ty dlstrlbutlons

glven in Tabl

es 3.3.26-34,

Tables 3.3.36-41 for 215 = 1, Y z 0.8kand'for.different»finite-e]gment



R F

TABLE 3.3.36 - (4,4) finite-element solution of the boundary value

T.

_problem (3.3.7—9) for 1, = 0.5, for y = 0.8 and for
= ed : ST .

_NUmbefof Elements

16

iy =08

 Mesh (4,4)

- Number of Modal Points

';lntensity.DiStribution :

“1»" _“2.67626
A'i(éff 1.66894
0.941665
0.917723 E
;_1/2 1 vo.ssssdé

-1 | 0.395621

T | - -1/2

2.25213

1.28416
0.706194

1 0.426257
~ 0:269999

Sk

1.89700

1.01746

]

'+ 0.571834

0.276039

0.171267

0

1.57723

0.801151

0.423261

0.121451

0.0792334

1/4

1.30402

0.618895 |

0.280406

0.0652275
~0.00538968|
0.00216646|

1/2




© TABLE 3.3.37 -

~problem (3.3.7-9)
T(.i)(U).‘: eH

(4,6) finite-element solution of the boundary value
for't =0.5, fory = 0.8 and for

_‘quber_of Elements

24

Mesh (4,6)

- 37

~ Number oflﬂodal Points )

T - :Eu.
T ®

Intensity'Distributioh;

23 |

173

-1/3

'52/3

. 2.69420
1.92381
- 1.38023

| c.os2588 . RS
S ©0.719461 - 'G.574601
1 0.926704 o ,r

| 0:600133
0.511547

0.402644

2.27374  1.91473

1.57484 . 1,28418

1.07472  0.838979

R

+

- 0.519517  0.359650
0.361247  0.233459

0.277742  0.174289

1.59497 -

1.03297°

0.44594C

0.181008

© 0.100918

0.0765097

a1;32233
l0;820162\_}‘
bp647965 E _0;439669;}
0.288015
'~ 0.123017

~ -0.00065810

0.00194534

~-0.00116018

| -1/2

10

1/4

1/2
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' TABLE 3.3. 38 - (4,8) f1n1te e]ement so]utmn of the boundary va]ue o

_prob]er; (3 3.7-9) for T,
= e |

= 0.5, fory.—.OBandfor‘

Number of Elements

32

Mesh (4,3)

'Number of Nodal Points

47,

Ty = &

| IntensiAty_vDistribufion

-1/4

1 v;70266 28248 ;1;§é338 | f j,6033o7 | 1;33032"f,
Y {10215‘ 73530 s\_1442826. | 11.16004; o 0.933928
"1/g§ 63477 31252 ©  1.05009  0.829323 : | 0.642183

;1/4‘_jfv_2720é '.973652 _6;759Q73 : 0.5823Q0- , 6;434145
94248 | R 0;258238:_
0 B .725238  0.574898  0.451462 o
.929027 | 0163565
-1/4 | 0.748147 ';574216  0,414935 © 0.228934 »-'-0;0035386é"
| _,'1/5' 592231 428670 0.28459é"” 0.13935 . 0.00301420
;3/4: 482292 339325 ;'0;217731 /_ b;1ooj16f -0.00065085
2] ;403738 278071 6.174450 : Ab;0773§19 |  0500006956
'r ’4 ey 0 v | 1/2 
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 TABLE 3. 3 39 - (4 4) f1n1te e]ement solut1on of the boundary va]ue ,
— prob]em (3.3.7-5) for T, = 0. 5, for Y = 0.8 and for e
T = eM

| esh (4, 4)
'-fNumbef of Elements S NumbEr'oftNoda1'Pointsj:

T R _f” : - Intensity,Distribution '

1| 0.357176  0.330573  0.306714 ~  0.276571.  0.239071

1/2 | 0.610180  0.505826  0.378933  0.275881  0.205076

| o.830886 . 7 0.057%83
o | . o0.200226  0.124987' . 0.103308
£0.297350 L o

-1/2 | 0.168297  0.107288 ~ 0.0785879  0.0286326  0.00067222

| -1 |16t o.0702827  0.0431915  0.0188587  0.00172916

0.0194667

| -1/2 -  —1‘/4  0 1/4 1/2
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TABLE ‘3. 3. 40 - (ﬂ 6) “finite- element solution OF'the boundary va]ﬁe |
problem (3. 3 7- 9) for T, = 0.5, for y = 0.8 and for

T (u) = e¥
I 7

e Mesh_(4;6)f

Number of Elements | Number of Noda]:Points-

A oy
L T F 0.3 : o ..
- y=0.8 "' o \. _"'T<1;§9) =,e*“"
i_P“ '. : .: E ‘.;V 1ﬁten§5F¥$Disﬁr5butjon'.~
i: ‘;359547'*" 0.34331Q;  '0.305876 _';0.268821 i' ‘0.2307431
2/3- ',507325 ‘ 0;431522 : '0.366865 ; 6;295611 0;23092} »
1/3. _}729028» '.6.493299; | 0.352722- 0.215374 ~ 0.149329
702969 o C o.0e6185
o | 77 016390  0.144391  0.107937
300439 » . 0 -0.0343518
| -1/§ 200663 0.142336 0.0978730 9.0440535' ;d.qoooéj§64'_
273 oaann 0.0927089 0.062171 0.0255556 0.90?54666
'=1E €115494 ;'6.0729582 ~ 0.0468730 0.0178528‘.‘,0.001i#793
T -1/2 -1/4 0 /4 1/éfi‘




 TABLE 3.3.41 -
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T Tu) = '_“‘
(;)(”) €.~

(4,8)'finite—element‘sblution of the'bdﬁndafy.vaTue'
- problem (3.3.7e9) for~rd = 0.5, fory = 0.8 and for

1 Numbér of Elements

v = 0.8

32

“Mesh (4,8)

,47 

‘Humber of Nodal Points

Tntensity

Distribution

3/4

f ,i/zj

1/4

-1 /4
/2

3

.609202
.307174

139226 0.0891630 O

0.368282  0.342911 0,
).474389 . 0.410244 0.
1 0.599670  0.469830 . O,

.786971  -0.457049 0.

10.155919 0.

225111 .0.160328 . 0.

172323 0.110466 0.

0.115640  0.0723248 0.

308157

346409

362894

270186

-

153286 -

110242

0762842
0581197

0466371

o

0.269467
' 0.285737
0.271514
0.174838
0.110371
10.0564724
0.0326282 -

0.0235237

.0179331

 ¢230442,«
1é31gé§ﬁ : 5
 ;2bi757}   ‘
.i19237»~' ..-
H;06§5716 ;
.0435355:
,05023215 
;06360244.'
:_;00144714,

00150051

oA . 174

: 1/4 '

;/2i1 j
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'SinCejfofjthese césés no exact resU]ts have been répbrted in the o
1iteféture,~no c0mparison has been attempted. |

‘The Honhomogeneous Problem with Isotropic Scattering, with . .

Constant Source and with’Tfaﬁspdrent Boundaries . .

The gbverning boundary valuglproblém is given as follows.

B o 1 o
b e, + ¥ = Y J vouHd' + L (3.3110)
ot : 2 8 L
| for o O0<T <1, and -1 § ﬁ <1,
Sy =L - for 0<u<1, (3.3.11)
¥(tg,p) == o for “lep<0 o ' (3.3.12)

ook

,If y s assumed to be 1ndependent of T, then the finite- element model -

'assoc1ated w1th the-boundary va]ue prob]em (3.3.]0 12) cons1sts of fo]]ow1ng N

system of-h]gebfaic equations. “

- g(1)

L le=1 _~(e)'. - 4m e '-1

' (1) - t(2) :
L Z (E (&) < (e))] ¥ e§1 §(e)

es1"

. N Sn(2) are
.where the- e]ement matr1ces ?( ey’ ~(e) »~(e e.), §( ) (o) and B o)

respect1ve]y given b/ Eqs (3.2. 4)s (3 2.5), (3 2.7), (3.2f8) and (3.2.9),

ﬂwhere the element source vector s( ey is c1ven by Eq. (3.2.15)

where the element vectors t(l)ke) and t(Z) () are respect1ve1y given by

AEqsf (3.2.16) ahd;(3.2.17) forbT(ls = T,y = 1/8 and where B(e e’y and

'y are as defined in Section 3.1.

B J (T - +E - Z Ble,e RNE Jery * 32, ~ €)=

‘for s'<:i1/8,f



The 1ntens1tv d1str1but1ons are q1ven 1n Tab]es 3. 3 42 45 for R

‘o

TABLE 3.3.42 - (4,4) finite- e]ement soluti
: problem (3 3.16-12) for T,

T = 1, _for'

- 128--

Y = 1 and for d1fferent f1n1te e]ement meshes.,

on of the boundary valuer
=1 and for Y = a

o “Mesh (4,4)
‘Npmber of ETgments - F‘V‘Number-of Néda] POihtS<
16 | |
=1
=1
n '_-Intehsity_Distrfbution
1 0.123469 0.196667 ©0.250199 0.299850 0.324134
1/2 | 0.116805  0.233408  0.322306  0,397422 0.409290
| oass2r M R . 0.423589
o | ' 0.48772] 0.524333 -~ 0.487721 .
©0.423589 - » £ 0.181821
-1/2° | 0.400200 " 0.397422  0.322306  0.233408  0.116805
-1 | 0.324134 0.299850  0.250199 ~ 0.196667  0.123469
T 0 1/4 172 374 . 1
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o TABLE 3.3.43 - (4 6) f1n1te e]ement solut1on of the boundary. va]ue

prob]em (3 3.10-12) for To

= 1 and “for y 1

Humber bf'Eiements

. Mesh (4,6)

Number of Nod§1 Points =

24 , 37
'-_,‘r‘o- =1
'y =1
BT " Intensity Distribution
1| 0120836 0.195712  0.251464  0.304620  0.328689
2/3 | 0122914 0.223854  0.292883  0.355058 0373867
1/3°| 0.115926 . 0.285402  0.382869  0.438949  0.433474
| 0.240200 o C v 0.408200 |
0 0.495821  0.493080 .  0.495821 R
0:408240 - . ' 0.240200
173 | 0.433474  0.438949 - 0.382869 ' 0.285402 0.115924
o 22/3 | 0.373867 ~0-355058 0.292383 0.223854 0.122914
-1 | 0.328689 - 0.304620 - 0.251464  0.194712  0.120536
T 0 1/4 12 3/4 1
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TABLE 3.3. 44v— (4 8). f1n1te e]enent solution of the boundary va]ue

prob]em (3 3.10-12) for T,

1 and for Y =

Nﬂmbef'Q?‘Eiements

Mesh (4,8)

Number ‘of Nodal Pqint§

/6

3/4

. o
y o=
p ‘Ihtensjty Distribution
1 | .121684 0 0.195337  .0.251392 - 0.304529 328871
3/4- | 0.120840 215346 0.282481  0.341354  0.362097
1/2 | 0.124042 - - 0.269189 - 0.328666  0.392954  0.402734
1/4 | 0.119785 .375652 - 0.419852  0.459180 . 0.438823 -
S 0279138 o | R ©0.398931"
o | 0.493931°  0.480866 - 0.493¢31 -
398931 | S 279134
-1/4 | 0.438824 450180 0.419852  0.325652 - 0.119785
o -1/2| 0.402734 1392954 0.328666 . 0.249189 124082 -
-3/4 | 0.362097 341358 0.282481  0.215346  0.120840
| o.328871 304029~ 0.251392  0.195337 21688
- 1/2
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It s worthwh11e not1ng ‘that the f1n1te element so]ut1ons perfectlv ref]ect

“the 1nnerent symmetrv cond1t1on

‘1’(T,u) ‘1’(1 -'r.-u) » . 0<T<Ty/2 and -l<u< 1,

' 1nvo1ved in the boundarv value prob]em (3. 3 7-9).

A compar1son of the finite- e]ement resu]ts'r for the 1ntegra1
J W(llz,u)du,
4w1th the correspondlng exact result as reported in [7], 15 given in Table

3. 3 45,

TABLE.3t3;45‘—Resh1ts for the expression _fiw(l/z;ﬁ)du.

Finite-Element Pesultst

Tesh (4,4) . Mesh (4,6) ~ Mesh (4,8) ,' Exact'-
L ST o B | Pesu1t7
Number of Elements 16 | Number of Elements 24| Number of Elements 32
s S . T S R
Number of Nodal Number of Nodal : Number of Nodal = -~ - '

‘ P01nts 27 v : . P01nts 37 v Points. 47
0.687917 6.705532. = | 01656620 . - |0.702056

From the finjte-element éolutions obtaihed so far and from the
;eomparison'ef these results with their corresponding exact resUlts, we
_conclude that in all of the problems attempted
(1) finite-element solutions approximately satisfy the:boundary

conditions,

+F1n1te element results are based on the correspondxng 1nten51tv dlstrlbutlons

glven 'in Tables 3 3. ’°—44
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-,v(ii)t the convergence of the f1n1te e1ement approx1nat1on techn1oue |
_ .f_1s extreme]y rap1d ' |
and‘ |
| (iii) the. f1n1te e]ement results are in good agreement with the A

correspond1ng exact resu1ts even 1n the case of coarse meshes

The solution of the e1genva1ue problem .(3 3 1 -3). prov1des ab
ver1f1cat1on for the schene adopted to hard]e the ba51c tenns appearlnd
;A in the transport equat1on The elgenva1ue prob]em (3.3.4- -6), a]thouoh

it governs essent1a11y the same problem 1nv01ved in the e1oenva1ue
',problem (3 3.1- 3), ver1f1es the method of account1ng for specu]ar ref]ect1on;>
The solut1on of the boundary va]ue nroblem (3.3.7- O) is attempted to sub- |
stantiate the method;of treat1ng,spec1f1ed~boundary cond1t1ons, whereaa'the -

_solutionvof the boundary va1ue prob]em (3.3.10- 12) is attempted to Just1fy .
;5the way in. wh1ch a source “term can be treated .Since the‘way 1n wh1ch |
L d1ffu$evref1ect1on boundary cond]tnons can be treated;ﬁs.exact]yltheisame:t
as that of treating the,scattefing.term; any'fUrther.verificatton jn‘thiS"
B regard has not been reeorted to. As is eeeh;.the cases'attenoted provide
na,thotough verifdcatfon_of,the solution algorithm and of its COmppte?'
jnplementation. | | | | |

| 1t is worthwhile stressing that the approach. adopted in.soTying |

'c‘the boundary value problem (3. 3 7- 9) for T(l)(u) = eV and T(l)(“) = e
s part1cu1ar1v s1on1f1cant since it demonstrates the fact that the -
'i:app11cat1on of the f1n1te e]erent approy1mat1on techn1que in. no way suffers :

_ from any d1ff1cu1ty due to spec1f1ed 1ntens1ty d1str1but1one o1ven e1ther
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in terms of complicated functions or in terms of discrete numerical data.

Through an exactly similar approach it can be démbhstfated‘that the éppT{ca--

tionlofrﬁhe finite-element approximatibn technique-ﬁs'a150'straightfdrwand

‘in'the,céées'of problems involving anisotropy, blackbody intenSity distribu- -

tions and emissivity"characterized either by"éomp]icafed functions or.by‘;. )

discrete numerical data.




- CONCLUSION

Fundamenta] concepts perta1n1ng to the f1n1te e]ement‘ana1ys1s of
-»probTems of radiat1ve transport in gray part1c1pat1no med1a have been treatedA
in deta]] Subsequent]y, a f1n1te e]ement mode] of the Ga]erk1n approx1mat1on
of the weak forru]atwon oF the. re]evant oovern1no boundary va]ue prob]em has
“been deve]oped and app11ed to a se]ected set of prob]ems 1nvo]v1ng p]ane-

: para]1e1 geometrj with az1mutha1 svmmetry :

On the bas1s of the theoret1ca1 and numer1ca1 resu]ts presented tn the

» preced1no sect1ons, we reach the fo]]ow1no conclus1ons concerning the app11-
;>cab111ty of the f1n1te elenent approx1mat1on techn1oue to prob]ems of rad1at1ve
'transport in gray part1c1pat1ng med1a

The f1n1te e]ement approx1mat1on techn1que prov1des an’ eff1c1ent

'and re11ab]e method of obta1n1no h1gh1y, accurate so]ut1ons to the rad1at1vej

transport eouat1on The converoence with decréased mesh spac1ng is extreme]y
frap1d For a given level of accuracy, this may a1]ow solut1on of . prob]ems '
on a coarser mesh than is poss1b1e w1th convent1ona] methods

- The f1n1te e]ement aoprox1mat1on techn1oue works equa]]y ‘well for

h'prob1ems character1zed by pure absorpt1on, pure em1ss1on pure scatterlng

or by comb1ned absorpt1on em1sszon and scattering processes, or for problems |

w1th arb1trar1]y high orders of antsotropy ‘and/or with arbwtrar1]y comp]ex
cboundary cond1t1ons, with no increase in executlon t1me for comparab]e mesh

s1zes - This 1s in sharp contrast to convent1ona] methods, where so1ut1on
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accuracy and eff1c1ency are. qu1te sen51t1ve to the phy51ca] prob]en be1ng

’ so]ved Noreover there shou]d be no theoret1ca1 d1ff1cu]ty, apart from

_computatlonal comp]ex1ty, w1th its app11cat1on to mu1t1d1mens1ona1 prob]ems;
even when an1sotrop1c scatter1ng 1s 1nc1uded Th1s feature is a]so*1n-sharp
contrast to the convent1ona1 methods since the1r extens1on to such problems

- s extreme]y d]ff1cu1t,:1f not 1mposs1b1e._

- The f1n1te e]ement method is- capab]e of treat]ng prob]ems w1th angu]ar
dlscont1nu1t1es 1n the" 1nten51ty d]str1but10n as we]] as prob]ems 1nv01v1ng
z_severe heterooene1t1es. Angu]ar‘d1scont1nu1t1esbjnyolved 1n.prob]ems_w1th
Cartes1an geometry can be aCCounted for in a.routine manner by'stmply.in- N
'.,troduc1nc an add1t10na] node at the po1nt of d1scont1nu1t/ In prob1ems e
) w1th cy11ndr1ca1 and spher1ca1 geometry, on the other hand the s1tuat1on

] is not SO stra1ghtforuard due to the presence of der1vat1ves w1th respect.
to- the angular var1ab1es in_the governlng equat1on. Anou]ar d1scont1nu1t1es

~involved in these 1nstances can»be dealt with by 1ncorporat1ng d1scont1nuous,
» ’angn1ar‘e1ementsf Heterogeneousiorob1ems-canf]ikenise:beldea]tvm{th by:'
'.incorporating discontinuousfspatialAe]ements}"Although the use ofhdis-
continuous elements e]iminate'the.need for local mesh refinement, their
iincorbOration is not an easyhtask and 1ies outside the scope of the present
stndy. Recent inveStioations on the possibility of incorporating discontjnuous_'
_e]ements can be found ‘in | | » |

_ Due to the inherent. nature of the f1n1te e]ement approx1mat1on
. techn1que, h1gher order approx1nat1ons may easily be 1ncorporated thus
’ a)]owwno the use of a .coarse enough mesh to achieve a g1ven level. of accuracy
Howeyerg the accuracy_]eve1 ach1eved in the so]ut1on of the part1cu1ar ‘

- problems attempted proves that first order approximations perform quite
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“sathfactori1y‘even with coarse meshes .- Th1s may 1mp1y that h1gher order

' approx1mat1ons should not be 1ncorporated unless abso1ute1y essent1a1
~The main d1sadvantage of the app11cat1on of the finite- e]ement A
approx1mat1on techn1que to rad1at1ve transport prob]ems in gray part1c1pat1ng
 media ls the nece551ty of stor1ng the system matr1ces and the system vectors
| and then of so1v1ng the correspond1ng set of equat1ons. _For 1arge prob]ems,'
espec1a11y in mult1d1mens1ona] app11catlons, the storaoe requ1rement can
become prohibitive for many comput1ng 1nsta11at1ons However, as advances
are made 1n data manaqement techn1ques and computer fast memory deve]opment.
th1s drawback may be’ n1t1qated to a qreat extent In add1t1on the reou1redh
storage may be reduced extensively if the. banded structure of tHe resu]t1ng
system matr1ces are 1ncorporated in the computer 1np1ementat1on
‘ A1though the theoret1ca] deve1opment of the f1n1te e]ement mode]

cons1dered 1n this study has "not been restr1cted to any spec1f1c geometry,
1ts app11catlon has been restr1cted to p]ane parallel qeometry w1th az1mutha1
. synmetry "The obv1ous genera]1zat1ons are, therefore to exam1ne more complex
~_vgeometries. The genera11zat1on to one- d1mens1ona1 spher1ca1 oeometry shou]d |

~ be straightforward P]ane para]]e] geometry w1thout a21mutha1 symmetry or
one- d1mens1ona] cy11ndr1ca1 geometrv poses more of a chal]enne because two
angu]ar varlab]es are requ1red even thouoh on]y one spat1a1 variable is needed
neverthe]ess, the genera]1zat1on to treat two angu]ar var1ab1es is a 1og1cal
step on the vay to a so]ut1on scheme capable of dea11nd w1th mu1t1d1mens1ona1
geometr1es - However, the app11cat1on to mu1t1d1men51onal geometries poses
a substant1a11y greater challenge because of the size of the problens

-encountered. For examp]e, a three d1mens1ona1 ‘problem 1nvo1ves f1ve o
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. Qariah]es -.th}ee sbatiaT'and twd éngU]ar Thereforeb even. a re]at1ve1y
coarse mesh w1th ten - nodes a]ong each region. 1nvo1ves 105 uhknowns
" In summary then, the f1n1te e]ement approx1mat10n techn1que as -
app11ed to the Ga]erkwn approx1mat1on of the weak formulation of ‘the
‘“boundary va]ue prob1em governing rad1at1ve transport in gray part1c1pat1ng
‘med1a~can‘be-consndered_to be both eff1c1ent andvreJ1ab1e. -Although’ mu]t]-”l'
‘dimehsiona1dapp1ications have'ndt heen cbnsidered there~is no theofetité]i
- reason why any of the above conclusions cannot be extended to- mu1t1d1mens1ona1
ﬁ.problems Of course, there are substant1a] numer1ca1 and comput1ng challenges !

assoc1ated w1th genera11zat1ons in th1s d1rect1on.'
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 GALERKIN- FINITE ELEMENT PROGRAM TO. SOLVE THE EIGENVALUE PROBLEM

WITH ISTROPIC SCATTERING, AND WITH VACUUM BOUNDARY CONDITIONS )

NE
- NNP. -
. NER

NEC
EIGEN

ICODE1

ICODE2

" ICODE3 .

X1(1) . -

"x2(1)

IND(I)

L IXN(L )

Co2(L,D

© DECLARATIONS

.'PRBID(I)‘

| 1ADM(I,I) E

AT X=-L/2 AND AT ¥eL/2, L BEING THE SLAB THICKNESS
. TERMINOLOGY

'NUMBER OF ELEMENTS

NUMBER OF NODAL POINTS

_NUMBER' OF ELEMENT ROWS

NUMBEROF ELEMENT COLUHNS

-EIGENVALUE
' ELEI‘EEN,T ‘CODE -

IF O ELEIL‘ENT Is AN INTERNAL ELEMENT
IF 1 ELEMENT IS A BOUI\DARY ELEMENT

'ELEMENT CODE

IF 0 ELEMENT IS AT X=-L/2 OR AT x_o., DEPENDING
ON THE PROBLEM -
oR i , R
" ELEMENT IS AN INTERNAL. ELEMENT ,
IF 1 ELEMENT 1S AT X=L/2 OR AT X=L, .DEPENDING ON
- THE PROBLEM - .
ELEMENT CODE
- IF 0 ELEMENT IS. AN INCOMING BOUNDARY ELEMENT
OR .
 ELEMENT IS AN INTERNAL' ELEMENT
.. IF 1 ELEMENT IS AN OUTGOING BOUNDARY ELEMENT .
PROBLEM IDENTIFICATION ARRAY, I=1,...,120
X-COORDINATE OF THE ITH NODE, I=1,...,NNP
MU-COORDINATE OF THE ITH NODE, I=1,...,NUP
COLUMN NUMBER OF THE ITH ELEWENT 1=1,...,NE )
NODE NUMBER OF THE NODE J OF THE ITH ELEMENT, I=1;...
,NE, J=1,...,4 ’
ELEMENT NUMBER AT THE ITH ROh AND JTH COLUMN 1= 1,...
,NER, J=1,...,NEC

ITH cowPONENT OF THE ITH EIGENVECTOR, 1=J=1,..., NNP
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__;VPARAMETER NNP= NE=f,, NER={3, NEC=f, -
PARAMETER NNJ-leNP*NN T
PARAMETER NNL=NNP*NNP+1
DIMENSION PRBID(120).
~ DIMENSION SMI1(NNP,NNP), SMZ(NNP NNP),EM1 (4, 4) EM2(4 4)
DIMENSION EM3(4,4),X1(NNP),X2(NNP),BEM(4,4) :
"DIMENSION IX(NE.4), IND(NE) IADM(NEC, NER)
- 'DIMENSION JX(&4)
- DIMENSION BETA(NNP),WK(NNJ)
COMPLEX Z(NNP,NNP),ALFA(NNP), EIGEN
'REAL MUIL,MUILM,MUILN
" DATA KI/S/ ‘
DATA SMI_SMZ/hNJ*O./

READ AND PRINT THE INPUT DATA

B

sReNsNoNoNoNoNoNeoNel

READ AND PRINT THE PROBLEM IDENTIFICATION DATA

 READ(KI, 100) (PREID(1),I=1,120)
) WRITE(6 110)(PRBID(I) 1= 1 120)

'READ AND/OR PRINT THE CONTROL DATA

o0

WRITE(e,zoz)NE,NNP

¢

- READ AND PRINT THE NODAL POINT DATA

OO0

_READ(KI,211) X1 g
'READ(KI,211) ‘X2 . !
‘WRITE(6,601) " :
WRITE(6,602)
- DO 1 I=1,NNP
WRITE(6, 203)1, Xl(I) X2(I)
jCONTINUE

READ AND PRIhT THE ELEMENT DATA

4(500»—-'

NNK=NE-1 :
/- DO 1010 ICOUNT=1, NNR 2 '
. READ(KI, 13)((IX(I J) J=1,4),1I= ICOUNT ICOUNT+1) (IND(I) I=ICOUNT, 1
t 1COUNT+1) -
1010 - CONTINUE - - e
. WRITE(6,601) o L I
~ WRITE(6,603) ‘ ' :
‘DO 210 M=1,NE
, WRITE(6,204)M, (IX (M, J) J=1,4), IND(M)
210 ' CONTINUE
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READ AND PRINT THE ANGULAR DISTRIBUTION MATRIX

- WRITE(6,601)

WRITE(6,604) -
DO 220 N=1,NEC

::f_:READ(KI 201) (IADM(N, 15 I=1 NER)

220 .

coooooo

[z X2 X1

WRITE (6, 605)(IADM(N I) I=1 NER)
CONTINUE

WRITE(6,555)

GENERATE AND ASSEMBLE THE ELEMENT MATRICES

DO 3 M=1,NE
"SET UP THE ELEMENT INCIDENCE RELATION

I=IX(M,1).

‘ J:IX(M, 2)
. K=IX (M, 3)

L=1X M, A .' -

CALCULATE GEOVETRICAL PARAMETERS OF THE ELEMENT o

‘XIJM_Xl(J) Xl(I)

MUILM=X2 (L) =X2(1) . ?

CALCULATE COMMON PARAMETERS OF THE ELEMENT

hCPl-k?(L) 3+x2(1) xz(L) %2-57% X2(L) x2(13 19437 kZ(I) 3

CP2= (X2(L)+h2(1)) "MUTLM#%2

- CP3=3%X2(L)**3-5%X2(I1)* X2(L)““2+X2(L)“X2(I) 2+x2(1)“3[.

CP4=1. /MUILM

~ CP1=CP1%CP4
.CP2=CP2%CP4
CP3=CP3%CP4
. CP5=8.*XIJM*MUILM/3.

' FORM THE ELEMENT MATRICES EM1(I,J) AND EM2(I,J)

EM1(1,1)=CP1
. EM1(1,2)=CP1

EM1(1,3)=CP2 }
EM1(1,4)=CP2 - ) »

EM1(2,1)=-CP1
“EM1(2,2)=-CP1

EM1(2,3)=-CP2 "~ ‘ S
EM1(2,4)=-CP2 S , .
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EM1(3,1)=-CP2
EMI (3,2)=-CP2
EMI (3,3)=-CP3

. EM1(3,4)=-CP3
EM1(4,1)=CP2

EM1(4,2)=CP2

' EM1(4, 3)=CP3
" EM1(4,4)=CP3
_ EM2(1,1)=CP5

EM2(1,2)=CP5/2

EM2(1,3)=CP5/4

EM2(1,4)=CP5/2

. EM2(2,1)=CP5/2
-~ EM2(2,2)=CP5
EM2(2,3)=CP5/2"

EM2(2,4)=CP5/4

- EM2(3,1)=CP5/4.
- EM2(3,2)=CP5/2
- EM2(3,3)=CP5

EM2(3,4)=CP5/2
EM2(4,1)=CP5/2

. EM2(4,2)=CP5/4

EM2(4,3)=CP5/2

'EM2(4 4)=CP5

- IMBED THE ELEMENT MATRICES ENl(I J) AND. EMZ(I J) INTO THE ,

SYSTEM MATRIX SMl(I J)

DO 5 Il=l,4 ,
12=IX(M,I1) R
DO 5 Jl=1,4

J2= IX(M Jl) :
SM1(12, J2)=8M1(12, J2)+EM1(11 J1)+EM2(II Jl)
CONTINUE '

* IDENTIFY THE ELEMENT -

’IDUMMY— IND (M)
DO -2 N=1,NER

IELM_IADM(IDLMNY N)

~SET” UP THE ELEMENT INCIDENCE RELATION

Jk(l) Ik(IELM 1y
JX(2)=IX(IELM, 2)
JX(3)=IX(IELM, 3)
JIX(4)=IX(IELM, 4) S ‘ :
I1=JX(1) R e .

CJJ=JIX(2)
- KK=JX(3)
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CALCULATE GEOMETRICAL PARAMETERS OF THE ELEMENT

'MUILN-XZ(LL)—XZ(II)

CALCULATE COMMON PARAMETERS OF THE ELEMENT

'v‘CP6 XIJM ‘MUTLM? MUILN

: FORM THE ELEMENT MATRIX EM3(I 5n

 EM3(1, 1) CP6

EM3(1,2)=CP6/2 .

"EM3(1,3)=CP6/2

EM3(1,4)=CP6

'EM3(2,1)=CP6/2
EM3(2,2)=CP6
- EM3(2,3)=CP6 -
EM3(2,4)=CP6/2
- EM3(3,1)=CP6/2
- EM3(3,2)=CP6

EM3(3,3)=CP6
EM3(3,4)=CP6/2

"EM3(4,1)=CP6
-~ EM3(4,2)=CP6/2
T EM3(4,3)=CP6/2

EM3(4,4)=CP6

' IMBED THE ELE\ENT LATRIX EMS(I J) INTO THE 'SYSTEM MATRIX
SM2(1,3)

0o 4 11=1,4 . - .
I12=1X(M, 11)
4 J1=1,4 .

C J2=JX(J1)

SM2(12,J2)=SM2(12,J2)+EM3(11,J1)
CONTINUE : :

" CONTINUE

CONTINUE
GENERATE AND ASSEMBLE THE BOUNDARY ELEMENT MATRICES

WRITE(6,555) . . , L
DO 6 M=1,NE ’ ' S,

- READ THE ELEMENT CODES

~ READ(KT;201) 1CODE1, ICODE2, ICODE3
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CHECK WHETHER THE ELEMENTS IS AN INTERNAL ELEHENT OR NOT

.vIF(ICODEl EQ. 0) GO TO 6

CHECK ON WHICH BOUNDARY THE ELEMENT IS

IF(ICODE2. EQ 1) GO TO 8

CHECR WHETHER THE ELEMENT IS AN INCOMING BOUNDARY ELEMENT OR
NOT

" IF(ICODE3. EQ 0) o' T0 6

- SET UP THE ELEMENT INCIDENCE RELATION

I:Ik(M,l)

- J=IX(M,2)

K=IX(M,3)

L=IX(,4) V“'i R

CALCULATE GEOMETRICAL PARAMETERS OF THE ELEMENT
MUIL-XZ(L)—hZ(I)

‘ INITIALIZE THE BOUNDARY ELEHENT MATRIX BEM(I J)

: ;DO 7 N1=1,4
. DO 7 N2z1,4 o
,BEM(Nl;Nz)-o -

CALCULATE COMMON PARAMETERS OF TﬂE ELEMENT AND FORM THE.
BOUNDARY ELEMENT MATRIX BEM(I, J) o

)

. BCPO =2, /MUIL

BCP1= X2(L)"3+X2(L)“*2“X2(I) =5 X2(I)""2"X2(L)+3 X2 (1)%
BCP1=BCP1*BCPO
BCP2=MUIL#*2% (X2(1)+X2(L))

. BCP2=BCP2* BCPO

BCP3=3¢ X2(L)"3 =5% X2(L)“"2"h2(I)+X2(I)““2“X2(L)+h7(I)
BCP 3=BCP 3**BCPO"

'BEM(1,1)=-BCP1
" BEM(1,4)=-BCP2

BEM(4,1)=~BCP2
BEM(4,4)=-BCP3

GO0 TO 101
COhTINUE

A CHECR WHETHER THE ELEMENT IS AN INCOHING BOUNDARY ELEHENT OR .
NOT - :
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.\IF(ICODEB EQ 0) GO TO 6

BEM(3,2)=BCP6 - e
'BEM(3, 3)=BCP7 - o |
CONTINUE

o
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SET Up THE ELEMENT INCIDENCE RELATION

I= IX(M 1) -
J=IX(M,2) -
K=IX(M, 3)

L= IX(M, 4)

» CALCULATE GEOMETRICAL PARAMETERS OF THE ELEMENT

VMUIL X2(L)—X2(I)

: rINITIALIZE»THE BOUNDARY ELEMENT MATRIX BEM(I,J).

DO 9 Nl=1,4
DO 9 N2=1,4"

'BEM(Nl'N?)-o

"CALCULATE COMMON PARAMETERS OF THE ELEMENT AND FORM THEI'
BOUNDARY 'ELEMENT MAT RIX BEi(I J) :

BCP4 =2, /MUIL
BCP5=X2 (L) % 3+h2(L)““2“\2(I) ~5% X2(I)"”2“X2(L)+3 XO(I)\1
BCP5=BCP5%:BCP4 R

 BCPH=MUTL:2% F(X2(1)+X2(L)) -

BCP6=BCP6*BCP4
BCP7=3% tX2 (L) %4 3-5¢% AZ(L)“" ”XZ(I)+X2(I)'”2 k2(L)+X2(I)"
BCP7=BCP7%BCP4

- BEM(2,2)=BCP5° . “

BEM(2; 3)=BCP6

- IMBED THE BOUNDARY ELEMENT MATRI\ BEM(I J) INTO THE SYSTEM

MATRIX SM1(I, J)

DO 10 11=1,4

I2=1X(M,11)

DO 10 J1=1,4

J2=IX(M,J1)

SM1(12,J2)= SMI(IZ J2)+BEM(Il Jl)

CONTINUE

'CONTINUE -

~ SOLVE THE EIGENPROBLEM ALD PRINT IHE EIGENVALLES EIGENVECTORS

AND PERFORMANCE - INDEX OF THE SOLUTION ROUTINE.
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CALL EIGZF(SMl NNP, SM2,NNP,NNP, 2, ALFA, BETA, Z, NNP WK, IER)
“WRITE(6,601)

WRITE(6,8001)

DO 3001 Jj=1,NNP

WRITE(6, 755) -

WRITE(6,756) (2(I,J),I=1 NNP)

WRITE(6,601)"

. DO 3002 I=1,NNP

WRITE (6,4002)ALFA(I), BETA(I)

IF(BETA(I).GT. (~0.000001).AND. BETA(I) LT. O, 000001) GO TO 3002
EIGEN—ALFA(I)/BETA(I)

- WRITE(6,2003)1,EIGEN

CONTINUE '

WRITE(6 2004)IER WK(l)

'FORMATS

FORMAT (20A4)

'FORMAT(1H1,////, (10X, 20A4))

FORMAT( ) : '

FORMAT(1H1,////, T20,,NUMBER OF ELEMENTS,,TSO,,-,,IIO // T20
1,NUMBER OF NODAL POINTS,,T50,,=,,I10) _
FORMAT(/ T5,110,T27,F10.6,T47,F10.6)

FORMAT (78,110,730, 4(110 8X), 110)

'FORMAT(7F10. 0) o

FORMAT (1015) e

FORMAT (1H1)

'FORMAT(1H1,////) -

FORMAT (T40, ,NODAL POINT,,//, T10,,NDMBER,,T30,,X1 ,TSO,,XZ,,//)
FORMAT (T10, ,ELEMENT NUMBER,,T&O,,IX(I),,T60,,IX(Z),,TSO,,IX(B).,TI
100,,IX(4),,T120,,IND,,//) =~ .

FORMAT (T10, 5X, ,ANGULAR DISTRIBUTION MATRIX,, //)

FORMAT (T10,24(15))

- FORMAT(//,T20, ,EIGENVECTOR, , 15)
 FORMAT ( (5X, 8(E13.6,2X)))

’FORMAT(TZO,,EIGENVALUE,,IS,, =,,2E13.6) .
FORMAT(TZO,,IER,,TSO,,_,,15 //,T20, ,PERFORMANCE INDEX,,ISO,,_,,
- 1E13.6) .
FORMAT(T20,,ALFA-,,2E13 6, 10X,,BETA.,,E13 6)
FORMAT(T&O,,EIGENMATRIX,,//)

STOP

'»‘END:
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" In the above ]1sted code L,,LZ,LS and’ 2 stand for, respect1ve1y,'

4
number of noda] po1nts, number of e]ements, number of element rows and

number of e]ement co]umns 1n the nesh A list of“typ1ca]ndata_1s g1ven

be]ow.v o ‘- , (

Hesh Paragmeters .

=
: zé =24
L= 6
£y = 4
Prqblem‘ Identt fic’atio_n Data
TS O TN R OO R N

GALERKII\-FINITE "ELEMENT SOLUTION TO THE.EIGENV‘ALUE PROBLEM WITH 1SOTROPI
C SCATTERING, AND WITH VACUUM BOUNDARY CONDITIONS -AT X-—L/Z AND AT X-L/Z-_
L BEING THE SLAB THICI\NESS

B R SRR R S o Ea
10 20 - 30, 40 : 50 60 70

llodal Point Data

‘°:flokl_ 20 .30 40 50 : 60 - .~ 70

4 - ¥ : ¥ . ¥ N 4 S

L I R e R I NN A Y ) R R R N N R I S S R S N A T A Y A A A A A NN S B

-0.50 -0.50 -0.50 = =-0.50  -0.50  =0.50  -0.50
-0.50 -0.25 =0.25 . =-0.25 =0.25 -0.25 -0.25 -
-0.25 - 0.0 0.0 0.0 0.0 _ 0.0 1 0.0
0.0 0.25 0.25 0.25  0.25 0,25 . 0.25
0.25 0.50 0.50 7.0.50 0.50 . - 0.50.  0.50
©0.50 S L ' :

0.50
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"7 14 15

.21 28, 29
6 13 14
20 27 28
512 13
19 26 27
3 1112
18 25 ' 26
2 10 11
17 24 25
.19 10
160 .23 24
- 4
- 10

8 14

Angular Distribution Data

‘10
¥

LR IS B R N SRR N )

9,13,17,21

1,5,
12,6,10,14,18,22 .
3,7,11,15,19,23 -
$4,8,12,16,20,24
B

10

21

C030
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-0.333333 0.0

-1.0 -0.666667 o
1.0 -1.0 - =0.666667 '-0.333333
1.0~ -1.0 ~0.666667 -0.333333
1.0 - -1.0 ' -0.666667 -0,333333
1.0 . -1.0 ~0.666667 ~0.333333
'0.666667 1.0 .. o -
| 4 4 + Tt
10 20 30 40,
Element Data
iO 20' 30 Lo
Y 4 ¥ ¥

15

o 8s 000800040800t

'0,333333

0.666667.

0.333333° 0,666667
0.333333 0.666667
_0.333333 0.666667
©0.0  0.333333
Y S
50 .60 70
50 60
v v ¢

70 ",-

.

22 12
22 28 36 37 .29 3 4
7 13 20 21 14 1 L2
21 27 35 36 28 3 4
6 12 19 .20 ‘13 1 - 2.
20 26 .34 35 27 -3 4
4 11 18 ©19 12 1. 2
19 25 32 33 26 3 4
3 10 17 - 18 - 11 . 2
18 24 31 32 .25 3. 4
2 9 16 17 10 -1 2
17 23 30 31 .24 3 4
4 4 + 4
20 30 . 40 | 50
20 30 Lo - 50 .
e ¥ Y e
4 0 + o o4
20 40 50

IO SR BN N 2R

+ -4
60 70
60 70
¥ ¥
o St
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Code Data .

L W N

s 000600 e
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e« s 00
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A Repreéentative Code for,Nonhmegenéous Problems



NN N Rr Rz R e e Rz R N R R e e R N Ko N R Ne e R Re e Re NaRe N2 Ne N e N Xa o X e Mo Ne Xa N e Ne Mo Mo Xa e o N o e N I

- ].57.‘_ 

GALERKIN-FINITE ELEMENT PROGRAM TO. SOLVE THE NONPOMOGENEOUS

- PROBLEM WITH ISTROPIC SCATTERING, AND WITH SPECIFIED INTENSITYq.

BOUNDARY CONDITION AT X=-L/2 AND VACUUM BOUNDARY CONDITION AT
X=L/2,. -L BEING THE SLAB. THICRNESS

NE

. TERMINOLOGY -

'NUMBER OF -ELEMEKTS

NNP NUMBER OF NODAL POINTS
NER - NUMBER OF ELEMENT ROWS
NEC *. NUMBER OF ELEMENT- COLUMNS
OMEGA - EXTINCTION COEFFICIENT
“KI : INPUT UNIT NUMBER'
ICODE1 ELEMENT CODE
' IF 0 ELEMENT IS AN ILTERNAL ELEMENT
S IF 1 ELEMENT IS A BODNDAFY ELEMENT
" ICODE2 - "ELEMENT .CODE -
‘ ~ - IF 0 ELEMENT IS AT_X:—L/2 OR AT x_., DEPENDING
- ‘ON THE PROBLEM .
OR .
S ELEMENT IS AN INTERNAL ELEMENT :
- IF 1 ELEMENT ‘IS AT X=L/2 OR AT X=L, DEPENDING
o ’ - ON THE PROBLEM
‘ICODE3 .~ ELEMENT CODE E
- '~ IF .0 ELEMENT IS AN INCOMING BOUNDARY ELEMENT
OR =
ELEMENT. IS AN INTEkNAL ELEMENT
: . IF 1 ELEMENT IS AN OUTGOING BOUNDARY ELEMENT
“ PRBID(I) PROBLEM IDENTIFICATION ARRAY, I1=1,...,120
SX1(1) X~COORDINATE OF THE ITH NODE, I=1,...,NNP
- X2(I) . MU-COORDINATE ‘OF THE ITH NODE, I=1,...,NNP.
IND(I) COLUMN NUMBER OF THE ITH ELEMENT, I=1,...,NE . :
IX(1,J)  NODE NUMBER OF THE NODE- J op THE ITH ELEMENT, I=1,...
LNE, J=1,...,4
TADM(I,J) ELEMENT NUMBER AT THE 1TH ROW AND JTH COLUML, I=l,...
: : 'v,NER J=1,...,NEC '

DECLARATIONS



/

no0ononoacanaao

o0

O.

OOO K

_ 158 -

PARAMETER NNP=£j, NE= ZZ,NER_£3,NEc_£4
PARAMETER NNJ=NNP®NNP =

DIMENSION PRBID(120) ,
DIMENSION . SM(NNP,NNP), SV(NNP)
'DIMENSION IX(NE,4),IADM(NEC, NER), JX(A) IND(NE) Xl(NNP) X2 (NNP) -
DIMENSION.EM1(4,4),EM2(4,4), EM3(4 4), BEM(4, 4), Ev(A) BEV(A) ’
- DIMENSION WKAREA(NNP):

" REAL MUIL,MUILM,MUILN .

DATA hI/S/

'DATA SM, SV /NNJ* 0.,NNP 0. /

READ AND PRINT THE INPUT DATA

READ AND PRINT THE PROBLEM ‘IDENTIFICATION DATA

* READ(KI, 100) (PRBID(I), I=1,120)

'WRITE(6,110) (PRBID(I),I=1,120)
" 'READ AND/OR PRINT THE CONTROL DATA
WRiTE(ﬁ 2025NE KNP
_READ AND PRINT THE NODAL' POINT DATA -

READ(KI,211) X1~ - *
READ(KI,211) X2 '

- WRITE(6,601) _— SRR
. WRITE(6, 602) B
DO 1 I=1,NNP

WRITE(6 203)1, Xl(I) XZ(I)
CONTINUE

READ - AND PRINT THE. ELEWENT DATA

" NNK=NE-1

DO 1010 ICOUNT=1,NNK,2 .
READ(KI, 213) ((IX(I,J),J=1,4), I=ICOUNT, ICOUNT+1) (IND(I) T=1COUNT, I
. 1COUNT+1)

’1010 ~ CONTINUE

";'CONTINUE

»WRITE (6 601)

- WRITE(6,603)

DO:210 M=1,NE :
WRITE(S, ZOA)M (I\(M J),  J= 1 4y, IND(M) '
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READ AND PRINT THE ANGULAR DISTRIBUTION MATRIX

WRITE(6 601)
WRITE(6,604)
DO 220 Nz1,NEC

* READ(KI,201) (IADM(N, I) ; I=1, NER)
| WRITE(6, 605) (TADM(N, 1), I=1,NER)

CONTINUE

'READ AND PRINT THE HEAT TRANSFER DATA -

- READ(KI,201)GAMMA
‘WRITE(6,601) =
 WRITE(6,606)CAMMA

" GENERATE AND ASSEMBLE ‘THE ELEMENT MATRICES -

WRITE(6,555)

DO 3 M_l NE
SET UP THE ELEMEBT IhCIDENCE RELATION
I=IX(M,1)
J:IX(M’ 2) ) s :
K=IX(M, 3) _— C
L=I»_X(M,4) ' .

. CALCULATE GEOMETRICAL PARAMETERS OF THE ELEMENT

XIIM=X1(J)-X1(1)

MUILM=X2 (L)-X2 (1)
CALCULATE COMMON PARAMETERS OF THE ELEMENT

CPl= h2(L) 3+h2(1) X7(L)" - "XZ(L)FX7(I) 24 3% k7(1)

CP2= (X2 (L) +X2 (1) )*MUILM?%2
- CP3=3%X2(L)*%3-5% XZ(I) X7(L)'"°+X7(L) X2(I)"2+X2(I)

CP4=1. /MUILM

' CP1=CP1%CP4

CP2=CP2%CP4
@3CK3@4
CP3—8 XIJM MLILM/3

FORM THE ELEMENT MATRICES EM1(T,J) AND'EM2(I,J)
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~EM1(1,1)=CP1
EM1(1,2)=CP1
EM1(1,3)=CP2
EM1(1,4)=CP2.
EM1(2,1)=-CP1-

. EM1(2,2)=-CPL

" EM1(2, 3)=-CP2
EM1(2,4)=-CP2

© EM1(3,1)=-CP2

EM1(3,2)=-CP2
EM1(3,3)=-CP3
EM1(3,4)=-CP3
EM1 (4, 1)-cp2
“EML(4,2)=CP2.
EM1 (4, 3)=CP3
AEM1(4;4)=CP3Y
EM2(1,1)=CP5

© EM2(1,2)=CP5/2

o000 -

coow

EM2(1, 3)=CP5/4
EM2(1,4)=CP5/2 - . .. _
"EM2(2,1)=CP5/2 ' ' .
EM2(2,2)=CP5 S L : .
' EM2(2,3)=CP5/2 : , \ T
EM2(2,4)=CP5/4 - E
EM2(3,1)=CP5/4
- EM2(3,2)=CP5/2
 EM2(3,3)=CP5
EM2(3,4)=CP5/2
EM2(4,1)=CP5/2 . -
EM2(4,2)=CP5/4 R
EM2 (4,3)=CP5/2 :
EMZ(A 4)=CP5 .
IMBED THE ELEMENT MATRICES EMl(I J) AND EM7(I J) INTO THE
SYSTEM MATRIX SM(I J)

"Do'5 11=1,4
I12=IX(M,I1)
- DO 5 J1=1,4
1 J2=IX(M, Jl)
- SM (12,32)=SM (12, J2)+EM1(11 J1)+EM7(Il J1)
" CONTINUE

IDENTIFY THE ELEMENT

IDUMMY=IND (M)
DO 2 N=1,NER
TELM=TADM(IDUMMY ,N)

|

SET UP THE ELEMENT TNCIDENCE RELATION
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.'JX(l):IX(IELﬁ,l)‘

JX(2)=IX(IELM, 2).

- JX(3)=1X(IELM,3)
JX(4)=IX(IELM, 4)

I1=JX(1)

" JI=JX(2) —

KK=JX(3)

- LL=JX(4)

CALCULATE GEOMETRICAL PARAMETERS OF THE ELEMENT

'MUILN X”(LL) X2(II)

’ CALCULATE COMMON PARAMETERS OF ‘THE ELEMENT

" CP6=-1. *GAMMA*XIJM*MUILM*MUILN

FORM THE ELEMENT MATRIX EM3(I, J)

EM3(1 D= cpe
EM3(1,2)=CP6/2
EM3(1,3)=CP6/2.

CEM3(1,4)=CP6

EM3(2,1)=CP6/2
EM3(2,2)=CP6

© EM3(2,3)=CP6

EM3(2,4)=CP6/2
EM3(3,1)=CP6/2
EM3(3,2)=CP6
EM3(3, 3)=CP6

EM3(3,4)=CP6/2

EM3(4,1)=CP6 e
EM3(4,2)=CP6/2
EM3(4,3)=CP6/2

{EM3(4 4)=CP6

IMBED THE ELEMELT MATRIX EM3(I J) INTO THE SYSTEM MATRIX
SV(I J) :

DO & Il=1,4
I12=1X(M,11)

.. DO 4 J1=1,4

J2=JX(J1)

- SM (12 J2) =SM (12, J2)+EM3(11 Jl)

CONTINUE

* CONTINUE
CONTINUE



leNeReRoKe

a

oo

'sNeKe]

a0 cooa

0000

162 -

GENERATE AND ASSEMBLE THE BOUNDARY ELEMENT MATRICES AND THE
- BOUNDARY ELEMENT VECTORS .

WRITE(6,555).

DO 6 M=1,NE

READ THE ELEMENT ‘CODES

’.READ(KI,ZOI)ICODEI,ICODE2,ICODE3

CHECR YHETHER THE ELEMENT IS AN INTERNAL ELEMENT OR NOT
IF(ICODEl EQ.0) GO TO 6

CHECK. ON WHICH BOUNDARY THE ELEMEhT IS

T?IF(ICODE EQ 1) G0 TO 20

SET UP THE 'ELEMENT INCIDENCE RELATION

L I=IX(M, 1)
- J=IX(M, 2)

K=IX(},3)
L= IY(M 4)

CALCLLATE GEOMETRICAL PARAMETERS OF THE ELEMENT

MUIL_X2(L) x2(1) . f_

‘CHECK XhETHER THE ELEMENT IS AN OUTGOING BOUNDARY ELEUENT OR
NOT
\
IF(ICODEJ EQ.1) GO TO 30
| INITIALIZE THE. BOUNDARY ELEMENT VECTOR BEV(I)

DO 11 N1=1.4

»”BEV(Nl)-o

CALCULATE COMMON PARAMETERS OF THE ELEMENT AND FORM ThE
BOLhDAR& ELEMENT VECTOR BEV(I)

~ BCPO=4. o '
© BCP1=X2 (L) ##2+X2 (1) #X2 (L) =2. #X2(1)*:
 BCP1=RCP1%BCPO

BCP2=2., #X2 (L)#%2-X2 (1) % kZ(L) xv(l)" :

. BCP2=BCP2%BCPO
* BEV(1)=BCP1
. BEV (4)=BCP2
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IMBED THE BOUNDARY ELEMENT VECTOR BEV(I) INTO THE SYSTEM -
" VECTOR EV(I) , -

D012 11-=1,4

I2=IX(M,11) _ .
SV(I12)=SV(I2) BEV(Il)
CONTINUE
GO TO 6-
CONTINUE

: INITIALIZE THE BOUNDARY ELEMENT MATRIX BEM(I J)

DO 7 N1=1,4
DO 7 N2=1,4

BEM(N1,N2)=0.

CALCULATE COMMON PARAMETERS OF THE ELEMENT AND FORM THE
BOUNDARY . ELEMENT MATRIX

BCPO_2 /MUIL

BCPl—X7(L)“'3+X2(L)““2“X2(I) 5+ X2(I)““2“X2(L)+3 X2(I)°'

- ‘BCP1=BCP1%BCPO
'BCP2-MUIL““2”(X2(I)+X2(L))

BCP2=BCP2*BCPO
BCP3=3%X2 (L) **3-5% XZ(L)“*Z“RZ(I)+X2(I)““2“X2(L)+X2(I):5

- BCP3=BCP3#BCP0
BEM(1,1)=-BCP1

BEM(1,4)=-BCP2

" BEM(4,1)=-BCP2 . .

BEM(4,4)=-BCP3

CONTINUE

L]
~ CHECK WHETHER THE ELEMENT IS AN INCOMING BOUNDARY ELEMENT OR
NOT

NIF(ICODEB EQ.0) GO TO 6

SET UP THE ELEMENT INCIDENCE RELATION .

: I:I)\(M, 1)
© o J=IX(M,2)

K=IX(M, 3)

L=IX(M,4)

CALCULATE GEOMCTRICAL PARAMETERS OF THE ELEMENT

MUTL=X2 (L)-X2(1) R

INITIALIZE ‘THE BOUNDARY ELEMENT MATRIX- BEM(I,J)
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D0 9 Nl=1,4
BEM(N1,N2)=0.

CALCULATE COMMON PARAMETERS OF THE ELEMENT AND FORM “THE
BOUNDARY ELEHENT MATRIX BEN(I J)

nooow -

~'BCP0=2. /MUIL ' o . ' :
BCPI—Y7(L) 3+x2(L)"2 x2(1) 5% xz(I) w2%X2(L)+3%X2(1)#%3

 BCP1=BCP1#*BCPO

" BCP2=MUIL#%2% (X2(I)+X2(L))
BCP2=BCP2*BCPO _ = ‘ Lo .
BCP3=3%X2 (L) ##3=5%X2 (L) *%2%X2 (1) +X2 (1) 2%X2 (LY+X2 (1) %3
BCP3=BCP3%BCPO . : L o :
BEM(2,2)=BCP1
“BEM(2,3)=BCP2

. BEM(3,2)=BCP2

A BEM(3, 3)=BCP3

0 - CONTINUE

IMBED THE BOUPDARY ELEMENT \iATRI}\ 'BEM(I,J) INTO THE SYSTEM‘A
MATRIX SM(I J) : .

[eNe NN RY)

- DO 10 11;1,4

L I2=IX(M,I1) -

'~ DO 10 Ji=1,4-

~J2=1X (M, Jl)
SM(12,J2)=SM(12,J2) BEH(Il Jl)

o

10 -~ CONTINUE . .
6 CONTINUE - R
<o o
C .
C T '
C SOLVE- THE SYSTEM OF EQUATIONS AND PRINT THE RESULT
C
C
. CALL. LEQTlF(SM 1,NNP, KNP, SV, 6, WKAREA, IER)
WRITE (6, 601)
~ WRITE(6,8001)
. ’.WRITE(G 653) (SV(1),1=1, NNP)
c
o
- C _
c FORMATS
- c '
C
Cc

100 - FORMAT (20A4) o
110 . FORMAT(1H1,////, (1ox 20A4))
201 FORMAT( )



202

203
204

211
213

555
601

602

603

604
605

606
655

8001
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FORMAT(IHI /111,120, ,NUMBER OF ELE}ENTS,,TSO,,_,,IIO 1/, T20
1,NUMBER OF NODAL POINTS,,T50,,=I10) :
FORMAT(/,T5,110,T27,F10,6,T47,F10.6)

ffFORMAT(TS 110 T30, 4(110 8X) 110)

FORMAT (7F10.0)
FORMAT (1015).

.~ FORMAT.(1H1) ..

FORMAT (1K1, ////) :
FORMAT(T40, ,NODAL POINT,,//, TlO,,NUMBER,,TBO,,Xl,,TSO,,XZ,,//)

* FORMAT (T10, , ELEMENT NUMBER,,TAO,,IX(I),,T60,,IX(2),,T80,,IX(3),,T1

- 100,,IX(4),,T120,,IND,,//) .

FORMAT (T10, 5X, , ANGULAR 'DISTRIBUTION MATRIX,,//)
FORMAT (T10, 24(I5))

FORMAT (T20, ,EXTINCTION COEFFICIENT = ,,FlO 6)
FORMAT ( (5X, 8(E13.6,2X))) D
FORMAT(TAO,,INTENSITY DISTRIBUTION,,//)

STOP

END

In the above 11sted code L,, Ly, £ and £4 stand for, respect1ve1y,’

number of nodal po1nts, ‘number . of e]ements, number of e]ement rows and

number of e1ement co1umns in the. mesh A 11st of typ1ca1 data is given

be]ow.f | . R

Mesh Parameters

&y =37
£y
23:- 6
L, - 4
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'ProbZevadentijication'Data

10 20 30 0 w0, .5 60 . 70,

0 -
y + Y- N . Yo ¥

R R R R O R I N N A R R N A S N I I I I N R N R T R R N e

'GALERKIN-FINITE ELEMENT PROGRAM TO SOLVE THE NONHOMOGENEOUS PROBLEM WITH
' ISOTROPIC SCATTERING, AND WITH SPECIFIED BOUNDARY CONDITION AT X=-L/2 AN
D VACUUM BOUNDARY CONDITION AT X=L/2, L BEING THE SLAB THICKNESS

4 A + + 4 4 "

10. - 20 30 . u0 . s0 .60 700

STTOTEUR SOOI ST S L ASTUSUEE ST 4
=C.50 =0.50 -0.50 " - . -0.50  =~0,50  =0.50 --0.,50
-0.50 ~ -0.25 .. -0.25" ~-0,25 = =-0.25  -0.25 . -0.25
-0.25 0.0 0.0 6.0 - .00 . - 0.0 0.0
.0 - 0,25 © 0:.25 0,25 . 0,25 0.25  0.25
0.25 .0.50° .0.50  0.50° - 0.50° 0.50 0.50 ~
0.50 . 0:50 © . o 3 o
-1,0 -0.666667 -0.333333 0.0 . 0.0 0.333333 0.666667
1.0- -~ -l.0 ~0.666667 -0.333333_ 0.0 - - 0.333333  0.666667
~ 1.0 -1.0 -0.666667 -0,333333 0.0 0.333333 '0.666667
1,0 -1.0 . -0.666667 -0.333333 0.0 . 0.333333 - 0.666667
1.0 - -1.0 = -0.666667 -0.333333 0.0 0.0 0.333333.
- 0.666667 - 1,0 , T o ‘ BT -
4 0 4 4 4 4 4
10 20 30 4o 50 60 70
Element Data
10 20 30 40 50 60 70
Ry ¢ v B e AU '
7. 14 15 8 14 21 22 15 1 ' 2
.21 28 .29 22 283 37 29 3 4
6 13 14 "7 13 20 21 14 1. 2
200 2728 21 27 353 28 3 4



5 120 13 .6 - 12 19

S 167 -

13

| | ; 20 12
- 19 . 26- -27~__20_- 26 34 .35 27 3 4
3 11 12 - 4 »Il,-'18 19- 12 .1 - 2.
18 25 26 19 25 32 33 26 3 4
2 :-10' 11 310 17 18 11 1 2
17 24 25 18 24 31~ 32 25 3 &
19 10 2. 9 16 17 100 1 2
16 23 -2 17 23 30 31 24 3 4
R S o 4 4
10 - 20 : 30 : L0 50 60
;Angu'_lar {D'istribuiion Data .

10 - - 20 .30 40 S50 66‘
..;oo.h.bfc- ..... l.n“:o.c’o..o.‘.ooa.‘o'..l..'ooo.c..ooavoco!.oucan>fol“icoo..
1,5,9,13,17,21
2,6,10,14,18,22
3,7,11,15,19,23 -

'5;8,12,16,20;24 _ ‘
' RN Ty 4 g .

' : 10 20 - 30 Lo 50 © 60
Heat Transfer bata »

10 20 30 40 v 50 60
. s o . 04: . ----.‘i’-o-o . .4'.‘,..‘.. es o000 -4:. ..... ...\-}a:;;too
0;8 » ,

S F 4 4 4

10 20 30 1}0» 50 60 -
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Code Data

10

000100010001100010001000

[ L R TR A S S T S N R T A L L L

OO0 CH O OO OO A0 O0OO0O OO0 ~~00 0

L T TR P R Y S I TR T N S T . L . T S S S S

E 100110011001100110011001

e a0 0
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