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ABSTRACT

MONOGENIC NUMBER FIELDS

Determining whether the ring of integers OK of an algebraic number field K

of degree n admits a power integral basis is one of the classic problems in algebraic

number theory. In other words, we want to determine whether there exists α ∈ OK

such that {1, α, . . . , αn−1} is a Q-basis for K. This question dates back to the 1960s

and was introduced by a German mathematician, Helmut Hasse.

In this thesis, we will study the monogenicity of cubic number fields and their

lift to monogenic sextic number fields. After recalling some background material on

algebraic number theory and related topics, we will focus on specific cubic fields such as

pure cubic fields and cyclic cubic fields. Next, we will study the lifting of all monogenic

cyclic cubic fields to monogenic sextic fields.

This thesis was supported by Boğaziçi University Research Fund Grant Number

19082.
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ÖZET

MONOJENİK SAYI CİSİMLERİ

n dereceli bir cebirsel sayı cismi K’nın, OK tam sayılar halkasının bir kuvvet

integral bazı kabul edip etmediğini belirlemek cebirsel sayı teorisindeki klasik prob-

lemlerden biridir. Diğer bir deyişle, {1, α, . . . , αn−1}, K için Q-bazı olacak şekilde

α ∈ OK olup olmadığını belirlemek istiyoruz. 1960’lara kadar uzanan bu soru Alman

matematikçi Helmut Hasse tarafından tanıtıldı.

Bu tezde, kübik sayı cisimlerinin monojenikliğini ve bunların monojenik sek-

stik sayı cisimlerine yükselişini inceleyeceğiz. Cebirsel sayı teorisi ve bağlantılı konu-

lar hakkında bazı arka plan materyallerini hatırladıktan sonra, saf kübik cisimler

ve döngüsel kübik cisimler gibi belirli kübik cisimlere odaklanacağız. Daha sonra,

tüm monojenik döngüsel kübik cisimlerin monojenik sekstik cisimlere yükselişini in-

celeyeceğiz.

Bu tez Boğaziçi Üniversitesi Bilimsel Araştırma Projeleri tarafından 19082 kodu

ile desteklenmiştir.
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1. INTRODUCTION

Let K be a number field of degree n with the integer ring OK . If α ∈ K is a

primitive element then we have K = Q(α), i.e. {1, α, . . . , αn−1} is a Q-basis for K. It

is also known that every algebraic number field has an integral basis. It is a classical

problem in algebraic number theory to determine whether a given number field K

satisfies the previous two properties; in other words, whether there exists α ∈ OK such

that {1, α, . . . , αn−1} is a Q-basis for K. Such an integral basis is called a power integral

basis. If a number field admits a power integral basis, it is called a monogenic number

field. For example, quadratic fields and cyclotomic fields are monogenic number fields.

In the 1960’s, Hasse [1, §25.6] asked to give an arithmetic characterization of

algebraic number fields with power integral bases. The first example of a number field

that does not admit a power integral basis was provided by Dedekind in [2]. Since then,

many mathematicians have been trying to find an answer to the following questions:

Which fields are monogenic and if a number field is monogenic, can we list all the

generators? Although there are some partial solutions, both questions are still open

for all number fields.

The main purpose of this master thesis is to study the monogenity of cubic number

fields and their lift to monogenic sextic number fields.

In Chapter 2, we cover some background materials and preliminary results of

algebraic number theory and related topics. It includes the basic definitions and theo-

rems such as algebraic integers, discriminant and integral basis. We also describe the

structure of the discriminant form, index form and their relations. The main observa-

tion of this chapter, which is a result of Proposition 2.32, is the following: Let O be

a Z-order in K with a fixed Z-basis {1, ω2, . . . , ωn} and α = x1 + x2ω2 + · · · + xnωn.

Then α ∈ O generates a power basis for O if and only if (x2, . . . , xn) ∈ Zn−1 satisfies



x

the index form equation

I(x2, . . . , xn) = ±1 in x2, . . . , xn ∈ Z. (1)

Chapter 3 is devoted to the collections of some results regarding the monogenic

cubic fields. The first section of this chapter includes a summary of results on monogen-

ity of arbitrary cubic number fields with discriminant lying in the interval [−300, 3137].

In the following section, we give an alternative characterization of a monogenic cyclic

cubic field in terms of Shank’s cubic polynomial. This observation will also lead us to

list some equivalent conditions for cyclic cubic fields which has a power integral basis.

In the next section, we give an integral basis and the index form equation I(x, y) = ±1

attached to a pure cubic field Q( 3
√
m) for some m ∈ Z to determine its monogenity.

For instance, if m = r + 9k is square-free for some k ∈ Z and r ∈ {2, 3, 4, 5, 6, 7}, we

conclude that the field Q( 3
√
m) has a power integral basis. In the last section of this

chapter, we will show that there exist infinitely many triples of polynomials defining

distinct monogenic cubic fields with the same discriminant.

Chapter 4 is concerned with the notion of lifting of monogenic cubic fields to

monogenic sextic fields. For a sextic field containing a cubic subfield, there are eight

possibilities for the Galois group of its Galois closure. For five of these Galois groups, we

will provide infinitely many monogenic sextic fields that can be lifted form a monogenic

cubic field. For the remaining three Galois groups, we show that there are at most

finitely many monogenic sextic field. Both results are based on the work of Lavallee et

al. in [3].

In Chapter 5, we mention our observation in regards to lifting of the monogenic

cubic fields to monogenic sextic fields. The main result of this chapter is a combination

of Theorem 3.4 and Lemma 4.4. In Theorem 4.2, the authors of [3] deal with only

certain type of polynomials which are given in Table 4.1 and the ones of the form

g(x) = x3 + ax2 + bx ± 1 defined by finitely many integers a and b. Our observation

extends their result to all monogenic cyclic cubic number fields.
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2. BASIC CONCEPTS OF ALGEBRAIC NUMBER

THEORY

2.1. Number Fields and Algebraic Integers

In this section, we will state some basic facts regarding number fields. The main

references for this section are [4, § 13] and [5].

Let K be a field. A field extension L of K is a field L ⊃ K with finite dimension

dimK(L) (as a vector space over K), and the degree of the extension L/K is defined to

be [L : K] := dimK(L). In particular, if L is such an extension of Q, then it is called

a number field.

Let L/K be a field extension of degree n, and let α ∈ L. Then there must be a

K-linear dependency among {1, α, . . . , αn}. In other words, there exists a polynomial

f(x) ∈ K[x] of degree n such that f(α) = 0. Such an element α ∈ L is called algebraic

over K. Let L/K be a field extension and α ∈ L be an algebraic element of L over K.

Then α has a minimal polynomial over K; namely, there exists a unique mα(x) ∈ K[x]

such that if f(x) ∈ K[x] satisfying f(α) = 0, then mα(x) divides f(x). Here uniqueness

means up to multiplication by an element of K − {0}.

Let K be a number field. An element α ∈ K is called an algebraic integer if it is

a root of a monic polynomial f(x) ∈ Z[x].

We now have the concept of an algebraic integer in a number field. It is natural

to ask whether one can determine the set of all algebraic integers in a number field. Let

us first consider all algebraic integers in C. The following theorem gives us alternative

characterizations of algebraic integers.
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Theorem 2.1. The following statements are equivalent for α ∈ C:

(i) α is an algebraic integer;

(ii) Z[α] is a finitely generated Z-module;

(iii) There exists a subring of C containing α which is finitely generated;

(iv) There exists a finitely generated non-zero Z-module M ⊂ C such that αM ⊂ M .

Proof. See [5, Chapter 2 Theorem 2].

Hence, one can deduce that the set of algebraic integers is closed under addition

and multiplication.

Corollary 2.2. Let A denote the set of algebraic integers in C. Then A forms a ring.

Proof. Let α and β be elements of A. It then follows from Theorem 2.1 that Z[α] and

Z[β] are finitely generated Z-modules. Then so is Z[α, β].

Since Z[α, β] contains αβ and α + β, by Theorem 2.1 (iii), we deduce that αβ

and α + β are algebraic integers.

We now go back to the set of algebraic integers in a number field. Let K be a

number field and let OK denote the set of algebraic integers in K, i.e. OK = A ∩K.

One can deduce from Corollary 2.2 that OK is a ring, which is called the ring of integers

of K.



3

The following theorem states a relation between algebraic numbers and algebraic

integers.

Theorem 2.3. Let K be a number field and α ∈ K. Then α can be written as β/d

with β ∈ OK and d ∈ Z. Hence, K is the field of fractions of OK.

Proof. Since α is algebraic overQ it satisfies an equation αn+a1α
n−1+· · ·+an = 0 where

ai ∈ Q. Let d be a common denominator for the ai, so dai ∈ Z for all i ∈ {1, . . . , n}.

Multiplying through the equation by dn we get

(dα)n + a1d(dα)
n−1 + · · ·+ and

n = 0.

It follows that dα ∈ OK .

The following theorem gives us a criteria for an algebraic element to be an alge-

braic integer.

Theorem 2.4. Let α be an algebraic integer. Let f(x) ∈ Z[x] be a monic polynomial

of least degree such that f(α) = 0. Then f(x) is irreducible over Q.

Proof. See [5, Chapter 2, Theorem 1]

Corollary 2.5. The number α is an algebraic integer if and only if the monic minimal

polynomial of α over Q has coefficients in Z.

Proof. See [5, Chapter 1, Proposition1.1]

The Primitive Element theorem says that for a given number field K we have

K = Q(α) for some α ∈ K. Hence, it is natural to ask whether one can write the ring

of integers OK as OK = Z[α] for some α ∈ OK .
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2.1.1. Discriminant, Norm and Trace

In this section, we will define three important functions TrK/Q, NK/Q, and DK

the trace, the norm and the discriminant of an n-tuple attached to a number field K.

The main reference for this section is [5].

An embedding of a number field K into C is an injective Q-homomorphism of K

into C. For a given number fieldK of degree n there are precisely n distinct embeddings

of K into C (see [5, Appendix B]). By applying the Primitive Element theorem we

can write K = Q(α) for some α ∈ K. Then, the embeddings can be described easily

by observing that each embedding sends α to one of its n-conjugates over Q. On the

other hand, each conjugate β determines a unique embedding of K.

Definition 2.6. Let K be a number field. We define two functions TrK/Q and NK/Q

(the trace and the norm) on K, as follows: Let σ1, . . . , σn denote the embeddings of K

in C, where n = [K : Q]. For each α ∈ K, set

TrK/Q(α) :=
n∑

i=1

σi(α)

NK/Q(α) :=
n∏

i=1

σi(α).

(1)

It is easy to see that TrK/Q(α + β) = TrK/Q(α) + TrK/Q(β) and NK/Q(αβ) =

NK/Q(α)NK/Q(β). Moreover, for r ∈ Q and α ∈ K, we have TrK/Q(rα) = rTrK/Q(α)

and NK/Q(rα) = rnNK/Q(α).

Proposition 2.7. Let K be a number field of degree n and let α ∈ K. Then

TrK/Q(α) =
n

d
TrQ(α)/Q(α)

NK/Q(α) = (NQ(α)/Q(α))
n
d ,

(2)

where d = [Q(α) : Q], meaning that d|n.

Proof. See [5, Chapter 2, Theorem 4].
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Corollary 2.8. Let K be a number field and α ∈ K. Then we have the following:

(i) TrK/Q(α), NK/Q(α) ∈ Q.

(ii) If α is an algebraic integer, then TrK/Q(α), NK/Q(α) ∈ Z.

Proof. For (i), see [5, Chapter 2, Corollary 1]. If α is an algebraic integer, its minimal

polynomial over Q has coefficients in Z. Hence, we obtain (ii).

Example 2.9. Let m be a square-free integer, and let K = Q(
√
m) be a quadratic

field. Then we have

TrK/Q(a+ b
√
m) = 2a,

NK/Q(a+ b
√
m) = a2 −mb2.

(3)

for a, b ∈ Q.

2.1.2. The Discriminant of an n-tuple

Let K be an algebraic number field of degree n with the ring of integers OK

and let σ1, σ2, . . . , σn : K ↪−→ C be all the embeddings of K into C. For any n-tuple

α1, α2, . . . , αn, we define the discriminant of α1, α2, . . . , αn as

DK/Q(α1, α2, . . . , αn) :=
∣∣σi(αj)

∣∣2, (4)

namely, it is defined as the square of the determinant of the matrix having σi(αj) in

the (i, j)-th entry. Here, |aij| denotes the determinant of the matrix [aij] with aij in

the i-th row and j-th column.

One can observe that the square makes the discriminant independent of the or-

dering of the σi and the ordering of the αj.
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Proposition 2.10. The set {α1, . . . , αn} is a basis for K over Q if and only if we have

DK/Q(α1, . . . , αn) ̸= 0.

Proof. See [6, Proposition 3.24].

The following theorem help us express the discriminant in terms of the trace

TrK/Q.

Theorem 2.11. We have DK/Q(α1, . . . , αn) =
∣∣TrK/Q(αiαj)

∣∣.
Proof. The result follows immediately from the matrix equation

[σj(αi)][σi(αj)] = [σ1(αiαj) + · · ·+ σn(αiαj)] = [TrK/Q(αiαj)] (5)

and the properties of the determinant: |aij| = |aji| and |AB| = |A||B| for matrices A

and B.

We can utilize the discriminant to determine whether the αj are linearly inde-

pendent:

Proposition 2.12. If α1, . . . , αn ∈ K where α′
is are algebraic integers, then we have:

(i) DK/Q(α1, . . . , αn) ∈ Z

(ii) If β1, . . . , βn ∈ K such that βi =
n∑

j=1

aijαj with aij ∈ Q for i = 1, 2, . . . , n, then

DK/Q(β1, . . . , βn) =
∣∣aij∣∣2 ·DK/Q(α1, . . . , αn) (6)

(iii) DK/Q(α1, . . . , αn) = 0 if and only if α1, . . . , αn form a linearly dependent system

over Q.

Proof. See [5, Chapter 2, Corollary 6 and Theorem 7].
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For simplicity, we will denote the discriminant of the n-tuple {1, α, α2, . . . , αn−1}

by DK/Q(α). The following theorem relates DK/Q(α) to the norm of f ′(α):

Theorem 2.13. Suppose that K = Q(α) for some α ∈ K, and that α1, . . . , αn denote

the conjugates of α over Q. Then

DK/Q(α) =
∏

1≤i<j≤n

(αi − αj)
2 = ±NK/Q(f

′(α)) (7)

where f is the monic irreducible polynomial for α over Q: the + sign holds if and only

if n ≡ 0 or 1 (mod 4).

Proof. See [5, Chapter 2, Theorem 8].

2.1.3. Norm of an Ideal and Fractional Ideals

In this section, we will define a norm of and ideal and the set of fractional ideals.

These notions will be used in Chapter 3.

Definition 2.14. Let K be a number field with ring of integers OK and let U be a

non-zero ideal of OK, we define the norm of U as

NK/Q(U) := |OK/U|. (8)

Lemma 2.15. Let U be a non-zero ideal of OK.

(i) We have NK/Q(αOK) = |NK/Q(α)| for all α ∈ OK.

(ii) The norm of U is finite.

Proof. See [6, Lemma 5.20 and 5.35].

Definition 2.16. Let L/K be a cyclic Galois extension with Galois group G =< σ >.

An ideal U of L is called an ambiguous ideal if Uσ = U.
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Definition 2.17. An OK-submodule f of K is called a fractional ideal of OK if there

exists some non-zero α ∈ OK such that αf ⊂ OK, that is, U = αf is an ideal of OK

and f = α−1U.

Lemma 2.18. Let p be a non- zero prime ideal of OK. Define

p−1 := {x ∈ K | xp ⊂ OK}. (9)

(i) p−1 is a fractional ideal of OK.

(ii) OK ⊊ p−1.

(iii) pp−1 = OK.

Proof. See [6, Lemma 5.25, 5.26 and 5.29]

Theorem 2.19. The non-zero fractional ideals of a number field K form a multiplica-

tive group, denoted IK.

Proof. See [6, Theorem 5.30]

Note that the set of principal fractional ideals form a subgroup of IK and denoted

by PK .

2.1.4. The Dirichlet’s Unit Theorem

The Dirichlet unit theorem says that the group of units modulo the subgroup

of roots of unity in the field is a finitely generated group with r1 + r2 − 1 generators,

where r1 denotes the number of real embeddings and the number of pairs of complex

conjugate embeddings are denoted by r2 for the field. Let K be an algebraic number

field of degree n with the ring of integers OK . Let O×
K denote the group of units of

OK .
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It then follows from the Dirichlet’s unit theorem (see [7, Page 119]) that we have

O×
K = µ(K)× Zr, r = r1 + r2 − 1, (10)

where µ(K) is the group of roots of unity in K and n = [K : Q] = r1 + 2r2. It is

easy to see that r = r1 + r2 − 1 = 0 if and only if r1 = 1, r2 = 0, then K = Q

or r1 = 0, r2 = 1, then K = Q(
√
m), m ≤ 0. In these cases, O×

K coincides with

a finite group µ(K). On the other hand, if K/Q is a Galois extension, we have K

is real if and only if r1 = n, r2 = 0, r = n − 1, and K is imaginary if and only if

r1 = 0, r2 = n/2, r = n/2 − 1. In case of quadratic fields this number is 0 or 1

depending on whether the field is real or imaginary.

2.2. Integral Basis and Monogenity

The main references for this section are [5, Chapter 2] and [8, Chapter 1]. Let K

be a number field of degree n with the ring of integers OK . A set {α1, . . . , αn} ⊂ OK

which is linearly independent over Q and generates OK as a Z-module is called an

integral basis of K.

Note that an integral basis for a number field always exists. Indeed, observe that

it follows from Theorem 2.3 that for every element α ∈ K there is an integer d ∈ Z such

that dα ∈ OK ; hence, by modifying any Q-basis for K a basis consisting of algebraic

integers can be obtained.

Let us now fix a basis {α1, . . . , αn} ⊂ OK for K over Q. Then we obtain a free

abelian group of rank n lying inside OK , i.e.

A := {a1α1 + · · ·+ anαn : ai ∈ Z} ⊂ OK . (11)
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Theorem 2.20. Let {α1, . . . , αn} be a basis of K over Q consisting entirely of algebraic

integers, and set d := DK/Q(α1, . . . , αn). Then every element α ∈ OK can be expressed

in the form

m1α1 + · · ·+mnαn

d
(12)

with all mi ∈ Z where i ∈ {1, . . . , n} and all m2
i divisible by d.

Proof. See [5, Chapter 2, Theorem 9] .

Hence, OK contains, and is contained in the free abelian groups of rank n (A and

1
d
A), which imply that it has a basis over Z.

Example 2.21. Let K = Q(
√
m), where m is a square-free integer. Then {1, α} is an

integral basis of K, where

α =


1 +

√
m

2
, if m ≡ 1 (mod 4)

√
m, if m ≡ 2, 3 (mod 4).

(13)

As we have seen in Example 2.21, the ring of integers of a quadratic number field

can be written as Z[α] for some α. This observation leads us to the following definition:

Definition 2.22. Let K be a number field with the ring of integers OK. The field

K is called monogenic if its ring of integers OK is a simple ring extension Z[α] of Z.

Namely, {1, α, . . . , αn−1} is an integral basis of OK. We call the set {1, α, α2, . . . , αn−1}

a power integral basis.

Note that if the sets {α1, , . . . , αn} and {α′
1, , . . . , α

′
n} are two integral bases for

K over Q then DK/Q(α1, , . . . , αn) = DK/Q(α
′
1, , . . . , α

′
n) (see [6, Proposition 3.28]). We

now define an important invariant attached to a number field K, which is independent

from the choice of integral bases.
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Definition 2.23. Let K be a number field of degree n and {α1, . . . , αn} be an integral

basis for K over Q. The discriminant of K is the discriminant DK/Q(α1, . . . , αn) of

the integral basis. Hence, we denote it by DK.

The discriminant plays an integral role in determining whether a given number

field K is monogenic.

Theorem 2.24. [Discriminant Test] Let K = Q(α) be a number field and let f(x)

denote the minimal polynomial of α over Q and disc(f) denote discriminant of the

polynomial f(x). If disc(f) = DK, then K is monogenic.

Proof. We know that the discriminant of f(x) is equal to DK/Q(α), where α is a root

of f(x). We also know that OK contains α, and therefore contains Z[α].

We now have that DK/Q(α) = DK · [OK : Z[α]]2. Since the discriminants are

equal, we have [OK : Z[α]] = 1, and therefore the two rings are equal. It then follows

that α generates the ring OK .

Example 2.25. If follows from Example 2.21 that every quadratic field is a monogenic

field; hence, there are infinitely many monogenic fields of degree 2.

For a given integer n ≥ 1, let ζn = e2πi/n ∈ C; this is a primitive n-th root of

unity. Then the n-th cyclotomic field is the extension Q(ζn) of Q generated by ζn. The

degree of Q(ζn) is therefore [Q(ζn) : Q] = deg(Φn) = ϕ(n), where ϕ is Euler’s totient

function and

Φn(x) =
∏

1≤k≤n

(x− ζkn) , gcd(k, n) = 1. (14)
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The discriminant of Q(ζn) is

(−1)ϕ(n)/2
nϕ(n)∏
p|n p

ϕ(n)
p−1

. (15)

Here the product is taken over all primes p dividing n.

Theorem 2.26. Let K = Q(ζn) be a cyclotomic field, where ζn is a primitive n-th root

of unity for some integer n. Then K is monogenic, more precisely OK = Z[ζn].

Proof. See [5, Page 26].

2.3. Index Form Equation

In this section, we will state discriminant forms, index forms and their relations.

The main references for this section are [8] and [7].

Let K be an algebraic number field of degree n with the ring of integers OK .

Let σ1, . . . , σn denote the embeddings of K into Q. Recall that the discriminant test

allows us to determine whether a given number field is monogenic or not. The following

lemma will provide us another important tool.

Lemma 2.27 ( [8], Chapter 1, Lemma 1.3). Let α1, . . . , αn ∈ OK be linearly indepen-

dent over Q and set O = Z[α1, . . . , αn]. Let O+
K and O+ be the additive groups of the

corresponding modules and let DK be the discriminant of the field K. Then

DK/Q(α1, . . . , αn) = J2 ·DK , (16)

where J denotes the group index

J = (O+
K : O+). (17)

Let K = Q(α) for some α ∈ OK and let O = Z[1, α, . . . , αn−1]. Then we define

index of α as the index

I(α) := (O+
K : Z[α]+). (18)
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In general, if α ∈ OK such that K = Q(α), then it follows from Lemma 2.27 that we

have

DK/Q(α) = I(α)2 ·DK . (19)

More precisely, we can write

I(α) =

√
DK/Q(α)√

DK

=
1√
DK

∏
1≤i<j≤n

|α(i) − α(j)|, (20)

where α(i) := σi(α) denote the conjugates of α for i ∈ {1, . . . , n}. It can easily be seen

from (19) and the discriminant test that α generates a power integral basis in K if and

only if I(α) = 1. The minimal index of the field K is defined by

µ(K) := min I(α), (21)

where the minimum is taken over all α ∈ OK such that K = Q(α). We call such α ∈ K

a primitive integer. The field index of K is

m(K) := gcd I(α) (22)

the greatest common divisor taken for all primitive integers of K as before. Monogenic

fields have both µ(K) = 1 and m(K) = 1, but m(K) = 1 is not sufficient for the

monogenity.

Let us fix an integral basis of the form {1, ω2, . . . , ωn} for K. Let σi : K ↪−→ Q,

where i = 1, . . . , n denote the embeddings. Set X := (X1, . . . , Xn) and

L(X) := X1 + ω2X2 + · · ·+ ωnXn (23)

with conjugates L(i)(X) = X1+ω
(i)
2 X2+ · · ·+ω

(i)
n Xn with i = 1, . . . , n. The form L(X)

is called the Fundamentalform.

Definition 2.28. We define the discriminant form of K as

DK/Q(L(X)) :=
∏

1≤i<j≤n

(L(i)(X)− L(j)(X))2, (24)

which is a form of degree n(n− 1) with coefficients in K.
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Lemma 2.29. There exists a homogeneous form I(X2, . . . , Xn) in n − 1 variables of

degree n(n− 1)/2 with integer coefficients such that

DK/Q(L(X)) = (I(X2, . . . , Xn))
2 ·DK , (25)

where DK is the discriminant of the field K.

Proof. Let L(X) = ω2X2+ · · ·+ωnXn with conjugates L(i)(X) = ω
(i)
2 X2+ · · ·+ω

(i)
n Xn.

Obviously, there are homogeneous polynomials Fji ∈ Z[X2, . . . Xn] where 1 ≤ j ≤ n of

degree i− 1 such that

(L(X))i−1 = F1i(X) + F2i(X)ω2 + · · ·+ Fni(X)ωn (26)

holds for 1 ≤ j ≤ n. Moreover,

DK/Q(L(X)) =
∏

1≤i<j≤n

(L(i)(X)− L(j)(X))2

=
∏

1≤i<j≤n

(L(i)(X)− L(j)(X))2

=

∣∣∣∣∣∣∣∣∣
1 L(1)(X) . . . (L(i)(X))n−1

...
...

...

1 L(in)(X) . . . (L(n)(X))n−1

∣∣∣∣∣∣∣∣∣
2

=

∣∣∣∣∣∣∣∣∣
1 ω

(1)
2 . . . ω

(1)
n

...
...

...

1 ω
(n)
2 . . . ω

(n)
n

∣∣∣∣∣∣∣∣∣
2

·

∣∣∣∣∣∣∣∣∣
1 F11(X) . . . F1n(X)
...

...
...

1 Fn1(X) . . . Fnn(X)

∣∣∣∣∣∣∣∣∣
2

= DK · (I(X2, . . . , Xn))
2, (27)

where the degree of the homogeneous polynomial

I(X2, . . . , Xn) =

∣∣∣∣∣∣∣∣∣
1 F11(X) . . . F1n(X)
...

...
...

1 Fn1(X) . . . Fnn(X)

∣∣∣∣∣∣∣∣∣ (28)

is n(n− 1)/2 which can be calculated from the degrees of the polynomials Fji(X).
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Example 2.30. Let K = Q( 3
√
m) with some m ∈ Z which is not a perfect cube. It is

easy to see that {1, 3
√
m,

3
√
m2} is a Z-module basis of the ring Z[ 3

√
m],

DK/Q(a1 + a2
3
√
m+ a3

3
√
m2) = −27m2 · (a32 −ma33)

2 (29)

and DK/Q(1, 3
√
m,

3
√
m2) = DK/Q( 3

√
m) = −27m2.

The polynomial I(X2, . . . , Xn) plays an important role for determining the mono-

genity of a given number field.

Definition 2.31. The polynomial of (n − 1)-variables I(X2, . . . , Xn) appearing in

Lemma 2.29 is called the index form corresponding to the integral basis {1, ω2, . . . , ωn}.

Let L be a number field with the integer ring OL and K be a finite extension of L

of degree n ≥ 2. An OL-order of K is a subring O ⊂ OK which is also an OL-module

of rank n = [K : L]. The following proposition provides us equivalent conditions for

an order to be monogenic.

Proposition 2.32. Let O be an OL-order of K and α ∈ O. If O has an OL-basis

{1, ω2, . . . , ωn}, I ∈ OL[X2, . . . , Xn] is the index form relative to 1, ω2, . . . , ωn and

α = x1 + x2ω2 + · · · + xnωn with x1, . . . , xn ∈ OL. Then the following assertions are

equivalent:

(i) OL[α] = O,

(ii) {1, α, . . . , αn−1} is a OL-basis for O,

(iii) DK/L(α) = u ·DK/L(1, ω2, . . . , ωn) for some u ∈ O×
L .

(iv) I(x2, . . . , xn) ∈ O×
L

Proof. See [7, Proposition 5.3.1].
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We will give the major property of the index form in the following lemma: the

relation between the index of an element and the index form.

Lemma 2.33. For any algebraic integer α = x1 + ω2x2 + · · ·+ ωnxn with K = Q(α),

the equality

I(α) = |I(x2, . . . , xn)| (30)

holds true.

Proof. By Lemma 2.27, we get

(I(x2, . . . , xn))
2 ·DK =DK/Q(L(x1, . . . , xn))

=DK/Q(α)

=DK/Q(1, α, . . . , α
n−1)

=(I(α))2 ·DK . (31)

It can be easily seen that if β = α + a where a is a integer and α, β ∈ OK , then

Z[α] = Z[β], so I(α) = I(β).

Let O be a Z-order in K with a fixed Z-basis {1, ω2, . . . , ωn} and α = x1+x2ω2+

· · ·+ xnωn. It follows from Proposition 2.32 that α ∈ O generates a power basis for O

if and only if (x2, . . . , xn) ∈ Zn−1 satisfies the index form equation

I(x2, . . . , xn) = ±1 in x2, . . . , xn ∈ Z. (32)

Note that the index form is independent of the variable x1 ∈ Z. Hence, solving

the equation (32) and determining all power integral bases in K are equivalent.



17

Definition 2.34. Let K be a number field with ring of integers OK and α, β ∈ OK. If

β = a± α for any a ∈ Z, then α and β are called equivalent.

Let K be a number field of degree n with ring of integers OK . If {1, ω2, . . . , ωn} is

an integral basis of K and α ∈ OK , by Lemma 2.31 the index I(α) is the absolute value

of determinant of the matrix transforming the basis {1, . . . , ωn} to {1, α, . . . , αn−1}. We

now compute the index form for some particular number fields.

Example 2.35. Consider a number field K of degree 3. Then each element α ∈ OK

is of the form

α = x1 + x2ω2 + x3ω3 with xi ∈ Z, (i = 1, 2, 3). (33)

Hence, we want to compute

m(K) = minxi∈Z(OK : Z[x1 + x2ω2 + x3ω3]). (34)

Since Z[x1 + x2ω2 + x3ω3] = Z[x2ω2 + x3ω3], it just suffices to consider elements

of the form: x2ω2 + x3ω3. Let Mxy ∈ Z[x, y]3×3 denote the transformation matrix

from the basis {1, ω2, ω3} to {1, x2ω2 + x3ω3, (x2ω2 + x3ω3)
2}. Then the determinant

of Mxy is a homogeneous cubic polynomial with rational integral coefficients. Hence,

I(x2, x3) := Mxy is the index form of α. There exists I0, I1, I2, I3 ∈ Z with

I(x2, x3) = I0x
3
2 + I1x

2
2x3 + I2x2x

2
3 + I3x

3
3. (35)
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Example 2.36. Consider now the cubic field K = Q(α) generated by α ∈ OK, with

minimal polynomial f(x) = x3−x2−6x+1 having discriminant DK = 361. The index

form equation corresponding to this integer basis is given by

I(X, Y ) = X3 + 2X2Y − 5XY 2 + Y 3. (36)

To check whether this field is monogenic we need to find out if I(X, Y ) = ±1 has

any solution. Note that (−7, 2), (1, 1), (9, 7), (0, 1), (2, 9), (1, 0) are solutions to the

equation, so this field has a power integral basis.

Example 2.37. In case m ≡ 2 (mod 4) and n ≡ 3 (mod 4) an integer basis of K =

Q(
√
m,

√
n) is given by {1,

√
m,

√
n,

√
m+

√
m1n1/2}, where n1 = n/d and m1 = m/d

with d = (m,n). The index form corresponding to this integer basis is

I(x, y, z) =
(d
2
(2x+ z)2 − n1

2
z2
)(

2dy2 − m1

2
z2
)(

2n1y
2 − m1

2
(2x+ z)2

)
, (37)

where each factor is an element of Z[x, y, z].

In particular, for m = 2 and n = 11, the field K = Q(
√
2,
√
11) has discriminant

DK = 30976 and only solutions to the equation I(x, y, z) = ±1 are (−1, 0, 1), (0, 0, 1).

For the computation of index forms in Example 2.36, 2.37 and 2.38 we refer to [9].

The next natural question is to know if there is any non-monogenic field.

Example 2.38. Consider the totally real field K = Q(α), generated by α, with minimal

polynomial f(x) = x4 − x3 − 16x2 − 11x + 7 and DK = 848241. The index form

corresponding to the integral basis {1, α, α2, (1 + α2)/2} is of the form

I(x, y, z) = −58x4y2+101x4yz + 1347x4z2 − 126x3y3 − 1613x3y2z − 99x3yz2 + 10730x3z3

+ 414x2y4 − 449x32y3z − 13632x2y2z2 − 9105x2yz3 + 42517x2z4

+ 6157xy4z + 10545xy3z2 − 34661xy2z3 − 45514xyz4 + 1797y4z2

+ 225112y3z3 − 5993y2z4.

(38)
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The minimal index of the field is m(K) = 2. The equation I(x, y, z) = ±1 does

not have any solution in Z3, the field K does not have a power integral basis. For the

method to find the solutions of the index form equation we refer to [9].

One can see that Lemma 2.27 can be used to show the existence of non-monogenic

number fields. For instance, Dedekind discovered the following cubic non-monogenic

field:

Example 2.39. Let K = Q(a), where a is any root of the irreducible polynomial

f(x) = x3 − x2 − 2x − 8. The number b = (a2+a)
2

is a root of the polynomial x3 −

3x2 − 10x − 8, hence is integral. Notice that {1, a, b} form an integral basis for K,

since DK/Q(1, a, b) = −503 is prime, and by Lemma 2.27, DK/Q(1, a, b) = DK. We

claim that K is not monogenic. To show this, it suffices to prove that for all α ∈ OK,

we have 2|DK/Q(α). Indeed, writing α = A + Ba + Cb with A,B,C ∈ Z, we have

α2 = (A2 + 6C2 + 8BC) + (2C2 −B2 + 2AB)a+ (2B2 + 3C2 + 2AC + 4BC)b and so

DK/Q(α) ≡ (BC)2(B + C) ≡ 0 (mod 2). (39)

2.4. Thue Equations

The main focus of this section is to define the Thue equations and state some of

their applications. The reference for this section is [8].

Definition 2.40. Let F ∈ Z[X, Y ] be an irreducible homogeneous form of degree n ≥ 3

and let m be a nonzero integer. An equation of the form

F (x, y) = m with x, y ∈ Z. (40)

is called a Thue equation.

It is named after Axel Thue who proved in [10] that an equation of the form (40)

has only finitely many solutions in integers (see also [8, Chapter 3, Theorem 3.2]).
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There are different ways of finding solutions to the equation F (x, y) = m with

x, y ∈ Z. One of them is to provide an upper bound |y| ≤ C for some constant C.

However, finding an optimal upper bound is an issue; Thue’s proof does not allow us to

calculate the constant C. In [11], Baker gave the first effective bounds for the solutions

of the equation (40) and Bugeaud and Gyóry have given the most optimal upper bound

to date in [12].

The resolution of index form equations (2.32) for cubic and quartic number fields

relies on solving Thue equations. Hence, one strategy to determine whether or not a

given number field has a power integral basis is to solve the Thue equations.

For larger degree number fields, one might need to modify equation (40) to tackle

the index form equation. Assume that K = Q(α) where α is an algebraic integer of

degree n ≥ 3. Let m ̸= 0 ∈ Z be given. Consider the following equation

NK/Q(x+ αy + λ) = m with x, y ∈ Z and λ ∈ OK , (41)

where |λ| < a1−ϵ with a = max{x, y} and 0 < ϵ < 1 (here λ denotes the complex

conjugate of λ). In [13], Sprindźuk studied the equations of this type and used Baker’s

method to give effective bounds for the equation (41). Before ending the section, we

give some examples that the solutions of the equation (41) allow us to tackle the index

form equations of sextic or octic fields. For details we refer the reader to [8, Section

11.2.1, 11.2.2 and 14.2.5].

Example 2.41. Let ξ be a root of the polynomial f(x) = x8−x7+x6+2x5−2x4+2x2−

x−1. Consider the field K = Q(ξ) generated by ξ with discriminant DK = −4461875 =

−5411259. Note that the fiel K contains M = Q(
√
5). Set ω := (1+

√
5/2). The relative

defining polynomial of ξ over M is given by fM(x) = x4+(−1+ω)x3+x2+(1+ω)x+ω.

It then follows from the calculations in [8, Section 14.2.5] that the following integers

generate power integral bases in K:

ξ, ξ + (−1 + ω)ξ2, (1− ω)ξ + (−1 + ω)ξ2. (42)
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3. MONOGENITY OF CUBIC FIELDS

In this chapter, our main purpose is to give partial answers to the following

questions: Which cubic fields are monogenic and if a cubic number field K is, for

which α we have OK = Z[α]?

There is no unified theory to classify all the monogenic number fields. However,

for some types of cubic fields such as cyclic cubic fields or pure cubic fields, there are

some approaches to derive some results on monogenity. Moreover, some computational

results exist for the fields whose discriminant lie in a fixed interval. This chapter is

devoted to the collections of these approaches in cubic fields.

3.1. Arbitrary Cubic Fields

In this section, we will explain the correlation between the index form equations

and arbitrary cubic fields which have power integral bases. The main references are [8]

and [14].

Let K be a number field of degree 3. As we know the index form equation of K

is just the cubic Thue equation

I(x, y) = a0x
3 + a1x

2y + a2xy
2 + a3y

3 = ±1, (1)

where ai ∈ Z for i = 0, 1, 2, 3. We will list all solutions of the index form equation (1)

corresponding to monogenic cubic fields with discriminant lying in the interval −300 ≤

DK ≤ 3137. There are 100 totally real and 30 complex monogenic cubic fields.

The following tables contain the data:

DK f(x) (I3, I2, I1, I0) (x1, y1), (x2, y2) . . . (2)

where f(x) = x3 + a2x
2 + a1x + a0 ∈ Z[x] is the defining polynomial of K generated

by α over Q and DK denotes the discriminant of the field K. The index form is

I(X, Y ) = I3X
3 + I2X

2Y + I1XY 2 + I0Y
3 ∈ Z[X, Y ], (3)
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and the solutions of I(X, Y ) = ±1 are (x1, y1), (x2, y2), . . . One can see that, if (x, y)

is a solution of I(X, Y ) = ±1, then so is (−x,−y); however, we will state only one

of them in the tables. If the given integral basis is the form {1, ω2, ω3} instead of

{1, α, α2}, we can write

ω2 = (p0 + p1α + p2α
2)/p and ω3 = (q0 + q1α + q2α

2)/q with p, pi, q, qj ∈ Z. (4)

Hence, the tables also contain the following data:

ω2 = (p0, p1, p2)/p and ω3 = (q0, q1, q2)/q. (5)
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Table 3.1. Real monogenic cubic fields.

DK f(x) I(X, Y ) Solution(s)

49 x3 − x2 − 2x+ 1 (1,2,-1,-1) (-2,1),(-9,4),(-1,1),(-1,-1),(-1,2),

(-5,9),(0,1),(4,5),(1,0)

81 x3 − 3x+ 1 (1,0,-3,1) (-2,1),(1,1),(3,2),(0,1),(1,3),(1,0)

148 x3 − x2 − 3x+ 1 (1,2,-2,-2) (1,1),(1,-1),(-5,2),(-31,45),(1,0)

169 x3 − x2 − 4x− 1 (1,2,-3,-5) (-2,1),(-1,1),(1,0)

229 x3 − 4x+ 1 (1,0,-4,1) (-2,1),(-2,-2),(508,273),(0,1),(1,4),(1,0)

257 x3 − x2 − 4x+ 3 (1,2,-3,-1) (1,1),(6,5),(-3,1),(0,1),(-2,7),(1,0)

316 x3 − x2 − 4x+ 2 (1,2,-3,-2) (-1,2),(1,0)

321 x3 − x2 − 4x+ 1 (1,2,-3,-3) (1,-1),(1,0)

361 x3 − x2 − 6x+ 7 (1,2,-5,1) (-7,2),(1,1),(9,7),(0,1),(2,9),(1,0)

404 x3 − x2 − 5x− 1 (1,2,-4,-6) (1,-1),(1,0)

469 x3 − x2 − 5x+ 4 (1,2,-4,-1) (0,1),(1,0)

473 x3 − 5x+ 1 (1,0,-5,1) (-2,-1),(-7,3),(0,1),(1,5),(1,0)

564 x3 − x2 − 5x+ 3 (1,2,-4,-2) (3,2),(-3,1),(-3,7),(1,0)

568 x3 − x2 − 6x− 2 (1,2,-5,-8) (17,8),(1,0)

621 x3 − 6x+ 3 (1,0,-6,3) (-8,3),(2,1),(1,2),(1,0)

697 x3 − 7x+ 5 (1,0,-7,5) (-3,1),(2,1),(13,6),(1,1),(1,0)

733 x3 − x2 − 7x+ 8 (1,2,-6,1) (3,2),(0,1),(1,0)

756 x3 − 6x+ 2 (1,0,-6,2) (1,3),(1,0)

761 x3 − x2 − 6x− 1 (1,2,-5,-7) (2,1),(-3,1),(-1,1),(1,0)

785 x3 − x2 − 6x+ 5 (1,2,-5,-1) (0,1),(1,0)

788 x3 − x2 − 7x− 3 (1,2,-6,-10) (-3,1),(-3,2),(1,0)

837 x3 − 6x+ 1 (1,0,-6,1) (0,1),(1,6),(1,0)

892 x3 − x2 − 8x+ 10 (1,2,-7,2) (1,0)

940 x3 − 7x+ 4 (1,0,-7,4) (1,0)
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Table 3.1. Real monogenic cubic fields. (cont.)

DK f(x) I(X, Y ) Solution(s)

961 x3 − x2 − 10x+ 8 (2,5,-1,-2) no solutions

ω2 = (0, 1, 0)/1, ω3 = (0, 1, 1)/2

985 x3 − x2 − 6x+ 1 (1,2,-5,-5) (1,-1),(2,1),(-3,1),(1,0)

993 x3 − x2 − 6x+ 3 (1,2,-5,-3) (-1,2),(1,0)

1016 x3 − x2 − 6x+ 2 (1,2,-5,-4) (1,0)

1076 x3 − 8x+ 6 (1,0,-8,-6) (7,3),(1,1),(1,0)

1101 x3 − x2 − 9x+ 12 (1,2,-8,3) (1,0)

1129 x3 − 7x+ 3 (1,0,-7,3) (1,0)

1229 x3 − x2 − 7x+ 6 (1,2,-6,-1) (7,4),(0,1),(1,0)

1257 x3 − x2 − 8x+ 9 (1,2,-7,1) (-19,7),(18,7),(0,1),(1,7),(1,0)

1300 x3 − 10x+ 10 (1,0,-10,-10) (1,1),(1,0)

1345 x3 − 7x+ 1 (1,0,-7,1) (-19,7),(18,7),(0,1),(1,7),(1,0)

1369 x3 − x2 − 12x− 11 (1,2,-11,-23) (3,-1),(-2,1),(1,0)

1373 x3 − 8x+ 5 (1,0,-8,5) (2,3),(1,0)

1384 x3 − x2 − 10x+ 14 (1,2,-9,4) (25,14),(1,2),(1,0)

1396 x3 − x2 − 7x+ 5 (1,2,-6,-2) (1,0)

1425 x3 − x2 − 8x− 3 (1,2,-7,-11) (3,-1),(1,0)

1436 x3 − 11x+ 12 (1,0,-11,12) (5,2),(1,0)

1489 x3 − x2 − 10x− 7 (1,2,-9,-7) (2,-1),(3,1),(3,-1),(-22,7),(1,0)

1492 x3 − x2 − 9x− 5 (1,2,-8,-14) (3,-1),(1,0)

1509 x3 − x2 − 7x+ 4 (1,2,-6,-3) (2,1),(1,0)

1524 x3 − x2 − 7x+ 1 (1,2,-6,-6) (-1,1),(1,0)

1556 x3 − x2 − 9x+ 1 (1,2,-8,2) (1,0)

1573 x3 − x2 − 7x+ 2 (1,2,-6,-5) (2,1),(-13,18),(1,0)
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Table 3.1. Real monogenic cubic fields. (cont.)

DK f(x) I(X, Y ) Solution(s)

1593 x3 − 9x+ 7 (1,0,-9,7) (-10,3),(5,2),(1,1),(1,0)

1620 x3 − 12x+ 14 (1,0,-12,14) (1,0)

1708 x3 − x2 − 8x− 2 (1,2,-7,-10) (1,0)

1765 x3 − x2 − 11x+ 16 (1,2,-10,5) (2,1),(1,0)

1772 x3 − x2 − 12x+ 8 (2,5,-2,-3) (-8,3),(-2,3)

ω2 = (0, 1, 0)/1, ω3 = (0, 1, 1)/2

1825 x3 − x2 − 8x+ 7 (1,2,-7,-1) (2,1),(0,1),(1,0)

1849 x3 − x2 − 14x− 8 (2,5,-7,-1) no solutions

ω2 = (0, 1, 0)/1, ω3 = (0, 1, 1)/2

1901 x3 − x2 − 9x− 4 (1,2,-8,-13) (-42,13),(-3,2),(1,0)

1929 x3 − x2 − 10x+ 13 (1,2,-9,3) (2,1),(1,0)

1937 x3 − x2 − 8x− 1 (1,2,-7,-9) (-1,1),(1,0)

1940 x3 − 8x+ 2 (1,0,-8,-2) (-3,1),(1,4),(1,0)

1944 x3 − 9x+ 6 (1,0,-9,6) (1,0)

1957 x3 − x2 − 9x+ 10 (1,2,-8,1) (-4,1),(2,1),(0,1),(1,0)

2021 x3 − 8x+ 1 (1,0,-8,1) (-26,9),(0,1),(1,8),(1,0)

2024 x3 − x2 − 10x− 6 (1,2,-9,-16) (1,0)

2057 x3 − 11x+ 11 (1,0,-11,11) (1,1),(1,0)

2089 x3 − 13x+ 4 (2,3,-5,-2) no solutions

ω2 = (0, 1, 0)/1, ω3 = (0, 1, 1)/2

2101 x3 − x2 − 11x− 8 (1,2,-10,-19) (-2,1),(1,0)

2177 x3 − x2 − 8x+ 5 (1,2,-7,-3) (2,1),(1,0)

2213 x3 − x2 − 13x− 12 (1,2,-12,-25) (-2,1),(1,0)

2233 x3 − x2 − 8x+ 1 (1,2,7,-7) (-1,1),(1,0)

2241 x3 − 9x+ 5 (1,0,-9,5) (8,3),(1,0)

2296 x3 − x2 − 14x− 14 (1,2,-7,-7) (-9,4),(1,0)
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Table 3.1. Real monogenic cubic fields. (cont.)

DK f(x) I(X, Y ) Solution(s)

2300 x3 − x2 − 8x+ 2 (1,2,-7,-6) (-7,2),(1,0)

2349 x3 − 12x+ 13 (1,0,-12,13) (8,3),(1,0)

2505 x3 − x2 − 10x− 5 (1,2,-9,-15) (1,0)

2557 x3 − x2 − 9x− 2 (1,2,-8,-11) (1,0)

2589 x3 − x2 − 14x+ 12 (2,5,-3,-3) (1,1)

ω2 = (0, 1, 0)/1, ω3 = (0, 1, 1)/2

2597 x3 − x2 − 9x+ 8 (1,2,-8,-1) (2,1),(-4,1),(0,1), (1,0)

2636 x3 − 14x+ 4 (2,0,-7,1) (-2,1),(1,0)

ω2 = (0, 1, 0)/1, ω3 = (0, 0, 1)/2

2673 x3 − 9x+ 3 (1,0,-9,3) (1,3),(1,0)

2677 x3 − 10x+ 7 (1,0,-10,7) (1,0)

2700 x3 − 15x+ 20 (1,0,-15,20) (1,0)

2708 x3 − x2 − 11x− 7 (1,2,-10,-18) (1,0)

2713 x3 − 13x+ 15 (1,0,-13,15) (-49,12),(4,3),(1,0)

2777 x3 − x2 − 14x+ 23 (1,2,-13,9) (-5,1),(2,1),(17,8),(1,1),(1,0)

2804 x3 − x2 − 9x− 1 (1,2,-8,-10) (-1,1),(1,0)

2808 x3 − 9x+ 2 (1,0,-9,2) (1,0)

2836 x3 − x2 − 9x+ 7 (1,2,-8,-2) (1,0)

2857 x3 − x2 − 10x+ 11 (1,2,-9,1) (-21,5),(2,1),(0,1),(1,0)

2917 x3 − x2 − 13x+ 20 (1,2,-12,7) (2,1),(1,0)

2981 x3 − x2 − 11x+ 14 (1,2,-10,3) (2,1),(1,0)

2993 x3 − x2 − 12x+ 17 (1,2,-11,5) (2,1),(1,2),(1,0)

3021 x3 − x2 − 9x+ 6 (1,2,-11,-3) (1,0)

3028 x3 − 10x+ 6 (1,0,-10,6) (1,0)

3137 x3 − 11x+ 9 (1,0,-11,9) (-11,3),(1,1)
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Table 3.2. Complex monogenic cubic fields.

DK f(x) I(X, Y ) Solution(s)

-23 x3 − x+ 1 (1,0,-1,1) (-1,1),(0,1),(1,1),(4,-3),(1,0)

-31 x3 + x+ 1 (1,0,1,1) (-2,3),(1,-1),(0,1),(1,0)

-44 x3 + x2 − x+ 1 (1,-2,0,2) (-47,56),(1,-1),(1,0),(1,1)

-59 x3 + 2x+ 1 (1,0,2,1) (0,1),(1,-2),(1,0)

-76 x3 − 2x+ 2 (1,0,-2,2) (-23,13),(1,1),(1,0)

-83 x3 + x2 + x+ 2 (1,-2,-2,1) (0,1),(1,0)

-87 x3 + x2 − 2x− 3 (1,-2,-1,-1) (0,-1),(1,0)

-104 x3 − x+ 2 (1,0,-1,2) (-3,2),(1,0)

-107 x3 + x2 + 3x+ 2 (1,-2,4,-1) (0,-1),(2,7),(1,0)

-108 x3 + 2 (1,0,0,2) (-1,1),(1,0)

-116 x3 + x+ 2 (1,-2,1,2) (1,0)

-135 x3 − 3x+ 3 (1,0,-3,3) (-2,1),(1,1),(1,0)

-139 x3 + x2 + x− 2 (1,-2,2,-3) (2,1),(1,0)

-140 x3 + 2x+ 2 (1,0,2,2) (1,-1),(1,0)

-152 x3 + x2 − 2x+ 2 (1,-2,-1,4) (1,0)

-172 x3 + x2 − x− 3 (1,-2,0,-2) (1,0)

-175 x3 + x2 + 2x+ 3 (1,-2,3,1) (0,1),(1,0)

-199 x3 + x2 − 4x+ 3 (1,-2,-3,7) (2,1),(1,0)

-200 x3 + x2 + 2x− 2 (1,-2,3,-4) (1,0)

-204 x3 + x2 + x+ 3 (1,-2,2,2) (1,0)

-211 x3 − 2x+ 3 (1,0,-2,3) (2,-1),(1,0)

-212 x3 + x2 + 4x+ 2 (1,-2,5,-2) (1,2),(1,0)

-216 x3 + 3x+ 2 (1,0,3,2) (1,0)

-231 x3 + x2 − 3 (1,-2,1,-3) (-2,-1),(1,0)
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Table 3.2. Complex monogenic cubic fields. (cont.)

DK f(x) I(X, Y ) Solution(s)

-239 x3 − x+ 3 (1,0,-1,3) (-5,3),(1,0)

-243 x3 + 3 (1,0,0,3) (1,0)

-244 x3 + x2 − 4x− 6 (1,-2,-3,-2) (1,0)

-239 x3 − x+ 3 (1,0,-1,3) (-5,3),(1,0)

-243 x3 + 3 (1,0,0,3) (1,0)

-244 x3 + x2 − 4x− 6 (1,-2,-3,-2) (1,0)

-247 x3 + x+ 3 (1,0,1,3) (1,0)

-255 x3 + x2 + 3 (1,-2,1,3) (-1,1),(1,0)

-268 x3 + x2 − 3x− 5 (1,-2,-2,-2) (1,-1),(1,0)

-283 x3 + 4x+ 1 (1,0,4,1) (0,1),(1,-4),(1,0)

-300 x3 + x2 − 3x+ 3 (1,-2,-2,6) (1,0)
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The following polynomials illustrate some monogenic number fields with discrim-

inant larger than 3137.

Example 3.1. Consider the cubic fields K = Q(αi) generated by αi where i ∈ {1, 2, 3},

with minimal polynomials f1, f2 and f3 given below. These cubic fields have the same

discriminant, DK = 22356, and they are monogenic.

• f1(x) = x3 − 36x+60 with the associated index form I(X, Y ) = 2X3 − 18XY 2 +

15Y 3. The only solutions of the index form equation I(X, Y ) = ±1 are (1, 1) and

ω2 = (0, 1, 0)/1, ω3 = (0, 0, 1)/2.

• f2(x) = x3−16x+6 with the associated index form I(X, Y ) = X3−18XY 2+6Y 3.

The only solutions of the index form equation are (1, 3) and (1, 0).

• f3(x) = x3 − 36x+ 78 with the associated index form I(X, Y ) = X3 − 36XY 2 +

78Y 3. The solutions are (485, 117) and (1, 0).

Example 3.2. Let α be a root of the polynomial g(x) = x3 + x2 − 274x + 61 and

K = Q(α) with discriminant DK = 677329. The associated index form of K is given

by I(X, Y ) = 11X3 − 14X2Y − 19XY 2 + 11Y 3. There are no solutions to the index

form equation I(X, Y ) = ±1, so K is not monogenic. In (4) we get ω2 = (0, 1, 0)/1,

ω3 = (−1,−4, 1)/11.

3.2. Cyclic Cubic Fields

The number fields of degree 3 whose Galois groups are isomorphic to Z/3Z are

called cyclic cubic fields. Cyclic cubic fields are totally real fields, i.e. all three roots

of the minimal polynomial are real.

In this section, we will give some equivalent conditions for the monogenity of the

ring of integers of any cyclic cubic field. First, we will show that if a cyclic cubic field

is monogenic then it is a simplest cubic field Kt defined by Shanks’ cubic polynomial,

which is defined below. Then we will give two equivalent conditions for when Kt is

monogenic, which is explicitly written in terms of t.
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Let t ∈ Z and the Shanks’ cubic polynomials be defined as in [15]:

ft(x) := x3 − tx2 − (t+ 3)x− 1, (6)

with discriminant D(ft) = (t2 + 3t+ 9)2.

Definition 3.3. The field Kt := Q(θt) is called a simplest cubic field where θt is a root

of ft(x) ∈ Z[x].

It can easily be seen that Kt = K−(t+3), so without loss of generality we may

assume −1 ≤ t ∈ Z. Set ∆t := t2+3t+9. Hence, if ∆t is square-free, then D(ft) = DK

and (1, θt, θ
2
t ) is an integral basis of Kt. The index form equation corresponding to the

integral basis (1, θt, θ
2
t ) is I(x, y) = x3 − tx2y− (t+3)xy2 − y3 = ±1. In [8], Gaál tried

to solve this index form equation for some t ∈ Z and gave some partial examples of

monogenic cyclic cubic fields. However, in [16], Kashio and Sekigawa gave a complete

characterization of such cubic fields.

Note that by Rational Root test, the polynomial ft(x) is irreducible, since ±1

are not roots of ft(x). Let θt denote a root of ft(x). Then the field Kt = Q(θt) is a

degree 3 extension of Q. It can be seen that −1
1+θt

and −1+θt
θt

are the other roots of

ft(x). Hence, we deduce the following facts:

• Kt/Q is a cyclic cubic extension. Let us denote the Galois group by

G := Gal(Kt/Q) =< σ >= {1, σ, σ2}. (7)

• θt is a unit of O×
Kt

satisfying

σ(θt) = −1 + θt
θt

, σ2(θt) =
−1

1 + θt
, 1+θt+θtσ(θt) = 0, NK/Q(θt) = 1, TrK/Q(θt) = t.

• Let cK denote the conductor of K. By conductor-discriminant formula we have

cK =
√

DK . (8)

Let vp(n) denote the order at a prime p of an integer n defined by n = pvp(n)n0,

(p, n0) = 1. The proof of the following theorem will be given in Section 3.2.1.
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Theorem 3.4. Let K be a cyclic cubic field. The followings are equivalent:

(i) K has a power integral basis.

(ii) There exists t satisfying K = Kt and

∆t

cK
∈ N := {n3|n ∈ N}. (9)

(iii) There exists t satisfying K = Kt and

t ̸≡ 3, 21 (mod 27), vp(∆t) ̸≡ 2 (mod 3) for all p ̸= 3. (10)

In this case, a power integral basis α ∈ OK is a given by

α :=
θt − a

3

√
∆t

cK

for α ∈ Z with a ≡ t

3
(mod 3

√
∆t

cK
). (11)

The condition a ≡ t
3
(mod 3

√
∆t

cK
) means that we take an integer a satisfying

a ≡ t
3

(mod 3

√
∆t

cK
), if 3| 3

√
∆t

cK
,

3a ≡ t (mod 3

√
∆t

cK
), if 3 ̸ | 3

√
∆t

cK
.

(12)

Here, we have 3|t when 3| 3

√
∆t

ct
by Proposition 3.2 (i) in [17].

Remark 3.5. • The condition given in terms of t in Theorem 3.4(iii) allows us

to study the monogenity without studying the number field Kt itself, see Corol-

lary 3.10.

• For Q(ζ9 + ζ−1
9 ) we have cQ(ζ9+ζ−1

9 ) = ∆0 = 9. Hence, the assertions of The-

orem 3.4 hold true in this case. Therefore, we focus our attention on case

K ̸= Q(ζ9 + ζ−1
9 ).
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Let us set some notations. For a given number field K, we denote by IK , PK the

group of all fractional ideals, all principal ideals, respectively. In addition, we put

IGK := {U ∈ IK |Uσ = U}, PG
K := IGK ∩ PK (13)

to be the group of all ambiguous ideals, all principal ambiguous ideals, respectively.

Let CK be the unique integral ideal of K such that

NK/QCK = cK , (14)

whose existence is proven in Lemma 3.6. It can be seen easily that CK ∈ IGK ; in

particular, if CK is principal, then CK ∈ PG
K .

Lemma 3.6. Let K be a cyclic cubic field. There exists a unique integral ideal CK ⊂

OK satisfying NK/QCK = cK.

Proof. The followings are equivalent:

(i) p|cK .

(ii) p|DK .

(iii) a unique prime ideal Bp satisfies p = B3
p, NK/QBp = p.

Hence, the ideal

CK :=
∏
p|cK

Bvp(cK)
p (15)

is the unique ideal satisfying NK/QCK = cK .
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The following theorems, which establish equivalent conditions of having a power

integral basis, will play an integral role in the proof Theorem 3.4.

Theorem 3.7. Let K be a cyclic cubic field and K ̸= Q(ζ9 + ζ−1
9 ).

(i) If K has a power integral basis, then we have

• K is a simplest cubic field.

• CK is principal.

(ii) Assume that K is a simplest cubic field and CK is principal, say CK = (β). The

followings are equivalent.

(a) K has a power integral basis.

(b) There exists t satisfying K = Kt and
∆t

cK
∈ N3.

Proof. See [16, Theorem 1.3].

Theorem 3.8. Assume that K = Kt, for some −1 ≤ t ∈ Z and K ̸= Q(ζ9 + ζ−1
9 ).

The following statements are equivalent.

(i) CK is principal.

(ii) ∆t

cK
or

∆2
t

cK
∈ N3.

Proof. See [16, Theorem 1.4].

Remark 3.9. One can derive the following expression regarding cKt:

cKt =


∏

vp(∆t )̸≡0 (mod 3)

p (3 ̸ |t or t ≡ 12 (mod 27))

32
∏

p ̸=3,vp(∆t )̸≡0 (mod 3)

p (otherwise).

(16)

In [18], Hoshi shows that if t ̸= t′ then Kt ̸= Kt′ except for the cases

K−1 = K5 = K12 = K1259, K0 = K3 = K54(= Q(ζ9 + ζ−1
9 )), K1 = K66, K2 = K2389.

(17)
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Therefore, if we assume that t ̸= −1, 0, 1, 2, 3, 5, 12, 54, 66, 1259, 2389, we can

say that the integer t in Theorem 3.4 and 3.7 is unique. Note that it follows from

Theorem 3.4 that Kt has a power integral basis for t = −1,0,1,2. Hence, we can deduce

the following result.

Corollary 3.10. If a cyclic cubic field K has a power integral basis, then it is a simplest

cubic field, that is, there exists t satisfying K = Kt. Moreover, the following statements

are equivalent.

(i) Kt has a power integral basis.

(ii) t ∈ {−1, 0, 1, 2, 3, 5, 12, 54, 66, 1259, 2389} or t satisfies that ∆t

cKt
∈ N3.

(iii) t ∈ {−1, 0, 1, 2, 3, 5, 12, 54, 66, 1259, 2389} or t satisfies that t ̸≡ 3, 21 (mod 27)

and that vp(∆t) ̸≡ 2 (mod 3) for all p ̸= 3.

Proof. The equivalence between (i) and (ii) follows from Theorem 3.8 and Remark 3.9.

On the other hand, it follows from Theorem 3.4 that (ii) is equivalent to (iii).

We now recall some properties of primes dividing cK and ∆t. The following

propositions will be used frequently during the proof of Theorem 3.4.

Proposition 3.11. Let K be a cyclic cubic field. The conductor cK satisfies the fol-

lowing conditions. Let p denote a rational prime.

(i) If 3|cK, then v3(cK) = 2.

(ii) If p ≡ 1 (mod 3), then p|cK implies vp(cK) = 1.

(iii) If p ≡ 2 (mod 3), then p ̸ |cK.

Proof. See [16, Proposition 3.1].
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Proposition 3.12. Let K = Kt. Then v3(∆t) can be only 0, 2, 3. More precisely, we

have the following

(i) v3(∆t) = 0 if and only if 3 ̸ |t. In this case, 3 ̸ |cK.

(ii) v3(∆t) = 2 if and only if t ≡ 0, 6 (mod 9). In this case, 3|cK.

(iii) v3(∆t) = 3 if and only if t ≡ 3 (mod 9). In this case,

t ≡ 12 (mod 27) if and only if 3 ̸ |cK ,

t ≡ 3, 21 (mod 27) if and only if 3|cK .
(18)

Proof. See [16, Proposition 3.2].

In particular, we have that

3 ̸ |cK if and only if 3 ̸ |t or t ≡ 12 (mod 27),

3|cK if and only if t ≡ 0, 6 (mod 9) or t ≡ 3, 21 (mod 27).

(19)

Proposition 3.13. Let K = Kt and p ̸= 3 be a prime. The following statements are

equivalent.

(i) vp(∆t) ≡ 0 (mod 3),

(ii) p ̸ |cK .

Proof. See [16, Proposition 3.3].
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The following corollary is a consequence of the results of Proposition 3.11, 3.12

and 3.13.

Corollary 3.14. Let K = Kt ̸= Q(ζ9 + ζ−1
9 ). The following statement are equivalent.

(i) CK is principal.

(ii)

vp(∆t) ≡ 1 or 2 (mod 3) for all p|cK (3 ̸ |cK)

v3(∆t) = 2 and vp(∆t) ≡ 1 (mod 3) for all 3 ̸= p|cK (3|cK).

(iii)

vp(∆t) ̸≡ 1 or 2 (mod 3) for all p (3 ̸ |t, t ≡ 12 (mod 27)),

vp(∆t) ̸≡ 2 (mod 3) for all p ̸= 3, (t ≡ 0, 3 (mod 9)).

Proof. First, we prove that (i) is equivalent to (ii). By Proposition 3.11, 3.12 and 3.13,

for primes p ̸= 3, we have

vp(cK) = 0, 1 and vp(cK) = 0 if and only if vp(∆t) ≡ 0 (mod 3). (20)

For p = 3, we have

• v3(∆t) ∈ {0, 2, 3}. In particular, if 3 ̸ |cK then v3(∆t) ∈ {0, 3};

• 3 divides cK if and only if v3(cK) = 2, which implies that v3(∆t) ∈ {2, 3}.

By Theorem 3.8, the ideal CK is principal if and only if ∆t/cK or ∆2
t/cK ∈ N3,

which is equivalent to saying that

vp(∆t) ≡ evp(cK) (mod 3) with e ∈ {1, 2} for all primes p. (21)

Case I. Assume that 3 does not divide cK . In this case, since vp(cK) = 0 ≡ evp(∆t)

(mod 3), the statement (21) is equivalent to

vp(∆t) ≡ evp(cK) (mod 3) with e ∈ {1, 2} for all primes p|cK . (22)

By Proposition 3.11, i.e. vp(cK) = 1 for all 3 ̸= p|cK , we deduce that (21) is

equivalent to saying that

vp(∆t) ≡ 1 or 2 (mod 3) for all primes p|cK . (23)
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Case II. Suppose now that 3 divides cK . Since v3(cK) = 2 and v3(∆t) ∈ {2, 3}, the

case e = 2 in (21) is not possible. Therefore, (21) holds true if and only if

vp(∆t) ≡ vp(cK) (mod 3) for all primes p|cK ,

which is equivalent to

v3(∆t) = 2 and vp(∆t) ≡ 1 (mod 3) for all primes 3 ̸= p|cK . (24)

We now want to show that (ii) is equal to (iii). Note that by Proposition 3.12 we have

that 3|cK if and only if t ≡ 0, 6 (mod 9) or t ≡ 3, 21 (mod 27) and 3 ̸ |cK if and only if

3 ̸ |t or t ≡ 12 (mod 27). Since vp(∆t) ≡ 0 (mod 3) whenever 3 ̸= p ̸ |cK , we see that

(24) is equivalent to vp(∆t) ̸≡ 2 (mod 3) for all primes 3 ̸= p and t ≡ 0, 6 (mod 9). By

using the similar arguments we can conclude the proof for the other cases.

3.2.1. Proof of Theorem 3.4

In this subsection, we will give the proof of Theorem 3.4. Let K be a cyclic

cubic field and K ̸= Q(ζ9 + ζ−1
9 ). We aim to prove the equivalence of the following

statements:

(i) K has a power integral basis.

(ii) There exists t satisfying K = Kt and

∆t

cK
∈ N := {n3|n ∈ N}. (25)

(iii) There exists t satisfying K = Kt and

t ̸≡ 3, 21 (mod 27), vp(∆t) ̸≡ 2 (mod 3) for all p ̸= 3. (26)
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We first prove that (i) is equivalent to (ii). Assume that K has a power integral

basis. By Theorem 3.7 (i), we have that K is a simplest cubic field and the ideal CK

is principal. It follows from Theorem 3.7 (ii) that there exists t such that that K = Kt

and ∆t

cK
∈ N3. So we deduce that (i) implies (ii).

Suppose now that there exists t such that K = Kt and
∆t

cK
∈ N3. By Theorem 3.8,

we have that the ideal CK is principal. It then follows from Theorem 3.7 (ii) that the

field K has a power integral basis.

We now show that (iii) implies (ii). Assume that we are under the condition

of (iii). By Corollary 3.14, we have that the ideal CK is principal, which implies by

Theorem 3.8 that ∆t/cK or ∆2
t/cK ∈ N3. Note that since K ̸= Q(ζ9+ζ−1

9 ), there exists

a prime p ̸= 3 dividing cK . By Proposition 3.11, we have that

vp(cK) = 1. (27)

Fix the prime p satisfying (27). Under the condition (iii), i.e. vp(∆t) ̸≡ 2 (mod 3), we

see that ∆2
t/cK ̸∈ N3. So we have ∆t/cK ∈ N3 as desired.

To complete the proof we need to show that (ii) implies (iii). Note that by

Proposition 3.12 we have that 3|cK if and only if t ≡ 0, 6 (mod 9) or t ≡ 3, 21 (mod 27)

and 3 ̸ |cK if and only if 3 ̸ |t or t ≡ 12 (mod 27). Since (ii) holds, we have

vp(∆t) ≡ vp(cK) (mod 3) for all primes p. (28)

Recall that we have proved (i) is equivalent to (ii), which implies that the ideal CK is

principal by Theorem 3.7. It then follows from Theorem 3.8 that CK is principal if and

only if

vp(∆t) ≡ evp(cK) (mod 3) with e ∈ {1, 2} for all primes p. (29)
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Observe the following:

Case I. If 3 ̸ |cK , then 3 ̸ |t or t ≡ 12 (mod 27) and CK is principal if and only if

vp(∆t) ≡ 1 or 2 (mod 3) for all p dividing cK by Proposition 3.11 and (29).

Case II. If 3|cK , then t ≡ 0, 6 (mod 9) or t ≡ 3, 21 (mod 27) and CK is prin-

cipal if and only if v3(∆t) = 2 and vp(∆t) ≡ 1 (mod 3) for all p ̸= 3 dividing cK

by Propositions 3.11, 3.12, 3.13 and (29). Here we find v3(∆t) = 2 or 3 by Proposi-

tion 3.12. It then must be 2 by (29). Therefore, e = 1, by Proposition 3.11. Again, by

Propositions 3.11, 3.13, we get the result.

Since we are assuming (ii), we can deduce from Case I and II the following cases:

a) vp(∆t) ̸≡ 1 (mod 3) for all primes p and 3 ̸ |t or t ≡ 12 (mod 27);

b) vp(∆t) ̸≡ 2 (mod 3) for all primes p and 3 ̸ |t or t ≡ 12 (mod 27).

c) v3(∆t) = 2, vp(∆t) ≡ 1 (mod 3) for all p ̸= 3 dividing cK and t ≡ 0, 6 (mod 9).

Since K ̸= Q(ζ9 + ζ−1
9 ), by Proposition 3.11 there exists a prime p such that

vp(cK) = 1, which implies that a) cannot hold by (28). Observe that under these

conditions, (iii) holds if b) or c) holds true, which completes the proof. □

3.3. Pure Cubic Fields

A pure field is an extension of Q of the form Q( n
√
m) for some n ∈ Z and

m ∈ Z − {0,±1} such that n
√
m ̸∈ Q. In particular, if n = 3 the fields K = Q( 3

√
m)

are called pure cubic fields. The main references for this section are [19] and [20].

In [21], Spearman and Williams gave an explicit formula for the integral basis of

pure cubic fields. The conditions for the existence of power integral bases of pure cubic

fields in terms of the index form equation are given by El Fadil in [20] (Theorem 3.15).

However, in [19], Gaál and Remete calculated the index form equations I(x, y) = ±1

associated to pure cubic fields when m is square-free.
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Theorem 3.15. Let m = ab2 be cube-free integer, a and b be square-free integers such

that (a, b) = 1. Consider the field K = Q( 3
√
m).

(i) If m2 ̸≡ 1 (mod 9), the field K is monogenic if and only if the index form equation

I(x, y) = bx2 − ay3 = ±1. has a solution.

(ii) If m2 ≡ 1 (mod 9), the field K is monogenic if and only if the index form equation

I(x, y) = 4xy2a2b3 + 3bx3 − 6x2yab2 − 1
9
y3a(8a2b4 + 1) = ±1 has a solution.

Proof. See [20, Theorem 1.4].

Corollary 3.16. Let m be a cubic free integer such that m2 ̸≡ 1 (mod 9). If m =

±n(n+1)2 or m = ±(n+1)n2 or m is square free or m = ±b2, then K is monogenic.

The corollary is an easy result of Theorem 3.15 (see also [20, Corollary 1.5]).

Assume that m is a square-free integer with m ̸= 0,±1 and n > 2. Consider the field

K = Q( n
√
m) with v = n

√
m. We first state a theorem regarding the prime divisors of

the denominators of the integral basis elements:

Theorem 3.17. If {1, v, . . . , vn−1} is not an integral basis in K, then for any element

α =
a0 + a1v + · · ·+ an−1v

n−1

q
(30)

of the integral basis where a0, . . . , an−1, q ∈ Z>0 the denominator q can only be divisible

by primes dividing n, the prime factors of q do not divide m.

Proof. See [19, Theorem 1].
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Note that Theorem 3.17 implies [22, Theorem 3.1], which we will state as a

corollary.

Corollary 3.18. If all the prime factors of n divide m then Q( n
√
m) is monogenic. In

particular, if m ̸= 0 is a square-free integer such that m ≡ 0 (mod 3), then the field

Q( 3
√
m) is monogenic.

We now show that the integral bases of are Q( n
√
m) periodic, which will lead us

to list explicit integral bases and associated index forms.

Theorem 3.19. Let n = ph1
1 . . . phk

k and n0 = p
⌊nh1/2⌋
1 . . . p

⌊nhk/2⌋
k where ⌊·⌋ denotes the

floor function. Let v = n
√
m and γ = n

√
m+ nn

0 . Then the structures of the integral

bases of the fields Q(v) and Q(γ) are the same in terms of v and γ.

Proof. See [19, Theorem 2].

What we mean by having the same structure is the following: if the integral basis

of Q(v) is given by{
1,

a10 + a11v

q1
, . . . ,

an0 + an1v + · · ·+ an(n−1)v
n−1

qn

}
, aij, qi ∈ Z (31)

then the integral basis of Q(γ) is{
1,

a10 + a11γ

q1
, . . . ,

an0 + an1γ + · · ·+ an(n−1)γ
n−1

qn

}
(32)

and vice versa.

It follows from Theorem 3.19 that the integral bases of K = Q( n
√
m) are periodic

modulo nn
0 . For n ∈ {3, . . . , 9}, we can be more precise.

Theorem 3.20. For 3 ≤ n ≤ 9 the integral bases of Q( n
√
m) are periodic in m modulo

n2.

Proof. See [19, Theorem 3].
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Utilizing the periodicity we can find explicit integral bases of the field Q( n
√
m) for

3 ≤ n ≤ 9. Then we can calculate the associated index form to derive the monogenity

of the field. Here we present examples only regarding the pure cubic fields. For the

cases where n ∈ {1, . . . , 9} we refer to [19, Section 5] and [8, Section 12.2].

Let K = Q( 3
√
m) where m ̸= 0,±1 is square-free and set m = r + 9k for some

k ∈ Z and 1 < r < 9. We have the following three cases:

Case I. r = 2, 3, 4, 5, 6, 7, m = r + 9k is square-free

B = {1, α, α2} , DK = −27m2

I(x, y) = x3 −my3 (33)

Obviously, these fields are monogenic; (1, 0) is a solution of the index form equation.

Case II. r = 1, m = 1 + 9k is square-free

B = {1, α, 1+α+α2

3
}, DK = −3m2

I(x, y) = 3x3 + 3x2y + xy3 − ky3 (34)

In this case the index form equation is solvable for example when k = 27, 37 but not

solvable for example when k = 10, 11, 12.

Case III. r = 8, m = 8 + 9k is square-free

B = {1, α, 1+2α+α2

3
}, DK = −3m2

I(x, y) = 3x3 + 6x2y + 4xy3 − ky3 (35)

In this case the index form equation is solvable for example when k = 1, 4, 12 but not

solvable for example when k = 2, 3, 5, 6, 7.
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Observe that all the index form equations we computed in Cases I, II and III are

relatively simpler than the ones given in Theorem 3.15.

3.4. Cubic Monogenic Fields with the Same Discriminant

In this section, we will study the monogenity of cubic fields that have the same

discriminant. For number fields, monogenity is not always guaranteed, and we also

know that having the same discriminant is an uncommon phenomena as well. First,

we will prove that there exist infinitely many triples of polynomials defining distinct

monogenic cubic fields with the same discriminant. After this, we will give some

examples of these kind of fields. The main reference is [23] for this section. The proof

of the following theorem will be given in Section 3.4.1.

Theorem 3.21. There exist infinitely many pairs of relatively prime integers (p, q)

that satisfy p ≡ ±1 (mod 3), q ≡ ±1 (mod 3), and

p(3p4 − 6p2q2 − q4) (36)

is squarefree. For each such pair (p, q), the polynomials

f1(x) = x3 − 9p(p+ q)x− 3p(3p2 + 6pq + q2),

f2(x) = x3 − 9p2x− 3p(3p2 + q2),

f3(x) = x3 − 9p(p− q)x− 3p(3p2 − 6pq + q2)

(37)

define distinct monogenic cubic fields with the same discriminant. Furthermore, the

set of integers defined in (36) is infinite.

Let p(3p4 − 6p2q2 − q4) be a squarefree integer with p, q ≡ ±1 (mod 3) and the

polynomials f1, f2, and f3 be given in (37). Set Ki = Q(θi), where θi is a root of fi

with i ∈ {1, 2, 3}.
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Lemma 3.22. The polynomials f1, f2, and f3 are irreducible over Q and have the same

polynomial discriminant.

Proof. It is easy to see that 3 exactly divides all the coefficients of f1, f2, and f3 but,

32 does not divide their constant terms since 3 does not divide p and q. Hence, by

Eisenstein’s criterion, they are irreducible. The discriminant of each fi for i ∈ {1, 2, 3}

is equal to D(fi) = 35p2(3p4 − 6p2q2 − q4). Hence, it can be seen that the fields Ki

share the same discriminant.

Lemma 3.23. The fields K1, K2, and K3 are monogenic.

Proof. See [23, Lemma 2].

Lemma 3.24. The fields K1, K2, and K3 are distinct.

Proof. See [23, Lemma 3].

Let k and n be integers. We say that n is k-free if n is not divisible by k-th power

of a prime. Let

F (X, Y ) = arX
r + ar−1X

r−1Y + · · ·+ a0Y
r (38)

be a binary form with integer coefficient and positive degree r. Let w be the largest

positive integer such that wk divides F (A,B) for all integers a, b with a ≡ A (mod M)

and b ≡ B (mod M).

For any real number x, let Rk(x) denote the number of k-free integers t with

|t| ≤ x for which there are integers a and b with a ≡ A (mod M) and b ≡ B (mod M)

and F (A,B) = twk.
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We will apply the following theorem to deduce that there are infinitely many

pairs (p, q) such that p ≡ ±1 (mod 3), q ≡ ±1 (mod 3), and p(3p4 − 6p2q2 − q4) is

squarefree.

Theorem 3.25. Let A, B, M and k be integers with M ≥ 1 and k ≥ 2. Let F , as

in (38), be a binary form with integer coefficient, non-zero discriminant and degree

r ≥ 3. Let m be the largest degree of an irreducible factor of F over Q and suppose

that m ≤ 2k + 1 or that k = 2 and m = 6. There are positive numbers C15 and C16

which depend on M , k and F such that if x is a real number larger that C15, then

Rk(x) > C16x
2
r (39)

Proof. See [24, Theorem 1].

3.4.1. Proof of Theorem 3.21

Let the polynomials f1, f2 and f3 be given as in (37). It follows from Lemma 3.22

that f1, f2 and f3 are irreducible over Q and they have the same discriminant. We know

thatK1 = Q(θ1), K2 = Q(θ2) andK3 = Q(θ3) where θi with i ∈ {1, 2, 3} are monogenic

fields by Lemma 3.23. We also get that the fields K1, K2 and K3 are all distinct by

Lemma 3.24. To complete the proof we need to show that there are infinitely many

integer pairs (p, q) satisfy p ≡ ±1 (mod 3), q ≡ ±1 (mod 3), and the equation (36) is

squarefree. We apply Theorem 3.25 with A = ±1, B = ±1, M = 3, m = 4, w = 1,

r = 5, k = 2, F (p, q) = p(3p4 − 6p2q2 − q4). As x approaches ∞, we deduce that there

are infinitely many integers as in (36), which implies that there are infinitely many

fields whose discriminants satisfy the assertion given in the Theorem 3.21.

3.4.2. Examples

Let θi denote a root of fi for each i ∈ {1, 2, 3}. Table 3.3 illustrates some examples

of polynomials f1, f2, f3 which are distinct monogenic fields over Q with the same

discriminant.
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Table 3.3. Integral bases and discriminants for K = Q(θi) defined by fi for i ∈ 1, 2, 3.

(p, q) fi D(fi) Integral Basis for Ki = Q(θi)

f1 = x3 − 54x− 150

(2,1) f2 = x3 − 36x− 78 22356 = 22 · 35 · 23 {1, θi, θ2i }

f3 = x3 − 18x− 6

f1 = x3 − 27x− 57

(1,2) f2 = x3 − 9x− 21 −8991 = −35 · 37 {1, θi, θ2i }

f3 = x3 + 9x+ 15

f1 = x3 − 54x− 174

(1,5) f2 = x3 − 9x− 84 −187596 = 22 · 35 · 193 {1, θi, θ2i }

f3 = x3 + 36x2 + 6

f1 = x3 − 162x− 726

(2,7) f2 = x3 − 36x− 366 −3430188 = −22 · 35 · 3529 {1, θi, θ2i }

f3 = x3 + 90x− 6

Additionally, Table 3.4 gives us an example of four polynomials having the same

discriminant and generating distinct monogenic fields. Note that this is the only ex-

ample that is known so far. Let θi be a root of the polynomials fi given in Table 3.4

and set Ki = Q(θi) for i ∈ {1, 2, 3, 4}.

Table 3.4. Integral bases and discriminants for K = Q(θi) defined by fi for

i ∈ 1, 2, 3, 4.

fi D(fi) Integral Basis for Ki = Q(θi)

f1 = x3 − 990x2 − 10830

f2 = x3 − 900x2 − 9030 714395700 = 22 · 35 · 52 · 29399 {1, θi, θ2i }

f3 = x3 − 810x2 − 7230

f4 = x3 − 720x2 + 5370
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Example 3.26. For (p, q) = (2, 1) consider the polynomials f1, f2, f3, and from

Example 3.1 we take the polynomials f4, f5, f6 given in Table 3.5. The discriminant

of those polynomials is 22356 = 22 · 35 · 23. Set K = Q(θi), where θi is a root of fi with

i = 1, 2, 3, 4, 5, 6. One can observe that the fields Ki are all distinct and monogenic.

Table 3.5. Integral bases and discriminants for K = Q(θi) defined by fi for

i ∈ 1, 2, 3, 4, 5, 6.

fi D(fi) Integral Basis for Ki = Q(θi)

f1 = x3 − 54x− 150

f2 = x3 − 36x− 78

f3 = x3 − 18x− 6 22356 = 22 · 35 · 23 {1, θi, θ2i }

f4 = x3 − 36x+ 60

f5 = x3 − 16x+ 6

f6 = x3 − 36x+ 78
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4. LIFTING MONOGENIC CUBIC FIELDS TO SEXTIC

FIELDS

Let Cn, Sn Dn and An denote the cyclic group Z/nZ, the symmetric group on

n letters, the dihedral group of order 2n and the alternating subgroup of Sn, respec-

tively. Let K = Q(θ) be a number field of degree n, where f(x) denotes the minimal

polynomial of θ over Q. Let Gal(f) denote the Galois group of the splitting field of f

over Q. It then follows from [25, Proposition 6.3.1] that Gal(f) ⊂ An if and only if the

discriminant D(f) is a square. So, following [25, Section 6.3], we will use the notation

(+ sign) or (− sign) to express whether a subgroup of Sn is contained in An or not.

It follows from [25, Algorithm 6.3.10] that a sextic field contains a cubic subfield

if and only if its Galois group is isomorphic to a transitive subgroup of S4 ×C2. These

subgroups correspond to the groups (C6,−), (S3,−), (D6,−), (A4,+), (S4,+), (S4,−),

(A4×C2,−) and (S4×C2,−). Note that the group S4 occurs as two different conjugacy

classes in S6; the one which is in A6, the other which is not. This is why we use the

notation (S4,+) and (S4,−).

In this chapter, we will focus on the monogenity of sextic fields containing a cubic

subfield. As mentioned above for such fields there are eight possible Galois groups

classified by Cohen in [25, Section 6.3]: (C6,−), (S3,−), (D6,−), (A4,+), (S4,+),

(S4,−), (A4 × C2,−) and (S4 × C2,−). For the groups (A4,+), (A4 × C2,−), (S4,+),

(S4 × C2,−), (D6,−), we will construct infinitely many monogenic sextic fields such

that the Galois group of the defining polynomial is isomorphic to one of these five

groups. For the others, we will show that there are at most finitely many monogenic

sextic fields. Moreover, we will introduce the notion of lifting a cubic number field to

a sextic number field and state main theorem in this regard. The main references for

this chapter are [25], [3] and [26].
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Definition 4.1. Suppose that we have a monogenic cubic field C defined by the poly-

nomial g(x) = x3 + ax2 + bx+ c where a, b, c ∈ Z. If the sextic number field K defined

by the polynomial f(x) = g(x2) = x6 + ax4 + bx2 + c defines a monogenic sextic field

then we say that the field C lifts to K.

Throughout the section, we will be interested in the case where g(x) = x3 +

ax2 + bx ± 1 for a, b ∈ Z. The following theorem (see also [3, Theorem 1.1]) gives us

the criteria for which a and b one can obtain a monogenic sextic number field lifted

from a monogenic cubic number field. We will give the proof of this theorem below in

Section 4.1.

Theorem 4.2. Let d be an integer given in the first column of Table 4.1 and define

fd(x) which is placed in the second column. Let Kd = Q(θd) be a number field, where

θd is a root of fd(x). Then there are infinitely many d such that

(i) [Kd : Q] = 6,

(ii) Gal(fd) is as given in the third column of Table 4.1,

(iii) Kd is monogenic with integral basis {1, θd, θ2d, θ3d, θ4d, θ5d}. Moreover, the fields Kd

are distinct.

Table 4.1. The integers d that make Kd monogenic I.

d ∈ Z fd(x) Gal(fd)

4d2 + 2d+ 7 squarefree x6 + (2d+ 2)x4 + (2d− 1)x2 − 1 A4

4d2 + 2d+ 7 squarefree x6 − (2d+ 2)x4 + (2d− 1)x2 + 1 A4 × C2

d > 3 odd, 4d3 − 27 squarefree x6 − dx2 − 1 (S4,+)

d > 3 odd, 4d3 − 27 squarefree x6 − dx2 + 1 S4 × C2

d > 3 odd, 4d3 − 27 squarefree x6 + 2dx4 + d2x2 + 1 D6
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Further, there exist only finitely many integers a and b such that

(iv) g(x) = x3 + ax2 + bx ± 1 defines a monogenic cubic field with an integral basis

{1, α, α2}, where α ∈ C is a root of g(x),

(v) f(x) = g(x2) = x6 + ax4 + bx± 1 defines a monogenic cubic field with an integral

basis {1, θ, θ2, θ3, θ4, θ5}, where θ ∈ K is a root of f(x),

(vi) Gal(f) ∈ {C6, S3, (S4,−)}.

We omit the proof and refer to [3].

Lemma 4.3. Let g(x) = x3 + ax2 + bx+1 ∈ Z[x] and let α be a root of g(x). Suppose

that g(x) defines a monogenic cubic field C and that {1, α, α2} is a power basis of C.

Let f(x) = x6 + ax4 + bx2 +1 and suppose that θ is a root of f(x). Let K = Q(θ) with

[K : Q] = 6. Then K is monogenic with power basis {1, θ, θ2, θ3, θ4, θ5} if and only if

(a, b) ̸≡ (0, 2), (1, 1), (2, 0), (2, 2), (3, 3) (mod 4). (1)

Proof. See [3, Lemma 2.1].

Lemma 4.4. Let g(x) = x3 + ax2 + bx− 1 ∈ Z[x] and let α be a root of g(x). Suppose

that g(x) defines a monogenic cubic field C and that {1, α, α2} is a power basis of C.

Let f(x) = x6 + ax4 + bx2 − 1 and suppose that θ is a root of f(x). Let K = Q(θ) with

[K : Q] = 6. Then K is monogenic with power basis {1, θ, θ2, θ3, θ4, θ5} if and only if

(a, b) ̸≡ (0, 0), (2, 1), (2, 2), (1, 3), (3, 1), (3, 2) (mod 4). (2)

Proof. See [3, Lemma 2.2].

Lemma 4.5. There exist at most finitely many polynomials f(x) = x6 + ax4 + bx2 ± 1

irreducible over Q with Gal(f) = C6, S3 or (S4,−); and such that a root of f(x) is a

monogenic generator of a sextic field and a root of x3 + ax2 + bx ± 1 is a monogenic

generator of a cubic field.

Proof. See [3, Lemma 2.4].
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Lemma 4.6. Let d be an integer given in the first column of Table 4.2 and define

fd(x) as in the second column. Then fd(x) is irreducible and the Galois group Gal(fd)

of fd(x) is isomorphic to the groups given in the third column.

Table 4.2. The integers d that make Kd monogenic II.

d fd(x) Gal(fd)

d ∈ Z x6 + (2d+ 2)x4 + (2d− 1)x2 − 1 A4

d ∈ Z x6 − (2d+ 2)x4 + (2d− 1)x2 + 1 A4 × C2

d ∈ Z, d > 3 odd x6 − dx2 − 1 (S4,+)

d ∈ Z, d > 3 odd x6 − dx2 + 1 S4 × C2

d ∈ Z, d ̸≡ 0, 2, 3, x6 + 2dx4 + d2x2 + 1 D6

Proof. See [3, Lemma 2.3].

The lemmas we have stated so far were for the first three cases of Theorem 4.2.

We need the following lemmas for the cases (iv), (v) and (vi) of Theorem 4.2.

Lemma 4.7. Let f(x) = x3 − ax + b ∈ Z[x] be an irreducible polynomial. Let ∆ =

4a3 − 27b2 ̸= 0. For prime p set sp = vp(∆) and ∆p =
∆
psp

.

Moreover, if p is a prime then vp(a) < 2 or vp(b) < 3. Set K = Q(α) where α is

a root of f(x). Then

DK = sgn(∆)2α3β
∏
p>3,
sp odd

p
∏
p>3,

1≤vp(b)≤vp(a)

p2, (3)

where

α =


3, if s2 ≡ 1 (mod 2),

2, if 1 ≤ vp(b) ≤ vp(a) or s2 ≡ 0 (mod 2) and ∆2 ≡ 3 (mod 4),

0, otherwise,

(4)
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and

β =



5, if 1 ≤ v3(b) ≤ v3(a),

4, if v3(a) = v3(b) = 2 or

a ≡ 3 (mod 9), b ̸≡ 0 (mod 3), b2 ̸≡ 4 (mod 9)

3, if v3(a) = v3(b) = 1 or

a ≡ 0 (mod 3), b ̸≡ 0 (mod 3), a ̸≡ 3 (mod 9), b2 ̸≡ a+ 1 (mod 9) or

a ≡ 3 (mod 9), b2 ≡ 4 (mod 9), b2 ≡ a+ 1 (mod 27),

1, if 1 = v3(a) < v3(b) or

a ≡ 0 (mod 3), a ̸≡ 3 (mod 9), b2 ̸≡ a+ 1 (mod 9) or

a ≡ 3 (mod 9), b2 ≡ a+ 1 (mod 27), s3 ≡ 1 (mod 2),

0, if 3 ̸ |a or

a ≡ 3 (mod 9), b2 ≡ a+ 1 (mod 27), s3 ≡ 0 (mod 2).

(5)

Proof. See [3, Lemma 3.1].

Lemma 4.8. Let d be an integer given in the first column of Table 4.3 and define gd(x)

as in the second column. Let Cd := Q(αd) denote the field generated by a root αd of

gd(x). Then field discriminant DCd
is given in the third column.

Table 4.3. The integers d that make DCd
field discriminant.

d ∈ Z gd(x) DCd

4d2 + 2d+ 7 squarefree x3 + (2d+ 2)x2 + (2d− 1)x− 1 (4d2 + 2d+ 7)2

4d2 + 2d+ 7 squarefree x3 − (2d+ 2)x2 + (2d− 1)x+ 1 (4d2 + 2d+ 7)2

d > 3 odd, 4d3 − 27 squarefree x3 − dx− 1 4d3 − 27

d > 3 odd, 4d3 − 27 squarefree x3 − dx+ 1 4d3 − 27

d > 3 odd, 4d3 − 27 squarefree x3 + 2dx2 + d2x+ 1 4d3 − 27
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Proof. Assume for d ∈ Z we have 4d2 + 2d+ 7 squarefree and define

gd(x) = x3 − (2d+ 2)x2 + (2d− 1)x+ 1. (6)

By Rational Root theorem, the polynomial gd(x) is irreducible over Q for d ∈ Z since

±1 is not a root of gd(x). We now need to find the field discriminant of the cubic field

defined by gd(x). First, let eliminate the x2 term of the polynomial gd(x) by using the

transformation

x → x+
2d+ 2

3
(7)

followed by the scaling transformation x → x
3
. We get the polynomial

hd(x) = x3 − 3(4d2 + 2d+ 7)x− (4d+ 1)(4d2 + 2d+ 7) (8)

with the discriminant ∆ = 36(4d2 + 2d+ 7)2.

By Lemma 4.7, one can see the discriminant DK of the cubic field K generated

by a root of the polynomial hd(x) is of the form,

DK = sgn(∆)2α3β
∏
p>3,
sp odd

p
∏
p>3,

1≤vp(b)≤vp(a)

p2. (9)

It can be seen that 2 does not divide ∆, so α = 0. Therefore, since 4d2+2d+7 =

(4d+1)2+27
4

and 4d2 + 2d+ 7 is squarefree, we can deduce that 3 ̸ |(4d2 + 2d+ 7) so that

d ≡ 0, 1 (mod 3). For the values of β in Lemma 4.7 with

a = 3(4d2 + 2d+ 7), b = −(4d+ 1)(4d2 + 2d+ 7). (10)

We note that a ≡ 3 (mod 9), b2 ≡ a+1 (mod 9) for all d ≡ 0, 1 (mod 3). Finally,

s3 = 6 so that s3 ≡ 0 (mod 2). So, β = α = 0. Therefore, we have∏
p>3,

1≤vp(b)≤vp(a)

p2 = (4d2 + 2d+ 7)2, (11)

which completes the proof.
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4.1. Proof of Theorem 4.2

We will first prove (i), (ii) and (iii) of Theorem 4.2. Note that for the group

(A4,+), the theorem is proven in [27] and the strategy is exactly the same as in the

proof of (A4 × C2,−). So we omit this case.

It follows from [26, Theorem 6.1.10] (or see [28]) that there are infinitely many

d ∈ Z such that the quadratic 4d2 + 2d + 7 is square-free. Define gd(x) := x3 − (2d +

2)x2 + (2d − 1)x + 1 and let Cd := Q(αd) denote the field generated by a root αd of

gd(x). Since ±1 is not a root of gd(x), by Rational Root theorem, the polynomial gd(x)

is irreducible, which implies that Cd is a cubic field. Note that we have

D(gd) = (4d2 + 2d+ 7)2 = DCd
, (12)

so by Theorem 2.24 that {1, αd, α
2
d} is a power integral basis for the field Cd. Put

fd(x) := x6 − (2d+ 2)x4 + (2d− 1)x2 + 1 (13)

and let Kd := Q(θd) denote the lift of Cd generated by a root θd of fd(x). It follows

from Lemma 4.6 that the polynomial fd(x) is irreducible, so [Kd : Q] = 6, the Galois

group Gal(fd) is isomorphic to A4 ×C2. Observe that the cubic fields Cd have distinct

discriminants, so they are distinct. Therefore, the fieldsKd are also distinct. It remains

to show that Kd is monogenic. Recall that by Lemma 4.3 the field Kd is monogenic

with power integral basis {1, θd, . . . , θ5d} if and only if

(a, b) = (−(2d+ 2), (2d+ 1)) ̸≡ (0, 2), (1, 1), (2, 0), (2, 2), (3, 3) (mod 4). (14)

Hence, there are infinitely many d ∈ Z such that 4d2 + 2d+ 7 is square-free and Kd is

monogenic with power integral basis {1, θd, . . . , θ5d}.

The cases S4 × C2, (S4,+) and D6 will follow in a similar manner. Let d > 3 be

an odd integer such that 4d3 − 27 is square-free.

In these cases, gd(x)’s are x
3−dx−1, x3−dx+1 and x3+2dx2+d2x+1, respectively.

Note that in all cases we have D(gd) = 4d3 − 27 = DCd
. Hence, by Theorem 2.24 and

the irreducibility of gd, we deduce that the field Cd = Q(αd) generated by a root αd of
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gd(x) is a monogenic cubic field with power integral basis {1, αd, α
2
d}. Observe that we

have the followings

(a, b) = (0,−d) ̸≡ (0, 0), (2, 1), (2, 2), (1, 3), (3, 1), (3, 2) (mod 4)
(
for (S4,+)

)
(a, b) = (0,−d) ̸≡ (0, 2), (1, 1), (2, 0), (2, 2), (3, 3) (mod 4)

(
for S4 × C2

)
(a, b) = (2d, d2) ̸≡ (0, 2), (1, 1), (2, 0), (2, 2), (3, 3) (mod 4)

(
for D6

)
. (15)

Hence, by Lemma 4.3, 4.4 and 4.6, we deduce that the field Kd = Q(θd) is monogenic

with power integral basis {1, θd, . . . , θ5d}, where θd is a root of fd(x) := gd(x
2).

The assertions (iv), (v) and (vi) follow from Lemma 4.5, which completes the

proof of Theorem 4.2. □



56

5. OUR RESULT

In this section, we will state our observation of the lifting of the monogenic cubic

fields to monogenic sextic fields.

The following theorem is a combination of Theorem 3.4 and Lemma 4.4, which

states that every monogenic cyclic cubic number field can be lifted to a monogenic

number field of degree 6. In Theorem 4.2, they deal with only polynomials given in

Table 1 and g(x) = x3 + ax2 + bx± 1 defined by finitely many integers a and b. Hence

we have extended their result to all monogenic cyclic cubic number fields.

Lemma 5.1. Let αt be a root of the polynomial gt(x) = x3 − tx2 − (t+3)x− 1 and set

Ct := Q(αt). Let ft(x) = x6− tx4− (t+3)x2−1 with t ∈ Z and let θt be a root of ft(x)

such that θ2t = αt. Set Kt := Q(θt). Then ft(x) is irreducible, so that [Kt : Q] = 6.

Proof. Note that by Rational Root test, the polynomial does not have any root in Q.

Suppose that ft is reducible. Since Ct is a subfield of degree 3, we have 3|[Kt : Q], i.e.

[Kt : Q] = 3. Therefore, we deduce that θt is a root of a cubic irreducible polynomial

in Z[x], say

h(x) = x3 + ax2 + bx+ c. (1)

It is easy to see that −θt is a root of h(−x) and h(−x) ̸= −h(x). Since θt and −θt are

both roots of ft(x), we see that

ft(x) = −h(x)h(−x) = x6 + (−a2 + 2b)x4 + (b2 − 2ac)x2 − c2. (2)

Comparing the coefficients we deduce that c = ±1 and

−t = −a2 + 2b

−(t+ 3) = b2 − 2ac. (3)
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Eliminating −t, we see

(a− c)2 + (b− 1)2 = −1, (4)

which is a contradiction. Hence, ft(x) is irreducible.

Theorem 5.2. Let C be a cyclic cubic number field which is monogenic. Then there

exists −1 ≤ t ∈ Z such that C = Q(αt), where αt is a root of gt(x) = x3 − tx2 − (t +

3)x−1. Further, let ft(x) = gt(x
2) = x6−tx4−(t+3)x2−1 and suppose that θt is a root

of ft(x) and Kt := Q(θt). Then Kt is monogenic with power basis {1, θt, θ2t , θ3t , θ4t , θ5t }.

Proof. Let C be a cyclic cubic number field having a power integral basis. It then

follows from Theorem 3.4 that there exists −1 ≤ t ∈ Z such that C = Q(αt), where αt

is a root of gt(x) = x3 − tx2 − (t+ 3)x− 1. Observe that

(−t,−(t+ 3)) ̸≡ (0, 0), (2, 1), (2, 2), (1, 3), (3, 1), (3, 2) (mod 4) (5)

since we can only have (−t,−(t + 3)) ≡ (0, 1), (1, 2), (2, 3), (3, 0) (mod 4). Hence, by

Lemma 4.4 applied with a = −t and b = −(t + 3), we deduce that Kt = Q(θt) is

monogenic with power integral basis {1, θt, θ2t , θ3t , θ4t , θ5t }, since ft(x) is irreducible by

Lemma 5.1.
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6. CONCLUSION

In this thesis, we studied the monogenicity of cubic number fields and their lift

to monogenic sextic number fields. The problem of describing the monogenity of cubic

fields usually leads to solving some Diophantine equations, the so-called index form

equations. One of the purposes of this thesis was to point out the structure of the

index form equations for cubic fields and their relation to Thue equations.

Therefore, one can deduce that the study of monogenic number fields is directly

related to other aspects of mathematics such as solving Diophantine equations.

The other aim of the thesis was to provide monogenic sextic fields which can

be lifted from monogenic cubic fields. First, we listed all possible Galois groups for

the Galois closure of a sextic field containing a cubic subfield, it turns out that there

are eight such possible groups. We constructed infinitely many monogenic sextic fields

such that the Galois group of the defining polynomial is isomorphic to one of these

five groups. For the others, we proved that there are at most finitely many monogenic

sextic fields.

The knowledge of power integral bases in a number field has important applica-

tions. The most straightforward benefit of a power integral basis is to have an easy

way of performing arithmetic calculations in OK . This is one of the reasons why it

is interesting to decide the monogenity of a number field. Hence, one may ask the

following questions to improve our perspective:

• Can we determine the monogenity of higher degree number fields? The methods

for solving the index form equations associated to such fields depend on describing

the solutions of infinitely many Diophantine equations. Therefore, it is a source

of motivation to work on these type of Diophantine equations.



59

• Can we describe efficient algorithms for determining the generators of power

integral bases? If this is the case, to perform these algorithms, we need computer

algebra systems like Maple and algebraic number theory packages like Kash,

Magma, or Pari.

• Can we consider the problem of relative power integral bases? One needs relative

analogues of the methods that have been used to determine the relative power

integral bases.

Although there are some particular answers to the questions above, there is still

room to expand our knowledge about number fields.
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