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We consider a maritime inventory routing problem in the liquefied natural gas (LNG) business, called the LNG
inventory routing problem (LNG-IRP). Here, an actor is responsible for the routing of the fleet of special
purpose ships, and the inventories both at the liquefaction plants and the regasification terminals. Compared to
many other maritime inventory routing problems, the LNG-IRP includes some complicating aspects such as (1) a
constant rate of the cargo evaporates each day and is used as fuel during transportation; (2) variable production
and consumption of LNG, and (3) a variable number of tanks unloaded at the regasification terminals. The problem
is solved by a branch-and-price method. In the column generation approach, the master problem handles the
inventory management and the port capacity constraints, while the subproblems generate the ship route columns.
Different accelerating strategies are implemented. The proposed method is tested on instances inspired from real-

world problems faced by a major energy company.
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1. Introduction

Natural gas (NG) is an important source of energy.
World demand for NG is projected to increase by 70%
between 2002 and 2025 (Energy Information Admin-
stration (EIA) 2005). NG has traditionally been trans-
ported in pipelines, but transportation by ship is more
efficient for long distances. One way of transporting
NG by ship is to cool down the gas to a liquid state,
i.e., liquefied natural gas (LNG), before loading it into
specially designed tankers. Because the demand and
production of LNG have increased, the total fleet of
LNG tankers has expanded. It is expected that from
2007 to 2015, the number of LNG tankers will almost
double from 220 to about 400 (International Energy
Agency (IEA) 2007). The growth of the LNG market
results in more complex routing and scheduling of
such ships. Hence, there is a need for advanced deci-
sion support planning systems for actors in the LNG
industry.

We consider the tactical planning problem in the
LNG supply chain that consists of production, trans-
portation, storage, and sales of LNG. Here, a single
type of LNG is considered. The NG is cooled down
at the liquefaction plants, stored at given pickup
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(loading) ports, and transported by LNG tankers
to inventories at delivery (unloading) ports before
regasification to NG which is sold. Inventory storage
capacities are given in all ports. The production and
consumption are variable at all terminals, and may
vary from day to day. To transport the LNG between
the pickup and delivery ports, the planners control a
heterogeneous fleet of LNG tankers. The cargo hold
of each ship is separated into several cargo tanks.
Although ship is always fully loaded when it leaves
the pickup port, it is possible to unload a variable
number of tanks at each regasification terminal. Dur-
ing a voyage some of the LNG evaporates and this
gas, called boil-off, is used as fuel. The planning prob-
lem is to design routes and schedules for the fleet
including determining the production and consump-
tion at all terminals that maximize the profit with-
out exceeding the capacities of the LNG tankers and
the inventory limits at storage. We call this the LNG
inventory routing problem (LNG-IRP).

In general, ship routing problems have a struc-
ture that can be well exploited in path-based mod-
els. Often the sailing times are long compared to the



Gronhaug et al.: A Branch-and-Price Method for an LNG-IRP
Transportation Science 44(3), pp. 400-415, ©2010 INFORMS

401

total planning period, such that the paths include rel-
atively few legs. In addition, such problems normally
have many constraints. The advantages of path-based
models are that the intricate and nonlinear con-
straints and costs can easily be incorporated when
generating the paths. Finally, some ship scheduling
problems are tightly constrained, and in such cases
it is possible to enumerate all paths. We can find
numerous ship scheduling applications where this
approach is used; see for instance Bausch, Brown, and
Ronen (1998), Christiansen and Fagerholt (2002), and
Brenmo, Christiansen, and Nygreen (2007).

However, for some case studies described in the
literature and many real complex ship routing prob-
lems, the ship routing and scheduling problem
instances are so large that all paths cannot be enumer-
ated. In such cases, column generation approaches
have been used to solve path-based models. The pio-
neering research within column generation and ship
routing was performed by Appelgren (1969, 1971)
for a real-world ship scheduling problem. This prob-
lem included both contracted and optional cargoes to
transport between pickup and delivery ports. Thirty
years later, another complex ship routing problem
was studied by Christiansen (1999). This is a com-
bined inventory management and ship routing and
scheduling problem, called the inventory ship rout-
ing problem. Christiansen (1999) considers a supply
chain for ammonia consisting of several locations
that either produce or consume ammonia and the
transportation network between those locations. The
shipping operator has a fleet of ships available for
transporting ammonia between these ports, and is
responsible for keeping the inventory levels between
predetermined lower and upper bounds. The overall
problem is solved by column generation (Christiansen
and Nygreen 1998a) with two types of subprob-
lems; one for each port (inventory management) and
one for each ship (routing). The two types of sub-
problems are solved by dynamic programming (DP)
algorithms (Christiansen and Nygreen 1998b). Pers-
son and Gothe-Lundgren (2005) have studied another
combined ship routing problem that is solved by
the use of a column generation approach. This plan-
ning problem integrates both the shipment planning
of petroleum products from refineries to depots and
the production scheduling at the refineries. In the
survey paper on ship routing and scheduling by
Christiansen, Fagerholt, and Ronen (2004), around
40% of the reviewed papers use path-based models.
These models are either solved by column generation,
or the columns are enumerated in advance and the
models are solved by branch-and-bound.

The LNG-IRP was introduced in Grenhaug and
Christiansen (2009). The authors describe the prob-
lem and its relevance to the industry and provide

an arc-flow and a path-flow formulation of the LNG-
IRP. For the path-flow formulation, they enumerate
all paths in advance and solve the problem by branch-
and-bound. Furthermore, they present computational
results for small instances including a comparison
of the formulations. To solve larger, more realistic
instances of the planning problem, other methods
must be developed.

Hence, the objective of this paper is to present
a branch-and-price method for the LNG-IRP. This
method relies on a decomposition of the LNG-IRP
into a master problem that handles the inventory
management and port capacity constraints, and hard-
to-solve subproblems generating ship routes. The out-
come is a tailor made column generation method with
branching decisions implemented at both the mas-
ter problem and the subproblems levels. In addition,
some accelerating techniques are developed. In partic-
ular, a heuristic column generator is used for solving
the subproblems as long as columns can be generated,
before turning over to an exact algorithm. The pro-
posed branch-and-price method is tested on instances
inspired by an actor in the LNG business. The main
contribution of this paper is a solution method to
the LNG-IRP that performs much faster (more than
one order of magnitude for our test instances) than a
commercial optimization software and that can solve
larger instances than presented earlier. Furthermore,
we develop an ad hoc label-setting algorithm for solv-
ing the subproblems that is capable of dealing with
the boil-off.

The rest of the paper is organized as follows:
Section 2 describes the planning problem in detail.
The problem is formulated as a path-flow model
in §3. Some valid inequalities are also presented in
this section. Section 4 is devoted to the solution
method. Real-world cases based on planning prob-
lems from a major energy company are described
in §5 and computational results for these cases are
also reported. Concluding remarks and suggestions
for future research follow in §6.

2. Problem Description

The LNG supply chain starts with the exploration to
find NG in the earth’s crust and continues with the
production of the gas for delivery to gas users. The
gas that is to be sent by ship is converted into a liquid
state at liquefaction plants. Then, the LNG is trans-
ported in special purpose ships from ports close to
the liquefaction plants to ports close to the storage
and regasification terminals. There, the LNG is con-
verted from the liquefied phase to the gaseous phase,
ready to be moved to the final destination through
an NG pipeline system. In this study, we consider the
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Figure 1 The LNG Supply Chain Highlighting the Parts of the Chain Included in the Study

LNG supply chain except for exploration and extrac-
tion, and the transportation to the end customers. Fig-
ure 1 shows the LNG supply chain and highlights the
parts of the chain considered here. An example of the
supply chain for a real actor in the LNG business is
described in Grenhaug and Christiansen (2009).

The tactical planning problem in the LNG business
in this part of the supply chain includes inventory
management, production, and sales management as
well as ship routing and scheduling.

The production of LNG at the liquefaction plants
is normally at a maximum level. However, it is pos-
sible to regulate the production within certain limits.
At each plant there are given capacities of the storage.
These capacities may vary throughout the planning
period because of other time dependent contracts at
the production terminal. Production costs depend on
volume, plant, and time. Figure 2(a) illustrates the
inventory level at a liquefaction plant during the plan-
ning period, where the associated port has 3 ship calls
(visits). The production at the liquefaction plant is at
its maximum during the first 18 days of the planning
horizon. Then, the production is reduced to its mini-
mum level for 6 days, before it is raised back to the
maximum on the 25th day. This production level is
kept for the rest of the planning horizon.

At the other end of the supply chain, the regasifi-
cation terminals, the gas is unloaded from the ships
and stored in storage tanks with specified capacities.
Figure 2(b) gives an example of the inventory level at
a regasification plant that has 5 ship calls during the
planning horizon. Here we see that the consumption
level and the unloading quantity vary considerably
throughout the planning period. Related to the regasi-
fication terminals, there are numerous customers with
different contracts. These contracts make it possible
to specify lower and upper limits of demand for gas
and an associated revenue per day for each port.

At the liquefaction plants and regasification termi-
nals, neither the production nor the sales of LNG
should be interrupted. Hence, there must be sufficient
LNG in storage at the regasification terminals, and the

quantities in the liquefaction plants cannot exceed the
storage capacities. The planning problem, the LNG-
IRP, is to design routes and schedules for a fleet of
LNG ships and determine loading quantities, produc-
tion, and sales that maximize the profit from the LNG
operations without exceeding the cargo capacities of
the ships or the inventory limits at the storage.

The maritime transportation part of this supply
chain is deep sea shipping, i.e., sailing long distances
on the high seas. For this, a fleet of LNG tankers with
different operating costs, load capacity, and other spe-
cific characteristics is used. The cargo hold of such a
ship is separated into several tanks, and each of these
tanks has a specified capacity. During a voyage some
of the LNG is vaporized and this gas, called boil-off,
is used as fuel. A constant rate of the cargo capac-
ity in each cargo tank is boiling off each day dur-
ing a voyage at sea. It is the cargo itself that keeps
the tanks cool. Thus, if a cargo tank runs empty, the
temperature gradually increases. It is costly and time
consuming to recool the cargo tanks before loading.
Hence, some LNG should always be left in the tanks
to keep them cool except just before loading. No boil-
off is assumed for the active tanks during loading
and unloading in a port, while boil-off is considered
for the tanks not affected at delivery ports. For our
tests, the loading and unloading of a ship is assumed
to take one day independent of the quantity loaded
or unloaded. The load aboard an LNG tanker can
be illustrated similarly to the inventory at a delivery
port, see Figure 3. In this example, three tanks are
loaded on the first day of the planning horizon. Then
tank 1 is unloaded on the 9th day, while the two other
tanks are unloaded on the 20th day. The ship is empty
just when it arrives at a pick-up port on day 30.

The sailing time from one port to another is calcu-
lated based on the speed of the ship and the distance,
but does not depend on the load aboard. Further-
more, there might be several paths between two ports
with different time consumptions and costs. Typically
this results from the possibility to use the Suez canal
or sailing around Africa.
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The ports have limited capacity, such that a given
maximum number of ships can visit each port in each
time period. However, it is possible to wait outside a
port before loading and unloading, and the maximum
number of waiting days outside each port is given.
Normal boil-off is assumed during such waiting
days.

10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30

Day

Inventory Levels at a Liquefaction Plant and a Regasification Terminal

Because of business practice, we assume the fol-
lowing: (1) successive calls at liquefaction plants are
not allowed; (2) an LNG tanker always arrives at a
pickup port just when it is empty such that it does
not need a recooling process before it can start load-
ing; and (3) a tanker always receives a full ship load
at a pickup port (that is, all tanks are filled). On the
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other hand, partial unloading can occur at delivery
ports. This means that several regasification terminals
might be called in sequence, and a maximum number
of consecutive delivery ports is given. In practice, this
number is not ship-dependent and is set to two. We
use the term duty for a sequence of ports that starts in
a pickup port, visits one or more delivery ports, and
ends in a pickup port. A more detailed description of
the term is given in §4.1. Because of sloshing prob-
lems for some types of LNG tankers, it is assumed
that it is impossible to unload partial tanks. Hence, a
number of full tanks adjusted for the boil-off between
pickup ports in a duty must be unloaded at each
delivery port. Moreover, LNG tankers can have cargo
tanks of equal or different sizes. Here, we assume
that all cargo tanks of a specific LNG tanker have
equal size.

Consider an example with the following port call
sequence (duty): P, — D, —D; — P,, where P, and P, are
pickup ports, and D, and D; are delivery ports. The
corresponding schedule is T, — T, — T; — T, where T;
is the arrival time at port i. There are two tanks in
the ship and the tank capacity is L, while the boil-off
rate is B. For this duty, quantity 2L is loaded in P,
while L — L-B- (T, — T; — 2) is unloaded at each of
the delivery ports. Because of boil-off, the delivered
quantity can only be decided when the arrival time
T, is known.

There is no natural depot for the ships. The initial
position of a ship may be at a port or a point at sea.
Thus, the ship might be empty or loaded, and there is
a set of first port call candidates in its route. Further-
more, there is no requirement for a specified position
for any ship at the end of the planning period.

LNG tankers are very specialized ships with no
other area of application. In the short-term, we
assume that there is no option to change the fleet size,
thus we can disregard fixed cost for the fleet. The vari-
able sailing costs consist of daily operating costs such
as fuel and diesel oil costs. In addition, LNG tankers
are charged port and canal tolls when visiting ports
and passing canals. These costs depend on the size of
the ship.

In contrast to the pickup and delivery problem
(Desaulniers et al. 2002), the number of visits to a port
is not known, and there exist no pickup and delivery
pairs. Moreover, the quantities loaded or unloaded at
the ports are not known for the LNG-IRP as the vol-
umes loaded at the pickup and unloaded at the deliv-
ery ports depend on the ships’ capacities. In addition,
the quantities unloaded depend on both the number
of cargo tanks unloaded and the boil-off in the actual
duty. To summarize, in the LNG-IRP we have to
design the ship routes and schedules for a given plan-
ning period which must ensure that the inventories
at the ships are within their lower and upper limits

at all time. Calculating the delivered quantities is not
straightforward because of the boil-off that depends
on the length of the entire duty. Furthermore, we
have to decide the production of LNG and determine
the level of demand fulfillment. Both the production
and sales can be adjusted when needed or beneficial
throughout the planning horizon. Finally, the inven-
tories at the ports must be within the lower and
upper limits. Compared to Christiansen (1999), we
have some complicating aspects concerning the boil-
off and the variable production and consumption.

3. Mathematical Formulation

3.1. Path-Flow Model

The LNG-IRP is formulated as a path-flow model,
where the paths represent possible routes for the LNG
tankers. In the mathematical description of the prob-
lem each port is represented by an index i, and the set
of pickup ports (liquefaction plants) is given by ¥,
while the set of delivery ports (regasification termi-
nals) is given by #P. Then, ¥ = /" U NP is the set of
all ports in the network. The set of time periods in
the planning horizon is given by 7 and indexed by t.
Furthermore, 7, indexed by v, is the set of available
ships, while %, is the set of paths for ship v. In this
context a path contains the geographical route and the
schedule with information about the arrival times and
the amount of cargo loaded or unloaded at port calls
for a ship in the planning horizon. A path r for ship v
starts in the ship’s (artificial) origin node and ends in
the (artificial) destination node.

The sales and production of LNG at the ports are
bounded by the interval [Y;, Y], and the correspond-
ing unit sales revenues and production costs are given
by REV, and COST,, respectively. Furthermore, the
inventory levels at the ports should be within given
lower and upper limits, [S;, 5;]. In addition, to ease
the readability we use the parameter I;,, which is
equal to —1 for pickup ports and 1 for delivery ports.
Parameter Xj;,,, equals 1 if ship v (un)loads at port i
in time period t before it immediately starts sailing
towards port j when sailing path 7, and 0 otherwise.
Moreover, the parameter Z;,,, equals 1 if ship v visits
port i in time period t on path r, and 0 otherwise,
while the corresponding (un)loading volume is given
by the parameter Q;,,,. The number of tanks unloaded
from ship v at delivery port i in time period ¢ when
sailing path r is represented by the parameter L;,,,
and W)X is the number of cargo tanks in the ship.
The parameter C,, represents the cost of sailing path r
for ship v. The cost parameters are composed of ship
operations cost, port fees, and any canal fees. Further-
more, the number of berths in a port limits the total
number of ships that can load or unload simultane-
ously. This port capacity is denoted NAT.
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The sales and production of LNG are given by
the continuous variables y;, i € N, t € J, while the
inventory levels at the ports are given by the contin-
uous variables s;, i € N/, t € T. Note that s, i € N is
a parameter representing the 1n1t1al inventory at the
beginning of the planning horizon. Finally, the con-
tinuous variable A,, represents the amount of path r
sailed by ship v, ve V', r € &,,.

Then, a path-flow formulation of the problem is as
follows:

max ) Y REV,y;— ) » COST,y;

ieND teT ieNP teT
- Z Z Cvr vrs (1)
VeV reR,

subject to

Z Z I sztrAvr +1y1t _O

veV reR,

Sit = Sit-1) —

VieN,ted, (2)

Z Z ZivtrAvr SI\],'CAP/ ViEN, te 9, (3)
veV reR,
§»§Sit§§i, VieN, teT, ()
Yy <y; <Yy, VielN, teT, (5)
Z A'Ur:l/ VUEOV, (6)
reRy,
Z Livtr/\vr € {0/ 1/ ooy W})\/IX},
reRy,

VieNP, veV, teT, (7)
> Xijorrror €10,1}, VieN,jeN, veV, teT, (8)
reR,
A,>0, YoeT, reR,. 9)

The objective function (1) maximizes total profit
from the LNG supply chain, which consists of sales
revenues minus the production and transportation
costs. Constraints (2) are the inventory balance con-
straints for each port, while the berth capacity con-
straints (3) limit the number of simultaneous ships in
a port. Constraints (4) give lower and upper bounds
on the storage variables, while the lower and upper
bounds for the production and sales variables are
given by constraints (5). Constraints (6) are the con-
vexity constraints. An integer number of cargo tanks
unloaded at the delivery ports is provided by con-
straints (7), while constraints (8) make sure that a fea-
sible solution yields a feasible geographical route for
the ships. Finally, constraints (9) ensure nonnegativity
for the path variables, A,,.

For real-world LNG-IRP instances, involving more
than a few ships and a long planning horizon, the
number of A, variables in model (1)-(9) can be
very large. Consequently, for such instances, it is not

possible to enumerate all these variables and their
corresponding coefficient columns. To overcome this
difficulty, we propose to use column generation that
allows to generate these variables as needed.

Note that Christiansen (1999) also developed a
column generation approach for a maritime inven-
tory routing problem. However, she decomposed the
problem such that there is one subproblem for each
ship and one subproblem for each port with inven-
tory management considerations. Here, the inven-
tory management part of the problem is kept in the
master problem because of the challenges concern-
ing the synchronization of quantities in the differ-
ent subproblem types because of boil-off. In addi-
tion, Christiansen (1999) presented a time continu-
ous model, while a time discrete model is used here
because of the variable production and consumption.

3.2. Valid Inequalities

We can tighten the berth capacity constraints (3) by
analyzing the combination of the storage capacity at
a port, its production or sales, the berth constraints,
the ship capacities, and the shortest roundtrip for the
ships starting from that port.

For example, consider a pickup port with a stor-
age capacity of 250,000 m*® and with a daily LNG
production in the interval [12,000, 15,000] m®. Hence,
during a 15-day period, the maximum amount of
LNG produced is 225,000 m°®. Let the berth capac-
ity be 1, so the port can have one ship Visiting each
day. The minimum ship capacity is 120,000 m®. Dur-
ing this 15-day planning period, the total amount of
LNG loaded aboard the ships cannot exceed the stor-
age inventory capacity plus the maximum amount of
LNG produced. Then, during the 15-day period the
number of ships that visit this port cannot exceed
(225 +250)/120 = 3.54. Hence, the upper limit on the
number of ships visiting this port during a 15-day
period is 3.

For each time period t € T we can calculate all
lower and upper limits on the number of ships visit-
ing a given port for all possible time intervals starting
in t. Figure 4 illustrates these limits for a port dur-
ing time intervals ranging from 1 to 60 time periods.
When the lines in the figure has zero slope we have
some redundant limits. The circles in Figure 4 show
which of the lower and upper limits are not redun-
dant and can be added to the restricted master prob-
lem (RMP) as valid inequalities.

For a formal description of the valid inequalities we
need the following additional notation: Let %;, and
B, denote the set of valid inequalities for the lower
and upper limits on ship visits at port i in time inter-
vals starting in time period ¢, and let b be the cor-
responding index for these sets. The parameters N/
and N} are the lower and upper limits on the num-
ber of ships visiting port i in time interval b starting
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Figure 4 Illustration of the Lower and Upper Limits on the Number of Ship Visits for a Port

in time period t. Moreover, let the parameter T, rep-
resent the length (in number of time periods) of the
time interval b starting in time period t for port i for
the lower limit, and let T/ represent the correspond-
ing parameter for the upper limit. Then, the valid
inequalities are given by

=Ty
33 ZiAyy =Ny, VieN,teT,be%,, (10)
7=t VEVreR,
T
N3N Ziyiy A <N, YieN, teT,beB,. (11)
7=t VEVreR,

Constraints (10) and (11) are valid inequalities that
can be added to the problem when they are violated.
Note that the berth capacity constraints (3) are special
cases of the upper limits valid inequalities (11).

When the number of ports is relatively small and
the time horizon not too long (as is the case in our test
instances), enumeration can be used to separate these
valid inequalities. The effectiveness of these inequal-
ities depends, however, on the storage capacity, the
difference between the minimum and maximum pro-
duction (or consumption) rates at the corresponding
port, and the difference in the ship capacities. For
the test instances that we considered (see §5), these
inequalities were not very effective: Preliminary tests
showed that they could help to close no more than 5%
of the integrality gap. Consequently, the final version
of the proposed method does not try to generate them
as in a cutting plane method, but only includes a pri-
ori a specific subset of them. This subset is defined
as follows. First, the planning horizon is divided into
disjoint time intervals of equal length (15 periods for
our tests), except maybe for the last interval that can
have a shorter length. Then, for each time interval

and each port, a pair of constraints (10) and (11) span-
ning the time interval is defined. These constraints
are, however, expressed in a different form to allow
branching on their slack variables. Let 23 be the set of
time intervals, T)! the length of time interval b, and ¢,
its first period. Furthermore, denote by N, and N,
the lower and upper limits on the number of ships
that can visit port 7 in time interval b, respectively. The
predefined subset of valid inequalities is given by:

ty+ T

Z Z Z Zivrr/\vr - az\‘g = 0'

T=t, VeV reR,

VI _ VI _ 3GVI
Ny =a;, <N,

VieN,be®, (12)

VieN, be3, (13)

where the variables ay compute the total number
of ships visiting each port i in each time inter-
val b. These variables must, therefore, take an integer
value and can be used to impose branching decisions
(see §4.4.4).

4. Solution Approach

In this section we present a branch-and-price method
(Barnhart et al. 1998) for the LNG-IRP. Such a method
consists of a branch-and-bound algorithm where the
upper bounds in the search tree (for a maximiza-
tion problem) are computed by column generation.
Column generation is thus used to solve the lin-
ear relaxation of model (1)-(9) and (12)-(13) (possi-
bly modified by branching decisions) which is called
the master problem. In particular, the master prob-
lem constraints (7) and (8) can be disregarded when
solving the linear relaxation of the model because of
the convexity constraints (6). Column generation is
an iterative method that starts with no or a few ini-
tial columns (A,, variables) in the master problem,
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and gradually adds new columns until the optimal
linear relaxation (LP) solution of the master prob-
lem is found. At each iteration, the linear problem
restricted to a subset of columns, called the RMP, is
solved by the simplex algorithm to yield a primal and
a dual solution. To generate columns, subproblems
(one per ship) corresponding to longest path prob-
lems with complicating side constraints are solved by
DP. The solution of the subproblem for ship v corre-
sponds to a feasible path with corresponding quan-
tities loaded and unloaded at the ports for this ship
that yields the highest reduced cost according to the
dual solution of the current RMP. If no subproblems
can identify columns with a positive reduced cost, the
column generation process stops and the current RMP
primal solution is optimal for the linear relaxation
of the master problem. Otherwise, positive reduced
cost columns are added to the RMP and another
iteration is performed. To find integer solutions, we
impose branching decisions either by modifying the
constraints in the master problem or by manipulat-
ing the subproblems. For an introduction to column
generation, see Desrosiers and Liibbecke (2005). For a
survey on this topic with a bias toward solving inte-
ger problems, see Liibbecke and Desrosiers (2005).

The rest of this section is organized as follows: In
§4.1 we describe the subproblems and their networks,
while §4.2 presents a solution algorithm for the sub-
problems. In §4.3 accelerating techniques for the col-
umn generation procedure are introduced. Finally, in
§4.4 we present the branching decisions imposed to
derive integer solutions.

4.1. The Subproblem Description

As mentioned above, the objective of a subproblem is
to find a path with the highest reduced cost. Let C,,
denote the reduced cost of variable A,,. Furthermore,

Port

let «;;, B, 6,, and o, be the dual variables for con-
straints (2), (3), (6), and (12), respectively. Then, the

reduced cost of the path variable A, is given by

Cvr = _Cvr + Z Z(L‘intrait - Zivtrnit) - 001 (14)
ieN teT
where
M =B + > Tip- (15)

be: telty, b+ T

Any path with a positive reduced cost is a candi-
date for entering the RMP. The subproblem network
for ship v is a time-space network where there is one
node for each port-time combination, and an origin
node, 0(v), and a destination node, d(v). The ship
starts its sailing from o(v). This node can either be
at sea or at a physical port, depending on the ship’s
location at the beginning of the planning horizon. The
path ends in d(v). Let the index k represent a node
in the time-space network, and (k, I) represent an arc.
Hence, k and | are combinations of port and time,
(i,t) and (j, t + 7;), where 7; is the time to load or
unload at port i plus the sailing time between port i
and j plus any waiting in front of port j. Let (V,, )
be the total network associated with ship v. Here, the
set N, includes all nodes in the time-space network
feasible for ship v, in addition to the origin and desti-
nation nodes, and the set 3/, contains all feasible arcs
for ship v. The set V" (resp. /P) includes all pickup
(resp. delivery) nodes in the network that ship v may
visit. Moreover, the set /! is topologically sorted. To
ease the presentation of the algorithm we assume that
arc (k,I) includes any waitings in front of node I.
Hence, for a sailing from port i to port j that starts in
time period t there will be one arc for each possible
waiting.

Figure 5 shows an example of two paths in the
time-space network for a subproblem with one origin

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
Time period
= Path A = = PathB

Figure 5 Two Paths in a Subproblem Network
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node, o(v), two pickup ports (P;, B,), three delivery
ports (D;, D,, D;) and one destination node, d(v).
These paths start in the origin node, then visit several
of the ports in different time periods before ending
in the destination node. In path B there is a roundtrip
P, — D, — P, that starts in time period 1 and ends in
time period 8 where the second sailing is longer than
the first one. This is because we have one time period
with waiting in front of port P, from time period 7 to 8.

The cost of traversing arc (k, I) for ship v is given
by ¢y, The cost parameter C,, from the objective
function (1) is compounded of these arc costs. Because
we do not know the exact quantities unloaded at the
delivery ports when the ship visits these ports, we do
not transform all (reduced) costs to arc costs. Instead,
we separate between arc costs and node costs for the
subproblems as follows. The reduced costs for the arcs
are represented by ¢;;, and the reduced costs on the
nodes are represented by ¢ . For a node k associated
with a port i and a time ¢, we define i, =i and t, =t.
Then, these reduced costs are given by

. Chip—0,, YU, (k,])esd, | k=0(v),
Ckiy =
Chto = My, YOET, (k, 1) €st, | k#o0(v),
(16)
0, YoeU, k=o(v),
N = 17)
Iiinkvtkaik,tk/ Vuve Oy! k € f\fv\{O(U)},

where Q, ,,, is a decision variable indicating the quan-
tity (un)loaded at port i, in period t,.

Formulas (16) provide the reduced cost components
on the arcs. These are the costs related to ship opera-
tions and sailings, and the dual variables for the con-
vexity constraints and for the berth constraints. On
the other hand, formulas (17) provide the reduced
cost for visiting a node in the time-space network
which depend on the quantity loaded or unloaded at
the node and the corresponding dual variable a; ;.

The subproblem for ship v corresponds to a longest
path problem with side constraints where the objec-
tive is to maximize C,,. To ease the presentation of
the side constraints and the DP algorithm we use the
notion of duty briefly introduced in §2. A detailed
description of this notion is as follows. A duty is a
journey that starts in either a pickup port or the ori-
gin node, and ends in a pickup port or the destina-
tion node. Figure 6 gives an illustration of all possible
duties for a ship when there is an upper limit of two
consecutive visits to delivery ports. The figure shows
that a duty starts in either a pickup port (P) or the
origin node, visits either zero, one, or two delivery
ports (D), before ending in a pickup port or the desti-
nation node. To ease the illustration, Figure 6 does not

Illustration of the Duties in a Network with a Maximum of
Two Consecutive Visits at Delivery Ports

Figure 6

show any waiting or when the different cargo tanks
are loaded and unloaded.

The side constraints on the longest path problem
are caused by the restrictions on the unloadings of
the ships at the delivery ports and the boil-off. The
ship should always load a full ship load of cargo at
the pickup port, and unload a discrete number of
cargo tanks at each visited delivery node, just leav-
ing enough cargo to cover the boil-off from the cargo
tank(s) until the next pickup port. There is an upper
limit on the number of consecutive visits to delivery
nodes before the ship must sail to a pickup node.

4.2. A Dynamic Programming Algorithm for the
Subproblem

Because of the side constraints mentioned above, it is
not possible to use a standard DP algorithm for solv-
ing this longest path subproblem. Another complicat-
ing issue for a DP algorithm is that the exact amount
of cargo unloaded at the delivery ports in a duty can-
not be known until the ship returns to a pickup node.
Hence, in contrast to a standard longest path algo-
rithm, partial paths ending in a same delivery node
cannot be compared because of the lack of informa-
tion on the (un)loading quantities. Thus, we propose
in this section an ad hoc DP algorithm for solving the
subproblem associated with ship v. In this algorithm,
partial paths are compared only at the pickup nodes
and the destination node.

To present the algorithm some additional notation
is needed. The boil-off from ship v is given by the
parameter B! that specifies the amount of cargo evap-
orating in each time period. In fact, Bf is a percent-
age of the total ship capacity. Furthermore, the initial
load onboard the ship is represented by VN'T and the
capacity of ship v is given by VAP

During the course of the DP algorithm, a label E;, =
(CR, Tio, dios Oy, Ly,) is associated with each partial
path from o(v) to any node k. Here, C} is a scalar
representing the reduced cost of a partial path start-
ing in o(v) and ending in k for ship v, and T, is a
scalar that keeps track of the elapsed time since the
time of visit of the last pickup port (or the start of
the route). The set d,, is an ordered list of the nodes
visited in the current duty: It contains the duty start
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node (either the origin node or a pick up node) and
all delivery nodes visited since the beginning of the
duty. The maximum cardinality of d,, is given by the
parameter DX, which is equal to the maximum num-
ber of consecutive delivery ports a ship is allowed to
visit plus one. Furthermore, the sets Q,, and L,, are
corresponding ordered lists that indicate the quantity
(un)loaded and the number of tanks (un)loaded at
each node in d,,, respectively. Because the total boil-
off in a duty is unknown until it is completely built,
the values in Qy, are computed only when k is the end
node of a duty. In addition, because the number of
tanks to deliver at each delivery port in d,, depends
on the dual variables of the constraints (2) associated
with these ports, the values in the list L, are also
updated at the end node of a duty. Consequently, at a
delivery node, labels contain partial information and
cannot be compared. On the other hand, labels are
compared at each pickup node and at the destination
node using the following dominance rule. Let E}, and
EZ, be two such labels. If CR! > CF?, then E?, is domi-
nated by E;, and, thus, can be discarded (at equality,
one of the two labels must be kept).

The pseudo-codes for the DP algorithm are pre-
sented in Algorithms 1-3. Algorithm 1 sets the ini-
tial conditions. Then, for the origin node and for each
pickup node it starts searching for the duties originat-
ing from these nodes by calling Algorithm 2. Remem-
ber that the set /" is topologically sorted. Algorithm 2
handles the expansion of all duties and the testing of
the partial paths that ends in the pickup nodes and
the destination node. When the DP algorithm visits
any delivery node, the number of cargo tanks and the
exact amount of LNG unloaded are unknown, and
thus the reduced cost of the corresponding partial
path ending in this node is unknown. Instead the DP
algorithm keeps track of the nodes in a duty.

Algorithm 1 (Subproblem algorithm)

Cr=—o0, Vke N U{d(v))
Céh;)v_o
for all ke{o(v)}UN do
C}CRUZC_E'U*
T.,=0
iy =9

for each (k,l) e A, do
Cf = C& + &,
Ty =Teo + Ty
dlv = dkv U {k}
E,= ((_jllfz’ Ty, dyy, 9, D)
if I € /P then call FindDuty(l, E,,)
else call EndDuty(l, E;,)
end if

end for

end for

Algorithm 2 (FindDuty(k, E,,))
dkv = dkv U {k}
for each (k,l)e A, do
if le ¥"U{d(v)} or |d,| < DM* Then
Cli = Cly + G
Ty =T+
dlv = dkv
Elv = (Ei’ T;vl dlvl g, @)
if 1 € NP then call FindDuty(l, E,,)
else call EndDuty(l, E;,)
end if
end if
end for

When a duty is completed in Algorithm 2, it calls
Algorithm 3 which calculates the exact quantities
unloaded at the delivery nodes visited in the duty
before computing the reduced cost of traversing this
duty. Note however that, because of branching deci-
sions on the number of tanks delivered (see §4.4.2),
this duty might be infeasible as not all loaded tanks
can be delivered or too many tanks may be requested
at the delivery ports. In this case, the current label
E,, is not completed and is simply abandoned. In this
algorithm, T and Q are temporary variables used for
the computations. When the duty is feasible, the fol-
lowing rule is used to calculate the cargo unloaded
at each visited port: If the duty starts with a pickup
node, all cargo tanks are fully loaded at that node.
Because it is beneficial to assign as large cargo as pos-
sible to the delivery node with the highest unit node
cost () in the duty, the algorithm assigns one cargo
tank to all delivery nodes in the duty except to this
highest cost node, which receives the rest of the cargo
tanks. By using this fact, we avoid enumerating all
possible load states for the cargo tanks. This rule can
be altered by imposing branching decisions during
the search tree (see §4.4.2). When the algorithm has
decided the number of cargo tanks to unload at the
delivery nodes in the duty and has calculated the boil-
off, it computes the quantities unloaded at the deliv-
ery ports in the duty. Note that there exists boil-off
for each cargo tank in all time periods, except when
the ship loads or unloads.

Algorithm 3 (EndDuty(k, E,))
ka =9
if the duty is feasible according to the applicable
branching decisions then
Determine L,, = {L,v},ed according to these
decisions, the categorzes of the ports in dy,,
and the dual variables a;,
for all e d,, do
if I =o0(v) then
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T=T,

else if / € /7 then
Q= Vi
T=T,-1
Q — VvCAP

else Q,, =
end if
ka = ka U {le}_
if 15 o(v) then C§
end if

enci for B

if G, > C then
G =Cpo
E;:z) = (lev*’ Tkvl dkv/ ka/ Lkv)

end if

end if

@~ VBT — 1)

_(CR A
=G, 1, Qe

When the quantities are corrected, the accumulated
reduced cost of a partial path ending with that duty
can be calculated and partial paths can be eliminated
according to the dominance test described earlier.
At each node in the time-space network represent-
ing a pickup port or the destination node, the DP
algorithm stores the label Ej representing the par-
tial path with the highest accumulated reduced cost
through the network. When the algorithm has cov-
ered all duties, it ends up in the destination node with
alabel Ej,, associated with a path that has the largest
reduced cost. Backtracking from Ej, through the
memorized duties provides the optimal path through
the network.

The following example illustrates some aspects of
the DP algorithm for solving the subproblem. Figure 7
shows the same network as in Figure 5, but with the
paths replaced by duties. To simplify the example we

Port

assume that the arcs in the figure represent all pos-
sible arcs in the network. The two paths from Fig-
ure 5 are here transformed to seven duties. The DP
algorithm first identifies the two duties leaving from
the origin node, one ending in P, in time period 1,
while the other ends in P, in time period 1. Because
the duties are the only ones ending in their respective
end nodes, both are memorized by the DP algorithm.
From P, in time period 1, duty c starts. This duty vis-
its two delivery ports, D; in time period 4 and D, in
time period 6, before it ends in pickup port P, in time
period 8. Because this is the first visit to this port in
that time period, this duty is also chosen. In duty 4,
the ship starts from port P, in time period 1, waits one
time period outside port D, before it unloads at that
port and returns to P, in time period 8. Because both
duty ¢ and duty d end in port P, in time period 8,
the DP algorithm chooses to memorize the duty with
the highest reduced cost. The DP algorithm contin-
ues through the network until it reaches the destina-
tion node d(v). In the destination node d(v), the DP
algorithm chooses among the two duties ending there
based on their accumulated costs. Then it backtracks
to find the optimal solution, i.e., the longest path.

4.3. Accelerating Techniques

In this section we discuss how the column gener-
ation method is enhanced by reducing the size of
the RMP, the use of a heuristic column generator,
and by adding several columns to RMP before it is
reoptimized.

4.3.1. Reducing the Size of the RMP. In an inte-
ger solution to the LNG-IRP most of the berth capac-
ity constraints (3) are nonbinding. Ideally, only the
binding berth constraints should be present in the
RMP because reducing the size of the RMP may
reduce the time needed for the simplex algorithm to

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
Time period
=== Dutyg = =Dutyp === Dutyc == Dutyd ===Dutye === Duty f = +=Dutyg

Figure 7 A Network Showing Seven Duties
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solve it to optimality. Because we do not know in
advance which of these constraints should be present
in the RMP, we have relaxed the problem by remov-
ing all of them. If any of constraints (3) are violated
by the computed solution of a linear relaxation in the
search tree, they are added to the RMP as cuts. Test-
ing to find any violated berth constraints can also be
carried out when an integer solution to the relaxed
problem is found. With this strategy, the search for
integer solutions continues if any berth constraint is
included as a cut when we have found an integer
solution to the relaxed problem.

4.3.2. A Heuristic Column Generator. Any path
with a positive reduced cost might improve the objec-
tive function of the RMP, if the path’s corresponding
column is added to it. Thus, there is no need to always
find the column with the largest reduced cost. Hence,
we propose to use a heuristic column generator that
uses a reduced subproblem network to enhance the
column generation method. This algorithm assumes
full unloading in any delivery port visited. Thus, a
ship only unloads once before it returns to a pickup
port to reload. This means that the exact amount of
cargo unloaded at the delivery ports in a duty could
be calculated on the arc emanating from the deliv-
ery port. However, we have chosen to introduce a
heuristic element and to post-calculate the boil-off
and the adjusted unloading quantities when the algo-
rithm has found a path with a positive reduced cost.
If the reduced cost of the path remains positive after
the quantity adjustments, the column is added to the
RMP. This heuristic could also have been applied on
the original network. Consequently, the heuristic col-
umn generator uses an acyclic network without any
complicating side constraints. On such networks, we
can solve the longest path problem by a simple label-
setting algorithm, e.g., see Ahuja, Magnanti, and Orlin
(1993). When the heuristic column generator stops
generating improving columns for a subproblem, we
switch to the exact DP algorithm presented in §4.2 for
that subproblem.

4.3.3. Adding Several Columns to RMP. A com-
monly used accelerating technique is to add several
columns to the RMP in each iteration (Desrosiers and
Liibbecke 2005). Furthermore, there might be many
paths that are similar to each other. For instance, if
the longest path in a subproblem includes one wait-
ing day for a ship outside one specific port in a given
time period, changing that waiting day to another
port some time periods later might not change the
(reduced) cost. We want to avoid adding too many
similar columns to the RMP in each iteration of the
column generation. To try to get as many differ-
ent columns as possible we run the heuristic col-
umn generator for the subproblems several times at

each iteration of the column generation with different
cost parameters. When the heuristic column genera-
tor finds an improving solution, we change the cost
of that path so the reduced cost becomes zero. This is
done by decreasing the reduced costs on each node in
the computed optimal path in the reduced subprob-
lem network, except the origin and destination nodes,
with the reduced cost of the path divided by the num-
ber of nodes in the path less two. Then, the heuris-
tic column generator searches for another improving
path based on the new reduced costs of the subprob-
lem network. The procedure continues as long as it
can find improving paths or until an upper limit on
the number of runs is reached. For our tests, this limit
was set to five.

4.4. Integer Solutions

To obtain integer solutions, we use a tailor made
branch-and-price method. At each node in the search
tree all existing feasible columns are kept in the RMP
and new columns are generated to obtain an optimal
solution to the RMP. We do not branch directly on the
routing variables because forcing a routing variable to
zero will not help the solution process as the column
will be regenerated in the next iteration. Instead, we
branch on the underlying structure, i.e., alter the sub-
problem networks to generate feasible columns with
respect to a branching decision. Another possibility is
to branch on the variables a}| appearing in the RMP.
In the rest of this section we present the branching
strategies in detail.

4.4.1. Branching on an Arc. A straightforward
strategy is to branch on the arcs in the subproblems.
This strategy ensures integer solutions with respect to
the routing. Hence, it seeks to fulfill constraints (8),
but it will not guarantee an integer solution with
respect to an integer number of cargo tanks unloaded
at the delivery nodes. The drawback of this branch-
ing strategy is that it gives an unbalanced search tree.
The decision to fix the flow on an arc to 1 gives a
strong decision, while fixing it to 0 results in a very
weak decision that has little impact on the upper
bound. Such decisions are implemented by modifying
the network structure.

4.4.2. Branching on a Number of Tanks Deliv-
ered. Branching on the number of cargo tanks that
a specific ship unloads at a delivery port on a given
day provides us with integer solutions on this matter.
Using this strategy we will satisfy constraints (7). This
strategy combined with the branching on an arc strat-
egy will lead to an integer solution. This branching
strategy also has the drawback that it gives an unbal-
anced search tree. For this strategy, the decisions are
imposed directly in the subproblems and dealt with
in Algorithm 3 when assigning the number of tanks
to each delivery port visited in a duty.
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4.4.3. Branching on a Node. A more balanced
branching strategy is to branch on the nodes in the
subproblem networks. With this strategy we remove
a node from the network of a subproblem to branch
in one direction, and force a visit to this node in
the other direction. Thus, both decisions involve sev-
eral variables. This branching strategy alone does
not guarantee integer solutions. As for the branch-
ing on an arc strategy, branching decisions on nodes
are imposed by altering the subproblem network
structures.

4.4.4. Branching on a Number of Visits. The
three previous branching strategies impose local deci-
sions. A more global branching approach is to study
the noninteger solutions with respect to the total num-
ber of visits to a port during a specified time interval.
To do so, we limit the inspected time intervals to the
set % defined in §3.2 and we branch directly in the
RMP on the variables a} whose values give the num-
ber of visits to each port i € / in each time interval b €
%. These values are computed through the constraints
(12). This branching strategy alone cannot guarantee
finding integer solutions for the routing variables.

4.4.5. Search Strategy and Choice of Branching
Strategy. We have implemented a depth-first strategy
with backtracking to achieve integer solutions. In the
search tree, we test the chosen branching strategies
hierarchically to find a branching decision. If several
branching decisions are possible within a branching
strategy, we choose the one where the fractional part
is closer to 1/2. The branching on a number of visits
strategy is the primary branching strategy. If the prob-
lem is integer with respect to this strategy, we turn to
the secondary strategy, which is to branch on a node.
The tertiary strategy is to branch on an arc. The last
branching strategy tested is to branch on a number of
tanks delivered.

5. Computational Results

In this section we present computational results for
the LNG-IRP obtained using the branch-and-price
method introduced in §4. The solution method was
programmed in C++4, and relied on the XPRESS Opti-
mizer v. 17.1 for solving the RMP. Furthermore, all
tests were conducted on a computer with a 3 GHz
processor and 8 GB RAM, running under the Rock
Cluster v. 4.2.1 operating system.

For our test, we consider 27 LNG-IRP instances
with different characteristics that were derived from
real-world planning problems, where the first 21
instances correspond to the instances tested in
Gronhaug and Christiansen (2009). Some of the
instances share most of the characteristics, except the
planning horizon. These instances are put together in
groups denoted A, B, etc. Details about the instance

Table 1 The Size of the Instances

Id Group Ships Tanks Ports (P,D) Time periods Arcs

1 A 1 2 44,3 30 474
2 A 1 2 4(13 45 999
3 A 1 2 4(,3 60 1,524
4 B 2 2 3(12 30 508
5 B 2 2 3012 45 1,244
6 B 2 2 3012 60 1,994
7 C 2 2 422 30 1,054
8 C 2 2 4(22 45 2314
9 C 2 2 422 60 3,574

10 D 2 1 5(23) 30 257

1 D 2 1 5(23) 45 647

2 D 2 1 5@203) 60 1,144

13 E 2 2 5(23) 30 722

4 E 2 2 5(203) 45 1617

15 E 2 2 5(23) 60 2,617

6 F 3 1 4(22 30 429

17 F 3 1 422 45 1,213

18 F 3 1 422 60 2,110

19 6 5 1 6(353) 30 859

20 G 5 1 6(33) 45 2815

21 6 5 1 6(39) 60 5613

2 A 1 2 4(13) 75 2,049

22 B 2 2 3(1,2 75 2,744

24 C 2 2 4(22) 75 4,834

%5 D 2 1 5(23) 75 1,681

% E 2 2 5(23) 75 3,601

27 F 3 1 422 75 3,010

groups, number of ships, number of cargo tanks,
number of ports, number of time periods, and the
total number of arcs in the subproblems are presented
in Table 1. The number of ships ranges from 2 to 5 and
the number of cargo tanks is either 1 or 2, depending
on the instance. Furthermore, the number of ports is
between 4 and 6, while the number of time periods is
between 30 and 75 (days). For all instances, the max-
imum number of time periods to wait outside a port
is restricted to 1 time period for each port call, and
the ports all have 1 berth available for this shipping
operator in all time periods.

Table 2 summarizes some of the results for the 21
test instances when all columns are enumerated a
priori for the path-flow formulation. Additional test
results can be found in Grenhaug and Christiansen
(2009). The table gives information about total run-
ning times in seconds for the instances (Sol Time(s)),
the best (mixed) integer solution found (MIP*), and
the best upper bound on the solution from the opti-
mizer (Bound). The results can be compared directly
as both models and solutions approaches have been
tested on the same architecture. The maximum run-
ning time for the path-flow formulation with a priori
path enumeration was set to 10 hours, and default
parameter settings were used for the XPRESS Opti-
mizer. Note that the optimizer ran out of memory
when trying to enumerate all paths for instances 9
and 15 (Grenhaug and Christiansen 2009).
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Table 2 Results from the Path-Flow Formulation Table 3 Running Times and Solution Values

with A Priori Enumeration of Paths from ]
Grgnhaug and Christiansen (2009) Sol time (s) Sol values
Id Sol time (S) MIP* Bound Id LP  MIP! MIP* Total LP MIP? MIP* Bound
1 0 0 0 0 1,032.2 887.0 887.0 887.0
; 23 1 2?4719 1 g?zg 2 0 0 0 3 1,473.8 1,314.7 1,314.7 1,314.7
3 36.000 1’3315 1Y871.2 3 0 11 15 32 1,896.6 1,496.7 1,533.0 1,533.0
4 ’ 1 681.0 ‘681.0 4 0 0 1 1 760.9 386.0 681.0 681.0
5 423 940 8 940.8 5 0 0 13 26 1,044.6 660.8 940.8 940.8
6 36.000 10953 13173 6 0 4 1,393 1,580 1,326.8 4124 1,191.8 1,191.8
7 ’ 43 1:018.6 1:018.6 7 0 4 9 10 1,264.4 918.9 1,018.6 1,018.6
8 1761 14926 14926 8§ 0 4 77 91 1,762.5 873.9 1,4926 1,492.6
9 - = = 0 0 o o U0 Gaan rass 21700 21700
I o 52347122 ggzgg 1 0 0 7 9 33549 18955 25448 25448
12 36.000 57456 37496 12 0 2 178 338 3,920.2 2,323.5 2,920.3 2,920.3
13 ’ 5 2’170‘0 2'170.0 13 0 2 5 5 2,4031 2,079.5 2,170.0 2,170.0
14 36.000 2’591.0 3’054.9 14 0 2 63 95 3,354.9 2,081.9 2,591.0 2,591.0
19 - - = 0 0 10 10 tom4 58 11180 11180
1? 13 6;;1 11;22 11;22 17 0 65 1,216 1,219 1,7721 589.5 1,4354 1,4354
’ ’ ’ 18 0 114 31,360 36,000 2,229.3 7221 1,463.4 2,229.3
18 36,000 1,579.7 2,180.7

19 39 16976 16976 19 0 1 5 14 1,916.1 9746 1,697.6 1,697.6
20 36.000 2’011.3 2’395.3 20 0 2,348 33,139 36,000 2,550.9 748.8 1,435.8 2,550.9
21 36Y000 1,6845 2’9525 21 1 8,454 22,268 36,000 3,0589 7059 951.0 3,058.9
’ T S 2 0 104 112 233 2,317.3 1,683.6 1,853.4 1,853.4
Source. Modified from Gronhaug and Christiansen (2009.) 23 0 4 18,657 26,527 11,5996  858.6 1,403.8 1,403.8
24 0 1,877 19,285 19,707 2,662.2 1,691.0 2,200.9 2,200.9
25 0 2 1,756 2,889 4,391.7 2,584.5 3,237.9 3,237.9
26 0 11 4,148 18,315 4,391.7 2,470.2 3,340.8 3,340.8
Computational times and solution values that were 27 0 10,826 33,342 36,000 2,602.2 369.3 917.2 2,602.2

obtained with the branch-and-price method for all
instances are presented in Table 3. For each instance,
the table gives the computational times in seconds
needed to solve the LP, to find the first integer solu-
tion (MIP?), to find the best integer solution (MIP¥),
and the total running time (Total). Furthermore, the
table reports the optimal value of the LP, the value of
the first integer solution (MIP'), that of the best inte-
ger solution (MIP*), and the computed upper bound
on the optimal value at the end of the search (Bound).
When optimality was reached and proven, this upper
bound equals the best integer solution value.

The branch-and-price method solves the LP within
a second for all instances. For most of the instances,
we can also find the first integer solution within a few
minutes. Four of the instances were stopped before
proven optimality. When we compare the 21 first
results in Table 3 with the results in Table 2 we can see
that the branch-and-price method is much faster, and
the path-flow formulation did not beat the branch-
and-price method for any of the instances. Further-
more, the branch-and-price method found the optimal
solution for 6 of the 9 instances where the path-flow
formulation failed. For these 6 instances, the compu-
tational time reduction is at least 96% (= (6-26,000 —
8,848)/6-36,000)), that is, our algorithm is around 25
times faster. Moreover, the computational times are
reduced by 92% (= (16,911 —1,388)/16,911) in Table 3
for the 12 instances solved to optimality with both

solution methods. For instances 18, 20, and 21 where
both methods failed to find an optimal solution, the
branch-and-price method found poorer integer solu-
tions and had higher upper bounds than the path-
flow formulation. One reason for this is the depth-
first strategy for the branch-and-price method where
the upper bound on the optimal value is updated
infrequently. In fact, for these three instances, the
branch-and-price method did not explore the second
child node of the tree root node so that the upper
bound remained equal to the optimal value of the LP
throughout the entire search.

For the larger instances 22-27, the branch-and-price
approach found optimal solutions to five of these
instances, while it failed to do so for one of them. As
reported in Table 3, for all of these instances, except 21
and 27, the approach found integer solutions within
one hour. For the instance not solved to optimality, the
upper bound is poor for the same reason mentioned
earlier.

Table 4 gives details on the number of integer solu-
tions found, the total number of nodes explored in
the search tree, and the total numbers of rows (3) and
columns generated. Furthermore, it presents details
of total running time for solving the master problem
including the row generation (MP), for the calls to the
heuristic column generator (hSP), and for the calls to
the exact subproblem algorithm (eSP). The time used
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Table 4 Size of the Search Trees and Running Times
Number of Sol time (s)

Ild  MIPsol Nodes Rows Columns MP hSP eSP
1 1 24 0 108 0.2 0.0 0.0
2 1 122 0 637 2.3 0.0 0.7
3 4 503 0 3,716 24.0 0.2 8.0
4 7 270 0 551 1.1 0.0 0.2
5 14 1,618 0 6,132 18.0 0.1 6.8
6 52 42,438 19 236,289  1,044.8 58 4915
7 4 1,062 0 2,349 7.8 0.1 2.6
8 1 2,088 0 11,299 50.1 0.4 38.9
9 11 27,420 0 335,723 11,8753 232 1,746.2

10 7 117 0 195 0.7 0.0 0.1

11 8 516 0 1,489 7.7 0.1 1.1

12 22 8,283 0 43,379 282.8 3.5 45.0

13 2 501 0 1,034 4.1 0.0 1.0

14 12 3,062 0 11,084 63.0 0.5 30.1

15 20 54,791 7 292,640 2,039.1 17.3  989.3

16 9 1,116 0 3,546 9.1 0.1 1.0

17 32 43,391 0 292,576  1,010.3 112 1685

18 45 435,875 0 6,064,786 29,787.8 337.5 5,292.2

19 14 1,089 0 4,696 11.6 0.2 25

20 30 709,518 0 6,568,845 27,7215 3482 7,176.4

21 15 364,576 0 4,908,954 26,804.6 387.3 8,124.8

22 4 2,242 0 22,257 170.0 1.4 57.4

23 29 305,230 0 3,001,961 18,3328 81.4 7,600.8

24 13 76,472 0 1,339,251 10,3941 1345 8,979.8

25 12 30,174 0 239,690 2,437.3 241 3844

26 13 107,363 0 1,077,638 11,363.7 90.9 6,632.0

27 14 255,552 0 5,239,348 29,7932 3225 5,272.9

for administration is omitted here, but can easily be
calculated because the total solution time is given in
Table 3. As we can see from Table 4, the search tree
is large for most of the instances. In fact, for 6 of the
instances the number of nodes explored in the search
tree exceeds 100,000. The number of integer solutions
found is also large, up to 52 for instance 6. Moreover,
the number of columns generated through the search
is also considerable for some of the instances. More
than 1 million columns were generated for 7 of the
instances. On the other hand, the number of rows (3)
generated is limited. For instances 6 and 15 there were
19 and 7 rows, respectively, while no rows were gen-
erated for the other instances. Most of the time is
spent in solving the master problem. The heuristic col-
umn generator is especially efficient, and only a frac-
tion of the solution time is spent on that algorithm.
Hence, any effort toward further improvement of the
branch-and-price approach should aim to reduce the
size of the search tree and the time spent in the master
problem.

6. Concluding Remarks

In this paper we have presented a solution method
for the liquefied natural gas inventory routing problem
(LNG-IRP). The problem consists of designing routes
and schedules for a heterogeneous fleet of LNG ships,

while simultaneously managing the production and
sales of LNG and handling the inventory levels at
the different locations in each time period. LNG-IRP
is more complex than traditional maritime inventory
routing problems because of the complicating side
constraints for the routing of the ships, and because
of the variable production and sales at the ports that
must be chosen in each time period.

For solving this LNG-IRP, we have proposed a
branch-and-price method that includes an ad hoc DP
algorithm for solving the longest path subproblem
with side constraints. This solution method is promis-
ing as it found good integer solutions to most of the
instances tested. Furthermore, the solution method
gives much better results (on average, more than one
order of magnitude faster) than earlier reported in
Gronhaug and Christiansen (2009). The LNG-IRP is
hard to solve. Thus, the proposed solution method
was unable to verify if the optimal solution was found
for all instances tested within 10 hours of computa-
tional time.

Several directions are possible for further research
within a column generation framework. A different
decomposition of the LNG-IRP resulting in another
master problem and subproblems might improve the
running time. Moreover, developing valid inequalities
is also an interesting research direction as these will
tighten the LP helping the solution method to close
the integrality gap.
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