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To minimize procurement expenditures both purchasing and transportation costs need to be
considered. We study a procurement setting in which a company needs to purchase a number of
products from a set of suppliers to satisfy customer demand. The suppliers offer total quantity
discounts and transportation costs are based on truckload shipping rates. The goal is to select a set of
suppliers so as to satisfy product demand at minimal total costs. The resulting optimization problem is
strongly NP-hard. We develop integer programming based heuristics to solve the problem. Extensive
computational experiments demonstrate the efficacy of the proposed heuristics and provide insight
into the impact of instance characteristics on effective procurement strategies.
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1. Introduction

The selection of a set of suppliers is a key procurement decision
for many companies. Different considerations influence this deci-
sion, e.g., a supplier’s quality and reliability, but also his pricing and
discount policy (see [25] for a study on the importance of different
attributes that companies consider when selecting suppliers).
The continuing growth of e-commerce, with reverse auctions as a
web-based counterpart to traditional procurement, has fueled an
interest in procurement optimization, and in recent years the
research community has made significant advances in this area.

Two distinct streams of research can be identified in procure-
ment optimization: a first stream assuming that demand is deter-
ministic and a second stream assuming that demand is stochastic.
We highlight a few papers in each research stream. Rosenblatt et al.
[22] analyze procurement policies involving both supplier selection
and purchase frequency and quantity setting. Benton [7] studies a
procurement problem in which suppliers offer quantity discounts.
Various extensions of the problem considered by Benton are
investigated and an exact method for their solution is presented in
Goossens et al. [16]. Xia and Wu [26] also look at supplier selection
in the presence of quantity discounts. The setting studied has
multiple suppliers offering multiple products with limited avail-
ability and discounts on total business volume and considers
qualitative and quantitative factors in their selection. Chauhan and
Proth [10] present a procurement problem with concave purchase
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cost and minimal and maximal order quantities and propose
different heuristics as solution methods. Awasthi et al. [6] study a
supplier selection problem for a single manufacturer facing stochas-
tic demand. The suppliers quote different prices and have restric-
tions on minimum and maximum order quantities. A heuristic
solution procedure is proposed. Zhang and Zhang [28] extend the
previous setting by including holding and shortage costs and a fixed
cost incurred when a supplier is selected. A branch and bound
algorithm is presented for its solution. Burke et al. [8] study single
period, single product sourcing decisions under demand uncertainty.
Their approach considers product prices, supplier costs, supplier
capacities, supplier reliabilities and firm specific inventory costs. The
same authors analyze the impact of supplier pricing schemes and
supplier capacity limitations on the optimal sourcing policy for a
single firm [9]. Heuristic solution methods are developed to identify
a quantity allocation decision for the firm. Anupindi and Akella [4]
analyze purchase quantity allocation between two uncertain sup-
pliers and its effects on inventory policies, whereas Dada et al. [11]
study an environment with multiple unreliable suppliers. Yang et al.
[27] study a procurement problem, where a buyer, while facing
random demand, has to decide ordering quantities from a set of
suppliers with different yields and prices.

However, procurement costs are not just determined by
purchasing costs. Typically, transportation costs form a substan-
tial component of procurement cost. Therefore, we study a
procurement setting that explicitly incorporates both. We con-
sider a company that has to select a set of suppliers from which to
purchase a number of products. The suppliers offer discounts
based on the total quantity purchased. The transportation costs
are modeled as truckload shipping costs, and thus depend on the
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total quantity purchased as well. This transportation cost struc-
ture is appropriate as it is common practice to out-source the
transportation to a carrier company.

More specifically, let K = {1, ...,n} be the set of products to be
purchased and let S .= {1, ...,m} be the set of suppliers to choose
from. Each product k, k € K, can be purchased at a subset S, = S of
suppliers at a unit price p; >0, ie S, (potentially different for
each supplier). There is discrete demand d,, for product k € K and
product availability g; for product ke K at supplier ieS,. We
assume that =, s gix > dy for all k e K. Each supplier ie S defines
r; consecutive, non-overlapping discount intervals [lf.u{], reR;:=
{1,...,r;}, each with an associated discount rate f}; discount rates
satisfy f{ > i ' for r=2,...,r; for i eS. The interval in which the
total quantity purchased falls determines the discount applied to
the total purchase cost. For convenience, we convert these
discounts into unit prices pj, for product k, k€K, at supplier i,
ieSy, in interval r, r e R;. A fixed transportation cost ¢; is charged
for each visit to a supplier i, ieS. The number of visits to a
supplier depends on the total quantity purchased at that supplier
and the truck capacity Q. The company wants to select a set of
suppliers to satisfy the demand for each product in such a way that
procurement costs, i.e., total purchase and transportation costs, are
minimized. We refer to this problem as the Supplier Selection
Problem with Quantity Discounts and Truckload Shipping (SSP-QDTS).
The piecewise linear non-convex and non-concave purchase cost
function and the step-wise transportation cost function make this a
computationally challenging optimization problem.

SSP-QDTS generalizes the total quantity discount problem,
which is known to be strongly NP-hard and for which exact and
heuristic approaches have been proposed (see [16] and more
recently [19]). SSP-QDTS is also related to the traveling purchaser
problem (see [18]) which takes purchasing costs and traveling
costs into account (see [20] for a variant of the problem with a
budget constraint and [2,3] for a dynamic variant with supplier
quantities decreasing over time). The traveling purchaser problem
does not consider total quantity discounts, but allows for more
general transportation options.

Given the complexity of the problem, obtaining optimal
solutions to meaningful instances in a reasonable amount of time
is virtually impossible. Therefore, we have developed integer
programming based heuristics that are capable of producing
high-quality solutions quickly. The proposed heuristics are
iterative rounding schemes based on the linear programming
relaxation of a natural integer programming formulation of the
SSP-QDTS. The linear programming solution in combination with
a quantity discount analysis guides the choice of both a supplier
and the number of visits to that supplier. After fixing the number
of visits to the selected supplier, the linear programming relaxa-
tion is resolved and the process is repeated. When the number of
visits to each of the suppliers is fixed, the remaining integer
program is solved to determine the product quantities to be
bought from the selected suppliers. To enhance the effectiveness
of the guidance provided by the linear programming relaxation,
the formulation has been strengthened by a set of valid inequal-
ities. Finally, simple post-processing is used to eliminate any
unnecessary costs incurred.

Our research provides various contributions. First, it explicitly
integrates purchasing and transportation considerations in the
context of procurement, which, as far as we have been able to
establish, has not been done before, even though both aspects are
relevant in almost all practical procurement environments. Sec-
ond, our heuristics can be seen as another example of the growing
body of literature on solution approaches that incorporate the
solution of small well-chosen integer programs (see for example
[1,5,12,17,24]). Finally, the extensive experimental analysis on a
large set of instances provides insights and rules-of-thumb that

can be used by companies to help them develop effective vendor
selection strategies. In fact, a major goal of our research has been
to study the impact of the characteristics of the procurement
environment on the structure of vendor selection strategies.
Effective vendor selection strategies depend on the number of
suppliers and products, on the product availabilities (both on the
number of suppliers of a particular product and the quantities of
product available at the suppliers), on the quantity discount
parameters, the location of the suppliers and the truckload
shipping costs, the relative importance of purchase and transpor-
tation costs, etc.

The paper is organized as follows. In Section 2, we describe the
mathematical formulation of the SSP-QDTS, discuss properties of
its continuous relaxation, and introduce valid inequalities. In
Section 3, we present a number of heuristics, each representing
a specific implementation of a general iterative rounding scheme.
In Section 4, we discuss an extensive computational study in
which we introduce various procurement settings and analyze
the characteristics of effective supplier selection strategies.
Finally, in Section 5, we draw some conclusions and indicate
some possible future research direction.

2. An integer programming formulation

To formulate the SSP-QDTS the following sets of decision
variables are introduced:

x; > 0 the number of visits to supplier i, ieS

Zik > 0 the number of units of product k purchased from supplier i,

keK,ieSy

= ieS keK, reR;

0 otherwise,

. r
Zik if Z Zjj € [ll .uir],
7 jek

kek ieS, reR;

1 if 3z ellf,ufl,
yi= )
0 otherwise,

The SSP-QDTS can be formulated as follows:
(SSP-QDTS) min» >~ "pizi+ > ciXi 1)

keKieSireR; ieS
Zzik = dk, keK )
ieS
Zy <Qi, i€S keK 3)
Y z<Qy, ieS 4
keK
Zg=» zjj, ieS kekK (5)
reR;
Lyf <>z <ulyj, ieS reR (6)
keK
dyi<1, ieS %)
reR;
x; >0 integer, ieS (8)
yie{0,1}, ieS rekR; 9)
Zy, >0 integer, ieS, keK (10)

Zi, >0 integer, ieS, keK, reR; 1)
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Objective function (1) represents the goal of minimizing the
procurement costs, i.e., the sum of purchasing and truckload
shipping costs. Constraints (2) guarantee that the demand d; of
product k is satisfied and constraints (3) ensure that the amount
of product k purchased from supplier i is available at supplier i.
Constraints (4) establish the number of visits to supplier i.
Constraints (5)-(7) determine the discount intervals. Constraints
(8)-(11) provide integer, binary, and non-negativity conditions on
the variables.

Before discussing solution approaches, we make a few obser-
vations regarding the above formulation. The variables z;, are
required to be integer as they represent the number of units of
product k purchased at supplier i. However, if product demand,
product availability, vehicle capacity, and the discount intervals
are integral, then there is no need to require integrality of the z
variables as indicated in the following proposition:

Proposition 1. If all the input data other than costs are integral and
the continuous relaxation of SSP-QDTS has an optimal solution, then
there exists an optimal solution in which all z variables have integer
values.

In Goossens et al. [16] it is shown that the continuous
relaxation of the total quantity discount (TQD) problem can be
obtained by solving a min-cost flow problem and that there exists
an optimal solution which selects the highest discount interval for
each supplier, i.e., products are bought at the lowest price offered
by a supplier. This property also holds for the continuous relaxa-
tion of SSP-QDTS since constraints (3) and (4) will never force the
optimal solution of the continuous relaxation away from the
cheapest intervals. This gives the following proposition:

Proposition 2. If the continuous relaxation of SSP-QDTS has an
optimal solution, then there exists an optimal solution in which all z
and y variables are equal to 0, except those corresponding to the
highest interval of each supplier.

The rounding methods to be described in the next section use
the optimal solution to the continuous relaxation of SSP-QDTS to
guide the search. To make sure that we can extract as much useful
information from the relaxation as possible, we strengthen it by
the following valid inequalities:

Zy <min {qy,Q}x;, VkekK, Vie§, 12)
> Xz [ﬂ, vkeK (13)
Q

ieSy

S x> [d"_ziesk\skmsqukgdl—zies,\skms,qilw, Vil K,k 1

ieSnS

(14)

Z{k < q,»kyf, Vie S, vk e I(, Vre R,‘ (15)

Constraints (12) simply disaggregate constraints (4). Con-
straints (13) ensure that the number of visits required to satisfy
the demand d, is at least equal to [d,/Q]. Constraints (14)
generalize this idea to sets of products. In our implementation,
we only consider sets of at most two products. Constraints (15)
reflect that if interval r is selected for a supplier i, then y} has to be
at least maxy{z],/qy}. As there are only polynomially many
constraints, they can be added to the formulation upfront, i.e.,
there is no need to develop separation routines to add them on
the fly.

3. An iterative rounding scheme

The idea of rounding solutions to a linear programming
relaxation to obtain integer feasible solutions has been around
for some time and has been embedded in several approaches to
solving pure and mixed integer programs. Eppen and Martin [13]
use a rounding heuristic to obtain solutions to multi-item
capacitated lot-sizing problems. Franz and Miller [14] use a
rounding heuristic to obtain solutions to multi-period assignment
problem. The same authors have developed a binary-rounding
heuristic (BRH) for solving an especially difficult class of con-
strained multi-period assignment problems [21]. BRH iteratively
rounds up sets of fractional values in such a way that feasibility of
the rounded solution is guaranteed and the value of the objective
function is improved. In general, guaranteeing feasibility of
rounded solutions is hard, as observed early by Glover and
Sommer [15]. The above approaches are all for problems with
binary variables. Far fewer rounding heuristics have been reported
on that round integer variables. An exception is Saltzman and Hillier
[23] who present a heuristic for general integer programs which is
based, in part, on rounding integer variables.

We propose various iterative rounding schemes which start
from an optimal solution to the LP relaxation of the formulation
presented in Section 2. At each iteration, an x-variable with a
fractional value is selected, the value is rounded and fixed, and
then the LP relaxation is resolved. When all x-variables in an
optimal solution to the LP relaxation have integer values, all
x-variables that were not yet fixed are now fixed, the remaining
integer program is solved to optimality (recall that the y- and
z-variables must have integer values as well). That is, we focus on
deciding the number of visits to a supplier and, once those
decisions have been made, determine the product quantities
bought at the selected suppliers. The iterative rounding scheme
is described in Fig. 1.

Since the number of visits to the selected suppliers is fixed
during construction, it might happen that this number is too high
given the final product quantities purchased. Therefore, a post-
processing step is introduced to possibly reduce the number of
trips to the selected suppliers.

As it is the case with all LP-based rounding schemes, the
crucial issue is preserving feasibility. It is easy to see that a
feasible solution to the LP relaxation remains feasible when the
value of a fractional x-variable is rounded up. On the other hand,
rounding down the value of a fractional x-variable may lead to
infeasibility. Fortunately, we can check efficiently whether this
happens or not by solving an auxiliary flow problem. Let
(Z'P,y'? xIPy be a feasible solution to the LP relaxation. Assume
that the number of visits to the suppliers in S c S has already been
fixed, i.e,, x;=Xj, j € S, with X; an integer value.

We want to evaluate whether it is feasible to set x; = |x’]
(ieS\S). This can be done by solving an instance of a flow
problem. Introduce a source node with supply equal to > _ dk,
a supplier node for each supplier jeS, and a sink node for each
product k e K with demand equal to d,. There is an arc between
the source node and each supplier node j with capacity X;Q if j €S,
[xtP]Q if j=i, and Y, _ i qj otherwise. There is an arc between a
supplier node j and each product node k with capacity gj, (see
Fig. 2). If there exists a feasible flow, then x; can be set to [x],
otherwise it will have to be rounded up to preserve feasibility.

Next, we return to the iterative rounding scheme outlined in
Fig. 1. Depending on the sorting rule used to order the suppliers,
and thus to identify the x-variable to be rounded next, and the
rounding rule used to assign an integer value to the selected
x-variable, different heuristics can be defined.

Table 1 lists the sorting and rounding rules that we have
explored. The sorting is done implicitly; we simply find the
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INnpPUT:

problem instance

OutPUT:

integer feasible solution s with value v(s).

ITERATIVE ROUNDING SCHEME:
Set S’ :=0;

Solve the LP relaxation and let STF be the set of suppliers associated with non-zero z; values;

while (SEP\ " £ () do

Let 7 be the first supplier in SY¥\ S’ after sorting S** according to a sorting rule;

Set §":= S"U{i};

Set the value of variable x; according to a rounding rule;
Solve the LP relaxation and let SL¥ be the set of suppliers associated with non-zero z; values;

end while

Solve the resulting mixed integer program.
Let s! be its solution and v(s?) its value.
s := PostProcessing(s?);

Return solution s and its value v(s).

Fig. 1. Pseudo-code of the iterative rounding scheme.

suppliers

11
: dl

products

Odn

m nn

Fig. 2. The auxiliary flow problem.

variable that would be selected after sorting (indexed by i*). The
first letter of each acronym refers to the type of rule: S stands for
sorting rule and R stands for rounding rule. The second letter
indicates the type of sorting or rounding. When U is associated
with a sorting rule it means that the fractional variable closest to
its rounded up value is selected, and when U is associated with a
rounding rule it means the value is rounded up. Similarly, when D
is associated with a sorting rule it means that the fractional
variable closest to its rounded down value is selected, and when D
is associated with a rounding rule it means the value is rounded
down. Recall that before a value is rounded down, an auxiliary
flow problem is solved to ensure that doing so preserves feasi-
bility; if feasibility cannot be preserved, the variable is rounded
up. When C is associated with a sorting rule it means that the
fractional variable closest to its rounded value (regardless of
direction) is selected, and when C is associated with a rounding
rule it means the value is rounded (regular rounding). An H with a
sorting rule means that we select the supplier for which the
(fractional) number of visits is the highest. The variants “I” and
“ly” associated with rounding rules indicate that instead of fixing
the value of a variable, a bound inequality is added (variant I) and
that the value of some y-variables is set to zero (variant ly).
Finally, the variant “Rvalue” for a rounding rule evaluates the
impact of the rounding on the discount interval. If by rounding up

Table 1
Sorting and rounding rules.

Sorting rules

Su: i* == argmin; {TxP1—xiP}

SD: i* == argmin; {x}"— (x|}

SC: i* == argmin;{§;} with & = min {x}’—x}" |, [xP1—xtP}

SH: i* == argmax;{xi"}

Rounding rules

RU (RU-I): Xpe = X (%= > TXEP7)

RD(RD-): X =[x if feasible otherwise round up (xs < |x&])

RC (RC-I): x# = closest integer

RD-ly: As RD-, but if x;» < [xP] then compute the minimum s such
that [ > Q[xiF| and set "' y%. =0, whereas if x; > [x]
compute the largest s such that u. <Q[xX'] and set
Yo Y =0

Rvalue: Let s be the interval to which x”Q belongs. If [xX1Q > l,i“ or

[xlﬁ”JQ < uf;l rounds variable up otherwise rounds it down
checking feasibility.

or down the discount interval changes, we round up; otherwise,
we round down provided that feasibility is preserved.

All these sorting and rounding rules can be efficiently imple-
mented. We experimented with various other more involved
rules, but the benefits in terms of quality were too small to
warrant the substantial increase in computation time. The follow-
ing combinations gave the best results and are used in computa-
tional study: (SU,RU), (SU,RU-I), (SD,RD), (SD,RD-I), (SD,RD-ly),
(SC,RC), and (SH,Rvalue).

In our computational study, we will also use, for comparison pur-
poses, the simplest possible rounding heuristic (BasicRounding):

Solve the LP relaxation; let the optimal solution be (xLP yLP zLP),
Let So = {i|x}’ =0} and S; = {i|x}" > 0}.

Fix all variables in S to 0 and all variables in Sy to [xP].
Solve resulting IP.

Although rounding up all fractional variables at once may
seem to be too aggressive, the following example shows that
heuristic H(SU,RU) does not always do better.
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Example. Consider an instance with two products A and B with
ds=3, dg=6 and Q=3. The remaining data are shown in the
following table:

particular product from the supplier offering the lowest selling price
for that product. Similarly, depending on the transportation costs, it
may not necessarily be best to purchase a set of products from the

Transportation cost Discount (%) Interval bounds Product A Product B
Quantity Price Quantity Price
Supplier 1 2 20-40 0-7-10 1 1 8 2
Supplier 2 1 20-40 0-4-9 2 1 7 3

The LP relaxation has optimal solution x;=2.33, x,=0.67,
zZia=1, z13 =6, and z4 =2. The objective value is 14.33 with
transportation cost being 5.33 and purchasing cost being 9.
Heuristic (SU,RU) in the first iteration will set x, =1 and then,
after solving the new LP relaxation, it will set x; = 2. Then the
resulting mixed integer program gives zi4 = 1, z15 = 5, 24 = 2, and
2z, = 1 with objective value 21. On the other hand, BasicRound-
ing sets x; =3 and x, =1, and then solves the resulting mixed
integer program obtaining z14 =1, z13 =6, z24 =2 and objective
value 7 + 12.4=19.4.

3.1. Local improvement

A relatively simple improvement scheme, again relying on
solving small integer programs, was found to be quite powerful
and added as a post-processing step. Let the set of suppliers used in
the solution be denoted by H. For each supplier in H, we solve an
integer program in which the number of visits to that supplier is
forced to be at least one more than in the current solution, and the
number of visits to all other suppliers can be at most the same as in
the current solution. The suppliers in H are evaluated in order of
non-increasing unit procurement cost, defined as the ratio of the
transportation cost of a visit to the supplier and the total product
quantity we can purchase from the supplier, and we continue to
evaluate suppliers as long as improved solutions are found, where
we ensure that each supplier is evaluated at least once.

4. Computational study

The objective of our computational study is two-fold. First, we
want to evaluate the performance of the proposed iterative rounding
heuristics. Second, we want to gain insight into how the character-
istics of the environment influence the structure of solutions.

There are a few key trade-offs that can be studied using SSP-
QDTS: (1) transportation costs versus purchase costs and (2) indivi-
dual item price versus total quantity discounts. Depending on the
total quantity discounts offered, it may not be best to purchase a

supplier offering the lowest total selling price for that set of
products. There are a number of factors that influence these trade-
offs. For example, the distance to the supplier and the vehicle
capacity clearly impacts the transportation costs, and the number of
products offered and the discount scheme applied by a supplier
clearly impacts the purchase costs. However, there are more subtle
and intricate interactions. For example, if a supplier offers a large
number of products and has a favorable discount scheme, it may be
an attractive supplier even if he is located far from the purchaser.

To be able to carry out our analysis, we have created a set of
randomly generated instances with various characteristics. There
are two base instances and several variations derived from these
base instances. The two base instances consist of a single
purchaser, 49 suppliers, and 50 products. The suppliers are
located in an area of size [0,10 000] x [0, 10 000] with the pur-
chaser located at the center. In the first base instance suppliers
are uniformly distributed (instance uniform). In the second base
instance suppliers are in bands around the purchaser at certain
distances (instance bands). Fig. 3 shows the distribution of the
distance of the suppliers to the purchaser in the two base
instances (grouped in 10 buckets of length 500). Note that in
instance bands, the suppliers are concentrated in only five
buckets.

The other characteristics of the base instances are generated as
follows. Each product k is offered from at least 40% of the suppliers.
The set S of suppliers offering product k is randomly chosen. The
quantity q;, € Z of product k available at supplier i is randomly
chosen in the interval [1+f;qmu.Qmax, Where g, =500 and
0 < f; < 1. The value f3; depends on the distance of supplier i to
the purchaser, with a supplier further away from the purchaser
having a larger value f;, which implies that such suppliers are
more likely to have a larger product availability. Demand d, for
each product k is set to [4;>"; s, kil With 4, randomly generated
in the interval [0.4,1). All suppliers have three discount intervals.
The interval bounds are specified as a fraction of the total quantity
available at a supplier, i.e., uf = 6,(3"; . xqy) for r=1,2, and 3 with
01 =0.15,0,=0.85,and 63 =1 and [} =0 and I[ =u/~' +1 for r=2
and 3. Discount rates are the same for all products and all suppliers

25

_g 20 Dgnif(()jrm |
_% M bands

5 15

"

s

[}

£

g5

ol = [l O H el Lm [

0-500  501-1000 1001-1500 1501-2000 2001-2500 2501-3000 3001-3500 3501-4000 4001-4500 4501-5000
distance from the depot

Fig. 3. Basic instances: suppliers distribution.
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and are equal to 0, 5% and 35%. Prices for each interval are
computed as pl, = (1—f")py, where f" is the discount rate applied
in interval r, and prices p;, are randomly generated in the interval
[1,30]. Finally, the truckload transportation costs c; for supplier i
are equal to the truncated Euclidean distance from the purchaser to
supplier i, and the truck capacity Q is set to 500.

As mentioned above, several variations are derived from
the two base instances. More specifically, for each of the base
instances we create several variations:

e Distance set (D): The transportation costs are modified by
setting c'®" = const x ¢; with const=2, 5, 7 and 10, i.e., four
additional instances D1, D2, D3 and D4.

e Capacity set (C): The vehicle capacity is modified by setting
Q" =1000, 1500, 2000, and 2500, i.e., four additional instances
C1, C2, C3, and C4.

e Product set (P): The number of products is limited to 5, 10, 15,
30, and 40, i.e., five additional instances P1, P2, P3, P4, and P5.
The construction process randomly selects a subset of pro-
ducts and eliminates all other products from the instance. The
construction process is such that the set of products offered in
Pi is a subset of the products offered in Pi+1 and it ensures
that each supplier offers at least one product. (Note that each
supplier offers a subset of the i products in instance Pi.)

e Interval bounds set (I): The interval bounds are modified by
setting (J1,02,03) = (0.05,0.10,1), (0.33, 0.66, 1), and (0.90, 0.95,
1), i.e., three additional instances I1, 12, and I3.

e Discount supplier set (S): Only a randomly chosen subset of size
k of the suppliers offers total quantity discounts, with k=5, 15,
25, and 35, i.e., four additional instances S1, S2, S3, and S4.

e Rate set (R): The discount rates are modified by setting (f2,f°) =
(0%,25%), (0%,35%), (5%,25%), (10%,25%), and (10%,35%), i.e., five
additional instances R1, R2, R3, R4, and R5. Note that setting the
discount rate for the second interval f to 0% effectively eliminates
that interval.

4.1. Performance analysis

All the heuristics as well as the local search procedures have
been coded in Visual Gi+ using CPLEX 10.1 and Concert Technology
2.3. Before analyzing the performance of the heuristics and the local
search procedures, we investigate the benefits of the inequalities
introduced to strengthen the formulation. We present results for
three formulations: (a) the basic problem formulation, (b) the basic
formulation plus the classes of inequalities (13) and (15), and (c) the
basic formulation plus all four classes of inequalities. The second
formulation was included because initial experiments indicated that
these two classes of inequalities were the most effective.

More precisely, in Table 2, we present, for each formulation,
the value of the linear programming relaxation and the value of
the best feasible solution found in 5 h of computing. We present
these values relative to the value of the linear program relaxation
of the basic formulation plus all four classes of inequalities. That
is, if z represents the value of the linear program relaxation of the
basic formulation plus all four classes of inequalities, then the
value v of a linear programming relaxation is presented as 100 x
(z—v)/z (LP (%)) and the value v of a feasible solution is presented
as 100 x (v—z)/z (IP (%)). In addition, we provide the computing
time and whether or not an instance was solved to optimality (1),
whether the time limit of 5 h was reached (2), or whether CPLEX
ran out of memory before completing the search (3).

The results show, first and foremost, that many of these instances
are difficult and cannot be solved within 5 h of computing. Further-
more, we see that instances where locations are uniformly distrib-
uted are, on average, easier to solve than instances with locations in

bands around the purchaser, as more instances can be solved to
optimality within 5 h of computing.

When trying to solve instances to optimality, it is not clear that
a stronger formulation results in better performance as it comes
at the price of many more constraints and thus an increase in
linear program solve times. The situation is different when using
heuristics to produce high-quality solutions quickly as there are
fewer linear program solves. We found that using the strongest
formulation (with all four classes of inequalities) works best
when rounding heuristics are used without local search, but that
when rounding heuristics are combined with local search the
basic formulation plus the classes of inequalities (13) and (15)
gives the best performance, and thus these settings are used in
the remaining experiments.

In Tables 3 and 4, we present the results for the three best
rounding heuristics (in terms of average performance) and the
four best rounding heuristics combined with local search, respec-
tively. As in Table 2, we present solution values relative to the
value of the linear program relaxation of the basic formulation
plus all four classes of inequalities. For each group of instances,
we show the minimum, the average, and the maximum deviation
as well as the minimum, average and maximum solution time (in
s). Group D includes the base instance. The additional column
labeled # in Table 4 gives the number of instances for which the
solution value is as good or better (in parentheses) than the value
of the best integer solution found by CPLEX in 5 h of computing.
(None of the solutions produced by just the rounding heuristics
improved upon the integer solution found by CPLEX in 5h of
computing.)

The results demonstrate unequivocally that the heuristic
H(SU,RU-I) performs best as a pure iterative rounding heuristic.
The results are not as clear cut when the rounding heuristics
are combined with local search, but H(SU,RU-I) still performs
best overall, always ending up among the best four heuristics
(see Table 4). We also see that for several instances H(SU,RU-I)
produces a solution with the value as the solution obtained by
CPLEX in 5 h of computing (and does so an order of magnitude
faster) and in some cases even a better one. Because H(SU,RU-I) as
a pure iterative rounding heuristic provides the best trade-off in
terms of quality of the solution and time required to produce a
solution, we have chosen to use it in our in-depth analysis of how
instance characteristics influence the structure of high-quality
solutions.

4.2. Structural analysis

As mentioned in Introduction, one of the main objectives of our
work is to gain insight into the structure of effective procurement
strategies in varying environments. Tables 5 and 6 show various
characteristics of the solutions obtained by heuristic H(SU,RU-I) for
all instances with locations in bands around the purchaser and all
instances where locations are uniformly distributed, respectively.
More specifically, we report the per unit total cost and its break-
down into purchasing and transportation costs (columns “per unit
cost”, “Purchase (%)”, and “Transport (%)”), the savings resulting for
total quantity discounts (column “Saving (%)”), the number of
suppliers used, the average distance to the suppliers used, and the
corresponding standard deviation (columns “#”, “Avg. distance” and
“Std. dev.”), the total number of trips and the percentage out of it of
partially loaded trips (columns “total trips” and “non-full trips (%)”),
the share of the total demand purchased from the supplier from
which we decided to purchase the most, the share of the total
demand purchased from the five suppliers from which we decided
to purchase the most, the share of the total demand purchased from
the supplier from which we decided to purchase the least, the share
of the total demand purchased from the five suppliers from which



Table 2
CPLEX (within 5 h): time and percentage deviation from LP with all inequalities values.

Instances  Bands Uniform
No ineq. 2-ineq All-ineq. No ineq. 2-ineq All-ineq.
LP (%) IP (%) Time (s) # LP (%) IP(%) Time (s) # IP (%) Time (s) # LP (%) IP (%) Time (s) # LP (%) IP(%) Time (s) # IP (%) Time (s)

Base 5236  0.909 18 001 (2) 0.005 0.909 18 004 (2) 0.909 18 004 (2) 7.794  0.761 1344 (1)  0.000 0.761 6188 3) 0761 880
D1 4812  0.999 18 001 (2) 0.001 0.999 18 002 (2) 0999 18 002 (2) 7.460  0.884 18 001 (2) 0.003 0.884 18 023 (2) 0884 18 066
D2 3.732  0.597 18 009 (2) 0.000 0.625 18 001 (2) 0.640 13667 (3) 5622 0.894 18 002 (2)  0.000 0.894 18 002 (2) 0894 16388
D3 3.194  7.000 15521 (3) 0.001 0.424 11409 (3) 0424 11409 (3) 4814 0.676 5013 (1) 0.003 0.676 4834 (1) 0676 7748
D4 2616  0.308 18 106 (2) 0.001 0.308 18 003 (2) 0308 18 003 (2) 3970 0.543 3299 (1) 0.007 0.543 7800 (1) 0543 4702
c1 5164 1.179 18 001 (2) 0.005 1.342 10215 3) 1178 18 005 (2) 7.769  1.380 18 002 (2) 0.003 1.380 18 004 (2) 1380 18 003
c2 4.887 1.680 18 001 (2) 0.040 1.680 18 003 (2) 1.688 18 002 (2) 7.538  1.699 18 001 (2) 0.022 1.698 18 002 (2) 1738 18 003
c3 4895 1.256 18 001 (2) 0.090 1.256 18011 (2) 1.256 18 002 (2) 7.504  1.655 18 000 (2) 0.025 1.645 18 001 (2) 1.645 18 002
c4 4948 1.524 18 001 (2) 0.140 1.440 18 001 (2) 1.440 18 002 (2) 7.521  1.868 18 007 (2) 0.031 1.872 18 003 (2) 1.888 18 000
P1 2.127  7.002 2459 (1) 0.251 7.002 107 (1) 7.002 93 (1) 3.930 5.345 22 (1) 0.615 5.345 5 (1) 5345 4
P2 2.402 2.331 1216 (1) 0.000 2.331 1783 (1) 2.331 579 (1) 7.928 3.477 321 (1) 0.133 3.477 345 (1) 3477 581
P3 2.676  2.096 18012 (2) 0.000 2.096 5582 (1) 2.096 8545 (1) 6.535 2.204 1247 (1) 0.067 2.204 147 (1) 2204 42
P4 5.049 1435 18 009 (2) 0.002 1.435 12019 (1) 1.435 18 001 (2) 6.680 1.258 411 (1) 0.007 1.258 81 (1) 1258 215
P5 5840 1.129 18 002 (2) 0.002 1.108 18 009 (2) 1.108 18 002 (2) 6.630 1.077 3006 (1) 0.004 1.077 1969 (1) 1.077 1242
1 0.015 0.045 11039 (3) 0.000 0.045 11780 (3) 0.045 11131 3) 0.007 0.084 5380 (1)  0.000 0.084 18 063 (2) 0.084 1561
12 2.017 0.380 1077 (1) 0.007 0.380 1162 (1) 0380 1847 (1) 3.992 0.670 2544 (1) 0.004 0.670 792 (1) 0670 639
13 11.069 1.139 6723 (3) 0.005 1.137 4497 3) 1137 5588 (3) 14.653 0.989 2920 (3) 0.002 0.987 4268 (3) 0987 10368
S1 0.006  0.015 37 (1) 0.006 0.015 5 (1) 0.015 66 (1) 0.236  0.084 643 (1) 0.001 0.084 9 (1) 0.084 11
S2 0990 0.122 9916 (1) 0.005 0.122 18 (1) 0122 60 (1) 1.964 0.182 24 (1) 0.007 0.182 108 (1) 0.182 64
S3 2.751  0.448 5783 (3) 0.001 0.421 3184 (3) 0421 207 (1) 5.172  0.452 496 (1) 0.003 0.452 875 (1) 0487 3204
S4 4.169  0.706 16 026 (3) 0.005 0.708 18 002 (2) 0.706 18 004 (2) 6.916  0.623 2115 (1) 0.000 0.629 3998 (3) 0623 7848
R1 3.847 0.658 18 002 (2) 0.007 0.658 18 005 (2) 0658 18 002 (2) 5410 0.583 18 003 (2) 0.002 0.583 7833 (3) 0583 17 249
R2 5216 0.886 18 001 (2) 0.006 0.886 13694 (1) 0.886 18 002 (2) 7.767  0.713 8724 (1) 0.002 0.713 5713 (1) 0713 12221
R3 3.865 0.681 18 003 (2) 0.005 0.688 18 006 (2) 0681 18 007 (2) 5460 0.583 1244 (1)  0.000 0.583 5942 (1) 0583 213
R4 3.850 0.695 14 460 (3) 0.000 0.683 18 006 (2) 0.683 18 003 (2) 5486  0.583 106 (1) 0.000 0.583 603 (1) 0583 271
R5 5228 0919 18 003 (2) 0.001 0.919 8131 (1) 0919 18 002 (2) 7.795  0.790 1159 (1) 0.000 0.790 5071 (1) 0.790 639
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Heuristics without LS: minimum, average and maximum time and percentage deviation from LP with all inequalities values.

Instances Set  Heuristics Bands Heuristics Uniform
Gap (%) Time (s) Gap (%) Time (s)
Min Avg Max Min Avg Max Min Avg Max Min Avg Max
D H(SU,RU-I) 0.682 1.172 1.647 34 60.60 117 H(SU,RU-I) 0.768 1.120 1.528 30 46.00 90
H(SH,Rvalue) 0.591  1.906 4.184 55 7240 111 H(SH,Rvalue) 1183  1.712 3442 50 67.20 118
BasicRounding 1.325 2212 3.116 6 7.00 10 BasicRounding 1.567 2.027 2344 5 6.80 10
C H(SU,RU-I) 1.549  1.996 2363 101 300.75 560 H(SU,RU-I) 2.078 2306 2810 145 282.75 502
H(SH,Rvalue) 2509 3.613 6.320 147 172.00 196 H(SH,Rvalue) 1.863 4301 6.182 123 159.25 188
BasicRounding 4.707  6.652 8.764 10 10.75 11 BasicRounding 6.826 7.986 9.176 7 9.00 10
P H(SU,RU-I) 1935 4.349 9.057 3 24.00 60 H(SU,RU-I) 1.501 3497 6.175 1 15.80 38
H(SH,Rvalue) 2347  4.578 8.344 5 27.40 63 H(SH,Rvalue) 2.973 4534 5851 3 26.20 62
BasicRounding 2.774 5.243 9.660 0 2.40 6 BasicRounding 3.383 5.629 8.064 0 1.60 4
| H(SU,RU-I) 0.123  1.325 2.498 17 66.00 139 H(SU,RU-I) 0385 0943 1.281 16 39.33 69
BasicRounding 0.507 3.685 9.105 3 6.67 12 BasicRounding 0.875 2.432 4211 3 5.33 8
H(SH,Rvalue) 0.160 3.889 10.154 33 55.00 83 H(SH,Rvalue) 0.337 2.605 4.098 32 62.67 108
S H(SU,RU-I) 0.020 0.597 1.239 27 39.50 61 H(SU,RU-I) 0.130 0560 1.018 21 27.75 38
H(SH,Rvalue) 0.093 1.061 1.832 51 60.50 78 H(SU,RU) 0.130 0927 2.124 20 23.25 27
BasicRounding 0.304 1.212 2.153 4 5.50 7 H(SH,Rvalue) 0206 0974 1.982 46 52.50 66
R H(SU,RU-I) 1.049 1.127 1.220 78 94.40 107 H(SU,RU-I) 0.750 0.866 1.036 89 101.20 109
BasicRounding 1.927 2.801 4.045 9 10.40 12 BasicRounding 1.760 2.229 2.937 8 9.00 10
H(SH,Rvalue) 2458 2944 4.236 94 106.80 119 H(SH,Rvalue) 1.740 2451 3423 97 114.80 140
Table 4
Heuristics with LS: minimum, average and maximum time and percentage deviation from LP with all inequalities values.
Instances Set Heuristics Bands Heuristics Uniform
Gap (%) Time (s) Gap (%) Time (s)
Min Avg Max Min Avg Max # Min Avg Max Min Avg Max #

D H(SU,RU-I) 0308 0.656 0.999 240 2102.4 5271 3(1) H(SH,Rvalue) 0543 0.759 0.910 254 928.2 2506 3(0)
H(SU,RU) 0308 0.661 1.037 243 1412.8 2816 3(1) BasicRounding 0.573 0.762 0910 239 679.0 1778 2(0)
H(SD,RD) 0.308 0.662 1.031 322 2689.2 5737 1(1) H(SD,RD) 0.586 0.777 0941 159 534.0 1425 1(0)
H(SH,Rvalue) 0308 0.663 1.037 265 15106 3351 2(1) H(SU,RU-I) 0.543 0.803 0.941 190 703.0 1853 2(0)
C H(SU,RU-I) 1.253 1555 1.947 998 1687.0 3189 0(0) H(SU,RU-I) 1418 1.791 2.093 422 8752 1517 1(1)
H(SC,RC) 1253 1.625 1.945 940 2353.2 5015 O0(0) BasicRounding 1.826 2.110 2.569 585 1368.2 2698 0(0)
H(SU,RU) 1.253 1.651 1.931 998 2540.2 5065 0(0) H(SURU) 1.489 2206 2.652 628 1478.7 3430 0(0)
H(SD,RD) 1.253 1.687 2.021 992 22732 5131 0(0) H(SCRC) 1.489 2242 2765 480 1312.7 3087 0(0)
P H(SH,Rvalue) 1.108 2913 7.506 7 1181.6 3747 2(0) H(SU,RU) 1.077 2.734 5.345 2 257.0 1005 3(0)
BasicRounding 1.108 3.169 7.965 5 9906 2727 1(0) BasicRounding 1.077 2.734 5345 2 3132 1337 3(0)
H(SC,RC) 1.122 3.170 7.990 6 7724 2254 0(0) H(SURU-I) 1.077 2.769 5.345 3 2524 928 3(0)
H(SU,RU-I) 1.122 3.196 7.990 4 821.0 2751 0(0) H(SCRC) 1.077 2.769 5.345 4 2552 902 3(0)
1 H(SU,RU-I) 0.046 0.527 1.139 87 1353.6 3769 0(0) H(SU,RU-I) 0.084 0.609 0.984 89 721.6 1769 2(1)
BasicRounding 0.045 0.986 2.510 66 942.6 2516 1(0) H(SHRvalue) 0.084 0.933 1.993 119 914.0 2173 1(0)
H(SH,Rvalue) 0.046 1.362 3.637 65 1481.0 4130 0(0) H(SCRC) 0.084 1.013 1993 90 853.3 2033 1(0)
H(SC,RC) 0.038 1.796 4.954 82 21157 5713 1(0) BasicRounding 0.084 1.014 1.993 97 659.3 1512 1(0)
S H(SH,Rvalue) 0.016 0.321 0.706 157 6055 1783 2(0) H(SCRC) 0.084 0.343 0.623 93 270.0 610 3(0)
H(SU,RU) 0.015 0.323 0.718 127 776.0 2586 1(0) H(SD,RD) 0.084 0.343 0.623 103 3140 726 3(0)
H(SC,RC) 0.015 0.323 0.718 122 8650 2922 1(0) BasicRounding 0.084 0.345 0.623 98 2457 581 3(0)
H(SU,RU-I) 0.015 0.330 0.720 128 1002.0 3347 1(0) H(SU,RU-I) 0.086 0.348 0.623 84 2247 415 1(0)
R H(SU,RU-I) 0.661 0.771 0.925 1032 16452 2257 2(0) H(SD,RD-ly) 0.583 0.651 0.790 904 1296.8 2496 5(0)
H(SU,RU) 0.671 0.776 0.947 1272 1996.4 2673 3(0) H(SCRC) 0.583 0.651 0.790 876 14254 3302 5(0)
H(SD,RD) 0.683 0.795 0.947 1068 2440.8 3867 3(0) H(SH,Rvalue) 0.583 0.652 0.790 607 1418.0 2464 4(0)
BasicRounding 0.683 0.799 0.965 2785 3557.0 4009 1(0) H(SU,RU-I) 0.583 0.654 0.803 802 13714 2543 3(0)

we decided to purchase the least (columns “Max share”, “Top
5 share”, “Min share”, and “Bottom 5 share”), the number of times
a purchase at a supplier occurred in a particular discount interval
(columns “Int. 1”7, “Int. 2”, and “Int. 3”), and finally, the share of the
total demand purchased with a discount being applied and without
a discount (columns “q.ty disc. (%)” and “q.ty no disc. (%))
Instances in Class D allow us to analyze the effect of increasing
the per-unit transportation costs. As expected, the transportation

costs as a fraction of the total costs increase as the per-unit
transportation cost increases. However, somewhat surprisingly,
the number of suppliers and their average distance do not seem to
decrease. That is, an increase in per-unit transportation cost does
not necessarily lead to a concentration of purchasing with fewer
and closer suppliers.

A more in-depth analysis does reveal some changes: the
concentration of purchases is primarily aimed at reducing the
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Table 5
H(SU,RU-I) statistics: bands instances.
Prob. Per unit Purchase Transport Saving # Avg. Std. Total Non- Max Top Min Bottom Int. Int. Int. q.ty q.ty no
cost (%) (%) (%) distance dev. trips full (%) share 5 share share 5 share 1 2 3 disc. (%) disc (%)
Basic 12.73 67.66 32.34 3424 34 219597 588.48 443 429 599 2691 0.14 1.52 7 8 19 97.10 2.90
D1 16.78 52.26 47.74 33.68 34 2195.97 588.48 445 539 599 26.02 0.07 1.08 5 10 19 98.92 1.08
D2 28.30 32.96 67.04 29.82 34 2184.00 576.03 435 092 6.68 26.19 0.23 2.07 7 11 16 96.54 3.46
D3 36.07 25.59 74.41 30.69 34 2184.00 576.03 440 273 6.84 2596 023 2.07 6 11 17 97.23 2.77
D4  47.22 19.89 80.11 29.68 34 2184.00 576.03 437 1.83 6.84 26,57 023 2.07 7 11 16 96.54 3.46
C1 10.73 77.39 22.61 35.32 33 2270.12 742.94 230 12.61 599 2727 0.02 1.36 5 9 19 98.64 1.36
Cc2 10.00 83.18 16.82 3516 33 2393.30 781.23 158 1646 6.14 2731 0.24 1.99 10 4 19 94.56 5.44
c3 9.53 86.34 13.66 36.30 32 2419.66 796.60 120 2583 598 27.14 0.07 1.34 5 7 20 98.46 1.54
Cc4 9.34 87.74 12.26 36.38 32 2494.28 826.23 102 31.37 5.82 2698 0.03 0.93 6 6 20 98.72 1.28
P1 10.77 59.68 40.32 37.22 19 1885.16 542.10 49 3469 986 4172 139 13.19 0 2 17 100.00 0.00
P2 12.41 65.20 34.80 36.98 23 2051.39 654.02 92 1522 813 3337 093 9.03 0 3 20 100.00 0.00
P3 12.29 65.46 34.54 36.61 26 2091.58 652.17 140 1571 687 2959 046 4.61 1 5 20 99.22 0.78
P4 12.77 67.98 32.02 34.03 33 2185.94 594.46 261 843 640 2890 0.12 1.90 4 11 18 98.79 1.21
P5 12.94 68.07 31.93 33.65 34 2195.97 588.48 347 6.63 625 2734 0.10 1.53 5 11 18 98.47 1.53
n 11.94 67.79 32.21 38.27 33 217642 586.35 435 115 684 28.04 046 2.77 0 1 32 100.00 0.00
12 12.34 66.83 33.17 36.85 33 2202.18 623.09 441 249 6.84 2553 023 1.61 8 0 25 94.90 5.10
I3 13.75 70.11 29.89 2721 36 225544 62547 444 495 6.65 2773 023 1.15 22 0 14 63.37 31.90
S1 15.89 74.05 25.95 9.82 36 2286.36 664.42 434 023 6.68 26.73 0.23 1.15 8 19 9 2327 76.73
S2 14.69 65.25 34.75 26.26 34 237791 826.50 437 160 576 2734 0.18 1.12 5 15 14 64.98 35.02
S3 13.79 64.77 35.23 31.82 33 223515 674.84 440 364 553 26.04 0.03 1.36 6 9 18 83.12 16.88
S4 13.39 65.59 34.41 3240 33 2223.55 647.96 442 4.07 599 2742 023 1.97 5 10 18 87.07 1293
R1 1437 71.32 28.68 21.78 36 2273.25 654.82 447 582 597 2650 0.18 1.10 10 7 19 86.22 13.78
R2 13.18 68.76 31.24 30.83 35 2237.20 627.89 442 407 599 2691 023 1.38 8 8 19 87.01 12.99
R3 13.86 70.37 29.63 25.61 35 2247.69 632.63 447 559 597 26,50 0.23 1.15 8 8 19 96.83 3.17
R4 13.34 69.31 30.69 29.55 33 2185.91 594.42 447 559 597 26,50 0.19 217 4 10 19 98.52 1.48
R5 12.29 66.62 33.38 37.71 33 2171.64 589.23 443 429 599 2696 0.18 1.89 5 9 19 98.11 1.89
Table 6
H(SU,RU-I) statistics: uniform instances.
Problem Per unit Purchase Travel Saving # Avg. Std. Total Non- Max Top Min Last Int. Int. Int q.ty q.ty no
cost (%) (%) (%) distance dev. trips  full (%) share 5 share share 5 share 1 2 3 disc. (%) disc (%)
Basic 13.16 72.09 2791 3222 31 2200.13 1118.12 374 4.81 572 2665 027 3.54 3 11 17 9836 1.64
D1 16.69 58.41 4159 3134 32 2207.28 1057.95 374 5.08 573 26.06 0.27 2.73 5 10 17 9727 2.73
D2 26.90 37.09 6291 2996 31 2157.52 1037.36 372 4.03 545 2628 0.27 4.36 2 13 16 9891 1.09
D3 33.54 30.32 69.68 28.72 31 2157.52 1037.36 369 2.71 565 26.89 0.55 4.09 3 13 15 98.09 1.91
D4 43.20 24.04 7596 2730 32 2191.22 1038.12 369 1.08 588 27.74 0.27 3.00 4 14 14 98.09 1.91
C1 11.42 80.97 19.03 3275 30 240893 1276.04 194 10.82 6.54 28.09 0.09 3.36 2 11 17 9937 0.63
Cc2 10.68 83.98 16.02 34.68 27 236230 1317.53 135 16.30 6.47 28.03 0.01 4.52 2 7 18 9945 0.55
c3 10.30 86.59 1341 34.02 27 244348 133291 101 19.80 6.54 29.03 0.03 347 1 9 17 99.97 0.03
C4 10.07 87.77 12.23 3429 28 2541.14 139146 85 28.24 6.82 30.13  0.00 2.15 3 8 17 99.62 0.38
P1 11.10 73.58 2642 3723 12 1492.08 1045.00 24 3750 16.01 64.86 0.13 19.04 1 1 10 99.87 0.13
P2 12.74 65.48 3452 33.88 25 214040 1018.72 83 28.92 797 3430 030 4.66 1 8 16 99.70 0.30
P3 11.90 65.57 3443 3534 27 2154.04 991.90 121 19.01 712 31.00 033 3.35 2 6 19 98.78 1.22
P4 12.93 71.65 2835 33.02 30 2165.00 1119.65 231 9.09 582 2793 030 3.18 4 9 17 9758 2.42
P5 13.20 71.58 2842 3343 31 2200.13 1118.12 312 7.05 547 2653 0.25 2.13 6 7 18 96.67 3.33
I 12.08 72.58 2742 38.06 32 2207.28 1057.95 369 1.36 589 2833 0.27 291 2 1 29 9945 0.55
12 12.69 70.00 30.00 3630 33 228833 1138.23 371 2.96 573 25.82 0.10 1.06 10 0 23 9435 5.65
13 14.26 74.13 25.87 2429 32 224856 1133.07 373 4.56 639 2929 0.27 291 20 0 12 64.28 33.82
s1 16.28 75.64 2436 1057 33 2320.58 1187.81 368 1.09 6.00 29.16 0.27 1.91 6 18 9 2792 72.08
S2 14.88 70.58 2942 2387 31 220994 1128.63 368 0.82 6.54 3027 0.27 245 4 15 12 6244 37.56
S3 13.98 70.13 29.87 29.56 32 2242.66 1125.70 373 4.83 6.00 2823 0.27 2.98 5 11 16 80.04 19.96
S4 13.61 71.80 2820 30.76 31 2200.13 1118.12 376 5.32 6.00 26.70 0.55 4.09 3 11 17 8741 12.59
R1 14.86 75.48 2452 19.66 32 224856 1133.07 371 3.77 573 2721 027 2.45 5 11 16 7871 21.29
R2 13.66 73.32 26.68 2846 32 224856 1133.07 373 4.83 573 26.79 0.27 245 5 10 17 8183 18.17
R3 14.27 74.02 2598 2445 31 2200.13 1118.12 375 5.60 572 2665 027 3.69 3 11 17 98.09 1.91
R4 13.70 73.56 2644 2817 31 2200.13 1118.12 373 5.90 573 2634 024 3.46 2 12 17 99.22 0.78
R5 12.67 71.11 28.89 3567 31 2200.13 1118.12 374 4.81 573 26.65 0.27 3.54 3 11 17 9836 1.64

number of partially loaded trips, i.e., the total number of trips
tends to decrease whereas the percentage of fully loaded trips
increases (especially clear in the uniform instances).

Instances in Class C allow us to analyze the effect of increasing
vehicle capacities. As expected, the number of trips and the
transportation costs as a fraction of the total costs decrease as the
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vehicle capacity increases. However, the decrease in the number of
suppliers used may be somewhat smaller than expected. A more
detailed analysis does reveal some changes in purchasing behavior.
Consider Fig. 4 which shows, for a specific instance, the quantities
bought from each supplier when the vehicle capacity is relatively
small (C1) and when the vehicle capacity is relatively large (C4);
the suppliers are listed in order of non-decreasing distance to
the purchaser. We see that when the vehicle capacity is larger,
suppliers further away from the purchaser are used. Most likely,
these suppliers offer lower prices and/or larger total quantity
discounts that have become attractive only because of the reduced
transportation costs associated with larger vehicle capacities.

Instances in Class P allow us to analyze the effect of the number
of products in the market. When there are few products in the
market, it is relatively easy for the purchaser to reach the threshold
that qualifies him for the largest discount rate at a supplier and
therefore he tends to buy almost all product available from the
selected suppliers. This is true even if it implies a partially loaded
trip (the total quantity discount outweighs the extra transportation
costs, which are relatively small since the suppliers selected are
relatively close to the purchaser). When the number of products
increases, the product offerings of the suppliers differ more and it
becomes harder for the purchaser to reach the threshold that
qualifies him for the largest discount rate. This explains the increase
in per-unit cost when the number of products in the market
increases. However, an increase of products in the market allows
the purchaser to concentrate his purchases, thereby decreasing his
transportation costs, in relative terms.

Instances in Class I allow us to analyze the effect of the discount
structure offered by suppliers. The instances I1, 12, and I3 represent
different attitudes towards discounting by the suppliers. In Instance
1, the suppliers discount aggressively, i.e., a discount is offered
already when purchasing only 5% of the total quantity available.
On the other hand, in Instance I3, the suppliers apply discounts
conservatively, i.e., a discount is offered only when purchasing at
least 90% of the total quantity available. As it is relatively easy
to secure large discounts in Instance 1, optimizing transportation
costs becomes key. This is reflected in the fact that the number of
suppliers used and the average distance to these suppliers are
comparatively small and that all but a handful of trips are full-load
trips. On the other hand, in Instance I3, where it is relatively hard to
secure large discounts, carefully selecting the suppliers where to
purchase a large quantity becomes crucial as well as sacrificing
transportation costs, in the form of more partially loaded trips,
to qualify for the large discounts. The remaining demand can be

fulfilled from nearby suppliers offering the best prices, which leads
to a larger number of suppliers overall.

Instances in Class S allow us to analyze the effect of having
only a limited number of suppliers offering discounts. When the
number of suppliers offering discounts is small, products are
purchased from suppliers that are close and offer reasonable
prices. When the number of suppliers offering discounts
increases, then it becomes more important to concentrate pur-
chases at fewer suppliers so as to benefit from their total quantity
discounts. To reach the threshold for qualifying for discounts, it
may be necessary to accept partially loaded trips, which also
explains why the total number of trips increases. Interestingly,
and somewhat surprising, the market share of the five suppliers
from which the largest quantity is purchased does not vary much.
A more in-depth analysis of the solutions shows how important
the role of discounts is: for the instances with suppliers in bands
around the purchaser, the number of suppliers used that offer
discounts is 5 out of 5 in S1, 14 out of 15 in S2, 19 out of 25 in S3,
and 20 out of 35 in S4. The numbers are similar for instances
where the suppliers are located uniformly around the purchaser.
Furthermore, the quantities bought from these suppliers always
correspond to the minimum number of full-load trips required to
exceed the threshold for the largest discount, or if partially loaded
trips are used to reach the threshold for the largest discount.

Instances in Class R allow us to analyze the effect of discount
rates change. We observe that when discount rates increase,
transportation costs decrease slightly as purchases are concen-
trated with appropriately selected suppliers. With lower discount
rates, a noticeable portion of purchases is made without receiving
any discount (between 15% and 20%). In the presence of large
discount rates, concentration of purchases increases to ensure
almost all purchases qualify for discounts.

Even though our analysis has been carried out from the
perspective of the purchaser, the results indicate that suppliers
can substantially increase their market share by introducing
appropriately calibrated total quantity discounts.

5. Conclusions

We have introduced and studied a procurement problem that
simultaneously considers transportation and purchasing costs.
Linear programming based iterative rounding heuristics and local
search based diversification procedures have been developed to
quickly produce high-quality solutions. The approach has proven
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Fig. 4. Quantity bought from each supplier: instances C1 and C4, bands case.
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to be efficient and effective, often producing high-quality solution
an order of magnitude faster than commercial integer program-
ming solvers. An extensive computational study was conducted to
understand the sensitivity of solutions to changes in the environ-
ment. A few key insights are:

1. Instances of the problem can be quite challenging to solve.
Complex trade-offs have to be made involving product avail-
ability at suppliers, discount schemes offered by suppliers,
supplier locations, and transport capacity and cost structure.
Model-based decision support is essential in properly evaluat-
ing these trade-offs.

2. Transport capacity and cost structures can substantially influ-
ence the structure of solutions, e.g., larger vehicle capacities
may make it attractive to consider suppliers further away.

3. The number of products offered by suppliers can substantially
influence the structure of solutions, e.g., when only a small
number of products is offered solutions tend to concentrate on
nearby suppliers, whereas when a large number of products is
offered (especially when total quantity discount are offered)
solutions tend to also include carefully selected suppliers further
away.

4. The discount schemes offered by suppliers can substantially
influence the structure of solutions, when only a small number
of suppliers offer discounts solutions tend to select all of
them, whereas when a large number of suppliers offer dis-
count schemes a careful selection is warranted focusing on the
trade-off between transportation costs and purchase costs
savings as a result of the discount.
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