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We consider an inventory routing problem in discrete time where a supplier has to serve a set of customers
over a multiperiod horizon. A capacity constraint for the inventory is given for each customer, and the

service cannot cause any stockout situation. Two different replenishment policies are considered: the order-up-
to-level and the maximum-level policies. A single vehicle with a given capacity is available. The transportation
cost is proportional to the distance traveled, whereas the inventory holding cost is proportional to the level of the
inventory at the customers and at the supplier. The objective is the minimization of the sum of the inventory and
transportation costs. We present a heuristic that combines a tabu search scheme with ad hoc designed mixed-
integer programming models. The effectiveness of the heuristic is proved over a set of benchmark instances for
which the optimal solution is known.
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1. Introduction
The class of inventory routing problems (IRPs) inclu-
des a variety of different optimization problems that,
although often very different from each other, all con-
sider a routing and an inventory component of an
optimization problem. Time may be discrete or con-
tinuous, demand may be deterministic or stochas-
tic, and inventory holding costs may or may not be
accounted for in the objective function. When the
holding costs are not included in the objective func-
tion, usually a limited inventory capacity at the cus-
tomers is available and cannot be exceeded. Inventory
routing problems have received little attention com-
pared with vehicle routing problems. However, the
interest in this class of problems has been increas-
ing since the early 1980s. Some pioneering papers
appeared in the 1980s (see, e.g., Bell et al. 1983, Blu-
menfeld et al. 1985, Dror et al. 1985, Ferdergruen
and Zipkin 1984, Golden et al. 1984), whereas several
papers appeared in the last two decades, and some
surveys (see, e.g., Bertazzi et al. 2008, Campbell et al.
1998, Cordeau et al. 2009, Federgruen and Simchi–
Levi 1995) summarize the state of the art. The field
is now mature enough to stimulate research efforts

devoted to the design of effective algorithms for some
known IRP. A branch-and-cut algorithm that makes
use of some sets of valid inequalities is presented
in Archetti et al. (2007) for an IRP. The availability
of exact solutions for test instances makes possible
the evaluation of the performance of a heuristic algo-
rithm. In this paper, we present a heuristic for the
solution of this IRP that combines a tabu search
scheme with ad hoc designed mixed-integer program-
ming (MIP) models. In fact, whereas tabu search algo-
rithms have been proven to be very effective for many
vehicle routing problems, the complexity of the IRP
we studied required a more sophisticated heuristic
search of the solution space to get high-quality solu-
tions. The effectiveness of the heuristic is proved over
a set of benchmark instances.

The rest of this paper is organized as follows. In §2
we describe the IRP we study. In §3 we describe
the hybrid heuristic we propose, and in §4 we men-
tion the computational experiments and show the
obtained results.

2. Problem Description
We consider a distribution network where a product
is shipped from a common supplier, denoted by 0, to a

101



Archetti et al.: A Hybrid Heuristic for an Inventory Routing Problem
102 INFORMS Journal on Computing 24(1), pp. 101–116, © 2012 INFORMS

set M= 81121 0 0 0 1n9 of customers over a time horizon
of H periods. At each discrete time t ∈T= 811 0 0 0 1H9
a quantity r0t is produced at the supplier, and a quan-
tity rit is consumed at customer i ∈ M. A starting
inventory level B0 at the supplier is given. Each cus-
tomer i has a maximum capacity Ui and a given start-
ing inventory Ii0 ≤Ui. If customer i is visited at time t,
then the quantity xit shipped to the customer depends
on the replenishment policy. We consider two dif-
ferent replenishment policies. In the order-up-to-level
(OU) policy, if customer i is served at time t, the quan-
tity xit is the difference between Ui and the current
inventory level Iit of i. In the maximum-level (ML)
policy, the quantity xit can take any nonnegative value
that does not violate the capacity Ui. The OU policy is
a well-known policy in inventory management. The
ML policy is interesting only in integrated inventory
routing systems and was introduced in Archetti et al.
(2007). The name used indicates that only a constraint
on the maximum inventory level has to be satisfied.

The inventory holding cost is charged both at the
supplier and at the customers. Inventory holding
costs at the customers are taken into account in real
inventory routing problems whenever the supplier
agrees with the customers to require the payment
of the products only when the products are sold by
the customers. This is one of the incentives used
by suppliers to move toward inventory routing sys-
tems. Denoting by h0 the unit inventory cost at the
supplier and by Bt the inventory level at the sup-
plier at time t, the total inventory cost at the sup-
plier is

∑

t∈T′ h0Bt , where T′ =T∪ 8H + 19. The time
H + 1 is included in the computation of the inven-
tory cost to take into account the consequences of
the operations performed at time H . Denoting by hi

the unit inventory cost of customer i ∈ M, the total
inventory cost over the time horizon is

∑

t∈T′ hiIit .
Shipments from the supplier to the customers can be
performed at each time t ∈T by a vehicle of capac-
ity C. The transportation cost cij from i to j is known,
and cij = cji, i1 j ∈M′ =M∪ 809. Therefore, letting yt

ij be
a binary variable equal to 1 if j immediately follows i
in the route traveled at time t and 0 otherwise, the
total transportation cost is

∑

i∈M′

∑

j∈M′1 i 6=j

∑

t∈T cijy
t
ij .

Note that once the customers to be replenished are
determined, a traveling salesman problem (TSP) has
to be solved in each period. The notation used is
summarized in the online supplement (available at
http://joc.journal.informs.org/).

To be feasible, a solution should not have any stock-
out at the supplier and at the customers (i.e., Bt ≥ 0 and
Iit ≥ 0 for all t ∈T′ and i ∈M), the level of the inventory
of each customer i should not be greater than its max-
imum level Ui, and the total quantity delivered at any
given time should not exceed the vehicle capacity C.
The objective of the considered IRP is to determine a

feasible solution with minimum total cost. If the initial
inventory of each customer is 0 and H = 1, the prob-
lem becomes a TSP and, thus, is NP-hard.

3. HAIR—A Hybrid Heuristic
Tabu search is a local search technique that visits a
search space S by moving step by step from a cur-
rent solution s ∈ S to a neighbor solution s′ ∈ N4s5,
where N4s5 is a subset of S called the neighborhood of s.
A tabu list forbids some moves that would bring the
search back to a recently visited solution. Tabu search
was introduced in Glover (1986). A description of the
method and its concepts can be found in Glover and
Laguna (1997).

To solve the IRP, we use a hybrid heuristic that
combines a tabu search with the solution of MIP prob-
lems. We call the heuristic HAIR (hybrid approach to
inventory routing). The general scheme of HAIR can
be found in Algorithm 1.

Algorithm 1 (HAIR—A hybrid heuristic)
Apply the Initialization procedure to generate an

initial solution s. Set sbest ← s.
while the number of iterations without

improvement of sbest ≤MaxIter do
Apply the Move procedure to find the best

solution s′ in the neighborhood N4s5 of s.
if s′ is better than sbest then

Apply the Improvement procedure to possibly
improve s′ and set sbest ← s′.

end if
Set s ← s′.
if the number of iterations without

improvement of sbest is a multiple of
JumpIter then
Apply the Jump procedure to modify the

current solution s.
end if

end while

Parameters MaxIter and JumpIter indicate when the
algorithm should stop or jump to a new region of
the search space. We use four basic procedures that
will be described in details in the following sections:
Initialization generates a starting solution in S; Move
generates the best neighbor s′ of s in N4s5; Improve-
ment tries to improve sbest by solving MIP problems;
and Jump performs changes on s in order to jump to
a new region of the search space S. In the next sub-
sections we describe the main ingredients of the pro-
posed tabu search, the Improvement procedure based
on the solution of two MIPs and the Jump procedure.
We also give a proof that the considered MIPs are
NP-hard problems.

3.1. Tabu Search Ingredients
As mentioned in §2, a solution to the IRP is feasible
if there is no stockout, the level of the inventory of
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each customer is not greater than its maximum level,
and there is no violation of the vehicle capacity con-
straint. The search space S visited by the tabu search
contains solutions that have no stockout at the cus-
tomers, whereas stockout at the supplier is permitted,
and the vehicle capacity is possibly exceeded at some
time periods. Such solutions are said admissible. The
objective function to be minimized is the sum of the
inventory and transportation costs plus two penalty
terms related to infeasibility. More precisely, given a
solution s ∈ S, we denote the following:

• Bt4s5 the inventory level at the supplier at time t
in s.

• Iit4s5 the inventory level of customer i at time t in s.
• Qt4s5 the total quantity delivered at time t in s.
• Kt4s5 the transportation cost at time t in s.
• Ti4s5 the set of delivery times concerning cus-

tomer i in s.
The value f 4s5 of solution s is then defined as

follows:

f 4s5 =
∑

t∈T′

(

h0Bt4s5+
∑

i∈M

hiIit4s5

)

+
∑

t∈T

Kt4s5

+�
∑

t∈T

6Qt4s5−C7+ +�
∑

t∈T′

6−Bt4s57
+1

where 6 · 7+ = max8·109, and � and � are penalty fac-
tors initialized to 1 and updated every 10 iterations as
in Gendreau et al. (1994). If the last 10 solutions were
all feasible with respect to the vehicle capacity (no
stock-out at the supplier) constraint, then the value of
� (�) is halved; if they were all infeasible, the value of
� (�) is doubled. A solution is represented as a vector
of routes of length H where each route is composed
by the following components:

• A vector of visited vertices, listed in the order of
visit (the first vertex is always the supplier), and

• a vector of quantities delivered to customers.
In the Initialization procedure, each customer from 1

to n is considered sequentially, and the delivery times
are set as late as possible before a stockout situation
occurs. Such a solution is obviously admissible but
not necessarily feasible.

At each iteration, the algorithm moves from a solu-
tion s ∈ S to a new solution s′. We consider two tabu
lists, La and Lr . If customer i is visited at time t in s
but not in s′, then the pair 4i1 t5 is introduced in La,
and it is forbidden for some iterations to add delivery
time t at customer i. Similarly, if customer i is vis-
ited at time t in s′ but not in s, then the pair 4i1 t5 is
introduced in Lr , and it is forbidden for some itera-
tions to remove delivery time t at customer i. A pair
4i1 t5 remains in La or Lr for L + random4�

√

nR4s55
iterations, where L and � are constants, n is the num-
ber of customers, R4s5 is the number of routes in s,
and random4x5 is an integer uniformly selected in
the set 801 0 0 0 1 �x�9, �x� being the largest integer not

greater than x. Such a random number is computed at
each iteration and for each pair 4i1 t5 introduced in La

or Lr . We use random numbers as in Taillard (1991)
because preliminary tests showed that it gives better
results than a fixed length.

As described below, a neighbor solution is obtained
by adding and/or removing visits at some customers.
These changes are performed as follows.

When we remove a visit to customer i at time t,
we first remove customer i from the vehicle route at
time t, and its predecessor is linked to its successor.

• In the case of the OU policy, the quantity deliv-
ered to i at time t is transferred to the following visit
(if any). Such a removal is performed only if it cre-
ates no stockout at customer i to keep the solution
admissible.

• For the ML policy, if there is no stockout at i when
removing the visit, then nothing else is made; other-
wise, the removal is performed only if the stockout at i
can be avoided by increasing the quantity delivered at
the previous visit (if any) to a value not larger than the
maximum capacity Ui. More precisely, suppose x units
are delivered to i at time t; let t′ denote the time of
the previous visit (if any) at i, and let y be the smallest
value Iit′′4s5 for t′′ > t. If y < x, then the removal of the
visit at time t creates a stockout for i, and we try to
avoid it by delivering x−y additional units at time t′.
This is done if t′ exists and if Iit′ + xit′ + 4x − y5 ≤ Ui;
otherwise, the removal is not performed.

When we insert a visit to customer i at time t, we
first add i to the vehicle route at time t using the
cheapest insertion method.

• In the case of the OU policy, the quantity deliv-
ered to i at time t is set equal to the difference
between the maximum inventory level Ui and the cur-
rent inventory level; the same quantity is removed
from the next visit to i (if any).

• For the ML policy, the quantity delivered to i
at time t is the minimum between the maximum
quantity that can be delivered without exceeding the
maximum capacity Ui, the residual capacity of the
vehicle, and the quantity available at the supplier. If
this minimum is equal to 0, then a quantity rit (i.e., the
demand at time t) is delivered to i, and this will cre-
ate stockout at the supplier or a violation of the vehi-
cle capacity constraint, but the solution will remain
admissible.

The neighborhood N4s5 of s is created in two steps.
We first build a set N ′4s5 containing all admissible
solutions that can be obtained from s with one of the
following simple changes.

1. Remove a visit: Choose a customer i and a time
t ∈ Ti4s5, and remove the visit to i at time t.

2. Insert a visit: Choose a customer i and a time
t y Ti4s5, and add a new visit to i at time t.
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3. Move a visit: Choose a customer i, times t ∈ Ti4s5
and t′ y Ti4s5, remove the visit to i at time t, and add
a new visit to i at time t′.

4. Swap two visits: Choose two customers i and j
and two periods t ∈ Ti4s5− Tj4s5 and t′ ∈ Tj4s5− Ti4s5,
remove the visits to i at time t and to j at time t′, and
add new visits to i at time t′ and to j at time t.

We then build N4s5 by applying additional changes
on each solution in N ′4s5. To explain these changes,
consider any solution s′ ∈ N ′4s5. If hi > h0 for a cus-
tomer i, then it might be interesting to remove vis-
its to i. Indeed, such removals strictly decrease the
total inventory cost, do not increase the transporta-
tion cost, and do not create any stockout at the sup-
plier. Also, if the quantity Qt4s

′5 delivered at time t is
strictly larger than the vehicle capacity C or if there
is a stockout at the supplier at time t (i.e., Bt4s

′5 < 0),
then the removal of a visit to a customer at time t
strictly reduces the value of the penalty component
in the objective function. Therefore, given a solution
s′ ∈N ′4s5, let A be the set of customers with different
delivery times in s and s′ (i.e., Ti4s5 6= Ti4s

′55. Choose
a customer i ∈ A. We consider all delivery times t ∈

Ti4s
′5 and all customers j delivered at time t in s′

(i.e., all customers j such that t ∈ Tj4s
′5), and we test

whether hj > h0, Qt4s
′5 > C, or Bt4s

′5 < 0. If this is the
case, then

• in the case of the OU policy, we remove the visit
to j at time t if and only if this gives an admis-
sible solution with a strict decrease of the objective
function.

• in the case of the ML policy, we reduce the quan-
tity delivered to j at time t as much as possi-
ble without creating a stockout (i.e., we remove
min8xjt1mint′>t Ijt′9 units of delivery) if such a change
gives a solution with a strict decrease of the objective
function. If the delivery to j at time t is reduced to 0,
we remove j from the route at time t.

If such a visit to j is removed, then j is inserted in A,
and the procedure is applied recursively to all deliv-
ery times t ∈ Tj4s

′5. Thus, set A is first formed by cus-
tomer i used to build the set N ′4s5. Once all t ∈ Ti4s

′5
are considered, customer i is removed from A, and all
customers j for which a visit has been removed are
inserted in A. Notice that if s′ ∈ N ′4s5 was obtained
from s by inserting a delivery time t to customer i,
then we do not consider the removal of the visit to i
at time t. In other words, the removal of a visit in s′

is permitted only if the visit also exists in s.
Moreover, in the case of the ML policy, we also

consider all customers j served at time t ∈ Ti4s
′5 in s′

and test whether hj < h0. In such a case it might be
interesting to increase the quantity delivered to j at
time t. We therefore increase the quantity delivered
to j at time t as much as possible without exceed-
ing the maximum inventory level (i.e., we add Uj −

maxt′≥t4Ijt′ + xjt′5 units of delivery) if such a change
gives a solution with a strict decrease of the objec-
tive function. The construction of N4s5 is formally
described in Algorithm 2, which can be found in the
online supplement. All moves in N4s5 are evaluated.
If a move is in La or in Lr , then it is considered
only if it leads to a solution that is better than the
best solution found so far; otherwise, it is discarded.
The procedure Move chooses the best solution in N4s5
as the next current solution. Once the best move is
implemented, then the pair 4i1 t5 is inserted in Lr

in case we inserted a visit to customer i at time t,
whereas it is inserted in La in case we removed a
visit to customer i at time t. Note that the complex-
ity of the procedure Move is O4n3H 35 as each visit to
a customer is considered (O4nH5), and for each cus-
tomer visit, at most O4n2H 25 operations have to be
evaluated.

3.2. Improvement Phase
We have designed an Improvement procedure that tries
to improve a given feasible solution by solving a
sequence of MIPs. The next subsections give details
on each of these MIPs, and we then prove that they
all are NP-hard problems. We finally describe how to
integrate these MIPs in HAIR.

3.2.1. Two MIPs. We first describe the considered
MIPs in the case of the OU policy and then mention
how to modify these MIPs for the ML policy.

In the first considered MIP, we try to improve a
given solution s by assigning routes to time periods
without changing the routes themselves but assigning
them to possibly different time periods with respect
to s. Thus, the customers visited by each route and
the sequence of service remain the same, the only pos-
sible change being the removal of a customer from
a route. In this case, the corresponding savings is
calculated.

Let ãir be the transportation savings gained if cus-
tomer i is removed from route r (which, obviously,
visits customer i in the incumbent solution). This sav-
ings is calculated by simply joining the predecessor
with the successor of i. In the following, �ir = 1 if cus-
tomer i is visited by route r in the incumbent solution.
Let wir be a binary variable equal to 1 if customer i is
removed from route r , �it be a binary variable equal
to 1 if customer i is visited at time t (used to formulate
the OU constraints), and zrt be a binary variable equal
to 1 if route r is assigned to time t. The MIP, which
we call the OU-route assignment problem and denote by
MIP14OU1 s5, is formulated as follows:

minimize
∑

t∈T′

h0Bt +
∑

i∈M

∑

t∈T′

hiIit −
∑

i∈M

∑

r∈R

ãirwir (1)

subject to Bt = Bt−1 + r0t−1 −
∑

i∈M

xit−11 t ∈T′1 (2)
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Bt ≥
∑

i∈M

xit1 t ∈T1 (3)

Iit = Iit−1 + xit−1 − rit−11 i ∈M t ∈T′1 (4)

xit ≥Ui�it − Iit1 i ∈M t ∈T1 (5)

xit ≤Ui − Iit1 i ∈M t ∈T1 (6)

xit ≤Ui�it1 i ∈M t ∈T1 (7)
∑

i∈M

xit ≤C1 t ∈T1 (8)

∑

t∈T

zrt ≤ 11 r ∈R1 (9)

∑

r∈R

zrt ≤ 11 t ∈T1 (10)

xit ≤Ui

∑

r∈R

4�irzrt51 i ∈M t ∈T1 (11)

xit ≤Ui62 −�ir 4zrt +wir 571

i ∈M r ∈R t ∈T1 (12)

wir ≤ �ir

∑

t∈T

zrt1 i ∈M r ∈R1 (13)

xit ≥ 01 i ∈M t ∈T1 (14)

Iit ≥ 01 i ∈M t ∈T′1 (15)

Bt ≥ 01 t ∈T′1 (16)

�it ∈ 801191 i ∈M t ∈T1 (17)

wir ∈ 801191 i ∈M r ∈R1 (18)

zrt ∈ 801191 r ∈R t ∈T1 (19)

where R is the set of routes in the given feasible
solution s. The objective function includes the total
inventory cost at supplier and customers and the total
savings generated by the customers that are removed
from routes where they are visited in the incumbent
solution. Constraints (2)–(4) (where r00 = 0 and xi0 =

ri0 = 0 for all i ∈ M) define the inventory at the sup-
plier and customers and avoid stockout at the sup-
plier. Constraints (5)–(7) define the OU policy, and
(8) is the vehicle capacity constraint. Constraints (9)
establish that a route r can be assigned to at most
one time period, and constraints (10) impose a maxi-
mum of one route at each time t ∈T. Constraints (11)
impose that a customer can be served at time t only
if it is visited by the route assigned at time t. Con-
straints (12) establish that a customer can not be
served at time t if it is currently visited by the route
assigned at time t but is removed from the route.
Finally, constraints (13) impose that a customer can
be removed only from a route where it is visited and
only if this route is assigned to a time t ∈T.

Note that if more than one customer is removed
from a route, then the savings component in the objec-
tive function is only an estimation of the real savings
generated by the removal of the customers.

We do not consider the possibility of replicating a
single route on different days (constraint (9)) because
this created a remarkable increase in the complexity
of the model and made the problem unsolvable in
reasonable time. The same holds true for the case of
allowing the insertion of a customer into a route.

The second MIP models a customer assignment
problem. More precisely, given a solution s, we do not
change the time assigned to each vehicle route in s,
whereas the removal or insertion of customers into
routes is allowed. Let ãit be the transportation sav-
ings gained if customer i is removed from the route
assigned to time t (which, obviously, visits customer i
in the incumbent solution). This savings is calculated
by simply joining the predecessor and the successor
of i. Let âit be the insertion cost of customer i into
the route at time t, calculated with the cheapest inser-
tion method. In the following, �it = 1 if customer i
is visited at time t in the incumbent solution. Let
wit be a binary variable equal to 1 if customer i is
removed from the route at time t, and let vit be a
binary variable equal to 1 if customer i is inserted into
the route at time t. Note that when compared with
the previous MIP, the index t replaces the index r in
ãit , �it , and wit because the routes are now assigned
to specific times. Moreover, the vit are new variables
needed because we now allow the insertion of cus-
tomers into routes. In the case of the OU policy, the
considered MIP is called the OU-customer assignment
problem and is denoted by MIP24OU1 s5. It contains
variables xit , Iit , Bt , and �it with the same meaning as
in MIP14OU1 s5. It is formulated as follows:

minimize
∑

t∈T′

h0Bt +
∑

i∈M

∑

t∈T′

hiIit

−
∑

i∈M

∑

t∈T

ãitwit +
∑

i∈M

∑

t∈T

âitvit (20)

subject to constraints (2)–(8), (14)–(17), and to

vit ≤ 1 −�it1 i ∈M t ∈T1 (21)

wit ≤ �it1 i ∈M t ∈T1 (22)

xit ≤Ui4�it −wit + vit51 i ∈M t ∈T1 (23)

vit ∈ 801191 i ∈M t ∈T1 (24)

wit ∈ 801191 i ∈M t ∈T0 (25)

Constraints (21) establish that a customer cannot be
inserted into a route that already visits it, whereas
constraints (22) impose that a customer cannot be
removed from a route that does not visit it. Finally,
constraints (23) establish that a customer can be
served at time t if it is visited by the route at time t
and is not removed from it, or if it is inserted into the
route at time t.

Again, if the optimal solution of MIP24OU1 s5 con-
tains a route that differs from the corresponding one
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in s by at least two customers (i.e., at least two
customers were removed or inserted, or one was
removed and another one inserted), then the varia-
tion of the transportation cost in (20) is only an esti-
mation of the real gain or loss induced by such a
modification.

In the case of the ML policy, we consider the same
MIPs as above, except that constraints (5), (7), and (17)
disappear as they are only needed for the OU pol-
icy. The resulting MIPs are called the ML-route assign-
ment and ML-customer assignment problems and are
denoted by MIP14ML1 s5 and MIP24ML1 s5.

3.2.2. Complexity Results. In this section, we
prove that all MIPs described in the previous section
are NP-hard problems. We first use a reduction from
the NP-hard knapsack problem (see Kellerer et al. 2004,
Martello and Toth 1990) to prove that both the OU-
route assignment and OU-customer assignment problems
are NP-hard. The knapsack problem is defined as fol-
lows: given n objects of weight wi ∈Z+ and value vi ∈

Z+ (i = 11 0 0 0 1n), and given a capacity C <
∑n

i=1 wi,
determine a subset A of 811 0 0 0 1n9 with

∑

i∈Awi ≤ C
and of maximum value

∑

i∈A vi.
Note that the knapsack problem remains NP-hard

if it is assumed that 2
3

∑n
i=1 wi ≤ C <

∑n
i=1 wi. Indeed,

given any instance I of the knapsack problem with
n objects and C < 2

3

∑n
i=1 wi, one can build a new

instance I ′ by adding an object n+1 of weight wn+1 =

2
∑n

i=1 wi −3C+�, (0 ≤ �), and value vn+1 =
∑n

i=1 vi +1,
and by considering a new capacity C ′ = C + wn+1 =

2
∑n

i=1 wi − 2C + �. In this new instance it is always
optimal to choose at least the new object because
its value is strictly larger than the total value of
the n other objects. Hence, once this object is cho-
sen, the remaining capacity is C ′ −wn+1 = C, and the
choice of the next objects is equivalent to the original
instance I . Since C <

∑n
i=1 wi, we have C ′ =C+wn+1 <

∑n+1
i=1 wi. Also,

C ′
=

2
3

· 3
( n
∑

i=1

wi −C

)

+ �

=
2
3

( n
∑

i=1

wi +

(

2
n
∑

i=1

wi − 3C + �

))

+
�

3

=
2
3

n+1
∑

i=1

wi +
�

3
0

Hence, I ′ is as difficult as I and 2
3

∑n+1
i=1 wi ≤ C ′ <

∑n+1
i=1 wi.

Theorem 1. The OU-route assignment and OU-
customer assignment problems are both NP-hard.

Proof. Given an instance of the knapsack problem
with n objects of weight wi and size vi (i = 11 0 0 0 1n)
and with capacity C such that 2

3

∑n
i=1 wi ≤C <

∑n
i=1 wi,

we construct an instance of the IRP where M =

811 0 0 0 1n9, T= 81129, r0t = 0 for t ∈T, rit = ri =wi/3 for
i ∈ M and t ∈ T, B0 =

∑

i∈M 3ri, h0 = 0, Ii0 = ri, Ui = 3ri,
hi = vi/ri > 0 for all customers i, and a transportation
capacity C. The above assumption about C translates
to
∑

i∈M 2ri ≤C <
∑

i∈M 3ri. Assume that we are given a
solution s that contains two routes, each of them vis-
iting all the customers, and suppose that ãi1 = ãi2 =

ãi > 0 for all i ∈M.
All customers have to be served at least once

because the initial inventory level Ii0 = ri is not suf-
ficient for the total time horizon. It is not necessary
to serve a customer at time t = 1 because the initial
inventory Ii0 equals ri. If a customer i is served at time
t = 1, then Ii2 = 2ri, and it is therefore not necessary to
make a second delivery at time t = 2.

Hence, in all optimal solutions, every customer is
visited exactly once. If a customer i is visited at time
t = 1, then Ii1 = ri, Ii2 = 2ri, and Ii3 = ri, which gives a
total inventory of 4ri, whereas if i is visited at time
t = 2, then Ii1 = ri, Ii2 = 0, and Ii3 = 2ri, for a total
inventory of 3ri. The starting inventory level B0 =
∑

i∈M 3ri at the supplier indicates that no solution vis-
iting each customer exactly once creates a stockout at
the supplier. Since h0 = 0, the supplier has no prefer-
ence between deliveries at time t = 1 or 2. However,
since hi > 0 for all i ∈ M, each customer prefers to be
served at time t = 2.

The transportation capacity C forces some of the
customers to be served at time t = 1. Note that the
vehicle has enough capacity to serve all customers at
time t = 1 since the vehicle load would be

∑

i∈M 2ri ≤C
in that case. Because no customer needs to be served
twice, each one will be removed from exactly one
route, which gives a saving ãi that does not depend
on the time t. Because both routes in s contain all cus-
tomers, no customer can be added to a route. Hence,
the objective functions in (1) and (20) can be rewrit-
ten as follows, where Mt denotes the set of customers
served at time t:
∑

i∈M1

4hiri +
∑

i∈M2

3hiri −
∑

i∈M

ãi =
∑

i∈M

44hiri −ãi5−
∑

i∈M2

hiri0

Because the first term is a constant, this is equiva-
lent to maximizing

∑

i∈M2
hiri. If we introduce a binary

variable yi that takes a value of 1 if customer i
is removed from the route used at time t = 1 and
0 otherwise, the OU-route assignment and OU-customer
assignment problems can be equivalently formulated
as follows:

maximize
∑

i∈M

hiriyi

subject to
∑

i∈M

3riyi ≤C1

yi ∈ 801191 i ∈M0



Archetti et al.: A Hybrid Heuristic for an Inventory Routing Problem
INFORMS Journal on Computing 24(1), pp. 101–116, © 2012 INFORMS 107

Because we have defined hi and ri so that hiri = vi

and 3ri = wi, the above problem is equivalent to the
considered knapsack problem. �

To prove that both ML-route assignment and ML-
customer assignment are NP-hard problems, we use a
reduction from the NP-complete partition problem (see
Garey and Johnson 1979), which is defined as follows:
given n objects of weight wi ∈Z+, determine whether
there exists a subset A of 811 0 0 0 1n9 with

∑

i∈Awi =
∑

iyAwi.

Theorem 2. The ML-route assignment and ML-
customer assignment problems are both NP-hard.

Proof. Given an instance of the partition problem
with n objects of size wi (i = 11 0 0 0 1n), we consider
an instance of the IRP with M= 811 0 0 0 1n9, T= 81129,
r0t = 0 for t ∈ T, rit = wi for i ∈ M, and t ∈ T, B0 =
∑

i∈Mwi, h0 = 0, Ii0 = wi, Ui = 2wi, hi = 1 for all cus-
tomers i, and a transportation capacity C =

1
2

∑

i∈Mwi.
Assume that we are given a solution s that contains
two routes, each of them delivering 41/25wi units to
each customer i. Suppose finally that ãi1 = ãi2 = 2C
for all i ∈M.

All customers have to be served at least once
because the initial inventory level Ii0 = wi is not suf-
ficient for the total time horizon. It is not necessary
to serve a customer at time t = 1 because the initial
inventory Ii0 equals wi. It is never optimal to send to a
customer i a total quantity greater than wi. Therefore,
0 ≤ xi1 ≤wi and xi2 =wi −xi1. The inventory levels at i
are Ii1 = wi, Ii2 = xi1, and Ii3 = 0, which gives a total
inventory cost of wi + xi1.

Because both routes in s contain all customers, no
customer can be added to a route. Hence, since h0 = 0,
both (1) and (20) reduce to the difference between the
second and the third term, that is,

∑

i∈M4wi + xi15 −

2Cm, where m is the number of customers removed.
If a solution has at least one customer that is vis-

ited in periods t = 1 and t = 2, then
∑

i∈M4wi + xi15−

2Cm >
∑

i∈Mwi − 2C4n − 15 = 2C42 − n5, whereas the
value of a solution in which no customer is vis-
ited twice is strictly smaller than

∑

i∈M 2wi − 2Cn =

2C42 − n5. Hence, the optimal value of the ML-route
assignment and ML-customer assignment problems is
strictly smaller than 2C42 − n5 if and only if there is
a partition of the customers into two sets M1 and M2
with

∑

i∈M1
wi ≤ C and

∑

i∈M2
wi ≤ C. Because C =

1
2

∑

i∈Mwi, this is equivalent to saying that
∑

i∈M1
wi =

∑

i∈M2
wi, which means that the partition problem has

a solution. �

3.2.3. The Improvement Procedure. Each time
sbest is improved by our tabu search, we try to
generate a better solution by first considering every
route in the solution and trying to reduce the trans-
portation cost by applying the heuristic by Lin and

Kernighan (1973) for the TSP. It is known that the Lin
and Kernighan heuristic is very effective in finding
near-optimal solutions for TSP instances, especially
for small-size instances. In our case, the maximum
number of customers contained in a route is equal to
n, and in our tests we often find solutions where there
is at least a route visiting all, or almost all, customers.
However, because the maximum size of the instances
we tested is n= 200, the Lin and Kernighan heuristic
always finds an optimal or almost optimal TSP tour.
We then apply to the new solution the MIPs described
in §3.2.1. If the output of one of these MIPs differs
from the input, we apply again the Lin and Kerning-
han heuristic on each route that was modified. We
first try to improve sbest by solving MIP14�1 sbest5 (with
� = OU or ML). We then consider all pairs 4r11 r25
of consecutive routes in sbest (i.e., routes assigned to
two consecutive time periods). For each such pair,
we replace the two routes by a single “big route”
r containing all customers of r1 and r2. Such a big
route is obtained by inserting in r1 all customers that
are in r2 but not in r1 (using the cheapest insertion
method) and by then optimizing the route using the
Lin and Kerninghan heuristic. Let si (i = 112) be the
solution obtained from sbest by removing r1 and r2 and
by assigning route r to the same time as ri. We then
solve MIP24�1 si5 (i = 112, � = OU or ML). It may hap-
pen that one or both of these problems has no feasible
solution because a stockout at the customers is pos-
sibly unavoidable after the merge of r1 and r2 into a
single route r . If MIP24�1 s15 is infeasible, we modify s1
by taking the first route after r and anticipating it by
one time period, and we then solve MIP24�1 s15 again.
Similarly, if MIP24�1 s25 is infeasible, we take the first
route that precedes r in s2, delay it by one time period,
and solve MIP24�1 s25 again. This process is repeated
for each pair 4r11 r25 of consecutive routes, and the best
obtained solution replaces sbest if its value is strictly
smaller than f 4sbest5. We finally try to improve sbest
by solving MIP24�1 sbest5. A detailed description of the
Improvement procedure can be found in Algorithm 3
in the online supplement.

3.3. Jump Procedure
When the number of iterations without improvement
of sbest is a multiple of a given parameter JumpIter, a
jump from sbest to a new solution is made that consists
in moving customers from time periods where they
are typically visited to time periods where they are
typically not visited. More precisely, as long as there
exists a triplet 4i1 t1 t′5 such that i is a customer vis-
ited at time t since at least JumpIter/2 iterations, i was
never visited at time t′ 6= t during the last JumpIter/2
iterations, and the move of the visit to i from t to t′

does not create a stockout at i, then we choose such a
triplet at random and perform the move of the visit to
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i from t to t′. When no additional changes of this type
can be done, we apply the second MIP of the Improve-
ment procedure (see §3.2) and consider the resulting
solution as the new current solution s for the tabu
search.

4. Computational Results
The hybrid heuristic HAIR has been implemented in
C++ and run on an Intel Dual Core 1.86 GHz and
3.2 GB RAM personal computer. The route assignment
problem (MIP1) and the customer assignment prob-
lem (MIP2) have been solved to optimality by using
CPLEX 10.1.

The hybrid heuristic HAIR was tested on the bench-
mark instances used in Archetti et al. (2007), which
have the following characteristics.

• Time horizon H2 316.
• Number of customers n: 5k, with k = 1121 0 0 0 110

when H = 3, and k = 1121 0 0 0 16 when H = 6.
• Product quantity rit consumed by customer i at

time t: constant over time, i.e., rit = ri, t ∈T, and ran-
domly generated as an integer number in the interval
61011007.

• Product quantity r0t made available at the sup-
plier at time t2

∑

i∈M ri.
• Maximum inventory level Ui at customer i: rigi,

where gi is randomly selected from the set 82139 and
represents the number of time units needed to con-
sume the quantity Ui.

• Starting inventory level B0 at the supplier:
∑

i∈MUi.
• Starting inventory level Ii0 at the customer i:

Ui − ri.
• Inventory cost at customer i ∈ M, hi: randomly

generated in the intervals 60001100057 and 600110057;
• Inventory cost at the supplier h0: 0.03 when hi is

generated in 60001100057 and 0.3 when hi is generated
in 600110057.

• Transportation capacity C: 43/25
∑

i∈M ri.
• Transportation cost cij :

⌊

√

4Xi −Xj5
2 + 4Yi −Yj5

2
⌋

,
where the points 4Xi1Yi5 and 4Xj1Yj5 are obtained by
randomly generating each coordinate as an integer
number in the interval 6015007.

For each combination of n, H , an interval for the
generation of hi, and h0, five instances were tested
for a total of 160 instances. The values of the param-
eters are as follows: MaxIter = 200nH , JumpIter =

MaxIter/2, and L= 10, whereas the value of � depends
on the instance and is specified in Tables 1–8 (and
13–16). Moreover, on the basis of preliminary tests,
we decided to apply the Jump procedure only once.

A local search heuristic for the case with OU pol-
icy was proposed in Bertazzi et al. (2002). In the fol-
lowing, we will also report the performance of this
heuristic. The results are shown in Tables 1–4 for

Table 1 ML Policy—Computational Results with H = 3 and
hi ∈ 60001100057

Instance n � z∗ HAIR CPU % error

abs1n5.dat 5 0.5 11235092 11235092 2 0.00
abs2n5.dat 5 0.5 988066 988066 2 0.00
abs3n5.dat 5 0.5 11758002 11758002 3 0.00
abs4n5.dat 5 0.5 11397029 11397029 4 0.00
abs5n5.dat 5 0.5 999042 999042 2 0.00

abs1n10.dat 10 0.5 11743007 11743007 10 0.00
abs2n10.dat 10 0.5 21229025 21229025 10 0.00
abs3n10.dat 10 0.5 11871014 11871014 9 0.00
abs4n10.dat 10 0.5 11773000 11773000 8 0.00
abs5n10.dat 10 0.5 11938018 11938018 10 0.00

abs1n15.dat 15 0.5 21131004 21131004 30 0.00
abs2n15.dat 15 0.5 21131058 21131058 24 0.00
abs3n15.dat 15 0.5 21463068 21463068 25 0.00
abs4n15.dat 15 0.5 21151094 21151094 34 0.00
abs5n15.dat 15 0.5 21160059 21160059 21 0.00

abs1n20.dat 20 0.5 21267032 21267032 43 0.00
abs2n20.dat 20 0.5 21497090 21497090 72 0.00
abs3n20.dat 20 0.5 21590048 21590048 60 0.00
abs4n20.dat 20 0.5 31122031 31122099 90 0.02
abs5n20.dat 20 0.5 21849090 21849090 58 0.00

abs1n25.dat 25 0.5 21840092 21840092 107 0.00
abs2n25.dat 25 0.5 31014056 31014056 92 0.00
abs3n25.dat 25 0.5 31050040 31050040 100 0.00
abs4n25.dat 25 0.5 31078067 31078067 161 0.00
abs5n25.dat 25 0.5 21954096 21954096 104 0.00

abs1n30.dat 30 0.5 31427078 31427078 221 0.00
abs2n30.dat 30 0.5 31328094 31328094 190 0.00
abs3n30.dat 30 0.5 31471086 31471086 249 0.00
abs4n30.dat 30 0.5 31321048 31321048 436 0.00
abs5n30.dat 30 0.5 21914060 21914060 201 0.00

abs1n35.dat 35 0.5 31346012 31346012 446 0.00
abs2n35.dat 35 0.5 31541071 31541071 601 0.00
abs3n35.dat 35 0.5 31811078 31811078 340 0.00
abs4n35.dat 35 0.5 31229034 31229034 402 0.00
abs5n35.dat 35 0.5 31315026 31315026 284 0.00

abs1n40.dat 40 0.5 31702014 31702014 589 0.00
abs2n40.dat 40 0.5 31832009 31832009 546 0.00
abs3n40.dat 40 0.5 31874062 31874062 471 0.00
abs4n40.dat 40 0.5 31534080 31534080 550 0.00
abs5n40.dat 40 0.5 31575046 31575046 450 0.00

abs1n45.dat 45 0.5 31950086 31950086 939 0.00
abs2n45.dat 45 0.5 31702072 31702072 700 0.00
abs3n45.dat 45 0.5 31968004 31968004 668 0.00
abs4n45.dat 45 0.5 31998026 31998026 837 0.00
abs5n45.dat 45 0.5 31717054 31717054 744 0.00

abs1n50.dat 50 0.5 41047018 41047018 11009 0.00
abs2n50.dat 50 0.5 41512096 41512096 11229 0.00
abs3n50.dat 50 0.5 41451044 41451044 11112 0.00
abs4n50.dat 50 0.5 41405084 41405084 11105 0.00
abs5n50.dat 50 0.5 41218037 41218037 982 0.00

the ML policy and in Tables 5–8 for the OU policy.
In these tables, column 1 reports the name of the
instance, “n” is the number of customers, and “�” is
the parameter (in addition to L = 10) used to deter-



Archetti et al.: A Hybrid Heuristic for an Inventory Routing Problem
INFORMS Journal on Computing 24(1), pp. 101–116, © 2012 INFORMS 109

Table 2 ML Policy—Computational Results with H = 3 and
hi ∈ 600110057

Instance n � z∗ HAIR CPU % error

abs1n5.dat 5 0.5 21108034 21108034 1 0.00
abs2n5.dat 5 0.5 11767006 11767006 1 0.00
abs3n5.dat 5 0.5 21973000 21973000 3 0.00
abs4n5.dat 5 0.5 11981004 11981004 4 0.00
abs5n5.dat 5 0.5 21170004 21170004 1 0.00

abs1n10.dat 10 0.5 41510061 41510061 10 0.00
abs2n10.dat 10 0.5 41504061 41504061 11 0.00
abs3n10.dat 10 0.5 41031040 41031040 9 0.00
abs4n10.dat 10 0.5 31933046 31933046 9 0.00
abs5n10.dat 10 0.5 41709079 41709079 10 0.00

abs1n15.dat 15 0.5 51589070 51589070 31 0.00
abs2n15.dat 15 0.5 51443034 51443034 38 0.00
abs3n15.dat 15 0.5 61300086 61300086 27 0.00
abs4n15.dat 15 0.5 41977058 41977058 44 0.00
abs5n15.dat 15 0.5 41867053 41867053 21 0.00

abs1n20.dat 20 0.5 61859002 61859002 44 0.00
abs2n20.dat 20 0.5 71087074 71087074 76 0.00
abs3n20.dat 20 0.5 71354068 71354068 68 0.00
abs4n20.dat 20 0.5 61952079 61957078 88 0.07
abs5n20.dat 20 0.5 71874026 71874026 57 0.00

abs1n25.dat 25 0.5 81227086 81227086 115 0.00
abs2n25.dat 25 0.5 81765072 81765072 102 0.00
abs3n25.dat 25 0.5 91382042 91382042 108 0.00
abs4n25.dat 25 0.5 81452093 81452093 165 0.00
abs5n25.dat 25 0.5 101081042 101081042 116 0.00

abs1n30.dat 30 0.5 121066086 121066086 234 0.00
abs2n30.dat 30 0.5 101941032 101941032 271 0.00
abs3n30.dat 30 0.5 121122036 121122036 245 0.00
abs4n30.dat 30 0.5 91687010 91687010 312 0.00
abs5n30.dat 30 0.5 91773090 91773090 209 0.00

abs1n35.dat 35 0.5 111659088 111659088 483 0.00
abs2n35.dat 35 0.5 101466080 101466080 448 0.00
abs3n35.dat 35 0.5 131776046 131776046 322 0.00
abs4n35.dat 35 0.5 101307040 101307040 447 0.00
abs5n35.dat 35 0.5 101847082 101847082 297 0.00

abs1n40.dat 40 0.5 131364092 131364092 624 0.00
abs2n40.dat 40 0.5 111317085 111317085 612 0.00
abs3n40.dat 40 0.5 131598094 131598094 544 0.00
abs4n40.dat 40 0.5 111353039 111353039 593 0.00
abs5n40.dat 40 0.5 131070018 131070018 523 0.00

abs1n45.dat 45 0.5 141179010 141179010 958 0.00
abs2n45.dat 45 0.5 131142022 131142022 746 0.00
abs3n45.dat 45 0.5 141843060 141843060 717 0.00
abs4n45.dat 45 0.5 131574050 131574050 876 0.00
abs5n45.dat 45 0.5 131587026 131587026 732 0.00

abs1n50.dat 50 0.5 141577030 141577030 11092 0.00
abs2n50.dat 50 0.5 151001064 151001064 11036 0.00
abs3n50.dat 50 0.5 151279049 151279049 11342 0.00
abs4n50.dat 50 0.5 161517000 161517000 11217 0.00
abs5n50.dat 50 0.5 151678067 151678067 11041 0.00

mine for how long an element remains in a tabu list.
The value of the optimal solution “z∗” is taken from
Archetti et al. (2007). Column HAIR reports the value
of the solution given by HAIR, “CPU” is the com-

Table 3 ML Policy—Computational Results with H = 6 and
hi ∈ 60001100057

Instance n � z∗ HAIR CPU % error

abs1n5.dat 5 0.5 31187030 3118703 17 0.00
abs2n5.dat 5 0.5 21565092 21566047 19 0.02
abs3n5.dat 5 0.5 41489083 41489083 19 0.00
abs4n5.dat 5 0.5 31174035 31174035 14 0.00
abs5n5.dat 5 0.5 21267010 2126701 11 0.00

abs1n10.dat 10 0.5 41141053 41141053 69 0.00
abs2n10.dat 10 0.5 51044063 51046013 69 0.03
abs3n10.dat 10 0.5 41506083 4150808 71 0.04
abs4n10.dat 10 0.5 41823053 41823053 49 0.00
abs5n10.dat 10 0.5 41545098 41546003 65 0.00

abs1n15.dat 15 0.5 51389008 51391017 166 0.04
abs2n15.dat 15 0.5 51418047 51423047 245 0.09
abs3n15.dat 15 0.5 51897068 51897068 161 0.00
abs4n15.dat 15 0.5 51335001 51335001 203 0.00
abs5n15.dat 15 0.5 51052051 51074068 127 0.44

abs1n20.dat 20 0.5 61114004 61114004 475 0.00
abs2n20.dat 20 0.5 51957031 51958029 561 0.02
abs3n20.dat 20 0.5 61784006 61786004 429 0.03
abs4n20.dat 20 0.5 71309054 71394084 508 1.17
abs5n20.dat 20 0.5 61961082 6196704 309 0.08

abs1n25.dat 25 0.5 71052006 71064 11678 0.16
abs2n25.dat 25 0.5 71231075 71254038 725 0.31
abs3n25.dat 25 0.5 71514057 71514057 11162 0.00
abs4n25.dat 25 0.5 71462008 71462008 744 0.00
abs5n25.dat 25 0.5 71048040 7105909 845 0.16

abs1n30.dat 30 0.5 81052073 81092011 11930 0.49
abs2n30.dat 30 0.5 71629099 71631021 21602 0.02
abs3n30.dat 30 0.5 81136021 81137033 21422 0.01
abs4n30.dat 30 0.5 71502049 71502049 31712 0.00
abs5n30.dat 30 0.5 71228063 71265035 21003 0.51

putational time in seconds, and “% error” gives the
percentage error of the HAIR solution with respect to
the optimal solution. For the OU policy, we have also
reported the results given by the heuristic algorithm
in Bertazzi et al. (2002): column “BPS” reports the
solution value, and “% error” indicates the error with
respect to the optimal solution. Note that because of
the randomness of the length of the tabu lists, dif-
ferent runs of HAIR lead to possibly different solu-
tions. However, we made some preliminary tests with
different seeds of the random numbers generator, and
we observed that we rarely obtained different solu-
tions. When this happens, the difference between the
values of the objective function was always less than
0.1%. Thus, we decided to make only one run of
HAIR in the following tests.

The results prove the effectiveness of HAIR both
for the OU and for the ML policy. The average error
is 0008% for the former policy and 0005% for the lat-
ter policy with individual errors only twice above 1%.
The class of instances where HAIR is most successful
is the class with short horizon (H = 3) for the ML pol-
icy (see Tables 1 and 2). Both when hi ∈ 600110057 and
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Table 4 ML Policy—Computational Results with H = 6 and
hi ∈ 600110057

Instance n � z∗ HAIR CPU % error

abs1n5.dat 5 0.5 51789035 51789035 16 0.00
abs2n5.dat 5 0.5 41883077 41883077 14 0.00
abs3n5.dat 5 0.5 61643029 61643029 24 0.00
abs4n5.dat 5 0.5 51076088 51076088 22 0.00
abs5n5.dat 5 0.5 41377071 41377071 13 0.00

abs1n10.dat 10 0.5 81480017 81480017 86 0.00
abs2n10.dat 10 0.5 81347044 81356035 79 0.11
abs3n10.dat 10 0.5 81321068 81360005 107 0.46
abs4n10.dat 10 0.5 81474026 81474026 77 0.00
abs5n10.dat 10 0.5 91386003 91386003 82 0.00

abs1n15.dat 15 0.5 121052056 121052056 179 0.00
abs2n15.dat 15 0.5 111823055 111825087 243 0.02
abs3n15.dat 15 0.5 131305071 131305071 270 0.00
abs4n15.dat 15 0.5 101479029 101494011 239 0.14
abs5n15.dat 15 0.5 101054009 101070056 201 0.16

abs1n20.dat 20 0.5 141266053 141301 450 0.24
abs2n20.dat 20 0.5 141477084 141551058 392 0.51
abs3n20.dat 20 0.5 141319035 141328068 426 0.07
abs4n20.dat 20 0.5 141390027 141417 398 0.19
abs5n20.dat 20 0.5 151556070 151563044 341 0.04

abs1n25.dat 25 0.5 151487066 151555079 805 0.44
abs2n25.dat 25 0.5 161502046 161516045 795 0.08
abs3n25.dat 25 0.5 171833035 171833035 894 0.00
abs4n25.dat 25 0.5 161193096 161316037 11070 0.76
abs5n25.dat 25 0.5 181552042 181570092 11570 0.10

abs1n30.dat 30 0.5 221837094 22187404 11922 0.16
abs2n30.dat 30 0.5 191876076 191997028 11850 0.61
abs3n30.dat 30 0.5 231096093 231198029 21192 0.44
abs4n30.dat 30 0.5 171509082 171550033 11952 0.23
abs5n30.dat 30 0.5 181731081 181770028 11694 0.21

when hi ∈ 60001100057, HAIR finds all optimal solu-
tions, except in one case (abs4n20.dat). In general, in
88% of the instances with short horizon H = 3 HAIR
finds the optimal solution, whereas the optimal solu-
tion is found on 5205% of the instances with horizon
H = 6.

Some tests were run to evaluate the impact of the
improvement phase on the quality of the solution.
Five instances with n = 30, H = 6, hi ∈ 600110057, and
h0 = 003 were chosen for these tests. The results are
shown in Tables 9–12. The first two tables refer to
the case where the algorithm is stopped after Max-
Iter iterations without improvement, and the second
two tables refer to the case where the algorithm
is stopped after 10,000 iterations. The first column
reports the name of the instance. Then, for each algo-
rithm, two columns report the error with respect to
the optimal solution and the CPU time, respectively.
In the following columns, “HAIR” stands for the
complete hybrid algorithm, “Tabu” is HAIR without
any improvement phase, and the remaining columns
report the errors obtained with a partial improve-
ment phase: “1” means that MIP1 is applied on sbest,

Table 5 OU Policy—Computational Results with H = 3 and
hi ∈ 60001100057

Instance n � z∗ HAIR CPU % error BPS % error

abs1n5.dat 5 005 11281068 11281068 3 0000 11281068 0000
abs2n5.dat 5 005 11176063 11176063 3 0000 11176063 0000
abs3n5.dat 5 005 21020065 21020065 4 0000 21178094 7083
abs4n5.dat 5 005 11449043 11449043 2 0000 11449043 0000
abs5n5.dat 5 005 11165040 11165040 3 0000 11242007 6058

abs1n10.dat 10 005 21167037 21167037 14 0000 21198056 1044
abs2n10.dat 10 005 21510013 21510013 12 0000 21510013 0000
abs3n10.dat 10 005 21099068 21099068 13 0000 21099068 0000
abs4n10.dat 10 005 21188001 21188001 11 0000 21188001 0000
abs5n10.dat 10 005 21178015 21178045 14 0001 21231067 2046

abs1n15.dat 15 005 21236053 21236053 40 0000 21271068 1057
abs2n15.dat 15 005 21506021 21506021 41 0000 21506021 0000
abs3n15.dat 15 005 21841006 21841006 44 0000 21841006 0000
abs4n15.dat 15 005 21430007 21430007 43 0000 21632018 8032
abs5n15.dat 15 005 21453050 21453050 39 0000 21524095 2091

abs1n20.dat 20 005 21793029 21793029 75 0000 21793029 0000
abs2n20.dat 20 005 21799090 21799090 105 0000 21873051 2063
abs3n20.dat 20 005 31101060 31104029 101 0009 31163094 2001
abs4n20.dat 20 005 31239031 31239031 87 0000 31239031 0000
abs5n20.dat 20 005 31330099 31330099 153 0000 31814054 14052

abs1n25.dat 25 005 31309064 31309064 341 0000 31624049 9051
abs2n25.dat 25 005 31495097 31495097 214 0000 31544055 1039
abs3n25.dat 25 005 31481045 31481045 278 0000 31622070 4006
abs4n25.dat 25 005 31272074 31272074 295 0000 31272074 0000
abs5n25.dat 25 005 31695094 31695094 166 0000 31695094 0000

abs1n30.dat 30 005 31918076 31918076 326 0000 41022030 2064
abs2n30.dat 30 005 31737011 31737011 497 0000 31874022 3067
abs3n30.dat 30 005 31761085 31761085 607 0000 31931085 4052
abs4n30.dat 30 005 31532047 31532047 452 0000 31676090 4009
abs5n30.dat 30 005 31265089 31269076 693 0012 31365076 3006

abs1n35.dat 35 005 31694048 31694048 908 0000 31737048 1016
abs2n35.dat 35 005 31796080 31796080 704 0000 31960039 4031
abs3n35.dat 35 005 41351009 41359008 532 0018 41665040 7022
abs4n35.dat 35 005 31766039 31766039 11225 0000 31939011 4059
abs5n35.dat 35 005 31625057 31625057 675 0000 31807086 5003

abs1n40.dat 40 005 41263043 41274071 903 0026 41732075 11001
abs2n40.dat 40 005 41166095 41166095 11539 0000 41415023 5096
abs3n40.dat 40 005 41337030 41340006 11310 0006 41591092 5087
abs4n40.dat 40 005 31846084 31846084 11441 0000 41000081 4000
abs5n40.dat 40 005 41013098 41013098 650 0000 41234001 5048

abs1n45.dat 45 005 41369038 41369038 11493 0000 41568068 4056
abs2n45.dat 45 005 41226082 41226082 11224 0000 41655080 10015
abs3n45.dat 45 005 41317008 41317008 11904 0000 41572082 5092
abs4n45.dat 45 005 41527095 41559036 11292 0069 41962014 9059
abs5n45.dat 45 005 31911082 31911082 11387 0000 41215011 7075

abs1n50.dat 50 1 41629092 41670041 11782 0087 41884083 5051
abs2n50.dat 50 1 41919075 41919075 21004 0000 51123098 4015
abs3n50.dat 50 1 41868036 41868036 21648 0000 51269043 8024
abs4n50.dat 50 1 41972025 51014017 11843 0084 51273098 6007
abs5n50.dat 50 1 41664005 41687016 31126 0050 41901019 5008

“2” means that MIP2 is applied on solutions obtained
from sbest by merging a pair of routes assigned to two
consecutive time periods (see §3.2.3), and “3” means
that MIP2 is applied on sbest. The results are shown for
any combination of possible improvements and show
the importance of combining the tabu search scheme
with optimization models that effectively explore the
solution space. From Tables 9 and 10, it can be
observed that in most cases HAIR finds better solu-
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Table 6 OU Policy—Computational Results with H = 3 and hi ∈

600110057

Instance n � z∗ HAIR CPU % error BPS % error

abs1n5.dat 5 005 21149080 21149080 4 0000 21149080 0000
abs2n5.dat 5 005 11959005 11959005 4 0000 11959005 0000
abs3n5.dat 5 005 31265044 31265044 7 0000 31408048 4038
abs4n5.dat 5 005 21034044 21034044 2 0000 21034044 0000
abs5n5.dat 5 005 21362016 21362016 6 0000 21413072 2018

abs1n10.dat 10 005 41970062 41970062 15 0000 51015082 0091
abs2n10.dat 10 005 41803017 41803017 13 0000 51142058 7007
abs3n10.dat 10 005 41289084 41289084 13 0000 41289084 0000
abs4n10.dat 10 005 41347006 41347006 11 0000 41347006 0000
abs5n10.dat 10 005 51041062 51044044 14 0006 51078005 0072

abs1n15.dat 15 005 51713084 51713084 37 0000 51713084 0000
abs2n15.dat 15 005 51821004 51822088 41 0003 51822088 0003
abs3n15.dat 15 005 61711025 61711025 45 0000 61894043 2073
abs4n15.dat 15 005 51227056 51227056 49 0000 51437022 4001
abs5n15.dat 15 005 51210085 51215002 61 0008 51424097 4011

abs1n20.dat 20 005 71353082 71353082 108 0000 71449047 1030
abs2n20.dat 20 005 71385003 71385003 101 0000 71450067 0089
abs3n20.dat 20 005 71903097 71907040 96 0004 71974047 0089
abs4n20.dat 20 005 71050091 71050091 143 0000 71601067 7081
abs5n20.dat 20 005 81405083 81405083 73 0000 81876011 5059

abs1n25.dat 25 005 81657070 81657070 205 0000 81985082 3079
abs2n25.dat 25 005 91266087 91266087 164 0000 91408018 1052
abs3n25.dat 25 005 91843060 91843060 208 0000 91843060 0000
abs4n25.dat 25 005 81677086 81677086 342 0000 81677086 0000
abs5n25.dat 25 005 101857068 101857068 191 0000 101857068 0000

abs1n30.dat 30 005 121635055 121635055 345 0000 121847079 1068
abs2n30.dat 30 005 111351036 111351036 273 0000 111487063 1020
abs3n30.dat 30 005 121509026 121613046 621 0083 121679026 1036
abs4n30.dat 30 005 91928035 91928035 573 0000 101018088 0091
abs5n30.dat 30 005 101178063 101181069 346 0003 101270081 0091

abs1n35.dat 35 005 111984069 111984069 600 0000 121382003 3032
abs2n35.dat 35 005 101706091 101706091 11160 0000 101998026 2072
abs3n35.dat 35 005 141411058 141478078 581 0047 141732069 2023
abs4n35.dat 35 005 101844098 101844098 11202 0000 111001099 1045
abs5n35.dat 35 005 111195087 111195087 624 0000 111365071 1052

abs1n40.dat 40 005 141006057 141006057 931 0000 141455090 3021
abs2n40.dat 40 005 111722058 111722058 996 0000 111941041 1087
abs3n40.dat 40 005 141107014 141107014 21035 0000 141655081 3089
abs4n40.dat 40 005 111684043 111684043 11276 0000 111763003 0067
abs5n40.dat 40 005 131536057 131536057 11230 0000 131759025 1065

abs1n45.dat 45 005 141661020 141661020 21099 0000 141867001 1040
abs2n45.dat 45 005 131675096 131675096 11235 0000 141161064 3055
abs3n45.dat 45 005 151316057 151316057 11416 0000 151564091 1062
abs4n45.dat 45 005 141096084 141121005 11175 0017 141537057 3013
abs5n45.dat 45 005 131838054 131840006 11747 0001 141215084 2073

abs1n50.dat 50 1 151235083 151235083 31989 0000 151543049 2002
abs2n50.dat 50 1 151453078 151455034 21412 0001 151630097 1015
abs3n50.dat 50 1 151747073 151867045 21996 0076 161055008 1095
abs4n50.dat 50 1 171163052 171173036 21169 0006 171450053 1067
abs5n50.dat 50 1 161143006 161143006 21585 0000 161313073 1006

tions in a shorter amount of time than the other vari-
ants. In Tables 11 and 12, the different versions are
run for the same number of iterations, and it clearly
appears that the tabu search without any improve-
ment procedure requires an amount of time simi-
lar to the time required by HAIR. This is because if
no improvement procedure is applied, then there are
many small improvements in the tabu search, and as
a consequence, the Lin and Kernighan heuristic is run

several times. On the contrary, HAIR improves sbest a
smaller number of times by running the MILP mod-
els, each improvement being however larger. From
Tables 9–12, we can also observe that the most signif-
icant improvement is due to MIP2.

We also tested HAIR on larger instances where the
comparison with the exact solution cannot be made
because the exact approach is not able to solve them
within a reasonable time. To speed up the solution
process on these larger instances, some modifications
were made to the algorithm for both policies.

1. The improvement procedure is called only if
at least 20 iterations were performed since its last
application.

2. The swap move is not considered.
Two classes of large instances were tested: the first

with hi ∈ 60001100057 and h0 = 0003 and the second
with hi ∈ 600110057 and h0 = 0003. For both classes,
the size of the instances is fixed to n = 5011001200,
with 10 instances for each size. The horizon is H =

6 and the remaining characteristics are the same as
in the previous instances. Thus, for each class we
have 30 instances. The results are shown in Tables 13
and 14. For each table, the first two columns report
the name and the size of the instance. Then, the fol-
lowing seven columns refer to the OU policy: the
first reports the value of parameter � for the tabu list
used in HAIR. The second column reports the best
solution found by HAIR after one hour. The follow-
ing four columns provide the error, with respect to
the best solution, generated by HAIR when it is run
for 5 minutes, 10 minutes, 30 minutes, and 1 hour,
respectively. The following column gives the error of
the solution generated by the heuristic presented in
Bertazzi et al. (2002). The CPU time of this latter algo-
rithm is very small: a few seconds on instances with
up to 100 customers and always less than three min-
utes on instances with 200 customers. The last five
columns refer to the ML policy, for which no known
algorithm is available. The remaining columns have
the same meaning as for the OU policy.

Finally, we tested HAIR on two sets of instances
with n = 200 and time-varying demands. Only the
demands change with respect to the previous set.
The demands are generated as random numbers in
the interval 6007r̂i1103r̂i7, where r̂i is the demand of
customer i in the previous set of tests. Moreover,
r0t = 2r̂0 and C = 2 maxt∈T

∑

i∈M rit . In the first set,
hi ∈ 60001100057 and h0 = 0003, and in the second hi ∈

600110057 and h0 = 0003. The results are shown in
Tables 15 and 16. They cannot be compared with the
heuristic proposed in Bertazzi et al. (2002) for the
OU policy because this latter heuristic works only
for time-constant demand. The results show that, for
both policies, HAIR is able to find good solutions very
quickly; even after five minutes, the error with respect
to the best solution is always below 1%.
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Table 7 OU Policy—Computational Results with H = 6 and hi ∈ 60001100057

Instance n � z∗ HAIR CPU % error BPS % error

abs1n5.dat 5 005 31335024 31335024 16 0000 31348024 0039
abs2n5.dat 5 005 21722033 21722033 23 0000 21722033 0000
abs3n5.dat 5 005 41776000 41776000 17 0000 41783042 0016
abs4n5.dat 5 005 31246066 31246066 21 0000 31389066 4040
abs5n5.dat 5 005 21419067 21419067 12 0000 21498052 3026
abs1n10.dat 10 005 41499025 41499025 78 0000 41534062 0079
abs2n10.dat 10 005 51236098 51236098 105 0000 51236098 0000
abs3n10.dat 10 005 41652053 41652053 67 0000 41652053 0000
abs4n10.dat 10 005 51104091 51104091 73 0000 51314016 4010
abs5n10.dat 10 005 41670076 41670076 61 0000 41760099 1093
abs1n15.dat 15 005 51462068 51462068 415 0000 51600034 2052
abs2n15.dat 15 005 51494074 51494074 360 0000 51907040 7051
abs3n15.dat 15 005 61060038 61060038 276 0000 61168068 1079
abs4n15.dat 15 005 51504065 51504065 380 0000 61027052 9050
abs5n15.dat 15 005 51309048 51309048 256 0000 51311046 0004
abs1n20.dat 20 2 61490018 61501026 559 0017 61541011 0078
abs2n20.dat 20 2 61082054 61093054 987 0018 61348007 4037
abs3n20.dat 20 2 61950020 61953078 733 0005 71186046 3040
abs4n20.dat 20 2 71432078 71432078 698 0000 71729058 3099
abs5n20.dat 20 2 71210073 71210073 11212 0000 71369090 2021
abs1n25.dat 25 2 71095086 71095086 11495 0000 71595085 7005
abs2n25.dat 25 2 71484084 71504084 11188 0027 81067075 7079
abs3n25.dat 25 2 71728076 71728076 31170 0000 71996062 3047
abs4n25.dat 25 2 71509002 71509002 11251 0000 81035038 7001
abs5n25.dat 25 2 71452028 71518061 11496 0089 71871075 5063
abs1n30.dat 30 2 81319059 81349059 21334 0036 81761013 5031
abs2n30.dat 30 2 71761053 71768053 31251 0009 81049036 3071
abs3n30.dat 30 2 81214055 81365082 31654 1084 81654055 5036
abs4n30.dat 30 2 71574080 71574080 51146 0000 81067012 6050
abs5n30.dat 30 2 71366047 71402071 21220 0049 71538091 2034

Table 8 OU Policy—Computational Results with H = 6 and hi ∈ 600110057

Instance n � z∗ HAIR CPU % error BPS % error

abs1n5.dat 5 005 51942082 51942082 17 0000 51942082 0000
abs2n5.dat 5 005 51045091 51045091 20 0000 51047079 0004
abs3n5.dat 5 005 61956028 61956028 16 0000 61969076 0019
abs4n5.dat 5 005 51163042 51163042 29 0000 51226016 1022
abs5n5.dat 5 005 41581066 41581066 17 0000 41593005 0025
abs1n10.dat 10 005 81870015 81870015 78 0000 81945011 0085
abs2n10.dat 10 005 81569073 81569073 66 0000 81999023 5001
abs3n10.dat 10 005 81509081 81509081 129 0000 81509081 0000
abs4n10.dat 10 005 81792029 81792029 112 0000 81994079 2030
abs5n10.dat 10 005 91620007 91620007 67 0000 91735040 1020
abs1n15.dat 15 005 121118083 121118083 266 0000 121118083 0000
abs2n15.dat 15 005 111932010 11193201 305 0000 121158012 1089
abs3n15.dat 15 005 131554015 131554015 369 0000 131554015 0000
abs4n15.dat 15 005 101618055 101618055 285 0000 101711077 0088
abs5n15.dat 15 005 101385054 101385054 220 0000 101721092 3024
abs1n20.dat 20 2 141702095 141722095 507 0014 151250081 3073
abs2n20.dat 20 2 141646096 141670034 746 0016 141785004 0094
abs3n20.dat 20 2 141532091 141577014 863 0030 141764008 1059
abs4n20.dat 20 2 141539072 141539072 11084 0000 141590096 0035
abs5n20.dat 20 2 151896071 151904 533 0004 161506045 3084
abs1n25.dat 25 2 151581047 151610098 11941 0019 151726050 0093
abs2n25.dat 25 2 161823016 161843016 11544 0012 171017002 1015
abs3n25.dat 25 2 181098002 181121026 21198 0013 181506033 2026
abs4n25.dat 25 2 161303069 161303069 11368 0000 171026013 4043
abs5n25.dat 25 2 191047070 191080027 11856 0017 191394010 1082
abs1n30.dat 30 2 231183099 231183099 21365 0000 231754083 2046
abs2n30.dat 30 2 201090029 201159096 21178 0035 201713082 3010
abs3n30.dat 30 2 231382073 231439091 31978 0024 231918093 2029
abs4n30.dat 30 2 171649053 171746079 51063 0055 181247006 3039
abs5n30.dat 30 2 181979093 181997061 21239 0009 191270091 1053
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Table 9 ML Policy—Impact of the Improvement Phase with H = 6 and hi ∈ 600110057

HAIR Tabu Tabu+ 1 Tabu+ 2 Tabu+ 3 Tabu+ 1+ 2 Tabu+ 1+ 3 Tabu+ 2+ 3

Instance CPU % error CPU % error CPU % error CPU % error CPU % error CPU % error CPU % error CPU % error

abs1n30.dat 1,922 0.16 2,506 1.73 1,500 2.51 1,870 0.17 1,326 2.50 2,111 0.17 1,338 2.50 1,862 0.16
abs2n30.dat 1,850 0.61 2,125 0.75 2,114 0.29 2,107 1.00 1,848 0.32 2,968 0.93 2,698 0.06 3,654 0.43
abs3n30.dat 2,192 0.44 1,162 1.47 1,193 1.49 1,172 1.49 1,196 1.46 1,186 1.49 1,184 1.47 1,223 1.46
abs4n30.dat 1,952 0.23 3,571 0.79 5,292 1.19 1,991 0.30 3,582 0.78 2,030 0.30 3,632 0.78 1,966 0.23
abs5n30.dat 1,694 0.21 4,428 0.89 2,448 0.44 1,787 0.21 2,663 0.28 1,809 0.21 3,259 0.05 1,806 0.21

Table 10 OU Policy—Impact of the Improvement Phase with H = 6 and hi ∈ 600110057

HAIR Tabu Tabu+ 1 Tabu+ 2 Tabu+ 3 Tabu+ 1+ 2 Tabu+ 1+ 3 Tabu+ 2+ 3

Instance CPU % error CPU % error CPU % error CPU % error CPU % error CPU % error CPU % error CPU % error

abs1n30.dat 2,365 0.00 8,785 2.45 3,648 3.09 1,831 0.96 4,188 2.36 2,913 0.74 4,992 2.36 2,421 0.74
abs2n30.dat 2,178 0.35 6,612 0.00 2,872 0.00 1,995 0.03 2,790 0.00 4,562 0.00 2,250 0.00 2,361 0.00
abs3n30.dat 3,978 0.24 2,701 1.07 6,365 0.09 3,460 0.09 3,392 0.99 3,476 0.61 3,550 0.98 3,071 0.67
abs4n30.dat 5,063 0.55 6,352 0.21 3,105 1.71 3,129 0.43 4,608 1.74 3,191 0.43 4,340 1.61 2,760 0.91
abs5n30.dat 2,239 0.09 4,556 1.12 4,643 0.03 2,263 0.03 4,663 1.12 2,981 0.13 2,374 1.29 3,095 0.03

Table 11 ML Policy for 10,000 Iterations—Impact of the Improvement Phase with H = 6 and hi ∈ 600110057

HAIR Tabu Tabu+ 1 Tabu+ 2 Tabu+ 3 Tabu+ 1+ 2 Tabu+ 1+ 3 Tabu+ 2+ 3

Instance CPU % error CPU % error CPU % error CPU % error CPU % error CPU % error CPU % error CPU % error

abs1n30.dat 605 0.16 225 2.53 271 2.51 573 0.20 223 2.50 592 0.16 224 2.50 581 0.16
abs2n30.dat 516 0.87 509 0.46 439 0.86 529 0.85 518 0.08 533 0.62 533 0.08 486 0.87
abs3n30.dat 227 1.49 285 1.55 248 1.55 258 1.55 209 1.49 253 1.55 212 1.49 208 1.49
abs4n30.dat 601 0.14 629 1.75 553 1.73 561 0.96 613 1.68 546 0.96 614 1.68 571 0.14
abs5n30.dat 525 0.12 566 1.74 598 1.71 575 0.07 523 1.64 539 0.53 523 1.70 493 0.12

Table 12 OU Policy for 10,000 Iterations—Impact of the Improvement Phase with H = 6 and hi ∈ 600110057

HAIR Tabu Tabu+ 1 Tabu+ 2 Tabu+ 3 Tabu+ 1+ 2 Tabu+ 1+ 3 Tabu+ 2+ 3

Instance CPU % error CPU % error CPU % error CPU % error CPU % error CPU % error CPU % error CPU % error

abs1n30.dat 817 0.01 531 1.79 592 1.79 755 1.05 591 1.79 847 1.05 572 1.79 708 0.01
abs2n30.dat 664 0.00 565 0.54 724 0.22 581 0.30 616 0.00 695 0.19 634 0.31 631 0.00
abs3n30.dat 760 0.68 766 1.13 778 0.63 742 0.31 740 0.68 778 0.31 787 0.31 723 0.68
abs4n30.dat 765 0.43 792 0.61 842 0.43 716 0.43 738 0.11 752 0.43 898 2.24 732 0.43
abs5n30.dat 679 0.13 703 1.29 723 1.70 662 0.13 731 1.73 691 0.13 729 1.29 664 0.13

Table 13 Computational Results on Larger Instances with hi ∈ 600110057 and H = 6

OU policy ML policy

HAIR HAIR HAIR HAIR HAIR HAIR HAIR
Instance n � zbest (5 min) (10 min) (30 min) (1 hour) BPS � zbest (1 min) (5 min) (30 min)

abs1n50.dat 50 4 311147082 0000 0000 0000 0.00 1.55 0.5 301225036 0.00 0.00 0.00
abs2n50.dat 50 4 301192051 0017 0017 0000 0.00 1.85 0.5 291856026 0.00 0.00 0.00
abs3n50.dat 50 4 301420096 0000 0000 0000 0.00 2.17 0.5 291904015 0.00 0.00 0.00
abs4n50.dat 50 4 311898084 0091 0000 0000 0.00 2.19 0.5 311677087 0.18 0.00 0.00
abs5n50.dat 50 4 291518068 0083 0000 0000 0.00 0.56 0.5 291400033 0.00 0.00 0.00
abs6n50.dat 50 4 321394050 1050 0000 0000 0.00 1.42 0.5 311946033 0.78 0.78 0.78
abs7n50.dat 50 4 301165000 1052 1052 0029 0.00 3.06 0.5 291768003 0.00 0.00 0.00
abs8n50.dat 50 4 261416046 1020 1020 0005 0.05 0.00 0.5 261521096 0.00 0.00 0.00
abs9n50.dat 50 4 301671088 1052 0000 0000 0.00 1.94 0.5 30128309 0.00 0.00 0.00
abs10n50.dat 50 4 321362001 0000 0000 0000 0.00 1.71 0.5 311397084 0.00 0.00 0.00
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Table 13 (Continued)

OU policy ML policy

HAIR HAIR HAIR HAIR HAIR HAIR HAIR
Instance n � zbest (5 min) (10 min) (30 min) (1 hour) BPS � zbest (1 min) (5 min) (30 min)

abs1n100.dat 100 4 571962058 0034 0033 0000 0.00 2.58 0.5 571721023 0.03 0.00 0.00
abs2n100.dat 100 4 531942007 1058 1058 0082 0.00 2.72 0.5 53143208 0.00 0.00 0.00
abs3n100.dat 100 4 591370069 1072 1037 1036 0.00 0.70 0.5 581598093 0.08 0.00 0.00
abs4n100.dat 100 4 521419033 1058 1037 0000 0.00 1.68 0.5 521030059 0.00 0.00 0.00
abs5n100.dat 100 4 581679072 1054 1040 0047 0.00 0.59 0.5 581258092 0.32 0.00 0.00
abs6n100.dat 100 4 551756046 1058 1056 1056 0.00 1.88 0.5 551280001 0.37 0.34 0.00
abs7n100.dat 100 4 561861023 0016 0003 0000 0.00 1.64 0.5 561398019 0.00 0.00 0.00
abs8n100.dat 100 4 551741008 1006 1005 0042 0.00 2.33 0.5 551384047 0.61 0.61 0.61
abs9n100.dat 100 4 591219073 1063 1052 1008 0.00 2.45 0.5 581729094 0.00 0.00 0.00
abs10n100.dat 100 4 571094063 0051 0051 0000 0.00 2.10 0.5 561644022 0.38 0.00 0.00
abs1n200.dat 200 4 1121090080 0046 0046 0008 0.00 0.47 0.5 1101790039 0.02 0.01 0.00
abs2n200.dat 200 4 1141647069 0003 0003 0000 0.00 0.55 0.5 1121401098 0.34 0.34 0.04
abs3n200.dat 200 4 1091339050 0068 0068 0068 0.00 1.01 0.5 1081119061 0.00 0.00 0.00
abs4n200.dat 200 4 1101841013 0010 0010 0002 0.00 0.36 0.5 1091309048 0.06 0.06 0.00
abs5n200.dat 200 4 1101994017 0000 0000 0000 0.00 0.38 0.5 1091083007 0.11 0.11 0.02
abs6n200.dat 200 4 1101433085 0026 0026 0000 0.00 0.93 0.5 109107102 0.16 0.01 0.00
abs7n200.dat 200 4 981880057 0071 0071 0015 0.00 1.06 0.5 971749052 0.08 0.08 0.00
abs8n200.dat 200 4 1041334063 0008 0008 0005 0.00 0.10 0.5 1021194063 0.10 0.02 0.00
abs9n200.dat 200 4 1061994052 0018 0018 0008 0.00 0.14 0.5 1041877049 0.22 0.22 0.00
abs10n200.dat 200 4 1101540023 0044 0044 0032 0.00 0.63 0.5 1091045017 0.19 0.08 0.02

Table 14 Computational Results on Larger Instances with hi ∈ 60001100057 and H = 6

OU policy ML policy

HAIR HAIR HAIR HAIR HAIR HAIR HAIR
Instance n � zbest (5 min) (10 min) (30 min) (1 hour) BPS � zbest (5 min) (10 min) (30 min)

abs1n50.dat 50 4 101409013 4.44 4.44 0.00 0.00 5074 0.5 91974038 0.00 0.00 0.00
abs2n50.dat 50 4 101881035 5.32 0.00 0.00 0.00 5031 0.5 101632024 0.58 0.00 0.00
abs3n50.dat 50 4 101767039 0.00 0.00 0.00 0.00 6063 0.5 101548098 0.00 0.00 0.00
abs4n50.dat 50 4 101656021 4.88 4.88 0.00 0.00 10030 0.5 101555038 0.00 0.00 0.00
abs5n50.dat 50 4 101234060 1.57 1.57 0.00 0.00 8057 0.5 10113704 0.00 0.00 0.00
abs6n50.dat 50 4 101533063 0.86 0.86 0.86 0.00 5079 0.5 10116601 0.00 0.00 0.00
abs7n50.dat 50 4 101460082 3.67 3.67 3.29 2.37 0000 0.5 101012068 0.01 0.00 0.00
abs8n50.dat 50 4 101411020 4.83 2.49 2.49 0.00 9048 0.5 101547097 2.35 2.35 0.00
abs9n50.dat 50 4 101305069 1.63 1.63 1.63 0.00 2049 0.5 101052078 0.87 0.87 0.00
abs10n50.dat 50 4 101470063 0.00 0.00 0.00 0.00 1000 0.5 91727074 0.00 0.00 0.00
abs1n100.dat 100 4 151938080 0.44 0.03 0.03 0.00 4038 0.5 151784002 0.07 0.00 0.00
abs2n100.dat 100 4 141920094 5.61 5.61 0.00 0.00 3001 0.5 14175401 0.00 0.00 0.00
abs3n100.dat 100 4 151836071 7.44 6.07 5.82 0.00 8035 0.5 151649044 0.38 0.00 0.00
abs4n100.dat 100 4 151097032 1.42 0.67 0.00 0.00 4039 0.5 141755076 0.34 0.00 0.00
abs5n100.dat 100 4 151697001 4.84 4.84 0.00 0.00 1049 0.5 151412083 0.48 0.00 0.00
abs6n100.dat 100 4 151549057 5.62 5.46 5.09 0.00 3038 0.5 151327008 0.95 0.58 0.00
abs7n100.dat 100 4 151725024 0.54 0.00 0.00 0.00 3059 0.5 151468098 0.66 0.58 0.00
abs8n100.dat 100 4 151280084 4.29 4.29 4.29 0.00 6026 0.5 151078016 1.95 0.22 0.00
abs9n100.dat 100 4 161471032 0.06 0.01 0.00 0.00 2069 0.5 151628066 0.00 0.00 0.00
abs10n100.dat 100 4 151618039 4.27 3.55 1.72 0.00 4090 0.5 151495087 0.07 0.00 0.00
abs1n200.dat 200 4 251690021 0.01 0.01 0.01 0.00 1006 0.5 24135304 0.57 0.57 0.00
abs2n200.dat 200 4 251252021 3.89 3.89 3.89 0.00 4093 0.5 241576055 0.45 0.45 0.14
abs3n200.dat 200 4 251170057 1.07 1.07 0.43 0.43 0000 0.5 231861065 0.81 0.81 0.00
abs4n200.dat 200 4 241607065 3.82 3.82 3.82 0.00 4076 0.5 241232073 1.41 1.41 0.40
abs5n200.dat 200 4 251263032 1.57 1.57 1.55 1.40 0000 0.5 241193098 0.72 0.72 0.00
abs6n200.dat 200 4 241213010 0.17 0.17 0.04 0.00 5072 0.5 231651081 0.95 0.95 0.00
abs7n200.dat 200 4 241731063 0.02 0.02 0.00 0.00 1002 0.5 231527012 0.47 0.47 0.00
abs8n200.dat 200 4 231617079 1.29 1.29 0.35 0.00 5079 0.5 231230042 0.81 0.81 0.35
abs9n200.dat 200 4 251387067 0.39 0.39 0.35 0.00 0014 0.5 231846019 1.20 1.20 0.00
abs10n200.dat 200 4 231937025 2.57 1.12 0.61 0.00 2054 0.5 231609034 0.61 0.61 0.00



Archetti et al.: A Hybrid Heuristic for an Inventory Routing Problem
INFORMS Journal on Computing 24(1), pp. 101–116, © 2012 INFORMS 115

Table 15 Computational Results on Instances with n = 200, Time-Varying Demand, hi ∈ 600110057, and H = 6

OU policy ML policy

Instance n � zbest HAIR (5 min) HAIR (10 min) HAIR (30 min) � zbest HAIR (5 min) HAIR (10 min) HAIR (30 min)

abs1n200.dat 200 4 1181367067 0.74 0.16 0.02 0.5 1151735009 0.62 0.27 0.00
abs2n200.dat 200 4 1201248085 0.20 0.20 0.04 0.5 1171885007 0.25 0.03 0.00
abs3n200.dat 200 4 1211552035 0.15 0.15 0.04 0.5 1191282059 0.48 0.02 0.00
abs4n200.dat 200 4 1161787099 0.25 0.25 0.15 0.5 1141408063 0.11 0.10 0.03
abs5n200.dat 200 4 117167002 0.09 0.07 0.00 0.5 1151964055 0.49 0.05 0.00
abs6n200.dat 200 4 1171593032 0.10 0.10 0.06 0.5 1151268077 0.40 0.09 0.00
abs7n200.dat 200 4 1171952038 0.17 0.09 0.02 0.5 1151035023 0.32 0.02 0.00
abs8n200.dat 200 4 1061770074 0.22 0.22 0.10 0.5 104186302 0.28 0.01 0.00
abs9n200.dat 200 4 111136902 0.23 0.23 0.08 0.5 1081743066 0.16 0.03 0.00
abs10n200.dat 200 4 1821039055 0.13 0.11 0.06 0.5 179176705 0.19 0.02 0.00

Table 16 Computational Results on Instances with n = 200, Time-Varying Demand, hi ∈ 60001100057, and H = 6

OU policy ML policy

Instance n � zbest HAIR (5 min) HAIR (10 min) HAIR (30 min) � zbest HAIR (5 min) HAIR (10 min) HAIR (30 min)

abs1n200.dat 200 4 311287017 0.63 0.28 0.14 0.5 301874083 0.39 0.13 0.00
abs2n200.dat 200 4 311974067 0.57 0.57 0.31 0.5 311499076 0.81 0.10 0.00
abs3n200.dat 200 4 321294022 0.79 0.00 0.00 0.5 321022087 0.16 0.01 0.00
abs4n200.dat 200 4 311121091 0.36 0.36 0.18 0.5 30173906 0.21 0.00 0.00
abs5n200.dat 200 4 311701076 0.91 0.67 0.31 0.5 311569027 1.25 0.54 0.38
abs6n200.dat 200 4 311605054 0.45 0.45 0.29 0.5 311139025 0.98 0.64 0.03
abs7n200.dat 200 4 311178 0.13 0.10 0.06 0.5 301516092 0.88 0.03 0.00
abs8n200.dat 200 4 311117086 0.35 0.16 0.16 0.5 30174809 0.91 0.06 0.00
abs9n200.dat 200 4 311336007 0.19 0.19 0.18 0.5 301683035 0.44 0.10 0.00
abs10n200.dat 200 4 371947081 1.43 1.12 0.25 0.5 371857039 0.43 0.23 0.00

5. Conclusions
In this paper we presented a hybrid heuristic, HAIR,
that combines a tabu search scheme with an improve-
ment phase, applied whenever the best incumbent
solution is updated, that implies the run of MIP mod-
els. Such MIPs explore in depth the neighborhood
of the incumbent solution. Although the MIP mod-
els are shown to be NP-hard, their exact solution did
not create any computational problem on the tested
instances, that is up to 200 customers with a horizon
of six time units. On larger size instances, a time limit
may be set for the solution of a MIP, and the best
solution obtained within that time limit may be used
instead of the optimal solution. The availability of the
optimal solutions allowed us to calculate the exact
errors generated by HAIR on small size instances. The
average error is 0008% for the OU policy and 0005% for
the ML policy. On instances with up to 200 customers
and a horizon of H = 6 time units, HAIR substantially
improves the solutions obtained by a known heuristic
for the case of the OU policy.
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